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MpegucnoBune

KBaHTOBas Teopus UHoOpMaLuy, n3yyarowas obLimMe 3akOHOMepHOCTH ne-
pefauun, xpaHeHus U nNpeobpa3oBaHMA UH(OPMALMKU B CUCTEMaX, MOAYMHA-
LMXCA 3aKOHaM KBaHTOBOM MeXaHWKMW, ChopMMpoBanach Kak camoCTOATeNb-
Has 06nacTb uccnegosaHwii B 1990-e IT., 0HaKO ee 3apOX/AeHWe OTHOCUTCS
K 1950-m rr. OHa BO3HMKNA BCMeS 3a NOSABAEHNEM OCHOB TEOPUU MH(popMaLMn
1 MOMexoycToliumBoli cBsian B Tpydax B. A. KoTenbHukoBa u K-LLIeHHOHa.
Ha HayanbHOM 3Tane, KOTopblii oxBaTbiBaeT nepuof 1950—80 rr., OCHOBHbLIM
BOMPOCOM 6bI/10 BbISICHEHUE (hYHAAMEHTa/IbHbIX OFpaHWYeHUit Ha BO3MOXHO-
CTW nepejayn n 06paboTKM MHpopmaumm, 06yCnOBNEHHbLIX KBAHTOBOMEXa-
HWYECKO NpMpoaoin ee HocuTens. Pa3BuTune WHGHOPMALMOHHBLIX TEXHONOTWIA
B HanpasfieHM MUKPOMUHMATIOPU3ALMK, UCNONb30BAHNUSA LOCTUXKEHWU KBaH-
TOBOM OMTMKWM W 3/1EKTPOHWKM 3acTaBnseT NPeanooXuTb, 4TO B 0603pUMON
MepcreKkTUBe Takue OrpaHWYeHUss MOryT CTaTb [NaBHbIM MNPEenATCTBUEM [AN15
JanbHenwen 3KCTPanonsaLUuN CyLecTBYIOLWMX TEXHOMOMMIA M NPUHLMMOB 06-
paboTKn MHopmalmn.

C apyroii cTopoHbl, noseneHne B 1980—90 IT. naeil KBAHTOBOIO KOMMbO-
TUHra, KBaHTOBOM KpunTorpapuy 1 HOBbIX KOMMYHWKaLMOHHbIX MPOTOKOMOB
MO3BOSIN/I0 FOBOPUTL HE TONbKO 06 OrpaHUYEeHUsIX, HO U O HOBbIX BO3MOXHO-
CTAX, 3aK/OYeHHbIX B MUCMOMb30BaHUWN Creuuduyeckn KBaHTOBbLIX PeCypcoB,
TakMX KakK CLenNeHHOCTb KBAHTOBbIX COCTOSHWIA (entanglement), kBaHT O-
BbIl NapannennsMm v 4ONONHUTENbHOCTb MEXAY W3MEpPEHUEM U BO3MYyLLe-
Hneml KBaHTOBas Teopus WHOPMaLUW AaeT KUY K MOHUMaHWIO (yHAa-
MEeHTa/IbHbIX 3aKOHOMEPHOCTEW, A0 HeaBHWX MOP OCTaBaBLUMXCSH BHe Mons
3peHnst uccnepoBaTesieid, a Take CTUMYNUPYeT pa3BUTUE 3KCMEepPUMEHTab-
HOW (PV3UKM, 3HAYMTENbHO PacLUUPSIOLLEe BO3MOXHOCTM MaHWMYMPOBaHWUS
COCTOAHMAMMN MUKPOCUCTEM W MOTEHUMaIbHO BaXHOE A8 HOBbIX 3adek-
TUBHbIX MPUNOXEHUA. B HacToAlee BpeMs paboTbl B 061acTM KBAHT OBOM
MH(OPMAaTUKN, BKIOYAIOLLE/ KBAHTOBYH) TEOpPWUIO MHGOpMauun, ee 3Kcrne-
pVUMeHTa/IbHble OCHOBbI M TEXHONMOrMYecKne pa3paboTKu, BeLyTCs BO MHOIMUX
Hay4HO-1cCnefoBaTeNIbCKUX LeHTpax pasBUTbIX CTpaH.

B Teopun MH(OPMALMKN LLEEHTPa/IbHYIO POSib UFPAtOT NOHATUSA KaHana CBA3M
M €ro NponycKHOM cNoCO6HOCTK, AatoLein npefenbHy CKOPOCTbL 6e30Wwmnbo4-
HOM mepefayn AaHHbIX. MaTemaTUyecknii MoAaxof NpuAaeT 3TUM MOHATUAM
YHUBEPCA/IbHYH0 3HAYMMOCTb: HanpuMep, NamMmaTb KOMMbloTepa (Knaccuyecko-
ro WM KBAHTOBOI0) MOXET pacCMaTpuUBaTbCA Kak KaHan M3 NpoLuioro B 6yay-
Liee, TOrga NPoOnNycKHas CMOCOGHOCTb faeT KOMMYECTBEHHOE BbIpaXeHue Ans
npesesnbHOM eMKOCTM NamaTu Npu UcnpasaeHnmn ownboK. BaxHOCTb paccMoT-

106¢cyxaeHne hU3MYECKMX acnekToB CM. B KHUrax HunbceHa u YaHra [22], K. A. BanueBa
n A. A. KoknHa [2], b. b. Kagomuesa [9].
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peHus KBaHTOBbIX KaHanoB CBA3U 06YCNOBAUBAETCA TEM, UTO BCAKWUIA (hU3Nn-
YECKMI KaHan B KOHEYHOM cyeTe SIBSIeTCA KBAHTOBbLIM, W TaKOW MOAXO4 Mo3-
BOJIFET YYeCTb (PyHAaMeHTa/lbHble KBaHTOBOMEXaHWYeCKne 3aKOHOMEpPHOCTH.
OTMeTUM, 4YTO B KBAHTOBOM C/lyyae MOHSATWE NMPOMYCKHOW CMOCOGHOCTU pas-
BETB/IAETCA, MOPOXAASA Lenblii CNEKTP MHPOPMAaLMOHHBIX XapaKTepUCTMK Ka-
Hana, 3aBUCALLMX OT BUAA NepefaBaeMoil MH(oOpMaLMm (KBaHTOBOM MK Knac-
CUYECKOIi) M OT JOMONHUTENbHBIX PECYPCOB, UCMOMb3YeMbIX NpU nepegade.
MaTtemaTtunyeckas Tpaguumsa B Teopumn nHhopmaunm socxogut K A. H. Kon-
MOropoBy n A. &+ XuHunHy. [1ns MaTtemaTnka, KOTOPOMY Hebe3pasnuyHa ecte-
CTBEHHOHay4Hasi CTOPOHa ero WMCccnefoBaHuii, TeOpus UHGoOpMauun SBnseTcs
MCTOYHUKOM TNYBOKMX UAE U HOBbIX TPYAHBIX 3afay, UMELMX LOCTONHYO
MOTMBALMIO. B paBHOM, ecnn He B 60M1bLUEel Mepe 3TO OTHOCUTCA U K KBAHTOBOW
Teopun MHGopMaLun, NpobneMaTika KOTOPOW OKa3biBAETCA TECHO CBA3aHHOM
C HEKOMMYTATUBHbIM aHann30M, acCMMNTOTUYECKOW Teopueil KOHEeYHOMEPHbIX
HOPMMPOBaHHbIX OMepPaTOPHbIX NMPOCTPAHCTB M anrebp, TOHKMMU CBOMCTBaMM
CTPYKTYP MOMOXWUTENIbHOCTU W TEH30PHOTO MPOW3BELEHNSA, a TaKXKe C MeTo-
Jamu ciydaiHbix matpuy. B 2002 r. B nsgatensctse MLULHMO Bbiwna KHura
aBTopa [38], nocBAwWeHHas MaTeMaTUY4eCKOMY M3M0XEHUIO OCHOB KBaHTOBOWA
Teopun WHopMauun. B Hell, B 4aCTHOCTU, ObiNM 3aTPOHYTHI [Be OTKPbITbIE
npobnembl: A) agAMTUBHOCTb 3HTPOMMIAHBIX XapaKTepPUCTNK KBAaHTOBOIO KaHa-
Na, CBS3aHHbLIX C ero Kiaccuyeckol MporyCcKHOW Cnoco6HOCThIO; b) Teopema
KOAMPOBaHUA AN KBAHTOBOW MPOMYCKHOM crnocobHocTu. lMpolieawive rogbl
03HaMeHOBaINCb ObICTPbIM NMPOrpPeccoM, B YACTHOCTU, YCUAUSMUN PasHbIX UC-
cneposateneil 66110 NOMYYEHO MONHOe pelleHue npobnembl b. KBaHTOBas
MponyckKHas cnocoBHOCTb OKa3anacb TECHO CBA3AHHOM C KpUnTorpapuyecku-
MU XapaKTepucTUKaMW KaHana, TakMMW Kak MNponyckHas Crnoco6HOCTb AnA
CEeKpeTHON nepefayn KnacCuyecKoi MHopMaLMM 1 CKOPOCTb pacnpefeneHus
CMyyYaiiHOro Kntoya. Bbin BbifeneH BaXHbIA Knacc AerpagvpyembiX KaHasos,
ANs KOTOPbIX 3TW [BE XapaKTepUCTUKW COBMajatoT M 3a4acTyrd MOryT ObiTb
BbIYMC/EHbI B IBHOM BUAE. 3HauMTeNbHbIA nporpecc 6bln JOCTUFHYT M B pe-
LIEHUN Mpo6aemMbl afAMTUBHOCTM (B KOTOPOM, OAHAKO, MO-MpeXHeMy ocTaeT-
€S MHOTO HeuccnefloBaHHbIX BOMPOCOB): HeOXWUAaHHbIA pe3ynbTat [. Lopa
nokaszan rnobanbHyl0 3KBMBANEHTHOCTb pPsfa paHee paspo3HeHHbIX opmy-
nupoBoK2 lMpobnema afauTUBHOCTU 06CYXAanacb Ha MexayHapogHOM Ma-
TemMaTuyeckoM KoHrpecce 2006 r., a KBaHTOBas Teopusi MH(OPMaLMK BOLUMA
B CMMCOK OCHOBHbIX TeM Ha V EBponeiickoM KoHrpecce matematukoB 2008 T.
Bce 310 MokasbiBaeT, YTO Haspesia HeOOXOAUMOCTb B MOSBAEHUN KHUMW,
KOTOpas He TONbKO BBOAWMA 6bl B KPYr OCHOBHbIX MOHSATWIA KBAHTOBOI Teopuu

2HefaBHO Gbll aHOHCMPOBAH KOHTPNPUMEP K afAUTUBHOCTM MUHUMANbHOW BbIXOAHOW 3HTPO-
nuu, cM. Hastings M. B., e-print arXiv:0809.3972
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NHopMauun, HO 1 oTpaxkana Obl MO KpaliHei Mepe HeKOTOpble M3 HOBEMLLNX
ee JOoCTWKeHui. Takylo Lenb 1 npeciefyeTt HacToswas MoHorpagus, OCHOB-
HOe COfepXXaHne KOTOpOi cocTaBnseT maTeMaThyeckas Teopus KBAHTOBbIX
KaHanoB. Ee matepuan pa3buT Ha Tpu 4acTu.

YacTb 1 coaepXuWT BBeAeHWE B CTATUCTUUECKYIO CTPYKTYPY KBaHTOBOM
TEOpUK, a TakXe MepBble NPUMEHEHWUS MH(POPMALMOHHbLIX WAeli B KBAHTOBOM
CTaTUCTUKE. 3HAUUTENbHOE BHUMaHWe YyAeneHO O6CYXXAEHUI0 KMHYeBoro no-
HATUSA CLENEHHbIX COCTOSHMIA COCTaBHbIX KBaHTOBbIX cucTeM. B uactu I
faeTcs 0630p OCHOBHbIX MOHATUMA WM HEKOTOPbIX Pe3ynbTaTOB KAaccU4ecKol
TEOpMM MHGOpPMaLMKN, KBAHTOBble aHasorM KOTOPbIX COCTaBfAOT OCHOBHOW
npeLMeT HaCcTOALLEN KHUMK, a Takxe NpsMoe [0Ka3aTe/lbCTBO OCHOBHOW Teo-
pemMbl KOAMPOBaHWUA AN KNacCMYECKU-KBAHTOBOIO KaHasna.

YacTb Il nocesweHa M3yyeHUIO KBaHTOBbIX KaHafoB 06Liero suaa u ux
MHOPMaLMOHHbLIX XapakTepucTuK. B rnaeBe 6 nogpobHo o6cyxpaaeTca ab-
CTPaKTHOe MOHATME KaHana, KOTopoe ABMSeTCA OCHOBHbLIM A1 BCEro paccMart-
prBaemoro Kpyra BonpocoB. C TOYKM 3peHUs Teopuu OMnepaTopoB 3TO BMOJHE
MoN0XUTENIbHOE 0TOOPaXKeHNe COOTBETCTBYHOLLER anrebpbl, aHanor MapKoB-
CKOr0 0TOBpaXXeHMsI B HEKOMMYTATUBHOW Teopun BeposiTHOCTeld. C TOuku 3pe-
HWA CTaTUCTMYECKON MexaHWKW KaHan faeT obliee KOHeYHOe onucaHue 3BO-
NIOUMKN OTKPbITOM KBAHTOBON CMCTEMbI, B3aUMOJENCTBYIOLLEN C OKPY>XEHUEM.
Pa3Hoo6pa3Hble 3HTPONUIHbIE XapaKTePUCTUKN KaHanoB M MX CBOWCTBA UC-
cnepytotcs B rnaee 7. nasa 8 MOCBALLEHA K1aCCUMYECKOW MPOMycKHOR cno-
COOHOCTM KBaHTOBOrO KaHana W yXe ynoMuHaBLleiics npobneme agauTUBHO-
CTW 3HTPOMNUIAHBLIX XapaKTepUCTUK KaHafoB OTHOCUTENbHO onepauun TeH3op-
HOro npousBegeHus. B rnase 9 paccmatpuBaeTcs Kpyr BOMPOCOB, CBA3AHHbIX
C McnpaBfeHneM OWNBOK MpM XpaHeHWU U nepefadve KBaHTOBOW MHGopmauuu
N C COOTBETCTBYHOLLEA KBAHTOBOIM NPOMYCKHOW cnocobHOcTbio. B rnaeax 10,
11 peiicTBME NEPEHOCUTCS U3 KOHEYHOMEPHOTO B cenapabenbHoe rnb6epToBo
MPOCTPaHCTBO, KOTOPOE, B YaCTHOCTU, SIBASIETCA apeHON AN KBAHTOBbLIX rayc-
COBCKMX cuCTeM. MHOrme 3KcrnepuMMeHTbl MO KBaHTOBOW 06paboTke WHGoOp-
Mauuy peann3oBaHbl MMEHHO B TaKUMX CUCTEMaX C «HeMpepbIBHbIMU MepeMeH-
HbIMW», OCHOBaHHbIX Ha MPUHLMNAaX KBaHTOBOW ONTWMKW. C Apyroii CTOPOHBI,
mMaTeMaTU4yeckas CTOpPOHA BOMNpoca CBfi3aHa 3[eCb C WHTEPECHbLIMU U paHee
He M3Y4aBLUIMMKCS acneKTaMn KaHOHUYECKUX KOMMYTALWOHHBIX COOTHOLLEHWA.
34ecb BO3HMKAET elle ofjHa rnybokas aHanuTuyeckas npobnema — «runotesa
06 ONTMMasbHbLIX FayCCOBCKMUX aHCamMbisfx», COMOCTaBUMas MO CI0XHOCTM
€ Npobnemoii afauTUBHOCTY W, BUAKMMO, Fy6OKO CBSi3aHHas C Heil.

B OCHOBY KHWIrM flernu fekuuu, NpoyYMTaHHble aBTOPOM B MOCKOBCKOM
rocyfapcTBeHHOM yHUBepcuTeTe U MOCKOBCKOM (PU3NKO-TEXHUYECKOM UHCTU-
TyTe. ABTOp 6narogaput M. E. LUupokosa, A. A. Ky3HeuoBy 1 B. A. lNaHoBa
3a NOMOLLb MPW NOATOTOBKE PYKOMUCH.
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Mbl 6yeM WMeTb fIeNo C KBaHTOBOMEXAHWUYECKUMU CUCTEMAMM, KOTOpble
OMUCLIBAKOTCA KOHEYHOMEPHBLIMU KOMM/EKCHBIMU TUbGEPTOBLIMIA MPOCTPaH-
cTBaMu. C OfiHOI CTOPOHbLI, YXKe B 3TOM C/y4ae, npuyem Haubonee Harnsg-
HO, MPOSBNAIOTCA PafuKaibHbIE OTAMUMS KBAHTOBOM cTaTUcTKU. C apyroii
CTOPOHbI, CUCTEMbI C KOHEYHbIM UMCMIOM YPOBHE/ MpefCcTaBsioT OCHOBHOM
WHTEpeC A/ TaKUX MPUIOXKEHWHA, Kak nepefada WH(HOPMaLyUM, KBaHTOBble
BbIYMCNEHNS U KBAHTOBasi KpunTtorpagus (XoTs B MocnefHee BpeMsi BCe yallle
NCMOMb3YHTCA CUCTEMbI C HEMPEpPbIBHBIMU NepeMeHHbIMU, KOTOpble OMUCHIBa-
t0TCS 6ECKOHEYHOMEpPHBIMU MPOCTpaHCTBaMu, cM. . 10, 11).

8§1.1. N'nnbbepToOBO NPOCTPAHCTBO

Myctb H — /i -MepHOEe KOMMN/IEKCHOE BEKTOPHOE MPOCTPAHCTBO pasMep-
HocT dimH =d <00 co ckanfpHbiM npoussegeHvem {4>\), L G€H, yao-
B/IETBOPSIOLLEE aKCMOMaM YHUTapHOro NPOCTPaHCTBA; Chefys ckopee u3u-
YEeCKOM, HeXxenn MaTeMaTuyeckol Tpaguummn, Mol cuuTaem, yuto ((p\d) AmMHeliHO
Mo BTOPOMY aprymMeHTy ¢ W aHTWAMHENHO MO MepBOMY aprymeHTy p. Takxke
cnefys M3NYecKoi MTepaType, Mbl Ha3biBaeM Takoe MPOCTPaHCTBO ub6ep-
TOBbIM (XOTA B MaremaTuke B KOHEYHOMEPHOM C/yyae 06blYHO MCMOMb3YeTCA
TEPMUH «YHUTapHOEe MPOCTPAHCTBO», a TEPMUH «TUNbOEPTOBO» MPUMEHSIOT
NNWb K 6eCKOHEYHOMEPHbLIM MPOCTPaHCTBaM).

Mbl 6ygeMm ucnonb3oBaTb 0603HaveHus [upaka: Bektop ¢ &H (koTo-
pblii cnepyeT npeacTaBnsTh cebe Kak BeKTOp-cTonbel) 6yaeT 0603HayaTbCs
|dh)\ cooTBeTCTBEHHO {) OnpegenseT AuMHeliHyO QYHKLUMIO Ha H, 3agaBaemyto
CKanspHbIM Mpoun3BefeHNeM:

¢ -y (), PpeH.

Takne NuHeliHble (YHKUMU TakXe 06pasytoT rnnb6epToBO MPOCTPAHCTBO —
[BOWCTBEHHOE NPOCTPaHCTBO H* (ero anemeHTbl crefyeT nNpeAcTaBnsATh cebe
KaK BeKTOP-CTPOKM \(b)*, 3pMWUTOBO COMpPsOKEHHble K |P>). MpocTpaHcTBO
H* aHTumsomopdHo H B cuay otobpaxeHus |) <»{d|; ckanspHoe npo-
n3sefeHve (<pP\d) ymobHo npeactaBnaTb cebe Kak npousBefeHue «brax-
n «keb>-sekTopoB {\ 1 |p). KeagpaT Hopmbl Kak B J1, Tak nBH* paBeH

(@\D) = IM12-



14 BeKTopbl 1 onepaTopbl

Takoli cnocob 3anuMcu BeKTOPOB MO03BO/SET YA0OHO 3afjaBaTb [elCTBUE
onepaTopoB. Hanpumep, «BHelLLHee Npon3BeaeHne» «ket»- U «bra»-BeKTOpoB
A = \Pfy>\ ecTb onepaTtop paHra OAMH, KOTOpbIA AeNACTBYET Ha BEKTOP |X)
B COOTBETCTBUU C hopmynoin A\x) = \P){<p\x)-

MycTb {e,}j=i,d —opTOHOpMMpPOBaHHbI/A 6a3uc (0.H.6.) B H. Mpon3sonb-
Hblli BeKTOp h e H MOXeT 6bITb NpeAcTaBneH B BuUe

d
No) = L |eabl @), (1-1)
=ik
YTO 3KBMBAMIEHTHO PaBeHCTBY
d
53|8/>(B;| =/ 1.2)

i=l
roe / —eanHMYHLIA onepatop B H.

3afaya 1.1.1. 3anuwuTe maTpuyHoe MpejcTaBleHWe [AN1A OMnepaTtopoB
B H, aHanornuHoe npeactasneHunto sektopos (1.1).

JononHutenbHbIM MpenMyLLecTBOM 0603HaYeHUi [lnupaka sBNAETCA BO3-
MOXHOCTb 3anWC/W BMECTO BEKTOPOB WX METOK, HarpuMep, MOXHO nucaTb
npocto |/) BmecTo \e{).

WHorga Mbl 6yaem paccmaTpvBaTh BeLLeCTBEHHOe Trunb6epToBo (T. €.
€BK/MA0BO) NPOCTPAHCTBO. PyHAAMEHTa/IbHOE OTIMUME KOMMIEKCHOTO Cyyas
NposB/AAeTCA B CYLECTBOBaHWM NOAAPU3ALUOHHOTO TO>XKAecTBa

3
OP<®P) =\ $3(-0KO(<P+ 1*P, P+ ikd>), (1-3)
*:O
NMO3BONAIOLLEr0 BOCCTAHOBUTL BCE 3HAYeHWs (opmbl (<P, ), NMHENHOWA no
BTOPOMY apryMeHTY W aHTWUIMHEHOW Mo NepBoMYy, MO ee AMaroHalbHbIM 3Ha-
yeHmsm 0 (g, ¢), P €H (B BewecTBeHHOM cyvae NoAo6HOe BOCCTaHOBMEHME
BO3MOXHO MLIb AN CUMMETPUYHbLIX hopm). Bnarogaps aTomy, Hampumep,
[N3 [oKa3aTeNbCTBa OMNepaTopHOro paseHcTBa A —B [0CTaTOYHO YCTAHOBUTH
pPaBeHCTBO BCEX AMaroHanbHbIX MaTPUYHbIX 31eMeHToB (P\Ad) — (P\Bd),

theH.

81.2. OnepaTopbl

Ecnn 1 —onepatop B H, To A* 0603Ha4yaeT omnepaTtop, CONPAXKEHHbIA
K A, KOTOpPbI/ onpefensieTcsd paBeHCTBOM

{<pwd) — {A<p\d), to, peH. (14)
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Onepatop A HasbiBaeTCs 3pMUT OBbIM, ecim A =A*, (OpTOroHas bHbIM) NPO-
eKTOpOM HasblBaeTcsl Takoi apmuToB onepatop P, uto P2 = P. O6nacTbio
3HaveHuli npoekTopa P ABNSETCS MOANPOCTPAHCTBO

C = {d\ P\p) = )}

Ecnn UL = 1, To onepatop \t)(ch\ ABNseTCA NPOEKTOPOM Ha €ANHUYHBIVA BeK-

Top \¢). Bonee o6wMmm 06pasom, Ans NGO OPTOHOPMMPOBAHHOW CUCTEMbI

{e,}.e/ onepaTop le;){e;| = P sABnseTCA NPOEKTOPOM Ha NOANPOCTPAHCTBO,
</

nopoXxaeHHoe cuctemoin {e }'6/.

YHWTapHbIM HasblBaeTcA Takoil onepatop U, yto U*U = /; B KOHeu-
HOMEPHOM Cnyyae M3 3TOr0 paBeHCTBa cnepyet, yto UU* =/. YacTu4HOIA
n3omeTpueil HasbiBaeTcs Takoi onepatop U, yto U*U =P gaBnseTcs npo-
eKTopoMm; B 3ToM cnydyae UU* = Q Takxe ecTb npoektop. Onepatop U
oTo6paXkaeT 061acTb 3Ha4eHWin onepatopa P Ha o6nacTb 3HayeHwii omepa-
Topa Q M30MEeTPUYHO, T.e. COXPaHAA CKalApHOE Mpou3BefeHne N HOPMbI
BEKTOPOB.

Teopema 1.2.1 (cnekTpanbHOe pasnoxeHue). Ans nww60oro spmumToBa
onepaTopa A cywecTBYeT OPTOHOPMUPOBAHHbIN 6a3nc M3 CO6CTBEH-
HbIX BEKTOPOB, KOTOPbIM OTBeYalw T BelWweCTBEHHble COOBCTBEHHbIE
3HayeHns at, Tak 4ToO

d
O =1r > \ei)(ei\. (1.5)
i=i

[Opyras nonesHas ¢opma CNeKTpasbHOro pasfioKeHUs Nonay4vaeTcs, ecnu
paccMoTpeTb pas3fnyHble CO6CTBEHHbIE 3Ha4YeHMs {a} M COOTBETCTBYIOLLME UM
CrneKTpasibHble MPOeKTopbI

Ea = le")<e'l-
/. a =c

Habop pasnnuHbiX COOGCTBEHHbIX 3HauYeHWiA spec(v4) = {a} Ha3biBaeTCA Crek-
Tpom onepaTtopa A. B 3Tux 0603Ha4eHMsX

A= aE“m <L6)
aEC(A)
Takoe npefAcTaBfeHne efUHCTBEHHO C TOYHOCTbIO [0 MOpsfka nepevyncneHus
c06CTBEHHbIX 3Ha4yeHuii. Habop npoekTopoB {£0} 06pa3yeT opTOroHanbHoe
pasno>KeHue efnHULbI.

PaPa’ — $aa’Pa< Y Pa—I- (1.7)

A€ spec04)
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TMnb6epToBO NPOCTPAHCTBO H. pasnaraeTcs B NPSMYIO OPTOrOHa/IbHYO CyMMY
obnacTein 3HayeHuii npoekTopoB {Ea}, Ha KOTOpbIX A AelCTBYET KaK YMHOXe-
HMe Ha 4ucno a.

8§ 1.3. T10N1OXXUTENbHOCTb

SpmuToB oOnepaTop A HasblBaeTCA MNONOXKUTeNbHbIM, A N 0, ecnu
(P\A) ~ 0 gns no6oro £ H. CobCTBEHHbIE 3HAYEHUS MOMOXUTENBHOIO
orneparopa HeoTpuuatenbHbl: a ™ 0 ansa a £ spec(A).

Onepatop ABNAETCH MOMOXUTENbHBIM TOrfa W TOMbKO TOrAa, Korga OH
MOXET OblTb MpefcTasfeH B Buie A —B*B fna HekoToporo onepartopa B.
[na no6oro NonoXxutenbHOro onepatopa A CyLEeCTBYeT eAMHCTBEHHbIV Mo-
NOXWTeNbHbI KBagpaTHbIi kopeHb C = y/A = A 12 Takoii, uto C2 —A.

[na nmo6oro spmutoBa oneparopa A UMeeT MECTO pas3foXeHue

(18)

roe A+= Yl a*a, A- = - Y1 aa — noNoXnTenbHbIe ONepaTopbl, Ha3bliBae-
MO a<O
Mble NONOXKUTENbHOW M 0T pULATENbHOW YacTamu onepartopa A.
Teopema 1.3.1 (nonspHoe pa3noxeHue). Jlo6oi onepaTtop A B H
MO>XEeT OblTb NpeficTaBNeH B BUAE

A = U\ = \A¥\U, (1.9)

rae [N = \JA”A —nono>XuTenbHblil onepaTop, a U —yHUTapHbIiA one-
paTop.

HocuTenem supp/l nonoxutenbHoOro oneparopa A HasbiBaeTcs ero coo6-
CTBEHHOE MOAMNPOCTPAHCTBO, COOTBETCTBYHOLLEE MONOXMTENbHbIM COOCTBEH-
HbIM 3HAYeHWAM. YHUTapHbIA onepaTtop B NOMSPHOM PasfoXeHWW onpepens-
eTcsA e[iMHCTBEHHbIM 06Pa3oM TONbKO Ha suppli4|.

B BeLLECTBEHHOM T/IbOEPTOBOM MPOCTPAHCTBE 3PMUTOBLI ONepaTopsl 3a-
MEHSIOTCA Ha CUMMETPUYHbIE, & YHWTApHble —Ha OPTOrOHasIbHblE, MpUYeM
onpegeneHns opManbHO OCTAlOTCSH TeMu e. [onsapHoe pasfnoXeHue Takxke
MMeeT MecTo, MpuyeM |J1| — CMMMETPUYHBI/ NONOXUTENbHbIA, a U —opToro-
Ha/lbHbIV onepaTtop.

8 1.4. Cnef n 4BOWCTBEHHOCTb

Cnef onepatopa T onpefensieTcsd COOTHOLIEHUEM
d
TiT = £ > 1|7e(3 (1.10)
i=i
roe {€¥} — npon3BobHbIA OPTOHOPMMPOBAHHbIW 6asuc.
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3agava 1.4.1. TokaxuTe, 4YTO 3TO OMpefeneHne He 3aBUCUT OT Bbibopa
6asmca n yto

Tr/1* = Tr/l, 1TAB = 1TBA. (1.11)

[ToKaxXuTte, yTto
1T\d)(<p\A = (<p\Ad). (1.12)
MokaxuTe, uto Ans J1, B > O BbINOSIHEHO HEPABEHCTBO

TrAB ~ O (1.13)

M PaBeHCTBO MMeeT MeCcTO Torja u TonbKo Torga, Korga AB —O.
BbipaxkeHue
WU =Tr|N (1.14)
onpefenseT cnefjloByl0 HOPMY Ha KOMMNEKCHOM /IMHEHOM BEKTOPHOM Npo-

CTpaHCTBe BCEX OMepaTopoB, AedcTByOWMX B H. 4ns spMuToBa onepatopa T
CrpaBeAnnBO COOTHOLLEHME

7|, =Trr++ Tr7-_ = > _>|, (1.15)
=

rge ti —cobCcTBeHHbIe 3HayeHUs onepartopa T. [pyroii BaXHOW HOpPMOW 5B-
NfeTcs onepaTopHas Hopma

unj = Lo b |r|{1bﬁ)é1 LU \\, (1.16)
KoTopas Ans 3apMmTOoBa onepaTtopa J1 paBHa
1= max " lal. (1-17)
VIMeeT MecTo HepaBeHCTBO
[TrTAL ~ |7 2210, (1.18)

rfe paBeHCTBO AOCTVXXUMO Kak Ans N6oro (ukcmposaHHoro T, Tak W Ans
noboro gukcuposaHHoro J1. A UMeHHO, Ans (uMKcupoBaHHOro T cregyet
nonoxuTb J1 = U*, rae U —yHWUTapHbIA onepaTop 13 NOASPHOro pasnoXeHus
T=\T\n. Torga

[| TIL :m%x|TrTLM = max]TrT/|. (1-19)
=1

AHaNoOrMyHo ANs 3afjaHHoOro orepatopa J1 paBeHCTBO focTuraetcs npu T =
—\p){db\n*, roe U —yHuTapHbIli onepaTtop M3 MNOAAPHOr0 pasfioKeHUs
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A — U\A\, a " —HOPMMPOBaHHbLI COBCTBEHHbI BekTOp onepatopa \A\
C HambonbLWKM COOCTBEHHBIM 3HaveHWeM. OTclofa cneayeT, UTo

[|7]] = max 1Tr7/1. (1.20)
HA|I=1 '

3TN haKTbl NleXXaT B OCHOBE BaXXHOFO COOTHOLLEHWS ABOMCTBEHHOCTU.
MpocTpaHCTBO BCeX OMepaTopoB B H, CHabXXeHHOe CnefoBO HOPMOW, npe-
BpallaeTca B KoMMekcHoe 6aHaxoBO npocTpaHcTtBo T (H). 370 ke npo-
CTPaHCTBO, CHabXXeHHOe onepaToOpHOW HOPMOM, ABAseTCA GaHaxoBoli anre6-
poii © (H). 3Tn npocTpaHCTBa SABMAKTCA ABOWCTBEHHbLIMU; 3TO 03HAYaeT, UTO
nobas nuHeinHaa ¢yHkuma Ha T(W) npeactasuma B Buge T —>Tr7/1 gns
HekoToporo onepatopa J/1e ©(H) n umeeT Hopmy (1.20) u, Hao6opoT, ntobas
NUHeliHas yHKums Ha © (H) npegcTtasuma B Buge J1—>Tr TA 413 HEKOTOPOro
onepatopa T eX(H) n nmeet Hopmy (1.19).

MHpekc h B 0603HaYeHMsiX NPOCTPAHCTB OMepaTopoB OyAeT UCMO/b30-
BaTbCA AN51 0603HaYeHUS COOTBETCTBYHOLLMX BELLECTBEHHbLIX 6GaHAaX0BbIX NPO-
CTPaHCTB 3PMUTOBbLIX OMepaTopoB. BellecTBeHHble 6aHaX0Bbl NPOCTPaHCTBA
T/r(H) n ©n(H) Takxke HaxogaTcs B [ABOWCTBEHHOCTW, 3afaBaeMoi 6unu-
HeiiHOlM hopmoii T, A —Tr VA ToT ¢akT, 4To 3Ta (hopma MNPUHMMAET Be-
LLeCTBEHHbIE 3HAYEHMsI ANs 3pMUTOBbLIX onepaTopos T, /1, cnegyeT U3 cOOT-
HoweHui (1.11).

B koHe4yHOMepHOM cnyyvae npoctpaHcTBa T (H) n ©(H) coBnagakT ¢ MHO-
XKECTBOM BCeX OMepaTtopoB B H u pasnunyaloTca TONbKO Hopmamu. OfHaKo
B 6ECKOHEYHOMEPHOM Cnyyae OHM CYLLECTBEHHO pasnuyaloTca (Tak XKe Kak
MpoCTpaHCTBa NocnefoBaTeNbHOCTeN 1[ M 1°° Haf KOHEYHbIM W BECKOHEUYHbIM
MHOXEeCTBaMU WHAEKCOB).

3agaya 1.4.2. TMokaxute, 4yto (KOMMMEKCHAA) Pa3MEPHOCTb MPOCTPaH-
CTBa BCex onepaTtopos B H paBHa d 2, Torga Kak (BelecTBeHHast) pasMepHOCTb
NpoCTpaHCTBa BCEX 3PMUTOBBLIX onepaTtopoB B H Takxe paBHa d2. Ecnim H —
BelLecTBeHHOe d -MepHOe rnb6epTOBO MPOCTPAHCTBO, TO Pa3MEpPHOCTb Npo-
CTpaHCTBa BCeX onepaTopos B H paBHa d 2, a pa3MepHOCTb NOAMNPOCTPaHCTBA
BCEX CUMMeTpMYeckux onepatopoB B H paBHa d(d + 1)/2.

§ 1.5. BbinyknocTb

MofMHOXEeCTBO © BeLLeCTBEHHOrO /IMHEHOr0 NPOCTPaHCTBa Ha3blBaeTCA
BbIMYKNbIM, €CiM ANsi NH060ro0 KOHeYHoro Habopa Toyek {S/}c© wu noboro
pacnpegeneHus BeposTHocTeld {p(} BbInyknas Komb6uHauus S —"pjSj

/

NPUHAANEeXUT 6 (JoCTaToOYHO MOTPe6oBaTh, UTOBLI YKa3aHHOE YCMOBME Bbl-
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MOJIHANOCh TOMIbKO AN HabopoB M3 ABYX TOYEK, T.e€. YTOObl MHOXECTBO 6
BMeCTe C /II06bIMU ABYMS TOUKaMU COAepXKano M COeAUHSAIOWMNIA NX OTPE3OK).
B BbINYK/bIX MHOXECTBaxX 0C000 BaXHbl KpallHWe TO4YKMW, He npeacTaByMble
B BUAE HETPUBMAbHON BbINYKNON KOMOGWMHALMM [ApYrux ToveK. ITO 3KBMBa-
NEeHTHO YTBepPXAeHuto, 4to M3 ycnoema S = pS\ + (1 - p)S2, 0< p < 1
cnepyet, 4To S = Si = S2, T. €. YTO HM OAUH OTPE30K B © He COAEPXUT S B Ka-
YyecTBe CBOEN BHYTPeHHeN Touku. Mbl 0603Ha4aem Yepes extr(©) MHOXeCTBO
BCEX KpalHWX TOYEeK BbIMYKIOr0 MHOXecTBa 6. VMeeT MecTo crefytoLiuii
06LMiA pe3ynbTar.

Teopema 1.5.1 (KapaTeogopu). lycTb 6 —KOMMNaKTHOE BbINyknoe
NOAMHO>XECTBO nNpocTpaHcTBa R”. Torga nob6as Touka S e 6 MOXKET
6bITb NpeacTaBneHa B BUAE BbINYKNOA KOMOUHAUUM He 6onee yem n+ 1
KpaiiHux Touek Sj eextr(6):

Sj e extr(6). (121)

B kauecTBe npumepa pacCMOTPWMM BbIMYK/0e MHOXECTBO (b1 BCeX pac-
npefeneHuii BeposiTHocTelh P = {pb mm., pn+\) Ha MHOXecTBe U3 N+ 1 3ne-
MeHTOB. B cuny ycnosus 52 Pi — 1 MHOXeCTBO MOXeT 6bITb MOrpPYXXeHO

B LLh. Ero KpaiiHUMK TOYKaMW SIBASKOTCS BbIPOXAEHHbIE pacrnpefeneHns, ans
KOTOpbIX BCE BEPOSTHOCTU Pj PaBHbl HY/tO, 3a UCK/IOUYEHWEM OfHOW, paB-
Hoii 1. Bcero umeeTcs nm + 1 Takux Touek, W Nnto6oe pacnpefeneHne m3 ¢n
eVUHCTBEHHbLIM 06pa3oM MpPeACTaBAsfeTC B BUAE WX BbINYKIOW KOMGUHALMM
€ Ko3(hpuumeHTaMmmn Pj. Takoe MHOXECTBO Ha3blBaeTCs CUMMNEKCOM, U efjuH-
CTBEHHOCTb NPEACTaBNEHUS AB/SETCA XapaKTEPUCTUUECKUM CBOWCTBOM 3TOr0
BbIMYK/IOF0 MHOXECTBa.

BeliecTBeHHas (yHKUMs T, OnpefeneHHas Ha BbIMYKJOM NOAMHOXe-
cTBE © KOHEYHOMEPHOrO /IMHEHOro MPOCTPAHCTBA, HA3bIBAETCS BbIMYKNOI
(BOTHYTOI), ecnu

i i
4na noboi BbINYKION KOMBUHauuy Todek Sj € 6. DyHKUMA Ha3biBaeTca ad-

CpVIHHOI\/'I, €C/IN OHa KaK BbiMyK/a, Tak U BOrHyTa, T.€. B NpUBEAEHHOM BblLLE
COOTHOLUEHNN NMEET MECTO 3HaK paBeHCTBa.

3agava 1.5.1. [lokaxuTe, 4TO HenpepbiBHas BbiNyknas (B 4aCTHOCTH,
a(MHHan) (YHKUMA Ha KOMMAKTHOM BbINYK/IOM MHOXecTBe © pocturaet
CBOEro0 MakCcvMyMa B KpaliHeil TOUKe 3TOr0 MHOXECTBa.
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8§1.6. KommeHTapum

OCHOBbI 0MepaTopHOro ropmanm3mMa KBaHTOBOW MeXaHUKW Oblnn 3anoxe-
Hbl B Knaccu4yeckom Tpyae Aupaka [8]. I3 MHOXecTBa y4eOHNKOB MO /INHEN-
HOll anrebpe OTMeTUM cOBpeMeHHbIli kypc A. V. KocTpukuHa u 0. L. Mu-
HuWHa [13], B KOTOPOM Yy4TeHbl MOTPEOHOCTU KBAHTOBOW MeXaHMKW, a Takxe
KHUry M. M. asmaHa n FO. N.J1ioburya [6], HaueneHHy Ha aKTMBHOE OCBO-
eHVe HEKOMMYTaTUBHOIMO0 KOHEYHOMEPHOro (PYHKLMOHaNbHOro aHanusa 4epes
peweHune 3agay. OCHOBHbIe MOHATUA U (haKTbl BbINYKIOrO aHanm3a U3oXeHsbl
B KHurax [ . Marapun-Unesesa n B. M. Tuxomuposa [17], a Takxe Poka-
thennapa [25].
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CocTosHMA, HabnogaeMble, cTaTUCTUKA

§2.1. CTpyKTypa CTaTUCTUUYECKUNX Teopuii

2.1.1. Knaccuyeckue cuctembl

Knaccuueckas cuctema XxapakTepudyetcs Haamumem (ha3oBOro npo-
cTpaHcTBa Q, TOUKM KOTOPOrO M OMUCHLIBAKOT LETEPMUHMPOBAHHbIE COCTO-
AHUA CUCTeMbl. [iNs NpPOCTOTbl fanee paccMaTpuBaeTcsi Clydaid KOHEYHOro
MHoxecTBa Cl. (CTaTUCTUYecKMM) COCTOSHMEM Ha3blBaeTCA pacrnpegeneHune
BeposiTHocTein P = {pw} Ha CL COBOKYMHOCTb BCeX pacnpefeneHuii Bepo-
ATHOCTe npeacTaBnsieT coboit cumnnekc ¢(IM), B KOTOPOM Kaxpaas TO4ka
0fHO3Ha4YHO MpPeACTaBAsAeTCA B BUAE BbINYK/ION KOMOUHALMM KpaWHWX TO-
YeK — YNCTbIX COCTOSHUIA, 3aaBaeMblX BbIPOXKAEHHbIMY pacrpegeneHusMmn
BEPOATHOCTeN. [lpocTeiwiein cuctemoil fBnseTcd 6UT —cucTeMa C ABYMSA
ynucTbiMU - cocTosiHMAMKM 0, 1, AN KOTOPOA MHOXECTBO CTaTUCTUYECKMX
COCTOSHUI U30MOP(PHO eANHUYHOMY OTPE3KY.

BcAkas feTepMUHMpOBaHHas HabnogaeMas BennymMHa ecTb yHKUmMa X =
= {xw} Ha hasoBoM npocTpaHcTee I, 3agatowas pasdmeHvre Cl Ha Henepece-
Katowmnecst nogMHoxecTsa CIX, B KOTOPbIX X MPUHUMAET KaKOe-TO 3Ha4YEHNUE X.
MHankaTopbl EX (W) 3TMX MOAMHOXECTB YAOBMETBOPSOT YCMOBUAM

ExX(MEy(w) = ex yEx(w), £ w) =1

MoMMMO [eTepMUHMPOBAHHbIX HabMIOfaeMbIX, KOTOpble fanee GyayT Hasbl-
BaTbCA 4YeTKWMU, BO3MOXHbI HeuyeTKue Habnogaemble, KOTOPble MPUHM-
MatoT 3HayeHne X C BeposaTHocTAMU M (x\u) (HabnwogeHWs ¢ OWMOKOR 1Mbo
paHfoMu30BaHHbIe). Habop ycnoBHbIX BeposiTHocTeld M = {M(x\w)} xapakTe-
pU3yeTcs CBONCTBaMM

M{x\el) ~ 0, "M (*|w) = 1
X

[na yeTknx Habnogaembix BeposaTHOCTM M{x\W) = Ex(w) paBHbl O nmm 1, T.e.
M(x\w)2 =M (x\L).

PacnpegeneHne BeposSTHOCTe MPOM3BOSIbHON HabntogaeMoil M B cOCTO-
AHUM P paeTcs qopmynoit

Pp(x) = % pwM(xw>) (2.1)
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[ns nnaBHOro nepexoga K KBaHTOBbIM CUCTEMaM MOJIE3HO BBECTU MaTpuu-
HOe MnpeAcTaB/ieHUe K1acCUYeCKMX BeNUYMH. PacCMOTpUM rub6epToBO Mpo-
CTPaHCTBO, B KOTOPOM (PUKCMPOBaH OPTOHOPMUPOBaHHbIA 6asuc {|w); w6 O}.
Bcakoi uncnoBoit yHKumMM /1 Ha I conocTaBum onepaTop

I =£1,» (4

[maroHanbHbIil B 3TOM 6asnce. Torja COCTOSHWUIO COMOCTaBAAeTCA onepaTop
P= g Pu>w)(w|, XxapakTepu3yemblii cBOCTBaMM

0, TrP =1 (22

Habnogaemasn 3afaetcs pasfoXeHWeM efuHWUbl, T.e. HaBOpOM omnepaTopoB
M = {MX), rae
Mx = M (\w)\w ) (i,

YI0BNETBOPSIOLMX YCNOBUAM

Mx > o, =/ (2.3)
X

Mpy 3Tom Ana 4eTKoW Habnogaemoli onepatopbl MX sBAAIOTCA MOMNapHO
OPTOrOHa/IbHBIMM NPOEKTOpPaMu.

dopmyna (2.1) ana pacnpegeneHns BepoATHOCTEN HabnoAaeMoin NpuHU-
MaeT Buj,

${x) = TrPMX (2.4)

2.1.2. AKCUOMBI CTAaTUCTUYECKOTO OMnucaHus

B ocHOBe mMaTeMaTWuYecKoii CTPYKTYpbl KBAHTOBOW TeOpPWUM NEXUT pasgese-
HWEe CTAaTMCTUYECKOrO 3KCMeprMEHTA Ha CTafun MPUroTOBMEHMS U N3MEPEHMS,
KOTOpOe MOpoX/AaeT ABOMCTBEHHOCTb MEXAY KBaHTOBLIMW COCTOSHUSIMU U Ha-
6nogaembiMi. Cneflyloluii Habop akCMOM CyMMUpYeT 06LMe YepTbl CTaTy-
CTMYECKOr0 ONUCAHMS U MPUMEHWUM KaK K KNacCMUYeCKUM, TaK WU K KBAHTOBbIM
cuUcTemMam.

Akcunoma 1. TlycTb 3afilaHO MHO>XeCcTBO 6, 3/eMeHTbl KOTOPOro
Ha3blBalOT COCTOAHUAMU, W MHOXKEeCTBO S/l 3neMeHTbl KOTOpPOro
Ha3blBaldT (KOHEYHO3HaUYHbIMK) HabnwgaeMbiMu. And NPOU3BOALHOTO
M € AN onpefeneHo KOHeYHOE MHOXXEeCTBO X M BO3MO>XHbIX MCXOLOB
nsMmepeHus Habnwogaemoin. Ana nwobeix Se S uMe AlonpegeneHo pac-
npegeneHne BeposiTHOCTeNW p$ Ha XM, HasblBaemoe pacnpefeneHuem
BEpOSITHOCTEeI Habnwgaemoir M B cocTOsiHUM S.
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npuroToeneHne n3mepeHmne -

Puc. 2.1. KBaHTOBOE COCTOfIHME, OMUCLIBAEMOE ONEPaTopoM MAOTHOCTU S, XxapakTepusyeT Npuro-
TOBNEHMWe CUCTEMbI, TOFfja Kak CTaTUCTNKA U3MepeHnit onucbiBaeTCs BEPOATHOCTHOW Mepoid 1 $(X),
rhe X 0603HayaeT BO3MOXHbIe UCXOAbl M3MepeHus M

CocTosiHMe S MHTepnpeTMpyeTcs Kak 6ofiee UM MeHee Moapo6Hoe onu-
CaHve NPUroTOBNEHNS CTAaTUCTNYECKOrO aHCcambis He3aBUCUMbIX WHAW-
BUAYaIbHbIX 9K3eMMASPOB paccMaTpMBaeMoli CUCTeMbI, a Habnogaemas M —
KaK BEMMUMHA, KOTOpas MOXET ObiTb W3MepeHa OmnpeAeNieHHbIM MNPUGOPOM
ANS KaXAoro aK3eMnnspa cucTembl. Takum o6pasomM, akcuoma 1 npeanona-
raeT BOCMPOM3BOAMMOCT b IKCMEPUMEHTOB M YCTOMNYMBOCTb 4acToOT Npu
HEe3aBMCUMbIX MOBTOPEHUAX IKCMepuMeHTa. ECnu aTu npefnonoXeHns He Bbl-
MONMHEHbI 415 HEKOTOPOI CUTyauumn (Hampumep, Mo NpPUUMHE ee YHUKanbHOCTW),
TO FOBOPUTL O CTATUCTMYECKOM OMUCaHMW BOOGLLE He UMEET CMbIC/A.

BTopasi aKkcroMa BblpaXkaeT BO3MOXHOCTb CMeLlMBaHNs aHcambneid.

Akcuoma 2. Ons no6bix Si, S2£6 wn nwboro uucna p, 0< p < 1,
HailifeTca Takoe S£6, 4TO

Ps —ppQ + (1- p)Ps2 pnsa Bcex M £ &4

CocTosiHMEe S HasblBaeTCA CMecbild COCTOSHMIA S\ M S2 c Becamu
P. 1- o

cnegyrowias akcoma OnucbiBaeT BO3MOXHOCTb 06paboTKnM UH(opMauum,
NoMy4YeHHOM Npu n3MepeHnn Habnwgaemoi. Myctb Mi, M2 € A4, a / —Takas
(hyHKUMA n3 X M1B X M2, 4T0o Ana Bcex S £ S BbINOMHAETCA PaBEHCTBO

Ne(y) = J2  Ne(*)m
x\ f(x)=y

Torga Habnogaemas M2 Ha3blBaeTcsi YKpynHeHuem Habnwogaemori M\,
B atom cny4yae mbl 6yaem nucatb M2 —f © M\

Akcuoma 3. [nsa BcAkoih Habnwogaemoin M\ 6 OT n (c Heobxogumo-
CTbl KOHeYHO3HauHo) yHkuum f Ha X M' HalijeTcs Takas Habno-
paemas M2 € LU, yto M2=foMu.

Mapa HenycTbiX MHOXecTB (6, LL), yaoBneTBOpsIOWMX akcmomam 1—3,
Ha3blBaeTCH CTATMUCTUUYECKOW MOAeNbio cucTeMbl. CTaTUCTNUECKas MOAENb
Ha3blBaeTCH OT Ae/MMOMN, eCAn BbINOJIHAETCSA CNEAYIOLLEe YC0BUE.
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Akcnoma 4. N3 TOrO, 4YTO = pQ and Bcex M e LU, cnegyeT, uTO

Si = S2, a u3 Toro, 4yro p$' = p$2 ana Bcex S e &, cnefyeT, UTO
¥ —M2-

[ns oTaenMmbix mMogeneil Kak cmelnBaHue B ©, Tak M yKpynHeHue B LU
onpefeneHbl 04HO3Ha4YHO. TakuM 06pa3oM, MHOXECTBO COCTOSHWUI B Npuo6-
peTaeT BbINYKNYH CTPYKTYpY, @ MHOXECTBO Habnogaembix LU — cTpykTypy
4acTMYHOro MopsaKa.

Habntogaembie M\ M T Ha3blBalOTCSA COBMECTUMbIMU, €CN OHU AB-
NATCA YKPYMHEHUAMU HeKoTopol Habnwogaemoin M, T.e. Mt —/; oM pans
[ =1, ..., T. PesynbTaTbl WU3MEPEHWU/i COBMECTUMbIX HabMOAaeMbIX MOryT

GbITb MOJTyYeHbl MOCPeACTBOM 06PabOTKM [aHHbIX IKCMEPUMEHTA C OAHWM
namepeHvem. CTaTMCTMYECKME MOJENW, B KOTOPbIX BCe HabMiofaeMble COB-
MECTUMBbI, SBIAIOTCA MO CYLLECTBY KIacCUUYECKUMM.

Mpepgnoxenne 2.1.1. MNycTb (&, W) —oTpaenmmas crtaTucTunyec-
Kas mMofeNb, B KOTOPON CywecTByeT Takaf MakcumanbHas Habnwoga-
emMas M*, 4To0 Bce OCTalNbHble HabAaeMble ABASIOTCA ee YKPYNHEHU-
AmMu. Torga HaigyTCcs KOHeYHOe MHO>KeCTBO [1, B3aUMHO 04HO3HAaUYHOe
ahpunHHOe oTOBparkeHne S —>Ps MHOXKecTBa COCTOAHNIA 6 Ha BbINyK-
noe NOLMHO>XEeCTBO pacnpefefneHuin BepoaTHOCTeN Ha Q W B3aMMHO
0flHO3Ha4yHOoe oTobpa>keHne M —  MHOXKecTBa Habnwogaembix L Ha
NOAMHO>XECTBO ClydalHblX BeMMUYMH Ha [2 coxpaHallee OTHOLWEHNE
YKPYMHEHUA, Takne, 4To

= E (2-5)
w: fM(u)=x
[okasaTenbcTBo. Bo3bmem 3a M MHOXECTBO WCXOA0B MaKCUMasbHOW
Habnogaemori M*, 1 nycTb Ps(oj) — ee pacnpegeneHue B coctosHun S. Co-
rnacHo nNpeanonoXeHunto Ans noboi Habnwogaemon M HaligeTca Takas DyHK-
uMs /M, 4TO BbIMOJIHAETCS COOTHOWeHWe (2.5). B3aumHas 0[HO3HAYHOCTb
cooTBeTCTBUIA S —»P$ M M —»/m» BbiTeKaeT M30TAenMMOCTU. poBepka ux
CBOICTB OCTaB/SeTCA B KauecTBe 3ajauul. |
Takum 06pa3om, BO3MOXHble 3HAYEHUS «MaKCUManbHOWHAONH0AAEMON»
COCTaBNAIOT (pa30BOe MpPOCTpaHCTBO O, M COCTOAHWA MPEeACTaBAAOTCA pac-
npegeneHnsMu BeposTHocTell P Ha mpocTpaHcTee . B 6a30Boii knaccuue-
CKOM MOjenu, KOTOPYH eCTeCTBEHHO Ha3BaTb Mofenbi Konmoroposa, MHO-
)KECTBOM COCTOSIHWIA IBNSIETCS CUMIIEKC BCEX pacnpefeneHnii BeposTHOCTeN
®(r2), a HabngaeMble OMMUCLIBAOTCA CAyYaiiHbIMK BeNMUMHaAMK, T.e. (M3Me-
pUMbIMK) YHKUMSAMU Ha npocTpaHcTse I, [JokasaHHOe NpeasioXeHWe 03Ha-
YaeT, YTO cTaTUCTUYecKas Mojesb, B KOTOPOW BCe HabnoaaeMble COBMECTUMBI,
BKNafbiBaeTcs B mogens Konmoroposa.
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Lpyroii BaKHO KnacCUYeckoil MoAenbio SBNsSETCs mogenb Banbga, oT-
nuyakouiancs ot Mogenu KonmoropoBa BK/IHOYEHMEM «HEUETKUX» WM «pPaH-
[LOMMW30BaHHbIX» Habnogaembixl (cM. n. 2.1.1). UT06bl NOAyyYUTb 418 Hee
pesynbTaT, aHafornyHbIA npegnoxeHuto 2.1.1, cnefyet BBECTU CTOXacTuue-
CKMe BapWaHTbl MOHATUIA YKPYMHEHMS U coBMecTUMOCTH. MycTb M\, MrC33T
n I —TaKasa nepexofHas BepoOATHOCTb U3 X M' B X M*, yTO A/1A BCeX S e 6
BbIMOJIHAETCSA PaBEHCTBO

Ms2(<) = £ n (i, Ne/E'(™).

Torpga Habnogaemas /Mr Ha3biBaeTCA CTOXacTUYECKUM YKPYMHEHUEM Ha-
6ntogaemoin M\. Habnogaemble M\, ..., MT Ha3blBalOTCA CTOXaCTNYECKHN
COBMECTMUMbIMW, €CMIK BCE OHU SIBASKOTCS CTOXaCTUUYECKUMMU YKPYMHEHUSAMU
HeKoTopoi Habnwgaemolri M. B mogenv Banbga Bce HabnwogaeMble CTOXacTu-
YECKM COBMECTWMBI, W BCAKAsA OTAenMMas Mogenb, 06nafarolas 3TUM CBOWA-
CTBOM, BKNafblBaeTcs B Mogenb Banbga.

B CcTaTUCTUYECKON MOAeNM KBAHTOBOM MEXaHWKU COCTOSIHUS U Hab/to-
faemble OMUCLIBAIOTCSH OnepaTopaMu B rMAL6epTOBOM MpOCTpaHcTBe. Bbiio
NpeanpUHATO MHOFO MOMbITOK MOCTPOEHUS aKCMOMaTUYeCKUX CXeM, MpUBO-
SAWmnx K opManmsmy runbbepToBa MPOCTPaHCTBA B KBAHTOBOW MexaHMKe.
OfHaKO 3TO He sABASETCA Hallel Lenbio, M Mbl MOAAEM MO ApYromy nyTu:
BO3bMEM 3a OTMPaBHON MYHKT OMUCaHWe KBAHTOBLIX COCTOSHWIA Kak onepa-
TOPOB N/IOTHOCTM W, CNeAys akCMOMaM CTaTUCTWYECKON MOAENU, BbiBefeM U3
3T0ro Hanbonee 06LLYH0 KOHLENUUIO KBAHTOBOW Habnogaemol (BKIOYatoLLyo
KaK «4YeTKue», TaK U «HeyeTKme» Habnogaemble).

2.1.3. KBaHTOBble COCTOAHMUSA

CocTosiHMe KBAHTOBOMEXAHMYECKON CMCTEMbl OMMUCLIBAET CTATUCTUYECKUIA
aHcaMb/1b He3aBMCUMbIX OAWNHAKOBO MPUroTOBNEHHbLIX 3K3EMMIAPOB CUCTEMbI.

Onpegenenune 2.1.1. KBaHTOBOE COCTOSHWE 3afaeTCs OMepaTopoM
MAOTHOCTMW, T. €. 3PMWUTOBLIM OMepaTopoM S B rUAbGEPTOBOM MPOCTPaHCTBE
cucTeMbl H, yi0BNeTBOPSIOWMM YCNOBUAM

sS~0, Trs=1

MycTb 6 (H) —MHOXeCTBO BCeX OMepaTopoB MAOTHOCTW. JTO BbIMYK/I0€
MOAMHOXECTBO BELLECTBEHHOrO /IMHEMHOr0 MPOCTPAHCTBA BCEX 3PMUTOBbIX
onepatopos B H. Bobinyknasa kombuHauua S = J2 Pj*i onepaToOpoB NAOTHOCTU

1PaHfoMM3aLUs Gbina BBeAeHa BanbJoM B TEOPUW CTATUCTUYECKUX PELIEHWiA, a Takxke (OH
HelimaHoMm B Teopuu urp.
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ONUCbIBAET CMeCb C BecaMu p: COOTBETCTBYHLMX CTATUCTUYECKUX aHCaM-
6neii, NPUroTOBNEHHBIX B COCTOSHUAX Sj. B KBAaHTOBOM CTAaTUCTUYECKOM aH-
cambie ecTb [Ba BMAa CTOXAaCTUYHOCTU: BO-MEPBbIX, YCTPAHUMas B MPUHLMMNE
CTOXaCTUYHOCTb, 06YCnoBNeHHasA QAYKTyauusMiu KnacCUYeckKux napameTpos
npoLesypbl NPUrOTOBNEHWS, U BO-BTOPbIX, HE YHUUTOXMMas HUKaKUMMU YCU-
NUSIMW KBAHTOBAasi CTOXaCTUYHOCTb, MPUCYTCTBYHOLAS B JIIOGOM COCTOSHUM.
Cnegylolwas TeopeMa XapakTepusyeT TaKue COCTOSHMA 6e3 K1acCUMYecKol
CNyYaliHOCTW.

Teopema 2.1.1. KpailHne TOYKM MHOXKECTBA KBAHTOBbIX COCTO-
AHWIA 6(H), Ha3biBaeMble YUCTbIMW COCTOSAHWAMU, CYyTb OAHOMEPHbIE
NMPOEKTOPbl U TONbKO OHMW.

[oka3aTenbcTBo. PaccMOTpMM CreKTpaibHOe pas3fioXeHue 3pMUTOBa
onepartopa 5:

(2.6)

rge s, —cobcTBeHHble 3HaveHus, \ef) —cobCTBEHHbIE BEKTOPLI oneparopa S,
d —dimH. Ecnu 5 —kpaliHsis Touyka, TO 3Ta CyMMa COLEPXWT TOJ/IbKO
OAHO HeHy/eBOe cnaraemoe, cfiefoBaTeNbHO, 5 eCTb OfHOMEPHLIA MPOEKTOp.
O6paTHO, nycTb 5 —ofHOMepHbIA npoekTop U 5 = pS\ + (1 —p)S2, rge
O< p < 1 Bo3Begem 3TO BbIpaXeHWe B KBaApaT M paccCMOTPUM PasHOCTb
onepatopos S un S2:

pSI(1-Si) +(1-p)S2(l1-S2)+p(\-p)(SI-S22=S-S2=0. (2.7)
CyMMa Tpex MOoMoXWTeNlbHbIX ONepaTopoB paBHa Hy/o, CrefoBaTeslbHo,
KaXi0e cnaraemMoe JO/MKHO PaBHATLCS HyM. HO 370 03HavaeT, Yto Si = S2 —
=5, T.e. S — KpaiHaa Touka. L]
C TOYKW 3peHNs TEOPUN BEPOATHOCTEN, OA4HOMEPHbIE MPOEKTOPbI ABAAIOTCA
HEKOMMYTATUBHBIM aHal0roOM BbIPOXAEHHbIX pacnpeAeneHuid, Toraa Kak posb
paBHOMEPHOIO pacnpefeneHns UrpaetT XxaoTU4YecKoe COCTOSHUe C onepa-

Topom MAoTHocTh 5 = gl.

3apava 2.1.1. Mokaxwute, yto ecnm dimH =d, To 6(H) norpyxaetcs
B BELeCTBEHHOE MPOCTPAHCTBO pasMepHocTM n—d2 — 1. Ecnan H — eBKAn-
[0BO (BelyecTBeHHOe rMnb6epToBO) nNpocTpaHcTBo, TOo n —d(d + 1)/2 —1

CnekTpanbHoe pasnoxeHue (2.6) nokasbiBaeT, 4YTO N060e KBAHTOBOE CO-
CTOSiH/E NpeAcTaBUMO B BuAe CMecu He 60nee yem d YUCTbIX COCTOSHWIA,
rae d = dimH; Takum 06pa3om, AN MHOXECTBa KBaHTOBbLIX COCTOSIHUIA Teo-
pema KapaTeogopu faeT 3aBbllIeHHOE 3Ha4YeHMe KONMM4YecTBa KpaliHWX Touek,
B AEACTBUTENBHOCTM MPUCYTCTBYOWMX B cMeckn (1.21). C Apyroil CTOPOHBI,
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3Ta Teopema [aeT TOYHOe 3HaYeHve 418 CUMMIEKca pacnpefefieHnn BeposT-
HOCTel Ha «(a3oBOM npocTpaHcTBe» M= {1, n + 1}, npefcTaBnstoLLEM
CTaTUCTUYECKNE COCTOAHMA B K1aCCUYECKON cMCTeMe. DTO HABOAWUT Ha MbIC/b
WHTEPNPeTMPOBaTh KBAHTOBYH) TEOPMIO KaK KIaCcCUYECKYH BEPOSTHOCTHYH
MOZeNb, B CTAaTUCTUYECKON CTPYKTYpe KOTOpPOl 3alindpoBaHbl HeKne Heknac-
CUYECKMe OrpaHMyeHus (Teopulo CO CKPbITbIMK NapameTpamu). [Ans oAMHOY-
HO KBaHTOBOM CUCTEMbl TakKasi TOYKa 3peHWs BO3MOXHa, HO [0 CUX Mop
OHa He OKasanacb NOAOTBOPHON. Mpu Mepexofe Xe K COCTaBHbIM CUCTEMaMm
OHa NPUBOAUT K HEYCTPaHUMbIM MPOTMBOPEUUAM C (PU3UYECKUMMN MPUHLMNAMU
NOKa/IbHOCTU W MPUYUHHOCTK (cM. . 3.1.4).

MpocTeAwnm 1 B TO XXe BpeMs (PyHAAMeHTaNbHbIM NPUMEPOM SBASETCS
g-6nT — ABYXYypOBHeBasi kBaHTOBas cucTema, dim H —2. bygeMm ucnonb3o-

BaTb KaHOHW4YecKuit 6asmc: OF L B BelLecTBEHHOM NPOCTPaHCTBE 3pPMU-
TOBbIX (2 X 2)-maTpuy yfobHo BeecTn 6asuc lMaynu:
_ _ 1o 0 r T 0-r 10
== g &=y g W g0 027 oo

B yacTHoCTM, onepatop nnoTHocT S e6(H) npeacTaBnseTcs Kak

_ A 1+az2 ax- wy

S = ~(/ + axox + ayay + azoz) - ax + iay 1- az (28)
Ycnosue detS 0 HaknagblBaeT Clefylollee orpaHuyeHue Ha napaMmeTpbl
CTokca a —(ax, ay, ar)\

\avz = al +al +a2 " 1

Takum 06pa3om, &(H) Kak BblNMyK/0e MHOXECTBO M30MOP(HO egUHUYHOMY
wapy B R3, KOTOpbIA Mbl Byfgem HasbiBaTb WapoM bBrnoxa.

3afgayva 2.1.2. TloKaxuTe, 4TO OnepaTtop MA0THOCTM (2.8) WMmeeT co06-

1+|B|

CTBEHHbIE 3HAYeHUs!

YUuncTble COCTOSIHUA XapaKTepu3yloTcs ycnoBuem ax + a2 +a\ —1 u co-
CTaBnAwT chepy Bnoxa. Beogs yrnbl diinepa 9, ip Tak, UT06bl BbINOAHANNCH
paBeHCTBa a2= cos$, ax + iay = sinOeid nonyyaem S = |a)(a|, rae

la) = (2.9)
sin
[INs anekTpoHa, ABNAIOLLErocs yacTuLell co cnuHOM 1/2, BeKTop a onu-

CblBaeT aHcam6/b (My4oK YacTul) CO CMKUHOM B HanpaBieHUW a, MPUroToB-
NeHHbIA Npy nomoly unbTpa LLTepHa—Iepnaxa B HanpaBfeHUW rpagneHTa
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MarHuTHOro nonsi. CMelaHHoe COCTosHMe ¢ ax —ay = az —0, 419 KoToporo
BCE HamnpaB/eHUs CMHA PaBHOBEPOSITHbI, OMMUCLIBAETCS OMepaTopPoM MI0THO-

CTM S = ~/, T.e. ABNSETCA XaO0TUYECKMM.

OpyruM BaXKHbIM MPUMEPOM [BYXYPOBHEBOW CUCTEMbl SBSETCS MONASPU-
3alMsi MOHOXPOMAaTMUYecKoro (oToHa, BU3yanu3yemas B K/laCCUYECKUX OMTH-
UECKMX 3KCMEepuUMeHTax. B 3ToM cnydae nmapameTp B/2 €CTb Yron NUHeiHoi
nonspu3auumn, B TO BPeMs KaK ipy2 XapaKTepu3yeT KpyroBytlo Nonspusauuio.
[Lns nMHelHo Nonspr3oBaHHOTo (oToHa p = 0, B YaCTHOCTU, [/ BEPTUKa/IbHO
MonspM30BaHHOro oToHa B =0, a A/ FOPU30HTA/IbHO MOMSPU30BAHHOIO —
B = .

§ 2.2. KBaHTOBble Habnwgaemble

2.2.1. KBaHTOBble Hab/nogaeMble: MOCTPOEHWE U3 aKCUOM

PaccMOTpyM CTaTUCTUYECKYIO MOAE/b, B KOTOPOW MPOCTPaHCTBO COCTOS-
HUIA ecTb BbIMyKnoe MHOXecTBO &(H) Bcex onepaTtopoB MAOTHOCTM B TW/b-
6epToBoM npocTpaHcTBe H. MycTb M —HekoTopas Habngaemas, Torga co-
rNacHO akCMoMe 2 BEpOSATHOCTW WMCXOAOB M3MepeHust p$(X) LOMKHbI ObITb
aQPUHHBIMU PYHKLMAMU COCTOSHUS.

Teopema 2.2.1. TMpeanono>knm, 4To oTobparkeHne S —p$ aena-
eTca appuHHON pyHKkynein Ha &{H), npuuyem O”ps " 1- Torga cyuie-
CTBYeT eAMHCTBEHHbIN onepaTop M B H, 0< M </, Takoif, 4yTo ans
no6oro S e &(H) BbiNnoNHAETCSA pPaBeHCTBO

ps = IvSM. (2.10)

Habpocok goka3saTenbcTBa. lNMokaxem, Kak MOXHO paclumMpuTb oTobpa-
XXeHne S —ps A0 NMHeRHOW PyHKUMKM Ha npocTpaHcTee 1(H) Bcex apmuTO-
BbIX Oneparopos B H.

Mpexzae Bcero OTMeTUM, 4TO J/t0OOM 3PMWUTOB onepatop A  MOXHO
NMpeficTaBUTb KaK pasHOCTb [BYX MOJIOXKUTENIbHbIX Onepatopos, A = A'+ —A' |
Hanpumep B cuiy pasnoxeHus (1.8). HopMmupys Ha BefWMYMHBI CNesoB
t+ = 1rA't, Mbl BCerga Moxem 3anuncartb

i4=/+S+-/-S-, t£> 0, Szt e 6(H). (2.11)
MpenctaBneHne onepatopa A B BWAE /NMHEWHON KomOGUHaLMWM OnepaTopoB
NNOTHOCTU (2.11), KOHEYHO, He ABNAETCH €AMHCTBEHHbIM.

3agava 2.2.1. WNcnonb3ys ahpuHHOCTL 0TOOpaxkeHMs 5 —p$, nokaxu-
Te, UTO 3HauyeHWe p& = t+ps+—t~ps_ onpegeneHo efMHCTBEHHbIM 06pa3oM
(T. e. 3aBMCUT TONLKO OT onepatopa A, HO He OT KOHKPETHOrO Pas/ioXeHus
A —A'+- A'), a GyHKUMA A —>pn SBNAETCA BELLECTBEHHOW W NIMHENRHOWA.
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[anee, nio6oii onepatop A MOXeT 6bITb NpeAcTaBneH B Buge A —A i + 1A2,
roe A\=|(T1 + A*), A2 = j.{A —J1*) —3pMnTOBbI Onepatopbl. ITO Npej-
CTaBNeHne efUHCTBEHHO, W, NOMIOXMB pA = PAt + ipA2, Mbl Nnonyyaem efuH-
CTBEHHOE KOMMJIEKCHO-/IMHEHOE pacluMpeHme PYHKLMM pa Ha NpoCTPaHCTBO
BCEX /IMHEeMHbIX onepatopoB B H. Kak oTmeuyeHo B § 1.4, niobas Takas
(DYHKLMA UMeeT BUA

ua = bAM, (2.12)

roe M — (eanMHCTBeHHbIN) onepatop B H. B3as A = \d)(d\, rae ¢ — eamHny-
HbIA BEKTOP, M UCMOMb3ys COOTHOLWeEHMEe (1.12), No NpesnonoXeHN0 NOAyUUM
O™ (WWMd) ~ 1, cneposatensHo, 0~ M~ /. O

Cnepcteue 2.2.1. MycTtb S —»ps(x), x £ X} —adhpunHHOe oTO6pa-
>KEHUA BbINYKNOr0 MHO>ecTBa cocTOsHMIA <5(H) B MHO>XecTBO pac-
npeAeneHnii BEPOATHOCTEN HAa KOHEYHOM MHO>KecTBe X. Torga cyuie-
CTBYeT €AWHCTBEHHbIN Habop 3apMuTOBbIX onepaTopoB {Mx, x £ X}
B H Takol, yTo "2 MX=1wu

ps{x) = TrSMX, x £ X. (2.13)

[,0Ka3aTeNbCTBO 3TOF0 CNEACTBUSA MPEefOCTaBASETCS UUTATeNo B KayecTse
3afjaum.

HaGop onepaTopoB {Mx} Ha3blBaeTCA Pa3NO>XKEHWEM efUHULbI UK Be-
POATHOCTHOW onepaToOpHO3HAUYHOW Mepoit Ha X. CneacTeue 2.2.1 npu-
BOAUT K CNefyloLLeMy OnpeaeneHuto.

OnpepeneHune 2.2.1. KBaHToBas Habngaemas co 3Ha4YeHUAMM B MHO-
XecTBe X OnucbiBaeTcs pasnoxeHnem eguHuubl {Mx, x £ X). BeposTHOCT -
Hoe pacnpegeneHue p$ Habnogaemoin M = {Mx} B cocTosHUM S 3apaeTcs
thopmynoii (2.13).

MpuHYMasa Takoe onpejeneHVe KBaHTOBOM HabnO4aeMOi, Mbl BBOAUM
MaKCUMaNbHYK CTaTUCTUYECKYID MOJAE/b, MHOXECTBO COCTOSIHWIA KOTOPOW
COBMafaeT C MHOXeCTBOM BCeX OMepaTopoB MaoTHocTM B H. B cTaHpapT-
HbIX TEKCTaxX MO KBAHTOBON MexaHUKe MCMonb3yeTcs 60fiee Y3KOe MOHATUE
KBAHTOBOI HabnoaeMo.

OnpepgeneHne 2.2.2. Habnogaemas HasbiBaeTCcAd 4eTKOMW, €canm Bce
onepatopbl MX= EX aBnatoTca npoektopamu: EX=EX

3agava 2.2.2. TMokaxwuTte, 4to ycnosume E\ = EX Ans Bcex WCXOA0B X
3KBMBA/IEHTHO TOMY, UT0 EXEY —6XYEX And BCeEX X, Y.

COOTBETCTByIOLLI,I/Ie pasnoXxeHna eanHMLbl Ha3blBalOTCA OPTOroHalbHbI-
Mu. UTak, yeTkue Ha6mo,qae|v|b|e OMNUCbLIBAKDTCA OPTOroHa/IbHbIMM pPasnoxXxe-
HMAMKU efnHuUbl B H. Ha6mo,qaeMb|e, 3Ha4YeHnsa KOTOpbIX ABNAKTCA Belle-
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CTBEHHbIMU 4ucnamu, T.e. X ¢ R, Ha3blBalOTCA BelleCTBeHHbIMU. Cnek-
TpanbHOE pa3noXXeHne

3afjaeT B3aMMHO O[JHO3HA4YHOE COOTBETCTBME MEXAY YETKUMMN BeLLeCTBEHHbIMU
HabnogaembiMn E = {EX) n spmuToBbIMKM Onepatopamu X B H. YKpynHeHue
4N8 TakKux HabnofaemMblX MpUHUMAeT opMy PYHKLMOHANBHOTO UCHUCIEHNUS,
Tak 4to Ana nwobol yHkummu /: R —»M Habniogaemas / o E onucbiBaeT-
ca apmutoBbIM onepatopom f(X) (3agaya). MaTemaTunYeCcKOe O>KugaHue
(cpepHee 3HaueHWe) HabnAaeMoin X B COCTOSHUM S 3afaeTcs cTaTucTu-
yeckoin popmynoin bopHa—doH HelimaHa

ES(X) - = TrsX.

CooTHoLleHue (2.13) MOXHO paccmaTpuBaTb Kak 0606LLeHNe 3TOW OpMYyibl.

CTaTtucTnyeckass Mofenb, B KOTOPOM COCTOSIHUS OMUCbIBAKOTCA OMepa-
TOopaMu MAOTHOCTW, & Habntofaemble — 3PMUTOBLIMU (CAMOCOMPSAXKEHHBIMM)
onepaTtopamu, 6blia feTaslbHO paccMoTpeHa ¢oH HelmaHoM.

2.2.2. COBMeCTUMOCTb U AOMNO/THUTE/IbHOCTb

OnpegeneHuve 2.2.3. KoMMyTaToOpoM onepaTtopoB X, Y Ha3biBaeTcA
onepatop [X,Y\=XY - YX. Onepatopbl X, Y KOMMYTUPY T, €cau
[X, Y]=0.

Teopema 2.2.2. MycTb E = {£*} n F —{Fy}— yeTkKue Habnwgaemble.
Torga cnegyouime yTBep> 4eHUA 3KBUBANEH T HbI:

1) E, F coBMeCTUMbI;

2) npoekTOpbl EX 1 Ey KOMMYTUPYIOT ANS BCEX X, Y.

Ecnu E, F —BewecTBeHHble Habnwgaemble, TO 3TU YCNOBUSA IKBUBA-
NEHTHbl ClefyloWwemMy YCI0BUIO:

3) cOOTBETCTBYKLUIME 3pMUTOBLI onepaTopbl X =YAX"x. Y— yEy

KOMMYTUPYIOT. X y

JokaszaTtenbctBo. 2) => 1). Monoxmum MXY = ExFy —FyEX. Tak kak
npoun3BefeHne KOMMYTUPYIOLLMX MPOEKTOPOB fBMAETCA MpOekTopoM, M =
= {Mx,y}— (4eTkasa) Habnogaemas. Kpome T0ro, E = foM, F =g oM, rge
[(x, y) =%, g(x, y) =y. Takum obpasom, Habnwgaemble E, F COBMECTUMbI.

1) => 2). Ecnn Habnogaemble E, F COBMECTUMbI, TO HaligeTcs Takas
Habntogaemas M = {Mr}, uto

Ex = £ Fy = £ M2
roI(r)=x r\ g{z)=y



§2.2] KBaHTOBblEe Habntogaemble

ONA HEKOTOpbIX (yHKUMiA /, g (ycnoBumcs cumtaTtb, 4to Mr = 0, ecau 3Ha-
YeHWiA z, YAOBNETBOPAIOLLMX YCNIOBUIO B CYMMaXx, He CYLLECTBYET).

Nlemma 2.2.1. MycTtb 0™ AP, rge P —npoekTop. Torga AP = A
u, cnegoBaTensHo, [A, P]=0.

JokaszaTenbctBo. Vmeem (/ —P)A(! - P) = 0, oTKyga nocnegoBartesibHO
nonyyaem y/A(1 - P)=0,A(1- P)=0, A=AP n PA = (AP)* = AP. O

MycTtb Tenepb /(z) —Xx, TOorga Ex ™ Mr; cornacHo nemme \EX, Mr]= 0.
Ecnm /(z) ®x, To/ - Ex™ Mr nBHOBb \EX, MT\ = 0. ITak, EX KOMMyTupyeT
CO BCemu HabnofaembiMu MTr 1, 3HauuT, ¢ By — M2.

z: g(2)=y

Mmnamkauma 2) =% 3) oudeBmgHa. O6paTtHo, nycTb [A, ¥] = 0, Torga
[[(X), £(¥Y)] = 0 ans npou3BoMbHLIX MHOrouneHoB f, g. PaccmaTpuBas MHO-
royneHbl, KOTOpble 06paLlaloTca B HY/b BO BCEX TOYKAX COOTBETCTBYIOLLErO
CMEeKTPa, 3a UCK/YEHWEM X (COOTBETCTBEHHO Y), nonyvaem [Ex, Fy\=0. O

Ecnn E, F coBmecTumbl, T0, 0603Ha4as Mxy = £ Mr, nony-

2: f(z)=x, g(z)=y
yaem
Ex = Xy, Ry = Mxy.

y X

Ha6ntogaemass M oOnuUCbIBaeT CTAaTUCTUKY COBMECTHOFO M3MepeHust Habto-
aaemblx E, F\ 1x coBMecTHoe pacnpefefieHue BeposiTHOCTEW B COCTOSIHUM 5
onpegenseTcs Gopmynoii

p¥ (x,Y) = TrSMX/.

Mofo6HbIM 06pa3oM MOXHO OMpeaenuTb COBMECTHOE M3MepeHue W pacrpe-
JeneHune BeposiTHOCTEN A/1s 1to6GOro KOHeYHOro Habopa COBMECTUMbIX Hab/to-
[aeMbIX.

3agaua 2.2.3. TloKaxuTe, YTO €AMHCTBEHHOI BeLLECTBEHHOW Habnoaae-
MOVA, COBMECTMMOIA CO BCEMW KBAHTOBLIMW Hab/0AaeMbIMU, IBASETCA MOCTO-
AHHas, T.e. HabnogaeMas, KpaTHasa efMHWYHOMY OnepaTopy.

CylLecTBOBaHNE HECOBMECTUMbIX HabMOAaeMblX — 3TO NPOsIBNEHWe KBaH-
TOBOFO CBOMCTBA JONONHUTENbHOCT . PU3NYeCKMe U3MEPEHUS HaZ MUKPO-
06bEKTaMU MPOU3BOAATCS MPY MOMOLLY MaKpPOCKOMMUUYECKUX SKCMEepUMeHTab-
HbIX YCTPOICTB (Kak, Hampumep, hunbTp LUTepHa—Iepnaxa), npegnonararo-
LWMX CNOXHYHO W CreuMdUYHY0 NpoCTPaHCTBEHHO-BPEMEHHYHO OpraHM3aLuio
OKpY>KatoLLei cpefibl. PasnnuHble cnocobbl TaKoil OpraHu3aLnmn, COOTBETCTBY-
loLLVie M3MEPEHUAM Pas/INuHbIX HablofaeMbiX, MOFYT GbiTb B3aMMHO WCK/IIO-
yaloWmMmM (HECMOTPS! Ha TO YTO OTHOCATCS K OAMHAKOBO MPUrOTOBNEHHOMY
MUKPOOGbEKTY), T. €. AOMOMHUTENbHBIMU. [OMOMAHUTENBHOCTL —3TO MepBoe
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(hyHAaMeHTanbHOE pasfnuMe Mexay KBaHTOBOM W K1acCU4ecKoi CTaTUCTW-
YECKUMU MOZENSMU.

Mpumep 2.2.1. PaccMOTpUM MaTeMaTUYecKyrd MOLENb YacTuubl CO
cnMHoM 1/2. CnnH fBNSeTCH BEKTOPHOW BENMYMHONM, KOMMOHEHTbI KOTOPOI
BLOMb OCel X, Y, Z OMWCLIBAIOTCS 3PMWUTOBLIMU OMepaTopaMu ax, ay, <¥.
MycTb eauHUuHbI BekTOp a = (ax, ay, ar) 3ajaeT HanpaeneHue B K3, Torga
3pMUTOB Oreparop

(2.14)

3a/laeT HabNIOAAEMYIO «MPOEKUMSA CNMHA Ha HanpasneHue a». OnepaTop a(a)
nMeeT CO6CTBEHHble 3HayeHMs +1 (CMMH BAOMb W NPOTMB HanpaBieHUs a)
U CNEKTPa/bHOE pasfnoXeHune

a(a) = [a)(al - |-a)(-al. (2.15)
HanoMmHumM, 4TO HanpasfeHWe a WMeeT yrnbl Jiinepa (B, tp), a BEKTop a,
3a/1aBaemblil COOTHOLUEHNEM (2.9), eCTb BEKTOP YMCTOr0 COCTOSHUA B TL C Ha-
npasneHvemM cnuHa a. CoOTBETCTBYIOLWMIA onepaTop NAOTHOCTU, ABAAKOLWMIACA
NMPOEKTOPOM Ha BEKTOpP |a), UMeeT Bujg
5(a) = |a)(al = 1+" a).
3agava 2.2.4. [okaxuTe ¢opmyny
a{a\)a(a2) = (fli + tc(ai x a2). (2.16)

aT1o0 PaBeHCTBO, 3annCaHHOE AnAa 6a3nCHbIX BEKTOPOB, NPMBOANT K COOT-
HOLLUEHNAM

(2.17)

MpuHYMas BO BHWMaHMWe, 4to Tr<t(a) = 0, U3 COOTHOLWeEHUS (2.16) nony4aem
thopmyny ans cpegHero 3HaveHus o(b)\

TrS(a)a(b) = a b.
Opyrum cnegcteuem opmynbl (2.16) SiBNSeTCS PaBEHCTBO
[cr(ai), a(a2)] = 2iaf{a\ x a2), (2.18)

KOTOpOe O3HayaeT, 4T0 Habntogaemble cr(a\), a(a2) coBMecTMbl Torga W
TOMbKO TOrfa, kKorga a\ = +a2. B 4aCTHOCTW, KOMMOHEHThI CMMHA ax, ay, ar
SABNAIOTCS HECOBMECTUMbIMU HAG/MIOAAEMbIMU.
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2.2.3. CoOTHOWEHME HeonpeaeneHHOCTEN

Myctb X, K—paBa onepatopa. Torga

XY = XoK + £[X, Y],

roe X oY = 2(AY + YX) —CUMMETPM30BaHHOE Unu MOpLAHOBO MNpou3Bese-
Hue onepaTopoB A, Y.

MycTb 5 —HekoTOpoe cocTosHMe. [nA Npou3BOAbHOrO Habopa X =
—[Na, XN\ YeTKMX BELLECTBEHHbIX HabntogaeMbiX NOAOKUM X? =Xt —
—IEsX]j v BBeaeM [Be BeLLECTBEHHblE MATpuLibl: CUMMETPUYHYIO MaT puLy
KoBapuaymit

BS(Z) - [TrSAtfo**0].~, = (2.19)

M KOCOCUMMETPUYHYKD KOMMYT alMOHHYK MaTpuuy
CS(X) = [i7rS[Xh XK]].keel s = [iIrS[XI Xk)].k=l 4. (2.20)
Vimeem
BsW 5 |c s(X) (2.21)
B CMbIC/IE HEPaBEHCTBA MEXAY KOMMIEKCHbIMU 3PMUTOBbIMU MaTpULAMU.
[LelicTBuTeNbHO, 3pMUTOBA MaTpuLa
Bs(A)-ics(A) = [rrsxjx%]ljk=] 4

NOJIOXXUTENbHO OonpeaeneHa, NOoCKOJIbKY Ana NpPon3BOJIbHbIX C, € C BbINONHA-
€TCA HepaBeHCTBO

C,ckTrSX°X% = TrSZ’Z ~ 0,
1*=1

rae Z=Y, cjXj-
/=1
Ona geyx HabnogaeMbix X\ =X 1 X2 =Y HepaBeHCcTBO (2.21) 3KBMBa-
NEHTHO COOTHOLLUEHUIO HeonpepeneHHocTel LLpéanHrepa—PobepTcoHa

D5(Z)Ds (T) ~ {ES(X - IEs(X))o(Y - /Es(Y))}2+ \ES[X, K]|2, (2.22)

roe
DS(Z) = TvS(X-/Es(X)f (2.23)

— Ancnepcust YeTKON BeLLeCTBEHHOW Habnogaemoin X B cocTosiHumM 5. Ecnm
X, Y —coBMeCTMble Habnwogaemsle, TO BeMUMHA

Es(Z -/E 5(Z))o (K -/E s(K)) (2.24)
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npeacTaBnseT co60i KoBapuauui 3TUX HabNloJaeMblX B COCTOAHUK S;
B 3TOM cnyyvae [/1, ¥] = 0 v HepaBeHCTBO (2.22) npeBpalaeTcs B HEpPaBeH-
cTB0 Kowun—ByHSAKOBCKOro A5 KOBapuaumu ClyYaiiHbix BeNMumnH. Ecnu xe
X, Y HECOBMECTUMbI, TO OHU HEW3MEPVMbI B OfHOM 3KCMEPUMEHTe W aucnep-
cum Ds(7Q, DsS(E) B COOTHOLIEHUWM HeOMpeaeneHHOCTe OTHOCATCA K ABYM
pasfinyHbIM M3MEpPEHUsSM, MPOU3BEAEHHbIM Haf pasHbIMU MpeAcTaBUTeNsIMu
OAHOro CTaTUCTUYECKOrO aHCamb6ns.

3agaya 2.2.5. [lokaxXuTte HeKOMMYyTaTUBHOe HepaBeHCTBO Kown—byHs-
KOBCKOro

ITFSX*K|2 A TrSX*ATrSK*y (2.25)

LN NPOM3BOJSILHOrO cocToAHUA S 1 onepaTopos X, Y B H.

2.2.4. BbINyknas CTpyKTypa MHOXeCTBa Hab/ogaeMbIX

MHOXeCTBO BCeX (KOHEYHO3HAYHbIX) KBAHTOBbIX HabNO4aeMbIX B FWfib-
6epToBoM npocTpaHcTBe H 0603Hauvm LW(H). Ons gaHHOro runb6eprtoBa
npocTpaHcTBa H MHOXecTBO 6 (H) KBaHTOBbIX COCTOSIHUA W MHOXECTBO
971(H) KBaHTOBbIX HabMAaemMbiXx BMeCTe C 0606LIEHHbIM CTaTUCTUYECKUM
npasunom BbopHa—§oH HelimaHa (2.13) nNo MOCTPOEHWIO YAOBNETBOPSIOT
akcmomam OTAenMMOl cTaTtucTuueckol Mmopenn. Kpome Toro, ata Mojenb
MMeeT [OMOSHUTENbHYK CTPYKTYpY B MHOXeCTBe Habnopaembix LLI(H),
aHaNIorMYHyI0 BbIMYK/OW CTPYKType MHOXecTBa 6 (H).

MycTtb {M*} —KOHeuHbIli Habop HabnAaeMblX C OAHUM W TEM Xe Npo-
CTPaHCTBOM MCXofoB X. [ANa [JaHHOro pacnpegeneHus BeposTHocTel {p/}
MOXXHO ecTeCTBEHHbIM o06pa3om onpegenntb cmecb M —{Mx, x e X} 3Tux
HabntogaemMbix Mo opmyne

Mx = 22 pjMi, x £ X. (2.26)
/

TakuMm 06pa3oM, MHOXeCTBO LLIx Bcex Habntogaemblx C 3afaHHbIM MpPo-
CTPAHCTBOM MCXOf0B X CTaHOBWUTCS BbIMYK/bIM MHOXECTBOM. AHA/IOTMYHO
CMEcsIM COCTOSIHUI CMecK HabMoAaeMbIX OMUCLIBAIOT U3MEPEHUs C IYKTYW-
PYIOLMMU KNACCUYECKUMM MapameTpamu,

Cneflytoumii pe3ynbTaT OMUCbIBAET HETPMBUATbHOE COOTHOLLEHWE MeXay
Hab/1l0AaeMbIMM 6e3 KacCMYecKoi CTOXaCTUYHOCTY U YETKUMK Hab/0AaeMbIMM.

Teopema 2.2.3. Bcakasa yeTkaa Habnogaemas M e LLX ecTb Kpali-
HAS TO4YKa BbIMYKNOro MHo>XKecTBa LU xe O6paTHO, BCsikas KpaiHAs
Toyka MHO>XecTBa Nie LUX C KOMMYTWPYHOLWUMU KOMMNOHEHTaAMMW,
[Mx, MX] =0, aBnseTca 4eTKON Habnogaemoil.
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JokaszaTtenbcTBO. lMycTb M — YeTKaa Habnogaemas. peanonoXxmm, Yto
M=pM1l+ (1- p)M2, 0< p < 1 Toraga aHasOrM4yHO COOTHOLLEHNIO (2.7)
nosny4vaem

PMA(I - M[) + (L- p)M2(L-M 2)+ p(1- p)(M\-Mg)y>- 0, (2.27)

0TKyga cnegyet, uto M\ = M2 = Mx n M —KpaiHsas Touka.
Tenepb 3ameTnM, 4To BCerga MX”.J wu, 3Hauut, M2 * MX. 3admkcmpoBas
HEKOTOpbIN MUcxof X e X, Monyynum

Mx = tMX+ £(2MX- M 2), (2.28)

Mx. = tMX(L+MX) + tMX(1-MX), X’ ¢px. (2.29)

Ecan [Mx, MX] = 0, TO 3TM COOTHOLUEHMS NpeacTaBnsieT M Kak BbINyK/yt0
KOM6UHaumMo (C paBHbIMW Becamu) [ABYX ApYrux Habnwogaembix. Ecim M —
KpaiiHAs TOYKa, TO OHWM [LO/MKHbI COBMAcTb ¢ M, B uacTHocTu, M2 = MXx,
3HauuT, M — YeTkas Habnogaemas. O

KpaiiHme ToUk/M MHOXeCTBa HabogaeMbix OyaeM HasbiBaTb 3KCTpeMarb-
HbIMU HabngaeMbiMu. V3 TeopemMbl 2.2.3 crnegyeT, 4TO B KNaCCUYECKOM Ciy-
Yae aKCTpeMasbHble HabNoLaemMble COBMaAal0T C YETKUMU, a U3 3TOro cregyet
MX OYeHb MOHATHas XapakTepusauus Kak Habnwofaembix 6€3 CTOXaCTUYHOCTU
B npouefype M3MepeHWs. B KBaHTOBOW CTaTUCTMYECKOW MOZENN BCe He Tak
NpocTo (M NO3TOMY 60/1ee MHTEPECHO). MHOXECTBO KpaliHUX TOYEK KBaHTOBbIX
HabM4aeMbIX UCYEPNbIBAETCA YETKUMM HabNofaemMbiMU TONMbKO B Chayvae
[BYX MUCX0A0B M3MepeHus (OHWM UrpatoT 0co6YH pPosib B PasfMUHbIX akCMoMma-
TUYECKNX MOAX0Aax; pasHble aBTOPbl Ha3blBAKOT Takue Habngaemble npej-
NO>KeHusMu, sonpocamu, ahekTamu; Mol Oyaem HasblBaTb UX TecTa-
MU). STO cnegyeT M3 TeOpeMbl, TaK Kak /060 TecT MMeeT KOMMYTUpYIoLLme
KOMMNOHeHTbl {Mo, M\=1 —Mgq}. Takum 06pa3om, 060 3IKCTpeManbHbIi
TecT BMNOMHe onpegenseTcs npoektopom P = Mgq. Mepexogsa K Habnwogaembim
¢ 6osee Yem ABYMSA 3HAYEHUSMU, PACCMOTPUM CleAyHOLY0 KOHCTPYKLMIO.

OnpegeneHune 2.2.4. Tyctb (1)} —nNpou3BonbHbLIA Habop BeKTOPOB
(KkoTOpble MOryT 6bITb HEHOPMUPOBaHHLIMK) B H, YA0BNETBOPAIOLLMIA YCOBUIO
J)% \dx){dx\ = I- Takoin Habop Ha3blBaeTCA NEPenONHEHHOW CUCTEMOIA.

Ecnun {1px)} — nepenonHeHHasa cMcTema, TO NPOM3BOJIbHbIA BEKTOP
MOXeT ObITb MpeACTaBfeH B BUAE

I =722 cx\dx), rge cx = (dx\d), (2.30)
X

npuyem KoauumeHTbl {cx} MOryT onpeaenaTbCs He eMHCTBEHHLIM 06pa3om,
TaK KakK BEKTOpPbl \X) MOryT ObiTb NMHERHO 3aBUCUMbIMW. [lnsi onepaTtopoB
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MMeeT MeCcTO aHanorMyHoe MaTpuyHoe npefcTaBneHue. B d -mepHOM Kom-
NNeKCHOM MPOCTPAHCTBE MEPenosiHeHHas cucTeMa ¢ 6onee yem d BeKTopamu
BCerja CyLecTByeT M MOXeT ObITb MOCTPOEHa M3 NGO MOMHON (BO3MOXHO,
NNHEAHO 3aBUCMMOI) CUCTEMbI CneaytoLmm obpasoM. MycTb — NnonHas
cuctema BekTopoB B H. COOTBETCTBYHOLWMIA onepaTop pama onpeaensiercs
Kak

C=£>,)bl - (2-31)
X

MonHoTa 03Ha4aeT, uTo onepaTop G HeBbIpoXAeH. CucTema BeKTOpoB \gx) —
= G~"2\(x) aBnsAeTCA NepenoiHeHHON, TakK Kak

£ \pX)(px\=G-/253 bl bl G-Y2= 1. (2.32)
X X

MepenosHeHHas cucTemMa oOnpeaensieT KBaHTOBYHO Habniogaemylo M
C KOMMOHEHTamMm

Mx = \p)(dx\, x e X. (2.33)

B vacTtHOoCTW, gna nto6oro opToHopMUpoBaHHOrO 6Gasmca {ex} Habnogaemas
M = {\ex)(ex\) aBnsAeTCA YETKON W, CNefoBaTe/lbHO, 3KCTPEMasIbHOWA.

Teopema 2.2.4. Habnogaemas (2.33) ABnsgeTCA 3KCTpPeManbHON TO-
rga n TONbKO ToOrfga, Korga onepaTopbl MX AMHERHO He3aBUCUMBbI.

[okasaTenbcTBo. MycTb M — KpaitHAs TouKa, U NPeanonoXnM, YTO
Y;C*Nex)(Tpx\ = o. (2.34)
X

B34B goctatoyHo manoe e > 0, onpegenvum

* =(1 tecx)Mx ™ 0, x e X.

Torga M+ saBnsoTCS HabnogaembiMK, 1 N0 NOCTPoeHUO M = | M++ 3M~.

Ho M — kpaliHsisi Touka, 3HauuT, J4+ = M~ =M X WTaK, U3 COOTHOLLIEHUS
(2.34) cnegyet, uto ¢x = 0, T. . KOMNOHEHTbI HabntoAaemMoin M NMHENHO He3a-
BUCUMDbI.

O6patHo, nycTb

w w =pPm\+{\-p)ml

—pasnoxeHue Habnogaemoit M, Torga 0 pM\ < \dx){chx\. WNcnonb3ys
nemmy 2.2.1, nony4vaem

MWAPX){Px\ = \dx){px\M[ = (dx\px)M\,
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OTKyfa cnegyet, 4To
M[ = XxMx)(dbx\,  rae A = (AAMi\i=>x)/(rpx]"x)2.

Torpa EANex) LU =T, Tee.
X

5 > - OViXAl = O

4
B cuny nnHeliHoin He3zaBucuMocTM A= 1 un A4l = Mx gna Bcex X, CnefoBa-
TenbHO, M —KpaiiHss TouKa. O

B cuny pesynbTata 3agaun ].4.2 pasMepHOCTb BELLECTBEHHOIO MPOCTPaH-
CTBa 9PMMTOBbLIX OMEpPaTopoB paBHa d2. MTak, BCe MepenosHeHHbIE CUCTEMbI
C M NIMHEHO He3aBUCUMbIMK KOMMOHeHTaMK, d < A < d 2, ABNAIOTCA HEYeTKu-
MU IKCTPEMabHbIMM Hab/ogaeMbiMU. KOHKPETHBIA NpuMep Takoii Habntoaa-
emoit mpu n =2, d =3 GyAeT pacCMOTPEH B creaytolemM naparpacge.

§2.3. OnTMManbHOe pas3MyeHne KBaHTOBbIX COCTOSAHUNA

2.3.1. TocTtaHoBKa 3aja4u

B aTtom naparpae Mbl pacCMOTPUM CTaTUCTUYECKYHO 3ajady, KoTopas
NO3BOMWT B Aa/lbHeiLleM NepenTu K N3yUYeHWI0 KBaHTOBbLIX KaHaloB CBA3W.

MycTb KBaHTOBas CMCTEMA MPUrOTOBAAETCS B OAHOM W3 COCTOSIHWIA SX,
x—Il n . Hajg cncTemMoil MOXHO NMPOM3BOANTL MPOM3BOLHOE M3MEPEHME.
TpebyeTcs HaliTy OoNTUManbHYH HabnoLaeMyto, MO3BOMAIOLLYIO HauayyLWuUM
00pa3oM BbISCHUTb, B KaKOM W3 3TUX anpuOpHO AaHHbIX COCTOAHWUIA Haxo-
oMTCA cucTema. Takas MOCTAHOBKA 3afayn XapakTepHa A8 mMaTemMaTuyecKoi
CTaTUCTUKM 1 ee NMPUMEHEHW B Teopum cBsizn (CM. N. 3.2.1). B BbICOKOTOUHbIX
3KCMEPVMMEHTaX M B KBAaHTOBOM OMTUKE UCCNEAOBATENN YXXE CMOCOGHbI orne-
pvpoBaTb 3/1EMEHTAPHLIMU KBAHTOBbIMW CUCTEMaMU, TaKUMU KaK OAMHOYHbIe
MOHbI, aTOMbl 1 ()OTOHbI. B 06Cy>XAaeMbIX NPeaoXeHNAX KBAHTOBbLIX BblYMUC-
NEeHN MHAGOPMAaLMA 3anuCbiBAaeTCA B COCTOAHMS 3MEMEHTapHbIX KBAHTOBbIX
A4yeeK —(-6UTOB, a CUMTBLIBAETCS MPU MOMOLLM KBAHTOBLIX M3MepeHuidi. Co
CTAaTUCTUYECKON TOUKM 3peHUs, M3MepeHne AaeT OLEHKY KBaHTOBOrO COCTO-
AHUA —N60 BCEr0 COCTOSAHUA LENNKOM, MO0 HEKOTOPbIX ero napameTpos,
M Npy 3TOM BO3HWMKaeT BOMPOC Hambonee TOYHOro OLEeHMBAHWUS.

CTaTuCTUKa U3MepeHns ONUCbIBAETCA KBaHTOBOW Habnogaemoi, T.e. pas-
noXxxeHvem eauHuubl M = {Mx} B npocTpaHcTBe cucTembl H. BepoATHOCTb
MPUHATL PELLEHNe y MpuU YCI0BUK, YTO CUCTEMA HaXOAuNacb B COCTOAHUM SX,
paBHa pm(y\x) = TrSxMy. Npn 3TOM BEPOATHOCTb TOrO, YTO ByAeT MPUHATO
npasuibHOe pelleHune, paBHa pM(x\x). Mpumem [OMNOMHUTENbHOE MNpeAno-
NOXEeHWe, YTO COCTOSAHUA SX MOSABNAAKTCA C BEPOATHOCTAMU WX (Hanpumep,
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B C/lyyae paBHOBEPOATHbLIX COCTOSHMWIA XX — 1/4). Toraa cpefHAs BEPOATHOCTb
NpaBUIbHOrO pelleHns BblUMCASETCS Mo opmyne
n
PL) = ~7T Xpm(x\x),
x=1

n 3afgadya COCTOUT B €€ MaKCMMU3aLnn.

2.3.2. OnTtumasnbHble HabngaemMble

BepOﬂTHOCTb npaBuIbLHOIO peleHnsa
n
V{M) = Y Trw*M=*’

x=1

roe Wx = axSx 0, sBnseTcs adUHHON (yHKLMeR,
p {$>aMn} =% > aP{Ma},

Oﬂpe,ﬂ,EHGHHOVI Ha BbIMYK/IOM MHOXXECTBE Ha6}'IIO,EI|aEMbIX

Tn=[m = {Myy=1 My >0, Y"My =/].
n y=1 }
Makcumnszaums ap@uHHOW QyHKUMK, 3afaHHOW Ha BbIMYKIOM MHOXECTBE, —
3TO TUNWYHasa 3afjaya IMHENHOro NPOrpaMmmu1poBaHNS.

Teopema 2.3.1. CpefHAs BepPOATHOCTb NpaBnnbHOro pewennsa V{M}
JocTuraeT Makcumyma B KpaliHelh To4yke MHOXKecTBa LUn. Habnwoae-
mMas M° onTumanbHa TOrja v TONbKO TOr4a, Korga HaigeTcs Takoi
3pMUTOB onepaTop JI°, 4yToO

D (° - Wy)my =0;

2) \°> W y.

Mpn 3TOM MMeeT MecTO COOTHOWEeHNEe ABOACTBEHHOCT U

Tax{V{M}: M 6 WIn} = rwn{Tr1: 1~ Wy,y = 1, ..., g} (2.35)

JokaszaTenbctBo. [lockonbky V{M) siBnsieTca HenpepbIBHOW apduHHOR
(PYHKUMEA Ha KOMMAKTHOM BbIMYKIOM MHOXecCTBe LLIn, nepBoe yTBepxieHue
BblTeKaeT M3 pesynbrara 3agaun 1.5.1.

Jokaxem AOCTaTOYHOCTb ycnoBuin 1, 2. MycTb J/1° —3pMnUTOB onepaTop,
y4oBneTBOpAOLWNiA ycnosuam 1, 2. Micnonb3ys ycnosue 1 u ceoiictso (1.13),
nonyvaem

V{M}= Tr]l WXMX< TrATn0~ = Tr/0. (2.36)
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M3 ycnosusa 2 nonyyaem A°Mx = WXMXx. MNMpocymmMumpoBaB NoT W B3SB CNej,
rnosyyaem

Tr1° = Tr1°AYN2 = T r™ WAWX = V{M*}. (2.37)
X X
NTaK,
V{M}  V{MOQ} pgns scex M. (2.38)

OTmMeTUM, 4TO

* X

Jokaxem HeobxoaumocTb. Monoxum My = Xy, rae Xy — 3pMUTOBbI One-
patopbl, yaosneTsopstowme ycnosuo Y1 Xy = /. MpumeHss metog JlarpaHxa,

y
cBeeM 3afayvy Makcummsaummn QyHkumm V{M} Ha MHOxecTBe LLI,, K Haxox-
[EHNI0 MaKCUMyMa (yHKLWN

TreEr"-W 5>2-/Y (2.39)
y \ Y )

roe J1—3pMuTOB Onepatop, MO BCEBO3MOXHbIM Habopam 3pMUTOBbLIX OMe-
paTopoB Xy. 3gech onepatop J1 npefCcTaBNsieT COBOKYMHOCTb BELLECTBEHHbIX
MHOXMWTenel flarpaHxa gna gaHHoi 3agauun. MycTb X° —oNTUMasbHbIA Ha-

6op. Monoxmm Xy = Xy + eYy u paccmoTpuM (2.39) Kak (PyHKUMIO OT e.
PaccmatpuBasi KO3pMLUMEHTbI MpK € 1 €2, MoyYyaeM YCNoBuS

Tr(avy - mMXe+Xy(Wy - MYy = Q
Tr(~-N)y2n0
4719 NPOM3BOJIbHBIX 3PMWUTOBBLIX OMepaTopos Yy, T.e.
(Wy - AXy +Xy(Wy- A) =0, A-Wy>0.

BTopoe HepaBeHCTBO ecTb yc/oBue 2 Teopembl. Monaras M®= (A™")2, n3 nep-

BOr0 COOTHOLEHMA nonyydaem Tr(J1 —Wy)M® = 0, a 13 3TOro COOTHOLUEHUS U
N3 BTOPOro HepaBeHCTBa CnefyeT ycnosue 1 O

3agava 2.3.1. [okaxwuTe, 4YTO OnepaToOpHbI MHOXWTENb JlarpaHxa A
ABNSETCA eAUHCTBEHHbIM peLleHUeM [BOMCTBEHHOM 3ajayn B MpaBoi 4acTu
paBeHcTBa (2.35).

MpouNNIOCTPUPYEM 3HaUYeHWe M MPUMEHeHWe 3TUX YCIO0BMIA Ha MpUMepax.



40 CocTofAHMA 1 Habngaemble

Mpumep 2.3.1. PaccMOTpMM KnacCMYecKuidi crydyait, Korga Bce onepa-
TOpbl MAOTHOCTU SX, & 3Ha4MT, KU onepaTopbl WX KOMMYTUPYIOT 1, ClefoBa-
TeNbHO, HalgeTcsi 06WMiA OPTOHOPMMPOBaHHbIA 6a3nc, B KOTOPOM BCE OHU
[MaroHanbHsbl,

wx=]r1B A WNH -
L]
Torfa [BOWCTBEHHAA 3a4a4ya UMEET peLLeHue

Ne —"Mwax Lix(u)w) (),
LU

rge max Wx{w) — BepxHss ornbarowas gyHkumin Wx(u>), x = 1, ..., n. OgHo

M3 peleHnii NCXOAHONW 3afaun faetcsa (hopmysoin

Mx=Y.1ln,Mmnn>
1]

rge 1Qr o603HavaeT MHAMKaTOpP NoAMHOXecTBa X, NpuyeM HenepecekaroLwu-
ecq nogmHoxectBa Qx c{w: JI°(n>) = Wx{u)} obpasytoT pasbueHne MHOXe-
ctBa 2= {w}

3T0 CBOAMUTCH K NPUHLMNY MakCUManbHOro npasaonofo6us B Knaccu-
UECKOW CTaTUCTUKE: pelleHue X Heob6XOAMMO MpUHMMATh /18 TeX WCXOAO0B L,
N5 KOTOPbIX anoCTEPUOPHbLIN BbINIPbILW ttX (B MakcumaneH. Takum o6pasom,
B KNacCUYecKoM cfiyyae onTuManbHas HabnogaeMas Bcerga MoxeT 6biTb Bbl-
6paHa HepaHJOMM30BaHHON. JTO NPSAMO CBA3aHO C TeM ()aKTOM, YTO B KOMMY-
TaTMBHOM Cny4ae KpaiiHWe TOYKM MHOXecTBa LLl,, 0TBeYaloT OpTOroHanbHbIM
pasnoXeHnsaM eguHuubl (CMm. Teopemy 2.2.3).

Mpumep 2.3.2 (pasnnyeHne ABYX KBAHTOBbLIX COCTOsIHMIA). MMycTb So, Si —
[iBa onepaTopa MA0THOCTW, 7ro, [ — MX anpuopHble BepOSTHOCTM. Habntoaa-
eMas faetca pasnoxeHvem egnHuubl {Mo, M|}, Tak uto Afo + Afi =/. 3JToT
CMyyaili MOXHO CBECTW K MpefblayLieMy npumepy, nonaras

Wo =thSi+T0 W] = 7rSi + W[,
roe onepatopsl Wg—uwbo —7iSi, W( =0 koMmyTupytoT. Takum o6pasom,
V{M) = #]+ Tr(NeOMO+ /M), (2.40)

' = max{7roSo - mMSi, 0} = (7roSo- tuSi)+. (2.41)

Bcakuid onTumanbHbIiA onepatop M® umeeT Bug

Mo = *(0.00)(Tro-So —ttiSi ) + Xaq, (2.42)
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rae nepeoe cnaraemoe sBASETCS MPOEKTOPOM Ha CO6CTBEHHOE MOoAMpPOCTPaH-
CTBO onepaTtopa 7roSo —7]Si, oTBevatollee NoNoXMUTENbHbIM COBCTBEHHbLIM
3HaueHUsIM, a BTOPOe ClaraeMoe MMeeT HOCUTe/b Ha HyNMeBOM MOANPOCTpaH-
cTBe onepartopa 7roSo —?riS|, npuuem 0<Xo</. MakcumarnbHas BeposAT-
HOCTb NPaBW/bHOTO PeLleHNs paBHa

7>{M} = 7n +Tr(7roSo - 7TISi)+. (2.43)

icnonb3ys COOTHOLUEHMe

(fupo- 7Tibl)+ = N7ToSo —7T|S| - [(7ToSo -7T|Si),
nosyyaem

maxP{M} = ip + lITTbSo-TnS,!!,). (2.44)

B vacTHoCTW, nNpu W, = n\ =~ pas3MuYNMOCTb COCTOSHUIA So 1 5] onpege-
NfeTcA BENNYMHON SAEPHOM HOPMbl Pa3HOCTU COOTBETCTBYHOLLMX OMEpaTopoB
MI0THOCTU.

Mpepnoxenne 2.3.1. MycTb So = \®o){Po\* Si = Nei)(Ni| —uncTble
COCTOAHMA, Torga makcumym seandunuol V{M} paseH

maxV{M) = -47107n|(V'0[™i)[2). (2.45)
@qaCTHOCTVI, npn ug= K\ = ’;L BbINMNO/THAETCA PaBeHCTBO
maxV{M) = + y/l - KVolIMI2)- (2-46)

[Joka3aTenbCTBO.  PacCcMOTpUM 3afa4yyHacOOCTBEHHbIE 3HAYEHUS AN1A
onepatopa w”"o) (Po\- thlV'iXV’i|. umetowero paHr 2. 3T0T oneparop Mo-
XeT UMeTb HyfieBble COOGCTBEHHbIE 3HAYeHUs, OTBeYallMe OpPTOrOHaNbHOMY
[ONONHEHWNIO K HocMTento C, KOTOPbIA HAaTAHYT Ha BeKTopbl [*>0), IVi)- Cyue-
CTBEHHas CocTaBAsAoLas ONTUMaNbHON HabngaeMoli TakxkKe COCpesoToyeHa
Ha C, MO3TOMY MOXHO OrpaHUUYMUTLCSA MOWCKOM COBCTBEHHBLIX BEKTOPOB BUAA

M = co\go) + Ci\lpi).

MoAcTaHOBKa B ypaBHeHWe A1 COGCTBEHHbLIX BEKTOPOB MPUBOAUT K paBeH-
cTBam

tro(co + (VolV'iXi) = Aco, (2.47)
—rn((*1|*0)co + C1) = Acb (2.48)

OTKy/[a HaxoAuM COGCTBEHHbIE 3HAYEHWS

Aol = | Tr0-7M +y/1 -47T07L("ol«/>1)[2]
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C COOTBETCTBYIOLIMM 6a3McoM COBCTBEHHbLIX BEKTOPOB |e0), |ei). Cneposa-
TenbHo,

IMV'oXVol-TnIViXV'illl, =No-N(= yj\ - 4707 1("01"1)|2>

OTKyfda nony4vaem paBeHCTBO (2.45). O

OnTuManbHas 4eTkas Habnwogaemas B nognpocTpaHcTBe C uMeeT Bup
(leo)(eo], |«i)(ei|}. Ecnn #0= T] = 1/2, TO ONTUM&/bHbIA 6a3nC PacnonoXeH
CUMMETPUYHO MO OTHOLLEHUIO K |"0), [*>]) (cm. puc. 2.2).

Puc. 2.2. PasnnyeHne ABYX YUCTbIX COCTOAHUN

Mpumep 2.3.3. Ha nnockoctu (paccmaTpvBaemMoil Kak BeLLeCTBEHHOE
MoANPOCTPAHCTBO [BYMEPHOrO KOMIMJIEKCHOTO MPOCTPaHCTBa) PacCMOTPUM
«PaBHOYTO/IbHY0» KOH(UTYpaLMIo Tpex BEKTOpPoB (puc. 2.3)

2171
3 /=0 12 (2.49)

sin 277
31

CoS

CooTBeTCcTBYIOWMe onepatopbl naoTHocTM Sj = \-go/)(h/\ onucbiBalOT cOCTO-
AHUA [ABYXYPOBHEBOW CUCTEMbl, Hanpumep M0CKOMNONSPN30BAHHOIO (DOTOHA
WAW 4YacTuUbl CO ClUHOM 1/2.

Puc. 2.3. Tpu paBHOYTONbHbIX COCTOAHUSA
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Nimeem

as7r . o4/Tr
cos sm —

|+ (2.50)

4jir 4/71
cos —

~T

TakK 4To

B CUJTy TOFO 4TO e'nr =0.
i=o0
OTcrofa cnegyet, uTO Af2_«S* k —0, 1,2, sABnseTcs PpasnoXeHwu-

/-2
eM efUHMLI, OTBEYaloLM MNepenosiHeHHOM cucTemMe BeKTOpoB Yy M dK),

k = o, 1,2. CooTBeTcTBYlOWAA HabnogaemMas 3KCTpeManbHa, MOCKOMbKY
BbINOJ/IHEHO YCNOBUEe Teopembl 2.2.4.

[MokaxeM, YTO B Clly4yae PaBHOBEPOATHbIX COCTOAHWUWA (si-= ") {Aff} fAB-

nsieTcs ONTUMasbHOV Habntogaemoid. Mposepum ycnosus Teopemsl 2.3.1. Mo-
cKonbKy Sy =5/, Mbl MMeeM

1=0 /=0

Tak 4TO BbIMOSIHEHO ycoBue 2: A = JI°~ y . YcnoBue 1 TakXKe BbIMOJIHEHO,
NOCKOJIbKY

(A°-iS/)AFJ = |(/-5 y)5y= 0.

NTak, TaxP{M} = Tr/1° — Hailigem Tenepb MakCMMyM M0 BCEBO3-
MOXHbIM YETKMM HabnogaeMbiM C Tpems ucxopamu. HeTpuBuanbHoe OpTo-
roHaslbHOe pPa3noXKeHne eAuMHULBI C TPEMS KOMMOHEHTaMW B ABYMEPHOM Mpo-
cTpaHcTBe MMeeT Bug Mo = |eo)(™o|> J¥| = ki)(ei |, Mr =0, rge |eo), \e\) —
Npou3BO/bHbLIA 6a3nc. o3aTomy 3agava CBOAWUTCA K OMNTMMaNbHOMY pas3nu-
YEHWIO [BYX PaBHOBEPOATHbIX COCTOAHMIA So, Si. lMpMMeHsAs COOTHOLLEHME

(2.46) pna cnyuyasa (ipo\ipi) —-n, nony4yaem

2 1 + n/31/2
max V{M }— SATEL

M —yeTkne
Habnogaemble

Takum o6pa30M, NCNONb30BaHME B KBAaHTOBOM CTaTUCTUKE HEYETKMX Habto-
AaeMbIX MOXET MPUBECTU K BbINTPbILLY NPU pas/InvYeHUn COCTOSIHUNA MCXO,D'HOVI
CUCTEMbl MO CPaBHEHUIO C YETKMMU Ha6ﬂf0,ﬂ|aeMblMVl. lNoayepkHeM, 4TO B aHa-

<= ma x V{M).
o M £
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NOTMYHOM K/acCMYeckKoM C/lyyae HMKaKash paHAoMu3auus He MOXET YyullnTb
Ka4yeCTBO MpPOLeAYpbl pasnyeHus cocTosHuil. C reoMeTpUUYecKoi TOUKM 3pe-
HUS MNPWYMHA, KOHEYHO, COCTOMT B TOM, YTO B KBAHTOBOM C/y4yae He Bce
9KCTpeMasbHble HabntofaeMble (CPefy KOTOPbIX WM HAXoAWTCs ONTUMasbHas)
ABNAIOTCS YETKAMMU.

§ 2.4. KomMmeHTapuu

1 M3 TeKCTOB, MOCBALLEHHbIX MaTeMaTUYeCKUM OCHOBaHUAM KBaHTO
MeXaHVKW, Bblgenum MoHorpagum oH HelimaHa [21], Makkn [16], Cura-
na [27], N.4. ®apgeesa un O. A. Aky6osckoro [29]. O630p akcMOMaTUYECKMX
MoLAXOLO0B MMeeTCa B cTaTbe BaliTmaHa [154], a Takxxe B 3aMedaHmsax K ra. VIII
KHurn Puga v CalimoHa [24]. XXenaHHOW Lenbio No60i aKCMOMaTUKN ABAS-
eTcs BbIBOA (hopMann3Ma ruib6epToBa NPOCTPaHCTBA; Takol BbIBOA B paMKax
onepauMoHanbHOro nogxofa (CM. HUXE) B KOHEYHOMEPHOM BapuaHTe ocCy-
LecTBneH B pabote Apaku [51]. Bnpouyem, 370 ABNAETCA OTAENbHOW TEMOW;
ONS HaluX Leneid 4OCTaTOYHO NPOCTO MOCTY/NMPOBaTb MHOXECTBO COCTOS-
HWA B = &(H). OnucaHue CMellaHHbIX COCTOSHWUIA onepaTtopamu (MaTpu-
Lamun) MNAOTHOCTM 6blN0 NPeANioXXeHo HesaBucUMO (oH HelimaHom, Beinem
n N.40.NaHpay (cMm. npumevaHue Ha c.240 B kHure [21]).

AKCMOMATUYECKNA NOLXOJ, B OCHOBY KOTOPOrO MO/OXeHa [BONCTBEH-
HOCTb MeXJy Napoil 4aCTUYHO YNOPSAOYEHHBLIX MPOCTPAHCTB, MOPOXKAAEMbIX
BbINYK/bIM MHOXECTBOM KBAHTOBbLIX COCTOSHWIA W NOPALKOBbLIM WMHTEPBaIOM
0-1-Habntogaembix (TecToB), paspabaTbiBasics LWKOMOW Jltogeura; cMm. pabo-
Tbl [82,127], a Takxke KHury [asuca [73] (nogo6HbIN NoAX0[ YacTo HasblBaloT
onepauuoHanbHbiM). Mogpo6HOe MccnefoBaHUE CTATUCTUUECKON CTPYKTY-
pbl KBAHTOBOV TeOpUWM Ha OCHOBe OMepaLMOHasbHOro MoAX04a MpPearnpuHATO
B KHurax A. C.Xoneso [36,37], rae MOXHO TakKxe HaiTu nogpobHyto 6m6-
nvorpagutio.

