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INPEANCJ/IOBUE

JleficTBylolas B HacTosiliee BpeMsi IporpaMma me
TEOPHH BEPOATHOCTEH [Jil TeXHHYECKHX BY30B AONMyCKaer
IOBOJIbHO G6oJibliiHe KOJeOaHHA oO6beMa BKAYAEMOIrO
B HayaJbHBIl MNOJYroJoBoil Kypc MaTtepHaaa.-[lpenna-
raeMblii yueOHHK COOTBETCTByeT MHHHMaJbHOMY BapH-
aHTy nporpaMmbl. B cBfi3u ¢ 5THM B yu4eGHHK He BKJIIOYE«
HH pasgennt «llemn MapkoBa», «Xapax’repucmqecxue
QYHKUHH», <«DJIEMEHTH TEOPHH CJY4YaiHBIX MOpolecs
coB», lleHTpasibHas mnpefeJbHas TeopeMa IPHBOAHTCH
6e3 [0Ka3aTesIbCTBA; olpeieneHue pend Mapkosa
naeTcd JIMIIb KaK 4acCTHbI ciayua#i obuieit mnocjeroBa-
TEJbHOCTH 3aBHCHMBIX HCIBITAHHIL.

OcoGoe BHEMaHHe aBTOpPOB OblJIO OOpalleHo Ha
YETKOCTb  (OPMYJIUPOBOK OCHOBHBIX  BePOSTHOCTHBIX
MojeneH, oOCyxAaeHHMe YCJIOBMH HX  HPHMEHEHH,
a TakXe Ha METOJAbl BBIYHCJEHHS BepPOSATHOCTEH H Ma-
TeMaTHUeCKHX OxHuaaHui. lajoxenne 3THX BONPOCO3
NPOBENEHO MAOCTATOYHO MOAPOGHO C PaCCMOTPEHHEM
IpHMEpPOB.

Hepenko mpm KpaTKOM H3/10XKEHHH TEODHH BEpOSATe
HOCTeHl MOHATHE CJyYaiHHOH -BeJHYHHB (DAKTHYECKH He
HCHOJb3YeTcs, a paccMaTpPHBAlOTCs JIHIIbL 3alayd, B KO-
TOPHIX MOXKHO OOOHTHCH TOJIbKO 3aKOHOM pachnpefeJes
. HHMA. DTO B 3HaUUTeJbHOH Mepe obeJHsET KypC H CBOAUT
TEOPHIO BEpOSTHOCTeH K pa3pO3HEHHBIM 3ajJayaM MaTes
MaTHYeCKOro aHajusa. B mpeanaraeMom Kypce AaeTcst
MaTeMaTHUECKOE OIpefelieHHe CJOYy4YaiHOH BeNHUHHBY
CHayaJa AJs GoJiée IPOCTHIX MaTeMaTHYECKHX Mojedeil,

S

a 3ateM — oflllee ompegenenHe. MHOro BHHMaHHS YAe-

JgdaeTrcsa CﬂyqaﬁHHM BeJIHYHHAM, NPEACTABHUMBIM B BHIE

tyHrMH OT 6ojeée NPOCTHIX BEJHYHH,. B '-IaCTHOCTH,'

B BHAe C}’MM HUHAHKATOPOB.
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TPEOHUCJIOBUE

Ucnonp3yss Tekct, HaGpaHHBII HEeTHTOM, a TaKXKe
yuebnnxkn " [2], [4], [7]—[10], [12], [14], merpyamo,
B cJayyae HeOGXOAMMOCTH, pPACIIMpHTL MpeAJaraeMbli
LaHHBIM YueOHHKOM MaTepHail.

H3yuenne xypca Teopun BepOsITHOCTeH 06si3aTenbHO
JOJIXKHO CONpPOBOXKAATbCSA pelleHHeM 3ajgay. B xkoHue na-
parpad)oB npuUBOAATCH 3aJauyH AJAA CaMOCTOSITENBHOrO
pellleHHs; B KOHLle yue6HHKa NpHBelJeHH- oTBeTH. OflIce
KOJINYeCTBO 3aJay paccuuTaHo Ha 7—~8 3aHATHH MO Te-
MaM, @peaycMoTpeHHbIM mporpaMmoii. IlpuBenennrie
3aJaiyd MOXKHO [OMOJIHHTb; €CJH BOCIOJB30BaThCA - 32~
naunukamu [3], [11].

HsnoxenHblll * B yueGHHKe MaTepHaJ JOCTAaTOHYEH _

[(B cayuae-ero-ycBoeHHs). AJis pelieHHs. MHOTHX- 3a/aY,
YacTo -BCTPeYaOINHXCs B NMpakTHKe. D¢ (HeKTHBHOCTD H3Y~
UEHHUS TEOPDHH BEPOSITHOCTeH MOKeT OBITh 3HAUHTEJIBHO
TOBBIIIEHA PEryJsSpHBHIM H KBaJH(HUIHPOBAHHBIM HCIOJb-
_B0BAHHEM TEODHMH BepOATHOCTeH B CHelHafbHBIX KypCax,
YHTaeMbIX NPOQUIKpYOIIUMHE KadeapaMH, a TakxKe COB-
MecTHOH Hay4HOH paGOTOH CTYAEHTOB W MpenojaBaTenei
MaTeMaTHYeCKHX H NpoQHIHpylomuX Kadenp. -
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§ 1. MATEMATHYECKHE MOXEJIH
CHYYAHNHBIX ABJEHHUA - .

1.1. ‘Marematnyeckne mopenu. LlInpoko n3BecTHA HCe
KJIOUHTENbHO 6oJibLiag pOJb, KOTOPYIO HrpaeT maremas
THKA NpH HM3YUYeHHH 3aKOHOMEDHOCTEeH peaJIbHOTO MHpPa.
Cxema Ha pHc. 1 moka3biBaeT™ MeCTO MaTeMaTHKH INpH

Peansioie Hadnodesus, Haronnens gawmad,

Rlnenus SHCTIGDUMEHTTE! Y4t
Ademparyin - ) ]

Nocmpoenue ’

el W/; pone Hayvenue modemt LorBoder
-KOt MOgENY MAMEMGIIUSECHUML &G pamnrax rodenu
gpegembary )
= - '} -
Y
MATEMATHKA

TPaKmUIECRAR IPOBEPKT HOTENU & SPUMEHEHUR -

Lpabrenue Bwboiol
C DeaTEHoIMU PARMAMU ;S
ROaKmuYECKo8
usHoM 300aUE

Puc. 1. ‘

HcCIeoOBaHUN peallbHbIX aBaenuii. OueHb BaxKHO npH
STOM HOAYEPKHYTb, 4YTO -MaTe€MaTHKa -HMeeT 'JAe/0 He
C.CaMHUMHU.: p€aJIbHbIMU ABJEHUAMH, a JIHIWb C HX -MaTe<
"MATHYECKUMH MOJEJAMH, «CBsi3b .MaTEeMAaTHKH C $IBJIE<
- HUSAMH 0KpYyKalolero Hac Mupa OCyleCTB/]AACTCA B ABX&



g " § 1. MATEMATHYECKHE MOZE/M CIIYUAPIHHIX SBJEHUR -

nanpas/enusix. CHauasa, a6CTparupysacb OT MHOTHX BTO-
pOCTemeHHBIX ()aKTOB, MBI CTPOMM MAaTEMaTHYECKYIO MO-
JieJib, OTPaXKalollyl0 OCHOBHble 3aKOHOMEPHOCTH H3yuae-
Moro siBJeHHsl. B 3TOoff MoAenH HCHOJbL3yIOTCS MaTteMma-
THUeCKHe NOHATHA, GOPMYJNUPYIOTCH AKCHOMBI, -KOTOPHIM
YAOBJIETBOPSIOT 3TH MNOHATHA. J[Jajnee, B paMkKax MO-
CTPOEHHOH MaTeMaTH4YeCcKoff MOJeJH H3 aKCHOM BHIBO-
DUTCS pAA CJAeACTBHH, chOpPMyNHpPOBAaHHBIX B BHIE TEO-
peM H JeMmM. 11, HakoHel, NOJNIyueHHble B MOJEJH HOBLIE
MaTeMaTH4eCKHe (aKThl HHTepIpEeTHPYIOTCS B IEpPBOHA-
Ya/lbHBIX TMOHATHAX peaJibHBIX fIBJeHHHA. DTO MO3BOJSET
NPOBEPHTb NPHTOJHOCTb MaTeMaTHYeCKOH MOAeNH H HC-
110/Ib30BaTh B NIpaKTHKe MaTeMaTHYeCKHe pacyeThl, Mpo-
H3BeJeHHble B Moneau. IlpakThuueckue BHIBOABI OyAyT
* AOCTaTOYHO HAaJeXKHLIMH, eC/IH NOCTPOeHHAs MOJAeNdb OT-
paxaer CYILeCTBEHHble CTOPOHbHI H3yyaeMoro SiBJEHHS.
- IlpumepoM Xopomio M ycmeumrHo paboTarolleli MareMaTt-
yeckKofi MojenH SBJAAETCS MeXaHHMKa, IOCTPOeHHaa Ha
cucreMe akcnoM HbloTona.

1.2. Cayuafinple sBnenus. IlpuBenenHblii BbIlle NpH-
Mep MOJelH OTHOCHTCH K 3aKOHOMEPHBLIM fIBJIEHHSIM, T.e.
K TaKMM SBJIEHHSIM, HCXOA KOTOPHIX ONHO3HAYHO Ompe:
JlessieTcsl HeKOTOPBIMH ycaoBHAMH. Ho Mbl 3naem, 4TO
JIJs IIHPOKOro Kpyra siBjeHHH HabJ/i04aeTcss HeOJAHO-
3HAYHOCTb MCXOJa MPH MOBTOPEHHH OMNbITA C COXpaHe-
HHEM OCHOBHBIX YCJOBMi ero mnposeleHus. K HeoaHo-
3HAYHOCTH HCXOJa NPUBOAUT BJIHsHHE OOJIbLIOTO YHCIA

NpHYHH, KaxKAassi U3 KOTOPHIX He MOXET 3aMETHO HsMe-

HHTb pe3y/bTaT onblTa. COGHLITHS, CBSiI3aHHHIE C TAKUMH
SIBJICHHSIMH, Ha3BBalOT cayyaiHbiMH. ClyyaiHBIMH CO-
OLITHAMH SBJSIOTCH, HapUMep, BumajfeHne «repbay IpH
noa6pacblBAHHY MOHETH, pe3yJbTaTbl H3MepeHHH, AJIH-
* TeNLHOCTb TeJqe(OHHOro pasroBopa H T. K. Mbl Gynem
M3yyaTh MACCOBble ClyyaiiHbie COGBHITHS, T. €. COOHITHS,
BO3HHKAIOLIME B pe3yJbTaTe OCYIUECTBJEHHS YCJIOBHIA,
KOTOpBIe MOXKHO (XOTs Obl B npnﬂunne) BOCIIPOH3BOJHTD
* MHOTO pas. -

W3 noBcenHeBHOTQ ONbITA H3BECTHO, YTO OAHH CJY-
yafiHble COGBITHSI HACTYNalOT AOBOJbHO 4YacTo, APYrue
. MeHee YaCcTO ' MJH COBCEM DPefKO. JTH XapaKTePUCTHKH
_ coOBITHH CAMIIKOM HeonpeAeieHHH, Bojiee 06beKTHBHOH

]
1



© " 1:3°TIPOCTPAHCTBO SJIEMEHTAPHBIX COBBIfHA- - ' ' Yig"

. 9KCIIEPUMEHTAJIbHOH XapaKTePHCTHKOH CJAyyafiHOro ¢O-
6uTHs (0603HauMM ero, Hanpumep, A) saABJgeTcs dace
ToTa hn(A), paBHasl OTHOIIEHHIO YHCJIA ONMBITOB M4, B KO+
TOPHIX COObITHe A HACTYNHIO, K OGILIEMY YHCHAY OMNBITOH
n, T. €. hn(A)= na/n. JKCrepUMEHTAILHO YCTAHOBJIEHO,
4TO AJI1 MHOrMX COOBITHH YaCTOTa NPH YBEJHYEHHH N

- CTAHOBHTCSl [IOYTH NOCTOSIHHOH. DTO CBOHCTBO HA3LIBAIOT
CTATUCTUYECKOU YCTOUYUBOCTOIO 4ACTOT CAYUAaHHOTO COGbI+
tusl. MaccoBhle ciyuafiHble COGBITHS, KaK IpaBHJIO, 06+
JIaflal0T CBOHCTBOM YCTOHYHBOCTH 4YacToT. Takum o6pa-
30M, C KaXJbiM cOGbITHEM A MOXKHO CBSI3aTb HEKOTOpOE
uncao P(A), ¢ KoTOpbIM COJIHKAeTCH 4acToTa, H CUH<

" TaTh 9TO YHCJO BepOSTHOCTBIO cobnitus A. Takoe omu-
CaHHE BEePOATHOCTH [AOBOJIBHO HeompeneseHHo, - HTo6ul
OpHAATb 3TOMY ONHCAHHMIO TOYHLIH CMBICJ, MBI JOJIXKHbLI
TIOCTPOHUTb MaTeMaTHYEeCKYI0 MOJeJb- CAYYadHOro sBJe-

nus. Jlaa storo mpexpae Bcero Haao0 JaTh MaTeMaTHye-

- CKOé ONHCaHWe ONbTa, IS HCXOAOB KOTOPOTO MEI Ke-
JlaeM HaXOJHTb BEpPOSTHOCTH. )

Pasgenom MateMaTHKH, B KOTOPOM H3y4aioTCsl MaTe-
MaTHYeCKHE MOJENH CJAY4YaHHBIX SIBJeHHH, SBJISETCS TEO=
pHs BEepOATHOCTeH. :

\

1.3. MpoctpancTeo sneMentapHbuX co6uiTuit. HauneM
C PaccMOTpPEeHHsI NPOCTHIX IPUMEpPOB.

IIpumep 1. Ilod6pacoisanue uzparvroii koctu o0un
pas. B pesysbTare 3TOTO OmbITa MOryT HacTynaTb pas.
JIHYHBIE COOBITHS: «BHINAJO 2 QUKAa», «BHINAN0 6 OUKOB»,
«YHCJIO BHIMABIIHX OYKOB YETHO» H T. A. Mbl OyAeM pas-
JHYaTh 3JeMeHTapHbe (Hepa3JOoXKHMbE) COGBITHS H CO-
CTaBHHEe COOBITHS (MJM mpocTo coObiTus).  Hampuwmep,
CKa3aTb, YTO YHCJO BHINABIIHX OYKOB YETHO, BCE PaBHO,
4TO CKa3aTh, YTO ONBIT NMpPHBEJ K BHIIAJEHHIO ABYX, e« -
ThHIpeX HJH mecTH OukoB. OG0O3HAUUM ®; COOBITHE, CO=
cTosiliee B BLINAfieHHH R OUKOB. DJieMEHTAPHBIMH COGHI<
-THSIMH -B JaHHOM OMbITe SBJSIIOTCS COGHITHS ©), @2, 03,
w4, ©5, . CocTaBHBIe COGBITHUS, HJIU NPOCTO COGBLITHSA,
MOryT GBITh OIHCAHBI KaK NOAMHOXECTBA MHOXECTBAa
3JIeMeHTapHBIX COOBITHIL: Q = {1, @2, ®3, W4, 05, @e}. TaK,
.co6biTHe A = {BHIAJIO YeTHOE YHCJIO OYKOB} uepe3 dJje-
- MEHTapHbIC. COOLITHS BHIPAaXKaeTCs CACAYIOIHM 06pa3oM;
A=—{(02,(04,0)s}. - - . RN ~
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IIpumep 2. Tpexkparnoe nodbpacsisarue MOHeToL.
IIpn kaxpom noaGpachlBaHHH MOHeTHl GyAeM 3amHChi-

BaTh pe3yJbTaT oONblTa, 06O3Hauas BbIHajeHHe repba.

.CHMBOJIOM «l» u pemerku — cumBojiom «0», Tak, sanuch
/010 Gyner 0603HAYaTh Pe3yJbTAT ONHITA, B KOTOPOM IHpH
~IEPBOM H TpeTbeM .Moa0pachiBaHHAX BhINajla pellerka,
-a -ApH BTOPOM — rep6.. MHOXKeCTBO 3JEMEHTAPHHIX CO-
-ObITHH Q CcOCTOHT K3 8 3JeMeHTapHbIX COGBITHI:

Q ={000; 001, 010, 011,100, 101, 110, 111}, (1)

Jas o603HayeHHs1 2JIeMEHTapHBIX COOLITHA MOXKHO
.UCIOJIb30BaTh JIOGHEe YAOOHBle cHMBOJH. Hanpumep,
-Bmecto 000,001, ..., 111 MOXHO HCHIOJBL30BaTh UYHCAA

,1, .., 7, HBOMUHas 3anmHCh KOTOPHIX COOTBETCTBYET

-(1); nan Gonee ¢opManbHO OGO3HAYHTH 3JIEMEHTapHHIE

-COGBITHS: ©1, @2, ..., 0ws. CoObiTHe A= {0pxn nepBOM
MoA6pacLHBaHiK BhNaJ rep6} apjsfeTcs B AaHHOM OMNbITe
coctaBueiM: A = {100, 10L-110, 111}. JIro6Goe noaMHOXKe-
CTBO MHOXECTBAa Q MOXHO HHTePNpPETHPOBAaTb KaK HEKO-
TOpoe COOBITHE peaJsibHOro ombita. Hampumep, coboithe
B = {110, 101, 011} cocTOHT ‘B TOM; YTO BHINaJO DOBHO
JiBa repba. /

IMIpumep 3. Crpesvba no naockoil muusenu. ITycts
JIO' IIJIOCKOH :MMIIEHH MPOM3BOJUTCA OAMH BBICTpes. DJe-
MEHTapHbIMH COGHITHAMH B 3TOM OMNbITe ABJISIOTCH TOYKU
.MHIIeHH. BBefeM B IJIOCKOCTH MHIIEHH IPSAMOYTOJBHYIO
cucremy koopauHat uOv. Toraza MHOXeCTBO sjeMeHTap-

__HHIX COOHITHH © = (4, V) MOXKHO 3alHcaTb B BHAE

Q== {0} = {(1, v): —00 <u <+ 00, —o00 <v< + oo},

‘CobniTHe A == {nmonaganue MPOHU30LILIO B KPYr €AHHHY-
HOro pajguyca} siBJsieTCsl IOAMHOXKECTBOM Q:

A={u, v): w2+ 21},

Bo Bcex paccMOTpeHHEBIX -PUMepax MBI BBea#d 9Jjes
‘MeHTapHble COGBITHSA, NpPEACTaBJsAIOIIHe CO60H MBICJIH-
:MBle HMCXOAH OMNBITAa MAH HabJuiogeHus. - Bce coGwiTud,
.CBSI3aHHbIE C  JAHHBIM OIBITOM, MOryT OBITh ONHCAHBI
‘C TIOMOUIBIO 3dsemeHTapHbix cobuiTuli . COBOKYIHOCTb
‘BCeX 3JIeMEHTapHbIX cOObiTHi  OyneM HasbBaTb 1po-
CTPAHCTBOM 9AEMEHTAPHBLX COOLITUL,

£
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TakuM 0o6pasom; B 06weM caydae :
NPOCTPAHCTEOM 3/eMEHTapHbLx coObLTUl Gyden Hae
36L8aT6 NPOU3BOAbHOE. MHONCECTE0. Q = {w}, a 2/16=
MEHTOL ®. 3T020- MHOMNCECTBA. Oydem HA3bIBATL A
MEHTAPHOIMU COObITUAMY:

BeuRy GoJblIOro- pasHooGpas3us caydaiiHBIX ABJAeHHIY

HeJb3sl JaTh - Qojiee KOHKpETHOe oflLiee OnpeaejeHne

NPOCTPAHCTBA 3JIEMEHTApPHHX COOLITHM.  [as omHcaHHA
Ka)XkJI0r0 PeasibHOTO ONbiTa MHOXKeCTBO €2 BEIGHpaeTcs
HauboJsee NOAXOAALHM ob6pasom. -

1.4. Aare6pa coGbiThii. B npuBeleHHBIX BHIlle IPHMe«
pax B KayecTBe COCTaBHBIX COOGBITHIl, WJIM MPOCTO COGHI-
THH, MBI pacCMaTpHBalM NOAMHOXECTBa MHOXKeCTBa Q.
Ecan Q KOHeuHO MJIH CUETHO,

Q={wh @2, o0ey (‘)N} ".J"’I Q={‘:°l: @2, «v4y Op, 0"}"

" TO CAYy4YaHHEIM COOBITHEM, HJIH NPOCTO COObLTUEM, HA30+-
BeM J11060e NOAMHOXKECTBO MHOXKecTBa Q. B cayuae mpo-.
H3BOJMBHOTO:  COGLITHSIMU GylIeM Ha3HBaThb. TOJIbKO MOA-
MHOXKECTBa H3. HEKOTOPOro KJaacca ¢ IIOJMHOMKECTBs
2, KoTophUi OyAeT onpefeleH IocJje BBeNeHHs omnepanuii:
Haf COGBITHSIMH, COBNAJAIOIIHMH ¢ ONepauusMH Hax:
MHQXKECTBAMHU: -

Cymunoii A+ B (uam AUB) IBYX COGHITHH AnB
HasoBeM COObITHE, COCTOsillee M3 BCEX 9SJIEMEHTAapHHIX
cOOBITHH, NpUHAAJEKAMMX [0 KpaliHel Mepe OJAHOMY Ha:
cobuituit A mam B. MoxHO cKa3aTbh, YTO B peasJbHOM:
onbiTe co6LITHE, COOTBeTCTBYIolee A-+B, COCTOUT B ‘TOM,
4TO. HPOM3OILIO IO KpaiiHeH Mepe. ofHO H3 .cobuTHil A
unu B.

[Tycts B npuMepe 3 coGuituaMH A u B ABJIAI0TCA MO«
najiaHus COOTBETCTBEHHO- B GoJIbIIOH: H Manlblf Kpyr
(puc. 2). Torma cobuiTHem A - B aBiseTcs 3amTPHXO-
BaHHas 06/1aCTh Ha pHC. 2,4.

Hpousaeaenuem AB (unu A()B) HasbBaercs- cOObI«
-THe, COCTOSIIEe H3 3JEeMEHTApPHBIX COGBITHH, NMpHHAAJE-
kamux. 0. A u. B. CoGutue AB mNpPOHCXOAHT TOrAa. —
¥ TOJIbKO TOTAa, KorAa mpoucxoaut u A'u B (puc. 2,6).
Pasnocrero. AN\ B. HassiBaeTcs: COOBITHE, CQCTOfilllee H3:
9JeMeHTOB MHoXecTBa A, He NpHHaANexalux . B:
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‘(puc. 2,8). Co6utue AN\ B cocroutr B ToM, uto A mpo-
H3owmso, a B He mpousouwio. ’ .

Cobrite Q Ha30BeM docToseproLM; TIYCTOE MHOXKe-
CcTBO J Ha3oBeM Heso3moxcHoim coObiTHeM. Co6hiTHE
A= Q\ A HasblBaeTCsi NPOTUBONONOXNCHbIM COOBITHIO A
(puc. 2,2). Co6uite A o3Hauaer, uTo A He IPOH3OLILJIO.

. Co6uitus A u B necoemectnot, ecin' AB = &. Tor
¢akr, uto A sABAsgeTCS MOAMHOMXKecTBoM B, GynmeM 3anu-
ceiBaTh Tak: A< B (unmu BDA). Dro 3Hayur, 4TO H3
HacTynsieHus coOuTHa A ciaemyer Hactyniende B.
B npumepe 3, eciu A < B, To nonaganue B 06sacts 4,
cojepikaiuylocs B B, o3sHauaer TakXKe nomajanue B B.
B cayuae A = B Mbl. 6ygeMm roBopuTb, uTO cOObiTHe A
BJIeyeT 3a co6oit coGuiTHe B Hin uTo coGbiTHE B caenyer
u3 cobeitus A. Ecim A< B u Bc A, to Mu GyldeM
rOBOPHUTBb, UYTO COOHITHA A M B- pasrocunvHor MIN 3KBU-
easenTHol U nucath A = B. IlpuransexxHocTb 2jeMeHTa
MHOXeCTBY oGo3Hauaerca cuMBosoM &. Hanpuwmep,
0.

ITonaTns npousBedeHHs W CYMMBI COGBITHH mepeHO-
cATC Ha GecKOHeuHble IOCJEL0BaTebHOCTH coébl'mn.
Co6niTHe

A+ A4 o 4,4 ... ‘UIA,,-

N

COCTOHT H3 anemeHTaprlx COOBITHH, NpHHAAJENKAIIHX
XoTsl Gbt OgHOMY M3 coOmtufi A, n=1, 2, ,.. . Co6bl-
0

THe ﬂ A,=AA;... A, ... COCTONT H3 3JIeMEHTapHBEIX

coémm’«i npnﬂazmemam.ux xakx,zxomy coﬁbmuo A,,, n=

=1,2,000
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Jns NpPOH3BOJBHBEIX COGLITHH HeNocpelCTBEHHO H3-

onpejiesIeHHs JIETKO NPOBEPUTH, YTO
AA=A, A+A=4, AdA=g.
YacTo OKa3bIBAIOTCH NOJE3HBIMHU cjaeaymonige paBeHCTBa:
A¥B=2AB, (A+ B)C=AC+ BC.

IlokaxeM, Hanpumep, Bropoe. Hyxno yGeauTbes,
YTO MHOXKECTBa, CTosllMe B 00eHX YacTAX paBeHCTBa,
COCTOAT M3 OAHHX M TeX e sjeMeHToB. IlycTe mpomus-
BosbHOe @ & (A 4 B)C. Torna e=A+B.u o C. U3

w A+ B craeayer, uTO ©' OIpHHAMJIEKHUT XOT Obl OA-
HOMy ciaraemomy. Ilycte, Hanpumep, o = A. U3z o= A
H @ & C clefyeT 1O ONpejeeHUI0 NMPOU3BeJEHHST COOHI-
THH, yTo @ € AC, H, caenosarenbuo, o & AC 4 BC. Ta-
KUM o06Gpasowm, M0GO#  SeMeHT MHO2KeCTBa (A+B)C
ABaseTcs saeMentoM MHoxectsa AC + BC, T. e. (A4
=+ B)C <= AC + BC. Tlpeanonoxus, 4To o e AC + BC,
MBI, HCIIOJIB3YSI DPACCYXKIEHHs, aHaJOrMyHble NPHBENEH-
HbBIM BBHIIE, NOKa)keM, 4To Jio6oi aiaemedt AC -+ BC
ABJSIETCA 3JEeMEHTOM (A -+ B)C. Orcioga caeayeT JH0-
KasblBaeMOe PaBEHCTBO, TaK KAaK MHOXKeCTBa ero JeBoi
H TIpaBoif yacTell COCTOAT H3 OJHUX H TeX JXe 3JIeMEeHTOB.
o mpoBexeHHs] [OKa3aTeJbCTBa PABEHCTB IOJIE3HO, CUH«
rtag A, B, C MHOXeCTBaMH Ha IIJIOCKOCTH, cleslaTb DH-
CYHKH MHOXECTB, CTOSIIIMX B JeBOH H npaBou yacrax
- IOKa3blBaeMbIX PaBEHCTB. -

Janum Tenepb oOINpefeseHde -HEKOTOPHIX KJaaccoB

MOAMHOXKeCTB 2. YKe 6GbLIO0 OTMEUEHO, YTO BepOSITHOCTH
6ymer paccMaTpUBaTbCs Kak QYHKuus ot cobwiTHa. Jas
JIOGBIX NOAMHOXKECTB Q BepOSTHOCTb He Bcerfa yaaercs
onpenenutbh. B Tex cnyuasnx, Korga kJacc mOAMHOMKECTB
NPUXOAUTCA OrpaHHuuBaTh, OyAeM npeAnosaraTtb, 4TO
B pesyJbTaTe JIOOHX BBeJEHHBIX Bblllle 0nepaum‘i BHOBb
nOAYUUTCA MHOMKECTBO U3 JIaHHOTO KJjacca.

ITycTs Q — NpOM3BONLHOE MPOCTPAHCTBO SJEMEHTap-
HBIX COGHITHH, a S — HEKOTOPHIH KJacC MOAMHOXKeCTB L.

‘Knacc moaMHoxecTB- & HasbiBaetcs asgebpoi co-
Goitutl; eciu Qe u ecn ABe o, A+BE.9¢
A\Bednpunméuxflew Bes, -
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1.5.  BepositHocts. IlepefizemM « ompenesenuio Bepo-
arHoctH. OTMETHM cpasy, 4TO He' CyllecTByeT 06LIero
omnpejesieHHs BepPOSTHOCTH, IO3BOJISIOLIEr0 Cpasy Haxo-
IMTb ee 4HCJIOBbie 3HaueHHsd. -B ‘kauecTBe obuiero ompe-
AeneHus GOpMYJHpyeTCsl psJ aKCHOM, KOTOPBIM JOJIXKHA
YAOBJIETBOPSTH - BEPOSITHOCTD, ONpeAeseMas i Kax<
JOTO KOHKDETHOro OnbiTa WJH CJAy4yaHHOro fIBJIEHHS.

Yucrosan ¢pyuxkyus P, onpedenennas Ha an<
2ebpe cobGoiuil Sf, HA36L6AETCA  BEPOATHOCTOHIO,
€CAU BbIRONRRHDL- cne&ytou;ue 2AKCHOMBI:

Al., AxcuoMa HeOTPHULATENBHOCTH.
Han awboco A= st P(A)= 0.

A2. AKcuoMa HOpMHUPOBaHHOCTH,

P(Q)=1.

A3. AkcuoMa afAHUTHBHOCTH. Ecau A u
B necosmecrrol, TO

P(A+B)=P A+ P®)

OtmernM, uTo akcHoMbr Al—A3 COBepILEeHHO HeoG-"
XOJIMMBI, €CJH ‘Mbl XOTHM, 4TOO6H BepositHocTb P (A4) co-
6uTHst A GblIa YHCJIOM, OKOJIO KOTOPOTO KOJNeGaoTcs

.

'4acToTH #,(A) npu GoabIIOM YHCJIe ‘UCIBITAaHHH 7, Tax

KaK caMH 4acToTs h.(A) YROBJIETBOPAIOT Al—A3. ,Elen-
‘CTBHTEJIbHO, NMYCTb HEKOTODHIHi ONBIT NMOBTOPEH -7 pas.
O603HAUAM 114 THCHO OTILITOB, B KOTOPBHIX OCYILeCTBHJIOCH

speansHoe cobriTHE A, ‘Otlganﬂﬂo, qTO0

n,- n
P — —
hp(A)=-22>0, &, (Q) —-———1.
‘Ecan peajibHbie .cOGBITHS A U B HeCOBMeCTHH, TO OHH
OCYIIECTBJISUTHCh [IPH PA3HBIX OIBITAX H, CJAENOBaTENbHO,
Nais = Na - As. Orcrona

=4+_;mm+mm

qro cootBeTcTByeT A3. N

h, (A-]—B)

Has -pelleHnss 3ajay, CBA3aHHBIX € OECKOHEUHEIMY |

NOCJIEIOBATE/NBHOCTAMYE COOBITHH, Tpe6yeTcs - JONOJHHTh
OpUBEJEHHbIe AKCHOMBI -CeAyoLlefi aKCHOMOM, ‘




’
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A4 PacmupeHHas aKCHOMA aJAHUTHBHO«
c Tu. Ecau 8 nocaedosareavrnocru Ay, As, .., Any oy
coboiTus nonapHo HecosmecTHo. (T. e. AA;=

©0

npuiz=j)u A= UiA,,e.%, TO
n=

P‘(A}==n2:l P (4,).

Tpoiiky (@, 8, P), B KoTopoii P yIOBJeTBOpsieT
Al — A4 u MHQXKeCTBO S He TOJbKO fIBJASETCA aarebpoi
COOBITHII, HO H elle COAePXKHT CUeTHbIe CYyMMBbl H IIPOH3<
BEACHHS COOBITHH, Ha3bIBAlOT B8EPOATHOCTHOIM npocTpan-
creom.

Cucrema akcuom Al — A4 BepOATHOCTHOrO IMPOCTPaHs
CTBa JaeT caMylo o6umyio MaTeMaTHUYECKYI0 MOJEJb CJYs
yalHbIX SIBJEHUHA.

IlpuBeseM Temepb HeCKOJbKO. BaXHBIX HAaCTHHIX CIY¥
HaeB BepOATHOCTHHIX NPOCTPAHCTB. B pasbHefimieM BHOBb.
BBOAMMbBIE TEOPETHKO-BEPOSTHOCTHBIE MOHATHA MO3BOJAT

" HaM paCcHIHpUTb HAGOp YaCTHBIX CJy4yaeB M NPHEMOB HX

IOCTPOEHHUS.
1.6. KoHeunoe BepOsiTHOCTHOE mpocTpaHcTso. IIycTh
= {0} — KOHEYHOe MHOXKeCcTBO (Hampumep, & =.
{01, ©3 +ssy @n}, roe N —HaTypadbHOe YHCIO)},

‘{p(m) wEQ}—Haéop YHCeJI, YJOBJETBOPSIOMHA YC<

JIOBHSIM )
p©)=0, 0o=Q; Y p@)=L. @
[N Y=10 v

OGo3HauuM S¢ MHOXKECTBO BCeX MOAMHoxecTB Q. Bes
POATHOCTBIO cOOBITHT A &-%¢. HasoBeM uncla P.(A4), om
peieaenHoe Gopmynon .

k-
PiA)y= X p(@)}= 2 p (o). 3)
rae cobuitHe A= {(ﬁgl, @4y voey O}, Eean A=, 10
110 ompejeseHHIo mnoJjaraeM, urto- P(A)y=0. Yucia
{p(0)} ABASIOTCA BePOSTHOCTSMH -3JEMEHTAPHBIX COBLI-
THil; Mel MX 6V@eM Ha3bBaTh NPOCTO JANCMEHTAPHOIMUY:
gepoarnocramu, Takum obpasom,
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-- 8ePOATHOCTL cobouiTun -A pasna cymme Tex 3s.e-
MEHTAPHLIX 8epoATHOCTEl p(®), Y KOTOPLIX ® BXO-
Oar s A. .
HenocpenctBenno u3 onpenenenusi P (4) caeayer,
4TO BBIMOJHAIOTCA akcHOMHl Al, A2: P(A)=0, P(Q)=
= 1. Eciu AB =, 10

PA+B=_ 2 p@=2 p@+ 3 pl)=
=P(4)+P(B),

H, cle/l0BaTeJbHO, akcHOMa A3 TOXe BBINOJIHSAETCH,

OmnpeneneHHOe HaMH KOHEUHOe BepPOSITHOCTHOe MpQ-
cTpaHCTBO OyleM HHOrJa Ha3bBaTb KOHEYHOU CcXeMmod.
B xoneuHoli cxeme BepOSITHOCTb . OJHO3HAYHO Ompeje-
JIleTCsl dJIeMEHTAapHBIMH BeposiTHOCTAMH. KoHeuHas cxe-
Ma BO MHOIHX CJyyasiX CJYXKHT XOpolleil MaTeMaTHue-
CKOHl MOJEJIbIO cJyYaHHBIX IBJEHHI.

B naJbHefileM pasiHuyHble YacTHble CJayyau oGuefl
MaTeMaTHUeCKOH MOJENH CAYYaHHbIX fBJIEHHH MBI 4acTo
OyneM HasbiBaTh CXeMaMH, yKa3blBas HX XapaKTepHBIE
0coOeHHOCTH (KOHeuHas cXeMma, cXxeMa He3aBHCHMbIX HC-
norranuit (§ 3) u T. 1.).

OGcyxaeHue NPHIIOXKEH Ui KOHe'-IHOﬁ CXeMbl K OIH-
CaHHIO peaJIbHBIX SIBJEHHH MBI HauHeM C OJHOrO 4YacrT-
HOro cjyuasi 3Tolf cxembl, B KOTOPOM BepOSITHOCTH p(®),
o € oAMHAKOBbl. EC/H YCIOBUTbCS YHCIO 3JIEMEHTOB
MHOXectBa M oGosnauath |M|, To u3 ¢opmyas (3),
no.naraﬂ p(0)= 1/N, nonyunm '

141 __ &
‘ P(A). o= @
rie Q={o;, ..., oy}, A={oy, ..., ®;,}. Onpenene-
- HHe (4) Ha3BIBAIOT Kaaccuueckum onpedeseHuem 8epoOAT-
Hoctu. Takum o6pasom, coryacHo (4),
8epOATHOCTL CAYyH4aliHo20 cobuiTus A pasHa OTHO-
WEHUIO 4YUCAQ 3NeMEHTAPHbIX cOObLTULL, ‘npu KOTO-
* polx cobbitue A npoucxodur, & cbuemy wucay dse--
MEHTapHoLX COObITUL. .

Knaccnqecxoe ompefie/ieHHe BepOATHOCTH c.nyxm'r xo-

pomefi MaTeMaTHUECKOH MOAENbI0 TeX CJAYy4YaHHbIX sBje- -

Hu#, aas KOTOpPBIX HCXOAB! OIbITA B KaKOM-JIH60 CMBICJE ;- °

e
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CHMMeTPHYHBl, ¥ mo3foMy npeacTaBjseTcs ecTeCTBEHs
HBIM NpEANoJoXXKeHHe 06 HX PaBHOBO3MOXKHOCTH. OGHIYHO
5TO NpeANoJIOXKeHHe ONpaBAaHO B 3ajgayax u3 006JacTd
a3apTHBIX Hrp, JOTepeH H T. O. DTO OOBACHAETCS TeM,
YTO NpPH H3TOTOBJIEHHH HTPaAJbHBIX KOCTeH, KapT U opras
Hu3anuu Jorepell 3a60TATCS O COOJIONEHHH PaBHOBO3- -
MOXHOCTH Da3JIMUYHHIX HCXOAOB. Takue xKe TPeOOBAHHA
NpeIbABJAAIOTCA K OPraHH3anuH BbIGOPOUHOTO- KOHTPOJISA
H BBIOOPOYHLIX CTATHCTHUECKUX HCCJeJOBaHHUI.

Ipu ucnosbsoBanuu (opmyas (4) yacTo OKa3LIBAKTCS MOJE3=
HLIMH pasJiiyHble KOMGMHATOpHBe ¢opmyunl. [IpuBesem HauGosee
- pacmpoCTpaneHHBIE M3 HHX. '

W3 KoneuHoro MHoXecTBa {a@;, @i, ..., @}, COCTOSIEro H3 7
pas3NHYHBIX 3JIEMEHTOB, MOXXHO OOpasoBLIBATL pa3juuHble HaGOpHI,
cocTosuye U3 m (m << n) 3NeMEHTOB. :

YnopsinoueHHble HaGOpH HA3LIBAIOT pa3MEUjeHusMU, a Heyno-
psinoueHHble — coxeranuamu. Hanpumep, us muoxecrsa {1, 2, 3},
Bhi6upass no pxBa 3jemesta (n =3, m = 2), MOxXHO 0Gpa3oBaTb
6 pasmemennit ((1,2), (2,1), (1,3), (3,1), (2,3), (3,2)) u 3 couera-"
uua ((L,2), (1,3), (2,3)). Coueranne (1,2) MOXHO 3amucatb B BHAE
{2,1), Tak Kak mpun o6pa3oBaHHH COYeTaHM{i MO ompeXeJeHHI0 MOps-
IOK 3JeMEHTOB He yuHThiBaercs. Pasmelienus M3 n 3/eMeHTOB 1O 7
Ha3bIBAIOT nepecTarosxanmu. PasNHuHEe MepecTAHOBKH COXEPIKAT Of~
HH B Te XKe 9/eMEHTH, PaCHOJIOXEeHHbHEe B DasHOM MOpSAKe.

YHeno pasMellleHH, - KOTopsle MOXHO 00pa3oBaTh, BHOHpas pas-

JHYHBIMH crocoGaMu m 3JeMeHTOB H3 #, 0603HaYaoT A,T, a _4uchao
- ' m ny - m
coquaHﬂn—otSQg{aqaxoT cumBosiamMi -C,’ wiH (m ). Uucna Ag),

n
C;' moxuo HaiiTu mo zpopmynanf A

[m]
n
Ay =n'",  Cf="r
rae ml = 1.2. ... -m, a obobuennas crenewd nlml omnpenesIseTca -

tdhopmyoi alml = n(n—1)...(n —m 4 1). YacTo okasHBalTCA MO*
JIe3HBIMH cAenyiolne GbopMyJbl: -

m_
- Cr m! (n—m)l’

cr=cnm,

IIpumep 4. M3 ypHb, cogepxaileii M- Gennix
H N — M. uepHBIX IIapoB, HayJgauy H3BJeKaeTcA n Ia-
pos. HafineM BepOSITHOCTb TOrD,.uYTO CpPeAH BhHIGPAHHBIX
‘N WAPOB.OKAXKETCH POBHO 1 OeJbIX.

CioBO «Hayjauy» B ONHCAHHSIX ONBITA BCTpeYaeTcs - -
HOBOMIBbHO .9acTo. B naHHOit 3amaue mpegnoJaraercd,. uto . -
ape ObJIM _XOPOLIO NepeMelIaHbl, YTO Bce OHH OLHOTO,
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panuyca, OLMHAKOBO IJIaJIKHe H OTJIHYAIOTCA TOJBKO IIBE~
TOM; BbIOMpaIOluii- HIapOoB He BHAUT. B TakoM cuayuae
pasyMHO NpPeANOJIOXXHTb PaBHOBEPOATHOCTb 3JE€MEHTap-
HBIX COOBITHH H BOCIOQJbL30BAaTbCS KJACCHUECKHM OIpe-
HelleHHeM BepOSITHOCTH. :

3a sneMeHTapHble COGBHITHS €CTECTBEHHO npmm'rb
JI00ble MOAMHOXKECTBA IO 7 3JIEMEHTOB, BbIOpaHHbIE M3
MHOXKecTBa N mapos. M3 mKosbHOrO Kypca MaTeMaTHKU

H3BECTHO, YTO YHCJO TaKMX IOAMHOXecTB paBHo Cy
Takum o6Gpasom, B ¢opMmysne (4) HYXKHO HOJOXKHTD
|Q]=Cy. Kaxnpii Habop I1AapoB, BXOASIIIHHA B HHTe-
pecyomee Hac cobbiTHe (0Go3Hauum ero A,), COCTOHMT
H3 ABYX yacteii: 1) m Gesblx wapoB U 2) n— m uepHHIX ]
mapoB. Bce Takne HaGOpnl MOXHO NOJYYHTb CJlefyio- i
muM ob6pasoM. CHauaja BeIOepeM' uyacTH HaGoOpOB H3
GenbIX IapoB; YMCJO TakuX yacTell Cly; 3aTeM OTAEJNbHO
COCTaBHM YacCTH Ha6OpPOB M3 uepHHX 1IApPOB; YHCJIO Ta-
Kux uacteit Cy_y. OGbenuneHnue J060H yacTH Ha6opa
H3 GenblX ImapoB ¢ JM000H 4acTbio HaGopa H3 UYEpHBIX
1IapoB JaeT NOJIHBIH Habop mapos, NpHHaLJIexKalHi
Am. CnenoBatenbro, | A, |=Cy Cy_y u no dpopmyne (4)
CCh

P (4n) = Py (m, N, M)=—2=%. (5)
N .

oy

3mecb M B jJaJjbHeHwéM mpeanonaraercs, yto Cp =0
npu m > n. Ha6op uucen P,(0, N, M), P,(1,N, M), 44
Ha3bIBAIOT eunepeeomeTpuUsecKum pacnpede/zeuuem
B nmpunoxeHusx K BBIGOPOYHOMY KOHTDPOJIIO POJib LIa« .
poB urpawTt N uspgenuit nposepsiemoii HapTHH. Unciao M
GpakoBaHHBIX u3feauii (6eJbiX WapoB) HeH3BECTHO. Mo-
JKeT OKas3aTbCsl, YTO CIVIOIIb BCe H3AEJNHS NPOBEPHTH
HeJb3sl: MX CJAMIIKOM MHOI'O MHJH INpOBepKa HpPHUBOJHT
'K YHHUTOXXeHMIO H3Jesusi (Hampumep, norpebyercs HpH
NpoBepKe YCTAHOBHTb CPOK clyxO0bl JaMmrouku). Torna
U3 Bceli MapTHH M3JeNHil OTOHPAIOT JJs NPOBEPKH He«
" GOJIBIIYIO YacTb W3 n H3Aenuii. Ecau cpenu BBIGPaHHBIX

H3fleqHH OKa3aJoCcb m OpakOBaHHBIX, TO IOJAaraloT

M : \
W—z% (Takoii BEI6Op IpUONHIKEHHOTO 3Ha4UeHHS] Oy«

zer oGocHoBaH B § 12, mpumep 5.) Muorna tpebyeres
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OIEHHTb HeHu3BecTHnI# mapamerp N. I[ycts N — Heuse
BECTHOE YHCJIO PbI6 ‘B HEKOTOPOM BojoeMe. MoOXHO Tmpo-
BeCTH OTJOB M pHIG, NOMETHTb HX H MYCTHTh OOPAaTHO.
ITo uMcay m nomeuyeHHBIX pbi6 B .IOBTODHOM OTJ/IOBE "H3

] M . .
n pul6 MOXHO M3 NPHOJIHIKEHHOrO paBeHCTBa wE —';i Je-

: n
JlaTh 3aKJIIOUCHHUS O BEJHUNHE N: Na~M- -"T.

B Teopun BeposTHOCTEH YacTO MaTeMaTHuYeckKHe "MO=
Ileld, HMeIOle TNPHJIOXKEHHS B CaMbIX Pa3JIHYHBIX 00«
Jactdax, ¢(OpMYyJHpYIOTCS ‘B TepMHHAaX YDHOBBHIX CXEM,
B TepMHHaxX pa3MeileHHH JPOOGHHOK HJM YacTHI MO
AwuKam 1 T. 1. Takas ¢opMa onucaHus oGbIYHO He MPHU-
BOOHT K 3aTPYAHEHHSM B INPAKTHYECKOM MX HCIOJb30-
Bauud. PopmMysupoBKa MaTeMaTHuUeCKOHi MOJeNH B Tep-
MHHaX, HCMOJb3yeMHIX B ONpeJleJeHHOH Y3KOH .06aacTH
NIPUJIOXKEHHU, BBI30BET Y APYrHX motpebutesefl Gonbuiue
3aTpyAHEHHs, 4YeM TPaAULHOHHBIEe (OPMYJHPOBKH CO
3HAKOMBIMH BCeM -llapaMH M ypHaMH. [ CHenHaucToB
o BLIGOPOUYHOMY KOHTDOJIO «O6esble lapbl», MO-BHAH-
MoMmy, GoJiee TIpHBJIEKATEJIbHbI, YEM «MeueHble PHIObI».

B masibHefilueM Mbl, KaK TpaBHJIO, OyAeM IPHAEPIKU=
BaTbC TPAAMUMOHHBIX MJISi TEOPHH BepOATHOCTeH (op=
MYJHPOBOK.

ITpumep 5. [Janum GoJsee AeTanbHOE OMHCAHHE HC-
XOJOB OIBITA, ONHCAaHHOTO B HpeAbAyllieM IpHMEpe.
Ilycte N 1wmapoB, HMeIOIIHXCS B YpHe, 3aHYMepOBaHbI
yucaamMud 1, 2, ..., N. V3 ypHn Haypauy no ORZHOMY
H3BJIEKAeTCS N [1apoB, MpPHYEM BHIHYThle MIapbl 06pPaTHO
He -BO3BpalialOTCA. ‘B JaHHOM ONBITE 3JE€MEHTapHLIMH
COGBITHAMH @ “SIBJISIIOTCS IEMOYKH ©-== (X1, X2, ..., Xn),
cocTaBjieHHBle W3 uucea 1, 2, ..., N, mpuuem cpeid
X1, «»sy Xp HET OIMHAKOBHIX uHces. YHCIO 3/1eMEHTOB
|Q] MHOXecTBa Q MOXKHO HafiTH HENOCPEACTBEHHO HJH
BOCIOJIb30BaTbCS (OPMYJIOH AJf UHCJAA Da3MellleHHH H3
N s5emeHTOB 1O 7: .

Q=AY =N(N—1)...(N—n-+1).
BrlpaxkeHHe B npaBoil yaCTH 3TOrO0 paBeHCTBAa Ha3ble

"BaioT 0606ujennol crenenvio uucaa N. MH GyaeMm HCe

10JIb30BaTh cnenyiomee oéosﬁaqeﬂne: )
- mH=m(m—1)...(m—k+1). . (6)
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IMpu noxpxomsimel opraHM3alHy. OMHCAHHOIO ONbITa
MOXHO CUMTATb 3JeMEeHTapHble COGHITHS DPaBHOBEPOST-
HLIMH H HCIOJb30BaTh KJaCCHYECKOe OIpejeseHHE Be-
posaTHocTH. OmHcaHHYIO cXeMy BHIGOpa HasbIBalOT cxe-
Mol cayuailnoeo goilbopa Ge3 8038paUeHUA. .