B npepgnoxeHun 2.1.1 Ham NpuLINIOCHE MPEANONoXUTL CYLLecTBOBaHWe
MaKCUManbHON HabNAaemMoin TONbKO NOTOMY, YTO A5 NPOCTOThI Mbl C CAMOr0
Hayana orpaHNYNINCh KOHEYHbIMU MHOXECTBaMM UCXOA0B. Mpu Hagnexallem
0606LLeHNN CyLLeCTBOBaHME MaKcUManbHOW Habnogaemoit (BoobLle rosops,
€ 6eCKOHEYHbIM NPOCTPaHCTBOM 1) MOXET ObITb BbIBEEHO M3 COBMECTUMOCTHU
BCeX Habnwpgaembix Mogenu. Mo cyuwectsy, 06 3TOM rOBOPUT W3BECTHaA
Teopema KonmoropoBa O MNOCTPOEHWM BEPOSTHOCTHOIO MNPOCTpPaHCTBa A/is
CMy4aiiHoro npovecca, 3afaHHOro CMCTeMOI COrnacoBaHHbIX (T.e. COBMEeCTU-
MbIX) KOHEYHOMEpHbIX pacnpefeneHunii. MogpobHoe nccnefoBaHne OTHOLLIEHNS
CTOXaCTMYECKON COBMECTUMOCTHW, BK/KOYaKOLLee A0Ka3aTeNbCTBO TOro (paKTa,
yTO OTAenMMasi Mojgesb, BCe HabMAaeMble KOTOPOWA CTOXaCTUYECKU COBMe-
CTUMbI, BKNagbiBaeTcs B Mofenb Banbaa, umeetcs B pabote A.C.Xoneso [97].
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3n0)eHne OCHOBHbLIX MOHATWIA AN HYX[ KBAaHTOBOW Teopuyu MH(OpMa-
UMM mmeeTcs B KHUrax HunbceHa u YaHra [22], a Takxke Xaiawm [90].
B paboTte ®ykca [83] onncaHa MHOPMaLMOHHO-TEOPeTUYECKas TOUKa 3peHNS
Ha OCHOBaHMWSI KBAHTOBOW TeOpuWMU.

2. N3naraemas 34echb KOHLENLUMS KBAHTOBOW Habnogaemoi paspabaTbiBa-
naco B paboTtax Jltogsura [127], Ossuca un Jibtouca [73], A. C.Xoneso [37].
Bbinyknasa CTPyKTypa MHOXecTBa Hab/MofaeMbiX pacCMaTpuUBaEeTCsa B KHUre
Kpayca [116].

CnWH KBaHTOBOM YacTULibl OPFraHNYeCcKn CBS3aH C NpesCTaBAeHUAMU Fpyri-
Mbl BPALLLEHNIA TPEXMEPHOrO MPOCTpaHCTBa; cM. [3,16]. PesynbTaThl, CBfA3aH-
Hble C TeopeMoii 2.2.4, npuBefeHbl B paboTe [asuca [72].

3. 3afaya pa3nuueHns ABYX YNCTbIX KBAHTOBLIX COCTOSHUIA Gbla BrepBble
paccmoTpeHa B 1968 r. B pabote M. A.bakyTa n C.C.LLLypoBa, cm. KHury [14].
MofobHble 3a4ayn ecTeCTBEHHO BO3HUKAIOT Mpu 0OHapy>XeHWu cnabbix uc-
TOUYHMKOB CBETa, a TaKXKe B KBAHTOBOW onTuke. O6LLas Teopus 06HapyXXeHus
M OLEHUBaHWUs AN KBAHTOBLIX COCTOSHWIA Oblna pa3paboTaHa B 1970-e IT.
B Tpygax XencTtpoma, HOHa, A. C. Xoneso, P.J1. CtpatoHoBuua, B.Tl. be-
naBKWHa, cM. mMoHorpaguu [30,37]. HOBbI1 MHTEpEC K TEOPUWM OLEHUBAHUA
KBAHTOBbLIX COCTOSIHWIA MOSIBU/ICA B CBA3U C MAESMW KBAHTOBbIX BbIYVCNEHUIA:
BCSIKOE TaKoe BblYMC/IEHWE 3aBepLUaeTCs M3MEPeHNeM NnapameTpoB KOHEYHOro
COCTOSIHUA KBaHTOBOIO KOMMbIOTEPA, KOTOPOE fOMKHO ObiTb MaKCUMaibHO
TOYHbIM. Pe3ynbTaTbl COBPEMEHHOW Teopuu OLEHMBAHUS KBAHTOBbIX COCTOS-
HUIA, BKNKOYas aCMMMNTOTUYECKMIA MOAX0A, Mu3naralTcs B KHurax Xanawm [90]
n Metua [132]. baitecoBckas 3afaya ABNseTCA 3ajadeil NMHEAHOro npo-
rpammupoBaHus (cm. [17], [25]), n Teopema 2.3.1 MOXeT ObITb [OKa3aHa Ha
OCHOBE COOTBETCTBYIOLLE/ Teopembl ABOWCTBEHHOCTUW. Mpumep 2.3.3 ¢ Tpems
paBHOYrO/IbHbIMU COCTOSHUAMK npefnoxeH A. C. Xoneso B cTatbe [33].



lnasa 3

CocTaBHble KBaHTOBble CUCTEMDbI
N CUEMJIEHHOCTb

§3.1. CocTaBHble CUCTEMBbI

3.1.1. TeH30pHOe npousBefeHue

CBoeobpasne M HOBble BO3MOXHOCTW KBaHTOBOW TeopuM WHGOpMaLmu
B 3HAUUTENbHOW Mepe OO6YC/OB/MEHbI CBOWCTBaMU COCTaBHbLIX KBAHTOBbIX
cuctem. Myctb H/, ['= 1, 2, —rnnb6epTOBbI NPOCTPAHCTBA ABYX KBaHTOBbIX
cucTeM co ckanspHbiMu npowussegeHusamu {-\-)r CocTaBHas cucTema onwu-
CbIBAeTCA TEH30PHbIM NPOW3BEAEHMEM TUNbOEPTOBLIX MPOCTPAHCTB, KOTOPOE
MOXET ObITb MOCTPOEHO CMefyHoLMM 06pa3om.

CornacHo 81.1 anemeHT ¢ EH onpegensetr aHTUAMHEHYO (YHKLMIO
W<p) = (<P\d) aprymeHta PEH; gns gByx anemeHtoB ¢/ e Hj, / = 1,2,
0603HauMM Yepe3 \ @b 6UAHTUAMHENHYIO PYHKLUMIO aprymMeHToB ipi EH b
P2 EH 2, onpefeneHHylo COOTHOLLEHWEM

ap\ <P2) = {<p\ \D\)\(<P21 2)2-

PaccMOTpyM BEKTOpPHOE NMPOCTPaHCTBO C KOHEYHbLIX NMHENHbIX KOMOWHALWIA
Takux yHkuuii YL Cid{ ® Bsefem ckanapHoe npovssefeHune Ha £, nonaras

X1 E<P2ID\ ®D2) = {US\DY) \{be\d2)2

Ha MOPOXAAOLMX 3NeMeHTax U fanee Npogo/mkas no nuHeiHocTn Ha C.

3agaya 3.1.1. TMokaxuTe, YTO TaKOE JIMHEiHOe NPOAOKEHNE BO3MOXHO,
OHO €[JMHCTBEHHO W Y/I0BNETBOPSET BCEM CBONCTBAM CKa/lisipHOrO Npov3Beje-
HS.

MpocTtpaHcTBO C C oOnpeAeneHHbIM Bbille CKafisipHbIM MPOW3BEAEHNEM
Ha3blBaeTCA TEH30pHbIM npoussegeHnem H\ ® H2 runbbepToBbIX Npo-
cTpaHcTB H], Hr-

3agava 3.1.2. Myctb {e[}, {e"} — opTOHOPMMpPOBaHHbIE Ga3uckl B H\,

H2mokaxunTe, uto Torga {e[ ® e£} — OpTOHOPMMPOBaHHBLIN 6a3nc B Hi ® Hr
ndimHi ® H2=dimHi x dimH:z.
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OTctofla BbITEKAEeT, YTO BCAKMUIA BeKTOp ipeHi &>H2 0gHO3HAaYHO 3anuchbl-
BaeTCA B BUAE
Ne = 53 c/*ie0® 1%
A*
Mpown3soas cymmupoBaHue no / 1 BBOAA 0603HaveHue |ipk) = 2

nonyyaem i=i
o)

A=1

Tak 4To B 06wwemM cinyvae Wi S7"2 n3oMopdHO NpsMoli OPTOrOHaNbHON CymMMe
di = dimH.2 cnaraembix Hi ©... ® Hi.

[na onepatopos X/ B npocTpaHcTBax Hj 3agafuMM UX TeH30pHOE Npowus-
BefleHue, nonaras

(i ®”2) = X\ip\ e>Xeip2

N NPOAOMKas Mo NMHenHocTn. dukcupyem 6asuc B H2, Tak yto Hi ® W2
npeactaBnseTca kak Wi 0... ® H\. TorgaXi ® X2 MOXHO npeacTaBuTh B BU-
fe 6noyHoit matpuubl [X\x!£], rae [x"] —matpuua onepaTopa X2 B 6asuce
(e*} MpounsBonbHbIA onepatop X b H\® H 2 3agaeTca 6104HOIN MaTpuLel
[Xjk], anemeHTbl KOTOpOI CyTb onepaTopbl B H\.

HanomHum, uto B § 1.4 yepe3 ®H(H) 0603Ha4anochb Bel,eCTBEHHOE NUHEN-
HOEe NPOCTPAHCTBO BCEX 3PMUTOBBLIX ONEPaTopoB B H, T. €. YeTKMX BeLLecTBEH-
HbIX Habnogaembix. B cuny pesynbtarta 3agaun 1.4.2 B cnyyae KOMMIEKCHbIX
rMnb6epToBbIX MNPOCTPaHCTB HM H2 Mbl umeem

dim®*CHi ®H2) = dimfc*"Wi) mdim O3"HTr),
TOrAa Kak B C/lydae BellecTBeHHbIX Hu W2 ana pasmepHOCTE NpocTpaHCTB
CUMMETPUYHBIX ONepaTopoB MMeeT MeCTO HepaBeHCTBO >.
3agava 3.1.3. [lokaxwuTte, 4to ecnm S, —onepartopbl MAOTHOCTU B Hj,
=1, 2, 70 Si ® S2 —onepaTop nnoTHocTM BH\® H 2-
Mycte T —onepatop B H - H\ ® 72- YacTuuHblil cnef onepatopa T

(oTHocuTenbHO H?2), o0603Havaemblin Trn2 T, onpeaenseTca Kak onepaTop
B Hun accoummnpoBaHHbI ¢ hopmoii

(<B(TrR T)\h) = *<y>® e%\T[h®e%), <p,rp€ Hun
k

3agava 3.1.4. TlokaxuTe, YTO OnpefesieHNe KOPPEKTHO, T.e. He 3aBu-
CUT OT Bblbopa OpTOHOpPMMpOBaHHOrO 6asuca {e’}. Ecim T = T\ ® T2, T0
Tr™N(C,®I2) = (Trr2)7°1
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MycTb npocTpaHcTBO Hi ® H2 peannsoBaHo Kak Hi ® ... ¢ H\, Tak uTt0

do
T = [Tjk\. JokaxunTe, yto Torga TIW8 T= £ Tn v Tt T = [TrTjk].
/=1

3.1.2. PacwwupeHne Halimapka

MpuHUMNUaNbHAs CBA3b MEXAY OPTOrOHaNbHLIMU 1 HEOPTOrOHAbHLIMM
PasNoXeHUAMU eAuHULBI YCTaHaBIMBAETCA ClefytoLleil TeopeMoid.

Teopema 3.1.1 (Haiimapk). MycTb {Mx}—pa3no>keHue egnHuibl 8 H
C T KOMNoHeHTamu, dimH =d. Torga cywecTBYOT rMnb6epT0BO NPO-
cTpaHcTBo K pasmepHocTwu dim K~ md, nsomeTpuyeckoe oTobparke-
Hne V\H —K 1 opToroHansHoe pasno>kenue eguHnubl {Ex}s K Takue,
uTo

MX = V*EXV, x £ X. (3.1)

M3omeTpuyeckoe oTobpa>keHne (M30MeTpus) —3TO SIMHENHOe 0TO6-
paxeHve V, coxpaHsalLllee CKanfgpHoe MpOWU3BEAeHNEe BEKTOPOB B TWUJlb-
6epToBbIX npocTpaHcTBax. Ana nwbbix \p), |*) € H BbinonHAeTCA paBeH-
ctBo (Vip}Vip) = (ip\ip), Tak 4TO M30METpUs XapaKTepu3yeTcs PaBeHCTBOM
V*V = /. 3omeTpunyeckoe BNOXeHMe V MO03BONSET OTOoXAecTBUTb H
¢ nognpocTtpaHcteom VH npocTtpaHctBa /C u cumtath, 4to H C /C. Torga
MX MOXHO paccmaTpuBaTb MPOCTO Kak orpaHuyeHue Ex Ha H:

Mr
Ex =

JokaszaTtenbcTBo. [locTpoeHne npocTpaHcTBa /C ByaeT OCyLWeCTBAEHO
B ABa 3Tana. CHayana onpegenum BekTopbl |®) £H T dopmynoit

17>
|P) T e H. (3.2)
107,

Onpegenvm Takxe MCEBAOCKANSPHOE Npon3BeAeHue, T.e. QopMy, YAOBNETBO-
PAIOLLYI0 BCEM CBOMCTBAM CKafspHOTO MpPOW3BEAEHMUS, KPOME HEBbLIPOX/AEH-
HOCTW, COOTHOLUEHMEM

(P> = M XW . (3.3)
X

CooTBeTCTBYHOLAA KBagpaTuyHas opmMa MOXeT 6biTb BbIPOXAEHHA.
[na Toro ytobbl 06ecneynTb HEBLIPOXAEHHOCTL, onpedenym K Kak dak-
TopnpocTpaHcTBo IC=HT/Ho, rge Ho = {do € HT : (Po|Po) = 0}, T.e. 06b-
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e[MHUM BEKTOPbI, Pa3HOCTU KOTOPbLIX MMEHT HyNneByt HOpMy. Tenepb 0TO6-
paxeHue V : H —»HL, onpefenseMoe Kak

LU
Y\p) = (3.4)

ABNAETCA I/l30M€TDI/I€I7I, TaK KakK

3.5)
/=1

B KauecTBe OPTOroHasbHOro pasfnoxeHus eauHuubl {£x} B K paccmoTpum
Ex|®) = [0, .... |ox), ..., O]T, roe eAMHCTBEHHAA HeHy/nesas KOMMOHeHTa
HaxoAMTCsA Ha X-M MecTe. TakuMm 06pa3om.

WY>\ExX\Yh} = (<p\MX\®), y>,deH,

4TO 3aBeplUaeT JOKa3aTenbCTBO. L]

PaccmMoTpyM Tenepb BaXHOe CneiCcTBMe M3 TeopeMbl Halimapka, fato-
Liee CTaTUCTUYECKYHO MHTEPMpeTaLMi0 NPOM3BOLHOIO Pa3/ioXEHUS eauHULbI
M yCTaHaB/MBalOLLEe COrNacoBaHHOCTb 0606LLEHHOr0 M CTaHAapTHOro onpe-
[leNeHniA KBaHTOBOW Hab/o4aemMoin.

Cnepcteue 3.1.1. NMycTb {Mx}—Habniopgaemasa B H, Torga Haii-
AyTcs rMabbepTOBO NpocTpaHcTBO Ho, eAnHNYHbIA BeKTOp (o e Ho
n yeTkaa Habnwogaeman {Ex}BH® Ho Takue, 4yTo

Mx = TrMo(] < \dw){cho\)EX. (3.6)

[okasaTenbcTBo. B cooTBeTCTBUM C Teopemoit Halimapka Mx = V*EXV,
rae V: H —/C—wns3ometpuyeckoe BrioxeHue. OToxgecTsum H ¢ nmognpo-
cTpaHcTBOM K. Pacwwiupss, ecnim HeobxoAMmo, NpocTpaHCTBO K, MOXHO cuu-
Tatb, yto A\TK, = g\ TH-do n, 3HaumT

K.~-H@..® H"H®Ho,

rgoe Ho = i —koopauHaTtHoe runb6epToBO MPOCTPAHCTBO pasmepHOCTU do,
npuyeM H 0TOXAECTBAAETCA C MEepBbIM CnaraemMbiM B NPSMON CymMMe, WAW
¢ nognpocTtpaHcTBom H 8>\¢wo), rae |*0) = [P O, ..., O]T. Torga
‘M r
(I ®\po){Po)Ex = 0 q

TaK YTO COOTHOLIEHWe (3.6) AeACTBUTENbHO BbIMOHEHO. L]
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WTak, BCAKYIO HabnoLaemMyto MOXHO peann3oBaTb B BUAE YeTKON Habnto-
[laeMOVA COCTaBHOM CMUCTEMbI 3a CYET 406aBNEHNS BCMOMOraTeNbHON CUCTEMBI,
Haxogsawenca B (PUKCMPOBAHHOM COCTOSHUW so = [oo)(oo|- TakoW CMNOCO6
peanusauuu ecTeCTBEHHO Ha3BaTb KBaH T OBOW paHAoMuU3aLuei.

B Knaccuueckoil CTaTUCTWKE paHfoMM3auus, T.e. fobaBneHue «pynet-
KW», XOT M MOXET OKa3aTbCH MO/e3HbIM MpuemMomM (Hanpumep, B Teopuu
urp), He yBeM4MBaEeT MH(OPMALMM O COCTOSHUN Habngaemol cuctembl. U3
pe3ynbTaToB n.2.3.2 cnegyeT, YTO B KBAHTOBOM CTaTUCTWMKE 3TO He Bcerga
BEPHO: NMapafoKcaibHbIM 06pa3oM, KBaHTOBasi paHLOMMW3aLWs MO3BONSET U3-
BfeYb 60/blle UHOPMaLuM 0 COCTOAHUAX HabMLaeMOi CUCTEMbI, HeXenn
COLEPXKMNTCA B YETKMX HabMO4aEMbIX, HE UCMOMb3YHLMX He3aBUCUMON BCMO-
MOraTenbHOW CUCTEMBI.

3.1.3. PasnoxeHune LLMuara n ovunieHue

PaccMOTpMM COCTOSIHME S12 COCTABHON CUCTEMbl B FMbOEPTOBOM MpO-
cTpaHcTBe H\ ® 'Hb

Onpegenernne 3.1.1. Yuctoe cocTosiHMe S12 HA3bIBAETCS CLEMNEHHbLIM,
€C/M OHO He MpefCcTaBUMO B BUe TEH30PHOrO NpousBedeHUs Si <.

Takum 06pa3om, BCAKWIA eaMHWUYHBLIA BekTop ~12 € "Hi ® H2, KoTopbli
SBAETCA HETPUBMAILHOW Cyrnepnosuuueii BEKTOPOB-MPON3BEAEHNI, MOPOX-
[aeT YNUCTOE CLENeHHOe COCTOsHWE. [pUMepoM SBASETCS MaKCMManbHO
CLenneHHoe cocTOAHNE, KOTOPOe MOPOXAAETCA BEKTOPOM

.od
\"N12) = 7/5 E;) (3-7
=1

B npoctpaHcTBe H\ ®H2, rge d =dimWi = A\THz2, a {ej-2}—opToHopmu-
poBaHHble 6a3nckl B Wi,2- CMbICN 3TOro TepMUHa OyAeT pa3bsCHEH MO3[Hee,
B §7.4, rpe NoHATUE CLENNEHHOCTN BydeT TakKe 0606LLEHO HA NPOU3BO/bHbIE

COCTOSIHNA COCTaBHOW CUCTEMbI.

Mbl 6yfieM 4acTO MCNOb30BaTh CNeAYHLWNA pe3ynbTar.

Teopema 3.1.2 (pasnoxeHnue LUmuara). MycTb Sy = \¢) (WL — um-
CTOEe COCTOAHMe B runbbepToOBOM npocTpaHcTBe Hi ®H2, n nycThb
Si = Tr«2S,2, S2 = Tr-H, S12—yacTuU4YHble cocToAHUA. Torga Si un Sz
MMET Of4HM U Te >e HeHyneBble COBCTBEHHble 3HaueHua A/. bonee
TOro,

N9 = X 17 1ef>@U>’ (38>
/

rae {eh2} —opToHOpMUpOBaHHbIE COOCTBEHHbIE BEKTOpPbI ONepaTopoB
Si 1 S2 COOTBETCTBEHHO.
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JokaszaTtenbcTBo. [llycTb {ej}—opToHOpPMMpOBaHHbIA 6a3nc B H\ wu3
COOCTBEHHbIX BEKTOPOB ornepatopa Si, Torga MMeeT MeCTO pas3foXeHue

Ne = E ieJ>®IA> 39>
/

C HekoTopbiMK BekTopamu |h2) e H2. BbluMcieHne 4acTUYHOrO crefa onepa-
Topa \)(cp\ no H2 gaet

'E (h2\h)\&K)(e)\ = "£/X\e]){e)\ = S,, (3.10)
/.* /

n noatomy {hp\h\) = XjSjk. Takum o6pa3om, nonaras \ej) = Vylv\u_l,) npw

Xj > 0, nofy4aeM OpPTOHOPMUPOBAHHYIO CUCTEMY, KOTOPYH MOXHO AOMOMHUTb
[0 6a3uca B H2, cocTosAero n3 co6CTBeHHbIX BEKTOPOB onepaTopa S2. O
ViMeeT MeCTO cnegytollee obpalleHne NpeablayLLero yTBepXaeH s.

Teopema 3.1.3 (oumweHne coctosiHuin). MycTb Si —cocTosiHMe B Hi,
Torga HaigyTca runb6epToBO MPOCTpPaHCTBO H2 Toll >Ke pasmep-
HOCTW, YTO U Hu n uuctoe coctosHne \gp)(p\ £EH\ ®H2 Takune, uTO
Si = Tr*2\g){c\.

Ona no6oro ynctoro coctosauua \@){dp'\eH i ®H 2, obnagatowero
3TWUM >Xe CBOWCTBOM, HalgeTcsa YHUTapHblil onepaTop U2 B H2 Ta-
KOW, 4uTo |") — (/] ® n2)\th).

JokaszaTenbcTBO. [unaroHanusyem Si u onpegenum |) no cdopmyne
(3.8) ¢ npousBonbHbIM 6a3ncom {e2} B rnnb6epToBOM npocTpaHcTee H2, nso-
mMopcgHoM Hi - Jlto6oli apyroin BekTop |h") mmeeT pasnoxeHue (3.8) ¢ gpyrmm
6asncom B H2. OcTaeTcs 3amMeTuTb, YTO NO6bIe ABa 6a3nca B rnmiL6epTOBOM
MPOCTPaHCTBE CBA3aHbl YHUTapHbIM MPeobpasoBaHMEM. |

CnepgctBue 3.1.2. TMycTb S\2— Takoe cocTodaHMe B Hi ®H2, yTo0
yacTWUYHOe COCTOfAHME Si ABAAeTCA YACThIM. Torga Siz = Si ®S2.

JoKkaszaTenbCcTBO. [18 YMCTOrO COCTOAHUS S 12 YTBEPXKAEHNE OYEBUAHBIM
obpasom crnegyeT u3 Teopembl 3.1.2; AN NPOU3BOMLHOIO COCTOAHUA Si12 Mbl
MOXEM MPUMEHUTb aHa/IOrMMUYHOE PACCY>XAEHME K ero OUMLLEHWIO. |

M3 Teopembl 3.1.2 cnefyeT, 4TO O4YMLIEHME B CYLLECTBEHHOM €AWH-
CTBEHHO: /Nto6ble fABAa OYULIEHMS C NpocTpaHcTBamMuM H2, H2 Takumu, 4To
dimH2" dim H'2, cBA3aHbl M30METPUYECKMM BNOXeHMEM H2 B H'2-

3ameuartenbHO, YTO CYLLECTBYET OAHO YHMBepcanbHOe rmnb6epToBO npo-
CTPaHCTBO, COAEPXKALLEee OYMLLEHMSI BCEX COCTOSIHUIA B H. PacCMOTpUM TU/b-
6epToBo npocTpaHcTBo L2{H) BCex onmepaTopoB X, Y, ... B H, cHabxXeHHoe
CKaNsApHbIM NPON3BEAEHNEM

(N, Y) = T Y.
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Tor,u,a NIHeliHoe COOTBETCTBUE
\p){p\ <> VB (<p\, (3.11)

roe {9 e H* (gBOlCTBEHHOE MNPOCTPAHCTBO MMHENHbIX (YHKUMIA Ha H),
€[AVMHCTBEHHbLIM 06pa3oM MPOLOKAETCA A0 U3OMETPUN MeXAY MMNbOepTOBLIMM
npocTtpaHcTBamn L2(H) n 'H&H*. O603Hayas 4epe3 La (COOTBETCTBEH-
Ho Rb) onepatop neBoro ymHoXxeHusi Ha A (COOTBETCTBEHHO MPaBOr0 YMHO-
XeHusi Ha B), Mbl nomyuum

LaRbX = AXB <+\Ath) ® (B*<p\

ans X = \q@){<p\. Ans nponssonbHOro oneparopa naoTHocT S B H paccmoT-
pUM eauHUYHbIA BekTop Y/SW el 2(H), rge W —npon3BO/bHbIA YHUTAPHBIN
onepartop B H. Torga

(y/SW, LARBY/SW) = Tty/SAVSWBW *.
CnefoBaTe/lbHO, nonaras B =/, nonydyaem
TrSA = (VSW, (A®IH-)y/SW).

Moatomy y/SW ecTb ouuuieHne onepaTopa 5 B npocTtpaHcTBe L2(H), oTox-
[eCTB/IEHHOM C C nomoublo cooTBeTcTBMA (3.11); 60nee Toro, BCe
OYMLLEHNA OMepaTopa S MnonyvatoTcs TakuMm 06pasom.

3.1.4. Mapagokc dnHWTeliHa—Ilogonbckoro—Po3eHa.
HepaBeHcTBO Benna

CylLecTBOBaHMe CLENIEHHOCTH, Hapsaay C AOMOMHUTENbHOCTLIO, SBNSETCS
MPUHLMMNANBHBIM CTPYKTYPHBIM pasnnumneM Mexmy KnacCUYecKuM W KBaHTO-
BbIM OMUCAHUAMU CUCTEM.

UncToe COCTOSIHME KNAaCCMUECKO CUCTEMbl 3afaeTcsi TOUKOM (hasoBOrO
MpocTpaHcTBa (MPaKTMYeCKM HABOpOM KOHKPETHbIX 3HAueHWii napameTpos,
OMUCHIBAIOLLUX «BHYTPEHHME CBOICTBa» cucTeMbl). Ecim paccmaTtpuBaemas
Knaccuyeckasl CUCTEMa COCTOMT M3 HECKOMbKUX MOACUCTEM, TO BCSKOE ee
UMCTOe COCTOSIHME C HEOGXOAMMOCTbIO SBSETCS MPOU3BEAEHMEM UUCTLIX CO-
CTOSIHUIA nofcucTeM. ®UKCUPYS 3HAYEHWs NapaMeTpoOB COCTABHOW CUCTEMBI,
Mbl TEM CaMbiM (DUKCUpYEM 3HAUYeHWsi MapaMeTpoB BCEX ee mogcucTem. IMpu
3TOM HET HeoBXOAMMOCTW npuberaTb K CTaTUCTUYECKOMY OMUCAHWIO.

B cfiyyae KBaHTOBbIX CUCTEM fiefI0 06CTOMT MHauye. Kak nokasbiBaeT crej-
ctBue 3.1.2, Ans Nto6Oro YUCTOro CLEMSEHHOr0 COCTOSHWUS S12 COCTaBHOM
CUCTEMbI YaCTUYHbIE COCTOSIHMA 5) 2 C HEOGXOAMMOCTbIO SBSKOTCA CMELIaH-
HbIMU, T. €. TPEBYHOT CTATUCTUYECKOrO OMUCAHWS.

Takoii TN noBefeHNst COCTaBHbLIX CUCTEM COBEPLUEHHO HeobblueH C Knac-
CMYECKOI TOUKM 3peHus U, Kak GYeT NMoKasaHo Janee B 3TOM MyHKTe, BOOGLLe
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HECOBMECTMM C K/1aCCUYeCKMM CnocobomM onucaHus (KOTOpbI B 3apy6eXxHO
nuTepaType 4acTo Ha3blBAeTCA «Peasn3MoM»).

KntoueBoil npumMep Heo6bIYHOrO (C KNacCUYecKol TOUKM 3peHus) noBefe-
HMS COCTABHON KBAHTOBOW CUCTeMbl paccMOTpeny DIHWWITENH, MofoNbCKNIA
n PoseH (OMP) B 1935 r. B 50-x rogax XX Beka Bom npeactasun npwu-
mMep B 6onee penbedhHON (hopme, MCMOMb3yHOLElN CMUHOBLIE CTEMEHW CBO-
6oabl, a B 60-x rogax Benn BHec 6GOMbLUYH NIOFMYECKYIO SCHOCTb, Mpeaso-
XWB (pyHLAMeHTa/lbHOe HepaBeHCTBO, KOTOPOE BbIMOMHAETCA A5 COCTaBHbIX
KacCMYecKnMx CUCTEM, YAOBMETBOPSIOLUX eCTECTBEHHOMY [OMOMHUTETbHOMY
YCMIOBUIO «/10KANTbHOCTW» (Pa3fenMmocTyi), HO HapyLluaeTcs AN KBaHTOBbLIX
CUCTEM U B MPUHLMMNE MOXET ObiTb NPOBEPEHO 3KCMEPUMEHTANbHO.

PaccMOTpMM fBe YacTWLbl CO CMUMHOM 1/2, KaXKAas M3 KOTOPbIX OMWCbIBa-
eTca runb6epToBbIM NpocTpaHcTBOM H, dim H = 2. B pe3ynbTaTe HEKOTOPOro
B3aMmogencTaua (MnuM peakuuy pacnafa) B HayaslbHblA MOMEHT BO3HUKAeT
COBMECTHOE COCTOSIHME UX CMUHOB, KOTOpPOE 3afaeTcsi BEKTOPOM

yl2

rae 6a3nCHble BEKTOPbI

> = n> =

OMWVCBIBAOT COCTOSHUS KaXKAOM YacTWLbl CO CMVHOM, HamnpaBAeHHbIM B MOMO0-
XNTENbHOM (COOTBETCTBEHHO OTPMLATENbHOM) HampaBaeHun ocu 1. O6blUHO
nuLyT

m =2 OnblT].

Kaxpgoe cnaraemoe 34ecb OMNUCbIBAET COCTOSIHWE C pasHOHaMNpaBfeHHbIMU
cnuHamu, a \d)) ecTb KX Cynepnosuuumsi, KOTOPYH HEBO3MOXHO MpefcTa-
BUTb B BUAE TEH30PHOr0 MNpPOM3BeLEHWS BEKTOPOB COCTOSIHWIA, OTHOCALLMXCA
K pasHbIM yacTuuam. Takoe COCTOSIHWE, Ha3blBaeMOEe B (IM3MNKE «CUHIIETOMY,
ABNSieTCA 06pa3L,OoM CLEMNMEeHHOro COCTOSIHUSA [BYX KBAHTOBbIX CUCTEM.

MpesnonoXum, 4To YacTuLbl pa3fieTatoTCA Ha HEKOTOpPOe Makpockomuue-
CKO€ paccTosiHMe; Mpu 3TOM WX CMMHOBOE COCTOSIHWE — CUHIIET —COXpaHa-
eTca. PacCMOTPMM 3KCMEPUMEHT, B KOTOPOM B [BYX YA&/1eHHbIX APYr OT apyra
nabopatopmsx A n B Hapg 3TMK pa3neTeBLUMMUCH YacTULaMU NPOM3BOAATCS
0JHOBPEMEHHbIE M3MEPEHUS: HabnogaeMoli cnuHa cr(a) ana OfHOW YacTuubl
1 Habnogaemoin cnuHa <1(6) ansa gpyron (puc. 3.1). OnepaTopbl X —a(a) ®/,
Y —1 (ta(b) KommyTupytoT, cnefoBaTenbHO, COOTBETCTBYHOLLME Habnodae-
Mble COBMECTVMbI, U UX KOBapuauus gaeTcs BblpaxeHuem (2.24).
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3agaya 3.1.5. Vcnonb3ya BblpaXeHUs AN MaTPUYHBIX 3/IEMEHTOB
<tk(a)IT) = az, Ul<r(a)|T) = ax+iay, <|(T(@) L) = -ar, (3.12)

BbITEKAIOLLME U3 COOTHOLLEHUS (2.14), MOKaXWUTe, YTO B CUHTNETHOM COCTOS-
HAW CpefiHee 3HaueHWe U AUCnepcus Kaxaoi HabniogaeMoii paBHbl

Ecr(@ = 0, Dcr(a) = 1,
a KoBapuauus Mexay crnvHamun 3agaeTca hopmynoi

{" <@ ®a(b) \¢) —-a-b. (3.13)

OTctofa cnepyeT, YTo ecnm b = a, To KOAPPULMEHT KOPPENALMmM paBeH -1
W, CnefoBaTelbHO, MeXAy MCXo4aMun a, b u3MepeHWint UMeeTca AeTePMUHMPO-
BaHHas cBA3b: a = —b. M3 dopmyn (3.12) n cooTHoweHuns a(a)2=/ cnegyer,
yTo
(0 [(7(@) ® / + /® cr(a)]l2\p) - O

1, TaknMm 06pasom,
[a(@) ® /+/® (7(a)]lrp) = O.

Ecnu 6bl CNUHbI OMUCbIBAINCL KNAaCCUYECKMMM BEKTOPHLIMU ClyYaliHbIMK Be-
NNYMHAMK, TO 3TO 03HAYano Obl, YTO MPWU U3MEPEHWUM CMUHA NEPBOIN YacTuLbl
B MPOWU3BO/IbHO BbIOPAaHHOM HampaBfieHWW a CMWH BTOPOW YacTMLbl «MOMEH-
TaNbHO» NPVHUMAET MPOTUBOMOMOXHOE 3HAYEHME.

Takum 06pa3oM, MPUXOAUTCA BbIOMPATb MEXAY CneayrolnMn anbTepHa-
TUBaMM.

1 B KBaHTOBOI MexaHWKe, NOAO6HO KNacCUYeCKOM, COCTOSIHME OMUCLIBAET
«peasibHble» BHYTPEHHWE CBOMCTBA CUCTeMbl. IMpu 3TOM 4YTOObI OOGBACHUTSH,
KaK BTOpas 4acTuua «y3HaeT» 0O Bbl6Ope HanpaBneHWs WM3MepPsieMoro cruHa
ANS MepPBO YacTuUbl, NPUXOAMTCA AOMNYCTUTb MIHOBEHHOE AanbHOAENCTBUE,
npoTuBopeyallee PU3NYeCKOMY «MPUHLMMY NOKaNbHOCTW».

2. BeKTop COCTOSIHMA —3TO NULLbL BbIpaXXeHWe MH(OPMaLMOHHOIO coaep-
»KaHusa npoueaypbl NPUroTOBAEHUS CMCTEMbI, BK/tOYaloLLee MPOLLIoe B3au-
MoAelicTBME MmoAcucTeM. B 3TOM cnyyae HMKAKOro MpoTMBOPEYMst C NOKasb-
HOCTbO HE BO3HMKAET, HO MPUXOAMTCSA 0TKa3aTbCsi OT NMOJIHOTHI MeXaHUCTUYe-
CKOro OMucaHns COCTOSIHUSI KaK «COBOKYMHOCTW BHYTPEHHUX CBOWCTB».
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3agava 3.1.6. [oKaxuTe, UTo Ans N0GOro HanpaB/eHUs a BbINOMHSAETCS
COOTHOLLIEHME

Ne = A"[|a>®|-a>-|-B)®|a)], (3.14)

rae € — HeCyLLeCTBEHHbIi MHOXWTENb, N0 MOAYMIO PaBHbIN eauHuLIE.

Bonee ocHoBaTeNbHOE PacCMOTPEHWE MbIC/IEHHOTO 3KCMepUMeHTa C CUH-
FNETHbIM COCTOSIHUEM MPUBOAMT K 60Nee KOHKPETHOMY M lyB6OKOMY BbIBOAY:
€CNM NbITaTbCH OMUCHIBATL KOPPENALUM ABYX CMUHOB K1acCUYecKn M B COOT-
BETCTBMU C NPUHLMNOM NTOKaNbHOCTU, TO OKa3blBaeTCA HEBO3MOXHbIM LOCTUYb
TaKoro xapakTepa W YPOBHS KOpPPEeSMpoBaHHOE™, KOTOpbI/i COOTBETCTBYET
npeAcKasaHNaM KBaHTOBOW TeopuW. «J10Ka/nbHbIA peann3m» U NpefcKasbl-
Baemas KBaHTOBOM CTaTUCTWUKON Koppensums (3.13) HeCOBMECTUMBbI.

JT0 [0Ka3biBaeTca C NOMOLWbI0 HepaBeHcTBa benna—Knaysepa—Xop-
Ha—LLVMOHN.

MycTb Xn Yk, /, 6= 1 2, —cnyyaliHble BENNYNHbI HA NPOU3BONLHOM
BEPOATHOCTHOM NPOCTPAHCTBE M Takue, YTo \Xj\» 1, jyx|~ 1. Torga
ona noboro pacnpefeneHus BepoaTHocTeld P Ha Yl Koppenauns aTux
BE/MYNH YAOBNETBOPSAET HEpPABEHCTBY

[EYi Yi + EXi Y2 + EX2Yx- EX2Y2\sj 2, (3.15)

roe E—maTemaTunyeckoe o>KugaHue, COOTBETCTBYOLWeEe pacnpeje-
neHuo P.

JoKa3aTenbCTBO MONyYaeTcs ycpeAHeHWeM No pacrpejeneHnto P anemeH-
TapHOro HepaBeHCTBaA

-2 < XiY{ X\¥Yz2 X2Y\-X2Y2 " 2
KOTOpOE, B CBOK 0OYepedb, CrnedyeT M3 HepaBeHCTBa
\Xi Yx+XxY2+*2:1 -B A1 < [B, + R+ |y1-y 2] < 2max{K |, |y2[}.

BepHemcs Tenepb K CMCTEME M3 [BYX (-OMTOB M pPaccMOTPUM UYeTbipe
Pa3NYHbIX 3KCMEPUMEHTA, B KOTOPbIX Habnwgaemble cnuHa <t(a/), / = 1,2,
n3mMepsarTcs Ana nepeoro qg-6wuta, a cr(6*), k — 1, 2, —pans BTOPOro; Ha-
npaeneHus a,, bk, /, e= 1,2, 6yayT BblbpaHbl No3xe. Bo Bcex ueTbipex
3KCMepMMeHTax cucTeMa MPUroTaBANBAETCS B CUHINIETHOM cocTosHMU. Mpea-
MOMOXWUM, YTO CYLLECTBYET «JIOKaNbHOE» K/acCUUeckoe MpefcTaBneHune Ans
pe3ynbTaToB BCEX 3TUX YeTbipeX 3KCMEPUMEHTOB. ITO 03HAYaeT, YTO HailgyTcs
BEPOSATHOCTHOE MPOCTPAHCTBO [2, pacnpeaeneHne BeposTHOCTel P Ha 2 onu-
CbIBatoLLee CTaTUCTUYECKUIA aHCaMB/lb B CUHTIETHOM COCTOSIHUW, U CNyYaiiHble
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Puc. 3.2. Boi6bop HanpaBneHuin aj u b,

BenmunHbl Xh Yk, j, k= 1, 2, npuHuUmarowme 3HadeHns 1, KoTopble patoT
Knaccuyeckoe onucaHue Habntogaemblx cnuHa a(af cr(6”), j,k = 1,2. Torga
KBaHTOBble Koppenaumu (3.13) f0MKHbI YA0BNETBOPATL HepaseHCTBY (3.15).
YCNnoBue «/10KaibHOCTU» (a Nyylle cKasaTb, pa3fenMMoCcTyW NOLCUCTEM) Bbl-
pakaeTcq B TOM, YTO CfiyYaliHble BEMYMHbI, ONUCLIBAIOLME CMUH MepBOW
cuctemsl (Y] B cnydae nepsbixX ABYX Koppenauuii 1 X%B ABYyX APYTUX ciay4asx),
npesnonaraloTcs OAHUMW U TEMW Xe AN 3KCMEepUMEHTOB, pasMyaoLLnXcs
BbI6OPOM M3MEPSIEeMOro HanpasfieHns cnuHa (Y] wam Yr) Bo BTOPOI cucteme
( Hao6opoT), YTO M MO3BONSET NPUMEHUTb HepaBeHCTBO (3.15). OTka3 oT
3TOro 03Hayan 6bl, YTO AaHHOe KMacCM4ecKoe OnucaHue JOMYyCKaeT BAUSHUE
BbI6Opa M3MepeHUs BO BTOPOI CUCTEMe Ha BHYTPEHHME XapaKTepUCTUKM nep-
BOI cUCTEMbI (TEPMUH «JIOKANIbHOCTb» BO3HWKAET B CBA3W C TEM, UTO CUCTEMbI
npeAnonaralTca NPOCTPAHCTBEHHO YAaneHHbIMU APYr OT Apyra).

Tenepb Bbi6epemM KOHKpETHble HamnpaBneHWs CMWHOB, KakK MOKa3aHOo Ha
pwc. 3.2. MoacTasnaa Koppenayun, onpegensemslie hopmynoii (3.13), B neByto
YyacTb HepaBeHcTBa (3.15), nonyyaem 3HaveHme 2\/2, HapyLlatoLee 3To Hepa-
BEHCTBO. CnefloBaTe/lbHO, UCXOAHOE MPesno/oXKeHNe O BO3MOXHOCTU Knac-
CUYECKOr0 «JIOKaNbHOr0» OMNucaHus ABNSeTCA HeBEPHbIM. YCNoOBMe pasgenu-
MOCTU KaXKeTCSH HaCTONbKO EeCTECTBEHHbIM, YTO OHO faxe TPyAHO YNOBMMO,
0fHaKO MMEHHO OHO 3anpeLiaeT MrHOBEHHOe BAUSHWE W3MepeHWs, MpOoBO-
fAweroca B OAHOW cUCTeMe, Ha pe3ynbTaTbl M3MEPEHWi B ApYroi cucteme.
Ecnu ke OT Hero 0TKasaTbCA, TO MHTEpecylolime Hac 4eTbipe (M3Mueckue
KoppensymMm MoryTt 6biTb N06bIMKM BeNNMYMHaMKU U3 oTpeska [—L, 1] v nesas
yacTb HepaBeHCTBa (3.15) 6yaeT orpaHuyeHa NWlb BEIUYMHOW 4, 4YTO He
BXOAMT B NPOTMBOPEYMNE C KBAHTOBOI TeOpueil.

Takum 06pa3om, BO3HWKaeT AwneMma: M60 KBaHTOBas Teopus faeT
HeBepHble MpeAcKasaHna Ana Koppenauuii, 160 cocTaBHas cucTema u3 ABYX
g-0MTOB He MMEET KNacCMYeCKOro «JIoKanbHOro» onucaHus. Bbin npogenad
Lenblii psg 3KCNepMMEeHTOB HauyMHas CO 3HAMEHWUTbIX 3KCMepUMeHTOB Acneka
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(1981 —1982), pe3ynbTaTbl KOTOPbIX CBWAETENLCTBYIOT B MO/Mb3Yy KBaHTOBOW
Teopum.

83.2. KBaHTOBas cucteMa Kak HOCUTENb UHGopMaLnmn

3.2.1. lNepefaya Knaccmueckoit MHGopMaLmm

Ecnn HocuTenb MH(opmauuy SBASETCA KNACCUMYECKOW CMCTEMOW C KO-
HEYHbIM YMCMIOM COCTOSHMI d, TO MaKCMMabHOe KOMNYECTBO ABOUYHbLIX e4u-
HUL-6MT, KOTOPOE MOXET BbITb 3aN1CaHO NGO NepesaHo C MOMOLLbI0 TaKo-
ro HocuTens, paBHo, odeBnaHollogd. Ecnm nepefaya npoucxoaut 6e3 oiu-
60K, TO roBOPSAT 06 MAeanbHOM KaHane cBA3u. B obliem cnyyae Knaccuyeckuii
KaHa/n OMnucbIBaeTCs YCMOBHLIMU BEPOATHOCTAMMU p(Yy\X) Nony4nTb cO0bLLeHNne
Y Ha BbIXOfe, €CIM Ha BXOA NOCNaHo coobuieHne x. [Ana uieanbHoro KaHana
p(y\x) —5xy\ aHTMNOAOM WAeanbHOrO KaHana ABASETCA KaHan, Ans KoTo-
poro BeposiTHOoCcTM p(y\x) = p(y) He 3aBMCAT OT NOCNAHHOrO COOGLLEHNA X
W, cnepoBsaTtenibHO, WH(opMaums BoobLe He nepepaetcsi. bonee noapo6bHO
0 Knaccuyeckmx KaHanax 6yfeT pacckasaHo B . 4.

PaccmoTpyM Tenepb, Kak NPOUCXOANT Mepefaya Knaccuyeckon nHgpopma-
LMK MOCPeACTBOM KBAHTOBOFO HOCWTENS, OMUCLIBAEMOrO FMb6EpTOBLIM MpPOo-
cTpaHcTBOM H. COCTOSiHME HOCUTeNsi S MPUrOTOBASIETCH HEKOTOPbIMU MakK-
POCKOMUYECKMMM YCTpOCTBaMK. 3MeHsAs mapameTpbl 3TUX YCTPOMCTB, 3KC-
MepMMEHTaTOp M3MeHsIeT COCTOSHME M TakuMm 06pa3oM nonyyaeT BO3MOX-
HOCTb «3anunCcbiBaTb» KacCUYecKne COOBLLEHNS, COLepXKallMecs B 3HaUEHUAX
nmapameTpoB, B KBaHTOBOM COCTOSIHMM. [ycTb MMeeTcsi N pasHbiX coobLye-
HUA 1 SX—KBAHTOBOE COCTOsIHME, OTBevalollee COOBLLEHMI0 C HOMEPOM X,
x =1 ..., n. OTo6paxeHne X —»SX OMWCbIBAET KOHEYHbIA pe3ynbTaT (u-
3MYecKoro npotecca, NopoxgawLlero coctosHue Sx. MNMogpobHoe onucaHue
3TOro npoLecca He BXOAWT B 3afaqy Teopuu MHAGOPMaLMK, KOTOPYH MHTepe-
CYIOT NULLb 3TV KOHEYHble COCTOSHUA SX.

[ns Toro utobbl U3BMeYb MHQOPMALMI0O 0 COO6LLEHMM, COAepXKallytocs
B KBAHTOBOM COCTOSIHUM, HEOOXOAMMO MPOM3BECTM HEKOTOPOE W3MEpPEHME.
Ecnm Ha BbIXoge Takoro KaHana usmepsetca Habniogaemas M = {My}, 1o
YC/IOBHAst BEPOSATHOCTb MOMyYMTb Ha BbIXOAE COOOLLEHUE Yy, eCcnnM Ha BXOA
661710 MocNaHo coobLyeHne X, paBHa

PM(y\x) = TrSxMy. (3.16)

Takum 06pa3oM, A1 (PUKCMPOBAHHOTO W3MEPEHWUs MOMYy4aeTcs O6bIUYHbINA
KNaccuueckuidi KaHan cBsisu. [MpefnoNioXumM, YTo NMPUroTOBAEHUE COCTOSIHUIA

‘Oanee log = log9 o603HayaeT ABOMYHbLIA norapupm. YTo6bl M36exaTb HecyL,eCTBEHHbIX
0roBOPOK, Mbl 6yfieM UrHopupoBaTth TOT (akT, 4To logd He 06A3aTeNbHO ABNAETCH LeNbIM YACAOM.
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N M3MepeHne yaaeTca opraHm3oBaTtb Tak, yuto S* = \ex){ex\, My —\ey){ey\
Torga Pm{y\x) = 8xy, T. e. BO3HMKAET MAeaNbHbliA Knaccu4yeckuii KaHan, cno-
co6HbIli nepefathb log of 6uT, rge d —dim H. danee B rn. 5 6yget ycTaHOB/EHO,
YTO 3Ta BENMYMHA ABNAETCA BEpPXHEN rpaHuLein ans KonmMyecTBa Knaccuyeckoi
MH(opMaLun, KoTopoe BOOOLE MOXeT nepejaHo C MOMOLWbIH  JaHHOro
KBaHTOBOro HocuTens. OTclofa ClefytoT BaXHble BbIBOAbI:

1) To 06CTOATENLCTBO, YTO MMILOEPTOBO MPOCTPAHCTBO COAEPXMUT GecKo-
HEYHO MHOTO pas/IMyHbIX BEKTOPOB YNUCTbIX COCTOSIHWIA, He MoMoraeT nepejatb
HeorpaHM4YeHHOEe KOMMYECTBO MH(OPMALMK; NPUYMHA KPOETCS B TOM, UYTO YeM
60Nblle COCTOSIHWIA Mcnonb3yeTca 415 nepefayu, TeM OHW CTaHOBATCA 6Gonee
61M3KUMK ApYT K ApYry W, CnefoBaTesibHO, 60/1ee HepasMuuMbIMU;

2) pa3mMepHOCTb TMNb6EPTOBA MPOCTPAHCTBA ABASETCA MepOli MaKCMMaslb-
HOro MHMOPMaLMOHHOr0 pecypca KBaHTOBOW CUCTEMBI.

3.2.2. CuensieHHOCTb W JIoKa/lbHble onepaynmn

B 3TOM MyHKTe HaM MOTPebytoTCA 3/leMeHTapHbIe CBefleHNs 06 3BOMHOLUAX
KBaHTOBOW cucTembl. B ganbHeiwem, B 1. 6, 3TOT BOoNpoc GyneT pacCcMOTpeH
yrny6aeHHo 1 ¢ 06LWMX NO3ULMIA. T1oKa Xe fLOCTaTOYHO 3HaTb, YTO 0bpaTuMble
3BOIIOLMN KBAHTOBOM CUCTEMbI OMUCLIBAKOTCS YHUTapHbIMU onepaTtopamu U:
B pe3ynbTaTe Takoi 3BOMHOLMM BEKTOP MCXOAHOr0 YMCTOro COCTOAHUA ¢ npe-
obpasyetca B BekTOp Li). COOTBETCTBEHHO, OnepaTtop MIOTHOCTU (CMeLUaH-
Hoe cocTosiHMe) S npeobpasyetca B USU™*.

PaccmoTpuM Tenepb CrefylowWwuiA Bonpoc. HenokanbHbIA, € Knaccuue-
CKON TOYKM 3peHuns, xapaktep IIP-koppensunin HaBOAMT Ha MbIC/b NOMbI-
TaTbCA UCMO/b30BaTh WX A1 MIHOBEHHOW nepefayn coobuieHnin. Mokaxew,
YTO 3TOM0 HEBO3MOXHO AOCTUYb, HaXOAfCb B paMKax KBaHTOBOW MexaHWKu
(c Toukm 3peHus KoTopoir IIMP-KoppensiuMm He NPOTMBOpEYAT N0KaabHO-
ctn). PaccmoTpuMM ABYX y4yacTHMKOB A w B, pacronaratowux KBaHTOBbIMU
cUcTeMaMyt B MPOCTPAHCTBaX Ha u He COOTBETCTBEHHO, KOTOPbIE HaxoAsT-
CA B CLEMNJEHHOM COCTOSHUU B cnyuae, npeAcTaBAsloLWEM MHTEpeC,
CUCTEMbI MPOCTPAHCTBEHHO pa3feneHbl, X0TA (DOpManbHO 3TO HU B YEM He
BblpaXKaeTca. YuyacTHUMK A (MepefaTumk) UCMOMb3yeT COOOLLEHUS X, KOTOpPbIE
XenaTenbHO nepefatb Y4YaCTHUKY B (NpueMHUKy), ANsi BbINOSHEHUS| HEKO-
TOPbIX YHUTapHbIX onepayuii Ux (CM. HUXKE) B CBOEM MpocTpaHcTBe Ha (Ta-
Kune onepaummn Ha3blBAKTCA NOKaNbHbIMU, T. €. AeCTBYIOWMMMN HETPUBUAILHO
TONbKO B OfHOW M3 ABYyX cucTem). Mpu 3TOM cocTosHME cucTembl AB ne-
pexoant B SX — (Ux ® Ib)Sab{Ux u, TaKuM 06pa3om, Kraccuyeckas
MH(OPMaLMs 3anMuUCbIBAeTCA B KBAHTOBOM COCTOSIHUM COCTaBHOW CUCTEMBI.
B cBOl oOuyepefb, Y4YaCTHUK B MOXET NpOM3BECTM JIOKAlbHOE W3MepeHune
NpoM3BOMbHONM HabnfaemMoil B HB, UTO COOTBETCTBYET Pa3fiOKEHWUO efu-
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Huubl Buga M = {/g ® MY) B npocTpaHCTBe COCTaBHOW cucTembl Ha ® He -
PesynbTupytollas nepexogHas BeposiTHOCTb (3.16) mmeeT BUA

Pm{y\x) = Tr{nx ®18)5AB{ux®18Y(1n®My) = TrbeMy,

roe Sb = Tr-HASAb —uacTUUYHOE COCTOsSIHME CUCTEMbI B, U He 3aBMCUT OT X.
3TO 03HayYaeT, UTO J/IOKaNbHble Onepauun yYacTHMKa A HUKaK He BAMAIOT Ha
cocTosHue B, a 3HauuT, uHopmauns AeiicTBUTENbHO He nepeaaeTcs.

PaccmoTpum Tenmepb Apyryt0 cuTyauuio, B KOTOPOM Y4YacTHMK A npowus-
BOAMT /I0KaNbHOE W3MepeHWe Habnogaemoir MX W NoCbinaeT UCXO[ CBOEro
M3MepeHNs y4aCTHUKY B. B 3ToM cnyyae anocTepuopHOe COCTOSHUE Sb (x)
yyacTHMKa B 6ypaeT 3aBuceTb OT ucxoga X. UTobbl HaliTy anocTepvopHble
COCTOSHWA, NPEAMnonoXuMm, Y4To B npou3BoauT CBOe /I0KasbHOE U3MepeHue
My, ¥ pacCMOTPMUM COBMECTHOe pacnpefeneHue BePOATHOCTel UCXOLOB [BYX
n3MepeHuin

Px.y = TrSAB(MA® M B).

BBoas ycroBHbIe BEPOATHOCTU p(y\x) = (B npeanonoxeHuu, uto px >0),
nonyyaem

px = TrSAB(MA®IB) = 1tSaMa,
p(y\x) = TrSB(x)My,
roe
SB(x) = px [TrMg Sab{Ma ® 1b)
—anocTepropHble COCTOAHMS.
VI3MeHeHMe COCTOAHMA YUYacTHMKA B OT Sb k Sb (x) 03HA4aeT nepexop ot
MOSIHOTO CTaTUCTUYECKOrO aHcambs, KOTOpbIA UMeeTcs B pacnopsixkeHun B,
K mofaHcam6/110, KOTOpbIA XapaKTepu3yeTcs 3Ha4eHWeM X UCX0fa M3MepeHus

yyacTHMKa A. Ecnm 3TOT UCXof He yuuTbiBaeTcs (Hanmpumep, A BOBCE He
cooGLaeT ero B), To cocTosiHMe B He M3MeHseTcs:

SB = P*Sb (x).
X

3agava 3.2.1. MycTb Sab = IJ")(V’|—uuctoe cuenneHHoe COCTOsIHUeE,

\o) =

ro.e  —OpPTOHOPMUPOBaHHbLIA 6asnc B HA, 5XZII"fII2~ 1- Mpeanonoxum,

YTO yyacTHUK A n3mepsieT Habnogaemyto M™ = \ex ){e* \ n nocbinaeT NCXO4 X
y4yacTHUKY B. [loKaxuTe, 4to TOrga px = ||2  anocTepropHble COCTOAHMS
y4yacTHUKA B CyTb

SB(X) = p;INe)(tf]. 3.17)
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Bo3Bpawascb K akcnepmmeHTy 3MMP, nonyuvaem m3 gopmynsl (3.14), yto
eC/IM yyYacTHUK A un3mMepseT Habnwogaemyto afa) v nocbinaet UCXOL CBOEro
n3mMepeHns 1 yyacTHWKY B, TO ero anocTepuopHbIM cOCTOSiHMEM (T. €. CO-
CTOSIHMEM COOTBETCTBYHOLLEro nogaHcam6ssa) okasbiBaetca |=pa)(=Fal. Ecnn
e CBA3b MexAy A 1 B oTcyTCTBYeT, TO COCTOSIHME yyacTHMKa B B pesynbTaTe
ero WM3MepeHus He W3MEHAeTCs, OCTaBasChb XaoTW4eCKMM. Takum 06pas3om,
KBaHTOBAas TEOPMWSA BMOJHE COriacyeTcsa C MPUHLUMOM NOKaIbHOCTH.

3.2.3. CBepxnjoTHOe KOAupoBaHUe

XO0Ts cuen/eHHble COCTOSHUA caMy Mo cebe He NO3BOMSKOT MepejaBaThb
MH(OPMaL M0, 0Ka3blBAETCA, YTO HaMuMe TaKOro COCTOSIHMA MO3BOMSeT yBe-
NNYNTL MaKCMManbHOe KOIMYECTBO K/IaCCMYECKOl MHGopmauun, nepefaBae-
MOi1 0T J1 K B, BABOE, EC/IU MEXAY CMcTeMamii UMeeTCsl uaeanbHblii KBaHTOBbIN
KaHan cBsi3W, MO3BONAKLWMA 6e30Wmnb0YHO nepefatb /11060e KBAHTOBOE CO-
CTOSIHWME (Hanpumep, MOCPeACTBOM MEPEChIIKA CaMOro (M3MYEcKOro areHTa).
Takum 06pa3oMm, CLEenneHHOe COCTOSIHWME BbICTYMNaeT KakK «KaTanusatop» npu
nepefaye Knaccuyeckoin MHGopmaLmMm Yepes KBaHTOBbIA KaHasl CBA3W U C 3TOW
TOYKM 3peHUS TakXe MpefcTaBaseT cob60il 0co60ro poja MHGPOPMALMOHHBIN
pecypc.

[na npocToTbl paccMOTpMM cucTeMbl A 1 B, Kaxzas M3 KOTOPbIX Npea-
CTaBNseT co60i -6MT, Npuuem mMexay A 1 B nmeeTcs naeanbHblii KBaHTOBbIN
KaHan cBsisn. M3 06CyXAeHUs B NpejblaylleM MyHKTe BbITEKAeT, YTO Mak-
CUMa/IbHOE KOMMYECTBO K/TACCMYECKOM WHGOpMaLMKM, KOTOPOe MOXET ObiTb
nepegaHo ot A K B, paBHO ofHOMY GMTY M MofyydaeTcss Npu KOAMPOBaHUM
6uTa B jBa OPTOrOHa/IbHBIX BEKTOPA, Hanpumep

0710), 1-3]1).

MpOTOKON «CBEPXMIOTHOTO KOAVPOBAHWSA», NMO3BOSALLINA YABOUTL KO-
4ecTBO MepeAaBaemMoii MHOpMaLMK, UMeeT B CBOE OCHOBE MPOCTOM MaTema-
TU4Yeckuii (hakT: BCe BeKTOpbl H6asuca benna

\e+) —|00) + 1> |e_>
IA+) = [10) + 01), |A_)

100)-|11>.
110)-]01)

B CUCTeMe M3 ABYX -61TOB AB (Mbl MCMONb3yeM KaHOHMYeCKMA 6asuc |0), 11)
B MPOCTPAHCTBE OAHOr0 (-6MTa M OMYyCKaeM HOPMUPOBOYHLIA MHOXMUTENb
1/\/2) moryT 6bITb MOMyYeHbl K3 NOBOr0 M3 3TUX BEKTOPOB AEACTBUEM «/10-
KaNbHbIX» YHUTApHbIX ONepaTopoB, T. €. ONepaTopoB, AeMCTBYIOLMX HETPUBU-
afbHO TO/IbKO B MpocTpaHcTee q-6uta A (Mnm B), Hanpumep

le) = (az@1)le+), \h+) = (ax<8>le+), |N1) = -i(ay @Y)e+).
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Takum o6pasom, ecnn cuctema AB UM3HAYa/bHO HaxOAMTCS B CLEMAEHHOM
COCTOSHMM |e+), TO NepefaTuMk A MOXeT 3aKOAMpOBaTb ABa 6WUTa Knaccu-
yecKoii MH(opMaLWK B YeTbipe COCTOSHMA 6asnca benna, NMpPon3BoAs TOMbKO
CBOM NOKaNbHble Onepauuu, a 3aTeM nepecnatb CBOW (-6MT MpUEeMHUKY B
no mieasbHOMYy KBaHTOBOMY KaHany. Torga, mMpou3BOAs M3MepeHue B 6asuce
Benna, yyacTHMK B nonyuyaeT 2 6MTa KNaccuuyeckoi MHgopmMauuu.

3.2.4. TenenopTauus KBaHTOBbIX COCTOSIHWA

[o cux nop rosopunock 0 nepefave KMacCUYeCKOW WH(opmaummn ue-
pe3 KBaHTOBbI/i KaHan cBA3W. Takas WHOpMauMs MOXET 6blTb «3anmcaHa»
B KBAHTOBOM COCTOSIHUM U NepefaHa Yepe3 guanyuecknii kaHan. O4HaKO KBaH-
TOBOE COCTOsIHME U caMO Mo cebe npeacTaBseT 0co60ro poja MHHOPMaLOH-
HbIlA pecypc, cofepXalinii CBeleHNst 0 CTaTUCTUKE BCEBO3MOXHbIX U3MEPeHNI
Haj faHHON KBAHTOBOW cucTemoil. HopMaLus, cogepxallancs B HeM3BeCT-
HOM KBaHTOBOM COCTOSIHWW, MMEET KayeCTBEHHble OTANYMS OT K1acCUYecKOW
M MO3TOMY 3aCnyXuBaeT CreuuanbHblii TEpMUH KBaHTOBAas MHopMauus.
Hanbonee ApKMUM OT/IMUMEM KBAHTOBOW WH(OpMauuy SBASETCS HEBO3MOX-
HOCTb KOMMpoBaHMSA Npou3BonbHOro coctosiima {no cloning). YcTpoiicTga,
BOCMPOM3BOAALLME B NPUHLMINE NPOU3BO/ILHOE KNaccuyeckoe coobLieHune, Xo-
poLO M3BECTHbl. OAHAKO CyLLeCTBOBaHME MpuMOOpa, KOTOPbIA BbIMOMHAN Obl
aHa0rMYHy0 3afavy A1 KBaHTOBOW MHGopMauuu, NPpOTUBOPEUYUT OCHOBHOMY
AVNHAMUYECKOMY MPUHLMNY KBAHTOBON MexaHuku. B camom fene, npeobpaso-
BaHMe

\&) —»h @ ®\d)

n

ABNSETCA HENMHENHbIM U He MOXET ObITb OCYLLECTB/IEHO YHUTapHbIM Onepa-
TOpoM. KOHEYHO, 3TO MOXHO CAenaTb KaAblii pas cneyunanbHbiM NpuGopom
ANS [AHHOTO KOHKPETHOrO COCTOSHWS (M JaXke An8 (hMKCMPOBaHHOro Habopa
OPTOrOHA/IbHBIX COCTOSIHWIA), HO He CYLLECTBYET YHUBEPCaNbHOro npuéopa,
KOTOPbIA pasMHOXan Obl NPOM3BOMbHOE KBAHTOBOE COCTOSHME.

KpaTko ocTaHOBMMCS Ha BOMpPOCE, Kakum BooOLLe 06pa3omM MOXET 6biTb
nepefiaHo KBaHTOBOE COCTOsIHME. OUeBMAHO, YTO 3TO MOXET ObiTb Mepechlika
CamMoro (hM3nYecKoro areHTa, T. €. CUCTEMbI, NPUIOTOB/IEHHON B TOM WX UHOM
COCTOSHUU. OfHO M3 SPKUX [LOCTMXKEHWI KBAaHTOBOI Teopuu WHGopmMalum
COCTOMT B OTKPbITUM MPUHLMMNANLHOW BO3MOXHOCTW €noco6a, npu KOTOPOM
cama cucTema (M3MYECKM He MNepecbinaeTcs, a nepefaeTcs Nullb Knaccuye-
ckas WHgopmauus. Mpu 3TOM CYLEeCTBEHHbIM AOMONHUTENbHBIM PECYPCOM,
KOTOpbI/i BHOBb MIpaeT po/ib «KaTanm3aTopa» fepefauun, ABASETCA CLenaeH-
HOCTb MeXay MepeaaTunMkoM W NPUEMHMKOM. 3aMETWM, YTO CBECTM MNepefady
MPOW3BO/ILHOr0 KBAHTOBOIO COCTOSIHMA TOMbKO K Mepedaye KiaccuMueckol
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MH(opMaLun, He MUCMONb3ys AOMOMHUTENBHONO KBAHTOBOrO pecypca, HeBO3-
MO>HO: MOCKOJIbKY Kfnaccuyeckas MHpopMaumus Konvpyema, ato 03Havano 6bl
BO3MOXHOCTb KOMMPOBaHUSA 1 KBAaHTOBOWN MHGopMauuu. Jagum onucaHue 3To-
ro cnoco6a, Nony4YmBLLErO Ha3BaHWe TenenopTaLuuns KBaHTOBOrO COCTOSHUS.

MycTb uMMelOTCA fBa yyacTHMKa A U B, urpawowme ponb nepefaTymka
M NpUeMHUKa COOTBETCTBEHHO. B npocTeiiweii Bepcum cuctembl A 5 B aB-
NATCS ABYXYPOBHEBLIMU (g-6uTamn).

1 lMepep HavanoM nepefaym cuctema AB NpUroToBNAETCA B COCTOAHUN
|00) + |11). (HanomHMM, 4TO Mbl BCHOAY OMYCKaeM HOPMMPOBOYHbLIA MHOXU-
Tens 1n/2.)

2. TpeTtuii yyacTHuK C nepecbinaet A NpPoM3BO/IbHOE YMCTOE COCTOSHME

IV») = 0]0) + ft|l),

KOTOpOe JOMKHO BbiTb NepefaHo yvyacTHUKY B. Ha 3Tom wware COBOKYMHOCTb
Tpex cuctem CAB 0OnuCbIBAETCA COCTOSHMEM

(al0> + &|1»®(|00) + |11)).

3. 3aTeM yyacTHVMK A Npou3BOAMT HEKOTOPOE 06paTMOoe nNpeobpasoBaHme
COCTOAHUA cucTembl CA.

4. Y4yaCTHUK A NpousBOAMT OMpefefieHHoe M3MepeHue (C YeTblpbMsa UC-
X0faMu, YTO COCTaB/iseT 2 6GWTa KNacCMYeckoi WHGopMauum) u nocbinaet
pe3ynbTaT M3MepeHus B no knaccmyeckomy KaHany cBs3u. Npeobpa3oBaHue
1 n3MepeHne ByayT OnucaHbl HUXe.

5. B 3aBMCUMOCTM OT NOMYYEHHOro pesynbTaTa U3MepeHus B npoussogut
HeKOTOpoe npeobpa3oBaHWe M MOMy4YaeT 3TO MPOM3BObLHOE COCTOsHME \dh).

Mpon3BoanMble Mpeobpa3oBaHUA ABAAOTCA XapakKTEPHbIMU NpUMepamMu
NOTNYECKUX OMepaunil, NCMONb3yeMbIX B KBAHTOBbIX BblYMCMeHMsX. Ha Tpe-
TbeM Lare Haf cuctemoit CA npoussoautcs onepauns CNOT (KOHTponupy-
MOE «HET»):

100)-» |00), |01) —»|01), |10)-*111), |11) — 10),

Mpy KOTOPOI1 COCTOSIHME MepBOro ¢-6MTa COXPaHsSEeTCs, a COCTOSHKUE BTOPOro
g-6UTa He WM3MEHsIeTCs NGO M3MEHSIeTCS Ha NPOTUBOMOMOXHOE B 3aBUCHU-
MOCTW OT COCTOSIHWUS MepBoro g-6uta. Mpu 3Tom 6asnc nepexoauT B 6asuc,
clleoBaTelbHO, B YeTbipexMepHOM npocTpaHcTBe CA 3TOMy npeo6pasoBa-
HUIO COOTBETCTBYET YHWTapHbI/ onepatop. 3aTeM K g-6uTy C npuMeHseTcs
onepauus Agamapa H ¢ yHUTapHoli maTpuLeii



§3.3] KommeHTapum 63

Torpa
|0>-~(]0> +[1», |1)-"=(]0)-|1)),

T. €. 6a3nMc nNoBopaymBaeTca Ha yron 7r/4.
HauvanbHoe cocTosiHue Bceit cuctembl CAB ecTb

aj000)+*|100) + a|011) + &|111).
Mocne peicteuss CNOT Ha CA nonyyaem

al000) + fc|110) + a]011) + ft|101>.
Motom H pelictByeT Ha C:

a(j000> + |100)) + 6(|010) - |110» + a(|011) + |LU)) + ft(j001) - 1101)).

Bbigenas coctosHue cuctembl CA, nonyyaem
|00)(aj0) + b\1)) + |01)(all) + b\0)) + |10)(al0> - B\\)) + [1\)(a\ 1) - &0».
Tenepb NPoOM3BOAMTCSA U3MepeHue Habnogaemoli B cucteme CA, COOTBETCTBY-
tower 6asucy |00), |01), 110), |11). CornacHo copmyne (3.17) anocTtepuop-

HOE COCTOSIHME CMCTEMbI B B 3aBUCMMOCTU OT MOMYYEHHOIO UCX0Aa U3MEPEeHNS
OMUCLIBAETCA OJHUM U3 BEKTOPOB
al0) + 6|1), all) + ft|j0), al0)-in|1l), al|l)-6]|0>.

Mcxog namepeHus nocbinaetcst oT J1 K B no knaccmueckomy (MaeanbHoMy) Ka-
Hany cBsi3W. B 3aBMCMMOCTW OT MOYYEHHOr0 CO06LLEeHNS B NpuMeHSeT K CBO-
eMy COCTOSIHUIO OAWH U3 YHUTapHbIX onepaTtopoB Maynn <b=/, <X or, sy,
B K&XJOM C/lyyae MepeBOAsALLMX BeKTOp cocTosHus B B a|0) + b|l). Takum
o6pasom, B nepexoguT B COCTOSIHME, B KOTOPOM MepBOHaYanbHO HaxoAWMach
cuctema C, U Mpu 3TOM COCTOSHME cucTemMbl C HeobpaTMMO U3MeHseTcs
(MHaye okasanocb Obl BO3MOXHbLIM KOMWPOBaHWe KBaHTOBOW MHopmauun).

8§3.3. KomMmeHTapumu

1 Mofpo6Hee O TEH30PHOM MNPOM3BEAEHUN TUILOEPTOBLIX MPOCTPaK
rosoputcs B rA. 11.4 kHuru [24], rae MOXHO HaiAiTu pewleHme 3agay §83.1. O6-
Lyt hopMynmpoBKy Teopembl Haimapka cMm. B cTaTbe [23], rae oHa AoKa3aHa
[N MPOU3BOMLHOIO PasNoXeHNs efuHNLbI (BEPOSTHOCTHOW ONepaToOpHO3HAY-
HO mepbl, cM. onpegeneHue 10.7.2) B 6GECKOHEUHOMEPHOM TMLOGEPTOBOM
MPOCTPaHCTBE.

AHanor pasnoxeHuns (3.8) B cenapabesbHOM r1MnbL6epTOBOM MPOCTPaHCTBE
BOCXOAWT K paboTe LUmuata 1907 r., MOCBALLEHHOW WHTErpa/ibHbIM YpaBHe-
HuaM. TpremM OYMLLEHMS CMELLAHHOTO COCTOSIHWUA NyTeM BBeAEHWs BCOMOra-
TeNbHON CUCTEMBI, LUMPOKO MPUMEHSIEMbIA B KBAHTOBOW Teopuu MHGOpMaL MK,
nucrnonb3osanca ewe B pabote Siungbnaga [125].
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TepmuH «cuenneHHocTb» (Verschranktheit (Hem.), entanglement (aHrn.))
6b1n BBeAeH LLUpéanHrepom, KOTOpbI NepsbiM 06paTu BHUMaHUE Ha HeoObblYy-
Hble CBOICTBa CLEMMEHHbIX COCTOSHWIA. B poccuiickoli (usnyeckoii nutepa-
TYpe WCNOMb3yeTcs TEPMUH «3anmyTaHHOCTb» WU «MepenyTaHHOCTb». Tula-
TeNbHbIA NOrnyecknini aHanns akcnepumeHta TP nposefeH bennom (cwm.
[55]), KOTOpbIA, B 4aCTHOCTW, YCTaHOBMA MepBoe U3 HepaBeHCTB Tunma (3.15)
M NPUMEHWN ero K aHanusy napagokca 3IP.

2. MpoTOKON CBEPXM/IOTHOINO KOAMPOBAHUA MpefnoxeH BeHHeTom v B
HepomM; cMm. [62].

MpoTOKON KBaHTOBOM TenemnopTauuMn NPeasioXKeH B 3HaMeHUTOW ny6nuka-
umm beHHeTa, bpaccapa, Kpeno, [>xo03a, MNMepeca n ByTTepca [56]. Bo3Mox-
HOCTb TeflenopTaumMm COCTOAHUA noaspusaunm PoToHa 6bl1a NPOSEMOHCTPU-
poBaHa aKcnepumeHTanoHo LlalinnHrepom B 1997 r.
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Knaccuueckas 3HTpPONMS U MHGpopMaLus

84.1. DHTpONMA CAy4dalHOW Be/IMYUHBI U CXXaTue faHHbIX

MycTb A —AWUCKpeTHas ciyvaiiHas BeNMYMHA, MPUHMMAKOLLAS 3HAYeHMs
B KOHe4YHOM MHoOxecTBe X, u nyctb P = {px;x e X} —ee pacnpegeneHve
BepoaTHocTen. dHTponua H(X) = H(P) onpeaenseTcsa COOTHOLLEHMEM

H(X) = '52T(Px)’ 41)
roe
[ -t\ogt, t>0
~ ) = Ao, , = 0. (42)

JHTponus H(X), Kak Mbl YBUAUM Aanee, SBASeTCS Mepoi HeomnpeaeneHHOCTH,
M3MEHUYMBOCTM UM MHAOPMALMOHHOFO COfepXXaHUs CnyyaiiHoi BenmumHbl X.
B nanbHeiiliem, He orpaHuumBas 06LIHOCTU, MOXHO MNpeanonaraTb, 4to px >0
ANst BCEX X.

MycTb d — KONMYECTBO 3/1EMEHTOB B MHOXeCTBe X. MMeloT MecTo Hepa-
BEHCTBA

0 < H(P) ~ logd, (4.3)
NPUYEM MUHMMaNbHOE 3HaYeHNe MPUHUMAETCS Ha BbIPOXAEHHbIX pacnpepene-
Huax {1, 0, ..., 0}, ..., {0, ..., 0, 1}, a MakcumanbHOe —Ha pPaBHOMEPHOM
pacnpegeneHunu ..., M|. TlepBoe HepaBeHCTBO BbITEKaeT W3 HEOTPU-

uaTenbHoCcTM QyHKUMM rj(t) Ha oTpe3ke [0, 1], a BTOpoe — M3 BOrHYTOCTU
hyHKummn t —ylogt:

H(P) = " - = Pgd-
*=1 "X x=1 X
Jannm onepauunoHanbHy MHTepnpeTaumio aHTponum U(X) Kak Mepbl WH-
(hOPMaLMOHHOr0 COAEPXKaHUA Cny4yaliHoi BenuuMHbl X. PaccMOTpuMm «cny-
YaiiHblli UCTOYHUK», KOTOPbIA NOPOXAaeT NOoCMef0BaTe/IbHOCTb HE3aBUCUMbIX
0AMHAKOBO pacnpefeneHHbIX ClyyaliHbIX BeMMUMH € pacnpegeneHuem P. Mo-
cnepoBatenbHocTb W = (X\, ..., xn) 6ykB andaButa X Ha3blBaeTCH CNOBOM
AvHbl N, O6uiee KonnyecTBo Takmx cnos pasHo \X\n = 2"loglAl, nostomy
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MOXHO 3aKO4MpOBaTb BCE 3TV C/I0BA, MCMOJb3ysa ABOMYHbIE MOCNeL0BaTENb-
HocTn gamHbl «log\X\, T. e. «log\X\ 6uT, OpgHako, ucnone3ys T0 06CTO-
ATeNbCTBO, UTO pacrpegeneHve P cnydaiiHOM BenuumHbl X B 06Liem cryvae
He fBNAeTCA PaBHOMEPHbIM, MOXHO MPeAfoXKUTb HAaMHOro Jyywnii cnocob
KOAMpoBaHUA. BO3MOXHOCTb CXaTWA AaHHbIX TECHO CBA3aHa CO CNefyloLum
CBOMNCTBOM acMMNTOTMWYECKOW paBHOpacnpefeneHHOCTHU.

Teopema 4.1.1. Ecnm X\, ..., Xn, ...— He3aBUCMMble O4NHAKOBO pac-
npefeneHHble cnyyvaiiHble BeNnUnHbl ¢ pacnpegenedvem P = {px\. To

- -1y : log pxt & H(X) no BeposiTHOCTM. 4.4)
/=1

MocneaHee o3HayaeT, 4YTO AN NO6LIX 6, e >0 HalifleTca Takoe «0, UTO
ANA BCEX « N «O0 UMEeT MeCTO HEepaBeHCTBO

I{1|'F.i°°9 Px, - H(X) < > 1-e. (4.5)

=
370 NPAMO BbITEKAET M3 3aKOHa 60NbLIMX YMCEN, NPUMEHEHHOrO K Mocneso-
BaTENbHOCTW HE3aBUCUMbIX OAMHAKOBO pacnpefeneHHbIX Cy4vainHbIX BeAUYUH
—logPXi, *= 1> eee>n>MaTeMaTU4ECKOE OXMAAHUE KOTOPbIX PaBHO

E (- log pXi) = P*(~len) = UXY
X
3ameuyas, YTO BEPOSTHOCTb NOsBAEHMA cnoBa W —{x\, ..., XN) paBHa
-«(-i.EiogP,,)
Pw = Pxr smmPx, = 2 =m , (4.6)
Mbl TEMEPb MOXEM MCMOMb30BaTh COOTHOLWIEHMe (4.5), UTO6bI BBECTW MOHSATME

TUNNYHOTO CnoBa.

OnpegeneHne 4.1.1. CnoBo w, MMeloLlee BEPOATHOCTb PLU, Ha3blBaeTCH
8-TUNUYHbIM, ecnu

2-niHVQ+S) <P w < 2 (47)

APYTUMK CnoBamMu, ANS Hero BbINOMHAETCA cobbiTue B hopmyne (4.5).

MHOXeCTBO BCEX 5-TUMWYHBLIX CNOB A/IMHBLI « B6yaeT 0603HavaTbCcs Tn-S.
M3 cooTHoweHunii (4.5), (4.7) BbiTeKalT creayroLine CBONCTBA MHOXECTBa
5-TunnYHbIX cnoB (rge 5, e — UKCUPOBaHHbIE NOMOXUTE/bHbIE YMCNA).

3apava 4.1.1. [lokaxuTe crnefyroline yTBEPXKAEHUS.

1 CyulectByeT He 60nee 2/!\WM+<E) TUNNYHBIX CNOB.

2. Ana pocTaTo4HO 60MbLUIMX « MHOXECTBO HETUMUYHBLIX C/10B MMeEeT Be-
posTHOCTb P(7°'mid) ~E.
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3. [na goctatouHo 6onblinx N HaigeTcsa no kpaviHeld mepe (\—e)2n(HX
TUMWYHBIX COB.

Tenepb MOXHO OCYLLECTBUTb 3DMEKTUBHOE CXKATUe AaHHbIX, UCNONb3YS
BCE IBOMYHbIE NocnefoBaTenbHOCTU AnnHbl N(H(X) + 8), uT06bl 3aKOANPOBATH
BCe "-TUMMWYHbIE C0Ba, U OTOpacbiBas HeTUMMYHbIE CnoBa (MM KOAUPYS UX
OAHUM ¥ TEM >Xe [06aBOYHbLIM CYMBOMOM). BepoATHOCTb OLIMOKM NpY Takom
KOAMpPOBaHUW ByaeT He 6onbLue e.

OG6paTHO, nto60IA Kof, WMCNOMb3YHOLWMA [BOMNYHbIE MOC/Eef0BaTEIbHOCTM
AnnHbl n(H(X) —8), umMeeT acMMNTOTUYECKM HeucyesaloLlylo BeposTHOCTb
oWwunbKN, CTpemMAlyoCcs K efuHuue npu n —>00. B camom gene, nyctb
C —COBOKYMHOCTb CNOB, KOTOPble 6blAM UCMONb30BaHbl ANS KOAWPOBAHWS
B N(H(X) —<9 ABOMYHbLIX MOCNeAoBaTeNbHOCTEN, Torga Kak BCe OCTaslbHble
CnoBa KOAUPYIOTCS KaKON-TO Apyroi nocnefoBaTeslbHOCTbIO. Torga BeposT-
HOCTb owunbkn pasHa 1—P(C), rae

P(C) = P(CNTRY2)+ P(C N Tnin2) (4.8)
< \C\2-i{X)- 6/2) + ?{Tn&2) < (4.9
N 2-N2+e, (4|,o)

YTO MOXeT ObITb CAENaHO CKOJb YFOAHO MaibIM A5 AOCTaTOYHO 60/bLINX M.

MockonbKy 3hheKTUBHOE KOAMPOBaHME TpebyeT acCMMTOTUYECKN 2n/Ne
cnoB, 3HTponua H(X) MOXeT 6biTb MHTEPNPETMPOBaHa KakK Mepa KOAu4yecTsa
nHhopmaymm (B 6uTax Ha nmepefaBaeMblii CMMBOM) B CMy4aliHOM MCTOYHUKE.
¢AcHo, 4TO ANna paBHOMepHoro pacnpegeneduna px = \/AX\ aHTponua W(X)
paBHa TaxHA(A") “loglA™ n cxxatme HEBO3MOXHO.

3agaya 4.1.2. TlycTb X —KOHEYHOe MogMHOXecTBO M. [loKaxuTe, 4To
B yCNoBuaAx Teopembl 4.1.1 nmeeT MeCTO CfefytloLlee HepaBeHCTBO ANA Bepo-
ATHOCTEW 60/bLUNX YKIOHEHWUIA:

roe
p(s) —Ees(®* » —o(s) npus —0.

OTctofa, B 4aCTHOCTW, BbITEKAET 3aKOH O6ONbLUIMX 4YMCEN C 3KCMOHEH-
LManbHOl CKOPOCTbIO YO6bIBAHMA «XBOCTOB» pPacnpedeneHns, MOCKONbKY
s8 ~ p,(s) > 0 ana manbix s > 0. YkasaHue. [oOKaxuTe U WCNOMb3ynTe
CrieflyloLlyto Bepcuio HepaBeHCTBa MapkoBsa:

PLL ~ x) " exp(-sx)Ee?

ans nbbix x e K us > 0.
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84.2. YcnoBHas 3HTPONWA, OTHOCUTE/IbHAA 3HTpPONUSA
n nHpopmauna LLleHHOHa

Ecnn X, ¥ —cnyyaiiHble Be/IMYMHbLI HA OAHOM BEPOSTHOCTHOM MPOCTPaH-
CTBE, UMeLLMe COBMeCTHOe pacnpeseneHue {px,y}, TO MOXHO ONpeaennTb ux
COBMeCTHYt aHTponuto H(X, Y) aHanornmyHo cooTHowweHuno (4.1). Ycnos-
Hasa aHTponua H(Y\X) onpegenseTca Kak

H{Y\X) = 5>A (Y |* =x) = - "2 Px"2 p(y\x) \og p(y\x) =
X x oy

= - " PxyfogpXY+J2 Px'°gp* = H(x, ¥Y)-H(X)- (4-12)
Xy X

CylecTByeT nonesHoe o6Liee NpaBuso, riacsiyee, YTo BCsKoe NMHeHoe co-
OTHoLeHMe ans (YCNOBHbIX) SHTPOMWIA NPOAO/KAeT 0CTaBaTbCSA BEPHbLIM, €C/N
B KaXAbli uneH MOACTaBNseTcs OHO M TO XK€ [OMOSHUTENLHOE YCMOoBUE,
HarnpumMep, 13 cooTHolleHus (4.12) cnegyeT, uto

H(X, Y\Z) = H(X\Z) + H(Y\X, 2). (4.13)

KaHan cBA3M C LUYMOM OMUCLIBAETCA BEPOSTHOCTAMU MepexofoB p(y\x)
13 BXOAHOro angaBuTa X B BbIXOAHOM anaBuT Y, T.e€. YCNIOBHLIMU BEPOATHO-
CTAMMW TOrO, YTO NPUHAT cMMBON Y€ Y, NpuW YCNOBUM, UYTO BblA NMOCNaH CUMBON
x € X. BxogHoe pacnpegeneHune eposaTHocTeid P = {px} TpaHchopmupyeTcs
KaHanoM B COBMeCTHOe pacripefeneHue px,y = p(y\x)px u nopoxgaeTt Bbl-
XoAHoe pacnpegeneHue P’ = {/?'}, rge py :")2( p(y\x)px- LLleHHOHOBCKOE

KONMM4YecTBO MHGOpMauun (0 cnyyaiiHoin BennumnHe X, cogepxkalleecs B Y)
onpeaensieTcsi COOTHOLUEHUEM

1(X;Y) = H(Y)-H{Y\X), (4.14)

rae aHTponusa H(Y) MOXeT 6biTb MHTEpPNpeTMpoBaHa Kak WHMOPMaLMOHHOe
cofepXaHue Bbixoda, a ycnoBHas aHTponua H(Y\X) —kak ero 6ecnonesHas
cocTaBnfALWas, 006ycnoBfeHHas WyMOM B KaHase cBA3n. NoACTaBNsAs 3HTPO-
nmio (4.12) B 3TO BblpaXKeHWe ANS LUEHHOHOBCKON WMHGOPMaLuUM, Mbl BUAUM,
YTO OHO CUMMETPMYHO MO X M Y U MO3TOMY MOXET OblTb Take Ha3BaHO
B3aMMHOI MHOpMaLnei:

106 Y) = H(X) + H{Y) - H(X, V). (4.15)

Take I(X\ Y) = H(X) - H(X\Y), rge tenepb H{X) MoxeT 6bITb MHTEpMnpe-
TMPOBAHO KakK WMHMOPMaLMOHHOE cogep)aHune WCTouHuKa, a H(X\Y) — kak
noTepsa MHpoOpMauMM B KaHane CBSI3W C LUYMOM. HABHOe BblpaXeHuwe pAns
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LEHHOHOBCKO MHopMaLny Yepe3 BXOLHOe pacnpefeneHue W nepexofHble
BEPOSTHOCTU KaHana UMeeT Buj

UX, Y) =Y,P*P(yW°g(E FFf) A (4.16)

xy \ X, /

B Kfnaccuyeckoi cTaTUCTUKE BeCbMa NO/E3HON XapaKTepUCTUKOW SBNseT-
Cs OTHOCWUTENbHas 3HTponus AByx pacnpegeneHunin P = {px}, Q = {gx} (uH-
thopmaumoHHoe KonnyecTBo Kynbbaka—/lelibnepa—CaHoBa):

HPA Q) = * >0
B MPOTWMBHOM CyYae.

Vcnonb3ys HepaBeHCcTBO In A t —1, nonyyaem

(4.17)

X: px=>0

MpuyeM paBeHCTBO MMeeT MecTO Torfa M TOAbKO Toraa, korga P = Q.

BennunHa H(P\ Q) urpaeT BaXHYK pONb KakK «aCMMMETpPUYHOe paccTo-
AHUE» MeXAy pacnpefeneHusMn BeposTHocTeidl. OHa o6nafaeT crefyowmm
CBOWCTBOM MOHOTOHHOCTU. PaccMoTpuMm KaHan r(y\x) v ABa pacnpefeneHus
P = {px}, Q = {gx} Ha BXode, KOTOpble TPAHCHOPMMPYIOTCA B BbIXOAHbIE
pacnpegenenus P = {py}, Q' - {dy},

py = "2 r(y\x)px, dy = ry )~
X X

Torpa
(>, Q') < H(P; <.

B camom gene.
H(P\ Q) = "2 pxr(y|x)'og

WP Q) + £ PyH(p(x\y); a{x\y)) 7 H (P <?)
y
3agava 4.2.1. [Ookaxute, uto 1{X\ Y) = H(pxy; px mpy). [o3atomy
B Cuy CcoOTHoWeHus (4.17) u3 atoro cnegyet, yto 1{X\ T) > 0, npuuem
1{X\ ¥) = 0 Torga u ToNbKO TOrAa, Korga X v Y —He3aBUCUMble CyYaliHble
BE/IMUMHBI: PX,Y = pPX - pY.
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OTclofila HenocpeaCcTBEHHO BbITEKAET MOHOTOHHOCTb YC/I0BHOWM 3HTpoNUK:
O™ H(Y\X) ™ H(Y),
a TaKxke Cy6afgauTUBHOCTL 3HTpONUK:
H(X, Y) N H(X) + H{Y). (4.18)
OTMeTUM TakKXe BblpaXeHue AN UHhopMauun B TepMUHAX OTHOCUTENbHOM
3HTpONUK:
LUX, Y) =pxH(P'xX\ Pr), (4.19)
X
rae Mbl BBenuM 0603HaveHusi Px = {p(y\x)} Ana kaxporo (uKCUpoBaHHOIO
xeX,aP' = X PxP'x ecTb 6e3ycnoBHOe pacnpefefieHvie BenuuHbl Y.

84.3. LlleHHOHOBCKas MponNyckKHas cNoco6HOCTbL KaHana
C WymMoM

PaccmoTpum KaHan X —pY, onpegensieMblii NepexofHoi BepOATHOCTbIO
p(y\x). BaxHelilled XapaKTepuUCTMKOM KaHana $BMseTCS LWEeHHOHOBCKas
nponyckHas cnocobHOCTb

Cshan = max/(J1-; K), (4.20)
raeMakcuMyM6epeTcano BCEBO3MOXHbLIM pacnpegeneHuam P = {px} Ha
Bxoge X.[anee 6yfeT MokasaHo, YTO OHa COBMajaeT cornepaLyoHaibHO
onpefeneHHON UH(POPMaLMOHHOW NPOMYCKHOM CNOCOBHOCTLIO KaHana.

B kauecTBe npumepa BblumcneHus Cshan pacCMOTPUM ABOUYHbIA CUM-
MeTPUYHbIA KaHan (cMm. puc. 4.1). B atom cnyvae angaBuTbl X My COCTOAT

Puc. 4.1. 1BOVYHbI/i CUMMETPUYHBIA KaHan

n3 aByx 6yke 0, 1 KoTopble nepefatoTcs 6e3 OWMGKU C BEPOSTHOCTbIO 1—p
M M3MEHSIIOTCA Ha ApYryto C BEPOSTHOCTbIO P. BBOAS ABOMUYHYIO 3HTPONULO

Mp) = - Plogp-(l1-p)log(1-/7), (4.21)
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B3aVMHYI0 MH(OpMaLuio MOXHO 3anucaTb Kak I(X; ¥) = H(Y) —H(Y\X) =
—H(Y) —h2(p), uTO OrpaHNYeHO CBEPXY BENMNYMHOW

Cshan = log2- h2(p) = 1- Mp), (4-22)

JocTuraroleinca 4ns paBHOMEPHOro pacnpefeneHus: pa = p\ —

B o6uwem cnyyae 1(X\ ¥Y) aBnseTcs BOrHyTOl (hyHKLWER BXOAHOrO pacnpe-
peneHus BeposiTHocTeld P —{px}. Mo3TOMy AN HaxoXAeHUs ONTUMANbHOIO
BXOAHOro pacnpegenenmsa P, makcumumsmpytowero 1(X\ ¥), moryTt 6biTb npwu-
MeHeHbl ycnoBus KyHa—TakKepa 13 BbIMyK/IOFO aHa/im3a.

3apava 4.3.1. OdokaxuTe, yto aHTponus H(P) aBnsetca BOTHYTON hyHK-
umeii pacnpegeneHuns P. YkasaHue. Vcnonb3ysi BOFHYTOCTb (ByHKUMM t —>
—>?/(/), ybegmTech, uto BbixogHas aHTponma H(Y) = H(P') Takxe BOrHyTa,
Torga kak ycnosHasa aHTponua H(Y\X) adduHHa. Takum obpa3om, 13 npea-
cTaBneHus (4.14) cnegyet BOrHyTocTb hyHKUmMm 1(X\ Y).

3agava 4.3.2 (ycnosusa KyHa—Takkepa). lMycTb F(P) —BorHytas QyHk-
uMs pacnpefeneHns BeposiTHOCTel P, HenpepbiBHO AnddepeHumpyemas BHYT-
pu cuMMnekca pacnpegeneHnii Ha X, TakK YTO YacTHble NMPOWU3BOAHbIE UMEKOT
npegenbl, BO3MOXHO GeCKOHeYHble, Ha FpaHuLUe cumnnekca. [oKaxuTe, yTo
NS TOro 4ytobbl pacnpefeneHue P° Obl10 TOUKON abCOMOTHOrO Makcumyma
ans F(P), Heo6XoAMMO M A0CTAaTOYHO, YTOObI HaWAOCh Takoe JI, uTo

dF(P) \ =\ ecim Px > °>
| <, ecnm p®=0.

B cnyuvae LWEHHOHOBCKOW UHGopMmaumun (4.16) vumeem
dp":é?() = H(PX P') - loge,

YTo B COYETAHMW C COOTHOWEHMeM (4.19) MpMBOAUT K CNedytoleMy YCroBUo
«MaKCUManbHOro PacCTOSHUS» A1 ONTUMarbHOrO BXOAHOTO pacnpeaeneHus:

F=uy, ecmmPx>0,

H(PX\ (PY) < (4.23)

A, ecnu p‘>'< = U

npuyem ¢ HeobxoaumocTbio p = Cshan-
Mpeanonoxum, 4to umetotcs fasa kaHana {Pj(yj\xj)}, / = 1,2, u
PaccMOTPUM COCTABHOM KaHan, OMMUCLIBAEMblii MEPEXOAHOA BEPOSATHOCTbLIO

{p\{y\\xx)p2(y<i\x2)}-
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Mpepnoxenne 4.3.1. LLleHHOHOBCKasA NponyckHas CNOoCO6HOCTHL CO-
CTaBHOrO KaHana pasHa

(Cshan)l2 = (Cshan)l + (Cshan)2 (4.24)

TakuMm 06pa3oM, LLIEHHOHOBCKas MpOMnyCcKHas cCnocoOHOCTb aaAnTBHA ANS
He3aBUCUMbIX KaHasloB.

JokasaTtenbctBo. [lycTb P! —onTumanbHoe BXOA4HOe pacnpejeneHue
ona /-ro KaHana, Torga OHO YZAOBETBOPSET yCnoBuio (4.23) ¢ KOHCTaHTamu
Pj — (Cshan)/- Vicnonb3ysa TOT ¢akT, 4To

H(P1x P2 Q1x Q2 = H(PL <?) + H(P2\ <),

nonyyaem, 4to pacnpefeneHne P = P 1x P2 ynoBnetsopsieT ycnosuto (4.23)
[Ns COCTaBHOroO KaHana ¢ KoHcTaHToi p = (Cshan)i+ (Cshanh- O

84.4. Teopema KOAMpPOBaHMA ANAA KaHana Cc WYMOM

Onsa paHHoro kKaHana p(y\x) MOXHO pacCMOTPeTb COCTaBHOW KaHan 6e3
namsaTu

p{ym\xn) = p{y\ki) m... «p{¥Yn\xn), (4.25)

KOTOprI\/JI I'IO6yKBeHHO nepepaeT cfioBa A/IMHbI N, NCNOJ1b3yA HE3AaBUCUMO N pa3
MCXO,D'HbIVI KaHan:

O603HauMM uepes X, YN ciyyailHble BENMYMHBI Ha BXOAE U BbIXOAE COCTaB-
HOro KaHana.
AHasormyHo onpegeneHuto (4.20) paccMOTPUM BEMUMHY

Cn = max I(Xn; Yn)
X»

[N COCTABHOTO KaHana. Vcnonb3ys cBOMCTBO (4.24), nosydyaem, 4To noce-
foBsatenbHocTs {Cn} aganTUBHA ANA KaHana 6e3 mamsTW, OTKyAa Chemyer,
uTo

C,, = «Cshan- (4.26)

UTo6bl YMEHbLINTL BUSHME LIYMa, UCMOMb3YeTCs KOAUPOBaHMe coobLye-
HUA Ha BXOAe W, COOTBETCTBEHHO, AEKOAMPOBAHWE Ha BbIXOLE COCTaBHOMO
KaHana. lpouecc nepefaun MHpopmauuu Torga usobpaxaercs cnegytoLei
avarpammoin:

Ko,quOBaHmeA)"(n KaHanAy/I'l ,quo,qmpOBaHmei J) /l('|40,(l/-l;|
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roe | (cootBeTcTBEHHO /) 0603Ha4vaeT nepegaHHoe (NPUHATOE) COOGLLEHMeE.
Mo)Ho npocto cumtatb I, / € {1, ..., N} HOMepamy COOTBETCTBYIOLMX CO-
06LLeHNI, TaK KaK MHTepec mpeacTaBnseT konnyecTso N mepeaaBaeMbiX CO-
006LLEHNIA.

Llenb cocToMT B TOM, YT0ObI BbI6GPaTh KOAMPOBaHUE U AEKOAMPOBaHME, KO-

o
TOpble MaKCUMMU3MPOBanM 6bl CKOPOCTbL Nepegaun R ——gJ—, paBHYO uncny

6UT Ha OofWH nepefaBaeMblii CMMBOJ, NPW YCOBUM MasOCTU BEPOSTHOCTM
OlWNGKK. [afMM TOYHblE OnpeaeneHus.

Onpegenenne 4.4.1. Kog (W, V) pasmepa N And coCTaBHOro kaHana
p(yn\xn) cocTouT U3 KOAWPOBAHWA, 3a[aBaemMoro COBOKYMHOCTbIO KOZAO-
BbIX cnos W = ..., W(N} AnvHbI N, 1 [AeKOAWPOBaHMSA, 3afaBaemMoro
COBOKYMHOCTblO V = YD I/W} HenepecekawwWwmMxcs MNOAMHO-
»XecTB Yn. MoagmHoxectea Y (|), ..., NHTEPNPEeTUPYIOTCA Kak 0651actu
NPUHATUA peLUeHNs: ecin COoOobBLLeHMe Ha BbIXOAe yn npuHagnexut VA\
j =1 ..., N, TO NnpuHMMaeTCA peLleHMe, 4TO OblNO MNOCAAHO CNOBO LU,
ecnm xe yné€ = I/l( TO HWKAaKoro OMnpefefieHHOro peLleHus He

=
NPUHUMaAETCA.

Takum 06pa30M, MaKCumManbHasa BEPOATHOCTDb oWwnbKN Takoro Koda
€CTb

pe(W, V) = Tax#( - p{VU\wU))), (4.28)

roe p(K(w) = P(TNE€ VAXn= w”") —BepodaTHOCTb NPaBU/IbHOIO pe-
WweHns. CpefHAA BEePOATHOCTb OWNOKM paBHa

N
PAW, V) = j; I (1 - p(VM\w”r)) ~ Pe(W, V), (4.29)
/=i
W, KaK NoKa3blBaeT CMeAyloLlas neMma, C TOUKM 3peHus Teopun WMHGopMa-
UMM OHAa aCUMNTOTMYECKM 3KBMBA/IEHTHA MaKCMalbHOM BEPOSTHOCTY OLIMOKU
Pe(W, V).

Nemma 4.4.1. Ansa nwo6oro koga (W, V) pasmepa 2N HallgeTcs noa-
kog {W, V) pasmepa V, KOTOpbIi UMEeT MaKCUManbHy BEPOATHOCTb
ownbkn Pe(W, V)N2PAW, V).

[JokasaTenbcTtBo. O603Haunm e = Pe(W, K) u npegnonoxum, 4to

['-nogxopna c TpebyembiM CBOWCTBOM He CyllecTByeT. Torga HaigyTcs no
KpaliHeii mepe N + 1 KOAOBbIX CMOB C BEPOSATHOCTbIO OLIMOKM 6Gonblue 2e
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U cpefHss BepPOSTHOCTb OWIMNGKKU 2N -koNo orpaHWueHa CHU3Y BelMUMHON

Pe{W, V) > +t2e(N+1)>e,

YTO MPOTMBOPEYUUT NPELNONOXKEHUIO. O

O603Haymm 4epes pe(n, N) (cootBetcTBeHHO pe(n, N)) MakCMMa/ibHYHO
(COOTBETCTBEHHO CpEfHIOK) BEPOSATHOCTb OLIMGKYU, MUHUMU3MPOBAHHYIO MO
BCEBO3MOXHbIM KOAaM AnuHbI N 1 pasmepa N. Torga

APe(n, N) < pe(n, 2N) ~ pe{n, 2N). (4.30)

Onpepenenune 4.4.2. Yucno R ™ 0 HasbiBaeTca AOCTMXKUMON CKOPO-
CTbl0 Nepejayun, ecnu

lim pe(n, 2nR) = 0.

n—00
TouHas BepXHAA rpaHb BCEX OCTMXKMMBIX CKOPOCTe/ nepefayn HasblBaeTCs
MHpOpMaLMOHHOW NMPONYCKHON cnocobHocThio C KaHana p(y\x).

Teopema 4.4.1 (Teopema KOAMPOBaHUS ANS KaHana C Wymom). Ans kKa-
Hana 6e3 NaMAaTKW BbINONHAETCSH COOTHOLEHNE

C = Cshan-

Takum 06pa3omM, onepalMoHanbHO (M aCUMATOTUYECKN) onpedeneHHas UH-
thopmaLMoHHas NPOMyCKHas CMOCOOHOCTb OKa3blBaeTCs PaBHOW YA06HO Bbl-
YNCNUMOI «OAHOBYKBEHHOW» XapaKTepUCTWKe KaHana, OnpeAeneHHoOl cooT-
HoweHnem (4.20). HepaBeHcTBO C < Cshan 6yfeT cnefoBaTb U3 yTBEPXAeHUS

lim pe(n, 2nR) = 0, ecam R < Cshan.
N—><X>
Ha3blBaeMOro npsamoii Teopemoii KogMpoBaHus, Torga Kak cnaboe obpa-
LeHMe COCTOMT B TOM, 4TO
Iim%fpe(n, 2nR) > 0, ecnm R > Cshan, (4.31)
«—=
oTKyga cnegyet, uto C ~ Cshan- Ha camoM fgene vmeeT MecTo 60/1ee Cu/bHOe
yTBEPXeHue
lim pe(n, 2nR) = 1, ecAm R > cshan-
n—o00

[okasatenbctBo. Cnaboe obpauieHue. bnarogaps HepaseHcTBY (4.30)
[0CTaTOYHO A0Ka3aTb aHanor yTeepxaeHus (4.31) Ans BepoATHOCTU OLUMOKU

pe(n, N).

Nemma 4.4.2 (HepaBeHCTBO ®aHO0). TycTb X, Y —caydyaiiHble Benun-
UnHbl U X =X (Y)—oueHKa cayyaitHoin BennynHbl X no HabnwgeHnam Y
c BepoATHOCTbIO ownbkn pe= PA((K) b A), Torga

H(X\Y) ~ h2(pe)+ pelog{\X\ - 1) 1+ pelog\X\. (4.32)
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[oka3aTtenbcTBo. [ycTb E —MHAMKATOP OLIMGKU OLiEHWBaHWS,

£ _1° ecnuX(n X (4 33)
[ 1 B npoTtuBHOM cnyuae.

Mockonbky E siBnseTca dyHKumein ot (X, X) 1 N03TOMY UMeET onpefeneHHoe

3HayeHne Npu UKCUPOBaHHbIX 3HaYeHUax”, X, umeem H(X\Y) —H(E, X\Y).
OfHakKo M3 cooTHoweHus (4.13) cnefyert, yTo

H(E, X\Y) = H(E\Y) + H(X\E, Y). (4.34)
3pecs H(E\Y) » H(E) = h2(pe) n
H(X\E, Y) = (I1-pe)H(X\E =0, Y) + peH(X\E = 1, Y) * pelog(|*|- 1),

rge 6bin1 ucnonb3oBaH TOT (hakT, uyto H(X\E = 0, ¥) TakXke paBHO HynIo,
MOCKOMbKY paBeHCTBO E —O0 03HayaeT, YTo Mbl 3HaeM X, ecnu U3BeCTHO Y.

Ycnosue E — 1 paBHOCK/IbHO TOMY, YTO X A X (Y), 1 OCTaBnsieT BO3MOXKHbIMU
He 6onee |/I’| —1 3Ha4yeHMn X, TakK 4YTO SHTPOMWUA OrpaHUyYeHa CBEPXY BeNn-
yuHolt log(|*| —1). O

PaccmoTpum npomnssonbHblil kog (W, V) pasmepa N co cnoBamu oMT* ...
.., WJ) n pasbueHre MHoXecTBa YN Ha N + 106nacTb NPUHATUA peLleHuns
y(°), y*I* ..., Y(1c ¥Yn. O6o3Hauum 4yepe3 X N CAyyainHyt BEAUUUHY, NpU-

.1
HUMAIOLLYIO 3HAUEHUS ... W (1) c paBHLIMW BEPOSTHOCTAMU jJ, M MyCTb

Xn=X(Yn)—Takaa oueHka gna Xn, yto Xn=w(\ ecnn Y" e ¥Y() Torpa
Cn ™ I(Xn;Yn) = H(Xnm) - H(Xn\Yn) ~
5 log/V (I - P{X" ¢p Xn}) - 1 (4.35)
=Pe(W, V)
cornacHo HepaseHcTBy ®aHo. MogcTasnas N = 2nR, nonyyaem
Pe(W, V) > (4 36)

B35B MWUHMMYM MO BCEBO3MOXHbIM KOfaM W UCMONb3ys aaauTUBHOCTL (4.26),
B npefene npu n —oo Monyyaem

Ih%fpe(n, 2nR) A 1- A 0

ana R > CShan-
Joka3aTenbCTBO NPAMOro yTBep>KaeHusa. OCHOBHas uges, npuHag-
nexauas LLIeHHOHY, COCTOMT B MCMO/b30BaHUW Cy4YaiHOr0 KOAMPOBAHUSA.
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Paccmotpum N cnos w(l) w (N Bbl6MpaeMbIX CcfyYaliHblM 06pa3oM
He3aBUCMMO C pacnpefefieHVeM BEpPOSITHOCTEN
P{w@) = (40, ..., xn)} = pA ... +pXy (4.37)

rge ogHobykseHHoe pacnpegeneHvie {px} BbIGpaHO TaK, UYTO OHO MaKCUMU-
supyeT 1(X\ ¥Y). 3ameTuMm, 4TO UMeeTCcA MNpUMEPHO 2nH(Y" TUMWUYHLIX CNOB
Ha Bbixofe W B cpefHem 2nH(>*> TUNWYHBLIX CNOB Ha BbIXOAE ANA KaXAOro
BXOAHOro cfoBa W. [nd TOro 4tobbl owmnbKa pasnnyeHUs CNOB Ha BbIXOAe
CTpemMuniacb K HyM0, Hajo, 4Tob6bl MHOXECTBA TUMUYHBLIX CMIOB Ha BbIXOAE,
COOTBETCTBYIOLLME Pa3HbIM C/IOBaM Ha BXOAe, aCUMMTOTMYECKU He mepeceka-
NNCb, NO3TOMY pasMep Kofa [O/MKeH Y0BNeTBOPATb OLIEHKE

W « = _2n(Xy) = 2nce". (4.38)

UT06bl NpMaaTh 3TOMY PacCy>AeHWU0 TOUHbIA CMbIC/l, HAa30BEM BbIXOLHOE
CNOBO Y MYCNOBHO TUMWYHbLIM NS BXOAHOIO C/I0BA W —XT1, €C/N

2-nW]X)+S) < p(yn\w) < 2-niH{Y\X)-t»' (4 39)

O603HaunMm yepes TE£6C. YN NOAMHOXECTBO BCEX YCMOBHO TUMWUYHBLIX COB

ANA JaHHOTO BXOZAHOrO C/oBa W.

3afava 4.4.1. Tlpepnonaras, 4To W pacnpeAeneHo CnayyaiHo C pac-
npegeneHvem (4.37), MNOKaXwuTe, MCMNOMb3ys 3aKOH O6OMbLIMX YWUCEN, YTO

P{Yn€ T }< £ agns nob6oro e > 0 1 AOCTAaTOYHO GOMbLUNX M.

Lnsa paHHoro koguposaHus W = {w(l), ..., w(T} noctpoum cneymnanbHoe
cy6onTuMansHOe feKoanpoBaHue. MHOXecTBa MOryT nepecekatbcs Ans
pasHbIX /, 1, YTOBLI NOMYYMNTb HerepeceKaloLmecs 061acTu NPUHATUS peLle-

WJZC«I'I(C% 'Cy @45

Ecnu, Hanpumep, GbIO MepeAaHo C/OBO TO OWKNGKA BO3HMKaeT Torga
“ TONbKO Torfa, Korga

yne yoT = 7~"5y (U . 441>
K=2
Tenepb NpeanonoXum, 4to kogosble cnosa wWw(l), ..., w(N BbibuparoTcs

cnyyaliHbiM 06pasoM, Kak OMMCaHo BblIlLe, T.e. HE3aBUCUMO C pacnpeseneHuem
(4.37), ¥ oueHMM MaTemMaTWuyecKoe OXWAaHWe CPeAHel BEepOSITHOCTM OLLMUGKU
Pe(W, V). 3To gacT Ham Tpebyemyto OLeHKY, NMOCKOMbKY OYeBWUAHO, YTO

pe(n, N) < EPe(W, V).



§4.4] Teopema KOAMPOBaHUA AN KaHana C WyMOM 79

O603Haunm 4vepe3s Pul£} sepositHocTb P{Yne B\Xn—w}, rae B — HekoTo-
poe, BO3MOXHO CflyyailHoe, NOAMHOXECTBO B Y". B cuay nonHoii cummeTpun
MeXAy KOAOBbIMW CNOBaMU UMEEM

EPe(W, ") = EP,,,{VO)} =
- EPANIW) NTM{Y)} + EPAniW) n TA(Y)}, (4.42)

rae Tn'5(Y) eCcTb MHOXECTBO BbIXOAHbIX « -TUMWYHLIX NOCNEL0BaTE/IbHO-
CTeil yn, onpefensieMoe aHanorMyHo onpeaeneHunio 4.1.1 ¢ 3ameHoit H(X) Ha
H(Y). Torga, yuntbiBas cooTHoweHue (4.41), nonyvaem

EPe{W, V) < P{Y" € TE*h+
N
ANE P wu{7 N7 HAK)} + P{7< (Y)}. (4.43)
k~2

MepBbIi 1 TPETUiA UneHbl He MPEBOCXOANAT e A1 AOCTATOYHO 60/bLUMX N B CUTY

COOTBETCTBYHLLNX CBOMCTB (YC/IOBHO) HETUMUYHBLIX CNOB. Kaxpaoe cnaraemoe
B CPefHeii CyMMe OLleHMBaeTCa Kak

E E E p(yn\wm)pwWpwm S

aid) wW ynATn i Tmeéfy)
A V\l" E E E p(yn\wm )pwmp (yn\w(K)) pwm =
Ki(D) ay(*) yn€ Tn-IA(K)
= 22MAX)+*) A2 (Py)2 < 2n{fi(Ym~mY)+2S).
y"eTa6{y)
34ecb NepBoe HepaBeHCTBO MNOJy4vaeTCs BBELEHMEM MHOXUTENs

2nmYm+S) p(yn\w{k)) > 1

Ha MHoOXecTBe TnJt, a nocnefHee —u13 BTOPOro HepaBeHCTBA B OnpefeneHumn
TUNUYHOrO cfioBa yn. OKOHYaTeNbHO Monyyaem

EPe(W, V) N 2e+ (N - )2nWYm- H{)+25)  2e + W2_|(Ci™~25,

a 9Ta Be/MUMHA MOXET GbITb cflenaHa MeHbLue 3e, ecn N =2nR, rae R <Cshan
¥ 6 4OCTaToOYHO Mano. O

CneagyeT OTMETWTb, YTO METOA Cly4aiiHOro KOAMPOBaHMS, MO3BONMMUBLLNIA
[l0Ka3aTb CYLL,eCTBOBaHME acUMMTOTMYECKM OMTUMAabHBIX KOAOB, a TaKXe
packpblBaloLWUiA Npupoay TakuxX KOZoB, Mano NPUrofeH AN MpaKTUYecKoro
npuMeHeHns. Ero peanusalns yxke npu AOCTaTOYHO YMEPEHHbIX 3HAUEHUsX N
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TpebyeT OrpoOMHOro (3KCMOHEHLMaNbHO PacTyLero) o6bema BbluMcieHuiA. Ha-
XOXAEHWIO NPaKTUYECKM MpreMIeMbIX METOA0B KOAMPOBaHUA/LEKOLMPOBaHNS
MOCBSILLLEH CMeLManbHbIA pasfen Teopun UHGOopMaluM —Teopusi KOAMPOBa-
HUS, LUMPOKO MCMO/b3YHOLLAs MeTOofbl COBPEMEHHOW anre6psbl.

84.5. KaHan c nepexBaToMm

[Lpyroit BaxHelilell Npo61emMoil COBpPeMEHHOR Teopumn MH(popMauun SBns-
eTCA M3y4eHne CUCTEM C MHOTMMMW MOMb30BaTENAMU, SPKUM NPUMEPOM KOTO-
PO MOXET CNYXUTb MHTEPHET. Cneuudrnyeckum NPMMEPOM CUCTEMBI C HEAPY-
XKECTBEHHbIMU YYaCTHWKaMK SIBMIIETCS KaHa/l C MepexBaToOM, Ha KOTOPOM Mbl
3[leCb KpPaTKO OCTAHOBMMCS, NOCKO/IbKY 3TO NOHAA06uTCA B . 9, NOCBSALLEH-
HOli nepefaye KBaHTOBOM WMHGOPMALUK.

MycTb X, ¥, Z —TpN KOHe4HbIX angasuTa, npuyem andaBut X acco-
uuMupyeTcs € nepefaTyMKOM, Y —cC MNPUEMHUKOM, a Z —C NepexsBaTyuiKoMm
[aHHbIX. KaHanom ¢ nepexsaToOM Ha3sblBaeTcsi napa KaHanos p(y\x), q{z\x)
OT mepefjaTunKa K NPUEMHUKY U K MepexBaTYMKy COOTBETCTBEHHO. [epenart-
UMK nocbinaet cnoBa W —(Xb ..., X,,) AAMHbI M MO COCTaBHbIM KaHaiam
p(yn\xn), q(yn\xm), U Uefb COCTOMT B aCUMMATOTUYECKU 06e30LIMBOYHON ne-
pefaye MaKCUMasbHOr0 KOAMYecTBa COOOLLEeHWI NPUEMHUKY Npy YC0BUW,
4TO MepexBaTUYMK MOYUYUT aCMMMTOTUYECKM MCYEe3aloLLee KOMYecTBO UHAOP-
MaLmu.

Onpepenenune 4.5.1. Kog (M, r, V) pasmepa N ans cOCTaBHOro Ka-
Hafa C nepexBaTOM COCTOMT M3 MHOXecTBa coobuweHnin M. —{1, ..., N},
nepexofHoli BepoATHOCTU r(XM\T) M3 M B X1, 3ajatoLleil paHLOMU30BaHHOe
KoAMpoBaHWe coobLeHniA me M B cnoBa x I 1 06bI4YHOIO feKkoanpoBaHus V
AN NPUeMHUKa, 3ajaBaemMoro pasbueHVeM MHOXECTBA ¥ n Ha N Hemnepeceka-

towmxea nogmHoxects 1/<Q), ¥ ", ..., VINcY n.
MakcumanbHas BEPOATHOCTb OLUMOKM TaKOro Koja paBHa
Pe{M,r, V) = max (1- p(V{m\m)), 4.44
ef ) = nax (- p(Vimm)) (4.44)

rae p(Y(@Ur) — 22 P(Y" e Vim,\xn)r(xn\m) —BeposSTHOCTb NpPaBWIbHOIO

pelLeHns ansa npueMHuka. Mbl 6yfemM HasblBaTb R 4OCTUIXKMMOI CKOPOCThIO
LN KaHana C MepexBaTOM, €CAu HaiifeTcs MocnefoBaTe/lbHOCTb KOAOB
n4), r(A '(m) pasmepa N = 2nR Takux, 4To

tiﬂ%PegM {n), r("\ Vvin)) =0

lim /(NT; Z2”) = 0,

n—>0C
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rge Mn—cnyuJaiiHas BeNMuMHa, paBHOMEPHO pacnpegeneHHas Ha MHOXECTBe
coobuleHnin X4<= MocnefHee ycnoBue BbipaxkaeT TpeboBaHMeE, YTO KONMUYe-
CTBO WHM(OpMaLuM nepexeBaTymka O MOCAAHHOM COOGLIEHMM [LO/MKHO CTpe-
MWUTbCA K Hy/M0. TOYHAs BEPXHSS FpaHb MHOXECTBa AOCTVXXUMbIX CKOPOCTEN
Ha3blBaeTCA CEKPeTHOW MPONYCKHOW cnoco6HocTbl Cp KaHana Cc nepe-
XBaTOM.
TeopeMa KOAMPOBAHWUS AN KaHana ¢ NepexBaToM JaeT CneayoLlee Bbi-
paXkeHue:
Cp = max[/(Af; ¥Y) - [(M; 2)], (4.45)

rge Makcumym 6epeTcsi Mo BCEBO3MOXHbLIM CnyYaliHbIM BefMumHam M, Y, Z
TakuM, 4TO nocnegoBarensHocTb M, X, (¥, Z) obpasyeT uens MapkoBa, npu-
yem napbl X, Y u X, Z cBasaHbl kaHanamu p(y\x) u q(z\x) cOOTBETCTBEHHO.
3agava 4.5.1. [okaxute cnaboe ob6palieHnMe Teopembl KOAMPOBAHUSA
(HepaseHcTBO " B (hopmyne (4.45)), NCnonb3ys HepaBeHCTBO PaHo.

[Jloka3aTenbCTBO NPSMOr0 YTBEPXAEHMSI OCHOBAHO Ha CheayioLlen ugee.
dukcupyem 6, e > 0 M HekoTopoe pacnpefeneHue Ha andasuTe X. Pac-
CMOTPMUM HOBOe C/y4aiiHoe KOAMpOBaHUe C N He3aBUCHMbIMY ClOBaMy,
paBHOMEPHO pacnpefefieHHbIMU Ha MHOXecTBe Tn5 Bcex <5-TWMMYHbLIX C0B
OJVHBI N, @ Takxke cy6onTuManbHoe AeKoampoBaHue K (M), NOCTPOEHHOE B CO-
oTBETCTBUM C thopmynoli (4.40). Hebonblwas moandukaums AokasaTenbCTBa

Teopembl 4.4.1 no3BONAeT AokasaTb, 4TO npu jV = C BbICOKOIA
BEPOATHOCTLIO BbINOJIHAGTCA HepaBeHCTBO
Pe(Win), ¥<a> e. (4.46)

YTobbl chenatb KO CEKPETHbIM, MepefaTyuk [O/MKEH MNOXepTBOBaTb
n[I(X\ Z) + 5/2] 6utamn nHpopmauum, LONOTHUTENLHO PaHAOMU3YS BXOAHbIE
coobuieHns. Monoxmm

Nz = 2nKw2)+<5/2]> AF = 2«K(*M-/(*;Z)-3<5/2]t
TaKk 4To Nz Ny = N ; NpeAcTaBum Habop Koaosbix cnoB Ww B Buae npsmo-
YronbHOW Tabnmubl ¢ Ny CTPOKaMu U Nz cTonbuamu. Torga

W () = {wmj. m = I i =i, ...,NZ}.
MycTb Tenepb ANA KaXAOro 3HayYeHWs m nepefaTymK BbIGUpaeT 3HauYeHue j
cnyYaiiHbiM 06pa3oM C paBHbIMW BEPOATHOCTAMM. Takas paHgoMM3auus npu-
BOAMT K TOMY, YTO MOYTU BCS MepefaHHas MHPOPMaLUA 0Ka3biBAeTCA CKPbITON
ANa nepexBaTumKa: AN KaXAOro 3HavyeHWs m Habop KOLOBbIX C/OB

{wmi:j=1,...,Nz}

C BbICOKOW BEpOSTHOCTbH) COAEPXMT MOYTM MAKCMMANbHO BO3MOXHYH WH-
thopmaumio 1(X\ Z) npu ycnosuu, 4TO MepexBaTyMK NPUMEHSAET ONTMMa/bHOe
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JekoaupoBaHue. [103ToMy B3avMHas UH(oOpMaLUa Mexay Habopamu KOLOBbIX
CMIOB C PasfIMYHbIMU 3HAYEHUSMU T [OSKHA ObiTb 61U3Ka K HYMIO, TaK 4To
paHLoOMM3aLMs BHYTPU KaXKAOro Habopa YHUUTOXaeT MoyTy BCHO WMH(OpMa-
LMo, NepefjaBaeMyto NnepexsaTunky. ITU pacCy>XAeHns BKyne ¢ HepaBeHCTBOM
(4.46) nokasblBalOT, 4YTO cKopocTb /(X;Y) - 1(X\ Z) - 5 sBndeTcs AOCTW-
XMMOW. OHM OcCTalTcs CrpaBeAnMBbIMU U Ans 060N nocneaoBaTeNbHO-
ctm M, X, YZ, y[0BNneTBOPAIOLLEN YCNIOBUSM TEOPEMbI KOAUPOBAHUSA, NMO3TOMY
HM\ YY) —1{M; Z) —6 Takxe fBNSAETCA AOCTMXKUMOWA CKOPOCTHIO.