DreMeHTapHHe COGHITHS NMpEABIAYLIEr0 NpHMEpa MO OTHOMEHHIO
K JaHHOMY SIBJASIOTCA GoJiee «KPYNHBIMH». B mpeaninymem HOpHMepe
paccMaTpHBaJINCh HEYNOPsLOYeHHHe HaGOpPH HOMEPOB, H, ClEXOBas
TeJIbHO, H3 KaXJOro TaKoro HaGopa MOXKHO C YYeTOM PaCHOJOXKEHHs
HOJIyYUTh ORHHAKoBOe uHcloe nl HaGopoB, ABJSIOWHXCSA 3JeMeHTap-
HHMH COGHITHAMH B paccMaTpuBaeMofi cxeme, TakuM o6pa3oM, Kax-
AOMY 3JIEMEHTapHOMY coObiTHIO npuMepa 4 cooTBeTcTByeT n! 3Je-
MEHTapHHX COOHITHH npuMepa 5. DTO NPHBOAHT K COBNAJEHHIO Be-
‘posiTHOCTER COGLITHI, OmpeneseHHHX B OGOMX NpuMepax.

IMMpumep 6. s N onnHAKOBBHIX KapTOuek, 3aHyMe-
poBaHHbix uHcaamu 0, 12, ..., N—1, wusBaexkaercs
no opsoit n kaprouek. Ilocie Kkaxkmoro u3BiIeye-
HHMs _BBIHyTas KapTouKa Bo3Bpallaercsi. Tak ke, Kak
H B npumepe l, mpu NOAXOoAsieH OPraHM3auUMH OIMLITA
BCe BO3MOXKHbIE HCXOAbl €CTeCTBEHHO CYMTaThb paB-
HOBEPOATHBIMH -~H ~HCIOJIb30BaTb KJaccHyecKoe oIpe-
JeseHue. :

Ecau HOMepA H3BJIeKaeMHIX KapTOYeK 3aNHChIBATh, ,

'TO B pe3yJbTare NOJYYHTCH IL€NOYKA & M3 7 HOMEpOB:
® = (X1, X2, ..., Xn), TOE X; MOTYT IPHHHUMATb JOGOE
sHauenue u3- {0, 1, ..., N—1} He3aBHCHMO JApyr OT
JApyra. MHOXeCTBO BceX IeNOuYeK « fABJSAETC B HaHHOH
3ajaue NMPOCTPAHCTBOM 3JeMeHTapHHIX coGeiTHit Q. By-
JeM [pennoJjarath, 4YTO Bce 3jeMeHTapHble COOHITHA
paBHOBeposATHH. ONHCaHHYI0 CcXeMy BbI6Opa Ha3bIBaIOT
cxemoil cayuatinoeo sulbopa ¢ 8038paujerUem.

Hafinem uncio siaemeHTapHBIX cobbithit |Q] MHO-
KectBa Q. Pa3zofbeM MHOXKECTBO Nemouek o = (X1, ...
+.., X») Ha N HemepeceKalOIHXCH MHOXKeCTB IO 3Ha-
YEHHIO X1: ’

{o: x,=0}, {o: x,=1}, , {o: x,=N—1}.

Kaxpaoe M3 3THX MHOXKECTB IO X2 MOXHO B CBOIO Ode-

pexb pa3bute Ha N rpymm, H, cieZ0oBaTeJbHO, MO 3Ha-
yeHHAM napu {xx;} o6Gpasyercs N2 rpymiy pasbuennit

\
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o 3HaueHHAM TPOHKU {X), X, X3} moayunm N°® u T. A.
B pesyabTaTe n pasbueHHdl mosyuum N” rpynn, Kaxnas
H3 KOTODBIX COJAEPXKHT OAMH 3jeMeHT. Takum oGpasoMm,
|Q]=N", p(0)==N-" u . BepoOATHOCTb ONpeLe/seTcs
¢opmysioii (4). Bolunc/ium BepoATHOCTb COOBITHR Am ==
= {cpelH n BBIHYTHIX KapTOUYeK POBHO y m KapTouek
nomepa He mpeBocxoAsT M —1}. Cpexn n MecT LeNOUKH
@ = (x1, ..., ¥») MOoxHO Cp cnoco6amu BHGpPATL MECTa,
Ha KOTOpHIX OyJeM IOMelllaTb HOMepa KapTouek, He Ipe-
pocxoasamue M —1. DTH MecTa MOXHO 3amoJaHHTL M
cnoco6amu. Ocrasuinecs n-—m mect (N— M)"™ cro-
co6aMH 3allOJIHHUM KapTOUYKaMH ¢ HOMepaMmH, GOJIbLIHMH
M — 1. Takum-o6pasom, | A,, |=CrM™ (N — M)"™, uno
dopmyJse (4) HaxoaHM _

R L G L (s

Nn

m=0, i, 2, v.i, .

Yucna, nosyuyeHHsle B pesysbTaTe JOCTATOYHO Xopored
peasusanuu cjayyaHHoro Bbl6opa ¢ BO3BpaleHHeM NpH
N = 10, Ha3bIBAIOT CcAY4QliHbIMIL PABHOMEPHO pacnpedes
ACHHbIMU wucaamu (WJIH TPOCTO CAYYAaHHBIMH YHC/IAMH).
Ta6auuer Takux uucen (cm. [1], [11], [14]) moxmuo mc-
_I0Jb30BaTh AJS MOJAENHMPOBAHHSA CJOYYafHBIX SIBJEHHH.
ITyctb, HanmpuMep, HYKHO MOAENHPOBaThL PE3YJbTATH 7
ONLITOB, 3aKJIOYAIOMIUXCA B MOAGPACHIBAHHH CHMMETpHY~
HOH MOHETHl. YC/IOBHMCS CUHTATh, YTO BhiMajfeHHIO. rep6a
cooTBeTcTByeT detHas nmudpa (0, 2, 4, 6; 8) B mocaeso-
BaTEJbHOCTH CJAyuaHHbIX 4YHce]l. 3aMeHHB 4eTHble IH(PHL
GykBoit «I'> (repG), a neuernsie — «P» (pemertka), mo-
JY4HM IOCJIe0BATeNbHOCTh M3 ABYX cuHMBojioB: I, P.

OquPIlIHO, UTO pPaBHOBEPOSATHBI BCE BO3MOIKHEIE IMOCJE« -

.

HOBATENbHOCTH, TNOJYYEHHbIE YKAa3aHHBIM CIOCOGOM. '

- OGo3nauum np(n) uncno «rep60B> B MOC/AENOBATEJBHO=
CTH JJMHH n. B xavecTse npuMepa mo TaGiuue cayuaii
HBIX 9HCeN HaHJeHH SHaueHHs np==nr(n) , d BHYUC-

MeHEl 9aCTQTH . Ap(n)==n/n.. PeaynpTaTsl - NpHBELEHbL

B-cilenyontef Tabanue:



.7 8g. " § 1. MATEMATHYECKUE .MOLENH C/LYSARHbIX SBIEHUR

n | s 10 | 2 | ‘30 0 | 0. :

ny 3 7 | 13 15 2t 25 P
hen): | 060 | 070 | 065 | os0 | 053 | ogof -
Con 60 70 80. | 90 100

e 32 3¢ | 3 | 4 a7 -
hetm) | 053 | o029 | o046 | o048 047 .

Tpaduk ¢ynkunn (1) npHBefeH Ha phe. 3.

471 . :
496
495 W/\v/\\/\‘
- g4k
[ IS OIS SN SN S M N

- 1
20 ‘ 40 124 80 700 n
~ Pic. 3.

TIpumep 7. Ilycts opmm-pas GpomeHa urpasibHas
. Koctb. EcTecTBeHHO B 3TOM . cliyyae NOJOXHTH Q'==
= {1, 2,3, 4, 5, 6}. Ecnm KOoCTb CHMMeTpHHHA, TO Be-
POATHOCTH 3JIEMEHTapHBIX COOGHITHH BHIGUpaeM ORHHA-
koButMH: p(l)=p(2)= ... = p(6)=1/6. B atom cay-
yae JojlyzaeM KJacCHYeckKoe onpejeseHHe BepOATHOCTH.
Ecan xocTb He CHMMETpPHYHA, TO NPHXORUTCS HCHOJb30-
BaThb KOHEUHYIO CXeMY € pasianuHbeIMH p(f), i==1, .44, O,
KOTGDble MOXHO OLIEHHTh SKCIiepHMeHTanbHO. Ilo-
CTpOEHHE OIICHOK HEH3BECTHBHIX IapaMeTPoB CXeMbi -

ABJSCTCS - OILHO;l m 3azfay MaTeMaTHYeCKo# CTaTHCTHKH. !
(cm. § 12). s T
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[

1.7. CueTHOe - BepOSITHOCTHOE mnpocTpancTeo. IIycth

= {0} —cueTHOe MHOKeCcTBO ~(Q = {®1, 3 ...

veey-Ony s ,}) & — MHOXKECTBO BCeX HOAMHONKECTB L
{p(m)}—Haéop "YHCeJI, -YAOBJIETBOPSIOIHX YCHOBHAM

p((')) > 0’ 0e Q; n;‘l’ ((’)n) =

BeposiTHocTb cobbitns A=={®;, ®;, .., O;, ...} Ha=
soBeM uucjo P (A), onpenensemoe dopmynaaMu

PAW=T p@=3p() A=o,

nP(Z)=0. Takum o6Gpasom, -
8EpOATHOCTL “€obbiTUA A "pasHa cymme paoda,
COCTABACHHO20 U3 DACMERTAPHbLX BEPOATHOCTE:
p(®), y KoTopbix w'8x00A4T 8 A.

AKCHOMbI Al — A4 npoBepsilOTCS TakK XKe, KaK H B
KoHeyHOH cxeme. Ilopsimok HyMmepauuu 3JjeMeHTapHHIX
coObITHH He BJIHSIET HA ONpeleseHHe, Tak Kak p(w) =0
H cymMa psaja, Bxoasuias B (7), He u3MeHsercs NpH
H3MEeHeHHH NOpsiika cyMMHpoBaHHA. . .IlocTpoeHHOE cueT-
Hoe B€pOATHOCTHOE NPOCTPAHCTE0 OyHAeM HHOTAA Hasbl<
BaTh cueTHOl cxemol.

OtmeruM, uto BeposTHOcTb P (A) Tak xke, Kak
H B KOHEUHOH cXeMe, OJHO3HAYHO oOmNpefessercs Be-
POATHOCTSMH 3JIeMEHTApHBIX co6biTHi p(0). KoHeunas
.cXeMa fBJAETCH YaCTHBIM CJIyyaeM CYETHOH - CXeMbl
¢ p(0r)=0,"k= N+ 1. CueTHyIO .M KOHEUHYIO CXEMbl
Ha3bBAIOT OUuCKpeTHOU cxemoll HUAU OUCKPETHbIM 6epo-
ATHOCTHbIM APOCTPAHCTEOM.

IIpumep 8. Monera noAépacmBaeTca A0 Tex mop,
-TIOKa He BbIaJeT [Ba -pasa MOAPSIA OAHOH H TOH .XKe

croponolt, Ilpeamosioxkum, uFo Ham TpebyeTts onpege-

JIUTh BEPOSITHOCTb COGLITHH: B = {OnbIT 3aKOHYHTCA 32
yeTHOe yHCJIO nopbpachiBaHHil)}, A = {OmHT [POIHTCA
He pnoabme 5 Opocanuit}. Iloaoxkum Q = {n: n=2j,
-TAe HaTypaJibHble UHCJAa 7 GydeM HHTepNpeTHPOBaTh Kak
NPOROJIKHTENBHOCTh ONbITa. IlombiTaeMcsi €CTECTBEHHO
BBECTH BEPOSITHOCTH 3JeMeHTapHbIX cobpituit p(n). Ilpu
n NoAGPachBAHHAX MOHETH BO3MOXHO 27 pa3JIHYHBbIX
MCXOfOB ombiTa, ByaeM npanosaratbh, 4TO 3TH HCXOABI
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paBHOBeposATHH. Cpend 2" HMCXOMOB €CTh JABa HCXOJa,

KOTOpbleé COOTBETCTBYIOT BBHINAJEHHIO MOHETH BIiepBhle
IBa pa3a MOApSAJ OAHOH CTOPOHOH Ha A-M HCILITAHHH.
Takum o6pa3oM, ecTeCTBEHHO INpeANOJOXKHTb, YTO
p(n)=2/2" = 2-"+! (n = 2).

IMpuBenennble paccyxaeHHs O BepOATHOCTH p(n) He
ABJAIOTCA MaTeMaTHUeCKHM J0Ka3aTe/bCTBOM; HX MOX-
HO paccMaTpHBaTb TOJbKO KaK HEKOTOpble HABOAsLIHE
coobpaxenus. HeTpyaso mnpoBeputb, uTO. BHIGpaHHBIE
HaMH 4HCJIa yAOBJETBOPAIOT yCJIOBHﬂM

p()=2"""'>0, n>2; Zp(n>—222,.—1

n=2 - n=2

Tenepp MBI MOXeM ONpeNeJHTb BepOATHOCTb 1O (op-
Myne (7). PaccmaTpuBaeMble B JaHHOM IpHMepe COOHI-
T2 A B B MOXKHO NPeICTaBUTb B BHIE

A={2,3,4,5}, B={2,4,6,8,...}.
CJyiefoBaTelIbHO,

P(A)— @+r@)+r@+pB)=

15
2+w+w+m”ﬁ'

Zp(2k)=2 2—2— z.

1.8. HenpepbiBHOe BeposiTHOCTHOe mpocTpaHcTso. Ilo-
aoxuM Q = {u=(uy, ..., un): us G}, roe G —xBaa-
" pupyemas 06JiacTh /7-MepHOTO eBKJIHAO0BA NMPOCTPAHCTBA.
O6o3HauuM & CHCTEMY KBaJpHpPYeMbIX IIOJIMHOXKECTB
obaactn G. M3 kypca anaansa H3BeCTHO, YTO CyMMa,
- IPOM3BEICHHE M DA3HOCTb KBaAPHPYEMBHIX (HTYp . sB-
JSI0TCS KBaJpUPYeMEIMH Gurypamu. Takum obpasoM, S
ABJsgerca aare6poit cobuiTHi. [TyeTs (uy, ..., Un) =0—
HHTerpupyemasi Ha oGJjactu G (pynmma M HHTeTpaj OT
Hee 1o ob6sacty G paBeH 1.

BeposiTHOCTBIO' cOGbITHS A HasoBem uuciao P(4), om-
penenseMoe dhopmyJo

P(A)=S Su‘\(ul, veus Up) AUy oo dug,  (8)
. A I f e -

2

AL
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rae HHTerpas B npasofl yacTH (8) fABJAfETCH N-KPATHHIM
nHTerpaviom Pumana. Mcnosb3ysi cBoficTBa MHTErpalios,

HETPYRHO MNpPOBepHTb, uTO GYHKUHA P (A) YAOBJIETBO-
3. “

paeT akcioMaM Al —

OTMeTHM, 4TO BMECTO KOHEuHOH 064acTH G MOXKHO
° paccMaTpuBaTb n-MepHOe IIPOCTPAHCTBO, a MHTerpas
- B (8) nonumartp Kak HecoOcTBeHHbIH, ®yhkuuio P (4),
OnpefesIeHHYyl0 Ha aJjre6pe ¢, MOXHO HPONOJKHTb Ha
6osee IIHPOKYIO CHCTEMY MHOKECTB, COAEPIKALIYIO CyeT-
Hble CyMMB! H NPOH3BeleHUsT COObITHH."

ITocTpoeHHOe BepOSITHOCTHOE MPOCTpaHCTBO Mul Oy«
lleM Ha3biBaTh HHOT/A HENpPepblBHOL BePOATHOCTHOL MO-
0enbro0 HIIU TIPOCTO Henpepolsroil cxemod.

PaccMOTpUM 4acTHBI c/ayuyaili ofuieli HenmpepbiBHOM
cXeMbl, NOJNOXKHB (U1, ..., Us)=1/m(G), ecin ue& G,
H n(u,, veey Un)=0, ecnu ue& G. 3nec m(G)— niio-
maae uin o6bveM obaactu G. Ilpun Takom BeIGOpe (QYHK-
muH n(u) dopmyna (8) samumercss B caeAylolieM BHAE: .

i P (4) = m(4)/m (G). " (9)

Takoe ompenesieHHe BepOSITHOCTH Has3bIBAIOT 2eomeTpu-
yeckum. - T'eomeTpuueckoe onpemesieHHe BepOSTHOCTH
MOXHO paccMaTpHBaTb Kak 00600lleHHe KJacCHYeCKOro
onpejesieHUsl Ha CJaIyqall ONMBITOB ¢ GECKOHEYHHIM YHCJIOM
HCXOMOB. ‘B panbHefimeM Mbl HHOrfxa O6ynaem ynorpebasTb
BhIpaXKeHHe «TOYKa PaBHOMEPHO pacmpejejieHa Ha MHO-
x)ectBe G». DTo 03Hauaer, uTo BEpOATHOCTL Hal0 BbI-
yucaaTh no ¢popmydae (9).

- B xauecTBe H/IIOCTPAIMH HCIOJIb30BAHHS reomeTpu-
YECKOTO onpenesieHHs] PacCMOTPHM CJEAYIOIIHH NpHMeEp.

ITpumep 9. Ha o6cnykuBaollee yCTpoiCTBO B MpPO-
MexyTok Bpemenu [0, T] AO/KHBI MOCTYNHTh ABe 3a-
sBKH. EciM pasHOCTb MeXAy MOMEHTaMH MOCTYIJIEHH:
3afBOK MeHblle f, TO BTOpas 3asfiBKa Tepsercs. Tpe-
OyeTcss HaHTH BepOSTHOCTb NMOTEPH 3asiBKH.

OGosuauum #;, f; MOMEHTHl NMOCTyMJIeHHs1 3asiBOK. ITo-
aoxuM Q= {({,%): 0<H<T, 0<t,<T}; A=
= {sasiBka 6ygser mortepsHa}. Torma A =={(t;,%):
Jti—t| <t} (puc. 4). Ecaiu BOCHOJb30BATHLCS FEOMET-
PHUYECKHUM ONpefieJieHHeM, TO NOTpeOyeTcss BLIUHCIHTD
naowany m(Q)=17T2 u m(A)— I?—(T—1t)2 Ilo
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dopmyse (9) naxonum P (4)=1— (1 = _;_ )2. HCI%OJIB\;

.30BaHHE I'eOMETPHYECKOro OINpefelieHUsT BePOSITHOCTH CO- -
dep:XKHT B ceGe HEKOTOpble NPEANOJIOXKEHHA O .3aKOHEe .
B .moctymieHusi 3asBok. CooTBeT-
CTBHE BBHIODAHHOH MOJENH CJay+
yafiHOrO fIBJIEHHS JeHCTBUTEAb=
HOCTH MOXeT ObITh- OLEHEHO Ha

OCHOBE KENEePHUMEHTOB.

ITomyuyuM Temeppr HEKOTOpHIE
npocTedilie CJA€JCTBHS H3 aK-
cuom Al — A4, U3 akcuom A2,
A3 u paBencrBa A + 4 = Q ciae~’

7, Ayer, uro

P(A)=1—P(4). (10)

Tlonaras 3gech A = Q, noayuum P (&)= 0. Oas mo6bix
_ cobeituit A u B nMeeT mecTo dopmyJia —

P(A+ B)=P(A4)+ P(B)— P (4B). (11)-

HeficTBuTeIbHO, NpefcTaBuM cobGuiTus A 4 B u B B Buze
A4 B=A-+ BA rn B= BA-} BA. Coburtus B npaBbiX
YacTAX 3THX :PABEHCTB  HECOBMECTHHI M, CJI€OBATE]bHO,

~ ‘P(A+By=P(4) +P(BA), P(B)=P(BA)+P(45).

Orciona nerko caenyer (11). Hcmonesysa dopmyay (11),
nonyuum dopmyay aas P (A4 A:+ As). Tlonoxum
‘A=A,+A4,, B=A; Torpa us ¢popmyun (I1) u ¢op-
. myasl AB = A,A; + A,A; caenyer, uTo ’

P(A1+ A + A5y =P (A + A) + P{45) =P (4, A+ 4. A)).

Orciona, NpHMEHHB K Bepomﬁoémm P(A1+A4;) u
P (4145 + A2A;3) dopmyay (11) u BOCHIOJb30BaBIIHCH
‘paBenctBoM  (A14;) (A2As)= A1AsA;, modyunM -

P+ 4+ A)=PA)+P(4) +P(4)—
— P (A1) — P{AAs) — P (o) + P (Aiadly).

.
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OGmas ~opMyna: must Bepoa'mocm CYMMH 1. coémuhw y
HMeeT CedyIOmuil RUA:. .

Pt At o+ A)= EP(A)—_ T, P+
=1 1I<k<<I<n
> P(A,,AA,,,) voe F(=1"P (4. A) =

1Sk<I<im<g

I ER VS > P (Ao A). (12

r=1 ISk <in<l <n
B nokasaTelbCTBe N0 HHAYKIMH dopmyan (12):mepexon -
OT n— 1 K n NpPOBOJUTCS aHAJOTHYHO IPHBEACHHOMY

BbliIe Tlepexoay oT 2 x 3. .
Hemnocpeacteenno u3™ (11) mas Juoéblx A u B mo«

JyyaeM
P(A+B)<P(4)+P (B (13)

Ecmn A < B, To

P (4) <P (B), (14):
rak kak B= A+ B4, P(B) = P (4)+P (BA) u P(BA)>0.
Ecnu coburtua Aj, As, ..., A, HONapHO HECOBMECTHH,

T. e. AiA; = & npw Juoﬁblxzq&], TO
PlAit+ 4t .. +4)=
- =P(4)+P{A)+ ... +P(An) (15)

d1a dhopmyJa. [10Ka3bBaETC . IO. mmyxnun_ NPy MOMOLIH .
aKCHOMH aanuTuBHOCTH A3; Kpome Toro, (15). MoXHO
NOMyYuTh Kak yacTHb caydait (12)..ITo mnaykumu Hs.
i(13). cnenyer, uto .

P{di+ ..o +A)<<P (A)+ e P (4,)-

PaccMOTpHUM™ HECKOJILKO' IPHMEPOB, HJIIIOCTPHPYIOMIHX
HCIIoJb30BaHHe TNOJIYYCHHBIX H3 aKCHOM (_!Jle].lCTBHﬁ.

. TIpumep 10.. OueHUM -BepOATHOCTD TIOMYHEHUS Ka<
_KOro-AHG6O . BREMTPHIIA B «CHOPT/IOTO». IO. OJHOK Kaps.
TOYKe.. YUaCTHHK JIOTEpEeH h3- 49.-HOMepoB - oTMeuaer. 6..
Ilocae: Toro -KaK- yYaCTHHK..CAAJ - KAPFOUKY, -NPOBOAHICH
"BLIGOpKA n =6 HOMepOB. IIycTb -Am’= {m. HOMepoR,. .
OTMeUEeHHHIX Y4aCTHHKOM, IOmajo B BuOOpKy}. Ecau
YHCJIO HOMEpOB, OTMEUEHHBIX' Y4ACTHHKOM: ¥ MONaBIUHX
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B BEIGODPKY, 0Ka3asoch GoJblie 2, TO YUACTHHK IOJydaer
Kako#i-n60 BhiMrpuim. Takum o6pa30M A = {nonyue-
HHe KaKoro-au6o Buiurpeima} = Az -+ As-4 A5+ As 4,
crenoBatensho, A = Ao+ Ay + A,. Tlo dopmyane (5)
¢ N=49, M = 6, n = 6 naxogum

P (A,) = 0,435965, P (4,)=0,413019, P(A4,) =0,132378,
P (45) =0,017650, P (4,)=0,000969, P (45)=0,000018, '

P (4¢) = 0,00000007151.
Orcrona, ncnosbsys (15), nosyuum
P (4) =P (A) + P (4) + P (4;) =0,981362

ITpumep 11. Hafizem BepoaTHOCTb TOro, 4To CpeAd
n caydadHeix yucen (cMm. mpumep 6) uudpa «1» BcTpe-
THTCS XOTA 6Bl OJMH pas.

MHOXecTBOM 3/IeMEHTapHBIX COGBITHH Q SBJIAIOTCA
NOC/IeI0BATENIbHOCTH, KOTOpble MOXKHO COCTaBHTb H3
Bcex 10 mudp; Q= {(x1, X2, ..., x)}, re X, =0,1, ...

,9,k=1,...,n B npumepe 6 6bLIO MOKa3aHo, 4To
|9| 10", Tlonoxum A = {cpepu n ciydafinblx YHceJ
BCTPeTHIACh XOTs 6bl ofHa «l»}. Toraa A = {cpean n
ciydafiHBIX UHcen «l» He BCTpeTHaach HU pasy}. Takum

"~ \o6pasom, B A BXOAAT LENOYKH, COCTABJEHHBIE TOJABLKO H3
9 undp, TaKk Kaxk «l» He MoXeT ObITb HCIIOJb30BaHa IpH
cocTaB/IeHHH ILenodek. Paccyknast Tak e, Kak B IpH-
mepe 6, mpu BBIUMCJAeHHH |Q], monmyuum |A|—9" Cne-
ZIOBaTeJbHO, Mo ¢opmyne (4) HMeeM P(A)—-.9"/ 107,
Orciopa, Bocrosb3oBaBiuuch Gopmyioit (10), Haitmem

P(4)=1—P(@)=1—(/10"

ITpumep,l2. Bpomeno nBe urpaibubix xoctd. Hait- -
AeM BepOSITHOCTh COGLITH A = {xoTa GBI Ha OIHOH M3

KocTelf BBIIaso He GoJiblie ABYX OUKOB}.

MHuoxecTBO Bcex BOSMO)KHHX HCXO0A0B MOXHO 3arm- :

CcaTth B BPIIle ( -
Q= {0, i iy i=1, 2 -, 6},

-

|




-+ 1.8. HETPEPBIBHOE BEPOSITHOCTHOE TIPOCTPALICTBO < '* . ' " 9@ """

TAe 3JeMeHTapHoe co6ritue (i, j) COOTBETCTBYeT BhINa-
JIeHHIO. { OUKOB Ha IepBOH KOCTH M j OYKOB Ha BTOpOil.
Hetpyaso nposeputs, uto |Q[=6-6 = 36. OGosnauum
By co6biTHe, cocTosilee B TOM, UTO Ha 1-ii KOCTH BHIIAJO
He GoJblle ABYX OUYKOB; aHaJOTHYHOe COGBITHe s 2-H

'KOCTH 0603HauuM Ba. Toma

Bl={(i1 ])}: i=l, 2; ]=l’ 2» ceny 6}’
By={G, j): i=1, ..., 6 j=1, 2

H, cienoBaTenbho, |Bj|==|B:|=12. Tak kak BBy==

= {(i,)): i, j=1, 2}, To |BiB;]=4. Takum oGpa3oMm,

P(B)=P(B)=35=73, P(BiB)—7-

O1ciopa no gopmyJe (11) Haxoum;a

P(A)=P (B + By) =P (B) + P (By) — P (B1By) =

_ 1 15
=zt3z—35=%

Ipumep 13. PaccMoTpiM HEKOTOPYIO CJIOXKHYIO CH=
cremy, COCTOSILYIO H3 1 GJIOKOB. ITycth B HeKoTOpOH Be-
POATHOCTHOH MOJENH ONpeAeeHb COOBITHS A= {k-t
610K He BBIAIET M3 CTPOS 33 PACCMATPHBAEMbIl MepHOML}
H ux BepositHocTH P (Ax), k=1, 2, ..., n. Hanpumep,
BeposTHOCTH P (A:) HalixeHsr ﬂpH6JIPl}KeI{HO o pesyJib-
TaTaM MCIbITAHHHA OTAENbHBIX G6J/0KOB. OleHMM BeposiT=
HOCTh coObiTHs A = {cHcTeMa He BHIiJeT H3 CTpos 3a

. paccmannBaeMbm nepuon} = A1d; ... As Taxk Kak

A U Ak, TO
— ” - . n —
1—PA)=P(A)= P(kUl, A,,) <k}; P (42,
Kpome Toro, npu Jio6om & ~ )

A i Ay 4y, PA) P (4R

OKoHuaTeNbHO MOJYyYaeM

A Y

I—Z(I—P(Ak» P ()< minP (4y).



4 " § L.MATEMATHYECKUE" MOREAM Eﬁ?&iﬁﬁﬁﬁ*ﬁﬁh&?ﬁﬁ#

Bapaun

“1./[lokasatb, ato A'\(B\C)'-A \B -+ C, Hafirn ' Gonee :1poe
croe Buipaxkenne Aas A \ (B \C). .

-2, Ilyerb - A, -B, C — 1pu -npousBosbHHX co6biTus. Hafith BH-
PaxeHHs AJa COGHITHH, -cOcTosmux B ‘rom, uto u3 A, B, C
. 1) opoxsowo Toabko A, h
2) npomsounn A u B, a C He mpousouwio,
3) BCe TPH COGHITHS NPOH3OLUJIH,
4) nmpoM3oULIO NO KpaiHEHA Mepe OXHO ‘H3 COGHITHI,
5) HH ofHO COGHITHE HE MPOU3OLLIO.
3. Cpenu 100 manesi naBHOH mapTHu ‘HMeercss 5 GDaKOBaHHBHIX.
Hafitu BeposaTHocTb TOro,” 4TO cpexu 10 ciyyafiHno OTGOPaHHHX H3+
‘ACJHA He GoJbille OAHOrO GpakoBaHHOro. -

4. HafiTH BeposSITHOCTB TOrO, YTO AHM DOXKAEHHT 12 uesOBeK
TIPHXOJASATCA Ha ‘pa3Hble MECSIH rofa.

5. YuacTHHK snoTeper «CIOPT/IOTO» SamOJHUJ fABE KapTOUKH TakK,
YTO BCe 3auYepPKHYTble MM HOMepa Ha- OGeMX KapTOYKax — pasHbie.
Haiite BepoaTHOCTL TOro, 4TO Y4alTHHK 'He yrajgal HH_OIHOrO HO-
Mepa. .

8. TpeM pafHOCTAaHUMAM DaspelleHa’' pa6oTa Ha :JM0Gofi U3 Tpex
sanaHHbx vactor. Hafitn BepostHocTn cobbithii: A = {Bce panmuo-
craHllup paboTalOT Ha pasHBIX vacTorax}; B = {aBe paxmocTaHUMH

a60TalOT Ha OZMHAKOBHIX YacTOTax, a 3-1 — Ha JApPYroit yacroTe).
ﬁpenno.r_xommb, 9TO BCE BO3MOIKHBIE BHIGODH-9acTOT PaJHOCTaHLHS-
MH DaBHOBEDOSTHHL - '

7.°TTo cxeme caydafitioro ‘BhGOpa € BO3BPALICHHEM 'H3 ‘MHOKE4
cTBa ueanix ymeen {1,-2, ..., N} 'BuGupatores .asa-uucna & u 1. 060+
3HAYHM Py BEPOATHOCTb COGHITHA -2 12 << N2 Haitu Nlim Py

" Noroo

-'8. Touka ‘A paBHOMEpHO paciipeZieieHa B-'KBaJpare €0 CTOPOs
108 1. HafiTu seposTHOCTH COBLITHIA: -
_ &) ;patCToOsHHe OT TOukH ‘A . f0- GUKCHPOBAHHON CTOPOHH KBaJs
.pata He NPEBOCXOLHT X; )
'6) paccrosHHe oT TOYKH A 1o Gauxaiimefi CTOPOHH KBAApATa
‘JIe ' fIPeBOCXORHUT X: .
9. Ha napker, cocrapjeHHbIfi H3 MPaBHJBHLIX TPEYroJbHHKOB CO

- g .
CTOpOHOH a, clyyafiHo Gpocaercs MOHeTa paixyca r(r <-a—6—).

HafitH BeposiTHOCTB TOro, YTO MOHeTa He -3afieHeT FPAHHLY-HH Of+
HOTO H3 TPEYrOJbHHUKOB.

10. Crepxenn AnuHb ! pasioMaH B ABYX HayAayy BHGPaHHbIX
ToukaXx. UeMy paBHa BEpPOSITHOCTb TOrO, YTO M3 MOJYYEHHBIX OTpe3-
KOB MOXHO COCTaBHTb TPEYrOJIbHHK? - =

11. B n KOHBEPTOB Pa3iOKEHO MO ONHOMY MHCbMY n anpeca-
TaM. Ha KaxIoM KoHBepTe HayZayy HamucaH OAMH M3 N aJipPecosB,
Hafith BeposTHOCTD p. TOrO, YTO XOTS Obl OAHO MHCbMO MOMAAET 11Q

HasHaAyeHHIO; BHIYHCAHTE lim pp.
n-»o

Y k a3 anue: Hcnoab3osath Gopmyay (12).

2T

R
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§ 2. YCJIOBHBIE BEPOﬂTHOC_TPi.. HESABKCHMOCTb
COBblTPm

‘2.1, Yc.uosnble BeposiTHocTH. IIpexe uem nepeonm‘b
K (GopMalbHOMY ONpejesleHHIo, IPHBEAEM HEKOTOphe
coo6paKeHHs, KOTOpEle NOMOTYT IOHATb €CTECTBEHHOCTL
olpefieIeHHs. )

Ilycts npoBogusess # OmbBITOB: Q6GO3HAUHM 714. UHCIO
ONBITOB;, B KOTOPHIX HACTYDHJO, peasbHOs: cobbiTHe: A.
Ilpeanosnoxum, 9To CpefH n4 ONBITOB, BMecTe €A HacTy-
IIHJIO Map pa3 co6biTHe B: Yacteroir cobbiTus B. mo oTHO-
HIEHHIO K OMbITaM C HCXOAOM A sBJAseTcs OTHOHIEHHE
hn{B|A)=.nas/na. Ecau uuciauTeNb. U 3HaMeHaTeNlh
B 5TOM OTHOIIEHHH MOJE/IHTb. HAa 7, TO MOJYYHM BHIPaA:
MeHue, CBsskBalomee f,(B|A). ¢ 6e3ycaOBHBHIMH acTO:
TaMu hp(A) u he(AB): ,

C hEa=tel LD (1)
. nA/n hh (A)

ITpu. 6ombwnx n uactotsl An(A), h.(AB) 6nu3KH K Be:
positnoctam P (A), P(AB). PaBenctso (1) MoxHO mO-
JIOXHTb B OCHOBY OTpe/e/IeHHs  YCJIOBHOH BepOSITHOCTH.
ITycte P(A) > 0.

Hucao P (B|A), onpedennemoe paseHcTsom

P(A
- PBIA=555" R

HasbleaeTcs. YCA08HOU. BepDﬁTHOCTbIO cobuitun. B
npu.ycaosuu A.

Yenosnylo: BepoaTHocTh- P (B|A) Gyaem uHoraa 060:
sHauatbh Pa(B).

Mpuwmep; 1. Ha. ckaaze. co6paHo. N u3zequi, ov
DRYX MacTepCKHX, HpHYEM.OT l-ii. MaCTeDCKOM noayvyeHo
N, uajenuii,; Cpely-KOTOPEIX ‘M), Hajenuil- nepBOro. copTa,
a.0T:2-HMacTepCKOit — Ng H3AeNHR 1 CPEH: BHX Mo Hax
Jneauii-; nepporo. copra. Iloayuyennoe co- ckiaana- H3ALIHE
EBIGpaHo Hayzauy. Ha#inem: BeposTHOCTS. . COOHITHS,
==. {TIoJyueHo.- NepBOCOPTHOe, Hafeaue}. Ila Kﬂaccuqe4
CKOMY,. ONPEARJNEHHIO, BEPOATHOCTH QUEBHAHO HMeeM
P(B)_(M1+M2)/N Ipeanonoxum, uTQ. YAAUOCH
YCTaHOBHTH, KaKOH:. MaGTEPEKQH. .IPOHIBLACHO. TMOJyUEH<
HO®, HM3Jenue;  HANPHMEp, BBHIACHHAH, 4YTO- H3ACAUE

J
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npbnsseneﬂd 1-#i macrepckoil. OGo3HauUM 3T0 cOGBITHE A.
Ilpu atoit nomesHHTeNbHOH HHGOPMAIMH eCTeCTBEHHO
HCKaThb YCJIOBHYI0 BeposTHocTe P (B|A). ITo ¢opmyae
(2) naxomum .
_P(@AB) __ MJN M
PBA)= P ~— NJN ~ N’

T. €. YCJIOBHAs BEePOSITHOCTb SIBJISIETCS B AAHHOM cClyyae
RoJiell NepBOCOPTHOH NMPOAYKUHH CPEAH MPOAYKIHH, MPO-
H3BeJeHHON 1-if MacTepckoil.

ITycts  durcupoBano -HekoTopoe cobuitHe A ¢
P (A)> 0. ®yukuus P4(B)=P (B|A)=P (AB)/P (4),
onpenejeHHasi A/ BceX B & &, yAOBJIETBOPSiET aKCHO-
mam Al —A4. Takum o6pasom, aas P4(B) crnpasen-
JauBbl Bce ciaefctBHa (10)—(15), moayuennsie B § 1 He-
HOCPEACTBEHHO M3 aKCHOM, :

PaBenctBo (2) moxHO 3anucaTh B-BHIe

P (AB) =P (A)P (B | A). B )]

Orciona no HHAYKUMH JIErKO MOJAYYHTh Gosee OO6LIyIO
‘Gopmy.ry
(P A[Ag coe An)=

=P(A)P(4]A) ... P(4, |44y ... Apmy). (9)

HefictButenbHo, npun n =2 dopmyna (4) coBmajaer
¢ (3). Ilyctb - popmyna (4) moxkasama ana n—1 co-
MHoXuTeNel. Torma nas n coMHoxHTenell ¢dopmyna
(4) caepyer M3 NpEANOJIOXKEHHS MHAYKIMH M PaBEHCTBA
'(3), B KoTOpOM HY:XHO NONOXKHTb A == AA; ... An-1,

e .
@opmyant (3), (4) oueBHAHO He NPUTOAHHI IJS BHI-
YHCJEHHSI BEPOSTHOCTEH INpOH3BelleHHH CcoObLITHH, Tak
KaK [paBbleé YacTH 3THX (OpPMYJ COXepIKAT YCIOBHBIE
BEPOATHOCTH, [JIsl BHIYHCJEHHS KOTOPHIX HYXKHO 3HaTh
BeposATHOCTH TpousBenenuil. [losesnocts "dopmyn (3),

H (4) oGHapyXHBaeTCsi NPH MOCTPOCHHH MaTeMaTHYe- -

CKUX MOJeJiell cepHii ONBITOB, KOTOpble GYAYT paccMoT-

pensl B § 3. 3xecp Mbl orpaHHUHMCS .pa36opoM OTHENb<,

HBIX MPHUMEPOB. '
~ B kJ1accHYeCKOM H reOMeTpPHYECKOM ONpeje/]eHHH Bes
POATHOCTH Mbl HCXOAH/IM M3  «PABHOBOIMOMHOCTH» HCXO<

e g o BibiE BEPOATHOEH

%

P s

e S el £ aie . oE T
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. #io onbiTa. Temeps Mbi 06paTuMcst K MpHMepaM BeposT-
HOCTHBIX npocrpanc'm NOCTPOEHHE KOTOPBIX OCHOBaHO
Ha 3HAHHM 3HAYEHHH YCJIOBHBIX BepOSITHOCTEN.

B npusioxeHHsSX 4acTO OKasblBaeTCs, YTO YCJIOBHBIE
BepPOSITHOCTH €CTECTBEHHO 3aJaloTCs YCJOBHSMH OIbITa
HJIH ONpeJessioTcs: NPUOIHKEHHO H3 JOINOJNHHTEbHBIX
onuitoB. Hampumep, ecin nmpH npoBefeHHH CepHH U3 #
ONILITOB peaJsibHoe - cOObITHe A HACTYNHJIO 714 Pas U fap
pa3 cobhiTHe A HACTYNHJIO BMeCTe C peajbHbIM COObl«
THeM B, To B KauecTBe NMPHGIHIKEHHOrO 3HAUEHHS YCJIOB-
HOli BepositHoctH. P(B|A) MoOXHO B34Th uAaCTOTY
h,(B|A)= nas/ns. B cepusix onbiTOB ¢ nepek/aanbBas«
HHeM HWJH H3BJe4YeHHeM IIapOB H3 YPH MOXKHO eCTe<
CTBEHHO 3afaTb YCJOBHbIe BePOSITHOCTU INOJYUEHHS BHI-
GOpKH OIpefeJeHHOrO THNA M3 HAHHOH YpPHBI, €CJH H3
npeiplAYIIHX ONBITOB H3BecTeH ee coctaB. OTmpaBasiach
OT 34JaHHBIX 3HAaUeHHH YCJOBHBHIX BEPOSITHOCTEH, MOKHO
BLIYMCJIATD BEPOATHOCTH 3JIEMEHTApPHBIX COOBITHIL.

[lpumep 2. Ms nepBoi YpHH, coaepKaieil 5 Gembix
‘M 3 uepHHIX Ilapa, HayAauy NEPeJOXKHIH OIHH Wap He:
H3BECTHOTO IBeta BO BTODPYIO YpHY, coiepxainyio 2 Ge-
JbiX W 3 yepHHX mapa. Ilocie 3TOro M3 BTOpOH ypHBI
BbIHYM ofuH map.  JlocTpouM MareMaTHUeCKyi0 MoO-
neab omucaHHoro ombiTa. O6osHaunm A; M Ay CoGHITHA,
cocTosiliieé B TOM, YTO M3 MEePBOH M BTOPOH YpH OBIIH
‘H3BJieueHHl Genble mapbl. }3 coobpaxeHHii paBHOBO3-
MOXHOCTH . HICXOOB €CTeCTBEHHO CUMTaTh, uTo P (A;) =
=5/8. Ecnn U3 NepBOH YPHBH BO BTOPYIO. GblJ Mepeno-
JKeH 6eJ1bm map, TO BTOpas ypHa cCTaja CoAepxXaTh
3 Geanix #'3 uepHbix. C/e0BATE/IbHO, IPH 3TOM YCJIOBHH
HyXHO noaoxutb P (Az|A;)=3/6=1/2. Ananoruuno
onpejensieM YCJOBHYIO BepOSITHOCTb COOHITHA A, mpu me-
-PeK/IaJIlBAHAH" YEPHOro Miapa: P(4:|4)=4/6 =2/3.
U3 npuBeseHHBIX paccy:kieHull - (He SBJAIOLIUXCA Mare-,
MaTHYeCKHM [0Ka3aTeJbCTBOM) MOXKHO CJle/aTh BHIBOL,
YTO B MaTeMAaTHUECKOH . MOJeNH, KOTOPYIO MBI XOTHM MO-
CTPOHTb, JOJIXKHBI ObITh BHINOJIHEHE DPaBeHCTBA

P(4)=58, P(414)=1/2, P(41Z)=23. ()

TaKPlM 0o06pa3oM, HYXKHO HafiTH MOAXQAsfAllee Beposrr-
HOCTHOE mpocTpaHcTBO (R, 5%, P), asireGpa ¢ ‘KoToporo

2 B. K. 3axapos 4 Ap.

\

’
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" " §-3; YCTOBHHIE -BEPOATHOCTH
copepXKHUT cobutua Ay, Az, a BepesTHOCTh P onpesesiena
TaK, YTO BHINOJHAIOTCS paBeHcTBa (5).

TonoxnM Q= {A4,, A A, AIAZ, AAy), St —MRO-
‘2KECTBO BCeX TIOEMHOKECTB Q

P (A1) =P (4) P (A | 4) =58 1/2,
P(AA)=P(@MP A1) =38-28," -
P(AA)=P(A)P (LA)=58-112, - ©
P (A,4) = P(A) P (A &) =3/8 - 113.

BepositHocTH (6) OXHO3HAYHO ONpENENSIOT BepOATHOCTB
J1060ro NoAMHOXKecTBa Q.

[TocTpoeHne BepOATHOCTHBHIX HPOCTPAHCTB B Gonee *
o6IHUX CcJaydasix C HCIOJb30BaHHEM ~YCJOBHBIX BeposiT-

HOCTell H He3aBHCHMOCTH COGBLITHH ‘GYNET 'PacCMOTPEHO
B§ 3.

2.2, dopmyaa noanoii BepostHocTu, dPopmyaa baiieca,

Bynem rosoputb, uto cobeitisi By, Ba, s, Bn obpa3syioT
pasbuenue, ecnu :

Q= B,+B2+...+B @

n B;Bj = & npn mo6bix i 7 j.
Hns mo6oro pasbuenus, (7) HMeeT MeCTO CHeXyIO-
mas dopmyna (popmyra noxmou aepo:zmocru)

P»(A)=:Z'P(Bk)P(AJBh)- e

- as noxaaaTe.nbc'rBa 5TOH (OPMYJIH 3aMeTHM, UTO
A MOXHO TpeACTaBHTb B BHAe CTHexylouiei cyMMfﬂ no-
NapHO HeCOBMECTHBIX COOBITHH:

A= AB, + AB, + ves—tAB,.

Orciona, BOCNO/IB30BaBUIMCh aKCHOMO# A3 - popmyJioi
3), nomy M dopmyay (8):

P()=3 P (AB) = 3P (B)P(A|By).
o k=1 F=1 _




2.2, GOPMYJA TIOIHOM BEPOSITHOCTH 88

 3amenis B paBeHCTBe ) L
: P(4B,) _ P(BgP(A1By -
PBAAD="pmy=—Far ‘

BepoaTHocTb P (4) mo dopmyie (8), momyuum gpopmyavs
Baiieca

P (B[ 4) = «nP(BkXP(AIBk)

o - LP(B)PAIB) -

@opMyas bBaiieca wacto HHTepHpeTHPYIOTCSE Kak. (Gop< -
MYJIB|, MO3BOJIIIOINHE. N0 @npuoproim (M3BECTHBHIM INpes?
Bapmenbno, [0 HPOBEeAeHHS OIbITa)' BEPOSITHOCTAM

P(B:) ¥ no pesy/abTaraM ONblTa (HACTYIIEHHS. COGBITHA
A) mailiTu anocTepuoptbie (BHIYUCIEHHBIE TOC/IE omﬂa)
BEPOATHOCTH P (B:|A). lloBONBHO COLEPIKATENbHBIA NPH~
Mep, YKa3blBalOHIMH BO3MOXHDBIEC - HalPaBJEHUS MpHMes
Henuil ¢popmyn Baiteca, conepxurca B sagaue 0.

‘GopMyJia TIONHOH BepOSITHOCTH, TaK XKe Kak (op-<
myasl (3) u (4), MOXeT GHITH HCIOJNb30BaHA HIst NO<
CTPOEHHS TOJAXOAAILLEr0 BepOATHOCTHOrO INPOCTPaHCTBA
No 3aXaHHBIM YCAOBHHIM-BeposTHocTaM. Huxke paccmar- .
.puBaloTCg ABa IHpHMEpa, B KOTOPHIX YCJOBHbIE Bepom'-:
HOCTH eCTeCTBEHHO CHHTATH 3aJaHHBIMH. .

ITpumep 3. Ha. paGpuke, uaroropasiomiei 60J1Tu,_
nepBas . MallMHa. npousBogut 25%, Bropas— 35%,
Tpethsl — 409 Bcex usmeauil. bpak B HX nmpoaykuuH co<
craBJsier cootBeTcTBenHO 5%, 4%, 2%. Hafru~> -

" a) BepOATHOCTH TOrO, YTO CAYYaHHO BHIGPaHHMBI GONT
oKasaJici IedeKTHBIM, .

6) BepOSITHOCTb TOFO, UTO €ClH CHY4afiHO BHOpaHHBIMA
60JT OKasaJics ne(pex'rﬂmm TO OH MPOHSBEAEH nepsof,
BTOpO} M TpeTbel MalIHHAMH.

O603uaunm’ A - coBniTie, coc'ro;lmee B TOM, 4TO cnyn
yaliHo BbIOpAHHBIH 6ot — AedeKTHBIA, a Bl, B;, B3 —
coébrmﬂ COCTOSILIIMe .B' TOM, YTO_3TOT GOJIT NpPOH3BeleH
COOTBETCTBEHHO INepBOH, Bropoﬁ B TpeTbeif. MalIHHaMH,
_Ouesrgno, uto Gopmyra (8) npumenuma. Taxum oGpas
_30M, HCIOJI3YSA-YCEOBHE 3afauH, MOJYIHM
P(4)=P(B) P(A|B)+P (B P(A]By)+ .

-+ P (B;) P (4Bs)=0,25 - 0,05.4 0,35 - 0,04 -
-4 0,40 - 0,02.=0, 0345 .