84.6. [ayccoBCKMiIl KaHan

PaccMOTpMM HenpepbIBHbIA aHanor kaHana 6e3 namsatu (4.25), y KoTopo-
ro B KaueCcTBe BXOAHOrO Y BbIXOAHOrO angaBMTOB BbICTYMNaeT BeLLeCTBEHHas
npsmas R. KaHan 3afjaeTcsi nepexofHol NAOTHOCTbI0 BEPOATHOCTYU

A1 —- Y= Xiy m
V2k(72

JKBMBaNEHTHO, MOXHO CUMTaTb, YTO BbIXOAHbIE CMyYaliHble BENNYUHbI Y, no-
NyyaroTCa CNOXEHWEeM BXOAHOro CUrHana /- C He3aBUCUMbIMU OLUHAKOBO
pacnpegeneHHbIMU NepemMeHHbIMK Wyma Z;, EZ,=0 n EZf = a2:

Yi=Xi+2zi, t=1,...,n

J1erko BWAETb, YTO ECTECTBEHHO ONpeaeNieHHas NHDOPMaLMOHHas MPONyCcKHas
CNOCOBHOCTb TAKOro KaHana 6eCKOHeYHa, ec/in He BBECTM KakKuX-1nbo orpa-
HWYeHMA Ha curHan. OBbIYHO paccMaTpMBAEeTCs KBagpaTU4YHOE OrpaHuyeHue

A ns2, (4.47)
i=i
MOTMBUPYEMOE KOHEYHOCTHIO MOLLHOCTW BXOAHOrO curHana. Mpu aTom orpa-
HUYEHUM MPOMNYCKHas CNOCOGHOCTb OKa3biBaeTCS PaBHOW

C=11le(1+ W (4.48)

JTa qupmyna TaKXXe npuHagnexut LLIeHHOHY 1 TakXXe MMeeT MpoCToe 3BpU-
CTMYECKOe UCTO/NKOBaHWe. HepaBeHCTBa

~Y Zf " &+ £ ~Y.Y2N s2+ a2+ e
=1 =

MMEKT MECTO C BbICOKOIM BEPOATHOCTbIO ANs NPOU3BONLHOrO € > 0 U gocTa-
TOYHO 6ONbLWIKX M.
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3afava 4.6.1. [loKaXute 3T0 YTBEPXKAEHME, NCNOMb3YS HepaBeHCTBO Ye-
OblleBa U HepaBeHCTBO (4.47).

MepBoe M3 3TUX HEPaBEHCTB 03HayaeT, 4TO A/ 060ro BXOAHOrO CnoBa
W — (x|, ..., Xn) BbIXOAHON BekTOp Y" = (¥), ..., Y,) NEXUT B «-MepHOM
wape paguyca \/n(a2+ e) c LUEHTPOM W, TOrja Kak BTOPOE —U4TO BbIXOA-
Hble BEKTOpbl A/ BCEBO3MOXHbIX BXOAOB, YAOBNETBOPALLMX OFpaHUYEHUIO
(4.47), nexxat B «-MepHOM Lape paguyca fn(s2+ a2+ e). OTHoOLWeEHNe 06b-
€MOB 3TWX LUApOoB flaeT NPUOIN3NTENbHYIO OLEHKY YMCna HemnepeceKatoLwmxcs
LLapoB NepBoro Tvna B 60/bLIOM LUape:

N = Ty/n(s2+ " +ey n” ytR

y/n(a2+e)

MOXET OblTb CAENaHO CKOMb YrOAHO 6/M3KUM
K BenmunHe (4.48).

84.7. KomMeHTapum

1. ImeeTcs MHOro MpeKpacHbIX KHUF MO Teopun MH(opmaummn. 3aech
Mbl BO MHOrom cnegyem kHure Kosepa u Tomaca [70], koTopas [aeT AcHoe
1 HethopMasibHOe BBefeHWe B MpeaMeT.

MeTog TMMNOB (TUNWYHBLIX MNOCMef0BaTeNIbHOCTEN) Obll CUCTEMATUYECKN
paspabotaH YUucapom u KepHepom; cm. [44].

2. Npes ucnonb3oBaHWa nokasaTenbHOW (yHKUMWM B HepaBeHcTBe Map-
KOBa C MOCMeAyHLLEe OLEHKON 60MbLUNX YKIOHEHW BOCXOAUT K BepHLUTelHY
M 6blna pasBuTa Kpamepom; ee BaXXHOCTb 415 Teopuu MHOpMaLun nogyep-
KuBanacb YepHoBbIM, CM., Hanpumep, [70, nemma 12.9.1], a Takxe [5].

3. [loka3aTenbCTBO YTBEPXKAEHMA 3adaum 4.3.2 1 ero NpunoXeHus B Teo-
pun nHhopmaLmmn obeyxaatoTcs B KHure Fannarepa [5, Teopembl 4.4.1, 4.5.1].

4. TepBOHaYanbHble MAeN TeOpeMbl KOAUPOBAHUS BblIN U3NOXEHbI B NU-
oHepckol paboTte LleHHoHa [139]. Hawe pfoka3aTenbCTBO OTAMYaeTca OT
[JaHHOTO B KHUre [70] TeM, UTO MCMOMb3yeT YCNOBHYIO, @ HE COBMECTHYO Tu-
MUYHOCTb. VIMEHHO Takoi Noaxof A0oMnyckKaeT HEKOMMYTaTMBHOe 0606LeHMe,
cM. §5.6.

5. Teopust MHOroTepMUHa/bHLIX CUCTEM W3naraeTca B KHUrax Ywucapa
n KepHepa [44], Kosepa u Tomaca [70]. [oKa3aTenbCTBO TeOpembl KOAW-
poBaHWs AN KaHana C nepexesaTtoM CM. B kKHure [44].

6. CTporoe foka3atenscTso gopmynsl (4.48) cM., Hanpumep, B kKHure [70].
KBaHTOBbLI aHanor KaHana ¢ afAvTWBHbLIM FayCCOBCKMM LUYMOM paccmaTpu-
Baetca B n. 11.5.1.
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KBaHTOBas TeopemMa KoAupoBaHuA

§5.1. lMponycKHasa cnocobHOCTb
K/1aCCUYECKN-KBAHTOBOI0 KaHasa CBA3MW

Kak 6b170 BbisiCHEHO B M. 3.2.1, npocTeiillas MoAenb KBaHTOBOrO Ka-
Hana npejnonaraeT, 4To ecTb KNaCCUYeCKWin mapameTp X, npoberatoLimii
(KOHeYHbI) BXOAHON andaBuT X, W 0TobpaxeHWe X —*SX B KBaHTO-
Bble COCTOSIHMA Ha BbIXOfe KaHana. Mbl 6yaem HasbiBaTb TakKyl) MOAENb
KN1acCUYeCKn-KBaHTOBLIM (C-() KaHanoMm. Ecnu Ha BbIXO4e Takoro kaHana
n3mepsietcs Habnwogaemas M = {MY}, To ycnoBHasa BepOATHOCTb MOMYYUTb
MCXO0 Y MpY YCNOBUM, YTO ObIN NMOCAAH CUTHaN X, faeTca (opmynoi

P(y\x) = TrSxMy. (5.1)

Takum 06pa3om, AN PUKCUPOBAHHOFO W3MEPEHMS Mbl MOSlyYaeM OO6bIYHbIIA
KN1aCCUYECKUIA KaHan cBA3W. ITO MPUBOAUT K BOMPOCY O MakCUMasbHOM KO-
NNYECTBE KNACCMUYECKON MH(OopMaLMK, KOTOPoe MOXET BbiTb MouTy 6e3 nomex
nepefiaHo no fJaHHOMY KBaHTOBOMY KaHa/y, W O COOTBETCTBYIOLLEN npegesib-
HON XapaKTepuUCTUKe — KNaccuyeckol NpoMyCcKHOM cnocobHocTW. JTOT BO-
npoc GyfeT AeTanbHO PacCMOTPEH B HACTOsLLEl rnase.

PaccMOTpMM COOTBETCTBYHOLLMIA COCTABHOW C-Q-KaHan, KoTopblii 0To6pa-
»xaet cnoBo w = (x[,...,*,,) B COCTOSAHMe-NpousBegeHne SW=SH®.. .®SX
B MpocTpaHcTBe VI®". lMpouecc nepefayn Knaccuyeckoi uHhopmauum onu-
CbiBaeTCa Auarpammoit

KoanpoBaHue KaHan eKkoamnpoBsaHue .

| AT yw powy ATOMPOREE, (5.2)

MpeanonoXeHme 0 TOM, YTO CNOBO W OTOGpaXkaeTcs B TEH30pHOe Mpou3-
BefileHMe COCTOAHMI SXj, COOTBETCTBYET OMpefefieHWNt0 KaHana 6e3 namsaTu
B KNnacCcMyecKom cnydyae. Ha Bbixoge KaHana HaxogmTcs MPUEMHWK, KOTOPbIA
Nnpou3BOAMT M3MepeHne HekoTopol Habnogaemoin M —{M*"} B npocTpaH-
ctBe H®n (nonyuns mcxop MamepeHus /, cumTaem, 4To ObIIO MOCAAHO CO-
o6ueHne /). B uTore NpueMHUK BbIAAeT OTBET O MPUHATOM PELLUEHUWN; TaKUM
06pa3oM, pasnoXxXeHue eAMHNLbI B MPOCTpaHCTBe H®N onnCbIBaET CTaTUCTUKY
BCEW peluaroLlein npoueaypbl, KOTOpas BKAOYaeT B ceba (m3nyeckoe usmMe-
peHvie 1 NOCMefyHOLLYI0 Kaccuyeckyto 06paboTKy ero pesynbTaTtoB. Bbibop
Habnogaemoin M hopmanbHO aHanornyeH BbIGOPY pellaroLleli npouesypbl
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B K/JaCCUUYECKOM C/yyae, HO Kak Mbl YBUAMM, WrpaeT 3fecb ropasfo Gonee
BXHYIO pOfb.

Onpegenenune 5.1.1. Kog (Ne, M) pasmepa N And cOCTaBHOro c-q-Ka-
Hana XN —»Sxn cocTouT M3 (Knaccuuyeckoro) koguposaHus W, 3afaBaemMoro
Ha6opom N kofoBbix cnos a'll i= 1, ..., /V, gavMHbl N, U (KBAHTOBOrO) fe-
KoAupoBaHus, 3ajaBaemoro Habnwgaemoii M= {Mj,j=0, 1, ..., N) B H®n.

Mcxop 0 o3HavaeT yKIOHEHME OT MPUHATUS pelleHus. BeposTHOCTb AeKo-
[LMpoBaTb BXOAHOe coobLieHne i Kak cooblieHne / paBHa

PwmU\i) = TrSwmMj, / = 0, 1, N. (5.3)

BepoATHOCTb MpaBULHOMO pelleHns Torda pasHa pu?m(*HO = TrS”oiMi,
a MakcumanbHas (Mo BCEM BXOAHbIM COOOLLEHMSIM) BepPOSTHOCTb OLUUGKU
koga (W, M) ectb

Pe(W,M)= Imax (1 —PwmUH))- (5-4)

CpefaHss olwnbKa Kofa paBHa

N
Pe(W,M) = ~"E[1-p™ (/|])]. (5.5)
=S
[anee 6ygem 0603HavaTb 4vepes
pe(n, AO0= \Ar/nbln Pe{W, M), pe(n, N) = Wmin Pe(W, M) (5.6)

COOTBETCTBEHHO MaKCMMa/bHYO U CPEAHION OWMOKY, MUHUMWU3UPOBAHHbIE MO
Bcem kKogam (W, M) pasmepa N, UCMONb3YIOLMM CMOBA A/UHBI M.

OnpepeneHune 5.1.2. Knaccuyeckoli nponyckHol cnocobHocTbio C
C-g-KaHana x —»S* Ha3blBaeTCA TOYHAs BEPXHAS FpaHb CKOpPOCTei nepepa-
un R, KOTOpble JOCTMXUMbI B TOM cMbicie, uto lim pe{n, 2nR) = 0, nam, 4yto

n—=00

paBHOCWUNLHO (B cuny HepaseHcTB (4.30)), n@gc pe(n, 2”i) = 0.

§5.2. ®opMynupoBKa TeOpeMbl KOLUPOBaHUA

MOHsSTWE SHTPOMWKM KBAaHTOBOFO COCTOSIHUS SIBMSETCS eCTECTBEHHbLIM
0606LieHMeM SHTPONWUM pacnpeaeneHns BeposTHoCTei. MycTb 5 —onepaTop
MAOTHOCTW B d -MepHOM T1bGEPTOBOM MpPOCTpaHcTBe H,

d

s = M2 silei)(eil
y=1
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—ero cnekTpanbHoe npegcTtasneHne. CobCTBEHHbIE Yncna Sj obpasyloT pac-
npeaeneHne BepoATHOCTel. dHTponua (oH HelimaHa onepaTtopa MNAOTHO-
CTM S onpefenseTcs COOTHOLIEHNEM
d
H(S) = Y. V(s,) = TrrI(S). (5.7)
/=1
[anee wmbl 6ygem ucnonb3oBaTb 60see HarnsgHoe BbipaxeHue H(S) —
——TrS logS, xoTa norapugm He onpefeneH 419 BbIPOXAEHHbIX 0NepaTopoB
NNOTHOCTU. KaK 1 B cnyyae pacnpefeneHuii, 3To He nNpueefeT K HefopasyMe-
HuaMm. W3 oueHkn (4.3) cnefyert, uto

O < H(S) 4: logd,
npuyeM MUHUMYM [OCTUFAeTCs Ha UUCTbIX COCTOSIHUSAX, & MaKCMMyM — Ha

Xa0TUYEeCKOM COCTOAHUM S —-"1. KaK M B KnacCMYecKoM Cny4ae, 3HTponua
ABNIAETCA MepOW HeonpeaeneHHOCTH, a TakXKe MH(POPMAaLNOHHOIO CoAepXaHus
cocToAHMA (nocnegHee yTeepXxaeHue 6yaeT nogpobHo o6ocHOBaHO B §85.5).

Jlerko npoBepalOTCA cnefytoLine CBOWCTBA KBAHTOBOW 3HTPOMMUM.

3apava 5.2.1. [lokaxuTe cnefyrolime yTBepXaeHUs.

1 YHuTapHaa uHBapmaHTHoCTb: H(VSV*) = H(S), rae Y —yHWUTapHbIN
onepatop. bonee Toro, 3aTo paBeHCTBO CNpaBeAnUBO A/ 060ro onepatopa
V, M30MEeTPUYHOro Ha HocuTene S.

2. ApanTmBHOCTb: H(S\ ®S2) = #(S]) + //(S2).

B paHHUX paboTax no KBaHTOBbIM ONTUYECKUM KaHanam CBSA3W 15 OLEHKM
NPONYCKHOIA CNOCOBHOCTM KaHana X —>SX MCNo/Mb30Banach BenMuMHa

{$p = H (5-8)
\ X ) X
KoTopas MOXeT paccMaTpuBaTbCa KakK (hopManbHblii HEKOMMYTATUBHbI/ aHa-
NOT LUEHHOHOBCKO MWH(opMauMK, NpuyYeM NepBoe CraraemMoe WrpaeT posb
BbIXOJHOW 3HTPONMMW, & BTOPOE — YC/TIOBHOW 3HTPOMMKN KBAHTOBOIO BbIX0Aa OT-
HOCMTENIbHO KNacCMYecKoro BXOAHOMO curHana. 3ameyaTeslbHO, YTO BeMYMHA
(5.8) peicTBMTENbHO OKa3blBaeTCA HEMOCPEACTBEHHO CBA3AHHOWM C Knaccuye-
CKOW MpOMYCKHOI CMOCOBHOCTLIO C-(-KaHana, OnpeAeneHHON Bbille.
B cutyauun, korga coctoaHusa {Sx} ukcuposaHbl, Mbl 6ygem 0603HayvaThb
BennunHy (5.8) mMpocTo Kak XM - OCHOBHOI UeNbio Cnegytowmx MyHKTOB
Oy/[eT [0Ka3aTeNbCTBO ChefytoLleli TeOpeMmbl.

Teopema 5.2.1 (KBaHTOBas Teopema KoAupoBaHus). OnpejeneHHas Bbl-
e Knaccuyeckas nponyckHasa cnocobHocTb C c-g-kaHana x —*SXpas-
Ha BeAN4YnHE

Cx —Talxx(Tr).
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3aMeTUM, YTO KBAHTOBAs SHTPOMMWS HenpepbiBHA Ha KOMMAKTHOM MHOXe-
CTBE KBAHTOBbLIX COCTOSIHMIA, MO3TOMY BEIMUMHA X HEMpepbiBHA KakK (hyHKLMS
pacnpegeneHus T ¥ MakCUMyM B 9TOI (hopMyne AeiACTBUTENLHO JOCTUMaeTCs.
BBegem 0603HaueHue

= A inSx (5.9)

ANs CPefHEero BbIXOAHOTO KBaHTOBOrO COCTOSHMA. B o6liem ciyuae
X(@) ~ H(Sn),

MpuyeM paBeHCTBO MMEET MeCTO A/19 KaHana C YMACTbIMU COCTOSHUAMU SX =
= \ox)(ox\- [OCKONbKY MaKCMMa/lbHO BO3MOXHO€ 3HaYeHue 3HTPOMWUM PaBHO
logdim H, 13 aToi1 TeopeMbl NofyyaeM abCcoMIOTHYIO BEPXHIOKO rpaHuLy B Tep-
MVHaxX pasMepHOCTW BbIXOAHON KBaHTOBOWN CUCTEMbI:

C < logdimTt. (5.10)

Takum 06pa3om, HECMOTPS Ha TO YTO B rMIbGEPTOBOM MPOCTPAHCTBE MMe-
eTcsl 6ECKOHEYHO MHOFO PasHbIX UMCTbIX COCTOSHWIA, 3TO 06CTOATENbCTBO
He MOXeT 6bITb MCMO/b30BaHO A4S Mepeayn HeorpaHWYeHHOTo KONMYecTBa
VH(opmaumn. Fpy6o roBops, YeM Tylle PacronoXeHbl BEKTOPbI, TeM TPyA-
Hee CTaHOBMUTCS WX Pas3nuunTb. BepxHsas rpaHuua M MakcUMyM MH(opMaLmm
[OCTUTAIOTCS, CIN BbIXOAHbIE COCTOSHUA SBMSOTCA OPTOTrOHANIbHLIMU U paB-
HOBEPOSATHLIMU. 3aMETHM, YTO TaKue COCTOSHUS, Kak MpaBuio, He MOTyT 6bITb
MoNyyeHbl Ha BbIXOfe peasbHOrO KaHana CBA3W. 3amMeuaTeNibHO, 0A4HAKO, YTo,
KaK MoKasbiBaeT Creaytownii npumep, OpTOrOHANbHOCTb BbIXOAHbBIX COCTOS-
HWi He sBNsSieTCA HeoGXOAMMON ANs [OCTMXKEHWUS MPOMYCKHOM CMOCOGHOCTY
WAeIbHOTO KaHana.

Mpumep 5.2.1. KaHan ¢ Tpems YUCTbIMK COCTOSHMAMU ¢, D\, (b2 B ABY-
MepHOM npocTpaHcTBe (CM. puc. 2.3). [lns paBHOMEpHOro pacnpejaeneHus

(kx =), cpefHee BbIXOLHOE COCTOSHWE SBNSETCA XaOTUYECKUM:

2
S, = YArrrx\ox)(dx\ - \jl, (5-11)
x=0
OTKyfaa Cnenyet, yTo Cx = |092 = 16I/IT—I'IpOI'IyCKHaH CMOCOOHOCTb naeanb-
HOro KaHana.

Mpumep 5.2.2. [BOUYHbIA KaHan ¢ ABYMS YMCTbIMW COCTOSHUAMU o, ¢\
(cm. puc. 2.2). B atom cnyyae

(5.12)
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rge e = KVolV'OI- B camom gene, aHTponusa //(5,,) MakCMMU3NPyeTCs paBHO-

MepHbIM pacnpegeneHmeM 0= >X = ~. NOCKONbKY B CUMY BOFHYTOCTW 3HTPO-
nuM (cMm. Janee cneacteue 7.2.2) cnpaBed/IMBO HepaBeHCTBO

+ =H(U ") > +
roe
s = u\o)(@o\ +7TIV>) (!,  S' = 1] \po)(PO\HLN\' P PN
n H(S") = H(S) B cuny cMMMETPMM OTHOCUTENLHO BUCCEKTPUCHI yrna mexgy
BEKTOpaMU. AHa/IOTMYHO pelleHunto 3ajaum 2.3.1 nonyyvaem, 4to COBCTBEHHbIE

3HauyeHusa onepatopa nnotHoctu jjIVoKVol + 1PaBHblI oTKYR
cnefyet cooTHoweHue (5.12).

8§5.3. BepxHada rpaHuua

PaccMOTpyM Mpom3BO/bHBINA C-(-KaHan X —>Sx 1 Habngaemyto M={M Y}
Ha BbIXo4e KaHana. OTMeTUM, 4TO angaBuTbl X U Y MOryT He COBMajatb.
MepeMeHHble X M Yy CBA3aHbl Knaccuyeckum KaHanom pm{y\x) = XrSIidMy.
O603HauMM yepes

= (5131
*y \ x> /

LUEHHOHOBCKYO UHOPMaLMI0 MEeXAY NePeMEHHbIMU X W'Y, COOTBETCTBYHOLLYHO
HEKOTOPOMY BXOZHOMY pacnpegeneHuto 7r= {ax}

3agayva 5.3.1. JlokaxuTe, YTO ANS JaHHbLIX & 1N Y KOIMYECTBO UH(OPMa-
umm X[(n, M) ABnseTcA HenpepbiBHON W BbINYKNOW (yHKUMelA oT pM{y\x) u,
cnegoBatesnibHO, 0T M. YKasaHue. Mcnonb3yiiTe COOTBETCTBYIOLLEE CBOMCTBO
LWeHHOoHoBcKoW mnHdopmauun /(A; K).

[ns pgaHHoro pacnpefgeneHns N Ha BXOAHOM andaBuTe paccMOTPUM Be-
NNYNHY

C] = supli(myM).
M

34ecb TOYHAsA BepXHAs rpaHb GepeTcs MO0 BCEBO3MOXHbIM HabMoaeMbiM Ha
BbIXOAe KaHana X —»SX.
MpepnoxeHne 5.3.1. ToyHas BepXHAA rpaHb KoauyecTBa MHGOpMa-
umnm T\ (9, M) gocTuraeTcs Ha Habnwogaemoit M° Buga
M%¥= bl (bl y=\,..., T, (5.14)

. A +
rme m < a® BCNyuyae KomnnekcHoro L fT A _xD

CTBEHHOro H).

B CNyyae Belle-
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JokaszaTenbcTtBo. Ana nwb6oro k —2, 3, ... MHoXecTBO QO Habnwoaa-
eMbix € k uCxofamu KOMMAaKTHO, U HEMpepbIBHbIA BbIMYK/bIA (QYHKLMOHAN
li(n, M) gocTuraeT mMakcMMyma Ha MHOXECTBe Mpeanonoxum, yto M°

MakcummsupyeT XAn, M) Ha W OT6pacbiBas, ecnM Heob6X0AMMO, Hyfe-
Bble KOMMOHEHTbI, Mosy4yaem Habnogaemyto M° elU[, I~ k, ana koTopoi
(0T, M°) —2\(-k, M°). TpousBoas ChnekTpasbHOe Pa3fNoXKeHUne KOMMOHEHT
Habnogaemoin M° B BUAe CYMM OMepaToOpoB paHra OAWH, Mbl MOXEM MOCTpPO-

UTb HOBYH Habnogaemyto M° Buga (5.14) c m ~ |, ana kotopoii M° aBnsetcs
YKPYMHEHNEM:

M1 M2, ... ece_ocom VM T.
=AY, =Mh =M,

Torga 2\(>k, M°) >1i(7r, M®°). 970 ecTb Ha caMOM fene YTBepXAeHne 0 Knac-
CUYECKON LIEHHOHOBCKOW MHpopMmaumn: 1(X; /(Y))</(X; Y), nam, 4to 3KBU-
BaneHTHo, H(X\f(Y)) > H{X\Y), uTo cnegyeT n3 MOHOTOHHOCTU KNacCUYECKOI
YCNOBHOW 3HTponuu, nockonbky H(X\Y) = H(X\f(Y), T).

®dyHkuma M —>T(k, M) Bbinykna, NO3TOMY Mbl MOXeEM MPeAnONOXUTb,
yTo MakcMmusmpyowas Habnogaemas M° = {M®} sBnseTCH KpaiHeil TOUKOW
MHoxecTBa LUT. Torga cornacHo Teopeme 2.2.4 onepatopbl M° fIMHeHO

HesaBMCUMBbI, 1 13 3agaun 1.4.2 cnegyeT oueHka m A d 2. Mockonbky Kk 6b110
MPOM3BOMbHbIM, OTClOAa cneayet, uTo supX|(7r, M) gocTuraeTcs Ha Habno-
M

,qaemoﬁ M3 KOMMaKTHOro BbINYK/I0ro MHOXeCTBa O

Teopema 5.3.1. ina npou3BONbHOTO pacnpegeneHua N cnpaseiinso
HEepaBeHCTBO

Tf;\lﬂXX|(7r, M) ~ x(T)> (5.15)

npuyeMm paBeHCTBO JOCTUraeTCs TOrfa M TONAbKO Torga, Korga one-
paTopbl 7TcSic, X e X, KOMMYTUPYIOT.

B rnaee 7 Mbl nonyynm HepaBeHCTBO (5.15) kak cneAcTeue BecbMa obue-
ro CBOMCTBa MOHOTOHHOCTW OTHOCWUTE/IbHOW 3HTPOMMU. 34ecCb XKe Mbl JafuM
HabpOCOK OpPUrMHANLHOrO [0Ka3aTenbCcTBa, KOTOPOe OCHOBAHO Ha CpaBHe-
HUM CBOMCTB BbIMYKNOCTW K1aCCMYECKON M KBAHTOBOW 3HTPOMNWIA, UCMONb3YeT
[JOCTaTOYHO 3NeMeHTapHble PakTbl 1 NO3BOJISET NOMYYUTb HEO6XOAUMOE U A0-
CTaTOYHOE YCNOBME LOCTUXEHWSA paBeHCTBa. ITO yCn0BUe OyaeT MCnosb30Ba-
HO B cnefylolleM naparpage 415 yCTaHOBMEHWS HEKIacCMYeCKOro CBOWMCTBA
CynepagauTMBHOCTY LLIEHHOHOBCKON MH(OpMaLMn ans c-g-KaHana.

JokasaTenbcTBO. [lpexae BCero JOKaXKeM TeopeMy B Clydae [BYX CO-
cTosHWIA So, Si. BBefemM 0603HauveHue

x()=H((\-r)So +tS)-{\-f)H (SQ-tH(Si), t6 [0, 1. (5.16)
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Monoxum Takxke = (1 - t)So +tS\, D =S\ - So, U NyCcTb St = Y"skEk—
CrnekTpanbHoe pasnoxeHue onepatopa St.

3agava 5.3.2. Vcnonb3ys uHTerpanbHyto ¢opmyny Kowwu, nonyunte
npeacTaBneHue

StlogS< = — §(/z-St) 'zlogzdz.

roe zlogz —BeTBb (hyHKUUM zlogz, aHanMTU4YecKas B MpaBoii MOMYM/IOCKO-
CTW, a MHTerpan 6epetca Mo 3aMKHYTOMY KOHTYpY B NpaBoi MOMYyMa0CKOCTH,
oxBaTblBatoLwemy oTpesok [e\ 1], e>0.

OvddepeHunpys gBaxasl No napameTpy t, nonayyaem

[S.,logS<]"= 307 §[(/z-S,) I]"z\ogzdz

npuyem

[(/z-S,)-10" = {1z-Str'DVz-Str'Dilz-S,)-1=
Et, DEjDEt
IE" (z- )(z-r)z-71)e

OTcrofa crnefyert, yto

x"{t) = - £ (T rEKDEIiID)f(sk, Si), t >0, (5.17)
k,i
roe
i i
zlogzdz —
(z —a)2{z—Dhb) (z-b)2(z-a)
—loghb
PO, agb\ (518)

f(a, a) =a~ '. Ncnonb3ys 3nemMeHTapHOe HepaBeHCTBO

Ha, b) >
B KOTOPOM PaBEHCTBO f[OCTMraeTcs TOrda v ToMbKO TOr4a, Korda a = b, mony-
yaem
. 2
*"(0 *Z-"E TTEKDEID g | (5.19)
ki

MpuuyeM PaBeHCTBO JOCTUraeTcs TorAa v Tonbko Toraa, korga \D, S(]= 0, T.e.
[So, S,] = 0.
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3agayva 5.3.3. lMokaxuTte, 4TO Onepartop
*.=8S > 0£/s"
k.j
ABNAETCS PeLleHeM ypaBHEHUA
St°Lt = 2 = D,
npuyem
ANTrEKDEjD~j- = TrDLt = TrS,L?. (5.20)

*./' * '

OnepaTop L* ABNAeTCS HEKOMMYTATMBHbIM aHasioroM NorapugMUYecKon
npoussogHoi cemelictea St, a (5.20) —aHanorom WHMPOPMaLMOHHOIO KOJN-
yecTBa ®ullepa B MaTEMATUYECKOW CTaTUCTUKE.

M3 cooTHoweHuin (5.19), (5.20) BbITEKaeT, 4TO

x"(0 = - TvDLt = Tr5(L;, (5.21)

B YyacTHOoCcTM XWO < 0. Tak 4To X(0 —BOrHyTas PyHKums Ha oTpeske [0, 1],
npuyem x(0) = x0) = 0'
Myctb Tenepb M = {My}— npou3sBonbHas Habnwogaemas,

Pt{y) = TrStMy = (1 - t)Po(y) + tPdy)

—ee pacnpefeneHue B coctosHun 5/ n Ym(t)=J\ (g, Af), roe = {L —Y, [}
Monoxum Takxe D(y) = P\(y) —Po(y). MpumeHsas pe3ynbTaTbl 3aga4y 5.3.2,
5.3.3 K guaroHanbHoii matpuue diag[P/(i/)] B ponu coctosHus S/, nonyvaem

' =-T . w =-1po0oK< $5-22)
rge
AI - vV ' M
y Pt(y)~
Yy
OTcrofa TakXe BbITEKAeT, 4YTo <0, Tak 4To ¥YM(0 — BOrHYyTas (hyHKLMSA

Ha oTpeske [0, 1],npuyem /m(0) = ¥YMm(1) =0.
3aMeTum, 4To

TrDA'=E ~ ~ TrS'A? 523>
y

MOCKOJ/IbKY

M m f

y
B CUy Crefytolleid pasHOBUAHOCTU HepaBeHcTBa KowwM—BYHSKOBCKOrO.
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3apgayva 5.3.4. [okaxuTte, 4to AN1s NOGbIX BELLECTBEHHbIX Cy CpaBeasn-
BO HEpaBeHCTBO
2

(J 2 cyMy) c2My.
vV oy )

y

HakoHel, nokaxem, yto TrDAt ~ TrDLt, oTKyga cornacHo COOTHOLUe-
Husm (5.21), (5.22) BbiTekaeT, 4uTto /%/(() » x"(/), a 3Hauut, YMm(0*x(0>
O< t < 1, npvyeM paBEHCTBO WMeeT MeCTO TOrfa M TO/bKO TOrja, Korpa
[So, S, 1= 0.

B camom fene, ncnonb3ys HepaBeHCTBO (5.23), nonyyaem
TrDLt = TrS,L? = TrSt [At + (Lt - J1/)] ~

N TrSAAF+ 2TrSt(Lt - At) 0At =
= - TrS/Af+ 2Tr(S/ oLt)At = 2TrDA, - TrS,A? =
= TrDA, + [TrE)A, - TrS(Af] ~ TrDAf.

Cnyyail Heckonbkmx coctosHuid Sx, x = 0, 1, ..., k, ¢ pacnpeaeneHu-

em = {mx; x = 0,1, ..., k) cBogMTCs K Cay4yald ABYX COCTOSIHWIA npu no-
MoLLMCNeAytoLero npeobpasosaHna (U aHanorMyHOro npeobpasoBaHuna Ans

Wi, L)

3apgava 5.3.5. [lokaxuTe, 4to

rae

Xmt) =m - t)Sg+ «,) - (1- t)H(S?) - tH(SX,

m—1
cm _ ,lg(g‘ _______ 0O
Tc+ seet+ 77> - — 1L 76 + ...+ TRy -1
=1

8 5.4. lokasaTenbCcTBO cnaboro obpawieHus

HepaBeHcTBO (5.15) ABNAETCA OCHOBHLIM WHCTPYMEHTOM B [OKa3aTe/lb-
cTBe cnaboro obpalleHns KBAHTOBOW TeOpeMbl KOAMPOBaHMUS, U3 KOTOPOro
cnepyet, uto C < Cx.

Teopema 5.4.1 (cnaboe obpalleHne). CnpaBeannBo HepPaBeHCTBO

liminfpdsa, 2nd) > 0 npun R > Cx. (5.24)
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[okasaTenbcTBO. PaccMOTpMM COCTaBHOW c-Q-KaHan w —*Sw, rge
W = XN 0603HavaeT cnoBo AauHbl n. Myctb 1n(m{\ M ") — WeHHOHOBCKas
MH(OopMaLMs, onpefefieHHas A1 3TOr0 COCTaBHOIO KaHana aHanoruMuyHo
Ji(7T, M), rpe 7(n) = {Hu} —pacnpegeneHne Ha cnosax AnuMHbl n, a M() —
Habntogaemas B H®n. Torga n3 HepaBeHcTBa (5.15) cnepyeT, yto

la@m@ M@) ~ C™, (5.25)

roe

CHr = taxx({7rw} {5u,}) = Tax™a(Y"7rubuy,) - YY W/ . (5.26)

Jlemma 5.4.1. TMocnegoBaTenbHocTbh Cx] aganTusBHa, T.e. Cx1l=
=nCx.

Joka3aTtenbctBo. HepaBeHcTBO Cx *~ nCX OCHOBAHO Ha afAWTUBHOCTM
3HTpPOMMM B Cy4yae, Korja BXOAHble pacnpegeneHus 7r(i) ABNAOTCA Npous-
BefleHMAMU. [loKa3aTenbCTBO 06paTHOro HepaBeHcTBa C*’ < nCx cnegyer
13 cy6afaMTUBHOCTM 3HTpoNuM (OH HeillmMaHa NO OTHOLUEHWIO K TEH30PHbIM
npoussegeHmsam (cM. cneactsue 7.1.1), n3 KOTOPOro BbITEKAET, UTO

k=\
rae m(MK) ecTb k-e mMapruHanbHoe pacripegeneHume 7 Ha X. O
Monaras
Cn = max 1n(mr M (), (5.28)
M7

Mbl, TaKUM 06pa3oM, nonyyaem Cn” nCx, U, NPUMEHSSA KNacCUUECKoe Hepa-
BEHCTBO ®aHO, aHANOMMUYHO HepaBeHCTBY (4.36) nonydaem

5.29)

0TKyAa cnefyeT HepaBeHCTBO (5.24). O

BennunHa Cn paBHa MakKCUMMasbHOM LUEHHOHOBCKOM MHOpMaLmu, LOCTH-
XXVMMOW MpU MCMOMb30BaHUM N KOMWIA C-(-KaHana, Korja Ha Bbixoge H®n
[,0NyCKalTCA N3MEepeHUs NPOM3BO/bHBLIX KBAHTOBbIX Habnoaaembix. Crnefyto-
WM pe3ynbTaT MPOACHAET ee OTHOLLEHME K KNacCMUeCKO MPOMyCKHONM cno-
cobHOCTH.

Mpepnoxenne 5.4.1. Knaccmnyeckas nponyckHas cnocobHocTb C Ka-
Hana x —6X pasHa

sup”™C,, = Mrtyec,,. (5.30)
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JokasaTenbcTBO. PaBeHCTBO B hopmyne (5.30) BbiTEKaeT M3 cynepag-
AUTUBHOCTM nocnefosaTensHoctn {C,}.

3apaya 5.4.1. TMokaxuTe, YTo NocneaoBaTensHOCTL Cn cynepagauTuBHa,
Cn+T"Cn + CT, paccmaTtpuBaa pacnpefeneHus Buga 7r(a+1) = 7r(s)X7r(T).

HepaBeHcTBO C < Slﬁ j-C,, nonyyaetcs, ecnu MepenTn K npegeny npu
n—00 B NepBom cooTHoweHun (5.29). MpoOTMBONONOXHOE HepaBeHcTBO C #
"sup-IC',, BbITEKAET M3 MPSMOr0 YTBEPXAEHUS KNacCUYeCKoW Teopembl KO-
AMpoBaHus LLIeHHOHA, NPUMEHEHHOW K COCTaBHbIM KaHa/iam C M3MepPEeHNEM Ha
Bbixofe. B camom fene, Nokaxem, 4YTO BCAKOE 3HayeHue R <sunp ;_IC ,» SABNA-

€TCA OCTUXKMMOM CKOpOCTbHO. MockobKy noR < ClbAns HEKOTOPOro no, Mbl
MOXKeM BblGpaTb Habntogaemyto M {@>B 'H®M® Takyto, 4T

NOR < max1n(m{\ M{fY) = C4(D)).
™
BennunHa C(J14(FD) aBnseTcs LWEHHOHOBCKON NPOMYCKHOM CMNOCOGHOCTLIO
K/lacCMUecKoro KaHana
PMm (j\xr®) = TrSjcsoM[™. (5.31)

IMo3TOMy MWHMManbHas BEPOSATHOCTb OWWGKM AN 3TOr0 KaHana yAoBNETBO-
psieT cooTHoweHuto pe(n, 2550*>) —0 npn n —00. O4eBNAHO,

pe (JU10, 2n(neR)) < pe(n, 2M(Mm),

nockonbky KaHan (5.31) oTBeYaeT HEKOTOPOMY creuuansHOMYy 6/104HOMY fie-
KOAMPOBaHWIO ANS1 UCXOAHOFO C-(-KaHana. Takum 06pasom,

pe(nno, 2n(of)) —0 npu 1 —»oo.

[ns npou3BonbHOro n! MOXHO HaliTM Takoe A, 4to Ao N a' < (0 + 1no-
Torpa

Pe(n', 24'*) < Pe(nnO, 2x+1lx°*) ~ AOnno, 25(8°*>) - 0, (5.32)

ecnu R' BbIGpaHO Tak, YTo

[2(1+ n)~ R' < SPAC”

[ANS AOCTAaTOYHO 60NbLUMX N O
BennunHa

C\ = maxT\ (#, M),
M
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KOTOPYHO Mbl Ha30BEM LLUEHHOHOBCKOW NPONYCKHON CNOCOBHOCTbIO C-g-Ka-
Hana X —*SX, MpefcTaBnseT 0CO6bIi MHTEPEC: aHaNorMyHO MpPeaoXKeHUo
5.4.1 MOXXHO MOKa3aTb, YTO OHa paBHa MPOMYCKHOM CNOCOBHOCTK C-Q-KaHana
X —>SX C [OMNONHUTE/IbHBIM OTrPaHNYEHNEM, YTO Ha BbIXOLE COCTABHOIO KaHasa
[OMYCKalTCA TOMbKO HECLEN/eHHble 0eKOANPOBaHMA. 3[eCb Mbl Ha3blBaeM

npekogmposaHue M () = {M#)} B W®n HecllenneHHbIM, ec/u
MT = £p(/V)<®--®a*;;,. $5-33)
v

roe {M”"} —kBaHTOBas Habnogaemas gna fe-ro aksemnnspa NpocTpaHCTBa
H,a p(j\yn) —ycnoBHas BepOSATHOCTb, OMMCbIBAKOLLASA Klaccmyeckoe npeoo6-
pa3oBaHWe pe3ynbTaTOB M3MEPEHUS HecLenneHHo Habnogaemoin {My] ®...
- mm3\ i) Ha BbIXOge.

3afgaya 5.4.2. O603Hayass 4yepe3 Cu TOUHYIO BEPXHIO FpaHb LOCTUXMK-
MbIX CKopocTeli ana kogos (W, M) ¢ gonofiHuTenbHbIM orpaHudeHmem (5.33)
Ha fgekogupoBaHmss M, nokaxute, 4yto CbE C]. YkasaHue. Wcnonbayiite
aHanor nepBoro HepaseHcTBa B (5.29), uTobbl gokasaTb, 4T0 Cu”™ C\. Onq
[OKa3aTenbcTBa 06paTHOrO HEpaBeHCTBa WCMOMb3yWTe MpsMOe yTBepXAeHue
KNaccuYyecKoii TeopeMbl KoAMpoBaHus ana KaHana pm(y\x) —TrS*Mj, u c ero
MOMOLLbIO AOKaXWTe, YTO Nt060e 3Ha4YeHme ckopocTn R <m132<2|(7r, M) gpo-

CTUXKUMO. MoCKosbKY fekoanposaHne M B H Mpou3BOnbLHO, OTCHOAA CleayerT,
yto ntob6asa ckopocTb R <C\ pgoctmxkuma, noatomy C) ~ C,,.

Moka 4To 6bIN0 [OKa3aHo, YTO
Ci C" Cx.

M3 npsmoro yTBepXAeHUs TeopeMbl KOLMPOBaHWSA, KOTOPOe Mbl cobupaemcs
[0Ka3aTb HWXe, ByaeT cnefoBaTb, Yto C = Cx. Cnefytowmii pesynbTaT 03Ha-
yaeT, yto C\ < C [n8 KaHanoB C CYLECTBEHHO KBAHTOBbLIM BbIXOZOM. TaKuMm
obpasom, Ans c-g-kKaHanos 6e3 MamsATW BO3MOXHO YBe/MYeHUe Mponyck-
HOli cnocobHOCTK 6narofaps MCMOMb30BaHWUIO CLEMNMEHHbIX AEeKOLMPOBaHWIA.
OTclofa cnefyet, 4to, Torja Kak AN KNacCMYeckoro KaHana 6e3 namsaTu
Cn=nClI (cm. npegnoxerue 4.3.1), B KBAHTOBOM C/ly4dae BO3MOXHa CTporas
CynepagauTMBHOCTL Knaccuueckoil mHgopmauum: Cn>nC\. MpuunHa 3Toro
KpoeTcA B TOM, YTO Ha BbIXOJe COCTaBHOIN0 KBAHTOBOIO KaHana CyLLecTBYIOT
cuensieHHble Habnogaemble. MOXHO CKasaTb, 4YTO 3TO eCTb [ABONCTBEHHOE
nposeneHne koppenaunii SMP. MocnefHue BO3HWMKAKOT, KOrga paccmaTpu-
BAeTCS CLIEN/IEHHOe COCTOSIHME COCTABHOW KBaHTOBOWM CUCTEMbI, & U3MepeHUst
NOKasnbHbI, T.e. He cuenneHbl. CTporas cynepagauTUBHOCTb MH(OPMaLUM ume-
eT MeCTO AN COCTOSHWA-Nnpou3BefeHuii M 06ycnoB/eHa CyLLecTBOBaHUEM
CLeneHHbIX HaboaaeMbiX.
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MpepgnoxeHne 5.4.2. PaBeHcTBO C\ — C uMeeT MecTO Torga
W TONbKO Torga, Korga onepaTopbl iXSX KOMMYyTUPYKT And pac-
npeaeneHns 7re, MakCUMuanpywero xM -

[okasaTenbcTBo. OYeBUAHO, YTO YCNOBUE SABNSETCHA LOCTATOYHbIM. O6-
paTHo, nyctb Ci1= C, Torfa, ucnonb3ys npeanoxeHue 5.3.1, KOMNaKTHOCTb
MHOXeCTBa pacnpefeneHuin {fr} n HenpepbIBHOCTb LUEHHOHOBCKOW MH{opMa-
um li(7r, M*), nonyyaem C\ M 1) ansa HekoTOporo pacnpegene-
Hua s1 n Habnogaemolt Afl, noatomy M (7r, M 1) = A(7r°). OTctoga cneayer,
yto x]77) = X "0). noTOMy 4YTO B MPOTMBHOM Cfly4ae, UCMOMb3ys HepaBeH-
ctB0 (5.15), Mbl 6bl NMOAYYMIN

M1 ML) < x A1) < XA0)-

TakuMm 06pa3om, Mbl MOXEM 3aMeHUTb 7° Ha A1, M (31, M 1) = x(71). n Heob-
XOAMMOCTb cneflyeT U3 BTOPOro yTBepXAeHus Teopembl 5.3.1. O

Cregytowme npumepbl (NogpobHocTn cMm. B §5.8) MNAOCTPUPYIOT Hepa-
BeHcTBO C] < C.

Mpumep 5.4.1. OnA KaHana C TPems «pPaBHOYrOfIbHbIMWU» YUCTbIMK CO-
CTOAHUAMMN 3HAYeHue

C, = 1~/r2( 1+~ /2) 890,645 6uT (5.34)

[OCTUraeTcs Ana HepaBHOMEPHOro pacnpegeneHns k—[1/2, 1/2, 0] v Habnto-
[AaeMOi, ONTUMa/IbHOW ANS ABYX PaBHOBEPOSATHbLIX COCTOAHMIA So, S]. Takum
o6pasom, C] < C = 1, unocnepoBatensHocTs {C,} ABAseTCS CTPOro cynepaj-
AWTVUBHOW. 3amMeTVMM, 4TO paBHOMEpPHOe pacnpegeneHune >k= [1/3, 1/3, 1/3]
M COOTBETCTBYIOLAA WHDOPMALMOHHO-ONTUMANbHAA Habnofaemas fAalT
MeHbLUyto BennumHy log(3/2) w 0,585 6uT.

Mpumep 5.4.2. LLleHHOHOBCKas MNpoMycKHas CNocoO6HOCTb C-(-KaHana
C [ABYMA YUCTbIMW COCTOAHUAMU paBHa

Ci = T’%AXX(FI‘“, Af) = 1- h2(i +\9 ~£'Jy (5.35)

rae MakcMMyM [OCTUraeTcs il PaBHOMEPHOro pacnpefeneHus (o= s = *)

N YeTKoW Habnwgaemoir M, 3agaBaeMOil OPTOHOPMUPOBAHHLIM 6a3nMCcoM,
pacnonoXeHHbIM CUMMETPUYHO MO OTHOLIEHWIO K BekTopam |*0). \@\) (cm-
puc.2.2). 3geck e= |[{'007"!)I=cosa, rae a —Yyron Mexgy HarnpasneHusaImu
BEKTOPOB. 3aMeTVM, 4YTO B 3TOM CAyyae WHGHOPMaLMOHHO-0NTMMaNbHas
Habnofgaemas COBMajaeT C MOMYYEHHOW COrfacHO KPUTEPUIO MaKCUMalb-
Horo npasgonogo6us (npumep 2.3.1), a C] —c NponyckHON CNOCOOGHOCTbIO
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(4.22) cOOTBETCTBYHOLLErO0 KNAacCUYECKOro ABOMYHOIO CUMMETPUYHOIO KaHana
C BEPOATHOCTbIO OLUNGKM

c2(Tr al\ 1—sin a
P=sm = — —

Ipacuk 3aBucumoctn C\, C oT e npmsefeH Ha puc.5.1.

6UTHI

Puc. 5.1. MponyckHas cnoco6HOCTb KaHana € ABYMSA YUCTbIMW COCTOAHUAMMN

85.5. Tnnu4yHble NPOEKTOpPbI

Mepes TeM Kak MPUCTYNWTb K A0Ka3aTefbCTBY MPSMOro YTBEPX/EHUS
Teopembl KOAMPOBaHUs A5 BeUUMHBI CX, pacCMOTPVM BaXKHOE MOHATUE TW-
MUYHOrO MOAMPOCTPaHCTBA.

PaccMOTpuUM TeH30PHOE NPOM3BEAEHWE COCTOSHWIA

S®" = S®...®S
B npocTtpaHcTBe H®n. MycTb
S = W JVle/><efl
/

—CMeKTpanbHoe pasnoxeHue onepatopa S, rae {e,} —OpTOHOPMMPOBAHHBIIA
6a3nc M3 COGCTBEHHbIX BEKTOPOB, a A/ — COOTBETCTBYIOLME COGCTBEHHbIE
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3HaYeHWsi. 3ameTuM, 4to A, 06pasytoT pacrnpefeneHue BepPOSTHOCTEH C 3H-
Tponwueit

1\,) = H(S).
[

Torfa cnekTpanbHOE pasfioXKeHUe COCTOSHUSA-NpousBedeHNs S®" MoxeT
6bITb 3anN1caHo B BUaE

]
rae [ = (/] /'), ¢ cobcTBeHHbIMKN BekTOopamu \ej}= \eh) ® ® \ebl)
N COBCTBEHHbIMU 3HauYeHUsMU Ay = A, «... Ay, obpasylowumu pacnpeje-
NeHne BepOSTHOCTElM He3aBUCUMbIX OAMHAKOBO pacnpefefieHHbIX cnyyaliHbiX
BeNMUMH. B cooTBeTcTBMM C onpegeneHnem 4.1.1 co6CTBeHHbI BekTop \gj)
6yfeT Ha3blBaTbCA 6-TUMNUYHBIM, €C/u

2~-MH(S)+S) < < 2~nWs)~s>

OCHOBbIBasACb Ha CMeKTpasbHOM pas3fioxeHUW onepatopa S®", Mbl MOXeM
onpegenutb 5-TWNWUYHbIA npoekTop PM6 Ha moanpocTpaHcTBO HM'6 =
_pn,8y®n CcOOTHOLIEHUEM

pn*= £ i"Ni-
JeT»4
CBoiicTBa noanpocTpaHCcTBa HN's TunnuHbIX BEKTOPOB aHa/l0rM4yHblI CO-
OTBETCTBYHOLLUM cBolicTBaM NoAgMHOXXeCTBa TN &TUNUYHBIX CNOB (CM. §41)

W NIerko M3 HUX Mony4varTcs.
1. PaamepHocTb dimHn,s —TrPn's = \Tn's\ yf0oBNeTBOPSieT HEPaBEHCTBY

dimHn's s* 2n(HS)+5).

2. BKnaf He 5-TUMUYHLIX COGCTBEHHbLIX BEKTOPOB B onepaTop S®4 MoXeT
6bITb CAi€NaH CKOMb YrOAHO MasbiM, T.€. AN AaHHbIX S, e > 0 ¥ 4oCTaTo4yHO
60/bLWMX N BbINOMHSAETCS HEPaBEHCTBO

TrS®»(/_/>"w*) < e. (5.36)

UTo6bl 3TO MOKa3aTb, OLEHWM crief B 6asnce M3 COBCTBEHHbIX BEKTOPOB
onepaTopa 5®s 1 MOMy4YMM, YTO OH paBeH
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rae P oTBeyvaeT pacnpegeneHuto sepoaTHocTel {A/}, a nocneaHsas BEPOSTHOCTb
MOXeT ObITb CcfleNaHa CKO/b YroAHO Manoi Ans 60MbLUMX M COrNacHO 3aKoHy
60/MbLINX Yncen.

3. [Ans goctaTo4yHO 60MbLIMX N BbINOMHAETCS HEpPaBEHCTBO

(1 _ e)2«(tf(s)-<5)  dim N N5

Tenepb MOXHO TakK C(HOPMYNNPOBATbL HEKOMMYTATUBHYHO BEPCUIO CBOMCTBA
acMMNTOTUYECKOI paBHOpacnpeaeneHHOCTM: Npu 60/bWNX N COCTOsHME S®n
CTAHOBUTCA MOXOXMM Ha XaoTU4ecKoe COCTOsSIHME B MOANPOCTpaHcTBe HN&
pasmepHocTy K 2 nim .

HenocpeACTBEHHbIM NPUIOXEHUEM 3TOFO CBOICTBA SIBNSETCA KBAHTOBbIN
aHanor cXartus flaHHbIX. Kak Mbl yke BUAenu, pasmepHoOCTb Tib6epToBa Npo-
CTpaHCTBa OTpaXkaeT UH(OPMALMOHHbIA pecypc KBaHTOBOU cucTemsl. C apy-
roii CTOPOHbI, B KBAaHTOBbIX BbIYMCMEHUAX Pa3MEPHOCTb OTPaXKaeT BENNYUHY
namsaTh, T.e. YNCNO (-OUTOB B Peructpe, KOTOPOE >KenaTe/lbHO MWUHUMU3U-
poBaTb. PaccmMoTpuM 3agayy KOAMPOBAHMS YMCTbIX KBAHTOBbIX COCTOSIHMIA
APYTMMU COCTOSIHUAMMW B TMNbGEPTOBOM MPOCTPAHCTBE MO BO3MOXHOCTW MMU-
HMMaNbHOW pa3MepHOCTW, OfHAKO 6e3 CyLLEeCTBEHHON MNOTepN «KBAHTOBOW
MH(opMaLMmn», MEepPeHOCUMON COCTOSIHMAMU. [ns 3TOro pacCMOTPUM KBaH-
TOBbIA MCTOYHMK, KOTOPbIA NPOM3BOAUT HE3aBUCMMblE OAMHAKOBO pacnpeje-
NeHHble YncTble cocToaHma S* = \ipx){$x\ ¢ pacnpegeneHnem px. BnouyHble
coctoaHmsa Sw = \ipw)(ipw\, rae \*w) = \@X) ® ... ® \nx,,}eH®n, KognpyoTCS
B HeKoTopble cocTosiHMS S'w B nognpoctpaHcTee Ha C H®n, pasmMepHOCTb
koTtoporo d = dimHa pgomkHa OblITb MO BO3MOXHOCTU MWHMManbHoW. [pu
3TOM TpebyeTcs, UTOObl CPefHAS TOYHOCTb BOCNPOM3BEAEHUS

Fn =  (iftw|5w\il>vy
cTpeMmnacb K 1 npu n—>00.
MycTtb
d
Sn = 222x\i>x)(i>x\
X=1

—CpejHee COCTOSAHWE UCTOYHWUKA.

Teopema 5.5.1 (cxkaTue KBaHTOBOW MH(opmaumm). 1 [ANns 4ocTaTOUYHO
manbix e, 6 >0 cywecTBYylT nognpocTpaHcTeo Hd C H®n pasmepHo-
ctu d = 2n(WSNHN+H 1 onepaTopbl NA0OTHOCTM Sw B Ha Takwue, yTo
F,> 1- e gna gocTaTO4YHO 60AbLWIUX T,

2. Mpn nwo6om BbIGOpe nognpocTpaHcTBa Ha C H®n pasmep
cTn d = M onepaTopos nnoTHocTM Sw B Ha fansa gocra-
TOYHO 60NbWMX N UMeeT MEeCcTO HepaBeHCTBO Fn<e.
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JokasatenbctBo. 1 [118 COCTOAHMS UCTOHMHUKA \tn>) = \'dx])® - « <BJox,,)
Onpefenm «CXaToe» COCTOSHME Kak

Pr6Ll L P 6
(chudPrf 6 { 1}

roe Pn S—TunuyHbli NpoekTop cocTosHus S®". OnepaTtop S'w AelicTBYeT B

noanpocTpaHcTBe HN'S, KOTOpoe MMeeT pa3MepHOCTb He Gonee d =2n[HS" +s>
[N TOYHOCTU BOCTPOU3BEAEHUS MOyYaem

Fn=]C*W'Wb|S ;») = = TrS fnPn-s,

Tak Kak S®n= v w vipw)(i>w\- Brarogaps BTOpoMy CBOICTBY npoekTopa Pn,s
Mbl MOXXEM OrpaHU4YnTb 3TO BblpaXXEHWe CHU3Y BeUYMHON 1—e.
2. YuutbiBad, yto Sm< Pd gna scex S'w B Ha = Pd'H®n, nonyyaem

Fn

Y * w{Vw\s M &S TrS®nPd =
TvStnP52,nPd + 7rSfn(I-P I'n)Pd *

A \S®nP&/2,n\\ -TrPd +TrS®"(/ —P s n)

34ecb ObIO MCNONBL30BAHO CleaytoLLee CBOWCTBO cnega: ecam T, X A 0, TO
TrTX ATrTUXLU, uyto cnegyeT u3 HepaBeHcTBa (1.18). CornacHo onpegene-
HUIO TUMWYHBIX COBCTBEHHbIX BEKTOPOB COOTBETCTBYIOLLME COOCTBEHHbIE 3HA-
YEHUS OrpaHnyeHbl CBEPXY BENNYMHOWN

Mcnonb3ys 3TO HEpaBeHCTBO W CBOCTBO 2 TUMMYHOIO NPOEKTOpPa, NosyyaeM,
yTo ANS AOCTATOYHO GOMblUMX N BennumHa (5.39) He NpeBOCXOAUT

y-n(H(S,)-872) d -bE.

Takum ob6pasom, ecam d = 2n(HSI,)~s), T0 Fn< 2~mbl- + e < 2e gns go-
CTaTO4YHO 60MbLUMX . O

[nsa pokasaTenbCTBa MPAMOr0  YTBEPXKAEHUS TeOpPeMbl KOAUPOBaHMS
B crefylollem naparpade Ham TakXe MOHAfo6UTCS COOTBETCTBYHOLLEE MO-
HATME YCMOBHO TWUMWYHOrO MpoeKTopa. PaccmoTpum 610YHbIE COCTOSHUSA
SwW—SX ® ... ® Sx,, rae Sx Tenepb Npou3Bo/bHOe (He 0653aTe/IbHO UYNCTOE)
cocTosiHme, a w = (x\, ..., Xm) — CNoBO BXOAHOro angasmta. O603HaYMM
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—KBAHTOBbI/i aHanor YCNOBHOW 3HTPOMUU BbIXOAa OTHOCUTE/IbHO BXOZa.
MycTb Pw = P ‘-5 —cnekTpa/bHblii MPOEKTOp onepatopa 5%, oTBevaloWuii

COBCTBEHHbIM 3HauYeHUAM B MHTepBane {2~n\H"(" 2_[4/MS<3)- ©). bonee
nofipo6HO, PacCMOTPUM CMEKTPasIbHOE Pas3foXKeHue

Torga crieKTpanbHOe pasfoXeHue onepatopa SW UMeeT Buj

5. = X>YK>(8N,
J

roe A" —A*le... « A —C0O6CTBEHHbIE 3HaYeHus, a | )= |eW)ig> .. <SEY") —

COGCTBEHHbIE BEKTOpPbI. Y CNOBHO TUNNUYHBIN NMPOEKTOP OnpeaendeTca Kak

Pm= E
JET2*

roe

OnuiueM cylecTBeHHbIe CBOMCTBA NpoekTopa Puy
1. CornacHo onpefeneHuio

Pw A Sw2n[H*{S" )+s\ (5.40)
2. Ans e >0 1 gocTaToO4HO BOMbLUMX N BbINOJHAETCH HEPABEHCTBO
ETrSu,(/ - Pw) * ¢, (5.41)

roe E—martematunyeckoe oXujaHue, 0TBevatoLlee pacnpeaeneHnto BeposTHO-
cTein

P{w = (*],..., xn)} = T ... *7X, (5.42)

YTob6bl fOKa3aTb BTOpPOE CBOWCTBO, PacCMOTPUM MNOCNeL0BaTe/IbHOCTb
HEe3aBMCMMbIX MCMbITaHUA ¢ uexogamn (x/, /1), /=1, ..., N, rae BEPOATHOCTb
ncxofa (X, /) B Kaxaom ucnbiTaHum paBHa mx\* . Torga

ETrSa,(/ —Pw) = P{/ e K'6}, (5.43)

a 3TO BblpaXKeHue cTpemuTcs K O npy N —F00 COrnacHoO 3akoHy 60MbLUMX
yucen, cM. 3afayy 4.4.1.
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§5.6. [loKkasaTenbCTBO MPAMOro yTBEPXAEHUSA TeopeMbl
KogMpoBaHus

CornacHo cneactButo 5.1.2 [0CTaTOYMHO MOKasaTb, YTO MWHMMa/bHas
CpefHsas BeposSiTHOCTb ownbku pe(n, 2nR) CTPEMUTCA K HyMO nNpu n —>oc,
ecnm R < Cx.

PaccmoTpum cpegHee cOCTOAHUE

Sr= nxSx
X

W TUNUYHBIA NpoekTop P —Pn'6 cocTosHua 5®”, onpefeneHHbll B npeablay-
wem naparpade. 4ns 3agaHHoro Habopa kogosbix cnos W = {w/?* ..., w(N)}
Mbl MOXEM TakXe MNOCTPOWUTb YCMOBHO TWUMWYHbIE MPOEKTOpbl Pww, / =
= 1, ..., N. Tenepb Mbl BBefleM CneuuanbHyl CcybonTUManibHy0 Habto-
faemyto M. Knaccuuyeckas Teopema KoamposaHus LLleHHoHa (Teopema 4.4.1)
OTBEYaET C/lyyat0 [MAarOHasbHbIX OMepaTtopoB MJIOTHOCTU SX C YC/I0BHbIMU
BepoATHOCTAMM p(y\x) Ha guaroHanu. [poekTtop P ABNseTCA KBaHTOBLIM
aHanorom WHAMKaTopa MOAMHOXEeCTBa BCeX d-TUMUYHBLIX C0B Ha BbIXOZE,
a P urpaet Takyto Xe posib 418 NOAMHOXeCTBa YC/I0BHO TUMUYHbLIX CI0B Ha
BbIX04e npv faHHoM cnioBe W ('] Ha Bxoge. OfHaKo 3TV NPOEKTOPbI He 0653aHbI
KOMMYTWUPOBaTb, 4YTO [AenaeT HEeBO3MOXHbIM HenocpeAcTBeHHOe 0606LieHne
obnacTeil NpUHATMA pelleHnii (4.41) 1 COOTBETCTBYHOLLLEE PACCYXKEHME B lyXe
TEOpUM MHOXEeCTB. [103TOMY Mbl BBOAUM Crefylolyto Habnwogaemyto M
B H®n:

/N \ -1/2 //v 4 -1/2
M, = £ PPwmP PPw>P(v PPwnP , I=1 ..., N (544
\/=i ) \Vi=| /
HopmrpoBKa NOCpPeacTBOM KBaApaTHON0 KOPHA HEO06X0AMMa, MOCKONbKY CyM-
Ma orepatopoB PPLULP mMoxeT 6bITb He paBHa eAMHWUYHOMY OMepaTopy, a BBe-
heHve PPwu)P BmecTo Pt urpaet posib nepecevyeHuns ¢ NOAMHOXECTBOM BCEX

(N \ -1/2
TUNUYHBLIX CNoB B hopmyne (4.42). Onepatop | £ PPwmP ) cnepyet
=i /
/N \1/2
NMOHUMaTb Kak 0606 eHHbI 06paTHbIA K onepatopy | £ PPwrP ) , Ko-
V/=i /

TOpbIii paBeH 0 Ha Hy/MEBOM NOANPOCTPAHCTBE 3TOFO OMepaTopa, CoAepXKallem

B cebe o6nacTb 3HayeHuii npoektopa 1 —P. O603Havas 4epe3 P npoekTop
N

Ha 06/1aCTb 3Ha4YeHMWI onepartopa PPwwP, nonyuyaem
/=1

PPugP "P AP, | =1,.,N. (5.45)
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[ns ynpolweHns 0603HayYeHniA Mbl B fanbHelwem 6ynemM HymepoBaTb C/10-
Ba MHAEKCOM w, onyckas /, /. BBoas 0603HayeHne

- 1/2

— pwP ((4PPwpP

=1

M UCNOMb3Yys HEKOMMYTATWUBHbIA aHanor HepaBeHcTBa KoLM—BYHAKOBCKOr0O
(2.25) npu X =AW, Y =/, nony4yaem

Pe(W, M) = Ij ~[1 -Tr SWRWAWM <

LLEL
N v
<-N[M Trs~r12]< 1-T r5wdu,
as=1 &AL
/ N \ “/2
roe YvSWAw = TrSwPwP f\m}f_ll PPW'P/) ABNAETCA BELLECTBEHHbLIM YucC-

NIOM, 3aK/t0YeHHbIM Mexay 0 n 1 TpuMeHssi HepaBeHCTBO
S2X~32N -3 +X, x>0,

N yunTbiBas HepaBeHCTBO (5.45), nonyyaem

/ N \ - 12 N N
-2(y ppwP < -3p+ Y PPWP< -3ppup+ Y PPWP.
BlI'=1 w'=1 w'=1
Moatomy

n,(W. M) -a» Y 2Tr5w-STrSAPAPPAP-I- Y TrSWPWPPWP
W= |

-V E 21rSw(l - PWPPWP)+ Y YrSwPwPPWP
W

=\t w': w7pw
MpuHUMas BO BHUMaHMWE OLEHKY
Tr5w(/ - PWPPWP) = Tr5w(/ - PWPPWP + TrSw(f - P)PW-

- TrSw{/ - P)Pw(f-P) + TrSw(f - PWP + TrSa,(/ - P) »
N 2[Tr5w(/ - Pw) +TrSw{l -P)],
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rae 66110 MCMOL30BaHO HepaBeHCTBO (1.13), nosmydaem

Pe{W,M) A
N
<AE{4 TrSw(l-P) +4JrSw(f~Pw)+ 5Z TrPSwPPw). (5.46)

3TO OCHOBHAs OLiEHKAa, aHanorMuyHasi HepaBeHCTBY (4.43) B KNACCUUYECKOM

Cnyyae.
Tenepb NpPUMEHUM NpOLEeAYpY CMy4aiiHOro KOAMpPOBaHMs, BHOBb MpPeamno-
naras, 4uto cnosa By(1), ..., W*N BblGMpatoTca cnyyaiiHbiM 06pa3oM, HesaBu-

CUMO Apyr OT Apyra, ¢ pacnpefeneHvieM BeposiTHocTelt (5.42) ANA Kaxngoro
CNoBa, e >X— ONTUMaNbHOe pacnpefencHue, 41 KoToporo

H(S,,) — = Cx.

Torga
ESa, = "2 WA... WESH®..®SH = Sfn.

YcpenHas HepaBeHCTBO (5.46) M yuMTbiBasA HE3aBUCUMOCTb OMEepaTtopoB Sw,
Pw= nonyyaem

EPe(W, M) A
A ATrS®n(1-P) + 4ETrSw(!-Pw)+ (N-\)TrS?nPEPW. (5.47)

Mcnonb3ys HepaBeHcTBa (5.36), (5.41), Bbipaxatowme TUNNYHOCTb NPOEKTO-
poB P, Pw, n HepaBeHcTBO (1.18), monyyaem

EPe(W, M) < 8¢ + (N - D||S®nP||TrE/V

ans n > nP>k e, 6). CornacHo ceoiicTBy (5.39) npoekTopa P cnpaBeanvea
oueHKa
IS®"P|| ~ 2-s|H<")-1],

a no ceoiicTBy 1 npoekTopa P nmeem
TrE/V = ETrPw. < ETrS#/ e2nl~'(S' )+8 = S)H|
BcnomuHas, uto H(S,r) - /7X(S(.)) = Cx, nony4yaem
pe(n, bf) < EPe(W, M) * 8e + N2~n\Cx~2S\
Takum o6pasom, ecim R~ Cx - 36, TO
pe(n, 2nR) < 8£+ 2-1H

0TKYJa W cnefyeT NpsMoe YTBepX/JeHWe TeopeMbl KOAWPOBaHUS. O
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Heb6onblias Mmogugukaums 3Toro paccy>aeHus no3BonseT gokasaTb 3KC-
NMoHeHLManbHoe yb6biBaHUe cpefHeli BEPOSTHOCTU OLWIMUOGKU. A WMEHHO, Hali-
fetca Takoe (3> 0, uTo

EPe(W, M) < 2~m3 (5.48)

B camom fiene, Mbl yXKe nonyunnn nofobHYH OLEeHKY N8 NnocnefHero cnara-
emoro B opmyne (5.47) npu ycnosumn, uyto N < 2"lcx-3"%l, Tak 4To ocTaertcs
[loKasaTb ee N5 MepBbIX ABYX cfiaraeMbiX. HO 3TO nonyyaetcd NpYMEHeHWeMm
HepaBeHcTBa (4.11) K BepoATHOCTAM 60/bLIMX YKNOHeHUiA (5.37), (5.43).

8§ 5.7. ®dYHKUMA HaAEXHOCTU ANA KaHana ¢ YNCTbIMU
COCTOAHNAMMU

B Knaccuyeckom cfyuyae UMCTble CUTHa/bHbIE COCTOSIHUSI COOTBETCTBYHOT
BbIPOXJEHHbIM pacrnpefeneHnsM BEPOSTHOCTEN 1 TeopeMa KOAMPOBaHUS oue-
BUAHbLIM 00pa3oM JaeT MaKCMManbHOe 3HayeHue MPOMYCKHOW Croco6HOCTH
log \X\. OfHaKo ANt YACTbIX KBAaHTOBLIX HEOPTOrOHAMbHbLIX COCTOSIHWIA yTBEp-
XAeHVe TeopeMbl KOAMPOBAHWS OCTAaeTCs HETPUBMANbHBIM, XOTS CUTyauus
BCE XXe YMpoLLaeTcs, YTO MO3BO/AET MOMAyunTb 60/ee CU/bHLIA pesynbTart.
34ecb Mbl JaguM Apyroe L0Ka3aTenbCTBO MPSMOro YTBEPXAEeHWUS TeopeMbl
KOAMPOBaHUA B CAy4Yae YUCTbIX COCTOSHMIA Sx = |~) (|, KOTOpOe He MmcC-
NoMb3yeT MOHATUA TUNUYHOTO NPOEKTOpa, OfHaKo 6narofaps 60see TOHKOMY
aHanu3y fAaeT OLEHKY, NO3BONAOLLYIO KO/IMYECTBEHHO OLEHWTb MNokKasaTenb
3KCMOHEHLMANLHOW CKOPOCTU CXOAMMOCTY BEPOSTHOCTM OLLIMGKM.

Teopema 5.7.1. MNpn R<C X nmMeeT MecTO OLEHKa
pe(n, 2nR) s£ 2-2~nER

rae
E(R) = h F’)‘(l\_Rr+ max(—logTrS|+ 91 > 0. (5.49)
OyHKUMs E(R) faeT HWXKHIOW TpaHuLy 418 TakK HasblBaeMON (PyHKL UK
Hafe>XHOCTW KaHana, XapakTepu3yloweid IKCMOHEeHLMaNbHY CKOPOCTb
CXOAMMOCTM K HY/0 BEpOATHOCTM owmnbkn pe(n, 2nR) npu n —»00.
[oka3aTenbCTBO. PaccMOTpMM MOANPOCTPAHCTBO NpocTpaHcTBa H®m,
MOPOXJEHHOE KOLOBbIMW BeKTOpamu , OTT- Kak 6bl10 nokasaHo
B M. 2.2.4, Mbl MOXXEM MCNO/b30BaTb onepaTop Mpama G =" Niww)(i>w<n,
4TO6bI NOCTPOUTL MEPEMOSTHEHHYIO CUCTEMY i

\i>j) - i=\,....N,
a 3HaYuUT, n Ha6mo,qaemyro M ¢ KOMMOHeHTaMu

C =D (@), /= 1, A, (5.50)
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KOTOpasi MOXeT 6blTb MPOLO/MKEHA Ha BCe MPOCTPaHCTBO H T myTem mpuco-
efMHeHMs npoekTopa M$ Ha OpTOroHanbHOE JOMO/HEHWE K .o, ipwm.
3710 6yAeT Hawum cy60onTUManbHbIM AEeKOAMPOBaHWEM [/18 COCTaBHOro Ka-
Hana. 3aMeTMM, YTO OHO OT/IM4YaeTcsi OT Habntogaemoin (5.44) OTCyTCTBMEM
TUNWYHOTO NpPoeKTopa P (Torga Kak YCNOBHO TWUMWYHbIE MPOEKTOPbI B Cy4ae
YNCTbIX COCTOSHUIA cyTb Pw —\)(Puh)- Tak Mbl NosyvaeM OLEHKY CBEPXY
LNs cpefHel BEPOATHOCTM OLIMOKM Yepe3 onepaTop pama KOLOBbIX BEKTOPOB:

N
=
< = | ("~ -TrC*) <551>
/=1

Mpeanonaras, YTo KOAOBblE cnoBa {A0*)} BbIGMpaKOTCA CyYaliHO, HE3aBUCMO
n ¢ pacnpegenenvem (5.42), nonyyaem

EPe(W, M)< A((V-ETrG*). (5.52)
Mcnonb3ys HepaBeHCTBO
—2X? M x2—3x, x>0, (5.53)
B COUETAHUM C OYEBUIHBIM HEPaBEHCTBOM —2X 2 20, MOMyYaeM OYEHKY
G2-3G,,
0

-2G* < { (5.54)
MaTtemaTnyeckoe oxwugaHue onepartopa pama paBHO
N
EG = E " | mun)}('dun)\ = /VE|cpwm)(pum\ =
/=1
8n
=N = NSfn. (5.55)
AHaNOrM4yHo
( N v
E(GJ- G)= EJ ¥2 A \dwee
\/,*=i /=i
= E( ) = MV- 1)(S®") , (5.56)

V Nle
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TaK YTO B COYeTaHMM C HepaBeHCTBOM (5.54) monyyaem

S2EGU{ JI(N -, K«")2-2«5T . (5 57)

MycTtb (|e/)} —OpTOHOPMMPOBaHHLI 6a3nMc U3 COBCTBEHHbLIX BEKTOPOB W
{Ay} —cooTBeTCTBYIOLWME COOBCTBEHHbIE 3HaYeHUs onepatopa S fn. Torga

rA7(jV - 1)1y - 2/VAy, /
(i Ny y (55%3

-P(e]\EG-*\ej) < I
W, UCNonb3ys HepaBeHcTBa min(a, b) » arb'~r n 2'~r~ 2 npu 0~ r™ 1
nonyyaem
/VAymin [(N- DAy, 2] -2/VAy < ZMNV - DIAH - 21AY, (5.59)
OTKyfa cnegyert, 4uTo

-2ETrG5 < -2N + 2N(N- DrTr (S®")I+r.

Bo3Bpallasicb K HepaBeHCTBY (5.52), Mbl MOXXEM OLEHWUTb CPeAHIO BEeposT-
HOCTb OLIMGKM, MUHMMU3NPOBAHHYIO MO BCEM KOAaM:

pe(n, M) » 2Nr(TrSi+r)n

ans noboro 1 Monarasg N = 2nR, nonyyaem

pe(n, 2nR) < 2 e2»(*'+'*Tr" +') . (5.60)

Tenepb MOXHO_MCNO/b30BaTh CBOOOAY B BbIOOpe NapameTpoB I 1 . 3ame-
Tum, yto —logTrS|+' aBNsAeTCA BOrHYTOM (hYHKUMEA OT T, YTO AOKa3bliBaETCs
BbIUMC/IEHVEM BTOPOIA MPOM3BOAHON (3afava). Takxke cnpaBefMBO PaBEHCTBO

ddr— 6 logTrSi+r) = - TrS, logS* - M(Sn). (5.61)
Bosbmem B KauyecTBe 7r pacnpegeneHue, gns kotoporo H(Sn) = Cx. Torpga
npn R <CX nmeem pe(n, 2nR) * 2 «2~nER), rage E(R) gaetcs BbipaKeHUeEM
(5.49). O

§5.8. KommeHTapum

1 Mpo6nema onpefeneHnss MponyckHOi CrocoGHOCTU KBaHTOBOIO
Hana cBs3u cthopmupoBanack B 1960-e roasl ¥ BOCXOAWUT K 60/iee paHHUM
Knaccuueckum Tpygam [aGopa M BpunntosHa, B KOTOPbIX 6bi1 MOCTaBfEH
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BONPOC O KBAHTOBOMEXaHWYeCKUX npegenax TOYHOCTM W CKOPOCTW Nepegayu
nHpopmaumm (cM. kHurm A. A. Kypukwin [14], B.B.MuTiorosa [19] u 0630p
Keinca n [Opammonga [68]). 3Tn paboTbl 3an0XUnuM (U3NYECKMe OCHOBBI
1 MOAHSANM Npo6aeMy afeKBaTHOro MaTeMaTUYecKoro pacCMOTPEHNS Kpyra BO-
MPOCOB, CBA3aHHOI0 C KM1ACCUYECKOW MpPOMYyCKHOW CNOCOGHOCTbIO KBAHTOBbIX
KaHasnos.

2. [loka3aTenbCTBO TeopeMbl 5.3.1, BK/KOUalOLee KpUTEpUiA AOCTUXUMO-
CTW BEPXHEN rpaHuLbl U ONUpaloLLleecs Ha CpaBHeHWe CBOWCTB BbIMYKNOCTM
BeNMYMH B HepaBeHcTBe (5.15), 66110 gaHo A.C.Xoneso; cm. [34].

3. [leTanbHoe cpaBHeHWe BennuuH C\, Cx 418 pasnnyHbIX KaHaioB Mpo-
BefeHOo B paboTe Xupota u gp. [110].

CunbHoe obpalleHue

d_i_r;&)pe(n, 2nR)= 1 mpn R~ C§_

nonyyeHo B paboTte Oraea u Haraoka, cm. [90].

dopmyna (5.35) BbiTekaeT M3 paboTtbl J1. b. leeutnHa [120], B KOTO-
POl aBTOp Hallen MakCUMyM BenuuuHbl Aar, M) no yeTkMM HabogaembIM
C ABYMS 3HayeHusMU, U 13 paboTbl LLiopa [144]. B nocnegHein pabote 6b110
MoKas3aHo, YTO B JaHHOM C/ly4yae [OCTaTOUYHO OrpaHNYMTLCSA TakuMu Habntoaa-
eMbIMU 1 YTO mﬁxl(?T, M) sBnseTcs BOFH%TOVI CUMMETPUYHON hyHKLMel OT [,

OTKy/a BbITEKaeT, YTO ONTUMa/bHOe pacnpefeneHune ABASETCH PaBHOMEPHbIM.

KaHan ¢ TpeMsi uncTbiMM coCcTosHUAMK 6bin BBeAeH B paboTe A.C.Xone-
B0 [33], rae 6bI10 MOKasaHo, YTO 15 PaBHOMEPHOro pacnpefeneHns b Mak-
CUMyM m,\z/;lli(Yr, M) = log(3/2) « 0,585 6uT no BCcem HabnOAAEMbIM CT%OFO

60nblUe MaKCUMyMa Mo YeTKUM HabnrogaembiM, pasHoro log(\/3/-\/2) «0,459
6ut. lMonHoe wnccnepgoBaHue npobnembl MakcumMusauuu BeauuuHbl T\(iv, M)
[N9 NPOU3BOJILHOrO CUMMETPUYHOrO CeMeliCTBa YUCTbIX COCTOSHUIA B BYMep-
HOM NpoCTpaHCTBe faHO B paboTe Cacaku, bapHeTa, [pxo03a, Ocaku n Xu-
pota [134], rge Takxe 6blia MpeasioXKeHa 3KCMEepPUMEHTalbHas peann3auns
ONTUMaNbHOW Npouefypbl UsMepeHus. [leTanbHblil aHanu3 KaHana ¢ Tpems nu-
HEeiHO He3aBUCHMbLIMU YUCTBIMU COCTOSHUSMU B BELLECTBEHHOM TPEXMEpPHOM
npocTpaHcTBe nposefeH B paboTe Lopa [144], rge, B 4acTHOCTW, MoKasa-
HO, YTO MH(OPMALMOHHO-ONTUMaNbHasA HabnjaeMas B 3TOW 3ajadve MMeeT
B 06LleM cnyyae 6 3HaYeHUiA (T.e. MaKCUMalbHOE KOMMYecTBO, AOMYCKaeMoe
npegnoxeHuem 5.3.1 B cnyvae d =3).

4. Vgea cxaTus faHHbIX B KBAHTOBOM Teopuu MH(OpMauMn npuHagne-
XuT LLlymaxepy; AoKa3aTenbCTBO Teopembl 5.5.1 aaHO B COBMeCTHOI paboTe
Lymaxepa n [pko3a [108]. O630p pe3ynbTaToB pasfUYHbIX aBTOPOB, OTHO-
CALLMXCH K 3HAYMTENbHO 60/1ee CNOXHON npobnemMe CXaTus ANS KBAHTOBOrO
MCTOYHMKA CO CMELUaHHbIMU COCTOSHUAMU, UMeeTCA B KHure Xanawwm [90].
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5. [loka3aTenbCTBO MPsAMOI Teopembl KOAMPOBaHWUA A1S MNPOU3BOIbH
c-g-kaHana gaHo A. C. Xoneso (cm. [98]), a Takxe LUymaxepom u BecT-
mopneHgom (cMm. [135]). [dpyroe AokasaTenbCTBO B Ayxe nogxofa Yucapa
n KepHepa (cm. [44]) K KfnaccuyeckKum Teopemam KOAWMPOBAHWSA Mpeasioxe-
HO BrocnefcTeun BuHTepom B paboTte [156]. STOMy npealiecTBOBano pac-
CMOTPEHME KaHana C YMCTbIMM COCTOsHMSIMU B paboTe [pko3a, LLymaxepa,
BectmopneHga, Byttepca u XaycnageHa (cm. [89]). CnegyeT OTMeTUTb, 4TO
ele 40 3TOro LUEHHOHOBCKMIA MeTof Cny4aliHOro KoAupoBaHUA ANs KBaHTO-
BOr0 KaHana C YACTbIMW MOYTU OPTOrOHa/IbHbIMW COCTOSHUAMU 6blN NpUMe-
HeH P.J1. CtpatoHoBuuyeM u A. I BaHusiHOM (cMm. [28]), KOTOpble Ha OCHOBa-
HUM NepBOro NPUBAVXEHUS AN MUHUMANbLHON BEPOSTHOCTM OLUMOGKM NPULLIK
K BbIBOAY, YTO 3TOT MeTOZ MO3BOMAET MOAYYUTh /ML 3HAYeHue

C= —Iogrnli_nTrS" < C (5.62)

Ha camom fene Hagnexawiym 06pasoM MNPYMEHEHHbI MeTof Cry4YaiHoro
KOAMPOBaHUA B C/lyyae KaHana C MPOWU3BO/IbHLIMW YMCTBIMU COCTOSHUAMU
MO3BOJINI MONYYUTb AaXKe OLeHKY (PYHKLUUM HafeXXHOCTU B AyXe KNacCUYecknx
pe3ynbTaToB [annarepa, U3N0XeHHbIX B KHure [5]; cm. paboty M. B. BypHa-
wesa n A. C. Xoneso [1], npuuem BenuuuHa (5.62) okasanacb paBHOW Tak
Ha3blBaeMOW ype3aHHOI NponyckHoli crnoco6HocTn (cut-off rate). B pa6o-
Te [1] TakXke BbiCKasaHa A0 CUX MOP He fOKalaHHas runortesa O (YHKLUM
HafeXXHOCTK 414 06LLEero kaHana co CMellaHHbIMU COCTOSHMAMK. B aToM cny-
yae, Kak 1 B page ApYrux, pacCMOTPEHUe CMeLUaHHbIX COCTOSHWUIA NepeBoauT
npo6siemMy Ha KauyecTBEHHO 60/ee BbICOKUIA YPOBEHb COXHOCTM.
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KBaHTOBbIE 3BOIOUMN N KaHasbl

§6.1. 2BOMKOUNN KBAHTOBOW CUCTEMBI

B sToM naparpadie NMoHATWe KBaHTOBOrO KaHasna GY/AeT pacCMOTPEHO C 06-
el Touku 3peHus. Kak Mbl BUAENW B [N, 4, KNACCUYECKMIA KaHan MOMHOCTbO
onpegensieTcs NepexoaHoil MaTpuLeii BeposTHOCTEN:

Takolt KaHan onucbiBaeT auHHOe nNpeobpasoBaHue px —>py —YX1 P(Y\x)Px

KMacCUYecknx cocTosHuiA (pacnpegeneHmnini BeposiTHocTen) p = {px) Ha HEKo-
TOpPOM BXOAHOM angaBuTe X B Knaccuueckue coctosHus p' = {p'y} Ha BbIX0OA-
HoM anctaBuTe Y. M0 aHanorMm B KBAHTOBOM C/y4ae Mbl CHavana paccMoTpUM
ahhMHHble 0TOBGPaXKEHNSA, KOTOPble NepeBOAST OnepaTopbl NAOTHOCTM B One-
patopbl naoTHOCTN ®: &(H) —><5(H),

® EPiSi]- EP.'q)[5/b Pi > °- EPi: 566/\‘

3afgava 6.1.1. [LdokaxuTe, 4to aPuHHOe oTObpaxkeHne ® MHOXecTBa
cocTosiHMin &(H) B cebs egMHCTBEHHbIM 06pa3oM NpoAo/MKaeTca 40 0T06-
paxkeHUs nuHeHOro npoctpaHcTea 4(H) co cnegyloWwmMmn CBOMCTBaAMU:

1) ® nuHeitHo: @ E cjTj = ¢j £c:

| I

2) ® nonoxutensHo: Te 4 (H), TN 0=d[7] * 0;

3) ® coxpaHseT cneg: Trdo[7] = Tr7\ Ted(H).

Yka3aHue. Cnefys foKa3aTenbCTBY TeopeMbl 2.2.1, MOCTPOIiTe IMHeHoe
npogo/mxeHne oTobpaxeHns ® Ha 4(H); csolicTBa 2, 3 OKa3bIBAOTCS HeMo-
CPeACTBEHHOI NPOBEPKOIA.

OnpegeneHune 6.1.1. Onsa noboro otobpaxeHus &: 4 (H)—>4(H), ygo-
BMIETBOPSAIOLLErO CBOMCTBaM 1—3, cOMpsi>keHHoe 0TobparkeHne d*: ¥ (?<)—
—>b(H) onpegensietcs popmysnoi

TrO[70AT = TrrdY*],  Te 4(H), XellH). (6.1)

3agayva 6.1.2. [okaxwuTe, 4To cBOWCTBA O0TOOpaXkeHMs ® u3 3agaum 6.1.1
pPaBHOCWU/IbHBI CleAYyHLWUM:
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1) @* nnHeitHo;

2) ®* nonoxutensHo: X A 0=» ®*[T ~ 0;

3) ®* yHuTanbHo: ®*[/] =/.

OTo6paxeHne ® onmnchbiBaeT 3BOMOLUI0 KBAHTOBOW CUCTEMbI B TEPMUHAX
COCTOSAHUIA (KapTuHa LLpéauHrepa), B TO BpeMs Kak 0To6paxeHune d* —B
TepMuHax HabnogaemMbix (KapTuHa [elizeH6epra).

Mpumep 6.1.1. MycTb U —yHUTapHbIA onepatop, Torga ®[S] = USU*
ABnseTCA ap@UHHLIM U B3aUMHO OfHO3HAYHbIM OTOGPAXEHMEM MHOXeCTBa
KBAHTOBbIX COCTOSIHWIA &{H) Ha ceb1, T.e. 3aaeT 06paTUMYH 3BOMOLMIO.
B kapTuHe LLpégnHrepa ®©*[X] = U*XU.

Crepytowuidi pesynbTaT XapakTepusyeT Bce 06paTMMble 3BOMHOLMN.

Teopema 6.1.1. MycTb ® —addnHHOE B3aUMHO OHO3HAYHOE 0T 06-
pa>keHne BbINYKAOr0 MHO>eCTBa KBAHTOBbIX COCTOSHUIA &(H.) Ha
cebs, Torga

®[5] = USU*, S e 6 (H), (6.2)
rae U —yHWTapHbIA UM aH TUYHUTapHbI onepaTop.

B cnyuyae yHMTapHOro onepatopa MpoAo/mKeHne @® [0 AMHEAHOro mno-
NOXNUTENbHOT0 0TO6GpaxkeHns umeeT TOT e Bug (6.2) ana scex S € T(7i).
AHTUYHUTapHbIA onepaTop U xapakTepusyeTcs CnefytoLMMm CBONCTBaMU:

D) Wi\ = H |

2) U(z,Cji’j) =TlcjUip.

Takoii onepaTop Bcerga MOXHO npeactaBuTb B Buge U = UA, rge U —
YHUTapHbI/A onepatop, a A —A* — aHTUYHUTapHbIA OMepaTop KOMMIEKCHO-
ro CONpsXXeHWs B HEKOTOpPOM (uKcupoBaHHOM 6a3ucel CooTBeTCTBYHOLLaA
emy 3BOJIHOLMS COCTOSHWIA 3afaeTca TPaHCNOHMPOBAHWEM MAaTPULbl MIOTHOCTU
B 3TOM basuce:

ST - ASA*.

YuunTbiBas, 4To B 06Wem cnyyvae T* = JI7'T/1*, nonydaem, 4to B Cnydae
aHTUyHMTapHoro onepatopa U nuHeiiHoe npogomkeHne ® naetcs hopmynoi

®[7] = UT*U*, T € 4(4). (6.3)

[okazaTenbcTBO. [lOKasaTenbCTBO B ciyyae q-6uta (dimW = 2) gaHo
B 86.8; M3 HErO BbITEKaeT, YTO B 00LWEM cfyyae cyxeHne @ Ha MOAMHO-
YKECTBO COCTOSIHWIA, COCPEAOTOUYEHHbIX Ha /Il060M ABYMEPHOM MOAMNPOCTPaH-
ctBe H2 C H, paetca cdopmynoli (6.2), roe U, ofHaKo, MOXET 3aBuceTb OT
BbI6paHHOro nognpocTpaHcTBa. Jloka3aTenbCTBO B 06LLeM C/y4vae CcOCTOUT
B TOM, 4TOObI, MPOU3BOAA NOAXOAALME AehopMaLMM 3TOFO MOANPOCTPAHCTBA,

‘B (u3nKe onepawLnus KOMMNNEKCHOTO COMpPs)KeHWs cBs3aHa ¢ 06palieHnemM BpeMeHu.
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nokasaTb, YTO 3Ta 3aBMCMMOCTb CBOAMTCS K HeCyLleCTBEHHOMY (ha30BOMY
MHOXUTESO.

MycTb @], ¢ urn. [MOCKONbKY aphMHHOE B3aMMHO OAHO3HAYHOE 0TOG-
pa)keHWe MHOXEeCTBa KBaHTOBbIX COCTOSIHUIA Ha ce6s B3aMMHO OfHO3HAYHO
MepeBoOAMT KpaiiHue TOUKM B KpaiiHue TOUKM, Mbl MOSydYaem

=bl (bl 1= 2.

PaccmaTpuBas aBymepHoe nognpocTpaHcTBo H2 CH, cogepxauiee )t d2,
N NPUMeHAs YNOMSIHYTbIN Bbille pe3ynbTaT Ansa q-6uta, u3 dopmyn (6.2), (6.3)
nonyyaem

®[Ne|)Ne1l = 2 P&)<<p2| m6o 2 |(p=> ("], (6.4)
rge |z| = 1. OTcloga cnegyet, UTo

(Mo = \{dH\w2 -
MycTb Tenepb {e/, / = 1, ..., d} — OPTOHOPMUPOBaHHEI 6asuc B H, To-
roa
d\ei){e,\\ = |Ay<Ay,
rae {hj} — OPTOHOPMUPOBaHHbLIA 6a3nc B H. N3 cooTHoweHnsa (6.4) cnepyer,
yTo
®[|<?)bll = zjk\hj){hk\ nu6o zkj\hk)(hj\. (6.5)

Ecnm ®[ler)<e2J = Zi2|A[)(A2|, HO D[|er)(e3[] = ral/js)(/ii], TO
D[le])(e2+ e3]] = z12Ai)(A2|+ Z3L|A3)(Ail

ABNSIETCA ONepaTopoM paHra 2, 4To MPOTMBOPEYUT paBeHcTBY (6.4). MoBToOpPAs
3T0 paccy>XgeHue, nonyyaem, 4to B popmyne (6.5) ans Bcex  k mmeeT mecto
OfHa U Ta Xe W3 ABYX a/lbTepHATVB.

PaccMOTpMM BTOPYH M3 HUX, Korpa

®[|ei)(ek] = zkj\hk){hj\,
Torfa, nonaras ¢ - s\ + ... + €, NoAy4YaeM, 4To onepaTop

d
T W = E r*hANJyr

/=1

ABMSAETCA NPOEKTOPOM paHra i, NO3TOMY z*y= a*a,-, rge |ay| = 1 ans Bcex /.
O603Hauas yepe3 U aHTMyHMTapHbIA onepaTtop, ana kotoporo U\e,) = ajhj,
nonyyaem topmyny (6.3). AHaNOrM4YHO B CNy4ae MepBOi anbTepHaTMBbI MO-
nyvaem @®[7] = UTU*, rae U —yHuTapHbI oneparop. O
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86.2. BnonHe NonoxuntesbHble 0TOGpaxXeHUs

0O606waa npegblayline pacCMOTPEHMS, PacCMOTPUM fIMHeiHoe oTobpa-
XeHune @, geincteytowee u3 T(Wi) B 1 (H2)>Torga conpsixeHHoe oTo6paxe-
Hue ©* pelicTByeT U3 B ®(W|).

OnpegeneHne 6.2.1. OTo6paxeHne ®* (d) HasbiBaeTCA BNOJHE NOO-
>KUTENbHbIM, €CM BbINOMHEHO OfHO M3 CMefYHLMX 3KBUBANEHTHbIX YCIO-
BUIA:

1) otobpaxeHne ®©* ® Id,, nonoxmTenbHo gns scex n—1,2, ..., rge Id,
0603HaYaeT TOXAECTBEHHOe 0TOBpaXKeHNe B anrebpe Bcex (M X n)-matpuy *B,,

2) ons nobbIX KOHeYHbIX Habopos BekTopoB {<pj}c H2, {tv/} C Hi BbINOA-
HEHO HepaBEHCTBO

1*

UTo6bl 10Ka3aTh 9KBMBANEHTHOCTb 3TUX YC/I0BUIA, PACCMOTPUM MPOCTPaH-

cTBa H\M\ KOTOpble ABASKOTCA MPSMbIMA OPTOTrOHANbHLIMU CyMMamu N KO-
nuiA Hi, i = 1, 2, rae n — Konu4yecTBo BeKTOpoB B Habopax {ipj), {h}. Kak Mbl

yxe Bugenn B n.3.1.1, H” MOXeT 6blTb OTOXAECTB/EHO C MPOCTPAHCTBOM
Hi®!?n. Takum 06pa3oM, BBOAA 0603HaYeHue

= £0 N ~r<m=iz 0 @
\=\ /=1

nony4vaem

5> y|®[Ne/>MM = <)@ @idn)[IV'(,))<v )] IVI»).
/.*

OTKyfla BbITeKaeT umnankauua 1) => 2). O6paTHO, NGO MONOKUTENbHbINA

onepatop A{) B H” —H2 ¢> MoXeT ObITb NpeACTaBNeH B BUAe CyMMbl
nonoXxuTenbHbix onepatopoB \ip?)(ip(M paHra 1 CnefgoBaTenbHO, U3 CBOIA-
CTBa 2, 03HAYalOLLEero MonOXUTENbHOCTb 0TObpaxeHus d* ld,, Ha TakuMx
oreparopax, BblTeKaeT CBOMCTBO 1.

3agaya 6.2.1. [okaxuTe, 4To ecAm oTo6paxeHue @ yaoenetBopsieT
YCMoBM0 1 Npu N = 2, TO AN HEro BbIMOMHAETC HepaBeHCTBO KaancoHa

O[] A (e [A]l|e*[/1M], (66)

rae A —npoun3BO/bHbIA onepaTop.
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3agayva 6.2.2. TlokaxuTe, 4To A4/15 OMNepauuy TPaHCMOHNUPOBAHUA B HEKO-
TOopom 6asuce ycnosue 1HapyLuaeTcs yXe npu n = 2. YKasaHne. PaccmoTpu-
Te ycnosue 2, rae {¢/} — 6asuc, B KOTOPOM NPOUCXOAMT TPaHCMOHMPOBaHMUE.

MoHsTe BMOAHE NOMOXUTENLHOTO 0TOGPaXeHMs 6bino BBeAeHO CTaiHc-
MPUHIOM, KOTOPbI A0Ka3an BaxHbIN pe3y/bTaTt, 0606uiatoluii Teopemy Haii-
mMapka. Mbl MOMy4nM YTOUYHEHWE 3TOFO pe3ynbTaTa B KOHEUHOMEPHOM Cyyae.

Teopema 6.2.1. [ina n060ro BNoaHe NONOXKUTENbLHOrO O0TO6Gparke-
HUa @©* 3 (v*2) —3(7*0 HalpgyTCs ruabb6epTOBO NpocTpaHcTBO Ho
n onepaTop V:Hi —r*2 ®7* Takue, 4TO

O[] = K*(X®/o)K, X e 3(W2). (6.7)
[BOAICTBEHHbLIM 06pa3om,
®[5] = TMBVSV*, S e T(7*). 8)

OTob6pakeHne ®* yHuTanbHo, T.e. ®*[/2] = /1 (0Tobpa>keHne @
coxpaHsieT cnef), Torja u TONbKO Torga, Korga onepaTtop V u30-
MeTPUYEH.

Jloka3aTenbCTBO. PaccmMoTpum anrebpanmyeckoe TeH30pHOe Npon3Befe-
Hue £ = 7% ® 3 (7*2), nopoxaeHHoe aneMeHTamn ® =hp®X, p£H\, X £
€3 (7*2). BBegem B £ nceBfoOCKansipHOe NPOW3BEAEHNE C KBagpaTOM HOPMbI

_ z __
=52T*-[x;XxKuW

3JTa Be/IMUMHA HEOTpULATeNbHA, TakK KakK 6/104HbLI onepaTop

B7+2 MONOXMTENeH. Mocne hakTopmsaumm no nognpoctpaHcTey Co anemeH-
TOB C HYNeBO HOPMOW Mbl Nofyuum runbb6epToBo npocTpaHcTBo K = C/Co-
Onpegenvm V 1 1 cooTHOWeHUAMU YD =p®/ n Y ]P = Y (h® X) =
—(p®Y X. HeTpyaHO NPOBEPUTb, YTO 3TV OMpPeAeNeHUs BblAEPXNBAOT (haKTo-
pu3auuto. Torga 71— *-romomopdunam anrebpbl 3(7*r) B 3(/C), T.e. NnHeliHOe
0To6paXeHMWe, coxpaHatoLlee anrebpanyeckne onepalmu v UHBOMOLMHIO:

tt[ XY \ = k[XUW Y\, 7r[X*] = »B\X].
OTO6pa)K€HI/I€ 7T YHUTa/IbHO, 6onee TOro,
{<p\OLX\) = (<p®L\P®X) = {tp\VV[X]VW, X € 3(7*2),

T. €.
OX] = YT, (6.9)
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OfHako cornacHo nemme 6.2.1 (CM. HWKe) NOGOA YHUTaNbHbIA *-ro-
mMomopduaMm anrebpbl ©(H) yHUTApHO 3KBMBasIeHTEH OTOOpaxeHW TTA =
=X ® /o, rge /o —eAnHNYHbLIA OMnepaTop B HEKOTOPOM U/bOEPTOBOM Mpo-
cTpaHcTee HO, No3TOMy Mbl MOXeM NOA0XKUTL /C= Hr ® Ho 1 npeacTasneHune
CraiiHcnpuHra (6.9) npuHumaet Bug (6.7).

[BoiicTBeHHOe npefcTaBfieHNe (6.8) BbITEKAET U3 COOTHOLWeEHMS (6.7)
1 onpeaeneHns COMPSXXEHHOro oTobpaxeHus (6.1). |

Nemma 6.2.1. TycTb 7 —YHUTaNbHbIA *-roMoMopcn3M anrebpsbl
©(H) B anrebpy ©(£), Torga HaiayTca runb6epTOBO NPOCTPAHCTBO
Ho n n3omeTpuyHoe oTobparkeHme U npocTtpaHcTBa K Ha H®Ho
Takue, 4TO

irfX] = U*(X®lo)u, X e ©(H). (6.10)

[okasaTenbcTBO. BblbepeM opTOHOMUPOBaHHIA 6asuc {ey, / = 1, ..., d]
BH 1 paccMoTpum maTpuuHble efuHuubl |e/)(e*| n ux obpasbl

Vik = irfle/)(e*]] e »(£).

MocKoMbKy 7 —*-roMoMopgun3m, onepaTopbl Vjk yAOBNeTBOPAIOT TeM e
anrebpamyeckMM COOTHOLLIEHUAM, YTO U MaTPUUHble eauHULbI:

vjkvim = 5klvjm, vik= v (6.11)

PaccmoTpum nognpocTtpaHcteo Ho = VUICC K 1 onpefenim oTobpaxkeHue
U: /C—H ® Ho cooTHoLeHneM

i
(3ameTtum, yto Wjtp= W\ e Ko.) Torga

<rnga®/oKNbl - J2(ei\Xe? (v'i*"\vM . (6.12)

MOCKONbKY B CMY COOTHOLIEHWIA (6.11) BbINONHAETCA PaBEHCTBO

<SVVi|VW*> = <1 = <0 rilej)(ekVir),

npaeasi 4acTb cooTHoweHns (s.12) paBHa "2 {ej\Xek){ipi |7r[By) (e*[]oT) —
A*

= Wl OTctoga cnepyeT paBeHcTBO (6.10). Monarasd 71=/ wn uc-
Nosb3ys YHUTaNbHOCTb FOMOMOpM3Ma T, NoyYaeM, YTo 17 — M30MeTpUUHOe
oTobpaxeHne K H® Ho.

3agava 6.2.3. TokaxuTe, 4to 06pa3 npoctpaHcTBa K npu oTobpaxkeHun
U coBnagaetr c H®Ho. O
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MpegcTaBneHne CTaliHCMpUHIa He eAMHCTBEHHO. MpeacTaBieHune, Ans Ko-
TOpPOro pasMepHOCTb dim Wo MyHMManbHa, Ha3blIBAETCS MUHUMATbHBIM.

Teopema 6.2.2. TlycTb
O*[X] = V*(X®70)V, X e B(W2), (6.13)

— Apyroe npeAcTaBneHue (/o—eaUHUYHBLIA onepaTop 8 NpoCcTpaH-
cTBe Ho). Torga cyuwecTByeT yacTuyHas U3oMeTpus no M3 Ho B Ho
Takas, 4To

(h®Wo)V = V; (6.14)
ecnn oba npefacTaBneHNa MUHUMaNbHbl, TO Wo M30MeTpPUYHO oTobpa-
>KaeT Ho Ha Ho-

JokasaTenbcTBO. Ona npeactaBneHus (6.7) pacCMOTPUM MoANPOCTpaH-
CTBO

M = {(X®lo)Yh: he Hu X 6 LLLH2} C K = H2®HO.

lMpocTpaHCcTBO M MHBApWMAHTHO OTHOCWUTENbHO YMHOXEHMWS Ha OMnepaTopsl
Buga Y ® /o, cnefoBaTtensHo, OHO MMeeT Bug M = H2® /140, Mo C Ho. Ansa
MWUHUMa/IbHOTO NpefcTaBneHns nuMeeM Mo = Ho, MOCKO/IbKY B MPOTUBHOM
cnyyae HalifieTcs COBCTBEHHOE MOANPOCTPAaHCTBO.

PaccmoTpum aHanormyHoe nognpoctpaHctBo M = H2® Mo npocTpaH-
ctBa X —H2®Ho ansa gpyroro npeactasneHus (6.13). Onpegenum onepa-
Top W, geiictBytownii u13 M B M, paBeHCTBOM

W(X ® 10V = {X ®/0)Vip. (s .15)

Mockonbky onepatop W M30METPUYEH, COrNacHO COOTHoWeHnAM (6.7), (6.13)
HOpPMbl BEKTOPOB U MX 06pa3oB npu oTobpaxeHun W pasHbl (O|P [A*X]|M).

M3 cooTHoweHus (6.15) nonyyaem, 4yto gna scex Y € d(H2) cnpaBegnumeo
paBeHCTBO

WYX®/0)Yh = (Y ® /o) X ®T0)Yh
W, cnegoBartenbHo,
W(Y®I10) = (Y®T70)W (6.16)
Ha M. lpoponxas onepatop Ne Ha K, nonaras ero paBHbIM HyMO Ha OpTO-

rOHaNbHOM AONOAHEHMN K M, nofy4yaem, 4To COOTHoWweHne (6.16) BbINOIHEHO
Ha K.OTctopacnegyet, uto W —122® Wq, rge Wb n3omeTpnyHo oTobpaxaeT

Mo Ha/l4o- N3 cooTHoweHms (6.15) cneayeT paBeHCTBO (6.14). O

Cnepacteue 6.2.1 (npeactaBneHne Kpayca). OTobpa>keHune &* BnosHe
NMONOXKUTENbHO TOrfa W TONbKO TOr4a, Korga OHO MO>XeT ObITb
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npeAcTaBneHo B BUAe

P*[X] = VIXVK, X e LLH2), (6.17)
K

roe V* H\ —W:. unu, 4BOCTBEHHbIM 06pasom,

*m = £ vw . TbbT - (6.18)

OTo6pa>keHne ®* yHUTaNnbLHO (® coxpaHseT cnef) Torga U TonbKo
Torga, Korga

£>,;n =1/ (6.19)

JokasatenbctBo. lMonaras fo=  ®;)(e/l>r[e e/ — OPTOHOPMNPOBAH-
Hblli 6a3nc B Wo. paccmoTpum onepatopbl V/, gelicteytowme n3 Hi B Wz,
KOTOpble OnpeAenstoTcs Gopmynoin

{PWij) = (ipQe™Vij}), y &Hz, e H\. (6.20)

Lna onepatopoB, onpefensembix topmynoii (6.20), mbl 6ygem nHorga uc-
nonb3oBatb 0603HayveHue Vj = {ef\V. MpeactaBneHue (6.17) cnepyeT Torga
13 opmynsl (6.7). O

Kak n npeactaBneHne CraiiHcnpuHra, npefctasneHne Kpayca He efvH-
CTBeHHO. lNpeacTaBneHne Kpayca ¢ MUHUMaNIbHBIM KOIMYECTBOM HEHYNEBbIX
KOMMOHEHT Ha3blBaeTCAd MUHUMANbHbIM.

3agava 6.2.4. Onupadcb Ha Teopemy 6.2.2, MOKaXuTe, 4YTO ANSA JHO-
6bIX ABYX npefcTaBneHuii Kpayca BNosHe NOAOXUTENbHOro oTobpaxeHus @

c onepatopamu Vj, VK HailgeTcs NpsAMOYronbHas YacTWUYHO M30MEeTpuuecKast

matpuua [ukj\ Takasa, uto Vk = "*2ukjVj. Ecnu o6a npeactaBneHuss MuHuM-

/
Ma/lbHbl, TO 3Ta MaTpuua YHUTapHa.

3agava 6.2.5. Myctb M = {Mx}—Habnwogaemas n
Mx = V*EXV = V"EXV (6.21)

— ABa paclwupeHna Halimapka gns M B npocTpaHcTBax K, K. JokaxuTe, 4To
TOrAa Hangetca vactuuHas msometpus W : £ —£ Takas, uTto

WV —V, WEX= EXW,

MpuueM ecnnM paclVpeHns MUHUMANbHbl B CMbICME pa3MepHOCTeid mnpo-
ctpaHcTB K 1 K, To W —un3omeTpuyeckoe otobpaxeHne K Ha K.
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86.3. OnpepgeneHne KaHana

Janmm unsnyeckyo MHTepRpeTaumIo CBOCTBA NOMHON NONOXMUTENbHOCTH.
PaccmoTpum (Boo6LLE roBOps, HEOOPAaTUMYHO) 3BOMKOLMIO OTKPbLITON CUCTEMBI,
B3aMMO/ENCTBYIOLLEel C OKpyxXeHneM (cm. puc. 6.1). MycTe H — runbbeptoBo

U
O 39
H MNE

Puc. 6.1. OTKpbITas KBaHTOBas cucrtema

MPOCTPAHCTBO CUCTEMbI, He — NPOCTPAHCTBO OKPYXeHWs, U NycTb Se — Ha-
yasbHOEe COCTOSIHME OKPYXXeHUs. [peanonoxXum, 4to o6patumas 3BOMOLNS,
OMuCbIBaOLLAs B3aMMOAECTBME CUCTEMbI C OKPY>XEHMEM, 3a[aeTcs YHUTap-
HbIM onepatopom U. Torga 3Bontouus cucTembl gaetca hopMynoi

@d[5] = TpHE U(S ®Se)U*. (6.22)
Teopema 6.3.1. Bcsikoe BMONHe NONO>XKUTENbHOE COXpaHAOLLee cnes
oTob6pa>keHue ®, ans koToporo H\=Hu.= H, mo>keT 6bITb paclimpe-

HO [0 3BONKOLMU OTKPbITON CUCTEMbI, B3anMOAelNCTBYOLER C OKpPY-
>KEHWEM, TaK YTO BbINOJHEHO COOTHOWeEHNE (6.22).

JokasaTtenbcTtBo. PaccmoTpum npocTpaHcTBO He J1M-MepHbIX BEKTO-
pos, rge N — KONMYECTBO KOMMOHeHT B npeactasneHnu Kpayca pna .
MpoctpaHcTBO H <B>He MOXeT OblTb MpeAcTaBNeHO KaK npsmas Cywm-
ma N Konuii npocTpaHcTBa H, T.e. Kak MpPOCTPaHCTBO BEKTOP-CTO/OLOB
[\, ..., du]T, ] € H; onepatopbl B 3TOM NPOCTPaHCTBE CYTb 6/104HbIE MaT-
puubl [Xy*];,*=!....0/. Xy* ¢ b(H). PaccmoTpum BekTop |"£) = [K O, ..., 0]T,
Torga

(0]
S® \de)(dPe\ =
Beefem onepatop
Vv,
U= (6.23)
VN
roe nepeblii cTon6el, cocTouT M3 onmepatopoB V\,...,Vn, a ocTanbHble

cTON6Ubl MOryT 6bITb BblOpaHbl Takum 06pa3oM, 4TO onepatop OygeT YHu-
TapHbIM; BO3MOXHOCTb Takoro Bbl6Opa BbITEKAET M3 COOTHOLWEHWs (6.19).
Vimeem

u(s ®\i)Ne )u* = [V]jSv; nk=i.
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YaCTWYHBIA CNeiBH ® He no MPOCTPAHCTBY H e €CTb CYyMMa AMarOHaNbHbIX
3N1IEMEHTOB MaTpuLbl, YTO COOTBETCTBYET npeAcTasneHnto Kpayca gns oTo6-
paxkeHnsa @. O

MpedblayLiye paccyXaeHns MOTUBUPYIOT Crefytollee onpegeneHue. by-
fJem 0603HayaTb CMCTEMY Ha BXOAe KaHana 4vepe3 A, a CMCTEMY Ha BbIXofe
yepes B.

OnpegeneHve 6.3.1. KaHanom B KaptuHe LUpéauHrepa Ha3sbiBaeT-
CA NIMHeliHOe BMOSIHE MOMOXUTENbHOE COXpaHAtoLee cnef OTobpaxeHue
®: ICH4) —»TCHB). [lBoiicTBEHHbIM 06pa3oM, KaHafoM B KapTuHe [el-
3eHbepra HasblBaeTCA NMHeHOe BMOJIHE MOMOXUTENbHOE YHUTaNbHOe 0T06-
paxeHune ®*: *B(HB) -> *&{Ha)-

KaHan & Ha3blBaeTcsi 6UCTOXACTUUYECKUM, €C/IM OH 0TOBpaXkaeT XaoTu-
Yyeckoe cocTosHMe B Ha B xaoTuyeckoe cocTtosHue B HB, ®[1n/gn\ =18/"B-
Ecnn pa3mepHOCTU BXOAHOW W BbIXO4HOW cMCTeM coBnajatoT, T.e. da = iiB,
TO 6UCTOXacTUMueckuid KaHan @ siBasieTCA yHUTaNbHbIM. B 3Tom cnyvyae *
0611ajaeT TakKXe CBOMNCTBOM COXpaHeHMs cnefa, u Kak ®, Tak n &* aensioTcs
KaHanamu B KapTuHax LUpéaunHrepa u eitzeHbepra.

Myctb S = Sa4 —BX0f4HOe cocTOAHMe KaHana @, u nyctb G = supp S —
HOCMTe/Ib oneparopa NJoTHOCTM S. PacCMOTPUM OUULLEHUE S ar = \dasn){'Pasn\
COCTOSIHUA Sa, rAe R 0003HAYaeT OYMLLAIOLLYIO CUCTEMY U

Near) = IFJ\A 7\i) ® I1A)). x! >0, 8l €C,
!

cMm. (3.9). O603HaumMmM 4depe3 Id# ToOXAECTBEHHOE OTOOGpaxeHWe B T (Hr),

Torga TeH3opHoe npoussegeHne P ® Id? onucbiBaeT KaHan, AeACTBYHOWMIA K3

AR B BR, npuuyem R He n3meHseTcqa. B cBA3M Cc 3TUM R HasbiBaeTcA TakXe
3TanoHHOW CcUCTeMON. BbIXOAHbIM COCTOSIHMEM KaHana siBNseTcs

(P 9 1d/?)[SM?] = Sbr. (6.24)

BBugy TOro 4to COCTOAHME Sar & OOLEM Chy4yae SBAAETCS CLEMNMEHHbIM,
TaKylo Onepauuio MHorAa HasblBarT «nepegaveid CLENIEHHOCTM.

MpepnoxeHune 6.3.1. CocTOSAHNE Sbr eANHCTBEHHbIM 06pa3om onpe-

penfeT orpaHuyeHue @c kKaHana @ Ha cocTodHua S, supp5 c C.
B uyacTHOCTM, ecim cocTOAHME 5" HEBbIPOXKAEHHOE, TO Sbr eAUH-
CTBEHHbIM 06pa3om onpefgenseT KaHan @.

Jokasatenbctso. Kmeem

(@®MN)[5a/7) = Ay /A yvI\i®[e/)(e*[|®iH/)<A*]. (6.25)

Hab6op onepatopoB ®[ley)(e*|] eanHCTBEHHbIM 06pa3om onpegenset ®£, oT-
Kyfa u cnefyet yTBepXaeHue. |
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B yacTHOCTW, B35IB MakKCMMasfibHO CLEMN/JIEHHOE COCTOSIHME SaR, ans KOTO-
poro xj = \sd, j = 1, ..., d, U3 cooTHoweHusa (6.25) nonyyaem

<b{S]=dTrRSBR(IB®Sj), (6.26)

roe Sj = YKek\S\ej)\hi)(h/,\. 3T0 B3aMMHO 0ffHO3Ha4YHOE COOTBETCTBME MEXK-

[ly KaHaflaMy 1 COCTOAHMAMM SbR MHOra HasbiBalOT COOTBeTCTBUEM Yoa—
AMUNIKOBCKOTO.

86.4. KaHanbl, paspylwialowme CLUENTEHHOCTb

B atom naparpage BBOAWUTCA BaXHbIA Knacc KaHanoB, cojepxaliux
Knaccuuyecknin atan nepepaboTku MH(opMaumMn. Mbl Ha4HEM pacCMOTpeHne
C YaCTHbIX CNy4aes.

1. Knaccumyecku-kBaHTOBbIA (C-Q) KaHan:

®[5] =

roe {ex}— opTOHOPMUPOBaHHLIA 6a3nc B Ha, a SX —onepatopbl MAOTHOCTH
B HB, COOTBETCTBYHOLLME 3HAYEHWSIM CUMBOfA X. KaHanbl 3TOro Twna, KO-
TOpble ONpefensTcs 0ToOpaeHUeM X —*SX, OMNUCHIBAKOLLMM KOAMPOBaHMe
K/1TaCCMYECKOr0 BXOAHOTO CUrHana X B KBAHTOBOE COCTOSIHME S*, akTUYecKm
yXXe paccmaTpmBanuch B rn. 5.

2. KBaHTOBO-Knaccuyeckunin (g-c) KaHan:

®[S] = X>,}fa,|]TrSM,,
y
roe {ey}—opTOHOPMUPOBaHHbIA 6a3nuc B HB, a M = {MY}— Habntogaemas
B Ha- Takoll kaHan COOTBETCTBYeT M3MepeHuto Habnogaemoir M (cm. ganee
86.5); Mpu 3TOM BO3HUKAaeT pacnpejeneHne BepOATHOCTEN Ha MHOXecTBe
NcxofoB n3mepeHus. CONpsXKeHHbI KaHan AeicTByeT no opmyne

*o[*]
Yy
MpeactaBneHne CraiHcnpuHra (6.7) ana g-c-kaHana @® cBA3aHO C pac-
wupeHnem Halimapka gna Habnwogaemoiri M\ nonaras X = \ey)(ey\, nonyyaem
My = V(\ey)(ey\®I0)V.

roe E = {\ey)(ey\® /o} —ueTkas Habnwogaemas B K.
3. Komnosuums g-c- U c-g-KaHanoB C OHUM U TeM >Xe OPTOHOPMUPO-
BaHHbIM 6a3ucom {e;} faet g-c-q-KaHan

®[5] = ~S;TrSAf/ (6.27)
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ONS KOTOPOro KaHaibl M3 M. 1 1M 2 ABAAKTCA YacTHbIMU Cly4vasmu. Takow
KaHan COAEPXUT NPOMEXYTOYHOE KMacCuMyeckoe 3BEHO Npeobpa3oBaHUA WH-
thopmavummn (B KOTOPOM OHa NpPefCcTaB/ifeTcs CUMBOMOM /).

OnpegeneHune 6.4.1. KaHan ® n3 A B B 06nagaet CBOWCTBOM paspy-
LeHNA CUENNEeHHOCTHW, ecnu 4S8 MPOU3BOSILHOTO BXOAHOr0O COCTOAHMA Sar
KaHana ®bl/? ero BbIXoAHOE COCTOSHUE Shr pasfenumoe (HecLenneHHoe),
T. €. fIBASIETCA CMECbH) COCTOSIHWMIA-NPOU3BESEHWIA:

(6.28)

roe {pj} — pacnpeaeneHvie BEPOSTHOCTENA.

MMoHATMeE cLeneHHOCTH COCTOAHMI ByeT noapo6bHee paccMOTPeHO B §7.4.

MpegnoxeHue 6.4.1. ina Toro 4yTobbl KaHan obnagan CBOWCTBOM
paspylweHns CLenneHHOCTU, Heobxo4AnMOo W AOCTaTO4YHO, 4YTO6bI OH
6bln g-C-q-KaHanoM.

JokaszaTtenbcTBO. [eicTBuTensHO, Ana KaHana (6.27) u noboro Bxog-
HOrO COCTOSAHWA Sar KaHana @ ( Id/? BbINONHAETCA COOTHOLIEHMe (6.28)
¢ Sg = Sj, pjSg = TraSarMj. O6paTHo, nycTb kaHan @ paspyLuaeT cuen-
NEHHOCTb, TOrAa, B3sB B Ka4ecTBe Sar MakCMMasibHO CLENAeHHOe COCTOsHUe
N UCMonb3ys CooTHowWweHMs (6.28), (6.26), nonyyaem npefcrtasneHve (6.27),
B KoTopom Sj —Sg, Mj =dpj(SR)T. O

Mpumep 6.4.1. BaXHbIM YaCTHbIM CNy4Yaem C-(-KaHana SBSETCA noj-
HOCTbI0 AENONAPU3YIOLNIA KaHan, KOTOPbIA ONUCbIBaeT HEOBPATUMYIO 3BO-
NIOUMI0 K (PMHaTbHOMY cOCTOsIHUIO ST\

®[5] —Sf oTrS, SeTCH).

Mpumep 6.4.2. Myctb p e [0, 1], Torga kaHan @: T(H) —T('H ¢ C),
onpeAensieMblii COOTHOLLEHWEM
(1- P)s 0
O] PTrS ~
COXpaHsSeT BXOJHOE COCTOSHME S C BEPOATHOCTbIO 1—p U «CTMpaeT» ero
C BEPOATHOCTbIO P, MOCHINASA CUTHa O CTUPaHUKU. JTO (-C-g-KaHa, KOTOopbIi
Ha3blBaeTCA KBAHTOBbIM CTUPAKOLWMUM KaHanoMm.

3agava 6.4.1. [oKaxute MOMHYK MONOXUTENbHOCTb U Hailgute pasno-
XeHnsa Kpayca ana BCex pacCMOTPEHHbIX Bbllle KaHasoB.
86.5. [lMpoueccbl KBaHTOBbIX U3MEPEHWUI

BaxHeiiwmii npumep HeobpaTMOli 3BOIOLMM — U3MEHEHUE COCTOSHUS
KBaHTOBOI CUCTEMbl B pe3y/ibTaTe NMPOU3BOAMMOrO Haf Heil namepeHus. Mon-
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HOe ugeanbHOe KBAaHTOBOE M3MepeHWe CBA3bIBAETCS C OPTOHOPMUPOBAHHbLIM
6a3ncom \ex), BeKTOpbl KOTOPOr0 MWHAEKCUPOBaHbl BO3MOXHbLIMU MCXO4aMu
n3mepeHuns X. FocTynupyeTcs, 4To CMCTEMA, HaXOAsALLasCcs nepes u3mepeHmeM
B COCTOAHMM S, B pe3ynbTaTe Takoro W3MepeHMs NepexofuT B COCTOAHMS
\ex)(ex\ ¢ BeposiTHOCTAMM (ex\Sex). Takum 06pa3om, CTaTUCTUYECKWI aH-
cambnb nocne M3mMepeHus pa3bmBaeTca Ha mofjaHcambiM, COOTBETCTBYHOLLME
pasnnyHbIM UCXO0AaM X, U B LIeJIOM OMMUCLIBAETCA COCTOSHUEM

OTMeTUM, UYTO OTOBpaxKeHNe S —¥6 ' ABMAETCA YACTHLIM C/ly4aeM q-C-KaHana,
oTBevarolero Habnogaemor M = {\ex)(ex\).