© -

g .
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K TeM e\ COOBITHAM MOXHO NIPHMEHHTb (GOPMYJBl
Bafieca (9) npun=3 ma k=1, 2, 3:

,25 « 0,05 1
P(B,|A) =200 = 2

0,0345 345
0,35-0,04 _ 140

P(B:]4)= 0,0345 345 °
040-002 80
P(Bs]A)= 0,0345 345 °

TMlpumep 4. U3 ypHH, éonep}xamuen M Genmix”~

H N — M uepHBIX 11apOB, OAMH IIap -HEU3BECTHOrO IIBeTa
yTepsm Hafizem BepOsITHOCTH TOrO, 4TO IIap, H3BJEYeH:
HEIH M3 YpHBHI [IOC/IE YTEPH, OKaXeTCss GENbIM.

ITyctb B — co6bITHE, COCTQsIllee B TOM, U4TO yTepSHO
k Genpix wapoB (=0, 1); A — coGuiTHe, cocToslee
B. TOM, YTO Ilap, HM3BJIEUEHHBIH H3 OCTaBLIMXCS IUApOB,
okasajca 6eawiM. [Tonoxum

M .
PB)=4=2L, p(B)=2,
P(AIB) =52, - P(AIB,)— M-t
Ho ¢dopmyae nonxoi BEpOATHOCTH
. N— M M MM—1__ M N
P(4)= —1+1v N—1_ N-°

OTMeTHM, Y4TO BEpOSTHOCTb HSBeuenHs GeI0ro mapa H3
YPHBI 10 YTE€PH TOXKe pPaBHA M/N

2.3. HesaencuMocts coGuiTmil. B MaTeMaTnueckoft
MOJe/NH MOHATHE HEe3aBHCHMOCTH YAO0GHO BBECTH C MO-
MOLIbIO NMOHATHS YCJIOBHOH BepoATHOCTH. Mbl GyaeM ro-
BODHTb, UTO COObITHe B He 3aBUCHT OT cobuiTH A, ecan

P(B|A)=P(B), P(4)>0. (10)

Ecan P(B)>0, o uz paBencts (10) u (2) cnellye'r,
yto P (A|B)= P(A). Takum o6pasom, eciu P(A)>0
H P(B) >0, To noHsATHe He3aBUCHMOCTH ABYX COOBITHil
CHMMETPHYHO, T. e. ecid B He 3aBucut oT A, T0 H A He
3aBUCHT OT B. Bojee ymoGHEIM ompefejieHHeM He3aBH-
CHMOCTH [0 CPaBHEHHIO C (10) ABJISIETCS CJlefylolliee
onpeaeeHHe,

e
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9.3 HEBABHCHMOCTb COBbITHYY ‘87

Coboitus A u B nesaaué:umz,‘é;mu )
P (AB)=P (A)P (B). (11)

Ato ompeneneHue skBuBajeHTHO (10), ecan P (A) >0.
Hanum o6o6ienue onpenenenusi (11) Ha HecKoJIbKO
COOHITHH.

. Co6oitua Ay, A, ..., A, 6ydem Ha3vl8aTOL 83a-
UMHO He3asgucumovimu (UAL He3ABUCUMbBIMU 8 COBO-
KYNHOCTU, UAU MPOCTO HE3ABUCUMbIMU), eCAu OAR
scex Kombunayuti unlexcos 1Kii<<in<< ..s
e<bssn (k=2,...,n) umeen '

P(Aydy ... A)=P (A)P(Ay) ... P (4s). (12)

Ecnu (12) BbImosHEHO TONMBKO mpH B =2, TO COGHI-
TH Ha3bIBAIOT nondpHo Hesasucumobimu. OTMETHM, YTO
U3 NOMapHOH He3aBHCHMOCTH He CJeAyeT B3aHMHasi He-
3aBHCHMOCTb (cM. 3ajauy 4).

PaccMOTpHM Tenepb CBA3b TeOpETHKO-BEPOSITHOCTHOM
He3aBHCHMOCTH, BBeJeHHOH paBeHcTBaMH (11) u (12),
C IMpHYMHHOH He3aBHCHMOCTbIO peaJibHbIX COOBITHH.
ITycts npu n' Habuaoaenusx cobwutus A, B u AB mpo-
H3OIIJIH COOTBETCTBEHHO Ma, N U nap pa3. Y3 cBoiicTBa
YCTOHUHBOCTH YacTOT CJAEAYIOT HpHOJMKEHHble DPaBeH-
cTBa: :

n n n, '
S~P(4), I~P([B), 4L ~P(4B),

Pap - P(4B)
T2~ P(A1B) =5 g

CuenosatenbHo, mjs cobetui A ¥ B He3aBHCHMBIX
B TEOPETHKO-BEPOSITHOCTHOM CMBICJe, H3 paBEHCTBA
P(A|B)= P(A) chepyer O0XHIATb BHINOJHEHHS NpH-
GJIHKEHHOTO DABEHCTBA fap/Np ~S'Na/n WIH, YTO 3SKBH-
BaJIEHTHO,

"aB ., "a

—_—

n n

5 -
5|

OTO CBOMCTBO AMA NMPHYMHHO-HE3ABHCHMbIX cOOLITHA A
H B yCcTaHOB/IeHO A/HTe/IBHOM NPAKTHKONM. »

Ipu nocrpoenun marematHueckofi Mogenn wacTo He-
TNOMb3YIOT CNEAYIOWMA NPUHIKMI: NPULUHHO-HE3A8UCU-
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.

Mole COOLITUS He3a8UCUMbBL B “TEOPETUKO-8EPOATHOCTHOM
cmovicae. OTMETHM, i9TO -9TOT IPHHOHN He MOXKeT $Bv
~ JIAThCSA TEOPEMOH, Tak Kak OH COPMYJHPOBAH He B Tep+
MUHAX MaTeMaTHuecKoif Mojaenu. Pasenctsa (11) u (12)
HCIIOME3YIOTCH GOHIUHO He JJIf™ YCTAHOBJEHHS! "He3aBHCH-
MOCTH, a IAs ONpEeAe/EHUs] BEPOSITHOCTEH NpPOH3BEXEHHH .
COGBHITHIL NpH TOCTPOEHHU MaTeMaTHIECKOH MOJEJH ONbl-
TOB, HCXOZAMH KOTOPBIX SIBJASIOTCH MPHYMHHO-HE3aBU«
-, cHMble cOOBITHS, TaKHe MOCTPOEHHSI MPOBOJATCI B'§ 3.

\

2.4. MpuMenenne ¢GopMyasl NOJHOH “BEPOSATHOCTH. -
Paccmorpum - mpumep, -KOTOpBifi JaeT -HEKOTOpOe ‘Ipen-
cTaBJieHHe 00 MCIOJIb30BaHHH q)opmy.nbx MOJIHO# BEpOAT-
HOCTH TNpPH HKCCAENOBAHHH 'CNYyUaHHEIX ‘POLeccoB C He-
/TIpEepHIBHBIM BpeMeHeM.

- TIpmmep 5. BeposTHOCTb -TOCTYNJEHHs HA ‘Tee-
(OHHYI0O JIMHMIO ONHOrO BHI30Ba 3a Bpemsi -(f {-+h)
paBHa‘¢h--+ o(h),*h - 0; BepOATHOCTH TOI'0, -UTO HU: OJHH
BHI30B.3a'BpeMs ‘({, t+h) JHe 'TIOCTYNHT, paBHal-—oh -
Y-o(h).’Ecnu -nuHua 3aHATa, TO:BH30B Tepsercs. ‘Ecan
* B MOMEHT { ellle MPOIOJIIKAETCs "Pa3roBop, 'TO -3a BpeMs
(¢, t4+*k) OH - OKOHUHTCH ~C "BepOSTHOCTHIO Bh--0(h),
h—0. BEI30BBI -NOCTYNAIOT ~HE3ABUCHMO “ApPYT OT “IpYyra.
Haiigem BepositHoCTb Po(f) TOro, uTo JIMHHS B MOMEHT:E
cBo6OMHA, M BepoATHOCTb Py(f) TOro, uTO JIMHHSA. 3aHATA.

TlpexamonoxuM cpasy, ‘uTo "MOAXOJSALIEE -BEPOSITHOCT-
HOe NMPOCTPAHCTBO.CYIIECTBYET H UTO JJIs HHTEPSCYIOMHK
Hac COGbITHH : -

[N

B = {nunus B MomeHt ¢ cBoGonma},
B’ ={aunus B MoMeHr.{ 3aHATa}
TIPH KaxKI0M ¢ Bepomﬂocﬁr Po()=P (B{), P; ()=P. (B‘;")
onpefeneHs u HempepslBHH mo f. “Tak -Kak
B;O) _I_ B(l) Q B(O)B(l) — @,
T0 1O (hopmye moaHol BeposTHocTH (11) ' 1
P (B1) = P (BI")P (Bik | B7) 4P (B2) P (B2 ol B,
(13)

CBoGoaHast B MOMEHT BpeMeHH ! JIMHHA OCTaHeTCsl CBO-
Gonmoii B MOMeHT {4 h, eciu 3a Bpema (f,f--h) Bbi30-
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BoB He Oyner. Tak Kak Apyrue coObITHs, NMPH KOTOPHIX

JIHHHUS OCTaHeTCs CBOGOAHOH B MOMEHT f - A, HMEIOT .Be-
posiTHOCTD. 0 (f), TO

P(Bi4|BY) =1—ah +o(h).

3ansTas. B.MOMEHT f JHHAS 6yjeT.CBOGOAHOA K MOMEHTY
t 4 h, ec/ii. 3aKOHYHTCA PaA3roBOp. H 3a BpeMs: (f, { +-h)
HOBBIX BBI30BOB He OyJeT. Bepoamocn 9TOTO. COébITH}{

paBHa’
Br 4o (M) (1 — ah_--l— Ot(h)) =ph+ 0‘(/1).

Dra BEPOSITHOCTb BHOCHT OCHOBHO# BKJaj B P (B | B{").

CyMMa OCTaJIbHBIX- cjaraeMbix paBHa o(h). Takum Q0.

pasom,
P (BPn| Bi") ==-Bh + o ().

ToacraBasis HaildeHHBIE YCAOBHBIE BePOSTHOCTH. Bi-(13)
H. Hcroab3ysi- 0603Havenus Py(f), Pi(t); moayuum

Pyt + k) = (1= ah) Py () + BAPL(t) + 0.(h)..
Otcrona — “
o DlEBZPD Ry )+ BP0+ o (D).

- INepexons K npeseay npu h— 0, noayuum-

- dpP, (t . )
2RO P+ P (). (14)
Anajoruyno HailfieM ypaBHeHnue s P (f): )
dP, (t). . -
‘d—lt(t)‘=apo (&) —BP (0). (15)

TMonaras Py(0)=1, P;(0)=0, HaﬁﬁeM pelieHne  CH-
cremnl- (14)—(15): - . - :

) =B e —(a+p) ¢
Po(t) '—“0+ﬂ.+ ’r+ﬂt'e‘ (@+f) ’ (16-)’
Pi(f) = ——r +§ ai"ﬂ“e-—(aw)g_

Ilpu ¢— 0o BeposatuocTs P;(f) cTpemurcs K BEIHUHHE:
@/ (o 4 f). EcTecTBeHHO, YTO C POCTOM HHTEHCHBHOCTH

NMOCTyINJIeHHS" BbI3OBOB’ a‘BEPOﬂTHOCTb SaHﬂTOCTH JHHHU

yBeJsnuuBaetcs.
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3apaun

1. Bpoweno aBe HrpaibHHX KocTH. KakoBa BeposiTHOCTb TOTO,
YTO BHINANO ABe «3», eCAH H3BECTHO, YTO CyMMa BHINABIUMX OYKOB
JeNHTCH Ha TPH?

2, M3 muoxkectBa uncen {l, 2, ..., N} no cxeme cayuyaiiHoro
BHGOpa Ge3 Bo3BpauleHus BHOUpaOTCs TPH uucaa. Hafitd yenosnyio
BEPOATHOCTb TOr'0, YTO TPETbe YHCJIO NOMAajeT B HHTEpBaJ, 06pa3o-
BaHHHI NMEPBHIMH ABYMS, €CJIH H3BECTHO, 4TO MEPBOE UYUCIO MeHbIUe
BTOpOTO.

8. Jlokasatb, uT0 cOGHTHs A M B He3aBMCHMH, eC/H He3aBH«
CHMHBI coGritus A u B.

4. Cnyuaiinas touka (E;, E2) HMeeT paBHOMEDHOE pacnpenenes

HHe B KBagpare {(x;, %): 0< <<, O0<xo<< 1)L I'chn,

ci={aret ) eom{uct ] m{ (5-3) (i) o)

ITokasatb, uto co6nitua C;, Cp; C3 NONApHO HE3aBHCUMH. $IB-
Jsioress aH co6nTus Cy, Cp, C; B3aHMHO HE3aBHCHMBIMH? 3aBHCHMEI
au co6utus C,Cy u Cg?

5. CoGeitusa A;, Az A3, Ay B3aHMHO He3aBHCHMEL, P(Ak)'= Py
k=1, 2, 3, 4. Haiitu BepoatHoctn cobmruii: 1) A,A3A4 2) A1+
+ Ag; 3) (A1 + As) (As+ Ay). ,

6. DyekTpuueckass Hemb cocTaBleHa H3 3JeMeHTOB Ax, k=1,
2, 3, mo cxeme, npusenerHo# Ha puc. 5. Ilpu BHXOZE H3 CTPOS JIO-

®©

Puc. 5.

~—

Goro sjieMeHTa Henb B MECTe €ro BKJIOYEHHs pa3phiBaerca. BeposTt-
HOCTb BbIXOAa M3 CTPOS 32 HaHHBII mepuoj ajneMenta Ap paBHa pg,
k=1, 2, 3. Tlpeanonaraercs, 4TO 3/JEMEHTHl BHIXOXSAT HJH He BHl«
XOZAT M3 CTPos He3aBHCHMO Apyr oT ppyra. Haiitu BeposiTHOCTb
TOrO, YTO 33 pacCcMaTpPHBaeMblH NEpPHOX HO uenu GYyAeT NPOXOAHTH
TOK. ' -

7. YnpoueHHas cHCTeMa KOHTPOJS H3JeMufi COCTOMT M3 ABYX He-
3aBHCHMBIX NIIPOBepOK. B pesyabrare k-it mpoBepk (k = 1,2) uaze-
JIHe, YIOOBJIETBOpSIOllee CTAHAApTy, OTOPAaKOBHIBAETCS C BEpOAT-
HoCTbIO Pk, a OpakoBaHHOe H3JieJHe NPHHUMAETCS C BEPOSITHOCTHIO
o Mispenue npunuMMaertcs, ecau oHo mpouo ob6e npoeepku. Haiitu
BepOSITHOCTH COOBITHIA: s

1) GpaxoBaHHOe M3xenHe GyneT NPHHATO,

2) u3penue, yIoBAeTBOpSIOLlee CTaHAApTy, GyZeT OTGPaKoBaHO.

8. B nepBoit ypHe 2 GesnbiXx H 4 4epHHIX lIapa, a BO BTOpof —
3 Geanix M 1 uepbifi map. Vs meppoii ypHHI HepeNOXHJH BO BTO-
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3.1, OMPEAEJEHHE HE3ABVCHMBIX HCITBITAHH ne

pywo ABa Wwapa. HafiTu BeposTHOCTH TOrO, YTO- Wap, BHHYTH H3
2} ypHH IOCTe NEPeKNafHBAHUS, OKAXKeTCs GelkM.

9. Wsnenusi MOCTYnaloT Ha MPOBEPKY, OMHCAHHYW B 3ajaue 7,
Ipexnonaras, u4TO Kax/Oe, H3Je/He YIOBJETBOPSIET CTaHAAPTY C Bes
POSTHOCTBIO p, HAHTH CIEAYIOUHE BEPOSTHOCTH:

1) BepOATHOCTb TOro, YTO NOCTYNHBIlee HA NPOBEPKY H3Jenne
He 6yler oT6PaKoOBaHO; ‘

~ 2) BepOATHOCTb TOrO, 4TO HEOTGPAaKOBAHHOe H3JENHe YIOBJIETBO
psieT CTaHAapTy.

10. IMpeanonoxum, uyto 5% Bcex ‘Myxunn u 0,25% Bcex KeH«
muH ganbToHukH. Hayraxp BrGpaHHOe /unO OKas3ajoch JalbTOHH-
KoM. KaxkoBa BepOsAITHOCTb, 4TO 3T0 MyxKuuHa? (CYHTaTh, YTO MYXK=
YHH M 3KeHIHH OZHHAKOBOE YHCJO.) -

11. Tlo xaHany cBsI3sH MOXeT GHITb NMepeJaHa OAHA H3 Tpex MO-
caepoBaTenbHocTelt Oyk: AAAA, BBBB, CCCC; usBecTHO, 4TO Be-
POSITHOCTH KaXKJAOH H3 MOC/eX0BaTeNLHOCTEH PaBHB COOTBETCTBEHHO
0,3; 0,4; 0,3. B pesyabraTe wymoB GykBa NPHHHMAETCS NpPaBHJBHO
¢ BepoatHocTeio 0,6. BeposiTHoCTH npuema mnepenaHHofi OYKBH 3a
pse apyrue pasen 0,2 u 0,2. Ilpexnonaraercs, uto GYKBH HCKa-
XaJOTCS1 He3aBHCHMO APYyr or Apyra. Haifith BeposiTHOCTH TOro, 4t0
nepexaio AAAA, eciH. Ha [pHEMHOM YCTPOCTBE IOJYYEHO
ABCA~ )

12, BepodaTHOCTb TOrQ, YTO MOJEKYJa, HCOHTABIIAS B MOMEHT
t = 0 CTONKHOBeHHe C APYrofl MOJEKYJOX H He HMeBIIas JAPYrUX
CTOJIKHOBEHHH 10 MOMeHTa !, HCNHTaeT CTOJKHOBEHHE B NPOMEXY-
Tok Bpemenn (f, ¢-h), pasaa M 4 o(h), h—0. Hafiru Bepost-
HOCTb TOro, YTO ‘BpeMsi cBOGoxHoro mnpoGera Gyamer Gousbime #.

13. MsMenuM ycnoBHs paGoThl TeneOHHOH JIHHHH, OMHCAaH-
Ho#l B mpumepe 5. Byzem cunTath, YTO NpH 3aHATOM JHMHAH BHI3OBHI
He TepsSIIOTCA, a CTaHOBsitcA B ouepenb. OGosnauum Pr(f) Beposr-
HOCTb TQro, YTO B MOMEHT { ONMH BHI30B: o6ciayxuBaercsi u k— 1
o6pasyior ouepenb (£ = 1); Py(f) — BEpPOATHOCTb _TOTO, UTO JHHHSA
cBob6oana. Cocraputh nas Pr(f) nuddepeHunaibHEe ypapHeHHs.
Haiitu tlim P, (t)=nk, ecan 0 =a/pf <. .

-> 00

§ 3. IOCJIENOBATEJBHOCTb HCHLITAHU M &

3.1. OnpeneneHue nocienoBaTeIbHOCTH HE3aBHCHMbIX
ucnbitannid. Mcnbitanuem (HaGoiiofeHueM,. sKCIepHMeH-
TOM) OGHIYHO Ha3bIBAIOT COBOKYIHOCTb OMNpeJeNeHHBIX
YCIIOBHH, IIPH KOTOPHIX MOTYT OCYILIECTBHTbCS HEKOTOpBIE
ciayuaiinsle cOOBITHSI. B pesy/bTaTe KaKJOro MCIBITAHHSA
NOSIBAISIETCSI OJHO H3 HECKOJBbKHX IONMapHO HeCOBMECT-
HbIX COOLITHH, KOTOpBIe_MBI Ha3oBeM, HcxogaMu. Hampu-
Mep, HCObITAHHE, COCTOfLllee B KOHTPOJI€ TFOTOBOTO H3<
Aesns, MOXET OKOHYHMTbCA OJHHM M3 [BYX HCXOJOB:
An00 H3JeJHE OKaXKeTCAd TOAHEIM, JHG0 — JedeKTHLIM.
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- JlaauM: OnmMCaHHe . TEOPETHKO-BEPOATHOCTHOMN " MOAENH -
NoC/eloBaTe/IbHOCTH He3aBHCHUMBIX: HcHbITaHHE! IlycTh-
B KaXKAOM HCIBITAaHMH MOXeT HACTYNHTb OJAHH H3.7 HC<
xomos, 1, 2, ,.., r, U COOHITHS, . CBSI3aHHbIE C. pa3fAHys
HBIMH: HCIBITaHHAMH; — NPHYHHHO-He3aBUCHUMBL: Toraa
B MaTeMaTHYeCKOH MOJEJH, KOTOPYIO MBI IIOCTPOHM, CO--
OTBETCTBYIOIIHE COGBITHS [OJKHEI OBITh HE32aBHCHMHEL
B- TEODETHKO-BEPOATHOCTHOM cMbicsie (cMm. §. 12, (2)).
Pesy/ibTaT # HCHBITAHMII: MOXKHO: 32IIUCATh: B. BHAE. Lg+-
NOYKH X1, X2, ss., Xn; TA€ Xi— HCXOHK- {-TO- HCIIBITAHHKS:
3a MHOXKECTBO Q2 MOXKHO IPHHATHL MHOXKECTBO BCEX BO3-
MOXHBIX LeNOYeK o == (X1, X2, .+, Xn). TaKuM.06pasoit,

Q={@}’ co=(x1,,x2,‘ eeey xn); -
el 25 ..., 1), =1, 2, «e. . -+ (1)

. Coboite Aj(f)={8 {-M-MeNmBITAaHUH HACTYHI: HCXON (}*
MOXHO Telepb BbIPA3UTh yepe3 3JeMeHTapHbIE COGBITIIA.
~ KaK NOJAMHOKeCTBO Q:

Aj(O) ={o="{x1, %2 «v0, %) x¢'=i};‘
=1, ..., n, i=1 ..., 1.

C Ipyrofi CTOPOHHI, 3JIeMEHTapHOe COGBITHE © ==(X1, +:+
s.., Xn) NpeAcTaBJseTCS- KaK NpPOH3BeleHHe COGLITHI"
Ai(t): : :

= (xl, e oy xn) =A':gl (‘I)sz‘(g) LA A‘j‘n (ﬂ)‘ (2);

dJieMeHTapHbIe Bepohmocm“p((q);' HCXOAS H3 dhopmya
(2) u (12) u3 § 2, onpefesum paBeHCTBOM

p (o) == PxPxy eov Pxps. 3)

rjie BEepOATHOCTH HCXOJOB OTAEIbHBIX HCHBITAHHH pp ==
= P(Ax(¢)); t=1, ..., n, k=1, ..., r; yAOBJIETBO-
PAIOT YCJAOBHSAM. -

p

Pe=0, k=1,...,1; k;‘pk:l. ).

HocaedosaresvrocTolo  He3agucuMmblX: UENLITA-

- _Huil HGa3bIBAETCA KOHEUHASR BEPOATHOCTHAS: CXeME,.

8 KOTOPOIL BePOATHOCTU, INEMEHTAPHLLL COBLLTLL

onpedeasrorca. gopmyrod- (3) Kax npoussedenus
8epoaTHocTell: ucx0008 OTOLAbHOLX UCHHLITAHUL, .

et s ads o
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TIoc/Ie0BATE/bHOCTS HE3ABMCHMEX HCHBITAHUI ‘MBI
GyAeM HHOTIA HA3LIBATE: £GX8MOL He3ABUCUMbLY UCNLLTA
HULL- U NOARUHAMHAALHOLCXeMOL,

Hacto IPBUXOEHUTCA pacCMATPHBATL - ROCJAEN0BATENb
HOCTH ~HCIIBITAHBH "C/ ABYMS iMCXOHAMH: (H3Te/He ©0Kaza~
JIOCH TOJHBIM "KW JAEDEKTHBIM; THA . JIOTePedHbIi rOHIeT
TI04y4eH sBHHTPBIII HJIH #HeT; JIpH6op .82 paceMaTpHBae-
AMHIH ) mepHoe] :BpeMeru . paboTas "HOPMAaJIBHO sHJTH OTKA3ai
CHT. A

Jactuoui cayuail cxemol HE3aBUCUMBEX .UCRLLTAA
Hudl, 8.KQTOPOM KaxndOe .UCNbITAHUE MOXCET .3AKOH~
4UTLCA . TOAbKO. OOHUM . U3. Q8YX UCX0008, uaameafor
.cxemoil Bepryaau.

OGBIYHO .3TH HCXOJBl HA3hIBAIOT «YCIIEXOM» H «HEY/Aa<
uefi», .a HX .BepoATHOCTH 0003HAYAOT .p U .0 = 1—p
(0.<<,p <<'1) .COOTBETCTBEHHO. &Y CHEXH» .M <HEYAAUH»
IJisi KpaTKoCcTH Gynem o6Go3HauaTh cuMBoJaMu .Y -u . H
witn 1.1 0.cooTBeTcTBeHHO..B cxeme . Bepuymiu.c n ue-
ULITAHUSMH UMeeM .

Q={v}, ‘@=(x{, -o..,3%}), wy={0; "1}, t=1, ..., "

«(5)
‘OueBHIHO, [MTO AHCJAO «YCHEXQB» ‘(HJIH-gHCIO «13) B I«
nouke o ={xi, Xz, ..., 'Xa) 'PaBHO "cyMMe X1+ X2+ ..

4 Xn. "DneMeHTapHble BEPOSITHOCTH, ~ONPENEEHHEE
(bopmynou (3), mnst® cxembl BepHy/IIH HMEIOT CreAyio-
IIM#A BUA:

- e it XXt e X, (X F e +X -

pl@)=p U e gt ) Gy, 1, ). (6)
HOns cxembl BepHynau dacto r[pe].lCTaBJIHET HHTepec CO-
OBITHE -

~.Bp={B.n-UCNBITAHHAX .HACTYIUJIO ,DOBHO /M yCHnexos}.

‘T=eo premsail.:Bepoarsnocte! P{Ba) 11020, 4T0: 8 n ucs
noiranuax cxemot Bepryamau zmwrynu/zu ‘POBHO :m_ycne=
xo08, onpeae/merm,tpopmyﬂod .

P(Bs)= Cp'% BT, m=0,1y 0 0, (1)

_20e pp —BEPOATHOGCTS. ,ycnexa 8 .0TAeABHOM . UCRLITAHUL,
HoxasaTtexbcTBoO. 'Coébrrue Bm -QUpeNieNseTcy
KaK:NOAMHOXKeCTBO Q:

B0 =1xy, o) pdhigd . -, =m},

b v -
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Cuaeposarensno, P (B,)= Z p(0). Tak kak cordace
[X=¥:]

m
Ho ¢opmyse (6) saeMenTapHbie BepOATHOCTH P (@)=
= p™q"=™ [pu JIO60M. @ € Bm, TO A/ BbIYHC/EHHS Be-
POATHOCTH OCTaJlOCh ONpPeAeNHTb UHCIO |Bm| anemen-
. TapHbIX COGBITHH, BXOAAIMX B, Bm. Yucio |Bm| cos-
najaer, OUeBHJHO, C YHCJIOM CIOCOGOB BHIGOpa m MeCT
A9 «1» B LleNIOYKe ®, TaK KaK OCTaBLIHeCS MecTa OLHO-

3HauHo sanonuiTea «0». Otciona | Bm|=Cr u P (Bm)=

Hpumep 1. Cucrema, coctaBaeHHass u3 7 6JIOKOB,
paboraeT HCNIpaBHO, eC/IM_3a paccMaTpHUBaeMBIil IepHOX
" BHIHET M3 cTpos He GoJiee ABYX GaokoB. Haiimem Be-
POSATHOCTb 0e30TKa3HO# pabGoThl CHCTEMbl B NPeANoJo-
JKeHHH, YTO OTKa3bl OJIOKOB SIBJASIOTCH He3aBHCHMEIMH
COOBITHAIMM H BEPOSITHOCTb OTKa3a KaXAoro G6JioKa
- paBHa p.

B KauecTBe MOMeJH BOCIOJib3yeMcs cxemoﬁ Bep-
HYJUIM ¢ 7 HcHblTaHMAMH. KaXnoe HCIBITaHHe 3aKJIO-
'yaeTcs B paGore gaHoro u3 GIOKOB, 32 paccMaTpuBaeMblil
nepuon. Jss yno6CTBa HCIOJNb30BaHHsA - popMyasl (7)
HaaoBeM «ycrmexoM» BbIXxoj G6Jsoka Hu3 crpod. IlycTb

= {cuctema paGoraer GesoTkasHo}. Torga A = By,
+31 -+ Bs, rae Bm = {BBIXOA U3 CTpOsi m 61101{03} Or-
CIofa, ucnoab3ys ¢opmyny (7), noaydum

P(A)“‘P(Bo)-I-P(Bn)-I-P(Bz)—-
oo L = npgt 4 282D s,

s

N

Mpumep 2. Urpaabuaa xocte nmopbpomena 10pas.
‘Haiinem BeposTHOoCcTs P (B3) TOro, uTo BHINAJO POBHO
Tpu «6». B ¢opmyne (7) HyXKHO NOJOXKHTb n =10,
"m=3, p=1/6, ¢g=25/6. Torna

PB)=Ch (%) (3) =15 = 0,155045

TMonyunm oGoGuieHue dopmynst (7) Ha caydait no-
JIMHOMHAJIbHOH CXeMHI.

Teopema 2. Bepo;zmocrb Pnp(my, +.., m;) TO0O,
4TO 8 UCNLITAHUAX NOAUHOMUAALHOE CXembl Ucxod «1»
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HACTYnuA my pas, ucxo0 «2» — ms pas, ..., Ucxo00 «r» —
m, pas, onpedesserca pasencTeom”

. nl

Pn(ml""’mr)=m1!mgl...mrlp1 "’pf ! (8)
20e pr — 8epoATHOCTL ucxo0a k 8 oTdesbHOM UCNbITAHUU
(=1, ..., r); mi, ..., mr—yesvie HeoTpUyATEALHOLE
wucaa, yoosaerTseopaowue pasexcTsy my -+ mp -+ e
oo +my=n.

,[onasaTe.n BCTBO. I'ch'rb B = {cpenu n HCTIB
TaHUH Hcxon «l» mosBMJICA my pas, ..., HCXOH «r» MO:

asuicsd m, pas}. Has JmoGoro s.nemeHTapHoro COOBITHSA
o & B nveeM p(0)=p;ipa?... pyr. Yucio |B| asne-

MeHTapHbIX COOHBITHH, BXOAAIIMX B B, meTpyaHo mnon-
cuntath. Mcxon «1» Ha my MeCTax HENOYKH @ = (Xq, ...

...y Xr) MOXHO pacnoJoxuth Cp' cHOCOGaMH; HCXOX
«2» Ha OCTABIIHXCA A — M) MeCTaX- MOXKHO PACIOJIOXHTDb -

Cr2 Z cnoco6amu u T. 1. Takum o6pasom,
n!

m: ~m m e e e,
,BI=Cn 1Cnfml 20 ‘.Cn:ml— ces =M,y _ mylmyl ... .n?,.l *
CaenoBaTenbHO, ) ' )
r ‘ nl :
P(B)= ZBp((D)=| Blp,m‘ oo p:"'=mp;"‘. . .p:"".
o=

Teopema ZIoKa3aHa.

dopmyna (7) noayyaercs H3 (bopMme (8) ecsd
MNONIOXHTb r =2, py=p, pa=1—p=gq.

‘PaccMOTpUM HECKOJIBKO BaXKHBIX YaCTHBIX CJydaeB
CXeMbl HE3aBHCHUMBIX MCIBITAHM.

C/zyttauubte uucaa. PaCCMOTpPlM [10C/IEI0BATENHOCTS
HEe3aBHCHMBIX HCHBITaHHA € r = 10 ucxomams, KOTOpHIe
MbI 0603HauuM 1, 2, ..., 9, 0. BeposiTHOCTH 3THX MCXOAOB
B OTHEJbHBIX HCHBTAHUAX 0003HAYHM COOTBETCTBEHHO
P1, P2, <. ., Plo.

Ecau nosowcure py = ps= ... =p10=l/10,

TO NOAY4EHHAS 6EPOATHOCTHAA CXeMa cosnader

C 8epOATHOCTHOU cxemoti, 8gedenrnoti 8 § 1 Oan

© - onpedeseHUR CAYHALHLLY - 4UCes HA octose Kaac-
cuuecKoz2o onpedenenus 8epPOATHOCTU.

- IIpumep. 3. Haiinem BEPOATHOCTb Py (10, 2 3, 5)
TOro,. 4To cpe;m 20 coryyaiiHBIX “yMcea HMeeTcs - posno
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48 ’ § ¥ NOCJIENOBATENBHOCTE HCHBITAHUR

10 werHbIX mudp, ABe «TPOHKH» M TpPH «ceMepKu». Ilas
BHIUHC/IEHHS YKa3aHHOH BEPOSITHOCTH KOHEUYHYIO™ CXeMy,
OTpeAeNAIOIYI0 CaydYalHble yHcsaa, YAOOHO CBECTH K HO-
CJIEOBATENbHOCTH HE3aBHCHMBIX HCIBITAHHEH, B KaI0M
M3 KOTOPBIX BO3MOXKHO MNOSIBJIEHHE OJHOrO H3 ueThipex
HcxonoB: 1) uetHas uudpa, 2) Tpoiika, 3) ceMmepka,
4) Bce ocrajbHOe. BepOSTHOCTH 3THX HCXOJOB PaBHBI
.COOTBeTCTBeHHO- p1 == 5/10, py == py=1/10, ps=3/10.
Ilo popmyne (8) monyuum ‘

T Pe(10,2.3,8) =g ()" (45) ()"

B nocsienoBaTeNbHOCTH -HE3aBUCHMBIX HCIIBITAHHN HHOTAA
N WCTIHITAHHHE HHTEPNPETHPYIQT KaK -pasMelleHHe £ yac<

. MR 10 r == N siuefikaM; BepOSITHOCTb. pi (i =-1, ..., N),

, SIBJISIETCS BEPOSITHOCTHIO NMONafaHUS YaCTHIBL B i-I0 fuCil-
Ky. B cayuae py= ps == ... =p~v==1/N cxemy pasme=
IIEHHs] YaCTHL MO siuefikaM Ha3bIBaIOT PABHOBEPOATHOL.
(UHorma roBopsiT 0 pa3MelleHHH ' «APOGHHOK MO SIILH=
KaM» BMECTO.— «YaCTHI[ 110 suefKaM»,)

. K sagauam 0 pasMmemieHHMH OTHOCATCH TaKiKe pas-
JHYHBIE 3aaUH O IHSIX POXKIEHHS». -
Ilpumep 4. B rpynne 25-cTyaeHToB. Boluncaum Be-

_ POSITHOCTb TOTO, UTO HaWAyTes XoTa Obl ABa CTYAEHTA
¢ obumM JaHeM poxnaeHus. Bymem mnpepnojaraTb, 4TO
JHHM POXKAEHHS He3aBHCHMBI M NONAafaHHe JHSA POXKAEHHS
Ha olpelejeHHbl aeHp roma -paBHa 1/365. Ilycrb co-
6nte A = {Hafinyrcsa xoTs Gbl ABa CTyZleHTa c O6iIUM
nHeM poxpenus}. Torma A= {Bce QHH POXKJEHHS MpHU-
XONATCA Ha pasHble JHH. FOAa}. DJIeMeHTapHBIMH COOBI< .
THAMH @ B JaHHOH 3ajaue ~ABJSAIOTCA UENOYKH © = .
==(X1, X2, ++., X25), DA€ X;— JAeHb roja, SBJAIOLIHHCA
IHEM pOXAeHHs l-ro- cTyaeHTa; x;— BTOpOfo M T. [ :
Toraa mast nw06oro @ MO OMpefeJeHHI0 CXeMBl He3aBH- .
CHMBIX HCTHTaHHH p(0)==(1/365)%,a P (4)=|4|/365%, ,
rie |A|— uHcie 3jeMeHTapHBIX COGBITHI, BXOAAMMX B A,
Tak Kak [i @, BXOASUMX B A, CPelH X1, ..., X5 HET . 1
COBNaJaI0IHUX, TO 3HAUeHHe X; MOXHO BeIOpaTh 365 cmo- | ;
cobamu; 3HaueHHe X» ~— 364 cmocoGamu (n060H HeHB
KpOMe BbIGpaHHOrO [Jisi POXAeHHS 1-rO CTYAEeHTa); 3Ha<

_YeHHe X3 — BeIGMpaercsi 363 cmocofamu u T. A. B pe-
‘synbTaTe Haxoaum - |A|=365-364+ .y 341, Otcioma

T

|
1
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P(2) = (365:364+« ,.s 0341)/36525=043130.‘ H, Cle-
JIOBaTeJbHO,

g P ) =1—P (4)=056860 ... o

3.2, OGwee onpeneneHne NOCAENOBATEAbHOCTH HCIbl+
taumuii, OO6liee OMHCaHHE TEOPETHUKO- Bepoa’moc'mon MO+
A€M TIOCTIENOBATEJNbHOCTH HCIBITAHHH (He 0653aTEJBHO -
He3aBHCHMbIX) HaJMM B TEPMHHAX H3MEHEHHs COCTOAHHUM
HEKOTOPOH  «YaCTHLB» (U1K g)nanecxon CHCTEMBI ) ¢
Ilycts uyacTHma- MOXET HAaXOAWUTbCH B OXHOM H3 .7 CO- -
croannil, PaccMoTpuM 7 mocienoBaTesNbHBIX COCTOSIHHH
yacTHIbl. 32 MHOXecTBO Q= {®} NpHMeM MHOXKECTBO
BCeX BO3MOXKHBIX «TPAEKTOPHi» YAaCTHUB © = (X1, X2, .+«
sesy Xn), Tl Xt— COCTOSIHME YaCTHLUH B MOMEHT f, {==
=1, 2, ., n. Takum o6pasom, umeeM
Q—{(o} O=(X1y ees, X))y, %:={1,2,...,1}, t—l, cony e

(9)

Ecnu H3BECTHHI yCIOBHBIE BepoaTHocTn Per(Xeq1] X1, 5ee
i+, Xf) TOTO, UTO YACTHLA B MOMeHT ¢ 1 Haxopunach
B COCTOSIHHH X¢41, IPH YCJOBHH, YTO B MOMeHTH 1, 2, ...
, 1 ee COCTOSIHMUSIMH SIBASJIUCHL X1, X2, ..., Xt TO CO-
r.nacno dopmyse (6) § 2 BepOATHOCTb 37€MEHTAPHOrO

-~

COOBITHSL @ == (X1, 444y -Xn) ONpEACASCTCH ORHO3HAYHO:

(@)—Pl (xl) PalXe | X1) Pa(xs |21, 25) 5 .«
eoe PrlXnl®y o0, xn—l) (10)

3aech py(x1) — BEPOATHOCTb 'TOTO, YTO *qacmna B MOMEHT
{ =1 HaxoAHTCA B COCTOSHHH X1. - =
Koneunas eepostHocTras  cxema, 8 xoropod-
_ mHoxcecTso ‘Q onpedersercn - pasencrsom (9), a
. asemenTapHble BepoarnacTu  Gopmysod (10), Ha-
8618aeTCA NOCAeD0BATEABHOCTHIO N UCHOLITAKUL . T,
ucxodamu. - .

Onucande MHOxecTBa @ I CXeMBbl IOC/EN0BaTEl]b-
HBIX MCNBITAHMHA B BHIAE MHOXKECTBAa_ TPAaeKTOPHH @ ==
= (X, +..r Xn) HeKo'ropoﬁ yacTHLIBE YAO6HO, TaK KakK
06/1afa€T M3BECTHOH HATJIAAHOCTbHIO. DTO 0GpasHOe OnH-
CaHHe MOXKHO IIPUMEHSTb K CAaMbIM DasiiHyHbIM CXeMaM,
He MMEIOLIAM HHKAKOro OTHOLIEHHS K «YaCTHLAM»_H HX
«cocrogHusam». Hamnpumep, B TepMHHAX YCJIOBHHX Be-
pomﬂoc'reﬁ €CTECTBEHHO ONpeNeJIieTC CXeEMa cuaydail-

.

e
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- \
HOro BhIOOpa Ge3 BO3BpallCHHS & 2JEeMEeHTOB u3 N aje- -
.MeHTOB (cM. § 1, npumep 5). B atom ciyuae anemenrap-

Hble COOLITH © ==(X1, X2, ..., Xn)  ONpEHENsOTCA KakK
pasMmelenus U3 N 3/1eMeHTOB o n, a YyCIOBHble BEpOSAT-
HOCTH p:(Xt|X1, ..., Xt—1) ONPENENSOTCA CJEAYIOLHHM

06pa3oM: ec/lH H3BJeEYeHO { MmapoB, TO NPH CJexyoIeM
HCOBITaHUK JI060H M3 ocTaBmuXcs N — ¢ mapoB u3BJe-
KaeTcss c BeposaTHocThio 1/(N—1t). Takum o6pasowm,

1 1
B 3TOM Ciyvae py (xl)=Tv" pe(xel %1y oney xt-x)=ﬁ:;
H Olpefle/ieHHe 3/leMeHTapHBIX BepOATHOCTEH :
p(0)=
=Py (%1) P2 (%21 X1) p3 (%3] %1, X2) « - pu(xnlxy, o) Xpor) ==
1 1 1 1
TNN—1 T N—n+1 N#

coBmajaer ¢ TeM, KoTopoe jaaHo B § 1 (mpumep 5).

[Mpumep 5. Cpeau n kialoueli K ABepH NOAXOIMUT
Toabko oauH. Ilo cxeme cayuafinoro BelGopa 6e3 BO3-
BpalleHHs KJIOYH H3BJIEKAIOTCA A0 TeX IIOp, NMOoKa He
NOSIBUTCS HYXHBIH kaou. Haitnem BePOSITHOCTH COGHITHI
Ap = {HyXHBI}l KJIIOU BIepBble MOABHJCA NMPH K-M HCIIBI-
TaHHHU}.

Bocnosbayemcsi cxeMmoii ciayuaiiHoro Bel6opa Ge3 BO3-
BpALEHHs], ONPE/e/ICHHO! B TEPMHHAX YC/IOBHBEIX BEpOAT-
Hocrelt. Tak kak A< A; npu i <<k, TO cobbithe A

MO2KHO MPE/ICTABUTD B BH/IE Ay =4, A2 v.. Ay_1A,. Torza
P(4,)=P(4,.. .%_IAQ_=P(A1_)P (4314) F_’_(§3 | A‘AE)' .

) coe PApa 1A oo Ap ) P(AR A4y .o Apy). -

Bxogsimue B 5Ty (OPMYJy YCIOBHble BepOSITHOCTH He-

TPYAHO HafTH, TaK KaK MO YCJOBHIO 3aJayH BEpOSITHO-

CTH NOsIBJEHHs JIIOGOr0 M3 OCTaBIIMXCS K na}mowy HC-
OBITAHUIO IAPOB onuHakoBbl. TakuM 06pasom,

PA) =221, P&LIA)=4=T, .-
n—k+1 .

ooy P14 ... Zk-2)=m.

- 1
PAl Ay vvs A= ;51
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.

H, cjJeaoBaTeJIbHO,
n—l n—2 n-3 n—k+l 1 1

P (A= n'—l’n—z"" n—k+2 n—kf1 n°
06ma;{ cXeMa HCIOBITAHHHA B KauecTBe YaCTHOTO cayyas
COREPKHUT CXeMY He3aBACHMBIX MCIBITaHHH, B KOTOPOH

pe(xelxn, X9 <oy X)) =ps(x), t=1,..., n. (il)

DTy cXeMy HEe3aBHCHMBIX HCIBITAHHH eCTeCTBEHHO Ha-
3BaTh neoduopoauou B OTJIHYHe OT CXEeMbl HE3aBHCHMBIX.
HCNBITAHHH, BBeeHHOH B m. 3.1, Tak Kak BepOATHOCTH
HcXomoB B 1. 3.1 He 3aBHCesH OT HOMepa HCNBITAHHA ¢l

OTMeTHM B 3aKk/IOYeHHe APYrol BaxKHBIH 4YaCTHBIH
cayyail OOIedl CXeMbl IOCJENOBATEJbHOCTH HCIBITaHHI.
Ecau ycJOBHbE BepOSITHOCTH pi(xt|x1, ..., Xi—1) 3aBH-
CSIT TOJILKO OT PE€3YJbTaTa MOCJEAHEr0 HCHLITAHHA, T. &

Pt (el X1, « ooy Xet) = pe (x| x60),

TO - nocneaosaTeanoch HCNBITAHHA HA3bIBAIOT Yenvro
Map/coaa.

~3apauu

1.’ [lsa Mrpoka IOOuEpeNHO H3BJEKAalT Waph (6es Bo3Bpalies
HMS) H3 YpHH, cOfepxkaueil 2 Gennlx H 4 YepHHIX IIapa. Bemrph-
BaeT TOT, KTO NepBHIM BHIHeT Oebiit map. Halith BepoATHOCTH BhI+
urpuma Y4YaCTHHKOB.

2. Ilpu  mepenaue cooGlIeHHS BepOHTHOCTb HCKAXCHHS OXHOT0
sxlaxa pasHa 1/100. B mpeanoJioxKeHHH He3aBHCUMOCTH HCKaXKEHHS
3HAKOB HAHTH BEPOSITHOCTb TOTO, YTO COOGLIEHHe H3 5 3HAKOB: a) He
Gyler HCKaXKeHO; 6) CONEPXKHT DOBHO OLHO HCKaXKeHHe; B) coaep-
KHUT XOTA GBH JBa HCKAXKEHHA.

3. B HerOTOpOIi JI0Tepee BepOSATHOCTh BHLIUTPHINA HA ONHH Guner
pasna_1/5. Tlpeanonarasi, 4TO BHIMIpHIUM HA PasNHuHbE OHJIETH He-
32BHCHAMEL, ONpPEJe]HTh YHCIO GHJCTOB, KOTOpBIE HYXXHO KYMHTb, YTO-
Gb1 BeposiTHOCTD Q(7) moayueHHs XOT# OBl OXHOTO  BHIHrpHIA 6bl1a
He menbme 0,9. Haiitu Q(n) ans storo n. .

4. Ka)x,uoe u3 10 He3aBHCHMHIX HCNHTAHHH 3aK/aO4YaeTcs B NOA-
GpacuiBanuH Tpex MrpajbHHX Koctefl. Haiitu BeposiTHOCTH TOrO, 4TO
B YeThIpeX MHCIEITAHUAX MOSIBATCS B TOYHOCTH NO JABE «B».

§ 4. NPEAEJILHBIE TEOPEMbI B CXEME BEPHYJNIH

4.1. Teopema Ilyaccona. B npujoxeHHSX 4acTO IPH<
XOIMTCS BLIYUCJASATL BEPOATHOCTH DAa3JIHYHBIX COOLITHH,
CBA3aHHBIX C YHCJOM YCHEX0B ' Un B 1N HCIBITAHHAX



go § 4. IPENIENBHEIE TEOPEME! B -CXEME BEPHYJUT

Bepuynnu npu GoabmHX 3HaueHnAX n. B 3TOM caydae
BbryHCeHns 1o dopmyae (7) § 3 craHoBATCA 3aTPyAHHU-
TeJbHBIMH. TPYIHOCTH BO3HHKAlOT TaKXe M B TOM CJIYy-
yae, KOrAa IIPUXOJAHTCS CYMMHPOBaTh BepOSTHOCTH
coBbITHil {n» = m}. K cyMMHDOBaHHIO CBOAMTCS .BLIYHC=
_ JieHHe BeposTHocTelt cobbituil {a << pn << b}. HelicTBu<
TeJIbHO,

Pa< po <) = 2., Gl @

3aTpynHeHHs NpPH BLIUMCIEHHSX BOSHHKAIOT TaKxKe NP
MaJIbIX 3HaYeHMsAX p HIH g.

HWnorpa npu 6QJbIINX 7 yAaeTcs 3aMEHHTb (bopmy.ny
(7) § 3 kaxko#t-1u60 NpUOJHKEHHOH aCHMIOTOTHYECKOH
Gopmyioit. IlpuBenem Tpu npenesbHEIE TEOPEMEI, COAED-
XKalllye acCHMITOTHUECKHe (OpMYJbl IS BepoaTHOCTeu
. P{u,=m} n »P{a<u,,<b} npH n—>co,-

~“Teopema 1 (treopema Ilyaccona). Ecau n-—» oo,

u p—0 rak, uro np—»A, 0 < A << o0, TO )
"P{ f am
P {1 =m}="P, (m)=Cr'p"q"" ”‘—+pm(7~)='ﬁe *

npu n1060Mm NOCTOAHHOM m, m ==D, ’1 2, e

JHokaszaTeJbCTBO. Tlon03KHB np =>N\s, HOpen~

CTaBHM BepOSITHOCTb Pn(m) B BUAE
_ _n(n—1) ... (n—m+1) £ As Y (. An \n-m
Pu'{l"m—m}_ il ( ) (i—n ) =

(-2 -D)-D)
: (=B (-2

OrTciofia TpH n->00 TOMYYHM YTBepRKAEHHE TeOpeMEHL.
TakuM obpasoM, TIpH GOJNBIINX 7 'H MaJdLIX p MBI _MO-
eM BOCNO/Ib30BATECS npuGJHKeHHOH Hopmymofi

—_— 'a':ln -Wn — ) 2
P{P«n—m}zgre ’ n'n—“n’p° ()

- - -

Jl7isi - CpaBHeHHMs] TOUHBIX W NPHOGNMAEHHHX 3HAUCHHH
IpHBEZlEM TaeAylomyro - Tabauiy:

dar i\ gl ok o

|
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-

m P 0 1 r 2 | 3 | 4 | 5

pm(np) | 01353 | 02707 | 0,2707 | 0,1805 | 0,0902 | 0,061 |°

Pu(m) [ 01074 | 02684 | 03020 | 0,2013 | 0,0880 [ 0,0264

Py (m) | 0,1326 | 02707 . 0;2734 | 0,1823 | 0,0902 [ 0,0353

Ilpu n =10 BepostHocTH P,(m) Bbmnc.nenbx i
p=1/5, a npu n = 100— nas p==1/50

Ecan Majo 3HaueHHe ¢; TO QX&CCOHOBCKHM npHUGTH=
JKEHHEM MOXHO BOCIIOJb30BAThCS [JIsl UHCJAA HEyaau.

ITpumep 1. B Tabauue ciaydyafiAbIXx uucea LUGPHL
CrpynnupoBaHH NO. ABe. Hafinem mpu6JHKeHHOe 3HaUe-
HMe BepOSTHOCTH TOro, uto cpexu - 100 map napa 00
BCTPETHTCS He GoJlee ABYX pas.
" BocnoabsyeMmcs cxemoft BepHymnu ¢ n = 100 ucnsi-
ranusaMi. Ecaum mnossnenne mapw 00 HasBaTh «yche-
XOM», TO HyXHQ moJoxutbh p == 0,01, ¢ ==0,99. Tounoe
3HaYeHHe BEPOSTHOCTH COGBITHS {uloo<2’}» Tae Moo —
umcyo nap 00, HaXoaures no-popmyae (7) § 2

P {Hwo<2} =P {u100 =0} + P w100 = 1} 4+ P {p1p0=2}= -
=0 99w°+ 100 0,01 0,99 129°% . 0,012. 0,99, °

B aroMm c.nyqae MOJHO BOCINOJIb30BaTbcs Teopemoil 1,
dopmysoit (2) ¢ Ap=0,01-100=1 u rabauueii 3. Ilo-
JIYUHM - . -

P {1y < 2} A 0,3679 + 0, 3679 + 0,1839 = 0,9197.

4.2. Teopempl Myaspa — Jlanaaca. \
Teopema 2 (nokaapbHas Teopema Myaspa —
Jlannaca), ITycte p (0 <p <<1) nocroanuo, Xm ==

= (m — np)/ A/npg, C>0—swb6asn NOCTOAHHAA. Ecay
|xm| < C, 10 npu n—>o0 - )

P{un=m}=Crp"q" " =

Axp (1 Fenmh (3)

~

i

=

o Wory
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B

20e Axy=1/4/npq, |2pm|< Ci/a/n s €y >0 — nexoro-_
, PaA noCTOAHHAS.
TakiM 06pasoM, B KauecTBe MPHOIHIKEHHBIX 3Haue-
Huil BeposTHOCTEH ~P,(m)= P{u, = m} MOXHO B3ATb
/ BeJHYHUHBI

°(Verr
4/npq
rae
xl
—_—— T,
- oL
Ha puc. 6 npuseneHs rpaduku GYHKIUI
’ Y=g u—np 1
A/npg ) A/npg ~
M B Toukax u=m, m=0,1,2, ... OTVOKeHH Bep-

THKAJIbHBIE OTPE3KH, JJIHHBI KOTOPHIX PaBHB BeJHYHHAM
P,(m):

a) 3Hauenus Pio(m) npu m=0; 1; 2 3; 4; 5; 6
pasun 0,1074; 0,2684; 0,3020; 02013 00881 00264
0,0055; cooTBeTCTBYIOLIE NPUOIHKEHHBIE 3Haqennﬁ‘pa3-
HbI 0,0905; 0,2308; 0,31563; 0,2308; 0,0905; 0,0191; 0,0021.

I\
47
I 4,08
43
\ 406
g2
404
0 )
o7 qu2k
"0 1 2 3 4 66u - % I7-2025 %6 29 2 4&

9 S 9 . .-
Puc. 6.
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6) 3nauenus Pioo(m) npu m = 11; 14; 17; 20; 23; 26;
99; 32 pasubi 0,0069; 0,0335; 0,0789; 0,0993;. 0,0720;
0,0316; 0,0088; 0,0016; cooTBeTCTByIOIIHE MPHGIUIKEH-
ubie 3Hauenms pasuel 0,0079; 0,0324; 0,0742; 0,0997;
0,0742; 0,0324; 0,0079; 0,0011. .

JIoka3aTe/bCTBO JIOKAJbHOH TeOpeMbl IPHBENEHO B
NpHJIOXKEHHH. -

OTMeTHM, YTO B: YCJIOBHSIX TeOpeMH' 2 M3 TOro, 4TO
n= 00, ClieflyeT CTpeMJieHHe K GECKOHEUHOCTH 71. - :

Teopema 3 (unterpaibHas Teopema Myaspa —
Jlanaaca). Ecau sepostHocTe ycneia 6 Kaxdom ucnol-
ranuu p, 0 < p < 1, nocroanna, 1o npu n—- oo

- b . N
B —0p _ - 1 S "'fz-
P{a<————4/m <b} 7\ dx—>0 (4

pasHomepHo no a, b, —0 < a << b << Jo0.
JlokasateabcTBo. [lpuBenem JOKa3aTeslbCTBO
5TOH TeopeMbl IpPH (GHKCHPOBAHHBIX @, b, —oo T 4 <
< b < 400 *), OueBHAHO, YTO  BEpOATHOCTH COOBITUS
{agl"‘i/-___:_'i <b} MOXKHO MpeACTaBUTb B BUAE
npq .

Bn—np _ oy '
P{a< T <b}—Pn(a,b)—a<§<an(m), (5)

m—np
Anpq .

YeHHAM m, AJS KOTOPHIX xm € [a, b]. Ilpumensaa k cna-
raeMbiM (5) JIOKAJbHYIO TeOpeMY, MONYYUM

' AN
rjie X, = H CYMMHpOBaHHE BeJeTcsd 0 TEM 3Ha-

P,(a, b)=S8,+T., : . (6)
rge
1 l xf’l
S,= - ——e 2 Ax,, '
- xmazla. b] 1/2’1 3 m.
2
T,= Y=—

"/ﬁ e . Axmen' me

%y < la, Bl

= v N
*) oka3aTenbCTBO DPaBHOMEPHON CXOAMMOCTH No a H b aamo,
HanpHmep, B [4]. g - :
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3ametnM, 90 S, O™IHuaeTes :He .6okee ‘UM JABYMS
CIAaraeMHIM¥ OT I[TNONXONANLHM GOPasoM :BHIGPaHHOH

nmetp;am&mﬁ {CYMMBl, CCOOTBETCTBYIOILEH RHTErPATRy
B o
] ———
. (\/ﬁje 2 dx. CuneposatelbHo,
. %5 - o b
DR .
tim S, =1 o7 a, 7
S = et @

Haa T, umeem

m

. |
Wal=_ Y, Tt A<

xpEla, b

: < Y Mrmn=0(1).
& a0] S
Taxum oGpasom, npu n—» oo
. T,—0. ()
YTBepKaeHHe TeOPEeMH HpPH MOCTOSIHHBIX @, b, i—oo"’<'

<a<<b< Yoo, crenyet us dopmya (5)—(8).
Tlpubamxennas. popmyra .

b

~P{d<u<'b}}z LN e Tur=00) —0@),

Vrog A SN
rie "
. | ix --t‘— .
cp(x)=75f_§°e T dl, (10)

Raer Xopouiee NpUONUNKEHHE, KOFAA '¥1 NOCTATOYHO Be-
JI{KO, a p U ¢ -He .OueHb .GJU3KH -K .Hymo. Hacro -HOp-
MaJbHBIM NPHOMHIKEHHEM MOJb3YIOTCS IpH n1pg.2>:20.

| SRR PR R P
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Ypcaennoe sHauenHe HaTerpasa (10) MoOXHO HaiiTH, BOC
[10/1b30BABIUHCE TAGMHIAMH TS PYHKIHH"

- X

tr:
D (%) = «/;? e ar. (11).
- . 0 ) .

Tlpu: HeGOJIBINMX 3HAYEHHSIX. NnAq. npn6.nmxeunyro Q)op-
MyJay- (9)° ByxHO- 3aMeHHTH- cnenylomeu (popmy.non
(cm. [13] L. 7, § 2 crp. 189):

P o<tz <bi~ q’(”+ vm‘) o( ‘zwm)
(12)

HpuBeneM TaOJMUUKH TOUHBIX M NPHOIUKEHHBIX. 3HA~-

yeHH# BepOATHOCTEH COOGBITHI {m; < pn < mikh Honm
KHM

P (my, me)=P {m <pa <mz},= P {xl <quP .<ch}
Py (g, my) = @ (%,) — D(x,),

Pi(mi, my) =@ (o +4°) = (I;’\(xl Ay,

rne = 1{n/npg, $1={mp—np)h; x; = (ms—np)..

a) n=10

p “meme | 62 |35 | &8 | g0

i P (my,.mg): | 06718 |. 03158 | 0,0064:] 0,0000

0,2 Py (my, my) .| 0,4429 |, 0,2059° | 0,0007 '0,0000~

Pj(my, my) | 0,6316.[' 0,3455 | 0,0029 | 0,0000-

P(m, ms) | 00547 | 05684 | 03662 | 0,0107

05 |- Po(my, ms) | 00277 | 0,3980:|" 0,2856 |.0,005Z |:

Py (my, my) | 0,0558.| 05696 | 0,651 | 0,0133_

-

—
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6) n=100, p=0,2

my; my 0;9 | 10; 15| 16; 20 | 21; 25 | 26; 30 | 31; 40

P (my, mg) | 0,0023 | 0,1262 | 0,4310 | 0,3531 | 0,0814 | 0,0061

Py (my, ms) 0,0030| 0,0994 o,3413| 0,2957 | 0,0606 | 0,0030

Py (my, mg) | 0,0041 I 0,1250| 0,4223 | 0,3480 | 0,0795 | 0,0043

B) n==100, p=10,5

Ty ma 3035 | 36 40 | 41; 45 46; 50
P(m, m) | 00017 [ o027 0,1557 0,3557
Po(my, ma) | 0,0013 00202 . | 0,227 0,2881
Py(mi, m)| 00018 | 00269 | "0,1563 0,3558

@opmyna (9) nosBoJseT TaKkKe OUEHHTb OJH3OCTDb
YacTOThl M BepOATHOCTH. IIycTh p — BepoOSTHOCTH ycmexa
B cxeMme DepHyJaJm u p,—obuiee uueso ycmexos. Hac-
TOTO# ycleXa Ha3bBAlOT OTHOUIEHHE Wn/n. OLeHHM Be-

POSITHOCTb COGBITHS { pl <A} Ecan n xocra-

TOYHO - BeJIHKO, TO MO}KI-IO BOCIOJIb30BAaTbCst  (pOPMyYJIOH
(9). Torna

P{l"—"—pl <A

— _ Bn—np Z ~
P{ Al\/l’q< vnpq <4 Pq}

. A+nlpg
~ 7‘2_; S e~ T = 20, (A /\/—57;,-) (13)
—A4/nipg

x2
1 ——
TaKk KaK (QyHKIHS 7o e ? —uerHad. 3HaueHue
' 7T

- @, (A z\/ 7% ) Haxogutes o TaGamie 1 B KOHIe KHHTH.

4
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IIpumep 2. JIBe MoOHeTH NOAGPACHIBAIOTCA 7 ==
= 1000 pas. Ilycts p,—uMCI0 BHOageHHH KOMOGHHA-~
muH «rep6 —rep6». Hailimem npuGiauKeHHoe 3HaueHHE
BEPOSITHOCTH TOTO, YTO YHCJIO KOMOGHHauHii <«rep6—
rep6» 3akaioueHo mexay 236 m 264, 1. e. ofleHHM Be-
posiTrOCTS P {236 << pn < 264}.

B kauecTBe MaTeMaTHYeCKOH MOJeNH BOCHOJIb3yeMCH
cxemoii Bepunynnn. IlosBnenue komGuHauum <repl—
rep6» HasoBeM «ycmexoM». Toraa p—-l/4 q=23/4.
TIpuMeHUM HHTerpaibHylo Teopemy Myaspa — Jlanaaca.
Hcnoansys sHaueHus np = 250, 4/npg =~ 13,7, 3ann-
mrem coGuitHe {236 << p. < 264} B, dopme, HCIOMb-
syeMoii B TeopeMe 3:

[0y —np 24— 20
{236 <ma < 2?4} “”{ 187 <~ fapg 187, }
= { un }
«/npq

ITo popmyae (9) HaxoauM
P{236 <, < 264}-— { ~ 1,02 < L«/:_T;i < 1,02} ~

102

[ x?

~ i S T dx =20y (1, 02)_2 0,3461 = 0,6022,
Vo —to2

Al
3nauenne @p (1,02) waiineHo mo tabauie 1. -
Yacro Bo3HUKaeT ofpaTHasi 3a4aya: CKOJbKO HYIKHO
NPOBECTH HCNBITAHHH, YTOObLI YacToTa fi»/n OTJHYAJIaChL

" OT BepOSITHOCTH p He GoJiblle, 4eM Ha A, ¢ BepOSITHOCTHIO

1—2a (¢ — Majo)? B Takux 3agauax eCTECTBEHHO CUH-
TaTb p HeH3BeCTHHIM. Toraa, uTo6bl MOAOGPATH HAUMEHb-
mee £, MPH KOTOPOM BEPOATHOCTb OTKJOHEHHsS GYAer
paBHa l—2oc, HYXHO corJiacHo (13) pemHTb ypaBHEHHE

. 20, /\/7'9='_1—2a.’ ' -

Pemenne Gyaer 3aBucerb or HeusBecTHoro p. Ot aTolt
33aBHCHMOCTM MOXKHO H30aBHTbCA, €CJIH MOTPe6OBATh,
4TOOb

P

B p|l<a}z1-2a
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Torna us. (13) ncnonbsyn HepaBeHCTBO pg << 1/4, no- '
JIy4UM =

{2 —r|<s)mam(4/5)>

> 20 (2An/n) =1— 2¢
H 0J5 ONpelesieHH-n HMeeM: ypaBHeHHe (DO(QA «\/— )=

l - 2(! I—I-
5 0 TabJsulle MOXKHO HaHTH uw AJI KOTOPDDLIX,

(Do(ua)————— Torpa.2A An=u; wn '>ua/4AA. Ho-

BOJIbHO aCTO HCMOJIB3YIOTCS 3HAUEHHH 2a, paBubie 0,05
u 0,01, [lns sTHX 3HaueHHil COOTBETCTBYIOILHE U paBHbI
1,960 u 2,576, —

N '

'+~ 3apaum

1. Hafitu NPHO/HIKEHHHOE BHIPAXKEHHe BEPOSTHOCTH TOro, YTO
YHCo' BHNafeHHH «1» mpH 12000 GpocaHu#i npaBH/IbHO#M Hl‘paJleOu
KOCTH 3akJioueHo mexay 1900 u 2150.

2; ITonarast BepoOATHOCTb DOXIEHHS Manbuuka pasHodl 0,515,
- HafiTH BEPOATHOCTb: TOro, 4T0 Cpeau 10 000 HOBOPOXKACHHEIX: Mak«

'mxos 6yneT He GoJibllie, YeM JEBOYEK.

) 3. Kuura B 500 cTpanau copmepxut 50 ONeyaToK - Hcnonssys
cxeMy DBepHy/In B KayecTBe MaTeMaTHYeCKOH MOAENH pacnpepesie-
HHA- ONEYaTOK IO CTPAaHHLAM, OLEHHTb BEePOSITHOCTb TOro, YTO Ha
onpefiefieHHoll CTpaHHUe GYAeT He MeHee TpPeX OneyarTOK..BuaHciuThL
TOUYble 3HAUCHHs] BEPOSITHOCTH, 8 TaKKe NYacCOHOBCKOE NpHO/MiKes
HHe. Cpam-um: pe3yabTaThL

. BeposiTHOCTb  BBHIYCKZ CBepJla MOBBILEHHOM: XPYIKOCTH
(6pax) paBHa. 0,02. CBepaa. yk1afHBaTCA B KOpoOkH mo.100 mryk.
ITosw3ysice sakoHom Ilyaccona, ompenesuTh BepOSTHOCTb TOrO, 4TO

a) -B KopoGke He OKaxkeTcst GPaKOBaHHBIX CBEDJ;

6) 4HCIIO :6PaKOBAHHEIX .CBED/L He NPEBOCXOMHT . ABYX.

5.:CKO/IbKO HYXKHO- B3iTb CJIy4YailHHIX UHGP, YTOOHI. CPeAH HHX: .
C BeposATHOCTbIO, He.MeHbuieir 0,9, mudpa .«6> NOABHA3CH XOTHA OHl
OJIMH 'pas?

6. CxoabKkO: pa3 HYKHO 5POCHT5 MOHeTy, 4To6Bl 4acTOTa: Bbl<
nageHusi rep6a oramyajtack ot 1/2.He Gonee yem Ha A C Bepodr-
HOCTBbIO, He MeHbiuel. 1 —2a (2oc—- 0,05, A =-0,1)?

§ 5. CJIYYANHDBIE BEJJHYHHDI:

5.1, Cnyuyaiinble BeJMYMHBI B KOHe4YHOii cxeme. Pac-
CMOTPHM  KOHEYHOE  BEpOATHOCTHO@  MPOCTPAHCTBA
(Ql ‘%’ P)C
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‘Hucrosyto - hynkyuio "&="(d) or dsemenrap-
Hoeo cobebiTun <R Hazosem -‘cayudinoil -ee-
AUMUKOY. ’ '

BynmeM o6o3HauaTh cayvyaliible BeJHUYAHL FPeYECKHMH
6yxkBamu E,'n,.G,: 4, v, ..., HHOTJA .CAYHAlHEIE ‘BeJIHTHHBI
0003HAYAIOTCA TIPONUCHBIMH JIATHHCKMMH G6GykBaMu X,
. Y;Z, s

‘B Mopmennm KOHEYHOr'o BepOSITHOCTHOTO NMPOCTPAaHCTBA
Kaxjoe .3JeMeHTapHOe cofbiTHe .0 & Q CconocTaBJsieTcs
ca1yyaliHOMy HMCXOAYy HEKOTOPOro CJYYaiHOLO SBJIeHHS,
a cayvaiiHas BenHuMHa § = {(®) mnpuURHCHIBaeT 3THM
caydaiiHbIM -HCXOLaM 9HCIOBble 3HaueHyd. Takum.obpa-
30M, clyuyafiHas BeJHYHHAa B 3aBHCHMOCTH OT CJlydas
HpUHUMAaeT Pa3Hble YHCJIOBHIE 3HAYEHWH.

Tipuwmep 1, Ilpu-6pocantiy HrpajbHON KOCTH BO3-
MOXKHBI IIECTh 3JeMeHTapHbIX HcxoxoB. O6o3HayuM e~
MeHTapHOe "COOBITHE ©;, €CJH Ha KOCTH BBINAJIO i OYKOB.
Torga "Q-="{01;®,, W3; W4, W5, W6}, "a ‘CAyUaliHaT -BeJTH-
yuHa E(w;) =i paBHA YUCJIY OYKOB, BHITABHIHX Ha KOCTH
npH 6pocaHiH.

ITpuwmep.2.:Beoxeme:He3aBHCHMEIX - HCNIBITaHUH Bep-
uyanu (cM. § 3) MHOXKeCTBO.Q_COCTOHT H3. 9JleMEHTapHBIX
COGBITHH @ == (X1, X2, :.s, Xn), THE 'X;y==1, ecJau TmpH
i-M HCMHITAHWUH TpOHU30LIeN .yenex, M rx;==0 B rcayyae
nieycnexa. CayuaitHas BennduHa p=:p(0)= x4
+ X2+ ... 4Xn paBHa YHCAY YCNeXOB TIPH A HCIbITA-+
HUSX:B cxeMerBepuysmnu. )

.Jli06yio «kKoHCTaHTy C MOXHO pacCMaTPHUBATL Kak
YaCTHHIN ' caIyuadl .cayyaiinoli Beanunssl §-=F(0)=.C.
Takue cJayuaiiHble :BEeJIHUHHB .0yJeM Ha3bIBATb : 8bLPONC-
Oennoimu. -TIpOCTEAIINMH : CIYYaHHBIMH : BRIHYHHAMH, 0T+
JUYHBIMH OT -BBIPOXKAEHHBIX, SABJIOTCS HHIHKATOPHL.
C .KaxapiM cobbiTHeM . A .5 MOXHO CBfi3aTh CJAYydai-
HYIO BEJMUYUHY ' v

- ‘1, ecau -(oé_'A,
=% @)=, 0, -ecmn @ &HA,

Ha3bBaeMyIo unouxaropom cobuiTus-A. ~
IIpumep 3. .B .n .uchbitaiusax’ cxembl bBepyynau
- (cm. ‘mpumep '2) oppemenum cobbitHs A; ="{B i-M HemH-
TaHUH HAcTynua «ycnex»}, i ==1,"2, ,+., n. Cayuaiinyio
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BEJIHUHHY s, PABHYIO YHCJHY, YCII€XOB, MOXKHO mpeicTa-
BHTb B BHIIE cyMbe HHHKATOPOB:

i 'XAI""'XA +o--+XA~ (1
IIeHCTBwreJIbHo, Ba(X1, ooy Xn)=x1F 224 .00 Fxp
a, C Apyroii CTOPOHBI, XAl(xl, +++, Xn)=x:. Ilpencras-

Jenre (1) "dacTo HCHOJMb3yeTcs NMPH HCCJeNOBaHHH ‘BeJH-
YHHHI . C-

HHpuKaTOpHEl YA0BJIETBOPSIOT CAEAYIOLHM JIerkKo Ipo-
"BepsAeMbIM CBOHCTBaM:

XQEO’ Ao = L, Xap = Xq¥p AZz= 1 = Xa.
Ecan co6uitust A 1 B HeCOBMECTHBI, TO
_ Xasn =%a T+ %p-
B camom pnene, X,,p(0)=1 paBHOCHILHO YCJOBHIO
o A 4 B. 910 3HauuT, uto J160 @ = A ¥ 0 & B, au60
wg‘éA HosB, 1 e ubo y,=1 u y,=0 Jm60
= 0 H XB— l, b
Heprm{o 0 HHAYKIHH YCTAHOBUTH, YTO

XAA2 xAxA ..-xAn
* 1J1s J00bIX COOBITHI Al, ve, A, W
XA1+--’-+A,,—xA1+ +xAn
JUISI_ TONIAaPHO HECOBMECTHBIX COGHITHEA Ay, Aj, ..., An.
Ilyets x1 << x2 << ... << X» — BCEBO3MOXKHHle 3Haye-

HuA cayvaitHofi BeauunHe E OGo3HaunMm coGhiTHe A; ==
= {@: E(0)==x;}, cocTosiniee M3 BCEX TeX 3JEeMEeHTap-
HBIX COOBITHH @, M KOTophix &(w)=x:; Tak xak x; Bce
pasauuHbl, TO-cOOLITUS A; U Aj TIpH i 5~ j HECOBMECTHBL.
IMockoabky xi, xi, ..., X; HCUEPIBIBAIOT BCe BO3MOXKHBIE

3HaueHus E, To Z‘A,=Q. Takum ob6pasom, co cayuaii-
i=1

HOH BeJMYHHOH § MOXKHO CBSi3aTb pa3bHeHHe g, COCTOA-
lee U3 MHOXKECTB
i={o: E)=x;}, i=1,...,% . 2

Ha KoTophiX E(®) mocTosiHHA. Paséueuue Olg MBI 6y11eM s

Ha3blBaTb NOPONOECHHOIM CAYHAUHOU se/zuttuuou E.

& - S ' §'B. CNIYUYAPIHBIE BEJTHUMHEL
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Cayuaiinyio BeQHYHHY & MOXKHO C HOMOI.U;bIO pasbue-

Hug (2) npeAcTaBHTb B BHAE JIHHEHHOMN K0M6uualmu

HH}IHKaTOPOB M

E=5(0)= ,.Z. xity, (@), @)

Tak Kak JeBas M mnpaBast yacTH (3) OPHHHUMAIOT OJHO .

H TO e 3Hau€HHe X; MpU o € A;.

IMMpumep 4. B mphmepax 2 u 3 nomoxum n=3.
Torpa Q = {000, 001, 010, 011, 100, 101, 110, 111}.
Crnyualinag BeJMYHHA M3 (tmcno yCnexoB B Tpex HCHHI«
TaHUAX) ompelenseT cielyiolilee pa3s6HeHHE Oy,

Ay={0: pu3= 0} = {000},
A, = {0: py=1}={001, 010, 100},
Ay={o: py=2}=1{011, 101, 110},
’ A= {w: u3='3}={lll}.‘
IMpencraBienne (2) aast ps UMeeT BUA
B =0 2y, + %y, 20, By

Tlpu m060M © & Q pOBHO OAHA M3 BEJNHUHH X, X4, Xa,
%4 OTHuHa oT 0.

3axonom pacnpedeserus Pe(B) clyyaliHOH BeJH-
unHBl § Mbl OyAeM Ha3blBaThb BePOATHOCTb Pg(B)=
= P{¢ = B}, onpeneleHHyI0 AN KaX[OrO YHCIOBOTO
MHOXecTBa B. 3akoH pacnpenésienusi cayyadHoHd BesH-
YHHBl § oOmpeneJisieTcsl ee .3HAYEHHSAMH X{, X2, ..., Xk
¥ BeposaTHOCTAMH P {E = x;} 9THX 3HaueHHH. O6osnaunm
P{&¢ =x;} =p; Torma 3akoH pacnpeiejeHHsi MOXHO
ONnpeJe/uTh ¢ MOMOLIBIO TAOJIHIBI

o | x| o |

, (9

po|-p2 || pa

BEPXHHH psiy KOTOPOH COCTOMT M3 DA3JIHYHBIX UHCEN Xy
a4 'UHCIAa  HUKHErO psia- YAOBJETBOPSIOT  YCJOBHSM

Pi=0, Z pi=1. Sm ycnomm BLITEKAIOT K3 TOI‘O 9TO

~a
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N k
pi== P (A;)— BeposiTHOCTH = pa3bueHHs Z’n A;=Q, or-
f== )

k .
KyAa H3 aKCHOMH aJJMTHBHOCTH cieayer ., P(A;)=
i=1

=P (Q)=1. C nomompio Tabauup (4) MOXKHO Ompeje-
JIATh BEPOSITHOCT

PEsB= % »n 0O

1J1s1. 11060T0 YHCIOBOTO MHOXKeCTBa B. -

B TeopuH BepOATHOCTEH: YaCTO PacCCMaTPHBAIOT CJY=
yaiiHble BeJIMUHHBI § ¢ 3aKOHOM pacmnpejenenus (5), He
yKasbiBasg HH BepOSTHOCTHOTO NpocTpaHcTBa (L, s, P),
HH ¢yHxkuuu (o), KoTopas 3ajaerT CAyYyalHYIO BeJlH-
yuHy. B 3TeM cilyuae mpeanoJaraetcs, 4To CYILeCTByeT
KaKoe-TO BepOSITHOCTHOe mpocTpaHcTBO (R, 84, P), Ha
KOTOPOM MOXHO OmNpeae]uTh QyHkuup E=E(w) Tak,
yro Ta6auua (3) Oymer 3ajaBaTh ee _3aKOH pacmpenene-
HAs. BbIGOp BEPOATHOCTHOrO IPOCTPAHCTBA KamAHH pa3
omnpenensieTcss CyLIeCTBOM 3aJauyd HJH MPOCTOTOH moJy-
yampomedicas cxempl. IIpocTeHUHIM BepOSTHOCTHBIM PO«
CTPAHCTBOM, CBI3aHHBIM C 3aKOHOM pacnpejeneHHs (5),.
6yleT TMPOCTPAHCTBO B KOTOPOM MHOXKECTBOM 9JleMeHs«
TAapHBIX COGHITHH SBJSETCH MHOXECTBO 3HaUeHHH CJy<
yalinol BedHUHHH Q = {X), X3, «.7, Xz} C 3JEMEHTap-
_HBIMH BepOSITHOCTAMH p(x:) = pi. CilyyaiiHas BeJMYHHA
onpegeasiercst Toraa GyHkuuenr E(x:) = xi.

3aKoH pacnpefeleHHs HHIMKAaTOpa Y, .COOBITHA A

onpenessiercss TabauLel
0 1 _

1—-P(A)| P(A) -

Kaxpmo#t cayyaiiHOH BeJMUHHe COOTBETCTBYET 3aKOH pacs
npepenenns. OpuH M TOT XKe 3aKOH paclpele/ieHHs MO-
ryT HMeTb pa3Hble cJyuaiiHble BeJHuHHHL -O6paTHMCA
K npumepy 1 ¢ GpocanneM HrpaabHOl KocTH. O603HauMM
cobbitu A = {01, @3, @5}, B = {02, 04, @6}, T. €. cOObI
THe A = {4HcNO BHINABUIHX OYKOB HEYETHO}, COOLITHE
B = {uHc/0 BHINAaBWHX OUYKROB ueTHO}, C STHMH COGBI-
THAMH. CBAS2HBl DasHble CY4aiiHbe BENHYHHBl X, H Xp

/
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OnHako B cHmy pasenctBa P(Ad)= P(B)=1/2 stu -

pa3Hble cayyafiHble BeJIMYHHBI  MMEIOT ONHMH M. TOT 3Ke
3akoH pacnpeenenus (6).

3akoH pacnpejeneHdss § MHOTAA Ha3bBAOT KPATKO
NpOCTO 3aKOHOM WAH pacnpedesenuem. 3aKOHOM -pace
npejle/IeHUs  YacTO HA3BIBAIOT 3aJalOWIYI0  ero Tab<
auiy (4). _

IlpuBeseM HeCKOJbKO 3aKOHOB pacnpene.neﬂnﬂ

1°. Bunomuanbhelli 3aK0K A5l UHCIAA YCIEXOB W, NpPH
#1 He3aBHCHMBIX HCNBITAHHSX B cXeMe Deprymaan

Plp,=m}=Cpp"(1—p)*""", m=0,1,...,n

(em. (7) §3). h¥

2°. Tunepeeomerpuueckoe pacnpedeserue — pacnpes
JeJienue uucja OeJsiblXx mapoB & B BbIGOpKe Oe3 BO3Bpa«

meHHss o6beMa n W3 YpHBI, cojepxameli M GesbiX .

# N—M uepnux mapos (cM. m. 1.6, npumep 4)

F]

Can—
Pg=my=-22"%, m=0,1,..., min(, M)
Cy
3°." Pasnomeproe pacnpedesenue ua {1, 2, ...; N}

. PE=mj=v. m=1,2,..., N

C TOoMOLIbIO YHCJAOBOH (PYHKUIHH y = g(x) U cayuaiis
no#l BeaHuuHbl & = E(®) MOXKHO NOJYYHUTH HOBYIO CJy=
yaiinyio BeauuuHy m =n(0)=g(§(®)). Ecin ¢ynknus.

g(x) TakoBa, YTO pa3JHYHHIM 3HAYEHHAM § COOTBeT-

CTBYIOT . pa3jiiuHble 3HaueHus 1 (1. e. g(x:) 5 g(x;) ana
X; = xj), T0 pasbuenune (2), nmopoxuenHoe §, COBHaJlaeT
¢ pa3bueHHeM, MOPOXKAEHHBIM 1, TaK KakK

Ap={o: E(0)=x}={o: g(0)= (xz)}

B srom cayuae 3akon pacnpémeneHus m = g(§) sa<
- Jaetcs Tabuuieit

g(x) |g(x) | oor 25
P1 P2 . .ooo Pk

; S
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a cama cayuafiHas BeqHuMHA 1) NpeACTaBUMa B, BHAE
CYMMBH .

-
N=g(§)= ,Z, g (%) %4y ®)

Bcnn xe npu HekoTophiX i = j g(x:)= g(x;), To 3aKOH
pacnpeneneHusi 1 ==g(§) OymeT HHBIM, XOTS €ro JeErko
nonyyuts H3 Tabuauupl (7). O6osHauuM ¥ < o<l ...
..+ << Ym BCE pa3JIHYHbBIC 3HAUEHHA BeJHYHHH 1 = g(E).
Torna sakon pacnpefesenns v omnpefensercss TaGiauieil

v | % || m

' 9)

‘ G|l % ||

Tle B BepXHeil CTpPOKe BHIIHCAHB BCe Pa3JHUYHEE 3HA- .
geHHs g(x:) BepxHell ctpoku (7), a B HHXKHeHl CTpOKe
4j—3TO CymMMa TeX p;, IS KOTOpPHIX g(x:)=y;. 3ame-
THM, YTO paBeHCTBO (8) cnpaBelJIMBO H B TOM cCIydae,
KOrja g(x;) IpH-HEeKOTOPHIX X; COBNAAAIOT. ‘

Ilpumep 5. Ilycte § cayuaiiHas BelMuHHA C 3aKO-
r 1

‘HoM pacnpenesenns P {& =k} =45 k=012..9,
U ¢yskuus g(x)=(x—5)2 Toraa cayuafinas Benu-
ynHa 1 = (§ —5)2 GyneTr uMeTh c/lelyIOUMi 3aKOH pac-
npegenenns: P{n=0}=P{n=25}=1/10, P{n=1}=
=P {n=4}=P {n=9}=P {n =16} = 1/5. Bruucauwm,
nanpumep, P {n=4}. lmeem

Pn=4}=P{E—5'=4=P{=3}+PE="}=
= 1/10 + 1/10 = 1/5.

5.2. Cayuaiinble BeanunHol B cueTHoil cxeme. [Iycth B
BePOATHOCTHOM IpocTpaHcTBe (L, 54, P) MHOXeCTBO

Q={O)}={(Ol, Wy, ...y, Op, .._.}

CUETHO, S COCTOHUT -U3 BCeX NMOAMHOXKECTB L, a BeposT-
HOCTb P 3ajgaercsi 3/eMEHTapHBIMH BepOSTHOCTAMHU
p(w). Crayuailnas BeJuuHHa E B 3TOM cJyuae TOXKe
onpenessieTcas Kak uHcioBasg ¢yHkuMa §=E§(o0) or
3JIeMEHTApHOTO COOBITHA. MHOXKECTBO Da3/HYHBHIX 3Ha-
SeHHH X; CiyyadiHOH BEJHYHHBI § MOXKeT OBITh KOHEUHBIM -
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HJH CUeTHbIM. AHanorHuHo (2) co cayuaiiHOH BeJaHUHs
HO# & MOXKHO CBfI3aTb pa36HeHHe o, COCTOSIIEe H3 MHO®
7 ¥KeCTB ' )

A={o: E()=x)}, " i=12 ...,

OJHAKO UHCJIO TAaKHX MHOXECTB MOMKeT OBITb CYETHO, -
TOTAa NOpOXKAeHHOe E pa3bHeHHe o Ha3BIBaeTCs. CueT-
nowm. IlpencraBienHe” £ B BHAe CYMMBbI, aHaJOTHYHOH
., (8), mpuBORHT K pAARY .

) . E=LE)= 2wt - {10)

B KOTOPOM cIipaBa IpH KaXIOM ® HMeercsi He GoJee

OJIHOTO ~HEeHYJIeBOro uJieHa. 3aKoH ‘pacipeieyeHHs

P{E= B} B 3TOM cJayuyae 3ajaercsi TaGJHIel, aHajIo-

rayHoft (4) wu cocrosillel H3 ABYX GECKOHEUHBIX CTPOK,
S AT oy

onpefesIONKX BepoaTHocTH P {& = x;} = p,, ‘; pi=1

IMpuBesem JBa pacnpeneneHus, YacTo BCTpeyaro-
IHXCS B Pa3/HYHBIX MOJEJAX.

1. IMyaccornosckoe pacnpedesenue onpenensieTcsi Bes
POSITHOCTAMHU

Pe=m="2"c-s, m=0,1,...,

“3aBHCAIIUMH OT napamerpa a >> 0. Jlerko BHAeTb, uTO
00

) : -, a™
B 3TOM CJyyae BHINMOJHAETCS yCJIOBUE Z re =1L
., m=0
- 2. I'eomerpuueckoe pacnpedenerue 3aBHCHT OT Napa«
' Merpa 0 << p.<<1 u ompejensieTcsi BEPOATHOCTAMH . :

- *~Pﬁ{§—=__~m}=pmq’ >m=09 l’ 2) es ey q=1—p.

N ]
B 5TOM cyuae TaKiKe BEIIOJNHEHO YCJIOBHe , p™q = I,
. m=0

5.3. Cayuaiinbie BeanuHHbl B 06Miel cxeme, PyHKuus

" pacmpenenenus. B ciayyae NpPOH3BOJLHOTO BepOSITHOCT-
HOro mpocTpanHcTBa (R, 8%, P) cayuaiinoli seauuunoii §

, HaswiBaeTcst Takasa QyHKuus E=E(w) or 3aemeHnrap-
HOro COOBITHSI ®, MJISI KOTOPOH NpH JI060M YHCJIEHHOM

3 B. K. 3axapos u ap.

L-my T At 3 .
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3HAYEHHH %' MHOYECTBO {o: §((o) X} =, 1. e. Hepa:

BerctBo . {§ << x} sBasgercs co6bm1eM Bepoamocrbg

5TOrO COGBITHA P{& < x} nasmBaerca @ynxyueii pac-
npedeserus. Mol 6yneM o6o3HayaTh ee Fg(x), a mlorlm
npocto F(x).

Ilpumep 6. Ilycts B BepoATHOCTHOM npoc'rpaucme
(R, 8¢, P) Q coctout u3 Touek (x,y) eXHHHUHOIQ KBaf-
paTa INIOCKOCTH I<xr<l 0<y<1, &—xBagpu-

. pyeMble Muomecma 3TOro
e ) KBajipaTa, a BepOsATHOCTh

. P(4)=|A{—>sT0 mnnomans
- ' _ MmHoxkectBa A, “OnpefennM.
ClIy4yailHyl0 BeJHYHHY E ==y A

7 7 > Tusa A ('r. e. %, (0)=1, ecrn
] ; osAd, u yx,(0)=0, ecn
© ., Pae 7. ' mé)‘l) CayuaifHasi BeJH4YH=

Ha E HMeeT BCero jJBa BO3<
MOXKHBIX 3HAUCHHS §= 0 u E="1. Ee ¢oynkuus pacnpe«

JleJIeHUsl Onpefe/sieTcss paBeHCTBaMu . o
0 mpu <0,
Fe)={PA)=1—[4] mpu 0<x<1,
I mpu x>1;

rpaduk mnoxkasaH Ha pHC. 7. Ecau MHoXecTBO B He
KBajJpHPyeMO, TO QYHKIHA 3JleMeHTapHOro coéblmﬂ
g(0), orrpene.memaﬂ paBeHCTBaMH - ,

() 0, ecii ©< B,
©) =

1, eciu @& B,
He OymeT cilyyailHOH BeJHMYHHOH, .TAK KAK MHOMKECTBO
{o: g(w)<< 1/2} coBnmagaer ¢ MHOXecTBOM B, KoTtopoe
He sBJISeTCs COObLTHEM M JUJIsi KOTQPOrO-He onpenesena

BEPOSATHOCTD. b
Ceolictea ¢pynxyuu pacnpedenenus. DyHKuus pac<'

-TpenenenHs Fi(x) 3agaeT 3aKOH pacmpefieeHHs

P:(B)=P{t =B} ’ (11)

AJadg  JA0CTaTO4YHO 60FaTOF0 Haéopa '-lHCJIOBbIX MHO-~
xeetB B. Ilycte xy << xz, Toraa co6bITHe {§<x2}

rae  y ,— HHAMKATOp COOHI-
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%

'MOKHO TPEACTABHTb B BHJE cyMMbI HECOBMECTHHIX CO-
ootuit {E << %1} + {*1 << E << x»}; mpuMeHAA akcCHOMY
CJIOKEHHS A3 nmeeM P(E << xz} =P} +Pnu<g
< E << %2}, OTKyRa mosyuaeM -

P {6 <E <} =Fi () — Fi (xy). (12)

‘Takim o6pasoM, ¢ mnomoupio ¢opmyns - (12) ¢GyHKIHA
paciipenenenns Fg(x) ompenenser BeposatHocTh P{§ <
€& B} Ans  B=|(xi, x;] — nonyuHrepBansa, OTKPHITOrO
c/leBa M 3aMERHYTOTO cnpasa. C NOMOIIBI0 DYHKIHH pacs
npeneneHust Fi(x) MOMXHO ONpEAENHTb -BEPOSTHOCTb IO
nagauus § B MHOXecTBa B, mpeiacraBUMBe B BHIE CyM-
Mbl HemepeceKalolIMXCd HHTEPBANOB - (KOHe'-leIX HIH
6eCKOHEYHBIX). l'ch'rb —00 < X1 < n< < Xe << Yo << . an

o SV Yy < o0 n B= U(x,,, J,,] Torza mno
aKkcuome cjoxeHus A3 u q)Opmlee (12) nMeeM

P:(B)=P{f=B}= Z [Fa(yn)—Fz(xn)] (13)

d>opmyny (13) MOXHO DPACIPOCTPaHHTL H Ha CyMMY
CYETHOrO YHCJA HHTEPBAJIOB (X, Ye]. Jasi aTOro Hamo.
NPHUMEHHTb PACUIHPEHHYI0 aKCHOMY CJOXKeHHs A4, .
Ecan x; = —oo0 HJH Yy == 00, T0 B (13) nosnmsuo‘rca BLIpa«
wenuss  Fp(— o) u Fy(4-o0). OmnpefenuM HX Kak Mpenessl
Fg(-l-oo)— 11_1:1 Py (x), Fg (— oo)-— hm Fg () ® noKaxewm, uTO
Fg (4) —-1 " F(-oo) = 0, BBe,ueM co6brmx An ={—n< T
<l‘l} n=1, 2 Ao-—g HBn=An\An—l'—{n"—l<§<
<n}-|-{—n<§ —-(n—l)} Hewpynno BHETb, 410 . COGHITHA °

B, nonapﬂo HECOBMECTHH U R = Z B,,, NO3TOMY MO pacUIHPEHHOHK
n=1
aKCHOME CJIOXKEHHS A4

Lo . N ‘
1=P(9)=ZP(B,,)= fim Z P(B,,)=:
=Nh_x;1“P(AN)= fim r;(N)-— lim F(—N)=
=Fg (+°°)—-Fg (—0), 114)

3%
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N

N
Tak Kax AN=’IZI Bn bt P(AN)=F§ (N) — Fg (— N). Bce snave-

nns Fy (x) nexat mexny O u 1, nostomy ISF(Fo)<l,nu
(14) caenyer Fg(+ 0) =1, Fy (— o) =0.

OGosnaunm Fy (x —0) npenen Iim F% (x - —) KCTOPN"

HasbBaeTCsl npedesom 8 TOUKe X CAesa. l'onameM, a0 Fy (x — 0) =

=P {§ < x}. B camom nene, cobuTHe {§ << ¥} mpeacTasumo B BHAE
g4 ) .

: 1
CYETHOA CyMMBI ONIAPHO HECOBMECTHHIX COORITHIT == <
. »

n=1

<§<x-—-’]-{} (npnnélmunonaraem { x =
—%}={§<x—l}). ITo akcuome A4 -

/

P{§<x}=iP{x-— nil gx—-l;}s

=1
X 1 !
-N“-inoo lP{x— e <§<x—-’—{}=
n=

Tenepb MH MOXEM 10Ka3aThb, YTO

Ple=1=F, (x) = — Fy (x —0). (18)

. B camom nmenme, {15) nerko cienyer us < x} = {E<x} + =
= x} 4 akcuomti A3. C nomowsio bopmyn (12) m (15) nerko Tes
neph HOJMYYHTb BEPOSTHOCTH MONajaHHss B OTKPHITHA M 3aMKHYTHIA
rntepBantl. Tak Kag npH X; < X; UMEIOT MecTo cooTHomenus {x, <<
SE<)={Ff=n)+H<E<%) =n {x,<§<xg}—{x,<-
< E < x5} + {E = x.}, T0 no akcuome A3 nMeeM

P{x SE<Sx}=Fy(x) — Fi (¥, —0)
P {x; <E<x}=Fy(x;—0) = Fy(x)..
MoxHo ﬁoxasarb, 4TO mpenes B TOUKe X Cnpasa Fg (x +0) =

= hm Fg (x-l- —) byukuun pacnpenenenns pabeH F; (x) (s10
cnoﬁcmo 03HauaeT, 9T0 (yHKUHS PacBpeielNcHHs Henpepuisxa cnpa-
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ga). Jlns 3TOro Hamo TpHMEHHTb akcHoMy A4 K cymme {x < § <5
1 1
< x+1}—zl{x+m<§<x+—n-}-
n=

Takum o6Gpasom, ¢yHkuus pacnpelenenus F(x) o6-
Jajaer CJAeAYIOUIMMH CBOHCTBAMH:

1) 0 << F(x)<<1 ana Beex x;

2) F(x1) << F(x2), ecan x; << xg;

3) F(—oo>~o F(400)=1;

4) F(x+0)=F(x).
MoxHo mokasaTb, yTo Ji06as ¢yHkuusa F(x), obaagato-
mas nepetmcneﬂni,mn CBOCTBaMH, MOXeT ObITb (PyHK-
LHell pacnpelle/leHHss HEKOTOPOH CJay4yaHHOH BEJHYHHBL.

HuckpeTHole u Henpepol8Hbie cay4alinble BeAUUUHLL.
®opmyisoit (9) Ha obweM BEpOSITHOCTHOM MPOCTPaH--
ctBe (Q, 8%, P) MOXHO 3ajaThb CAyYalHYiO BeJHUMHY &,
eCJIM MOJ A,, i=1, 2, ..., noHHMaTL COGHLITHS, 00pa-
3ylOlllHe CYETHOe HJH KOHeYHOe, pasbHeHHe, _T. e T0-

"mapHo Hecosmecmbxe COOBITHSA, AJIS .KOTOPHIX Z A, =Q.

‘3aKoH pacnpeneneﬂuﬁ P:(B)= P{EEB} B 3TOM
cryyae 3ajaeTCsi BEPOSTHOCTAMH P{¢ = xi} Tak, uTO

Pi(B)= X P{s=x} (16)
s

Takug ciyuaiinble BEIWYHHB H HX 3aKOHB paclpejese-
Hust (16) HasbBaioT Ouckpernoimu. Bce cayuaiinbie Be-
JHYEHBL I 0. 5.1' u 5.2, onpefiesienHble HA KOHEYHOM HJit
CUETHOM BepOSITHOCTHOM . IPOCTPAHCTBe, SABJSIOTCA JMHUC-
KPeTHBIMH. B
,H.pyroﬁ BaXHBIAI KJacC cayyalHBIX BeJHuHH oOpa-
SYIOT TaK Ha3hlBaeMble HenpepvléHble CIydalHHble BesH<
yuHel §, Ay KOTOpbix P{E = x} = 0 npu JO6HX X.
B sToM ciyyae‘sakon pacnpenesnenus Pg(B) Henb3s 3a-
natb QopmyJIoH (16) Mul 6yzeM paccMaTpHBaTh TakHe
HellpepeIBHEE CJyyaiiHble BeJHYHHBI E, 3aKOH paclpe-
AE/IeHHS] KOTOPBIX MOXKHO 32JaTh' C TNOMOILbI POpPMYJibi

PeeB={pmax, (7
. B .



-

g0 T §s cnquuua BEJUYMHH

Tae _pe(x) = —umerpnpyemaa ¢yukuusg, QOyHRUUA
pg(x) Ha3bIBAeTCAd N.AOTHOCTbIO paclpefesieHHs ciyvai-
Hoil Besnuunbl §. M3 (17) caenyer (mpu B = (—o0, )),
4TO i

{myar=1. . @9

-

B npakTHYecKH BaXHBIX ciydasx q)yﬂxunu pe(x) oka.
3bIBAIOTCS] HENMpPEePLIBHBIMH HJIH KYCOYHO-HeNpPepHIBHEIMH. -
Eciu B = (—o0, x),-To u3_(16) monyuaem cBsi3b MeXKAy
IVIOTHOCTBIO pg(X) M QYHKUMeR pachpeeseHHs

x

Fe)={ pew) du. (19)

- 00

~

U3 artofi dopMmyssl cregyer, uTo B TOYKe X, B KOTOpOi &
HempepuIBHA MJIOTHOCTD P (X),

- -

" dFy (%)
= p (),

' unpqu>OnAx—->0
P{x<§<x+Ax}—p§ x)Ax—l—o(Ax)

:Hroﬁas{ KYCOYHO- HereprBHaﬂ HeOTpHLaTeNbHaS
dyukuus p(x), obnanaromas csofictBom (17), Moxker
ObITh MJIOTHOCTBIO HeKOTOpOI‘O pacnpejesneHus Bepom'- '
Hocreil.