Mpy HENOMHOM WAEaNbHOM W3MEPEHWN HEKOTOpPbIE MCXOAbl FPYMNANPYHOT-
cs, NopoXjas OpTOroHasbHOe pas3fnoXxeHue eguHuubl E = {£*},

EXEX>~ sXX<EX, Y™ EX- |,

APYTUMU CroBamu, YeTKylo Habnofaemyto B npocTpaHcTee H. CornacHo npo-
eKUMOHHOMY mocTynaTy (hoH HelimaHa—/Tiofepca uaeanbHoe U3MepeHue
ueTKO/ HabntogaeMoit E gaeT 3HauYeHWe X C BEPOSITHOCTbIO

px = TrSEX = TrEXSEX,

npy 3TOM anoCcTEPMOPHOE COCTONHNE, T.e. COCTOAHME NofjaHcamb6ns, B KO-
TOpPOM 6bIN NOAYYEH UCXOA U3MEPEHUS X, PaBHO

EXSEX
Sx = T ¢ Cce . ecnum px > 0.

[ns cocTosiHMS BCero aHcam6ns Mocie U3MepeHus MMeeT MecTO KBaHTOBbIN
aHanor ¢opmynsl baiieca:

s' = Y2 p*s* = E E*SE* = (Ne- (6-30)

3ameTVM, 4TO, B OT/IMYME OT Kraccudyeckol ¢opmynsl balieca, KBaHTOBOE
cocTosHue (6.30) BCcero aHcambnsa nocne MAeanbHOro M3MepeHNUs MOXET OT-
ANYaTbCA OT HayanbHOro coCcTosHMA 5. Takum 06pa3oMm, Aaxe wuieanbHoe
KBAHTOBOE M3MEPEHMe He CBOAMTCA K MPOCTOMY Hab/MHOAEHNIO BbIXOAHOIO CUM-
BOMA W BK/OYaeT B CeOA BO3AENCTBME, KOTOPOE M3MEHSIeT COCTOSIHWE CU-
CTEMbI, faXKe €eCnM WCXOAbl «HE CUMTbIBAKTCA». B 3TOM NpuHUMNUanbHOe
OT/INYMe KBAHTOBbIX Hab/tOAaeMbIX OT KACCMUYECKMX CAYyYalHbIX BENWYMH,
HabNAeHNEe KOTOPbIX He WM3MeHseT CTaTUCTMYECKUA aHcamb6/b, a CBOAWUTCS
K NpocTOMy OTOOpY €ero npeAcTaBUTeneli B COOTBETCTBMM CO 3HAYEHUAMM
CNyYalHbIX BEMUUYNH.
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B kapTuHe LLpéauHrepa uM3mMeHeHWe CUCTEMbl B Pe3ynbTaTe M3MepeHus
OMMUCBIBAETCS BMOJHE MOMOXUTENbHBIM 0TOGPaXKEHNEM

d-[X] = =on, (6.31)
X
KOTOpoe MOXeT OblTb MHTEPMPeTMPOBAHO Kak YC/NOBHOEe MaTemaTuyeckoe
0XWUfaHne OTHOCWUTENIbHO anrebpbl OMepaTtopoB, KOMMYTUPYIOLLMX CO BCEMU
npoektopamMu Ex\ npu 3TOM BbINOMHEHbI CheAytolne XapakTepucTuyeckue
CBOWCTBa:

1) &2 = O,

2) O[TP[Y]] = PUTIP[Y], X, Yell ).

VeanbHoe KBaHTOBOE W3MEPEHWe Y[ O0B/IETBOPAET rMNoTe3e BOCNPOMU3-
BOAMMOCTMW: NPV NOBTOPHOM M3MEPEHMMN UCXO[ C BEPOATHOCTLIO 1 pPaBeH ucC-
X0y NepBOro usmepeHus (B NpesnonoXeHUn, YTO HUKaKUX U3MEHEHUI MeXay
M3MEPEHUAMY He NPOU30LLO0). BONbLUIMHCTBO peanbHbIX Npoueayp U3MepeHus
He YA0BNETBOPAKOT 3TOMY OrPaHNYeHUIo, U Mbl NMEPEXOAUM K OMUCaHUIO Takux
HeugeanbHbIX U3MEpPEeHWIA.

PaccmoTpuM crefyrowmii Npouecc KOCBEHHOTO M3MepeHus: cuctema H
B Ha4yaNbHOM COCTOSHMM S B3aMMOfeEiCTBYET C HEeKOTOpOi Npo6HOIR cucTte-
MO Hgq, Haf KOTOpoOi 3aTeM NpPOM3BOAMTCA MAeaNbHOE W3MEpEHMe YETKOM
Habnogaemoit E°. Torga B COOTBETCTBMM C MOCTynaTtoM ¢oH HelimaHa—
Jliogepca BEPOATHOCTb UCX0AA X paBHa

Px = TrU(S®So)U'(I®E°x),

a anocTepuvopHOe COCTOSHME OMUCLIBAETCA ONepaTopoMm MAOTHOCTU SX, yAo-
B/IETBOPAIOLL MM COOTHOLLEHUIO

PxSx = TrHoU (S®So)U*{!®E°x) = ®X[B]. (6.32)
Takum 06pa3oM, COCTOSAHVE CUCTEMbI MOCNE N3MEPEHUSA MOXET BbiTb 3anncaHo
Kak

d[S] = £ >s, = X>*[S].
X X
OTobpaxkeHus ®* ABNAOTCA BMOAHE MOMOXKUTEbHLIMU, NpUYEM UX cymma ®
COXpaHsieT cned. J1lo6oe Takoe CeMelicTBO oTo6paxkeHuii {®*} Ha3biBaeTcA
MHCTPYMEHTOM. VIHCTPYMEHT OMMUCLIBAKOT CTaTUCTUKY W anocTepuopHble
COCTOSHWA HenfaeasbHOro U3MepeHusl, KOTopoe B 06LLeM cry4vae He 0653aHO
YLOBNETBOPATb rMNoTe3e BOCMPOM3BOAUMOCTM.
3amMeTuM, 4to
px = TrSMX,

roe Mx = ©*[/] —pasnoxeHue eAnMHULbI, ONUCbIBalOLLee HabaaeMyto, CBA-
3aHHYH0 C AaHHbIM KOCBEHHbIM W3MepeHueMm. O6paTHO, MO AaHHOW Habito-
paemoit M = {Mx} MOXHO NOCTPOUTb CBfi3aHHble C Heil (He eAMHCTBEHHbIN)
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WHCTPYMEHT U KOCBEHHOE M3MepeHue. PacCMOTpUM MPOU3BOJIbHOE MpeacTas-
neHne Mx = V* Vx; nocTporM Mo HeMy YHWUTapHbIii onepatop (6.23) B npo-
cTpaHcTBe K ® K E, Torga cemeiicTBO BMOMHE MOMOXUTENbHBIX 0TOOpaXeHui

®AS] = Tr,£U(S ® \PE)(DE\)*(L ® [e*)(e,]), (6.33)

roe \ex) — 6a3ncHbIl BEKTOP-CTON6eL, C eAuMHMLEA Ha *-M MecTe, Tak 4TO
I"f) = \e\), o6pasyeT UHCTPyMeHT. Mpn aTOM

Mx = bMNe{l®\PE)LW)n'{! ®\e*)bl)n = &;[/. (6-34)

Takum 06pa3om, NpoLecc KOCBEHHOro M3MepeHus Habngaemoin M peanusy-
eTca npobHoli cuctemoil KE B HauyanbHOM cocTosHMM \(DE)(hE\, yHUTapHbIM
onepatopoM U B npocTtpaHcTBe K ® HE u yetkoit Habntogaemoin {\ex){ex\}
bHE.

3afgava 6.5.1. [ns nonHOro wieanbHOro M3MepeHus € Habnwaaemoit
Mx = \ex)(ex\ nonoxumm Vx —Mx M NOCTPOUM YHWUTapHbIA onepatop U mno
topmyne (6.23) (B atom cnyyae HE=H). MNokaxuTe, 4to

U{\ex)®\e\)) = \ex)®\ex).

Ans npon3BonbHOro BekTopa €.K BbINOMHAETCA PaBEHCTBO

UAD)®bl) = Abl ® )bl ®bl,
X

TaknMm 06pa3om, B3anmogelicTere U MopoXKaaeT CLENIEHHOCTb MEXAY UCX0A-
HOI 1 NPOBHOIA cucTeMamMu, KOTopast MO3BOMSET CBECTU UAeaNbHOE N3MEpeHUe
B ICXOAHOM cuUCTeMe K M3MepeHuto YeTkoil Habnogaemoit {\ex)(ex\} B npo6Hoi
cucTeme.

8§6.6. KomnnemeHTapHble KaHasbl

PaccMOTpuMM Tpu KBaHTOBble cucTeMbl A, B, C ¢ npocTpaHCTBaMu K a,
KB,Kc v nnHeiHbin onepatop V:Ka~*Kb ® K ¢\ COOTHOLWEHNS

*a[S] = Tt cr * ®C[5] = Tr,aVSV\ Se% (KA), (6.35)

onpefensatoT ABa BNOSHE MONOXKUTENbHbLIX 0TOOpaXeHus & Wl(Ka)—Z(Kb),
@dc: T(Hn) —1(Kc), KoTopble Mbl HasbiBaeM B3aUMHO KOMMieMeHTap-
HbIMU. Ecnn V —wu3omeTpus, To 06a OTOBPaKEHUS COXpaHAT cnef, T.e.
ABNAKOTCA KaHanamu.

N3 Teopembl CTailHCMpPUHIa BbITEKAET, YTO A1 3aAaHHOro BMOSHE Mo-
NOXWTENbHOro 0TOBPaXKeHNA BCerfa CyLecTByeT KOMMIeMeHTapHoe oTobpa-
XeHue. Kpome TOro, KOMmnieMeHTapHoe OTOOpaKeHWe eAMHCTBEHHO B Cne-
JytolieM CMbICNe: 15 AaHHOTrO BMOJIHE MOJIOXMUTENLHOr0 OTo6paxeHns ®s
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Puc. 6.2. KomnnemeHTapHble KaHasbl

nobble gBa otobpaxeHus PE£, de, KomnnemMeHTapHble K ®f, 3KBMBaEHTHbI
B TOM CMbIC/e, UYTO HaigeTcs 4acTuyHas usometpuss W : He —He Takas,
4To

®c,[5] = uKde [SUr*,  dc[5] = uk*dc, [S]W (6.36)

ons Bcex S. Ecnn pasmepHoOCTV MpoOCTpaHCTB He, He MWHUMaNbHbLI,TO
ABNsAeTcs usometpueit He Ha H e - Takum 06pa3om, KOMMNIEMEHTAPHOCTb €CTb
OTHOLLEHME Ha Kflaccax 3KBMBaNEHTHOCTU BIOMHE MOMOXWTENbHbLIX 0TO6pa-
YEHWIA.

Echm A = B —OTKpbITas KBaHTOBas CUCTeMa, B3aVMOLENCTBYIOLLAs
c okpyxeHvem C = E B Npou3BO/IbHOM Haya/lbHOM COCTOSHUMM SE, a dg—
COOTBETCTBYIOLLMIA KaHan

®B[5] = Tre U(S ® Se)U*, (6.37)

OI'Il/leIBaIOLLI'I/IVI N3MeHeHne COCTOAHMA A, TO KOHEYHOe COCTOAHNEOKPYXEeHNs
ABNAETCA BbIXOAHbIM ANA KaHasa

PE[S] = Trg U(S®SE)U*, (6.38)

Mbl 6ygeM HasbiBaTb KaHanbl ®p, ®£ cnabo komnnemeHTapHbiMu. Ecnn
e cocTosHue OKpyXeHns umctoe, SE = \PE){(DE\, +0, ssonn M30OMETPUIO
V = M\E): Ha —*Hs ® He, mbl MOMy4Yaem, Yto OE ABNAETCA KOMMIEMEH-
TapHbIM KaHanoMm K ®B- Ecnv cocTosiHMe SE£ He ABNAETCA YMCTbIM, TO, pac-
cMaTpuBas ero OuYuLLeHWe S£> B MPOCTPaHCTBE HE>=He ® Hr u nonaras
U'= U ®r, nonyyaem npeactaeneHne suga (6.38) c 3ameHoii E Ha E\
rae coctosHue SE’ yxe uucToe; cnepoBaTenibHO, KaHan ®£/ komnnemeHTa-
peH K ®a, n ®E[5] = Trg ®£/[S]. B oTAanume o1 KOMNaeMeHTapHOro, cnabo
KOMMN/IEMEHTAPHbIA KaHan He efWHCTBEH W 3aBMCUT OT npeacTaBneHns (6.37).

UT06bl ynpocTUTh (opMynbl, Bygem Mcnonb3oBaTb 0603HaveHne @ ans
0TO6GPaXXEHNS, KOMMNIEMEHTAPHOIO K &.
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MpeanonoXum, 4To BMOSHE MNONOXMWTENbHOe OTobpaxeHue @: T(W) —»
—>1{H"') 3agaHo npeactaeneHnem Kpayca

d
apg =E (6-39>
Q—1
Torga KomnnaemeHtapHoe otobpaxeHne @: T(H) — 3aflaeTcs popmyno
d
5[S] = [TrVaSV;)Q ASV ZV a)\ea){ep\, (6.40)
' a,/3=1

rae {ea}—kKaHoHMYecKuii 6a3nc B KOOPAMHATHOM NPOCTPAHCTBE £~, KOTOPOe

urpaet posb He, Tak yto d = dc. JTO yTBEpPXKAEHME BbITEKAET W3 TOr0, YTO
d

V= h Va sBnsetca oTtobpaxeHuem Ha B » ®"B —HB®Hc, gna
0=1 0=1

KoToporo @, ® 3afgatoTcs 4yacTMYHbIMU cregamu (6.35), cMm. 3agady 3.1.4.
3anucbiBas cnej B npocTpaHcTBe HB B opTOHOpMmupoBaHHOM 6Ga3uce {ef},
nonyyaem npeactasneHve Kpayca Ans KOMMNaeMeHTapHOro otobpaxeHus

de
®[S] = J 2 visSv:, (6.41)
/=]
rae (ea\Vj = (e**\Va (cm. onpegeneHue (6.20)).
3afaya 6.6.1. ToKaxuTe HemocpeaCcTBEHHbIM BbIYMC/IEHMEM, YTO NMpUMe-
HeHve aHanorn4Hom npouefypbl K @ gaet oTobpaxkeHne d, KOTOPOE YHUTAPHO
3KBUBANEHTHO .
Mpumep 6.6.1. PaccmoTpum KaHan
®[5] = S®SC, (6.42)
rge Sc —@uUKCMpoBaHHOE COCTOAHME B MpocTpaHcTee He - Ecnm Sc¢ — unctoe

COCTOSIHME, TO 3TOT KaHa/l YHUTapHO 3KBMBANEHTEH MAea/lbHOMY (TOXAECTBEH-
HOMy) kaHany ld. 3anucbiBas CnekTpaibHOe pas/oxeHue
d
Sc — Vt\éa) (&al,
a=1
nonyyaem npegctasneHve Kpayca ¢ onepatopamn Va =\a{! ®|ea}), cnego-
BaTe/lbHO, M3 COOTHOLWeHNA (6.40) BbITEKAeT PaBEHCTBO

$[S] = [AQEa/3TrS]ail/j=T-= ~ Sc TrS,

T.6. ®—NONHOCTbIO AeNONApU3YIOLWNIA KaHan. [ns NpousBOSbLHOFO COCTOS-
HUS SC nfeanbHbll KaHan Id cnabo KoMmniemMeHTapeH K aTOMY KaHany.
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3TOT NpuMep WAMOCTPUPYET TOT (DakT, UTO uAeanbHas nepefadva KBaHTO-
BOV MHopmaLum 13 J1 B B paBHOCUbHA OTCYTCTBUIO YTEUKW MHGOpMaLn 13
A B okpyxxeHue C 1 Hao6opoT. [lanee Mbl yBUAUM, YTO NPUBIMKEHHAsA BepcUs
3TOro CBOMCTBA —YeM kaHan ® 6/mxKe K naeanbHOMY, TeM KOMMIEMEHTapHbIi
KaHan @ 6avke K MOSHOCTLIO AeMOoNsApu3yoLLIEMY — UTPaeT peLLarLlyo pofb
B TEOpEME KOAMPOBaHWS A1 KBaHTOBOW WH(opMauum.

Mo/HOCTbIO AeNONAPU3YIOLLMIA KaHan SBASETCS YaCTHbIM CyvaeM KaHana,
paspyLiatoLero cuenneHHocTs (g-c-q) (cMm. 86.4); BblUMCNEHMS MOTYT ObiTb
0606LeHbl Ha Becb 3TOT Knacc. Myctb ®: T(W”) —»1{HB) —KaHan Buga
(6.27), Torga oH umeeT npefcTasneHne Kpayca ¢ onepatopamu Va padra 1

d
d[5) = 2 NoXV'alSI*eKvJal. (6-43)
a=1
roe

a=1
3agava 6.6.2. Mcnonb3ysa cnekTpasbHOe pas3fioXeHWe onepaTtopos Sj,
Mj B chopmyne (6.27), NoOKaxuTe, YTO CyLLECTBOBaHME NpeacTaBneHns Kpayca
Buaa (6.43) sBnaeTcs Heo6XOAMMbIM U AOCTATOUHbLIM ANS TOro, Y4TO6blI KaHan
® paspyLwian cuenneHHoOCTb.

KomnnemeHTapHbIi kaHan ®: T(Hg) —»COTj nmeeT Bug

d
?[5] = [cat3fil>a\S\ip0)\a o=y~ = "2 cao\ea)(cha\b\pl3)(ep\, (6.44)
! a,/3=1
roe cap = {y/3\u>a)- 3amMeTuM, YTO NPOM3BOJIbHAA MOMOXUTENLHO OMpeaeneH-
Has maTpuua [cag] MOoXeT 6blTb MpefcTaBfeHa Kak maTpuua [pamMa Heko-
TOpOWA CUCTEMbl BEKTOPOB B rM/bOEPTOBOM MPOCTPaHCTBE (pasnoxeHue Kon-
MoropoBa). B 4acTHOM cnyuae, Korga cuctema {qoa} _Ty fBnaeTca opto-

HOPMMPOBaHHLIM 6a3ncom B H, cooTHoleHue (6.44) 3agaeT BrMOfHe MOMO-
XWUTeNbHOEe 0TOBpaXeHWe, Ha3biBaeMOe [AuaroHanbHbIM. W3 COOTHOLUEHMS
(6.43) Wbl BUAMM, UYTO AWAroHasibHble KaHasbl IBASAIOTCS KOMMIEMEHTapHbIMU
K c-g-KaHanam. Ans g-c-kaHanos {m} SBNSETCS OPTOHOPMMUPOBAHHbIM

6asmcom B H, Tak 4To cap = 6ap W KOMMIEMEHTapHbIA KaHan Takxke fBASETCS
-C-KaHanom.
WMcnonb3ys pasnoxeHue Konmoroposa ca@= jVaj v BBOAs 0603Ha-

YyeHus i
d

V, =~ o1ea)lld, (6.45)

ct=]
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nonyyaem npeactasneHve Kpayca (6.41) onsa KoMnaeMeHTapHOro KaHana. Ansa
AmnaroHanbHbIX oTo6paxkeHuii Q) = |eQ), cnefoBaTeNbHO, U3 COOTHOLUEHMS
(6.44) MOXHO BMAETb, YTO AMaroHasibHble KaHafbl XapakTepu3yrTca npej-
cTaBneHnem Kpayca ¢ 0fHOBPEMEHHO AuaroHanusyembiMu onepaTopamu V.
OnpegeneHne 6.6.1. Tyctb {/?/} —KOHe4HOe pacnpefeneHne Bepo-
ATHOCTEn n ®y: T{H) —+ X(W') —HeKkoTOpoe CeMelCTBO KaHanoB. KaHan

d: X(W) —= N Ha3blBaeTcs OPTOroHanbHOM BbINYKNOA KOM6U-
Hauwneii KaHanos @y,

h=E®?//
ecnm ®[5] = 52®P/d/[5] 4™ Bcex * GO(W).
y

3agava 6.6.3. TloKaxuTe, 4YTO KaHan, KOMM/JEMEHTapHbIA K OPTOrOHasb-
HOW BbIMYK/0A KOMOWHaUWM KaHanoB, SIBASETCA OPTOrOHaNbHON BbIMYK/OMN
KOMOWHaLMen KOMNAeMeHTapHbIX KaHanos:

E®?/p/ = E ® " -

y y
B yacTHocTn, ucnonb3ysa npumep (6.42) (c d = dimWc = 1). nony4yaem, 4to
KaHa/, KOMMIEMEHTapHBbIA K CTMpalolemMy KaHany ®p, yHATapHO 3KBUBasIeH-
TeH cTuparolemy ®1_p.

86.7. KoBapuaHTHble KaHabl

Mpexae 4yem MepenTn K JasbHEALWMUM MpuMepam, pPacCMOTPUM BaXKHYHO
KOHCTPYKLWIO — AUCKPETHYIO BEpPCUI0 OMnepaTopoB Belinsg #M KaHOHUYEeCKMX
KOMMYTaLUOHHbIX cooTHoweHnii (KKC) B KOHEYHOMEpPHOM Truab6epTOBOM
npocTpaHcTBe. PUKCMPYEM OPTOHOPMUPOBaHHLIA 6Gasuc {e*; k=\,...,d}
B H. AnckpeTHbIMU onepaTopamu Belina HasbiBalOTCA YHUTapHble One-
paTopbl B H, onpefensieMble COOTHOLLEHWEM

Wa0o = UaVR a, 3=0 d- 1, (6.46)
rae
Kle*) = exp(®p)le*), U\ek)= |e*+i(modd)), 6 =0, ..., d- 1. (6.47)

3ameTum, 4to WiMo= /. Onepatopbl Belina ya0oBNeTBOPSIOT ANCKPETHOMY aHa-
NOry KaHOHMYEeCKUX KOMMYTALMOHHbLIX COOTHOLWeHW Belina—Curana gns 60-
30HHbIX CUCTEM, KOTOpble ByayT nNofpo6HO pacCMOTPeHbl B . 11:

[\ 2ni(3a’ b 2Ki(pa/1\- (3a")

"a9”a'0—exp A MNa+a',0+0'—~"X ~N'a's' ~al0- (6.48)
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MepBoe paBEHCTBO BbipaXkaeT TOT (hakT, 4YT0 OTOGpaxeHue (a, /3) —»Wa$
ABNAETCA MPOEKTMBHbIM NPEACTaB/EHMEM afAUTUBHON LMKAMYECKOW rpynnbl
X .
3amMeTum, 4TO onepatop A, KOMMYTMPYIOLLMIA CO BCEMWU oOMepaTopamu
Beiins Wa'o, KpaTeH efuMHWYHOMY ornepaTtopy. B camom fene, u3 paBeHCTBa
[A, ¥]=0 cornacHo qopmynam (6.47) BbiTeKkaeT, 4To Jlje*) = a*|e*), a u3
paBeHcTBa [A, U\ = 0 cnegyeT, uto a* = a. OTctofa BbITeKaeT BaXKHOe
TOX/eCTBO
d- 1
53 WaBSW-g = d(TrS)/, (6.49)

a,/3=0

TaK Kak 13 paBeHcTBa (6.48) cnedyeT, UTo /ieBast 4acTb KOMMYTMPYET CO BCEMU
onepaTtopamu Beiind. KoHcTaHTa B NpaBoOil yacTW HaxXogUTCS M3 paBeHCTBa
cnefoB. B AeiicTBUTENLHOCTM paBeHCTBO (6.49) ABNseTca CNecTBMEM COOT-
HOLLIEHWUIA OPTOrOHANBLHOCTW A8 HENPUBOAUMOrO YHUTAPHOTO MpPeACTaBNeHus
NPOU3BO/ILHOA KOMMAKTHOI rpynnbl.

3ameTuM, uTO B cnyyae d = 2 AMCKPeTHble onepaTopkl Beiina ceoasTcs
K mMaTpuuam Maynum; a umeHHo, nonaras \e$) = | T), \e\) = 11), nonyyaem

WOl = V=u* Wo=U=<«, Wn=UV=-my, (6.50)

npun atom aguckpetHble KKC nepexogsT B npaBuia yMHOXeHus (2.17).

OnpegeneHune 6.7.1. fNenonspusytownin kaHan s, ATH —i1, onpe-
[lenfeTca COOTHOLLEHNEM

®[5] = (I-/>)S + /ATrS, 0 (6.51)

Ecnn p N l, TO 3TO COOTHOLLUEHME ONNCbIBAET CMECb naearbHOro KaHana Id

N MONHOCTbIO AenonApu3yrLero KaHana, KOTOprI7I nepesognuT noboe cocTo-
AAHME B XaOTWYeCKoe COCTosiHMe S —/., ﬂ,]’lﬂ N60oro 3HaveHus napameTpa p,

dz .
0~ p< " j nonHas nMonoxuTenbHOCTb CredyeT U3 npeacTasneqns Kpayca

®[5] = (i-p~-L)s +~ 53 WcpSWzp, (6.52)

a+/3>0

KOTOpPOe Mo/y4yaeTcs Mpv MOACTAHOBKE BbIpaXKeHMs And Tr5 u3 dopmynbl

(6.49) B paBeHcTBO (6.51). B 3TOM BblpaXKEHUN BCE KOIPPULNEHTbI NOMOXKU-
.. d2

TeNlbHbl, 4YTO CnefyeT U3 ycnosus p<y2 \-

Jenonspnaylownii kaHan yAoBneTBOPSIET COOTHOWEHMIO &* = & u sBns-
eTCH YHUTA/IbHbLIM, a 3HAUYUT, U BUCTOXACTUUYECKUM.
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Mycte G —rpynna n g-» Vg, ge C,—paBa (NPOEKTUBHbIX) YHUTAPHbIX
npeacTtasneHuns rpynnel G B Hj, j = A, B. Kanan ®: Z{Ha) —X(Hpa) Ha3bl-
BAeTCH KOBapWaHTHbIM, eciu

® ("5(M)*] = 1N [BI(KM* (6.53)

ana Bcex g e G nS. Ecnu npepctasneHne Vg HenpuBoauMoe, TO KaHan @ sB-
nseTcs buctoxactmyeckum. B camom fene, n3 ceoictea Vg ®[/r] = @ [/n]”

(ons BCex g) M M3 HENPUBOAMMOCTY NpeacTaBneHns Vg cnefyeT, YTo onepa-
Top ®[/1] nponopunoHaneH 1B, a KO3 (MLMEHT NPONOPLMOHANILHOCTA NONy-
4aeTCcs M3 paBeHCTBa CNejoB.

3agauva 6.7.1. TMokaxwuTe, YTO AENONAPM3YIOLLMIA KaHan XapakKTepusyeTcs
CBOWCTBOM YHWUTApHOW KoBapuaHTHOCTW: ®[E/E(/*] = (YP[s'1E/* ans npous-
BO/ILHOTO yHMTapHoro onepatopa U B H.

3agava 6.7.2. TMokaxuTe, YTO KaHan, KOMMIEMEHTapHbI K KOBapuaHT-
HOMY KaHany, caM SIB/ISieTCS KOBapWaHTHLIM:

Q[N (M= L@ [S\(V*y,

roe g —» Vg — (NpoeKTUBHOE) YHWUTapHoe npeacTasneHue rpynnsl G B He-
YkaszaHue. Mcnonb3yiiTe TOT (hakT, YTO AN MPOM3BOSILHOIO KOBapMaHTHOrO
KaHana umeeTca npeactaBfneHne Kpayca (6.18), B kKoTopom onepatopsl Vj
YL,OBNETBOPAIOT COOTHOLLEHWSIM

v*v,(v*r =Y ,dMg)Vk,
k

roe g —D(g) = [dyfc(g)] — HekoTOpoe MaTpUUYHOe YHWUTapHOe npeacTaBieHne
rpynnbl G. OTcioga cnefyeTt, 4To KOMMnemeHTapHoe oTobpaxeHue (6.40)
KOBapuaHTHO, MPUYeM pofib BTOPOro npefctaBneHus Vg wurpaet D(g).

86.8. Q-6UTHbIE KaHasbl

PaccMOTpUM KaHafbl B MPOCTPAaHCTBE COCTOSHMIA (-6UTa Hr, KoTopble
COOTBETCTBYIOT aghpHHbIM NpeobpasoBaHusM Wapa bnoxa (eguHWYHOrO Wa-
pa B K3), ya0BNeTBOPSIOWMM AOMOMAHUTENIBHOMY OFpPaHWYeHNIo, HanaraeMmomy
MONHOM MONOXUTENBHOCTBIO.

MpeanoxeHue 6.8.1. Tpon3BOAbHOE MOMOXKMUTENbHOE COXpPaHAH-
Wwee cnep oTobpaxkeHne @ npocTpaHcTBa § (H2) Mo>keT 6bITh npesa-
CTaB/leHO B BNAe

®[5] = U2A[UiSUf]U:, (6.54)
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rae Ui, U2 —yHWTapHble onepaTopbl, a A UMeeT CleAyloly KaHo-
HUuYeckylo copmy B 6asuce MmaTpuy Maynu:

nn=r5+ » tyOi, Net7] = Ay, 7 = X, Y, T, (6.55)

7=*Y-r
7, ty —peiicTBUTENbHbIE YKCha.

[Joka3atenbctso. OrpaHuyeHune oTobpaxeHUs @ Ha MHOXeCTBO COCTOSA-
HUli g-6uTa ABnAeTcs ahhMHHLIM Npeobpa3oBaHeM, NO3TOMY OHO MepPeBOAUT
cocTtosiHme S(a), 3afaBaemoe COOTHoweHneM (2.8), B cocTosiHue S(Ta + b),
raoe T —BewectBeHHaa (3 x 3)-matpuuya, b— BekTop B R3. cnonb3ysa no-
NAPHOE pasfnoXxeHue Ans T W CNEKTpasbHOe pasfoxeHue ans |T|, nonyvaem

T=0\T\ = 02l n

roe O, Ob 02— opToroHanbHble MaTpuubl, detOi = detO2= 1, a L =
= diagfA*, Ay, Az]—pwnaroHanbHasd MmaTpuua C AuaroHafbHbIMW 3/E€MEH-
TaMum A BeLLECTBEHHbIMWU, HO He06s3aTeNlbHO HeoTpuuaTenbHbIMU. Takum
06pasom,

®[5(a)] = S(02[L(0ia) + *]), (6.56)

roe t=0,"s.

Martpuupbl 0\, 02 onucbiBalOT NOBOPOTHI Wapa bnoxa B R3. MokaxeM, 4to
OHW OTBeYaloT NpPeobpa3oBaHMAM KBaHTOBbIX COCTOSHWIA, KOTOpPble MOPOXAa-
H0TCA YHUTapHbIMK onepatopamn U BH cornacHo gopmyne (6.2). JloctaTouHO
paccMoTpeTb MoBopoT O BOKPYr OCU z Ha yron y= Mpu 3TOM eAUMHUYHBIN
BEKTOpP a C yrnamum 3iinepa B, <p npeobpasyercs B BekTop Oa C yrnamu
B, P+ <4 MO3ITOMY BeKTOp cocTosHMA (2.9) B H nepexoguT B BEKTOP

Ccos|e-,+*>'

lb(Oa)) =
sin | e<(vhey2
rge U = diag[e e {2\ —yHuTapHaa matpuua. Torga
S(0a) = US(a)u* (6.58)
[na Bcex a.
YuutbiBasd paBeHCTBO (6.56), nonyvaem [l0Ka3blBaeMOe COOTHOLLEHWe
(6.54). a

3apava 6.8.1. TMokaxuTe, 4To MOBOPOTY Lapa bnoxa Ha yron ip BOKpYr
OCV a OTBEYaeT YHWTapHbIA onepartop

U = exp = cos - isin jecr(a).
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PaccmoTpum nogpobHee oTobpaxeHus Buga (6.55). Pasymeetcs, ycno-
B/ MOMHOW MONOXWTENbHOCTU HAaKMNaAblBaeT HETPUBUAIbHbIE OrpaHUYeHus
Ha napameTpbl A7, f7. Hanbonee npo3payHbiM ABAseTca cnyyaii /7 = 0, Korga
oTobpaxeHus @ u, cnefoBaTensHo, J1 yHUTanbHbl. B aToM cnyuvae J1 ABnseTca
oxaTvem wapa bnoxa BAonb oceii™, y, z ¢ KoahduumenTamu |A*|, |A#|, |Ar|,
KOTOpPOe KOMOUHMPYETCA C OTPaKEHWAMMW, eCnu HeKoTopble U3 uucen JIr oT-
puuatenbHbl (Hanpumep, Ay < o BfIEYET OTPaXKeHNEe OTHOCUTE/IbLHO MI0CKOCTU
Xz). TpaHCNOHUPOBaHUIO MaTpULbl MAOTHOCTM S(a), KOTOpoe 3aBefOMO He
ABNAETCA BMOJSIHE NOMOXUTENIbHbIM 0TOOPaXXeHWEM, OTBeYaeT oTobpaxeHue J1
¢ napametpamn Axk= 1, Av= —1, Az= 1 OTciofga, B 4YaCTHOCTW, NOJIyYaeM,
YTO COOTHOLWeHMe Tuna (6.58) MMeeT MecCTO ¥ AN OPTOrOHaNbHbIX MaTpuy O,
detO = —a, 0fJHAaKO MM COOTBETCTBYIOT aHTWYHUTapHble npeobpasoBaHus U.
MoCKONbKY BCSKOE B3aMMHO OfHO3Ha4YHoe apMHHOe npeobpasoBaHue Liapa
Bnoxa, ouyeBMAHO, 3afaeTcsA OPTOroHanbHOW MaTpuueil O, oTClAa BblTEKaeT
Teopema 6.1.1 ANs (-6uTa.

3agauva 6.8.2. Vcnonb3ys npaBuna YMHOXeHUA (2.17), nokaxuTe, 4To
B C/lyyae t~ = o MMeeT MecTo MnpeAcTaB/eHune

npEl= r2 0 yGySad, (6.59)

7:O,x,y,r
rae
Yo= M1+ A+ A+ A), Yx~ a0+ AT—Ay—Ar),
yy = a1 ~ AXX4-xy —Ar), yr= ™M1 Ap A+ A)

HeoTpuLAaTeNbHOCTL 3TUX YMCEeN HEoBX0AMMa M A0CTaTOUYHA A1 NOMHOW no-
NOXUTENLHOCTM 0TOBpaxeHus J1, a 3Hauut, u &.

3agava 6.8.3. TlokaxuTe, 4YTO (-6UTHble YHUTanbHble KaHanbl (6.59)
KOBapuaHTHbl M0 OTHOLUEHWIO K MPOEKTUBHOMY YHUTapHOMY MpPeACTaB/eHUIO
rpynnbl Z2 X Z 2, onpeAensieMoMy COOTHOLLeHUsMU (6.50).

86.9. KomMeHTapumu

1. [loka3aTenbCTBO TeopeMmbl 6.1.1, BOCXOAALLEN K yTBEpXAeHNO BurHepa
(cm. [4]), cnepyeT kHure [asuca [73] (cM. 8§2.3 U KOMMEHTapuU K Hemy).

2. TloHATMe BNOHE MOJMIOKMUTENLHOr0 0TOO6paxeHus BBefeHO CTaiHc-
npuHrom B pabote [149] B 60nee obwem KoHTekcTe C*-anrebp. MaTema-
TUYeckunii 0630p CBOMCTB BMOJIHE MOJIOXMUTE/bHBIX OTOOPaXKEHW, BKHOYast
[0Ka3aTenbCTBO HepaBeHCTBa M3 3agayn 6.2.1, nmeetcs B cTaTbe LLITepmepa
(c. 85—106 c6opHuMKa [82]). B KOHEYHOMEPHOM Cfyyae, UMeIOLLEM CBOIO Cre-



136 KBaHTOBble KaHanbl

LMGKKY, BNOAHE NONOXUTENbHbIE 0TOOPaXKEHNS NoAPO6HO paccMaTpuBanuCh
B paboTe Yos [69].

B ocHOBe NpuBeLeHHOr0 f40Ka3aTe/IbCTBa TeopeMbl 6.2.1 NeXUT KOHCTPYK-
ums TenbhaHga—Halimapka—Curana: nocTpoeHue rnnbbepToBa MPOCTPaH-
CTBa W NpeAcTaB/ieHWs B 3TOM NPOCTPaHCTBE, OnupatoLleecs Ha 06beKT ¢ Nog-
XOAALWMMN CBOMCTBAMU MONOXMUTENbHOCTU. Takoe [0Ka3aTeNbCTBO C He6Oo/b-
WMMU U3MEHEHUAMU NPOXOAWUT ANS BMOMAHE MNONOXWUTESIbHLIX OTO6PaXeHMi
C*-anrebp. B cnyuae anre6pol 03(H) nemma 6.2.1 no3sonsieT nonyumTb 60nee
nogpo6bHoe npeactaeneHune (6.7). MpegctaBneHme Kpayca fetanbHO 06CyX-
faeTca B KHure [116].

3. Ha cBOICTBO MOMHOA MOMOXMUTENbHOCTU AUHAMUKWA OTKPbLITOW KBaH-
TOBOVW cuCTeMbl 6b110 06paLeHo BHUMaHWe B paboTax A. C. Xoneso [31], u
NuHabnaga [124]. bonabwoe Ynucao paboT NOCBALLEHO U3YUYEHU0 MapKOBCKOM
OVHAMWKWM OTKPbLITOA KBaHTOBOW CUCTEMbI, KOTOpas OMUCbIBAETCA MONYrpyn-
Mol BMOHE NONOXUTE/bHbIX 0TO6paxeHMin. O630p TeOPUN KBAHTOBbIX AUHa-
MMUYECKMX NOAYTPYNN U KBAHTOBbLIX CAyYaliHbIX MPOLECCOB CM. B KHure [36].

CooTBeTcTBME Y0S—FAMUIKOBCKOrO BbITEKAET W3 pe3y/nbTaToB pabo-
Tol [69]. B kBaHTOBOW Teopuu MWHAGOPMALMM OHO WCNOMb3YeTCHs BecbMa
NA0AOTBOPHO; Hanpumep, npeactasneHve Kpayca (6.17) B KOHEYHOMEPHOM
cny4ae nerko nonyvaetcs w3 opmysnbl (6.26), cMm. [22, Teopema s.1].

4. KaHanbl Tna g-c-q Obian BBefeHbl B pabote A.C. Xoneso [35]. Mo-
[poBHOe paccMOTpeHue KaHanoB, paspyLUarolmX CLenIeHHOCTb, BKHYalo-
Lee foKa3aTebCTBO NpeasioxeHns 6.4.1, naHo B paboTte opogeukoro, LLiopa
n Pyckaun [107].

5. [leTanbHoe 06CYXAeHWe MaTemMaTUYecCKUX MOJeNeil KBaHTOBOro n3me-
peHus cMm., Hanpumep, B KHurax JSlrogsura [127], O3suca [73], Kpayca [116],
A. C.XoneBo [36], paboTax Jinng6naga [122], Osasbl [130].

6. TMoHATMe KOMMNNeMeHTapHOro KaHana BBeAeHO B paboTe [eBeTaka
n Wopa [77]. Pe3ynbTaTbl HacToAwero naparpada npuHagnexat A. C. Xo-
neso (cm. [40]), a Takxke KuHry, MauymoTo, HaTaHCOHY 1 Pyckaun (cm. [114]).

7. AncKpeTHble onepaTopsbl Beling ncnonb30Banuch B 3HAMEHUTON CTaTbe
beHHeTa, bpaccapa, Kpeno, [>o03a, MNepeca n Byttepca [56] o Tenenop-
Tauun. OTHOCUTE/NIbHO KOBapWaHTHOCTM KOMIM/IEMEHTapPHOro KaHana (3agava
6.7.2) cm. paboTy A. C. Xoneso [40].

8. PeanbHble npumMepbl q-OUTHLIX KaHa/ioB Nofpo6HO paccmaTpuBaroTCs
B KHure HwunbceHa n YaHra [22]. O6was cTpykTypa (-OMTHbIX KaHanoB
JeTanbHO onucaHa B paboTe Pyckan, LLlapeka n BepHep [133].



lnaBa 7

KBaHTOBas 3aHTpONUS U MHDopMaLMS

87.1. KBaHTOBas OTHOCUTe/IbHAsA 3HTPONUSA

OnpegeneHne 7.1.1. Myctb S, T —onepartopbl NAoTHOCTU. Ecnun one-
patop T HeBbIPOXJeH, TO KBAHTOBasA OTHOCUTENbHASA IHTPONUA onpe-
fensetca opmynoit

H(S; T) = —H{S) - TrSlogl = TrS(logS - \ogT). (7.2)
Cnyuaii, korga suppS Csupp T (suppS o0603HauyaeT HocuTeNb onepaTopa S,
cM. § 1.3), cBOAUTCA K MpeAblayLieMy nyTeM pacCMOTPEHUS CYXXEHWS onepaTo-
poB S, T Hasupp T, rae onepatop T HeBbIpoXaeH. Ecnu xe suppS £ supp T,
TOo nonaraem H(S; T) = +oo0.

3agava 7.1.1. Myctb A, pk — cobCcTBEHHbIe 3HayeHus, a |ey), |[r*) —
COBCTBEHHbIE BEKTOPbI OMepaTopoB MA0THOCTM S, T COOTBETCTBEHHO. [lOKa-
XWTe, 4TO TOrja

H(S- T) = ' £ \(e,\hk)\2(\i log Ay - Aylog/z*). (7.2)

MpepnoxeHue 7.1.1. CnpaBeAnvBO HEPABEHCTBO
H{S; Tr(S- M2 > 0, (7.3)

Mpuyem paBeHCTBO UMeeT MeCTO TOrga u Tonbko Torga, korga S —T.
[okaszaTenbcTBO. Wcnonb3ys ans yHkuum (4.2) dopmyny

YA - THp) = (A- p)v'(p) + [(A - B)Y'(E),
rge 0 < A<£< p, nonyyvyaem HepaBeHCTBO
Alog A- Alog/z » (A- p) loge + {p- A2
MOACTaHOBKA 3TOr0 HepaBeHcTBa B hopmyny (7.2) NpuBOAUT K Tpebyemomy
pesynbTary. O
CnepactBue 7.1.1 (cy6aaaMTUBHOCTb KBAHTOBOM 3HTponuu). MycTb S12 —

onepaTop naoTHocTK B H\ ®TI2 ¢ yacTuyHbiMu cnegamu Si = Tr~ 2S 12
mS2=Tr" Si2. Torga

H(SI) + H(S2) " H (S i2), (7.4)



138 SHTpONusa u nHpopmayus [Fn. 7

npuMyeM paBeHCTBO MMeeT MeCTO TOrja v TOAbKO Torja, korga S =
= Si ®Sa2.
[Joka3aTenbcTBO. [loKa3aTeNbCTBO BbiTeKaeT M3 paBeHcTBa H(S1) +
+ /1(S2)- 1/(S12) = //(Si2i Si ®S2) n HepaBeHcTBa (7.3). O
Mofo6HO 3SHTPONMM, OTHOCWUTENbHas 3HTponua 06/1afaeT CheaytoLMMK
CBOWCTBaMM.

3agava 7.1.2. [lokaxuTe cnegyroline yTBepXaeHus.

1. N3omeTpuyeckasd mHBapuaHTHoCTb: H(VSV*\ VS'V*) = H(S\ S') ans
NMpou3BOMLHOrO onepatopa V, WM30METPUYHOTO Ha HOCWUTENSAX OMepaTopoB
S, S

2. ApantmeHocTb: H(S1®S2; S] ®S'2) = H(Sb SJ) + //(S2;S2).

87.2. MOHOTOHHOCTb OTHOCUTENbHOW 3HTPOMMUMU

Teopema 7.2.1. nd NpOM3BONbHbLIX ONEPATOPOB NIOTHOCTU S, T B

Hi u nponssonbHoro kaHana ® mu3 T(Wi) B 1 (v/2) cnpaBejnBo Hepa-
BEHCTBO

H(S\T)2 H[*[S]I [T\). (7.5)

JTOT BaXHbIli pe3y/bTaT BbITEKAET M3 [JOKA3bIBAEMON HUXE TeopeMbl 7.2.2,
KOTopas ycTaHaB/MBAeT aHaforM4yHoe CBOWCTBO MOHOTOHHOCTM AN LENOro
Knacca (hyHKUMIA napbl KBaHTOBbIX COCTOSHWIA.

PaccmoTpum runbbepToBo npocTpaHcTBo L2(H) onepaTtopos BH co cka-
NAPHBLIM NPOU3BELEHNEM

(X, ¥) = Trx*y.

MycTb S, T — HeBbIPOXAEHHbIe onepaTopbl NaoTHocTW. B L2(H) BBegem one-
patop Lj neBoro ymHoxeHus Ha T 1 onepatop RS npaBoro yMHOXeHUsi Ha S,
a MMeHHO LjX —TX, RsX =XS. 9Tu onepartopbl ABAAIOTCA KOMMYTUPYIOLLM-
MU 3PMUTOBbLIMU NONOXUTENbHLIMU onepaTopamu B L2(H).

OTHocuTeNnbHasa g-aHTponusa onepatopoB S, T onpefensercsa cooT-
HOLLEHMEM

HeiS; T) = (572, g(LrRsl)S1/2) (7.6)
Ans noboi GyHkuun g ¢ Q, rae Q—knacc (yHKumiA Buga
oc , j-2
gw) =a(w- 1)+b(w- ha+ 5" +5s )’ 7-7)
0
a —[elicCTBUTENbHOE YKCHO, N v —nonoxuTenbHas Mepa Ha [o, 0C),

@ 1 . o
YA0B/IETBOPAIOLLAS YCNOBUIO P N-ydi/(s) <oo (0 BHYTpeHHel XapakTepu-
3aumMm 3TOro Knacca rosoputcs B §7.7). [lns AgokasaTenbCTBa CrefyHoLlel
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Teopembl B&XXHO NUWbL TO 06CTOATENbCTBO, 4YTO (YHKUMA g(w), BXOAsLLas
B OMpejeneHne OTHOCUTENbHON @ -3HTPONUK, UMEET Takoe MpeacTaBfieHue.

Teopema 7.2.2. 1ns Npou3BONbHON DYHKUUN geQ OTHOCMTEeNbHas
g-aHTponusa Hg(S\ T) o6nagaeT cBOWCTBOM MOHOTOHHOCTM:

He(S-,T)<He(*[S)-,*[T\) (7.8)
ans nwo6oro kaHana ®.

Teopema 7.2.1 Torga BbITEKaeT U3 ABYX HabNtO4EHWIA.
1 ®dyHkuma g(w) ——logw npuHagnexut knaccy Q. B camom gene, nerko
npoBepseTcs, YTo

- 1Mnw =

°roo [ 00 (a>-»
Jayrs Trs @7 WY g ®

2. CnpaBef/iMBO paBeHCTBO
H-Jox(S,T) = H(S;T).
[LeiicTBUTENbHO,
- \og(LTRs )* = logfls* - log/.T-A' = A'(logS) - (log7")Ar
B CWUIYy KOMMYTUPOBaHWsA onepaTopoB Lj, /?s. oTKyaa cnepyeT, yto
- log(L#+-/?j)Suz —(logS-log7)Sl/2,

N pe3ynbTaT BbiTeKaeT u3 opmysbl (7.6).

Joka3zaTenoCTBO Teopembl 7.2.2.

Nlemma 7.2.1. Ana npou3BOnbHOI (hyHKUMM g€ Q BbINONHAETCHA pa-
BEHCTBO

Hg(S; T) = blv(T -S)S~\T -S) +
+ $Tr(M - S)(LT+sRs)-'(T - S)du(s) (7.9)

[o]
JokaszaTenbcTBo. BBoas 0603HayeHune At.s —LtRs'. 3ameTum, 4to
(ATS-1)S2=(T-S)S~2=Rs-i/2(T- S), (7.10)
Tak 4To
HW(S\ T) = TrSy/2(r-S)S- 12 = 0, (7.11)
W, CNeAoBaTe/lbHO, NINHENHbLIA uneH B dopMyne (7.7) He faeT BKIaja B COOT-

HoweHus (7.9). Ana g{w)—~" +7 ,ucnonb3ys paBeHcTBo (7.10), nonyyaem

Hg(S:T)

({ATtS-f)S'/2, (AT,s +s1)-1(AT,s -f)S1/2) =
Tr[(F - S)(AT,s +s1)~IRs-<(T - S)] =
TT(T-S)(LT+sRsr I(T-S). (7.12)
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Mpn s = 0 nmeem
T) = TR(C ~S)T~\T -S) = Hiw_I(T-,9). (7.13)

MoacTaBnasa 3Tu COOTHOLWeEHWUA B opmyny (7.7), nosydvaem COOTHOLUEHWe
(7.9). |

Ecnu He yunTbiBaTb nNepBbld uyneH B dopmyne (7.7) (KOTOpblii He faet
Bknaga B //9(S; T)}, To yHKUMK (7.7) ABNAOTCA «KOHTUHYaNbHbIMU BbIMYK-

o 9 w— 12
NbIMW KOMOUHAUMAMU» QYHKUMIA (W —\)Z 1 @ w , s 0; Takum obpasom,

[,0CTaTOYHO [0Ka3aTb MOHOTOHHOCTb OTHOCUTENIbHOW @ -3HTPOMNUW LS TaKUX
(yHKUMA g, T.e. ana (7.12).

[oka3aTenbCTBO Teopembl 7.2.2 Terepb BbITEKAET U3 MHTErpasbHOro npeg-
cTaBneHus (7.9) u cnegytolleit neMMsbl.

Nemma 7.2.2. Ana npou3BonbHOro kaHana ®, s >0 u onepaTtopa A
BbIMONHAETCA PaBEHCTBO
TrA*(LT+sRsr IAA Trd NW'K/A*+~rp " T "OUT. (7.14)

JokasatenbcTBo. Tak Kak onepatopbl Lj, RS £BAAKOTCA MNOM0XU-
TenbHbiMU B L2(H), onepatop Lj + sR$ Takxke nonoxuteneH. Monoxum
A- (LT+sRsr I/2A- (LT+sRs)l/4*[B], rae B = (Topr + adpr"T'®oN].
Torga TrX*X > 0, Tak 4T0

Tr*(Tr + s/2s)-U - Tr/1*®*[B] - Tro*[B*]/1 +
+ Tr**[B*](LT+ sRs)**[B] >0. (7.15)
Vimeem
Trn*p*[B] + Trd*[B+y1 = 2 TAH *](i$m + s/?#SIr ~ ],

TakuM 06pa3om, A1 4OKas3aTenbCTBa NEMMbl JOCTATOYHO MOKas3aTb, YTO MO-
cnegHuii uneH B opmyne (7.14) MeHblUe WM paBeH, YeM MpaBas 4acTb
thopmynbl (7.14). imeem

Tro*[A*](Lr + 5/2% )O*[A] = Tr[®*[A*]P*[B]5 + O*[B*]57’d*[B]] =
Tr[®*[B*]®*[A]S + &*[B]O*[A*]$7] <

Tr[®*[4*B]5 + ®*[BA*]871,

A

rfe HepaBeHCTBO BbITEKAeT U3 MOJIOXKMTENLHOCTM onepaTopoB 5, T U Hepa-
BeHCTBa KagucoHa (s.6), KOTOpOe B C/lyyae KaHana @ npuHUMaeT Buj

®*[B*]®*[B] < ®*[B*B].
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[Oanee, ncnonb3ya cootHoweHne Trd*[B*B]5 = TrB*Bd[5], nonyyaem
Tro*[B*](E1 + 5/?5)®*[B] < Tr(B*B®[5] + BB*50[7]) =

7rB*(B®[8] + 3P[T\B) =

TrB*(Um + sR*[)(B) = TrB*®[N1] =

TroN*](1d T+5 P [s])-12UA].

370 [OKa3biBaeT TeopeMmy 7.2.2 B Cflydae HEBLIPOX/EHHLIX OMepaTopoB
S, T. B obwem cnyyae nn6o //(5; T) = +00 n HepaBeHCTBO (7.5) TpuBManb-
HO, nnM6o supp S C supp T, 1 TOrga MOXHO cuuTaTth, 4To supp T —TL, T. e
onepatop T HeBblpoXfAeH, a gna H(S\ T) mmeeT mecTto cooTHoweHme (7.1).
ANNpoKCUMUpYst NPOMU3BO/bHBIA ONepaTop S HEeBLIPOX/AEHHbIMY OnepaTopamu
M MCNOMb3Ys HEMPepbIBHOCTb 3HTponuM (cM. §7.3), ybexxaaeMcs B cnpaBef-
NBOCTU TeOpeMbl B 06LLEM Cyyae. O

CnegctBue 7.2.1 (o6obuweHHas H-Teopema). lycTb P —6ucTOXA-
CTNYECKNn (yHMTanbHblit) kaHan 8 H ="H\ -'U.2- Torga

/I(®[5]> > H(S). (7.16)
[okazaTenbcTBO. W3 cooTHoweHus (7.1) cnepyet, 4To

H(S) = \ogd-H(S;S), (7.17)
rAe S = T/ —XaoTU4ecKoe COCTOSIHME, A 3HAUNT, U

H(<b[S]) = logrf -A(® [5]; S),

B cuny Toro yto ®[5] = S. Tenepb yTBepXeHNe HENOCPEACTBEHHO BbITEKAET
13 TeopemMbl 7.2.1 0 MOHOTOHHOCTW. O

MMokaxeM, KakK 13 TeopemMbl 7.2.1 MOXXHO MOJlyYUTb BEPXHIOK FpaHuLy A/s
LLIEHHOHOBCKOW MH(hopmauum (5.15). Beoas cpegHee cocTosiHKE S,,. =
nony4yaem Ba)KHOE COOTHOLLeHME

x(zry = H (S,,)-jyxH(Sx) = 5> ,//(S,; S,.). (7.18)

Bbibepem npou3BonbHbIn 6a3uc {ey} B H n paccmoTpum g-c-kaHan ®[S] =
= TrSMy\ey)(ey\, oTBevatoWwmin nsmepeHmnto Habnogaemon M = {My}, To-
rapa

P[5*] = rPm(y\x)\ey){es), ®[S*] =Y, (Y2**Pm(y\x))\ey)bhl,
y

rae pm(y\x) —TcSxMy —onepatopbl MAOTHOCTW, AuaroHanbHble B 6asuce
{ey}. MoaTomy KBaHTOBas OTHOCWTE/IbHAA 3HTPONUA Ha BbIXOAe KaHana @
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npeepaLlaeTca B KNaCCUYECKYHo, U 13 cooTHoweHusa (7.18) cnepyet, yto

AT THA(P(5X]; @ (5T]) = 1| (7, M).
X

MpumeHss Teopemy 7.2.1 0 MOHOTOHHOCTW OTHOCWUTE/IbHON 3HTPONUK K KaHa-
ny ® u ewe pas ucnonb3ys cooTHoweHwe (7.18), nonyyaem UCKOMOe Hepa-
BEHCTBO.

Teopema 7.2.3. Cneaytouine cBoiicTBa 3KBUBANEHTHbI.

1 MOHOTOHHOCTb OTHOCUTENbLHOW 3HTpPONUN.

2. CunbHaa cy6agAnTUBHOCTb KBAHTOBOW 3HTPONUU: NYCThb 5 |23 —

onepaTop MAOTHOCTM B H\ ®H2 Torfa, B 0YeBUAHbLIX 0603Ha-
YeHUAX ANs YaCTUUYHbIX CNefoB,
11(S,23) + H(S2) < H(SI2) + H(S2). (7.19)

3. CoBMeCTHas BbIMYKNOCTb OTHOCUTENbHON KBAHTOBOW 3HTPO-
nun H(S; T) no aprymeHTam S, T.

JokaszaTenbcTBo. 1=>2. O603Havas yepe3 Sa = (dimWa)_1i7a xaoTu-
Yyeckoe COCTOAHME B Ha, nosnyvaem

H(Sm\ S123) = 77(5i23; S[2 0 S3) + 7/(Si2; £12).
77(S23; S23) = H(S23\S2®S3) + H(S2\S2).

BblunTas 04HO PaBEHCTBO M3 [pYroro M MCnofnb3ys cooTHoweHue (7.17),
nonyvaem
77(Si2) + H{S23) - H(S\23)- H(S2) = H(S\23\S120 S3) —H(S23, S2<8§>83).

PaccmoTpuMm KaHan $[S|23] = S23. MpuMeHss K Hemy Teopemy 7.2.1, y6exaa-
emcs, YTo npaBas 4acTb HEOTpULAaTeNbHa, T.e. BbINO/IHEHO CBOMCTBO CUIbHOIA

cy6aUNTUBHOCTM.
2="3. PaccmoTpum onepaTop naotHocT B H\ ® H2 ® H 3 Bnga

5123 = E  1e*)(e*1@ A-kl @ \bl){bl\,
Kl
rae {8/,} — opToHOpMMpOBaHHbI 6a3uc B Hi, {hi} —opToHOpMUpPOBaHHbIN 6a-
3nc B H3, Aki —nonoxuTenbHble onepaTopbl B H2. Torga
5i2=E \e k ) { e k \583=Er*" ®\i)(hi\, S2- ¥Y'Ab,
k t k Kl
1 13 CBOWCTBA CU/IbHOM Cy6afANTUBHOCTM BbITEKAET ClieAytoLlee HepPaBeHCTBO:

"EAHENEN) +EAEM-"(ER) >
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rae BeegeHo 0603HaveHne H(A) = - TrA log /1 gna no60ro nNonoXuTensHoro
onepaTtopa A. Torga, B YaCcTHOCTW, ANS MHOOLIX NOMOXKMUTE/bHLIX 0NepaTopoB
N Nr, B\, Br nonyyaem

#(n 1+ n2+ Bi1+ B2 —H(A\+ n2) —H{B\ + B2)
< HA1+ BY)- H(A, - HB{)+ H(A2+ B2) - H(A2)- 4(B2),
4TO PaBHOCW/ILHO COBMECTHOW BbIMYKIOCTY (hyHKLMM
A1, B) = H(A + B) - H{A) - H(B)

no aprymeHtam J1, B. W3 cnegytoLieii NeMMbl BbITEKAET, YTO OTHOCMTE/bHAS
aHTponus H(A\ B) Takxe sBNSeTCH BbINYKNOW Kak TOYHAs BEPXHSS TIpaHb
cemeiicTBa BbIMYK/bIX (PYHKLWIA. |

Nemma 7.2.3. [nd no6biX ABYX 0NepaToOpoB nNAoTHocTwH J1, B BbI-
NonHAETCA pPaBeHCTBO

H(A\ B) = supA xa(/1; B), (7.20)
A>0

roe

xa(/l; B) = H(XA + (1- \)B) - AH(A) - (1- AH(B) =
= J(AN, (L-A)S) + Ji(A).

[okasaTenbCTBO. W3 [OKa3aHHOrO BbillEe CreayeT, YTO PYHKUMSA x a (1; B)
Bbinykna no J1, B. Kak ¢yHkums aprymeHTa Ae [0, 1] oHa BOrHyTa ¥ paBHa
Hynto npu A= 0; 1 (370 6bI10 AOKa3aHO B §5.3). 3HAUMT, NpU PUKCUPOBAHHBIX
J1, B BbINO/IHAETCA paBeHCTBO

supA ‘xa(/1; B) = U A ‘xa(J1;B) = fr A 0><a(l'l; B).

3apgava 7.2.1. MycTb F — HenpepbiBHO AudhepeHumpyemas QyHKUuUA
B uHTepBane (0, +00). MokaxuTe, YTO A1 /IOOLIX NOMOXKMUTE/bHBIX Onepa-
TOpoB J1, B BbINOMHSAETCA PaBEHCTBO

-ATrFOANA + (A -X)B) = TrMAN + (1- A)B)(J1 —B). (7.21)
YkasaHue. [lokaxuTe paBeHCTBO (7.21) B cnyyae, korga F — mMHOrounen,

a 3aTem I/ICI'IOI'IbSyVITe anrnpokcnmauuto.

MycTtb Tenepb aupp/l ¢ suppfi, Tak yto N(A; B) < +00. b5e3 orpaHu-
yeHMs 06LHOCTM Gyaem cuuTaTb, YTO omepatop B HeBbipoXaeH. Bbluucnss
MPOu3BOAHYIO OT

HXA + (1- AB) = Tr»(A1+ (1 - AB)
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no ¢opmyne (7.21), nony4yaem, 4to

d )

I Xa(/1; B) = Tr/4(logj4 - logB) + loge Tr(B - A) = H(A\B),

dA
0TKyfa BblTekaeT paBeHCTBO (7.20).

3agava 7.2.2. [lpoBefuTe foKasaTenscTBo B cnydae H{A\ B) = +o00. O

3=*- 1. PaccmoTpum onepaTtop naoTHoctM Si2 B JI\ €>H2 1 nonoxum
S1= Trzs i2* icnonb3ysa cBoiCTBO (6.49) AMCKPETHbIX OMepaTopoB Beiins,
nosiyyaem

-1
S,®S2= % Y1 (/] x w°p)s|2(J1 x WaPy.
a, /3=0
Mcnonb3ys BbIMYKNOCTb OTHOCUTENBbHOW 3HTPOMUKM U CBOMCTBA U3 YMpaXHe-
HUs 7.1.2, nosiyyaem HepaBeHCTBO
H(Sy,S{)"H (Si2iS{2),

KOTOpOe ABMSeTCA CBOWCTBOM MOHOTOHHOCTW AN YaCTUYHbLIX CnefoB. Ho no
TeopeMme 6.2.1 BCAKWIA KaHan MOXeT 6blTb MpefcTaBfieH B BuAe Cyneprnosu-
LMW N30METPUYECKOTO BNOXEHUS (COXPaHAKOLWEro OTHOCUTENbHYIO SHTPOMUIO)
M YyacTMYHOro cnega. Takum 06pa3om, CBOWCTBO 1 AoKasaHo. d

Vicnonb3ys paBeHCTBO (7.17) ¥ BbINMYKNOCTb OTHOCUTENLHOM SHTPOMMMU,
Mbl MONYTHO MOJSlyYaeM CReayHoLWMiA pesynbTar.

CnegctBue 7.2.2. KBaHTOBas 3HTPONUA BOTHYTAa: AN NMPOU3BO/b-
HbIX COCTOAHUIA Sj u pacnpegeneHus seposiTHocTel {p,} BbINONHAETCA

HEepaBeHCTBO
«(? |
1 1

3agava 7.2.3. [JoKaxuTe BOrHyTOCTb HEMOCPeACTBEHHO, UCMOMb3yA Chek-
Tpa/ibHOE pasfioXeHWe onepatopa  ptSj M BOrHyTOoCTb (DyHKUMK r)(t).
/

§ 7.3. CBoicTBa HeEMpPepbIBHOCTH

B paccmatpuBaemMom 3[eCb KOHEYHOMEPHOM C/lyyae KBaHTOBas 3HTponus
ABNAETCA HenpepbIBHON (YHKLUMEN OT cocTosHMS. B camom aene, dyHKUUA
T)(X) = — log™ (paBHOMepHO) HernpepbiBHa Ha OTpe3ke [o, 1], 3HAYMT, ecnu
S,, —S, 10 ||r7(5n) _ 7(S)|| —*0> rge || *|| —onepatopHaa Hopma. CnepjoBa-
TeNbHO,

VH(S.,)-H(S)\ = [Trfa(S,,)-37(S)| ~ d\r,(Sn)~ 7)1 -» o

Cnegylowas nemma fAaeT 607ee TOYHYHO OLEHKY, KOTopas MoHagobutcs
B Ala/ibHeliLLeMm.



§7.3] CBOWCTBa HeNMpepbIBHOCTH 145

Nemma 7.3.1. MycTb Si, S? — aBa onepaTopa NA0THOCTYK B d-mep-

HOM runb6epTOBOM NpocTpaHcTBe, nNpuyem [|S| —S2Ill ~ “« Torga
|#(S,) - A(Gr)] <logd-I1*-Salli+”-Salli). (7.22)

TaK Kak yHKUMS P(X) MOHOTOHHO BO3PAcTaeT MPU X £ o. 5 U3 /IEMMb
CNeflyeT oLgeHKa

[tf(S,)-//(S2)] ~ logd ¢||S| - S2||, + —}-- (7.23)

JokaszaTtenbctBo. [llyctb Ai > A ™ ... (p\ » p2 > ...) —COGCTBEHHbIE
3HaueHns onepaTopa Si (COOTBETCTBEHHO onepatopa S2).
3agava 7.3.1. Myctb O; —|A —pu\. MokaxunTe, 4TO

d
A=£f£> <I1]5,-S:2i (7.24)

1=1
3agaya 7.3.2. [loKkaxXuTe HepaBeHCTBO
MY)-d)\ ~ Vy-x), O~rx~ry~rIl.

KoM6VHMpYs pe3ynbTaTbl 3TUX 3afad, Momy4yaem

d i
\H(Si)-H{S2)\ < y(PiN < £> (4 O =
i=I i=1
d
=40~"MA0,/70)] +# ) < Alogd +T](A).
i=1
MpuHMMasa BO BHUMaHWE MOHOTOHHOCTb (YHKUUK p(X) M MCMNONb3ys HepaBeH-
cTBO (7.24), nonyyaem HepaBeHCTBO (7.22). O

3agayva 7.3.3. TloKaxuTe, YTO OTHOCUTE/IbHASA IHTPONUA NONYHENPEPbIB-
Ha CHU3Yy B CNnefyrloLlleM cMmbicne: ecam Sn—>S n S' —S', 10

liminf//(S,; S') > H(S,S").
n—*00

YKasaHue. Mcnonb3yiiTe HenpepbiBHOCTb SHTPONUM, NpencTaBieHue (7.20)
W TOT (haKT, YTO TOYHAs BEPXHSsS FpaHb CEMECTBA HEempepbIBHbIX (YHKLWIA
MosyHenpepbiBHa CHIA3Y.

Kak Mbl yBMAMM Mo3xe B . 10, B GECKOHEYHOMEPHOM TUb6EPTOBOM
MPOCTPaHCTBE CBONCTBO MOMYHENPEPbLIBHOCTU CHU3Y BLIMOMHEHO Kak [/ 9H-
TPOMUKM, TaK W ANs OTHOCUTENbHOI 3HTPOMUM, TOrAa Kak HEeMpepbiBHOCTb 3H-
TPOMUM YXKE He UMEEeT MecTa.



146 SHTponus n MHGopmMaLms

87.4. MHMhopmaynoHHas Koppensayuusa, cuenseHHoOCTb
hopMMpoBaHMUA N YyC/IOBHAA 3HTPONUSA

B knaccmyeckom cryuvae Mepoli KosmuecTsa MH(opmaLumn, cofepxatleics
B OZJHOI U3 CNyYaliHbIX BeANYMH X, Y OTHOCUTENbHO APYroi, SBNSETCA B3anM-
Hast uHgopmayma 1{X\ Y) = H(X) + H(Y) —H(XY). B KBaHTOBOW CTaTUCTUKe
HET MPSMOro aHanora COBMEeCTHOW 3HTponuu H(XY), Tak Kak COBMECTHOe
pacnpejgeneHve HabnwAaeMblX CyLLeCTBYeT NWWb B CMELMaNbHbIX CAy4asx.
PaccmMOTpuMM OAMH M3 Takux cnyyaeB. [ycTb S|2 —COCTOSIHME COCTaBHON
KBaHTOBOW CWUCTEMbl B rMb6epTOBOM npocTpaHcTBe H\ ®?72- B 3TOi cuTya-
LM1 OYeBUAHbIM aHa/0roM LUEHHOHOBCKOWM B3aMMHOWN WMH(opMauun fBnseTca
Be/IMYMHa

I(1: 2) = H(Si) + H(S2)-H (Si2) = //(S,2;S1®S2). (7.25)

ByaeM HasbiBaTb 3Ty BeIMUMHY WH(OPMaLMOHHON Koppenauunein. U3 npeg-
noxeHus 7.1.1 BbiTekaeT, yto /(1; 2) >0 un /(1; 2) =0 TOrAa v TOMLKO TOrAa,
Korga S12= Si ®S2.

PaccMOTpMM COCTaBHYH cucTeMy M Habnwogaemble M|, M2 B cooTBeT-
CTBYHOLUUX nofcucTeMax. X COBMeCTHOe pacnpejeneHue CyLlecTByeT U Bbl-
paxaetcs gopmynoii p(x, y) = IrS\2M\xM2y. O603Haumum uepes /(Afi;M2)
LUEHHOHOBCKYH0 B3aMMHYK WHGHOPMaLMI0 MEeXAy WCXOfamMW W3MepeHUid Ha-
6ntogaembix Mi, M2-

3agava 7.4.1. TloKaxuTe, 4TO ANA YUMCTOro cocTosHus Siz = IfPHV’I BblI-
MOIHAETCA PABEHCTBO

/I(1;2) =2 Ttax/(M b M2). (7.26)
M|, M2

B cnyyae unctoro coctosiHma Siz umeem H(S\2) = 0 n, ucnonbsys teopemy
3.1.2, nony4yaem

H{Si) = H(S2y, /(1; 2) = 2H(Si). (7.27)

3HTponus M(Si) aBnseTcs eCTeCTBEHHON Mepoll CLenneHHOCTU YUCTOro Co-
cToAHMS S)2. OHa paBHa HY/O AN HeCUeneHHbIX COCTOSHUIA W NMPUHMMaET
MaKcuManbHoe 3HaveHue logd ana coctosHMs (3.7), 4TO 0OBACHAET Ha3BaHMe
«MaKCUMasbHO CLEMNIEHHOe» AN 3TOro COCTOSHMS.

Bonpoc onpegeneHvs mepbl CLEMNAEHHOCTU AN CMELUaHHbIX COCTOSHMIA
ABNAETCA 3HaUUTE/IbHO 6o0nee CAOXKHbIM. Hambonblwnii UHTepec ANS Hac
npeAcTaBnseT CUenNeHHOCTb (OPMUPOBaHUA, KOTOpasa onpefenserca 4ns
MPOM3BOMLHOIO cOCTOsAHMS 512 B H\ £>Wo Kak

EF(S12) = infA7r;//(S(), (7.28)
1
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rae To4Haa HWXKHAA rpaHb 6epeTcn Mo BCEM BO3MOXXHbIM Pa3/I0OKEHNAM

S =
/

COCTOAHMA S12 B BbIMYKIYID KOMOMHAUMIO COCTOSHUIA S{2; B TepMWUHaX Bbl-
MYKNOro aHaanM3a ef(s 12) SBASETCA BbINYKNOW 060M0YKOA HenpepbiBHOM
OYHKUMN s [2 —>H (S]).

MpegnoxeHue 7.4.1. ®dyHkuuA S12 —EF(S\2) aBnseTCA HenpepbiB-
HOM W BbINYKNOW, & TOYHaA HUXKHAA rpaHb B opmyne (7.28)gocTura-
eTCS Ha BbINYKNO/ KOM6OUHaLMK He 6onee yem (dydz)z YNCTBIX COCTO-

AHUNA S(2- IMeeT MeCTO COOTHOLEHNEe LBOACTBEHHOCTM:

Ef{S12) = I’TA%XTI’S [2Tliz, (7.29)

rge makcumym 6epeTcs No BCEM 3pMUTOBbLIM onepaTopam A\2 u3
H\ o H2 ygoBneTBOPSOLWMM YCNOBUIO

TrT\2A\2 < U(T\) (7.30)
ona Bcex (YMcThIX) cocToAHUA T2 B H\ ®H2.

[okasaTtenscTBo. O603Ha4yumM H —H\®H2, S=Si2 u f(S) —H(Axn2S);
(yHKUMS | SBNSETCH HENpepbIBHON BOTHYTON (DYHKUMeW Ha KOMMNAKTHOM Bbl-
MyK/IOM MHOXECTBE KBaHTOBbIX cOCTOosHMIA © = 6 (H). B pgokasatenbcTse,
NpMBEAEHHOM HWKe, MPaKTUYECKUM He WCMOMb3YKTCA Apyrue cneyuanbHble
CBOWCTBA (OYHKUMMN / 1 MHOXECTBA 6 , U OHO MOXET BbITb MOAYYEHO M3 0OLUX
(haKTOB BbIMYK/Or0 aHa/n3a, HO Mbl JafiUM 3[1eCb CaMOCTONTE/IbHbI/ BbIBOS.

KOHeuHbI Habop COCTOSIHMIA C COOTBETCTBYHOLLMMI BEPOSITHOCTAMM 06bIY-
HO Ha3blBalOT aHcambnem. [ina AoKasaTeNbCTBa TeOpeMbl HaM MOHagobmTcs
«KOHTUHYanbHOEe» 0606LLeHNe 3TOr0 MOHATMS, OMUCbIBAEMOE BEPOSTHOCTHOW
mepoii A{dS) Ha MHOXecTBe COCTOAHMIA 6 (H) (KOHUenuusa Taknx 0606LLeH-
HbIX aHCambneli NnoApobHO o6cyxaaetca B rn. 10). Mpu Takom nogxoae 06bIy-
Hble aHCaMbGMM OMMCLIBAOTCA MepaMu C KOHEYHbIM HocuTenem. Mcnonb3ys
ob6Lwme ¢akTbl Teopun Mepbl (CM. KOMMEHTapuM), MOXHO MOKa3aTb, YTO MHO-
xectBo V(6 (H)) Bcex BepoATHOCTHbIX Mep Ha 6 (H) sBnseTcs KOMMaKT-
HbIM B TOMOMOMUKM cnaboil CXOAMMOCTM, KOTOpas onpefensieTcs Kak CXoau-
MOCTb MHTErpanoB OT BCEBO3MOXHbIX OFPaHUYEHHbIX HEMPEPbIBHbIX (YHKLMIA
Ha 6 (H).

PaccmMoTpuM ¢yHKLMOHAnN

F(m - ~f(T)n(dT) (7.31)
e

Ha V(6 (H)), KkoTopbli Ans Mep K C KOHEYHbIM HOCUTENEM CcoBnafaeT
C MUHMMUW3UPYEMBIM BblpaXXeHnem B hopmyne (7.28). CornacHo onpefeneHuio
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3TOT (PYHKLUMOHAN SIBNSETCH HENpPepbIBHbIM apPUHHBbIM (PYHKLIMOHANOM Ha
V(&(H)). Hac 6ygeT mHTepecoBaTb €ro MMHUMYM Ha 3aMKHYTOM BbIMYK/10M
NoAMHOXeCTBe VS BEPOSATHOCTHbIX Mep 7 C (DMKCMPOBaHHbIM GapULEHTPOM

S= $ Tn(dT).
B(M)

HenpepbIBHbIA yHKUMOHaN F (T¢) 4OCTUraeT MUHUMYMa Ha BbINYK/IOM MHOXe-
ctBe Vs- V3 BOFHYTOCTM (PYHKUMK [/ CneayeT, YTO MOXHO BblbpaTb MUHUMU3N-
PYIOLLYIO MEpPY 7F C HOCUTE/IEM Ha YMCTbIX COCTOSHMAX, TaK KaK BCErga MOXHO
NPOV3BECTN CMEKTPasibHble Pa3/IOKeHUs AN BCEX OMepaTopoB MAOTHOCTU
T = T\2 Ha uYnCTble COCTOSIHUS 6e3 M3MEHEeHUs GapuueHTpa W yBenYeHus
3HayeHunn /ui(s-).

Mokaxem, UTo BCsiKasi KpaiHas Touka NGV'S MMeeT HOCUTeNb, COCTOSLLNIA
He 60nee Yem n3 {did2)2 COCTOAHMIA. 3amMeTUM, YTO COCTOSHUA M3 HOCUTENs
Mepbl T MMHEAHO He3aBUCUMbI B TOM CMbICAe, YTO ec/un

$ c(MTTc(iT) = 0 (7.32)
©K«)

[ONS HEKOTOPOI BeLLeCTBEHHON OrpaHUYeHHON uMepumol QyHkumn c(T), To
c(7") = 0 noytn BCtoZy No mepe TC¢. [eACTBUTENbHO, U3 COOTHOLWeHUs (7.32)

cnepyer, uto T= Ao+ + A rge
T (dT) = (1 ec(T))ic{dT)

ONs [OCTaTOYHO Masoro €; M3 TOro, YTo T— KpalHASA Touka, Cnefyet, yTo
icx(dT) = ic(dT), a 3Haumut, c(T) —0 (modw). PaccmaTpmBas MaTpuyHble
anemeHTbl (7.32), nmonyyaem, YTO BeLLECTBEHHOE r1b6epTOBO MPOCTPAHCTBO
L7(tc) HaTaHyTo Ha (d\d2)2 dyHKumiA

T -» Re<ey|7'lefd, 1~ " k" d{d2
T —e\1T(e-\T\exk), 17/ <k ™ d\d2.

[OelicTBuTenpHo, ntobas yHkums c(T), OpTOroHanbHas K 3TUM (YHKUUAM
B L (), AO/MKHA paBHATbCA Hymto (modzr). OcTaBwascs 4YacTb JOKasaTefb-
CTBa MpefOCTaB/AETCA B KayecTBe 3afauu.

3agava 7.4.2. Mokaxute, 4to ecnm dimLz () = n, TO HOCUTENb MEPbI T
COCTOUT M3 N TOYEK.

HepaBeHCTBO ™ B COOTHOLUEHWM [ABOMCTBEHHOCTU (7.29) nonyyaeTcs
nyTeM nMHTerpuposaHus HepaseHcTBa f(T)"IcTA no n060i BEPOATHOCTHON
Mepe T e Vs- Ons fokasaTenbCTBa 06pATHOr0 HepaBeHCTBA PacCMOTPUM
TO/IbKO Mepbl C (PUKCMPOBAHHBLIM (HO MPOU3BOSIbHbIM) KOHEYHbIM HOCUTENEM,
CoAepXXallMM HOCUTENb OMTUMANbHOW (MMHMMM3UPYIOLLEA) Mepbl 7r°. Torga
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MUHIMMW3ALMS CTAHOBUTCS 3aiadyeil B KOHEYHOMEPHOM MPOCTPAHCTBE C KOHEY-
HbIM UMC/IOM NMHENHbIX OrpaHuyeHnii (7.30). 3aMeTUM, YTO 3TU OrpaHnUueHuns
BKNIOYAlOT B ce6s HOPMUPOBKY BEPOSTHOCTHOW Mepbl. [MpUMeHss MeTOA
JlarpaHxa, nosyyaem, 4To HalifieTcs 3pMUTOB onepaTop J1 Takoi, 4to T°
MUHUMU3NPYET (YHKLMOHAS

[» —Tr/4 Tir(dT)\A = [[/(T) —TrTA]7r(dT) (7.33)
Ve / B
no Bcem (HEHOPMMPOBAHHbLIM) MOMOXMTENbHLIM MepaM 7 C 3aflaHHbIM KOHeu-

HbIM HOCMTeNeM. 3Jecb 9pMUTOB onepatop J1 ONKUCLIBaeT Habop BELLECTBEH-
HbIX MHOXWTeNeit flarpaHxa Ans orpaHuyeHunit (7.30). OTcloga cnefyet, uTo

I(r)-TrrA~O, [(F)-TrFCA =0 (mod 1r°). (7.34)

WHTerpupys BTOpOe paBeHCTBO MO 7r° U y4nUTbIBasA HepaBeHcTBO (7.30), nony-
4yaeM paBeHCTBO
TrSA = A f{T)ir°(dS) = F(A
e
KOTOpPOe BMeCTe C HepaBeHCTBOM B popmynax (7.34) o3Hauaet, yto J1 ABnseT-
CS pelleHMeM ABONCTBEHHON 3afayn W YTO COOTHOLWeHne (7.29) umeeT MecTo
c 06wum 3HadyeHnem TrSA.

13 COOTHOLLEHMS ABOWCTBEHHOCTM BbITEKAET, 4TO (yHKUMa EF(S) no-
NyHenpepbIBHa CHW3Y, KaK MakKCUMyM HenpepbiBHbIX (ahthnHHBIX) QYHKLUMNA
S —»TrS/l. OcTaeTca nokasaTb, 4TO 3Ta (YHKUUS SBASETCH WU NOSyHenpe-
pbIBHOI CBEpXY, T.e.

Iinnlsﬂ%pEf(S(,!)) < Ef(Sw)

ans noboi nocnefoBaTeNlbHOCTM COCTOSHUIA S+ 1—>S. TycTb
N
EF(S) = JNirfH(JIrH2S1), (7.35)
N =
ra&S = Y1 m/S/. Toraa, ecnu onepaTtop S HEBbLIPOXAEH, MOMOXUM
/=il N
S{) =71 f)sf\
/=1
roe
T - XS,
SW = ("W)-1(s W)I/2S-1/25 .S-1/2(SW)l2

t@ = Tr(56)v25 _1/25y5-1/2(5(M) U2
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3TN BbIPAXEHUA VMEKOT CMBIC/ 1 ANS BbIPOXAEHHOrO onepaTopa S, ecnv nog
S-1"2 NnoHMMmaeTcs 0606LeHHbI 06paTHLIA onepaTop K S'72, T. e. onepartop,
KOTOpbI/i paBeH 06paTHOMY Ha HOCUTENe W Hyl Ha OPTOrOHafbHOM A0MO0-

HeHun. Torga
N

EF(SW) S5 > ;n)//(Trnr5|n)),
/=1
N BbIpaXEHME B NIEBOM YacTW CXOAUTCA K GyHKummn (7.35). MoaTomy
limsup EfF(Sm) < EF(S(n),
0o

T. €. (yHKUMs Ef sBNSeTCS MNOMYHEenpepbIBHON CBepXy W, CleAoBaTeslbHO,
HenpepbIBHOWA. |

BepHeMCsi K Cly4yald YMCTbIX COCTOSIHWIA S]2- 3aMeTuMM, 4TO B K/accu-
UECKOW CTaTUCTMKE YaCTUUHble CMefbl YMCTOrO0 COCTOSHMS (MapruHanbHble
pacrpefeneHnst BbIPOXAEHHOTO pacnpefenieHns) BHOBb SBAAIOTCS UMCTbIMM
1 onepaLus OUYULLEHUS He UMeeT aHaslora. B 3Toll CBS3M OTMETUM CnegytoLuee
Heo6blYHOe CBOMCTBO KBAHTOBOIO aHanora YC/oBHOW 3HTponuu. B knaccuye-
CKOM C/ly4yae YC/0BHasi 3HTPONUS BCerga HeoTpuuaTesbHa:

H(X\Y) = H(XY)-H(Y) =Y, ,P»W\Y =Y) >0. (7.36)
y
Onpefenss KBAHTOBYI YC/0BHYK 3HTPONUIO Kak
A(]2) = 11(Sk)-1/(S 2),

noflyyaem, Yto aTa Be/MYMHA OTpULATENbHa, eCNN S 12 —UNCTOe CLENeHHoe
cOCTOsHME. [IpyruMun cnoBamu, B OT/IMUME OT K/1aCCUYECKOW 3HTPOMUK, KBaH-
TOBas 3HTPOMMS He ABAAETCA MOHOTOHHOW MO OTHOLEHMIO K PacLUMPEeHWtO
cuctembl: H(S\) M //(S12). TeM He MeHee, KaKk M B KNacCUYECKOM Cryyae,
MMEKT MECTO CnefytoLine CBOCTBa:

1) MOHOTOHHOCTb YCnoBHOM aHTponuu: A(1]23) A A(1]2);

2) A(112) + A(1]3) > 0.

3agayva 7.4.3. TloKaxuTe, 4TO 3TV CBOWCTBa ABAATCA Nepeopmynu-
POBKOI CBOWCTBA CTPOroi cy6aganutMeHocTh aHTponumn (7.19).

MpuBedeM eLle 0fHO NOME3HOe CBOMNCTBO KBAHTOBOW YCMIOBHOW 3HTPOMUN.

Cnegctsue 7.4.1. YcnosHas aHTponua HA(1|2) sBnseTCS BOrHYTOMW
pyHKUMeNn cocTOAHUA S 12.

[okasatenbcteo. Wmeem
A(1)2) = H{Si2)-H{S2) =
= logdi - TrSi2(logSi2+ /12 logrfi - 1 ®109S2) =
= logd\ -H(Si2\Si ®S2),



§7.5] O6bMeHHasa aHTpoOnNuA 151

N yTBEPXEHME BbITEKAET U3 COBMECTHOW BbIMYK/IOCTU OTHOCUTENIbHOW 3HTPO-
MMM 1 apUHHOCTM 0TOOpaxeHns S12—>Si ® S2- O

Bnarogaps 3TMM CBOWCTBaM KBaHTOBasf YC/0BHaf 3HTPONWUA sABASETCA
Mone3HbIM aHA/IMTUYECKMM UHCTPYMEHTOM B KBAHTOBOW TeOpUM MHGOPMALMU.

87.5. ObmeHHasa aHTpoNusA

MycTb ®—kKaHa/i C BXOAHbIM MPOCTPAaHCTBOM HA ¥ BbIXOAHbIM NpPO-
cTpaHcTBOM He u S = 5 —onepaTop naoTHocTM B Hp, 3ajatownii Bxoa-
HOoe coCTOsiHMe kaHana. Mo Teopeme 6.3.1 KaHan JonyckaeT npeAcTas/eHue
CraliHcnpuHra

®[S,] = TrWeKS/,A*, (7.37)

roe v —WU30METPUYECKUIt OMepaTop U3 Hy BHee ~ H s® He, @ H e MOXHO
paccmaTtpuBaTh Kak MPOCTPAHCTBO «OKPYXeHus». Mepegadya coctosHus Syi
MOPOXJaeT COCTOSHME B MPOCTPAHCTBE OKPYXKEHMUS

Se = Tr«s = ®[5n], (7.38)

roe ® —KoMniemeHTapHbI KaHan, cM. §6.6. B fanbHeALWeMMbl yNpoCcTUM
0603HaYeHNa AN SHTPOMWIA, onMyckas 0003HAYEHUS COCTOAHWIA, T.e. Oyaem
nucatb H(A) BMECTO H(sa) » T.M., KaK 3TO YXe [eNanocb B MpefblayLiei
rnase.

OnpegeneHne 7.5.1. OO6GMEHHOW 3HTPONMEN Ha3bIBAETCS BEMYMHA
H(Se) —A(P[5n]), paBHas BbIXOAHOW 3SHTPONUU OKPYXeHus. Mbl 6ygem
0603HavaTb ee H(S, ®) nam npocto H(E).

YUT06blI NOKa3aTb, YTO BennymHa H(S, @) He 3aBUCUT OT BbibOpa NpeacTas-
NeHWs ONS KaHvana, BBeJEeM 3TafloOHHYl0 cuctemy Hr. CocTosiHue Sa MOXeT
6bITb OUYMLLEHO A0 YKUCTOro cocTosHuA “naK” nal € Hg e v . ViMeem

H{P®UrM arH M) = H(Sbr). (7.39)
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CoctaBHas cuctema BRE, onuceiBaemas FVI)'Ib6epTOBbIM MPOCTPaHCTBOM
‘Hbre ONUCbIBAETCA YUCTbIM COCTOAHUEM

IV's/?) ® \®e) = (Y ® Ir)\d>ar)- (7.40)

PaccmaTpuBasl pasgeneHvme BR\E, nonyyaem COBOKYMHOCTb [BYX CUCTEM
B YACTOM COCTOSIHWM, 3HAUMT, COFMacHO COOTHOWeEHMIo (7.27) cnpaBefinBo
paBeHCTBO

H(SE) = H(SM), (7.41)

rge cornacHo opmysne (7.39) npasas YacTb 3aBUCUT TO/IbKO OT KaHana ® u He
3aBUCUT OT Bblibopa npeacTaBneHns CraliHcnpuHra. C gpyroii CTOpoHbl, (7.41)
npeacTaBnseT Co60i BbIpaXeHWe [15 BbIXOLHOW 3HTPOMUKM pacLUVpeHHOro
kaHana ® G>1d/?, npumeHeHHOro K umctomy cocTosiHuio SAR. Tak Kak fieBas
4yacTb He COAEPXWT r, 3TO PABEHCTBO TaKXKE MOKa3blBAET, YTO H (Sbr) HE
3aBMUCUT OT crnocoba OYULLEHUA COCTOAHUA 5 —SA.

Vicnonb3ys KOHCTPYKLUMIO KOMMNIEMEHTAPHOr0 KaHana u3 qopmysbl (6.40),
Mbl BUAUM, 4TO Se 3aflaeTcs MaTpuuei naotHocT [TrSV* n, cne-
[oBaTtenlbHO, UMeeT MeCcTO Takoi pe3ynbTar.

1’4 N
MpegnoxeHue 7.5.1. MycTb ®[5] = VjSVJ, rge ~2 V*Vj =1, To-
)=1 /=1
raa

H(S, &) = H([YrSV;vk]liksl ). (7.42)

O6MeHHasi 3HTpoNus YA0BNETBOPSET CMeAylolleMy MOse3HOMY HepaBeH-
CcTBY.
MycTb S=  PjSj —cMecb YNCTHIX COCTOAHMIA Sj, Torga

H(S, @) » £ P,//WS/1). (7.43)
i
[JelicTBuTeNnbHO, 6narofaps BbIMYKIOCTM KBAHTOBOM aHTponuu H(S, @) =
=HME[EPISi])>EPifimSj}). Ho //(PE[Sy]> = //(P[5N), Tak KaK
/ i

cuctema BE Haxogutcs B UMCTOM COCTOSIHMM, €C/IM Ha BXOA NOJAeTCs YUCToe
COCTOsIHUE Sj. O

Mpumep 7.5.1. PaccMoTpuM genonspusytolmii kaHan (6.51) n xaoTude-
CKoe BXxofHoe cocTosiHne S —Id/d. Vicnonb3ys npeactaeneHne Kpayca (6.52)
1 CBOICTBa onepaTopoB Beiins, Haxoaum

(aft ® (00),
TrSWagWae' = 0ao),(@P)
(aft = (00).
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CnepoBatesibHO,

HS @)= -(l -p*r-) log(l-p"r-) -pd”™ logi (7.44)

8 7.6. KBaHTOBas B3ammMHasaA MHpopmayuns

Bbiwe 6bInK pacCMOTPEHbI TP 3HTPOMUIAHBIE BEMMUMHBI: BXOAHASA 3HTPO-
nua H(S), BbixogHas aHTponus //(4>[S]) u obmeHHas aHTponus H(S, ®).
Mexzay HAMU MMeKTCA COOTHOLLUEHWS, MO3BONAKLLME pacCMaTpuBaTh MX Kak
ONMHbI CTOPOH TPEYrofibHMKa: CyMMa /IH06bIX ABYX M3 HUX 60MblUe WM paBHa
TpeTbeid. Hanpumep,

tf(S) + H(®P[5]) - H(S, @) =
H(A) + H(B) - H(E) = H(R) + H(B) - H(BR) >0 (7.45)

I{S, ®)

Mo CBOICTBY Cy6aAAUTUBHOCTM KBAHTOBOW 3HTPOMUM.

Tak Kak R unmeeT Ty e 3HTponuio, 4to n A, BennunHy /(S, ®) MOXHO
Ha3BaTb KBAHTOBOW B3aMMHOW MHOPMaLUed MeXAY BXOAOM W BbIXOAOM.
B3anMmHas uHhopmaunsa /(S, @) obnagaeT LenbiM PSAOM XOPOLUMX CBOWCTB,
aHaNIoOrMYHbIX CBOMCTBAM LUEHHOHOBCKOM MH(OopMaLmn.

MpepnoxeHne 7.6.1. KeaHToOBas B3aumMHas nHgopmauusa /(S, @)
1) BorHyTa no S;

2) Bbinykna no @,

3) cybagauTueHa: /(S]2, ®| ®D2) N /(Si, PO+ N1, D2);

4) ypoBneTBOpAeT HepaBeHCcTBaM 06 o6paboTke MHDopmayum'.

/(S, ®20®,) sj min{f(S, DO, /(Pi(S), P}

[okasaTenbcTBO. [lOKasaTe/flbCTBO OCHOBAHO Ha pacCMOTPEHUM pas3nuny-
HbIX pa3feneHnin cocTaBHON cucTembl BRE, HaxopgsLelics B UACTOM COCTOSA-
HuM (7.40), 1 Ha MCNONb30BaHWM CBOWCTB YCMIOBHON 3HTPOMMUM.

1. Vimeem

(S, @)

H{R) + H(B) - H(E) =
H(BE) + H{B) - WU(E) = H(B\E) + U(B), (7.46)
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rfe NepBOe CraraemMoe BNAETCA BOrHYTOW (IyHKUMEA OT She COrMacHo cnef-
CTBMIO 7.2.2, @ BTOPOe — BOTHYTON (hyHKLWel oT 54- OcTaeTca 3aMeTuTb, YTO
oTobpaxeHns 5 —>SBe n S —>Sg ahHUHHBI.

2. Niveem

(S, @)

H(R) + H(B) - H(E) =

H(BE) + H(B) - H{BR) = H(R) - H(R\B),

rge nepBsblii YneH He 3aBUCMT OT P, a BTOPON SIBNSETCSH BOTHYTOW (hyHKUMel
OT cocTosHus Sbr = (P x bl/r)[5n/r], KoTopoe apduHHO 3aBUCUT OT D.

3. MycTb 5 i2 —cocTosaHne B A\A2, 1 nycTb Y?—a3Ta/ioHHas cucTema
Takaf, 4to Si12—4acTuuHblii cneg B AVA2 4MCTOr0 COCTOSHUA B CUCTEME
A\VA2R- O603HaumMm 4epe3 E\, £2 OKpy>xeHns kaHanoB ®[, dr coOTBETCTBEH-
HO. [lOKaXXeM HepaBeHCTBO

/(S12, &1 ® ®2) = TY(S12) + A((®] ® drHAT)) —H(S\2I o1 ® or) =

AH(R) +H(BIB2)-M (EIE2) =*
<//(/?,) +H(B,) - H(E) + H (R2) +H(B2) - H(E2).

—RA2 —+RA

Tak Kak nonHasa cuctema B\B2E\E2R onucbiBaeTcA YNCTbIM COCTOAHMEM, 3TO
3KBWBAJIEHTHO HepaBeHCTBY

H{B\B2E\E2) + H(B\B2) —H(E\E2) *
A H(B\E\) + H(Bi) - U(Ei) + H(B2E2) + H(B2) - H(E2),
0TKyfa
H(BiB2ExE2) + H(EX) + H(E2) < H(EIiE2) + H(BiEi)+H(B2E2),

YTO MOXET ObITb MO/Sy4eHO NOBTOPHLIM WCMO/b30BAHMEM CBOMCTBa CTPOroi
cy6afaNTUBHOCTM.

3ameTnM, 4TO NocnefHee HEPaBEHCTBO BbipaXKaeT cy6afauTUBHOCTb YC-
NOBHOW 3HTpoONuUu:

H(BiB2\EiE2) < H(Bi\Ei) + H(B2\E2).

4. O603HauMM u4epe3 A BXOAHOE MPOCTPAHCTBO KaHana ®b uyepes B —
BbIXO[HOE MPOCTPaHCTBO Ans P], KoTopoe SBNSETCA BXOAHbIM ans ®2, u ye-
pe3 C —BbIXOAHOE MPOCTPAHCTBO Ana ®r. Yepes £ 1,2 0603HAUYMM OKPYXKEHUSA
KaHanos ®|,r- Vimeem

/(5, ®20®,) = H(R) + H(C) - H(ExE2). (7.47)

[nsa pokasaTenbCcTBa MepBOro HepaBeHCTBa 06 06paboTke MHGopmauymu

3aMeTuM, 4To
/(S, @,) = H(R) + H(B) - //(£,), (7.48)
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Puc. 7.2. Komnosuuua KaHanos

TaKk 4YTO [0Ka3blBaeMOe HepaBeHCTBO npuHumaet Bug A(C) - H(E\E2) ~
N H(B) - H(E\). Mockonbky cuctembl CRE\E2 u BRE\ onwucbiBatoTcs
YUCTbIMU COCTOSHUAMU, 3TO 3KBUBANEHTHO HEpPaBeHCTBY

(7.49)

TaK YTO HYXXHO foka3aTb HepaBeHCTBO H{R) - H{E\E2) » A(HA) - A(Er)- MNo-
CKonbKy cuctembl BRE\ 1 CRE\E2 onuncbiBatOTCS YACTbIMU COCTOAHUAMU, 3TO
paBHOCWUbHO HepaBeHcTBY H(R) —H(CR) ~ H(REi) —H(CRE\), nmm

H(C\RE\) < H(C\R).

lNocnefHee >e HepaBeHCTBO BbIMOMHEHO B CW/Y MOHOTOHHOCTU yCﬂOBHOVI
IHTPONUN.

87.7. KommeHTapum

1. 3HTponus onepaTopa NJIOTHOCTK Gbina BBeAeHa POH HeliMaHOM B KHU-
re [21]. Moapo6HbIi 0630p CBOMCTB KBAHTOBOW 3HTPOMUW W KBaHTOBOW OT-
HOCUTE/IbHON 3HTPOMMU MOXHO HaliTu B cTaTbe Bepnsi [152] u kHure Oiis
n Metua [128].

MOXHO ycunntb HepaBeHCTBO (7.3) mocpeacTBOM 3aMeHbl Tr(S - M2
Ha |5 - T\\\, cm. [138]; poKa3aTenbCTBO OCHOBAHO HAa COOTBETCTBYHOLLEM
K/fiaccuyeckom HepaBeHCTBe MuHcKepa, cm. [70, nemma 12.6.1].

2. BeuwecTBeHHas (yHKUMA g, onpefefieHHas Ha wuHTepsane / C R, Ha-
3bIBaeTC OMEepaTOPHO-MOHOTOHHOMN, ecnnM Ans M60oro n U 3pPMUTOBLIX
(n x 5)-maTpuy A~ B co cnekTpoM B / BbINOMHAETCH HepaBeHCTBO g(A) "
< g(B). AHanorn4yHo onpegenslTCs ONepaToOpPHO-BbINYK/ble (yHKUMKU. Oc-



156 SHTpONUS 1 MHpopmaymns

HOBHble pe3yfibTaTbl TEOPUU OMNepPaToOpPHO-MOHOTOHHbLIX Y OMepaTOPHO-BbINYK-
NbIX GYHKUUIA, a TakKe 60/blIoe KOAMYECTBO MOME3HBIX MAaTPUYHbIX Hepa-
BEHCTB MOXHO HaiiTu B KHUre bxaTua [63]. Micnonb3ysa Knaccuyeckue pesysb-
TaTbl U3 TEOPUM OMEPaTOPHO-MOHOTOHHbIX M OMEPATOPHO-BbINYKAbIX PYHKLWHA,
MOXHO MOKa3aTb, YTO KnacC Q COCTOMT M3 TakuMX OMNepaToOpHO-BbINYK/IbIX
thyHKumin g Ha (o, 00), uto g(l) = o.

M3BeCTHbI 1 Apyrue foKasaTeNbCTBa TEOPEMbl O MOHOTOHHOCTU 7.2.1, Ko-
TOpble TaKXKe JOCTaTOYHO CMOXHbI. OB6bIYHbIVA MOAXOA COCTOUT B UCMO/b30Ba-
HUW «CBOWMCTBA BbIMYKNOCTK JlInbax; cM. [22,128]. B cepun paboT [122—124]
Nuup6nag yctaHoBUA psif NOC/efoBaTeNlbHbIX NPUGIMKEHWIA K CBONCTBY MO-
HOTOHHOCTM U B WUTOre [0Ka3an ero 3KBMBANEHTHOCTb CW/bHON Cy6afauTuB-
HOCTV KBAHTOBOW 3HTpOMUW, AoKa3aHHOW paHee JInbom un Pyckau; cm. [121].
YnbMaH B cTaTbe [151] pan Apyroe AoKasaTeflbCTBO, OCHOBAHHOE Ha WH-
TeprnonaynoHHom metogde (cm. o63opbl [132, 152]). 3aecb Mbl onupaemcs
Ha paboTy JlecHueBckn u Pyckan [119], B KOTOpoi faeTcs Hambonee nps-
MOe [o0Ka3aTenbCcTBO. OHO OCHOBaHO Ha 0606LWeHun HepaBeHcTBa Kowm—
BYHSIKOBCKOro ¥ NO3BOASET YCTaHOBUTb MOHOTOHHOCTb ANS LENOro Knacca
WHBapWaHTOB Nap COCTOAAHWI B «KBAHTOBOW FeOMETPOCTATUCTUKE», UHULWK-
poBaHHoOIn E. A.Mopo3oBoit 1 H.H.YeHuoBbiM [20]. Schpoc yKasan Ha CBA3b
3TOr0 Kpyra BOMPOCOB C OMEpaToOpHbIM 0606LEeHNeM HepaBeHCTBa MeHceHa
M MOHATMEM MATPUYHOM MEepcneKkTVBbl OMepaToOPHO-BbINYKNOW (PYHKLUMUKW; CM.
[80].

HefaBHO 0OblNO NpefnoXeHO HOBOE «eCTeCTBEHHOEe» [0Ka3aTenbCTBO
CBOWCTBA MOHOTOHHOCTU (CM. paboTy benakoBuua u 3urmyHga-Llynbue [64]
N KHUry Xaiisiwm [90]), ocHOBaHHOE Ha OMepaToOpHOM MHTEpNpPeTaLMn KBaHTO-
BO OTHOCWUTENbHOW 3HTPOMUM KaK ONTWMMAaNbHOFO MOKasaTenst 3KCMOHEeHLUU-
aflbHOro y6blBaHUs OLWMOKM B 3afade pasinyeHns 4ByX KBAHTOBbLIX COCTOSIHMI
(kBaHTOBbIN aHanor fnemmbl CTeilHa B MaTeMaTMYecKol CTaTUCTUKe —Teope-
ma 12.8.1 u3 kauru [70]).

3. lemma 7.3.1 6bina gokasaHa ®aHHecoM B cTaTbe [81]. PelweHue 3a-
faun 7.3.1 cm. B kHure [128, nemma 1.7]. AypeHasapT (cm. [52]) ycTaHosun
HeynyudLlaeMoe HepaBeHCTBO

tf(S,)-tf(S2) < log(af - 1)«||S, —S2||j +ft2(||S, —Sz]li).

B kHure [132] yka3aHO Ha CBA3b 3TOr0 HepaBEHCTBa C fieMMoli ®aHo 4.4.2.
4. WVHdopmaymoHHas koppenauus 6bina BeefeHa JinHgbnagom (cm.
[122]), KOTOpbIV BbICKa3an CnefytoLLyt0 rUnoTesy:

/(1; 2) < ZM%/(AA' M2).

CuenneHHocTb (DOPMMPOBaHUA BBeAeHa B OCHOBOMOMarawllein paboTe
BeHHeTa, An BuHYeHUo, CMonuHa n ByTttepca [58]. Ana cMellaHHbIX COCTO-
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AHWIA MMeeTCs Lenblii pag Apyrnx BaXHbIX APYrMX Mep cuenieHHocTu. Konu-
YECTBEHHas TEOpUSA CLEMNJIEHHOCTU SBNAETCS €elle OAHMM Pa3fesioM KBaHTOBOW
MH(OPMAaTWKK, B KOTOPOM MaTeMaTu4ecKne MeTofbl MOAYUYUIN CYLLEeCTBEHHOE
NpuUnoXeHne n pasBuTWe, CM., Hanpumep, 063opbl Keiina [111], Anbbepa
n ap. [50], kHury Xanawm [90].

OnpegeneHvie 1 CBOMCTBA BbIMyK/ION 060M0YKK, a Takxe 06Las Teopema
[BOVICTBEHHOCTW BbIMYK/IOrO NMPOrpaMMUPOBaHNUSA UMELOTCA, HarpuMep, B KHU-
rax Pokagennapa [25], I . Marapun-Unbaesa u B. M. Tuxomuposa [17].
[loka3zaTtenbCTBO MOMyHeNpepbIBHOE™ cBepXxy CLeneHHOCTU (hOopMUPOBaHUS
OnMpaeTcsi Ha KOHCTPYKuuo 13 pabotbl M. E. LLinpokosa [140].

KBaHTOBas ycnoBHas 3HTponus BBegeHa Agamu u Cepdom; cm. [48].
OnepayymoHanbHOE UCTONKOBaHWE OTPULATE/bHbIX 3HAYeHWA YCNOBHOW 3H-
TPONUM KaK CBOEro poja KpeauTa WMHGpopMauun npefnoXeHo [opoaeLKmMm,
OnneHxaimom 1 BuHTepom; cm. [106].

5. O6meHHaa aHTponus 6bina BBegeHa JInHgbnagom B ctatbe [125] (oa-
Hako OH UCMO0/b30Ban ApYryt TEPMUHOMONMNIO) W BNOCMEACTBUW, B KOHTEKCTE
KBaHTOBOI Teopun UHopMaLun, HezaBucuMo bapHymom, HunbceHom u LLy-
MaxepoMm; cm. [54].

6 . KBaHTOBas B3aMMHasa MH(oOpMaLua Takxke nossunacb B pabote JIHa-
6napa [125], a BnocneacTemm —B pabote Agammn u Cepda [48], rae 6bim
noApo6HO PacCMOTPEHbI ee CBOMNCTBA.



FnaBa s

Knaccmnyeckaa nponyckHasa CNOCOOHOCTb
KBAaHTOBOIo KaHasia CBA3U

8§8.1. TeopeMa KOAMpPOBaHMUA

B rnaee 5 6blna ycTaHOBMEHAa (hyHAaMeHTanbHas Teopema KOAMPOBaHUS
[ONS KNacCUYecKM-KBaHTOBOrO KaHana CBA3W. B HacTosuleli rnaBe, MCNONb-
3ys 3TOT pe3ynbTaT, Mbl MOAYYUM TEOpeMy KOAWPOBaHWUA A4S MPOU3BOSILHOMO
KBaHTOBOr0 KaHana.

PaccmoTpum kaHan @®: N{H\) —=X(Wz2) 1 COOTBETCTBYIOLIUNIA COCTABHOW
KaHan ®®n= .. ® ¢: BnouHblii KOf ANs Takoro
COCTaBHOMO KaHana BKIOYaeT C-(-KaHan, KoAUpYHLWUiA Knaccuyeckue cooob-
LeHMa | COCTOSHMAMM BO BXOAHOM npocTpaHcTee H fn, n q-c-kaHan (Habnio-
faemyto) Mw B npocTpaHcTBe H fn, agekogmpytowmii BbIXO4HbIE COCTOSHUSA
B Kfaccmyeckme coobuieHns /:

i > S} -> oen[s-m]~ /.

BbIXO4HOE
COCTOAHUE CcoCToAHME

3T0 NpUBOAMUT K criefytoLemMy onpeaeneHuto.

Onpegenenne 8.1.1. Kog (E<\ Af(nl) pasmepa N pgns cocTtaBHOro
KaHana @®®n coCTOMT M3 KOAMPOBaHMS, 3ajaBaemoro Habopom E i) = {S'm}
i—1,..., N) coctosaHuii B H fn, n gekogmpoBaHus, ONncbIBaEMOro Habso-
paemoint M (@) —{M"™\ /=0 1,..., N), B Hf'n.

MakcumanbHas BEpPOSTHOCTb OLIMOKM TaKoro Koja paBHa

Pe{T,(m), M{n) = (zrlnaxN(l - pTmL), (8.1)

raoe penH/'HO = Tro®'[5.”)]M*'T) — BeposSTHOCTb MPUHATUA pewleHns / npu

YCNOBUM, 4TO 6bI0 NOcAaHo cooblyeHue r. MuHumMym owmnbku He(E (), M (1)
No BCEBO3MOXHbIM KOAam A/IMHbI N 1 pa3mepa N mo-npexHeMy 0603HavaeTcs
pe(n, N). Knaccuyeckas nponyckHas cnoco6HocTb C(d) KBaHTOBOro Ka-
Hana ® onpefenseTca Kak TOUYHas BEPXHAS rpaHb AOCTMXKUMBIX CKopocTel R,
O18 KOTOpbIX

lim pe(n, 2nft) = o.
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HamomMHUM, YTO KOHEeYHOe pacnpefeneHne BepoSTHOCTEN >KHA MHOXeCTBe
KBAHTOBbIX CcOCTOSHMIA &{H), KOTopoe NpunNucbiBaeT BEPOSTHOCTK T, COCTO-
AHMAM Si, Ha3blBaeTcA aHcambnem. Ecnum 3agaH aHcam6nb >Kr) ¢ BEPOATHO-

cTAMU PRI} BXOAHLIX COCTOAHMIA Sjn\ TO, UCMO/b3YS YCNOBHYIO BEPOSTHOCTb
PsmU 10. MOXHO HaiiTM COBMECTHOe pacrpefesieHuMe BXxofa i W Bbixoga /[
N BbIYUC/IUTb LLIEHHOHOBCKYHO MHHOPMaLUIo [(n)). AHanornyHo npea-
NoxeHnto 5.4.1 nonyvaem

C(d) = nl,'l% ’I_‘I ﬂffﬂ(ﬂ)ln(x{n)’ MM ). (8.2)

OTnAnume oT cnyyas c-gq-KaHana COCTOMT B TOM, YTO 34eCb HET (JMKCMPOBaH-
HOro BXOAHOro anasMTa ¥ NPUXOAWUTCA ONTUMU3UPOBATb He TONLKO BXOAHOE
pacnpegenenmne {r(M} v BoixogHyto Habnwogaemyto Af(4), HO N BCEBO3MOXHbIe

COCTOSIHMA S}n) Ha BXofde KaHana O®n.
MpepnoxeHne 8.1.1. Knaccuyeckas nponyckHas CNOCOBHOCTbL Ka-
Hana @ paBHa

C(®) = lim "CX(@®, (8.3)

roe
Cx(®) = sup_x (bl ; {®[51}), (8.4)
Pr-s,}

BeMUYMHA y onpejenseTca cooTHoweHueM (5.8) M TOuHas BEPXHAA
rpaHb 6epeTcs N0 BCEBO3MOXKHbIM BXOAHbIM aHCambnsam >k= P, S,} B H.

3aMeTUM, YTOaHaNOrMyHO npefnoxeHuto 5.4.1 BCOOTHOWeHUAX  (8.2),
(8.3) npegen npwu M —>00 paBeH TOYHOW BEpXHel rpaHMnon6aroas
cynepagauTMBHOCTA COOTBETCTBYHOLLMX NOCNef0BaTe/IbHOCTEN.

[oka3aTenscTBo. HepaBeHcTBO ™ B hopmyne (8.3) BbITeKaeT U3 COOT-
HoweHuna (8.2) M 13 BepxHei rpaHuLpbl B TeopeMe 5.3.1. TloKaxeM, 4To

C(®) A lim ;-Cx(®@n) = C(). (8.5)

Bo3bmem R <C (@), Torga MOXHO BbI6paTh no u aHcambsb (D)= PR\ S-"0)}
B fte o Takue, uTO

nOR < x({s--M)}; {PR/D[S}'O]}). (6.6)

PaccmoTpum c-g-kaHan @ B ft®™0, onpefeneHHbIi COOTHOLLEHNEM

/ h®«0[5 («0)] 87
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CornlacHo Teopeme KoaupoBaHusa 5.2.1 pna c-g-KaHanoB NPOMycKHas cno-
CO6HOCTb KaHana & paBHa

C(®) = maxx (On}; {2 ®"""]}), (8 .8)

rae COCTOSIHMS (PMKCUPOBaHbl M MaKCMMyM 6GepeTcs MO pacnpefeneHunto Be-
posiTHOCTel 7. B cuny HepaBeHCTBa (8.6) 3TO 3HayeHWe 6GoMblle, Yem NoOR.
O603Havas 4epe3 pe{n, M) MUHUMaIbHYIO BEPOATHOCTb OWWMOKM ANS KaHa-
na @, nonyvaem

pe(nn0, 2{m’)R) < pe(n, 2ninijRy), (8.9)

nockonbKy no6oii kog pasmepa N ans kaHana ®®n onpefenseT Kog TOro xe
pasmepa gna d®1'0. Takum o6pasom, npu R < C(P) npasad, a 3HauuT, 1 nesas
4yacTu cooTHoweHus (8.9) cTpeMATCS K HyMO Npu N —>00. Paccyxpas, Kak
B npegnoxeHun 5.4.1, nonyyaem pe(n', 2nR) —0 npu n' —00, W, cnefosa-
Te/flbHO, HepaBeHCTBO (8.5) BbIMOHAETCS. O

§8.2. X-nponyckHasa cCnoco6HOCTb

Mbl 6yaem HasbiBaTb BennumHy CX(®P), onpegeneHHyto qopmynoin (8.4),
X~nponyckHoi cnocobHocTbhi KaHana ®. UTak,

CX(®) = sup U Y 71r.eo~ 0 -Y1r,a(®[5,] (8.10)
<T.8) i / i
a 3TO COOTHOLUEHME MOXHO TaKXe nepenucaTb B BUAE
CX(@)= sup [A(P(5))-AP(5)], (8.11)
see(W)

rae BeBefieHa HOBasA XapaKTepUCTUKa KaHanla

Ad(5) - inf Y (0 ; 8.12
®() vy TTISI=S n (@65 (8.12)
i |
— BbINyKNnas 060104Ka BbIXogHOW 3HTponuu A(P[5]). 3aech TOUHAA HUXK-
HASA rpaHb 6epeTcs Mo BCEBO3MOXHbIM aHCaMbAsaM [ ¢ (PUKCUPOBaHHbIM Cpej-
HUM cocTosiHMeM 7S, = S.

i

3agava 8.2,1. [dokaxuTe, 4YTo Ans ngeanbHoro kaHana H<i(S) = 0.

BennunHa (8.12) TecHO cBAi3aHa CO CLEMNIEHHOCTbIO (hOPMMPOBaHMWSA
(7.28), a MMeHHo,

Ah(5) = EF(VSV*),
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roe V — usomeTtpus B npeactaeneHnn CraiiHcnpuHra (s .8 ) KaHana @, Tak 4To
KSK* aBnsieTCs COCTOSHMEM COCTaBHOWM CUCTEMbI «BbIXO[-OKpPYXeHue». [o-
Ka3aTeNbCTBO CMefytoLleli NeMMbl aHanorMYyHO [0Ka3aTenbCTBY MpPeanoXeHns
7.4.1.

Nlemma 8.2.1. Bbinyknas o60n104ka BbIXOAHOW aHTponun H${S) saB-
NAeTCs HENnpepbiBHOW BbINYKNOW (pyHKuMeld Ha &(H). TouHas HUXKHAS
rpaHb B Bbipa>keHuu (s.12) JOCTUraeTCs Ha aHcambie, COCTOSALEM He
6onee yem n3 df umcTbix cocToaHui, d\ = dim'll.

CnegnctBue 8.2.1. TouyHas BepXHAS rpaHb B Bblpa>keHuu (8.10) ans
X-nponyckHoii CMNOCOBHOCTK AOCTUraeTCs Ha aHcambne, COCTOSLLEM
He 6onee 4Yem U3 dji* YNCThIX COCTOSAHMIA.

3agaya 8.2.2. WNcnonb3ys 3agady 4.3.2, JOKaXKUTe HEOOXOAMMOCTb W f0-

CTaTOYHOCTb AN ONTUManbHOCTW aHcambna = {I/, S,} co cpeAHUM cOCTO-

AHMeM S = X)NiSi cnepyrollero ycnosus MakCMManbHON yfaneHHOCTN:
i

HalgeTcsa nonoXxuTenbHoe uucno fj, Takoe, 4To
[I(®P[5]; ®[5,F]) » p ANa BCeX (YMCTbIX) BXOAHbLIX COCTOSHWIA S,  (8.13)

npuyeM paBeHCTBO AOCTUraeTcs A8 4neHoB aHcambns S —Sj, 71y >0; npw
3TOM C Heob6xoaMmMocTbio p —Cx (D). YkaszaHue. Mcnonb3yiiTe paBeHCTBO

£-x{M\ {®[$]}) - miSjP!*]) - loge.
X-nNponyckKHas cnoco6HOCTb MOXET BbITb BblYMCMEHA ANS psifa UHTepec-

HbIX KaHa/10B.

3agauva 8.2.3. TlMokaxute, uto Cx(Id) = logrf gns wpgeanbHOro KaHa-
na B d-MepHOM rnMnbL6epTOBOM MPOCTPaHCTBE. [N KBAHTOBOrO CTMPAMOLLErO
kaHana CX(®P) = (1 - p)\ogd, rae p — BEpPOATHOCTb CTMpaHuA. B o6oux
cnyyasx ONTUMa/bHbI aHcaM6/b COCTOUT M3 PaBHOBEPOSTHBLIX YUCTbIX CO-
CTOSIHWIA, OTBeYalLWmnX OPpTOHOPMUPOBaHHOMY 6asucy B H.

MpennoxeHue 8.2.1. MycTb ®—KoBapuaHTHbIA kKaHan (cm. §6.7),
9[UAS(UM)*] = UgM[S](U®)*.
Ecnm npegcTasnedne UM HenmpuBogumo, TO
Cx(®) = //(*[£]) -min//(®[S]), (8.14)

roe MUHUMyM 6epeTc;| N0 MHO>XECTBY UYUCTHIX COCTOAHUIA.

[okasaTenbcTBO. [lpeAnonoXum cHauyana, 4To rpynna cummeTpuin G
KOHeuHa. HenpuBogMMOCTb NpeACTaBNeHWUs 03HA4YaeT OTCYTCTBUE HETPUBU-
aNbHbIX WHBAPUAHTHbLIX TMOAMNPOCTPAHCTB, UYTO 3KBUBANEHTHO CrefyHoLLeMy
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CBOWCTBY: BCAKWIA onepatop, KOMMyTupyrowwmini co Bcemun Ug\ KpaTeH eau-
HWYHOMY onepaTtopy. OTclofa aHalorM4YHO [A0Ka3aTeNnbCTBY COOTHOLUEHMS
(6.49) nonyvaem

or,E ~ 13 0 ))*="- (8.15)
geG
[Moka)xem, 4To
Seuéan)W() PR = o (\qg }_A i]J)/' (8.16)

JTO BblTeKaeT U3 TOro, Yto QyHkums S —>//($[S]) BOrHyTa U MHBapMaHTHa

OTHOCUTENbHO MpeobpasoBaHuii S —»UJgrSUQG*, noaTomy Ans nNpou3BOJibHO-
ro S cnpasej/iMBO HEPAaBEHCTBO

(VIGr'A~2St0 IV (817

\ . geG \)

HepaBeHCTBO < BbITeKaeT TOrAa M3 COOTHOLWEeHMA (8.15), Tak 4TO AOCTAaTOYHO

NMnoKas3aTb, 4TO
! '(*[@ (8.18)

Bbi6epeM cocTosiHMe SO, MUHUMU3KPYIOLLEE BbIXOAHYHO 3HTPOMMIO. MOCKObKY
BbIXOfHAas 3HTPOMWS BOTHYTa, OHA AOCTUraeT MUHUMYMa Ha MHOXECTBE uM-
CTbIX COCTOSIHUIA. [M03TOMY 3HauYeHMe B NpaBoii YacTy paBeHcTBa (8.14) focTu-
raeTca Ans aHcamGns cocTosHmii Sg = Ug JSoUg™* ge G, B3ATbIX C PaBHLIMM

BeposTHoCTAMM 7T = |G|* 1.

Ecnu rpynna |G| HenpepbiBHA, TO MPUMEHWMO aHaNOrMUYHOe paccyXxeHue,
HO OMTUMM3MPYIOLLEe pacripegeneHne OyAeT HerpepbiBHbIM, a WUMEHHO paB-
HOMEpPHbIM pacrpegeneHmeM Ha G. 3aTeM MOXHO MCMO0/b30BaTb KOHEYHYHO
annpoKcHMaLmMio U CBOWCTBO HEMpepbIBHOCTY. |

Mpumep 8.2.1. Anda genonspusyowlero KaHana (6.51) nveem

Cx(®) = logd + (I - P*~cr) 1oBO ~ PA~I'~) + PALT logf * (819)

yTo AOCTUraeTcs A aHCamb6/si PaBHOBEPOSTHbIX YMCTbIX COCTOSIHMIA, OTBe-
YaloLWMX OPTOHOPMUPOBaHHOMY Gasucy B H.

B camom fene, KaHan sBASeTCS HENpuBOAVMMO KOBAapMaHTHbIM, MOITOMY
MPUMeHMMO Npeanoxenue 8.2.1. s NpousBOSLHOIO YMCTOTO BXOAHOIO CO-

cTosiHNA Bbixog P[|-0)(-01] umeeT npocToe COGCTBEHHOE 3HaYeHue 1- p~r ~
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ad —1 co6CTBEHHbIX 3HAYeHWN [M03ToOMy BbIXOA4HAs 3HTPOMUA paBHa

"O-"T) |oe0 - P™Nir) -
[19 BCEX YUCTbIX BXOAHBIX COCTOSIHWIA, OTKyfAa CrefyeT COOTHoLleHune (8.19).
Mpumep 8.2.2. BbluMCIUM X -NPONYCKHYO CMOCOBHOCTb MPOW3BOLHOMO
g-6UTHOrO yHWTanbHOro kaHana ®. Takoli KaHan HernpuBOAWMO KOBapuaHTeH
Mo OTHOLIEHWO K npedcTaBneHuto (6.50) (cm. 3agady 6.8.3), MO3TOMYy Mbl

BHOBb MOXEM MPUMEHUTb MNMpeaoXeHune s .2.1.

Mpwn BbluMCNEHNUN seT'\?V) H(®(5)) MoXHO cunTtath, yto ® = J1, ecnu npu-

HSTb BO BHMMaHWe YHWUTapHYH WHBAapWMaHTHOCTb KBAHTOBOI 3HTponun. 3ame-
TUM TaKXXe, YTo COrMacHO 3afaye 2.1.2 3HTPOMUS q-GUTHOFO COCTOSHUS (2 .8)
paBHa

H(S(a)) = (L 1£1). (8.20)

Tenepb yuTem, yTo wap bnoxa cxumaeTcs KaHanoMm J1 B 3AMNCOMA C NOJy-

ocamu 17|, 7 = x,y,Z, WU MAHAMYM BbIXOAHOW 3SHTPOMWM AOCTUraeTcs Ha

KOHLIe CamOW [A/IMHHOW MOMyoCH, OTBeYatoleM COCTOSIHUIO C COBGCTBEHHbI-
1+Tax |A7|

M1 3HAYEHUAMM Aeommeee . OTclofa cnegyet, 4To 3HaYeHWe X-MPOMYCKHONA

CNOCO6HOCTU paBHO

1—max |A71
CX(@®) = 1-A( 1 ). (8.21)

§8.3. Mpob6nema agANTUBHOCTYU

8.3.1. OddeKT cLenseHHOCTN B KOAMPOBAHUN U AeKOANPOBAHMUM
OfHOI 13 HamGonee MHTEPECHbIX U TPYAHbIX MaTeMaTUyeckux npo6rem

B KBAHTOBOI TEOpPWUM MH(OPMaUUM sBAsieTCS TUnoTesa afauTUBHOCTU:
CxX(®| ®D2) = CX(P,) + CX(D2) (8.22)

ANA Npou3BonbHbIXKaHanos @i, ®2. Ecin cBocTBO(8.22)BbINOAHEHO ANA
HekoToporo kKaHana® = ®| n npom3BoNbLHOr0 kaHana ®2, TO MMeeT MeCTo
paBeHCTBO

CX(®®") = nCx{d) (8.23)

W B CUY COOTHOLLEHUS (8.3) Knaccuyeckasl NPoOMyckHas cnoco6HOCTb KaHa-
na @ paBHa ero X-NponycKHoi Cnoco6HOCTU:

C(®) = CX(®). (8.24)
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CBOWCTBO aAAUTMBHOCTU ObINI0 YCTAHOBNEHO ANS HEKOTOPbIX BaXHbIX Kfac-
COB, TaKUX Kak KaHa/bl, paspyLlarolme CLenIeHHOCTb, q-6UTHbIE YHUTaNbHbIE
KaHa/bl U 1enonspu3yoLmnii kaHan. HefaBHO MOSBUMMCH YKa3aHWs Ha TO, UTO
Mo KpaiHeli Mepe B BbICOKMX Pa3MepHOCTAX MOTYT CYLLeCTBOBaTb KaHalbl, AN1s
KOTOopbIX cBoWcTBa (8.22), (8.23), (8.3) He BbIMONAHAKTCA.

A[LNTUBHOCTb LIEHHOHOBCKOW MPOMYCKHOW Cnoco6HOCTU 06ycnoBneHa
B KOHEYHOM CYeTe OTCYTCTBMEM CLLEMIEHHOCTM B K/1aCCUMYECKMX CUCTEMAX.
UT0o6bl yBMAETH 3TO, MOMbITaeMcsi 0606WNTb Ha KBAHTOBbIA Caydali Knac-
CMYecKoe [0Ka3aTenbCTBO afAWTMBHOCTW, UCMofb3ytowee ycnosus KyHa—
Takkepa (cm. npegnoxeHue 4.3.1). Myctb @b d2 —paBa KaHana, oNTUMab-
Hble aHCambnn KOTOPbIX MMEKT CpefHue cocTofHuA S,,i, SK2, n Mbl XOTUM
[loKa3aTb, 4TO

CX(®,®@D2) < CX(®,) + CX(®2). (8.25)

Torpa ycnosue (8.13), NpMMeHEHHOe K NMPOM3BEAEHNI0 KaHanoB @] ® &2, Tpe-
OYeT BbIMO/IHEHNSI HEPAaBEHCTBA

(P, ®P2)(51); (P| IPrK3*. ®512) < Cx(P!) + C*(P2)  (8.26)

[N BCEX YUCTbIX BXOAHbIX COCTOSIHWIA Si2 Mpon3BeAeHUs KaHanoB. PaBeHCTBO
[LO/MKHO BbIMOMHATLCA A8 TEH30PHbIX NPOU3BEAEHWUI UNIEHOB OMTUMAbHbIX
aHcambniell ¢ MONOXWUTENbHBbIMU BEPOATHOCTAMMW, YTO NIEFKO MOJy4vaeTcs M3
COOTBETCTBYIOLLUMX PaBEHCTB A/18 KaHanoB ®b d2, Kak U HepaBeHCTBO (8.26)
NS cOCTOsHMIA-NponsBeaeHnin Sjz2 = Si ® S2. OgHaKo A0Ka3aTeNbCTBO Hepa-
BeHCTBa (8.26) 4nA CLEeneHHbIX COCTOSHWI He NpoLLe, YeM 40Ka3aTe/bCTBO
caMoi runoTesbl agaUTUBHOCTU.

AJANTMBHOCTL BenMuMHbl CX(D) mmena 6bl yaguBuTeNnbHoe (Mr3nyeckoe
CneAcTBMe —3TO 03Hayano 6bl, YTO WCMOJb30BaHWE CLEMMEHHbIX KOLOBbIX
COCTOSIHWIA He YBENM4YMBaeT MNPOMYCKHYH CMOCOOHOCTb KBAHTOBOFO KaHana.
C Japyroit cTopoHbl, B §5.4 Mbl BMAENN, YTO WCMOMb30BAHME CLEM/EHHbIX
[eKOMPOBaHWI NpPUBOAWT K TaKOMy 3(ptheKTy. PaccMoTpum 3TO MogpobHee.

KoguposaHue E*'T = {S-n)} B onpegeneHnn 8.1.1 Ha30BEM HECLENNEHHbIM,
ecnm

(8.27)

roe SX— coctosHue B fo-ii Konum npoctpaHcTBa H, a p(xn\r) —ycnosHas
BEPOATHOCTb, OMNUCbIBaKOLAA MNpeLBapuUTenbHY0 00paboTKy K/1acCU4Yeckoro
BXOAHOro coobuleHns. HanoMHuM, 4To AekoaupoBaHue M () HasbiBaeTcs
HecLenieHHbIM, ecnm oHo umeeT Bug (5.33).

[na paHHOro KBaHTOBOr0 KaHana @ MOXHO OMpefenuTb YeTbipe Kiac-
cuyeckme nponyckHble cnocobHocTn C|,b Ci,00. Coo, 1, Coo, 0o. rae nepsblii
(BTOpOIA) MHAEKC OTHOCUTCS K KOAMPOBAHMUIO (4EKOAMPOBaHMIO), a 00 03Ha4aeT
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MCNo/b30BaHNe NPOU3BOJIbHBLIX CLENNeHHbIX 6N0YHbIX KOAUPOBaHWI (Lekoau-
poBaHWiA), Torfa Kak 1 03HayaeT OrpaHMyeHue HecLenjeHHbIMW KOAMPOBaHU-
AMU (LeKoAMPOBaHNAMM) B OMpefeNieHnn s.1.1 U COOTBETCTBEHHO B (hOpMY-
ne (8.2). OueBnaHo, uto Coo, 00 = C(D).
3apava 8.3.1. Wcnonb3ysa KMacCUYeCcKyrl Teopemy KOAMpOBaHWA, NOKa-
xute, yto Ci r:ma&l(li(?r, M).
. ™

BenuunHy Ci, 1 6yaeM HasblBaTb LUEHHOHOBCKOW NPONYCKHOW Cnoco6-
HOCTbIO KBAHTOBOrO KaHana .

3afaya 8.3.2. Vicnonb3ysa KBaHTOBYH Teopemy KoAupoBaHus 5.2.1, no-
KauTe, 4to Cii00 = CX(P).

COOTHOLLEHMS MeXay YeTbIpbMS MPOMYCKHbIMU CMOCOGHOCTAMM MOKa3aHbI
Ha crefytoLleit guarpaMme:

Coo,1 ~ C00,00(= C)
I v/ (8.28)
Cu < Cl,0o0(= Cx)

rge < B JaHHOM cflyyae Crnefyet NoHMMaTh KaK «MeHblle WM paBHO A1 BCEX
KaHasioB U CTPOro MeHbLUe A1 HEKOTOPbIX».
PaBeHCTBO

Ci, 1= Coo.1 (8.29)

03HayaeT, YTO MCNONb30BaHME CLEM/EHHbIX BXOAHbIX COCTOSHUM MpW Heclen-
NEHHbIX BbIXOAHbIX HabMOfaeMbIX He YBEeNNUYMBAET KOJIMYECTBO MHMOPMALUK,
OHO OyfeT goKaszaHOo Hwke. BepxHee HepaBeHCTBO C”, i < Coo, 00 cnegyeT u3
3TOr0 PaBeHCTBA W HWXHEro HepaBeHCTBa, KOTOPOE BblpaXKaeT BO3MOXHOCTb
CTPOroi cynepagAvTUBHOCTM NO OTHOLUEHWIO K AEKOAUPOBAHWUAM, MPOAEMOH-
CTpUpOBaHHyto B §5.4.

[okasaTenbCcTBO paBeHcTBa (8.29). MycTb ® —HEKOTOPbI KaHan M
T —pacnpefeneHne BepoOSTHOCTeW, MPUMMUCHLIBAIOLLEE BEPOSITHOCTb 7™ BXOS-
HOMY COCTOSHWMIO Sk, W NycTb M —{M/} —Habnojaemas, n3Mepsemas Ha
BbIX04e KaHana. O603Hauum 4Yepes 1dp(n, M) Knaccuyeckyro LLIEHHOHOBCKYO
MH(OPMaLMIO, OTBEYaloLLyt0 BXOAHOMY PacrpefenceHuio K W MepexofHoin
BeposATHOCTM p(jA\k) — Trd[5*]1" = Tr5*d“ [My]. UT06bl fAOKa3aTb pa-
BeHcTBa (8.29), 4OCTATOYHO YCTAHOBUTbL HEPaBEHCTBO

max o2¢.@¢0,(7r, M ® nr) A

pr-ﬂfl.MZ}

< max I, (8-1, J14) + max Tdp/k2, M2), (8.30)
pr.AC} pr2,M2}
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B TepMMHaxX KnacCMueckoil B3aUMHOW MH(opmauun UMeem
19(7r, M) = 1{X\ Y),

roe X —BXOAHas cnydyailHasa BennuMHa, MpUHUMaroLWas 3HaveHus k, a Y —
BbIXOAHaA BeNu4yMHa, NPUHUMAIOLWAA 3HaYeHus UTobbl f0Ka3aTb Hepa-
BeHCTBO (8.30), paccmoTpum cOCTOAHMA S* B rMnbLb6epTOBOM MPOCTpaHCTBe
Hi ®H2 kaHana ®, s> ¢ Habnogaemoli M 1¢>M2. Torga ycnoBHas Bepo-
ATHOCTb paBHa

p(ii, h\k) = TrSbWIMiAetftMb]) = p\ii\h, k)p2(j2\k),  (8.31)

roe
p'(/.|/2, k) = Tr, p2{j2\k) = Tr252%[M/2]
n
Cc2 - cC cl _ TrrsSAM(/ 0 2[NTR))
x 0 TrS*(I®$M2])

o

3necb Trs 0603Ha4YaeT YaCTUYHBIA cnef Mo s-i noagcucteme (s = 1, 2) B H\ >
®H?2.
Nmeem

1% Y\Y2) = H(Y\ Y2) - H(Y\Y2\X),

roe //(¢), A(-]-) —3HTponus 1 ycnoBHas 3HTPONUA CyYaliHbIX BEIUYUH COOT-
BETCTBEHHO. B cuny cy6aganTMBHOCTM KAaCCMUECKOW SHTPONUN MMEEM

H(YxY2) AH (Y i) + H(Y2).
C Apyroi CTOpoHbl,
H{YiY2X) = H{Yi\Y2X) + H{Y2\X).
ConocTaBnsis 3TW COOTHOLLEHUS, MOMyYaem
1(X; YiY2) < I(XY2\ Y\) + I(X; Y2),
a 9TO HepaBeHCTBO B CWU/Y COOTHOWeEHMs (8.31) cBOAWUTCS K HEPaBEHCTBY
1h 1@ 2(7r> ® M2) A 1, (7r], M 1)+ X 2(Tr2, M 2),

rge s-1— pacnpegeneHve, npunucoliBatoliee seposatHocTn TtkP2(j2\k) cocTos-
HuaM S] K, a 72 — pacnpegesnieHne, NpUNUCbIBaloLLee BEPOATHOCTM  COCTO-

AHUAM S*. B3fB MakcMMyM no Tru 5, nosyyaem HepaseHcTBO (8.30). O
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8.3.2. Mepapxmsa CBOWCTB agANTUBHOCTK

BaXXHO XapaKTepUCTUKOIM KBAHTOBOFO KaHana ®, KoTopas Ye MosB/s-
nacb B 8s.2, ABNAETCH MUHVWMaNbHAs BbIXO4HAs SHTPOMUS

(@) - g, Hm)). (8.32)

COOTBETCTBYHOLLAs €ii rMnoTesa afauTMBHOCTU UMeEeT BUg
H(®| ®D2) - A(D,) + IY(D2). (8.33)

B cuny BOrHyTOCTU 3HTPONUKU MUHUMYM B hopmyne (8.32) fOCTUraeTcs Ha un-
CTOM COCTOSIHUM S e extrS(H). W3 aToro cneayeT, UTo Knaccuueckuit aHanor
BE/IMUMHBI H\ @) afanTMBEH, MOCKOMbKY BCAKOE UMCTOE COCTOSHWE COCTaB-
HOW KMacCMYecKoi CUCTEMbl SIBNSIETCS MPOM3BEAEHWEM UWUCTbIX COCTOSHMIA
nofcucTeM. B KBaHTOBOM Cny4ae Ans TeH30pHOro npoussefeHus H\ ® H2,
OMNWCHIBAIOLLLErO COCTABHYH CUCTEMY, BbIMOJSIHAETCS COOTHOLUEHWME

extrS(Wi ®H2) ~ extrS(Wi) x extrs (W2), (8.34)

KOTOpOe creflyeT U3 HaMums CLENEHHbIX COCTOSHWIA, TaK YTo ANd aaauTuB-
HOCTU (8.33) HeT 04YeBMAHOW MPUYMHBI.

#AcHo, uTo B thopmyne (8.33) Bcerfa MMeeT MeCTo HepaBeHcTBO  OTcroga
cnefyet, yTo 3Ta (OpMyna, OYEBMAHO, BbIMOMHAETCA A/15 KaHan0B CHYNeBON
MWHUM&/IbHOM BbLIXOAHOW 3HTPONUEN, T. e. Takux, 4N KOTOPbIX CyLLecTByeT
YUCTOE BbIXOLHOE COCTOSHME, HanpuMep ANA UAEaNbHOro M CTUPAKOLLEro Ka-
Has08B.

3agayva 8.3.3. CaolictBa (8.22) u (8.33) paBHOCWNbHLI AN ABYX KOBa-
PUaHTHbLIX KaHanoB, YAOBETBOPAOLMX YCI0BUAM NpeasioxeHuns 8.2.1. Yka-
3aHne. Mcnonb3yiiTe TOT (PakT, YTO TeH30pHOe MpPOM3BEAeHUe HeNnpUBOAM-
MbIX MPeACTaBNeHUA ABYX rpynn cMMMeTpuiA Gb C2 ABASETCA HeMPUBOAMMbIM
npegcrasneHvem rpynnsl Gi X G2.

PaccmoTpuM Tenepb BbINYKAYyH 060/7104KY BbIXOAHOW 3HTPOMMM
onpefieNileHHY0 COOTHoLeHMeM (8.12). MMOTeTWYECKOe CBOWCTBO Cynepag-
LOUTUBHOCTW NS 3TOW BeNMYMHbI hOPMYNUPYeTCS CReayroLwum o6pasom
Npon3BoNbHOr0 cocTosAHna S[2e&(H\ ®W?2) n kaHanos®], P2 cnpa-
BEA/IMBO HEpPaBEHCTBO

A ®p(M'2) A [, (S]) -THD2(S2), (8.35)

rge Si, *—uyacTuuHble cnefbl cocToaHus Si2sH n H2.

CBOWCTBO CynepaaauTMBHOCTK (8.35) CBA3AHO CO CNeayHLMM CBONCTBOM
CUENnIeEHHOCTN opmupoBaHua: nyctb H\ = ¢>Hf n K2= W2 ®HB,
M NycTb S~2 — Npon3BO/iIbHOe cocTosiHme B H\ <B>H2, Torga

EF(Si2) Z EF(S?b) + EF(S*b), (8.36)
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rae cuenjeHHOCTb (POPMMPOBAHUA ONPeAeNnsaTCs MO OTHOLWEHMIO K pasbreHunto
A\B. A MMeHHo, ecnm 6bl rnnoTesa (8.36) BbIMOMHAMNACL ANA BCEX COCTOSHMIA
Sff, 10 rmnotesa (8.35) BbINONHANACL Obl 4N BCeX KaHanoB du @2 n Bcex
COCTOSHWIA Siz2, Torga Kak ecnm 6bl rvnoTesa (8.35) BbIMOMHANACh ANS BCEX
COCTOSIHUIA Sj2 M KaHa/loB 4aCTUYHOro cnega, 7o runoTesa (8.36) BbIMOHSA-
nacb 6bl ANns BCeEX COCTOAHMIA S ff.

MpepnoxeHne 8.3.1. [na gaHHbIX KaHanos ®[, ®2 n3 ceoicTea cy-
nepaganTuBHOCTM (8.35) cnegyeT aAAMTWBHOCTbL KaK MWHMManbHOM
BbIXOAHOM aHTponuu (8.33), Tak U X-MpONyCcKHOW cnocobHocTM (8.22).

[oka3aTenbcTBO. B camom fgene, nycTb S~2 JOCTaBASAET MUHUMYM (DYHK-
umm H(®] ®dr)(5|2), Torga
H(®| ®dr) = #((P| ®D2)(5?72)) > /lh,®Ph2(5°2) »
> [/$,(5?) + IY§2(52) > A(P0 + A(D2),

0TKyfa cnefyet cooTHowleHue (8.33). C apyroi cTopoHbl, M3 runoTessl (8.35)
U cy6aaiIMTMBHOCT KBAHTOBOW 3HTPOMWWU CNeAyeT, uTo

1(P]| ®D2)(5]2)) - /Hh|®D2(N12) A
< A((P, ®$2)(S1) - M (5,) - Adp2(52) »
< [H(D(S])) —Ad, (Si)] 4- [//(P2(52) - Me(52)]. (8.37)
Vicnonb3ys cooTHoweHune (8.11), nony4yaem
CX(®,®D2) N CX(D,) + CX(D2),

OTKyZAa W cneflyeT paBeHCTBO (s .22). O

[Lanee, cBoiicTBO (8.35) TeCHO CBA3aHO C aAAMTMBHOCTLIO X-MPOMYCKHOWA
CMOCOBHOCTM C OrpaHUYeHUsMKU Ha Bxoge. IMycTb F —nonoxuTensHblid one-
paTop BO BXOAHOM ruib6epToBOM NpocTpaHcTBe H KaHana, E — nonoxuTtenb-
Has MocTosHHas. PaccmoTpum X~nNPonYCKHYO CMOCO6HOCTL NPU ANHEHOM
orpaHuyeHun TrSF~E Ha BXofHOe cocTofHME 5:

CX(®, F, E) =s Tax<£[//(P(5)) - W*(S)]. (8.38)

3agava 8.3.4. lycTb umeeTcsa aa kKaHana ®|, ®2 ¢ COOTBETCTBYHOLLMMM
orpaHuyeHusamu F\, JokaxuTe, 4to TOrga m3 HepaeeHcTBa (8.35) u cooT-
HOLLEeHNS (s.11) CnegyeT, 4uTo

CX(®] ® P2, F\ <Sh+h 2R E) =
= £ max [CX(®b Fi, £i) + Cx™ 2, F2, E2)]. (8.39)

1+ £2—c
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3ameuaTenibHO, OAHAKO, YTO BCe CHOPMY/MPOBAHHbLIE TUMNOTE3bI afAUTHB-
HOCTW OKa3blBAKTCA PABHOCWJIbHBIMU B CEAYIOLEM CMbIC/IE.

Teopema 8.3.1. TmnoTesbl (8.33), (8.22), (8.23) n (8.35) rnob6anbHo
39KBMBANEHTHbLI B TOM CMbICie, YTO €cAM Of4HA W3 HUX BbIMONHAETCH
4ns BCeX KaHanos, TO U Apyrue BoINONHAKTCA AN BCcex kaHanos. Bonee
TOro, OHM rnobanbHO 3KBMBANEHTHbI CynepagiN TUBHOCTU CLENNEHHO-
cTun opmupoBaHus (8.36) n agAMTUBHOCTHU X-NPONYCKHOW cnoco6HO-
CTW C NPOU3BONbHLIMU BXOAHBIMU OFPaHNYEHUAMU.

M3 37Ol TEOPEMbI TaKXXE BbITEKAET, YTO KOHTPNPUMEP K OfHON U3 runoTes
B/IEYET CYLLECTBOBAHME KOHTPNPUMEPOB KO BCEM OCTafIbHbIM.

Mbl He GyfeM NpUBOAUTL [0OKa3aTeNbCTBO 3TOM TEOPEMbl M OrpaHUYKMMCS
paccMOTPEHMEM HEKOTOPLIX Cly4yaeB, B KOTOPbIX YAaeTCs AoKasaTb Hanbonee
cunbHoe cBoOcTBO (8.35).

MpegnoxeHune 8.3.2. MycTb ®r —nNpoun3BONbHLIA KaHan. CBONCTBO
(8.35) BbInonHsieTCA, ecnm ®[ —opToOroHanbHas BbiNyknasa cymma (Cm.
onpefeneHune 6.6.1) MAeaNbHOro KaHana U Takoro kaHana ®(@), YTo aTo
CBONCTBO BbINONHAETCA ANd napbl o), d2.

OTclofa cnefyeT, yTo An8 Takoro KaHana @) BbIMNOMHAETCA Takxe affu-
TUBHOCTb MWHUMa/IbHOM BbIXOAHOM 3HTpoNuMW (8.33) U x -nP°nyckHoit CMO-
cobHocTM (8.22). Hanpumep, 3TO BEPHO 418 CTMPAOLEro KaHana, NMoCKO/bKY
OH fIBNISIETCA OPTOrOHaNbHOM MPAMOWA CyMMOI MAeaslbHOTO KaHana W KaHana,
paspyLualoWero CLUenieHHoCTb, AN KOTOporo cBoicTBo (8.35) 6ypeT ycTa-
HoB/eHO B n. 8.3.3.

JokaszatenbctBo. Myctb PQ==i/ld® (I —)P(0). Torga

H(®*>(5)) = qH(S) + (I -QH(<S>(Q\S)) + h2(q),
rge li2(q)= —qlogs- @ - q) log(l —q) —ABOUYHas 3HTpoONWUS,

H&O)(S) = (1 —)HNO) (5) + h.2(q), (8.40)
MOCKONbKY MUHUMYM B BbIPa@XeHWUU Ans 0>(S) JocTuraeTcs A1 aHcam6s
UMCTBIX COCTOSIHWUIA sj, ANS KOTOPOro w (sj) —O0. [ANs NpoM3Bo/bHOIO KaHa-

na ®r nmeem
PRA® P2 = Ad®DP2) 0 (1 - <7)(PO ® Pr).
Torga
Ad,,s r(512) N o/ W 2(S12) + (I - q)H<f,«»2(Si2) + h2(q) *
N gHIE2(S2) + (1 —q) [//$<0)(5i) + //$2(S2)] + Ir2(™),
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rAe UCnonb3oBaHa CynepaganTMBHOCTb BenuunHbl //|d®$2(Siz), ™hEBh2(S12)
n ToT hakT, uto //id(Si) = 0. Micnonb3ys cooTHoweHne (8.40), nonyyaem, Yto
npaBas 4yacTb paBHa Hd<)(5]) + Hp2(82). O

3agayva 8.3.5. Wcnonb3ys pasnoxernue LLmngra (Teopema 3.1.2), no-
Kaxute, yto A(P[5]) = A(P[5]) ans n6Oro 4MCTOro cocTosHua S, rae
@ —kaHan, KoMMnemMeHTapHbliA K ®. M03ToOMy ecnm Kakoe-nnbo M3 CBOWMCTB
(8.35), (8.33) BbINONHsETCA ANA KaHanoB ®b @2, TO aHaNOMMYHOE CBOICTBO
BbINOMTHAETCA A48 KOMMNJIEMEHTapHbIX KaHanos @], &2.

OTcrofia, B 4aCTHOCTW, CfnefyeT, yTO NpefnoxeHue 8.3.2 UMeeT MeCTO
C 3aMeHON MnfeanbHOro KaHana Ha KOMMEMEHTapHbIA eMy MOMHOCTbIO fAe-
NONSPU3YIOLWMNIA KaHan.

8.3.3. HekoTopble 3HTPONUIAHbIE HEpaBEHCTBA

Mony4ynm HepaBeHCTBa, KOTOPble MO3BONAKOT B HEKOTOPbIX CAyYasaxX Ao0-
KasaTb CynepagavMTUBHOCTb BbIMYKIOA 0605104k (8.35) 1, cnegoBaTenbHo,
aAAMTUBHOCTb MUHUMAaIbHOWM BbIXOAHOW 3HTponuu (8.33) M X-NP°NYCKH®N
cnocobHocTu (8.22).

PaccMoTpuM coCTOsiHME 5 U M3MepeHUe, OMUCLIBAEMOE CEMECTBOM Ore-
paTopoB AK, Y[0BNeTBOPAIOLLNX YCNOBUIO HOPMUPOBKU 5k2-4.]/4*: /, TaK 4to

ncxogd k nossnseTcs ¢ BEPOATHOCTbIO 7* = Tr SA*KAK u npmBogut K ano-
CTEPUOPHOMY COCTOSIHMIO cucTeMbl S* = AKBAM/N™. 3HTPONUM HavasbHOro
1 anocTepUOPHbIX COCTOAHWIA CBA3aHbl HepaBeHCTBOM JlnHa6naga—O3aBbl

H (S)~ 2 nkH(SK). (8.41)
k

[Ona pokasatenbctBa nonoxum 'H—'H\ n paccmoTpum ounuieHve \d)
cocToaHma S B 7i\ ® H2. Torga

KkSk = Trw2(/4* 2>1)\p){-H\{Ak ®/)*
nS2=Tr-H5= ’\k7ri!52, rae

7*S| = Trni{AK®INi>) (1T AK®[)’ .

MpumeHss Teopemy 3.1.2 gBaXKAbl W UCNOMb3Ys BOFHYTOCTb KBAHTOBOMN 3H-
TPOMUKM, Nonyyaem

HES) =H(S2 =h (Y, 501 ~Y."~(S*) = E ~H(SK. O
V K ) k k

UacTHbIM Cly4yaeM SIBNSETCA Crefytoliee HepaBeHCTBO A/l COCTaBHOM CU-
cTeMbl. MycTb S12 —COCTOSHWE COCTaBHON cucTeMbl B H\ ® H2, 1 mycTb
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{\e\)} — opTOHOpMUMpPOBaHHLIiN 6asnuc B H2- Monaras —J1 ®|e*>(e*|. no-
nyyaem
H(SI2) > y>*W (Sf), (8.42)
k

roe 7v\S* = (eR\S\2\eR). 310 MOXeT 6bITb MCNOMb30BAHO A1 AOKa3aTeNnbCTBa
rmnoTesbl aaAMTMBHOCTM B C/leAytoLLEM YacTHOM CAyuae.

MpegnoxeHune 8.3.3. CgoiicTBO (8.35) BbIMONHAETCSA B Cnyvyae, KO-
roa ®] = ®—npon3BonbHbIN KaHan B Hi, a ®2—Mr —ugeansHblii kKaHan
BH 2.

JokaszaTtenbcTBO. [Mockonbky #id(S) = 0 cornacHo 3agadve 8.2.1, Mbl
[OMKHbI A0KAa3aTh, YTO

A(*Bn(SI2) > (8.43)
MycTb S12 = J2 9;Sj2—o0NTUManbHOE Pa3fioXeHue, T.e.
i
Md«m)(512) =~ wl/((P(8)bl2)[5;2]).
i
Mcnonb3ys HepaBeHCTBO (8.42), nonyyaem
X>/I(Ne®1d2)[S{2)) £ $>,* ,*//(®[Sj*])f (8.44)
1 ik
roe Mk S f— (e2\S\2\e2). Tenepb Mbl MMeeM pas3noXeHue Si B COCTOAHMA Sj*
C BeposTHOCTAMM T7r,7r* Ana KaHana @, N0O3TOMYy Mpasaf 4YacTb COOTHOLLE-
Hua (8.44) 6onblie nam pasHa H”™(S\2). O
MpepnoxeHune 8.3.4. CaolicTBo (8.35) BbINOAHSAETCA B cnyyae, Kor-
fa ®) = ®—kaHan, paspywarwnii cuenneHHocTb (cm. §6.4), a P2= ® —
MPOU3BO/bHbIA KaHan.

Nemma 8.3.1. MycTb Ay Q X277 = 1u S2—npon3BoNbHbIE CO-
cTOAHUA cucTem 1, 2. Torga

H(e nS® u(e «HE *iHsb-

[okasaTenbcTBO. BBefeM 0603HaueHUs

(S| = (»SOT =E ~ Si-
i i
Torp,a, ncnonb3ysa CBOIACTBO afaAnTUBHOCTWU 3HTpONKWW, AOKa3blBaeEMOE Hepa-
BEHCTBO MOXXHO nepenncatb Kak

tH(S2wW - ® s >//((*M -E "N,
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UTo B CMNY TOXAecTBa (7.18) paBHOCW/MLHO HEPaBEHCTBY

X>1f(S(®S';(S12M > X >,//(S"; (S).).
i i
MocnefHee e HepPaBeHCTBO BbITEKAeT U3 CBOWCTBA MOHOTOHHOCTU OTHOCU-
TeNIbHOM 3HTPOMMKM (MO OTHOLUEHMIO K B3ATMIO YaCTMYHOrO cfefja Mo BTOPOid
cucreme). O
[JokasaTenbcTBO. BoO3Bpalyasnch K joKa3aTeNbCTBY MPea/iokKeHus, npes-
nonoXum, 4to @ —kaHan, paspyLlaloWmnii CLenneHHocTb, Tak uyto $[S] =

= 5ZS[ TrSMj, rge {M[} aBnseTca Habnogaemoil B cucteme 1, Torga
|

@®1d2)[S12] =  Pis| ®52- (8.45)
/

rge PjSI2= TrW S12(Mj ®/2) ans npou3BOAbHOr0 COCTOAHMA S |2 COCTaBHOM
cUCTeMbl. B3B yacTuuHble cnefbl, MOyYaeM, B YAaCTHOCTH,

P[Si] =~ PIS{, S2=~">,S". (8.46)

/ /

Ecnm ® —npon3BoNbHbIA KaHan B CUCTEME 2, TO
(P®P)[512] =J2PiS{®nsl_}. (8.47)

/
Vimeem

Apsdpa) = infr T/A(P® P)[{2]), (8-48)
rge Sz = KiS{2 — npoun3BonbHOe pas3noXkeHue. 3anncbiBas COOTHOLUEHUE

(8.45) pns cocTosHWMIA Sj2, nony4aem

(P® 1d2)[S;2] = Pusi® st'
/
MpMYeM UMEKT MECTO Pas/ioXeHus
S,=5>S{, S2=7 iPiis4 (8.49)
' y

Mcnonb3ys paBeHcTBa (8.47), fOKasaHHY fieMMy 1 paBeHcTBa (8.46), nony-
yaem

H(®® 4>)[S[2]) = "4

H \(l; P@i) +|; PYUHT D) 2 //(@VH'/ puHmstj]),
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YTO B COYETaHMU C COOTHOLEHMAMM (8.48), (8.49) NpMBOAUT K HEpaBEHCTBY

Tloiip(512) > //p[5]] + O

§ 8.4. lNepepava KnaccMyecko MHMopmaymMm ¢ NOMOLLbIO
CLLEMMEHHOT0 COCTOSAHUA

8.4.1. Bbiurpbilw 6narofaps cLenjeHHOCTU

KOHCTpyKUMa MpOTOKOMa CBEPXMIOTHOro KoauposaHua (n.3.2.3) gonyc-
KaeT 0606LieHMe Ha cny4vail NpPOCTpaHCTBa MPOU3BO/ILHOW KOHEYHOW pas-
MEPHOCTW, & TaKXe HeufeanbHOro KBaHTOBOro KaHana @ mexagy A u B.
PaccmoTpuM cnegytoLimii NpOTOKOA Nepejayn MHGopMauuy Yepes3 kKaHan @.
Cuctembl A (NpuemHUK) 1 B (nepegatunk) umeroT obLiee CLENMEHHOE COCTO-
AHMe S/iB, KOTOpOe pacnpejensieTcs MM Mepej Ha4daioM CBA3W C MOMOLLbHO
HeKOTOpol Mpoueaypbl Tuna onucaHHoi B n. 3.1.4. Bygem npegnonaratb,
yto dim Ha :%dim?ifl. Cuctema A kogupyeT Knaccuuyeckue cO06LLEeHWS T,
nocTynarolme ¢ BEPOATHOCTAMU f-, B onepauun (kaHanbl) £A, fgeicTytoLLve
B Ha- 3T onepaunu npumeHsOTCa cUCTeMOW JT K ee YacTu cOCTOSHUA Sab,
npwn 3ToM COCTOsiHME cucTembl AB npeobpasyetcs B (EA® lds)[S/is]. Mocne
3TOro A MocCbiNaeT CBOK YacTb COCTOSHUA MO AaHHOMY KaHany ®, B pesynbTate
Uero Ha KoHUe B cTaHOBWTCA LOCTYMHON M3mepeHuto cuctema AB B cocTo-
AHUM (P o £a ® 1dg)[S,ifl]. Knaccuueckas uH(opmaums n3BfekaeTcs MNyTem
M3MepeHnsl HEKOTOpPOM Habnoaaemoil B mpocTpaHcTBe [Mase Paspeluaetcs
67104HOe KOAMPOBaHME, TaK YTO Ha CaMOM jene BCe 3TO OMMCaHue OTHOCMTCS
K M-/ TEH30pHOW cTeneHW npocTpaHcTBa Mae- Hac MHTepecyeT nponyckHas
CMOCO6HOCTbL TaKOro MPOTOKOMA, KOTOpas Ha3blBaeTCs MPOMYCKHOW cnoco6-
HOCTbIO NPOTOKONA Nepefayn Knaccuvyeckon MHGopMaLum ¢ NOMOLL b0
cuenneHHoro cocTosAHua (entanglement-assisted, classical capacity).

MaKcMMyM MO M3MEPEHUAM CUCTEMbl B MOXET 6bITb OLEHEH C MOMOLLBIO
TeopeMbl KoAMpoBaHMA 5.2.1 AnA KNaccuyeckoli MpOMyCKHOW CMOCOGHOCTH.
CHayana BBefeM BEIUUMHY

C<Yd)= sup x(R};(®®I1dB)[Sj,s]), (8.50)

*-eA-S/B
B KOTOPOI YXe yuyTeHbl M3MepeHus B cucTeme B. Mcnonb3ysi KaHan n pas
1 NPOU3BO/bHbIE (CLEN/IEHHbIE) N3MEepPeHUs B cucTeme B,monyyaem BennumHy

C&U®D) = C<H>DEA). (8.51)

Torga nonHas Knaccumyeckas MponyckHas CNOCOBGHOCTb C MCMONb30BaHNEM
CUen1eHHOro CocToAHNA ecTb

Cea(d) = Ilngo NP ®™M). (8.52)
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Cnegylouas Teopema faeT MpoOCToe «OAHOOYKBEHHOE» BblpaXeHue ANs
Cea(®P) B TEpMUHAX KBAHTOBOW B3aMMHOI WMH(OpMaLun.

Teopema 8.4.1. Knaccuyeckass nponyckHas cnoco6HOCTb ¢ WCMONb-
30BaAHWEM CLEMNEHHOT0 COCTOAHUA paBHa

Cea(®d) = msgx I(SA, ®) = msgx [/1(S)+ H(®(SA)) - H(SA; ®)]. (8.53)

[loKa3aTenbCTBO 3TON TeopeMbl GyfAeT NPUBEAEHO B MOC/EAYIOWMX MyHK-
Tax. 3[1eCb Mbl MPOBEAEM CPaBHEHME K/TACCUYECKMX MPOMYCKHbIX CMOCOGHO-
cTell ¢ Mcnonb3oBaHUEM W Ge3 UCMOMb30BaHWUS CLENEHHOT0 COCTOSHUS,

Mpumep 8.4.1. PaccMOTpMM KBaHTOBbI/ CTMparoLWmMii KaHan dp. Vimeem
HH(®p 1) = (L —p)H(SA)+ Ir2(p). Ncnonb3ysa TOT (hakT, YTO KOMMIEMEH-
TapHbIiA KaHan umeeT Bug dp= ®]_p (cMm. 3agavy 6.6.3), u onpegeneHue 7.5.1
06MeHHO 3HTponuu, nonydyaem H(SA\®) = //(® ~]) = pH(SA) + r2(p).
[MoaTomy

I(SA, ®p) = H(SA)+ (1 - p)H(SA) - pH(SA) = 2(1 - p)H(SA),
cnegosaTenbHo, Cea(®p)= 2(1 - p)\ogd, 4To B ABa pasa npeBbilaeT Knac-
CUYECKYI0 MPOMNYCKHYI0 cnocobHoCTb C(PP) cTupatoLLero KaHana.

MpeanoxeHne 8.4.1. Ecnu kaHan @ KoBapuaHTEH, TO MaKCUMyM
B COOTHOLWeEHNKN (8.53) gocTUraeTCAa Ha UHBAPUMAHTHOM COCTOAHUM 5.
B yacTHOCTHK, ecnn KaHan ® HenpuMBOAMMO KOBapWaHTEH, TO MaKCu-
MYM [JOCTUraeTCA Ha XaoTWUYeCKOM COCTOAHUMN.

[okasatenbctBo. [ycTb KaHan ® y[OB/eTBOPSAET YCNOBUIO KOBAPUAHT-
HocTmn (6.53), Torga

1{VASAV A~ ) = [{SA"). (8.54)

3T0 cnegyeTt u3 BblpaxeHus (7.45) Ans B3aMMHOW MH(OPMaLUKM, YHUTapHOM
MHBApMaHTHOCTM BXOAHOW W BbIXOLHOW 3HTPOMWIA 1 COOTBETCTBYHOLLETO CBOIA-
CTBa OOMEHHOI 3HTPOMMU:

H(V{'SAK‘n*, ®) = H(SA. ). (8.55)
UT06bl fOKa3aTb 3TO CBOWCTBO, paccMOTpum topmyny (7.39) ans 06MeHHOW
3HTPOMMWK VBaMETUM, YTO ouuLieHue cocTosHUa Kg/S/i Kgl* naetcs BeKTOpOM

(Kg *®//?)|hag). Mopgctasnsas ero B gopmyny (7.39) MBHOBb UCMOMb3YA KO-
BapUaHTHOCTb KaHana ® 1 YHUTapHYK MHBApMaHTHOCTb SHTPOMWM, MOMy4Yaem
COOTHOLLEHMe (8.55).

MycTb Tenepb ~ —ONTUMa/IbHOE COCTOsSIHME ANA KaHana ®. PaccmoTpum

K g'-uHBapnaHTHOe COCTOSAAHME

c 1V 4il(l)ec V(»
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B cuny npegnoxenus 7.6.1 gyHkumna S —/(S, @) BorHyrta, noatomy

(s, HV'>SAV' U ) = /(S.., P)
vl geo
rie NocnefiHee paBeHCTBO CneAyeT U3 COOTHOLIeHMs (8.54). |

Mpumep 8.4.2. PaccMoTpum fenonspusytowmii kaHan (6.51). Ncnonb-
3ys YHUTapHY0 KOBapvaHTHOCTb, nojy4yaeM, 4To /(S, ®) fgocTuraet Makcumy-

Ma Ha XaOTU4YeCKOM COCTOSHMK S = j, Ans kotoporo H(S) = /¥(®[5]) = logd.
O6meHHaa aHTponua H(S, ®) paetcs cooTHoweHmem (7.44), oTKyaa nonyda-
eM
Cea(®) = logd2+ (1-/?2~~)log (l-p~™) +p~-~log”. (8.56)
CpaBHMM 3TO 3HauyeHuWe C BennyMHoi CX(®P), kKoTopas pgaeTcs (HOpMynoi
(8.19).
Mibi Bugum, B yacTHoctn, uto € ) —pe* 4 1 8 npegene cunbHoro wyma
p -* 1 (korga o6e NponycKHble CMNOCOBHOCTM CTpemsATcs K Hynto!). And mak-

CUMa/ibHOro 3Ha4yeHuna p = M_Z nMeem

Cea(®) = log"TJ,

Ce(*) = 31T logdTT+rT T»*3rr7’

OTHoOWeHue MOHOTOHHO BO3pacTaeT OT 3HayeHus 5,08 npu d = 2,
npmbnmxkasce K acumntoTe 2(d + 1) ¢ poctom d.

Takum 06pa3oM, CLEMNeHHblE COCTOSHUSA BHOBb BbICTYMAOT KaK «KaTa/u-
3aTop» Npu nepejaye KNacCMYeCKOW WMHGOpMaLuM —OHW MOTYT B NpUHLMNE
HEOrpaHMYeHHO YBENUYUTb KNACCUMYECKYHD MPOMYCKHYI0 CMNOCO6HOCTL Cylle-
CTBYIOLLEr0 KaHana, XoTa camu Mo cebe nmepefaBaTb UH(OPMALMIO He MOTyT.

3apava 8.4.1. TokaxuTe, 4TO ANA -OUTHOrO YHUTANBLHOIO KaHana Buia
(6.54), rpe N1 paetcs cooTHoweHneM (6.59), BbIMNOMHAETCA PaBEHCTBO

Cea(®) = /(S, ®) = 2log2+ Y1 " |0&"-
7=0,,q,y,r

O6meHHas aHTponus H(S, @) MoXeT 6blTb BbIYMC/IEHA C NMOMOLLLID Npeaso-
XeHuna 7.5.1 n npeactaBneHns Kpayca (6.59):

n{, o = - Lfyloga-y.
7=0,x.y.r
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CpaBHWTE 3TO C MPONYCKHON cnocobHocTbio CX(P), gaBaemoli hopmynol
(8.32).

3apava 8.4.2. TlokaxuTe, 4To N8 KaHana, paspyLlatollero cuenseH-
HOCTb, MMET MecTo paBeHcTBa Ce0(P) = C(D) = CX(D).

B o6liem cnyyae MMEKTCS MpOCTble HepaBeHCTBA, CBA3bIBalOLLME [Be
Knaccuyeckme NpomnyckHble CMOCOGHOCTY:

CX(®) 4 Cea(®) < logd + Cx(®). (8.57)

B camom gene, nycTb 5" —cCMecb NPOU3BOJbHbIX YUCTbIX COCTOSHUIA S,
C BepoATHoOCTAMM py. Torga n3 HepaseHcTBa (7.43) cnepyet, yto

HSA, ) < U~  PiSj'j +H(Y, PinSj)"» - £ PiHWSI)).

B3sB MakCMMyM W WUCMOAb3ys COOTHOLWleHWe (8.53), nonyyaem BTOpoe M3
HepaBeHCTB (8.57).

XO0TA MCMOo/Ib30BaHUE CLEMIEHHOr0 COCTOSHWUA U NpeAcTaBaseT coboi fo-
MOSIHUTENbHBIA pecypc, NepBoe HEPaBEHCTBO He BMOJSIHE OYEBUAHO B CUAY cre-
LManbHOro xapakrepa mpouesypbl KOAMPOBaHWS, UCMO/b3yeMO CTOPOHOI A.
UTobbl M36exaTb 3TOM TPYAHOCTM, MOKaXEM, 4YTO OMpeAeneHve BeNUMHBbI
Cia (®), a 3HauuT, n C«,(d), MOXET ObITb CHPOPMYIMPOBAHO 6€3 SBHOMO UC-
MoNib30BaHUA KOAMPYHOLLMX onepauuii £A, a UMEHHO

-5>A«® ® M B)[SAB)  (8.58)

roe Ep 0603HavaeT MHOXECTBO cemeicTB cocTosiHuiA {57}, yaoBneTBopsito-
LWMX TOMY YC/MIOBUIO, YTO YacTM4Hble cnedbl SB He 3aBucAT oT i, SB=Sg.

MepBoe 13 HepaBeHCTB (8.57) Torga nosnyvaeTcs, ecnm NonaoXuTe SAg =
= SA®Sfl. UTob6bl AoKa3aTb COOTHOLWeHWe (8.58), 4OCTaTOMHO YCTaHOBUTb
crnefytowmin hakT.

Nemma 8.4.1. MycTb {SAB}— cemelicTBO COCTOSHMWIA, yA0BNETBO-
pawwmnx ycnosuio SB =Sg- Torga HalgyTcs yncToe cocTosHue S"b
n KoguposaHua £A Takue, 4TO

Sie = (£ji®IdB)[S,.e]. (8.59)
[0Ka3aTenLCTBO. [Ns MpOCTOTbI NMPEANOSIOXKMUM CHauyana, yto onepaTop
Sg HeBblpoXaeH. Torga
d

Ss = X A*kfXefl,
k=\
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roe A*> 0, a {\eB)} —opToHOpMMpoOBaHHbIA 6asnc B HemMycts {|e™)}
d

OpPTOHOPMUPOBaHHLIA 6a3nuc B Ha- Ans Bektopa \pA) = YI ck\ei) nonoxum
_ d _ k=\
|dB) = 1M cb\e%). OTobGparkeHne \GhA) —>\thB) ABNAETCS aHTUM3OMOPHU3MOM
*:i
npocTtpaHcte HA v HB- Monoxum
d

IPag) =

Tak uyto S/ia —\'das)('Pas\, 1 onpegenMm KoaMpoBaHWS COOTHOLLEHMEM

M DDA A A = $ B\S* 2S5 A5s5127),  \BA), |[9A) € HA.

(3necb 0603HaueHUs [upaka UCNONL3YIOTCS 418 ONpefeneHUs «4acTUYHOro»
CKansipHOro npou3BefeHns B NpocTpaHcTBe HBe) HeTpyaHo npoBepuTb, YTO
oTobpaxeHns £A NelCTBUTENIbHO ABAAKOTCA KaHanamu, YAOBNETBOPSHOLLMMMU
COOTHOLLEHNIO (8.59).

Ecnu onepatop Sb BbIPOXAEH, TO NPUBEAEHHYIO BbILe KOHCTPYKLUMIO Crie-
AyeT MogudumumpoBaTb, 3aMeHVMB B Mpeablgywein dopmyne Sg~S”*gSg”h2
Ha S&B"SB + Ppg, rge Sg —o0606LieHHbI 06paTHbIA onepatopa Shb,
a P —npoekTop Ha Hy/neBoe NOANPOCTPaHCTBO onepaTopa Sb- |

8.4.2. [okasaTe/ibCTBO ObpalleHVss TeopeMbl KOLMPOBaHMSA

YT06bl fOKa3aTb HepaBeHCTBO

Cea(®d) < mSax/(S", D), (8.60)
a
MOKaXeM CHayana, 4to
CA>(P) ~ rnax/(S,, D). (8.61)
O6o03Hauum uyepes £A KOAUPOBaHWA, UCMOMb3yeMble CTOpPOHOW A. TlycTb

5nB —uncxogHoe YMCToe cocTosiHMe cuctembl AB, Toraa COCTOSIHME CUCTEMBI
AB (cooTBeTCTBEHHO A) Mocne KOAMPOBaHUS eCTb

Sab = (E*'®1ds)[Sfis] (cooTBeTcTBEHHO S, = SjJS, ]). (8.62)

3ameTVM, 4YTO YacTMYHOE COCTOSHWE B He M3MeHseTCsA Moc/ie KOAWPOBaHMS,
Sb = Sb-[Jokaxem, 4To

Ha  A@n®Ildf)[Sje]” -  *H ("®a® Idf)[S],fl]j ~

<I(T ,n‘SA day (8-
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MakcuMyM NeBO 4acTu MO BCEBO3MOXHbIM T, 54 paBeH Cea'(P), oTkyaa u
cnepyeT HepaBeHCTBO (8.61).

Wcnonb3ys cy6afiMTUBHOCTL KBAHTOBOW 3HTPOMUM, Mbl MOXEM OLEHUTb
nepBoe cnaraeMoe B N1EBOI 4acTW HepaBeHCTBa (8.63) kak

(AT Tr.® AN +H(SB) = H (b A +5>i/l(Se).
\ i / Voo I

MepBblil UneH yxe AaeT BbIXOAHYK aHTponuio u3 /f  T-S',; ®4Y OueHuMm
OCTasibHble Y/eHbl 4 ¢ '

[tf(Ss)-tf(~® 1de)[S's])].

MokaxeM CHayana, YTO CnaraeMoe B KBajpaTHbIX CKOGKax He MpeBOCXOauT
H(SA) —H((PA® Idfi.) [~ f,]), roe R* —3TanoHHas cuctema 418 OUULLEHNS
S(,, a S AR —CO0TBETCTBYHOLLEE YMCTOE COCTOAHME. C 3TON Lenbio paccmoT-
pUM YHUTapHOe pacluMpeHue KoampoBaHUs £A C OKpyXeHueMm £;, KOTopoe
HaxoAMTCca B Ha4albHOM YACTOM COCTOSIHUM B COOTBETCTBMU C Teopemoii 6.3.1.
M3 cooTHoLWeHW (8.62) BUAHO, UTO MOXHO NoNoxutb R*=BEi (nocne B3au-
MOZeNCcTBMA, KOTOpPOoe 3aTparmsaeT Tonbko A£,). Toraa, 0603Ha4as LUTPUXOM
COCTOSIHWS MOC/e NPUMeHEeHWs KaHana d”, nonyyaem

IdB)[S~I) = tf(Sfl)-//(Si,fl) = —Hi(A"\B), (8.64)
rae HWKHWA WMHAEKC | YCNOBHOIM 3HTPOMUKN YyKasblBaeT Ha COCTOSIHWE
AHa/IOrM4YHO
[1(S™)-1I"® IdRi)[S",]) = H(SRI)- H(SARI) =

= -UW A"\#) = -Hi(A"\BEi),

a 3TO BbIP@XEHWE He MeHbLle BennuuHbl (8.64) cOrnacHO MOHOTOHHOCTM
YCNOBHOW 3HTpONUN.

Mcnonb3ya BOrHYTOCTb (yHKUMKU SA -> H(SA) - H((PA
KoTopasi 6yfeT yCTaHOB/IEHA HWXKeE, MOJyYaem

£>[tf(S*)-tf(A®id*0[sVI)] <
|
<h (J1 T<A) - H (" ® Id%)& *i).

rge SAr —cocToAHMe, ouunjaiollee C 3Ta/loHHOIN cucTemoin R. Ans
i

[0Ka3aTenbCTBa BOrHYTOCTU 0603HAUMM uepe3 £ OKpYXeHue A1 KaHana oA,
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Torga mosyunm
H(SA)-H{(<S>A®WR)[SAR}) — H(Sr)- H(Sa'r) =
= H{SAE,)-H (SE) = H(A"E")

YcnoHaa aHTponua H(A'"\E') —BorHytas (yHKUWA COCTOSAHUA co-
rnacHo cneacteuio 7.4.1. OTob6bpaxeHune Sa4 —»Sa'E' appuHHO, MNO3TOMY
H(A"\E')~ BOrHyTas (hyHKUUA COCTOSHMUS Sa4 .

MpuMeHsas 3TO paccyXfieHune K KaHany P®s, nonyvaem

C<2(P) » mgeix 1(Sp, D®n). (8.65)
CornacHo cy6aaiMTUBHOCTW KBAHTOBOW B3aMMHOW WHopmauuu (CBOMCTBO 3
B flemme 7.6.1) umeem
wax/(s |2, @1 ®®Pr) = max/(Si, ®|) + max/(S2, Pr),
S2 S, S
OTKy/a BbITEKaeT 3aMeuaresibHOe CBOMCTBO afAUTUBHOCTU
max/(S,4, P®) = nmax/(Sa, ).
S4 -S4
OKoHYaTenbHO nonyvaeM HepaBeHCTBO (8.60). O

8.4.3. JloKas3aTenbCTBO MPAMOro yTBepXAeHUA TeopeMbl
KOAMpOBaHUA
3pecb 6yfieT 0Ka3aHO HepaBeHCTBO
Cea(®d) " rT;QX/(Szt, D). (s.66)
CHayana nokaxem, uUcrnonb3ys 0606LeHNe NPOTOKONMA CBEPXMIOTHONO KOAM-
poBaHus, 4TO

cCro®n) ™/ ( LLEp,dJ ® n) (8.67)

ANs MPOM3BO/LHOTO NpoekTopa P B H®M.

B camom fene, nycte P= Y1 |e*)(e*|, rge {e*; k=1 T=ATP) —

*=1
OpPTOHOPMUPOBAaHHAs cucTemMa. PaccMOTpuM [OUCKpeTHyk cucTemy Beiins
{Wx, Y\ x, y —1, ..., T}, onpefeneHHy0 COOTHOLEHMAMKN (6.46) Ha nopg-

npoctpaHcTee Tip = PH®n.
Mockonbky (MTHA "dimW a, Mbl MOXeM NpeanonoXxutb, 4to Ha QHb -
MycTb

1

*:]

\bas) =
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3agava 8.4.3. Jokaxute, uto cuctema {(W(X, y) 8-1s)\das)', x, y —

=1, .... T} ABnseTCcs OPTOHOPMUPOBaHHbIM 6asucom B Hp <€>Hp. B vact-
HOCTH,
T
£ (Lx, y)els)Wls){ons\(Lx, y)®1lBY = PO®P- (8.68)
x,y=1

OnepaTtopbl WL x, y) OyayT urpatb pofb, aHanorMuHyro mMatpuuam lMaynu
B NPOTOKO/Ie CBEPXMNOTHOr0 KOAMPOBaHWA Ans g-buta. MycTb Tenepb Knac-
CUYECKMNI CUTHANM NPUHMMAET 3Ha4YeHns /= (x, y) C paBHbIMU BEPOSTHOCTAMM
1/72. B KayecTBe CLEeNJeHHOro COCTOAHNA BO3bMeM \Das)(das |, a B Ka4ecTBe
KOAMPYOLWMX oTobpaxkeHnin —£J,[S] = W (x, y)SW (x, y)*. Torga nonyumm

C<I>(0%) 2 " (M E < 00168)8"[521% - ~ E //((d0® Ms)e'[*a]).

roe SkKB= (W(X,Y) ® 1@ n)\'0as){'das\{L x, CorniacHo COOTHO-
WweHwnto (8.68) nepBoe craraemoe B MpaBoOi YacTy pPaBHO

NCRIAERE]) =»(5)('TE])
[MoCcKoNbKy coCcToAHNE S3iB o4yniaeT CMellaHHOEe COCTOAHNE —, BCE IHTPOMUN

BO BTOPOM C/flaraemMoM O[MHAaKOBbI 1 paBHbl H , @ YunTtbiBas BblpaXKeHue
[LNSi KBAHTOBOW B3aMMHOI MH(OpMaLnm
1{SA,*) = H(SA)+ HW SA])-H (SA-%),

nony4yaem HepaBeHCTBO (8.67). B ganbHeiiem Ham MoHagobuTca To 06CTO-
ATeNbCTBO, YTO MOCNeAHEee cnaraeMoe —OOMeHHas SHTPONUS — paBHO 3H-
Tponun okpyxenus H(S'E) —//(Pa[5n]), roe ®s —kKaHan 13 NpoCTpaHCTBa
cucTembl Ha B MPOCTPaHCTBO OKpYXXeHusi He, 3agaBaemblit hopmynoit (7.38).

MycTb Tenepb 501 = 5 — Npon3BONLHOE COCTOAHWE BHa, H MycTb Pn S—
CUNbHO TWMWYHbIA NPOEKTOP COCTOSHMA 5®” B npocTpaHcTBe H®N, onpe-

[eNnsemblit HKe. [JoKaXKeM, UYTo AN NPOM3BOAbHOI0 KaHana ® m3 Ha - Ka-
Koe-nnbo runb6epToBo MPOCTPAHCTBO H MMEET MECTO COOTHOLLEHWE

| { pn6
é”§0r|“-r+nool'll_| [yd>®n dimP™6 ) H(4ILSD).

OTclofa CcOrnacHoO BblpaXeHUAM AN B3avMHON WMHGOopMauMn 1 0BMEHHOIA
3HTpONuUM ByfeT cnefoBaTb PaBEHCTBO

lim_li
A Tt Cyditmp-s

a 3Ha4uT, cornacHo oueHke (8.67), n gokasbiBaeMoe HepaBeHCTBO (8.66).

/) = 1(5, @), (8.69)
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OnpegeneHne 8.4.1. dukcrpyeM NonoxuTensHoe 1 0603HaUMM Yepes
J1/ cobcTBeHHble umcna, a 4epe3 |ey) —CO6GCTBEHHbIE BEKTOpbl onepaTopa
nnoTHocT S. Toraa COGCTBEHHble uYMcna U COBCTBEHHble BEKTOpPbI OMepa-
Topa naoTHocTM S®” cyTb Jiy = Ay, ¢... *\ bl, \gj) = \eh) Smm® k,,,>, rae
! = (i, jn). MocnegoBaTenbHOCTb J Ha3blBAe€TCA CUNbHO TUMUYHOW,
ecnn umcna N(j\J) nosBneHwuii cumBOfOB / B MOCNeA0BaTeNbHOCTU Y yao-
B/IETBOPAIOT YCNOBMHO

N (i 10 < i= 1. d
npuuem N{j\J) =0, ecnm A/ = 0. O603Ha4MM Yepe3 Tn,° COBOKYMHOCTb BCEX
CUIbHO TWUNWYHBLIX MOCNeAoBaTeNbHOCTeA. CUABHO TUNUYHBLIA NPOeKTOop
onpefensieTca Kak cnefytoLlnili CneKTpaibHbI NPOEKTOp onepaTopa NAOTHO-
CcTn S®”:
P"*= £ \ej)(ejV
JeT"6

MycTb Pn—pacnpefeneHne BeposTHOCTEN, 3afaBaemMoe COOCTBEHHbLIMU
yncnamm A. CornacHo 3akoHy 6o0nblwimnx uucen pn(Tn'6) —1 npn n —>00.
Lns npoussonbHOW dyHKUnK /(/), | d, 1 nocnegoBaTenbHOCTN Y=
=(/1, ..., I',) e Tnb cnpaBeinnBO HEpPaBeHCTBO

() + om+ [(/»)  d

/=1
B yacTHOCTW, Nt06as CUAbHO TUMWYHAA NOCNeL0BaTENbHOCTbL ABASETCA TUNUY-
HON B OObIYHOM (3HTPOMMWIAHOM) CMbic/e: nonaras /(y) = —log Ay, nonyyum

n[//(S)-5i] < - logAy < n[H{S) + Si], (8.71)
roe § = <5}&n§6<(—log Ay) (0obpaTHOe HeBEpPHO — He BCfAKas TUNU4YHas nocre-

<<5max/. (8.70)

[0BaTeNbHOCTb CUIbHO TUMUYHA).
B ganbHeliliem Ham MoHago6uTCs cnedytollas KOMGMHATOPHAsA Nnemma.

3apava 8.4.4. TMokaxuTe, 4YTO pasMep MHOXecTBa Tn'S oLeHUBAETCA Kak
2n(tf(S)-A,(<5)] | < 2qW(S)+A,(5)]> (8.72)

d
roe#(S) = - | iA/IogA; n gmo(!jm 0,(<5) = 0.

JokaszaTenbCTBO COOTHOWeHUS (8.69). TMonoxum dn,s = dim Pn'5 —
pu-6
=\Tn's\nu Sn'5= J— V AOKaxewm, 4To

lim_lim -H(*®n(Sn6) = H<>[S) (8.73)
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ANs MPOM3BOMLHOTO KaHana ®. Mmeem
AA(P [S]) - A (P®N[5™s]) = H{'$[S]®N)-H (V®n[SnS}) =
= H (" n[SnS), ®®,[5®"]]+Trlog®[5]®", (P®n[5''F-P[5]®"). (8.74)

Ctporo roeops, 370 Npeobpa3oBaHne UMEET CMbIC/I, eCN OnepaTop NAOTHOCTH
®(5)®” HEeBbIPOXAEH, YTO Mbl CHayana 1 NPeanonoXmm.

[na nepBoro cnaraemoro, MCMosfib3ys CBOMNCTBO MOHOTOHHOCTM OTHOCU-
TeNbHOW 3HTPONUMK, MOMyYaem

A(P®A5MT]; d®»[5®"]) < H(Sn's; S®n),
rge npasas 4yacTb UMeeT BuUf
H(SnS;S®") = 2 "i-log”™-L-~-iogd”- 53 log N/,
y6fne jefns

a cornacHo oueHkam (8.71), (8.72) 3T0O BblpaXeHMe MeHblUe WM paBHO Be-
AnuunHbl N(6] +A4,,(<5)), cTpemsLLeiics K HyMo npu N —<oo0, 5-»0.
Vicnonb3ysa CoOTHOLUeHue
log ®[5]®" = log ®[5] ---§/+ ...+ /®..®0/®" "D [5]

n BBogsa onepatop F = ®*[log ®[S]], rae ®* —conpskeHHbI KaHal, Mbl
MOXeM repenucaTb BTOPOe CnaraeMoe B BUfe

ntr + o+ b«r_5@rMN =
n UQ+msm+ m1n) ST N1c,:,
- dné UQue-mmu) ST Nc. (575
JeT'5" /=1 .

roe f(3) = {ej\F\ej), uto oueHMBaeTCA BeAMUMHON N8 max / B CUy HepaBeH-
cTBa (8.70). 310 A0Ka3bliBaeT COOTHOLWEHME (8.73) B Cnyyae HEBbIPOXKAEHHOIO
onepaTtopa P[5].

B o6uem cnyvae 0603HauMM yepe3 P<l NpoeKkTop Ha HOCUTENb onepaTtopa
®[S]. Torga cooTBeTCTBYOLWMIA MpoekTop onepatopa P[5]®! ectb P®n,
N HocuTenb onepatopa G®n(5/') cofgepXxutca B HocuTene onepatopa
d[5]®n = ®@ * " ] NoCKonbKy HOCWUTE/Nb OMepaTopa Sn,Ss COAEPXUTCA
B HocuTene onepatopa S®n. MoaTomy BTOpoe cnaraemoe B copmyne (8.74)
cnepyeT MOHUMATL Kak

Trlog[P@N®[S]' P$n(P®4[S""6] - D[S]EN),

rge norapum 6epeTcs OT HEBbIPOXAEHHOro onepaTopa B MOAMPOCTPaH-
cTBe P®NH®n. Tenepb MOXHO MOBTOPUTL pacCyXXfeHus, onpefenus F Kak
O*[/3p(logPhd[5]/,00)Ph]. 310 3aBepluaeT A0Ka3aTeNbCTBO COOTHOLLEHUS
(8.69), oTkyaa BbiTeKaeT HepaBeHCTBO (8.66). O
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§8.5. KommeHTapuu

1. Mpepnoxexne 8.1.1, gokasaHHoe B pabote A. C. Xoneso [35], 6b110
00606LLEHO Ha KBAHTOBblE KaHanbl C NamATblo KpeumaHom u BepHepow;
cm. [118]. O6o6uieHMe Ha NpPOM3BOJIbHbIE MOCNEA0BaTENLHOCTM KaHanoB
B AyXe WH(OopMaLMOHHOro cnekTpa XaHa v Bepgy gaHo Xaiawwu n Haraoka;
cm. [90,91].

2. MnopoTBOpPHAs CBA3b MEXAY X-MPOMYCKHOW CNOCOBHOCTLIO M OTHOCK-
TeNIbHOW 3HTpONMel, B YaCTHOCTWM CBOMCTBO MaKCUMa/bHON paBHOYAaneHHO-
CTn, oTMeuyeHa B paboTe LLlymaxepa n BectmopneHnga [137].

3. TMpobnema agaMTMBHOCTM YrnomMuHaeTcs B paboTe BeHHeTa, ®Pykca
n CmonunHa [59]. ®opmynMpoBKa B TepMMHAX YeTbipeX MPOMYCKHbIX CMo-
cobHocTelh 6bina gaHa beHHeTom u LLopom; cm. [60]. Lop B paboTe [144]
onpeaennn KnacCUYeckyt MpoMycKHYH CMNOCOGHOCTb C  MCMO/b30BaHUEM
afanTWBHbLIX M3MEpeHWi Ha BbIXOAe W MOKasaa, 4YTO OHa HaxoAuTcs CTPOro
mexay C|, 2 n Cii0o0.

MonHas ¢opmynmpoBka Teopembl 8.3.1 COCTOMT W3 HECKONbKUX YTBep-
XOEHWUIA, 4acTb M3 KOTOPbIX HOCUMT WHAMBUAYaIbHbIA XapakTep, Torga Kak
[pyrvie BbINOAHAOTCA TONbKO [N06anbHO, Hanpumep, «eciM MUHUMa/bHas
BbIXO4HaA 3HTPONMA afAMTMBHA AN BCEX KaHaMoB, TO 3TO e BEPHO W AnA
X-nponyckHoli cnocobHocTu». Psag asTopoB (MauymoTo, LLIMMOHO 1 BuHTep,
AypeHaspT n bpayHwTeiH, MomepaHckuii, A. C. Xoneso n M. E. LLInpokos)
BHECNW BK/aj B A0KA3aTe/NbCTBO OTAEMbHbIX WHAMBMAYANbHBIX UMMAMKALMIA,
TOrfa Kak Haubosnee HeoXUaHHble rnobanbHble YTBEPXKAEHUS OblNn Mosyye-
Hbl LLIOpOM, KOTOpbIA NpeanoXun opuruHanbHYr KOHCTPYKLUMIO pacluupeHus
KaHana, Mo3BOMSIOLLYI0 YCUAUTb €ro WMHAMBMAYanbHble CBOMcTBa. Moapo6-
HOCTM ” cCbiiKM cM. B paboTe Llopa [145]. ToT dakT, 4to M3 rnobanb-
HOro BbINOMHEHWS cBolcTBa (8.23) cnefyeT affuTMBHOCTL (8.22) AN BCeX
nap KaHanoB ®b ®r (a TakXKe aHanorMyHoe YTBEPXKAEHWE AN MUHUMASbHO
BbIXO4HON 3HTponuu), gokasaH dykyaoin n Bonbgom; cm. [84]. Mpeanoxe-
Huve 8.3.2 pokasaHo B paboTte A. C. Xoneso u M. E. lupokosa [102], rae
Oblna cucTemaTuyeckn nccnefosara runotesa (8.35) M ycTaHOB/MEHA ee 3KBU-
BA/IEHTHOCTb aAAUTUBHOCTM X-MPOMYCKHOW CMOCOBHOCTW C OrpaHWYeHUsIMU.
PewweHwve 3agaun 8.3.5 cM. B pabote [40].

HepaseHcTBO JIuHA6Naga—O3aBbl ycTaHOBeHO B paboTte [129]. Bbinon-
HeHue runoTesbl afAWTUBHOCTM [1S KaHanoB, paspyLlualoLimMx CLEenneHHOCTb,
fJokasaHo Llopom; cm. [143]. [pyrve BaxKHble [OCTUMXXEHUS BK/OYAOT A0-
KasaTtenbCcTBO KuHrom csoiictB (8.22) mn (8.33) Ansi -6UTHbIX YHUTAbHbIX
(cm. [112]) v genonspusytowmx (cm. [113]) KaHan0B C NCMONb30BaHWEM BECH-
Ma CreuuanbHbIX CTPYKTYPHBIX CBOMCTB 3TUX KaHanoB v HepaBeHcTBa J1nba—
TuppuHra, cMm. [63], pasgen X.2. lMoapoGHbIA 0630p nporpecca B pelle-



184 Knaccmnyeckass nponyckHas cnoco6HOCTb KBAaHTOBOrO0 KaHana CBf3n [Fn. 8

HWM npobnembl agauTMBHOCTU Ao 2006 r. umeetcs B poknage A. C.Xone-
Bo [104]. M3 nocnegHWx JOCTVXKEHWI cneayeT OTMETUTL pe3ynbTaTbl BuHTepa
(cm. [158]) n XaipgeHa (cm. [92]), KOTOpble MoKasanu, 4to runoTesa aggu-
TUBHOCTW He BbINOHAETCA 415 MUHUMA/IbHON BLIXOAHOW 3HTpONuUM PeHbu co
3Ha4yeHuAMU napameTpa p >2 U 1< p N 2 COOTBETCTBEHHO MpU AOCTATOYHO
BbICOKMX pasMepHocTaxX. (HamomHuM, yto 3HTponus ¢oH HelimaHa cooTBeT-
CTBYeT 3HayeHuo p —1.) B paboTte [158] paccmaTpmBanuch kaHanbl BuAa

0
) = x5 > " ;. (8.76)

/=1
roe Uj, j —1 M, —MoCNeoBaTeNbHOCTb HE3aBUCUMbIX CAyYaliHbIX YHU-

TapHbIX OMepaTopoB, pacrnpefesieHHbIX PaBHOMEPHO (T.e. B COOTBETCTBMU
C HOPMMPOBaHHOM Mepoil Xaapa Ha rpynne YHUTapHbIX OMepaTtopoB), u N —
= 0{d logrf), d —0c. HapyuweHune aganTMBHOCTA C BEPOATHOCTbIO, GAN3KOWA
K 1, cnegyeT 13 OLEHKM 60MbLUMX YKIOHEHWIA ANs CYyMM CyyaliHbIX 0nepaTopos.

HakoHel, cOBCEM HefaBHO, OCHOBbIBasCb Ha MeTogax W3 3Tux pabor,
XacTuHre (cM. [88]) paccmoTpen cMecu CnyyaliHbIX YHUTapHbIX OrMepaTtopoB
CO Cciy4aliHbIMX BecamMWM W aHOHCMPOBA/ MOCTPOEHME NPUMEPa, B KOTOPOM
HapylleHa afgAUTMBHOCTb MUHUMaIbHOW BbIXOLHOM 3HTPOMMM NpU 4OCTATOM-
HO 6onblwimnx n, n/d. MoapobHoe AOKa3aTeNbCTBO 6bIN0 MpoBefeHO Pyky-
noi, KnHrom n Mosepom; cm. [85]. OTctoga B cuiy TeopeMbl 8.3.1 A0O/MKHO
cnefoBath CyL,eCTBOBaHWE KOHTPNPUMEPOB KO BCEM (hopmaM afAWuTUBHOCTH,
a TaKxe K paseHcTBY (8.24). CnepyeT, 04HaKo, 3aMeTUTb, YTO 3TU METOLb,
MAeNHO POACTBEHHbIE METOLY CNyvaliHOro KoamposaHus LLIeHHOHa, He no3Bo-
NSAOT NONYUYNTb KOHCTPYKTUBHbIE KOHTPNPUMEPDI.

4, Teopema 8.4.1 pokasaHa beHHeTom, LLUopom, CMonuHbIM ¥ Tann
nom [61]. 3pecb NpMBOAUTCA YNPOLLEHHOe [0Ka3aTeNbCTBO, Cleaylollee pa-
6ote A. C.Xoneso [99]. Mo noBogy CWLHO TUMWYHBIX NPOEKTOPOB W fOKa-
3aTenbcTBa pesynbrarta 3agauun 8.4.4 cwm. [44].
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Mepefavya KBAHTOBOW MHMopMaLnm

Kak y)e HeofHOKpaTHO NOAYepKUBa/IOCh, KBAHTOBOE COCTOSIHME CaMo
no cebe nmpefcTaBaseT 0cob0ro pofa MHHOPMALMOHHLIA pecypc MOCTO/bKY,
MOCKO/IbKY UMEET CTaTUCTUYECKYH HeonpeAeneHHocTb. CTaTucTnyeckas Mme-
XaHMKa M3y4yaeT HeobpaTMble M3MEHEHWS COCTOSIHWS CUCTEMbl B pe3ynbTaTe
€CTECTBEHHON 3BOMHOLUMU (CNEeCTBMEM KOTOPLIX SBASETCH W MOTeps MHGOp-
mMauuu). Teopusi MHGOpMaLuUyM CTaBUT rMepes co6oii B HEKOTOPOM CMbIC/e
06paTHYIO 3afja4y: Kak CBeCTU K NpeHebpexxrMoli BefiMunHe 3Tu HeobpaTumMble
M3MEeHeHUs, WUCNONb3ys HEKOTOpble CheuluanbHble nNpeobpasoBaHUs COCTOA-
HUA — KOAMPOBaHWe W LEKOAUPOBaHME — A0 W MOC/e 3BOMOLMM, 3aaBaeMol
KaHanoMm ¢ LWymoM. 3TOMY Kpyry BOMPOCOB M NOCBSiLLeHa HacTosllaa rnasa.

Mpn 3TOM Mbl HAYHEM C PAacCCMOTPEHUS MEeTO0B KOAMPOBAHWS KBAaHTOBOM
MH(OpMaLMK, YCTONYMBOrO MO OTHOLIEHWKO K AaHHOMY OFPaHWYeHHOMY Ha-
60py OLWMOOK (Hanpumep, K MPOM3BOMbLHONM OLWIMOKe B OAHOM MPOM3BOSIbHOM
q-6uTe), Korga TpebyeTcsa nepegayva ¢ abCOMOTHON TOYHOCTbIO. 3aTEM Mbl Me-
pelifeM K NpuBAMXEHHOR MOCTaHOBKE, KOr4a BBOAUTCA HEKOTOpas Mepa Tou-
HOCTW BOCMPOM3BEAEHUS KBAaHTOBOIO COCTOSHMA. Torga Lefib COCTOUT B TOM,
4TOo6bI, UCMONb3YS 6/104HOE KOAMPOBaHME ¥ Nepefady Yepes3 COCTaBHblE KaHa-
Nbl ®®", 4O6UTLCA aCUMMTOTUYECKM TOUYHOM Mepefayun KBaHTOBbLIX COCTOSHWI
C MakCMMa/lbHO BbICOKOW CKOPOCTbHO MpU N —>00. Takum 06pa3oM BO3HMKaeT
aHanor LWeHHOHOBCKOW Teopembl KOAMPOBaHWS L5 KBAHTOBOW MHGOpMaL K.
3T0 NpUMBOAUT K MOHATUIO KBAHTOBOM MPOMYCKHOW CMNOCOGHOCTU, KOTOpOe
TECHO CBAI3aHO C TaK Ha3blBaemMOi KOrepeHTHOW MHopMaLuei.

8§9.1. KBaHTOBble KOAbl, ncnpasnstoume owmnoKu

9.1.1. lMocTaHoBKa BOMpoca

Mpn nepegave coO6LUEHU A MO KaHany C LUYMOM XenaTesbHO WMETb Kof,
KOTOPbIA 6bln 6bl YCTOWUMB OTHOCWUTE/IbHO BO3MOXHbIX OWWKNGOK. B cnyuvae
Knaccuyeckolr uHhopmauuy NpUHUMNManbHas oCyLLeCTBUMOCTb TaKoro KoAu-
pOBaHWsl MPU CKOPOCTAX Nepegayu, MeHbLUMX MPOMYCKHON cnoco6HOCTU, Bbl-
TekaeT m3 Teopembl LLIeHHOHa. OAHaKo 3Ta Teopema He AaeT KOHCTPYKTUBHOIO
cnocoba MOCTPOEHMS MOMEX0YCTOMYMBOro (MyCTb AaXKe He OMTUMaIbHOrO)
KoAa, W NPaKkTUYecKOMY peLUeHWto 3Tol Npob6/embl MOCBALLEH CreLuanbHbIi
pasfen Teopun MHhopmaLum.
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Camblil HesambICNOBaTbll cnNoco6 3acTpaxoBaTbCsi OT OWMOGOK COCTOUT
B MPOCTOM MOBTOPEHWUM COOOLLEHWNI (YTO, KOHEYHO, CHUXXAeT CKOPOCTb nepe-
faun). PaccMOTpUM ABOMYHBIA curHan (6WT), NpUHMMAatOLWMA 3HadYeHus O, 1,
KOTOpbI/i MOXET KOAMPOBaThLCA MOC/ef0BaTeIbHOCTbIO 6UTOB. MpenonoxuM,
YTO BEPOSATHOCTb OLUMOKM —U3MEHEHWs 3Ha4yeHWs ofHoro 6uta B mpoLecce
nepefayn —paBHa Ma/oil Be/IMUMHe P, TaK UYTO BEPOATHOCTb U3MEHEHUS ABYX
61UTOB p2 npeHebpexxmumo Mana. PaccmoTpum kog 0 —»00, 1—11. Torga,
nonyums 00 mam 11, MOXHO C BbICOKOW AOCTOBEPHOCTbIO YTBEpPXAaTb, 4TO
6611 nocnaH 0 nan, cooTBeTCTBEHHO, 1 OgHako, nonyyns 01 nnb6o 10, MOXHO
NN KOHCTATMPOBAaTb HaMumMe OLNOKM, HO UCNPaBUTb ee (T. €. BOCCTaHOBUTb
C BbICOKOI CTeneHbl [OCTOBEPHOCTU MOCAAHHBIA CUrHan) Henb3s. OT 3To-
ro HegocTaTKa MOXHO M36aBWUTLCA, ecnv A06aBUTL ele OAWMH KOLMPYHOLLMIA
paspsg: 0 —»000, 1—>111. Takoii kof 6yAeT y>Ke NOMeX0oyCTONYMBbLIM MO OT-
HOLLUEHWIO K owwnbKe B I060M OAHOM 6UTe, T. €. NO3BOAIOLWMUM BOCCTAHOBUTb
MOCNaHHbI CUTHaN.

MpaAmonunHeliHoe 0606LLeHe TaKOro peLenTa Ha C/y4yail KBaHTOBOW WH-
(hopmaLMn HaTaNKMBaeTCHd Ha TPYAHOCTb — KBAHTOBYK MH(OPMALMIO HEBO3-
MOXHO pasMHOXWTb. Kpome TOro, mpu nepefaye Yepe3 KBAHTOBLIA KaHan
C WymoM 6e30LNB0YHO LOMKHBI MepefaBaTbCs He TOIbKO 6a3nCHble COCTOA-
HWS, HO 1 BCEBO3MOXHbIE UX CYMeprnosnummn. Ha nepsblil B3rnag 3agada Moxet
MoKasaTbCsl HepaspelluMmoil, OfAHaKO 3TO He Tak. PaccMOTpuM npumep koja
LLopa, KOTOpbIi pellaeT Takylo 3ajadvy B BXXHOM MOAENbHOM Clyuae.

Mpesnonoxum, 4To cTaBMTCA 33fava 6e30lM60YHON Mepegayn n06o-
ro 4ucToro coctosiHus g-6uta ™ = al0) + b|l), npuuyem paspeluaeTca Ko-
AMpOBaTb 3TU COCTOSIHUS COCTOSHUAMW HECKONbKMX (-6uToB. KoamposaHue
B KBAHTOBOM C/lyYae 3afaeTcsi M30METPUYHbIM O0To6paxeHnem. Cnegys Knac-
CUYECKO aHanorum, paccMOTPMM CHauana Koj, oTobpaxarolwmii 6asucHble
BEKTOPbI COrNacHO Mpasuny

0) —»[000>, [1) -> [111). (9.1)

Takoli KO MCNpaBfseT «MepeBopoT (-6uTta», T.e. nepexos |[0) <m|l) B nto-
60M ofHOM Q-6UTe koga. Hac e MHTepecyeT MPOM3BO/IbHOE COCTOSHUE (D =
= al0) + /?|1), koTopoe npu BbIGpaHHOM cnocobe kogupyetca B al000) +
+ /?|111). NycTb, Hanpumep, NPOM3OLLNa OWKbKa B NepBOM (-6UTe Koga:

al0) + &[1) -> al100) + b|011).

CocTtosHua aj000) + b\ 111), a|100) + fe|011) opTOroHanbHbI, CNefoBaTeNbHO,
NX MOXHO 6€30WNO0YHO PasINynTb.

OfHaKo Takol KOA He MCMpaBnsieT OWMGKU TuWna «nepeBopoTa (hasbl»
|0) <=|0), |1) <»—11). B camom fgene, B pe3ynbTaTe TakoW (ha30BO OLINGKM
B 0fHOM (-6uTe nonyumm a000) - b\ 111) BmecTto a|000) + iB111), n 3TK co-
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CTOAHMS, BOOGLLE rOBOPS, HE OPTOrOHA/bHbI, T. €. He ABNATCA 6e30WMB0UHO
Pa3/IMUNMbIMA B KBAHTOBOW CTATUCTUKE.
Tenepb 3aMeTVM, uTO Npeo6pasosaHve Agamapa

0) > -L(jo)+ 1)), i) - -Lglo)-|i»,

oTobOpaxaeT nepeBopoT (pasbl B MepeBOpoT GMTa M HaobopoT. lMpeobpasys
coOTBeTCTBYHOWMM 06pasom kog (9.1), nonyynm Kog

[o>-» 2" (Jo>+ |1»(Jo) + |1» (Jo>+ |1»,
2 9.2)

1> =% 37 (Jo> -1 (Jo >—]1» (Jo>—]1»,

KOTOpbIi McnpaBnseT NepeBopoT (hasbl B I060M OAHOM Q-6MTe, 0fHAKO yXKe
He ucnpaeiseT NepeBopoT 6UTa.

Kog LLlopa, KOTOpbI/ MCNpaBnsieT Kak NepeBOpOT 6UTa, TaK U MepeBopoT
(ha3bl B MH060M OfHOM (-6UTe, MofyyaeTcs KOMOUHMpoBaHVMeM kogos (9.1),
(9.2) n TpebyeT feBATL -6UTOB:

[o>- ~(1000)+ |111))(JO00) + |111))(JO00) +]111)),
2 (9.3)
[1> ->2~v2 (|000) - 1111))(J000) —1111))(J000) - 1111)).

Bonee TOro, O0Ka3blBAeTCH,UTO ITOT KOAMCNPABASET HETOMbKO OGWUTOBYHO
1 (pa3oByto, HO MHO6YHO OLWIMOKY, BO3HMKAIOLLYHO B 0AHOM (1t060M) 13 g-6MTOB,
NOCKO/bKY Nt06as owmbKa MOXeT ObITb CBeAeHa K 3TUM ABYM BMAaM OLINGOK.
JT0 BbITEKAET W3 BbIMONIHEHWSI 0BLMX YCNOBUIA, pacCMaTPUBaeMbIX B CNneay-
tOLLLEM MYHKTe.

9.1.2. O6wasa hopmynmposka

MycTb A/T —runb6epToBO NPOCTPAHCTBO, KOTOPOE UrpaeT posib NPOCTPaH-
CTBa KBaHTOBbIX CUTHaNOB, S —MpPoOU3BO/IbHOE cOCTOAHUE B AJl. Kogom Ha-
3blBaeTCA M30METPMUHOE 0TO6paxkeHne V : AJI—A, nepeBoAsllee COCTOA-
HUS S B KOAWPOBaHHble COCTOSIHUSE V5K* B rmnb6epToBOM MPOCTpPaHCTBE
KO4MPOBAHHOI0O curHana A/1 Cuctema Af mMoxeT 6biTb MoABepXKeHa OLun6-
KaMm, KOTOpble OMUCbIBAKOTCA BMOJSIHE MOMOXWUTENbHBIMU OTO6paxeHuamun @
B 1(J10, ob6pasylolmMn B KaXAo/ KOHKPETHOW 3ajaye HeKoTopblli Knacc £.
®Dun3NYECKUiA CMbICT HEOBPATUMbIX 3BOMKOLMIA UMEIOT 0TOBPaXKEHUS, ya0Be-
TBOpAOLWme ycnosuo d(N </ (cm. §6.5), ofHaKO B pacCMaTpUBaEMOI HUXeE
MOCTaHOBKE 3TO OrpaHNYeHne HeCyLWecTBEHHO, TaK Kak aheKT owmnbKn onpe-
[lenseTcq C TOYHOCTbIO [0 MOCTOSHHOIO MHOXUTENA.
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MTak, npeobpa3oBaHMsa KBaHTOBOW WHKOPMaLuUy OMUCLIBAOTCA AMarpam-
MO
S — »KSK* — p®P(K5K*), de £.

OnpegenerHue 9.1.1. Kog V Ha3biBaeTcAd KOAOM, NCMPAaBNAOWMUM OLWHN-
6Ku u3 Knacca £, ecnu CyLecTBYeT BOCCTaHaBINBaOWMA KaHan V Takoi,
yTo

D[®(VSy*)] = c($)S 9.4)
ana nboro coctoaHma S un noboro ®€ £, rae c(P) —HekoTOpas MNOCTOSH-
Hasl, 3aBucsLLas TONbKo OT &.

Ha camom fene ko MOXHO 3afaBaTb caMuMM noAnpocTpaHcTBoM C =
= VM CN, He BBoAsA fiBHO M., V.

Mpumep 9.1.1 (XpaHeHMe KBaHTOBON WMH(OPMALMU B MamMsATh KBaHTOBOrO
komnbloTepa). MycTb N = H fn—KBaHTOBbIA pernctp, B KOTOPOM Mpeano-
naraeTca XpaHWTb MHopMaumio M3 M.. PaccMOTpuM OWMOKM, MPU KOTOPbIX
M3MEHEHUIO MOXET MOABEPrHyThCA He 6onee T (-6uMTOB pernctpa. CooTBeT-
CTBYHOLLEE MHOXECTBO £(N, T) COCTOWUT U3 O0TOGpaxeHuin ®= P[® ® D,
rge KONu4ecTBo oTo6pakeHWid @~ ¢ Id He npeBbiwaeT T, Mpuyem owwmbKa
B &M (-61Te ®* MOXeT 6blTb MPOU3BObHLIM BMOSHE MOOXUTE/IbHLIM 0TO6-
paxeHvem. OnepaTtopaMn 37eMeHTapHbIX OWKWOOK B KaXAOM (-6uTe MOryT
CMYXWUTb MaTpuubl [aynu, npuyeM OX OMUCbIBaeT MepeBOpPOT 6uTa, ar —
nepeBopoT (asbl, a ay = i0X0Z — WX KOMOMHauuio. BmecTe ¢ efMHUYHBbIM
onepaTopom /, KOTOpbI/i COOTBETCTBYET OTCYTCTBMIO OLUMOKK, OHW 06pasytoT
6asnc B anrebpe HabnwgaeMbix q-ouTa.

Kog Lllopa [eMOHCTpUpPYeT BO3MOXHOCTb WCMpPaB/eHUs OLIMGOK U3
£(m, 1), ecnu n [OCTaTOMHO BeMUKO (MOXHO [A0OKa3aTb, YTO HaWMeHbLUee
3HaueHve N 418 KO3, UCMPaB/sAOLLIEr0 OfHY OLIMOKY, paBHO 5). BO3MOXHOCTb
MCMNpas/ieHUs TONIbKO OAHOW OLIMOKW SBNSETCS, KOHEUYHO, Cepbe3HbIM OrpaHu-
yeHveM. OHAKO W3BECTHO, YTO CYLUECTBYIOT KOAbl, UCMpaBAsoLme OWn6Kn
3 £(n, T), rge T MOXET 6blTb CKOJIb YrogHO 60MbWINM 415 AOCTaTOYHO
60nbLINX pa3sMepoB permcrpa n.

9.1.3. Heobxoanmble 1 JOCTATOYHbIE YCNOBUA MUCMPaB/ieHNA OLWMBOK

Knacc owunbok £ 06bIYHO UMEET CNefyloLyo CTPYKTYPY: OH COCTOUT U3
BCEBO3MOXHbIX OTOOpaxeHuin euga ®(5) = ~ V/SV*, rge V/ e Lin(Bj, ...
.., Bp), a Bj —@uKcrpoBaHHble onepaTopbl 31eMeHTapHbIX OLWN60K.

Teopema 9.1.1. Creaywolwue yTBep>4eHUA 3KBUBANEHTHbI:

1) kog £ ucnpaBnseT owunbKM Knacca £\

p
2) Kog £ ucnpasndeT owunbky ®[5] = " B,SB*\
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3) gna ip, ipe C Takux, 4To (Pwp = 0, NMeeT MeCcTO pPaBeHCTBO
(ip\B*Bj\ip) =0 pgns Bcex 1, j —1, ... p\
4) pna noboro opToHopMmuposaHHoro 6asuca {j/)} B C BbINONHA T -
ca ycnosus
(k\B*B,\k) = (\B*Bj\l) pgns ecexk, /,
{k\B*Bj\l)=0 ansak o /;
5) PcB*BjPc = bijPc, rae Pc —npoekTop Ha C.
JokazaTenscTeo. 1) = 2). OuyeBMAHO.
2) =>3). lNycTb cyulecTBYeT BOCCTaHaB/MBarOWMIiA KaHan V[S] ="r2RrSR*

AN owmbkn ®. PaccMoTpum umuctoe BxogHoe coctosiHue S = \ip){ip\, 1) €£.
Torga
E E M = c\dp w

Ho 310 Bo3MOXHO, b ecam RrBj\ip) = c.pLll, npu atom c = J1 \ciA2-
roi
MycTb |<p), |*) 6 £ —pABa OPTOroHasbHbIX BekTopa. lMOCKOMbKY BOCCTa-

HaBMMBAKOLWMIA KaHa/l COXPaHAEeT cniel, Mbl nosyyaem | = YAR*Rr, 1, 3HauuT,
r
=£>|40A40/W - IT*cucl/lw) =o.

3) =>4). BTopoe paBeHCTBO OYEBMHO, a NMepBoe Nosy4aeTcs U3 paccMmoT-
peHus opToroHanbHbix BekTopoB \) = K + 1), \d) = \k- /).
4) =>m 5). Boas o6o3HaueHue 6- = (K\B*Bj\k), Mbl MOxewm 3anucaTtb
ycnosue 4 B Buje
(k\B*Bi\l) = 6blb,,,

UTO 9KBMBANEHTHO YCNOBMIO 5.
5) =m 1). MaTpuua [br,] spmMuTOBa HeoTpuUaATeNbHO OMNpeAeneHHas, no-
3TOMY HalifieTcs yHuTapHas maTtpuua [bly] Takas, uTo

Nt UjrbjjUjs = Srshtr*
y

_ p - -
roe Ar~ 0. Monaraa BS= J2 UjSBj, nony4aem $[S] = éE:lBSSB* n
i

PcB*BsPc = Srs"rPc-

Takum ob6pasom, npu Af >0 umeem

K [/2BsPc = USPC.



190 KBaHTOBas MHGopMaLma

roe Us — 4acTUUHO M3OMETpUUHbIe OMepaTopbl, oTo6paxatouime C Ha B3auMHO
opToroHanbHble nognpocTpaHcTea Cs C Y. OTcloda cnefyeT, uto

P
4>[S] = "£/\sUsSU: (9.5)
s=1
ana noboro coctosaHus S, suppS c C.
MycTb Ps— npoekTop Ha noanpoctpaHcTBo £S, U nyctb Po =1 —"2PS-
Onpefenvm KaHan S

P[S] = 53 u;psspsus+POSPO
S
N NMOKaXXeM, 4YTO OH ABNAETCA BOCCTaHaB/IMBaklOWMM A4 BCEX own6oK u3 £.
nOCKOﬂbe NMHeliHas KOM6|/|H&1L|.V|$| 31IEMEHTapPHbIX owwnbokK Bt aBnseTcs Tak-

K€ NIMHEiHON KoM6WHauueli omnepaTopoB Br, nNpuHMMas BO BHMMaHue, 4TO

U*PsBrPc = XI 2SsrPc, Mbl nonyyaem cooTHoweHue (9.4) ansa npousBosb-
Horo ®e £. O

3agava 9.1.1. lMpoBepbTe BbINOMHEHWE yCnoBWil 4 ana kopa Llopa (9.3)
1 0NepaTopoB 3NeMeHTapHbIX OLIMOOK, 3afaBaeMbixX MaTpuuamu Maynu B nep-
BOM (-6MTe Koga.

9.1.4. KorepeHTHas MHGpoOpMaLUA U TOYHOe McnpaB/ieHUe oWnboK

PaccMOTpyM Mpou3BONbHBIA KaHan ®, aeictyrowmii u3 J1 B B, 1 nycTb
5 = 5 —BXxoAHoe COCTOAHWE KaHana. Bsegem 3TafloOHHOE MPOCTPAHCTBO
R, Tak uto 5p/? = ABNAETCA OYMULLEHNEM COCTOAHUA . MycTb
V:Ha — B ®Y e — 130MeTpusi npeactaBneHns CraiiHcnpuHra (6.8) ans
KaHana ®, rge E —npocTpaHCTBO OKPYXKEHMS.

Ba)KHO/i KOMMOHEHTOW KBAHTOBOW B3avMHON WH(opmMauum /(5, ®) aBna-
eTcs KorepeHTHas uHopmauus

le(5, ®) = [I(P[5]) —(S; ®) = H(B)-H(E) = H(B)-H(RB) = -H(R\B).

Kak Mbl yBUAMM MO3XKE, 3TO MOHATUE TECHO CBA3AHO C KBAHTOBOW MPOMYCKHOI
CNocobHOCTbIO KaHana &.

OC06eHHOCTbIO KOrepeHTHOM MH(opMaLnmn SABNAETCA O TCYTCTBUE HEKO-
TOPbIX «eCTECTBEHHbIX» CBOWCTB, TaKMX KaK BbIMYKOCTb MO 5, cy6anautue-
HOCTb, BTOpPOE HepaBeHCTBO 06 06paboTke MHGopmauyuu. Kpome Toro, 3aTta
Be/IMUMHA MOXET MpWHUMaTb OTpuuaTeNbHble 3HaueHWsi. Ee knaccuueckuit
aHanor Boobluue He 6biBaeT nonoxutenbHbiM: H(Y) - H(XY) = -H (X]|Y) < 0.
OpHako yHkums IQS, @) asnseTca BbINyKoiA no @ v ya0BNEeTBOPSET nep-
BOMY HepaBeHCTBY 06 06paboTKe MH(popmauum:

/c(5, D20D,) A /S, D)), (9.6)
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YTO NIErKO BbIBOAUTCA M3 cooTHoweHus Ic(S, @) =/(S, d)- H(S) u cooTBeT-
CTBYIOLUMX CBOMCTB KBAaHTOBOW B3aMMHOW WH(opmauun /(S, ®). Mokaxem,
noyemy BTOpOe HepaBeHCTBO 06 06paboTke MHpopmauyun IJS, ®2 0 P1) <
N QD] [S], D2), BoobLie roBops, He BbINOAHAETCA. Ecnm npegnonoXuTs, YTo
OHO BEpPHO, TO

(D20 B [S]) - H(S, ®20D,) < /(P2 0D, [S]) —//(P1[S], ),

T.e. H(S, ®20®])  //(Dj[5], ®2). 310 paBHOCUNILHO ToMmy, yTo H(E\E2) "
N A(£2), rpe Ej —okpyxeHue ans /-ro kaHana. Ho cBOACTBO MOHOTOHHOCTY
[N9 KBaHTOBOW 3HTPOMMM B 06LLEM Cnyyae He BbIMOMHAETCS.

3agava 9.1.2. Mcnonb3ys uaet fokasaTenbCTBa Cy6afANTUBHOCTM KBaH-
TOBOI B3aMMHOIN MHDopmauun (yTBepXxaeHne 7.6.1), mokaxuTe, uto cybaj-
OUTUBHOCTb (yHKUMK IS, D) 3KBMBaNeHTHa CleayloLLeMy HepaBeHCTBY;

H{BY82)-H{B\)-H{B2) » A(£,£2)-//(£,)-9 (£2),
KOTOpPOe MOXET 6bITb He BbIMOAHEHO B OGLLEM Chyuyae.

CyulecTByeT TecHas CBA3b MeX[Ay TOYHO nepefayeil KBaHTOBOW WHGOp-
Mauuu, UCnpaBieHNeM OLIMGOK U CBOMCTBAMM KOTEPEHTHOM MH(opMaLum.

Onpegenenne 9.1.2. KaHan ® HasbiBaeTcAa TOYHO 06paTHUMbIM Ha COC-
TOSHUM S =S,4, €CNM HaiifeTca BOCCTaHaBnMBalOWMiA KaHan T™>u3 B B A
Takoii, 4To

(2?0 0® 10?) J= Sar-

MpegnoxeHne 9.1.1. Cnepytoline ycnoBUs 3KBUBANEHTHbI:

1) kaHan ® To4YHO 06paTWUM Ha COCTOSHUKN S;

2) (R\E) =0, T.e. SRE=Sr®SE£\

3) 1S, @) = H(S);

4) kaHan ® gonyckaeT npegcTasneHne (9.5) Ha HocuTene cocToNA-
Hua S.

Ycnosue 2 03HayaeT, UTO MHGOpMauus He YXOAWUT B OKPYXEHUe, T.e.
KaHan fBNSeTCs «CeKPeTHbIM». Takum 06pa3om, TOYHas 06paTMMOCTb KaHana
paBHOCWNbHA €ro CEeKpeTHOCTW. YcnoBue 3 03Ha4yaeT, 4To npu ob6paTumoit
nepefaye kaHanom @ coctosHmna 5 KorepeHTHas nHgopmauma 1IQS, P) gonx-
Ha JOCTUraTb CBOEro MakKCMMasbHO BO3MOXHOro 3HadeHus H(S). B uacTHo-
CTW, B35IB XaOTM4YeCKOe COCTOSHUe S =sa =la//la, Mbl MoAy4yaem ycnosue
\ogd.A = /c(54, ). 3T0 NOKa3biBaeT, YTO KOrepeHTHas UHGopmauns fomMKHa
ObITb CBSi3aHA C KBAHTOBOW MPOMYCKHOM CMOCOBGHOCTLIO KaHana @, xapakTe-
pU3yloLLLEe MaKCMManbHY0 pasMepHOCTb 06paTUMO MepeaaBaeMbiX KBAHTOBbIX
COCTOSHUIA. B cnegytollem naparpade Mbl yBUAWM, YTO A8 aCUMMATOTUYECKN
TOYHOW Mepefayun yepes kaHan 6e3 namaT O®" Takas CBA3b LEACTBUTENLHO
MMEEeT MeCcTo npu N —*00.
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[okaszatensctBo. 1) => 2). Bektop \*bre) = (Y ®J1?)|Pan) asnsercs
BEKTOPOM YWCTOr0 COCTOSHMS Sbre COCTaBHOW cuctembl BRE. M3 TouHoiA
06paTUMOCTN BbITEKAET, YTO

(V®Id/ ra)] = SAre-

Tak Kak cocTofiHWe SAr 4MCTOe, COrniacHo cnefcteuio 3.1.2 Mbl UMeeM Sare =
—Sar ® Se- Bssas YaCTUYHbIA Cnef MO MPOCTPaHCTBY A, MOMyyaem

Sre —Sr®Se, 9.7)
T. €. YCNOBUE 2 BbIMO/IHEHO.
2) €>3). Viveem
H(S) - Ic(S, @) = WA) + H(E) - H(B) = (9.8)

H(R) + H(E) - H(RE) = I(R; E) >0, 9.9

npuyeM paBeHCTBO MMeET MeCTO TorAa M ToMbKO Torga, korga /(/?; £) = o, T.e.
Sre =Sr®Se.

3) = 1). Bektop \iPbre) — (V ®/1?)|*Ms) ABnseTCs BEKTOPOM YMUCTOr0O
coCTOsAHMA Sbre cocTaBHOW cucTembl BRE, ouuuiatoliero coctosHue Sre.
PaBeHcTBO (9.7) gaeT apyroe oumnuieHve \tPar) ® |o ey, rae E' —ouniatowas
cuctema ans Se- Bbi6upas E', Mbl Bcerja MoXem cuutaTb, YTO NPOCTPAHCTBO
BTOPOrO OYMLLEHUS MMEET He MEHbLUYK pa3MepHOCTb, YeM MNepBoe; Clefo-
BaTeNbHO, COrflaCHO 3aMeyaHuto nocne Teopembl 3.1.2 HaigeTca M3OMeTpus
W:NB Z*THa®He' Takas, yTo

(Ire ® W\Peke) = \"ar) ®\dee')- (9.10)

B34B yacTuuHble cnefbl N0 NPOCTPaHCTBAM £, E' ot COOTBETCTBYHOLWMNX OMne-
paTopoB M/OTHOCTK, NoslydyaemM TOYHYHO O6paTI/IMOCTb

(Msa ®2>0®)[Sar] = SAr, (9.12)
rae BOCCTaHaBNMBAKOLWMIA KaHan onpegensieTcs Kak
V[Sb] = Ate'W Sb W*, (9.12)

3) =4) == 1). lanee 6ypgeT foKasaHO cneacteue 9.2.1, U3 yTBEPXAEHMS
1) o 3) KOTOporo c 3ameHol @ Ha 2>0 ® BbITEKaeT, YTO KaHan @ TOUHC
obpaTuM Ha COCTOAHMM S Torfa v TONbKO Torfa, Korga

220®[5] = S

Lns Bcex S, suppS c £ = suppS, rge suppS —HocuUTenb oneparopa nnaoT-
HocTn S (cMm. §1.3). Mbl MOXEM Bblpa3uTb 3TO Xe CBOWCTBO, CKasaB, 4TO
KaHan ® sBnseTca TOYHO 06paTUMbIM Ha nognpocTpaHcTee C. [Apyrumu
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cfioBaMu, MoAnpocTpaHcTBo C ABNAETCA KBAHTOBbLIM KOLOM, WCMPaBAAOLLMM
ownbky @ (a 3Ha4MT, U BCe OLIMOKM accouMMpOBAHHOIO C Heil Knacca £).
YTBepXaeHve 4, a Takxe mmnavkauus 4)=> 1) cnegytoT Torja U3 gokasa-
TenbCcTBa Teopembl 9.1.1. d

Cnegyiollee npeasiokeHne faeT XapaKTepus3auuio B TEPMUHAX KOMIMe-
MeHTapHOro KaHana, KoTopas /IeXXWT B OCHOBE TeOpeMbl O CeKPeTHOW Knac-
CUYECKOW NPOMYCKHOM cnocobHocTh B n. 9.4.1.

MpegnoxeHue 9.1.2. [Ons 3afaHHOro pacwupeHus CTaiHcnpuHra
KaHana ® cnegylolme ycnosua 3KBMBaNeHTHbI:

1) kaHan ® To4yHo obpaTum Ha nognpocTpaHcTBe C\

2) KomnnemMeHTapHbIN KaHan (7.38) fBNAeTCA NOAHOCTHLI AENons-
pusyowmnm Ha C, T.e.

$e[S]= Se (9.13)

Ans noboro cocTonHua S, suppS ¢ C, rae Se — (hukcmpoBaHHoe COCTO-
fHUe.

[okasaTtenosctso. 1) >m2). lNycTb kaHan ® To4yHO o6paTuM, Torga Co-
oTHoweHve (9.10) BbINOMHEHO ANl HEKOTOPOA W3OMETpUM W U ANA BCEX
BEKTOPOB |®aH), UMeoLLMX TEeH30pHOe pasfoXxeHue ¢ JI-komnoHeHTamu B C.
3pech |iP)ee' He 3aBMCUT OT BXOAHOro BekTopa |Pas), Tak Kak MHaye npasas
YyaCTb He 6blna 6bl NMHelHoN no [Pas)- Bsss YacTMYHbIA cned no RAE' ot
COOTBETCTBYIOLLErO onepaTtopa MA0THOCTM, NosyvyaeM COOTHoLWeHue (9.13).

2) = 1). meeT MecTo npefcTaBneHne CraiHcnpuHra ®£[5] = Tra Y5
rae B wrpaeTt ponb OKpy>XeHusi ana cuctembl E. MycTb cooTHoweHune (9.13)
BbIMO/IHEHO, W NYCTb |“EEQ —oumMLiEHMe COCTOAHNUA SE; Torga MMeeT MecTo
npefcTtaBneHne CTaliHCNpUHra ANS OrpaHuyeHWs KaHana ®f Ha COCTOAHUSA
C Hocutenem B C:

PE[8] = Trog, V'SV'\ (9.14)

rie V = la ® \vee') —U30METPUYHBIA OnepaTop, AENCTBYIOWNA U3 Ha
B Haee' =He ® Hae' M0 popmyne V'\pA) = lva) ® lwee1)- B 3TOM npeg-
CTaB/IEHUUN PONb OKPYXXeHUs urpaet cuctema AE'. Mo Teopeme 6.2.2 HaingeTcs
Takas 4YacTU4Has M3OMETPUA W :HB —*Hae', uTo

(WR®IRE)V = V' = la ®\dee').

CnenosaTe/ibHO, CooTHoweHMe (9.10) BbIMOSHEHO ANl BCEX BEKTOPOB \d)ua
C TEH30pHbIM PAa3NOXXEHWEM, Y KOTOPOro J1-KOMMOHEHTbl npuHagnexat C.
Pacwupss, ecim Heo6XoAMMO, NPOCTPAHCTBO H el ms MOXEM 3aMEHUTb W
Ha M30METpUIO, AN KOTOPOi NMPOAO/IKAaeT BbINOMHATLCS cOOTHOLWEeHKe (9.10).
Paccyxpas, Kak B [0KasaTeNbCTBe MpeablayLlero yTBEPX/AeHNUs, BO3bMEM
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YacTMYHbIA cnef no REE' 0T COOTBETCTBYHOLLErO OMnepaTopa NAOTHOCTM U MNO-
NYYUM TOYHYHO 06paTuMocTb Ha C:
Vo $[S] = S, (9.15)

rae BOCCTaHAB/AMBAKOWMWIA KaHan onpefenseTcs, Kak B opmyne (9.12). O

§9.2. TOYHOCTb BOCMpPOM3BEAEHNSS KBaHTOBOIA
UHGopMaLmnmn

B KauyecTBe Mepbl TOYHOCTU Mepefayn COCTOSIHUA 5 KaHanom @ MoXx-
HO MCMONb30BaTb CnefoByto Hopmy ||S —®[5]| |. OgHako 6onee yAo6HbLIMK
0Ka3bIBAKTCA APYrve Mepbl TOUHOCTM, KOTOPbIE UTPAOT Ty Xe pofib, YTO BEPO-
ATHOCTb MPaBUIbHOTO PELLEHNSI B KNacCUYeckoM cnyyae. [Jafamm mx onvcaHue
M pacCMOTPUM B3aMMOCBA3U MEXAY HUMM.

9.2.1. TOYHOCTb BOCNPOW3BEAEHUSA UYMCTbIX COCTOAHMUN
Nemma 9.2.1. TMycTb ip— eAUHUYHBIA BEKTOP U S — NPOU3BONbHOE
COCTOSHME. VIMET MecTO HepaBeHCTBa
2[1-<<«>] " IIMM-SH, (9.16)

Ecam S —\(){4=\ — uncToOE coCTOSAHME, TO BTOPOE HEpaBeHCTBO Mnpe-
BpaliaeTCA B paBeHCTBO, T.e.

[[Ne >M -U (N ]|, =271-|(</#)]|2. (9.17)
JokazaTtenbcTB0o. CorfacHo cooTHoweHno (1.19) nmeem

VXV —Sill = max ITrdV’XV’l- S)U\,

rge mMakcumym 6epeTcsi Mo BCEM yHUTapHbIM onepaTtopam U. Monaras U =
= 2'Q{'d\ -/, nonyyaem nepsoe HepaBEHCTBO.

PaBeHcTBO (9.17) nonyyaeTca aHa/IOrMYHO COOTHOLLEHUIO (2.46). Ans Bbl-
ynCneHnst cnefoBoli HOPMbl JOCTaTOYHO HaiTW COGCTBEHHbIE 3HAYeHUs one-
patopa IVXil/’l~ 1"Xv’b> kOTOpbIA UMeeT paHr 2 (cM. 3agady 2.3.1).

MycTb Tenepb 5 —nNpPOW3BONbLHbIA OMepaTop MIOTHOCTU; PacCCMOTPUM €ro
CreKkTpanbHOe pasnoxeHne S = J1;S,. icnonib3ys BbIMYKNOCTb HOPMbI, BO-
FHYTOCTb (OyHKUUM V 1 cooTHoweHwue (9.17), nonyyaem

MMM —sSii, =

= 27ALYi-<V>[S,[i/>) A 20/l -Ne\S\il>). O
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Ana unctoro coctosiHus \p){ch\ » NPon3BONLHOI0 COCTOAHNA S BENNYMHA
PO\D)(dh\, S) = {ilx\S4>) (9.18)
Ha3blBaeTCA TOYHOCTbK BOCMpoussefeHns (coctosiHus |N)(”™| cocTosiHM-
eMm S). OueBngHo, yto F ~ 1, npuyem paBeHCTBO MMEET MeCTO TOrfa W TO/bKO
Torga, korga S = |V')(Ml- 3ameTum, 4yTO, paccMatpusas npobiemy cxaTus
KBAHTOBbLIX fAaHHbIX (8 5.5), Mbl Y& (MaKTUYECKM WCMOMb30BaM TOYHOCTb
BocrnpounssegeHns (9.18). Tam coctosHwme \ipi)(0i\ noaBnAnocL ¢ BepOATHO-
CTbO Pi W cpefiHee 3HayeHWe TOYHOCTU BOCMPOU3BEAEHMUS OMNPeAensnoch Kak
i
B cBA3M C MOHATMEM KOAa, WCMPaBNAIOWEro OLWWOKW, eCTEeCTBEHHO
onpefennTb TOYHOCTb BOCMPOU3BEEHNS CNeaytowmm 06pa3om. MycTb 3a4aHbl
MoANpPOCTPaHCTBO (KBaHTOBLIN kog) £cH u kaHan @ B H, ans koToporo
BXO[HOE U BbIXOAHOE NpoCTpaHcTBa coBnagawT: HB = Ha =H. ToyHOCTb
BOCNPOU3BELEHNA NOANPOCTpPaHCTBA L onpedensetcs Kak

FS(C, ®) = min,_, FOip}ip\, ®[Ne)MI) = min MO \d)(d\ ]v2).

CornacHo nemme 9.2.1 nmeem
2[1-£0E, D) <T‘au)(£|||\/| M-®[N>Myz £2y/1-F S(C, ®). (9.19)

[Opyroii BaKHOI BeNMUMHOl ABNSETCS TOUHOCTb BOCMPOW3BEAEHMS CLen-
neHHocTu. PaccMoTpum ounuienmne \das)(Pas\ coctosiHus S = SA B runb6ep-
TOBOM npocTpaHcTBe Ha® Hr. TOYHOCTb BOCMPOW3BEAEHMS 3TOr0 YKUCTOrO
COCTOAIHMS Nof AeficTBMEM TPUBUANBHOTO pacluMpeHuns KaHana ® paBHa

Fe(S, @) = <"g Ko®
M HasblBaeTCd TOYHOCTbI BOCMPOM3BEAEHWUS CLENNeHHoCTW. [Jaaum
yaobHoe BblpaxeHue fAns Fe(S, @), KOTopoe TakXe MNoKas3blBaeT He3aBu-
CUMOCTb 3TOV BE/MUMHBI OT BbiGOPA OUULLIEHWS| UCXOLHOTO COCTOSIHUS.
MycTb KaHan umeeT npeacTaBneHne Kpayca

®[5] = Y, ViSv?, (9.20)
(
Torga
Fe(S, ) = £]TrL A2 (9.21)

i
B camom pgene,

(Pas\'"2(Vi®IR)\V'4AR){i>AR\{Vi®IR)*\tpAR} =
i

= £ 1 (®afI(Vi ® Ir)\i>AR) |2 = ITrv's 124w
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3aMeTuM, YTO A1 YMCTOro COCTOAHUA 5 = BbIMOJIHSETCA PaBEHCTBO
Fe(S, @) = (M@ [[*>(MIIY) = FQip)(ip\, @[M)(<AlD)-
3agava 9.2.1. [okaxwute, yto Fe(S, ®P) —Bbinyknas PyHKUUA COCTOS-

Hua S. YkasaHue. CornacHo cooTHoweHuto (9.21) ¢yHkuma ~(6.d ) asna-
€TCA CYMMOV KBaApaToB ag)(hMHHbLIX (YHKLMIA.

9.2.2. COOTHOLWIEHUS MeXAy MepamMy TOUHOCTM BOCMPOMU3BEAEHMS

Jlemma 9.2.2. [1na npou3BONILHOTO COCTOAHUA S cnpaBeiinBa OLEH-
Ka
1- Fe(S, ®) < 4y/[ -F s(suppS, ®).

Joka3aTenbLcTBo. Vmeem

1-Fe(S, ®) = 1- (dan\(®®LW,)(\Pal){taall an) =
= -D)® Lcl/2)[Mn)(™MLn[]|rnn)-
MpeacTasnas \iPar) = 22 |/) ® |e>}, roe { e/)} —OpTOHOPMUMPOBaHHLIA 6a-
|

3nc B W?, W¥112= @/ €supp5, nonyyaem paBHOCWIbHOE COOTHOLLEHMWE

|
"(M(1d -onanie =X TINS(INE 1~ NGB

Mcnonb3ys HepaBeHCTBO (1.18) M TOT (hakT, 4TO U cnefoBas, U onepatopHas
Hopmbl onepatopa \ipj)("pk\ paBHbI ||V V||[|*a||, nony4aem, 4TO 3TO BbIpaXeHue
He MpeBOCXOoANT
mIQX ur-n%mH. ,

rge Makcumym Gepetcs no Bcem onepatopam T ¢ 0, geicteyrowmm B C —
—suppS. PaccmaTpuBas pasnoxeHne T=7\+ T2, rge T*= T\, TE=Tu—
3pPMUTOBbLI OMepaTopbl, TakXe AeicTytowme B C, NpUHMMas BO BHUMAHWE, YTO
[¥~rf11” || 7Lb 1M Mcnonb3ys HepaBeHCTBO TPEYronbHWKa, Nosy4vaeM, yTo 310
BbIpaXXEHWE He NPEBOCXOAUT BEMUUHY

17-PUTmL
2" T T = 25 (922)

3[ecb HepaBeHCTBO ” noslyyaeTcs MNpu nepexode K MNONOXKUTENbHbIM T,
C Apyroi cTopoHbl,

7 - o[y
T=T Wb -
A + (9.23)
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rAe Wcnonb3oBaHbl 0603HauYeHUs px = Tr7+, St = p+1T+. [NpaBas 4acTb
3TOr0 HepaBeHCTBA MeHbLUE WM paBHA MpaBOi 4acTW B COOTHOLEHWM (9.22),
KOTOpoe Takum 06pa3oM yCTaHOB/eHO. [lanee,

max |IS —S$[S]|i = max

- A 11 1
5: suppSEE CD—'(;bEC,?\q)\\:\ W) (c\ - D[N (TA!L I,

MOCKOMIbKY MaKCUMYyM HENpPepbIBHOW BbINYKNOA (DYHKUMU HA BbIMYKIOM
MHOXeCTBe [OCTMUraeTcsi B ero KkpaiHeli Touke. Vcnonb3ys BTOpoe W3
HepaBeHcTB (9.19), nonyyaem, YTO OLLEHMBAEMOE BblpaXKeHue He MPeBOCXOAUT
V | -F S(C, o). a

3agava 9.2.2. Mcnonb3ys CBOWCTBO BbIMYKNOCTW M3 3agaum 9.2.1, foKa-
XUTe HepaBeHCTBO

1-FS(C, ®) ~ 1- min  Fe(S, ®). (9.24)
5: suppScE

Myctb Teneps C—H, Torga
Tax™ p '1= jid—d]

M3 fokasaTenbcTBa nemMmbl 9.2.2 cnedyeT CnpaBef/IMBOCTb LEMOYKU Hepa-
BEHCTB

1- min/=(S, ®) < | 1d—9| <
<2 MR A0)(~-@ [U (M~ 231d —@f|. (9.25)

BMecTe C COOTHOLIEHMSIMU (9.24) 3TO 03HAuaeT, YTO OTK/IOHEeHWe KaHana &
0T WfeanbHOro KaHana ld aKBUBANeHTHbIM 06Pa30M OMMUCHLIBAETCSA OAHON U3
BE/NUMH

Id—®f, max||S—®[s ]|l |- FS(H, ®), 1- rnin/AS, ).

Mpu paccMOTPEHMM KBaHTOBOIM MPOMYCKHOM CMOCOGHOCTM KaHana Ham
noHagobuTca o4eBUAHOE CnefcTBME NemMmbl 9.2.2:
I-Fe(S, ®)<4r1-MN(W, O), (9.26)

rge S —XxaoTu4yeckoe cocTosiHue B H.

MoyunTeNbHO paccMoTpeTb Cyyalh «ueanbHOM» TOYHOCTU BOCNPOM3Be-
JeHuns.

Cnepcteue 9.2.1. Cnepytouime ycnosnusa 3KBUBANEHTHbI:

1) Fe(S, ®)= L

2) I"(suppS, ®)= 1

3) ®[5]=5 [AnA Npon3BONbLHOrO COCTOAHUA S, sUppS ¢ suppsS;

4) Fe(S, ®)= 1 gna Nnpon3BONbHOTO COCTOAHNUS S, suppS ¢ suppsS.
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Joka3aTtenbcTBo. [lokaxem, 4to M3 ycnosmsa 1 cnegyet ycnosue 2.
MycTb |b) € suppS, Torga

S = p\d)(p\ + (1-p)S”,
raoe p >0, a S'—onepatop nnotHocTh. CornacHo 3agadve 9.2.1 yHKuua
S —Fe(S, ) Bbinykna, NosTomy
pPB(\D)(h\, @) + (1 - p)Fe(S', d) * Fe(S, ®) = 1,
n, 3Hauunt, Fe(\g)(cp\, ®) = 1. Ho oTctoga cnegyet, yto
(L) (D\\D) - 2

ans Bcex \@) 6 suppS u Fs(suppS, ®)= 1

M3 nemMmbl 9.2.2 BbITEKaeT yTBepXaeHNe 2) =» 1). Kpome TOro, Tak Kak 13

YCNoBUSA 2 0YeBMAHbLIM 06pa3oM creayeT aHanorMyHoe yCnoBue ¢ supp S BMe-
CTO SUPPS, Mbl TaKXKe YCTaHOBMAWM U CMPaBeANMBOCTb CBOWCTBA 4, KOTOpoe
(hopManbHO ABNSETCS YCUNIEHMEM CBOMCTBA 1.

Mo onpefeneHnio BeNMUMHbI FS CBOIMCTBO 2 paBHOCU/LHO CBOICTBY 3 Ans

YMCTbIX, a cnegoBaTesibHO, N AN CMeLWaHHbIX COCTOSIHUIA S. O

9.2.3. TOYHOCTb BOCMPOM3BEAEHUS W paccTosiHue Bilopeca

B 3TOM NyHKTE Mbl 06CY1M NOHATWE TOYHOCTN BOCMPOU3BEAEHUS 418 ABYX
MPOU3BOJIbHBIX COCTOSHWA. JTOT MaTepuan NoHagobuTCa HaM nwb B M. 9.4.4.

Ans unctbix coctosHuie S = \(p){ip\, T = \){ch\ TouHOCTb BOCMpOM3BE-
peHna paBHa F(T, S) —KMV)!12, npu 3TOM CBA3b MeXAy TOYHOCTbIO BOC-
Npon3BeAeHNs 1 CNefOBO HOPMOI pasHOCTM COCTOSHWI S M T BbipaxaeTcs
thopmynoin (9.17). MycTb Tenepb S, T — NpPOU3BO/ibHbIE ONepaTopbl NAOTHO-
CTW.

OnpegeneHune 9.2.1. TOYHOCTb BOCMPOU3BEAEHUA ONpeaensercs Cco-
OTHOLLEHWEM

F(T, S) = max\(ipT\ips)\2, (9.27)

rae Makcumym 6epeTcs No BCEM BO3MOXHbLIM O4MLLEHMAM (b8, PT COCTOAHMI
S, T B 04HOM ¥ TOM Xe npocTpaHcTee HA'H .