TIpuBenem HeCKOIBKO IPHMEPOB YacTo Bcheqalo-
IDHXCSA 3aKOHOB pachpejeJeHHs] HelPepBIBHBIX CJydaii--
HBIX BEJIHYHH.

1°. Pasnomeprioe pacnpedesenue na |a, b 3afaercs
NJIOTHOCTBIO )

1 - ' .
—, "ecan 0<x <,
‘p(x)—' b—a

0, cecim x<a uam x> b.

Tpaduk naoTHOCTH y—p(x) _ paBHOMepHOTO pacmpeje+
JIeHHd CM, Ha puc, 8, —--

P
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2°, -Iloxasarenvroe pacnpedeserue 3ajaeTcs IJIOT=
HOCTbIO, 3aBHCAILEH oT mapamerpa A > 0,.

. - { le"*{‘, ecad x =0,
plx)= 0, ecan x<0.
Ipadux y = p(x) cm. Ha puc. 9.
T ' @
- ' 7
o |

i

|

‘ 1
a . . -6 Z 7 7 2 2
- 4 ~ -

Puc. 8. . Puc. 9.

3°. Hopmaabroe; wiu zayccosckoe, pacnpedenenue
3ajaerci IJIOTHOCTbIO, 3aBHCAWell ~ OT ‘TapaMeTpoB
—o0o < a<<oono>0: ‘

R C

—_— 20
pl)=—=-c

I'paduk y =.p(x) cM. Ha puc. 10.
/(@
04

43

1 1 1 I !
L »—2,4 .:7’54 :@8 3 VIE

-Puc. 10.

Ilpu nonb3oBanun ¢opmynamu (17), (18) man (19}

- HaJo NOMHHUTh, YTO MJOTHOCTh p(X) yacTo 3ajaercs pas-

HbIMH aHAJIHTHYECKHUMH (OpPMYyJaMH.Ha pa3HbIX HHTEp-
Basax.

~ Hpuwmep 7. Bouncaum ¢yHkuuo pacnpeneneHus

CIyYaiiHO! Be/MUHHBI, PaBHOMEPHO paclpee/eHHOH Ha

OTpeske [a,b]. Hasa storo BOCHOJbIyEMCS dopmyaoi
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2

(19) u s3aganHHON BhBIlle NJOTHOCTBIO p(X) paBHOMEp- -
Horo pacnpepenenusa. Ilpp x <<0 wumeem F(x)=_

x

=\S pu)du=0. Ecu a<<x<b, 10

- 00

F(x) = §}»<u)du'= §‘p(u>du+§p(u)du=_ (l

‘ —0+ 52 \du=222,

\

" Ecau x> b, 10

b x

a
Fo)'={pwaut{pwaut{pwau=
—% a b .
=0+blanu—|—0=ll.
Taxum o6pasoM, ’
W = F(x)—_—(;, ecJu x\<—a,. ‘
— ';_—_Z ecan a<<x<<h,
1, ecmu x> b.

I'paduk ¢yHkuMH paclpepe-
- Jenuss y = F(x) mokasas Ha
Puc. 11. . puc. 11,

54, ®ynkuun ot cayyainbix Beanwund. Ilyctp E—
HempepbiBHAasA clyyalHasd BeJHuHHa c ¢QyHKuHMe#i pac-
npenenennss Fy(x) u maotHoctbio pg(x). Ecam g(x)—
.uucoBasg (QYHKUHA OT [NEHCTBUTEJIBHOTO apryMeHTa X,
TO MOXHO 00pa3oBaTb CJlyYaiHyl0 BeJHUMHY 1 = g (&),
KoTopas sBagercss (yHkuue# ot E. CnpammuBaercs, Kak
10 3aKOHY paclpegeneHus § HalTH 3aKOH pacmnpejelne- -
Hug n? IlpuBeneM HeCKOIBKO NpPHMEpPOB, H3 KOTODBIX .
CTaHeT fCHO, KaK HaJ0 MOCTyNaTb B obueM ciayuae. Mu




~

GymeM DacCMaTPHBATh HeNpepHiBHBle CJYydaiiHble BeJaH-

yuHbl, A Kotophix P{&=x} = 0, nostomy ¢dynkuus
pacnpeneienust Fy(x) OymeT HenmpepniBHa BO BceX TOY-
kax 1 P{E << x} = P{E < x} = Fy(x).

I[Ipaumep 8. PaccmMoTpuM | JiMHefiHYI0  (DYHKIHIO
g(x)=ax-+b. Tlonoxum n=-af+b. Ecru a >0, 10
10 onpejeseHnio GYHKIHH pacnpeaeaeHus

Fp)=P{n<s}=P{at+b<z}= o
=P{t<Et}=r (2).

-

omyma py (1) =Fy (0 =F; (A5 -) g =gm (7).

Ecan a <0, To umeeM
Fyy=P{n<x}=Pfat+b<x}=

. x—b x—b
=p(> =i (3)
H \

1

P =F0 == R (5T == gn (F55)-

CObepnHsis 3TH ABa Cayuasi, UMeeM

Py (%) = T%T I?& (“x—}ﬁ') .

ITpumep 9. PaccmoTpuM MOHOTOHHO BO3pacTam-

wmyio ¢yukuuio g(x)= i3 Ilosoxum n = g3, lmeem no
onpejeseHH0 GYHKUHM pacrnpeaeeHus

Fa()=P{n<x}=P {£ <x}=P {£ < x5} = Fy ('3}

Juddepenunpys 310 paBeHCTBO, NMOJYuaeM BHIpaKeHHE
A7 NJIOTHOCTH Py (X): ‘ ‘

Py (9) = F}y () = F} (x19) - 5-x~% = 5 x=%p, (x'5),
Mpumep 10. PaccMorpum MOHOTOHHO yObIBaIOILYIO
dyskuno g(x)= e~*. Halizem Fyn(x) u py(x) cayuaii-
HOM BelMuHHbl 1) = e—%. FimeeM npu x >0
Fylx)=P {4 <x}=Plet<x}=P{E>—Inx}=
=1—-P{E<<—Inx}=1—Fi(—Inx),

‘5.4, GYHKUMH OT CJVUAPIHBIX BEMHUHH . 73 .
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T4 - — / §5. CAIVIAPIHBIE BEJMYHHBL
DTKYyAa )
. Py =Fp®)=TF{(—lnx)=1 pi(—Inx).

Hpr x <0 Fy(x)=P{n <x}=0, T2k kag n=e"5>0
TIpH  Beex § ITosToMy Ha OTpHLATENbHOH MOJNYOCH
Py (x) =F, (x)=0.

" Ilpm M ep 11. Paccmorpum HeMOHOTOHHylo dbyHKIHIO
fg(x)= x2. Haiigem Fy(x) u py x) cnyuauﬂou BEJTHYHHbI
n = E% Vmeem npu x >0

Fo)=P{n<x}=P{E<x}=P{—4/x <t </3}=
==P{§<«/-}—P{E\—-‘\/x}—-F;(«/x)—lfa(—w/x)’

OTKyna

Pa(6) = Fiy () = -

=Fi (/%) 2—4‘/?¢+ —2—% Fi(= AR = g (e +
+ pe (= /7).

Hpn << 0 nMeeM Fy (x)— 0 upy(x)=0.

1

3anaqﬂ

1. Bpocaerca urpasbHas KOCTI: O6osnauum cobbitass A = {umc-
710 BHLIMABLIMX OYKOB 4YeTHO}, B = {uHCJI0 BHLIMABIIMX OYKOB JEJNHTCSH
na 3}. Haiitu: a) sakoH pacnpeneneHns x5 6) 3aKOH pacmpejle/leHns
- 4, B) pa3bueHHe, MOPOXKJEHHOEe CIyYaHHO# BenuuMHOH § = ¥4+
'e’-}— %8, H € 3aKOH pacCIpeje/eHHs.

.. 2. Ha mycryio maxmartHyo LOCKY, CIyuafiHo CTaBHTCst CJIOH. Bes
POSITHOCTH NMOCTaBHTb CJIOHA HAa KaXAYIO K/IETKY OyJeM CUHTaTh OfH<
HaKOBblMH HaifiTh sakom pacnpenefeHHs E-—uucia OHTHIX DOJEH.

. U3 28 kocTei AOMHHO caytaliHO ¥ pPaBHOBEPOATHO BHIGH=
paeTca onna, Hafitn 3akoH pacnpefieieHHs CYyMMH OYKOB § Ha ee'lo<
JIOBHHaX.

4. Cnyvafinas BeanuHHa E Hmeer nyaccouoscxoe pacnpeseJe-
Hue c napamerpoM a. Haiitu BepoatHocTH cobmruii: A = {§ — ver-.
HOe}, . B —{g-—aetxemoe} Yka3anue Bocnosab3oBartbes psigamu

O

n=0 n=0
5. [TnoTHocTh pacmpenenenus £ sapana Qopmyitofi

Cx—%2 npu x>1,
pe (x) =
0 npu x <1,
Hatitu C u ynknuio pacupenencuun Fg (%)..
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6.1. MHOTOMEPHBIE 3AKOHbI PACITPEIEJIEHHS 7%
) . A
6. TIpomsBoauTes cTpean6a [0 Kpyrjoff MHIIeHH pajuyca -
Hailitn dyrkumio pacnpenenenns Fp (¥) ¥ nioTHOCTH py (x) crys
yafiHol BeJHUMHE §, PaBHON DaCCTOSTHHIO OT HEHTPA MHIIECHH TOYRH
nonajaHusd, €CNH TOYKA MOMAajaHHA DaBHOMEPHO paclpeie/ieHa oQ
MHIUEHH. : N .
7, Muwens pajuyca r HecATbIO KOHIEHTPHYECKHMH OKDYXHOQS

CTAMH palHycoB r,=-—=r, k=1,2 .., 10, pasfeneia =
P k=10 : 3,

10, 9, ..., 3, 2, 1. Ilpn nonajaHuu B COOTBETCTBYIONLYIO 30HY, H
Mep V 30HH JaeT YHCJO OYKOB CTpeska. B ycioBHsX 3agaunm 6 maith
3aKOH pacnpefe/seHus v. .
8. Cayuafinas BesMYHHA E -HMeeT DaBHOMEDHOE paclpe/eleHHd
Ha orpeske [1, 2]. Haiitu BepoatHocts P {2 << £2 << 5}p. - 4
9. CnyvaiiHas BemuyHHa £ HMMeeT DaBHOMEpHOe paclpejesieHHd
Ha orpeske [—I1, 3]. Hasith BeposTHoCcTs P {E2 << 2}.

107 Cnyvaiinasi BenuuMHa § HMeeT IOKasaTeJbHOe pachpefenef
X

- 10 yacref, KOTOpHe 3aHyMepOBaHH, HauYHHAs OT UEHTPA, 'mc.namog

HHe ¢ TUIOTHOCTBIO. pg (¥) =e™ ", “x = 0. Haiitu ¢yngumio pacnpéd

JHeMeHns ¥ IVIOTHOCTb CAyYafiHON BeMHUHHE 1= e ™%,
11, Cnyuaiinas BenwunHa § paBHOMepHO pacnpejesieHa Ha OT%
peske [—1, 2]. Hafitn mnoTroCTs Py (x) pacnpezenenns m = B2

§ 6. COBMECTHBIE PACHPEIEJIEHHSA CJYYAHHBIX .
BEJINYHH .. B .

6.1. MHoromepHble 3akoHsl pacnpepenenus. OueHb
YacTO B BEPOATHOCTHBIX MOJENSAX NPHXOZHTCA paccMmare -
puBaThb Cpasy HECKOJNbKO caAyyaiiHbix BeanmuuH. Hampuy
Mep, . IpH cTpesablbe MO -MJIOCKOH MHUIEHH cnyqaﬁﬂai
TOWKA IOMajaHuss MMeeT [BE KOOPAMHATH E H 1), KOTO% '

" pHIC ABJIAIOTCA CAYYaHHLIMH BeJHYHHAMH; IIPH aHTPOIOY,

METPHYECKHX HCCJeJOBaHHAX OCHOBHEIMH MNapaMeTpaMy
4eJ0OBEYECKOro Tejla CYHTAIOTCA BEC, POCT H 06DbeM|
rPyaH, KOTOpHle NPH CJIyudilHOM BHIGOpe uelOBeKa H3F
Kako#-1H60 COBOKYMHOCTH TaKXKe CJAYyYaHHBI; NMpH Mac
COBOM H3roTOBJIEGHHH KaKHX-JIHOO HeTrajiell Ha CTaHKé

" PasiMuHble MX pasMepbl TOXKe MAIOT NPHMEp caydaiHbI¥
N 7

BeJIHUHH. .

B marteMaTHuecKOi MOAeJH B 3THX CJAyyasx Ha BQ},
poaTHocTHOM mpocTpancTBe (Q, &, P) ompenesneHsl -HEF
CKOJIbKO cJiydaWHbiX BeJaWudH §i, &2, ..., &, KOTOpBI&
HHOTRa yno6HO paccMaTpuBaThb KaK KOOpDAHHATHI CHYy+#
ualHOM TOuKH, uaM-cryvaitHoro Bektopa & =(&y, ..., &)
H3 r-mepnoro npoctrpaHctBa R’., COBMECTHBIM 3aKOHOM

~
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pacnpejiesieHHs STHX CJOy4aHHBIX BeJIHYHH Ha3blBaeTcs Be-
POATHOCTD NONafaHusl TOUKH § B r-MepHOe MHOXKeCTBO B:

., Py(B)=P (8= B}, (D)

paccMaTpHBaeMasi B 3aBHCHMOCTH OT MHoxecTBa B. 3a-

KOH pacnpefiesienusi (1) HasbIBAIOT TakKe MHO20MED-

nbim, uiaH, 6oJiee TOYHO, r-mepHoiMm. MBI paccMOTpHUM ABa

croco6a saganusa 3akoHa (1). Ilycte umeercs xoHeu-

Hblf HMAHM  cueTHHIA HaGop BekTopoB x(i)==(xi(i),

x2(i), ..., %,(i)), n nycTb nanwl BeposaTHocTH P {E= i) },
0

YAOBJIETBOPSIIOIHE  YCJIOBHIO iZlP {&==x (i)}=1. 3axkon
pacnpenenenus (1), 3agaBaemblil popmyJiof

Py(B)=_ E ,PE=x@) @

Ha3blBaeTcs aucxpembm 3aKoHoM pacnpedeserus.

ITpumep 1. B cxeMe n He3aBUCHMBIX HCHBITaHHH
¢ r ucxogamMu B § 3 Mbl BBeJH MHOJHHOMHAJbHOE pac-
npeaenende.. Ero MOXHO paccMaTpHBaTh KakK r-MepHOe
pacnpejesieHHe CAy4YaiHbLIX BeJHYHH WM, Mg, ..., Wr, [AE
Wy — YHCJIO i-X HCXOMAOB B # HCcHBITaHHfX. Toraa

nl
P{u=m,, ..., P«r=mr}=mpf" p:"',

ecnt my+ ... Fmo=n, u

- P{u=m}=0
B OCTa/bHBIX cayuasx (3mecb m= (W1, ..., ),
m==(my, ..., m;)). Jlpyroit kjacc 3aKOHOB pac-
‘IpeAeIeHHs] 3alaeTCs r-MepHOl NAOTHOCTLIO P, (X) =
=Py ..¢, (xl, ey X )>O YAOBJIETBOPSAOWEH yc.nonmo

{ = W O P P T

P.B)=\...\p(xn..oxpdr,...dz. @
B

Ecmu  B={(u, ..., ) i S i < i+ Axi, i=
=1,...,r}, (x1,"..., X;)— TOUKA HENPEPHIBHOCTH MJIOT-
HOCTH, TO npu Ax;—0, i=1, ..., r, OIPUMeHAs K HHTe-

J
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rpanay B npasod yactu (3) TeopeMy O CpemHeM, MOJYYHM
P.(BY=p; ..;, (%5 oo 0 x,) A%, oo Ax 0 (Ax, ... Ax,),

Mpuwmep 2. Ilycts npi cTpeanbe mo ma0cKkoil KBafs
paTHOR MHUIeHH |x|<<a, |y|<<a Touka nonanaHus

© (E,m) HMeeT Clefyiollyl0o ABYMEPHYIO MJOTHOCTb:

1 - .
W‘, €CJIH lx‘gaﬂ Iyl<a9

.

Pen (%, 9) =~{

0 B ocraJpHHIX CiayYasx.

Ke

Torma BepoOsITHOCTh NomacTb B KPpyr x% 4 y?> << a® BH-
yHcsafercs, coraacHo ¢opmyne (3), caenyioumum 00+
pasoM: :

} . , 2
Pet+n<a)= (| p, 0 pdray=35=2.
. i< @

TMonaras B ¢dopmynax (2) Han (3) muoxecrBo B
paBubiM {y =(y1, ..., Yr): Yi<xi, i=1, ..., r}, roe

X1, ...} Xr—3aJlaHHBle YHCJA, MOJYYyaeM BepOSITHOCTb
cobuitns {& < x, ..., & << X}, BaBHCAWYID OT Xi,
Xo, ..., Xr; 3TQ BEPOSATHOCTb HA3bIBAETCH r-MEpPHOL (PYHK-

yuetl pacnpedesexus cayvyaifHblX BeauuyumH Ei, ..., &
1 0603HayaeTcs :

F, (x),=F§‘m Er(x,, ceny X)=
=P <%,...5<x) @

MoxHo noKa3aTb, u4TO r-MepHas (YHKUHs pacmpesenes
Husl  (4) OfHO3HAUYHO 3ajaeT 3aKOH pacnpejeneHHs
P:(B). Hanpumep, ecin umeeTcs r-MepHasi IJIOTHOCTb
Pt,...t, (%1 -+ s %), 7O coriacho (3) n (4) Qynkuus

' pacnpenenenuss F x,) 3ajaercss HHTerpas<

g ot (%1500 05
a0M «

Fgl ...§; (xp sy xr) =
% Xy, - x,
= S du, S du, ... S Py, ...t (s oo os ) A8, (B)

- —00 %

.
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~

. OTKyZa nmbtbepeﬂunpoaaﬂﬂem no xl, X2y exyy Xr nony-
f1aem PaBeHCTBO

6'F§l . gr (xl, ooy xr)
0x1 vee OXf

=p§l._.§'r(}c.l, cees %), . (6)
CnpaBefJIHBOE BO BCeX TOUKax Henpepm;anoc'rh NAI0THO-
CTH Py 4. Takum o6pasoM, sHas QyHKUHIO pacmpene-
JieHus an ---'fr’ no ¢popmyie (6) MOXKHO HAHTH AJIOTHOCTb
P ...y, & TO 9TO# mJIOTHOCTH ¢opmyJioft (3), ompene-

JIsleTCs 3aKOH pacnpeneneHus Py (B). /
‘C nomompi0 r-MepHOro 3aKOHa Jpacnpenenenus
Pe, MOXHO. ONpeieJ]HUTh JIO00H mmepﬂm”x 3aKOH

pacnpeneneﬂnﬂ Pe gy M Ecan 3akon pacnpene-

JIleHHs1 3ajaH q)yHKuueu pacnpeneneﬂm (4), To, moaa-
ras Xmy1 — 400, ..., Xy = =00, nosyuaem

Pyt (B veor Xp) =

=P{§1<xl, olt) gm m}_ ”‘l-:-r‘n_)_*_m §l ese ar(xlt olc)xr)
x._)._l:o;. .e -
@),

O6o3Hauas Fa, .t (xl, coerXpy 00, vu.y + oo) ‘mpe-
Aen cnpasa B (7), MOXHO 3amucath (7) CAeAyOLIHM
o0pasoMm: ’

(xl, cess xm)==

=F ..., (F o0 X +°b. cees +00) ©)
Monaras xm41—>~Foo, ..., % —~-oo B dopmyae (5) :
M yuuthiBasg ¢opmynay (8), MBI MOxkeM MOJYYHTb HJIOT- i
HOCTb paclpeieseHHs A

Py ety (o oo ) =

I

o0 (.-
= S Xy ons S pal"_gr(xl,...,xm,xm+l,...,x,)d§,,' ;

-0 -0

- ; ©) 3
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B uyacTHOCTH, C nomouipio ¢opmya tuma (8) u (9) H3
r-MEpPHOTO paclpefielleHHss MOXHO TMOJYYHTb ORHOMeEp«
HEle pacnpee/ieHHst OTAENbHBIX KOMIOHEHT:

Fgl (xl) =F§| oee §;(xl’ + 005 evuy + 00),
Fy (%) =Fy, ..., (+ 0, 2 + 00, ..., + ),

F§, (xr) = F§l'... & (+ °°: . '_'.) -+ oo x,)

H .
’;31 (x)= S pgl §'(x, Xps voey X )d%y ... dx,,
Rr-!
ps, (¥) = S P, ... (xl, Xy Xy vuny X, )dx,dX; ... dx,,
Rr=L

v

.t‘o.l.l'.......t'b..0.0"‘)

P, (X)= S Py ..t (% v vey XpyX)dy oo dx g
Rr—l :

6.2, HesaBucumocTb cayyaiinbix Beanuns, CiyuyafiHHE
BelquuHHbl &1, &2, ..., & Ha3bIBAIOTCH HE3ABUCUMbBLMU,
€can Ans JI6blIX YHCJIOBHIX MHOXecCTB By, Bs, ..., B
JJisi KOTODHIX ,ONpefe/eHbl BepOSITHOCTH coébmm {ag
& B;}, UMeeT MeCTO PaBeHCTBO  ~

P{gl EBh §2EB2» ey grEBr}—"
=P eB}P{. =B} ... P& =B}, (10)
Ecnu pasenctso (10). Hapymaerc;r )i KaKHX- Huéyp;y
MHOXecTB B;, 'To cayuaiiHble BeJMUYHHH &y, .,., §, fia«
3LIBAIOTCS. 3A8UCUMbBIMU.
B. vacthocrH, ecau B; = {yi y: <x,},’ To s Hesa
" BUCHMBIX' CIyYaHHEIX BeJHUHH -

Fy ...g,(xv Kogp e v ity) =Fy (%) Fy (%) ... Fy (x.),-(11)

T. e. r-MepHas (pynxumi pacnpesienenus. paBHa IPOH3+
BeJIeHHIO OJHOMEpHBIX GYHKIMA pacnpenesnenns. MoxHo
NOKa3aTh,: 4T0: ycaoBye (11). MOXKHO. IPUHATH 3a ompeje-<
JIeHHe ' He3aBHCHMOCTH. B. o0mem. cayuae. Ecau umeercs
7-MepHas IOTHOCTD Py | o (*1s + ¢+ %,), TO c mOMONIBIO

gmpq)epeﬂuupoaaaua MO0 X1, ui., Xr paBeHCTBA (1)

T A LA S tus T e
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- moJiyyaeM, uTO [JIsl He3aBHCHMBIX CJAY4YaHHBIX BeJHUHH
ot (Fp ooes ) =p; (¥) Pg, (%) - - - Py, (%,). (12)

B cnyuae nuCKpeTHOro pacmpefie/ieHHsI. H3 ONpeaeseHHs
He3aBHCHMOCTH (10) BBLITEKAaeT PaBEHCTBO

P(gl"—'xl’ §2_x2t coy gr—xr}— .
=P =x}P{Ea=x}... P{gr—xr} (13)

Yenous (12) u (13) paBHOCHJIbeI onpeseseHHIO
HezaBucuMocTH (10) B .ci1yuae COOTBETCTBEHHO Hempe-
PBHIBHOTO M IHCKpeTHOro pacmnpeneneHHs. B camom neie,
eCJIH BHINOJIHEHO paBeHcTBO (12), To

P{L‘,IEBL,...; g,EB,}= ;
=_de1 Sp§x-'-ir(x" o %) dxy oL diy =
B

B,

1 . .
= S 2 (%) dx, - S Py, (%) dx, ... S 29 (x,)dx, =
B, B

2 r

=P =B}... P =B}

AnanoruyHo OKa3HBaeTCs SKBHBAJIGHTHOCTb YCJO-

Bufl nesaBucumoctd- (10) m (13) mas AHCKpeTHBIX pac-
, npeneneHu. .

B n. 6.1 Mpl mokasaJii, YTO MHOTOMEpPHOe pacnpeies
JleHHe oOIpejesiieT OAHOMepHble pacmpefesyeHus. B 06-
uieM cJyuae NMo OAHOMEpHHIM pacrpepenenusM g, ..:,” &
Heslb3l BOCCTAHOBHTb MHOrOMepHOe pacupejesieHHe. Ta-
"KOe BOCCTaHOBJIEHHe MOXHO CJe]aTb TOJBKO B ciyuae,
Koraa &i, ..., & HesaBucuMmbl. Ilpn mocTpoenun mogneneit
cAyYalHbIX fIBJIEHHH 3TO 06CTOATENbCTBO HCHOJb3yeTcH,
KOT[la M3BeCTHO, YTO ciayuyaliHble SBJIEHHS, CBSI3aHHBIE CO
ciyyadHBIMH  BeJIHYMHAMHM, TNPHUYMHHO HE3aBHCHMBI.
Toraa, xak ykasbiBajloch B § 3, npu mocTpoeHnn ob6iuero
BEPOSATHOCTHOIO NMPOCTPAHCTBA, Ha KOTOPOM ONpeaeleHH
Bce E; ecTeCTBEHHO CUHMTATh 3TH CJyYaiHble BeJHYHHBI
He3aBHCHMBIMH B TEOPETHKO- -BEPOSITHOCTHOM CMBICJIE,

HesaBucuMble cayvaiihble BeqHYHHB 0GJNafaloT cie<
AYIOUMM OOLIMM CBOHCTBOM, - .

\
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Teopema 1. Ecau cayuadnole seauturol vy, ..., M
ABAAIOTCA PynKyuanu 1; = gi (&) OT He3asuUCUMbLX CAY-
ualinbix geaudun &, ..., &, TO OHU He3asucumol.

HokasatenbcTBO. PaccMOTpHM 4YHC/IOBble MHO-
xkectBa B;, mas Kotopeix {n; < B;}- aBasiotcs coGbl-
tuamd. OGo3naunm B Takoe UMCJIOBOE MHOMECTBO, 4YTO
Y,=g,(x;,) = B] B Tex u TONbKO TeX TOUKAX Xi, AJIs KO-
TOpLIX x; & B;, Toraa '

{n=B}={e() <= B}={ =B}.

" Tak kakK E, ..., & He3aBHCHMBI, TO COIVIACHO (10) co-
ObITHS {E,EB‘T} HE3aBHCHMBI; CJief0BaTe/JbHO, He3aBH-
CHMBI cobbiTH {n; & B;}, a 3T0 O3HauyaeT, YTO CJayyai-
HBle BeJHYHHBI 1)1, ..., 1)r— He3aBHCUMBI. Teopema no-
KasaHa.

6.3. CsepTka pacnpepenennit. Eciin 3afano AuCKpeT-
HOe HJIM- HeNpepbIBHOE MHOrOMepHOe paclpejeseHHe
P, ..., (B), To ¢ nomompio dopmya (2) uau (3) MOxKHO
NOJNyYUTb paclpefeseHHe CJAY4YaiHOH BeJIHUMHBI 1) ==
=g(, ..., &), rae g(x1, ..., Xr)— UnCIOBAsT DYHKUHA
OT Xi, ..., Xr. PacCMOTpHM BaXKHBIfi YacCTHBIH ciayuaH,
KOTH2a cJayuyaifiHble BeJHYHHBE E;, §2 He3aBHCHMBI, H.
& (x1, x2) = x1 + x2. Ecan uMeloTCs MJIOTHOCTH p, (xl) i
P (%), TO B CUWIy HE3aBHCHMOCTH : Py, (X1, %5)=
=P, (xl) sz(xz). Boiuncnum no dopmyse (3) GyHKIHIO
pacnpenesieHHss cyMMbl §; - §2, NOJIOXKHB

Fou, @) =P +5,<2}=

= S ‘ P, (%)) Py, (%) dx, dxy=

Hn+x<z
[ =Xy

. = S Pe, (xl) dx, _5” P, (x2) dx,,

- 00

HpOPlSBODJ{ BO BHYTpEHHEM'® HHTErpaJje 3aMeHy x? == .
= 4 -— x| U MeHss NOPAJNOK HHTErPHPOBaHHA, NMOJydyaeM

z co

Fyr )= { du { p, (%) Py, (2 — x) dx,.

-0 . -0
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. IuddepeHnupys 370 paBeHCTBO MO 2, MPHXOAHM K (Op+
MyJe C8epTKU, UM KOMNosuyuy OAf nAoTHOCTel:

. 00

Poin@= | Py (5) (e — 1) dx. (1)

. -0 -

. C_nomompio popmyanl (14) MOMKHO MO IJIOTHOCTAM ABYX
He3aBHCHMBIX CJIyYaHHBIX BeJHUMH §; M E; HAXOAHTb
MWIOTHOCTb MX cymMMmbl &; 4 & Ilpu moswp3oBaHum ¢op-

MyJoit ' (14) Hamo IOMHHTB,- YTO NJOTHOCTH YacTo 3a« _

' JaloTcs pasHBIMH aHaJIMTHYECKHMH cpopmynamn Ha -pass
HBIX yYacTKax.

ITpumep 3: Cryaent npu NOe3fKe B HHCTHTYT MOJb-
3yeTcsi MeTpo -H aBToGycoM. B Merpo eMy mnpuxomurcs
OXHAATb I1oe3xa He 60J1ee ABYX MHHYT, omunarme aBTO-

6yca mpopmomxaercs He Gojee jaecaATH MuHyT. -Cuuras

BpeMéHa OXUAaHHS E U M B MeTpo U aBTOOYyCe He3aBH-
CHMBIMH CJIy4alHHMH BeJHYHHAMH, pacnpeielleHHBIMU
paBHOMEDHO COOTBEeTCTBeHHo B uHTepBasiax [0, 2]
u [0, 10], HaliTH NJIOTHOCTb pacnpeneseHHs CyMMapHOro
oxupanusa §--1. Hnomocm pe(x), pn(x) sanarorcs
dopmynamMu

12, 0<x<2, -
_Pz(x)=_{ !

0 B OCTaJbHHX, c.nyqaax,
110, 0<<x<<10, -
Py (x)={ "0 B OCTaNbHBIX CaYYasX.
Ho ¢dopmye (14) HMeeM

.
Pasn () = Spgu)pﬂ(x W=t = )

-—00 .0

Tak KaK pg(u)=0 mpu u<<0 u «>2 Ilpn x<<0
p,,(x——u)—O [03TOMY pH,,(x)—D Hpu I<<x<?2

x { . lx
,;{Hn(x)——Spn(x u)du=_-§-- Sdu 20
Ipu 2 << x<10 '

2

: 10, -1
P =3 ) Pl —u) du=n5=1g.

e T

-




6.3 CBEPTKA PACTPEAENEHMA ~ B . R
Irlo<<r << 12—
. - 2 _
pn@) =5 | palr—wdu= 255,
. X-10 .
Y, naxonen, npu x > 12 nonyqaeM Ptin (x)—O Ipadur
IVIOTHOCTH Pgin (X) H306paken Ha puc. 12.

‘0;‘7;(:""\ ) _ .
0 [ -
| |
| g |
z |
174 A 7w 72 a

- c Puc. 12, .- -7

JIna He3aBHCUMBIX CJAY4afHHIX BequHuuH §;, § ¢ AHCS
KpPeTHbIM pacnpefle/leHieM uMeeTcs ¢opMyna CBepTKH
HJIH KOMIIO3HIHH, aHaJorHuHas (14): :

PE+n=n=YXPE=x}Pn=x—x) (15)
xi ¢ .

rfle Xr— TOUKH, B KOTOphiX P{& = X;} > 0. [lokasaTens-.
ctBo (15) mpocro moJsyuaercss us q>opmy.m>1 (2) u ycno-< -
BHA He3aBHCHMOCTH. (13).

Tlpumep 4. Tlycts cnyvaiinble BeJIHUHHBI Ex B &
He3aBHCHMBI H paclpejelieHbl HOPMaJbHO C NapaMer-’
pamu (ai, 01), (@, O2) coorBercTBeHHO:. Haililem 3aKoH
pacnpenenenus &= &; +'&. Iloacrasass B ¢opmyay,
(14) mromocm pacnpeaejeHus g, H £, nonyth

o _{u—ay - —am

1 20} 1 208 . -
| Pt (%) _S” pv; A Vi e ) duT

Orciofa, Tak Kak <

L— @) | (x—u-— a2)’ _
0'1 + 0'2 . ‘
- 0'[ + 0'2 . 0‘02 + (x -— a2) 02 (x -— al-— a2)2
= o2o? U= ] 2 402 ’
191 010, ’\/ o + 03 - 0y t03
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caenyer, uTo
- o _02(u-C)p

_{x=ay o 20202
%) = e 27 .__9 S e % gy
pe(¥) = V2 1o - A2mo0r ’

: . 2 o 2
rie a=a;+as, o =040z 1u
a,0; +(x = a,) o
0,024/} + 03

3aMeHsiss nepeMEeHHYI0 MHTErpHpOBaHHA No dopmyse
y = o(u— C) /0,09, nONy4nM :

C=

. | * (x=ap
14 (X)= '\/'2—:_‘0 e ’ (16)
L3
TaK Kak
o _ou=Cr o
. 20%¢2 1 - Ty
— S e "2 de=ee \e ° du=1.
A/27.0,0, _ 1/2:m % .

' \
TTonyuyennas ¢opmyna (16) onpepensieT MIOTHOCTb HOP-«
MaJlbHOrO pacnpeiesieHdss ¢ mnapamerpamu (a,c). Ta-
KHM 00pasoM, CyMMQ HE3ABUCUMbLY® HOPMAALHO - paAC-
npedenerHblx BeAunwun umeer HopmasbHoe pacnpede-
AeHue.

. TNpumep 5. IycTp cayuafinbie BeqHuMHB & M & |
_ He3aBHCHMBI -H pacnpejenensl no 3akony Ilyaccona:

- l |
P {§1=k}.=ge"“, Pl =1} =22, a7)

ITopcraBasia B ¢opmyany (15) BepOSITHOCTH (17), Ha-
XOqUM

e = =d

R A’r’ A‘2 - A -
PEata=m=Y Hen. e
n=0 h

1 o~ Mtha) nam—n__
=€ l Z nl(m n)l My =

I+
=-re Mt ’)'(A'l"l'a'z)m'
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‘Orciona, nonarast A = A; -+ Ag, HONYyYUM

am
P{§x+§2=m}=zr9 A,
T. €. CYMMQ HR3ABUCUMbLX "CAYHQAUIHOIX BeAUHUH, pacnpe-
‘denennoix no 3axony Ilyaccowa, takime pacnpedeseHa
no saxony Ilyaccona.

3apgaumn

1. IByMepHass mJIOTHOCTD. pgn-(x, Y) INA TOYeK, YAOBJETBO+

PAOIHX YCJIOBHAM ¥+ y << 1, ¥ = 0, y = 0, paBua 2.

a) Haiitu BeposatHocTb coéumn E’ + n'—’ < 1/2.

6) Ilokasath, yto & u n 3aBHCuMBL. (Y ka3anue Haiitu Be-
pOﬂTHoCTb CcobHTHi {l2<i<|, 12<9<1}, {I2<E<1),
fiIzsn<1)). -

2 I‘pax-m HrpajbHOH KOCTH 32aHYMEepOBaHHI TaK, uto cymMMa - 04s
KOB INPOTHBOMOJAOXKHEX rpaHeu Bceraa pasHa 7. [lycts . E — gucio
OYKOB, BhiNaBlliee Ha BEpPXHeH rpaHH, M — YHUCJAO OYKOB HA HHNKHeH
rpaud. Haiitu sakon pacmpenenenns § = &n

3. Haiitu GOYHKUMIO M ONOTHOCTb pacnpeneseHus 0 = max(§ 1),
ectH § M 1 He3aBHCHMHI M pPaBHOMepHO pacnpenesensl Ha [0,1].

4, CnyvyaiiHble BeNHUMHBI § M 1) HE3aBUCHMBI H HMEIOT OLHO H
TO Ke noxaaarenbﬂoe pacnpejieieie ¢ IOTHOCTBIO Py (x) = =p, ()=

= Ae~M =0. ]
Haifitu morHocTh Pgiy (x).

§ 7. MATEMATHYECKOE. O)KHIAHHE

7.1. MatemaTHuecKkOe OXKHIAaHMe B KOHEUHOl cxeme.
Tlycth Ha KOHEYHOM BEPOSITHOCTHOM IIPOCTPAHCTBE
(Q, o¢, P) 3anana cayuaiinas Benuuuna & = E(w). Ogna
13 HanGoJsiee BaXKHBIX YHCJOBBIX XapaKTePHCTHK Cayyaiis
HOHl BeJHYHMHB E— 3TO ee MaTeMaTHUeCKOe OKHIaHHe,

Martemaruueckum oocudanuem cay4atinol se-
AUdURBL § 8 KOHEUHQU Cxeme HA3bIBAETCA HUCAO,
o6osnauaemoe ME u pastoe

M&=@§g§(w)fggm>‘, -

2de p(w)— sneMeHTapHble B8ePOATHOCTU, 3adaroujus
8epOATHOCTL P.

-
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~

®opmyna (1) nokassiBaeT, YTO MaTeMaTHUECKOe
oxHAaaHHe ME ompenensercs Kak UHCJIO, paBHOe CyMME
npousBenenuil sHigennii E(ow) cayuaiiHoli BeaHuMHB §.
Ha COOTBETCTBYIOLIMe 3JEMEHTapHBIE BepOSTHOCTH p(®@).
Srta cyMMa Gepercss IO BCeM 3JieMEHTApHBIM COOBITHSIM
_ @ u3 npocrpanctBa.Q. B wacTHoCcTH, eclH 3aHyMepoBaTh
9JleMeHTapHEle COOBITHS H MOJNOXKHTb Q= {01, svs, @n},
T0 dopmyay (1) MoxKHO 3amucaTh B BHAE -,

Mg =E (@1) p (@1) + £ (@2) p (@) + ... +&(0,) p(@,)-

BMmecTo TepMHHA MaTeMaTHUeCKOe OXHAaHHe CJAYYaHHOH
BeJMYHHBl § yNOTPeGJIAT HHOTAA TepMHH cpedHee 3HA~
uenue & UJH, eille Kopoue, — cpedree E..

Mpumep 1. Iycts B JsoTepee pasnirpuBaioTes N.
6uneroB, mpuueM Ha N; GANeTOB majaeTr BHIUIPHILI Qj,
Ha N 6nJ1eT03—Bbxurpum az ..., Ha N, OHjieToB —.
BHHRpHII @, (Hampumep, B KHHXXHOH JioTepee Ha KaxK+
avle 1000 6useroB GOJbluasi 4acTb GHJIETOB HMeeT Bbl<
urpeimt @3 == 0 py6., a ocrajabHble OHJETHl AAIOT BBIHI-
puimd B pasMepax a;= 0,5 py6., as=1 pyb., as==
=5 py6., u'T. A.). PaccmoTpuM ciayuaiiHyio BeqHuUHHY E,
PaBHYIO BBHIMIDHIINY, KOTOPBIH AOCTAJICSl YUaCTHHKY JIOTe«
ped, npuobperiiemy onud Ouner. CyleCTBYIOT DasHbHIE
CHCTEMBl pas3birphiBaHus JgoTeped. HampuMep, ‘B HeHeX<
HO-BEllleBO¥ JioTepee NMPOAANOTCA OHJETH], HMEIOIHe HO-
Mepa, a 3aTeM B ClelHaJbHbIX THPAXKaX PasbirPHIBAIOTCS
BBHIUTPBILIH, Majaloillde Ha Te HIH HMHble HoMmepa. Mu
‘nas TPOCTOTH PACCMOTPHM JDYIyIO CHCTEMY, NMPHUHATYIO
B KHIXKHOH JioTepee H- B JoTepee «CIpHUHT», B KOTOPHIX
OHJleTHl NPOJAIOTCS B 3aHeYaTAHHOM BHMAe M Ha HHX 3a-
paHee oTMeueH pasMmep BuHrphima. ITockosbKy BHeIIHE
OHJIeTH BHITJISAAT BCe OAMHAKOBO, Mbl MOXEM B 3TOM
‘clyyae ONpeJe]HTb BepOsiTHOCTHOe IPOCTPAHCTBO CJe-

LYIOIIHM o6pa30M Hych 3JIeMEHTapHOe coOBITHE @ —
3TO OTAeJbHBIH JOTepefiHblli OHJET, a MHOXeCTBO BCeX
3JIeMEHTapHBIX COGBITHH Q = {m} HMeeT MOILHOCTE
|Q|—N DueMeHTapHBle BEPOATHOCTH p(0) B cHuay,
BHCIIHEH HIEHTHYHOCTH JIOTepPeHHbIX OHJIETOB BCe PaBHBE
Mexay co6o#t p(w)==1/N, mnostoMy Mbl NPHXOAUM
K KJaCCHYECKOMY ONpele/leHHI0O BepOSATHOCTH P, mo Ko:

TOPOMY E(A)=-|lg—]'. Ilycts Ha MHOXKecTBe A; J0Tes
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pefiHbIX OHJIETOB HMeeTCsi BBIMTpHII a; u- |A; [—-N‘. .
Toraa caydaiiHylo BeqHunHy §= E(®) MOXHO 3ajaTh
¢ IOMOILBIO pa3GHeHHs -

' Q=4+ 4+ ...+ 4

paBeHCTBaMH )
- \ tE(0)=aq;, eciu 0o = A4;.

B sTOM Ciaydae MaTeMaTHYeCKOe OXHAAHHE ME ompene-
Jasercsa _Ho ¢opmyde (1) caepylomum o6pa30M

Me= 2 £(@)p(0)= ' -
% E@p@+ T t@p0H. T s@pe=

osA

=a X p@)+a Z p(w)+...+a, Z o=

=P 1
=alT'+“27v—+ +“r7v"'

TaKk Kak E(®)= a; aas Bcex o < A, U3 npuBenenHoro
npuMepa sICHO nponcxomneﬂne TepMHHa cpeduee 3Haue-

Hue E,~TaK XaK cymma Z ayN, — 310 Bbmrpbxmnbm'

Goun Bceji Jorepen, a ee omomeane K ofueMy 4dHcIy
Onneros N — 5TO cpefnHil BEIMTPHII HA OJMH GUJIET:

W3 onpeneneHus MareMaTHUeCKOrO OXKHAAHHS JIETKO
'BbITEKAIOT CJIeAYIOLIHe ero CBOMCTBA.

1°. Addurusnocre: M E -+ m)= M§ -+ Mn, 1. e. mare-
maruueckoe oxcudanue CYMmobl CAYHUQALUHOIX BEAUHUR PAB-
HO CYymme MATemMaTu4ecKux oxncudarnul crazaemolx.

HokasareabctBo., M3 onpesenenus MateMmarH-
HeCKOro OXHAAHHS HMeeM

ME+n=3 €@ +ne)r© =
= Z @@+ T n(©)p@=
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N

OTo cBOHCTBO pacmpocTpaHseTcs Ha cJuayuai ja6oro Ko-
HEYHOTO YHCJIa CJlaraeMbIX:

MG +&+... +§k)—M§1+M§2+ +M§k-
2°. [I2a aroboeo wucaa ¢
M (ct) = oM,

T. €. NOCTOAHHGIUL MHONCUTEAb C MONCHO BbIHOCUTb 3a
BHAK MATEMATUYLECKO20 OXCUOQHUA. LY
IokasarteabcTBo. Y3 onpenenenus 1 umeeM

M) = %, ct(e)p(@)=c X £()p(©)=CcMt.

CoBokynHOCTb cBOHCTB 1° M 2° HasbiBaercs csoUicTeoMm
AUKelHOCTY MaTeMaTHYECKOr0 OXHIaHHA H BHIpaxKaercd
CJIEAYIOIIUM DaBEHCTBOM: N )

'M(c.§1+c2§2+...+ck§k)— A :
= ¢\ ME; + coME + ... + cxMEs,  (2)
ClpaBe//IUBbIM AJs JIOGBIX CAyYafiHBIX BEJHUHH §; H JIO-

< OBIX yHuced C;.

3°. Maremaruueckoe oofcuaauue uHlukaropa %a CO-
6oiTun A pasHo 8epoATHOCTU 3T020 COOBLITUR:

My =P (A). -

'I[c')KasaTe.nbc'rBo. Tak xak P (4)= ZAp(co), T0
M= 5 1a@p@= L 1-p@+ T 0-p@—=
= T p@=P(A.

4, CsolcTso MOHOTORHOCTU: Ecau E= 1], o ME =
- = Mn.

JlokasaTeabcTBO. JloKaxeM CcHayana, uTO H3
E=0 caexyer ME=0. B camoM pene, Tak Kak AJd
kaxaoro o =Q E(0)=0 u p(0)=0, To u cymma’

Mg = Zg E(@)p(0) Gymer ueorpuuatenbHa. ITpumenss
0oE . .

-y

NOKa3aHHOE CBOHCTBO K HeOTpHuaTeanOﬁ pa3HOCTH
E—mn =0, moryuaem M(E — n)-—- Mg —Mn=>=0, uro u .
'rpeﬁosanocb J0Ka3aTh. ~ M
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"®opMYyaAb AJsS BHUHCHEHHUS
MaTEeMaTHUYECKOTO OXHAAHUS

JlaHHOE BhIIIE ONMpefe/ieHHe MaTeMaTHYeCKOro OXKH-
nanus ME cayyaiiHOH BelHUMHH § He Bcerga yaoGHO AJst
porupcaenus. Kak Mbl yxxe Bugenu B § 6, ajns BbluHC/IeHHS
BCPOATHOCTEH P{t = B} naM He 0653aTeJIbHO 3HaTh Be-
POATHOCTHOE NMPOCTPaHcTBO (R, &, P) u dyukuuio (o),
KoTopasi 3ajlaeT ClAy4yalHyio BeJMuuHy E, a JOCTAaTOYHO
3HATh JHIIb 3aKOH pacmpejesieHus E, T. e. Habop Bcex
3HayeHH# X1, ..., Xr, KOTOpble INpHHHUMaeT cJayvyalHas
BeJIHYMHA §, H COOTBETCTBYIOLIHE BeposATHOCTH P {E = x:},
i=12, ..., k. MatemaTuueckoe oxuganue ME" BbuHC-
JseTcsd ¢ TOMOIIbI0 3aKOHA pacnpejeneHusi § mo cre-
aywomei popmyae: L

k
M= 2, 5P E=x}. )

Ons  nokasatenbcTsa ¢opmysast (3) Bocmoab3yemcs -

NPEACTAaB/NCHHEM CayyaiiHOi BeJHuHHBI § uyepes pasbue-
e Ay +As+ ... FAr =20, rae 4; = {0 E(0)= %}
(cm. § 6): <

& .
E= g,l X%a;. (4)

ITpamensis Kk cymMMme (4) cBOWHCTBO JIHHEHHOCTH H CBOIi-

¢tBO 3°, HMeeM C
sk k. )
Mge=M (z; xiXA[) = i; i Mxa, = l; %P {E=1x}.

Takum o6pasoM, Mbl fgOKa3aJH, YTO MaTeMaTHYeCKoe
OXHMJaHHe cJayyaHHOUd BeJHYHHBI E paBHO CyMMe IIpoO-
M3BeJleHH ee 3HaueHWH Xx; Ha BepostHOCTH P {& = Xi}
TOrO, 4TO § NPUHHMAaeT COOTBETCTBYIOLIee 3HAUEHHE.
Paccyxnas aunanoruuno, HeTpyAHO NOJYUHTb CJe-

nywomue ¢GopMynbl JJs BBHUYHCACHHUS MaTeMaTHUYECKOTo

OXHAaHHA OT cayuafinbix Bennuun Bupa g(E), g(&n),
rie g(x), g(x,y)— uncaosbie ¢GysKuuu, a §, _m — Cay-
YalHble BeJIHYHHDL:,

\ ,
Mg (&) = ‘Z_ll g (x)PE=x3}, (5)

‘
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. : R t m - -
Mg ® =2 X gl 4)PE=x, n=y}. 6

s nonyqeuml (popmy.n (5) n (6) Haj0 BOCHOJIb30-
BaTbCs npeCcTaBIeHHAMH g(g) u g(&mn) B BHAC cae-
AYIOIHUX cyMM'

) N ' B m N -
gl = Z‘. g0)nay 8@ V=2 X & y) tayy

- Tt

.rie {A:} — pasbuenune, BBefeHHOe ‘Bhime; a {A;;} — pas-
Guenne, obpasyemoe MHoxKecTBaMHu A;; = {0: E(0) = X

. (o))— yj}. ®opmyay, ananornunyio (6), HeTpyaHO IO- -
.uy'-m'rb u ana Mg(&, ..., &). l'[ocxo.nbxy COTJIACHO

. q)opmy.ne (3) maTtemaruueckoe oxupanue ME ciayuaiiHoi
BeJIUUUHBL § OJHO3HAYHO ONpeJeJISETCs ee S3aKOHOM' pac-
npefesieHHs, TO HHOTJAa BMECTO TEpMHHAa MaTeMaTHue~
CKOe OXHOaHHe CJAYYafHOH BeJUUMHB . ymoTpeGasiioT
TEPMHH Maremaruqemwe oxudanue 3aKOKA pacnpeﬁe/ze-

Hus k.
Tipumep 2. Halizem MaTeMaTHuecKoe OXHIAHHT

- GMHOMMAJILHOTO 32KOHA paclpejeseHns '

P{p=*£} =cﬁp"q""" E=0,k:.., 1, .
B q =]1— P, <p < L.

" CorytacHo (3) HMeeM.” -

- Mp= Z kP (p=k}= Z kCup'q" R

B cuay pasencrsa kCn =k WrT)x—'”C“—" cymma_

cnpaBa BbIYUCAACTCA: - -

n
kC’f, k_n-k npzlcﬁ_lpkdlqn k_np’

v

~—

k=<1 k-1 _n—k -1_- NP

TaK KaK Z C Zipgtt —.(p+q)" ‘=1, Takum o6~
pa30M, Mu—-np .

MyavTunaukarusnoe ceozicrso Il He3aBHCHMBIX

CHyYaiiHbIX BeHuuH § 1) HMEeT MeCTO MyJbTHIUIHKATHB-

HOe CBOWCTBO MaTeMaTHUECKOTO OXHAAHUS:

: Men = M - Mn, M
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' ' f
. T. €. maremaruueckoe oscudanue npoussedeHus Hezasus .
CUMBLY CAYUQUHbLYX BEAUULR PDABHO Npou3eederuro ux mas
TeMATU4eCKUx oncudanuil.

Hokasarterxnc T-B-0. Bocnonbsyemca dopmymoit -

(6):
Mén= Z Z 0P E=x, 1= yf}

Jlns HesaBucUMBIX & M 1 HMeeT MecTo paBeHcTBO P {E ==
= x;, N =y;} = P{& = x;} P{n = y;}, nosromy

Mén-—Z Zxxp{g—xz}P{”I y1}=

ko

Z %P £ =x} Z yP{n= y,} = MEMn

- i=1

’CBoﬁCTBo Mynbmnmxamsﬂoc'm €CTeCTBEHHO pac-‘
NpoOCTPaHAeTCS Ha cJaydya#l INPOHU3BOJNILHOTO KOHEWHOrQ
YHC/JIa HE3aBHCHMbIX CHAYYallHbIX Benuuud' &, 2, ..., Ert

MEE ... & =MEME, ... ME. - (8)

CnenyeT OTMEeTHTb, 4TO €CJIH CBOHCTBO aJAHTHBHOCTH
MaTeMaTHYeCKOIr'o OXXHMAAHUA CIpaBeIIHBO AJs JIOOBIX
CJyyaHHbIX BEJNHYHH, TO CBOMCTBO - ‘MYJIbTHIIHKATHBHOCTH
MaTeMaTHYECKOTro OXKHAAHHA CIPaBeAJHBO JIJIfi He3aBHs
CUMBIX CAyYa#HBIX BEJIHUHH. . :
Cnocobul “goluucnrenus maTemaTu4etkux oamuaauua
ITpu Bbluncienun *ME unn Mg (§) MoxHO TOJIL30BATHCSA
au6o ¢opmyaoi. (1), mapimed omnpexeTeHHe MaTeMaTHs.
YECKOrO' OXKHMAAHHS, JHGO ¢popmyaamn (3); (5) u (6)5'
BHIpAXKAIOMUMK MaTeMaTHYecKoe OXKHIaHHe uepe3 3as<,
KoH pacnpegenenuss. OfHAKO HHOTAA CJyuaiHas BeJm«
unHa § unun Qynkuus OoT Hee g(§)-.3amaHBl TakuM 06+
pPasoM, UYTO COOTBETCTBYIOIIHH ~3aKOH pachpejeseHHs
n100 HeusBecTeH, JHGO OUeHb CJIOKEH. I/Iﬂorna' 3aKOH
pacnpeneseHus P{§—x,} 3ajaercsi xopoieil Gopmys
JoH, oxHako cymma B (3), 4epes KOTOpyio 3ajaercs
ME, ouens- CNI0XHA M C TPYAOM [OAJAeTCs YHPOIUEHHIO)
B atux cayuasX yacTo MOXKHO GBICTPO M IPOCTO BBIYHCY
JHTb ME ¢ mnomompio cBOHcTBa aaAMTHBHOCTH. Jas
STOro Hajo mpeACTaBHTb § B BHAE CYMMsl Gouree
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npocTeiX cnaraemblx & + & -+ ... 4 &, Hanpumep HHAN-
KaTOpOB HEKOTOPLIX COOBITHH, BepOSITHOCTH KOTOPLIX H3-
BecTHHl. Torna ME= Mg, 4 Mg, 4 ..: -+ ME,.
I[Tpumep 3. BoluhciauM MaTeMaTHYECKOe OXKHAAHHE
~ GHHOMMAJIBHOTO pacnpefeieHuss NPelJIOKEHHBIM BhIlLE
cnoco6oM. s 3Toro BoOCmo/b3yeMcs TeM, 4TO OMHO-
MHaJIbHOe pacnpelesieHHe HMeeT ciayyaliHas BeJHYHHA H,
paBHas YHCJAY yCIeXOB B # HCNBITAHHSIX B cxeMe Dep-
HYJJIH C BepOSITHOCTBbIO ycleXa p B KaXIOM HCHBITAHHH,
OGo3nauuM A; co6biTHe, COCTOsIIllEe B TOM, YTO B (-M HC-
OBITAaHHU Npou3ouea ycnex. Torxa

=%, +%a,+ o + %A,

H
' n n
My =:=21 Mita, =i};1 P (4,)=np,
T. €. MHI INOJYYHJIH TOT XKe pé3y.ﬂbTaT, YTO U B ﬂpﬂ‘

Mepe 2, HO ropasfio mpolle H Npo3payHeii.
ITpumep 4. Buuncaum ME B runmepreoMeTpHuYeCKOM

pacnpenesieHun "
Cﬂ Cn-k. )
‘ PE=r =Mk ho, 1, n
! N

BocnonbdyeMcsi TeM Ke npHeMoM, 4TO M B mpuHmepe 3.
'unepreomeTpuyeckoe pacrnpejesieHHe NOSIBJSETCS B yp-
HOBOH cXxeMe, B KOTOpOH M3 YypHBI, comepxKamefi M Ge«
JblX wWapoB ‘U (N-— M)— uepHBIX, TPOU3BOAHTCH Oece
nosTopHas BHOOpKa obbema n. CayualiHasg BeJHuHHA
E —>3T0 uHciaO0 GesnHX mapoB B BeIGOpKe. Bymem npen-
CTaBAATbL cebe, UTQ—Uapbl BHIHUMAIOTCA H3 YPHBI MO-
caenosatesbHo. OGo3nauum cobbiTHe A; == {i-ii mwap Bbl-.
Gopku Geanlit}. Toraa

- §=XA1+XA2+ cee +xAn’
. n .

H 1O CBOMCTBY ammauTHBHOCTH ME =izl P (A4,). Tak kax

P(4) =A% npn mobom i (cv. mpamep 58§ 1), 10
M§=n—2,i.
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© Wnorma mnpu BHUYHCIEHHH MaTeMaTHYECKHX OXHAa-
HMJi TIONIe3HO HCIO/Ib30BaTb H CBONACTBO MYJIbTHIJIHKA-
THBHOCTH. o
[Ipumep 5. B cxeMe Bepuyasn ¢ n ucneitanusamu
B ¢ BEpPOATHOCTbIO ycmexa p GyiaeM mojaraTh, YTO B i-M
HCIBITAHHH NpOM30LIeNa ABOMHOM ycnex, ecjau YCmeXH
6uau B (i—1)-M u B i-M HcnbiTaHHaX. OGO3HAUHUM Vv,
YHCJIO IBOHHBIX YCNeXOB BO BCell CepHH HCHLITaHHM,
Hafinem Mv,. TlpencraBum va =113+ ... + 1,
rae ;= 1, eciy B i{-M HCOBITaHHM GBla -ABOMHHOMA ycnex
n 1, =0 B nporuBonosoxkHoMm ciyuae. HerpyaHo BH-
neTb, 4TO My==Y4,_ *X4; TAe A;— COOLITHA W3 mpH-
mepa 3. VimeeM u3 cBOHCTBA aAAHTHBHOCTH

n
Mvn = 122 MXA,_,XA,-

Tak Kak X4,., H %4, HE3aBHCHMH, TO M3 CBOHCTBa

MYJbTHIVIMKATHBHOCTH M4, X4, = Mx4,_, * Mxa, =p
OxkonuarespHo umeeM Mwv,=(n — 1) p2

7.2. MaTemaTHueCcKOe OXHIaHHe B CueTHOM . cxeme.
PaccmotpuM  BeposATHOCTHOe mpocTpaHcTBO (2, 8¢, P)
CO CUETHBIM MHOXECTBOM £ 3jieMEHTapHHIX COOBLITHH.
3anymepyeM sjleMeHTapHble COGHITHA Wa, =1, 2, ...
Ilycts BepositHOCTs P ompelensieTcss uepe3 3jeMeHTap-
Hble BePOSITHOCTH P (@n).

Marenaruueckum oncudanuem ME cayuaiinod
Beauuunsl £ 8 CueTHOU cxeme HQ3bLBAETCA CYMMQ

pada
M= 5e)p ), ©
ecau sTor pad quauTCﬂ abcoAtoTHO, T. e. ecau
SlE@)-pe) <o (10

Nl
B nporusnom cayuae Mm GymeMm rosoputh, uto ME
He cywecTtsyer. ‘

. Yenosne (10) ouenn Baxmno. B camom zaene, ecnn pad (9) cxoe
pﬂTca HeaGCOoMOTHO, TO, KaK H3BECTHO W3 MATEMaTHUECKOTO aHAJIH3a,
Al, DOMyYeHHHA DepecTaHOBKOA WICHOB NEPBOHAUANLHOrO PAAA,

-
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MOMKeT -CXOXHTLCA K JIIOGOMY UHCIY, a TakK KaK - Hymepaumt ‘szemen-
TapHHX COOHITHH ©, MPOH3BOJbHA M HHUKAK He ‘CBsi3aHA C CYIIECTBOM
paccmaTpHBaeMoll MOJeaH, TO H cymMma (9) B 3ToM Ciydyae HHUero
He BHIpaXkaeT M TepserT OGBeKTHBHHI cMbicl. ITosTomy Mbi mosa-
raeM, 4T0 B 9TOM CJAyuae MaTeMaTHYeCKOE OMHAAHHE He CYLIECTBYET..

CyMMa a6ConOTHO cxoasiierocss psaaa (9) mo cBOHM .
CBOHCTBaM aHaJOruyHa KoHeuHo#l cymme (1), mosTomy
CBOHCTBAa MaTeMaTHUYeCKOro oxupanus ME, ycraHoBieH- "

_Hple B n. 7.1 pas cayyalHbBIX BeJHUHH § B KOHeHUHOH
' CXeMe, OCTaiOTCsi CIpaBeJIHBLIMH H B Clyyae CUeTHOH

cxempl. B wacTthocTH, cnpaBeAsnBa ¢opmyJa, ananoruy-
Has (3):

Me=3 ;,,P{g=x,,},' (1)

ecaH pan cnpaBa aGcousioTHO cxoxuTtesi. Popmydaa (11)
BolpaxkaeT ME uepes 3akoH pacnpeneneﬂua E.
I[Tpumep 6. Boiuncnam ME CIy4aiHOH BeJMYHHBr E,

pacmpezesefinoit mo 3akony ITyaccona P {gf—k}=—e‘°:
-a
Mg= ;]kP{g k}_;k“ _az (k et =a.

®opmyant (5) u (6) TakKe pacnpoCTPAHAIOTCS HA CUET-
HBIH cayyai: :

Mg@® =2 g()P &=}, (12)

Mg =% Zg(xn,ym)P{g—xn.n PRY 3) |

, st uX cnpaBenJmBocm Tpe6yercx, 9TO0B pa.u,bl CXORH-
" mch a6CoIOTHO,

7.3. MatemaTHueckoe OXHAaHHe B OOmIEM cayyae.
Hannble Bblme onpeneleHHs MaTeMaTHYeCKOro .OXKHAA- #
Husi ME nsia cnydadHBIX BEJIHYHMH B KOHEUHOH MMM cueT- %
HOH cXeMe JIETKO IepeHOCATCH Ha CayyalHble BeJHYHHBL,
' NIPUHMMAIOLIMEe KOHEYHOe MJH CYETHOE YHCJIO 3HA4YeHHH 33
H onpeneaeanue B JIIOGOM BepOSITHOCTHOM NpPOCTPAHCTBE #
(L, &£, P), l'IyC’rb Ay, 121y Ap—EKoHeuHOe pasGueHue,
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-

e e ‘v——m

* k .
T. e. COOHTHS A; MOMapHO HECOBMECTHH M iZIA‘;;'Q'
Torga cnydaliHas BeJTHYUHA. .

k
g= X s, (g

'}' NpHHHMaeT JHIIb KOHEUHOe 4HC/IO 3HaueHuid, Martema-
THYeCKOe OXuAaHHe ME Takolf cayyadHO# BeJNUYHHH
onpesnenserca Kak cymMma :

i

.
Mg =2, P (4). (18)

) ‘B ¢opmynax (14) u (15) Mbl. He Hanaraem HHKaKHX
orpaHHYeHHi Ha 3HadeHHs x;. Ecau Bce Xx; PasjHYHHL, TO
dopmyna (15) nepexomutr B dopmyay (3), Tak Kak
B'3TOM cayyae A; = {E = x;}. - R

‘ Anajoruuso jo6as AUCKpeTHas cayvaiiHas. BesHs
YHHA 3alHCHBaeTCs B BHIE ‘ .

00 ) =
E= 2 X (16)
| : i=1
rie {A;} — cuernoe pas6uenue, T. e. A;— NONapHO He<
©o . I . -
coBMecTHH H ' Y, A;=0Q. B 3ToM cllyuae MaTeMaTHue:
i=1

ckoe oxupanue ME ompenensercs kak cyMMma paga | -

‘M= uP(d), (17)

€CJIH 3TOT PSN CXOAUTCH aGCOMOTHO. B mpOTHBHOM CIIy+
Yyae MaTeMaTHUecKoe OXHAaHHe He cymecTByer. Ecan
BCe X; pas3jMuHBI, To onpefeseHue (17) mpeBpauiaercs
B onpenenenne (11), mossoasiomee BbuHCAATE ME nO
3aKOHY pacmpefeseHHsl. AHaJOrHYHO- MOXHO NOKa3aTb,'
UTO A/l NMCKPETHBIX CJYYaiHBIX BeJHUYHH CIPaBeNJIMBHI
¢bopmyant (12) u (13). Bce cBoiicTBa MaTeMaTHYECKHX '
OXMAaHu#, ycTaHoBJeHHBe B 0. 7.1, ocTaloTCA ClpaBefs

JUBBIMM ¥ B obmeM ciyuae ompeReieHus ME Qopmy«
amu (15) u (17), ) :
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Ecnu cnyuaiinas BenuudHa § HempepbiBHa H e€e 3a-
KOH pacnpejiesleHHs1 3afiaeTcs IJOTHOCTbIO pg(X), To, ee
MaTeMaTH4YeCKOe OXKHJaHHe BBbIUMC/AETCS 1O ¢opmyae

- Me= { xp, () dx, (18)

ec/Id UHTerpaj cXoautcs abcosioTHo. dTa opMmyna aHa-
- JioruyHa ¢opmyse (11) mass ME B AHCKpeTHOM cayuae.
Qopmyant (12) wu (13) nas BbIUHCAEHHA Mg(g) |
Mg (&, n) mepexomsaT B ciyuyae HempepblBHBHIX CAYyYaHHBIX
BeJIHUUH B (HOpMYJIBI

Mz@= {e@p mdr, = (19

. 00

Mg n= ({2 9o, & naxay, @0

. -0
€CJIM HHTerpaJsisl cmpaBa abcoioTHo cxoaatcs. B (20)
Pgn (%, y)— COBMECTHAs IJIOTHOCTb CJAYYAHHBIX BeJHYHH
Eun.

" Bameuanne, Dopmyns (6), (13) u (20) BBIIHU-
CaHHBle JJIl ABYMEpHBLIX paclpejeseHHH, HMEIOT aHaJOrH
- BJis1 MOGBIX MHOTOMEPHBIX paclpejeaeHu .

Onpeneneﬂne ME nns mempepHIBHOH CiyuafiHON BenHYMHH ¢op-

myJqoit (18) HeymoGHO, Tak Kak B 3TOM CJyuae HeJb3si HOKas3aTh
CBOHCTBA MaTeMaTHYeCKoro oxumauus. Bosee Jorauno onpeJie/uTh
ME crenyouium o6pazom. C kaxjo# cayuaiiHofi Beauunnoi &. Mox-
HO CBH3aTh [OC/NELOBATENbHOCTb HHCKPETHHIX CHYYafiHBIX BeJIHUHH
&s, Dosaras

k + 1,

En =—2kT, eclH

HeTpyaHo BupeTh, uTo E<LEp < §+ 2,, , TO3TOMY lrm §n—§

Cuyuaiinele BenuuHHbl &, MOXKHO 3amHcaTh B BHIE, HOA06HOM (16)1

En= Z ':TX{_L“<§<,H_[}.
. 2

= —00 zn

ra




\
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Hpumeﬂxa K En (popmyny (17), nosy4aem

00

Ma— Y Ep{hcrchill )

k= —o0

ecau psj cnpaBa aGCOMIOTHO CXOZMTCS. Herpyﬂ.ﬂo BHJETb, 4TO
En << Eny1 OpH J0GOM n, mostomMy., ME, << ME,3, u cymectByer
npegen MEp,, sHauenne KOTOPOro MH H npm-mmaeM 3a onpene.neﬂne
MaTEeMaTHYECKOTO OXKHAaHU:

Mg =nl_i>n:-° Mg,,. (22)

Hs onpeesenHs (22)‘1-xe'rpym'{6 RoKasaTb opmyay (18). B camom

Aese, monaras fnk = g ‘MOXHO 3amucath (21) cuaepyomum 00+

pasom:
o e MR -
M= Y 5 | ey du,
R=-—00 . Xnk _
OTKyZa
0< S upg () du — Mg, =
—00 .

o Fn, kt1 ' o .
’ 1
= Z S (u—-—-)pg(u)du o S pg(u)du-—;,,,
k=-o xnk . —00
(o]

u lim Mg = S upg(u) du. Takoe OnpefejeHHe MaTeMaTHUECKOrO

n->»o%
—oo

oxupanna. ME nmossoJisieT MepeHecTH BCe €r0 CBOHCTBA, AOKasaHHHe
B 0. 7.1, u Ha ciyyail HeNpepHBHHIX ciydafiHBIX BEHUHH, TAK Kak
CPaBeTHBOCTR STHX CBOHCTB IJIA QHCKDETHBIX CIyYaHHBIX BeJHYHH
» YCTAHABJHBAETCSA .JIPOCTO W NIEPEXOA K Npeseny pH n—> oo 3TH
csoﬁcTBa He Hapylaer.
IIpumep 7. Briuncaum Margmamqecxoe oxmnarme
cnyyaiHoi BeJHYHHB §, PaBHOMepHO pacnpeneneﬂuou

B[a b]: - .

(]
? a+tb
M§=_S xpgi(x)dx= b—andx: .
. - -—00 . a . )
JTlpumep 8. MaTtemaTHueCKOe OXHAAHHE. cayuaiiHOA
BelMuMHBl §, HMeiowied- HOpMajbHOe pacnpeie/eHHe

4 .B. X: 3axapos.u ap,
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(x—a)?
C IJIOTHOCTBIO p (X) = oo e - %' | BHYHCASETCA CJI€:

LYIOLIHM 06DPasoM:

[

. ’ 4 . (x-a)’ .
Mg = «,S xp, (x) dx = 4/;‘:&; S Ax—u—;—qp T [y =

— -
= S(x—a)e \2°’ dx +

4/2n0
(x=a)

- . +a'\/2 Se— ¥ dx=a,

Hpnmep 9. IlycTb cayuaiiHasi BeIHYHHA T— BpeMs
ucnpaBHO# paGoOTH AeTanH, p(X)— WJIOTHOCTb pacmpe«
JeseHus t. BBIUHCAHM cpefHee BpeMsi paGoOTHl IeTalH,
. €CJIH H3BECTHO, YTO B JIIOGOM cijyuae JAeTalb 3aMeHseTcs
_ 7o mpomecTBuH BpemeHnH I. Bpems paGoTel AeTasd oI«

pelensieTcsi 3HaueHHeM (GYHKIUMH g(T), TAe

) _.{ x. mpu x<T,
g(x)— T nopu x>T.

’ . anMeHHM (popmy;rly (19 .,
Me () ._,g g£@pWdx =
.AT \ - hoo - : ’ )
=Veeprar+1{p@)dr=
0 . T
. :

="S gX)p&E)dx+T - 'P{x> T}
5 ,

-

7.4. Hepasencrso YeGniméBa, JokaxeM mepByio ¢op-
My HepaBeHcTBa “U€GHMEBa st Heo'rpnna're.nbnmx caIy=
YyafHbIX BeJIHUHH & B Jas ¥ > 0:

PE><YE, | )

S
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Iliii STOTO MpEACTABHM HEOTPHIATENbHYIO" CIyUafiHyIO
BE/IHYHHY § B BHAE CYMMB JBYX HEOTPHIATE/bHELIX cay- "=
‘IaHHbIX BeJIHUYHUH
8= A>n T <
ITo cBOMCTBY a[UTHTHBHOCTH MOHOTOHHOCTH HMeeM'
ME =M -+ MEk(s < oy = MEX e -

Tak KaK EXizsx) >xx,{§>x), TO, NPHMEHAsA ellle pa3
CBOHCTBO MOHOTOHHOCTH, MOJIy4aeM

4yTO W JOKaswiBaeT (23), . .

C nomoliupio HepaBeHCTBa: UeObilIéBa MOXKHO ycn.mm;
ceoiicteo 4° m 7.1, CrmpaBemjmBO cienyiolnee- yTBep-
JKIEHHe.

{Teo?ema 1. Ec/zu PE=>0}=1 u Mg=0, ro
P{=0}=1

JoKa3aTedbCTB 0. IMpencraBum cobbITHE- {&>

= 0} B BHAe CyMMEl NONapHO- HeCOBMeCTHBIX COGBITHI

{g>0}~{s>1}+2{n+l<g< . -

ﬁo akcuoMe A4 . . ,
P{g>0}—P{g>1}+Z P{=T <g<%}

>
ITo HepaBeHcTBY t-Ieﬁbnner\sa npu M§ =0 umeem
OSPE>}<SME=0
u
0<P{nJrl <g<—}<

<P{m7<s<efn-me=p,
otkyna caeayer P{E>1}=P { -ll-l <t< 1}_0‘“II o
P{&>0}=0. ITostomy 1-P{§-O}+P{§I >0}= )
=P {£ =0}, uTo u TPeGOBANOCL AOKA3aThb. A

4%
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3anaum

1. HafiTh MareMaTHueCKOe OXHAaHHe E — uic/la OUYKOB, BhilaBe
" IIMX Ha ATrpajbHOM KOCTH. .

2. Cayuafino Geperch OfHa KoOCTb jaomuno. HafiTh martemarnues
CKOe OXHJaHHe CyMMH OYKOB Ha ee moaoBuHax § H 1. Haiirn
ME+ ). .
. 3. Bpemsa pa6oTH T 3JEKTPHUECKOR JaMMOUKH A0 HeperopasHns
HMeeT NOKa3aTeJpHoe pdcmpeleNeHHe ¢ MJIOTHOCTBIO p(X) = Ae”
pu x == 0 u p(x) == 0 npu x << 0. Haitru M.

-4, Hafitn cpennee BpeMs pPaGOTH SJEKTPHUECKOR JaMIOUKH,
€CJIi NONOJNHATEJHO K. YCJOBHAM- 3afaud 3 TNpPeANoJOXHTb, 4TO C
BEPOATHOCTLIO P JaMNOYKa MOXKET Meperopetb NP BKJIOYEHHH (JaMs
NIOYKA BKJIOYAeTca ONMH pas).’

Yxasanue [lpeacraBurp BpeMs rOpeHHs JIaMIIOYKE B BHIE
NpPOH3BeJCHHA T-§ ABYX HE3aBHCUMHIX CAy4afHEIX BEJHYHH, FAE T-—
TO Xe, 4T0o H B 3ajaue 3, a £ = 0 ¢ seposTHOCTBIO p H § =1 ¢ Be.
POATHOCTBIO 1 — p. . '

5. Touka nomajamHus B KPYIMIylo MULIEHb pagHyca R mmeer pase -

HoMepHoe pacnpenenenue. HafitH maremaTHyeckoe OXHAaHHE pace
CTOSHHA O TOYKH NONAZaHUA .OT HEHTPa.

6. B. rpynne yuntcs 25 cryaentoB. Ilpexnonaras, 410 AHH POX-
JIeHHSl CTYNSHTOB HE3aBHCHMB M DABHOMEDHO pacHpeleseHH IO
12 MecsuaM roga, HafiTH MaTeMaTHYECKOE OXUAAHHE UHCIA MECSIEB,
Ha KOTOPHIe He NPHXOANTCA HH ONHH JEHb POXKICHHS.

7. ,LE[’eTa.ub HMeeT opMy LHIMHAPA paaMyca r ® Bhcors h. Ipu
H3rOTOBJIEHHH LMJAHHAPA HA 5TH pasMepH paspeliaercs AONYCK, Tak
yro paguyc paser r - E a Bucora A m, npuuem & u 1 Hesasm-

. CHMH N DaBHOMEDHO pacmpelieseHH COOTBETCTBEHHO B HHTepBajaX
[—A, A] u [—8, 6]. Haiitu maremaTnuecKoe OXunande o6bema Lp-
JHHIpA. .

.- v

§ 8. IUCIEPCYSL. MOMEHTBI
8.1. Onpenenenune nncﬁepcun. Hucnepcuet] cryuaiHol
Beanunns § = E(0), o =Q, HasblBaeTcs YHCJIO

DE=M(E— Mg?, - (1)

T. e. Oucnepcus pasHa MOTeMATUHECKOMY Oxcuda-
HUr0 k8adpara OTKAOHEHUS CAYHAUHOL Beruuurol
OT C80€20 MATeMATU4ECKO20 OXCudaHus., -~
Ha npaktuke B KauecTBe Mephl pa3fpoca 3HaueHHil
CAy4yaiiHON BeJIMYHHB HHOTJA MHOJB3YIOTCS BEJIHUHHON
+/DBE, masniBaemoli cpednexsadpaTuuHoim OTKAOHEHUEM.
3ameTuM, uto jaucnmepcusi DE ompenensiercs dopmyaofi
(1), ecan-M(&— ME)? cymecTByeT; B NPOTHBHOM CJ1yua
Mbl'Gy/ieM TOBOPHTb, YTO AHCIEPCHsS He CYLIECTBYeET.
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U3 CcBOJACTB JIMHEHHOCTH MaTeMaTHYECKOrO OXKHAa-
HUA CHIeAYeT, uTo ) -

M ¢ — Mg)® = M[g* — 28 - ME + (ME)*] =
= M2 — 2Mg - Mg + (ME)? = ME? — (ME)2.

Orciona u us (1) monyuaercsi ewe ofHa opmyna AIs -
BBIUHCJIEHHS AUCNEPCHH )

j . Dg = M2 — (Mg)2. (93]

Ecau cayuafinas BennunHa § QHCKpETHA H HMeer 3a-
KOH' pacmpeseseHus BeposiTHOCTeH P{E = xx}, k=1,

2, i1y kz P{E==x:} =1, 10 ee nncnepcnx BBIUHC~
=1

Jasercs 1no opmyJe

g = 5 (v — MEPP £ = na) ®

IS QUCMEePCHH HeNpepHIBHOH cJy4yaiHOH BeJHUHHB

¢ IUIOTHOCTBIO pacnpefieleHust pe(x) HMeeM CJaeLyIolmyIo

topmyay: - -
. +oo - - :

Dr= | (x—Mepp, (0 dx. | 4)

1 ‘ —W

@opmyant (3) u (4) crenyior us3 (bopmy.n (5), (12) § 7.
Jlanum MexaHHUYECKYI0 HHTEpIPeTanHiO-MaTeMaTHUECKOrO
OXKHIAAHHA W JHCHepCHH. DylaeMm WHTepNpeTHpOBAThL 3a-
KOH pacmpejieleHus BeposiTHOCTel p, =P {E=1x;}, k=

=1,2 ..., n, kzl pr =1, cnydaifioli Besnuunsl E Kak

3aKOH pachpefe/eHuss eIUHHYHOH - MACCH HAa MPAMOIl:
B TOYKAX X; COCPENOTOUEHBI MacChl P, k=<1, 2, ..., n.
. n n

Torpa Mg = kzl P E=x}= kzl XDy €CTh HEHTp TsKe-

ctu, a b§ = Z ‘(xk —MEPP{E=ux:} = Z (xx— Me)? pr—

MOMEHT nnepmm
INIpumep 1. ITyacconosckoe pacnpeae/tenue I[Jm
cayuaiiHofi BEIHIHHEL E, pacrmpefie/leHHOH 0O 3aKOHY -




. MepHO pacmpefeleHHofi Ha orpe3ke [a,b], iMeer BHA

- ToxctaBass 3nauenus ME u ME B (2), OOJYIHM

K
i

2. "~ .~ %5 DHMCTEPCHS. MOMEHTH

ﬂyacconé < napameTpl:)M a, 7 o >_._,J
P{§ k}—-e'“ e k=0, 1, 2,..., a>0,
H3BECTHO (CM npumep 6 u3 § 7), uro M§ = a. Boiunc+

JHM Tenephb Mg2. P[CHOJIBSYSI paBeHctBO §E =E(§— 1)1 §
M CBOACTBO JIMHEHHOCTH MaTeMaTHYECKOro ox{nnaﬂm

llonyan ’ RO
M[§(§—1)+§]—M[§(§-—1)]+M§—a2+a, —

TaK Kak ME=aun

Mg(g—-l)_Zk(k—l)e-a—-=e-aa Z (k =a

~

. - -2 -
.7 M a
(SD.Q_Cb MBI BOCHNOJIb30BaJIHCh PaBEHCTBOM Zm ==

Z%—ée“. Mofcrasasasa - ME2=a2+a u Mg—a i
=0/

E]
g
-

B cbopmyny 19), no.nyan DE—a2+a—a2 a, Ta-
KuM O0pasoM, AJIs C/y4aiHOM -BEIHUHHEL, pacmpefiesieH~
HOH MO 3aKOHY Tlyaccona c mapaMeTpoM @, HMeeM

Mg = Dg =q.

Ilpumep 2. Pasnomeproe pacnpeaeneuue ILnot-
HOCTb pacnpejeleHus CAydyaliHo#l BeJHuMHB §, DPaBHO-

- A

| pa(x)={ g CCm xe\[‘a; b],
. 0, ecan . x ¢ |[a, b].

B-atom cayuae (cm. mpumep 7-u3 § 7) ME = (a -[-b)/2_ >
ITo cpopmyne (19) § 7, monaras g(x)-- x%, HaXOAHM

b b
M§2—S xTde o P b —ad “b'tabtat
—Jo=a T 3¢ T30—a 3 /g

a -

_ a’+ab,+b2 (a+b)""' (b —a?
D= 3 12




10 De=Mfc —Mc)>=0. ‘B cx«my Teopebe 1 § 7 m
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Hpumep 3. Hopmaﬂbnoe pacnpede)teﬂue Ilnor-
HOCTb, PaclpefieJieHus: CAydyaiHOH BeJHUYHHH &, pacipe-
ACJICHHOH HOpMaJIbHO ¢ IapaMeTpaMmu (a, ©), HMeeT BHJ

(x—a)?

p, () = 1,—e 2"’, “w<a< +oo, a>0.

B sToM ciyuae (CM npmuep 9uz §7) M§= au

DE=M( — Mgy =

oo +00 - (x=ay

_So(x-a)Pg(x)dx___ﬁ;_;;S ¢ —ape T

Orciona, NpoM3BOAA 3aMeHY mNepeMeHHOH Hmerpuposay
HHS (x-—— a)/o=y, x=o0y-+a, IOy YHM .

, +oo y? +oo y?
Dt =% S yze—Tdy=—(’2 - S yde ? )=’
vV J g - Aem = _

-

~

. ) +N
A Yt ’ 2

-0
-

— e .
S e 2. dy=d%

-0

_ o —gr— L
. . +/2n

Urak, maTeMaTHuecKoe OXHAaHHe H QHUCIEPCHS CJy< .
yaiHO# Be.nnqm{m E, pacnpefesieHHOH HOpPMAJIbHO C Mas -
pametpamu (@, 0%), CBI3aHHI C STHMH IlapaMeTPaMH CJ€« °
AYIOIHM 06pas3oM: J

hng:==aa IDE'—‘ ,  - oo

8.2, CBOHCTBa p,ncnepcuu. OmemM ocrxosnme’caoﬁ-
CTBa JAHCTEPCHH. -

‘1°. Hducnepcus 110601 cxtyttauﬂou seautunst §-
HeoTpuyareavHa, npuiem 'DE— 0 10200 u TOAbKO
r020a, koeda & — nocTQAHHAA. ’

CBo#cTBO HEOTpHuaTeJIbHOCTH CIeRYeT U3 HepaBeH-
crBa (§— ME)2>0 u cBoiicTBa MOHOTOHHOCTH Ma'rema-
THYECKOTr'0 OXKHAaAHHS: DE— M(§ -ME)2=>0. Ecn § =

7
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De=M(E— ME?=0 Burekaer, urto (E— ME?=0
a CJieoBaTeNbHO, H §—- ME c BeposiTHOCTBIO l
2°. Ecau @ — nocTosaHHas, 10
D (ag) = a’Dg. @)
I[eﬁcTBnTe.ano, D (at) = M (At — M(@t)y=M[aE—
:— ME)P = a’M (£ — ME)* =a’D
3°. Ecau cayuqainote ee/tuquum E u m Hesasu-

cumot, T0
D€+ m)=Dg+ Dn. (6)-

HdokasatenbcTBo. Vcnonb3yst onpenenenue puce
nepcud (1) u cBoficTBO JIMHEHHOCTH MaTeMaTHYeCKOro
OXKUAAHHA, NONYYHM . )

DE+n)=M[E+m)—ME+nP=
=MI[E— M)+ (n— Mn)P=
=M (E — ME)® 4 2M (8 — Mg) (n — Mn) -+ M (1 — Mn)>.

Orcrona caenyer ¢gopmyna (6), Tak Kak cOIJIaCHO CBOIi-
& :) Mynbwnnnxawauocm MaTeMaTH4YeCKOro OXH-
NaHus ,

M (E — ME)(n — Mn)-—
——M(E—ME)M(n-Mn)——(Mg——M§)(Mn—Mn)——

<Dop1vxy.na (6) mo MHAYKUHH PAcCMpOCTpPAHSETCA HA CYyMMY

1 He3aBUCHMBIX CayyalHbIX BeJuuuH. Ecau &, &, ..., &n
HE3aBUCHMBI, TO v A t
D E+E+ -+ §n) = D§1 + D§2 + ..+ Dgn" ) 3

Bbmnc.nnm AucnepcHy HEKOTOPBIX cnyqaﬁﬂblx BeJIH-
YW, HCMOJb3Yd AOKa3aHHBle CBOHCTBa AHCIEpPCHH. ;
IMIpumep 4. Bunomuarvroe pacnpedenerue. Uucno .
' yCIexoB U, B 1 HCHBITaHHAX DepHypiu_HMeeéT GHHOMH-
anbHoe pacnpepenenue (cm. (7) § 3). Bocnonbsyemcsl ;

npeu,CTaB.neHneM MU» B BHAE CYMMBHI B, = Z §k, rae Eu,

k=1, 2, ..., n,—caenyomue PIHI[HKaTOpr Er=1,
eclu B k-M HCHBITAHHH 6b11 ycnex, u £, = 0 B nmpoTuB-
HoM ciyuae. Takum o6pasoM, P{&: =1} =p, P{&=
=0=9q p+g=1,k=1,2 ..., n I/IHAHKaTopr Ee -
HEe3aBHCHMbI B CHJ1y HE3aBHCHMOCTH HCObITaHHH. Jlas He- .
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3aBMCHMBIX CIyYaHHBIX BeJIHUMH corjacHo ¢opmyae (7)

HaXOIHM
Dun=D(I§l§k)=gl D
OTclofa, Tak Kak M{E,k— l-p+0.-g=p, MEl=
ng Mgk - (Mgk)2 =p— p =p (1 - p) = pg, NOJy4YHM
Dup,=npq.

IMpumep 5. lunepzeomerpuueckoe pacnpedeiserue.
Iycts u3 ypubl, comepxameil M 6eabix u N — M uep-
HBIX IIapoB, MO cXeMe cayuafiHoro BniGopa Oes Bo3Bpa-
menus (cM. npumep 4 u3 § 1) usBseveHo n mapos. Cay-
yafiHast BeJHYHHA 1),, PaBHas yHCJAY GeJBIX IapoB B BHI-
6opke, HMeeT THIEpreoMeTPHYeCKOe . pachpejeleHHe
(cm. (5) § 1). B § | popmyna (5) Guina BhiBeJeHa AJ14
MOJIENIH, B KOTOPOIl B KauecTBe 3JeMeHTapHbIX COOHITHII
paccMaTpHBAJHCh HEYNOpsJOuYeHHBle HaboOpbl H3BjeKae-
MBIX 1apoB. 31ech NMpH BbYMCAeHAH Mn. U DN yROGHO
paccMaTpuBaTh Gosiee JeTasnbHOe BEpPOATHOCTHOE IIpO-
'CTPAHCTBO C YHNOPANOYEHHHIMH HabopaMH, BBeJeHHOe
B npumepe 5 § 1, Ilpn Takom. BbIGOpe BepOATHOCTHOMH:
MOJEeNH (popmy.na (5) § 1 .coxpanutcsa. BBeneMm uHAHKa-
Topbl &, k=1, ..., n, nonoxus &, =1, ecau k-fi wap
OKa3saJcs 6eJ1bIM " Ek—O—B NpPOTHBHOM cayuae. Oue-
BUAHO, 4TO Nn = &1+ &2+ ... + & Ormerum, uTo HH-
IHKatoph &, B npeucTaBJIeHnu pun (mpumep 4) He3aBH-
cuMbl. 31ech B INpeACTaBJeHHH 1, HHAMKATOpHl & He
-SBJISIIOTCA Jaxe IMONAPHO HE3aBHCHMBIMH M, CJeJloBa-
TeJIbHO, AJI BBIYHCAEHHS D1, Helb3s BOCHOJb30BAThCA
dopmyioit (7).

Bocriosib3yemcst  popmynoit  (2). _Haiinem cnauana

Mg., MELE,. ITo dopmyne (3) § 7

Mea=1-P (g =1}+0 P{ta=0) =P (&= =7
< §2—M§k
Ilpu k = I, Tak xak
P{§k§z=l}=%%v4%:))"
MM—1)

P{§k§z=0};1—m-
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06 - §'8; AMCTIEPCHSE, MOMEHTEL

HO?IY'-IPIM MM =1
Mt =-Fra=1y+

: OTC!OJla HCIOJIb3Yy S CBOHCTBO JIHHeHHOCTI/I Ma'remamqe-—
CKOTO OXKHIAHHUA, HAXOAUM

n——TM(I;gk) ngk_n—

k=1
Mn,%;= M (Z‘g,,) [Z 154 + ¥ ghg,]
k=1 r k1.
=ZM§2+ ¥ Meg, =n gt — G-

&=l bl )

¥, CICIOBATE/NbHO, :

D= M —(Mn,,)z_—_n-”ﬁ-l- o
MM — l) M?

R e

" Tlocae :—memeﬂrapnblx npeoépasosamm IPHXOLHM

-

K OROHYaTeJNbHON <popmy.ne -

- D =n- (1 m%)f%—}%

Yucno Gesbx mapos (0603Haun ero un). B BHGOpKe,
IOJIyYeHHO' o cXeMe CJAydafHOro  BhIGopa C Bo3Bpalile~
HHEM, HMeeT GHHOMHAJIbHOE pacnpeneneuﬂe C napaMeTs

poy p—-%—. OtmeTuM, uTQ

M
My, = M1, =’T; Dy =——1 Dite

-,

-

' 8.3. MomeHTbI BbICLIETO nopsmxa. Hapsmy C paccMOT«
PEeHHBIMH BBILIE -UHCJOBBIMH XapaKTepHCTHKAMH eJydaii<
HBIX BeJIMYHH (MaTeMaTHYECKHM OXHEaHHeM H AMCIep-
CHelt), yaCTQ HCIOJB3YIOTCS W APYrHe XapaKTePHCTHKH,

. HasblBaemble MoMeHTaMH. Momenrom nopadka k, uiH
k-m - momenrom cayualinoll gesuduns, &, HasblBaeTCH
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,as..mommm,.nmcmarb TOPSIAKA . : 107
yneao me = MEg%, b= =1,2, ., Yucao Mlgl" Ha3Hl-
BaeTcsl abCONOTHOIM MOMEHTOM nOPADKa K, E=1, 2, ...}

uncna M (E — ME)® 1 Mg — Mg HasuBalotes cogter-
CTBEHHO YEHTPAALHbLA H AGCOMOTHbLM YEHTPAAbHLIM MO

MenTamu nopadka k, k=1, 2, tes (mm coo:pae:rc:myxod

IHMH R-MH MOMeHTaMPl)
3ameTHM, YTO H3 CYLIECTBOBaHHS" ‘MoMeHTa Mgm c.ne«
JlyeT CyLiecTBOBaHHe MOMEHTOB 6oJjiee HH3KHX TOpSAKOB
Mg, k=1, 2, ..., m— 1. OTo yTBepXKAcHHe C/IeLyeT H3

HepaBeHCTB - W aemzess 47 0

1§(<o)|’*<xg<co')%r“+1 0=Q, k=1, 2 .., m—1,

OTMe-TPIM UTO . MOMEHT IepBOro MppsaAka my = ME sB<
JIeTC MaTeMaTHUECKHM OXHAAHHEM, a WeHTPaJbHHI
MOMeHT BTOpOTO ‘mopsinka M(E— M§)2—-3To AHCIEPCHsT:

B NMPUJIOKEHHAX 4YacTO NOJb3YIOTCA eule J.IBYMH Xa< _

‘pPaKTepUCTHKAMU — acummerpueti S u sxcyeccom E. OHH
ONIPEIENIIOTCS CHELYIOMHM 06 PasoM:

—LM@E—Mee . LFME—M
T2 . (DE)P E 8[ (DE)? 3]' (®)

ACHMMeTpHﬂ S u’ akcuece E HOPMAaJIbHO pacnpene.nel;ld
HOH BeJHUMHH paBHb Hymo. Oranune or 0 acHMMeTpHH
¥ 3Kclecca CBHAETENLCTBYET O TOM, UTO-paclpe/ieeHne
CAyyaiHON BeJMYHHBI OTVIMYHO OT HOPMAJbHOrO.
[Tpumep 6. Hafinem MoMeHTH BCex TNOPSAKOB /IS
ClyuaiiHGH Be/IMUHHEI E, PACHPENENEHHON ‘HOPMANLHO
¢ napamerpamu (0, 0%). B aTOM coysae TIIOTHOCTH pacs
Tpe/ieJIeHHs BEPOSTHOCTER py (x) HMeeT BHI[ . o

x!

'p'g(x)'_\ v— € 20’ ’” =00 <x<+ 009

-

Bce MOMEHTH HeYeTHOTO NOPSI/KA, KaK HHTETPAMEIOT HEY
YeTHBIX QYHKUUHA, PABHHHY.I0:

+o0 * .
-1 = Sor .
m2k+1 — M§2k+l o':v,-fg-; S x2k+ lg 20? dx=‘9,
-0
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-

BbluMC/IEM Tenepb MOMEHTHI YeTHOro nopsgka. Materpu-
pPys Mo YacTaAM, MOJYYHM )

400 "
l o
My, = ME" = —— S x%e 20" dx =
2k o 042:‘ _
X? 1400
— O ,2%-1, 207 -
= — — x%-lpg -
4231 oo + . ’
, oo - .
0-2 = e
=)= | a2
. cq/2n :
—00
. 1 He x?
=2k — 1) o’ —= S x%-2 20 gy —(2k — 1) 06%mgp_, .
o4/2rn )

-Takum o6pa3omMm, ycTaHOBJEHa CJeAYyIollas PEKYpPPEHT-
Has ¢opmyna: :
My, = (2k — 1) 0%mgy_s.

Orciona, Tak Kak

- +o00 %2

1 S ~35r
my=——= e ¥ dx=1
0" o4/2m !
_HAXOIUM, 4TO my = o%mg = 0%, my= 30%ms, U T. A.
[lo HHAYKIHH TONydaeM :
My =(2k — 1) (26 —3) ... 3. 1. 0% =(2k — 1)l 6%,
Hrak, MoMeHTHl cJyuyafiHOHi BeJHYHHH §, pacnpene-

neHHo# HopMasbHO ¢ napamerpamu (0, 0?), ompene-
AAIOTCA (popMyTaMH ‘

M§2k—l =0, M 2k=(2k— l)l! O'Qk,l k=l: 21 soe

3apaumu

1. JsMHa RuaMetpa Kpyra PAaBHOMEPHO paclpeieneHa B OTPESKe .

[0,1]. Haftu wmartematHueckoe OXHAAHHE M JHCOEPCUI0 ILIOLLALH
Kpyra. :
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2. IlnotHocTb pacnpenesennn § pasHa -
- c
{ - xe(l, 2],

p; (x)=
0, xell, 2]
Hantu ¢, Mg, DE.

3. KoopzunaTel AByx ciyyafiHRX TOYeK Ha NpsAMOf HeaaBnchH
B DaBHOMEpHO pacmpeneseHH Ha orpeske [0,1]. Hafith maTtemartuye-
CKOe OXKHIAHHE H JHCIEPCHIO PACCTOSHHs MEXIY HHMH.

4, Us yprl cojepxaiieit m GeaHX H N YepHHIX WIApoB, {10
cxeMe Clyd9aHHOro BHIOOpa € BO3BpallleHHeM H3BJEKAIOT IIapH [0
nepBoro nossseHus Genoro wapa. Halitn mMaTemaTHyeckoe oxuaaHne
H JHCNIEPCHIO YHCJa BEIHYTHIX LIApOB. ’

5. Jlokasath, 4TO aCHMMETDHS H SKCIeCC AN HOPMANBHOrO pace
npeneeHs: PaBHH HYJTIO.

6. B k-m ucnuramuu cxemu Beprynin npOH3OMeN JBOAHOA yCo
mex, eciH ycrex HACTyNHJI B, k-v n' k4 1-m ncnuranuax. O6osna-
YHM )5 — YHCJO ABOAHHIX YCNEXOB B N HCHHTaHHAX cXembl Depyi-

Dn,
au. Hafitu lim PR €CJIH BEepOATHOCTDH ycnexa B OTAEJBHOM HC-
n->c0

nHTaHEK paBHa p (0 < p < I).

.

§ 9. KOBAPHAILUA. KO3PPULMEHT KbPPEJIilU.HH

Kosapuayueii cnyyafiubix BeluunH §f = El (0) u Eo==
= E;(®) Ha3bIBaeTcd YHCJIO

cov (&, &) =M[E — ME) G — MEL. (1)

U3 onpenmesnenusi kOBapHAaMH M CBOHCTB JHHEAHOCTH
MaTeMaTHYeCKOro OXKHJaHHUs CJeAyeT, 4To

cov (1, &)= MI[E, — ME,) E; — ME,)] = )
=M [glgz —E& Mg, — EME; + M§1 - Mg;] =
- = MEE, — Mg, - Mz,

Takum 06pasoM, KOBapHAIHIO MOXHO BHIYHCJIHTD TaKKe
1o caepyiouedt popmyJe:

- cov (B1, B) = Meit — MEi - ME. - (@)
Ecau & u E; He3aBUCHMEBI, TO o |
cov (gb §2) - 0 (3)

310 paBeHCTBO CJeAYyeT Hu3: onpenenemm (1) B cBoOil-
CTBa MYJbTHNJIHKATHBHOCTH MaTeMaTHUYECKOro OXKHAAUHAA |
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“110 ) . §'9. KOBAPHALIUA. KO3®OUIIHEHT KOPPEALINH:

* NPOM3BEleHHs He3aBUCHMHIX BeauuHn §'—ME u §—
— Mé&.. Ha ocHoBaHHM..CBOHCTB MaTeMaTHYECKOrO OKH<
JaHHA TaKiKe JIErKo NPOBEPSAETCH, 4TO -

cov (g, §) =D&, - cov (&, &) = cov (&5 &), n
cov(cifiiteoks; &) =orcov i, &)+ 2 cov(Ei.ba), -
IAe Ci, C3 — MTOCTOSTHHELE," '
Teéopewma. 1., Ecau. 048 .cayyadtoix.. saaunun.. &y, .