Mcnonb3ya Teopemy 3.1.3, BUAUM, 4TO

F(T, S) = Tax\{dT\(1 ® LWh5)\2, (9.28)

roe g3, T — QUKCUPOBaHHbIE OYMLLEHWS COCTOAHUIA S, T B HEKOTOPOM TU/b-
6eptoBoM npocTpaHcTBe H &Ti', a mMakcumym 6GepeTcsa Mo BCEM YHWUTap-
HbIM onepatopam W u3 H'. B yacTHOCTW, paccmartpusas ouuiieHuns \/S, \fT
B L2(H) nony4vaem

F(T, S) = max|Trv/SiI7'U7|2,
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rae Makcumym 6epetcsa no BCeM YHWUTapHbIM onepatopam W B H. Vcnonb3sys
nonsipHoe pasnoxeHue onepatopa VSy/T = U\VSVT\, MOXHO BUAETb, YTO
Makcumym gocturaetca npu W = U* n paseH

F(T, S) = (Tr[\/S\Ifyz = ||>/SVIF|J.

3JTa opmyna nepexognt B (9.18), ecnn T = |0)(0]- N3 3TOro paccyxgeHus
BbITEKAET TakKXe, YTO B onpefeneHnn (9.27) MOXHO OrpaHMYMUTLCA MakKCUMU-
3aumeli N0 OYULLEHWAM TOMbKO OAHOr0 COCTOSIHWS, MPU TOM YTO OYULLEHMne
JPYroro coCTOsHUS (PUKCUMPOBAHO.

3agava 9.2.3. TMokaxute, yto F(T, S) < 1, npuyem paBeHCTBO WMeeT
MecCTO Torga v TOnbKo Torga, korga T =S.

C noHsATMEM TOYHOCTM BOCnpomsBegeHus (9.27) cBAsaHa MeTpUKa Ha
MHOXeCTBe BCEX COCTOsSIHWI, HasbiBaemas paccTOosiHMeM blopeca, KoTopas
onpegensieTcs Kak

(3(T, S) = min \ipT —'s I, (9.29)
rae MAHUMYM GepeTcsi Mo BCEM BO3MOXHbIM OUMLLEHMAM ips, PT COCTOAHMIA

S, T. PaccmaTpuBasi KBagpaT HOpPMbI U UCMOMb3ysi onpedeneHue (9.27), no-
nyyaem

O(T, S) = ™21 - Hv'syry = "2(1 - y/W7S)). (9.30)
B yacTHOCTU, ANa YnCTbIX cocTOsHUIA T —\)(P\, S = A< umeem

P(T, s)= y'2{\-\{4LL -

OTclofia TakXke BMAHO, YTO, Kak W Mpu ONpefeieHMn TOUHOCTM BOCMpPOU3Be-
feHns, B opmyne (9.29) MOXHO 6paTb MakCMMyM MO BCEBO3MOXHbIM QUM-
LLEHNAM NULLb OAHOTO COCTOSAHUSA.

HepaseHcTBO TpeyronsbHuka ans 0(T, S) cnepyeT u3 onpegeneHus (9.29)
1 COOTBETCTBYIOLLErO HEpaBeHCTBA 415 HOPMbl. [N YNCTBIX COCTOSIHWIA OHO
MpUHYMaET BUf

\/1- W)\ <n/H W +\/1N W , (9-31)
rge ip, Xy® ~ npon3Bo/ibHble eAWHUYHbIE BEKTOPbI.
Nemma 9.2.3. [Anda nobbix ABYX onepaTopoB nAoTHocTKM S\, S2BH
cnpasej/BO HepPaBeHCTBO
(B(SUS2)2 < ||S, -S 2 ||, < 2/3(S,, S2). (9.32)

PaccmaTpuBas nepBoe HepaBeHCTBO BMeCTe C COOTHowweHusmu (9.30)
n (9.28), nonyyaem crneacTeue.
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Cneacteue 9.2.2. [ndA nobbix 4BYX ONepaTopoB NA0OTHOCTMK 5], S2
B H v nx ounwennii V's,, \v & BH® H' umMeeT MecTO HepaBeHCTBO

IS, - Sail, ~ 2 (1 -max|(*SI(/® ~ )]), (9-33)

roe Makcumym 6epeTcs No BCEM yHUTapHbIM onepaTopam W B H'.
[okasatenbcTBO neMmbl 9.2.3. Tak Kak Trn/ Siffz>2 » Tr|n/5T\I"*21 ana
[l0Ka3aTenbCTBa MEPBOro M3 HepaBeHCTB (9.32) [OCTATOYHO JOKa3aTb, UTO
2(1 —Tr'/s'wfsl) < J51-5 2]

3T0 BbITEKaeT u3 6onee o6mero HepaBeHCTBa

Tr(n/ls1-Y ~ )y 2~ l1S1-S 21k,

CMpaBeA/IMBOro A5 NPOM3BO/bHBLIX MOMOXMTE/bHLIX onepaTopos Si, S2. [ o-
KaXeM rnocnefHee HepaBeHCTBO. [ns apmutoBa onepatopa K Mbl 0603Ha-
yaem 4epe3 \+{K) (cooTBeTcTBeHHO 1-(K)) cnekTpanbHblli NpPOEKTOp, CO-
OTBETCTBYHOLLMNIA MOMOXNTENbHLIM (COOTBETCTBEHHO HEOTPULATENbHLIM) CO6-
CTBEHHbIM 3HayeHuaMm. Torga o(K) — 1+(K) - 1-(K) sBNsercs YHUTapHbIM
apmuToBbIM onepaTopoM, npuyem a(K)K = Ka(K) —\K\. BBogsi onepaTopsl

K =\/S\ - \TS2, L —V/5T + -/3r, nonyyaem Si -S 2 = (KL + LK) = K °L\
clefjoBaTesibHo,

115,-S 2||, » |Trer(/Q/C oL| = Tr|/C|L =

= Trj/C|(+(/C)LI+ (/0 + I-W L 1_(/0).

Tak kak L K ~-L, mbl nonyyaem \ +(K)L\+(K)" 1+(K)K n
Takum o6pasom, (I+(K)LI+(K)+ I~(K)L\-(K}) > |/(]|, v B uto-
re nosyvaem

115,-5211, ~ Trfifz2 - T Av A~ -v /M) 2

[ns pokaszatenbcTBa BTOPOro U3 HepaBeHCTB (9.32) paccMOTpMM nped-
cTaBnenmsa S, =T*T{, Sz = 7572, rge T\, T2—HekoTopble (He 0653aTeNbHO
3pMuTOBbI) onepatopbl. BBogs 0603HaveHna K = T\ —T2, L = 7, + 72, nony-
yaem

fIS,-S2|, =Tnr(Si-S2)(S,-S2 =
= | [Trer(S, - S2)K*L + Tr<r(S, - S2)L*K].
Vcnonb3ys HepaBeHcTBO Kolm—ByHAKOBCKOro Ansi cnefa, UMeeM

\Tro(K o L)K*L\ s$ [Trcr(S| —S2)2K*K wlrL*Lj 12 = [TTK*K-TrL*L]1/2;



§9.3] KBaHTOBas nMponyckHas cnoco6HOCTb 201

aHanornyHas oueHKa MMeeT MeCTO M ANA BTOPOro cnaraemoro. Torja

[|Si-S2|, » [Tr/T/MrL*L]V2.
icnonb3ys HOPMUPOBKY onepaTopoB Si, Sz, nonyyaem
TT/TK = 2(1 -ReTr7YT2), TrL*L =2(1+ ReTrffT2).

Monaraa T\ —\/S7, T2—U"'/$2, rae U —yHuTapHbIA onepaTop M3 nonsp-
HOro pasnoXeHus oneparopa nonyyaem ReTr7’t 72 = ReTr7'271 —
= Tr|-\/S|\/S2|. Takum ob6pasom,

TrK*K = 2(1 - |[vW ~1],) - P(Si, S2)2,

TrL*L = 2 (1 + o N 1) <4,

OTKyfia CriefyeT BTOpPOe W3 HepaseHCTB (9.32). O

89.3. KBaHTOBas NponyckHas cnocobHOCTb

9.3.1. JocTMXMMble CKOPOCTU

Myctb ®: & (Ha) —"(HB) —HeKoTOPbIi KBaHTOBbIA KaHan. PaccmMoTpum
COCTaBHOI KaHan ®®n: —%(Han.

Onpegenenne 9.3.1. BennunHa RO HasbiBaeTCs AOCTU>XKUMONA CKO-
pocTbio (4NA nepegayn KBaHTOBOW WHGOpMauun), ecam CyLecTBYOT nocne-
[l0BaTeIbHOCTb MPOCTPaHCTB H < Takas, 4To

nl’igbﬁ Iog] dim TiSm* = R,

N nocnegoBatenibHOCTM KaHanoB £(n): %(F6n)) —»T(H®n) (kogmpoBaHwuia)
n V [ri): T(Wf") —aA{H{n)) (gexkognpoBaHuii) Takue, 4YTO
lim Fs VMO od®R"'0£<>) = 1 (9.34)
n—*0o0
TouHas BepXHAs rpaHb MHOXECTBa JOCTUXKMMbIX CKOPOCTeil 0603HavaeT-
¢ (?(P) 1 HasbiBaeTCAa KBAH T OBOI NPONYCKHOW CNOCOGHOCTbIO KaHana &.
Mpy poKas3aTenbCTBE KMacCUYecKol Teopembl KOoAMpoBaHWs Obino yao06-
HO MCMNONb30BaTb CPEAHION BEPOSTHOCTb OLWMOGKM BMECTO MAaKCUMasbHOM;
PaBHOCU/ILHOCTb COOTBETCTBYIOLWMX KPUTEPUEB Oblna [l0Ka3aHa B /eMm-
mMe 4.4.1. B KBaHTOBOM Cny4ae pOfib CpefHeil BepOSTHOCTM OLIMOKM ur-

paet BennuuHa 1 —Fe{S"\ TX) o dT 0£<), rge S = o ) —Xao-

TUYEeCKOe CcOCTOsHWE B Fi(M\ TOrja kak aHasoroMm MakCUManbHOR OLIM6KM
asngetcd 1 - Fs(T-I(M\ r>@) o ®0A o B camom pgene, u3 TOro, 4ro
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Fs{T6m 2?<)0 ®®no —»1, CefyeT, uTo
Fe(S(n), V(N o$®no£rn)) -» 1

(cornacHo nemme 9.2.2). B 06paTHOM HanpaBneHWM CNpaBeasiuB CreayroLmii
aHanor nemmsbl 4.4.1.

Nemma 9.3.1. MycTb Ti —rMnbbepTOBO NPOCTPAHCTBO pasMepHo-
cTu 2d, ®—kaHan B H. Torga HaigeTca noanpocTpaHcTBO H' pas-
MepHOCTU d Takoe, 4YTO

1-F S{H', P'o®) " 2(1 - Fe(S, ®)),

roe S=" In,aV'[S]=P'SP'+j Tr(/- P")S pnqa scex S e &{H)\ P' -
MpoeKTOp Ha Ti'.

[okasaTenbcTBo. Ha egyHMYHOM LWape B H paccMOTpUM HeMNpepbiBHYHO
yHkymio UL, -> f(rp) = (M@ (1))(M11) = Fe(mb)(d\, ®). MycTs ro1>—
BEKTOP, MWHUMU3UPYIOLLNIA Onpefenvm OpPTOHOPMUPOBAaHHBIA 6a3nc
{*y); I —1,...,2d} B '"H="Ho c nomouibio cregyolieii peKyppeHTHO
npoueaypbl: |V'y+i) ecTb BekTop B nognpoctpaHcTBe Hj —{IV') V)}1-
MUHUMU3Npywmii (->). Torga H/DHj+1 n d\mHj=2d - j. Wcnonb3ys
BbINYKNOCTb yHKUMM Fe(S, ®) (cm. 3agauy 9.2.1), nonyyaem

1-Fe(é, CD" 2'I? EO-bI W o, c»" j'l7 E C M /» >
=1

/=d+l

£ (- mint/<))) A |[(1-TAN'Pod)),

ro&H' = Ha- O

M3 [oka3aHHON fnemMMbl BMecTe C HepaBeHCTBOM (9.26) cnegyeT, 4To
B OMpejeneHnn AOCTUXMMbIX CKOPOCTEA Mbl MOXEM 3aMeHUTb TpeboBaHue
(9.34) Ha Tpe6oBaHue

ngn;lo FegS (), 0PBNOEX)) = 1 £9-35).

Tenepb MNOKaXKeM, YTO B OMPEAENeHN KBAHTOBOW MpPOMyCKHOW cnoco6HO-
CTV LOCTATOYHO OFPaHUYUTLCA W3OMETPUYHBLIMU KOAMPOBAHUAMMU, T. €. KO-
AVMPOBaHMAMU BMaA

£[S] = Ad F[S] = KSH\ (9.36)

roe V. — M30MeTpuMuHoe oTo6GpakeHWe MpocTpaHcTBa Hw BO BXOAHOe Mpo-
CTPAHCTBO KaHafna Ti®n. Mbl [JOKaXeM, YTO ec/iM CyLecTBYeT KOAMpOBa-
Hue o6LLero BKUAA, MPU KOTOPOM [OCTUraeTCsl BbICOKas TOYHOCTb BOCMPO-
13BEAEHUs [AaHHOTO COCTOSIHWS, TO HalloeTcs U M3OMETPUUYHOE KOAMPOBaHMe
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C aHaNorMyHbIM CBOMCTBOM. YTO6bI MOSCHUTL 3TO HA WHTYUTUBHOM YPOBHE,
paccMOTpUM CflyYail TOUHOro BOCMpOU3BefeHus. Ecnv KOMNO3nUMs Koaupo-
BaHWe-KaHan-feKoMpoBaHNe TOUHO BOCNPOU3BOAMT HEKOTOPOE COCTOsHNME S,
TO KOAMPYIOLWMIA KaHan £ ABNseTCA TOYHO 06paTUMbIM Ha S, Mpuyem BocCCTa-
HaBNMBAIOLLIMM KaHa/IOM ABMAETCA KOMMO3MLUA KaHal-AekoguposaHue. Torga
cornacHo npepnoxeHnio 9.1.1 kaHan £ Ha suppS npefcTaBnsAeTcs B BuAe
(9.5) Kak BbIMyknass KOMOUHaLWA WM30METPUUHbIX KoauposaHuit Uj = AdUj.
CnepoBaTe/lbHO, KaX[blii M3 KaHanoB 14j ABNAETCA TOYHO 0OpaTUMbIM Ha S
C TeM >Ke CaMblM BOCCTaHaB/NBAIOLLMM KaHanoM.

Nemma 9.3.2. TycTb S —coCTOsAHWE B TMAb6EPTOBOM MpPOCTpaH-
cTBe C, C=supp S, £ —BNOAHEe NONO>XKMTeNbHOe oTo6pa>keHune ns 1(C)
B1(H), ana koToporo TrE[S] = 1, u 1 —«kaHan u3 1(H) B 1(C). Mpea-
nono>kum. 4yTo dimC ” dimH, Torga HallgeTcsa nsomeTpua V us CeH
Takad, 4To

Fe(S, 4o AdV) > Fe(S, No£)2. (9.37)

JTa nemma 6yneT ucnonb3oBaHa B cuTyauuu, Korja £ —Kogupytollee
oTobpaxeHne, a A —KOMMO3ULMS KaHan-AekoauposaHue. [na fokasaTenb-
cTBa noTpebyeTcsa cnegytoliee 0606LLeHNE MNONSPHOIO PasfoXeHus: ecn X —
onepatop n3 C B H, dim C AdimW, 10 X —V\X\, rge |.Y| —VX*X —nono-
XuTenbHbll onepatop B C, a V —u3omeTpus u3 C B H. OTcloga BbiTeKa-
eT crefylollee NpeAcTaBiAeHUe A1S MPOU3BONMLHON KBaApaTHOW MaTpuubl X:
X —VDU, rge D —paunaroHanbHaa maTtpuua ¢ HeoTpuuaTte/bHbIMU 3/1EMeHTa-
My, a V, U —yHuTapHble MaTpuLbl.

[okaszaTtenbctBo. Myctb A;:ft —C n e\ C-+H — KOMNOHeHTbI pas-
noxeHunsa Kpayca ana otobpaxeHuin A u £ cooTBeTCTBEHHO. O603HaYMM
yepe3 X MaTpuuy C 3nemMeHTaMu =TrAE,S. Torpga

Fe(S, Aof) = Y~IXul2
y
[o6aBnas, ecnu HeobxoAUMO, HyNeBble KOMMOHEHTLI B pa3noxeHus Kpayca,
MOXHO cymMTaTb, YTO X — KBajparHaa marpuua. N3 npeacrasneHmna X = VDU
cnefyert, yto, npeobpasysa pasnoxeHus Kpayca ana A u £, MOXHO f00UTbCS,
yTo6bl MaTpuua X ctana avaroHansHoir. Torga Fe(S, Ao£) = YA Tr(A*£*S)2.
k

BBefiem 0603HayeHne A*= TrSEEE™ W OrpaHMUMMCA PacCMOTPEHUEM Cryyas,
korga A* > 0. Torga £ Xk(IV(AKEKS)2/\k) = Fe(S, AoE) n £ A =1
k k

Tak u4to Haigetca Takoe k, uto Tr(A/,£*S)2/Aft N Fe(S, A o £). Bsogs
0603HaveHna £E=£*/\A*: C—=*H, A=A*: H —C, nonyyaem A*A</?*,
TrSE*E = 1mn

Fe(S, Ao£) < Fe(S, AdA0AdE) = [TrAE5[2.



204 KBaHTOBas mHpopmayns

Mycte A* = VAA*\ — nonsipHoe pas3noxeHue onepatopa A*: C—W, rge
V: C —»Ti —wusometpus. CornacHo HeKOMMYTaTMBHOMY HepaBeHCTBY Ko-
Win—bByHsAKoBCKOro (2.25) nmeem

ITrAES|2 = |Tr5/4e 12 < TrSAA*7rSE*E = TrS|/T|2. (9.38)

Mockonbky A*A ~/-H, TakXe crnpaBefnuBO HepaBeHCTBO AA* ~/pn, cnepgo-
BaTeNibHO, \A*\2< |A*|, n noatomy
Tr5|+12 A Tr5|/4*| = TrAVS.
Torpga
[Tr/AV52 ~ JTITrA*KSj2 = Fe(S, ToAd V).
K

M3 nonmyyeHHOW LLeMOYKM HepaBeHCTB CneAyeT HepaBeHCTBO (9.37). |

MycTb Tenepb faHbl NOCNeA0BaTENbHOCTM MpOCTpaHcTB 7i(n\ Koguposa-
HUIA £ () n LeKoANPOBaHNA LN KOTOPbIX BbINOMHEHO ycnosue (9.35),
Torga cornacHo femme 9.3.2 Hailgertca nocnefoBaTeNbHOCTb M30OMETPUYHbIX
koguposaHuii V() = Ad Vin) Takas, 4to

lim Fe(Sw,V([Mo®d®"'oVm) = 1 (9.39)
n—oO

OTctoga cnegyet, 4To B ONpeAeneHWM KBAHTOBOW MPOMYCKHON CMOCO6HOCTM
MOXHO OTrpaHWUYNTBCA U30OMETPUYHBIMU KOAUPOBAHUAMM.

9.3.2. KBaHTOBas NponyckHas CMoCO6HOCTb W KOrepeHTHas
NMHpopmauns
Cnenyrowuini pyHAaMeHTaNbHbIA pe3ynbTaT ABASETCA TEOPEMOI KOAMpOBa-
HUA N5 KBAaHTOBOM MPOMYCKHOM CMOCOGHOCTM M yCTaHaBNMBAET CBA3b KBaH-
TOBOW MPOMYCKHOM CMOCOGHOCTU C KOFepeHTHOW uHopmaLuei.

Teopema 9.3.1. /iMeeT MecTO COOTHOLWEHMNE
Q(d) = nI|_>m00 om gx/E(S, DR"). (9.40)

CyllecTBOBaHME Npefena MOXET ObITb [OKa3aHO TaK e, Kak W B cryyae
KNacCUYeckoi NPOMyCKHOM Cnoco6HOCTM, —C MOMOLLbI CBOICTBA Cy6aaau-
TMBHOCTU nocnegosatenibHOCTM Qn —maxlc(S, ®®”). MpocTbiM CNeacTBu-

eM COOTHOLIeHMs (9.40) sBNSeTCS HepaBeHCTBO, CBS3blBalOLLEEe KBAHTOBYH
M KNacCWUYecKyto MponyckHble CMOCOGHOCTN:

AP < C(P), (9.41)
KOTOpOe [0Ka3blBaeTCs TaK e, Kak W HepaBeHCTBO (8.57). [eiAcTBUTENbHO,

BblOMpas 5 B BMAE CMeCU MPOW3BO/IbHBIX YUCTbIX COCTOSIHWIA S; C BEPOSTHO-
cTaAMM p N NpuMeHss HepaBeHCTBO (7.43), nonyyaem

us, ¢ P/ - E PM*™ =xdpil {¢).
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B3sB Makcumym, nonydaeMm max/c(S, @) N CX(®P). MNpumMeHAs 3TO HepaBeH-

CTBO K ®®n1, nonyyaeM HepaBeHCTBO (9.41).

Joka3aTenbCTBO HepaBeHCTBa O603HaumMm 4yepes (?(P) npasyto
4yacTb COOTHoWeHus (9.40). Bonee nNpoOCTO 4acTbl [OKasaTenbCTBa fB-
NfeTcA [LoKasaTenbCTBO HepaBeHcTBa (?(P) N <AP). MycTb — BXOfHOe

NpocTpaHCTBO pasMepHocTn dn= dimWw = 2a(JHo(1)), n nyctb £ (), £(N) —
KoZupytoLLye 1 AeKOAUPYIOLWME KaHanbl Takue, 4To

1- Fe(S(M V{) od®nof») < e,

roe S = fin | —XaoTuueckoe cocTtosHme B 7if} ¢ aHTponueit H(S{n) =
= logdn —nR. 3gecb Mbl ucnonb3yem TpebosaHue (9.35) B onpegeneHun
JOCTMXUMBIX ckopocTel. CornacHo nemme 9.3.2 MOXHO cyuTaTb, YTO £ (N —
M30MeTpUYHble KOAMPOBaHMA. Tak Kak
Fe(S{n VNnohT 0£") =

= (n(M](dK(, ® V{n) o®®nof<nz) [[M)(M<n) M),
roe

InE) = £ im>® \m) 9-42)
m=1

— MaKCUManbHO CLEN/eHHbIA BEKTOP B npocTpaHcTBe H () ® H (M 13 nemmbl
9.2.1 cnepyeT, YTO AN MaKCMManbHO cuenneHHoro coctosHus |M(A)(N<[
B H9)o H (0 BbINONHAETCA HEPABEHCTBO

IP<D)<A(«)|_ (131(..,.8.2MoP®noE:<) [N M)(M<n)[]||1~ 2\/e.  (9.43)

JTO 03HayaeT, YTO CKOPOCTb R AOCTMXMMA AN aCUMMTOTUYECKM 6Ge3oLin-
60YHOI Mepedayn XaoTMYECKOro COCTOSAHNA B % ().
BBoas o6o03HaueHne Sw = £ (ML [5(1)] n ncnonb3ys uenHoe npasuno (9.6)
[N9 KOTepeHTHOW UH(opMauum, nonyvaem
Ic(S{n), ®®n) ~ /c(5(), 2>(M) 0 d®1) = H(SB - H(Sbx>), (9.44)
rge Sb.r, = (ldww o (p(8>0d®no£ (5») [[N</B)(M</B[], Tak uTO
SB, = (P (n)o®®n of£<n>)[5(51>].

ToT takT, 4yto H(SB'R') = #(S (n), V (N 0®®n), cnegyeT 13 TOro, 4to B Cuny
N30METPUYHOCTU KoampoBaHus £ () cocTosHue (Idwsso £ (M) [|M(M)(M2(™] a8-
NAETCH YMCTbIM M €ro MOXHO pacCcMaTpuBaTh KakK OYWLLEHMe COCTOAHUA S (n).
CornacHo HepaBeHCTBY (9.43) umeeM

IS@ - SfirH,  |IIN())(M9™ - Sac'll,
34ecb NepBoe HepaBeHCTBO BbITEKAET U3 CeAYHOLLEr0 NPOCTOro HabNoaeHNS.
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3apava 9.3.1. [lokaxuTe, 4YTO CnefjoBas HOpMa MOHOTOHHA MO OTHOLUe-
HUIO K B3ATWIO YaCTUYHOIO Cheja:

UTruons < THu
Ans no6oro nonoxkutenoHoro onepatopa T eH ® Hg YkasaHue. Mcnonb-
3yiiTe BblpaxkeHue (1.19) ans cnefoBOi HOPMbI.
LBaxabl ncnonb3ysa oueHky (7.23) 4ns MoAyns HeNpPepbIBHOCTU 3HTPOMUH,
nosiy4yaem

H(Sb') - H(SB'R") = H(&n)) + [H(SBY- W(S(w)] + [HANM)(MM\) -
- H(SBH))] > H(S{n) - 6logdimH{nV Z - = n R (I - 6y/i) -

MoaToMy, NPUHMMas BO BHUMaHME HepaBeHCTBO (9.44), monydaem

Qn = mx/c(&n), ®®R) FNR{1l-6Vi)-

O0TKyaa cnegyet, 4to R~ lim = ?(D).

n—>o00 fl

370 3aBeplUaeT [0Ka3aTeNbCTBO HepaBeHCTBa <?(P) N <?(P), T.e. cnaboro
obpalleHns Teopembl KoAupoBaHWA. [lokKa3aTenbCTBO MPAMOro YTBEPXAeHUS
6ygeT faHo B n. 9.4.4. O

Cnepytoluee HepaBeHCTBO 06 06paboTke UHDOPMALLMU NONE3HO AN OLEH-
K/ KBaHTOBOW NPOMYCKHON CMOCOGHOCTM.

MpegnoxeHune 9.3.1. Ana nobbix ABYX KaHanoB ®b dr BbINOJHEHO
HepaBeHCTBO

C(P20®]) » min{(?(P1), (?(®r)}. (9.45)

B yacTHOCTMU, €CAM O4MH U3 3TUX KaHaNoB MMeeT HYNeByl NPONycK-
HYI0 CNOCOBHOCTb, TO 3TO >XE BEPHO AN WX KOMNO3ULWN.

JokaszaTenbcTBO. UT06bLI A0KasaTb HepaBeHCTBO (?(Pred i)™ (P
[OCTaTOYHO 3aMeTUTb, YTO MPONYCKHas cnoco6HocTb (M(Prod!) paBHa Tou-
HOI BepXHeli rpaHn LOCTUKMMBIX CKOPOCTe 418 KaHana ®r npu cneunansHOM
BbI6OpE KOAMPYIOLWMX KaHanoB, BKIOYAOLWLMX 3aKNHUYMTENbHYH 06paboTKy
KaHanom @ |; cnefosatenbHO, 3Ta Be/iMYMHA He npeBocxoant (?(Pr). Hepa-
BeHCTBO (?(Pr o ®]) < (?(P]) AoKa3biBaeTCsA aHaNOrM4YyHO, MyTEM paccmoTpe-
HWA LeKOAMPYIOWMNX KaHanos Ans @[, BkIoYaloLWmx B cebs npeapapuTeibHy0
06paboTKy KaHanom @r. O

9.3.3. [erpagupyemMble KaHabl

MpeXxae BCero nofy4MmM BaXKHble COOTHOLLEHUS, CBA3bIBAIOLLME KOTEpeHT-
HYl0 MH(OPMALMIO W BENUYNHY

X(M, £ = 0 (L n*s-0
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JatoLlwyto oueHKy (5.15) ans Konm4yecTBa KacCcMyeckow MHopMauum u, Kak
CNeAcTBME, COOTHOLUEHME MEXAY KBAHTOBOW M KNacCMYeCKOn NponyCKHbIMM
CNOCOBGHOCTAMM KaHana U ero KOMMAeMeHTapHOro.

PaccmoTpum kaHan ®: 1(‘Ha) —>1CHg), ero paclumpeHune CtaiHcnpuHra
c nsometpmeli V: Ha —»Whb ®~Ce 1 KOMNEMEHTapHbIA KaHan

apg = TrHaVSV, S e X(HA) (9.46)

(cm. 86.6).
MycTb S = J2 xS x — NPOU3BO/LHOE Pa3NOXEHUe MO YNCTbIM COCTOSHUAM
X

(HanpuMmep, CNeKTpalbHOE Pa3fNoXeHue). Torga MMeeT MecTO Lienodyka pa-
BEHCTB

ids, &) = A(®[5])-7//(an) =
U@ [SD)-"7rll(® [5,D]I-[//(®[5])-5>r/(®[5xX])] = (9.47)

X X
=x{M {®[EX})~x{m, {p[5x]>) = (9.48)
- A2 T[(P[SA; ®[5]) -//($[S.Q; P[5])]. (9.49)

X

3pech paBeHcTBO (9.47) cnegyeT M3 TOro, YTO COCTOSIHME Sbex =
SBSETCA UNCTBIM I, 3HAUUT,

H<s>[X]) = H(sBY) = H(SEX) = //(a g »
4na Bcex X, a paBeHCTBO (9.49) cnepyeT u3 Toxzgectsa (7.18). B3as B cooT-
HoweHUW (9.48) BEPXHIOD M HUKHIOK TpaHy No BCEBO3MOXHbLIM aHcaMb6nsam
YNCTbIX COCTOAHMWIA, Nonyyaem
(?N(P) > CX(D) - CX(P) 5*-Q i(P), (9.50)
rge BeefileHO 0603HauYeHue
<?,(®) = max/c(S, ). (9.52)

Mpumensas HepaseHcTBO (9,50) K KaHany @P®', nepexoga K npegeny npu
A —»00 W UCNOJb3ys TEOPeMbl KOAUPOBaHMUA, NOydaem

YD) N C(D)-C(P) > -<2($).
BBegeM BaHbIA KnacCc KaHanoB, ANS KOTOPbIX KBaHTOBas MPOMYCKHas
CNOCOBHOCTb faeTcd «04HOOYKBEHHbIM» BblpaXkeHuemM (9.51).

Onpepenenne 9.3.2. KaHan ® HasbiBaeTcs AerpagupyemMbiM, ecnu Haii-
feTca KaHan TTakoi, yto ®= To @, M aHTUMAErpagupyembiM, ecnu Haii-
getca kaHan T Takon, yto =T o .
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Puc. 9.1. flerpagupyemblii KaHan

OueBnaHO, UYTO KaHan ® ABMAeTCS AerpaguMpyemMbiM TOTAa W TONBKO TOraa,

Korga KaHan ® aHTugerpagupyemblit. M3 cooTHoweHus (9.49), mcnonb3ys
CBOWCTBO MOHOTOHHOCTW OTHOCWUTE/IbHOI 3HTPONWK, MOMy4yaeM, 4To ecam ® —
aHTMAerpagupyemslii KaHan, To

/s, ®) ~ 0 (9.52)
Ans noboro coctosiHus S (cootseTcTBeHHO IS, @) A0 gns gerpagnpyemoro
KaHana).

MpegnoxeHune 9.3.2. Ecam ®—aHTUgErpagmpyemblii KaHan, TO

(?(®) = 0. Ecnm d —perpagmpyemsblii KaHan, TO
Q(®) = <?(P) = max/c(S, D). (9.53)

[okasaTenbctBo. [lepBoe yTBepXAeHME cnefyeT u3 HepaBeHcTBa (9.52)
1 TeopeMbl KoauposaHus (9.40).

Myctb ®—perpagnpyemblii kaHan 1 W\ HB -+He ® He>— nsometpus
CraliHcnpuHra gna kaHana T: T(Hs) —#6(He)- Torga 1QS, @) = H{B) -
- H(E) = H(EE') - H(E), Tak ut0

LB, ®) = H(E\E).
Ana aByx ferpagupyemblX KaHanos @b ®Pr n nNpousBONbHONO COCTOAHUA S 12
B Hax®H,i2 nveem
/c(S12 d,®P2) =B 4 " |£ 1£2),
cnefoBaTesibHO, MO CBOWCTBY Cy6afAMTMBHOCTU YCMIOBHOW 3HTPOMNWM

U{S\2, s1 ® ®2) » h(S\, $I) + /c(S2. &r)>

0TKyfja nonyvaem
le(s («), p®«) = ,,max/c(S, D), (9.54)
s

1, Takum 06pa3om, cooTHoweHne (9.53) BbINOAHEHO. O
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Mpumep 9.3.1. PacCcMOTPUM KaHan, paspyLuatoluit CLenaeHHoCTb:

d
PB1= L, \Va)Nec,\SNea)(<Pa\,

roe {cha} —nepenonHeHHas cuctema BH ,a {&X%—cucrema efyHNYHbIX BEK-
TOpPOB B BbIXOAHOM npocTpaHcTBe K'. KomniemeHTapHbIM fBASETCA Anaro-
HaNbHbI KaHan
d
®[5] = £  cafflea)(ilJa\Sil> )(ep\,

a, /3=1

roe cao = {<pp\ipa), a {ea}—craHgapTHbIA 6asmuc B Hj- Vmeem ®=T'od,
rae
d

OTclofia U U3 BTOPOrO YTBEPXAeHUs TeopeMbl 9.3.2 BbITEKaeT crefcTBue.

Cnegcteue 9.3.1. Bcakuil kaHan ®, paspyllatLlmuii cLenieHHocTb,
ABNSieTCA aHTUAErpagupyembim, u, ciegosaTensHo, Q(®) = 0.

Mpumep 9.3.2. PaccMOTpMM KBaHTOBbIV CTUpalowWmini KaHan p. Mpu

p umMeem
- Td—<)(—pi ° Dp.
rge Ta: X(H ® C) —%{H ® C) —kaHan, aeicTByOWNiA No npasuniy
s 0 _s o feeny 00
o s 0 s ) 0 Trs+S

Mcnonb3ys TOT hakT, yto ®p = d) p (cm. 3agayy 6.6.3), nonyvaem, 4TO
KaHan ®p pgerpagupyembii npu p € [0, 1/2] u aHTMAerpagupyemblii npu
p € [1/2, 1]. MpumeHas npegnoxeHve 9.3.2, nonyyaem

P s [0, 1/2];

Ps [1/2, 1] (.59

34ecb nepBoe yTBEPXAEHME BbITEKaeT U3 COOTHOLEeHMs (9.53) un Toro akra,
yto //(®p[5]) = L - p)H(S) + hi(p), cneposatenbHO,

IQS, ®p) = H{4>,[S]) - H(*P[S]) = (1 - p)H(S) - pH(S) = (1- 2p)H(S).
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8§9.4. CeKkpeTHasa Kfnaccmyeckas nponyckHas
CNOCO6GHOCTb M KBaAHTOBAas MPOMNyCKHas
cNnoco6HOCThb

9.4.1. KBaHTOBbLI KaHan C NepexBaToM

PaccMOTpuM cuTyauunto nepejadn Knaccuyeckoi MH(opmalmu, B KOTOPOIA
MMeeTCs TPW Y4yaCTHMKa: OTnpasuTenb A, nonydatens B u nepexsatuuk E.
Marematuyeckas Mofenb KBaHTOBOrO KaHana C NepexsaTOM BK/IHOYaeT
Tpu runbbepToBa npoctpaHcTea Ha, He, He 1 nsometrpuyeckoe otobpaxe-
Hne V:Ha —#HB ® He, Npu KOTOPOM BXOAHOE COCTOAHWE 51 nepexoguT
B cocTosHMe 5BE = ®BB[5 4] = VSaV* cuctembl BE ¢ yacTMyHbIMK cOCTOS-
HUAMU

Sb = dg[5a] = TrE VSAV\  SE = ®£[5n] s TrB VSAV*.

3ameTnM, 4TO paHee 6ykBa E wucnonb3oBanach A8 0603HAYEHUS OKpYdXKe-
HusA. Ecnn Bce OKpyXeHWe AOCTYMHO MepexBaTynKy, TO Takoe 0603HaueHume
ABNSETCA COrnacoBaHHbIM. [MpesnonoXumM, yTo yyacTHMK A BbiGUpaeT co-
ctoaHmsa {5} c BepoATHocTAMM {Kkx}, Torga ydactHukm B un E nonyvatoT
cooTBeTCTBEHHO cocToaHma {Sg} »n {Sg}, a BeEpPXHUMM TrpaHULAMMN LLEH-
HOHOBCKOI MWH(opMaumn gna B u E asnsAwTca BennumHbl XU 7} {Sg})
n X({nx), {Sg}). Mo aHanorMm c KnacCcM4eCKUM KaHajioM C nepexsaToM (CM.
8§4.5) «CeKpeTHOCTb» Nepefaynm MOXET ObiTb OXapaKTepn3oBaHa BeNUYMHON
x({";, {Sg}) - x~ 7} {Sf}). lMpepnonarasi, 4TO BXOAHbIE COCTOSHMSA

ABASAIOTCA YMCTbIMU, M 0603HaYas 4yepes SA= £ m~4 CpeHee COCTOSHME
*
BXOAHOr0 aHcamb6ns, u3 opMynbl (9.48) mosyyaem K/OUeBOe COOTHOLLIEHME

Ic(SA, ®B) = x bl , {55}) -x«T1r*}, {5}), (9.56)

KOTOPOEe YKa3blBaeT Ha BaXHYH CBfi3b MEXAY KOrepeHTHOW WH(opmauuei
U CEKPETHOWM Knaccnyeckol NPOMyCKHOW CMOCOBHOCTbIO; OHO TakXe MOofCKa-
3bIBaeT UAEH A0Ka3aTeNbCTBA NPSMO TEOPeMbl KOAMPOBaHUS 15 KBAHTOBOM
MPONYCKHOM CNOCOBHOCTU Yepe3 pacCMOTPEHUe KaHana C NnepexsBaToM.

[ns onpegeneHnss CeKpPeTHOW KMacCUYecKOW MNPOMYyCKHOM cnoco6HOCTH
paccMoTpuMM 67104HOe KOAMPOBaHME [1S KBAaHTOBOrO KaHana C nepexsa-
ToM. Haweli uenbio 6yfeT nepefatb MakCUManbHOE KOMMYECTBO KJaccu-
yeckol uHgopmauuu oT A K B cekpeTHbIM 06pa3om, Tak, 4TOGbl yyacT-
HUK £ CMOr NOAYYATb NWWb aCUMMNTOTMYECKM UcHe3atlollee KOoM4ecTBO
nHgopmaymun. Kog (E(M), M (1) ammHbl n v pasmepa N onpegenserca Tak
Xe, Kak B onpegeneHun 8.1.1. Takum 06pa3oM, KO COCTOMT M3 Habopa
coctosHuin EM = {S™In; i = 1, ..., /V} B H®n BMecTe ¢ Habnogaemoi

nis) = {Mf, j =0, 1 ..., N} B H®n. Hapagy C BEpOSTHOCTbI OLINOKK
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Pe0 n), M(n)), onpeaensiemoli cooTHoLeHneM (8.1), BBEAEM HOBYH BEIMUMHY
vEO n)) = max !|5j,w b
) i,k—1....N 5] I

XapaKTePU3YHLLY U3MEHYNBOCTb COCTOSHWSA CMCTEMbI £, a CNej0BaTeNbLHO,

M KONMYECTBO MHAOpMaLMKM, KOTOPOe AOCTYMHO MepexBaTuuky E. 3ameTum,
YTO U3 HepaBeHCTBA TPEYrofibHWUKa ANS HOPMbl BbITEKAET, UTO

INSfw -S*"H i < UEOn)) Anda Bcex,

rge Sfw = \—.N_ MpumeHas HepaBeHCTBO (7.22), nonyvaem
V=i
bl Wl - {s" }p = A

A logdim MEwWEO n))+ ~r)(vEO n))) (9.57)

B MpegnonioXxeHun, 4yto senuumHa VE(E(9)) goctatouHo mana. Moatomy ecnm
M3MEHYMBOCTb Masia, TO Mana 1 LIeHHOHOBCKAs B3auMHasa MH(OPMaLNa Mexay
N v £ ans paBHOBEPOATHLIX COOOLLEHUIA.

Mbl 6ygem HasbiBaTb R LOCTU>KMMOW CKOpPOCTbLI ANA KaHana C ne-
pexBaToM, ecnu Haligetcs nocnegoBaTefibHOCTb kogoB O M M) pasmepa
N = 2nR Takux, 4TO

n&& Peg m M{n)) =0

lim of (E@) = 0. (9.58)

ToyHas BEPXHSS rpaHb MHOXECTBa AOCTUXKMMbIX CKOPOCTel Ha3blBaeTCs Cek-
peTHOI Knaccuyeckoi nponyckHoli cnoco6HocTbhio Cp(Pse) KaHana ¢ ne-
pexBaTtom. CornacHo cooTHoweHuto (9.57) us ycnosua (9.58) cneayeT acumn-
TOTMYECKOE MCYE3HOBEHWE B3aMMHON MH(opMaumm mexagy A n £. MOXHO
nokasaTb, YTO Ha CaMOM [efie 3TW YTBEPXAEHUS paBHOCU/IbHbI, 0HAKO YCo-
Bue (9.58) 60nee yao6bHO maTeMaTUUeCKM.

Teopema 9.4.1. ViMeeT MeCcTO COOTHOLIEHMNe

Cp(Pae) = rIIim QTM%» {$Bu» ~x({"b {mF<»)m (959)

—+00

rae makcumym bGepeTcs N0 BCeEM KOHeYHbIM HabopaMm cocTosHWUIA E () =
= {5).4} 8 H®n u pacnpegeneHnam BeposaTHocTel <)=L} (Mbl uc-
nonb3yem o6osHaueHusa S',,,, = ®F'I[SIN], S, = $F"[S),w]).
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M3 cooTHowweHunin (9.40), (9.56) n (9.59) BbiTeKaeT BaXHOE HEpPaBEHCTBO
MeXJy KBaHTOBOW WM KNaccu4ecKoi CeKPeTHOM NPOMYCKHbIMK COCOBHOCTAMMU:

<®p) < C,(PBE).

OHO cneflyeT U3 TOro, YTO NPY BbIYNCIEHUN Cp (®se) YUATHIBAOTCA BCE aH-
cambnn COCTOSHWIA, a Npu BbluUCNEHUN <?(DO) —TONMbKO aHCaM6M YNCTbIX
COCTOSAHMI ans A. B obLieM cnyyae 34ecb BO3MOXHO CTPOroe HepaBeHCTBO,
Mo3TOMY OCOGbI MHTEpEeC MpefcTaBNAeT chnefylolee yTBepXaeHue.

MpepnoxeHue 9.4.1. Eciu kaHan ds gerpagupyemslii, To
Chopn) = <APp) = <?,(dp). (9.60)
[okasaTenbcTBo. lMcnonb3ys paBeHcTBO (9.48), nonyvaem

x(M )} {S'w}) -x (kw} {S'w}) -

= ) or) _ den) <

NMOCKONbKY KaHan ®pa", kak n g, gerpagmpyem, a sHaumt, /c(5"@), ®a™) ~ 0.
CneposartescHo,

JSjgeW ~b {5B})-x({*>. iSEw})] = max/c(5<">, ®®"),

a 310 BblpaxeHue paBHO nQ[(Pg) B cuny cooTHoweHus (9.54). MopacTtasnas
B (9.59), nony4yaem cooTHoweHue (9.60). O

9.4.2. [oka3aTenbCTBO TEOPEMbl O CEKPETHOW MPOMNYCKHO
CNocobHOCTU

CHavyana gokaxem HepaBeHCTBO ~ B (opmyne (9.59), T.e. cnaboe 06-
paleHue. TNycTb R —A0CTUXMMAsA CKOPOCTb, TOrAa, MCNoMb3ys HePaBeHCTBO
(5.29) u rpanuuy (5.15), nonyyaem

X{LM, {SU»-X<«1/W}. & (})  1+x({lm {S'BW) f@éi)q

=1
CornacHo HepaBeHCTBY (9.57) umeem
X({1/Ar < yE(SW)[/llogd£ -logo £(EW)]I
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roe df = dim?t£, noaTomy nocnegHee cnaraeMoe B MpaBOil 4acTU HEpaBeH-
cTBa (9.61) cTpemMmuTCa K HyNt0 Mpu N —*00; ownbka Pe Takxe CTpeMuTCs
K Hymo. OTctoga nonydaem 0”1 —Cp/R, rge Cp—npaBas 4acTb paBeH-
ctBa (9.59), cnegosatenbHo, Cp(dse) N Cp.

[ns pokasatenbcTBa NPAMOro YTBePXAEeHWs [LOCTAaTOYHO MOKas3aTb, YTO
ansa npoussonbHoro aHcaménsa {r*}, {Sjj} n £> o ckopoctb xO 7} {"a}) —
—xO 7} {"a}) ABNAETCH LOCTVXXUMON. Torga fOCTMXKMMOCTb CKOPOCTM
Cp —5 nonyyaetcs nyTem AOMOHUTENbHOM FPYNNMPOBKM B 6/10KM. PaccmoT-
puUM c-Qg-KaHan X —>Sg W chydYaiiHblii Habop KogoBbiX cnoB W  pa3mepa
w_ 2n(X((".(ss()-ci] ¢ He3aBUCUMbIMW CIOBaMK, MMEKOLLMMIN pacnpeaeneHne
BEPOSATHOCTEN

P{w = (xb ..., xn)} = TX m.. .-T1X,, (9.62)
KoHcTaHTa ¢ 6yfieT onpefeneHa Hke. CornacHo 3aMeyaHuio nocne flokasa-
TeNnbCTBa MPAMOro YTBEPXAEHWUS KBAHTOBON TeOpeMbl KOLMPOBAHMSI B KOHLE
§5.6 AnA [LOCTAaTOYHO 6OMbLUMX N HalkgyTcs Habnogaembie M B cucteme B
Takue, 4To

EPe(Ww , M) » 2~m3 /3> 0.

Tenepb PacCMOTPUM HOBbII C/yYaiiHblil Kof ¢ HE3aBUCUMbLIMU CIOBaMU, paB-
HOMEpPHO pacnpeaeneHHbIMU Ha MHOXecCTBe T'6 CUAbHO 5-TUMWYHbBIX COB:

-7 -, w e Tns;
P(w) = \1"6\
0, w <€ Tn-S.
CornacHo 3agaye 8.4.4 Mbl umeem \Tm'é\" npuyemM

tn i, A9 = ©

Tak kak P(rg) » 2~nHK+cS" gnd w & Tn 5, rae ¢ — KOHCTaHTa, 3aBucALLas
ot {g*}, Mbl nonyyaem, 4to P(Ww) < 2nt6+" s P(w) A4nsa Bcex w, W, ciefoBa-
TeNlbHO,

EPe(W{n), M{) < Mc6+A,,{8)]2~"0 " e

ANS AOCTaTOMHO 60MblUMX N, MOCKOMbKY oueHka (5.46) ans Pe(W” n\ AdW)
BK/IOYaET He 6ofiee [BYX HE3aBUCUMbIX CnoB. CnefosaTesibHo,

P{Pe(Ne(nn M(>) ~ yle} sj y/é (9.63)

no HepaBeHCTBY YebblLléBa.
Moka 4To 6bla faHa NULWb HeKoTopas MoAUUMKaLMa CnyvaiiHOro Koau-
poBaHWs ANs nepefayn Knaccmueckoi nHgopmaumm ot A kK B. UTo6bl caenaTb
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KOZ CeKpeTHbIM, nepefaTumk A fo/mkeH noxepteoBaTb N[x({kx), {SE\)+c8/2\
6uTaMu nHpopmaLmn, AONONHUTENBHO PaHLOMMW3YS BXOAHbIE COCTOAHUSA. To-
NOXUM

Ne = 2"Ix<(r) 6~ )+fal2l,  NB = 2"P((*', <e}) X<T | {5)-~ §2L

Tak yto NENB —N; npeactaBum Habop kogosbix cnoB W () B Buge npsimo-
yronsHow Tabnuubl ¢ Ng ctpokamm n NE ctonbuamun. Torga

W{) = {wmj\ T 1, ..., NB\/ =1 ..., Ne},

M@= {MT,. m= l...... yve; [ = 1. yvE }.

nyCTb ANA KaXAoro 3HadeHua T nepegatymk A Bbl6|/|paET 3HauyeHue /
Cﬂy‘—laVIHbIM o6pa30M C paBHbIMMA BEPOATHOCTAMWU, YTO NPUBOAUT K BXOAHbIM
COCTOAHNAM

npeo6pasyemMbiM B BbIXOAHble cocTosHMA SgW and B un S”(, gna E. (Ha-
NOMHUM, 4TO S™(>= S~1<g>.. o SKX’ gna cnoea w = (x\, Takas
paHgomMu3zauus NpUBOAUT K TOMY, YTO MOYTW BCS MepefaHHas MH(opMauus
0Ka3bIBaeTCA CKPbITON Ans E: Ans KaXAoro 3HavyeHns T Habop KOAOBbIX C/10B

{wmi\j = 1 Ne}

C BbICOKOM BEPOSITHOCTBbIO COAEPXUT MOYTM MAKCUMa/lbHO BO3MOXHYH) WH-
thopmaumio oT A K £, npu ycnoeum, 4to E nNpumeHseT onTuManbHoe 4eKoaun-
poBaHue. M03TOMY B3aMMHas MH(oOpMaLus mexay Habopamu KOAOBbLIX CNOB
C pas/IMYHbIMU 3HAYEHUAMU T [OMKHa 6biTb 6/7M3Ka K HYMtO, TaK 4YTO paH-
AOMM3aLMA BHYTPU KaXK4Oro Habopa YHMUYTOXaeT MouTv BCH MHDopMauuio,
nepegasaemyto ot J1 K E.

PellaroLymMm Lwarom B CTPOroM 060CHOBaHWW 3TOW uaewn ABNSETCS npume-
HeHWe cnefytoLlell OLEeHKM, OCHOBAHHOW Ha KBAHTOBOW BEPCUW HepaBeHCTBa
BepHwWTeiiHa, KOTOpas A0Ka3blBaeTCs B CHeAYHOLLEM MyHKTE.

Mpegnoxenne 9.4.2. Mycth S® , T = Ng, /=1 ..., NE,—
cnydyaiiHble He3aBUCUMble OLMHAKOBO pacnpefeNneHHble onepaTopbl
nnoTHoOCTHU; BennuuHbl Ng, NE onpegeneHbl Bbllwe. Torga HailgeTcs
uncno f3] > o Takoe, 4TO ANS A0CTATOYHO 6GONLWMX N BbIMNOJHEHO
HEpaBeHCTBO
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ana T —1, ..., NB,rae B— HeKOTOpbIii HecnydyaiHblii onepaTop (B Aei-
CTBUTENBHOCTU MOXXHO B3ATb 9 —E , HO Ham 3TO He noTpe-
byeTcs).

W3 aToit OLEHKWN BbITEKAET, 4TO

P{lISEw - o,
AN l-N B2-rB" = 1_2nIr>"{SN)+c5/2]-2''3]
T. €. BEPOATHOCTb MOXET ObITb CKOJb yrogHo 6nmM3Ka K 1 Ana nocTtato4yHO

60MblUMX N. YunTbiBas HepaBeHCTBO (9.63), monydyaem, 4YTO HaligeTcs peanu-
3aums W'n) —{wm!) Habopa KOAOBbIX CNOB, AN KOTOPbIX

Pe{WM M{) < yfi

IISA-SAIL, <2e, T1,1= NB. (9.65)
Onpegenss

E@ = T= 1l.... NB), M= {MT-T =0, 1,...,N B},

rae MT—53M mj, nony4aem
/=1

Ae(£ (M), M{n) < Pe(W(n), Af(n) < Vi.

PaccyxpaeHusa, aHanornyHole nemme 4.4.1, nokasbiBalOT, UYTO MOXXHO Bbl-
6paTb Nogkofd, Ans KOTOPOro MakCMmanbHas ownbka yAoBNeTBOPSeT OLEeHKe
Pe(W(\ M) <2y/e npu LE(E(Y) < e’, rae e’-* 0 npu e —0, uTO U 3aBep-
LIaeT [0Ka3aTeNbCTBO TEOPEMbI. O

[okazaTensCcTBO npegnoxenuna 9.4.2. Paccyxpas kak B 8§85.6, pac-
CMOTPVIM OMepaTop MJOTHOCTH

Sw= $> ,SE.

n

[Ons KpaTKocTU 6y[eM MCroNb3oBaTb 0603HAYEHNS

H(S") = H(E), Y, = H(E No*
X

Tak uto x({*x}, {Sg)) = H(E) - H(E\A).
O603HauMM 4yepe3 Ay COOCTBEHHbIE 3HaYeHWs onepartopa S*. duKcupyem

mManoe MofoXnTeNbHOe 6, U MyCTb P = PN'S— CUMAbHO TWUMUYHLIA MpOeK-
TOp onepatopa NA0THOCTK S fn, COOTBETCTBYHOLLMIA COBCTBEHHLIM 3HAUYEHUSIM
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Ay= Ay, »... *Ain, 4na KOTOpbIX nocnegosatensHocTe Y= (4, ..., /,,) fB-
NAETCA CUMbHO TUMMYHOM, T.e. yacToTbl N(j\J) noseneHus cumsona / B Y
YLOBNETBOPSAIOT YCNOBUIO
|W/|7), A, <6, }- 1  dE

n N(j\J)=0, ecnm ay = 0 (cm. onpegeneHne 8.4.1). O603HaYMM 4Yepes Ay (x)
co6CTBeHHbIe 3Ha4YeHUa orneparopa nioTHocTu S K. [lnd Ko4OBOro cnoBa fa=
= (Xj, ..., XM) AAMHbI 0 NOAOXMM Sw= Sp g>... g SE' n obo3Haunm ye-
pe3 Pw TUNWYHbIA NPOEKTOp omnepaTopa Sw, COOTBETCTBYIOLLMI COBCTBEHHbIM
3HaYeHUAM Ay(ma) —as, (X\) ... my, (X,,), 419 KOTOPbIX

NG AY W) _AUB) (> gL,
n /NI, Xy, m) = 0, ecn Ay(x) = 0. Ham noHafo6sTCa cnefytoLive CBOWCTBA,
KOTOpble ABNSAOTCA MepethOpMyIMPOBKOA COOTBETCTBYHOLMX CBOMCTB TUMUY-
HbIX MOCNeL0BaTe/IbHOCTENA.

1 Ana mp€ Tn's co6CcTBEHHbIe 3HavyeHua onepaTopa PWSWPW ne-
XaT B uHTepsane (4-n\HEW+O" 2 ~"Aw.e\a)-c&\" r$e ¢ — HekoTOpas
KOHCTaHTa, 3aBucawaa oT (Ay(X)} (ans ynpouieHuss 0603HaYeHUld Mbl
MCMO/b3yeM OHO U TO XKe 0603HaYeHne C 418 BCEX KOHCTAHT; B AeiCTBUTESb-
HOCTU Mbl MOXeM BblbpaTb MakCUMaSibHYH W3 BCEX KOHCTaHT). B uyacTHoCTH,
PwSwPw” 2 - aW EW -cS'Pw.

2. Ons e\ >0 1 fOCTAaTO4YHO 6ONbLWMNX N BbIMOAHAETCSH HepaBeH-
cTBO 7rPwSw” 1—£\. (370 ABNsAETCA CNeACTBMEM 3aKOHA BONbLUMX Yucen
LNa pacnpejeneHns BeposTHOCTel, 3a4aBaeMoro CO6CTBEHHbIMU 3HAUYEHUAMU
oneparopa Sw.)

CnegytoLiee CBOICTBO ABNASETCH MEHee OYEeBWAHbIM.

3. Ans paHHbIX ei, S> 0 HalgeTcs Takoe 5\ >0, yTo Ana fas Tn9
M 4OCTAaTO4YHO 6ONbLWKX M BbINONHAETCHA HEpaBeHCTBO 7rPSW> 1- ej,

roe P —PnS—cunbHO TUNWYHBLIA NpoekTop onepaTopa Sfn.
[JokasaTenscTBo. O603HauMM p @X(/) = (ey|SE*|ey), rae ley) —C06-

CTBEHHble 3Ha4yeHWs onepartopa S,r, U 3ameTum, yto p~(j) =0, ecim Ay=0,
Tak Kak suppS™* ¢ suppS”. Nmeem

Trp*-*sw = Pil)(h)----P w Un)
1£B" 6

p{|-N‘{M -ay < §ecmAy >0}, (9.66)

roe P —pacnpejeneHne BepoATHOCTEN, KOTOpOe MPUNUCbIBAET BEPOATHOCTb
p (1)(/i) =.. *=p”nHjn) nocnegosaTenbHocT Y= (/'s .... jn), Bn's — MHOXe-
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CTBO CWNbHO TUMWYHBIX MocnefoBaTenbHOCTel. ToT (hakT, uto » € Tn,s\ BbI-
pakaeTCcsi aHaNoOrMUHbIMI HEepaBeHCTBaMU

IN(X\w/
( )-TI'*<<i> ecnn X > Q

n N(x\w) = 0, ecnm nx =0, oTKyga cnegyet, yto gna Jl, = 2 v1 P( () BbI"
"k

MNOJIHAETCA HEPaBEHCTBO

AN —AY = (e \e,)
k=i

(ej\SE\ej) <StK,

rae K — KonmyecTBO pasnnyHbIX CMMBONOB X. [oaTomy, Bbibupas < = 5/2K,
nonyyaem

TT
m{]® A < FecmwmA >0) "

APUT ~n~1 < 55 Ay> o ans scex/) A

/2 Aso
Ans pacnpefeneHns BeposTHOCTe P cnyuvaiiHas BenmumHa N(j\J) umeet
n n

cpeaHee  PX\j) :nij 1 gucnepcuio I:‘\P(A(/)(l “ P®(i)) ~ n/4- Mpun-
*= =

MeHss HepaBeHCTBO YebblllieBa M UCMO/b3ys COOTHOLWeHMe (9.66), nonydaem
CBOWCTBO 3. O
[anee Ham NOHaAoO6WTCA cnefyloWNiAi pesynbTar.

Nemma 9.4.1. Ana no60ro nono>KMTenbHOro onepaTtopa X v Npo-
eKkTOopa P BbINONHAETCHA HEPABEHCTBO
WX-PXP\h < 3v/TrA' Tr(/ - P)X.

[JokasatenbcTBo. COrnacHO HepaBeHCTBY TPeyrofibHWKa W CBOWCTBaM
CNefoBoi HOPMbI MMEEM

WX-PXP\U < \\(I-P)X(I-P)\U + 2\\PX(I-P)\U "3\\X (/-p)\n.
MycTb U —yHUTapHbI onepatop Takoi, uto WX(I —P)||i =TrA'(/ —P)U. Mo
HepaBeHcTBY Kowwn—LLBapua gna cnega (npy S = 1/d B hopmyne (2.25))
MMeeM

[TrVXVX(1-P)U}2 < TrXTrU*{l-P)X{1-P)U = TrX-Tr(/ —P)X,
OTKyfa W cnefyeT yTBepXAEHNE NIEMMbI. m|
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[nsa ynpouweHuns 0603HaveHnid B HepaBeHCTBe (9.64) nMonoxum =SW,
rae Kogosble cnoBa Wi, j = 1, JYf, SBNAOTCA HE3aBUCUMbIMU U PaBHO-

MEpPHO pacrnpefeneHHbIMM Ha MHOXecTBe Tn'6. Mbl BbiBeAeM COOTHOLUE-
Hve (9.64), npuMMeHss onepaTopHOe HepaBeHCTBO Tuna bepHwTeiHa (9.73),
[O0Ka3blBaemMoe B ClefytoLleM MyHKTe, K CayYaliHbiM onepaTtopam

Xj = 2nWE" - s"P P wiSwIPwIPTI,
roe I —npoekTop Ha co6CTBEHHOE NOAMPOCTPAHCTBO Oneparopa
9 = EPPwWiSWIPWiP,
COOTBETCTBYHOLUMIA COBCTBEHHBIM 3HAYEHMAM, He MeHblUM 2 1M £)+scEZ Mo
noctpoeHunto OMXj "/,
M = EX, = 2nIHIEW~cSJE(UPPWSwiPwiPU) = 2nHEA- c*LLU'M
nfi= 22~ n>—Em-5c6/2) = 2 - MIx(TGBL5L<!2L, Tak 4TQ VEA = 2~21C5 ) 3
HepaBeHcTBa (9.73) cnepyert, uTo

A g

i = =i
N 2lEexp(-2-2150) N 2-20m (9.67)

4ns HekoToporo (3 >0 u focTaTo4HO 60/MbLIOr0 M. 34eChb Mbl MCMNONb30BAMM
TOT (hakT, uto Tr/14 N 2MHEBEA)-c&] _Tenepb nonyyum HepaseHCTBO (9.64) u3
oueHkn (9.67).

BBoas 0603HaveHne 0= LL'T1, nony4aem

Ne Ne
HEE Swi~1 n Swi PSWP + (9.68)
/=1 i=1
Nc Ne
* TeE PS-p-tE aps'.~ % (9.69)
/=1 /=1
, Ne
+ j-J"nps™pu-e (9.70)
/=i

M3 oueHkn (9.67) BbITEKAET, YTO
Nc
Anpshpn-e <g}>1-2
/=1



§9.4) CekpeTHaa Knaccuyeckas NponyckHas cnocobHOCTb 219

HepaBeHCTBO
*£
N ez (9.71)
/=1
[laeT oueHky cnaraemoro (9.70).
O ns cnaraemoro (9.68) ncnonbsyem HepaseHCTBO TpeyronbHMKa:

HSA-PSAH, ~ ||5W- PWSWPw,||, + |ISE/- PS"PII,.

MepBoe cnaraeMoe B MPaBoil YacT¥ MOXHO cfenaTb ManbiM Ans [OCTaTOYHO
60nbLwKx n (cornacHo cBoicTBy 2 nnemme 9.4.1). lanee OTMETWM, YTO B CUNY
CBOWCTB 2 1 3 and wye Tn<§ MMeloT MeCTo HepaBeHCTBa

JrPS'WIrTTS'WI-TT(I-P)SwWIrTrPwISwi-Tr(1-P)Swi > 1-2eb (9.72)

MpumeHas neMMy, Mbl MOXEM cfiefiaTb BTOpOEe cnaraemoe B MpaBoli 4actu
MajbIM 415 [OCTaTOYHO 60/bLINX M.

Cnaraemoe (9.69) umeet Bug ||S —nSl||i, nosTomy ans fokasatenbcTea
ero 6/1M30CTM K Hymo cornacHo nemme 9.4.1 focTaTOvHO [0OKas3aTb, UTO Be-
NYMHa

Ne

Ti-ns =Tr”J2nPS'wPn
/=i
6nm3ka K 1. Ho B cOOTBETCTBMM C HepaBEHCTBOM (9.71) 3TO BbIpaXeHWe He
MeHbLUe, yem Tr# —e2= Trll' - e2. Tenepb 3aMeTUM, 4TO

Trd' = Tr#' - Tr(/ - M# ~ Tre’- 2~ncb/2,
Tak Kak Tr(/ - M)#' aBnseTcs CyMMOI CO6CTBEHHbIX 3HAYEHWIA #', KOTOpbIE He

npesocxogat 2 'l (E)+sed/21, TOrga Kak obLiee KOAMYECTBO MOMOXMTENbHbIX
COBCTBEHHBIX 3Ha4YeHuWiA He npeBocxoanT dim supp #'<dim supp P =2n[//<€>C6l.

OcTaetca pgokasatb, yuto Tr#' 64m3ko K 1 Mbl 3Haem, 4to # — EPS'wIP
nTr# = ETrPSA, > 1—2e\ . cuny HepaBeHCTB (9.72). 3TO 03Ha4aeT, 4To

npu 3aaHHOM € MOXHO BblbpaTb €\, e2 TakuMmu, YTo HepaBeHCTBO (9.64) 6yaeT
BbIMOJSIHEHO A1 [OCTaTOYHO 60MbLIOrO M. m|

9.4.3. bBonblwmne YKNOHEHUS ANS Cy4daliHbIX 0NepaTopoB

Teopema 9.4.2 (onepaTopHOe HepaBeHCTBO Tuna bepHwTeliHa). TycTb
X\(w), Xuy{w) — He3aBUCMMbIE OfMHAKOBO pacnpefeneHHble onepa-
TOpPHO3HaYHble cayyalHble BenuuyuHbl B Ti, dim7i = d, Takue, 4ToO
O<Xiw)</, M=EX\"p/, rae O<p ™| .Torga gnss 0<B”" 1BbINOAHSA-
eTCH HepaBeHCTBO
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[oKa3aTenbCcTBO. [l0Ka3aTeNbCTBO COCTOWT M3 HECKOMbKWX LLAroB.
Bo-nepBbiX, [OKaXeM onepaTopHoe 0606LieHNe HepaBeHCTBAa Mapkosa:
MycTb X — 3pMWUTOBa OMepaToOpHO3HayHas CnydaiiHas BeNMYMHa, t > o, TOr4a

P{w: X(w) ~ 0} < TrEexp/N',
roe {w: X(w) £ 0} —{w: Ji™w) < O}c. OeincTBUTENLHO,
P{ca: T(w) ~ O} = P{w: exp tX(ui) £ 1 »
N E1feP«M}TrexP ~ < TrEexpa,

roe NepBoe HepPaBEHCTBO BbITEKaeT M3 Toro, uto ecim 0y £/, 10 1< Try.

Bo-BTOpbIX, 0603Havas X(Ij) = " < (9 roe A, — Hes3aBUCMMbIE OfMHa-
KOBO pacnpefefieHHble 3pMUTOBO onle:leaTopHosHaqule CyYaiiHble BEfIMYUHDI,
nonyyaem

plw: N TrEexp™a » 1 A

< ETrexp™ 537" exPtXN —TrEexp ( "£ * ) EexptXl,

rfie Mcrnosib30BaHO HepaBeHCTBO IonfeHa—TOoMMNCOHa
Trexp(J1 + B) » Trexp/lexpB.

CornacHo HepaBeHCTBY (1.18) 3To BblpaKeHWe He MPEBOCXOAUT
TrEexp”/ » LIEexp/X L.
MpuUMeHAa 3Ty OLEHKY NocnefioBateNibHo, Mony4vaem
Pjui: 53*(un») £ 0] < dUEexp/Xiir. (9.74)

B-Tpetbux, nyctb X\ (w), ..., Xu(n) —He3aBUCUMbIE OMepaTOPHO3HAY-
Hble ClyYyaiiHble BENIMYMHBI Takue, 4Too A Xi(w) A /, EN, =///no NI x<a<q,
Torga

Plu; 3 £ al/| " dexp(-MA(a; u)), (9.75)
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rae h(a\ g) =a Inh +@1—a)lIn '{1 ﬁ.ﬂ,eVICTBVITeJ'IbHO, MCNosb3ys HepaBeH-
ct80 (9.74) ana sennunH Xi{w) —al, nonyyaem
N |
plw;Jjy: X @)™ al|l ™ d|Eexp<X/||Jvexp(-a/jV).

OpHako expta » 1+x(exp/ - 1) ans 1€ [0, 1], cnegoBatenbHoO, exp tXj »
-bNdexp/ —1), n npaBas 4acTb He NPEBOCXOAUT

d\ 1+ a(exp/ - )Jwexp(—atN).

al-m o
Monaras exp? = bl—a A1, nonyyaeM BeNWYMHY B NPaBOM 4acTuW HepaseH-

ctBa (9.75). AHanornyHo gna 0~ a” p N 1 nonyyaem
plw: yrX"-iiM an| ™ dexp(-Nin(a; p)). (9.76)
3aMeTumMm, 4to

M) — 9, Qa~a’ - p2arfha’ A o~ gl —a)

OTclofia cneayet, uTo

NA(A(L xe); p) = (ize)(1 —rlxe) N 27
ecim p 2" ! u>Takum obpasom,

h{p{1ze); @) ~» ° 9.77)

HakoHel, nycTb X/(Ww) yLOBNeTBOPAOT ycnosusM Teopembl 9.4.2. Pac-
CMOTPVM OMepaTOpHble Chy4vaiHble BenYMHbl Yi(uj) = p M ~ 1"2Xi(w)M~"2,
ygnosneTtsopsaowme ycnosuam 0~ K/(a>)</ n B<= g/. Vimeem

i Y x n< eThiA } D
i=I |

A L: (@-e)M < < (I +e)/Wj =

jw: (l-e)p™ jj XI <O+£EM| =

jwi@-e)p M XM wm | Ofw: jj~ KWw) < (1+e)aj.
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Mepexogs K LONONHEHMAM U NpUMeHss oueHkn (9.75), (9.76) BmecTe ¢ (9.77),
nosy4aem HepaseHCTBO (9.73). O

9.4.4. lMNpsaAmas TeopeMa KOAUPOBaHWUSA [N KBAHTOBOW MPONYCKHOM
CNocobHOCTU

[okasatenbcTBo HepaBeHcTBa (?(P) A <(®d) GyaeT OCHOBAHO Ha «Kore-
PEHTHO» BepCcUM [OKa3aTenbCTBa A15 KNacCUYECKON CEKPETHON NMpPOMyCKHOM
CNoco6HOCTH, T. €. Ha BEPCUM, NCMO/b3YHOLLEN TO Xe Cy4valiHoe KOAMpoBaHue,
0[lHaKO C 3aMEHOW CMeceil COCTOSIHWIA WX cynepnosmuusamu. ocTtaTouyHo Ao-
KasaTb, YTO ANS AAHHOr0 BXOAHOrO cocTosiHus S BennumHa R = 1S, ) —&
ABNSAETCS JOCTUXKUMOI CKOPOCTbHO; AOCTMXKMMOCTb BennuMHbl (D) - S Torga
[OKa3bIBAETCS NMPUMEHEHMEM TeX e pacCyXaeHWnii K kaHany ®0/1 n nocnegy-
IOLLMM MepexofoM K mnpefeny npu n—>00. B 3TOM NyHKTE Mbl MOKaXeM, Kak
cneayeT CTPOUTb KOAMPYHOLME W LeKOAUPYIOLLME KaHanbl, YTO6bl BbIMOHA-
Nnocb ycnosue

Fe(S{n), 2<rod®nof(n) — 1, (9.78)

roe <> -—xaoTudyeckoe coctosHue B TiSn), d,, = dim H (M) —2nR. MpumeHsas
paccy>aeHus, cnegytowme 3a onpegeneHnem 9.3.1, nonyyaem, 4To CKOpocTb R
ABNAETCA AOCTUXMMOW LN1S acCUMNTOTMYECKM 6e30LIMO0YHON nepefavn KBaH-
TOBOI MHGopMaLum.

[ns kaHana @ paccMoTpum npefacTaBneHne CtaiHcnpuHra (6.8) (Teopema
6.2.1), a UMEHHO

®[5] = TrE VSV*,

rgoe V — n30MeTpuyHOe 0TO6paxeHue BXOAHOrO MpocTpaHcTBa Ha s TeH-
30pHOe MnpousBefeHne HB 2 He suxoanoro MPOCTPAHCTBA W MPOCTPAHCTBA
OKPYXEHNS.

PaccmMoTpuM criekTpanbHoe pasfoXxeHue S = EX ™~ rpe 5 = \ix)a{ux\

n {|"x)a} — opTOHOPMUMPOBaHHbIN 6asuc. MycTb |<)BE = A<px)A — BeKTOpbI
BbIXOHbIX COCTOSIHUIA COCTaBHOW cucTeMbl BE. Torga coctosHus cuctem B

n E paBHbl COOTBETCTBEHHO = Tre\dx)se{sx\ n $e = TB |N)gE{" 1-
HanomMHUM, 4YTO COrnacHo cooTHoweHuto (9.56) Mbl MMeeM
Ic(S, ) = x({Tr,}, {SE}) - x (bl , {SF}). (9.79)

Hawwein uenbio ABAsSieTCA NOCTPOEHME NOCNef0BaTelbHOCTM MPOCTPAHCTB H A

Takmx, 4to dimHin) —2nR, R = IQS, @) - 5 a TakXe COOTBETCTBYHLLUX

KOAMPOBaHWI ¥ AeKOAMPOBaHWIA, A5 KOTOPbLIX BbINOAHsAETCS ycnosue (9.78).
PaccMoTpuM 67104HbIA KaHan d®n 1 Habop KOZOBbLIX C/OB

= {wm\ T= 1 NB\j = 1, m Ne),
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MCNOMb3YEMbIA B KOHCTPYKLWM CEKPETHOro KoAa, C COOTBETCTBYIOLLMM pas-
noxeHnem eguHnybl Mw = {MTJ1 B Hp" Takue, 4To

Pe(W", M(m) = ma}x(l - TrIS*"M mj) <e, (9.80)
T
rge Sgi, = S¢g' ®...®Sgn, ecim wn/ = (ici, . . xn),
LV'cmi _a i =
NF _ <yi, m Ng. (9.81)

i=i
BeegeM npocTpaHcTBO HtP> ¢ opToHOpMMpoBaHHbIM 6asmcom {|T)\ T =
=1 NB), rae
Npg —2" _ 2«)/c(S, D))

M 33fadyM KOAVPYIOLWMIA KaHan £ (M) cnegyrowyMm M3oMeTpUMYeckum oTobpaxe-
Hvem H{) B H fn:

HE
7
y=1
rge \wm)a = W) a®---®\u>xn)a, ecim wm>= (xu ...,xn), n {ami)=a -

Habop (a3, KoTopble ByayT BblibpaHbl Mo3gHee. VI30MeTPMUHOCTb 3TOM0 0TO6-
paXeHns BbiTeKaeT M3 Toro, 4to {\<gumj)A) —OpTOHOPMMPOBaAHHas CUCTEMA,
MOTOMY YTO OHa MOCTPOEHa M3 OPTOHOPMUPOBAHHbLIX BEKTOPOB |fX)a-

JT0 U ecTb TakK HasblBaeMasi KOrepeHTHas BepcUs CEKPETHOro Koga Aans
Knaccuyeckoi nHgpopmaumn. [deiicTBre KOAUPYHOLLENO KaHana Ha BTOpblE KOM-
MOHEHTbI MaKCUManbHO CcLenneHHoro BekTopa (9.42) naeT BeKTOp

H Ne

1 i=i
Koaupytolee oTobpaxeHne ¢ NocneayroLWwmUM aeiicTBreM KaHana ®®” onuchl-
BaeTcs opmynon

| Hs R ]

\T)
\/MB

roe sektopbl \IT,)BE — VVpi))A BHOBb 06pa3ytoT OPTOHOPMUPOBAHHYIO CU-

ctemy. 3ametum, yto S, = TrE \BmjREEmit 5:0y = Frs rtmjroc. yrmj1 TOE
ANA YNPOLLEHUA 3anncu Mbl 0603Ha4YaeM Yepe3 TrE YacTWYHbIA Cnep Mo npo-
cTpaHctey Hf nm 1. 4.
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[ns noctpoeHus Aekoavpytowero otobpaxeHus TXr) Mbl CHayana mc-
nonb3yem Habnogaemyto Ad(n) —{Afmy}, KoTopas faeT 3HAYEHUA m j C aCUMI-
TOTUYECKM McYesatollell ownbKoik. CornacHo omMcaHuK npolecca usmepe-
HVS, MpUBOAALLEMY K COOTHOWeHUO (6.34), Mbl MMeeM BCMOMOraTe/lbHYH

cuctemy HA1= Hirr® H\n) ¢ 6asucom {|m)®|/)i}, eanHUYHbIA BeKTOp
IVo) EHg* v yHuTapHbIii onepatop U B HON® H * Takue, yto

M Tl = TrO(/BU® Neo)(ro\)U*(lew ®\mj)o(mij\)u,
rae menonb3yetca 06o03HadeHne |m/o = \m) ® |/)i. Onpegensas

["1/)8g0 = (/E() <AL (|ydy)sE & Vo)),

nonyvaem cneayoLnii BeKTop coctosiHmsa cuctembl HM®H fn®H fn® H A :

Kak pesynbTaT [eiiCTBMA Ha MakKCUManbHO CLUEMEHHbIA BEKTOP KOMMO3W-
LMW KOAMPYIOLLEro KaHana, 6104HOro KaHana u, HakoHewl, U3MepeHus. 3f4ecb
{\ipmj)BE0} BHOBbL fIBSi€TCS OPTOHOPMUPOBAHHON cUCTEMOW. COOTHOLLEHWE

(9.80) o3HauaeT, UTO MPOEKLMWM BEKTOPOB 3TOM cucTeMbl Ha H Al 6a13Ku
K {\mj)0}, @ UMEHHO

o(/n;|(TrfiE \-91))sEo(®TI\V\T/Ho > 1- € [AN14 BCEX mj.
W3 cnegytolleil nemmbl BbITEKAeT, 4TO HaWAYTCA EAMHUYHBLIE BEKTOPbI

[Xw/)BE € H fn®H fn Takue, uto Ans \rpr])BE0 = IXT/)BE ® \tnj)o BbINOHA-
eTC HepaBeHCTBO

(9.82)

Nemma 9.4.2. TlycTb |970€ Ho, \th) € Ho ®H —egnHnyHble BEKTO-
pbl, TOrga

o<H(Trw MW 'DHo = ns?x [(-0|(ly3)0® |x))|2> (9-83)

rAe MakcuMyMm 6epeTcs Mo BCEM efUMHUYHbIM BeKTopam [x) 6 H.

[oka3aTenbcTBO. PUKCUPYS OPTOHOPMUPOBAHHLIN 6a3nc {|Ey)} s H,
nonyyaem |x) = raeE M2=1wu

W Uo® [x»[2= ACY(*|(ip)o® [zy))

MakcrMMmn3npys no cy, nosyyaem paBeHCTBO (9.83). [l
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3ameTtum, uto {|*1/)BE0} TaKXe ABNAeTCA OPTOHOPMUPOBAHHON CUCTe-

MOWA, annpPOKCUMUPYIOLLEA cuctemy B cMbicne (9.82). Onpegenss
BEKTOP
N> A - ,
Ma)) = Y . N ela'y\gTl)BEN
M) =y E R @ e b
“MeeM
1 NB ne
h 8<T(@@IM(@+al)yMa) = NNe E E -'" MBEO{OTATL)EB),
T—1]-\

rae dfi(a)—paBHOMepHOe pacnpefgeneHune. Bcerga MOXHO Bbl6bpaTb Habop
(a3 a' —{a'nu} Takum obpa3om, 4YTO Npasas 4acTb ByneT paBHa

Eéel BEo{®T/\&T{)BEO | >

NaNe 121

cornacHo HepaBeHcTBY (9.82). CnepoBaTenibHO, HalfeTcs Takoe a, uTO
Re(T(a)|r(a+al))>"\/1_£- Beoga pononHuTenbHyt ob6uyto dasy B amj,
BCErja MOXHO CAenaTb CKalsipHOEe MpOW3BEAEHUE MOMOXKUTENbHBIM, TaK UTO

<T@)|M(a+ a’)} > y/iT e, (9.84)

B pekogupylowmii KaHan cnegyeT [06aBUTb elle OAHO Mpeo6pa3oBaHue,
KOTOpOe NpuBeAeT CUCTEMY £ B COCTOSHME, MOYTU He 3aBucslLee OT T. YUTo6bI
[06UTbCA 3TOr0, 3aMeTUM, YTO M3 HepaBeHcTBa (9.82) u cooTHoweHusa (9.17)
cneayeTt, uTo

WEO{®T/1 Wmj)BEo{Vmj |ll| < 2y/E. (9.85)
Tenepb 3ameTuM, 4to S™r) = Treo [Vm/)sEo(*'m/|, n BBegem 0603HaYeHme

—Trao 'ipmj) BEofymj j — T4 \Xmj) BE {Xmj\

Torga n3 HepaBeHcTBa (9.85) M 3agaum 9.3.1 nonyvaem

WS«-S% I<2y£E, (9.86)
41O B coyeTaHun c (9.81) NpMBOAMT K OLEHKe

%
cmi _ 1 — -
T }_1 £ < 0(yle), T=1.., Nb (9.87)
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PaccMOTPUM BEKTOPI

I Ne .
\<PT)BE1 = -7~ "'5 2 e {0"4+< )\xmj)BE
/=1
|
ABNSAIOLWLMECH OUMLLEHUAMU COCTOAHUI -r—" 57 . TlycTb |<>0) e WF'1I®
£/=1
® Wf" ® Wj" —oumLyeHne cocTosHUS Torga u3 HepaseHcTBa (9.87)

crnefyeT, UTO HaigyTcs yYHUTapHble onepatopsl Wm B H®n ® H\n) Takue,
uTo

\BE\(<P8\{1H ® ® Wm)ipm)BE\\ > |- 0(e) pgns Bcex T. (9.88)

370 BbITEKaeT U3 HepaBeHcTBa (9.33): ecnu ABa COCTOAHMS 6/IM3KM B Cnefo-
BOW HOpMe, TO HalAyTCA OYULLEHUS 3TUX COCTOSHWIA, ANS KOTOPbIX TOYHOCTb
BOCMpOMn3BefeHns 6am3ka K 1
Onpefenss «KOHTPONUPYEMbIA YHUTAPHBIA onepaTop»
NB
W = "£,ei()mWm®\tn){ni\

T—1

roe (3T — asbl, KoTopble 6yayT nMofobpaHbl HUXE, Nofyyaem

(/"®n ® U7) \PT}sEl ® 17}) = £ ® Wm)\ipm)BE\ ® |")>
CnefloBaTesIbHO,
(/muM ® jr(; 4-ch)} =
Ne
= A==/~ |m)®|m) ®e/M(/ME,® Wm)
m=|
1 o
Myctb M) = —= J|T) < \T) —makcumanbHO CLENEHHbIA BEKTOP
VA's m=i

B8 M (N® H (n). Torga
(Nm®bl )(/Kw®/,®. ®I)|I(a +a") =
1\
= Mg”r gN (MIQHEN® ) PRW)6EL.
m—
a 3TO BbIpaXXeHMe MOXET BblTb CAenaHO paBHbIM

1 b

T~1
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npy COOTBETCTBYHOLLEM Bblbope a3 OT. lMocnegHee BbipaXeHue 6GoMbLUe,
yem 1- 0(e), cornacHo oueHke (9.88). CpaBHMBasi 370 C OLEHKON (9.84),
13 HepaBeHCTBa TpeyronbHuka (9.31) nonyvaem

(@) 0 bl ) («<>0/,,®«0 MN)|T(a)) > 1—0(e).
BBoAs onepaTtop NAOTHOCTY

S' — Tragi 0 0 B7)|T())(T@)|(/ww0/,®. 0 W)
B Hw 0 H (m), nonyyaem

FAnEmE), s) = <RSI ) >
> |(MENObl ) (*ee®IHfN 0 U7)IT(g))|]2 > 1- 0(e). (9.89)
C papyroii CTOpOHbI,
S' = (Idw ,i®Cw o® «"ofW)[|fi(',>)(nW]],
roe 4eKOAMPYIOWMiA kKaHan T[> onpeaenseTcsa Kak
pMpam] = Tra, WU{SBW®Neo)Neo\)U tW *

(HanoMHum, 4to |"0) € Hgl= 0 H”). Torga HepaBeHcTBO (9.89) paBs-
HOCU/TIbHO HEpaBeHCTBY

Fe(S(n), Vw Op®BnOE(">) > 1- 0(e),

n yTBepxaeHune (9.78) mokasaHo. O

89.5. KommeHTapum

L MpurmMepbl KBAHTOBbLIX KOAOB, UCMPABAAIOLWNX OLWNGOKA, 66N NOCT
Hbl He3aBucuMO B paboTax LLlopa [66] n CTuHa [148]. MHOorve aBTOpbl BHECAN
BKNaj B Mocnefytollee passuTue Teopun, hparMeHTbl KOTOPOI npefAcTaBfieHbl
B 3TOW rnase, CM. 0630p B KHure HwunbceHa u YaHra [22]. Heobxogumble
M [LOCTaTOYHble YCNOBUA UCMNpaBieHns owmn6ok B Teopeme 9.1.1 6blnu npeg-
noxeHbl KHunnom n ladhnammom; cm. [115]. MpoBepKy yTBEPXAEHNS 3aaa4um
9.1.1 cm. B kHure [22, n. 10.2].

B03MOXHOCTb MCNpaBneHUs OLNOOK ABASETCA MPUHLMUMMANLHON ANs
npo6fiemMbl CO34aHUS KBAHTOBOrO KOMNbIOTEpa, CM. KHury K- A. Banuesa
n A. A. KokunHa [2]. Bbina npegiioXxeHa apxXnTekTypa KBaHTOBOr0 KOMMbIOTepa,
MCNPaB/sAOLLErO OWKNOGKU He TOMbKO B KBaHTOBOM NaMsiTW, HO W B Camoi
cXeme, UCMpaBAstoLLeli oWnOKKN, NPU YCAOBUMW, YTO BEPOATHOCTb OLIMGKM He
MPeBOCXOAUT HEKOTOPOro MOPOroBOr0 3HaYeHUs.
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Mo NoBOAY KBaHTOBLIX BbIYUCMIEHWIA, YCTORUMBLIX K OLLIMbKaM, cM. A. KO. Ku-
Taes [11], u CtuH [148].

Ha ponb KOrepeHTHON MH(OpMaLMM B TOYHOM UCMpaBieHNN OWINBOK yKa-
3aHo bapHymom, HunbceHom v LLlymaxepom; cm. [54].

2. COOTHOLUEHMA MexXay Mepamy TOYHOCTW uccnefoBanuck bapHymowm,
HunbceHom n LWymaxepom (cm. [54]), a Takke BepHepom u KpeumaHom
(cm. [117]). To4HOCTb BOCMPOM3BEAEHUSA A5 MPOU3BO/bHLIX COCTOSHUIA MC-
cnefoBanachb YnbMaHom; cM. [150J. lemma 9.2.3 foka3aHa B pabote A. C. Xo-
neso [32].

3. Teopema KOAUpPOBaHMS A4/ KBAHTOBOM MPOMYCKHOM CNOCOGHOCTU Gblnia
Bnepeble chopmynupoBaHa Jinoigom (cm. [126]) B Buge (?(<€>)=max/c(S, D),

HO 3aTeM ObIN0 MOKa3aHo, YTO BeNMYMHA QN MOXET ObITb CTPOro cynepagau-
TMBHa (CM. paboTbl Au BuHyeHuo, Llopa u CmonuHa [78], a Takxe CmuTa
n CmonuHa [147]), cnefosaTenbHO, UCMO/b30BaHWE PErynspu3oBaHHOro npe-
LenbHOro BblpakeHnsi B (9.40) B 06LleM cryyae AeiCTBUTENbHO HEOOXOAMMO.

HepaseHcTBO (?(P) ~ (?(P) (1. €. 0bpaLLeHne TeopeMbl KOAMPOBaHUS) Obl-
Nno fokasaHo bapHymom, HunbceHom u LLymaxepom (cm. [54]), a Takke bap-
Hymom, KHunnom un HunbceHom [53]. [lononHWUTENbHbIE apryMeHTbI B MOJb-
3y 3BPUCTMYECKOro noaxoga J1noga — MCnonb3oBaHWA CayvaliHbiX MOLNPO-
CTpaHCTB— 6blIM NpuBeaeHsbl LLlopoM. [loKka3aTeNbCTBO, OCHOBaHHOE Ha 3TOM
noaxoge, 6bIN10 BNOCNEACTBMM AaHO XaligeHom; cm. [93].

CooTHowweHue (9.56) nonyyeHo LLlymaxepom n BectmopneHgom [136], Ko-
TOpble, OCHOBbLIBAACh Ha MAEAX KNaccuyeckoi Teopum nHgopmaumm (cm. [49]),
CBA3a/IN «CEKPETHOCTb» Mepefayn KnacCMUecKoil MHGopMmaumn 4vepes KBaH-
TOBbI kaHan ® ¢ senuyuHoli X ((T}. {m7}) ~ xO 7} {Sf})-

MoHsATWE ferpagupyeMoro KaHana BBefileHO B pa6oTe [eseTaka u Ll o-
pa [77], rae 6bin0 NOKasaHO, 4YTO KBaHTOBAsA MPOMYCKHas CMOCO6HOCTb
JerpagupyemMoro KaHana faetca OAHOOGYKBEHHbIM BblpaxeHuem (?(P) =
=Tax/c(5, D).

OTO HanoMWHaeT MOHATME «yXxyAaweHHoro» (stochastically degraded) ka-
Hana (cm. [70]) AN Knaccuyeckux LUMPOKOBELLATEe/IbHbIX KaHanoB, MpuyeM
pofib BTOPOro MpUEMHUKa WUrpaeT OKpY>XeHue. [JNa TakuxX KaHaloB B TEOpUM
MH(opMaL MU Nosyv4eHO OAHOGYKBEHHOE BbipaXKeHWe Ans 06nacTu MpPonyck-
HbIX CNOCOGHOCTER. AHTUAErpafMpyemble KaHabl paccmatpuBanuncb Kapyso,
[oxoBaHHeTTN 1 A.C.Xoneso; cMm. [67]. CneacTteue 9.3.1 nonyyeHo B paboTe
Ky6utta, Pyckan n Cmuta [71].

4. MonHoe f0Ka3aTeNbCTBO MPSIMOM TEOPeMbI KOAMPOBaHUSA (<2(D) N <2(D))
nan [eseTak; cM. [76]. OHO OCHOBaHO Ha Wjee, CBA3aHHOW C COOTHOLLEHUEM
MeX[y KBaHTOBOW W CEKPETHOM Knaccu4yeckol MponyCcKHbIMI CIOCOOHOCTAMM,
cm. (9.56). VimeHHO 3TO AOKasaTenbCTBO (a TakXe 60siee MpocToe AoKasa-



§9.5] KoMmmeHTapuu 229

TeNbCTBO 06PaTHOr0 YTBEPXAEHWs) u3naraeTca HaMu (C HeCKONbKUMMK Ynpo-
WweHnamu). OLeHKa BepoATHOCTel 6O0MbLUMX YKNOHEHWUI Tuna bepHLITelHa,
MCNonb3yloLlas onepaTopHyto Bepcuto (9.75) HepaBeHcTBa XédpanHra (cwm.
[96, Teopema 1]), npuHagnexut BuHTtepy; cm. [157]. [pyroe gokasaTtenbCcTBO,
OCHOBaHHOE Ha MeTofe C/y4yaiHbIX NOANPOCTPAHCTB, UAeHO 6IM3KOM K nep-
BOHaya/lbHbIM co0bpaxeHusm Jinoinga, faHo XavgeHom, LLlopom 1 BuHtepom;
cm. [94].

Kak y>ke 0TMe4anocb, KBaHTOBbIA KaHa/l XapaKTepu3yeTcsi LefbiM Chek-
TPOM MPOMNYCKHbIX Cnoco6HocTel. Mommumo BenmumH C, Cx, Cea, Cp>Q, no-
[OPO6GHO pacCMOTPEHHbIX B HACTOSILLER KHUTe, B KBAHTOBOW Teopuu UHGOpMa-
LMW M3y4aloTca Knaccuyeckas M KBaHTOBas MPOMYCKHble CMOCO6HOCTU € 06-
paTHOW cBA3blo (0603Hayaemble COOTBETCTBEHHO C*, Qb), a Takxe Knaccu-
Yyeckas W KBaHTOBas MPOMYCKHble CNOCOOHOCTW C [OMONHWUTENIbHbIM He3a-
BMCUMbIM KNaCCUYECKUM ABYCTOPOHHWM KaHanoM (COOTBETCTBEHHO Cr, (?2).
OTMeTuM, 4TO B Knaccuyeckom cnyyvyae C —Cb —C2 —Cshan v LLEHHOHOBCKasA
NponycKHas CNOCOOGHOCTb OCTaeTCs eAMHCTBEHHON XapaKTepucTukoi. Ans
KBAHTOBOr0 KaHana MMeeT MEeCTO CnefytoLlas nepapxus:

Cx < Cb » C2 < Ce
v/ v/ v/ A/

Q "~ Qb ~ Q2 ~ Qea

rge ™ cnepyet NOHUMaTb Kak «MeHbLUE WKW PaBHO A/18 BCeX KaHanoB U CTPOro
MeHblle 415 HEKOTOpbIX», CM. paboTy beHHeTa, [deseTaka, Lllopa, Cmonu-
Ha [57]. W3BecTHO Takxe, 4To Cea—2Qea 1 ANA paga OCTaNbHbIX Map BO3-
MOXHbl HepaBeHCTBa Kak B Ty, TaK W B Apyryto CTOpPOHbI. [lanee, oKasbiBaeTcs
BO3MOXHbIM MOCTPOUTb TaK Ha3blBaEMbI «MaTEPUHCKMIA» NPOTOKON Mepefayn
yepe3 KBAHTOBbIV KaHan, KOTOPbIA Mpy MCMOMb30BaHWUM Pas3fIMUHbIX YacTHbIX
[OMOMHUTENIbHBLIX PecypcoB (Takux, Hanpumep, kak obpaTHas CBA3b 160
CLeMNeHHOCTb) NO3BOJISET peann3oBaTb BCEBO3MOXHbIE CMOCOObLI Nepeaauw,
BK/IKOYaA YNOMsHYTble Bbile; cM. [47].



lasa 10

KaHanbl ¢ orpaHnyeHnsaAMn Ha BXxofe

OfHUM U3 TNaBHbIX BOMPOCOB, MOTWBMPOBABLUMX MOSIBJEHNE KBAaHTOBOW
TEopumn MHgopmMaLmm, 6bi1 BOMPOC O NPOMYCKHOW CMOCO6HOCTM OMTUYECKOro
KBAHTOBOr0 KaHana C orpaHM4YeHNeM Ha CPefHIOK 3HEpPrui0 BXOAHOMO CUrHana.
C mMaTemMaTM4ecKO TOYKWM 3peHWs, HeoOXOAMMOCTb BBeLEeHWs OrpaHuueHui
BO3HMKaET, KOrda KBaHTOBas CUCTeMa, Hecyllas MH(opMaLMio, ONNCbIBaeTCA
6eCKOHEYHOMEPHbLIM TU1L6EPTOBLIM NPOCTPAHCTBOM, YTO B/eYeT Heobxoaw-
MOCTb MCMOJIb30BaHWSI HEOTPaHWUYEHHbIX OMEpaTopoB C MPUCYLLUMU YCMOXK-
HEHMAMU. BaxHbIi KNacCc TakMX CUCTEM, WMHOTAa Ha3blBaeMbIX CUCTEMaMM
C «HEMNPEepPbIBHbIMK MEPEMEHHBbIMW», a TaKXe KaHanoB, Ha3blBaeMbIX (6030H-
HbIMK) rayCcCOBCKUMMW, OyAeT pacCMOTpeH B cneaytouleid rnase. OpfHoli u3
KOHEYHbIX Lieneil HacToALWEA rnaBbl SABASETCA NOMYYeHUE OOLMX BbIPAXKEHMI
L8 NMPOMNYCKHbIX CNOCO6GHOCTE 6ECKOHEYHOMEPHBIX KaHanoB C OrpaHUYeHuns -
MU Ha BX0fe, YAO0OHbIX A5 NCNOMb30BaHNA B C/lyYae KBAHTOBbIX rayCCOBCKUX
KaHas0B C OrpaHW4eHVeM Ha CPefHIOK 3HEpPruK0 CUrHana.

Oco6eHHOCTbI0 6ECKOHEYHOMEPHOrO Cnyyas ABASETCA PaspbiBHOCTb U He-
OFpaHNYeHHOCTb 3HTPONUW KBAHTOBbLIX COCTOSHWIA, 4TO 3acTaBnseT yAenuTb
Cepbe3HOe BHUMaHME W3YYEHWIO HEemnpepbIBHOCTU 3HTPOMUIAHBLIX XapaKTepuc-
TUK. [lpyroii xapaKTepHO YepToil ABNSETCS eCTECTBEHHOE NOSB/IEHUE «HEMpe-
PbIBHbIX» aHCaMb6/ieil, KOTOpPble OMUCLIBAIOTCS BEPOSITHOCTHLIMKU Mepamy Ha
MHOXECTBe KBAHTOBbIX COCTOSHWIA. Pa3nuuHble XapakTepuUCTUKM KBaHTOBOIrO
KaHana, Takume Kak NpomnyckHas CNOCOBHOCTb, BbIPaXKAKTCS B BUAE TOUHbIX
BEPXHUX NNOO HWKHMUX rpaHeli OYHKLUMOHANOB Ha MHOXecTBe 0600LLEHHbIX
aHcambneid, yL0BNETBOPSAOLLMX COOTBETCTBYHOLLEMY OrpaHW4eHu. ITU Tou-
Hble TpaHM OKa3blBalOTCA LOCTVXXMMBIMW MPY BLIMO/HEHUM OMNpefeneHHbIX
YCNOBWA, & WMEHHO — HENpPepbIBHOCTU paccMaTpyBaeMoil XapakTepucTUKK
M KOMMaKTHOCTVW MHOXeCTBa, OMNpefensieMoro orpaHuyeHvem. 3TW [Be MaTe-
MaTmyeckue nNpobembl M COCTaBAAKOT OCHOBHOW MpeaMeT HacToALLel rnasbl.

§ 10.1. O cX0AMMOCTM KBAHTOBbIX COCTOSIHWIA

Bcilogy aanee H —cenapa6enbHoe rmib6epToBO MPOCTPAHCTBO. JIUHEI-
Hbli1 onepaTop A B MpocTpaHcTBe H Ha3biBaeTCs OrpaHWYeHHbIM, eCi OH
0TOGpaXKaeT eAMHUYHBIV LWAp B OrpaHWUYeHHOe Mo HOpMe NMOAMHOXECTBO Mpo-
cTpaHcTBa H. MHorue onpefieneHns u3 rn. 2 nepeHocsTCs Ha OrpaHUYeHHble



810.1] O CXOANMOCTM KBAHTOBbIX COCTOSHUIA 231

oneparopbl; Tam, rge Heob6xoAuMbl MoAMUKauMKn, 6yayT faHbl COOTBETCTBY-
Iowpe nosicHeHus. Tak, Hopma onepaTopa |[/1|| onpegenseTcs BbIpaXXeHWUEM
(1.16), B KOTOPOM MaKCUMyM cfiefyeT 3aMeHUTb Ha TOYHYIO BEPXHIOK PaHb.
Onepatop A orpaHuyeH Torga ¥ TO/MbKO Torga, korga |[/1||[<oo. MHoxe-
CTBO BCEX OrpaHWYeHHbIX OrepaTopoB obpasyeT 6GaHaxoBy anrebpy *B(W).
CnepoBas (agepHas) Hopma || YLl| onpegenseTtcsa BbipakeHnem (1.14), n MHo-
XXECTBO OrpaHUYeHHbIX OMepaTopoB, ANns KOoTopbiX ||Yi < oo, o6pa3yeT 6a-
HaxoBo npocTpaHcTBo 1(H) agepHbIX onepaTopoB. Ans niobbiX onepaTopos
Tel1(H), AeC3(H) nmeetr Mecto HepaBeHCTBO

| Try 4l ~ (I (10.1)

6aHaxoBO npocTpaHcTBO b(H) sABnseTcs conpskeHHbIM K 1(H), T.e. noboii
HeMpepbIBHbIA NUHEVHbIA PYyHKUMOHan Ha 1(H) wmeeT Bug T —Tr TA npu
HekoTopoMm A €.<B(H), a ero Hopma paBHa ||/1]|. 3ameTm Takxe, 4TO

1WH < WL (10.2)

nuto 1(H) aBnsetcs co6CTBEHHbIM MOAMPOCTPAHCTBOM NpocTpaHcTa b(H).

OnepaToOpoOM MAOTHOCTM (COCTOAHMEM) HA3bIBAETCA MOMOXKUTEbHBI
SAEPHbIV onepaTop € eAUHUYHBIM cnegom (cp. onpeaeneHmne 2.1.1). MpocTpaH-
CTBO COCTOSAHMUIA &(H) — 3aMKHYTOe BbINyK/10e NOAMHOXECTBO 6aHaxoBa Npo-
cTpaHcTBa 1(H), KoTopoe ABNseTCA NOMHbIM cenapabesibHbIM MeTPUYECKUM
NPOCTPaHCTBOM C METPWKOI, onpeaensieMoin cnefosoi Hopmoi: p(Si, S2) =
= ||S 1_8 2”1

MocnefoBaTe/lbHOCTb OrpaHUYeHHbIX onepatopoB {An} B H cxogmTces
cnabo K onepatopy A, ecnu I_'Ii_m,m((1)\An\<p) —* (P\A\<p) ans Bcex ip, hp&H.

XoTa B npoctpaHcTBe 1(H) Takas cxogumocTtb cnabee cXo4MMOCTH Mo cnepo-
BO/ HOpMe, Ha nogMHoxecTBe S (H) 3Tu ABa BMAA CXOAMMOCTU OKa3blBatOTCS
3KBVIB/IEHTHbIMU.

Nemma 10.1.1. MycTb (Sn)—nocnegoBaTenbHOCTb OMNepaTopoOB
naoTHocTn B H, cnabo cxopawascsa K onepaTopy NAOTHOCTU S,
Torga |S,, -S ||, —0.

[ okasaTtenbcTBO. [nsA N060ro KOHEYHOMepHOro npoekTopa P nmeem

IIS,.-Sll, < lIP(Sn-S)"[[1+2[[PSn(/-~)[[1+2||P S (/-/3]||]1+

+ [[(/-P)Sn(/-P)||1+ ||(/-P)S (/-P)]|1.
MepBoe cnaraemMoe B MpaBoOi 4YacTX CTPEMMUTCSA K HYMO Mpu NH060M Bbibope
npoektopa P, nockonbky PSnP —»PSP B cuny cnaboii CXOAUMOCTU U 3KBU-

BaJIeHTHOCTN BCeX BWAOB CXOAMMOCTW B KOHeYHOMepHOM cnydyae. [na AByX
nocnegHnx cnaraémbixX UMeEeM

I(/- P)S(L-P) i = Tr(/ - P)S(I - P) = Tr(/ - P)S = 1- TIPS
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(3TO BbIpaXXeHMe MOXHO cfenaTb CKO/Mlb YrOAHO ManbiM MyTeM BbiGopa Mpo-
ektopa P) un

I1(/-P)S . (/-P)]], - 1- TrPSn-> 1-TrPS

B cuny cnaboii cxogmumoctu. CpefiHee craraeMoe MOXHO OLEHWUTb CNeayoLmm
06pa3om:

IPS..(/ -P)||, = TrU*PSn{I-P) = bu*Py/l,y/Tn(1l-P),

rge U npeactaBnsieT co60i YHUTApHBIA onepaTop M3 MOASAPHOTO Pas/ioXeHus
onepatopa PSn(l —P). B cuny onepatopHoro HepaBeHcTBa Kowmn—bByHAKOB-
CKOro Ans cneja UMeem

TrU*Py/S~n"S~n(/-P) s;
N yjTrU'PAS~nyKmP UMM I-P)AS~n,/S-n(f-P) =
= \/7rPSn\/\ - TrPS,, -» x/TrPSx/1 - TrPS,

a 3TO BblpaXKeHue TakXKe MOXHO CAenaTb CKOMb YTOAHO MajbiM nyTeM Bblbopa
npoekrtopa P. O

B panbHeliliem, roBops 0 CXOAUMOCTM COCTOSIHWIA, Mbl ByfeM MMETb B BUAy
CXOAUMOCTb, O KOTOPOW MAET peyb B 3TON NleMMe.

Teopema 10.1.1. 3amMKHyTOe No cnejoBoit HOpMe NoAMHOXKecTBO K
MHO>ecTBa coCTOAHUN &(H) KOMNakKTHO Torga u ToNbKO TOrAaa, Ko-
roa ana no6oro e > 0 Hailjle TCS KOHEYHOMEPHbIA npoekTop PE Takoi,
yTo TrP£S > 1—e ana Bcex S eK.

JokaszatenbctBo. [lycTb K — KOMNakTHOe MNOAMHOXeCcTBO B &(J1).
Mpegnonoxum, yto HamgeTcsa e > 0 Takoe, UYTO AN 10600 KOHEYHOMEPHOTO
npoektopa P cyuwiectsyeT coctosHue S £ K, gnsa kotoporo TrPS < 1—£
MycTtb {PN}—MOHOTOHHO BO3pacTaloLLas NnocnefoBaTe/lbHOCTb KOHEYHOMEp-
HbIX MPOEKTOPOB B H, cnabo cxoawancs K eqnHUYHOMY onepartopy /, 1 nyctb
S,, — COOTBETCTBYHOLLAA MOC/NeA0BaTENbHOCTb COCTOSAHMIA U3 K. B cuny Kom-
MakTHOCTU MHOXecTBa K HaiigeTcsa ee nmognocnegoBaTensHocTs {S,,4}, cxoas-
wascsa k coctoaHuto So€ K. Mo noctpoeHnto TrPn,Snt~ 7rPniSrk» 1—e
npu k > /. CnefoBaTensHo,

Tr50 = lim TrP,.So = Ilim lim TrP,(S,4 < 1—£,
/—»-boc ‘ /—»+00 k~ p+<» "
4YTO npoTmeopeunt Tomy, 4to So € K C &(H).

O6paTHO, nNycTb K —3amMKHYyTOe NOAMHOXeCTBO MHOxecTBa &(H), yao-
B/IETBOPSAIOLLEE YCIOBUIO Teopembl, U nycTb {Sn}— npoun3BonbHasa nocnego-
BaTeNbHOCTb M3 K. MMOCKONMbKY eAMHWMYHbIA wap B b(H) cnabo komnakTeH,
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HaiigeTcs mognocnegosatenbHocTh {S°}, cnabo cxoAAwlascs K OrpaHuueH-
HOMY MOMOXWUTENLHOMY onepaTopy So. VMeem

TrSo ~ liminfTrSn. = 1,
k—0©

NnoaTomy 419 floKasaTe/bCTBa TOr0, YTO SO — COCTOAHME, [OCTATOYHO YCTaHO-
BUTb, YTO TrSo ~ 1mMycTb € > 0 u PE—COOTBETCTBYHOLWMIA NPOeEKTOP. Mmeem

TrSo A Tr/ASo = lim TrPeSrh > 1—e,

&—=00

roe paBeHCTBO ChefyeT U3 KOHEYHOMepHOCTW npoektopa PE Takum o6pa-
30M, SO MMEET eAuMHUYHbIA cnep u ABNseTcs cocTtosiHnem. M3 nemmbl 10.1.1
cnenyeT CXoAMMOCTb moanocnegoBatenbHocTh {S,t} K cocTosHMo So no crne-
[l0BO/ Hopme. M03TOMy MHOXecTBO K KOMMAaKTHO B TOMOMOrUW CreaoBoOM
HOPMbI. |

Lanee HaMm noTpebyeTcs cnefyoLlas YacTUYHas GECKOHeYHOMepPHas Bep-
Cus cnekTpanbHoro pasnoxeHus (1.5). Myctb {|e/}} —OpTOHOPMUPOBAHHbIT
6asuc B H, {/,} —nocnenoBaTenbHOCTb BELECTBEHHbIX YMCEN, OFPaHUYeHHas
CHM3Y, Torga gopmyna

Fw =Y, fileMeiW 0°-3)
i
onpefensieT caMoCOMpPSHXKEHHbIV NOMYyOrpaHUYeHHbIA cHu3y (cm. § 10.8) one-
patop F Ha nnoTHoOW 06nactu

V{F) = bl: ~2\fi\2\{e,m 2 < 00j, (10.4)
i

[ANS KOTOPOro |e,) ABNAKOTCA COBCTBEHHLIMU BEKTOpamu, a /y— COBCTBEHHbI-
MU umcnamm.

Onpegenedune 10.1.1. Onepatop ¢ obnactbto onpegenexHusa (10.4), gein-
cTBYHOWMIA Mo chopmyne (10.3), 6yaem HasbiBaTb ONepaTopoM Twuna 5.

B npunoxeHusx F ABnseTca onepaTopoMm 3HEPrum (CUCTeMbl OCLUANATO-
poB). B 3Toli cBA3M BaxKHyK ponb 6ygeT urpatb onepaTtop exp(—0F), B > 0,
KOTOpLIA OMpeaensieTcs COOTHOLUEHWNEM

exp(-0/11") = ~exp (-6]|/y)ley)(eyir) (10.5)
|
N ABNAETCHA OrpaHWYeHHbIM MONOXKUTENbHBLIM ONepaTopoMm Tuna 5-
Mycte F —onepatop TMna 5- [lnga Npou3BONLHOrO orepartopa MA0THO-
CTU S onpejenvM maTeMaTUYecKoe OXupaHue
oo
TrS/7= "2 fj(ej\S\ej) * +oo0. (10.6)
/=1
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Jlemma 10.1.2. ®yHKuuoHan S -* JrSF asnsdeTca apdUHHBIM U no-
NYHENpepbIBHbIM CHU3Y Ha MHOXXecTBe &(H).

[JokasaTtenbcTBo. AQGHUHHOCTL OYEBMAHA; Aanee WCMOMb3yeM MNoyHe-
MPepbIBHOCTb CHU3Y TOYHON BEpXHEA rpaHn CeMeiicTBa HenpepbiBHbIX PYHK-
umin. Mimeem

-
TrSF = sup f1(ej\S\ej),
n /=1
rae Bce KOHeYHble CYyMMbl HEMpepbIBHbI. |

Jlemma 10.1.3. lycTb cnekTp onepaTopa F Tuna $ cocTouT U3
COOGCTBEHHbIX 3HAUYeHWit fn KOHeYHOW KpaTHOCTHK M lim /n= +00, TO-
roa MHO>XecTBO "

e E={S: TrSF ~ E} (10.7)
KOMNaKTHO.

JokasaTtenbcTBO. be3 orpaHuyeHns 06LHOCTN MOXHO CYMTATb, YTO MO-
CnefoBaTenbHOCTb /,, MOHOTOHHO BO3pacTaeT. ycTb Pn— KOHeYHOMepHbIV
MPOEKTOpP Ha COGCTBEHHOE MOAMPOCTPAHCTBO, COOTBETCTBYIOLLEE MNepBbiM N
CO6CTBEHHbIM 3HaYeHUaM, Torga Pn] |. MHoxecTBO &E 3aMKHYTO, MNOCKO/IbKY
JrSF ~ liminfjv-.00 TtSNnF gns nwob6oii nocnegosatenbHocTn {Syy}, cxoas-
weitca Kk S, B cuny nemmbl 10.1.2. Mockonbky fn+\(I —Pn) ~ F, umMeem
Tr5(/ - Pn)~ f-+1TrSF ~ fn+\E < e gna gocrtatoyHo 6onblUMX N U 4NA
Bcex 5 € &E- B cuny KpuTepus KOMMAKTHOCTM MHOXeCTBO &E KOMNakT-
HO. |

B npunoxeHusx, rge F SBNSETCH 0nNepaTopoM 3HEPrum CUCTeMbl OC-
LMANATOPOB, MOMYYeHHbI pe3y/bTaT 03HaYaeT KOMMaKTHOCTb MOAMHOXECTBA
KBAHTOBbLIX COCTOSIHWIA C OrpaHUYeHHOW cpeaHell aHeprueil.

§ 10.2. KBaHTOBas 3HTPONUSA U OTHOCUTE/IbHAA 3HTPOMNUS

3HTponusa H(S) KBaHTOBOrO COCTOSHWA S NO-MpeXHeMy onpegensercs
topmynoin (5.7), ogHaKo B GECKOHEYHOMEPHOM C/lyyae OHA MOXET MPUHM-
MaTb 3HauyeHue +oc. OTHOCUTENbHas 3HTPOMUA KOPPEKTHO orpejensercs
thopmynoi (7.2). BONbLWKHCTBO CBOWCTB, MOMy4YeHHbIX B §4.1, 0606uiaeTcs
Ha 6eCKOHEUYHOMEPHbIV Cy4aid, 0fHAKO BMECTO HenpepbiBHOCTU MMEET MECTO
LWL NONYHENPepPbIBHOCTb CHU3Y.

Teopema 10.2.1. KsaHTOBafg 3HTPONWSA U OTHOCUTENbHAA IH-
TpONWA MNONYHENPepbiBHbI CHU3Y Ha MHOXXECTBE COCTOSAHUN
nyctb {S«} (cooTBeTCTBEHHO (S'})—nocnegoBaTenbHOCTbL oOnepa-
TOPOB NNOTHOCTU B H, cxopdwaacd K onepaTopy nAoOTHOCTU S
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(cooTBeTCTBEHHO S'), Toraa
H(S) liminfH(Sn), H(S\'S") < lim ian(Sn\S',,l).
n—=00 n—oo

[okasaTenscTBo. B cuny HepaBeHcTBa (10.2) wmeem ||S,,-S|| —»0.
dyHkuma T](X) —-x\ogx HenpepbiBHa Ha oTpeske [O 1], cnegoBaTentHo,
[77(S,) - 77(S)| —0. LOelicTBUTENbHO, (YHKUMIO ti(x) MOXHO MNPUBAU3NUTL
MHOroufieHaMm paBHOMepHO Ha [O, 1] u 3aTeM KCNOMb30BaTb CReLyHOLLYHO
OLIEHKY.

3agava 10.2.1. [oKaxuTe, 4TO AN MHOTOY/IEHA P U NMPOM3BO/IbHLIX One-
patopoB A, B, HOpMa KOTOPbIX He MPEeBOCXOAUT efuHULY, UMeEeT MeCTO Hepa-
BEHCTBO

P (T)-p(AXc,[I-4]
B KOTOPOM KOHCTaHTa Cp 3aBUCUT TOMbKO OT p. YKasaHue. Mcnonbayiite

pasnoxeHue
/-l

Ak-B k= - B)B1L
Fo
Takum 06paszom, A1 N060ro KOHEYHOMEPHOro NpoekTopa P B cuny Hepa-
BeHcTBa (10.1) vmeem

\TTP(pm)-p ))\ » TrPMSa) - VS\ - 0. (10.8)

C [Jpyroil CTOPOHbI, B CWUMY TOTO )K€ HepaBeHCTBa, A4/ IPMWUTOBA MOMOXN-
TeNbHOro onepaTopa A BbINONHSAETCS HEPaBEHCTBO

TrPA ~ ||P|ITr N,
n, cnegoBatensHo, TrA = supTrPA, rae P npoberaeT MHOXeCTBO BCEX KO-
p
HEYHOMEpPHbIX MPOEKTOPOB. TaknuM 06pasom,
_ N _ - imi
H(S) s:)JpTrP S) < IAm*lorgfs%pTrPW(S,,) 'mlng(Sn)-

AHaNIOrMYHO, UCMOMb3ys GECKOHEUHOMEpPHLIV aHanor npefcTasneHns (7.20)
ANl OTHOCUTENbHOI SHTPOMUM, MONyYaem

H(S\S') = sup\ [//(AS + (1- A)S)- AH(S) - (1- AH(S)},
o A
cnegosartenbHO,

H(S;S") = sup j TrP[?j(AS + (I —A)S) - A%(S)- (1- AMES)H] »

P. A>0 *

< liminf sup j TrP[7?(ASn+ (I-A)S")-Atj(S.,)-(1 -A)?7(S)] =
n*t p»om

= liminf//(S,,;S;). O
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Nemma 10.2.1. MycTb F —onepaTop Twuna 5, ya0BNeTBOPSIOLLMNIA
yCN0BUIO

Trexp(-0£) < oo pgnss > 0, (10.9)

Torja KBaHToOBas sHTponua H(S) orpaHuyeHa u HeMmpepbiBHA Ha MHO-
>XecTBe &e, OnpefeneHHOM cooTHoweHnem (10.7).

3ameTum, 4To M3 HepaseHcTBa (10.9) cnegyet, 4to onepatop F yposne-
TBOpSAeT ycnosuam nemmbl 10.1.3, a 3HaYUT, MHOXECTBO &e KOMMAKTHO.

[okasaTenbcTB0. BBOAA onepatop nnotHoctu Se = exp{—OF - ¢(9)),
rae ¢(9) = In Trexp(—9F), nonyyaem

H(S) = - H(S;Se)+9TrSF +¢{9), (10.10)
rae //(S; Se) —OTHOCKTENbHAaA 3HTPONWA, CMefoBaTeNbHO,
H(S) » -H(S;Se)+ 9E + c(9), (10.11)

ecnn S £ & e. Moatomy aHTponua H(S) orpaHuueHa Ha ©F. MOCKONbKY (YHK-
uma N(S) nonyHenpepbiBHa CHU3Y B cuy Teopembl 10.2.1, 4OCTATOYHO fOKa-
3aTb ee NONyHenpepbIBHOCTb CBEPXY Ha MHOXecTBe &e- MycTb {Sn}c &e —
nocnefoBaTelbHOCTb COCTOSHMIA, CXOAALLaAcA K COCTOSIHMIO S. 3 HepaBeH-
ctBa (10.11) B cuay MNOAYHeNpepbIBHOCTA CHWU3Y OTHOCUTENbHON 3HTponuu
cnefyeT, uTo

limsup/7(5,) » -H(S\ S0)+ 9~ E +¢(9) » H(S) + 9E. (10.12)
n—*00

Mepexopd k npegeny npy 9 —»0, nonyyaem nNOJSYHENPEPLIBHOCTL CBEpPXY
hyHKymn H(S). O

3ameTum, 4tO ecnm F —onepaTop 3Hepruu CUCTEMBI, TO Se —omnepartop
MJ0THOCTU FMOG6BCOBCKOrO PaBHOBECHOTO COCTOSIHWS MpU 06paTHON Temmnepa-
Type 9, a yHKuma —9~1c(9) paBHa CBOGOAHOW 3HEPruw.

8 10.3. C-g-KaHan ¢ 6eCKOHeYHbIM andaBuTOM

MycTb X —HekoTopoe (6eCKOHEYHOE) MHOXECTBO; OTOOpaxeHMe X —>Sx
MHOXecCTBa X B MPOCTPAHCTBO COCTOSAHMIA &(H) 6yaem HasblBaTb Knaccuye-
CKW-KBAHTOBbIM (C-q) KaHanoM C BXoAHbIM angasutom X. MycTtb f(x) —
(hyHKLMA, onpejeneHHas Ha X 1 nprHMMatoLwas 3HaveHuns B [0, +00]. Beegem
Knacc Te pacnpefefneHuii BepOSTHOCTEN C KOHe4yHbIM Hocutesnem n = {nx}
Ha X, Y4OBNETBOPAIOLLNX YCNOBUIO

A2 f{x)ix < £, (10.13)
X
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rge E —nonoxutensHoe yncno. bygem cuntatb, YTO MHOXECTBO Ve HENycCTo,
W npegnosiaratb, YTO KaHan YAOBNETBOPAET CMeAyloLleMy YCNOBUIO:

sup H(Y 'tr®*N1 < oo. (10.14)

OnpegeneHune 10.3.1. Onpegenum kog (W, M) pasmepa N 1 gmHbl N
TakK XXe, Kak B onpegeneHmn 5.1.1, ¢ 4ONONHUTENbHbLIM TpeboBaHWEM, UYTO BCe
Kogosble cnoBa w = {x\, ..., xn)e W y[oBneTBOPAOT aAAUTUBHOMY OrpaHu-
YEHUIO

/(x,) + ...+ /(jc,,KnE. (10.15)

CpefHaa BepoATHOCTb owmnbkn koga Pe(W, M) n MuHUManbHasa cpeg-
HAS BEPOATHOCTbL owmnbkn pe(n, N) faloTca COOTBETCTBEHHO (hopMynamu
(5.5) n (5.6). Knaccmyeckas nponyckHas cnoco6HOCTb KaHana x —*SXonpe-
[lenseTcqa B COOTBETCTBMM C onpegeneHvem 5.1.2, T.e. KaK TOYHas BEPXHSAA
rpaHb 4ONYCTUMbIX CKOPOCTe R, ANns KOTOpbIX nIi[g0 pe{n, 2nR)=0.

Teopema 10.3.1. Knaccuyeckas nponyckHas cnocobHocTb C c-g-Ka-
Hana x —>SX, ygosneTsopstouero ycnosuto (10.14) ¢ BXOAHbIM OrpaHu-
yeHuem (10.15), paBHa BeAUYUHE

Cy = sup H *xH(.Sx) (10.16)
" Trepf

[okasaTenbcTBo. lMycTb VA —Knacc pacnpeaeneHnii BeposTHOCTel Ha
X N, yA0BNETBOPSAOLLMX YCOBUIO

N2 [f(xi) + ... + f(xn)]irXt < nE. (10.17)
X\ xa
Onpegenum BenuuuHy C" BoipaxeHneM (5.26), B KOTOPOM TOYHas BepXHAA
rpaHb Mo 7 6epeTcs No MHOXECTBY V@, T.e
C" = sup x(fo»}; {5w})-
jrev']
Nemma 10.3.1. TMocnegosaTenbHocTb {C’}aganTueHa, T.e. C” =
—nCx.

JokaszaTenbcTtBo. B cuny HepaseHcTBa (5.27) Mmeem
n

Xn(k) ~ X{x(7T<fr)).
bl

roe v —k-e mapruHanbHoe pacnpegeneHve # Ha X. [danee,
n
NIX<*). (10.18)
k=\
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1

rpe = - % T<A. NocKonbKy X(Tr) — BOrHyTasi (PYHKUMS paclienneHns n
n*=1

(3TO CcnepyeT M3 BOrHyTOCTM 3HTponuM (hoH HeiimaHa). HepaseHcTBO (10.17)

MOXHO nepenucatb cregyrowmnm o6pasom:

J < £
Al X

OTKyfa cnefyeT, 4to Tr6?£, ecnm mk&'PMK B35B TOUHYHO BEPXHIOKD rpaHb Mo

neV "™ B cooTtHoweHun (10.18), nonyyaem C” <« C X. ObpaTHOe HepaBeH-
CTBO OYEBUAHO. O

Ona pokasatenbctsa 06palleHUs Teopembl KOAMPOBAaHWUSA WCMONb3YeEM
cneacteue HepaBeHcTBa PaHo (cm. (5.29)):

sup  wsup”~ZAjr, ) ,
A (10.19)

KOTOpOe BbIBOAMTCA creaylowmm obpasom. MycTb cnosa B koge (W, M) 6e-
pyTca € BXOAHbIM pacrpefeneHneM 7T NpuNMCLIBAKOLLMM PaBHYO BEpOST-
HocTb 1/J1/ Kaxgomy cnoBy. PaccmMoTpum HepaBeHCTBO (4.35). oCKONbKY

KOfO0Bble CnoBa yaoBneTBopstoT ycnosuto (10.15), umeem 7r(\j \ oTkyga
cnepyet HepaBeHcTBO (10.19).
MpumeHss HepaBeHcTBO (10.19) u Teopemy 5.3.1, nonyvaem

rae Cx onpegensietca BoipaxeHuem (10.16), oTKyga cnefyet, UTo
pe(n, 2nR) 40 ana R > Cx.

B knaccuyeckoii Teopumn MH(opmauuy npsimas TeopemMa KogUpOBaHWS Afis
KaHafioB C aAAUTMBHBIMU OrpaHUYeHNAMU MOXeT ObITb AOKa3aHa C NMOMOLLbIO
CNy4yaiiHOro KOAMPOBaHUA C pacnpefeneHnem BeposTHocTel (5.42), mogngu-
LIMPOBaHHOTO MHOXUTENMEM, CKOHLEHTPUPOBAHHLIM Ha CNOBax, ANS KOTOPbIX
orpaHuyeHne BbINOMHAETCSA B BUAE MPUOAMKEHHOTO paBeHCTBa. AHANOMNYHBIN
noaXo4 MOXHO NPUMEHUTb U K C-(-KaHany. MycTb N — pacnpegeneHune Ha X,
yoosneTeopsitolee ycnosuto (10.13), u nyctb P —pacnpegeneHme Ha MHO-
xectse N Cf10B, NpY KOTOPOM C/l0Ba HE3aBUCUMbI U UMEIOT pacnpefeneHue

BeposaTHocTeR (5.42). BeeaeM 0603HayeHne vn —H -H53f(x K~ I\im onpe-
\n k=) A J

LenM MoAM(ULMPOBAHHOE pacnpefeneHue BeposTHOCTel P, npu KoTopom
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cnoBa no-npexHemy He3aBUCUMbI, HO

n~'nxr...-7*, ecnn /(**) < nE<
P(w = (x| Xn)) = *=] (10.20)

0 B MPOTMBHOM C/yu4ae.

3ameTumM, 4TO, NOCKONbKY >XEV e, cnpaBesnBo HepaBeHCcTBO E /M £ (rge
E — maTemaTuyeckoe oXufaHue OTHOCUTENbHO pacnpegeneHus P), u, cnego-
BaTeNbHO, B CUNY LIEHTPaNbHON NpeAenbHOW TeopeMbl UMeeM

lim vn ~ 1/2.

Moatomy EE~ 2T EE (rge E — maTemMaTM4YecKoe 0XuaHue 0THOCUTE/NbHO pac-
npeaeneHns P) gns no6oin HeoTpuLUATeNbHOM CydaliHOW BeWMYMHLI £, 3aBW-
CAlLe OT T pas/INyHbIX CIOB.

BeposTHOCTb ownbkm Pe(W, M) orpaHuuyeHa cBepxy BenuumHoii (5.46).
OueHMM MaTeMaTMUYecKoe OXuAaHve 3TOW rpaHuLbl OTHOCUTENLHO pacnpeje-

neHusa P. MocKonbKy KaXKfoe cnaraeMoe B NpaBoii YacTu HepaBeHcTBa (5.46)
3aBUCUT He 60/lee YeM OT ABYX Pa3/IMYHbIX C/I0B, UMEEM

Ei'UIfPe(W, M) s? 4EiRAfPe(IF, M),

N MaTeMaTUYeCKOe OXMWAaHWe OTHOCUTENbHO pacrpefeneHus P MOXHO cpe-
natb CKOMb yrogHo maneiMm npu N = 2nR, n —*o00, ecim R < Cx —35. To-

aTomy EPe(W, M) TakXe MOXHO cAenaTb CKO/Mib YTOAHO MaibiM MNpU Tex

Xe ycnoBuax. MockonbKy pacnpefeneHne P CKOHLEHTPUPOBAHO Ha CoBax,
yposneteopsaowmx ycnosuio (10.15), MOXHO BblbpaTb Ko, AN KOTOPOro
BennuuHy Pe(W, M) MOXHO caenaTb CKOMb YrOAHO Manol Ans AOCTaTOYHO
60bLWMX n. O

§ 10.4. C-g-KaHan c HenpepbIBHbIM andaBuTOM

MycTb Tenepb BXOAHOW angaBUT X sABASETCS NOMHbIM cenapabesibHbIM
METPUYECKMM MPOCTPAHCTBOM C CT-anrebpoii 60peneBCKUX MNOAMHOXECTB.
PaccMOTpuM C-(-KaHas, KOTOpbli 3a4aeTcs HempepbiBHbIM OTO6paXKeHuem
X —>Sx angaButa X B MHOXECTBO KBaHTOBbIX COCTOsHMI &(H) (B cuny
nemmbl 10.1.1 Ans 3TOr0 HeOOXOAMMO M LOCTATOYHO, YTOObI BCE MaTpU4HbIe
anemeHTbl (ip\ Sx \ip), ip, peH, 6biAM HenpepbiBHbI Ha X). Haluei uensto
OygeT nonyyeHne yAo6HOTO WHTErpanbHOr0 BbIPaXEHUS A8 KNacCUYecKoi
NPONyCcKHol cnocobHocTn C KaHana x —>SX npu orpaHnyeHnmn (10.15).
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MpeAnonoXum, 4to / —HeoTpuLuaTenbHas 6openeBckas (QyHKUMS Ha X.
PaccMOTpMM MHOXeCTBO V8 60peNneBCKMX BEpOSTHOCTHLIX Mep T Ha X, yao-
B/IETBOPSIIOLLMX YC/OBUIO

$ f(x)n{dx) «CE. (10.21)
X

MocnegoBaTeNlbHOCTL 60PENEBCKNX BEPOATHOCTHBLIX Mep {7, } cnabo cxoanT -
cA K Mepe T, ecnu

A (p()nn(dx) -> $tp(x)ir(dx)
X X

AN Nio6oii orpaHMYeHHoO HenpepbIBHOW (YHKUMM p. Ham noHago6sTcs che-
JyloLmMe BCoMoraTeibHble pe3ynbTaTbl (CM. KOMMEHTapuu).

3agava HO.4.1. TMlycTb / —nonyHenpepbiBHAs CHU3Y (YHKLUMA, Torga
(yHkumoHan 7 —»8§ f(x)n(dx) nonyHenpepbiBeH CHWU3Y MO0 OTHOLLEHWIO
K cnaboil CXOAMMOCTU BEPOSITHOCTHbLIX Mep. YKasaHue. Vcnonb3yiite TOT
thakT, uTo / ABNSETCA TOUHON BEPXHEN rpaHbi0 CEMEeCTBA BCEX OFPaHUYEHHbIX
HenpepbIBHbIX (YHKLMIA /.

Nlemma HO.4.1. MycTb f —nonyHenpepbiBHAs CHU3Y (PYyHKUWUS, TO-
rga MHOXXecTBO Ve BCEX BEPOATHOCTHbLIX MEP C KOHEYHbIM HOCUTENEM,
yaosneTBopAowux ycnosuo (10.21), cnabo nnoTHoO B P .

MpuBeaem Takxe yAo6HOE A0CTaTOYHOE YC/MOBME CNa6oii KOMMAKTHOCTU
MHOXecTBa V§.

Jlemma 10.4.2. Ecnu pyHkuma f nonyHenpepbiBHA CHU3Y U ANS Ni0-
6oro nono>kuTenbHoro uucna k mHo>kecTso {x: f(x)"k]cX kom-
NakKTHO, TO NOAMHOXECTBO BEPOATHOCTHBIX Mep

Pe =" §KQN(AX) " £ ]

cnabo KOMNakTHO.

[okasaTenbcTBO. W3 nonyHenpepbiBHOE™ CHU3Y QyHKUMM [ cnegyer,
4yTo pyHKUmoHan 7r-H>"  f(x)ir(dx) nonyHenpepbiBEH CHU3Y MO OTHOLUIEHWUIO
K Cnaboil CXoAMMOCTM BEPOSATHOCTHbIX Mep (3agadva 10.4.1), oTKyAa BbiTeKaeT
cnabas 3aMKHYTOCTb MHOXeCTBa 13BecTHO, 4TO cnabo 3aMKHYTOe Mnoj-
MHOXECTBO V 60peneBCKNX BEPOATHOCTHbLIX Mep Ha X Cnabo KOMMaKTHO To-
raa v ToNbKo Torfa, Korga ansa no6oro e > 0 cyulecTsyeT komnakT K C x Ta-
Koid, uto n(Kc) < £ gna Bcex n € V. nsa gaHHoro e > 0 pacCMOTPUM KOMMaKT-
Hoe MHOXecTBo K = {x: f(x) < E/e}. Toraa >k(Kc) < J: [(X)Tr(iiX) < e

ana TrePj?, cnegoBaTtenibHO, MHOXECTBO Vp €nabo KOMMAKTHO. O
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Ans TMPOM3BONbHON GOPENEeBCKOW BEPOATHOCTHON Mepbl 7r Ha X BBEAEM
cpefjHee COCTOsAHMe
S* = $Sxn(dx), (10.22)
X
rfe no NpefnosioKeHUo NoAbIHTErpasibHas QYHKUUA SX HenpepbiBHA U UHTe-
rpan onpegensieT onepatop NJOTHOCTM B H.
Mpegnonaras, 4to H(Sn) < 00, paccMOTpUM (DYHKLMOHaN

X@r) = H(S,) - “H(Sx)n(dx), (10.23)
X

roe gyHkums H(SX) HeoTpuuaTtenbHa U NOMyHeNpepbIBHA CHU3Y B CUMY JIEMMb
10.2.1, cnepfoBaTenbHO, MHTErpan OT Hee OMpefeneH.

Teopema 10.4.1. TycTb cywecTBYeT onepaTop F Tuna 3, ygosne-
TBOpALWMIA ycnosuto (10.9) n Takoil, 4yTo

f(x) > TrSXF, x g X. (10.24)

Torpa BbinonHeHo ycnosue (10.14), nponyckHas cnocobHocTh C KaHana
X —>SXc orpaHuyeHmnem (10.15) koHe4yHa u gaeTcs BbipaXkeHuem (10.16).

Ecnu, Kpome Toro, gyHkuma f ygosneTBOpsieT YCAOBUAM NEMMbl
10.4.2, TO

C = max xM - (10.25)
Ter>|

[okaszaTenbcTBO. WMHTerpmpysa HepaBeHcTBO (10.24), nony4yaem
TrSHr < E (10.26)

ana 7rCTe, cnefoBatefibHO, cornacHo nemme 10.2.1 cnpasej/iMBO HepaBeH-
CTBO

H(S,,) » BTr&xe +c(8) * 6E + c(),

noatomy ycnosue (10.14) BbiNofHeHO, BennMunHa C KOHeYHa W onpejgenseTcs
BbipaxeHvem (10.16).

Ecnu dyHkums / yaoBneTBopseT ycnouam nemmbl 10.4.2, TO MHOXECTBO

cnabo KOMNaKTHO. MoKaxeM, YTO (PyHKUMOHAN 7r—» XM HenpepbiBEH K,
cnefoBaTeNlbHO, AOCTUraeT CBOEro MakCcuMyma Ha

PaccmoTpum nepsoe cnaraemoe B popmyne (10.23) ana x(>B- MockonbKy
MaTpU4Hble 3femMeHTbl ceMeincTBa {S*} HenpepbIBHO 3aBUCAT OT X, 0TO6paxe-
HMe K —»8 N B MHOXeCTBO ©OF, cHab)xeHHOe cnaboii onepaTopHON TOMOOrMEN,
HenpepbIBHO OTHOCWUTENLHO cnabol cxogumocTn mep. B cuny nemmbl 10.1.1
cnabas onepatopHasa Tononorna Ha &{H) 3KBMBaNEHTHa TOMOMOrMU SAEPHON
HOpMbl. KBaHTOBas 3HTPONWUA HenpepbiBHA Ha &e B cuny nemmbl 10.2.1.
Moatomy dyHkumoHan tr—H(SK) HenpepbiBEH Ha MHOXEeCTBe
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Mokaxem, 4To BTOpOe cnaraemoe B popmyne (10.23) Takxke HenpepbIBHO.
[Ona nwob6oii mepbl € P% 1 K >0 paccCMOTpUM pasnoXxeHune

§H{Sx)n(dx) = $ ff(SxMdx) + & H(Sx)K(dx). (10.27)

nl J<K* KIOA
HenpepbIBHOCTb ByZeT cnefoBaTb M3 TOr0, YTO MepBOe CnaraeMoe Henpepbis-
HO Ha 'Pp. a BTOPOe MOXET 6bITb CAeNaHo paBHOMEpPHO ManbiM Ha V§ 3a cueT
BblbOpa foCTaTOMHO 60nblIOro K. B cuny ycnosusi (10.24) n3 HepaBeHCTBa
f(x) < K cnegyet, 4yto SX € 6*, a B cuay nemmbl 10.2.1 3HTPONUS OrpaHM4YeHa
N HenpepbiBHa Ha 6*, nostomy yHKums H(SX) orpaHuyeHa 1 HenpepbiBHa Ha
KoMnakTHOM MHoXecTBe {x: f(x) K], n, cnegoBaTenbHO, NepBoe cnaraeMoe
B pasnoxeHun (10.27) HenpepbiBHO 3aBUCUT OT 7. C Apyroii CTOPOHbI, Noj-
cTaBnssg 5 = S* B popmyny (10.10) 1 BHOBb MCMOMb3ys HepaBeHCTBO (10.24),
nonyvaem

H(SX) "ef(x) + c(6).

dukevpyem £ >0, 1 Torga, BbiGUpas cHauana JOCTaTOYHO Masioe B, a 3aTeM
[oCTaTo4YHO 6onblioe K, Ans A € Pj? nonydyaem

§ H(SX)n(dx) ~ B " f(x)n(dx) +c(B) & ir(dx) "
f(x)>k F(x)>k f(x)>k

< BE +c(9)Ek~I < E

WTak, BTOpoe cnaraemoe, a 3HauuT, W BeCb (OYHKLMOHaN X(7r) HenpepbIBHbI
Ha T§.
M3 nemmbl HO.4.1 v BbipaxkeHns (10.16) Torga BoiTekaeT, 4to C= sup XW ,
irepf
npuyemM TOYHas BEPXHAS rPaHb LOCTUraeTCd B CU/Y HEMPEPbLIBHOCTU (DYHKLM-
OHana X(1r) 1 KOMNakTHOCTM MHoxecTBa Vfl. O

§ 10.5. KBaHTOBbIii KaHa/n C OrpaHUYeHNEM

MycTb Ha, He —cenapa6esibHble b6EPTOBbI MPOCTPAHCTBA, KOTOpbIe
GyfyT Ha3blBaTbCA COOTBETCTBEHHO BXOAHBIM U BbIXOAHLIM MPOCTPAHCTBOM.

OnpegeneHne 10.5.1. KaHanoM Ha3sblBaeTCsA NMHEHOE, OrpaHNYeHHOe,
coxpaHsitoliee cnef, BMOMHE MONOXUTeNbHOe oTobGpaxeHune @: %(Ha) —»
—>X(Hi). Kak ¥ B KOHEYHOMEPHOM C/y4ae, MOSIHas MOOXMTENbHOCTb
03HayaeT, 4YTo Ans nwboron= 1,2, ... oto6paxeHne ®® Id,, NONOKNTENLHO.

3agava 10.5.1. [okaxuTe, 4TO NPOU3BO/IbHOE ahMHHOE OTOGpaXkeHue
®$: & (Ha) —¢&(HB) 0OAHO3HAYHO MNPOAOMKAETCA A0 JIMHENHOro, OrpaHu-
YEHHOro, NOMOXMUTENBHOrO, COXpaHAtoLWero cnef otobpaxeHus d: %{Ha) —»
—»T(HB)- YkasaHue. NS MOCTPOEHMS NIMHEAHOrO MPOAO/IHKEHUS MCMONb-
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3yiiTe KOHCTPYKUMIO 3afaun 2.2.1, a AN A0OKa3aTesbCTBa OrpaHNYeHHOCTUN —
OLIeHKWN ©3 nemmbl 9.2.2.

B aToM naparpage Mbl U3y4UM K/TaCCUUECKYHD MPOMYCKHYH CMOCOGHOCTb
KaHana @ npu agauTMBHOM OrpaHMYeHMM Ha Bxoge. IycTb F — onepatop
TMna 5 B Ha, NpeACTaBNAtoLWMiA BENNUMHY, CpefjHee 3HaueHMe KOTOpOiA orpa-
HUYeHO (B MPUNIOXEHMAX 3TO OBbIYHO CPeAHss 3HEprus CUrHana Ha BXofe
KaHana). MpeanonaraeTcs, YTo COCTOSHWS S P> Ha BXxofe G/MI0YHOr0 KaHana

P8 nofuMHeHbl agauTUBHOMY OrpaHUYeHuIo
TrsW/rW ~ ng' (t0.28)

roe
Fp=/~...0/+...+/®..®/%
a E —nonoxuTenbHas noctosHHas. Moguguumpys onpegeneruve 8.1.1 v go-

KasaTenbCcTBO npeanoxeHus 8.1.1 Ha cnyvaii KOLOBbIX COCTOSIHUIA C OrpaHm-
yeHmsaMmM (10.28), MOXHO f0Ka3aTb CneaytoLwnii pesynbrar.

MpegnoxeHne 10.5.1. MycTb KaHan ® yLoBNeTBOPSAET YCNOBUID

sup  /(D[5]) < c». (10.29)
s: TrSFAE

Torga knaccuyeckas NPOMyckHas CNOCOGHOCTb 3TOr0 KaHana npw
orpaHunyeHnn (10.28) KOHEYHA W JaeTCs Bblpa>kKeHUem

C(d, F, E) = n'l”x‘;cﬁc z((¢®", F(n), nE), (10.30)
roe
CX(®,E.E)= sup *({*}; {®P-]}). (10.31)
m Tr
3gecb Sn= H-S( —cpeaHee cocTOoAHME aHcambna = {n7, S}.

Ecnn ,qnﬂIKaHana ® BbINOMHAETCA CBOMCTBO afAMTUBHOCTU
CX(@®4 F(n), nE) = nCx(®, F, £), (10.32)
TO MMeEeT MeCTO PaBeHCTBO
C{®d, F, E) = CX(d, F, £).

JT0 TeCHO CBSi3aHO CO CBOWCTBOM CYMepaAvTUBHOCTU BbIMYK/IOro 3aMbl-
KaHWs BbIXOAHON 3HTponuu (8.35), M3 KOTOPOro cnegyeT aAAuTMBHOCTb
X-NpPOMNYCKHOW CMOCOBHOCTM MpPU  JIMHERHbIX orpaHuyeHnsax (8.39) (cwm.
n. 8.3.2).

B nwo6om cnyuyae BenmumHa (10.31) gaeT HWKHIOW TpaHuUy ANs Knac-
CMYECKOn nponyckHoi cnocobHocTn C(®P, F, E). Monyynm 6onee yaobHoe
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BolpaxxeHne ana CX(®, F, E), onupasncb Ha pesynbTaTbl M3 NpeablayLlero
naparpaga. PaccmoTpum c-g-kaHan ¢ andasutom X —&(Ha), onpegens-
emblii 0TobpaxeHnem 5 —®[5]. OrpaHunyeHne ByaeT 3afaBaTbCs (QYHKLMEN
/(S) = TrS/7, koTopas sBNseTcs aQpPUHHONM 1 NMONYHENPEPbIBHOM CHU3Y B CUTY
nemmbl 10.1.2, a ycnosue (10.14) nepexogut B (10.29).

OnpegeneHne 10.5.2. O606WeHHbIM aHcambnem HasblBaeTCs MpPOU3-
BO/IbHas 6openeBckas BepOATHOCTHasA mepa >XHa 6(Hp). CpegHee cocTo-
AHWe 0606LeHHOro aHcambnsa >K3agaeTcsa 6apuLeHTPOM

SX — ji Bk(dS).
B(MA)
O6blYHble aHCamMb/iM COOTBETCTBYHOT MepaM C KOHEYHbIM HOCUTENEM.
M3 nemmbl 10.2.1 cneayeT, B YaCTHOCTM, UYTO HeOoTpuuaTeNbHas (yHKUMA
S +5//(P[5]) usmepuma. CnegosatensHo, npu ycnosuu //(® (£4) < oo onpe-
JeneH yHKUMOHan

Xb(m = A(P(BT) - A~ tf(*(S))7r(rfS). (t0.33)
BTA

3agaya 10.5.2. Jokaxute, 4to BenuumHa X(PC7/) ABNAETCA BOMHYTbIM
(DYHKUMOHANOM OT >K

Cnegcteme 10.5.1. TlycTb cyuwecTByeT MONOXKWUTENbHbIA onepa-
Top F' B HB Takoii, 4yTo

Trexp)-#/7) < +oo pansscex B > 0 (10.34)

Tre~|7T < TrS/7, S 6 B(H). (10.35)
Toraa BbINOAHeHO ycnosue (10.29) u

Cx(®, F, E) = sup xtp(Tr).
7r: TrSNFNE

Bonee Toro, sHTponua A(P[5]) HenpepbiBHA HAa KOMNAaKTHOM MHO>Ke-
cTee &e={S: TrS/7T/T}
Ecnu, kpome ToOro, onepaTop F y4oBneTBOpPAeT YCNOBUAM NeMMbI
10.1.3, TO cyuwecTByeT ONTUMAaNbHbIA 0606WEHHbIA aHCamMbab, T.e.
CX(®, F, E) = max Xp~N)- (10.36)
7 TrSnFAE
[oka3zaTenbCTBO. YTBepxAeHuwe crnefyeT m3 Teopembl 10.4.1, npume-
HeHHOM K c-g-KaHany S —»®[5] ¢ dyHKumein-orpaHuueHnem f(S) = TrS/7,
npu aToM ponb ycnosusa (10.24) urpaeT HepaBeHcTBO (10.35), a onepatop F'
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urpaet ponb F. ®yHkuma /(5) = TrSE ypaoenetBopseT yCnoBusM NiEMMbI
10.4.2 B cuny nemm 10.1.2, 10.1.3.

HenpepbIBHOCTb aHTponun /7(P[5]) cnegyeT u3 HenpepbIBHOCTU 0TO6pa-
XeHuss S —S' = <£[S] nnemmbl 10.2.1, KOTOpas rapaHTUPYeT HENPEPLIBHOCTb
aHTponun H{S') Ha kKomnakTHOM MHOXecTBe {S': TrS'P"E}. O

§ 10.6. lMepefaya KaaccMyeckKon MHGopmaumm
C MOMOLLbLI CLEMNSIEHHOr0 COCTOAHMSA 4Yepes
KaHan C orpaHWYeHnssMm

MycTb cuctembl A 1 B HaxogATcs B CLEMNEHHOM YMCTOM COCTOsSHMM Sab-
MpeanonoXum, YTo UMeKoLLasaca B UX PacnopsXeHUM CLEenneHHOCTb Heorpa-
HMYEHa, HO KOHEYHa, T.e. COCTOSHWE Sab aonxwuo YAOBNETBOPATb YC/0BUIO
H(Sa) —H(Sb) < 0o. O606was pesynbTat M3 8§8.4, MOXHO A0KasaTb cnefy-
loLiee yTBepXaeHme.

MpegnoxeHne 10.6.1. MycTb ® —KaHan, y40BNe TBOPAKOLMIA yCcno-
Buto (10.29) c onepaTopom F, Ansa KOTOpPOro BbinonHeHo ycnosue (10.9),
TOorja nponyckHas cCnocobHOCTbL NPOTOKOMA mepejayn Knaccuyeckoi
MH(OpMaLMM C NOMOLLbIO CLENNEHHOro COCTOAHNA Mo KaHany ® corpa-
Huyennem (10.28) KOHeYHa W [aeTCA Bblpa>KeHnem

CM@®) - sup /(5, D), (10.37)
S: TrSFAE
B KOTOpPOM
(S, ®) = H{S) + A(®[5]) - H(S; ¥), (10.38)

roe H(S\ ®) —obmeHHasa aHTponus.

Wcenepgyem BOMNPOC O JOCTMXKMMOCTM TOYHOM BepXHEW rpaHu B npasoi
yactn paseHcTea (10.37). 3ameTtum, yto u3 ycnosusa (10.9) cnegyet, uTo
onepatop F yposneTBopsieT ycnosuto nemMmbl 10.1.3 W, 3HAYNT, MHOXECTBO
6e={5 TrSF<£} KomnakrtHo.

MpepnoxeHne 10.6.2. TycTb orpaHnymBarownii onepaTop F ygo-
BneTBOpsieT ycnosuio (10.9), n nycTb cyuwecTByeT onepaTop F' Twu-
na 5, AN KOTOpPOro BbinoaHeHbl ycnosua (10.9) n (10.35). Torga

Cea(®d) = . ngF(AE (S, D). (10.39)

Bonee Toro, ecnm KaHan ® TakoB, 4YTO
sup I(S, ®) = oo, (10.40)
S

To makcumym B (10.39) gocTuraeTcsa Ha onepaTope NNOTHOCTK S, And
KOTOpPOro orpaHuyeHune BbINONHEHO B (hopMe paBeHcTBa TrSF = E.



246 KaHanbl ¢ orpaHuyeHnammu [Fn. 10

Joka3aTenbcTtBo. PaccMOTpMM OTAENBHO KaXfoe cnaraemoe B opmysie
(10.38). 3ameTunm, 4TO B cuay leMmbl 10.2.1 KBaHTOBas SHTPONUS MONyHenpe-
pbIBHA CHU3Y. [MOCKO/bKY OOMEHHYHO 3HTPOMWUIO MOXHO MpPeAcTaBuUTb B BUE
H(S; @) = //($f[S]), roe de —kKomniemMeHTapHbIi KaHan M3 MPOCTPaHCTBa
CUCTEMbl Ha s MPOCTPAHCTBO OKPYXXEHUSi He, OHa TakKxe MOMyHeNpepbIBHa
CHM3Y, ¥ NO3TOMY nocnedHee cnaraemoe B opmysne (10.38) nonyHenpepbiBHO
ceepxy. Urto KacaeTtcsa nepsoro cnaraemoro H(S), TO OHO HenpepbiBHO Ha
MHOXecTBe ©f = {S: TrSE£/"£} B cuny nemmbl 10.2.1, NOCKOMbKY orpa-
HWuMBalOLWMiA onepatop £ yposneTsopseT ycnosuio (10.9). W3 cneacteua
10.5.1 BblTeKaeT HenpepbIBHOCTb BTOPOro cnaraemMoro B ¢opmyne (10.38),
T.e. //(<$[S]). bonee TOro, 3To CNEACTBME TaKXe rapaHTUPYeT BbIMOSIHEHMWE
ycnosus (10.29), a 3Hauut, nmeet mecto opmyna (10.37). Kak cnegyer u3
CKa3aHHOro Bbile, B3aMMHaa uHhopmaums (10.38) nonyHenpepbiBHa CBEPXY
Ha KOMMaKTHOM MHOXecTBe &£, a 3Ha4uT, 4OCTUraeT CBOEro MakcUMyMa.

[ns pokasaTenbcTBa BTOPOro YTBEPXAEHWUS BBefeM 0603HauveHue

Jo(E) = Trrggi (S, ®)

1 NPeanonoXunM, YTo CyLLecTBYeT Si Takoe, 4TO
TrS\F < E, /(Si, ®) > fo(E).
M3 ycnosusa (10.40) cnepyeT, yTo HaligeTcs Sz Takoe, 4To

TIS2 > £, /(S2, &) > /0(£).

X .. TrS2f —E
Torga, nonarad A= jrs2l:_ Tr5 £’ n0/MMaem
0< A< 1 Tr(ASi +(1 -A)S2f = E

I(ASi + (L- A)S2, ®) » [0(E) < A(S,, &)+ (L- A)(S2, D),

YTO MPOTMBOPEYUT BOTHYTOCTU QyHKUMM /(S, P). O

§ 10.7. KaHasnbl, paspywaruime cLueneHHoCTb

CoctosHue S e ©(Hi ®H 2) Ha3biBaeTCs pa3fenmbiM (HECUEeNNeHHbIM),
€CNN OHO MPUHAAMIEXMUT BbIMYKIOMY 3aMbIKaHUIO (T. €. 3aMbIKaHWIO BbIMYK/I0W
060/104KM) MHOXeCTBa BCeX COCTOAHMI-Npon3BefeHnin Si<g>S2€0 (Hi ®H2).

MpegnoxeHne 10.7.1. CocToOAHME S aBNAeTCA pasfenMMbiM Torga
W TONbKO TOrfa, Korga oHo gonyckaeT npeacTasneHue

S = &S 1{x)®S2{x)TT(dx), (10.41)
X
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roe n(dx) —6openeesckas BeposiTHOCTHaa mepa, a Sj(x), /= 1,2,—
6openesckne &(Hj)-3Ha4Hbie yHKLMM HA HEKOTOPOM MNOMHOM cena-
pabenbHOM MeTpMUYECKOM NpoCcTpaHCcTBe X.

[okazaTenbcTBo. CocTosfHME S pa3fenumo Torfga v ToNbKo Toraa, Korga
S= lim S, rge
n- »00
S* = 5 Si ®S27r,,(dSiefS2), (10.42)
B(l/I )6(H9

{a/,} —nocnenoBaTenbHOCTL 6OPENEBCKUX BEPOATHOCTHbIX Mep C KOHEYHbIMM
HOCUTENsAMMN.

Myctb S npepctaBnsetca B Buge (10.41), Torga, Npovs3BoAsA 3aMeHy ne-
PEMEHHO MHTerpupoBaHus x —>Si(;t) ® S2(x), MOXXHO CBECTW MpeACTaBNeHNE
(10.41) « Bugy

S= 7 S 51<pR7r(dSirfS2), (10.43)
B(1,)8(119

roe Mbl UCMOMb3YeM TO e 0603HaueHMne >KAns obpasa WCXOLHOW Mepbl Mpu
[aHHOW 3amMeHe mepeMeHHoN. OTo6paXeHne T-+S HenpepbiBHO OTHOCUTESb-
HO cnaboli CXO0AMMOCTM BEPOSAITHOCTHBIX Mep; 3TO OYEBUAHO, EC/IM MHOXECTBO
0MepaTopoB NIOTHOCTM CHabXeHo cnaboli onepaTopHOli TONOAOTMEN, a B CU-
ny nemmbl 10.1.1 nocnefHss coBnafjaeT Ha 3TOM MHOXECTBe C TOMOMOruei
AAepHo/ Hopmbl. B cuny nemmbl 10.4.1 HalifeTcs nocnefoBatenbHOCTL P}
60peneBCKMX BEPOSITHOCTHBLIX MepP C KOHEYHbIMU HOCUTENsMU, KoTopas cnabo
CX0auTCa K 7. icnonb3ys HenpepbiBHOCTb OTOGPaXKeHUs >XK—>S, Mosyyaem,
yto S = nirgc Sn, rge Sn oereAenﬂeTcn cooTHouweHnem (10.42), cnefoBareib-

HO, COCTOSIHWE S pa3fenumo.

O6paTtHO, nycTb cocToaHwe S pasgenumo, torga S = lim Sn, rge Sn
n- »oo

onpegensieTca cooTHoweHuem (10.42). Ecnu Mbl AOKaxeMm, 4YTO Mocneno-
BaTe/lbHOCTb Mep {Hi} cnabo OTHOCWUTENIbLHO KOMMaKTHa, TO OTctoja 6yger
cnepoBatb npeactasneHune (10.43), rae T—uyacTWMYHbIA Npeaen 3Tol noche-
foBaTenbHOCTU. CxoadaLascs nocnefoBatenbHocTb {S,,} OTHOCUMTENBHO KOM-
MakTHa, Mo3Tomy B cuny Teopembl 10.1.1 gna nwo6oro e > 0 HailgeTcs Ko-
He4yHOMepHbIA npoekTop P Takoi, uto TrSn(f —P )”~e pgna Bscex n. Ans
T =1 2, ... 0603HaunM 4yepe3 PT npoekTop Takoi, yto TrSn(/ - PT)" 4~T
1, cnefoBaTenbHo,

5Tr(S, ®S2)(/ - P m)ir,,(dSx dS2) » 4~m. (10.44)
Bsegem cnegytowme nogMHoXKecTBa B npsamom npoussegeHmn 6(W 1) x S(W2):

KT = {(Si, S2): Tr(S, ®S2)(/-Pm) < 6-'2~m}, ICS=



248 KaHanbl ¢ orpaHuyeHuamu [Fn. 10

rae 5> 0. B cuny Toii e Teopembl 10.1.1 MHOXecTBO JG% KOMMaKTHO Mo
MOCTPOEHMN0. [1Na ero AOMNOMHEHWs COrnacHo HepaseHcTBY (10.44) mumeem

ML) <5> a(/& " 6'E 2" STr(S, ®S(/ -1>,,)*.,(<«, dS2) ~ s,
Takum 06pa3om, nocneaoBatesibHOCTL Mep {Kn) yA0BNeTBOPSET W3BECTHOMY
KpUTEpUO cnaboii OTHOCUTENIbHOW KOMMAKTHOCTM (CM. KOMMEHTapuu), 4TO
M 3aBeplUaeT [0Ka3aTeNbCTBO TEOPEMbI. O

Onpepenenune 10.7.1. KaHan @: T(Ha) —T('HB) Ha3biBaeTca Ka-
HanoM, paspyllaloumnmM cLenneHHoCTb, ecan Ans noboro runbbeprosa
npocTpaHcTBa Hr u NO60ro coctossHus S £ &( Ha ® Hr) COCTOAHME
(0 1d/?)[S] £ &{HB ® H r), roe Id} —TOXAECTBEHHbIA KaHan B 1(Hr),
ABNAETCA pasfenMbIM.

Lns onucaHua CTPYKTYpbl TakMX KaHaloB Ham noTpebyetcs 0606LeHme
noHATMS Habntogaemoii (onpedeneHune 2.2.1) Ha ciyyail NPOM3BOSILHOIO MHO-
XKEeCTBa WCXOA0B.

OnpegeneHne 10.7.2. Tlyctb JI'—wn3Mepnmoe MNPOCTPAHCTBO C CT-an-
re6poii M3MepuMMbIX NoAMHOXecTB 05. Habntwogaemoi €O 3HaveHusaMU B X
Ha3blBaeTCA BEPOSATHOCTHas OnepaTtopHO3HayHas Mepa Ha X, T.e. CEMENCTBO
M = {M(B), B £ 05} apmuTOBbLIX OnepaTtopoB B H, yaoBneTBOpstoLLee ycno-
BUSM

1) M(B)"0, B £ 05;

2) M{X) —/;

3) 4ns noboro cuetHoro pasbueHns B —UBj (Btr\Bj —O0,i & j) Bbinon-
HaeTcs ycnosue M(B) = £/1 1 BY B cMbicne cnaboii cXoanMoCcT 0nepaTopos.

i
BepoaTHOCTHasa onepaTtopHo3HayHasa Mepa E HasbiBaeTcH CHEKTpaﬂbHOVI

Mepoii, eciu
E(B\ NA2) - E{BXYE(B2), B\, B2 £ 05.

B aTom cnyuae Bce onepatopbl E(B) ABASOTCS MpoeKTopamu, npuyem Mpo-
eKTOpbI, OTBeYaloLiMe Henepecekatol|MMcs NOAMHOXECTBAM, B3aMMHO OpTO-
roHanbHbl. COOTBETCTBYIOLLAA Hab/M0JaeMas Ha3biBAaeTCs YeTKOM.

PacnpepaeneHune BeposTHOCTel Habnogaemoli M B COCTOSHUM S 3afaeTcs
BEPOSITHOCTHOI Mepoii
u%(B) = TrSM(B), B e 05 (10.45)

OTMeTMM, 4TO NUHEHOe NPOAOMKEHUe aPpPUHHOrO oTobpaxeHus S —p$
MOXHO paccMaTpuBaTb Kak 0606LieHVNe MOHATUS KBAHTOBO-KNacCUYECKOro
(g-c) kaHana (cMm. §86.4).
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3agayva 10.7.1. OokaxuTe, yuto chopmyna (10.45) 3agaeT BEPOSATHOCTHYHO
Mepy Ha *B.

Teopema 10.7.1. KaHan ®paspywaeT CLUeNIeHHOCTb Torga v Tofb-
KO Torga, Korga HalgyTcs nonHoe cenapabenbHoe MeTpUYecKoe npo-
cTpaHcTBO X, 6openesckad &(HB)-3HauHaa pyHkuua Sb(x) n Habno-
paemas M B Ha cMHO>XeCcTBOM Mcxonos X, 3afilaBaemas BepoOATHOCT-
HOW onepaTOpPHO3HAYHOW Mepoir M(dx), Takue, 4yTo

P[S]= ASB(x)"(dx). (10.46)
X

CooTHoweHune (10.46) ABnAeTCA KOHTUHYaNbHON Bepcuei npeacTaBneHuUs
(6.27), a yTBEPXAEHNE MOXHO paccMaTpmBaTb Kak 6ecKoOHe4YHoMepHoe 0606-
WeHne npegnoxeHus 6.4.1. Takum 06pa3om, U B GECKOHEYHOMEpPHOM Chy-
yae KBAHTOBLIA KaHas, paspyLlualowuii CLenIeHHOCTb, ABSETCS KOMNO3nULuen
g-c-KaHana (n3mepeHue Habnogaemoin M) n c-g-KaHana (NPUroToBAAIOLErO
COCTOSiHME SB(X) B 3aBUCUMMOCTW OT UCXOLA WU3MEPEHWS).

Habpocok pokaszatenbctBa. [IpeAnonoXuMm, 4YTO KaHan UMeeT BuUf
(10.46). PaccmoTpum cocTosiHme w6 6 (H g ®Wtj). Torga

(PpMpla;) = ¥SB(x)<Simh{dx), (10.47)
X
roe
TwB) = TAw(M(B)®1u), BCX.
J1106011 MaTpUUHBIA 31EMEHT OMNepaToOpHO3HAYHON Mepbl T LW (B (hMKCUPOBaH-
HOM 6a3unce) ABNSETCH KOMMAEKCHON Mepoil Ha X, abCoMOTHO HemnpepbiBHOM
OTHOCUTENbHO BEPOSTHOCTHOM Mepbl pw(B) = TrTw(B), BC.X. N3 TeopeMbl
PagoHa—HuKoaMMa BbiTeKaeT npefcTaBfieHue
Tw(B) = §ou(x)Pb/{dx),
B
rge aw(x) —yHkuma Ha X co 3HadeHusmu B &(fC). Mcnonb3ysa 3To npeg-
CTaBneHne, Mbl MOXeM nepenucatb paBeHCTBO (10.47) B Buge
(P®1<P;) (W) = §S(X)<S>t7ul(x)pul(dx), (10.48)
X
a 3T0 pasfeNMMoe COCTOSIHWE COrnacHo npefnoxeHuio 10.7.1.

O6paTHO, nycTb @ —KaHan, paspylualLuii cueneHHocTb. dukcupyem
HeBbIPOXAeHHOe cocTosAHMe 5 B & .Ha), « nyctb {le/), /= 1, ...} —6asuc
COOCTBEHHbLIX BEKTOPOB OnepaTopa C COOTBETCTBYHOLMMMN (NONOXKUTENb-
HbIMW) COBCTBEHHbIMU 3HadeHusaMU {ALl. PacCMOTPUM €AWMHWYHBIA BEKTOP

+00

n>= Jry*k/>® 1 «>
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B npocTpaHcTBe Ha ® Ha, Torga |M){| ABndeTCA OYMLLEHNEM COCTOSIHMSA S™,
lMockonbky @ paspyllaeT CLenseHHOCTb, COCTOoAHMe

SAB = (M, ®@®)[|M)<M]] (10.49)

B & (Ha ® H &) ABNAETCA pasgenumbiM. B cuny npeactasneHus (10.41) Hai-
[leTCA BEpOATHOCTHaA Mepa fr Ha & (Ha) X 6 (H &) Takas, yTo

(H®d)(N>(F2) = ~ A SA®SBir(dSAdSB). (10.50)
6 (HA)B(HB)

OTCI-O,CI,a BbITEKAET, 4YTO

a = Traw,®d)(mM) = $ 5 SAn(dSAdSB) =
e(Hn) &Hg)
= $ A SAn(dSAdSB), (10.51)
&{MA) S (Hg)
rge dvepra 0603HavaeT KOMMEKCHOe conpsbkeHwe B 6asuce (|e,)}. B cuny
3TOro paBeHCTBa Ans N06oro 6openesckoro mHoxecTea B C &(HB) onepatop
M(B) =a $ A~SAir(dSAdSB) <7-12 (10.52)
LS(HA) B

MOXET ObITb KOPPEKTHO OMNpefieNieH KakK OrPaHUYEHHbIN MOMOXUTENbHbINA omne-
patop B HA Takoii, uto M(B) » M(X) = 1A. HeTpyaHo y6eautbcs, 4yto M
ABnseTcA Habnogaemoi ¢ ucxogammn B X = &(HB).

Tenepb paccMOTPUM KaHas, paspyLualolnii CLEenIeHHOCTb,

$(S) = $ SBfis(dSB),

S(He)

n nokaxem, yto ®(5) = <£(S). ns aTOro JOCTaTOMHO MPOBEPUTL, UTO

® (bl<e,|) = P(le/)<el|)

ans Bcex i, j. OfHako

®(lO(e]) = $ Se<e|M(dSB)e> -

6 (18)
= Al12A"12 » $ (e,\SA\ei)SB*(dSAdSB) = ®d(en),
ecHA)e(NBs)
roe
N X224 1R

» = TrAQ\g)(eN\e@/n)[n) (| = |g-)(e.|. o
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Kak 6b110 nokasaHo B n. 8.3.3, B KOHEYHOMEPHOM CJlyYae KaHanbl, paspy-
LIaKoLLMe CLENeHHOCTb, 06pasytoT O6LUMPHBIA Knacc, 418 KOTOpPOro BbiNo-
HAieTCS runoTesa afAuTUBHOCTU. ITOT (hakT 0606LWaeTcad M Ha 6ECKOHeYHO-
MEPHBIA Cnyyail.

MpegnoxeHne 10.7.2. TycTb uMmewTCA ABa KaHana ®b &r c co-
0TBeTCTBYyUWMMN orpaHuyeHuamn F\, £2, ynoBneTBOpAOLWME YCNO-
Buam cnegcrTeua 10.5.1, npuuem ®[ —kaHan, paspywaknwnii cueneH-
HOCTb. Torga BbINOMHAK TCHA BCe CBOMNCTBA agaMTuBHocTU (8.35), (8.33)
n (8.39). B yacTHOCTM, Knaccmyeckas NponyckHas CnocobHOCTb KaHa-
na &, paspyliatouLero cluenneHHocThb, paBHa

C(®, F, E) = Cx(®, F, £).

[loKa3aTenbCTBO 3TOr0 MPeAnoXeHus nosy4vaeTca 0606LeHEM pacCyX-
[EHNA B KOHEYHOMEpHOM criyyae (npeanoxeHue 8.3.4) ¢ 3aMeHOR CyMM Ha
WHTerpanbl M aHcambneil Ha 0600LLeHHble aHcaM6/iM U C y4yeTOM TOro 06-
CTOSTENbCTBA, YTO ycnosusa cneactsus 10.5.1 rapaHTUpYHOT KOHEYHOCTb BCEX
BXOAALLMX B pacCMOTPEHME 3HTPONMiA. MprBefem Takxe 6e3 fOKa3aTesbCTBa
0606ueHne cneacteust 9.3.1, KacaloLW,erocs KBaHTOBOW MPOMYCKHOM cnoco6-
HOCTMW.

MpegnoxeHne 10.7.3. Bcsikuit kKaHan B cenapabenbHoOM runbbepTo-
BOM MPOCTPaHCTBe, paspyllawlWunii CLenI1eHHOCTb, ABAAeTCA aHTU-
fLerpagupyeMbiM U, cnefoBaTenbHO, UMEET HYNeBYD KBAHTOBYK Npo-
MYyCKHYK CNOCOGHOCTb.

§ 10.8. lMpunoxeHne: cneKTpanbHOe pa3fioXeHne

Myctb H — cenapabensHoe rnnbb6eptoBo npoctpaHcTBo, u nycTb {£(5);
B € B(LLL} —cnekTpanbHas mepa Ha R, rge 0(R) —cT-anrebpa 60peneBcKux
nogMHoxectB. CornacHo onpegeneHvio 10.7.2 cnekTpanbHas Mepa £ 3aja-
€T YeTKYl0 BeLLeCTBeHHYI Habnwogaemyto. Kak 0O6bACHAETCA HWXKe, Takue
HabnjaeMble HaxoAaTca BO B3aMMHO OHO3HAYHOM COOTBETCTBMM C CaMo-
COMPSYKEHHbIMK onepatopamu B H.

[na noboro eguHMYHOIO BekTopa & H COOTHOLEHME

PAB) = (0|E(AM
onpegenseT 60peneBcKyt0 BEPOSTHOCTHYIO Mepy Ha R. Ecnn f(x) — 6openes-
ckaa (PyHKumMa Ha R, 10 mHTerpan X f= \n_oc f(X)E(dx) cxoguTcs CUNbHO Ha
NNoTHON o6nacTu

= 5 \FOO)\2pd{ax) < oo 1
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W, TakKUM 06pa3oM, OLHO3HAYHO OMpefensieT /INHeWHbI orepaTop ¢ 06na-
cTblo onpegenenuns V(Xf). (HanomHuMM, 4TO cu/ibHasi CXO4MMOCTb Moche-
fosaTensHocTn ornepatopos {/1,} K onepatopy X Ha o6nactm V 03Havaer,
41O nﬂmo WX, tp —Xdp\\ =0 gna p€.T>, a ecnm T>=H, T0 Takas CXOLMMOCTb

Ha3blBaeTCsA CU/IbHOI CXOAMMOCTbIO OMEepaTopoB.)
(0 0]

B camom gene, ecnm f(x) = £ ft bl M —@(yHKUMA C KOHEUYHbIM WK CYeT-
1=

HbIM MHOXECTBOM 3HayeHwii (3gecb {B, }— n3mepumoe pasbreHne MpocTpaH-
ctBa K), To nonaraem
oo
Al = £
=1
TakK 4To
oo
wAN2="E\bl 2 T -
i=i
370 onpegeneHne MOXHO PaclLUMPUTL Ha NPOW3BONLHYIO BGOPENeBCKy (YHK-
umo f(x), paBHOMepHO NpubAMXKas ee (HYHKUMAMU CO CHETHBIM MHOXECTBOM
3HayeHWin. B yacTHocTu, ans dyHkuum f(x) = x nonyvaem oneparop
oo
X = 8§ xE{dx) (10.53)

—00
¢ 06/1acTbio OMpegeneHus
@ J
V(X) I g A WX\2p~(dx) < oo >,
o J

ONs KOTOPOro

@X\d) = § xpA(dx), WXPW2= A \AZED{(1X), ¢ e T>(X). (10.54)

OnepaTop X € MIOTHON 06NaCTbO ONpPefeNeHns HasbiBaeTCs caMoconps-
YKEHHbIM, ec/iun

X<p\th) = (y=>\Xh) (10.55)

ana Bcex tp, ¢ 6 T>(X). Yacto npuxoguTcs WMETb [efi0 C CYLeCTBEHHO
CamMoCONpPA>KeHHbIMY OrepaTopamu, KOTOpble 3afaHbl He Ha MaKCVMabHOW
obnactu onpefeneHns, Ho OAHO3HAYHO NPOLOMKAIOTCA O CAMOCOMPSAXKEHHbIX.
CnekTpanbHas Teopema yTBepXAaeT, uTo 415 060ro caMmoconpsXeHHoro
orepatopa X CyLLeCTByeT efUHCTBEHHas crnekTpanbHaa mepa E Ha R, gng
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KOTOpPO/ MMEIOT MecTO cooTHoweHms (10.53), (10.54). Takum o6pa3om, camo-
COMpPSHKEHHbIE OMEepaTopbl —3TO B TOYHOCTM T€, KOTOPbIE MMEKT CNeKTpasib-
HOe pa3fioKeHne CO CMeKTPOM B R 1 MO3TOMY eCTEeCTBEHHO accouuMpyroTes
C (YeTKMMKN) BeELLECTBEHHbIMU HAabMO4aeMbIMU B HECKOHEYHOMEPHOM CryYae.
Mepa Lip paeT pacnpegeneHue BeposTHOCTel Habnogaemoll X B YMCTOM
coctosiHuM \p){\, a opmynbl (10.54) — nepBbIii M BTOPOIl MOMEHTbI Hab/tO-
faemoin X.

B onpefeneHHOM CMbIc/ie, KOTOpPbI/ Mbl He Gyfem 34eck MOApPo6HO pac-
KpblBaTb, MMEKT MecTo cooTHoweHusa X/ —f(X) n Xfg = XfXg. PaccmoTpum
CNyyail 3KCMOHEHTI:

co
Vt = 8§ exp(itx)E(dx) — exp itX.
—00
Torpa cemeiictBo {Vt\te |} sBnsetcs (CUNbHO HeMpepbIBHOI) rPynnoi yHu-
TapHbIX 0NepaTopoB C MHPUHUTE3UMASIbHBIM FeHepaTopoM X :

lim t~x(Vt —P)\d) = X\ep), cpeT>(X).

Ecnn onepatop X orpaHuyeH, To exp X onpefenserca COOTBETCTBYIOLLNM
CTEMEeHHbIM PALOM, CXOAAMUMCS N0 HopMe K V.

O6paTHO, BCAKas CWUNbHO HEMPEepbIBHAA rpynna yHUTapHbIX OMnepaTopoB
{Vt;te R} numeet Bug Vt = exp itX, rge X —ofHO3HAYHO OMpeaeneHHbIl ca-
MOCOMPSXXEHHbIA onepaTop. ITO YyTBEPXAEHUe COCTaBAAET COAepXKaHue Teo-
pembl CToOyHa.

3agava 10.8.1. 1 Myctb H -L2(R) — rmnbb6epToBO NPOCTPAHCTBO KBaj-
paTM4HO uHTerpupyembix QyHKumii G(£), (6 R, n cemeiicteo E —{E(B)\ B e
e fi(R)} onpeaeneHo COOTHOLLEHMEM

(E(B)d)(0 = 18(Op{f), deH.

JokaxuTe, 4to E —cnekTpanbHas mepa onepartopa X YMHOXeHUs Ha £, Vt —
onepaTop YMHOXEHUS Ha expr7£ u, Booblle, X/ —onepaTtop YMHOXEHNA Ha
Ty

2. PaccmoTpuM YHUTapHbIiA onepaTop B H, onpeaensemMblii npeo6pa3oBa-
Hnem ®Pypbe

(ED)(A) = = "exp(-i\Oil>(0dC

Jokaxute, uyto E(B) —F*E{B)F —cnekTpanbHas mepa Ha R, KOTOpOi OT-

BeYaeT CaMOCOMPSHKEHHbIV onepatop X = j jz, NOPOXAAOWMiA Fpynny yHu-
TapHbIX 0MNepaTopoB

D)0 = p" +1).



254 KaHanbl ¢ orpaHu4yeHnaMm [Fn. 10

CamoconpsikeHHble onepatopbl Jly, ['= 1, S, HasblBalOTCA KOMMY-
TUPYWOLWMUMN, €CIM KOMMYTUPYIOT UX CMEKTpasbHble Mepbl. VIMeeT MecTo
cnegytollee MHOromepHoe 0606LLeHne TeopeMbl CTOYHa.

Teopema 10.8.1. MycTb VXIx = [xi, xs]eR's,—cuabHO Henpe-
pbiBHas rpynna yHWTapHbIX onepaTopoB B cenapabenbHoM runbbep-
TOBOM npocTpaHcTBe H. Torga cywecTByeT Takoe cemeicTso At,

i—1 S, KOMMYTUPYKOLWNX CAMOCONPS>XKEHHbIX OonepaTopoB B H,
uTo

(10.56)

O6paTHO, Ana BcAKOro cemeiicTea Ah j = S, KOMMYTUpyto-

L MX caMoCconpsi>XeHHbIx onepaTopos B TL ¢popmyna (10.56) onpepensieT
CUNbHO HEMPEepPbIBHY YHUTapHY rpynny B H.

§ 10.9. KommeHTapuu

1. MepBas nonbiTka MaTeMaTUYeCKM CTPOroro PacCMOTPEHUS OCHOBHbIX
MOHATUI KBAHTOBON MeXaHWKW B cenapabesbHOM rnnb6epTOBOM MPOCTPaH-
CTBe Oblfla cAenaHa B Knaccmyeckoli MoHorpagum goH HelimaHa [21]. B yacT-
HOCTW, 6bI710 NOAYEPKHYTO pasnuume Mexagy 3pMUTOBbIMU (CUMMETPUYECKUMM)
M CamMOCONpPsHXKEHHbIMU OfepaTopaMu, Ha KOTopoe He 06palianocb BHUMaHUA
B NpejLIecTBYIOWMX paboTax (U3MKOB, M OTMeYeHa K/o4YeBas posib camoco-
NPSYKEHHOCTW 418 CNEKTPanbHOro pas3fnoXXeHns onepaTopos. [pyroli BaXHbIi
Kpyr BONPOCOB CBAA3aH C MOHATMEM Cfefa W afepHbiX onepatopos. Cospe-
MEHHOe paccMOTpeHue 3TUX BOMPOCOB B CBSA3W C NPUIOXEHUAMU K KBAHTOBOM
Teopun umeeTcs B KHurax [24,37,73].

Nemma 10.1.1 nonydyeHa [enb’AHTOHMO B paboTe [74], cM. Takxe npu-
noxeHue B kHure [asuca [73]. KpuTepuit KOMNAKTHOCTW ANt MOAMHOXECTB
KBaHTOBbIX COCTOSHWIA NpeAcTaBAseT cob60l MoAgMdmMKauuio pesynbTaTa, Nony-
yeHHoro T. A.CapbIiMCakoBbIM (CM. [26]) 1 Ha3BaHHOIO0 UM «HEKOMMYTaTUBHOW
Teopemoii lMpoxopoBa». ocnegHss gaeT Kputepuii cnaboli KOMNaKTHOCTU
CEMENCTB BEPOATHOCTHbIX Mep Ha MEeTpMYecKMxX npocTpaHcTBax (cm. [131])
nucnonb3lyetcs B § 10.4. Mo NoBoAy KOMNAKTHOCTU eAMHWYHOrO Wwapa B *8(H)
B cnaboil onepaTopHOi TOMOMOrMW CM., HanNpumep, KHUry [24].

2. X0opoLo 13BeCTHO, YTO CBOCTBA 3HTPONUM B GECKOHEYHOMEPHOM Clly-
yae CyLLEeCTBEHHO OT/IMYAKOTCA OT KOHEYHOMEPHOro: B MOCAEAHEM CAyYae 3H-
TPONus — OrpaHNYeHHas HenpepbiBHas PyHKuma Ha 6(W), Torga Kak B 6ec-
KOHEYHOMEPHOM Cnyyae OHa pa3pblBHa BCIOAY W 6ECKOHEeYHa «MOYTW BCHOLY»
B TOM CMbIC/le, YTO MHOXECTBO COCTOSIHWIA C KOHEYHOI 3HTponueli sBnseTca
NOAMHOXECTBOM MepBoWi kaTeropmmn B &(H), cM. 0630p Bepnsa [152], rae no-
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NYYeH psj NOMe3HbIX CBOWCTB 3HTPOMMUU U OTHOCUTENLHONM 3HTPOMNMK, BKIKOYast
Teopemy 10.2.1 nnemmy 10.2.1. B 3TOM 0630pe MOXHO TaKXXe HalTU CCbIIKK
Ha OpuUruHanbHble paboTbl JlInba, Pyckaun, CaliMOHa U Apyrux aBTOpOB, KOTO-
pble BHECAW 3HAYUTE/IbHbIN BKNaj B U3y4eHWe CBOMCTB KBAHTOBOMN 3HTPOMUW.
HoBble pe3ynbTaTbl O CBONCTBaX KBAHTOBOW 3HTPOMUM, B YaCTHOCTM YAO6HbIE
YCNOBWSA HeMpepbIBHOCTKM, Mony4yeHsl B pabote M. E. LLinpokosa [45].

3. BaXHOCTb pacCMOTPeHNsa BXOAHbIX OTpaHWYeHniA A8 KBaHTOBbIX KaHa-
NoB 6bla NOHATHA C MOMEHTa MOSABMEHWNA WAEN KBAHTOBbIX KOMMYHUKALWIA;
noapobHoe u3nyeckoe 06CYXAeHMe BOMpoca 06 OnpeaeneHnn MpPonyCKHOM
CNOCO6GHOCTY KBAHTOBbLIX OMTWYECKUX KaHa/0B C OrpaHWYeHWEM Ha CPeaHIo
3HEepruto BXOAHOro curHana cM. B 063ope [68]. ccnegosaHue Knaccuyeckol
MPOMYCKHOW CMOCOBHOCTM C-(-KaHana C OrpaHUYeHMEM OCHOBAHO Ha paboTax
A.C.Xoneso [35,42]. B HMX ncnonb3yeTcs MOAUPMKALMS CAy4anHOTro KOAW-
poBaHus (10.20), koTopas 6blna NpPeAsioXKeHa 415 COOTBETCTBYHOLWEN Knac-
CMYeCKON 3afaun. Jpyrue noaxodbl paccmatpusanicb BuHTepom (cm. [156])
n Xaiawm (cm. [90]).

4. KaHanbl C HenpepbiBHbIM angaBuTOM paccMaTpuBanucb B paboTax
A. C. Xoneeo [42], a Takke A.C. Xoneso u M. E. LLinpokosa [43], rae
cUCTEMATMYECKM MCMONb30BaNoCh MOHATUE 0606LieHHOro aHcam6ns. [o-
KaszaTenbCTBa HEOOXOAMMbIX (AKTOB W3 TEOpPUUM BEPOATHOCTHBIX Mep Ha
MeTPUYeCKUX MPOCTpaHCTBaxX, Takux Kak 3agavya 10.4.1 un nemma 10.4.1,
MOXHO HaiiTi B MOHorpacguu MapTtacapatu [131].

5. [loka3aTenbCTBO OrpaHW4YeHHOCTM OTobpaxeHmMa @& B 3agaye 10.5.1
CM. B KHure [73, nemma 2.2.1]. PaccMOTpeHWe X-MPOMNYCKHOM CNoco6HOCTU
KBAHTOBbLIX KaHafl0B C OrpaHnyYeHMAMU OCHOBaHO Ha paboTax [42,43]. O6¢TO-
ATeNbHOE UcCnefoBaHNWe CBOMCTB X-MPOMYCKHON CMOCOOGHOCTU W APYTUX 3H-
TPOMUIAHBIX XapakTepucTuK 6eCKOHEYHOMEPHBIX KaHanoB 6e3 NpeAnonoXeHWii
TUMNa KOHEYHOCTW BbIXOAHOW 3HTponuM 6bi10 nposefeHo M. E. LLIMpOKOBbIM
B pabotax [46,140].

6. 3TOT naparpad ocHoBaH Ha pesynbTatax paboTbl [42].

7. KoHuenuus KBaHTOBON HabntofaemMoil Kak BepOSTHOCTHOI onepatop-
HO3HayHOI Mepbl MOAPO6GHO M3naraetcs B KHurax [36,37]. Teopema 10.7.1
[okKasaHa B pabote A.C.Xoneso, M.E.LLinpokosa n P.®.BepHepa [39]. Mo
noBofy foKasaTenbcTBa npeanoxernuin 10.7.2, 10.7.3 cm. ctatbto [105].

8. CnekTpanbHas Teopema Ans CamMmOCOMNPSXEHHbIX 0NepaTopoB B cenapa-
6enbHOM rMIL6EPTOBOM MPOCTPaHCTBe, Teopema CTOyHa W CBSi3aHHbIE C 3TUM
BOMPOCHI NOAPO6HO paccmaTpuBaroTca B KHUre Puga n CalimoHa [24].
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[FayccoBCKMe CUCTEMBI

®yHAaMeHTaIbHBIM PU3NYECKMM HOCUTENIEM MHAOPMALMKM SIBASETCA 3MeK-
TPOMarHMTHOE noJjie, B YaCTHOCTU CBET U PaauoBO/Hbl. C MaTeMaTU4ecKoi
TOYKM 3PEHUS U3NYYeHUe 3KBUBaNEHTHO aHcaMb6/1l0 OCLMANATOpPOB. B KBaHTO-
BO/ ONTMKE paccMaTpMBalOTCA KBaHTOBAaHHbIE MONS W, CNIeA0BATENbHO, KBaH-
TOBbIE OCLMINATOPbI. ITO TUMMYHaA 6030HHAsA KBAaHTOBAasi CUCTEMA C «Herpe-
PbIBHbIMY MepPeMeHHbIMU», B KOTOPOI OCHOBHble HabflofaeMble (amMnauTyfbl
OCLMNNATOPOB) YAOBAETBOPAOT KAHOHUYECKUM KOMMYTaLMOHHbLIM COOTHOLLE-
Husam (KKC). MHorve 13 COBpeMeHHbIX 3KCMepPMMEHTOB N0 06paboTke KBaH-
TOBO MH(OpMAL MK peann3oBaHbl MMEHHO B TaKWX CUCTEMaX.

VimeeTcs 0COBEHHO BaXXHbI KnacC COCTOSIHWIA BGO30HHOI CUCTEMbI, KOTO-
pble eCTECTBEHHO COOTBETCTBYHOT K/1AaCCUUYECKMM FayCCOBCKUM pacnpeseneHu-
AM. C (PM3NYECKOI TOUKM 3peHMst 3TOT KNacC COAEPXUT COCTOSHMS TENOBOro
paBHOBECHUS, a TaKXXe KOrepeHTHbIe U CXaTble COCTOSIHWSA, peanu3yemble B na-
3epax U «HeNMHelHbIX» KBAHTOBbIX OMTMYECKMX Mpmbopax. C MaTemaTuye-
CKOW TOUKU 3PEHMS 3T COCTOSHUA MOTHOCTbK XapaKTepu3yTes, aHanormyHo
KM1aCCUYECKMM rayCCOBCKUM pacrpefesieHusiM, CpefHUM 3HayeHueM W MmaT-
puleii KoBapuauuid. Tpy pacCMOTPEHWM KOHEYHOro 4Mcna OCLMANATOPHBIX
MO/, YTO ABNSAETCH O6bI4HLIM NPUBAVKEHNEM B KBAHTOBOW OMTUKE, BO3MOXHO
onucaHne TaKUX COCTOSIHWUIA C MOMOLLbIO METOAOB KOHEYHOMEPHOIN NMHERHOM
anrebpbl.

B cBsi3an ¢ 6030HHbIMK cucTemMamn M KKC HensbeXHO BO3HMKAKOT aHaiun-
TUYECKME CMIOXKHOCTU, CBA3aHHbIE C BECKOHEYHON pa3sMepHOCTbIO U HeorpaHu-
YEHHOCTbIO HEKOTOPbIX 0nepaTopoB. Mbl 6ydem yaensTb OCHOBHOE BHUMaHUe
TeM BONpocaM, KOTOpble MMEHT NEepBOCTEMNEHHOE 3HayeHWe C TOUKW 3peHus
KBaHTOBOW Teopuu WH(OpPMaLMM, MHOrga o6paliascb C HeorpaHWYeHHbIMU
onepaTtopamy [oCTaTouyHO 6erno. bonee pAeTanbHOe MaTeMaTM4YecKoe pac-
CMOTPEHME TaKMX BOMPOCOB MOXHO NPW XeNnaHWW HaikTh B COOTBETCTBYIOLLEN
nntepaTtype (CM. KOMMeHTapuw).
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8§11.1. OnepaTopbl, accouUnMpoBaHHbIEe
C KOMMYTaUMOHHbIM COOTHOWeHneM [elizeHbepra

B runbbeptoBom npocTtpaHcTBe H —L2(R) paccmoTpuM onepaTtopbl

(aol) =£p0, {pd)(O =j we(0=>

3afjlaHHble Ha 06Wein obnacTu onpeaeneHns V, B KayeCTBe KOTOPOW MOXHO
B3ATb MpocTpaHcTBO <S(M) 6eCKOHEeYHO AuddepeHUnpyeMbIX QYHKLWRA, BCe
NPOU3BOLHbIE KOTOPbLIX YObIBAOT HAa BECKOHEUYHOCTH BLICTPee, YeM Ntobas cTe-
neHb yHKUMM |£]. 3TU onepaTopbl ABAAIOTCA CYLLECTBEHHO CaMOCOMPSXEH-
HbIMKW, CNefj0BaTeNbHO, MPeACTaBAAT (YeTKNe) BelecTBEHHbIE HabaaeMble
(cm. §10.8).
Ha ykasaHHOV 06nacTn onpefieneHns onepatopbl ( U P YAOBNETBOPSAOT
KOMMYTaLWUOHHOMY COOTHOLLUeHUIO [eit3eH6epra
[q,p] =ihl. (11.1)

PaccmoTpum umnctoe coctosiHme \p){d\, h&T>, 1 BBegeM 0603HaUYeHMS
X = (D\A\D), Y= (P\p\9),
D*(q) = W-x)dp\\*. Dd{p) = \\(p-y)P\\2

ANS1 CPefHMX 3HaYeHW 1 gucnepcunii Habnoaemblx g, p. Ans no6oro Belye-
CTBEHHOTFO uYMc/a W MMEEM

WD) -wH+Od(p) = W2DNQ) +iu(ip\a, pI\d) + Ocbfp)
= \\Wg - X) +i(p - y) L, 2>0,

cnegoBaTtesibHO,

Ob(p)Ot(p)> (11.2)

MpuyYemM PaBeHCTBO AOCTMUraeTcs Torga W TOMbKO TOrfa, Korfa HaiigeTcs u
TaKoe, YTo ) ABNSETCS pelleHnemM AMdhepeHLManbHOro ypaBHeHNs

- X)+ (Hw - iy O =0, (113)
HOPMUPOBAHHOE PeLLeHne KOTOPOro CyLIecTBYeT Mpu W >0 1 MMeeT Buj
. 2
iy, WwWE- X
®(0 = V]TI‘I_ bl € XP 2h (114)

roe \k\- 1
HepaBeHcTBO (11.2) eCTb COOTHOLWEHNE HeONpPeAeneHHOCTeN Meii3eH-
6epra, a ¢opmyna (11.4) onucbiBaeT BEKTOPbl COCTOAHWUIA MWHWMaNbHOM
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HeonpeAeneHHOCTU, Ans KoTopblx DA(q) = Do (p) = [anee nona-

raem " = YTO MPUBOAMUT K PaBEHCTBY
<"'m»)

BBoasa KOMMeKCHbIe KOM6I/IHaU|VII/I

1 0603Ha4Yas COOTBETCTBYHOLWMIA BeKTOp cocTosHMA (11.5) yepes |0, MOXHO
nepenucaTb onpegenstoulee ypasHeHue (11.3) B Buge

alC) = CIO, Ce C. (11.6)
B yvacTHOCTH,
alo) = 0, (11.7)
rae |0) —BeKTOp, COOTBETCTBYOWNI DYHKLNN
w®
Ne =Y liexP
Onepatop a —1 + i NMEET COMPSKEHHbIN al= —==(wq —ip),
parop V21(vuv1J'D' P) P v2huiq P)
a KOMMYTaLMOHHOe COoOTHOLWeHue (11.1) npuHUMaeT Buj
[a, a+] — I
PaccmoTpum onepaTop
N = afa = aaf- /, (11.8)

KOTOPbIV SBNSAETCA CUMMETPUYHBLIM U CYLLLECTBEHHO CAMOCOMPSXKEHHbIM Ha V.
B cuny cooTHoweHna (11.7) vumeem

NCi0) = 0.

3agava 11.1.1. TlocnefoBaTesibHO NPUMeHAS paBeHCTBO (11.8), nokaxu-
Te, YTO BEKTOPbI

06pasytoT OPpTOHOPMUPOBAHHYHO CUCTEMY COBCTBEHHbIX BEKTOPOB OnepaTtopa
Al
AMn) = n\n), n=20 1 ...
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CooTBeTcTBYIOLME COBCTBEHHbIE PYHKUMM B L2(W) C TOUHOCTbIO 4O HOp-
MUPOBKW UMEKT BUf

2- o

exp oh

exp 2h

roe Hn, n—0, 1, ....—noAMHOMbI 3pMUTA, KOTOpble 06pa3yroT MOMHY CU-
ctemy B L2(R). CnegosatenbHo, {|n); n=0, 1, ...} — OpPTOHOPMMPOBAHHbIi

6asnc B H,
0

"M<n| =1
n=0
n J1/- nMeeT cnekTpanbHOe pasnoXxeHue

(0/0]
WV =tc¢p><«]. (11.10)
n=0

3agava 11.1.2. TokaxuTe, 4To JI"'—CamoCONpPsSXKeHHbIA onepaTop Tuna
5 ¢ obnacTbto onpegeneHus

r
V(AT) = 5> 2/(nM |2 < oo.
n=0
1 cooTHoLeHMe (11.10) BbINOMHEHO B CMbIC/E CUbHOM cxoamMmocTyh Ha V(Af).
VIMeloT MeCTo COOTHOLLEHUS

a\n) = s/m\n- 1), a*ln) = Vn+ 1l|«+ 1)
Beogs rpynny yHutapHbix onepatopoB {elAws; /eR }, nonydaem

eiMbitae iNuit _ ae iuit eiNut e iMut _ algiut' (1113
Bo3Bpalyaschb K orepaTopam @, p, BUAWUM, uTo

Mi{al+ 0 = Nw2R+ p2 =TH (11.12)

—onepaTop 3HEPrUM KBAHTOBOrO rapMOHMYECKOro OCLMANATOpa C 4acTo-
TOM W 1 ypaBHeHus (11.11) onucbIBaKOT AMHAMWKY OCLMANATOpPa C raMuib-
TOHMaHOM H. Onepatop Af Ha3blBaeTcs OMNepaToOpoOM u4ucna KBaHTOB,
|n) —BekTOpOM cOCTOSAHWA C N KBaHTamu, |0) —BEKTOPOM BaKyyMHOTO
COCTOAHMWSA, onepatop a (COOTBETCTBEHHO a”)— 0MnepaTopoM YHUYT O>XKEeHUA
(COOTBETCTBEHHO POXKAEHNA) KBAaHTOB. B KBaHTOBOI ONTMKe onepaTopsl a, at
ONUCLIBAKT OfHY rapMOHKKY (MOAy) MO, COOTBETCTBYIOLLYHO OMpeAeneHHOM
yacToTe Ui (a TakXXe OMpeAeneHHON nonspusauunn).
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CoctosaHua ICXCl, C£ C, Ha3bIBalOTCA B KBAHTOBO ONTUKE KOTEPEeHT -
HbIMK. N3 cooTHoweHnn (11.9), (11.6) nonyyaem

WO =/2(0KO =7(0|C)="exp(-f)
rge Takxke 6Gblfa MCnonb3oBaHa opmyna

(CilCs) = expl-*(|C,12+ IGI2 - 2C,C2)1« (11.13)

3agayva 11.1.3. JokaxuTe paBeHCcTBO (11.13), NCMoNb3ysa BELECTBEHHYHO
napameTtpusaunto (11.5) sektopos |£).

3agava 11.1.4. [okaxwuTe, 4To cuctema BekTopos {|£); £ €<C} aBnseTcs
MepenosiHeHHOR B TOM CMbIC/E, YTO

i Sio(cirf2< = /.

rge d2( = ’Z‘dedy. YKa3zaHue. MaTpuyHble 3/1IeMeHTbl MHTerpana B 6asmce
{|n)} vmetoT BUg

n exPH C 1V 2c = %<
MycTb p(Q —nNNOTHOCTL pacnpefeneHns BeposTHocTel Ha C. Torga

5 = SicxCi/x0A ocwu)

—onepaTtop NA0THOCTU B H, KOTOPbIA COOTBETCTBYET KBA3UKNACCUUYECKOMY
COCTOSIHUIO. B 4acTHOCTW, ANS KOMMMEKCHOrO rayCCOBCKOIO pacnpegeseHus
C HyNeBbIM cpefHUM W aucnepcveld N monyyaeM ornepaTop NAOTHOCTU

So =" $|CXClexp(-~L)d2C (11.15)

C MaTpU4HbIMWN 3/1IEMEHTaMU

/w1t v_ 1 r1rc C ( (N+9Hk12v 20 ¢ 1 (N V
("I °Im) ~ nW S yr LT exP ( N yd A~ 6nmN + \ (iV+ 1)
Mo3ToMy So MMeeT creKTpanbHOe pasfoxeHue
cx: A
5« = )yTTll_IE:O( alTT) (nn6)

JTO BblpaXeHne UMeeT cMbicn 1 npu N —0, Korga So onpeensieTcs BbIPoX-
[IeHHbIM pacnpefeneHnemM, cocpeoToUeHHbIM B Touke C—O.
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YuunTbiBas cnekTpasbHoe pasnoxeHue (11.10) wn paBeHcTtBo (11.12), no-
crnefiHee COOTHOLLEHME MOXHO MepenuncaTb B BUe

<", 7,

a 3TO eCTb onepatop N/I0THOCTU rm66CoOBCKOro COCTOAHUS KBAHTOBOIO rapmo-
HWYECKOro ocuunndartopa, T. €. paBHOBECHOIo COCTOAHUA nNpu O6paTHOVI TEM-

nepatype 0/h =" In BennunHa N = TrSoAf = TrSofl*a uHtepnpetu-
pyeTcs Kak CpefHee YMCN0 KBAaHTOB 3HEPruy OCLUNNATOPA.

[Lpyroii BaxHbIi onepaTop MAOTHOCTW COOTBETCTBYET CMELLEHHON MnAoT-
HOCTW pacnpejaeneHus

N = ASK>(Clexp(-~M)rf2C (L1.18)

roe \i— TW)(LIJT,, +imp). Beegem yHUTapHble onepaTopsl

o(cxo =ef[!(e-0]we-*). (M19

nr

OueBungHo, 4TO

10 = 0(010> 0(0)10) = exp(i ImMOC2)X 1+ Cr),
T.e. AeliCTBME 3TUX OMEPaTOPOB MPUBOAUT K CMELLEHUIO CPeSHNX 3HAYEHUI Ha-
6noaaembIx g, p. B ¢m3nyeckoM sKCneprMeHTe Takoe CMeLLeHne NMPOUCXoanT
MpW BHELLUHEM BO3AENCTBUM, OCYLLECTBASIEMOM MAeaNlbHbIM J1a3epOM, KOTOPOe
npeobpasyet Bakyym |0){0] B KorepeHTHoe cocTosiHme |C)(Cl- KBasuknac-
cnyeckoe coctosHue (11.14) npefcTaBnsieT COGOM CTATUCTMUECKYKD CMECh
KOrepeHTHbIX COCTOSIHWIA, TorAa Kak

5M= D(p)SOD(p)* (11.20)

ecTb Mpeo6pa3oBaHMe PaBHOBECHOIO COCTOSHUA SO MpU BHELUHEM BO3fei-
CTBMMW. 3amMeTWM, YTO COCTOSIHME S|P ABMAETCA YACTbIM TOrAa U TOIbKO TOTAa,
korga N =0, npvyem B 3TOM C/lyyae OHO COBMafaeT C KOrepeHTHbIM COCTOA-
HueMm |m) (MI-

3apgava 11.1.5. [lokaxuTe, 4TO OMepatopbl CMeLleHWs YOOB/IETBOPSAOT
KOMMYTaLWOHHOMY COOTHOLLUEHUIO

0(6)D(Ci) = exp(ilmC,C2)0(Ci+C2), (M.21)
13 KOTOPOro CnefyeT paBeHCTBO

D{p)*D(QD(p) = exp(2|1wAC)0(C). (11.22)
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B panbHelilleM Ham NOHAA0OMTCA HEKOMMYTATMBHBIA aHanor xapakrepu-
CTUYECKOWN (PYHKUMW AN COCTOSHUA 57

TrSMD(C) = exp 2N TAC- (n + M)|C|2]- (11.23)

[okasatenbctBo ¢opmynbl (11.23). B cuny cooTHoweHunin (11.20),
(11.22) nmeem

TrSMD(C) = exp(2i Im 4O Tr50£>(C),

M [OCTaTOYHO AOKas3aTb paBeHCTBO (11.23) ans /r= 0. Vimeem

Tr500(C) = S<CilD(C)IC> e x p (-)d 20 =
= 5(0]D(C,)*D(C)D(Ci) [ 0)exp(-")d2G =
= 5exp(nmCI0 (0|D (C)|0) exp(-A)rf2CL  (11.24)
Vicnons3ys pasecTeo (11.13), nonyuaem
(0ID(C)[0) - (0IC) = exp(-"C2).

MogctaBnas 310 BbipaxeHue B opmyny (11.24) n ncnonb3ys BblpaXKeHue
[19 XapaKTepuCcTNYecKol (yHKLUM rayCCOBCKOrO pacnpeAeneHus, rnoayyaem

TrSoD(0 = exp (n +1) |C]2 m O

8§ 11.2. KaHOHMYeCKNe KOMMYTALWOHHblIe COOTHOLWEHNS

B KBaHTOBOW MexaHWKe KaHOHUYEeCKMe KOMMYTaLVOHHble COOTHOLLEHWS
(KKC) BO3HMKalOT MpU KBaHTOBaHUM KNACCUUYECKOW CUCTEMbI C KOHEYHbIM
Nn60o 6eCKOHEYHbIM YNCOM CTeneHel cBoboAb!, T.€. NoNs. B KBaHTOBON OoNTU-
Ke 06bIYHO MMEIOT [ef10 TONbKO C KOHEYHbIM HAbOpPOM CYLLECTBEHHbIX 4acToT,
4YTO CBOAMT Mpo6neMy K pacCMOTPEHWIO CUCTEMbl C KOHEYHbIM YUC/IOM S
CTeneHeld cBO6GOABbI.

PaccmoTpum runb6eptoBo npocTtpaHcTBO H = L2(R5) KOMMIEKCHbIX
KBagpaTUYHO WHTErpupyembix (YHKUMWA BELLECTBEHHbIX MEepeMeHHbIX £y,
/ =1,...,s, roe Rs faBngeTcs KOOPAWHATHbIM MPOCTPAHCTBOM paccmart-
pVBaEMOI Knaccu4eckon cuctemsl. B npocTpaHcTBe H 3agagvm fBe rpynrbl
YHUTapHbIX 0Neparopos

Yxp (0 = exp(ret x)*0 -  Yy®P(0 = P(£ + by), (11-25)
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rae £, X, y € Rs paccmatpuBaloTCa Kak BEKTOP-CTONOUbl, a T 0603HayvaeT
TpaHCMOHMPOBaHWe. JTW TPyNMbl YA0BNETBOPSIOT KAHOHUYECKUM KOMMYTaLu-
OHHbIM cooTHoweHuam (KKC) Beiins

Uy Vx = exp(ihyTx)VxUy. (11.26)

OTMeTMM aHanorn ¢ AUCKPETHbIMKU onepaTopamu Beiins, onpegeneHHbIMK
COOTHoWweHuAMK (6.47). Onepatopbl Uy, VX onucbiBalOT M3MEHEHWE KBaH-
TOBOFO COCTOSIHWSA NpY CMELLeHUN KOOpAMHaTbl (COOTBETCTBEHHO UMMY/bCa),
a COOTHOWeHMs Beling 3agal0T KMHEMATUKY KBaHTOBOMEXaHMYECKOM CUCTEMBI.

UTo6bl MCMNONb30BaTb OYEBUAHYHD CUMMETPUIO MEXAY X, Y, BBEAEM
BEKTOP-CTON6EL, BELECTBEHHbIX NapaMeTpoB I = [*i, y\, ..., XS, yS]T nyHu-
TapHble onepaTopsbl

(11.27)

M3 cooTHoweHnid (11.27) n (11.26) cnepyeT, uTo onepatopbl L) yaoBne-
TBOpAOT KKC Beiina—Curana

W(z)W(z') = exp |4 (2,2") Wr +72"), (11.28)
rae

(11.29)

— KaHOHMYeckas cuMnnekTuyeckas gopma. U3 paseHcTBa (11.28) u yHu-
TapHOCTM onepatopoB W(z), B 4aCTHOCTM, CreayeT, uTo

W-r) = W2)* zeZ
M3 paBeHcTBa (11.28) cnegyert, yto
W(zZ'yW (2)W(z') = exp[r4(r, z'))W{z). (11.30)

CX04CTBO KOMMYTALUMOHHbIX COOTHOLWEHMA (11.21) n (11.28) He cny4aiHo:
Ha camoM fiene onepartopbl W(z) ¢ TOYHOCTbIO [0 NapameTpu3saumm npescras-
NS0T o060 MHOrOMoA0BOe 0606LLEHNE YHUTAPHBIX ONEepaTopPoB CMELLEHUS.

3agaua 11.2.1. TloKaxwuTe, YTO B C/lyyae OAHON CTeneHu CBO6OAbI
D(p) = WTp/h, -mg/h), (11.31)

TaK 4to
D{p)*W(z)D(p) = zxpi(max + mpy)W(z). (11.32)
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Mockonbky A(r, z) = 0, n3 paBeHcTBa (11.28) BbITEKAET, YTO AN HO6Or0
(hMKCMPOBAHHOIO z ogHoMapameTpryeckoe cemelicteo {W(tz); t eM} asnset-
Cs yHuUTapHoi rpynnoii. CornacHo Teopeme CToyHa (cm. § 10.8) cyuiecTByeT
CaMOCONPSHXKEHHbIA onepatop R(z) Takoi, yTto

W(z) = exp//?(r). (11.33)

3agaya 11.2.2. C wucnonb3oBaHuem paBeHcTBa (11.30) AOKaKMTe COOT-
HoLleHue

W{z")*R{z)W{z’) = R(z) + A(r, r')/. (11.34)

3agava 11.2.3. MpoBepbTe, YTO COOTBETCTBUE I —BR(Z) ABASAETCA NNHENR-
HbIM 1 4TO onepatopbl R(z) ya0BNeTBOPAOT KOMMYTALVOHHbLIM COOTHOLLEHUAM

[2(2), th(z)] = -1 A(r, 2)I. (11.35)

YKasaHue. B cooTHoweHun (11.28) 3ameHuTe r, z' Ha tz, Sz' u paccMoTpuTe
nepBble Y BTOPYH CMeLUaHHYH Mpou3BOoAHble Nos, / npus =t =0.

MpocTpaHcTBO Z = M2S, CHabXXeHHOe HEBbIPOXAEHHOW KOCOCMMMETPUY-
Holi chopmoi A (r, r'), sBNAETCA CUMNNEKTMYECKUM MPOCTPaAHCTBOM.
CuMNNeKTUYeCcKoe NPoCTpaHCTBO (Z, M) onucbiBaeT (ha3oBOe MPOCTPAHCTBO
KlacCMYeCcKol MexaHW4ecKoi CUCTeMbl, KBAaHTOBaHME KOTOpPOW [aeTca ce-
MeliCTBOM YHWTapHbIX onepaTtopos W(z) B runb6epToBOM npocTpaHcTBe H.
Takoe KBaHTOBaHME B CYLLECTBEHHOM eAMHCTBEHHO: BCAKOE HENpMBOAMMOE
CeMeliCTBO YHMTapHbIX onepaTopoB W(z) B KakoM-M60 runnL6epToBOM
npocTpaHcTBe, Yygosnetsopswmx KKC Belina—Curana, YHUTapHO 3K-
BMBA/IEHTHO OMWCAHHOMY Bblle npeacTaBfeHnto B L2(MS), HasbiBaeMoMy
npescTtasneHvem LpéauHrepa (Teopema eAMHCTBEHHOCTM CTOyHa— (POH
HelimaHa, cM. kOMMeHTapuu). B panbHeiilwem cumtaem, uto ULr), ze Z , -
HekoTopoe Henpusoammoe npeactasneHme KKC.

basuc {ey, hp, j = 1, ..., S} B Z Ha3bIBaeTCsH CUMNNEKTNYECKUM, €C/N

A6y, hk) = -hSjk,  A(6/, ek) = A (hj, hk) = 0,
/lk -1 S, (H.36)

B Takom 6a3uce cumnnekTuyeckasa opma A(z, z') uMeeT cTaHAapTHbIN BUS
(11.29) un

R(z) = Rz =" ( Xjaj+yjPj),
/=i
roe
R=1[qu pu gs, Ps]
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— BEKTOP-CTPOKa CaMOCOMNPSAXKEHHbIX ONepaTopoB - KaHOHWYeCKUX Habnio-
paewmbix, ygosneTtsopaowmnx KKC leii3eHbepra

[gh pk\ = iSjkhf, [gh gk\ = 0, \ph pk\ = 0. (11.37)

MpeactaBneHue LpéanHrepa KKC (11.37) gaetcs camoconpsXeHHbIMU one-
paTopamu
: h A
qi ~ Pj ~ iat,
B runbbeptoBoM npoctpaHcTBe L2(RS). Onepatopbl qt, p/ He orpaHuyeHsbl,
noaTomy cooTHoweHus (11.37) cnegyeT paccmaTpvBaTb TONbKO Ha 06Llel
NNOTHON 06nacTu onpefeneHns, B KayecTBe KOTOPOW YAO6HO BbiGpaTb Mpo-
cTpaHcTBO <S(R). Mbl y)XXe BWAENM, YTO MOAXOA, OCHOBAHHbLIA Ha WCMO/b-
3o0BaHMnM KKC Beiins, sBnsetca 6onee PpyHAaMeHTalbHbIM C (hU3MYECKON
TOYKM 3peHusa. C apyroii CTOPOHbI, OH TaKXe MO03BONAeT M3bexaTb paga He
OTHOCALLUMXCA K Aeny maTeMaTU4eckuX NaTonoruii, cBf3aHHbIX C 06nacTamu
onpefeneHns HeorpaHNMYeHHbIX OMepaTopoB.
B panbHeiwem B npocTpaHcTBe Z = R 6GyayT paccmaTpuBaThCA pas-
NUYHble 6UNHelHble Gopmbl [, a, ..., NpyM 3TOM MaTpuubl Gopm 6yayT
00603HavyaTbCcA TeM e CMMBOMIOM, T.e. a(z, z') =zTaz' n T.4. B yacTHoCTH,

O, ry—rtAr/, rge

4 = = diag u o (11.38)

Nemma 11.2.1. MycTb a(z, z’)=zraz' —nNpou3BONbHOE CKansgpHoe
npoussefieHMe B CUMNAEKTUYECKOM nNpocTpaHcTBe (Z, [). CyuwecTBy-

eT cumnnekTudecknin 6asmc {8/, hj\ /=1,...,s}eZ,e koTopom dop-
Ma a UMeeT AuaroHanbHbIli BUA C MaTpuLein
. (r
a = dia
g O oai

npuyem a/ >0.

[oka3aTenbcTBO. PaccmoTpum maTpuuy i = [ _1o;, KoTopas siBNseTcs
maTtpuLeli onepatopa (0603Ha4aeMOoro Tem Xe CMBOJIOM), CBA3bIBAIOLLErO [Be
(hopMmbl:

a(z,z) — A(r, az').
Onepatop a fSBNAETCA KOCOCMMMETPUYHBIM B EBK/IMAOBOM MPOCTPAHCTBE
(Z, a): a* ——a. Mo n3BecTHOl Teopeme W3 IMHENHON anredpbl CyLLECTBYIOT
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opToroHanbHbl 6asnc {8/, hj) B (Z, a) n nonoxutensHble yncna {ay} Takue,
yTo

aej = —h~lajhj, ahj = h~lajej.

Bbibupas Hopmuposky a(ey, ej) —a(hj, hj) = aj, nonyyaem cumnnekTmye-
ckuii 6asuc B (Z, [) ¢ TpebyeMbiMM CBOWCTBaMM. O

O603Hayas yepe3 T maTpuLy nepexofa OT UCXOAHOI0 CUMMIEKTUYECKOTO
6asnca B Z K HOBOMY CUMMN/IEKTUYECKOMY 6asucy, T.e. MaTpuLy co cTonbuamm
{8/, hj\ j =1, ..., s}, nonyyaem

A = TTAT, 5 = TTal.
KaHoHMYeckne HabnogaeMblie B HOBOM 6a3nce Jal0TCH COOTHOLUEHUAMM
a, = R(ej), Pj=R{hj), y=1,...s,

Tak 4to RT =R, rge R = [q\, p\, ... ,gs, ps]. Matpuua T 3agaeT cuMnnek-
Tuyeckoe npeobpasosaHue B (Z, [l), KOTOpPOe XapaKTepusyeTcs CBOCTBOM

O(7z, 7z') = A(z, z'), z,7' e Z

§ 11.3. AvHamMunka, KBajpaTuyHblie onepaTopsbl
N KOMMJIEKCHbIE CTPYKTYpPbI

[na no6oro cMmMnaeKkTM4eckoro npeobpasosaHms T B Z CyLecTBYeT Ka-
HOHUYECKOe YHUTapHoe npeobpa3oBaHue |Jj B 77 Takoe, 4TO

Uf W()UT - LLTT).

370 cnepyeT U3 TeopeMbl eAMHCTBEHHOCTW, MOCKOMbKY onepatopbl W(Tz),
Z e Z, Takxe obpasytoT (HenpmBogmmoe) npeactasnedme KKC (11.28) B npo-
cTpaHcTBe H. B TepMUHaX KaHOHWYECKUX HaboaaeMbIX UMeeM

UjRUT —RT. (11.39)

AN nonydyeHns SBHOTO BblpaXKeHUs Ans onepaTopoB Uj paccmMoTpum
OfiHOMapameTpuUeckyto rpynmny

Tt=ew, t€R,

CUMMEKTUYECKMX Npeo6pa3oBaHWili B Z, KOTOpas OMUCLIBAET NIMHEHYIO Au-
HaMKKy B KNacCMUYeCcKOM (ha30BOM MpocTpaHCTBe. 3geck D —reHepatop, Ko-
TOpbIil Y0BNETBOPSET YC/OBUIO

A(Ttz, Ttz') = A(z, z).
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bygemnpegnonarate, 4to onepatop D anfetca cTporo [ -nono>KuTeb-
HbiM, T.e. [ (z, Dz') ABnsieTca ckansipHbiM npou3sedeHnem B Z. OTcroaa
nosily4aem, B MaTPUUHbIX 0603HAYEHUAX,

AD = -DTA "~ 0. (11.40)

KBaHTOBaHWE NWHEHON AnHaAMUKK 7) gaeTcs crefytolleil Teopemoil.
Teopema 11.3.1. PaccmoTpum onepaTop aHeprum H —"ReRT B H,
KBajpaTWUHbIi OTHOCUTENbHO KAHOHWYECKMX Habnwpaembix R, rge
e= —73DA~I. Torga H —nono>XnTenbHblii CaMOCONPS>KEHHbIN onepa-
Top B H, nopoxkpawwuii yuuTapHyt rpynny {eall} 8 H Takyw, uToO
W{Ttz) = eitHW(z)e~iiH. (11.41)

[okasaTenbcTBO (HabpOoCOK). PaccmMoTpum GMAMHERHY dhopmy
r(z, z') = -zTAeAz' = |4 (r, Dz"),

KOTOpas fBNSAETCA CKaNAPHbIM MPOW3BEAEHMEM B CUJY MpPeanonoXeHus o6
onepatope D. CornacHo nemme 11.2.1 cywecTByeT CUMMNEKTUYECKMIA Ga3nc
{8/, hj}, B kKOTOpOM MaTpuLa 3TO POPMbI UMEET AMAroHaNbHbIA BUS

. 0jjl2 0
-A el = h2diag Jé w2

roe 5 > 0, cnefoBaTeslbHO,
£=diag W/2 0O
0 ujj/2
BBoas kaHoHuueckue Habnwogaemble ¢jj = R(ej), ps=R(hj), j= 1 ..., s,
nonyyaem

(,L42)

w =
/=1

OTKYfa BUAHO, YTO H —MONOXMTENbHBIV CaMOCONPsXKeHHbI onepaTop, Kak
cyMMa orepaTopoB Tuna (11.12), OTHOCAWMXCA K pasHbiM Mogam. Onpegensis
onepaTopbl POXKAEHUSA-YHNYTOXKEHUSA

a'=7b6"'_'r)- s'~ w M i+rpi)
yAoBneTsopAoLne KOMMYTaluNOHHbIM COOTHOLUEHUAM

[a,,a\] = 5jKI, (11.43)
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nonyyaem
H = (11.44)
=1

B TepMuHax reHepaToOpoB KaHOHWYECKUX Hab/lofaeMblX COOTHOLLEHUE
(11.41) cBoAUTCA K YpaBHEHUIO

RetD = e-«~O[1-'iiTReit!RDA-'RT < (N 45)

roe D ——2efl/N1. B 6a3uce {eh hj} maTpuua onepatopa D vmeeT Bug

D = 2h leA = diag _%I 9

cnegoBaTefibHO, cOOTHOWeHWe (11.45) cBoamTCa K ypaBHeHusm Tuna (11.11)
a = ei«/<3fr5 e-«u/»3frf j = i; >S) (11.46)

ONUCLIBAIOLLMM JUHAMUKY KBAHTOBbIX FapMOHWUYECKUX OCLMNATOPOB C 4acTo-
Tamun LY. O
Moaxoa, ucMonb3ylowuii NpeAcTasieHne MaTpullbl 3HepruyM e B AMaro-
HaslbHOl PopMe, Ha3biBaeTCA B KBAHTOBOIN OMTUKE pa3noXKeHneM Ha HOpMasb-
Hble MOJbI.
Onepatop ¥ B (Z, [) Ha3biBaeTca onepaToOpOM KOMNJEKCHOW CTPYK-
Typbl, €CAN OH [-NONOXUTENEH 1

Y2 = -1, (11.47)
roe 1—efuHUYHbIA onepatop B Z. B vacTHoCTH,
ay =-y1a ~ 0. (11.48)

3agada 11.3.1. [lokaxuTe, 4TO onepatop Y Nopoxgaet B Z CTPYKTypy
KOMMMEKCHOr0 YHUTApHOro MPOCTPaHCTBa (PasMepHOCTH S), €CNN NOMOXKUTb
Mo onpefeneHunio iz —Jz 1 BBECTU CKanApHOe npoussefeHue

h(z, zD = j(z, ') +iA(z, 2') = A(z, J2') +iA(z, 2).

C no6oii KOMMIEKCHOW CTPYKTYPO MOXHO CBSi3aTb LMKINYECKYHO OfHO-
napameTtpuueckyto rpynny {evJ} cumnnekTuyeckux npeobpasoBaHuii, KOTO-
pylo Mbl 6yfem Has3blBaTb KanubpoBOYHOW rpynnoii. CornacHo foKasaHHOW
TeopeMe KanmbpoBoyHasa rpynna B Z MOpOXAaeT YHUTapHYIo rpynny Kanuob-
pPOBOYHbIX NMpeobpasosaHnili B TY no dopmyne

W(evdz) = e~iipGW{z)eitpG, (11.49)
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rie G— "RJA IRT —camocOonpsXXeHHbIli MONOXUTENbHBIA onepaTop B H.
B TepMmmHax KaHOHUYeCKMX HabnogaeMbix cooTHoweHne (11.49) csoawTces
K NMHeHOMY npeobpa3oBaHuio

Re'* = e~i{pGReiipG, (11.50)

KOTOpPOe SIBNSETCA YaCTHbIM CryvaeM npeobpasoBaHusa (11.45).
M3 gokasaTenbcTBa TeopeMbl B cnyyae D —J c yyeTom AOMOMHUTESIb-
Horo csolicTBa (11.47) BbITeKaeT CyLLeCTBOBaHWE CUMMNEKTMYECKOro 6asuca

{ey, hj\ j = 1 S}, accouMmpoBaHHOr0 CO CKansipHbIM MPOW3BeAeHUeM
j(z, ") = A(z, Jz"), B KOTOpPOM onepaTop Y UMeeT MaTpuLy
o 0 1
Y = diag 1 0 (11.51)

B atom 6asuce

0 =E k®? +p'2 = +112), (11.52)

i=i i=i
4YTO C TOYHOCTbKO A0 HECYLWECTBEHHOIO Cnlaraémoro cosnajaeTt c onepaTopom
MOMHOTI0 4Yucna KBaHTOB

A =Yja)aj.
/=1
CooTHoweHune (11.50) cBogmTca K (11.46) ¢ 3aMeHOW ujjt Ha <p
Onepatop A B K Ha3sbiBaeTca KanubpoBOYHO WHBAPUAHTHBIM, €C/un
e-‘eCGAeivG = A

[NSi BCEX BELLECTBEHHbIX . Micnonb3ys cooTHoweHmne (11.50), nonyyaem, 4To
KBafgpaTU4HbIii onepatop JT=ReRT, rge e —cUMMeTPUYHAA NONOXKMTeNIbHas

MaTtpuua, ABNAeTCA KaJ'II/I6pOBOLIH0 MHBAPUaHTHbLIM, €Cnn evJeeva =e, un,
YTO 3KBMBANIEHTHO, Je + /T = 0, uTo ¢ y4eToMm (11.48) paBHOCUILHO YCNOBUIO
[, ed] = 0.

[ns noboli aHepreTMyeckol MaTpuLbl € CYLLecTBYeT onepaTop KOMMIEKCHOM

CTPYKTYpbl, YLOBNETBOPSAIOWMNIA 3TOMY YCN0BMIO: 3TO omepaTtop J = TJT~I,
KoTOpbI umeeT maTpuuy (11.51) B cumnnekTMyeckom 6asuce, accoummpo-
BaHHOM CO CKanspHbIM npowussegeHunem e(z, z') = A(r, e4r")-

Mpumep 11.3.1. Myctb W/, j =1 ..., S, — NONOXUTE/IbHbIE YKACNA U

H =/T_,2lk1 N Qi2+pid
=i
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— raMuIbTOHMaH aHcamba OCLUNNATOPOB C YacToTamu Wy, Torga ¢jj = M/wjqj,
Pj = Pj, Tak utO

m=£un NM2+722)=1N wM un>+1/2)-
/=1 =1

COoOTBETCTBYHOLLMIA OnepaTop KOMM/EKCHOW CTPYKTYpbl UMEeT BUj

(0]

J = diag “wil 0

YTO COOTBETCTBYET YMHOXEHWIO Ha i OMepaTopoB YHUUTOXEHWS ay, Npy 3ToM
KannmbpoBOYHbIA onepaTop B npocTpaHcTBe H gaetca dopmynoin (11.52), T.e.

paBeH N + ~1-

8§ 11.4. [ayCCOBCKMWE COCTOAHUSA

11.4.1. XapakTepucTuyeckas (yHKUNS

XapakTepucTuyeckas (PyHKLMUS KBAHTOBOTO COCTOSIHUS 5 onpegens-
eTCSl COOTHOLUEHMEM

<) = TrSIF(z), z e Z

[ns npou3BonbHOIO Af4epHOro oneparopa S 3TO BbIpaXeHWEe MOXHO paccmar-
pvBaTb Kak HEKOMMYTaTMBHbIA aHanor npeobpasoBaHus Pypbe, OAHO3HAYHO
onpefenswowuiA onepaTop S.

M3 nonoxuTenbHOCTU onepatopa S chnefyet HeoTpuuartesbHaa ornpefe-
NEHHOCTb (M X «)-MaTpuL, C 3NeMEHTaMu

ip(zr-zs)exp -~A(rr,zs) = Trr(zs)*SIF(zr) (11.53)

ona Bcex N= 1, 2, ... 1N BCEBO3MOXHbIX Habopos {zj, ..., zn)€ Z.

Onepatop MAOTHOCTM S KMeeT KOHeYHble BTOPble MOMEHTbI, ecnu
TrSNy < oo, TrSpJ < oo gna Bcex /, rae cnep onpegensieTcs Kak B COOT-
HoweHun (10.6). B aTom cnyvae onpefeneHbl BEKTOP CPeAHWUX 3HAYeHUi
T = TrSR nmaTpuua kosapnauyuii Bs{R) —a (cp. n.2.2.3). B cuny KKC
(11.35) kommyTaumoHHas matpuua umeet Bug QS{R) = [, TaK 4T0

a-|la = Tr(R- T)TS(R- T). (11.54)
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OTCIO,qa BbITEKAET HEPaBEHCTBO

an sl (11.55)

KOTOpOe eCTb He YTO MHOe, KakK COOTHOLLEHME HeonpegeneHHocTel (2.21) ana
KaHOHMYecknx Habnogaemblix R. Janee 6ygeT nokasaHo (Teopema 11.4.1), yto
ycnosue (11.55) He TONbKO HEO6XOAMMO, HO U AOCTATOYMHO ANS TOro, YTO6bLI
MaTpuua a 6blna MaTpuuein KoBapuauuii HEKOTOpPOro COCTosHWA. B pganb-
HeillemM Mbl 6yfgeM 0603HayaTb 4yepe3 £ (T, a) MHOXECTBO BCEX COCTOSHWIA
C (DMKCMPOBAHHbIM BEKTOPOM CpefHWUX 3HaYeHWin T U mMaTpuuel kosapua-
umi a.

Kak 1 B KnaccM4yeckoM cnydae, KOMNOHEHTbl T, a (Kak 1 MOMeHTbI 6onee
BbICOKOr0 NoOpsfKa) MOXHO Bblpa3uTb 4Yepe3 MpPOU3BOAHbIE XapaKTepucTuye-
CKOMN (hyHKLUMWN.

3agadva 11.4.1. lMpepnonaras cyliecTsoBaHWe MOMEHTOB COOTBETCTBYHO-
LLero nopsigka, AOKaXxuTe, 4To

11.4.2. OnpefgeneHne 1 CBOMCTBA rayCCOBCKUX COCTOSHUNA

CocTosiHMe S Ha3blBaeTCH rayCCOBCKWM, €C/IM ero XapakTepucTmyeckas
thyHKuma ip(z) = Tr5LW r) nmeeT Bug

(11.56)

rgoe m(z) —Tr — nnHeliHaa ¢opma, a a(z, z) —zTaz —6unuHeitHasa Gop-
Ma Ha (Z, O). 3gecb T —BewecTBeHHasa (25)-BeKTOp-CTpOKa, a a — BeLe-
CTBEHHasi cMMMeETpMYHasa (2s) x (2%)-matpuua.

3agava 11.4.2. Haihgute nepBble W BTOpble MPOM3BOAHbLIE (YHKLUN
(11.56) npn 2 = 0 M NoKaxuTe, UCNONbL3ys pesynbTaT 3agaunm 11.4.1, 4to
T — BEKTOP CpefHUX 3Ha4YeHUid, a a —maTpuLa KoBapualuin cocTosaHus S.

Teopema 11.4.1. Ans Toro 4Tob6bl cooTHOoweHne (11.56) onpegens-
N0 KBaHTOBOE COCTOSIHME, HEOOXOANMO U LOCTATOYHO, YTOOLl MAT-
puua a ygosneTsopsana ycnosuto (11.55). Mpu BbINONHEHUN 3TOr0 yco-
Bus popmyna (11.56) onpepenseT eAUHCTBEHHOE raycCOBCKOE COCTOS-
Hue B T,(T, a).

JokaszaTenbcTBO. Kak yXe 6bl10 0TMeYyeHO, HEO6XOAMMOCTb BbITEKAET
13 cooTHoweHusa (11.54). AnbTepHaTUBHOe 40Ka3aTeNbCTBO BbITEKAaeT U3 Cle-
JytoLleil neMMbl, KOTopas MOHagobuTCs W B JafbHeiLem.
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Nemma 11.4.1. TycTb a —cKandapHoe npowussefeHue M A —Koco-

cumMMeTpuyHaa opma B Z Takue, YTO A Bcex N = 1, 2, ... 1 BCEBO3-
MO>KHbIX HabopoB {z\, ..., zn}e Z 3pMUTOBbI MaTPULbl C 3NEMEHTaMM
expja(zr, zs)- |4 (zr, z9)j (11.57)

HeoTpuLaTenpHO onpejeneHbl. Torga maTpuubl dopm a, A ypoBne-
TBOpAT ycnosuwo (11.55).

[okaszaTenbcTBO. [lycTb t > 0. 3anucbiBas YCNOBWME HeoTpULaTENb-

Holi onpepeneHHocT Ans HabGopa {0, \Ar\, ..., \ftzn} ¢ nepemeHHbIMK
{co, cb e+, cn) 6 C, ygoBnetsopsAowmmn ycnosmo = —>5Z c/> nonyyaem
/=1
O
N cfes”exp/ a(zr,zs)~ |p (zr,zs) - 1) ~ 0
rs=1

Oens Ha / v nepexofs K npegeny npu t —*0, nonydaem, 4To MaTpuLbl C 3ne-

MeHTamu a(zr, zs) - |4 (2J1 zs) HeoTpuuaTenbHO ONpeAeneHbl 418 BCEBO3-

MOXHbIX HabopoB z\, ..., zn, YTo paBHOCUILHO ycnosuto (11.55). O
Mopgctasnas B hopmyny (11.53) rayccoBckoe BblpaxeHue (11.56), MOXHO
BUAETb, UTO

<P(zr- zs)exp - |4 (zr, zs)j = y>@tp{zs) expla(zr, zs) - “A(zr, z9)j,
TakuMm 06pa3om, YCr0BUe NeMMbl BbINOJHEHO, OTKyAa CrefyeT HepaBeHCTBO
(11.55).
MycTb Tenepb MaTpuua a yaoBneTsopseT HepaBeHCTBY (11.55). 13 neMmbl
11.2.1 cnefyeT, 4TO CyLLEeCTBYeT CUMIIEKTUYECKOe NpeobpasoBaHue T Takoe,

4yTo

a, O

a T aT —diag 0 (11.58)

roe al >0, npuyem HepaBeHCTBO (11.55) paBHOCM/IBHO TOMy, 4TO a, "

j= s. Monaras a, = h("Nj + nonyyaem N, N 0.
M3 cooTHoweHunsa (11.58) cnegyeT, yto
n S .
ip(Tz) = exp(imTz - 2ZTaz) = exp"*2"i(migxj+mjPyj)-"aj(xJ+y'f)
/=i
rge fh = TTm. OpgHako B cuny cooTHoweHuid (11.23), (11.31) dyHKuma

<Pi(z) = exp i(mjgx + ihjpy) - y (*2+ Y2) (11.59)
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SBNAETCA XapaKTepPUCTUYECKOI (yHKLMel onepaTopa M0THOCTM Tuna (11.18)
[ANS OfHOM cTenmeHn cBO6GOAbI (MpU W — 1) B KAHOHWYECKMX HabMHAaeMbIX

R =RT. O603Ha4as cooTBeTCcTBYlOWEe cocTosiHMe S/) n nonaras
S =®S</\ (11.60)
/=1
nonyyaem
<p(Tz) = TrS expiRz = TrS W(Tz),

OTKyfa CnefyeT, 4TO COCTOSIHWE S WMeeT XapaKTepuCTUYUECKYyt (YHKUUIO
<D2). O

B KBaHTOBOV ONTMKe MNpefcTaBleHWe rayCCOBCKOrO0 COCTOSIHWS B BUAE
(11.60) 06bI4HO CBSI3aHO C pas3/fOXeHUem Ha HOPMasibHble MOAbI.

MycTb Y—onepatop KOMMNAEKCHON CTPYKTypbl B Z u {e**Cc }—C00TBeT-
cTBylOWaA KanubpoBoyHaa rpynna B H. M3 cooTHoweHus (11.49) cnepyer,
4TO rayCCOBCKMIA onepaTop MAOTHOCTU S SiBNSETCA KanMbpOBOYHO MHBAPUAHT-
HbiM, e~"pGSetpG —S, tp€ E, TOrga v T0/1bKO TOrfa, Korga ero xapaktepucTu-
yeckas (hyHKUMSA yaoBneTBopseT ycnosuto ip(evlz) = <p(z), YTO paBHOCW/ILHO
ycnosusam /2= 0 n¥ta + ay = 0. Vicnonb3ys (11.48), nocnegHee paBeHCTBO
MOXHO rfepenucaTb B BUfe

. 4-'a]=0. (11.61)
HanomHum, uto a = [ _|a sBNsieTca MaTpuueli KOCOCMMMETPMYHOrQ ore-
patopa. Ans n60i maTpuubl KOBapuauuii a HaligeTcsa no KpaiHein mepe
OAIMH OMepaTop KOMMEKCHON CTPYKTYpbl B Z, KOMMYTUPYIOLLUIA C ONepaTopom
[ _la, a MMEHHO OPTOrOHa/IbHbIV onepaTop Y M3 MOMSPHOr0 PasnoXeHUs

5= |4-]ay =Y |4-1a| (11.62)
B €BKIN4OBOM npocTpaHcTee (Z, a). MycTb T —cuMMNieKTnyeckoe npeobpa-
30BaHue, AvaroHanusyrowee a, Torga Y— rge Y onpefeneHo COOTHO-

WweHuem (11.51). bonee ToOro, |A4-|cy= TAT~\ rge

aj/lh 0 . Nj+t 0
0 aj/h L P
3agava 11.4.3. [JoKaxuTe, YTO raycCOBCKOe COCTOAHME S ABNAETCA Yu-
CTbIM TOrfa W TOMIbKO TOrfa, Korga BbIMOMHAETCA OAHO M3 CreAyrowmnx pas-
HOCUJTbHBIX YCNOBWIA:
H)Nj=0,/=1 S;
2) |[det(2A-a)| =L

3) a="AY, rge Y—onepatop KOMMNEKCHON CTPYKTYpbl.

A =diag



274 [ayccoBcKue cucTembl [Fh 11

MpW BLINOAHEHUN 3TUX YCNOBUI MHOXeCTBO E(W, a) COCTOMT U3 OfHOr0
UMCTOrO raycCOBCKOFO COCTOSHUS.

MycTb S —rayccoBckoe cocTosiHMe ¢ napameTpamu (0, a), J — onepatop
KOMT/IEKCHO CTPYKTYpbl U3 MONSIPHOTO pasnoxeHus (11.62) u So —uuctoe

rayccoBCcKOe COCTOsiHMe ¢ napameTpamun "0, | AY”. Takum o6pa3om, o6a 3Tmx
COCTOSIHNA KanMOPOBOYHO MHBapUAaHTHbI.
3agava 11.4.4. [okaxuTe cnegyroliee MHOromepHoe o06o06uieHme hop-
mynbl (11.15):
S = $mz)SOW{z)*P(d2sz) = $ W(Jz)SOW(Jz)*P(d2sz), (11.63)

rge P —rayccoBcKoe pacnpefesnieHne BepPOATHOCTEN C CUMMIEKTUYECKOW Xa-
paKTepUCTUYECKON (hyHKUMENR

( eiA(w,z)p”™2szj _ eXp

3710 pacnpefeneHne KaaMbpoBOUYHO WMHBAPWAHTHO, T. €. MHBAPUAHTHO OTHO-
CUTE/IbHO AeliCTBUA onepaTopa KOMMEKCHOW CTPYKTYpPbl Ja s Za- 3aMeTUM
Takxe, 4to coctoaHmna W(Jz)SoW(Jz)* ABNAKOTCA KOTePeHTHbIMW OTHOCUTENb-
HO paccMaTpyBaeMoi KOMMIEKCHON CTPYKTYpbI.

11.4.3. OnepaTop MJOTHOCTU raycCOBCKOro COCTOSAHUSA
3ametnm, yto A -1la = 7'(4- |a)7'-1, rpe

0 otj/h

A a=diag im0

(11.64)

CnegoBaTenbHo, uncna xiotj/K, }= 1, ..., s, ABAAOTCA CO6CTBEHHbIMMW 3Ha-
YeHMAMU onepatopa [ -1a.

3agava 11.4.5. OokaxwuTe, uTto onepatop -(4 ‘'a)2—|/ sBnseTcs no-

NOXWUTENbHLIM B €BKIWAOBOM MpOCTpaHCTBe (Z, a), MmpuyeM cocTosiHMe S
SIBMISIETCA YNCTbIM TOFAa M TONbKO TOrAa, Korfja 3ToT onepatop paseH O, T.e.

(4-]a)2= —/. (11.65)

CnekTpanbHOe pas3foXeHWe MPOM3BOSILHOIO rayCcCOBCKOrO COCTOSHUA
(11.60) MOXHO nNOMYYUTb KakK TEH30pHOEe TMpOM3BeLeHNEe CMEKTPa/IbHbIX
pa3noXeHnh 0gHOMOAOBbLIX COCTOAHMIA S (/). Cnepyrowias TeopemMa 0606LaeT
npeactasneHne (11.17) Ha cnydaih NPOM3BO/BHBLIX FayCCOBCKUX COCTOSIHUIA,
pa3noXKeHne KOTOPbIX He COLEPXKMUT «UUCTON» MOAbI.
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Teopema 11.4.2. Tlpegnono>kum, 4To onepatop —4 'a)2— |/

HEBbIPOXK/EH, TOrAa rayccoBCKMii onepaTop NNOTHOCTU C HyNneBbiM
CpeAHUM M MaTpuueil Kosapuaumii a npeacTaBnseTcs B BUae

SO =cexp(-*"dedT), (11.66)
roe
c= |det(-(A-"a)2- j/)] 4= |det(-4 sin2 \ (11.67)
ar Haxo4MTCS M3 COOTHOLIEHMS
20~'a - ctg °P (11.68)

[okaszaTenbcTtBO. [lepenucbiBas npeacTtasneHve (11.17) (npy w = 1)
B BUjE
(e*2 _ g-0/2) exp™ _ "2 + p2~

1 ncnonb3ys pasnoxernue (11.58), AnaroHanu3ylollee MaTpuLy a, noyyaem

SO0 = cexp(-"Y?e#T1),

rge
Qj/z o'
0 B,/2
/=1
TakK 41O
" " - T a -
e02_e-W2=
- Aal 4 (11.69)
Onepatop [,-1a MMeeT COBCTBEHHbIE 3HAYEHUS OTKyZa cnefyeT nepsast

n3 hopmyn (11.67). MNMepexogs K UCXOLHbIM KaHOHMYECKMM Habnogaembim R,
nonyyaem copmyny (11.66), rae e = TeTT.
O6pauwas cooTHoweHne (11.69), nonyvaem

ZA_ - JZ.L\:IIH &2_ (11.70)
Nmeem
o . o -BJ2

X = dia& ,/2 0
3ametum, yto el = TeAT 1u [ [a=TA 1aT 1—wmaTpubl 0nepaTopos,

npuyem [,-15 paetca cooTHoweHuem (11.64). OnepaTtopbl — u O _1#
MUMEIT OAMHAKOBble COOCTBEHHbIE BEKTOPbl C COOGCTBEHHbLIMW 3HAYeHUAMU
+i6j/2 nzicij/h cooTBeTCTBEHHO, NO3TOMY 13 cOOTHOWeHMs (11.70) cnegyet
paBeHcTBO (11.68). O
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11.4.4. 3HTpONUSA rayccoBCKOro COCTOAHUSA

[na BblUMCNEHNS 3HTPOMMU MPOU3BOJILHOFO rayCCOBCKOrO COCTOSIHWS UC-
NoNb3yeM pasfoXeHne Ha HopMasbHble Mogpl. [ns ogHoi Mogpl (S = 1) one-
paTtop nAoTHOCTU S (/) yHUTapHO 3KBMBaneHTeH onepaTtopy (11.16). Moatomy
3HTpONUA (oH HelimaHa paBHa

w(o0) = )vTtZ!()vTt) \(n+Dlog(N + 1)-n\ogN\ = g(N),
n—0

rae BBefleHO 0603HaueHMe
g(x) - (x+ Dlog(x + 1) —jclogx, x >o;
2(0) = 0.

NS rayccoBCKOro COCTOSHMA 06Lero Buga (11.60) cyMMMpoBaHMEM MO HOP-
Ma/ibHbIM MOZAaM TMoJTyyaeM

tf(S) = X > (ty). (N.71)
=
rge Nj = ctj/h—1/2.
UTobbinonyunTb oOLLee BblpaXeHWe, He 3aBucsllee 0T Bblbopa 6a-
31ca,3aMeTMM, YTOB CW/y COOTHoweHus (11.64) onepatop [-|a wume-

€T COOCTBEHHble 3HayeHWs =r-"-, nu, cnegoBatesibHO, OH AnaroHannsyem

(B nmone KOMMAEKCHbIX u4ucen). Ana nw6oi AuaroHannsyemoin MaTpuubl
M —U diag(mj)U~[ no aHanorum c ApYrMmMn HenpepbIiBHbIMUA (YHKLUAMMN
Ha KOMMEKCHOW nnockocTu BBeaeM (yHkuuto abs(/W) = U diag(|ff2/|) (/-1.
Torpa BoipaxeHue (11.71) MOXHO nepenucaTb B Buie

H(S) = ispg(abs(A-1a)-0 > (11.72)

rge Sp —cnef matpuubl (KOTOpbIA cnegyeT oTaMyath OT cnegda Tr onepaTopa
B r'Mb6EpTOBOM MPOCTPAHCTBeE).

[pyroe BblpaXKeHWe 418 3HTPONUU rayCCOBCKOro COCTOSHUA MOXHO Mo-
nyuntb U3 npegctasneHms (11.66). Mo onpefeneHno SHTPONUM UMEEM

H(S) = - logc--jrSpea,

a B CUNY COOTHOLIeHMHMA (11.67) n (11.68) 3TO BblipaXKeHWe paBHO
|[Splog[-(A ‘a)2- i/j + Sp(A 'a)arcctg(2A ‘a) =

= -|Splog(-sin2”) +~SpeActg”p (11.73)
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3agaya 11.4.6. Vcnonb3ys COOTHOLLIEHWE

8§(a-|) = 5|0é(a2-5)+al10? ™ |,
LOKaXuTe coBnageHne BblpaxkeHuii (11.72) un (11.73).
Mpumep 11.4.1. B cnydvae 04HOMOLOBOr0O rayccoBCKOro oneparopa nnaoT-
HOCTK 06Llero Bnga Mmeem a= “‘an “ss , MPUYEM a qqa pp - (aqp)2>

(3TO HepaBeHCTBO paBHOCMAbLHO ycnosuto (11.55)). Torga

(Ao s T P2
cnegoBatesibHoO,
- —(a??)'1
|A_ a] = ;.--_(_Ei-__)-
_ ordaH wmagp)2

0 -

eoMeTpUYECKM BeNMUMHA aqga pp - (agp)2 paBHa KBagpaTy Naowagn annun-
confa paccesHus

thzTa~lz = 1, 1 —[x,y\T,

ANst ABYMEpHOro rayCcCOBCKOrO pacrnpefefieHns ¢ MaTpuLeil KoBapuauuii a.

3amMeTUM, YTO B COOTBETCTBUM C COOTHOLIEHNeM (11.65) rayccoBCKOe CO-
CTOSIHME ABMSIETCS UMCTbIM TOTAa W TOMbKO TOrfa, Korja OHO VMMEeT MUHM-

ft2
MaslbHYH HeonpeaeneHHoCTL aqgapp - (agp)2= 3T0 COOTHOLLEHNE UMEET
MECTO KaK [/l KOTEPEHTHbIX COCTOAHMIA, 1 KOTOPbIX

ft
agg = app = agp = O

Tak M AN CXKaTbiX COCTOAHUM, [/1 KOTOPbIX MOC/EAHEE YCOBUE HE Bbl-
MosHsieTcs (B OTNMYME OT KBAHTOBOI OMTMKM, Mbl WUCMO/b3YEM 3[eCh BelLle-
CTBEHHYI0, a He KOMI/IEKCHYI0 NnapameTpusalmio). 3ameTumM, UTO COCTOSIHME,
KOTOPOE ABNSAETCH «CXKATbIM» OTHOCUTE/bHO [JaHHON KOMMJ/IEKCHOW CTPYKTY-
pbl, BCEra MOXHO CleNlaTh «KOT€PEHTHbIM», UCMOMb3Ys KOMMIEKCHYH CTPYK-
TYpY, accoLMMPOBaHHYO C MaTpULEi KoBapuauuit. B MHOroMoaoBoM crydae
MCMONb3YETCA Pa3foXKeHne Ha HopMarbHble Mofbl. B KBAaHTOBOI ONTUKE Bbiae-
NSETCA Ta KOMM/EKCHasA CTPYKTYpa, AN KOTOPOIA raMMibTOHMAH OCLUANATOpa
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MMeeT KaHoHMYeckuii Bug (11.42), n KOrepeHTHble/CXaTble COCTOSAHUSA Onpe-
[eNnsitoTCa OTHOCUTENbHO 3TOM KOMMIEKCHOW CTPYKTYpbI.