Eo,. s oo Emcymgecrsyor o= cov(§; &), 4, | =, 2;:...
520y N, TO NPU. N1006IX NOCTOAHHOLX"CY, Cojans, Cri .CYUJEH

‘ ¢reyer D (Zcigi) u |

i=]
:n :;‘ I!’ n .. .
b (zl‘c z'é;) o T <, CiCOifs )

JeficTBHTEIbHO, TNOJMBL3YACH CBOMCTBOM JIHHEHHOCTH
MAaTeMaTHYeCKOr0 OXKUAAHMUS, MOJYYUM

, D(éx C"gk) - M’[Z"ckﬁi— M ;Z::;fckgg)]%: |
| =M [ él.'ck € — Mgk)]2:;

=~M[‘i§l ciey B—Mei) & —l-Mgi,)].l-;‘=..

\

n . no.
= 2. ceycov(E, &Y = X g0
i, (Iﬁl' ' l,:]=l«

Bameuvanwue: I. Ecan cayvaiinble Bennuunm §, -
i=1, 2, ..., n, nonapHo He3aBHCHMbI, TO H3 PaBeHCTBA. K
(3) caenmyer, uto o == cov (&), &j)=0 npu iz ], Of«
.clofa H U3 paBeHCTBa (5), mosydum Gopmyry”

i _D(’;l ékgk)=’§1’c§p§%,.. ; -

ABAfIOIMYIocs o6obuenneM dopmynant (7) § 8. Co-
BaMeuanne« 2 Hcnofsays CBOHCTBO HeOTpHIa~
‘TeJIbHOCTH - IUCHEePCHH; "' u3 HOpMyJE:='(5);' NOMOXKKB B Hell




'

15- y:‘-thwArMAunx&zRoawuumm:msmumi ) o

n_---—-‘-fl2;‘cl::=’;X y Co=:l, mosrygumyiuTO N
JX)=D (XE} + &) = X%, 4+ 2Xo1, + 0,30

npu J060M  efiCTBHTENBHOM "X. CuaegmoBaTenbHO,
ol — ay w0 <I0 Aoy, <A/ 01102, OTCIO12, s 3aMe=

HAA 012, O11, 022 "HA cov(&n,x’;\z), ‘DE); DE; noryanM 'epa«.
"BeHCTBO

1 covi(Es &) | < A/DE; - DB D - (6)

Teopema 2. “Ecau’ aym czzytzaunmx wgeaunun " &y

E2, 5.4, En CywgecTsyror ‘oif =-cov (& &,), L, j=172 ..

LRFTO npw/zfo6bzx NOCTOAKHbLX Cijy b} j== 1,2, 13 M

dzwz CAYUALHOIX ee/mtam Ne== ci1&1 -+ ck2§2 + .3 F Cpnkay

k=1, 2, ..., n, -cyuwjecTsyror -xqsapuayuu :hij ==

—-cov(n,, n,) u Kosapuayuontole marpuyo, Hr=| hf i
u S = [l oyl C6A3QHLL PABEHETEOM _ .

H=CSC’,
20e.C=|¢ijll, a.C*— Marpuqa, Tpancnonuposannas K C.
tNokasatembenso. * cnonbgys . cBoHoTBO :+(4), °
TIOJIYYUM )

hy= COV ("li, M) = COV (Z Cikgkr p erg))—

r=1

i

= 2 L'ulchrgkr 2 Cikderm

Tie Crp= Gjp— SAEMEHT Ma”rpuum\'C' TaKnM :06pagoM,
9JeMeHT " i;;-«€oBRAAZRT ¢ “(i;}j)=M~ DiTeMEHTOM - MATPHIIH
€SC’'TTeopema foKazana.

" PPasenctBo’(3)*BEPHO AN HE3ABUCHMHIX" CIYIARHBIX
‘BenmauH, CaefoBatenmsHo ~ecan €ovi(E &) 7 0,To” cy+
uaiiHble BeNHUHHEILE MU Ep3aBUCUMEL ' B txauecTse: Ko+
JIHYECTBEHHOH . XaPAKTELPUCTHKH .. CTENIEHH .3aBHCHMOCTH,
caydaiHbiX Benuune € u & BBOﬂmc;Pxos(Mmuuenr xop<
peasyuu pz(gl, €2) , GonpeenaeMH i . .cARHY IO HM pase}b
CTBOM:

cov. (&1, &2)
P (gl: gz)‘:: V‘D—g—n—
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OcHoBHble cBOHCTBAa KO3()(HIHEHTAa KOPPesIHH
1°. Koagpdpuyuenr roppensyuu ydosirereopser Hepa=
8eHcT8Y

leGuL 8IS (8) ) )

npuuem, ecau & AuHeliHo soipascaerca uepes i, By =

= aky 4+ b, 2de a u b — nocroanHeie, T0
lo G &) [=1." , 9

JokasatenbctTBo. [logenmuB o6e uyacTH Hepa-
peHcTBa (6) Ha «\/Dgl Dg,, nmosyuuM HepaBeHCTBO (8).
Jokaxem paserctBo (9). Ilycrs_E&,=ak; +b. Torna
Dg, =D (a&)=a’DE; u  cov (g, §2) M [(E:—ME) (& —
— ME) = M[(& — Mg,) (a& + b — M (at, + b)] =

- =M][a (§ — ME,)) €, — ME,)] =aDg,. Orciona u u3 ¢op-

MyJbl (7) mosiyunMm ‘
p(gh §2) —p(al: a§1+b)= aDg, ___a.

4/DE, @D,  la|

CrnenoBaTtenbHoO, [p(El, E)|=1. '

Himeer MecTo oGpaTHOe yTBepiKIeHHe: €CIH KOIpdit-
IHEHT KOPpeJISIHH lp(E1, E2) |=1, To Mexny & u 2.
nMeeTcs JIMHeHHas 3aBHCHMOCTb.

2°. Ecau cayuatinote senrununol & u § Hesasucumol,
70,0 (&1, &2) = 0.

3to YTBepXK/leHHe CHIefyeT H3 ONpefeseHHst KOIdu-
uueHTa Koppeasuuu (7) u u3 toro, yto cov (g, &)=0
ANl HE3aBHCHMBIX CJYuaHHBIX BeJHUHH & U Es.

OGpatHoe yTBepKieHiHe HeBepHo. I3 paBeHCTBa
0(E1, E2) = 0 He CaefyeT HE3AaBHCHMOCTb CHYYaMHBIX Be-
auunH §; u E;. PaccMOTpHM COOTBeTCTBYIOLIME mpumep.

ITpumep. Ilycts cayuaiinas BeanunHa E; pacmpe- -

neseHa HopMaibHo ¢ mnapamerpamu (0, 1), B nycTb
g, =&} — |. Cayuaiinble BeJHuHHB &, M & 3aBHCHMbL.

ITokaxeM, uto p (&), E2) = 0. B camom geine,

. M& =0, Mg=Dt=1 "Ms=M(E=-1)=0,

Dg, = MgZ= M(§2~1)2—M(g4—-2§2+1)——
. =3—241=2,
“cov (g gz)*"M§1§2 Mgl(gﬁ—l)—mga—-mg =0.. -

L.

R T N
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.

Crenosarensio, p (5, &) =(cov (&, E&))/+/DEDE =0,

.xora & u. & 3aBHCHMHL.

Cayuatinoie seautunsl &) U Ey HA36LBAIOTCS- HEKOPpe-

auposannbiny, ecau p(E;, &) = 0.

M3 BHIIEH3T0KEHHOTO CJAeAYyeT, 4YTO HE3aBHCHMBIE

) CJI)"-IaI/IHbIe BeJIHYMHbBI HEKOppeJIHpOoBaHbl, a HEKOPpEJH-

pOBaHHBIE CJYYaiiHble BEeJHUMHBI He 00f3aTEJIbHO He3a-
BucHMBI. PaccMoTpuM ciyyailinble BeJIMUMHE E, 1] C NJOT-
HOCTBIO pacnpene.neﬂuﬂ

JE—

1 24 2l 1 U
Pt.q(%, ¥)= Wer 4/_17 e—(x*+y 2ny),(2(1 R)) (10)
rae |R|<<1l. B atom c.nyq\ae FOBOPSAT, UTO -CAYyuaHHBbIE
BEJHUYHHE E, 1) HMeWOT /IByMepﬂoe HOpMal/lbHOe pacipe-
HeJIeHHe.
Haiizem onHOMepHEIe IJIOTHOCTH H Koacpcbnu;ueﬂ'r KOp-
pesifillMy CAyyalHBIX BeJHYdH §, 1.
Bocrno/b30BaBIIKCE PABEHCTBOM
%%+ y? — 2Rxy = (x — Ry’ + y* (1 — R?),
NOJYYHM )
. oo

x24-y?—2Rxy -

= ——-—1—-—— - 2(1-R?) ——
Pn(!/) _Sn o 1/[ —R? e ) dx

T e=Ryr
e 2 Se 2(=RY .

1
2nA/T — R2 R
Orcioga, moJaras x——;R——i=z, dx=A/1 — R*dz, naiigem .
. T AT=FR?

1 1 N u?

: -5 2 1 -5

== r— 24 2, — e —— 2

pn(.’/) '\/2“ 1/217. S dz '\/_2..&. 4 '
. —o0 .

HJIH
- :
Pn(y)—v2 2, —oo<y<L -+ oo
AHanoruyHo - . _ - :
. e

o s , 2 3

Pz (x) 1/2,6 , —00 < x < 400,
BHIYHCIHM Tenepb Koaqntbnuuem' KOp peJIsiLHH p(& n)
nJist qnyqauﬂbl,x BeayuHH §, 1 C /IIJIOTHOCTI:!O ABYMEPHOTO
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. ‘HOPMAJILHOTO paclpefiedleHus] (rlO), . Tak ~kak M§ =3
=Mn=0,RE=Dn=1, 10

) _ oo +oo
“cov (g, m)= MEn= S S XY Pen (%, B) dredy =

00 =00

oo y o0 . - :
- S e S 1 -i’i.'—-—ﬁ’él) dx)d
N '\/-2_1; —eo{/e v2n (1—R?Y) e x Y. ,

i

i

BHyTpeHHH#l HHTerpajl MOXHO pacCMaTpPUBAaTb KaK Ma-
TeMaTHYECKOe OXKHAAHHe -CIy4aiHOM "BeJHYHHBI,  pacnpes
eNEeHHOH :HOPMaAbHO ~C \NAPAMETPAMH Q —-Ry H o=

=1— R? Tloatomy o pasen Ry u-

+o v

Mgn= ﬁri’S"y?e *dy=R.

Tloacrasnsis . HalileHnble 3Hauenus ME, Mn, DE, Dn,
MEgn B dopmyssl (2) u (7)), nosyuuam, 4to Koaq)qmunem :
KOPPEJSIHH CYTAHHBIX BENHYHH 3§, 1 'C “HOPMaNBHOH
IJIOTHOCTBIO CQBMeCTHOI‘O pacnpenenenus (10)- paBeH R,
T egpE,n)=-R.

OTMemM YTO ¥ <OJIyyaitHblX BesqHuMH §, m, pac-
npeieseHHbIX HOPMAJBHO "¢ 'MmI0oTHOCTBIO (10), HeszaBH-'
SCUMOCTb ;:pBHOCHJIbHA -HEKQDPENHPOBAHHOCTH.
 JlelicTBuTeNbHO, ecaqM E .M ) HE3aBHUCHMBEI, TO
0 (§,m) =0 u, cremoBaTeabHO, cayHaliinble BeIMYHHBI §, 1)
HeKoppesnupoBaHul. ‘Ecnu ke .ciayyaiiHbie .BeJIHUHHEL §, 1)
HMEIOT COBMECTHOe HOpMaJIBHOe pacHpenesieHHe ¢ IMJOT-
Hoctbio (10) M HekoppeaupoBaHH, T. €. p (&, 1) =R =0,
TO : .

. R _
Pty (x, -y) =5 o= +Y2 = -

v\/ﬁ e~P - 4/12—“ e VP =p; () pn (¥),

/

“4T0 IH oanaqaer HesaBeranocu cﬂyqaﬁnux BEJIH‘!HH
“Eum, ~
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10,1, HEPABEHCTBQ YEBBLIIEBA

2

-

H3
3apaun- ‘
1.. CoBMecTHOE: pacnpenenenue{ caygafiHuX .. Besingzud. i Ep sa-
naano GopMmynaMu
PRi=—1, fa=—1}=P:fty =0, fp=—1}i=

==P{§1==l, §2=¢—-l}=%-’

Pli=—LE=l=T, Pli=0t=l=
) . =P‘{§Ah="l,ﬁ §2~=1}=%°

BbIUHC/HTE: MATEMATHYCCKAS OXHIAHHA H.IHCHEPCHH.E H §3, 2 Take
3Ke' KOBapPHALHIO H*KOIP(DHIHEHT KOPPEAMKH - . .

2. ComMecTHOE: pacnpefiélierHe  CyIaliHEIX  .Beanann: &1, 2 ompe-

_ Rensetcs .HopMyaMH. P&, =0, E2=1}=P{§;=0,Lr=—1}=

. - 1
=P{i=1 E=0=P{=—|, E2=0} =7 a) Haita Mg,,
Mg;, Dy, DEs; 6) BHWHCINTD KOBapHALHio 'K KO3GGHUHEHT KOppe-
- nAUEE- Ey, Ep. SIBAfOTCS MM cayyaHHble BEJMYHHBI HE3aBHCHMBIMH?

3, TLIOTHOCTS - COBMECTHOTO .. DACHPEAC/ICHAS CIYYalHHX BEJHTHH
By} B2 3anana dopmynofi” - :

¢
Py ek )= { eyt T i
.. 0. B oCTAZBHHX CayHafX...

- npwx 2, y=d,

HaliTi nocrosinmyso ¢ -M:-KoBapuaumio & Ex -
4. TLnOTHOCTb~:COBMECTHOID  PaCIpefe/ieHHs - CYSaAHbX BeJHUHH
&1, B2 3anana.dopmyyod.., N
. . N
x, 9) = e(l—xy®) mpr |2, lyl<l,.
Pyt 1% 0: B OCTAJBHBIX"CIYyqanXS
Hafitn mocTosHHYIO® ¢* ¥ - K03 dunueHT  koppeasuuu -§f; Ez. o7
5;-Ciiyuaiiusie- senmunnn & &s; &s; &4, Es mesaBucumui;: DE; =02
Hafity ko>bduuHeHT KoppensuuH a) Benuuns: E.--Ez &3+ &« 4-Es
-0) Besmunn & +Eo -8, Es+ &+ 8 o
6. Bpocaiorest ABe HrpajbHHE. KOCTH.” [Tycth. § — UHCJIO OuKOB
Ha M[epBOH’ KOCTH] & 1] — MakCHMaJbHO® M3 ABYX® BHUIABIUHX 4YHCed
OYKOB. : . -
a) 3anucaTb COBMECTHOe.pacnpezenenue. §.u.1..
6) Hafith maTemaTiiueckHe OXMAaHHA W AUCHepCHH E.um. 1.
B)- Bhluncimts kOBapHAUMIO H°KodpOHUMEHT Koppeasuud § '’ 1.

§ 10. 3AKOH BOJIBLIMX -YHCEJ

10.1. HepagenctBo.. YeObiméra, UHCI0BLE - XapaKTes
PHCTHKH cJyYafiHBIX B@JMYHMH MNO3BOJAIOT AaBaTh HEKO-
TOphle' OLEHKH PachpeAe/ieHHll BeposATHOCTEH CaydYalHRIX
BEJIHYHH, .
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Teopema 1 (Bropasi ¢opma HepaBercTBa YeGhi-
wwésa). Ecau cayuaidnan seauuuna umeer oucnepcuro
D&, a A— npoussosvtoe nonoxuresvnoe wucao, To

PlE—MeI>a) <2, W

HokasateabctBo. B § 7 6Lua foKasaha nep-
Bass ¢opma HepaBeHcTBa YeGHIUEBa, P{n>e}<Mﬂ-
JJIS HEOTPHIATeNbHBIX CAyYafHBIX BeJMYHH 1). l'lonaran
N=|& —ME|? u e = A?, noayuaem (1).

Ecan B (1) BesnuuHy A 3aMeHHTb Ha t A/DE u e

PefiTH K NpPOTHBONOJOXHOMY. COOBITHIO, TO HEPaBEHCTBO.
Yebuiéna (1) moxuo 3anucath B CeyioleM BUie:

P{le—Mt|<tVDE}>1— 4. @

-HepaBencrso YeGnimésa nosBossieT OLléHHBaTl_: Be-
POATHOCTH OTKJAOHEHHH 3HaueHH# cayyafHHOH Be/MUHHBI
OoT cBoero MareMmaTHueckoro oxipanuda. Ilycre mposo-
IUTCS n HEe3aBHCHMBIX H3MepeHHH HeKOTOpPOH HeH3BeCT-
HOH BeauuuHbl a. Oun6ku usmepenus 0Oy, 8, ..., 8. Gy-
JeM CYHTaTh CJAYYalHBIMH BeJqHuHHaMH. [Ipeamonoxum,
yto M8, =0, k'= 1, 2, ..., n. D10 yCIOBHe MOXKHO pac-
CMATPUBAThb KaK OTCYTCTBHe CHCTEMAaTHYeCKOH OIIHGKH.
Hpennonoxmm takxe, uto D8, = b2 3a 3HaueHue He-
H3BECTHON BeJHMYHHE @ MPHHHMAIOT OGHLIYHO - CpefHee
apudMeTHUeCKOe pe3yJbTaToB HaMepenHil. Toraa owuG-
Ka B OmpeneseHUH 4YUCIA @ 6yne1‘ paBHa M, = (6;}

&t ... +8)/nn
D= 084 ... +D8) =2, Mn,=0.

OueHnuM 4YHCIO Y3MEpPEeHHH £, NPH KOTOPOM OUIHGKA s
He MPEBOCXOMHT A C IOCTATOYHO GOJIbIION BepOﬂTHOCTbIO
Hamnpuuep, P{ln,,| <A} > 0,99 unu

Ilo Hepasencray UeGnimésa (1) umeem

‘ D b -
P{"ﬂn } 'fln =T

Sl ann 2

R
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10.2. 3AKOH BOJIBIINX YUCEM® . o 17
Cneposarenbro, (3) GyaeT BHIIONHEHO, eCau
b2 b2
W<0’01 HIAH n > IOO’A—2

TakuM 06pa3oM, Mbl NOJYUYHJIH OLEHKY YHCaa H3Mepe-
Huil, HeOOXOAUMOro AJsi IMOJIyYeHHs 32JaHHOH TOYHOCTH.

10.2. 3akon GoJabwux yHucea. ['oBOpST, 4TO K cayyafi-

. HBIM BeJHUMHAM &, k=1, 2, ..., HMEIOUIAM MaTeMaTH-

yeckne oxunanus ME., k=1, 2, ..., IpUMeHUM 3aKOH
6OJIbLIINX YHCEJ, eClH Anas Jioboro ¢ > 0

fim P {[ Sttt

n

n-»o

. Mg, + Mg, - ... Mg,
n

<e}=l. ()

Teopema 2 (teopema MapkoBa). Ecau y cayuai-

Holx seaudun &, k=1, 2, ..., cywecrsytor Oucnepcuts
U ecaAu npu n—» oo
l n . V
—-D(»Z gk)»o, )
k=1
70 K CAyHQiinbIM 8esudunan Ep, K= 1, 2, ..., npumerum

3aK0H 6oAbUIUX YUCEN. -
ﬂoxasaTeJle'rBo O6o3nayum M, = (& + .
. &) /n. Hoabaysce (1) ¢ A=¢, §=mn,, no.nyth

P{lnn— Mnn } Dnn

Orciona, TaK Kak
Mn, = ME, + n + ME, , Dy ‘=——D (ng)

I BEPOSITHOCTH IPOTHBOIIOJIOXKHOIO co6blmﬂ HaXoAuM
OlleHKYy ~ * *

p{l Eit...+E M§1+~...‘+M§n

n n

<8}>

~0(Z)




s . ) §.10. BAKOH . BOJBIIMX UUEEA

W3 storo uepamenctBa.u ycnaoBus (5)-.cnenyer (4). Teas
peMa fOKasaHa.
YKaxeM HEKOTOpHE MACTHHE CAyYaH STOR TEOPEMEHL
Teopema 3 (teopema. UeGnmeéBa). ‘Ecau cayuail-
Hble .8eauuunol By, k=1, .2, ,.., NONAPHO HE3ABUCUMYL,
UMeraT. PABHAMEPHO oapauu’.tteunue Oucnepcuu - (T. e. cy=
wecrsyer nocroannas ¢ rakas, uwro DEi <<c npw ecex

k=:1,.2, ...}, TO ‘K cayuainoim -Besusuram &, k=1,

2, ..., npumenum 3aKoH GorbuIUX YUCEN. -

B camom pexe, mJis:NOKa3aTeNbCTBA TEOPEMH JIOCTA~
TOYHO TPOBEPUTD -YCAOBHE (5) -H3 nepasencrs :DE: < c,
k=12, ..., u nonapHoii He3aBHCHMOCTH c.nyqannux
BeJIMYHH &, k= 1,2, ..., c.ne/:[ye'r 4TO

. o) =% ot <oe

Orciona noayuaeM yeaosie (5)1-

_D(ng)<%—>0 N
~“Xk=1

[

NpH n—>co. )

‘Teopema 4. Ecau. cayuailnbie ‘geauquiol. E, ik =
= 1,2, ..., o0unakoso pacnpedeseHsl, TORAPHO HE3ABLU~
CUMBL 1L UMEIOT KOREHHbIE ‘Oucnepcuu, iTo & grum cay4aii«

“HOLM " BEAUMHHAM NPUMEHUM BUKOH GOABLIUX HUTCEN.

Teopema 4 caeayer U3 TeopeMsl 3. HeificTBUTENBHO,
nucnepcun DEg, #=1, 2, ..., CymecTBYIOT H paBHBH
MeXAy co6oil; cAefoBaTeNbHO, OHH PABHOMEPHO Orpa-
HHYEHBl U MBI HaXOAUMCS B YCJOBHSX TeOpPeMHl 3.

yTBepmuenue _TegpeMbl 4 03HaHAET, uTO'JJIs JIOOHIX
e >0,°6> 0, ndfinercs Takoe N, uro ) TpE 1 > N BeP

HepaBeHCTBO e

Y A R .

{l §,+§2+...+§n ‘“l<s}>l—6’ " (6)

r

rae a=Mg, %k=1,2,...
Teopema 5 ('reopema Bepuyanu). JIycre pn—s

| 4UCAO. YTMeX0s. 8 ‘N UCNoITAHUAX Bepryasst u p — 8epoars

HOCTb Yrnexa 6 Kasoom orae/zbuom ucnoiranuu. Tozda
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oan Am6085 e>0 . '

lme{J-—--pl<s}-—l (M)

n~>00-
"~ Jlas #oKasaTeJbCTBa 3TOH TEOpEMBI BOCIOJb3yeMcCH
NPEACTABICHHEM: W, B BHAE- CYMMH 1 HHIMKAaTOPOB:
pr=E + B+ ... + &, rie & = l;~ecau B k-M HCOy-
TaHHW GBI ycleX; M Er==0 B* IPOTHBHOM. CiIydae.

Tak kak &, k=1, 2] ..., -n; He3aBHCHMBH],- OJAHHA-
xoBo pacnpeneneHst  (P{E '1} =p, P{t=0}=
=1—p==4¢); AUCHepCUH CAYyYAHHEIX BEJHYHH &, CY-
piectByoTr 4 Mg, = p, TO TEOpeMa | 5 cpasy cienyer u3
TeopeMbl 4.

3ameuanue. J0oKa3aTenbCTBO ~TEOPEMBI 5 MOYKHO
nposecm H HemocpeACTBEHHO. [lefiCTBHTEJNbHO, TaK Kak

M — =p, D& = pq, D%"- == —”;:L. ' TO MO HepaBeHCTBY

‘He61?mxesa~ (1)

P{{Le—p|<e}>1-5 ®

.;Ifg

DT0 HepaBeHCTBO- NI03BOJISIET OLLEHHTb BEPOSITHOCTbH TOTO, _
YTO OTKJIOHEHHE YaCTOTHI % B cxeMe DepHyJaJH oT Be-
POSITHOCTH P He Goablue e. Ecan BHOpaTh rig TaKUM, 4TO
IPpH N = No —5— < 4, rne-0— MaJjoe 4YHCHO, TO COTJ1acHO
(8) mpu n no C BepOSiTHOCTBIO, He MeHbII]ﬁH 1—346,
yacToTa —-r- 6yAeT HaXOAHTbCS B- npe,me.uax

p—&< p+e. 9

Hcxonst u3- cBojicTBa ycToﬁ'anomu qaeTo'r; 0 KOTOpOM
ropopuiock- B § -1, MOXHO cHOpMYIHPOBATH NPHHIHI
NPaKTHUECKOH [JOCTOBEPHOCTH: -COGHITHA, BEPOATHOCTD
KOTOpBeIX G6JIH3Ka K eAHHHUIle, NPAKTHYECKH [JOCTOBEpHBEI,
T. €. IPH €XMHHYHOM HCNBITAHHH, KaK ILPaBHIO, -OCyllle-
cTBAsioTCA, 10 3TOMy NPHHIMIY B Cepui H3 n He3aBH-
CHMBIX HCIBLITAHHI HepaBeHCTBO (9) MOJKHO BHIIOJ-
HATBLCA, €CqIH 1 = Ny,

N
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120. i § 11. UEHTPAJNIbHASA TMPENEJBHASI TEOPEMA

3apauu

L=

j

1. Cayudilnas BeaHunHa & HMeeT HOPMaJILHOE paclpelefeHHe ¢
napamerpamu (@, ¢). Ouenuts no HepabenctBy Uebnmépa P {|& —
—a | = 20}. CpaBHHTb C TOYHBIM "3HAUEHHEM ITOH BepPOSTHOCTH.

2. 3aKOH pacnpeneneHusi caydaiiHofi BeJMYHHH &' olpejessercs
dopmynamu

o2

PE=0l=1— 37, PE=—A =P =0 =55
CpaBHUTb TOYHOE 3HaueHHe BepOﬂTHOCTPl P{|§l>A} C OLEHKOH,
MOJIy4eHHO1 1Mo HepaBeHCTBY UeGHImEBa.

3. Hpennonaraewcﬂ npoBectH 10 uamepeHui x|, X3, ..., X10 HE=
H3BECTHOH BeaWYHHHl a. CuHTasg %), ..:, Xjo HE3aBHCHMBIMH HOp-
MaJIbHO pacHpeleNeHHEIMH CJHyYaiHHMH BeauyuHamH ¢ Mxp=a,
ka=0,81, HaiTH A, ecau . :

X1+ %24 ... Fx0 —a

,P{ 0

Ouenntb A, Hemosb3ysi HepaBeHcTBo UeGruiéBa: CpaBHUTH MOJYyYeH-
Hble pe3yJbTaTH.

4. FlpuMenuM san 3aKoH GOMBIIX UHCe] K MOC/eLOBAaTeNbHOCTH
HE3aBUCHMBIX CJIyuafiHBIX BeJHuHH §2, veey By o.., eCaH

Pltr=vE}=P{ts=—VE}=—¥r= «/"

} = 0,99,

1
e=0=1—

§ 11. LEHTPAJIbHASA NPEAEJIbHAS TEOPEMA

B § 4 6bia mokasaHa Teopema MyaBpa — Jlamsaca,
COTJIaCHO 'KOTOPOH YHCJIO YCIIeXOB W, B £ HCIBITAHHAX
Bepunyain umeer pacmpenenenue, GJH3KOE K HOpMaJib-
HoMy. IlpeacTaBHM p, B BHAe CYMMBI He3aBUCHMHIX HH-

- AUKaTOpOB Mr =&+ &2+ ... + &, rae &= 1, ecau

passomepto no x (—oo, 400).

B- k-M HCIOHTaHHH OBblI ycmex H §k =0 B NpPOTHBHOM
ciyuae.

Teopemy MyaBpa — Jlannaca MOXHO cq)opmy.nnpo-
BaTb B CJIe/ylolleM BHJE.

Ecau cayuaiinoie seauqunol §1, Es ..., Enp ..., HE3Q-
sucumbt, P{gk_l}—l—P{gk—O}—p, k=1,
2,..,tonpun—>o00, 0 < p<l,

. x ’ 2 4
BBt 4 En— nME, ! S T gu (i
P{ Dt <x.}—>m e 2du(l)
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hY

YrBepxaeHue (l) coxpaHsercs mpu AOCTAaTOYHO 0O0-
KX TPEAINOJIOXKEHHSIX O 3aKOHe paclpejeseHHs ciaydaii-
HEIX BeJuuuH - E,. Hafilem myoTHocTH pacnpepenexuil .
cymM Nn=2E&i+ &+ ... +8&, rae n=1, 2, 3, &
(=1, 2, 3)— He3aBuCHMble CJiyualiHble BeJHYHHHL,
paBHOMepHO pacrnpefeneHHbie Ha orpeske [—1, 1]. Ta<
KUM 06pasoM, MIOTHOCTH pg, (x)=p(x) (k=1,2,3), rne

1/2, ecmn xe[—1, 1],

”(")={ 0, ecmn & [—1, 1]. @

IlnoTHOCTh pacnpeseneHuss cymMMul -1 = § -+ E; Haxo-

nutcs no dopmyae (cm. (14) §_6)

+o0 1
ro@={ p@pr—wydu=g {p—wau.
-i

W3 ¢dopmyan (2) caenpyer, 4TO NMOALIHTErpaJibHOE BHIpa-
xeHne - p(x—u)=1/2, ectn —l1<x—u<<l wm
i—l<<u<<x+1, up(x—u)=0 B oCTaJbHLHIX CJYy-
yasix. O6umyio yacTe OTpe3ka uHTerpupoBanus [—I1, 1].
n otpeska [x— 1, x+ 1], Ha Kotopom p(x— u)=1/2,
MOXKHO 3amHcath B Buae [max(—I1, x—1), min(l, x41)].
CJie10oBaTesIbHO, B ciayyae —2 <<x << 0

251 ' Cx+L

1 \ 1 2
p=1 \ pe—wyau=t | au=2F2,
-1 -1

aecan 0 <<x<<2, 1O

1 1

1 ‘ 1 (- 2
Py, (¥) =15 S p(x—u)du= S du=22%,
’ x=1 21

npu | x|> 2 umeem p, (x)==0.. Takum o6pasom,
J 0, ecanm lx|>2, \
x4+ 2 : .

p"b(x)= - €CJIH ——2<x<0, (3) .

2_4", ecmn 0<Cx<<2.
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Pacnpenenenne, .3agasaeMoe miotHoCTBIO (3), Ha3hI«

Baetcsl pacnpedenenuem Cumncona. :
TlnotHOCTs pacnpenesneHust CyMMEl TPeX BeJHYHH MO+ {

®eT ObITb ONpefieleHa KAK INIOTHOCTb pacmpefelIeHHs

CYMMEI IBYX BETHYHH 1j3 == 1) =4 Es: .
+°°L . N
=\ P pe—wyda= = |
- o , !
-

u-t2 T 2—u P
=S—4—-p(x,—u)du+ S 7 p(x—u) du.
2 : 0 3 )
Bbracmla HHTepBaJIbl, Ha KOTOPHIX MOJEIHTErpaJibHEIE '
(PYHKUUH DOJIOXKHTEJbHEl, IOCJHe BBIYHCJEHHH, aHAJOTHY~
HBEIX BBIYHCJICHHAM IJS nayx cjlaraeMblX, MOJY4YUM

- 0, ecan x| =3, o

T P () (x+3)/16 ecmt —3Kx<<—1, 4

» B—x)8; ecmm —1<<x<], ()
C(x—3)Y16, econ 1<x<3. .

I‘padmxm norroctelt, p, (X)=p); py,(x), p, (x) e
npHBeNeHsl Ha pHc. 13, 14, 15.- OTMeTHM, YTO IVIOTHOCTE
pacmpefeseHHss CyYMMbl C POCTOM YHCJA CJaraeMbix- CTa-
HoBHTCSL Gosee ruaakofi: p, (x) — paspeiBHa; p, (¥) —
HelpepEBHA; P, (¥) — nuddepenuupyema., OTMETHM
TaKXKe,” UT0 IUIOTHOCTb p, (xr) Gosee (no CpaBHEHHIO j
¢ py (x), p,,(x)) HanoMHHaeT IJIOTHOCTb HOPMaJIbHOIO
pacmnpenenenns. IlpuBegem Ge3 JoKa3aTesqbCTBa YCIO- E
BHUsl, NP KOTOPHIX 3aKOH pacHpefesieHHs CYyMMBI He3a-

" BACUMBIX CJy4aHHBIX BeJTHYHH COJHXKAETCI C HOPMAJb- _
HBIM pacnpefeseHHeM. '

Teopema 1. Ecau cxtyttauubte seauyurol &, &, ..
v32s En, ... He3aBucumel, 00unaKoso pacnpederetisl u
UMEIOT KOHEeuHYIo aucnepcufo TO NpU n—» 00 pasHomMep-
HO no x (—od; 4o0) ,

S B . .

.P{§1+§2+‘...-_+§n—na <x}_> 1 Se_%d“'

; o 4/n : o
20e a=Mg;, o>=Dg, k=1,2,..., n.
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Vcnomm CXOAUMOCTH qaymmnu pacmpefeneHHs] Hesas |
HMEIONHX ~PATHIHbE

BUCHMBIX czlyuammx
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‘1

pacnpeaesnenusi, cogepxarcs B Teopeme Jlanynosa, [Tpus |

Beaem Ge3 foKasaTesIbCTBA ee (pOPMYJIHPOBKY.

|
Teop“ema 2. TTycto &1, B2y wnes Eny 100 = HE3QBUCH |
Jvle  cayualinole  8eAuduUHbL,

KoHeuHbd |

N
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b

TpeTuii a6cortoTHbLL moMeHT. TToroxcum

a,=Mg, b2=DE, ci=M|[§, —a k=12...,8,

Av=3a B=30 =g
k=1

Ecau ’

‘ lim =% Ca

n=»oo ‘Bn

=0, )

TO npU n—> 00 PABHOMEPHO no X (—oo << x << 4-00)
- x

u? .-
P{§'+§2+”'+g"—’4"<x}_> I ‘Se__z—du,

4

B, »\/2:( _

.~ Tlpm cceikax Ha TeopeMBl O CXOAMMOCTH pacrpeje-
JIEHHH "CYMM CJIy4alHBIX BeJHYHH K HOpMajJbHOMY 3a-
KOHY YAOGHO HCIOJIb30BAaTb I[OHSATHE - aCHMIITOTHUECKOH
HopMaJbHOCTH. Eciiu yHKUMH pacnpeaeeHust mOC/en0-
BaTEJbHOCTH CJYy4aHHbIX BeAUUHH (n,,—A,,)/B,, cxo-

. 5 1 -—
IATCA MpH n—> 00 K (QYHKIHH _4\/27 Se 2 du, ToO TrO-
’ I
—o00

BOpPSIT, UTO CJydYaiHasi BeJHUYHHA ), IPH A—> 0O QACUM-

nroruuecku Hopmasvha ¢ napamerpamu (An, Bn).

Teopembi#l u 2 n03BOJAIOT OOBACHHTDL YacTYIO BCTpe-
yaeMOCTb HOPMAaJIbHOro pachnpeaeneHusi. Hampumep,
owM6KH IPH H3MEPEeHHAX YacTO OKa3bBIBAalOTCS HOp-
MaJIbHO pacHpelesieHHbBIMH. DTOT ¢akt MoxeT obbsc-
HAATbCA TEM, YTO OIIMOKAa CKJaAblBaercs H3 O60JbUIOrO
ylucJa CJaraeMhblX, BhI3bIBA@MbIX HE3aBUCUMBIMH (ak-
TOpaMH. -

JlocraTouHo oGuiee yTBepKJCHHE O CXOLHMOCTH Dac-
npefeseHus CYMM CJY4YaiiHbIX BeJHYHH K HOPMAJIbHOMY
3aKOHY Ha3BIBAIOT YEHTPAAbHOU npedesbHol Teopemoil.

B kauecTBe mpumepa npuMmeHeHust teopeMm 1 u 2 oue-
HUM 4HCJO HcmblTaHUd B MeTofe Monte-KapJjo, Heo6-
XOMMOE J/Isl BBIYHC/IEHHS KPATHOrO MHTErpajia ¢ 3a-
nanHoi TouHOCTbIO. ITycTh dyHKuHug f(X)==f(x1, ..., X/)
ompezesieHa Ha r-MepHOM eIMHHYHOM  KyGe V.

Tpebyercs BHIYHCIHTD HHTerpan a = S cee S [ (x) dx.
v




e
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Ilyctp u3BecTHa mocTosHHas C Takas, uro |f(x)|<<C, -
xe V. O6osnauum § = (&, ..., &) ciayuaidiunbiii BekTOp,
paBHOMepHO pacnpenenenntit Ha V. Torma pg(x), ...
ey X )=l ectuxesV,unp(x, ..., x,)=0 B nporus-
HOM cayuae. MareMaTHuecKOe OXMAaHHE CJYyyaiiHOH Be-
anuuss 1 = f (&) HafizeM no dopmyne

M'q=S Sf(x,, B AN CTETITEAL: - N R
v .

T =.=S...Sf(x)dx=a.
. ’ v
Taxum o6GpasoM, Mn coBnanaer co 3HaueHHEM BBIYHCIsIE-
moro uaTterpaja. Tak kak |f(x) | << C, o

o2=-;Dn=S ves S(f(x)-—a)zdx<4C2.
v " .

\

Ilycty Tenepn cayuafinble BeKTOPH Er == (Er1, s+
.oy Err), k=1, ..., n,He3aBUCUMH *) U pacnpejesieHbl
paBHOMepHO Ha eaunuuHoM Ky6e V. Toraa cayuahube
BeJIMUMHH N, = (), k=1, ..., n, He3aBUCHME U OAH-
HAKOBO pacnpefeneHbl. 10 3aKoHY GOJBUIHX YHCEN CJy-
vafinasi BesuuuHa Ln= (M <+ ... 4+ M.)/n 0pu Gombuux |
n 61u3Ka K NOCTOSHHOH a = Mne Ilpeanmonoxum, uro
HYXHO BBIUHCIHTb @ ¢ TOuHOCTBIO A, OueHHM BepoAT-

HOCTB _
P{lCn—a|<A}_—_p{ C:/;; <A;’/ﬁ'}.
Tak kak 0 << 2C, T0 |

P{lén;a]<A}>p{ in/«—/;a < AdE }

26
H NpH GOJBLIHX 7 -

P {lam <)o (4)

*) Cnyuafiuble BekTopm &, k=1, ..., n, He3aBHCHMH, €CJH
AN MOGHIX - 7-MEPHLIX NPSIMOYrOMbHUKOB Be, k=1, 2, ..., 1, -

Plgl E-Bh ooy §nEBn}=P{§lEBl} X P{gnEBa}-
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ITo samanHOf Masofi BepOSITHOCTH' HeXeNaTeNbHOro CO<
6T |§n=a| =>A MOXHO Tak XKe; Kak B -§4, Haif-
TH f. . ; - ’

3agaum : ' .

1. CrnagmBatotes . 10* uncen, Kaxzaoe H3 KOTODHX OKDYI/IeHO
¢ TouHocThio mo 10—™, Ilpenmonaras, 4TO OWHMGKHE OT OKDPYIJEHHs

He3aBHCHMHE H DaBHOMEDHO pacnpejesieHH B HHTepBaje -3 10-™

1 .
-2—10’" o HafiTH pefiesitl, B KOTOPHX C BEPOSTHOCTBbIO, HE MEHbs

meit 0.99, 6yner nexaTh cymMMmapHas OmH6GKa. . e
2. TMoayunts Tteopemy Myaspa — Jlannaca B KauecTBe CJeA-
- cTBHA TeopeM 1 w 2. .
3. Ilyctb cayuafizasg BeJuyHHA §L pacnpefieieHa IO 3aKOHY,

Myaccona ¢ napamerpom A. Haiitu

- R B—A .
Pl 22— ..
. Ali)moo { '\/7% <x}

Ykasanne. BocmomssoBarbCs TeM, UTO chyuyafiHasi BeJHYHHA
E‘,\n (k, =mn-K) npw mobom k>0 npescramnserca B BHAE

&, = B0+ ..+ &M, rae EP — nesasucumbe caywafimsie -

" BeTHYHHH, pacnpesesensbie no 3akoHy Ilyaccona e napaiaerpom h,

§ 12. OBPABOTKA PE3YJIbTATOB U3SMEPEHHUH

ViamepeHHs HeHM3BeCTHHIX BeJHYHH HJIH NapaMeTpoB
MPUXOJUTCS . IPOBONHMTb B CaMbIX Da3jMUHBIX 06JacTax
Hay4yHOH H TeXHHYeCKOH# neATeJbHOCTH. PesyibTaTh H3-
MepeHHH OMHOH H TOH e BeJMYHHBL- HECKOJNBKO OTJIH-
yaTcs APYr OT APYra, Tak KakK HEBO3MOXKHO NMOJHOCTHIO
COXPaHHTb YCJOBHSl NPOBENEHHS DAa3JHYHHIX H3MepeHHH. -
PaccmoTpuMm mpocTefilyio MaTeMaTHYECKYI0 MOAE/b MPO+ -
mecca H3MepeHHs.

12.1, BriGopka. OOGHYHO H3MepeHMs CTapalTcs Npo-
BOJHTh HE3aBHCHMO OQHO OT APYFOFO M NPHMEPHO B OZJi-
HaKOBHIX YycJoBHAX. IlycTe mnpoBoauTcs n H3MepeHHH,
B pesynbraTe H3MepeHHH OGyAeT NOJYYEHO 7 YHCEN

. X1; X2, 45, Xn. ECIM NIOBTODHTH eHle pa3 7 H3MepEHHH,
TO NOJIy4aTca APYrue o YHCeM, OTJHYHBIE OT IEepPBOIO Ha<
Gopa, ITponecc 13 1 He3aBUCHMBIX U3MEPEHHH €CTECTBEHs
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! - go omHcaTh KaK # HE3aBHCHMHX CJy4Ya¥HRIX BeJIMUHH,
YHCJIOBHIE 3HAUCHHS KOTOPLIX NIDH PASIHIHLHX @ COOTBET
CTBYIOT pe3yJbTaTaM H3MepeHHH B Pa3yIHYHBEIX ONbITAX.

Bu6op1cou obvema n Ha308emM 1N HE3ABUCUMbLX
_ cayuadnolx seauwur - Xy, Xo, +.., Xn, xaxdan u3

‘ KoTOpblX pacnpedesena TaK o/ce KaK -HeKoTopas
cayualinaa sesuquna & ¢ 47ymcqueu pacnpedenenusn
P{E <u} = Fy ().

" Takum oﬁpaaoM P{X: << x} = Fig(x) npu M060M

I, = l 2, vivy N

Bmﬁopxa IBJISIETCS  MaTEMAaTHYECKOH MOMENbIO f He-
3aBHCHMBIX HM3MepeHHH, NPOBOANMBIX B OJMHAKOBBIX yC<
qgosuax, CiayuafiHas BelnMuHHa § SBAfeTCS XapaKTepHC-

THKOH npubopa HJH MeToa H3MepeHHH. BeanuHHbI

| X1, +:+, Xo MOXHO paccMaTpHUBaTb KaK f -He3aBHCHMEIX

’ «3K3eMIUISIPOB» BENHYHHH E.~ '

| 12.2. Ouenxa. ITo pesysibTaTam uaMepenuit Tpe6ye'rcx
HafTH 4KC/IO, OJHU3KOe. K HEeH3BECTHOMY 3HAUEHHIO H3Me-
psiemoro mapamerpa. Ilycth, Hanmpumep, IO 3HAUEHHAM
BhIOOpKH 00Bema n TpebyeTcsi OLIEHHTb Heussec'rm;xﬁ
napamerp :0 3akoHa pacnpepenenus P{E<<x} =
=F¢ (0, x). -Oyenkoidl HeH3BECTHOrO napame*rpa 0 Haao«

\ BeM IPOH3BOJBHYIO (YHKLHIO 0, =-0.(X1, Xgy .us, Xn)e
3HaueHHAA 3TOH (YHKIHH Bn (x1, X2, v3s, Xn) TpPH HOJY-<

l‘ YeHHHIX 'B pe3yJbTATe 'U3MepeHHiHl 3HaueHUudax X;= ¥
i=1, ..., n, 6yaeM paccMaTpuBaTh KaK IPHUOIHKEHHOE
3Haqeﬂue napamerpa 9. Tlpusegennoe ompenenenue.
OLEHKY OTPaxKa€T TOJAbKO caMoe oOOillee TpeGoBaHHe, UTO.
OLIEHKA J0JIKHA ONpeJeNsiThCH MO0 BHAuUeHHsAM BHIGODKH, '
OueBugHo, ‘910 .MI06AsT OUEHKA He 0OOA3ATENBHO -OyHer
6.1u3Kkoil 'K oueHHBaeMoMy mapamerpy 0. Bsemem mBa
CBOMCTBa OLEHOK, KOTOpHle O0ecneydBalOT HX GJAH30CTH
K COOTBETCTBYIOWHM TIapaMeTpaM. i

Oyenka H,, napameTpa.n-Ho3o180eTCA HeCMeUeH '
Hol, ecau Mﬁn =0.

! Oqemca R ‘napamerpa 0 HasLIBaETCA” cocro:u
Te/Lbl-tou ecau npu n—» oo

P16, -—9|<e}-—>1

0as ar06020 € > 0.
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CBo#icTBO HeCMELIEHHOCTH O3HayaeT, YTO QIleHKa He
HMeeT cucTeMaTHueckoH omubku. CBOHCTBO COCTOATEJNIb-
HOCTH obecneunBaeT cO/HMKEHHe OLEHKH C H3MepsieMbIM
napaMeTpoM IIPM YBeJHYEHHH YHCJIa H3MepeHHi.

IMpumep L. Paccmo'rpuM BHOOPKY Xi, X, ..., Xn,
COOTBETCTBYIOILYIO cJayuaiiHofi BenHuuHe & ¢ Fy(x)=
= P {& << x}. Ilycts Hac unTepecyeT mapamerp a = ME.
HpennonomuM yto cymectByer DE = o¢® OOGBIYHO B Ka-
4yecTBe OLIEHKM @, napamerpa a BHOHpPAIOT CpelHee

apupmerHyeckdoe X 3HaueHHH BHIGODKH, T. e, MoJjaraloT

g=F=Kt X (1
CorsacHO onpefeneHH0 BHIGOPKH BeJHYHHH Xy, ..., Xn

HE3aBHCHMbl H KaXXlas HMeeT pacnpele/ieHHe, COBIa-
natoiee ¢ & IToatomy

MX;,=Mg=a, DX;=Df=q

Mcnonbsys cBoiicTBa JIMHEHHOCTH MaTeMaTHYeCKOro

OXHJAHHSI H CBOHCTBA AHCHEPCHH, H3 q)opMme (1) mo-
JIYYHM '

Md, =MX =1 (MX,+ ... +MX,)="2—=q (2
Dd, = (DX, + ... +DX)=2L =2 . (3

n? n
PasencrtBo (2) 03HayaeT, YTo OleHKa d, = X ABJgeTCA
HecMeIeHHOH oleHKoil nmapamerpa a. U3 (3) caenyer,
4YTO CpeJHee KBaJpaTHYHOe OTKJOHeHHe OleHKH X OT He-
H3BECTHOrO NMapaMeTpa a, paBHoe o/4/n , y6bBaeT c yBe-
JIMYEeHHEM YHCJia Hamepeﬂuﬁ n.
Bocnoab3oBaBuuch HepaBeHCTBOM YeGHIméBa 1 pa-
.BeHCTBOM (3), mojyuuMm, 4To AJsi Joboro € > 0
4 Da - o2
P{Ian_'a|>3}< ezn = Zin —0

npu n— oo, CJlefoBaTe/NbHO, BEPOSTHOCTb [IPOTHBOIIO-
JioXkHoro cobbitHs P {|d»—a|<<e}—1 mpu n=oo,
T. €. oleHka 4, =X gBaserca cocrosTeabHolH. Takum
06pa3oM, Mbl IOKa3aJH, YTO
cpednee apudmeruuecrcoe X seaserca Hecme-
WeHHO U COCTOATeAbHOU OYeHKOU usmepsemoed
napamerpa, ecau usmepenus X; UMEIOT KOHEUHYIO
Oucnepcuio.