Torga Kak 4uCTble rayCcCOBCKME COCTOSHWUS ABAAKOTCA COCTOSHUAMU MU-
HMabHON HeonpeaeneHHOCTU KaHOHUYECKMX HabniofaembIX, NMpPOW3BO/bHbIE
rayCCoBCKME COCTOSIHUSI XapaKTepu3yrTcs Crefytolym CBOWCTBOM MaKCu-
Ma/IbHOM 3HTPONUIAHOW HeoMpeAeneHHOCT Npy (UKCMPOBaHHLIX MOMEHTax
KaHOHMYeCKMX HabntoLaeMbiX.

Jlemma 11.4.2. TaycCOBCKOe COCTOfHWE WMeeT MakKCUMalbHYK 3H-
TPONUI CPeam BCEX COCTOAHNIA C (PUKCUPOBAHHBIMW CPEAHUM T U MAT-
puuein KoBapuauuii a. MoaTomy And No6Oro MHOXXecTBa COCTOAHUNM,
3aflaHHOr0 OrpaHWYeHUsIMU Ha MepBble U BTOPble MOMEHTbI, MPU Ha-
XO>KAEHUU MaKCMManbHON 3HTPONUU JOCTATOYHO OrpaHMYnTbLCA pac-
CMOTPEHNEM TFayCCOBCKMUX COCTOSHNA.

[okaszaTtenbctBo. MycTb 5 e £(T, &), U NyCTb S —eAUHCTBEHHOE rayc-
COBCKOe cocTosHue B £(T, a). bes orpaHMyeHns 0OLHOCTU MOXHO CYMTaTb,
YTO COCTOSIHME S HEeBLIPOXKAEHHO. O6LMIA cnyyaid MOXHO CBECTU K 3TOMY
MOCPeACTBOM OTAENEHUA YMCTbIX KOMMOHEHT B PasfoXeHWM S B TeH30pHOe
npoussegeHune. [encTBMTENbHO, paccmMaTpmnBas pas3foXXeHWe Ha HOpMasbHbIe
MOfbl, MOXHO cumuTath, 4t0 Z =2Z\ + Z2 npn O = Ai + [2,a = a\ + €2,
rge ai ynosnetsopsieT aHanory ycnosus (11.65) M noatomy COOTBETCTBYeT
eJMHCTBEHHOMY, 0653aTe/IbHO rayCcCOBCKOMY, COCTOSHUIO B Z\, B TO BpeMms
KaK «2 COOTBETCTBYET HEBbIPOXJEHHOMY OMnepaTopy MA0THOCTU. ViMeem

H{S) - H{S) = tf(S; S) + Tr(S- S) logS,
rae nocCnefHee cnaraemMoe paBHO HY/MO, MOCKOJMIbKY A1 HEBbLIPOXAEH-
HOr0 rayccoBCKOro CcOCTOSiHMA S onepatop logS sABnseTca MHOroune-
HOM BTOPOro nopsigka OT KaHOHWYECKMX HabMojaeMbiX B CUy TeopeMmbl
11.4.2, a nepBble W BTOPble MOMEHTbI COCTOSIHMIA S, S coBnagatoT. MMoaTomy
H(S)-H(S) =H(S\S)2 0. O

AHaNOrMyHbIA pesynbTaT MMEeT MEecTO A8 YCMOBHOW KBAHTOBOW 3HTPO-
nmu.

Jlemma 11.4.3. TaycCOBCKOe COCTOAHME UMeeT MaKCUManbHYH YC-
NOBHYI0O 3HTPOMNUID CPeAu BCEX COCTOSHUI COCTaBHOW GO30HHOW CU-
cTeMbl AB € flaHHbIMU CpefHUM T M MaTpuueil koBapuauui a.

[okaszaTtenbctBo. [lycTb €E(m”™, g”), n nyctb Sab —eAuH-
CTBEHHOE rayCcCOBCKOe cocTosHue B £(Tna, ana)- Torga Sa € £(//1/b an)
N Sa4—rayccoBckoe coctosHue B £(Tn, an). Mbl BHOBb MOXeM CUMTATb,
YTO COCTOSHME 5na HeBbIPpOXAeHHO. O603Hauas

H(A\B) = H{SAB)-H (SB), H(A\B) = H(SAB)-H (SB),
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nosy4vyaem

H(A\B) - H(A\B) = H(SAB;SAB)- H(SA;SA)+
+ Tr(S”s - S”B) logS™"B - Tr(S" - 5n) logSU = H(SAB;SAB) - H{SA;§n),

nockonbky logS”B. log S/i — MHOrouneHbl BTOPOro nopsigka OT KaHOHW-
YeCKUX MepeMeHHbIX. B cuay MOHOTOHHOCTM OTHOCWUTENILHOW 3HTPOMNUM

H(SAB-,SAB) - H(SA;SA)"0. O

11.4.5. OunweHne rayccoBCKOro COCTOAHUSA

PaccmoTpuM fiBe 6030HHbIE CUCTeMbI, onuckiBaeMble KKC ¢ cumniekTu-
yeckuMmy npocTpaHcTBammn (Z\, 40, (Z2, [4,2). CUMNAEKTUYECKUM MPOCTPaH-
CTBOM COCT@BHOW CUCTEMbl IBASeTCA npsmas cymma Zj2 = Zi ® Z2, cocTo-
Awas u3 nap (zi, z2) ¢ KOMMOHEHTamMu 2, € Z;, npudem Ajz = Ai + 2. Mo
onpegeneHnto cuMniaekTnyeckas matpuua [ |2 sBnseTcs 6104YHO-AMaroHanb-
HOM NO OTHOLUEHWIO K pasnoxeHuto Zj2 = Z] ©Z2. Onepatopbl Beinsa gna
COCTaBHOI cucTembl onpegenatoTca Kak W\2(zi, z2) = W\(z\) SW2(z2).

MycTb S;2 —rayCcCOBCKOE COCTOSIHME COCTaBHOW CUCTEMbl C MaTpuueit
koBapuaunii a\2. Cy>KeHMe rayccoBCKOr0 COCTOSHMA Siz Ha nepByto MoA-
cucTemMy onpegensieTcs MaTeMaTM4yeckKum OXuAaHuem onepaTopoB Beins
W(21) @ /2= W]2(z\, 0), a 3Ha4MT, B COOTBETCTBUM C COOTHOLIEHNEM (11.56)
OHO MMeeT MaTpuLy KoBapmauuii ab KOTOpas ABASETCA MepBbIM AuvaroHasb-
HbIM 610KOM B 6/104HO-MATPUYHOM Pa3N0OXeHUM

a\ p 12Aio
OTOzp'_o,qz

Matpuua koBapuaymii cuy2 cocTosHUA Si2 COCTaBHOW cucTembl 6104YHO-AMNa-
roHasbHa TOrja W TOMbKO TOrAa, KOrfa 3TO COCTOSIHWE SBNSIeTCA COCTOSHU-
eM-Npoun3BeJeHNEM.

MycTb Si —rayCccoOBCKOE COCTOSHME C MaTpuLEin KoBapuauuii ¢ = a Ha
CUMMNEKTUYECKOM MpocTpaHcTBe Zi ¢ dopmoit A| = [. PaccmMoTpum npo-
CTpaHCTBO Z2 = Zi ¢ chopmoin A2 = -[,, Torga

«l2 = (1174)

Lp= 'ﬂ Z. (11.75)

3agaya 11.4.7. PacCMOTPUM CUMMIEKTUYECKOE NPOCTPAHCTBO Ziz = Zi
o Z2 W rayccoBCKOe COCTOsiHMe Siz2 C MaTpuLein koBapuayuii

a an/-(4_1«)2-//4
Ay/l-(A~'a)2-1/4 a

JokaxuTte, 4To Sj2 ABNAETCA OUYMLLEHMEM COCTOSHMS S).

«12 = (11.76)
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Yka3aHue. lNposepbTe, YTO MaTpuLa

VMA-'c*)2-//4

Al21(*12 = 11.77
X Y -(4~4Y2-//4 -0 -'a ( )
yfoBneTesopseT ycnosuto (11.65) 4ns 4nCTOro raycCoBCKOrO COCTOSIHMS.

B cnydyae 3neMeHTapHbIX OAHOMOAOBbLIX rayCCOBCKMX COCTOSAHWMIA (11.16)
13 3TOM KOHCTPYKUMU NOsyyaem

"o 1 0 o ®H
mg——FB -1 0 0 o0
o o o -1 °
0o 0o 1 o0
"N+ 1/2 0 Vn2+n 0 '
a2 = 0 N+ 1/2 0 ~y/N2+ N
y/N2+ N 0 N + 1/2 0
0 -y/N2+N 0 N+ 1/2
0 ~(N+ 1/2) 0 yIN2+ N~
V+ 1/2 0 yIN2+ N 0
A 2kao = YIN2+N ) Wt (11.78)
0 -(N + 1/2) 0

8§11.5. [ayccoBCKMe KaHasbl

11.5.1. KnaccnM4yeCKN-KBaAHTOBbIN raycCOBCKWUIA KaHan

Kak oTmeuanocb B koHUe §11.1, cocTosiHMe Sp, onpefefieHHoe COOTHO-
weHvem (11.18), onucbiBaeT B KBaHTOBOM ONTWKE KOTEPEHTHbIA CUrHan na-
3epa B O4HOMOJOBOM PaBHOBECHOM 3/1EKTPOMAarHUTHOM none. OTo6paxeHue
L —*Sfn MOXHO paccmaTpmBaTb KakK KacCMYeCKW-KBaHTOBbIM (C-Q) KaHarn,
OCYLLECTBNAIOLWMIA Nepefady KnacCMYecKoro curHana fi Ha (oHe afAuTVBHO-
ro KBaHTOBOFO rayCcCOBCKOro Wyma. BBoAs BeLLeCTBEHHYHO MmapaMeTpum3anuio

o 1 -
T = [mg, Tp] BMECTO KOMMNMEKCHOW L = —;h(mq + imp), nonyyaem KaHan
\Y

T —*Sm ¢ HenpepbIBHbIM anaBnTom X = R2, And KOTOPOro
TrSmg = mqg, TrSmp = Tp, TrS"at+ta= W+ "L 2 (11.79)

rae WT\2= Tp + Tp. [N HaxoXAeHWs ero MpOonyCKHON CNoCO6HOCTM uC-
nonb3yem obwmini noaxoa us § 10.4.
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Mpegnonaras, 4to cnoea w = (m\, .... T,,) MepedalTCcs MOCPeACTBOM
He3aBUCMMOIA nepefaun GykB, BBEAEM afANTUBHOE SHEPreTUUECKOoe orpaHuye-
Hue Tuma (10.15):

M([Imi[2+ ..« |[m,]]2) ~ nE, (11.80)

KOTOpOe COOTBETCTBYET (hyHKUMM orpaHuyeHus f(m) =~ ||T ||2. Torga ycno-

BUS TeopemMbl 10.4.1 BbINOMHeHbI Mpu BbiGope onepaTopa F =afa u knaccu-
yeckas MponyckHas CrocobHOCTb KaHana T —>Sm C 3HepreTMYecKUM orpa-
HuyeHvem (11.80) Ha BXxoge paBHa

C = max H(S,,) - ~H(Sm)TT(d2m) (11.81)

roe Ve onpefensieTcs Kak MHOXECTBO BXOAHbIX pacnpegeneHuii r(d2m), ygo-
BMIETBOPSIOLLUX YC0BUIO

z'!|”| § A rt2 Tv(d2m) < £, (11.82)

5r = ~SmTr(d2m).
3aMeTnM, YTO COCTOSIHWUS SM YHUTApHO 3KBMBANEHTHbI B CUJTY COOTHOLLIE-
HMa (11.20) 1 NO3TOMY UMEIOT OfAMHaKOBYO aHTponuto H(Sm) = H(Sq) = g(/V).
CnefoBaTenbHO, 415 N06Oro BXOAHOr0O pacnpegeneHus 7 (d2m) BbinosaHseTcs
paBeHCTBO
x(ry = H(S*)-H(S0),

M 3agaya CBOAMTCS K Makcummzauum sHTponuu M(SK) npu orpaHuyeHun
(11.82). B cuny cooTHoweHwnin (11.79) n3 HepaBeHcTBa (11.82) cnepyeT, yTo

TrS*a*a’N +E. (11.83)

3TO HEpaBeHCTBO SBMSETCS OrpaHMYeHMeM Ha BTOPO MOMEHTCOCTOSIHUSA S,,;
B COOTBETCTBMM  C leMMOii 11.4.2 MakCMMyM SHTPOMWW, PaBHbIi

H(Sr) = g(N + E), (11.84)
AOCTUTaeTCA Ha rayCCoBCKOM ornepaTtope MA0THOCTU
@
A= [VHE+1 H2{n +E+\) (11.85)
n=0

AN KOTOPOro MMeeT MecTo paBeHcTBO B hopmyne (11.83). Takoe cOCTOsHuMe
COOTBETCTBYET ONTUMa/LHOMY pacrpefeneHuio

w(fom) = 2 exP(-w K m- (1L86)
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OKOoHYaTenbHoO Moayyaem, 4TO MPONycKHas CNoco6HOCTb rayccoBCKoro
C-(-KaHana 3afaeTCca BblpakxeHnem

C=Cx=g9g(M+E)-g(N) =

- i«g(i+ ,rr) + (*+£)oe(>+ niibl - Nlog(1+Ji)" (1187)
koTopoe npu N — o0, E/N —>const acumnToTM4ecku BefeT ceba Kak
log(l + j Takum o06pasom, cooTHoweHne (11.87) MOXHO paccmat-

pvBaTb KakK KBaHTOBOe 0000LLeHMe 3HAMeHUTOW (opmynbl LLleHHOHa (4.48)
C rayCCOBCKMM LUyMOM MoLHOCTU N. OTCyTCTBME MHOXMTens 1/2 B opmyne
(11.87) ob6bACHAETCA HaNMUMEM ABYX HE3aBUCKMbIX BELLECTBEHHbIX aMMInTya
Ta4, TP AN O4HOW KBaHTOBOW MoOApbl.

11.5.2. OTKpbITble 6030HHbLIE CUCTEMBI

B 3TOM MyHKTE paccMaTpuBalTCA KaHanbl, KOTOPble ECTECTBEHHO MO0-
poXAaloTcsa B3aMMOLencTBMEM GO30HHOW CUCTEMbI C HO30HHBLIM OKPYXEHUeM
(wymom). MycTb ZA, Zb — CUMNIEKTUYECKUE NPOCTPAHCTBA, OMNUCHIBAKOLLME
BXO/Z M BbIXOJ KaHana, a Zo, Ze —COOTBETCTBYIOLINE OKPYXKEHUA, TaK YTO

ZA®ZD =2 Zb ©Zf = Z, (11.88)

n nycts WA{zA), ...—onepatopbl Beiins B runb6epToBbIX MPOCTPaHCTBaX
Ha, mmmcOOTBETCTBYIOLIMX BO30HHBLIX CUCTEM. MpesnonoXumM, 4To coCTaBHas
cucTeMa, Haxofswasacs B MCXOLHOM cocTosHUM SA®S0, 3BOMOLMOHUPYET
COrf1aCHO KaHOHMYecKOMY YHWTapHoMy npeobpasoBaHuio Uj, KOTOpoe OTBe-
YyaeT cUMNAeKTUYeckomy npeobpasoBaHuio T B Z. B COOTBeTCTBUM C pas-
noxeHusammn (11.88) B npsmble CymMMbl rpeobpa3oBaHue T MOXHO 3anucaTb
B 6/104HO-MATPUYHOI (hopme:

T= 11.8
Ko Eo ( %)
rae
K: zb —=zA, L\ Ze —*7* Ko-2Zb —*Zo, Lo- Ze —»Z0-

XapakTepuctuyeckasa (YHKUUA COCTOSHMS CUCTEMbl MOCNe B3aMMOAeN-
CTBMWSA, ONUCLIBAEMOr0 YHUTapHbIM NpeobpasoBaHnem Ur, UMeeT BUf

o (zb) —EtUt(Sa® So)Uf (Wb (zb) ® le) —
TV{SA® SDUT{WB{ZB)®RWEMU T =
Tr(Sa ® Sd){Wa{Kzb) ® Wd(KdZb)) = € (Kzb)pd(Kdzb),
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rae vd(zd) = TrSo WD{zB) —xapakTepucTnyeckas QyHKLMS MCXOQHOI0 CO-
CTOSIHWNSI OKPYXXeHUs. 3T0 npeobpa3oBaHMe MOXHO Nepenucatb B BUAE

<B(re) = € {Krs)f(zB), (11.90)
rae
f(zB) = VdW dZzb). (r.o1)

Ecnm mcxofHoe COCTOSIHUE OKPYXXEHWS SBASIETCA rayCCOBCKMM C napameTpa-
mn {TO0, ao), TO / UMeeT BMJ rayCCOBCKON XapaKTePUCTUYECKON (yHKLMK

f(zB) = expj”(za) - ze)], (11.92)

rae 1(zB) - m D{KoZB) u
a{zB, zB) = aD{KDZB, Kdz'h. (11.93)

3agava 11.5.1. [okaxuTe, 4YTO nNpeobpasoBaHMe COCTOSHUIA COracHoO
thopmyne (11.90) 3agaeT KBaHTOBbIM KaHan @®: T(Ha) —T("a). YkasaHue.
Mpeobpa3oBaHne MpeacTaBnseT CO60A KOMMO3NLMIO YHWTApHOW 3BOMKOLUM
M YaCTUYHOIO Cfiefa, KOTOPble ABMAOTCA KaHanamu B CMbIC/E OMpefeneHus
10.5.1.

OnpepeneHne 11.5.1. KaHan, npeo6bpa3yrolimii COCTOSHMS COrNacHoO
topmyne (11.90), Ha3biBaeTcsi NAUHENHbIM 6030HHbIM KaHanom. Ecnm,
KpoMe Toro, / —rayccoBckasi xapakTtepuctuyeckasa ¢yHkumsa (11.92), rge
| —nuHeliHas opma, a a —CKansipHoe Npou3BefeHne Ha ZB, TO IMHElHbIN
6030HHbIN KaHan Ha3blBaeTcs rayccosckum ¢ napameTpamn {K, I, a).

MycTb Ra, ... —BeKTOPbl KAHOHUYECKUX HabMofaeMbix B Ha, ... C KOM-
MyTaLMOHHbIMKM MaTpuuamu fa, » CornacHo cooTHoweHutio (11.39) pgeid-
cTBMe onepatopa Ut onucbiBaeTcs NMHelHbIM Npeo6pa3oBaHNeM

[RoRe] = Ut[RaRdW t = T[RaRd], (11.94)
roe T—o6no4yHas matpuua (11.89), n gns ynpouwieHns 0603HaYeHUin Mbl MK-
wem Ra, ... BMecto Ra®|d, mm B yacTHOCTH,

Rb =R aK + RdKd. (11.95)

KomMMmyTaLmMoHHas MaTpuua M MaTpuua KoBapuauuii KaHOHMYeCKUX Habntoaa-
eMblX RB Ha BbIX0ofle KaHana AalTCs BbIpaXeHNeM

aB — = 1tRbS'RJ,

ries = Sa® So W5/1, So — OMneparopbl NI0THOCTK B Ha « HO ¢ maTpuuamm
KOBapuauuii an u ao COOTBETCTBEHHO. Mcmonb3ys cooTHoweHne (11.95),
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nony4vyaem

OB = KtAaK + K"AOKo, (11.96)
3B = k Tolfyk + kg aoKD- (11.97)

3ameTnM, 4TO B raycCOBCKOM cnyyae a —Kgq olgKd fiBAsieTcA MaTpuLein cooT-
BETCTBYIOLLE POpMbl, BXOAALLEA B BblpaxeHWe ans dyHkumm (11.92), onpe-

o i
penswowen kaHan. NMockonebky af > 0/,0, 13 cooTHoweHns (11.96) BbiTekaeT
HepaBeHCTBO

a A M[Ae-K TAakK)\, (11.98)

KOTOpoe B AasibHelilieM GyAeT urpatb KIOUYEBY0 pofib.
KoHeuHoe cOCTOsIHME OKPYXXEHUSI ONpPeenseTcs aHalorMuHbIM ypaBHEHM-
eM ANs KaHOHWYecKux HabnofaeMbix RB nocne B3aumogdeicTeus:

Re — RalL + RdLd-

Cnabo KOMMAEMeHTapHbl KaHan ®B: -+ SB (cM. 86.6) onpegensercs
COOTHOLLIEHUEM

Pe(ze) = Pa(Lze)-Pd(LdZe)

W, CnefoBaTeNlbHO, TaKXe ABMASETCA NMHEAHbIM 6030HHLIM KaHanoM, npuyem
rayccoBCKWM, ecnn COCTOsiHMe SO rayccoBckoe. Ecnu ncxogHoe cocTosiHue
OKpYXeHusi unctoe, So = \®o)(Po\, To kaHan ABNAETCA KOMMeMeHTap-
HbIM K KaHany @, npuyem msomeTpus CTaiiHCnpuHra 3agaetcs hopmynoi
V=UMd).

Teopema 11.5.1. HepaBeHcTBO (11.98) fABnseTCcA HEO6XOLUMbIM
M 4OCTaTOUYHbIM YCNOBMEM AN TOro, 4yTo6bl Habop (K, /, a) onpegensan
rayCccoBCKWiA KaHan.

[okaszaTenscTBo. HeobxoanmocTb ycnosus (11.98) 6bina yctaHOB/EHA
Bbile. [MOKaXeM, YTO MpW BbIMOAHEHUN 3TOMO YC/IOBUA MOXHO MOCTPOUTH
CUMNNEKTNYECKOe npeobpasoBaHue [, onpegensioLiee AUHAMUKY OTKPbITOM
6030HHOI cucTembl. [Mpexae BCEro 3ameTUM, YTO A8 LaHHbIX OMepaTopoB
K. Ko, yaosneTBopsitOLMX COOTHOWeHMIO (11.96), Bcerga BO3MOXHO pac-
WnpnTL NpeobpasoBaHune (11.95) fo cumnneKkTUYecKoro npeobpasosaHus T.
CooTHoweHue (11.96) o03HayaeT, 4TO NpeobpasoBaHue zB KKdrsz AB-

nAeTCcs CUMMNEKTUYECKMM BNOXEeHUeM ZB B Za®Zq = Z, T.e. CTonbubl
K

mMatpuubl 06pasyloT cucTeMy, KoTopas MOXEeT 6biTb pacluMpeHa Ao
I\D

CMMNEKTMYECKOro 6asnca B Z, hopmupytowiero matpuyy T. Takum o6pasom,
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npobneMa CBOAWUTCA K crefylolleil: Ana AaHHbIX K, a, yA0BNEeTBOPSALLNX
HepaBeHCcTBY (11.98), HaliT CMMNNEKTMYECKOe NpocTpaHcTBO (Zo, [0), one-
patop Kd: Zg —»Z0 u ckanspHoe npoussefeHune B Zo, 3ajaBaemMoe CUMMET-

pUUHOW MaTpuuel ag ~ 2 Y0BNeTBOPAOLLME YCNOBUSM
KAAdKd = Ae-K TAaK = flo: (11.99)
K aDKD = a. (11.100)

CHayana npegnofioXum, 4TO MaTpULA a HEBbIPOX/EHHa.PaccMoTpuM
€BK/MA0BO MPOCTpPaHCcTBO (Zg, a) C KococuMMeTpuyHoigopmoin [o- MycTb
2n = dim Zg. Mo ycnosuto a » ~[,0- PacCMOTPUM KOCOCUMMETPUYHBIA one-
paTop S, onpefensieMblii COOTHOLLEHWNEM

Ao(zg, zB) = aD(zB, Szg), zB,zB G ZB.

CornacHo TeopeMe W3 /IMHelHON anrebpbl HalgeTcs OPTOHOPMUPOBAHHbI
6asuc &;, j—1, ..., 2n- /, hj, j—1, ..., /, B (Zg, a) TaKoi, 4TO

Sej = Sjhj, Shj = —syey, j —1 ..., /,
Sej —o, j =1+ 1 an-1.

M3 ycnosna q N 7; 4o cneayeT, uto / — "~ 0, nostomy 0 < Sy " 2,

Myctb (Zo, [,0) —cTaHfapTHOE CUMMMAEKTMYECKOe MPOCTPaHCTBO pas-
mepHocTM 21 + 2 (2n —21) —2(2n - /) ¢ 6asucom e/, hj, j= 1,..., 2n - L
Onpegenum af Kak hopMy C AvaroHanbHOW MaTpuLeit

aDej=s~x»j, aDhj=s~Ilhj, [ =1,...,/,

ape/ = <, aohj = jhj, j=1+1 - 2n-lI,
Torga ag ~ Ap- Onpegenum onepatop YG Zg —>Zo hopmynamu

KDej = y/sJej, Kohj = ysjhj, [ = 1 (11101)
/(péy = Ly, j=1+1 ...,2n-1.

Torga cooTHoweHunst (11.99), (11.100) BbITEKAOT U3 PACCMOTPEHNS 3HAYEHWIA
COOTBETCTBYHLLMX KBAAPATUYHbIX POPM Ha 6a3UCHbLIX BEKTOpax éy, / = 1, ...

., 2n—I, hj, j=1, ..., / B Zg. OTMETUM, 4TO NO MOCTPOEHUIO af SBNSA-
eTCcsi MaTpuULLell KOBapuaLmnin YnCTOro COCTOSIHUS Toraa M TONbKO Toraa, Koraa
Sj—2,j=1, ..., I
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Ecnu xe opma a obpalyaeTcs B Hy/b Ha HETPUBMATILHOM NOLNPOCTPaH-
ctBe ZoC ZB, 10 hopma [0 Takxe paBHa Hynw Ha ZO B CWAy YC/0OBUA

a ™ ?;0o- Moatomy BekTopbl €,, j =1+ \..... 2n - |, MOXHO BbIGpaTb
TakMum 06pa3oM, 4TO 4acTb M3 HWMX OyaeT 06pa3oBbiBaTb 6asuc B Zo- Torga
MOXHO MoauuLmpoBaTh onpegeneHue (11.101), NoTpeboBas, YTO6LI BbINOJ-
HAnock ycnosue Koe, = o Ans e, e Zo; npu 3ToM 6yayT BbINO/HEHbI COOTHO-
WweHuns (11.99), (11.100). O

11.5.3. OCHOBHbIE CBOWCTBa rayCCOBCKMX KaHasl0B

®opmyna (11.90) paBHOCWUAbHA CReayloLleMy COOTHOLUEHUIO ANS ABONA-
CTBEHHOr0 KaHana:

®*[WB(zB)} = W(KzB)f{zB), (11.102)

KOTOpOe MOKa3biBaeT, YTO onepaTopbl Beiisi ¢ TOYHOCTbIO 40 MHOXMUTENs
nepexoasT B onepaTopbl Beiins. B cnyyae rayccoBCKOro KaHana

AW ob{zb)\ = W{KzB)zxp\il{zB) -\a { z B, zfl)]. (11.103)

Cnepgytollee yTBEpXAeHWE MOKa3blBaeT, YTO FayCCOBCKME KaHajbl MOryT
6blTb OMnpeaeneHbl CcooTHoweHuaMM (11.90), (11.103) 6e30THOCUTENLHO
K KapTuWHe B3aMMOJENCTBUA C OKPY>KEHWEM, PacCMOTPEHHON B MpeablayLuem
MyHKTe.

Mpepgnoxenne 11.5.1. [Ana Toro 4To6bl oTO6parkeHne (11.103)
ObI/10 BNONMHE MONOXKUTENbHbIM, HEOOXOAMMO 1 LOCTATOYHO BbINONHE-
Husa ycnosusa (11.98).

[okasaTenbcTB0. [0CTaTOYHOCTb Obina ycTaHOBMeHa B Teopeme 11.5.1.
[ns pokasaTenbcTBa HEOOXOAMMOCTM 3aMETWUM, YTO M3 MOSHOW MONOXMUTENb-
HOCTM OTOo6paxkeHus (11.102) CNeAyeT HeoTpuuaTeNbHas ONPeLeneHHOCTb
MaTpuL, C OnepaTopHbIMK 3fieMeHTaMm

W{Kzs)b*[W{zsTW (zr)\W{Kzry =
= f(zr-zs)exp™[A(zr,zs)~A(KTzr, KTzs)], (11.104)

roe zi, ..., Zn—npou3BoNbHbIE KOHEYHble Habopbl 91eMeHToB U3 Z. B rayc-
COBCKOM cnyuae (11.103) 3To paBHOCWMLHO HEOTpULATENbHOW onpeaeneHHo-
CTV 3PMMUTOBbIX MATPUL, C 3/1EMEHTaMM

expla(zr, zs)- “A(zr, zs)+ "A(Kzr, Kzs)J, (11.105)

n ycnosue (11.98) BbiTekaeT n3 nemmbl 11.4.1. O
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OTMeTUM crieflytolime CBONCTBA.

1 TayccoBckuii kaHa/n npeobpasyeT rayccOBCKWE COCTOSHWA B rayccoB-
CKMe COCTOSHUS.

2. KaHan, ABOCTBEHHbIA K NNMHEAHOMY G030HHOMY KaHany, npeo6pasyeT
N06ON MHOTOYNEH OT KaHOHUYECKMX HabMofaeMblX Rb 8 MHOFQYIEH OT Ra
TOro e Nopsifka Mpu ycnoBuW, YTo GYHKUMS / MMeeT Npon3BOAHbIe AOCTa-
TOYHO BbICOKOFO nopsgka. 3To nposepsieTca AndhepeHLMpoBaHNEM COOTHO-
weHna (11.102) BTOYKe Zg =o.

3. Komnosuuus rayccoBCKMX KaHal0B SIBMSIETCA rayCCOBCKMM KaHaloM.
[LelicTButensHo, nycte @,, / = 1,2, —/Ba raycCOBCKMX KaHana C napamer-
pamu Kj, 1y, a,-, Toraa, ucnonb3ys onpegeneHue (11.103), nonyyaem rayccos-
CKUIA KaHan ®rod! ¢ napamerpamm

K =KiK2, 1=K2h+h, a=KnraiK2+a2 (11.106)

4. JINHenHbI 6030HHBIA (B YaCTHOCTU rayCCOBCKWIA) KaHan KoBapuaHTeH
B CeAytoLLeM CMbIC/E:

®[IF(z)*Sr(z)] = LW K'TF & AL K'T), (11.107)

roe K' —/[ - 1K T —cuMnaeKTYeckn ConpsikeHHoe npeobpasoBaHue.

11.5.4. TayccoBcKue Habnopaemble

MycTb 3afaHbl ABa CUMMNIEKTUYECKUX MPOCTpaHcTBa Za, ZB C COOTBET-
CTBYHOLMMM cucTeMamMmn Beiing B runbbepToBbiX MNpocTpaHcTBax Ha,HB-
Myctb M — Habnwgaemas B Ha € MHOXeCTBOM ucxogoB Zb, koTopas
3a/laeTCs BEPOATHOCTHON onepaTopHO3HayHOl Mepoit M(d2nz). [anee B 3TOM
MyHKTe Mbl 6yAeM onyckaTb MHAEKC B, Tak 4To z =zb . T. 4. Habnwogaemas
MONHOCTLI0 ONpeAensieTcs onepaTOPHON XapaKTepucTUueckoi GyHK-
unei

ME) — "elAW-"M (d2nz).

OTMeTM crefytoLlee 04YeBMAHOE CBOWCTBO XapaKTepPUCTUYECKOM (QYyHKLMK
Habnofaemoi: ana nboro KoHeyHoro nogmHoxxectsa {a} C Zb 6/104Has
MaTpuua ¢ onepaTtopHbIMU 3neMeHTamu <p(g; - [a*) ABNSeTCA HeoTpuLaTe/b-
HO onpeneNeHHOIA.

Habnogaemas M Ha3biBaeTCA raycCOBCKOW, €Clu ee OnepaTopHas xa-
pakTepucTmyeckas yHKUMS UMeET Buj

M(w) = WA{Kw) exp(-la(aa, aa) =

= exp”iRjKw —"a(ga, ga)), (11.108)

roe K : Zb —»ZA—nuHeiiHbIin onepaTtop, a a — 6unnHeiHas dopma Ha Zb-



288 [ayccoBCKue CUCTEMDI [Fn 11

Teopema 11.5.2. Ana Toro 4To6bl cooTHOWeHue (11.108) onpege-
nano HabnwpaeMyto, He06X0AMMO U AOCTATOUYHO BbINMOAHEHUA MaTpUy-
HOro HepaBeHCTBA

a ™ " YInAK (11.109)

JokaszaTtenbcTBo. 15 0nepaTopHON (PYHKLUMMW, 3aaHHO COOTHOLLEHMEM
(11.108), BbINOMHAETCH COOTHOLLEHWE

ip(Wj-Wk) = W(Kwk)*W(Kwj) exp ~*"A(KWj, Kwk)-

- ga(Wj-wk, W\ mvk) = CkCjexp a(wj,wk)- ~A{KWj, Agy*)],
roe
Cj = W{Kwj)exp  a{wj, wy)],

n cornacHo nemme 11.4.1 n3 HeoTpUUATENLHOM OMNPeAEneHHOCT MaTpuL, Co
CKanApHbIMKU  KoadguumeHTamm exp [a(ayy, wt) —| A(KWj, Kw")  cnegyet

HepaseHcTBO (11.109).
[JocTtaTouHocTb ycnosus (11.109) 6yaeT AoKasaHa NpsiMbIM NOCTPOEHUEM
pacwupeHns Haiimapka Ha6ntogaemoin M B gyxe cnegctema 3.1.1. O

MpegnoxeHune 11.5.2. TpeAnono>KUM, YTO BbINONHAETCHA YyCroBue
(11.109), Torga HainpyTca 6030HHas cucTemMa B nmpocTpaHcTBe He
C KaHOHu4yeckumn Habnwogaembimn Rc, ana koTopoi He O.HA ® He,
M rayccoBckoe cocTosiHne Sc £&(Hc) Takue, uTo

M{U) = Trc (IA®SCc)EAC(S), U C ZB, (11.110)

3gecb EAc — yeTkas Habnwgaemas B npocTpaHcTee HA®Hc, 3agasa-
emMan CnekTpanbHOW Mepoil KOMMY TUPYIOLLUX CAMOCONPSA>KEHHbIX one-

paTopoB
Xe = Ag KR + RPN, (11.117)
roe Kc-ZB ®c —onepaTop Takoi, 4To
Kc AcKc = -K TAaK (11.112)
JokaszaTenbcTBo. Ycnosue (11.112) o3HayaeT, 4To
KMAcKec + KTAaK = 0,

T.e. MMeeT MecTo KOMMYTaTMBHOCTb onepaTopos (11.111). Moanduunpys go-
Ka3aTenbCTBO NpegnoxeHua 11.5.1, NocTpouM CUMMNIEKTUYECKOe MPOCTpaH-
cTBO (Zc, Ac), onepatop Kc mZb ™ Zc u ckansipHoe npousBefeHue B Zc,
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3afjaBaeMoe CUMMETPUYHON MaTpuuein ac *  [c. TaK, 4TO6bl BbIMOMHANOCH
COOTHOLEHME (11.112) BMECTe C YC/I0BMEM

KgacKc = @
Torpa xapaktepucTuyeckas QyHkuus Habnogaemoin EAc paBHa
<Rac(wb) = $exp[r'4(®s, zB)]EAc(d2nzB) =
= expiwBABXB = expi(RAK + RcKc)wB = WA(KwB)Wc {KcwB),

OTKyfa CnefytoT paBeHCTBO

Trc(la ®Sc)veac(wb) = WA{KwB)exp(-*ac(KcWB, KcWB)j =

WA(KwB) expr— wB)) - <n(wB)

N COOTHOWEHME (11.110). O

Habniogaemaa M sBnseTcs YeTKON Torfja v TOMbKO Torga, korga a —o,
npy 3TOM OHa ABNSAETCH CMEKTPaNbHON Mepoii KOMMYTUPYIOLLMX CaMOCOmnps-
>KeHHbIX onepaToposB RAK.

11.5.5. TayccoBcKue KaHa/bl, paspyluairouime cLuensieHHOCTb

Teopema 11.5.3. Eayccosckuit kaHan @ c¢ napameTpamu (K,0,a)
fBNSIeTCA KaHaioMm, paspylalnwnm CUenneHHocTb, TOorga u TONbKO
Torja, Korga a fonyckaeT pasno>KeHue

o6 = aA-faB, rge aA""KTAAK, as " -"As. (11.113)
B aTom cnyuae ® nmMeeT npefcTasNeHune
®[5] = ™ WB(z)aBWB{zYps(d2nz), (11.114)
Ze

r4e aB —rayccoBCkoe cOCTOsHMe c napameTpamu (o, <*B), a ps(U) =
= IrSMA(U), U C ZB,—pacnpegeneHne BepOsiTHOCTEN rayccoBCKOM
Habnogaemoin MA ¢ xapaKTepucTuyecko yHkumnei

<PMA(W) = WA(Kw)exp[-"aA{w, LIJ)) (11.115)

JokasaTtenbcTBo. [1peAnonioXnm cHavana, yto a LOMyCKaeT yKa3aHHoe
pasnoXKeHue, M pacCMOTPUM KaHas, onpeaensieMblii COOTHoLWeHneM (11.114);
Hajo rnokasaTb, 4TO

o*[*a(®)] = WAKw)exp —a(w, w) (11.116)
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B camom fene, AN NPOU3BOMILHOIO COCTOSAHUA S MMeeM
Tr5d >[N ] =
= Trdsy WB(w) = ~ Tr WB(z2)aBWB(zrWB(w)lis(d2nz) =
zB
= ~7vaBWB(zyW B(w)WB(z)ns (d2nz) =
z,
= TraBWB(w) " exp[i(w, z)]ns (d2nz) =
z

- exp ~"aB(w, w)| TrStpMA(w)

TtSWa(Kw)€EXp ~*aB(w, w)- ~aA(w, W), (11.117)

OTKyfa W cnepyet cooTHoweHune (11.116).

O6paTHO, nycTb KaHan @ raycCOBCKMIA U pa3pyLuaeT CLEMNIeHHOCTb.
Mbl “cnonb3yeM raycCOBCKYHO BEPCUIO [OKasaTefibcTBa Teopembl 10.7.1.
duKcrpyeM rayCcCoBCKOE HEBbIPOXAEHHOE COCTOSHUE B &(HA), u nyctb
{e/)}/+=? —06a3nc cobBCTBEHHbIX BEKTOPOB onepatopa Sg C COOTBETCTBYIO-
WuMn (NONOXMTENbHbIMK) COOBCTBEHHbLIMM 3HadYeHusMKM {JTPaccMoOTpuUM
€[NHWYHBI BEKTOP

+@
fi>=  vriei)® B
i=i
B npocTpaHcTBe Ha ® Ha, Torga |M)(M| sBnsetca rayCCOBCKMM OYMULLEHUEM
cocTtosHMa . Mockonbky ® paspyluaeT CLenneHHOCTb, raycCOBCKOe COCTO-
AHue
- (H,®d)[|Mm<MN(] (11.118)

B &(Ha ® He) fBnseTcs pasgenvMbiM. OTCIOAa BbiTeKaeT NpejcTaBfieHne
S,B— J J WA{zA)oAWA{zAy ® W B{zB)oBWB{zBy P (d 2mz Ad 2nzB),

(11.119)
rie aa, aB —rayCccoBCKMe COCTOsIHMS, a P —rayccoBCKoe pacrpegeneHue
BeposATHOCTel. B camom gene, 3 npeactasneHus (10.41) ana pasgennmoro
COCTOSIHMA CneAyeT, UTO MaTpuua KoBapuauuii aAB cocTosiHus S”s yaoBhe-
TBOPSIET HEPABEHCTBY

aA o

<B ® = CHB<
0 Qfl

rae aa, aB — MaTpuubl KOBapuaunii HEKOTOPbIX KBAHTOBbLIX COCTOSIHWIA B CU-
ctemax A, B. O60o3Hauyas 4epe3 aA, OB rayCCOBCKME COCTOSIHUS C TaKUMU
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mMaTpuuamMm KoBapuauuidi 1 yepes P —rayccoBCKOe pacnpejeneHue BepOSTHO-
CTeil C CMMMMEKTUYECKMM Mpeobpa3oBaHeM dypbe, COOTBETCTBYHOLLMM MaT-
pvue KoBapuaunii aAB - a AB, nonyyaem (11.119).
B3siB YacTuuHbIl cref no cucteme B, monydaem

Sa = Trs(Mg®®)[|M)(N]] NN WA(zZA)GAWA(zAY P (d2nmz Ad 2z B) =
2h zg

$ ™ WA(zA)aAWA(zA)*P(d2mz Ad 2nz B),
2hzB
roe yepra O3Ha4yaeT KOMMIEKCHOE COMpsbkeHMe B 6a3nce U3 COOCTBEHHbIX
3Ha4eHuii onepatopa 54. Toraa aHanorunyHo ¢opmyne (10.52) nonyvaem, 4to
COOTHOLLIEHME

ma(U) = s ;)2 "~ ~ WA{zA)aAWA(zAY P {d2mzAd 2nzB) ©~12
21U .
3aflaeT OrpaHMYeHHbIi MNOMOXMTENbHBIA onepatop Takoi, 4to MA(U)
N MA(ZB) = /g. HetpygHo nokasatb, yto MA(U) aBnseTcs BepOATHOCTHOINA
0repaTopHO3HAYHOM Mepoli Ha 6openeBckMx nogmHoxectsax U C ZB.
Mokaxem, 4TO MMeeT MecTO npegctaBneHne (11.114) pgna kaHana @
C onpeAeneHHbIMU Takum o6pasom MA u aB. PacCMOTPMM KaHan, paspylua-
IOLLMIA CLeMIeHHOCTD,

®[5] = ~ WB{z)aBWB{zYvs(d2nz),

ZB

rge ns(U) = Tr5Ma((yY), V <ZZB. Ytobbl fgokasaTb, 4To @ = ®, foCTAaTOYHO
nokasatb, 4to ®[|e/)(e*|] = ®[ley)(e*|] ana scex /, k. OgHako

$[k/)(e*|]] = S WB{z)aBWB(zY{ek\MA{d.2nz)\ej) =
Zb

= A \k  $\(ei\WA(zA)aAWA(zAY\ek) x
Za Zb

x WB(zB)aBWB(zBY P (d2mzAd 2nzB) =
= X~1/12X*112 4rA{\eb){ej\®IB)SAB = ®[|sy)<e*|]
B CWUNY COOTHOWeHMA (11.118), (11.119).

OcTaeTcs fokasaTb, 4To MA —rayccoBckas Habnwjaemas ¢ XxapakTepu-
cTuyeckon ¢yHkumein (11.115), rge ag = a —aB, a aB — KOppensyMoHHas
(OYHKUMSI COCTOSIHMS aB\ He OrpaHuuYMBas OGLLHOCTU, Mbl MOXEM Mpeano-
NOXWTb, YTO CPefHEee PaBHO HYMH, TaK KakK ero BCerja MOXHO YCTpaHWTb

JeiicTBueM onepaTopoB Beiina. OaHako M3 cooTHoweHusa (11.117) cnepgyer,
yTo

P*[N7B(K>)] = exp - a B{w, w) PMA(w)
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ans noboro kaHana @ ¢ npeactasneHnem (11.114), oTkyga, NpuHUMas BO
BHMMaHWe paBeHcTBO (11.116), nonyvaem cooTHoweHwe (11.115) ¢ an—
=a- as

YcnoBue Teopembl aBTOMAaTUYECKN BbINO/IHEHO B YaCTHOM C/yyae, Korga

KTAIK = 0.

B atom cnyuyae KOMMOHEHTbI BEKTOPHOro ornepatopa RaK KOMMYTMpYIOT,
noatomy Ma — yeTkas Habnogaemas, 3afaBaeMas WX CNeKTpanbHOW Me-
poii, n pacnpegeneHue BeposTHocTein /j,s(d2nz) MOXeT ObITb CKOMb YrofHO
CWbHO CKOHLEHTPUPOBAHO B M0G0V TOYKe Z NpyM Haj/nexallem BbiGope
cocToaHusA S. Takum 06pa3om, B 3TOM C/lyyae ecTeCTBEHHO OTOXAeCTBUTb P
C K/IacCUYeCKU-KBAHTOBbIM (C-Q) KaHanom, OnpeaensieMblM CeMeicTBOM
COCTOSIHUM 2 —»W (2 )ctb W (2)*.

8 11.6. MponycKHble CMNOCOOGHOCTU raycCoOBCKMUX KaHasoB

M.6.1. MakcMMusaumsl KBaHTOBOW B3aMMHOI MHGopMaLmm

Mbl HayHeM C PacCMOTPEHMUS| KMacCUYeCKOW MpOMYyCKHOW CMNOCOGHOCTU
C MCMNO/b30BaHNEM CLEM/IEHHOr0 COCTOAHUA, NOCKOJ/IbKY OHA HaXOAUTCH Hau-
60nee 3ah(heKTMBHO B rayCCOBCKOM Cnydvae. Ecnu cocTtosiHMe S W kaHan @
ABNAKOTCA rayccoBCckumu, 10 BennumHbl H(S), A(P[5]), H(S, ®) n /(5, D)
MOryT 6bITb BblMMCAEHbI C UCMONb30BaHWeM opmyn (11.72), (11.97), (11.77).
B uvacTHocTh, aHTponus //(®[5]) paetca dopmynoin (11.72) ¢ 3ameHol a
Ha MaTpuyy a', BbluMcneHHyto no cqopmyne (11.97). Mpon3Boas oumLieHKne
BXOJHOIO COCTOAHWUA 1 ncnonb3ysa opmyny (7.41), nonyvaem

H{S, ®) = | Spg~abstA~a',;,)- 0,
rae matpuua

ae — (11.120)

c /3= [-y~(4_1a)2 —7/4 nonyyaeTca MNOACTaHOBKOW ypaBHeHus (11.95)
B COOTHOLLEHME

«.2-|A i2 = TI[R'Ri]TSIR'R2],
B KOTOPOM /22 0603HavYaeT HEM3MEHSIEMblE KaHOHUYEeCKue Ha6mo,u,aeMb|e aTa-
JIOHHOIA cucTemsbl. C ,D.pyFOVI CTOPOHBI, €C/TN UMEETCA ABHOE ONMCaHUE KomMnie-

MeHTapHOro KaHana @, To 06MEHHYK 3HTPOMMUI0O MOXHO HaMTU KaK BbIXOAHYH
aHTponuto #(<I>[S)).
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Cneflytouimnii pe3ynbTaT CyLL,eCTBEHHO YNPOLLAeT BbIUMUCIEHWE MPOMYCKHOI
CMOCOBHOCTM FayCCOBCKMX KaHanoB Ans Mepedaun Knaccuueckoit MHdopma-
UMM C MOMOLLLIO CLEMIEHHOTr0 COCTOSHMA, CBOAS BbIUMCIEHMS K ClyYaro rayc-
COBCKMX BXO[HbIX COCTOSIHWIA.

Teopema 11.6.1. MycTb ® —raycCcoBCKUii KaHan. MakCcMMym B3anMm-
HOW MHopmaynm /(S, ®) Ha MHO>XKecTBe cocTosAHuiA E (T, a) ¢ GuKcu-
pOBaHHbIMWU MEPBLIMU U BTOPbIMA MOMEHTaMW LOCTUraeTCs Ha rayc-
COBCKOM COCTOSHUMN.

[okaszaTenscTBO. Wcnonb3ysa npefctasneHne (7.46) Ans KBaHTOBOWA
B3aUMHOW MH(OpMaLun, MOXHO 3anucaTb

I(S, ®) = H(B\E) + H(B),

roe B —BbIxof KaHana v £ —OKpy>XeHue. [InA rayccoBCKOro KaHana mnep-
Bble U BTOPbIE MOMEHTbI Mpeobpa3yroTcs OAMHAKOBO ANSi BCEX COCTOSAHMWIA U3
£(/rz, a). MpumeHaa nemmy 11.4.2, nony4vaem

H(B) = H(®[5]) < H(E[S]) = HmS]) = H(B),

rge ®[5] (cooTBETCTBEHHO S) — raycCOBCKOE COCTOSIHUE C TEMU Xe MePBbIMU
N BTOPbIMK MOMeHTamu, 4to 1 ®[5] (cooTBeTcTBEHHO S). KaHan 5 —*Sbe —
= PSP*, rge V —u3ometpusa CraitHcnpuHra gna @, Takke fBNseTcs rayc-
COBCKMM, MOCKO/bKY OH OCYLLECTBNSETCA KAHOHWYECKUM YHUTapHbIM Mpeob-
pasoBaHMeM C rayCCOBCKMM COCTOSIHUEM OKPYXEHWs, a UMEHHO

TrSfiEIP(zs)® W(zE) = "a(Kzb + L ze)"d{KdZb + Ldze). (11.121)

Mo3TOMy aHanorMyHOe paccy>XAeHune, OCHOBaHHOe Ha nemme 11.4.3, nokasbl-
BaeT, uto H(B\E) » H(B\E). Takum o6pasom, I(S, @)~ /(S, D). O

V3 3TOro pesynbTarta BbITEKAaeT, YTO eCiv MakcUMyM MHGopmMauum /(S, D)
Ha HEKOTOPOM MHOXECTBe COCTOSIHWIA, 3a[aBaeMOM OrpaHWYeHUSIMU Ha nep-
Bble U BTOpble MOMEHTbI, BOOOLLE AOCTWraeTcs, TO OH JOCTUraeTcs Ha rayc-
COBCKOM COCTOSIHWU. PaccMOTpUM 3HepreTMyeckoe orpaHuyeHue

TtSFAE, (11.122)

roe F = ReRT — KBafpaTU4HbIA onepaTop C MONOXWUTEIbHOW HEBbIPOXKAEH-
HOI MaTpuueli sHepruu e. 3aMeTuUM, YTo

TrSE = Sp(ea”) + mAemJ,

roe TA—BEKTOpP-CTPOKa CPeAHUX 3HayeHuid n aA— maTpuua KoBapuauuii
coctosHusa S. MpegnoxeHue 10.6.2 4aeT BbIpaXXeHWe AN KNacCUYeckoi npo-
MYCKHOI CNOCOBHOCTU Mepejayn ¢ UCNONb30BaHWMEM CLENEHHOr0 COCTOSAHMA
Cea(®, £, £) B BUAe MaKCMMyMa KBaHTOBOI B3aMMHOW MH(opmMauusa /(S, )
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Ha MHOXXECTBe BCeX COCTOSIHUI S, y0BNETBOPSAIOLLMX OrpaHuyeHmnio (11.122).
lMokaxxem, 4yTo onepatop F = ReRT yaoBneTBOpPAET YCNOBUAM 3TOr0 npea-
noXeHus. [eAcTBMTENbHO, B cuny TeopeMbl 11.4.2 onepaTtop F ypnoBnetso-
pseT ycnosuto (10.9). Bbibupas F = c[RRT - (SpcteKjKe)1], MoyyYaem
®*["] = cRKTKRT, 1 Bcerga MoXHO nogobpatb Takoe MONOXMTe/IbHOe C,
yto ®*[*] * F. bonee Toro, F yposnetsopseT ycnoeuto (10.9). Moatomy
MaKCuMyMm BenunuuHbl /(5, @) gocturaetca u umeeT mecto gopmyna (10.39).
IMOCKO/IbKY 3HepreTMyeckoe orpaHWYeHne BbIPaXKaeTcs Yepes nepsble U BTO-
pble MOMeHTbl TA, aj, 3HadyeHue Cea(®P, F, E) gocturaeTcs Ha rayccoBCKOM
COCTOSIHUW.

[JanbHeliwee ynpolleHne MakcMMu3aLum nofyyvaeTcs B KaMbpoBOYHO MH-
BapvaHTHOM Cry4ae.

11.6.2. KannbpoBo4YHO KOBapuaHTHble KaHaslbl

PaccmoTpum kaHan ®: T(Hg) —%(HB)- Mpeagnonoxum, 4to B ba, Za
(hMKCUpOBaHbl HEKOTOPbLIE OMEPaToOpbl KOMMNIEKCHOW CTPYKTYpbI 14, /B, U NyCThb
g, Gb —onepaTopbl, MOPOXAAKOLWNE YHUTapHble TPYNMbl KaMOPOBOUHbIX
npeobpasosaHunin B HE, HB cornacHo qopmyne (11.49). KaHan HasbiBaeTcs
KannbpoBOUYHO KOBapMaHTHbLIM, €cnu

P[erSe-10* = err°ad[S]e~IpEx (11.123)

[N BCEX BXOAHbIX COCTOSIHMIA S W BellecTBeHHbIX uucen (p. B cnyuvae nu-
HelMHOro 6030HHOro KaHana @ B cuay cooTHoweHuin (11.49), (11.90) ato
PaBHOCW/IbHO CrefYHOLEMY YCNOBUIO:

<p(e*J*KzB)f(zB) = ip{Ke"BzB)f{e"zB),

roe p(ra) —xapaktepucTuueckas yHKLMUS COCTOSHUSA 5. [N raycCoBCKOro
kaHana c¢ napameTpamu (K, o, a) 3TO yCNOBME CBOAMTCS K COOTHOLLEHUSM

Kib~JaK =0, [[Apa'a,/]1=0.

Takum 06pa3oM, eCTeCTBEHHbIN BbIGOP KOMMIEKCHOW CTPYKTYpbl B Zb faeTcs
nbbIM onepatopom JB, kommyTupyowmM ¢ onepatopom [ a'a. CyuiecTtso-
BaHME TaKOM KOMMEKCHON CTPYKTYpbl [0Ka3blBAe€TCA aHaNOrMyHO opmyne
(11.61) c Toli pa3HuWUel, 4TO MaTpULa @ MOXET BbiTb BbIPOXAEHHOIA.

B 3agayax MakCMMM3aUUM C OrpaHWYEHHOW CpefHei 3Hepruen ecte-
CTBEHHasl KOMMMEKCHas CTPYKTypa B Za OMpejensietcs onepaTopoM 3Heprumu
F = ReRT, a wuMeHHO, /g —onepaTop KOMMIEKCHOW CTPYKTypbl B Za,
KOMMYTUPYIOLWMIA C onepaTopoM eAf, Tak uTo

Jae -Tejd — 0. (11.124)
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B cnyyae 06bIYHOrO ramMuIbTOHMAHA cUCTeMbl ocumnnaTopos H —"F peid-
cTBre onepatopa JA csoaurcs « YMHOXEHWIO Ha i B COOTBETCTBYHOLLEHA KOM-
nnekcugpmKaLum.

MycTb Tenepb rayccoBCKUiA KaHan @® KOBapuaHTEH MO OTHOLUEHWIO K yKa-
3aHHbIM eCTeCTBEHHbIM KOMMMIEKCHbIM CTPYKTypam. Torga

®) = /(S, D),
UTO BbITEKAET W3 aHa/IorMYHOro CBOWCTBAa BCEX TPEX CnaraemblX, COCTaB-
naowmx /(S, ®). Ana H(S) 310 npocTo CneacTBUe YHUTAPHON WMHBApUAHT-
HocTK 3HTponuu, ana //(P[S]) AONONHUTENbHO WCNOMbL3YeTCA KOBapWaHT-
HOCTb KaHana @, a gna H(S, ®) = A(P[5]) ato cnegyeT M3 KOBapMaHTHO-

CTM KOMMNeMeHTapHOro kaHana @ (3agava 6.7.2). Onpeaenss ycpegHeHHoe
OpA-nHBapMaHTHOE COCTOsHME

} 127
5 = S eivG* Se-i4,0%d<p,
no
nonyyaem
TrSF = Sp(ea®) + N Sp(ea™) = TrSF,

rage TA, <a —nepBble U BTOPble MOMEHTbI COCTOAHUA S U MOCnefHee paBeH-
CTBO BbITEKAaeT U3 COOTHOWeHMA (11.124):

, 1
TrSF = 2 STreifiGASe~iqgASp(ReRT)d<p =
N . 2ir
= ~ N SP{evlAeefiFaA)dtp = Sp(ea’).
0

Tenepb, MCNOMb3ys BOFHYTOCTb B3aMMHOM uHDopmauun /(S, @), Mbl 3aknto-
yaeMm, 4yTo /(S, ®) < /(S, ®). Takum 06pa3oM, MaKCMMyM KBaHTOBOW B3auM-
HON MHOpMaL MU NPU 3HEPreTMYecKOM orpaHuyeHun TtSFNE pocturaetcs
Ha KanMbpoBOYHO MHBapUaHTHOM (GA-WUHBApUaHTHOM) COCTOSHUW. [epBble
N BTOPbleé MOMEHTbI TaKOro COCTOSIHUSA C HEO6XOAUMOCTbIO YAOBAETBOPSAIOT
cooTHoweHusm TA = O, [JA, 4, _|an] = 0. PaccmatpuBas rayccoBCKoe CO-
CTOAHME C 3TUMW XK€ MEPBbIMWA W BTOPbIMW MOMEHTaMu, B UTOre Mo/y4aem
Takoii pesynbTar.

CnegctBue 11.6.1. MycTb ®—raycCoOBCKMIA KaHan, KannbpoOBOYHO
KOBApMaHTHbIN OTHOCUTENbHO €CTECTBEHHbIX KOMMJEKCHbIX CTPYK-
Typ JA Jb {rge cTpykTypa JAaccoynnpoBaHa c onepaToOpPOM 3Heprumn).
Torga MakCMMym KBaHTOBOMW B3aUMHOW MHMOpPMaLUW HA MHOXKECTBE
COCTOSAHMIA C OrpaHWYeHHON cpedHeil aHepruein gocTuUraeTcsd Ha Ka-
NM6POBOYHO MHBAPUAHTHOM (Gn-nHBaApMaHTHOM) raycCoBCKOM COCTO-
AHUN.
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11.6.3. Makcummzaumns KOrepeHTHOn MHdopmMaumn

PaccMOTpUM KOFepeHTHYH0 MH(opMaLmio
le(S, @) = /Y(®[5]) - //(S, D).

MpeanoxeHue 11.6.1. MNycTb ®—rayccoBCKWA Aerpagupyemblii Ka-
Han, TakK 4To

o= Tod, (11.125)

rae T— Tak>ke rayccoBCKMA KaHan, TOrja KBaHTOBas NponyckHas
CnocoGHOCTL KaHana ® pasHa

<AP) = sup/c(5, D),
s

roe To4YyHasa BEPXHAA rpaHb 6epeTc;| N0 MHO>XeCTBY rayCCoBCkux co-

CTOSHWUIA S. Ecnu, KpoMe TOro, Bce KaHanbl Kannb6poBOYHO KOBapuUaHT-
Hbl OTHOCUTENbHO HEKOTOPbIX KOMMNNEKCHbIX CTPYKTYP, TO TOUYHYIO
BEPXHIOI0 FpaHb J4OCTATOYHO 6paTh TONLKO MO MHOXKECTBY Kannbpo-
BOYHO MHBApPWAHTHbIX (GM-WHBAPMAHTHbIX) FayCCOBCKUX COCTOSIHUNA.

[okasaTenbcTBO. Ecnn kaHan ® sBnseTcs AerpagvpyembiM, T.e. UMeeT

MecTO paBeHCTBO (11.125), rge ® — KOMMNNeMeHTapHbI kaHan u T — Heko-
TOpbIA KaHan, To (cM. n. 9.3.3)

LB, ®) = H(E'\E) = H(SEe)-H (Se), (11.126)

roe Se'e —V'SbV'* n V’: He —He ® He' — unsometpus CrailHCNpUHra
ona kaHana T. Ecam ke KaHan T MOXHO BblbpaTb raycCoBCKMM, TO Ka-
Han Sb —»Se'e TakXKe rayCCOBCKMIA W, 3HAYWUT, MPUMEHUMO pacCy>aeHue

¢ nucnonb3oBaHveM nemmbl 11.4.3. Moatomy IQS, ®) = A(£'1£) <A(E'|E) =
—IQS, ®). CnegoateNibHO, KBaHTOBas MPOMyckHas CNOCOOHOCTb KaHana @
paBHa

<) = sup/c(S, P) = sup/c(S, D),
s s

rfe TOYHas BEPXHSS rpaHb GepeTcs N0 MHOXECTBY rayCCOBCKMX COCTOSHUIA S.

Ecnn, kpome TOro, kaHan @® KafMOpPOBOYHO KOBapuaHTeH, TO W3 BOTHY-
TOCTW YCNOBHON KBaHTOBOW 3sHTponuu (11.126) cnepyeT, 4TO 3Ty TOYHYHO
BEPXHIOK FpaHb MOXHO 6paTh TO/bKO MO MHOXECTBY KaMO6pOBOYHO WUHBApU-
aHTHbIX rayCCOBCKMX COCTOSIHWIA aHaNIOrMYHO PacCyXAeHMsM 13 MpeablayLLero
MyHKTa. |
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11.6.4. Knaccmyeckasi NponyckHasi CNoco6HOCTb

Knaccuyeckyto NponyckHyt cnoco6HOCTb rayccoBCKOro kaHana @ ecte-
CTBEHHO paccMaTpuBaTh NMpU afAMTUBHOM BXOAHOM OrpaHuyeHumn (10.28), co-
OTBETCTBYIOLLEM OnepaTopy

F = +  +

roe F = RTeR —KBagpaTyHbIii onepaTop 3Hepruu ¢ NonoXXuTenbHo onpege-
NeHHoW MaTpuueli e. OfHaKO HaxOoXAeHWe 3HAYeHWs MPOMYCKHOW CnocobHO-
ctm C(®, F, E) 3aBMCUT OT peLUeHnst JO CMX NOp OTKPbLITON Npo6nemMbl agau-
TUBHOCTW AN FayCCOBCKMX KaHanoB, EcTecTBeHHOW oueHkoli ana C(P, F, E)
ABnsaeTcs BennunHa CX(P, F, E), onpegensemas BbipaxxeHnem (10.31), koTo-
pas cosnagaet ¢ C(®, F, E) B cnyyae afauTUBHOCTU, HanpyuMep AN KaHanos,
paspyLialLmx cuenieHHocTb. Bo BCAKOM cfiyyae, aTa BeNMUMHa [AeT HUX-
HIOIO rpaHnuy gns C(d, F, E).

OpfHako faxe BblunucneHue BennumHbl Cx (®, F, E) ans rayccoBCcKux Ka-
HafoB OCTaeTcs B OOLWEM Cflyyae OTKPbITbIM BOMPOCOM (32 MCK/IHOYEHUEM
C-(-KaHasioB ¥ CreLuanbHoro ciyyas, KoTopblid 6yeT paccCMOTPeH B Mpegsio-
XeHun 11.7.1). OTMeTUM, UTO MO KpaliHeli Mepe B pacCMaTp1BAeMOii cUTyaumn
ONTUManbHbIA 0606LLEHHbI aHCaM6G/1b BCerja CyLecTByeT, MOCKO/bKY Habop
ycnoBuii B cneacteum 10.5.1 BbinonHeH agnsi F —RTeR, Kak 6bl10 MokKasaHo
B n. 11.6.1. Takum 06pa3om, MakCMMyM BeNUUUHbI X()(TT) focTuraeTca, u ans
CX(®, F, E) umeet mecto qopmyna (10.36).

BbigBuraeTca cnefyowas runoresa 0 raycCoBCKMX ONTUMasbHbIX aH-
cambnax. Ana rayccoBckoro kaHana ® ¢ KkBagpaTW4YHbIM 3HepreTuye-
CKUM OrpaHuyeHnem Makcumym BennyuHbl X bl B Bbipa>keHun (10.36)
ans Cx(®, F, E) gocTuraeTcs Ha rayccoBckom 0606LeHHOM aHcaMm-
6ne 7r, KOTOpPbIA COCTOUT U3 06OOLLEHHLIX KOFEPEHTHbLIX COCTOAHUN
U7(z)SoU7(2)*, rae SO — 4nucTOoe rayCCoBCKOe COCTOSHME, C raycCOBCKUM
pacnpeaeneHnem P(d2nz).

[nsa aHcambns OMMWCaHHOTO Tuma B CWy CBOCTBA KOBapWMaHTHOCTU
(11.107) rayccoBckmx KaHano umeem /[/MfI7(z)SoUn(z)*]) = /7(P[50]),
noaTomy

xo (o) - A(P[])-A(P[50]), (11.127)

YTO MPMBOAMT K FTUMOTE3€ O rayCCOBCKOW MUHMMA/bHOW 3HTpoONUK: ANs
rayccoBCKOro kaHana ® MWHMMYM BbIXOAHON 3HTPONUK JocTuUraeTcs
Ha (4MCTOM) raycCoBCKOM COCTOSIHUM So-

PaccMoTpuMM KannbpoBOYHble Mpeobpa3oBaHUs B Ha, accouumpoBaHHbIe
C OMepaToOpOM KOMMEKCHOW CTPYKTYpbl. Onpegennm AencTeme KanmbpoBoY-
HbIX Mpeobpa3oBaHuii Ha 0606LLEHHbIE aHCAMBAN COCTOSHUIA COOTHOLLEHMEM

w(U) = tt({S: eivG*Se-IVGA £ U}), € [0, 21r],
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Ans 6openeBcknx nogmHoxecTs U e 6(?°a). O606LLEHHDbI aHCaMbb Kanno-
POBOYHO MHBApMaHTEH, ecnn = . Icnonb3ys BOrHYTOCTb (DYHKLMOHAaNA
X (wr) (3agaya 10.5.2) n paccyxpas, Kak B n. 11.6.1, HeTpygHO [OKa3aTb,
YTO ecnn rayccoBCKuii KaHan ® KannmbpoBOYHO KOBapuaHTeH OTHOCWUTENbHO
KOMMM/IEKCHOW CTPYKTYpPbl, aCCOLMMPOBAHHON C MaTpuULLeil aHepruu e, To Mak-
CUMYM B cOOTHOLWeHUN (10.36) gocTuraetcs Ha KanmbpoBOYHO UHBAPUAHTHOM
0606LLeHHOM aHcambne. OTClofa TakXe cnegyeT, YTO CpefHee COCTOsiHMe SV
TaKoro ONTMMaNbHOro aHcambns ABnsAeTCcA KaMb6pPOBOYHO WMHBAPWUAHTHBIM.
OfHaKo B TOM e MNpeAnonoXeHUNn MOXHO J0Ka3aTb CrefytoLlee YC0BHOe
YTBEPXAEHWE, CBA3bIBalOLLEe ABe rMnoTesbl, CHOPMYMPOBAHHbIE BbILLE.

MpegnoxeHune 11.6.2. MycTb rayccoBCKuit KaHan @ KanMbpoBOYHO
KOBapMaHTEH OTHOCUTENbHO €CTECTBEHHbIX KOMNNEKCHbIX CTPYKTYP
Ja, 38- Mpegnono>Xum Tak>Ke, YTO MUHUMYM BbIXOAHOW 3HTPONUM A0-
CTUraeTCa Ha WN-MHBAPWAHTHOM raycCoBCKOM cocTosiHMM So- Torga
BbINONHAETCS FMNOTe3a 0 rayCCOBCKMX ONTUMAaNbHbIX aHCaMONsAX, Npu-
4yeM ONTUMaNnbHbIA aHCamMbib XXMOXKeT 6blITh BblOpaH TakK, YTO BbIX0Of-
Hoe cocTosHue Sg = P[5T7] sBnseTca GB-WHBapPMaAHTHbLIM rayCCOBCKUM
COCTOSHUEM.

[oka3aTenbcTBO. Bbliwe 66110 0TMEUEHO, YTO ONTUMANbHBINA aHCaM6/1b K
cywectByeT. O603Hauum Sb = ®[54-], Torga TrS~/7< E un

CX(®, F, E) = xip(tr) = H(SB)-H*(SB)
A Hgps)-H L = H(SB)- H&[SO]) (11.128)
B Cuy 06LLero HepaseHcTBa A™>(Sg) >A(P) v NPeanonoxeHns o ToM, YTO

H(®[50]) = H(®P).
PaccmoTpum Ga-MHBapuMaHTHOE COCTOAHME

- I 20 .
= er*Sve-~dy,
0

Torga TrSAF = TrS*./7. MycTb Tenepb 54 — rayccoBCKOE COCTOAHWE C TEMU
)€ MepBbIMU M BTOPbIMU MOMEHTaMu, 4YTO U S, TOrga BHOBb BbIMOJIHAETCA
paBeHCTBO

TrSAF = TtSaF = TrSirF. (11.129)

Bonee ToOro, asnsetcd Of-WHBApPUAHTHLIM rayCCOBCKMM COCTOSIHUEM,
a Sb = ®[5a] — Gg-UHBapMaHTHLIM FayCCOBCKUM COCTOSIHMEM, MpUYeM

H(SB) > A(®[5,]) * H(SB). (M.130)
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34ecb MepBoe HepaBeHCTBO crefyeT W3 feMMbl 11.4.2, a BTOpoe —MU3 BO-
FHYTOCTU 3HTPONUU.MOCKONbKY SO — uncToe OA-MHBapUaHTHOE raycCcoBCKOe
COCTOsIHME, cornacHo opmyne (11.63) MmeeT MeCcTO pasfnoXxeHue

SA = SW(z)SOW(zyP(d2sz).

O603HauMM Yepes >KaHCamMbb KOrepeHTHbIX cocTosHmin U7(z)SoU7(z)* ¢ rayc-
COBCKUM pacnpegeneHuem P(d2sz). Torga

Sl =®[8§,,] = *Ne(z)SoNe(z)*]P(d2sz)= " W{K'zmSO}W{K'z)*P(d2sz)

B CWly CBOIACTBA KOBapMaHTHOCTM (11.107) rayCCOBCKMX KaHanoB, MO3TOMY

H*(SB) * H(<b[SO]) = H{®).
B cuny paBeHcTBa (11.129) aHcambnb >KYy[0BNETBOPSET 3HEPreTUYECKOMY
orpaHuyeHuio. bonee Toro,
X*(tr) = H(SB)-H *(SB) > H{SB)-H m S 0]). (11.131)

ConocTtaBnsisi HepaseHcTBa (11.128), (11.130) wu (11.131), nonyvaem
Xop(r) N XpOh) = CX(P, F, E), noaTomy >K ABNseTCH ONTUMaIbHbIM aHCaM-
6nemM ¢ TpebyeMbIMU CBOWCTBaMU. O

§ 11.7. Cnyvait ogHOIA MOfbl

11.7.1. Knaccugmkaumsa rayCCoOBCKUX KaHasi0B

B 3TOM MyHKTe Hac GyAeT MHTepecoBaThb 3afada O NPUBEAEHNI NMPOU3BO/b-
HOro KBaHTOBOFO FayCCOBCKOIO KaHana K MpocTeiillemMy Bugy nyTeM MOAXOAs-
WMX KaHOHMYECKMX YHUTApHbIX Npeo6pa3oBaHWii Ha BXOAe U BbiXofe KaHana:

®*'[K(2)] = UT$*[U*h V{z)Uh\Uh

T. €.
OF[K(NL - V{TXKT22)f{T2).
3,qub Mbl AagnM MOJIHOe pelleHne 3TOoM 3afayn B Ciiy4ae S = 1

MycTb Z —[BYMepHOe CUMMMEKTUYECKOe NPOCTPAHCTBO, T. €. JIMHeliHoe
NPOCTPaHCTBO BEKTOPOB I — [X, Y] T C CUMNIEKTMYECKOl (hopMoii

A(r, r') —x'y - xy". (11.132)

(4ns ynpouleHns 0603HaYeHMin B 3TOM MyHKTe nonaraeM h= 1) Basuc e, h
B Z ABNsieTCA cumnaekTnyeckum, ecnn (e, A)= 1, T.e. ecnm nnowagb opu-
EHTUPOBAHHOr0 MapanfienorpaMma co ctopoHamu e, h paBHa 1 JlvHeliHoe
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npeobpasoBaHme T B Z ABNAETCA CMMMNEKTUYECKMM, EC/IM OHO O0TOGpaxkaeT
CMMIMNEKTMYECKMIA 6a31MC B CUMMNEKTMYECKMI 6asuc.

B cootetcTBUM C hopmynoit (11.103) rayccOBCKUIA KaHan xapakTepu3sy-
eTcs napametpamu K, |, a, yA0BNeTBOPSAIOLMMMN YCOBUIO

a> ~[f - ICTAC. (11.133)

WNcnonb3ys npeo6paszoBaHue cMelieHus (11.32), Bceraa MoXHO MONMyUYNTh
I =0, 4to Mbl 1 Gyfem mnogpasymeBaTb fanee. MoaTomy

®*Ne ')] = LLKr') exp r (11.134)

Teopema 11.7.1. MycTb e, h— HEKOTOPbIA cUMNNeKTUYECKNA bGa-
31C-, B 3aBUCUMOCTMN OT 3HAYEHUA

A) [ (Ke, Kh) = 0; B) A(Ke, Kh) = L
C) A(Ke, Kh) =k2>0,kd 1, D) A{Ke, Kh) =-k2<0

HallgyTca Takue cumnnekTuyeckume npeobpasosaHus Ti, 7F, 4uTO Ka-
Han ®* umeeT Bug (11.90), rge

AO K[x, y]T = [0, 0]T, f{z) = exp -~ (a'0+D"+.V 2], No” o;
A2) KIx, y]T = [x 0]T, f(z) = exp - s (Mot M) (x2+ /)],

BO K[x, V)T = [x, y}T, f(z) = exp ~\y2\

B2) K[X, yIT = [x.y]T, f(z) = exp -~N c(x2+y2>]. Nc >0,

C) K[x, y)T = Ikx, ky]J, k>o,k o 1,

f(z) = exp ~i(Nc+]+T }1) (x2+y?)
D) K[x, 7IT = [kx, -ky] k > o,

f(z) = exp|-|(/Vc+ (*2 {))(x2+Y2)

OueBugHo, 4To B cnyyaax A, B2, C kaHan SiBNsSieTCA KaiMbpOBOUYHO WMH-
BapMaHTHLIM MO OTHOLUEHUWIO K eCTECTBEHHOM KOMMMEeKCHOW CTPYKType, acco-
LMMPOBAHHON C YMHOXEHVEM Ha i B KOMM/IEKCHOW M0CKOCTH X, Y.

JokasatenbctBo. A. MNyctb A(Ke, Kh) —0. Torga [ (Kz, Kz') = 0 unu-
60 K= 0, nn6o K umeet paHr 1 Torga HepaBeHCTBO (11.133) ecTb MpoCTO
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YCNOBUWE, XapaKTepu3sytoLee KOppesunmoHHy0 MaTpuLy KBaHTOBOrO rayccos-
CKOro cocTtosiHua. M3 nemmbl 11.2.1 cnefyeT, YTO HageTCs CUMMIEKTUYECKOE
npeobpasoBaHue 7T Takoe, 4TO

a(T2r, T2r) = (M>+ |)(x2+y2). (11.135)

Ecan K =0, To Mbl nonyyaem cnydain A\.

Mycte Tenepb K wumeer paHr 1, torga n KT2 umeeT paHr 1, 3HauuT,
HaligeTca Takoih BekTop e', uto KT2[x, y\T= (k\x +k2y)e'. Torga Hangetcs
CMMNeKTUYeckoe npeobpasosaHmne T\ Takoe, yto T\e' = [\, 0] u, cneposa-
TenbHo, T[KT2[x, (/T = [k\x + k2y, O]T. Mpoussoas MOBOPOT 72, KOTOPbIN
ocTaBfifeT (hOpMy a MHBapWaHTHOM, Mbl MOXEM Mpeobpa3oBaTb 3TOT BEKTOP
K BUAY \k[x, o]T,k\ / o, NPOM3BOAA 3aTeM CUMMIEKTMYECKOe MacliTabHoe
npeobpasosaHue T[, Mbl NpUXoAUM K cnyyaio A2.

B. C. Nyctb A(Ke, Kh) = k2> 0. Torga T —k~{K —cumnnekTnyec
npeobpasosaHue n A(Kz, Kz') = k2A(z, z'). Monoxum T\ —(TT2)~\ rge T2
6yfeT BbIbpaHO no3gHee, Tak Yto T\KT2= k. OTo6paxkeHne T2 BbibupaeTcs
cnegyowmnm obpasom.

B cnyuyae B nmeem k — 1, nycnosume (11.133) o3HauyaeT HeOTpuLATENbHYHO
onpefeneHHOCTb MaTpuubl a. Torga uMeem cregytolme nogcnyyvan.

Bz2. Ecnn hopma a HeBbIPOX/AEHHA, TO COrnacHo nemme 11.2.1 HaiigeTcs
CUMMNeKTUYecKoe npeobpasoBaHue T2 Takoe, YTO

a(T2z, TZZ) = Nc(x2+y2),

roe Nc> 0. Takxe ecam a = 0, TO noflydaem aHanormyHyto gopmyny ¢ Nc—o0.

B]. C gpyroit CTOpoHbI, ecnn opMa a BbIPOXAEHMS U UMEET paHr 1, 10
a{z, ) —(k\X + k2y)2 Npu HEKOTOPbIX k\, k2, HE PaBHbIX HY/IHO OLHOBPEMEH-
HO, Torga Ans npoussonibHoro Nc >0 HaiigeTca cuMniekTuyeckoe npeobpa-
30BaHue T2 Takoe, 4TO

a(T2z, TZ) = Ncy2,

B YaCTHOCTU, MOXXHO B3ATb Mc— &

B cnyuyae C umeem K¢ 1, n n3 ycnosua (11.133) cnegyer, uto a/\k2- ]|
ABNAETCA KOPPENsALMOHHON MaTpuueid KBaHTOBOFO rayCCOBCKOrO COCTOSHUS,
MO3TOMY HafeTCs CMMMNAEKTMYecKoe npeobpas3oBaHue T2 Takoe, 4TO

a{T2z, T2z) = \k2- 1|(Wo+ 1)(x2+y2) = (nc+ — (x2+y2),
roe NOM 0, Nc=\k2- 1No.

D. Myctb A(Ke, Kh) ——k2< 0. Torga T = k~xK — aHTUCHMNNeKTUYe-
ckoe npeobpasoBanHue (A(7z, Tz')—A(z, z')) nA{Kz, Kz') =—k2A(z, z).
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AHanornyHo cnydasm B, C nonyyaem

a(T2z, T2r) = (E2+1)(n/0+ |)(* 2+ M2) = (nc+ ~ A ~)(*2+ ¥2),

rae No > 0, Nc = (k2+ I)/VMo- Monaras T —K(TT2)~{, roe N[x, y)T —
= [x, —/]T, ™Mbl nonyyaem nepsBoe ypaBHeHwe B cny4vae D. 3ameTum, 4To
T\ —cumMnnekTnyeckoe npeobpasoBaHWe, MOCKOMbKY Kak T, Tak W J1 aHTu-
CUMMNEKTUYECKNE. |

Kak nokasaHo B n. 11.5.2, rayccoBckuii KaHan @ MOXHO pacluupuTb A0
NNHEAHOW AMHAMWUKW OTKPLITOA G030HHOI CUCTEMbI, OMWUCLIBAEMON KaHOHU-
YecKUMM HabngaemMbiMu g, P Y KQHOHUYECKUMU Hablo4aeMbIMU OKPYXEHUS
Qe, Pe, *++B rayccoBckoM COCTOSHMM Se', 6onee TOro, aTa IMHelHas guHamu-
Ka TakXe fJaeT onucaHue cnabo KOMMAeMeHTApHOro KaHana £, otobpaxaro-
LLLero UCXOLHOE COCTOSHME CUCTEMbI (, P B KOHEYHOe COCTOSIHUE OKPYXXeHUS
OE, Pe, mm ecnn cocTosiHue Se uncToe, To ®F — KOMMIEMEHTapHbIN KaHan @,
KOTOpbI/ onpegensieTcsi KaHanioM @ 0AHO3HAYHO C TOYHOCTHIO [0 YHUTApHOI
3KBMBANIEHTHOCTW. 3aMeTUM, UYTO OKPYXXeHUEe MOXeT 6bITb MHOrOMOZOBbIM, YTO
0TpaxaeTcs CYMBOJIOM ... B 0603HaYeHWU BCMOMOraTeNbHbIX NepeMeHHbIX.

Jannm onucaHue B TePMUHAX OTKPbLITOW CUCTEMbI B KaXAOM U3 Cly4vaes
npegblayLleii TeopeMmbl.

Al. 3TO ecTb MOMHOCTbIO AEMNONAPUIYIOLLMIA KaHan

L =95, p' = Pe,

rge Habnwgaemble */£, pe ONUCLIBAOT OKPYXeHWe B PaBHOBECHOM COCTOS-
HUN Se co CpefHUM ymncnom KeaHTOB No. Cnabo KOMMNeMeHTapHbIM ABASETCS
naeanbHblii KaHan Id.

A2. NnHeliHoe npeo6pa3oBaHWe KaHOHUYECKUX MEPEMEHHbIX MOfAbl UMeeT
BUA

qg'=q +qE, p' = Pe, (11.136)

rgemMoja q£.Pe CHOBaHaxo4MTCS B PaBHOBECHOM COCTOSHUM — Seco CPELHUM
ymcnoMm kBaHTOB No. Cnabo KOMMIEMEHTApHbIM K 3TOMY KaHany fBNseTcs
KaHas, KOTopblii 3afaeTcs npeobpasoBaHuem

OE=qQq Pe =P~ Pe, (11.137)
roe pe MOXET paccMaTpMBaTbCA KaK KnacCMyeckasclyyaiiHas — BenMyMHa
¢ amcnepcueld No +

B|. ¥paBHeHve kaHana vmeet Bug (11.137), rge pe MMeeT AUCNEPCUIO

TakK 4TO MOAa g€, pe HaxOAWTCS B YUCTOM (BaKYyMHOM) COCTOSIHWM, NpW 3TOM
KOMMNJIEMEHTaPHbIA KaHan 3agaetca npeobpasoBaHmem (11.136).
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B2. KaHan ¢ agAuMTMBHbLIM KOMMIEKCHbIM ayCCOBCKUM LUYMOM WHTEHCUB-
HocTu Nc:
=g+t p'=p+v-
3agaya 11.7.1. [okaxuTe, 4uTo paclumpeHue CTailiHCNpUHra Ans 3Toro
KaHana faeTcsi OKpy)>XeHWeM ¢ AByMs 6030HHbIMM Mogamu qj, pj, j = 1,2,
B YMCTOM rayCCOBCKOM COCTOAHWUW, KOTOPOE UMEET Hy/NeBble CpeaHue, HyneBble
KOBapvauun u gucrnepcuu

D<, - Dg2= Nc, Dpi =Dp2=w ,

Tak yTo0 * —(1, 7= ¥, NpUYeM AMHAMMKA COCTABHO CUCTEMbI OMUCLIBAETCA
YpaBHEHUAMM

Q= gq+qi, p'=p+q2
Pi = <. Pi =Pi-p-qz/X
p2 — Sy p2 = p2+q+ q\/2.
C. ATTeHaTop/ycunmutens ¢ KoapguumeHTom k 1 KBAHTOBbIM LY

CO cpedHuUM uncnom kBaHToB No. B cnyuae aTTeHoatopa (k < 1) ypaBHeHue
KaHana MMeeT BuA

q = kg + ~k 2qE,
p' = kp +\J1 - k2pE,

roe moga qE, pE Haxogutcs B paBHOBECHOM COCTOSIHMM SE CO CpeaHuUM uuc-
noM KBaHTOB Nqg. Cnabo KOMMNeMeHTapHbIl KaHan 3afaeTcs ypaBHEHUSMU

gE = >/1-k29-kqE, (11.138)
pE= VI -k2p-kpE (11.139)

N TakXXe ABNSETCH aTTeHaTopoM (C KoapduumeHTom K' = >1 —k2).
B cnyuyae ycunutens (k > 1) umeem

q' = kg + VK2- lge,
p' = kp - \/k2- 1pE
€O cnabo KOMMIEeMEHTAPHbIM KaHasoM
Pe - Vk2- iq +kqE,
Pe = -V k2- 1p + kpE,

cM. cnvyan D.
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D. YpaBHeHue KaHana VMeeT BUA

q' - kg + y/k2+ 1<7e
pl——kp + \/®@+ lpe,

T.e. 3TOT KaHa/l ABMSeTCA €Nabo KOMMIEMEHTapHbIM K YCUMBAKOLLEMY KaHay
¢ koathmumeHtoMm k! —2+ 1 v KBaHTOBbIM LUYMOM CO CpefHVM 4YWC/IOM
KBaHTOB JIh.

11.7.2. KaHanbl, paspywaruime CUuenneHHocTb

MpumeHnm Teopemy 11.5.3 K cnyyaro ogHoli 6030HHOM Moabl A = B, rae
Aa(z,z') = AB(z, 2') = A(z, ') = x'y-xy".

Kak 6b1710 MOKa3aHOo Bbille, MPOU3BOMbLHBIA OAHOMOZOBLIN FayCCOBCKUIA KaHan
NPUBOAUTCA K OAHON U3 HOPMasbHbIX (POPM.

Ham ocTaeTca Tonbko HaiiTy opmy K TAaK 1 npoBepuTh pasnoxXmnmocTb
(11.113) B KaXX40OM M3 3TUX CNyyaeB. Mbl Onmpaemcs Ha CneaytoLwmii NpocToi
hakT.

3agava 11.7.2. TpoBepbTe, YTO HEPABEHCTBO

BbINO/HSAETCSA TOrAa W TofbKo Toraa, korga N~ 0.

B cnyuae A uvmeem K TAK = 0, noatomy @ sBnseTcs c-q-kaHanom (gak-
TUYECKW K1ACCUYECKUM KaHa/IoM).

B cnyyae B nmeem KTAK = [1, no3ToMy 13 He06XOAMMOr0 YCNOBMA pas-
noxumoctn (11.113) cnepyeT, uto a i [1. 9T0 He MOXeT ObiTb BbINOAHEHO
B cnyyae B[ B cuny BblpoxaeHHOe™ hopmbl a, CnefoBaTeflbHO, KaHan He
SBNAETCA paspyLlaowmMm cuenneHHocTs. C apyroii CTOpOHbl, B Cnyvae Br
ycnosue (11.113) BbinonHseTcA npy aB = da =a/2 Torga M TOMbKO TOrga,
kKorga Nc” 1, n @ aBnfdeTca KaHasoM, paspyLUarowmMmM CLenieHHOCTb.

B cnyyae C ummeem K rAK = k2A. fAcHO, YTO B 3TOM Cflyyae yc/ioBue

pas3foXXMMOCTN BbINOSIHAETCA TOrA4a M TOMbKO TOrga, Korga N1+ k2)A,
[1- k2\ @1+k2
YTO paBHOCU/NLHO HepaBeHCTBY NcH A A — >—""um
Nc ~ min(l, k2). (11.140)

OTcloga cneayeT yCnoBue paspyLleHus CLeneHHocTn (KOTopoe Takxe gop-
MafibHO BK/KOYaeT cnydain Br).
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B cnyuae D nmeem K TAK = —k2A. Ycnosre pasnoXMMOCTU BbIMONHS-

eTcs Torga W TO/MbKO TOorga, Korga 5(1 + k2)A, 4TO BbINO/HEHO BCErfa,
MoO3TOMY KaHan ABASETCA paspyLllalolwum cLenneHHocTb gnsa scex Nc” 0.
Takum 06pa3om, cBOWCTBO agauTuBHOCTK (10.32) BbINOMHsETCS ANA O4-
HOMOJOBbIX TayCCOBCKMX KaHanos Buga A, D C Npou3BO/IbHbIMU 3HaYeHu-
AMM napametpos, u B2, C ¢ napameTpamu, YyA0BNETBOPAOLLMMMK YC/IOBUIO
(11.140). B obwem cnyvae KaHanbl, paspyluatolime CLEnJeHHOCTb, VMMEKT
HYNeBYyH0 KBaHTOBYH) MPOMYCKHYH CMocobHocTb, (?(P) = 0, cMm. cnefcrteme
9.3.1. OgHako B n. 11.7.4 Ha OCHOBe aHanu3a gerpagvpyemocTy 6ygeT HalifeHa
6onee Wwupokas 061acTb HyneBOl KBaHTOBOW MPOMYCKHON CNOCO6HOCTK.

11.7.3. ATTeHloaTop/ycunntens

PaccmoTpum nogpo6bHo cnydvain C. Beegs napametp Nc= \k2- 1\NO” O,
MOXHO NpefCcTaBuTb fielicTBMe KaHana ® cnefytowmm o6pa3om:

Tro[5]U7(r) = TrSU"(*z)-exp[—gLﬂ,eZ- IN/2 + Nc)\z2\\2]. (11.141)

Kak oTmeuyanocb, 3TOT KaHan fABnseTcs KaiubpOBOYHO WHBApWaHTHbIM MO
OTHOLLEHWNIO K €eCTeCTBEHHON KOMMMEKCHON CTPYKTYpe, accoLunpoBaHHOi
C YMHOXeHMeM Ha / B KOMMIEKCHOM M0CKOCTYW X, Y. [oaTomy fanee, onupa-
ACb Ha pe3ynbTatbl § 11.6, Mbl OrpaHMYMMCA PacCMOTPEHMEM KanubpoBOYHO
WHBAPUaHTHbIX COCTOSHUIA.

MycTb BxogHoe cocTtosHuMe S = S(N) cucTembl SBNASETCH rayCCOBCKUM
C XapaKTepuCcTUYeCKON (yHKL el

TrS(N)W(z) = exp[-+(/V + |)]|z]| 2

roe napametp N npefcTaBnisieT MOLHOCTb (CpefHee YMUCN0 KBAHTOB) CUrHana

TrS(N)a*a = N, (11.142)
a= Tﬁ(q + ip)- QHTponua coctoaHua S(N) pasHa
H(S(N)) = g(N). (11.143)

M3 cooTHoweHuna (11.141) cnepyeT, 4To BbIXOAHOe cocTosHMe P[5] siBnsetca
rayccoBckum coctosHuem S(N'), rge

N' = k2N + N (11.144)

Ng = max{0, {k2- 1)} + Nc

—CpejHee yncno POTOHOB Ha BbIXOAE, COOTBETCTBYHOLLEM BXOAHOMY BaKyyM-
Homy cocTosiHuio S(0). Torga

H(<b{S(N))) = g(N"). (11.145)
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Haligem o06MeHHyt0 aHTponuio H(S{M), ®). Yuctoe BXOAHOE COCTOA-
HWe 5,2 paclUMpeHHOW cucTemMbl H®H O xapaKTepusyeTcsi (2 X 2 )-maTpuLeit
KoBapuauuin (11.78). B cooTBeTCTBUM C COOTHOWweHMem (11.120) geicteue
paclumpeHHoro kaHana ® <gpld npeobpasyeT 3Ty MaTpuly K Buay

0 ~{N' +\/2) 0 kKVN2+ N
N'+1/2 0 k"N2+ N 0
0 -kVN2+N 0 v+ 1/2
-kvm + N 0 -(N + 1/2) 0
1,

M3 dopmynsl (11.72) nonyvaem M(S(N), @) = g(|Ai| - + g{|A2| - 5).
rge *Ai, £A2 —C06CTBEHHbIE 3HAYeHMA MaTpuULbl B MpaBor 4acTu. Peluas
XapakTepuUCTUYEeCKOe ypaBHeHMe, Haxo4um

Aiz2 = t((N'-N)£D), (11.146)
roe
D = + bl + 1)2- AK2N(N + 1).
CnepoBatencHo,
H(S(N), @) = g ( ~1) +g(D~N'+N~1). (11.147)

3aBucmmocTb aHTponuiA A(P[5(/10]), H{S(N), ®) ot k gna cnyuyas Nc —O0
nokasaHa Ha puc. 11.1. 3ameTum, 4to ANA Bcex N KorepeHTHas WHgopMa-
umsa #7[S(/V)]) - H(S(N), @) okasbiBaeTca NoOAoOXKUTENbHOW npu k > 1/V2
M OTpUUATeNIbHOM MpW OCTaNbHbIX 3HauveHuax k. OHa cTpemutcs K -H(S{N))
npn k —0, pasHa H(S(N)) npu k = 11 6bICcTpO y6bIBAET K HYMO Npu k —*oc.

AHTponuA

Puc. 11.1. QHTponuu: BbiIXxogHas aHTponus (11.145). o6MeHHas
aHTponua (11.147) B cnyyae Nc=0
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PaccMoTpyM Kfiaccuyeckue nponyckHble crnocobHocTM KaHana @ npu ag-
OUTVBHBIX BXOAHbIX 3HEPreTUYECKMX OrpaHnyeHusxX, COOTBETCTBYHOLMX One-
patopy F = a”a. B cooTBeTcTBMMU C Teopemoli 11.6.1 u cneacTBMeEM M3 Hee
Knaccmyeckas nponyckHas cnoco6HOCTb C UCMO/b30BaHWEM CLEMNIEHHOMO COo-
CTOAHWNA paBHa

Cra(®, F, E) — max I(S, D),
S: TrSata<E
M OHa [OCTWUraeTCcsd Ha KaaubpoBOYHO WHBAPUAHTHOM rayCCOBCKOM COCTO-
AHUM S. Tlockonbky ycnosue (10.40), oueBMAHO, BbIMOSIHEHO ANS [LAHHOrO
KaHana, ansa atoro coctosHua TrSala = £. MNoatomy S = S(£), n 4na 3HTpo-
nuiAi MMerOT MecTo BbipaxkeHnsa (11.143), (11.145) v (11.147). CnepoBaTensHo,
YKa3aHHBbIA Bbllle MakCUMyM paBeH

Cea(th, F, E) = I(S(E), ®) = H(S(E)) + H(9[S(E)])-H(S{E), ).

PaccmaTpuBas BenuuuHy Cea(®, £, £) Kak yHKuMo napameTpoB £, Kk,
NC, MHTEpecHO cpaBHUTbL ee C BenuuuHoli CX(P, £, £), KoTopas aBAseTcs
HVKHE rpaHuueit Ans KnacCMYecKoi nponyckHoli cnocobHoctn C(®, F, E)
(BO3MOXHO, coBMajaroLeil ¢ Hell). Ecnv BepHa runoTtesa O rayccoBCKMX On-
TUMaNibHbIX aHCamMb6/1AX, TO ONTUMa/IbHBIM SIBASIETCA aHcaMb/b, COCTOALLWIA
M3 KOFepeHTHbIX COCTOSIHWIA sf = |c)c1> Ce C, € rayccoBCKOM MNIOTHOCTbIO
BeposiTHOCTU P((,) = (TTE)~] exp(—E|2£), 4TO NPMBOLAMT K 3HAYEHUIO

CX(®d, F, £) = g(fe2£ + /Vj)-gM).

OTHoOLeHne

r cra(®,t, £) M1HM™
0 cx(@Y7e) <1/140>

[laeT Mo KpalHeili Mepe BEPXHIOK FpaHuUy AN BbIMIPbiWa 3a CYeT UCMONb-
30BaHMA CLEMMNEHHbIX COCTOSHWIA MpW Mnepedaye KNacCMYeCKMX COOOLLEHWIA.
B uyacTHOCTW, ecnu cpefHee YUCO KBAaHTOB £ CUrHana CTPEMUTCH K Hy/Io,
Torga kKak N* > 0, 10

CX(®,£, £) ~Ele2log (-"-),

Cea{h, F, E) ~ -£ logE/(/Vq 4-1)

n G cTpemntca K 6eckoHeyHocTM Kak —Ilog£. padmk oTHOWweHus G Kak
thyHKumm aprymenTa k npm Nc=0 nokasaH Ha puc. 11.2.

MnoTesa O rayccoBCKMX OMTUMaIbHbIX aHCaMb6MifX BepHa B YacTHOM
cnydvae atTeHwoaTopa @ c BakyymHbiM wymom Nc —0, k < 1. Bbonee Toro,
B 3TOM Cny4yae BbINOMHAETCA M runorte3a afauTUBHOCTU, TaK 4TO BeMYMHA
CX(®, £, £) faeT K1acCUYECKY MPOMYCKHY CMOCO6HOCTbL KaHana.
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Puc. 11.2. Bbiurpbiw (11.148) 3a cyeT UCNONb30BAHUA CLENJEHHOrO COCTOAHUA KakK (MyHKLuA k
npu Nc= 0. MapameTp = BXOAHaA MOLWHOCTb E

Mpegnoxenne 11.7.1. Ans aTTeHwaTopa ® c BAKYYMHbIM LIYMOM

C(d, F, E) = CX(®, £, E) = g(k2E). (11.149)
[okasaTenbcTtBo. [oKaXem CBOWCTBO agfMTMBHOCTM
CLI) H{' nwy = ,,cx(d, F, £). (11.150)

[LeicteutensHo, ans atoro kaHana Ng= 0, N' —k2E n#(d[5(£)]) = g(k2E).
CneposartencHo,

A(P[5r]) = 0 (11.151)

ANnA NPon3BOJSIbHOIo KOrepeHTHOro CoCtoAHmA S2, Ana KoToporo £ = 0, n no-
3TOMY MUHWUMa/IbHaA BbIXOAHaA 3HTPOMUA paBHa HYJHO:

min A(P[5]) = 0.

CnepoBatensbHo, mins™ A(P®”[5*")]) = 0, 1 agANTUBHOCTL BbIXO4HON 3HTPO-
num oueBufHa. MNofcTaBNAs aHCaM6/b KOrepeHTHbIX COCTOSAHWIA W UCNONb3yA
cooTHoweHune (11.151), nonyyaem
CX(®, £, £) 5 g{k2E) = max H(® "]).
S; TrSata”f
C [pyroi CTOpoHbI, UCMob3ys cybaffMTUBHOCTbL BbIXOLHOW 3HTpONUK, nony
yaem

NCA®, F, E) » CI)(®, F,E) max  A(P[51).
N £

S: TrSata<

CpaBHUBasi 3TW HepaBeHCTBA, Mbl MNPUXOAMM K COOTHOLWeHusM (11.150)
n (11.149). O
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11.7.4. KBaHTOBasi NponyckKHas CNOCO6GHOCTb

B 3TOM NyHKTe Mbl BbIYUCAUM KBaHTOBYHO MPOMYCKHYH CNOCOBHOCTb psja
0[JHOMOJO0BbIX FayCCOBCKMX KaHanoB, OMUpascb Ha CBOMCTBa (aHTW)gerpa-
avmpyemoct (m. 9.3.3, 11.6.3). Mpu 3TOM Mbl WCMOAb3yeM TOT HaKT, 4TO
KOMNO3MLUUA O4HOMOAOBbLIX FayCCOBCKWUX KaHanoB SBNSETCA OLHOMOLOBbIM
rayCCoBCKMM KaHanom. B uacTHocTu, u3 obwmx npasun (11.106) BbiTekatoT
creflytoLme COOTHOLLEHNS.

MycTb ®c,* (cooTBeTCTBEHHO Pf *) — KaHan knacca C (cooTBeTcTBEHHO D)
C KoahgmumeHToM K 1 rKcnpoBaHHbIM 3Ha4veHneM napameTpa Nc. Torga

®c,a2°®c,a, = ®c.Mr» €CAN iib 62 < 1, (11.152)
®o,a2°Pc.a, = Pa.m2> ecam/r, > 1 (11.153)

MpepgnoxeHne 11.7.2. [Ond aTTeHwaTopa C KoapduuymeHToMm K,

He NMPeBOCXOAALWMNUM -*=, KBAHTOBAaa NPONyCKHas CNOCOBHOCTb (?(Pc,a)

v 2 s
pasHa 0. Lna aTTeHwaTopal/ycunurena ¢ k™ -j= n Nc=0 BbINOAHSA-
eTCA paBeHCTBO

((®CA) = <20(dcA) = loe | A . (11.154)

3paechb
2¢(P) = sup/c(S(A0, ®),
(Pc(®) N>% (S( )

roe TOouyHas BepXHAA rpaHb KOrepeHTHOW uHdpopmauuun 1QS, ®) =
= A(P[5]) - H(S, ®) bGepeTcs NO BCEM rayCCOBCKMM KannmbpOBOYHO
MHBAPWAHTHbLIM BXOAHbIM cocTosHuam Buga S(N).

[oKa3aTenbLCTBO. [lO0CTATOUYHO [0Kas3aTb, YTO aTTeHaTop ¢ k < ~=—

aHTUZerpagMpyemblii KaHan, Torga Kak aTTeHiatop/ycunutens ¢ k ° ~/‘2:
v

n Nc= 0 gerpagupyem.

Ecnm k < voz 10 k\ = < 1 MNpuHMMas BO BHUMaHWeE, 4YTo cnabo

v'l- k2
KOMM/IEMEHTapHbIM K KaHany ®c, a ABAAETCA KaHan

hc* = e . A (11155)
c™. (11.138), cooTHoweHue (11.152) MOXHO 3anucaTb B BUAE

®CcA = @C, - * 0PCA (11-156)

0TKyfa cnepyet, yto ®f, Kk — aHTugerpafuMpyemblii KaHan, W, 3HauuT, B cCUny
Teopembl 9.3.2 ero KBaHTOBas NPOMYCKHas CNOCOOHOCTb paBHa HYIo.
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B cnyyae Nc—0, Korga COCTOSIHNE OKPYXXEHWUS YNCTOE, KOMIM/IEMEHTAPHbIN
KaHan coBnafgaet co cnabo KomnjeMeHTapHbiM: ®CK — P AT —dCk,, rle

k'=\/1- k2> — |, n cooTHoweHune (11.156) npuobpeTaeT BUA
dc* = dc  * ,, °dPc,*
OTKyfa cnefyeT, yto ®c,*' —perpagnpyemblii kaHan npu -"=</r'<1. lMo-
3aToMy U3 npegnoxernuna 11.6.1 cnefyet, 4To y/2
<?(®c.*) = <?0(Pc.*). (H.157)

AHanornyHo B cnydvae yeunutena (k > 1, Nc=0) wn3 cooTHoweHus (11.153)
cnepyet, uTo

HPCKk — ~ gl‘l’°¢c.b
noatomy ®c,K — ferpagmpyemblii KaHana, M CHOBa MMeeT MeCTO PaBeHCTBO

(11.157). OcTtaetcs Haiitn BenmumHy Qo(”c,k)-
B cnyyae NC"Q KorepeHTHas MHgopmauns

le{S(N). ®) = g(N") - g(P¥MNV=M=1) - g{P:=ALA /=Y (1] 158)
CNOXHbIM 06pa3oM 3aBUCUT OT BXOAHON mowiHocTM N. Vimeem /QS(0), @) =0

n
Jim 1GS(N), @) = logk2- logWf —tb—g(NcAK? - 12, k71,

MycTtb Tenepb Nc—0. B cnyvae k < 1 Haxogum
N' = k2N, D = {\-k2)N+I

Ic(S(N), ®) - g(k2N)-g ((I-k2N).
3agava 11.7.3. TMokaxute, uto Ic(S(N), ®) —Bbinyknas ybbiBatoLWas

tyHKums napameTtpa N npu k2 < ” (COOTBETCTBEHHO BOrHyTas Bo3pacTaroLias
yHKUMs npu k2> 7) 1, cnefoBaTesibHo,
WH), ® =0, k2 <
N=0

sup/c(S(A0, ®) =
N YmWQS(N), ®) = logy~-p’ >\

B cnyyae k > 1, ucnonb3ys cooTHoweHue (11.144), nonyyvaem N1=
=k2(N+1)- , D=k2(N+\)-N wu

I(S(N), ®) = g(k2(N + 1)- 1)- g((k2- (N + 1)).
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3agava 11.7.4. TMokaxwute, yto IQS(N), ®) —BOrHyTas Bo3pacTaroLLas
(yHKUMsA aprymeHTa N 1, cnefoBaTensHo,

Spgp/c(S(/V), ®) = Jim Ic(S(N), ®) = log-"—.

OKOHYaTenbHO nofyvaeM ob6uiee BblpaxeHue (11.154) gns KBaHTOBOM
NPONYCKHOW cnocobHOCTM aTTeHoaTopalycunutens npu Nc= 0. |

O6wwnpHaa obnacTb HyNeBO KBaHTOBOM MPOMYCKHOW cCnoco6HOCTW, ne-
pekpbiBatoLas obnacts (11.140) kaHanoB, paspyLUaloWmx CLEeneHHOCTb, aa-
eTCa CNnefyowWmm npenoxXeHnem.

Mpegnoxexnune 11.7.3. MycTb k*-*=, Torga <?(dc,*) = 0 npu

[okasatenbctBo. PaccmoTpum komnosuumo ®@= @2 0db rae

o aOBLO - W('/2kz)exp™~ (2t%2~ 0 (al/i + 1)].
O;[Mr(2] =r(-")e,P[-1(nra+ 1)].

Tak yto <2(®r) = 0 B cuny npegnoxernns 11.7.2 wu, 3Haumt, <(P2 0P 1) =0
B cuny HepaBeHcTBa (9.45). Torga

Pro®2[«7(2)] = W, M)exp[-[("2-" + )],
roe

*2-'1 +|’\}C: |(yV2+ 5) + ‘Z_A%'_l)\jzn(,q_f)

Bapbupys uncna Ni, N2> 0, MOXXHO nonyumTb BCe 3HavyeHusi Nc, yA0BNeTBO-
psatowme ycnosuio (11.159). O

3apgava 11.7.5. [okaxuTe, 4yTo B C/y4ae A BbIMOIHAETCA pPaBeHCTBO
= dod,
roe ® —KomnneMeHTapHbI KaHan, W, cnefoBaTenbHO, kaHan ® aHTuAaerpa-
AMpYeMbIiA, a 3HaunT, <A(®P) =0.

3agaya 11.7.6. [okaxwuTte, 4to B cfiyyae B| BbINOMHAETCA PaBeHCTBO
(?(®) = 00. [ind 3TOro paccMoTpuUTe KOrepeHTHyto uHdopmauuio IGS, ®) =
= [[(D[S]) - Z/($[S]), rae S —rayccoBCKOe COCTOSIHME C [AUChepCUsMun
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a2= DQ, a2 = DP wu HyneBbIMMW CpPegHUMWM W KoBapwaumein. MokaxuTe,
yTo

MNe[51) = r (y LU (4 +x)-%),

1
AP /(<) bl)
B uyacTHOCTW, BbIGMpas COCTOAHWA, AN KoTopbiX <Jg @ —>oc, <}q—>0, nony-
yaem fc(S, ®P)—00.
3agava 11.7.7. OokaxuTe, yto B cnydae D kaHan & gBnsertca aHTuge-
rpagupyembiM 1, cnegosatenbHo, (?(P) = 0.
Mockonbky /c(5, ®) = A(P[5]) —/7(P[5]), Ans NponyckHoli cnocobHo-
CTn <2(P) MMeeT MeCTO BblpaxKeHue, aHanornyHoe (9.40), B kotopom IC3ame-

HeHo Ha —IC CrefoBaTe/ibHO,

suplQs, @) » <), sup[-/c(S, P)]  <ADP).
s S

Takum 06pa3om, ecnn KorepeHTHas nHgopmauua 1QS, @) NpuHMMaET 3Have-
HMA pa3HbIX 3HAKOB, TO 06€ NPOMYCKHbIE CMOCOBHOCTU NONOXUTENbHBI U, Cle-
foBaTe/bHO, KaHan ® He ABNSETCS HU AerpagvpyemMbiM, HU aHTUAerpagupye-
MbIM.

3agaya 11.7.8. PaccMOTpMM KaHa/ C afgAuTUBHBIM K1acCUYECKMM rayc-
COBCKUM LUYMOM MHTEHCMBHOCTM Nc (cny4ait Br, k — 1). MokaxuTe, 4TO

F(N) = h(S(N), ®) = g(N+Nc)- g(° +gt~1) - g(P~2f~1).

rae D =\/{Nc+ I)2+ ANON . Mpun atom F(0) = 0,
lim F(N) = - logeNc
N—00 (N) 9 '
rae ucnosb3oBaHa acumntotuka g{x) ~\ogex npu X —*00, cfnefosaTesb-
Ho, N"mooF(N) —0, ecnn Nc = e~l. Paccmatpusas dyHkuymo F(N) npu
—) “

Nc = 0,99e_1I, mokaxuTe, 4YTO OHa MNPUHUMAET 3HAYEHUA Pas3HbIX 3HAKOB
W, CNefioBaTeNbHO, KaHan @ He ABNAETCA HU ferpagupyembiM, HU aHTUAerpa-
OVpyeMbIM.

8§11.8. KommeHTapuu

1 KBaHTOBbI rapMOHWUYECKNIA OCLUANATOP, BMEPBbIE UCC/e0BaHHbIN
pakom [8], NeXMT B OCHOBE MHOFMX MaTeMaTM4YeCcKUX Mofeneil KBaHTOBOI
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ONTUKU W KBAHTOBOW 3MEKTPOHMKW. B 4aCcTHOCTW, NOME3HOE CMMBOIMYECKOE
“cyncneHne, No3BONAIOLLEe NOMYYnTh anrebpamyeckme TOXAECTBA, BbITEKAlO-
Lye U3 KaHOHWYECKMX KOMMYTALMOHHbIX COOTHOLLEHWM, Takue Kak (11.46),
pa3BuTo B KHWre Jltoucenna [15]. AHann3, OCHOBaHHbIA Ha KOFepeHTHbIX
COCTOsIHUAX, pa3paboTaH [nay6epom; cm. [7]. ®opmyna (11.14) —3TO 3Ha-
MeHuUTOe P -npeactaBnieHue onepaTopoB MJIOTHOCTW, LUMPOKO WCMOMb3yeMoe
B KBaHTOBOI onTuke. lpefcTaBieHue MoNs W3NyyeHUs B Buie aHcaM6ns
KBAHTOBbLIX OCLMANATOPOB, TakXe MpefoXeHHOe [upakoMm, B MOAXOAALLEi
AN NPUNOXEHWI B KBAHTOBOW ONTMKe (POPME pacCMOTPEHO, HanpuMep, B KHU-
rax Knaygepa n Cypapwana [12] n Xenctpoma [30].

Vicnonb3ys MepenosiHeHHOCTb CUCTEMbI KOTepeHTHbIX BEKTOpPOB (3aja-
ya 11.1.4), MOXHO onpefenuTb HEYeTKYH HabnoAaemMyt0 CO 3HaYeHUsMU
BC-R2

M{B) = [C><C|d20 (N.160)
B
OHa nrpaeT KtoUeByt0 Posib B OMUCAHUM «MPUBIMKEHHOTO COBMECTHOIO W3-
MepeHusa» Habnwgaemoix q u p. MogpobHoe 06CyXAeHWe 3TOro Bompoca
N ganbHeinwmne ceolikn cm. B kKHurax A. C. Xoneso [37] n Assuca [73].

2. Ha nonesHocTb npeactaBneHns KKC B cummeTtpuuHoii opme (11.28)
yKasan Curan; cm. [27]. [oKa3aTenbCTBO CNeAyHoLEein TEOPEMbI MOXHO HaTH,
Hanpuwmep, B paboTe [37].

Teopema (egunHcTBeHHOCTM CToyHa—(poH HelimaHa). MycTb VX, Uy,
X, y eW, —CUNbHO HenpepbiBHble TFPYyNnbl YHUTAaPHbIX 0MNepaTOopoB
B cenapabenbHOM ruibbepToBOM nNpocTpaHcTBe K, yaosneTBopstowme
KKC Beiina (11.26). Torga VX Uy yHUTapHO 3KBMWBANEHTHbI NpsSiMOii
CyMMe He 60fee yeM CYUETHOr0 yucna Konuii npeacTasneHus LUpéanH-
repa (11.25). B yacTHOCTHU, Nt060e HenpuBogumoe npegcTasneHne KKC
YHUTapHO 3KBMBANeHTHO npefacTasneHuio LLpéanHrepa.

Pabota BunbsimcoHa [155] cogepXuT obLLy0 KnaccuUUKaLmo Knaccu-
YECKMX KBaApaTUUHbIX FaMUIbTOHUAHOB (He06s3aTeNbHO MONOXMTENbHbIX).
[oka3atenbctBo nemmbl 11.2.1 cm. Takxe B rn-V kuuru [37].

3. MHorouncneHHble U3nYeckue NPUNOXEHUS IMHENHOW AMHAMUKU CW-
CTEM C KBaZpaTW4HbIM FaMUNbTOHMAHOM paccmaTpuBatoTcs B kKHure . A. Man-
KnHa n B.N.MaHbko [18].

4. PaccMOTpeHMne KBaHTOBbIX FayCCOBCKMX COCTOSIHWIA OCHOBaHO Ha rn. V
KHurn A. C. Xoneso [37], rge MOXHO HailTW [0Ka3aTenbCTBa YTBEPXKAEHWIA
sajay 11.4.1- 1143, 11.45. Ycnosve (11.53) saBnseTca He TOMbKO Heo6-
XOAMMBIM, HO W [OCTaTOYHbIM 15 MONOXWUTENbHOCTU onepatopa 5. Mogxog
K KBAHTOBbIM FayCCOBCKMM COCTOSIHMSIM, OCHOBaHHbI/i Ha XapakTepucTuue-
CKOM (PyHKUMU, OMMpaeTca Ha OYEBMAHbIE aHAIOTMM C KNAacCUYECKOl Teopuen
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BEpPOSATHOCTEN W ABNAETCS, NO-BUAMMOMY, Hambonee NpPSAMbIM U aHAIMTUYECKM
Mpo3payHbIM.

dopMmynbl ANS 3HTPOMUM KBAHTOBbLIX COCTOSHWUIA 06Lero suga 6bn no-
nyyeHbl A. C.XoneBo, Coma n XupoTa [100]. XapakTepu3sauus rayccoBcKoro
COCTOSIHUA KaK COCTOSHUA C MaKCUManbHOW 3HTponuei (nemma 11.4.2) TecHo
CBfi3aHa C MPUHLMNOM MaKCUManbHOW SHTPOMWM B CTATUCTMYECKON (M3MKe,
CM., Hanpumep, [15, pasgen 6.6]; aHanorM4YHoe CBOWCTBO A/151 YC/OBHOM KBaH-
TOBOM 3HTponumu (nemma 11.4.3) 6bino ycTaHOBMAEHO AiicepToM n Bonbdowm;
cm. [79].

OuuLieHne NPOU3BO/ILHONO rayCCOBCKOr0 COCTOSIHUS MOCTPOEHO B paboTe
A.C.Xoneso [32].

5. dopmyna s NPOMNYCcKHOW CMOCOGHOCTU raycCOBCKOMO C-(-KaH;
6blna npepyragaHa opaoHom; cm. [87]. MpuBeaeHHOe [0Ka3aTeNbCTBO Cre-
nyet pabote A. C.Xoneso [35], rae pacCMOTPEH W Cly4aii MHOTOMOZOBOIO
rayCCOBCKOrO C-(-KaHana, B YaCTHOCTM peaslMCTUYHAs MOZAefb BPEMEHHOrO
KM1acCcU4ecKoro curHana Ha oHe OKpalleHHOro KBaHTOBOrO Liyma. Mponyck-
Has CMOCOGHOCTbL [/ KaHana CO CXaTblM rayCCOBCKMM LUYMOM BbIUYMC/EHA
B paboTte A. C.Xoneso, Coma n Xupota [100]. Bonee getanbHyt0 UH(pOpMa-
LIMI0 O CKOPOCTU CXOAMMOCTM BEPOATHOCTU OLUMOKM 15 rayCCOBCKUX KaHanoB
C YUCTbIMW COCTOSHUAMU MOXHO MOAYYUTb, MOAUDMULMPYA OLEHKM (DYHKLUK
HafeXXHoCTN 13 §85.7 Ha cny4ail KaHanoB ¢ 6eCKOHeYHbIM anaBUTOM U BXOA-
HbIMW OrpaHuyeHuamMu; cm. [101].

O6ulee onucaHve 6030HHBbIX FayCCOBCKMX KaHa/oB OblN0 AaHo B paboTe
A. C.XoneBo u P.®. BepHepa [103] (cm. TakxKe 0630p [79]); npu 3TOM aBTOpbI
cnepoBanu pabote [31]. Micnonb3ysa obuiee onvucaHne 6030HHOIO FayCCOBCKO-
ro KaHana, MOXHO NOKasaTb, YTO B KBAHTOBON OMTWUKE Takue KaHajibl MOryT
ObITb peanu3oBaHbl U3 6/10KOB, COOTBETCTBYIOLUMX NMHEHbIM MHOTOKaHab-
HbIM CMECUTENSIM 1 OCHOBHbIM OAHOMOAOBLIM Npeobpa3oBaTensiM, TakKuM Kak
napaMeTpuyYeckunin ycunutens; cMm. [65].

C pOpyroli CTOpOHbI, rayCCOBCKWE KaHanbl NpeAcTaBAstOT cO60iM BMONHe
NonoXmTeNbHble 0To6paxkeHns C*-anre6pbl KKC; demo3H, BaHeyBepUBUiiH
n Bepb6ep (cm. [75]) mokasanu, YTO HeoTpuuaTenbHas onpefeseHHOCTb MaT-
puy (1 1.104) Heobxoamma 1 foCTaTOUHA ANS MOTHON MOM0XUTENLHOCTM 0TO6-
paxeHusa .

layccoBckme Habnoaaemble (akTUYECKU COOTBETCTBYIOT [ayCCOBCKMM
g-C-KaHanam; oHu paccmatpusatoTcs B . VI kHuru [37]. B yactHOCTM, Tam
MoKasaHo, YTo paclumpeHne Halimapka gns HeyeTkoi Habnogaemoli (11.160)
[aeTCs CMEeKTPanbHON Mepoil KOMMYTUPYIOLIMX OnepaTtopoB g + qc, p —Pc.
roe moga C HaxoAuTcs B BaKYyMHOM COCTOSIHUW.

"ayccoBCKMe KaHasbl, paspyLialolme CLenieHHOCTb, UCCieoBaHbl B pa-
60oTe A.C.Xoneso [105].
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6. MpuHUMN «NponycKHas CnocOBHOCTb rayCCOBCKOro KaHana [ocTuraeTt-
CS NS rayCCOBCKOr0 CUrHana» BbIMOMHSAETCA B KNACCUYECKON Teopumn UHQOp-
maumm; cm. [70]. T'mnoTesa 06 ONTUMa/bHbIX FrayCCOBCKUX aHCaMbsX aKcTpa-
NONNPYeT aHa/IOrMYHBIA NPYHLMN Ha KBAHTOBbIE FayCCOBCKME KaHasbl, OA4HAKO
B 3TOM Hanpas/IEHUW MOKa MOJyYeHbl NLLb YacTUYHbIEe pe3ysbTaTbl. MetoTces
OCHOBaHMWS nofaraTb, YTO NOATBEPXKAEHWE 3TON rMNOTesbl 418 KNacCUYeCKOWA
MPONYCKHOM cnocO6HOCTM KBAaHTOBOIO rayCCOBCKOr0O KaHana no KpaiHein mepe
YaCTUYHO 3aBUCUT OT peLLeHns Npobaembl aganTUBHOCTU. B paboTe Bonbia,
lnoke n Cupaka [159] nokasaHo, 4TO ecnn runoTesa agAuTUBHOCTU BEPHA, TO
cpefHee COCTOSHME SN ONTUMAaNbHOIO aHcambns LOMXKHO ObITb rayCCOBCKUM.

Teopema 11.6.1, gokasaHHas B ctatbe A. C. X0neso u P. ®. BepHepa [103],
03HayaeT BbIMOMHEHNE «FayCCOBCKOro» MpuUHUMNA ANS KnacCUYecKoi npo-
MYCKHOM CMOCOBHOCTM C UCMO/b30BAHUEM CLIEMNEHHOrO COCTOAHUA. Mpepao-
xeHune 11.6.1, noaTBepXAaloLlee 3TOT NPUHLUMN AN KBAHTOBOM MPOMYCKHOI
CNOCOBHOCTU AerpagmpyemMbliX raycCoBCKUX KaHanoB, OCHOBAHO Ha pe3yfbTa-
Tax Bonbta, Mepec-Mapcna n Mmake; cm. [160].

7. Knaccmgpmkaums 0LHOMOLOBbLIX FayCCOBCKMX KaHanoB 6blna nonydveHa
A. C. XoneBo; cm. [105], a Takxe [67].

MponyckHble cnocobHOCTW aTTeHoaTopa/ycunutens usydvanuce B pabo-
Te [103]. Mpegnoxenne 11.7.1 ang aTTeHoaTopa C BaKyyMHbIM LLUYMOM J0Ka-
3aHO B cTaTbe [koBaHHeTTH, INyxa, Jlnoliga, MakkoHe, LWanupo n KOHa [86].

YTBepXAeHWe 0 TOM, YTO KBaHTOBAasA MNPOMYCKHas CMOCO6HOCTb aTTeHIo-
aTopalycunutens [aeTcsi rayCCOBCKVWM BbIpPaXXeHWEM, MO/y4YeHHbIM B paboTte
[103], 6bino ycTtaHoBNeHO Bonbom u Mepec-Iapcna B pabote [160]. O6na-
CTW HyfeBOl KBaHTOBOW NPOMYCKHOM CNOCOBHOCTU onucaHbl B cTaTbe Kapyso,
IxoBaHHeTTM 1 A. C. XoneBo [67]. PeweHuns 3agay u3 n. 11.7.4, B 4aCTHOCTK
noApo6HOe onucaHue KaHana, KOMMJEMEHTAPHOrO K KaHany C afAuTWBHbIM
KNacCUYeCKMM rayccoBCKUM LIYMOM, CM. B paboTe A. C.Xoneso [41].
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