—tnme s s
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MoKeT CyLlecTBOBATb HECKOJbKO PasjHYHBIX HecMes
IIEHHBIX H COCTOSITENbHBIX OLEHOK mapaMmerpa a. Cpeau
BCEX TAKHX OIIEHOK eCTeCTBEHHO BHIGPATb OLEHKY C HaH«
MeHbIIed Aucnepcueil.

INpumep 2. Ilycty Teneps mo BuGopke Xi, ..., Xa,
COOTBETCTBYIOWleH pacnpeneseHdio Fg(x), HyxKHO ole-
HHTb- JBa napametrpa a = ME u o2 = DE B kauecTBe
oueHkd a Mbl BbiGepem X. Ouenky 62 napamerpa o®

onpefenuM popmyJoit 62 = s, rae

PR .2 =X @

k=1

IToxaxkeM, uto omenka &2 =5 ABJgETCA HeCMeEILIEHHOH

ouenkoli o2 IlpeoGpasyem chauaja ¢opmyny (4), BBead
cayyafinble BeqMuuHn Y, = X, —c¢. Tak Kak

Xk—x—-(Yk+c)——Z(Yk+c>—n—Y

k=1
rne Y= (Y14 ... +Yi)/n, 1o u3 (popmy.nbl (4) mno-
JYYHM
.on
1 = .
= ) (Ve =P, - ()
k=1
" T. e. BeJIHUMHA S$2 He H3MEHHTCS, eCJH BCe BeNHUHHB Xp
CABHHYTb Ha OQHY M Ty e BeqHuuHy. ITosoxkum Tenepb
¢ =a=MX,. Torza MY, =0, DY; =MY;=DX,=¢’u
n n
Mty —¥)} = Mri — Zm (Y,,»Z Y,) +3 Y MY
I=1 L, ly=1

Tak xax Yy, Yz, He3aBUCHMBL npu [ ;7=l, u MY;,Y;2
=MYIIMY[1—0(11?‘—‘12) TO

. | i B
m(nEr) =M+, L )=
=MYi+ X MYY,=d’,

ki ksl

~.

3 MY,y — ZMYz+ X, MYWYi =2 MYi =nd’. -

h, =1

B B. K. 3axapos u ap.



\
Soptl riad]

130 . § 12. OBPABOTKA PE3YJIbTATOB W3MEPEHMR §
Clle10BaTeJIbHO, 1
2 2 -
M(yk,_.y)z_o.z___02+ n:z =in_1_02_ 3

4

Orciona u u3 dopmyasl (5) HaxoAUM g‘;
b

T n _ ’ i
1 n 7 1 — 1 _
M= P M =P = g (00 23 "2)=°2'
k=1 ) . -

TakuM o6pa3oM, HeCMelleHHOCTb OLIEHKH $2 NOKa3aHa.
Ecan npenmosioxuts, uro MEg* cymechyeT, TO MOXHO
T0Ka3aTh, 4TO NPH 72~ 00

| —o(4).
Orciona, ucnonb3ys HEpaBeHCTBO UeGhIméBa
P{s—o?>e}<25=0(=),

_ MOJIyyHM, TaK Xe, KaK B npuMepe 1 Aas X, cocrosTesse

" HOCTb OLEHKHU S2.
IIpumep 3..Ilycts BEGOpKa X1, ++:, Xn COOTBET<

CTBYeT HCIIBITAHUSIM CXeMbl BepHyaH, T.e.
P{X;=1}=p, P{Xi—-o}—q— l—p. -

U SRR TN Kl

R

Torpa sacTota «ycnexas A, =— Xi+ o0 + X)) Ho-

KaxeM, 4To h, sIBJISeTcs coc*rome.anon H HecMelleHHOi
ouenkoit p. Tak kak MX, = p u DX = pg koHeuna, TO
' paccMaTpHBaeMasi cxeMa fIBJASIeTCS YaCTHBIM CJyuyaeMm
o6iieil cxeMbl npumepa 1, Taknm o6pa3oMm, MOXKHO BOC<
N0Jb30BaThCS BBIBOAAMH NpHMepa l, H, cienbBaTesbHO,
yactota h. sBASETCH COCTonTeJIbHoﬁ H - HeCMellleHHO’
OLIEHKOH p. N
Mpumep 4. Haiinem no BuiGopre Xi, ¢4+, Xn, COOT+
BeTCTBylollel - pacupenenenuio Fg(x), oueHky Fn(x)
byHkuuH pacnpepetenus Fg(x) npuH KaX[Iom X. ITasto-

KM -

Fo(t)=—ps (0),

-

L A RS VE R TN W

TIe pn(x)— uncio cnyqangIx BEJHYHH cpelm X1, Xa, 5g9
rers Xn, He HPeBOCXOAAMHX X, DyHKUHUSA F.(x) Hasmbl«
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paeTca amnupuueckol ¢ynxyued pacnpedeserus. C kaxs
foil BeJHUYHHOH X, MOXHO cBf3aTh ABa COOHTHA {X, <
< £} 1 {Xp > x}. BepoATHOCTH 5THX COOBITHII OYeBHAHO
paBibl  p=P{Xi < x} = F¢(x), ¢=P{Xi>x} =
=1—F(x). Eciu.co6ntne {X,<< x} Ha3BaTb «ycme-
XOM», TO [ia(X) ABJSETCA UUCIOM YCNIEXOB B CepPHH U3 1
'He3aBHCHMBIX HCIHTaHHA, a F,(X) sBJIfeTCH yacToTON
ycnexa. CilefloBaTe/NbHO, COTJIACHO NpeXbIAylleMy IpH-
mepy Fn(x) sBaseTcs HeCcMelleHHOH H COCTOSITEJbHOM
oueHKol mapaMerpa p = Fg(x). Ha puc. 16 npuBesensl

.- .

30

Puc. 16.-

rpadbux ¢yHkuu# Fy(x)= @ (x) u rpadux F,(x) (npn
n = 100), BbIUMC/IEHHO! N0 PeaJH3aluy, B3ATOA H3 HOD-
MaJIbHO - paclpeleNeHHbIX cayyainbix uucea (cm. [1];
11, [14]). . '

Vnoraa .Ajsi HarjSAHOTO TpEACTaBJeHHS BbHIOOPKH
HCIONB3YeTCsl  2UCTOZparMma, TojyyaeMas CJefyoluM
o6pasom. UnciaoBas ocb pa3GuBaeTCs Ha HECKOJb-
KO HemepeceKaloUIUXcs INOJYHHTEpPBaJOB: (—oo, 00)==

r
mkuo(zk,zkﬂ], e —o0 =20 <21 <2< is <2 <]

) < 2r41<< 00, Jlallee BBIUMCASIOTCS YAaCTOTHl fr ==
= Fp(2441) — Fn(2x) TIONafaHHS 3/IEMEHTOB BBIGOPKH B

5%, -
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5T MHTEpBaJIbl. 3aTeM HaJ KaXKIbIM OTPE3KOM [2, Zet1]
CTPOHMTCS NPAMOYFOJbHHK, IVIOIAAb KOTOPOrO NpPOMOp-
IHOHaNbHA YacToTe pr. YacroTel p; npu GOJbIIHX 7
Zk+1 :
6MH3KH K pp= S p(x)dx, rne p(x)— NJIOTHOCTD
2
pacnpenenenus Fg(x). TakuMm o6GpasoM, TpH yAauHOM
Bpl6Ope WHPHHBI MHTEPBAJIOB THCTOTPAMMA MOKET Has
NOMHHATh TPaQUK NJOTHOCTH pacnpefienenus p(x).
PaccmoTpenne rpagukoB SMnMpHuecKOl (QyHKIHH
pacnpeiesieHdss ¥ THCTOTPAaMMBI MOXeT HaThb HEKOTOPOE

npeBapuTe/NbHOe MNpEACTaBJEHHEe O HEH3BECTHOH (YyHK-

Juu pacnpenenenus Fg(x). -

4,
l

Fé _ 0,,7; N

-3 . -2 -7 . g 7 v 2 3 a

i »

. Puc. 17,

Ha puc. 17 npusenenst rpaduK nJOTHOCTH HOPMaJlbe

Horo pacmnpefenenuss c¢ napamerpamu (0, 1) u rucro-
rpamma, coorBercTBylomasi Fn.(x) (cm. pue. 16).
ITpumep 5. M3 ypuo, comepxameii M  Geanlx
H N—M uepHbiXx mApoB NO cXeMme CJyyaiiHOro BhiGOpa
6e3 Bo3BpallleHHsl, H3BJeKaeTcd #n. mwapoB. Onpeneanu
uHauKatopol Xz, k=1, ..., n, noaoxus. X, =1, ecan
k- wap (mo NOpPAAKY H3BJeueHHs) OKasajcs OeJBIM
n X =0 B nporuBHOM ciyuae. CiayuafiHble BeJHYHHHI
X1, ..., X, -0ueBHAHO 3aBHCHMBL. B 3TOM cillyuae Tak xKe;
KaKk M B Cly4Yae He3aBHCHMBIX BLIGODOK, OmpeaeseHHBIX

B 1. 12.1, MOXHO HCKAaTb OUEHKH HEH3BECTHbIX MapaMeT-
* poB cxembl. OueHum, Hanpumep, Aouio p = M/N Gelnix.

it

fems ., "
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mwapoB B ypue, [Tonoxum
1
pn=7(Xl+X2+ e +Xn).

MaTeMaTHUeCKOe OXHIAHHE H JUCHepcHs uucia Gesblk
mapoB B Bbi6OpKe M, = X1 ... -+ X, Oblau ompene-
qgensl B § 8 (npumep 5). Mcnonb3ys st ¢opmyssl, 0o+
JyuuM .

Mpo=p, Dbu=-p(—p)F=T- -

Takum 06pasoM, P, ABJASETCS HECMEILEeHHOH -OLeHKOH p.
COCTOAITENILHOCTb P CJAEeAyeT H3 HepaBeHcTBa YeObl-
ména

_ 1 . N—
P{lﬁn“P|>8}<-e—;;p(l -—-p)W-:-;l

12.3. WUHTepBaabHble OueHKH. Ecau u3BecTeH 3aKOH
pacnpefesieHHs: OLEHKH MM ee JHCHEPCHsl, TO MOXHO
yKa3aTb IPaHHIbI, B KOTOPbIX C 6OJIbLIOH BepOATHOCTHIO
HAXOJAMTCH HEU3BECTHOe 3HAueHHe MapaMeTpa.

OTH TpaHHUBl 3aBHCAT OT 3HAYEHHH HEH3BECTHOrO
mapameTpa, ¥ TOTJa NOJL30BAaTbCS UMH HEJb3S.

PaccmoTpuM BhIGOPKY Xi, X, ..., Xn ¢ P{Xi << x}=
= F¢(0, x), rne ©— HeusBecTHHi mapamerp. Ilpeano-
JIOXKHMM, YTO. HAM YAajJocb HadTH ABe OYHKIuM 0 =

=0(X1, Xa, ..., X») u 0=0(Xy, ..., Xa) Taxue, uro

6 <6 npu BCcex 3HaUEHHSX X4, ..., Xn ¥ npu 06LIX

3naueHusx 6 : ’
P{E(Xb ey Xn)<e<é(Xl’ sy Xn)}=1 —2&,

T. e. BepPOATHOCTb TOrO, YTO cayuyaiHblii uatepBan’ (0, )
HAaKpOeT HeH3BEeCTHbIH napamerp 6, He _:’.anncm OT.napa-
meTpa. B stoM cayuae untepsan (0,0) HasbiBalOT do-
BepUTEAbNLLM UATEPBAAOM IS HEH3BECTHOrO NapaMer-
pa 0, cooTBeTCTBYIOIUM O008epUTENbHOU 8epPOATHOCTU
1 —2a. B page cayuaeB ¢yHkuuu © u 0, oG/1ananomue
YKa3aHHLIMH CBOWCTBAMH, MOKHO HAHTH.

Ilycts umeercss Bul6Opka Xy, ..., Xn, TPHYEM BeJH«
uYuHbl X, pacnpefeleHbl HOPMaJjbHO C INapamerpaMH
{a, 6), a napamerp ¢ usBecteH. Haiiiem noBepuTe/bHBIH

.
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HHTepBaJI ans a. Cnyyaiinas BelHuMHA X=(X1"F ¢es
..+ Xn)/n uMeeeT HOpMasbHOE paclpefesNeHHE H._
-—a

MX = a, DX = ¢2/n. CienoBaTe/IbHO, BeJHYHHA

- n
pacnpeneseHa HopMmaJsabHo ¢ mapametpamu (0, 1), u ee-
pacnpefiejieHHe He 3aBHCHT OT a. OTciona

P { =1—2
T f=1-2
nam
P{X—uav <a<{(+uav_}—l—2a, '(6)
TAe Uy ONpeRessieTCsl KAaK pelleHHe ypaBHeHHs ;
. o - -
: .1 -
B o Se dx=aqa, . )

Takum 06pasoM, Mbl HAaULIH NOBepHUTE]bHBI HHTEpBAJ
v 6 F .. O
(X.—-uav_—, X+uaT) IS TapaMeTrpa a.
n n
Bonee ectecTBenHOl saBAsETCA CHTyallus, KOTHa o6a

napaMeTpa @ M O HeH3BeCTHH. B atom ciyude aas mo-
CTPOEHHSl JOBEPHTEJBHOTO HHTEPBajla HCIOJb3YeTCs Be-

X—a A/n, rtae s? ompeneneHo dopmy-

. AMUMHA T, =

vioit (4). B Kypcax -MaTeMaTHYeCKOH CTaTHCTHKH NOKa<

sbiBaercss (cMm., Hampmmep, [7]), uTo pacnpepeneHue
BEJIHYHHBEE Tnp—) HE 3aBHCHT OT MapaMeTpoB @ H G HOp=
MaJIbHOTO pachpefiesieHHs, COOTBETCTBYIOLIEro BHIOOPKeE;
TJIOTHOCTb paclpeesieHHs T,—i onpejensiercs popmysoi

. n
. 2 - ’ .
pf,,_l(x)=C-(1+ n"_l) 2 a>o,
rle HOpMUpYIOLlasi NOCTOSIHHAS C I‘( ) /I‘ ( n—1) p
« 4/n(n—1). PacnpeneneHye BeTHUHHH Tn—1 HASHBAIOT

pacnpeae/zenue)u Crotodenra c n — 1 cTenenamu c6060006l, -

Onpe;[e,nﬂm ‘BeIMYHHY {g, n-1 KaK pellleHHe YDaBHEHHS
P{t,1|<tgn-1}=1—20a. ®)

Lsfghn ¢

* A S DMt < i

@l

!

NoLS s
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Otciona, NOJOXHB T,_ (X —a)4/n /s, TIOJIYYHUM- JI0Be«
pHUTeJbHBIH HHTEpBAJ M a:

P{)—("—ta.n—l—‘\'/'%<a<X+ta,n—l_}—:}=l_?a‘ )

[lpuBenem wHeGospliylo TaGJHUKY 3HAueHHd I, 4t -

n
5 104 20 30 oo
2q .
0,05 2571 | 228 2,086 | 2,042 1,960
0,01 4,032 l 3,169 2,845 2,750 2,576 -

Ilpn n—- co MJIOTHOCTb pr,_,(X) CXOAMTCH K MJIOTHO-

CTH HOpMaJIbHOro pacnpejelieHHs ¢ nmapametrpamu (0, 1).
Tak Kak npu JI060M KOHEYHOM 7 NJIOTHOCTb Pr,_, (¥)

IpH X—>oco YyOblBaeT MejlJIeHHee IJIOTHOCTH HOPMaJib-
HOro pacipefeNeHus, T0 fg, n—1 > g, 0 = Uy. DTO NpHU-
BOAMT K TOMY, YTO Cpe[Hss [JHHA JOBEPHTENbHOrO HH-
TepBana (9) GoJblle AJHHb JOBEPHTEJNbHOrO HHTEP:
Basa (6).

IIpy mnocTpoeHMH [OBepHTENBHBIX HHTEpBaJoB (6),
(9), mpenmoJiarajoch, YTO. 3JEMEHTH BBHIGOPOK HMEIOT
HopMasbHOe pacnpefenenue. [Iyctb Temepn' X, Xo, ...
».., Xn—nmpousBoabHas BbiGopka. Ilpu Geaburnx n
MOKHO NOCTPOHTh MHPOCTHE NPHOJIHIKEHHBIE JOBEPUTEb-
Hble MHTepPBaJbl 6e3 NPeANoJOXKeHHsT HOPMaJbHOCTH Xj.
Haiinem, Hanpumep, NOBepHTE/]bHBI HHTEpBaJ 1/ Na-
pamerpa @ = MX,. Ilycts 0% = DX,. Torza no uesr-
pasIbHOH mpenesabHOIl TeopeMe pacnpefeseHHe BeJHYUHBI

Xi+Xe+ ... +Xp—na _ X—a - -
- o%n ofa/n )

6/IM3KO K HOpMaJbHOMY paclpeleseHHio ¢ NapameTpamu
(0, 1). Orciona, ucHOMB3YsI COCTOSITENBHOCTb OLEHKH $2
napamerpa o2, MOXKHO [OKa3aTb, YTO

lim P{ X }=\1-—2a, _

—a
n->o S/'\/;l—
= 3 5 S V1
E{X-juaﬁ<a<x+ga:/;_—}71 2 (10)

Hiun
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. npH n—>oo. Jloka3aTenbCTBO 3TOTO YTBEPXKAEHHS MH
NpUBOAHTL He OyaeM.

12.4, Meton HanGosbliero HpaBaoOnNoOnRo6Hs nas Ha-
X0X/cHUA OUEHOK mapamerposB. Meroa momentoB. Ecin
¢dyukuus pacmpepenenus F(0,x)=P{X,. <<}, k=
=1, ..., n, AMeeT IIOTHOCTb P (0, x), TO QYyHKUMA - ~

L=L(le LR Xn’ »e)=p(61 Xl) voe p(e’ Xn) (ll)

nassiBaeTcs Qynkyueli npasdonofobus. Iasi BbGOPKH,
cocTosillelf M3 MMCKPEeTHHX BeJHuHH Xz, R=1, ...; n,

¢ pacnpenenenneM P {X, = x} = p«(0) ¢ynkuua npab--

lldHOJIOGHH omnpenensaercs paBEHCTBOM )
L= L(Xl, ve ey Xm B) pX[ (9) pX:_) (9) .. 'an(e)' (12)

Tpu (puxcnpoaaﬂﬂblx X1, +.., Xn dyHKIMIO L 6y,u.eM
paccMaTpUBaTh KaK (GYHKLHUIO napameTpa 0.

ITo merody Hauboabuiezo npa360n0606un sa
oyenKy napameTpa © npunumaerca 3naverue ap-
eymenta 0 = 0(X, ..., X»), npu xoropom L umeer

" MAKCUMAAbHOE 3HaueHue, T. e. 8bl6UPaAeTCs 3HaAue-

Hue 0, npu KOTOpOM BepOATHOCTb Nnosyuerus OaH-
HbLX BHAYEHUL 8bI60PKU MAKCUMANLHA.

INockonbky In L mpu ¢duxkcupoBanubix (Xy, ..., Xa)
JOCTHraeT MaKCUMyMa TpH TOM e 3HaueHuu 6, uto u L,
TO AJS HaXOXJAEHHsS OLEHKH MOXHO pellaTb ypaBHEHHE
npasaonoxo6us

almL :
“—=0. (13)

Pemennem (13) Gyaem HasHIBaTh TOJIbKO KODHH, 3aBH-
camue ot Xy, X, ..., Xn. Kaxmoe pemeHnue YpaBHeHHA
npaBaonoao6us (13) 6yaeM HasbBaTb OYeHKoU Hau-
6oabuiezo npasdonedobus 041 0.

IIpu  HeKOTOPBIX ~ AOCTaTOYHO OOCUIHX  YCJIOBHSAX
(em. [7]) ypaBHeHHe (13) uMeer pemeHHe B, ABJISIIO-
lleeCsi COCTOATENbHO!H OLEHKOH mnapamerpa O; kpome
TOro, NpH n-—>oco OlleHKa 9,, aCHMNTOTHYECKH HOP-
MaJibHa,

Ecion 9—-(61, «oey 0s), TO OleHKAMH HaHGOMbIIEro
npaeaonono6us napamerpos 0y, ..., 0s ABAAOTCA 3a-
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BHCSIIIHE or (X,, vs+, Xn) pelUIeHHS] CHCTEMH ypaBHeHun -

0InlL .
69 —=0, k=12,...,

ITpumep 6. Ilycts Benuuunnm Xz, k=1, 2, .%., n,
HMeIOT HOpPMaJlbHOe pacilpefeeHHe. HenssecThuMy na-
paMeTpaMmHu . sBasiIOTCS @ = MXg, b= 0= DX, Hai-
JleM HX OUEHKH HauGoJsbuiero npasgonomobusa. Ilo ¢op-
myae (11)

L=L(Xy, ..., Xp a, b)=
= (X _a}-
(vm‘) ( 26 )

lnL———(In2n+lnb) (Xk—--a)2
=

H N

Ortciofia Aist ONeHOK & u b monyunm cuctemy

n :
dlnlL 1 )
—a—-—-b-k l(kad)—O,

alnL
ob

_..-._+ & Z(X,,—a)z_o
Hs nepaoro ypaBHeHHs b= Z Xy=X. TloacraBass

k=1
5TO 3HaueHHe BO BTOPOe ypaBHeHHe, HafileM ,

5=m2=—},-2<xk'—z?>2.‘
k=1

IMMpumep 7. Haiinem ouenky HauGosabliero mpas-
'nomnoso6Ha AN BEPOSTHOCTH ycnexa p B cxeme DBep-
uyaan. Ilo ¢opmyne (12) L =L(Xi, ...,y Xn, p)=

n
=thPXk (1 —p)l‘xk, X,=0, l(X,, =1, ecau B uc-
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. nuiTaun‘k Gl ycnex, H X; = 0 B IPOTHUBHOM cJaydae) B

n R
‘ InL= Y (XpInp+ (I — X,)In(1=p).
Orcrona ) © ‘

amL _Z(————————‘;_’;")=.¥-Ti—$“";ln—i=° |

up==x TaK KaK JUIf YHCJIa YCIeXOB W MMeeM paBeH-
CTBO Hn—XL+X2+ ssa R X0, TO p = pn/n.

§ 13. METOJ HAUMEHBIIMX KBALPATOB

Heussectnele  (yHKIMOHA/bHBIE 32BHCHMOCTH Ha _

NPaKTHKe 4acTo YCTaHAaBJMBAIOT NOCPEACTBOM H3Mepe-.
uuii. Ilycts, Hampumep, HCCAeRyeTCs qoyuxunox{a.nbﬂaa
3aBHCHMOCTD

S y=o, SN

rae @(x) HeusBecrHa. Ilpu pasiHUHBIX 3HAYEHHSX X,
X2, v.., Xn, H3BECTHBHIX TOYHO, H3MepeHH C OLIHGKaMH
3HAayeHHS] COOTBETCTBYIOLIIMX HM ¥1, Y3, .., Yn. Mogenp
TaKHX H3MEDEeHHH MOXHO ONpEeJNeJHTb PaBeHCTBAMHU

yi=q)(xi)+6i" i"‘—'l’ 2: eeey Ny (2)

rie O;— HesaBHCHMBle cJyuafiHble BequuMHH M§; = 0,
Tlpu nosHOM OTCYTCTBHH HHQOpPMALHH O Xapakrepe
GYHKUMH @ (x¥) HEBO3MOMKHO NOJYYHTb AOCTATOYHO yHOB-
JIETBOpHTeJIbHOe ee mpubjauxkeHHe. B aToM cayuae, co-
eAMHUB Mapul (x;, 4i), i=1, 2, ..., n, oTpe3kamu mps-
MBIX, MOJYYHM rpaduK, MaJ0 HAMOMHHAIOLHUA HCXOLHYIO
¢yHKRuMIO y = @(x) (cM. puc,-18, 19 u npuMep B KOHLE

OO6BIYHO TNpennoJiaraercs, 4TO H3BECTHH CBOHCTBA
rJIaJKOCTH GYHKUHH @(X) HAM H3BECTEH ee BHA C TOY-
HOCTBIO [0 HEeKOTOphiX mapamerpoB. IlycTh,” Hampumep,
y=o(x, A, B), rne ¢pyukuusa ¢(x,A, B) usBectHa, X —
He3aBHCHMas nepeMeHHasi; A W B — HeH3BecTHble napa-«
~Metpul. Ilpennojioxum Takxke, 4To B paBeHCTBe (2) Be-
JIMYHHBI §; HMEIOT OXMHAKOBHIE Aucnepcuﬁ D§; == o2, Io

P
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3HaueHHaM nap (Xi, y:) TpeGyeTcsi ONPEAeNHTh HeH3Be-
cTHHe Ko3¢duuuenT A u B. [lisa onpefesieHus OLEHOK
A u B wucnonb3yercs meTod HaumeHsuwix Keadparos,
COCTOSIIMA B TOM, UTO B KauecTBe oueHOK A H B BhGU-
palotcs .3HaueHusi A M B, MHUHHMH3HDYIOUIHE CYMMY
KBAJDATOB OTKJOHEHHH H3MEDEHHEIX J; OT COOTBETCTBYIO- -
IIUX BBIYHCJEHHBIX 3HaueHu @ (xi, A4, B):

QAB=3 = 4B O

Takum o6pa3oM, B KauecTBe oueHok A, B mapamerpoB A
K B npeanaraercd GpaThb pelleHHe CHCTeMBl ypaBHEHHH

Q. 0Q _
a=0 25=0. *)

PaccMOTPUM CBOJICTBA OLICHOK, MOJYUEHHHX METOAOM -
HauMeHbLIHX KBajJpaToB, B mpocTefimem caydae. Ilyctn . q

TpeGyercs HafiTH KO3hbHuIueHTH A U B nuHeitHol dyHK-
uud y = Ax 4+ B. Bynem npeanonaratb, 4TO B BbIGOpPK®
(Y1, ..., Yn) BEJHUMHBI Y; NIPEACTABHMLI B BHJE

, yi=Ax;+B+38, 6)
rae 8; nesaBucumel, M§; = 0, D§; = o2, x; nsBecTinl Ge3

omnGku, YpaBuenus (4) ans q»yum.mn q>(x)—-Ax+B
HMEIOT BHJ, .

(
- —_-—2Zxk(yk“Axk"B)—'o‘ :
. k=l (6) ?
—-——-22(yk—-Axk—B>—
k=1 .
C,U,BVII‘OM HayaJja OTCUeTa Ha OCH X MO2KHO .BCeraa no-
n

¢

6UTbCSA, YTOOH OBLIO BHIIOJNHEHO PaBEHCTBO. Zxk=0.

B sToM cayuae cucreMa (6) NPHBOJUTCSH K cneny!omemy ”
BHAY: :
%Y, — A 3 362 =0

n
k;yk——B-n=0.
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OTcroaa nonyynm

n n n
—_— 2 J—
A—(Zxkyk)/(Zxk). B=1%y.
k=1 k= E=1 ,
dopmyast (7) MOTYT GbiTb WCIONb3OBAHB AJS BbIYHC-
JieHus olleHOK. Jlist uccIeOBaHHSI CBOHCTB OIleHOK A
uB Bocnonbsyemcsl dbopMmynamu
n
. kZ- XS
A=a4E__ _B=p41L Zak, ®)
Zxk ’
k=1
KOTOPble CleAyloT u3 dopmya (7), eclM B HHX J. 3aMe-

uuth mo ¢opmyae (5). Tak Kak BelHuyHHBI & HE3aBH~
cuMH U M6, = 0, D6, =02, 10 - .

n
k=1 _ 1 L) > _a
D n = s n 2‘§:xk06k__ n 2'
-\ B ) (Be) = >4
“R=I k=1 k=1
1 n 1 n._ 2
o
D(TZ%)—;? Doy =
k=1 k=1

Orciona u u3 dopmyn (8) Haxomum’

- -2

MA=4, MB=B, DA=-%—, DB==Z.
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Takum o6pa3oM, oueskd A u B aBmeO'rca HecMelleH<
HHIMH OUCHKAMH NIapaMeETPOB A u B. Ouenku A u B co-

CTOATENIbHE], €CJIH Z xk—> co. mpH n—+o00, TaK Kax
B 3TOM CJyyae DA-—»O DB-»O ‘ )

Ecau mpennonoXuTb, 4TO 61, a c.neuoxsa’renbno H Yy

pacnpenelieHsl - HOpMaJbHO, TO  MOXHO [10Ka3aTh, 4YTO
OLEHKH, TOJyYeHHble MeTOJOM HaHMeHbIUHX KBaJApaToB,
COBNAAYT C OLCHKAMH MeToJa HauGoJbLIero npaBaoOMNo-
JoOus.

,B,eHCTBuTe.ubHo q)yﬂxum npaBaonoxoOHs BEIGOPKHU

yly 25y Yn B 3TOM cnyqae HMeEEeT BHUI
-« te . l . 1 ) n B .
L(y, A, B)=————-exp{—--—7 (yk—Axk—B)“’}-
VS 30 ,; \

_ Orcrona pnisi OUEHOK HauGoJsbLIero . MpaBRONOA0GHS
napametpoB A u B no.uytlaeM CHCTeMy YpaBHEHHH

dlnL
l —"_;g_—"'—‘ P Zxk(yk—Axk"‘B)_O
. e b=l

L 1
%%=?Z(yk—z4xk—3)=0,
k=1

OT/IMYAIOUIYIOCS OT CHCTeMBl (6) TOJIBKO IOJIOXKHTEJbe
HBIM TIOCTOSIHHBIM MHOXHTeJeM . 1/20% MeTon HaHMeHb-
IIHX KBAJApaTOB -MOXKHO. MPHMEHATb H AJf HEJHHEHHbIX
© (yHKIHH.
Tpumep. [Tycts HenspectHas dynkuus y = Ax2 -

+Bx+C. Jlns snaueHuil xir—-—%f—, i==0, L, «ssy n—1,

A= —2, B=10, C = —8 naiigenn snauenns Ax}-
~+ Bx, - C u npu nomoumu AaTuYMKa CAYYaHHBIX YHCe] I10%

letlel;lbl ABe peanusaupuu- (n =25, n == 100) 81, 82y «ss
, On cayudiiHbiX OWHGOK 81, +s., 8n B Mpeanosoxe-

mm YTO &/ He3aBHCHMHI H pACTpeeJeHb HOPMaJIbHO
~cM61—0 D& = 0,04. :
- Takum 06pa3oM, CMOAGNHPOBAHH H3MEpeHHst

Jy=—26+ 105, =848, i=1, . n (10

©)
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§ 13. METOJl HAUMEHDBIITHX KBAZPATOB 148

OIJ,eHHM, HCNOJIb3yA METOA HaHMeHbINHX KBaJipaToB, Mma-

pamerpnt A, B, C, MCTHHHble 3HAaUeHHS KOTOPHIX HaM.

H3BECTHHI. ByjlleM MHHHMH3HDOBaThb CyMMY
Q(4, B, C)= X, (§,— Ax} — Bx, —C).

Ouenku 4, B, C yHOB/JETBOPAIOT CHCTEMe YpaBHeHHit

. -
--%%=2;l(g7k—Ax,§—Bxk—C)x2=O,
n
. -—-g%=2’;l(i/’k—-z4x§——3xk—0)xk=/0,
n
~2 = g’;‘(_gk — A%y — B, —C) =0.

‘OT1ciona Haxoaum

a) n=25: A=—1_871, B=9,510, €=—7,627,

1
'

' 6) n=100: A=—2,046, B=10,200, C = —8218.

Ha pucyskax 18 u 19, oTHocswuxcs K cayuasm '

=25 u n=100 cooTBeTcTBEHHO, mnpuBeleH rpaduK |

'
1

TOYHOH (PYHKIHOHANbLHOH 3aBHCHMOCTH Y ==—2x% -} °

4+ 10x —8; 3HakoM @ oOTMeueHB «pe3yJbTaThH H3Mepe-
HEH> (X5, 7;) (Ha puc. 18 oTMeueHBl Bce TOUKH ¢ X; &
=(1,8; 3,0), a Ha puc. 19 oTMeueHH TOUKH € X; &
= (1,8; 3,0) 1 xiys — x:=0,04)) u coeauHeHnsl JoMaHOH
aunned. Ha puc. 18 mpusenen. rpadguk HafleHHOH mo
onenkaM (yHKUHOHAAbHON 3aBHCHMOETH ¥*=Ax’-+}Bx -
<+ C npun n=25. I'papuxk ¢yHKIOHOHANBHOl 3aBHCH-
MOCTH, Haiaenno#i no 100 u3MepeHHsAM, NOYTH He OT/H-
yaercs oT y = —2x%+4 10x—8, u mo3TOMYy Ha puc. 19
NPHBENEHBl: TOJMBKO TOUKH (X, Y;), rae y; = Az} + Bx,+
-+C . (n="1100). 3TH TOUKH OTMeueHH 3HaKoM . IIpm-

BefieM TaGiMuKy smauennit y;= — 243 4 10x;—8, y; =

=44+ Bx,+C: | ‘ S

\

~
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A4 / § 14. CTATWICTUYECKASL TTPOBEPKA T'MITOTE3!
*, : 1,800 1,880 1,960 2,040. 2,120 | 2,200
-y 3,520 3,731 3,917 4,077 | 4,211 4,320

4} (n=25)| 3430 | 3,640 | 3,826 | 3988 ‘4,126 4,241

v (n=100) 3511 | 3725 | 39012 | 4,073 | 4208 | 4317 J
%, 2,280 | 2,360 | 2440 | 2,520 | 2,600 | 2,680 :

a

v 4,403 | 4461 | 4,493 | 2,499 | 4,480 | 4,435 H

Yi (n=25)| 4331 | 4397 | 4,440 | 4458 | 4453 | 1423

Y (n=100) 4399 | 4,456 | 4,486 | 4,490 | 4,467 | 4419 | ‘]

—

§ 14. CTATUCTUYECKAS IPOBEPKA TMIIOTE3

14.1. Kputepnit y2. B npunoxeHusix yacto BO3HHKaeT
ciaenyiomas 3ajava. I[IycTb B pe3ysabTaTe KaKoro- auGo.
SKCNIePHMEHTa NOoJyueHa BbiGOpKa

Xy, Xop onny X )

B s TIPS PRI Y NV S

o6bema n ¢ dyskuumeir pacmpenenenus F(x)= P{X;<C ,
< x}. Kakue-1u60 npeanonoxenus o Buie pacmpenesne-
Hus F(x).6yneM Ha3BIBATb CTATUCTUYECKUMY 2UNOTE3AMU
W mpocto aunoresamu. VlHoraa Hac HHTepecyeT TrHIO-
Tesa, COCTOsil(asi B TOM, 4TO (YHKUHs paclpeiesenus
F (x) COBNajfaeT ¢ HEKOTOPOi (uKCHpOBAHHO tbyHruue
Fo(x). 3ajnaua mNpOBepPKH CTATHCTHYECKOH THIOTE3H
F(x)==Fo(x) cocrour B TOM, uTOGH peELIATb, COIJAs
cyroTcs Ju ¢ Hell 3HaueHus X BbIGOpKu (1). Ona pewe-
HHS 3TOll 3ajauM NOCTYmHM ciaeiylouuM obpasoM. Pas-
-
ACMHM TOUKAMH 2Zp=-—00 <21 < 2 <... <2 <<
<2, =00 BCIO TPSIMYI0 Ha r HHTEPBANOB (Zk-1, zk]
O603naunM  pr = Fo(2s) — Fo(2r—1) = Plar1 < Xi <<
<C 2;} —BepOATHOCTb momajanuss X; B  HHTepBal
(2k-1, 2¢] B cayuae, Korja Hala THIOTe3a CNpaBeAJIHs
Ba. ITo BEIGOpKe (1) ONpeleNIuM YHCIA Vg, k=1, ...
»eey I, TI€ Vp — YHCJIO 3JIEMEHTOB X; BbIGOpKH (1), mo-
DAaBUIHX B HHTEPBANX (Zk-1,2¢]. Takum o6pa30M MbL

v e o %

e NG s
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cBesiH 3ajauy K Gosee mpocrofi. MiMeercs n mesasucu-
‘MBIX HCHHITAHHA C r MCXOAAaMH. BepoATHOCTb k-ro mc-
Xoxa paBHa pp. HaGop BeposATHOCTEH HCXOLOB

r -
_ ‘ Pis Pas'evvs Prr k;m=l. P

‘onpejesieTcsl NepBOHaYaJbHOH CTaTHCTHUECKOH rumore-
3oit, CayuafiHble BeJIHUHHEL

r
N1y Vo e ey Vp, ’aZ:lvk;n,

‘onpesnenasieMbie Mo BuiGopke (1), HMEOT NOJMHOMHA/b-
Hoe pacnpegeneHHe (cM. § 3 (8)) c BeposiTHOCTIMH HC-
xol0B (2): ’ .

-

) nl m m*
— — —_— 1
P{'Vk—'mk, k l, e ooy r} m[l..-m{! pl ces Fpor

oo @3
' Zm;=n. ;

i=1

Ecau 3HaueHHs v; COOTBETCTBYIOT BEPOATHOCTAM P, TO

v
pasHocTH Tk-—pk ROMKHH OblTb MaJsiel. PaccmoTpum
CyyalHYIO BEJIHUHHY -

LA 2 r _ 2
2 __ Ve _ __\" (v —npg)
=Y (% —py) =y T @

'KoTopylo OyaeM HasbiBaTh ¥2-cTaTuctukoil Ilupcoma.
Ecnu caydafinbie BEeJTHYMHEL V; HMEIOT MOJHHOMHAJbHOE
Ppacnpenenenue (3), To CIpaBeAJIHBO CJeAyOllee yTBep-
XKJAeHHEe: npu ar0bom x >0 - :

.ox .
. lim P{<s}= Sk,..x () du; )
) n-»o bt

-

naoTHOCT6  k,—1(X) HA3bI6aETCA  NAOTHOCTHIO %2-pac-
- npedenenus ¢ r—1 crenenvto cs06006r U umeer
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146 . § 14. CTATUCTUUECKASl TIPOBEPRA THIOTES,

caedyroujuii sud:

2 ==

e * npu x>0,

k(%)= 2 2 I,(r—l

npu x<0

STOT pe3yJbTar HCTIOAB3YeTCS cieayolHumM 06pa3oM.
3agaauMcs KakHM-IHGO MajbiM 3HAaueHHeM BepOSITHO-

CTH o, KOTOpOe GYIeM Has3blBaTb YPOBHEM 3HAUUMOCTU

KpHTepusi. 3aMeRHHM NpPH GOJBIIHX N IIPEAGIbHOE COOT-
HoileHHe (5) npnéJImKeHbeM PaBEHCTBOM

"k -

_P{x2<x

.
Oty
[

_; (w) du. | (6)

T *q, r—1 .

"Bui6upas X = Xg, r—1 TAKUM, 4TOOBI S ke (u)du==

0
=1—a (Xq r-1 HasbeaeTca Q-KBAHTUALIO DacIpesese-
HuA %), mosmyyaeM, uTo B cjyyae, Korja npoBepsieMasi
THIIOTE32 CIpaBejJIHBa, COOBITHE

{X >bxa.r—l}. ‘ (7)

MOXKeT INPOH30HTH JIMIIb C MaJioH BepOsTHOCTHIO, KOTO-
pas npubauxeHHo paBHa o. O6biuHO mosaraiot o = 0,05
unn o = 0,01. Ecan runoresa BepHa, TO MaJioBepOSITHOE
cobbiTHe (7) NMPaKTHUYECKH HEBO3MQXKHO. Ecam oHo mpo-

HSOU.U]O TO 6y,aeM CUHTaTh, YTO THIOTE3a HEBEPHA. Ecan .

cxe Y2 < Xg, r—1, TO OyaeMm TOBODHTb, UTO BeiGOpKa (1)
He MPOTHBOPEYHT runotede F = Fo. -

Ha npakTHke CYHTalOT, 4TO npnéuux{euubm paBeH-
cTBOM (6) MOXKHO NOJIb30BaTbCs, eCc/M BCe NMPOH3BeAeHHS
-np; = 10 (kpome, MoxeT ObiTb, KpaiiHux). Ecau BbiGOp
TOUEK AeJIeHHS 2; U YHCJIO HHTePBAJIOB 7 3aBHCHT OT Hac,
TO. Mbl O/IKHBI, C OJHOH CTODOHBI, oGecrneuynTh HepaBeH-
ctBo np; = 10, u, ¢ apyrod CTOpOHBI, He GpaTbh OYEHb
KPYNHBle WHTepBaJbl (Zk—1, 2], 4YTOGBI' BePOSATHOCTH
pz = Fo(2z)— Fo(2z—1) IOCTaTOYHO XOpPOMIO OTpaXKajaH
BHI <pynx1mu pacnpenenenus Fo(x).

S
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CieayeT 3aMeTHTb, 9TO IOJb30BaThCs TNpeNeJbHBIM
cooTHOIIeHHeM' (5) M BBIT€KAIOUHM H3 Hero NPHOIHKeH<
HBIM paBeHcTBOM (6) MOXHO JIMIIB B TOM cJayyae, Koraa
TOYKH [eJNIeHHs] 2; BLIOHDPAIOTCS HE3aBUCHMO OT Bbi+
Gopku (1). .

Ecnu ¢yuruus pacnpenenennst F(x; 0y, ..+, 05)-371e-
MeHTOB BbIGOpKH (1) 3aBHCHT OT HEHM3BECTHHX IMapaMeT<
poB 0y, ..., 05, TO MBI MoXeM momo6paTh 3HAUEHHS ITHX
napaMeTpoB TaKHMH, 4TOGH CTaTHCTHKa (4) obpaTuiace
B ManamMym, OGosnaunm

s
4 (V% = npp By o+ 0,))%
np, (9;, e B -

?
0 -+0r 85 £y

rjae pk'(el, 1oy es)"—"F(Zk; 01, ¢35, es)_F(zk—l; 01, ‘A“<

vy 0s). Ecin MunumyMm B (8) .mocturaercs npu 6; = 0y,
TO .

P

r A 7 " , ‘
o\ (= (B oo )P
= 2 - ' . ®
= np, (81, «s+y 0y)

" roe 0;— oueHKH napaMmeTpoB 0y, T. e. 8, — dynkuuu or

BbIGOpKH (1), KOTOpble MOXKHO IPHHATL 332 NPHOJMHMKEH-

‘Hble. 3HaueHusa 6;, B sToM cayuae BMecTO MNPEAEIbHOrO

cooTHomeHHss (5) HMeeT MecTO Cjefyioilee YTBEpPXK-

JeHune: . . g p ‘
cx

lim P (72 < 5} = { ks () ds

n-»oo 0

=N

)

T. e. ynxyus pacnpedenenus P {¥2<x} npubruycento
pasia Gpynkyuu pacnpedesenusy? ¢ r—s—1 crene<
HaAmu €80000bl. DTO XKe caMoe yTBepxIeHHe CIpaBens
NiBO, ecad B paBeHcTBe (8) omeHKH 0; moOaYyYeHbl Ka-
KHM-AH60 JPYTHM CIIOCO60M, HO JOCTATOYHO OBICTPO -MpH
n—- oo -npubaHKalTeA K 0:. i
_TIpumep 1. Ilycts BhiGOpKa. (1) mosydeHa H3 HOp<
MaJlbHOrO pacnpefiejenuss ¢ mapamerpamu (@, 0), T. e
ee 3/1eMeHTH HMelOT QYHKUHIO pacmpeseeHus
‘ . ) ¥ (u-ap '
— Se 20 ‘a'u==(1>(x_a)-
A o R ) .
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148 . § 14. CTATUCTHUECKAST TIPOBEPKA TUIIOTE3 " .'*

OieHuM napaMeTpsl a@ H O CJAELYIOLIUM 06PasoM:

-~ . n
— ] .
d=‘X=",7;leb P=s=

n
T, (X — X7
d=1 )

Honome F, (x)—(D( X) H Jajee nenchyeM TaK

JKe,- KaK ONMWCaHoO BbILIE: onpeaelaeM Io 2x Bepomnocm\

Pk, BHUHCIAsieM BeJHUHHY %2 ToJbKO Tenepb, MOCKOJBKY
MBI 110 BBIOOpKE ONpefesHsM S==2 NapaMeTpa, BMecTO
npuGanKeHHOro pasenctBa (6), Halo BOCNOJIB30BATHCH
HpﬂﬁJIH}KeHHbIM paBeHCTBOM

X

P <<}~ { fpoa (1)
0

B KoHIle KHMrM NpHBefeHa TabJHIa 3HAUEHHR Xq,m AASA
m=1-+25 a =0,05 a=00I.

14.2, BriGop u3 neyx runore3. Hacto BO3HHKaeT cJe-
nyloomas 3agaya. Ilyctb uméercs BEHIGOpKa (1) OtHocH-

TeJbHO (YHKUMH pacrmpeneieHus F(x) 3Toil BbIGOPKH ©

UMeloTcs JBe THNOTE3Bl: OCHOBHas runotesa Hy: F(x)=
= Fo(x), ¥ KoHKypupywomas runotesa H;: F(x)=
= Fi(x). Ilo BuiGopke (1) Hamo ompenenuTh, Kakas ru-
0oTe3a HMeeT MeCTO Ha caMoM jene. s pelieHHs
9TOll 3ajaud CTPOAT CTaTUcTu4€ecKuil Kpureputl, KOTO-
pHIfi. COCTOHT B cJefyiolleM: rumotesa o oTBepraercs
(¥, cienoBaTelbHO, NPHHAMAETCS KOHKYPHpYOIlas I'H-
noresa H,), ecau BuGopka (Xi, ..., Xp) mnomagaer
B HEKOTOpOe 3apaHee BHIOpaHHOE KpuTu4eckoe MHOXKe-
CcTBO S, T. €

(X1, .... X)=S;

N
runoresa Hy NpUHHUMAaeTCA, €CJH |

(X oony X)) &S,

%
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.

O6o3nauum P;(S) BepositHOCTb coGbiTHS (X|, .., Xp)E=
= S; ecnd BepHa runore3a H;. Kaxpgwii kputepuil xa-
paKTepH3yeTCcst BepOATHOCTAMH OLIMGOK MepBOro M BTO-
poro pomoB. BepoarnocTo o owubKku nepsozo poda ompe-
IensieTcsl paBeHCTBOM o = Po(S) M paBHa BepOSTHOCTH
OTBEPrHYTh OCHOBHYIO THIOTe3y, €CJH OHa BepHa. Be-
poarHocTs B owmubGKH BTOPOro POAa ONpejenseTcs pa-
BedcteoM P = P;1(5), rme S = R"\ S — nononuenue
MHOXeCTBa S, H paBHa BEPOATHOCTH NMPHHATH OCHOBHYIO
runote3y Hy, eclnu BepHa KOHKypHpylomas rumnotesa H,.
BeposiTHocTe 1 — B = P;(S) HasbiBaeTcsi MOWHOCTbIO
KpHTepHs. ‘
C nomoubio BeposiTHOCTel o u f OWHOOK MEpBOro
‘1 BTOPOrO POAA KPHTEPHH MOXKHO CpPaBHMBAaTh MeXAY
co6oil W pewaTb 3afiady o Hamaydmem kputepun. O6bru-
HO (DUKCHPYIOT KaKoe-JHOO Majloe 3HayeHHe o BeposAT-
HOCTH OLIMGKM 'HepBOro poja (3Ty BepOSITHOCTL YacTo.
Ha3bIBAIOT YPOBHEM 3HAYUMOCTU KPHTEPHST) H HILYT KpH-
Tepuil ¢ YpOBHeM 3HAUHMOCTH o H C HauboOJbIIeH MOLI-
nocTbi0 1 — B (uaH, 4TO PaBHOCHJBHO, C HaMMeHbllelt
BeposiTHOCTbIO B omubKu BTOporo poaa). Takoft kpHTe-
puii, eClli OH CYyIIeCTBYeT, Ha3blBaeTcs Haubonee Mouy-
HolM, WIH ONTUMANAbHBIM, KDHTEPHEM. )
~ OntHMaJbHBIM SIBJSIETCA TaK HasblBaeMblil KpuTepuii
Hetimana — Ilupcona, KOTOPHIH COCTOHT B CJeAyOlIeM.
Tyetb po(x) = Fg(x), p;(x)==Fi(x) — naorHoctn pac-
npefeneHiss BbIGOPKH (1) COOTBETCTBEHHO IPH OCHOBHOH
Hy, w kouxypupywoieil H; runoresax. Torza KpHruue-
CKO€ - MHOJKECTBO ONTHMaJIbHOTO KDHUTEPHS HajJ0 HCKaTh
cpeaM MHOXKeCTB S C/eNyIoIEero BUaa: , > '
“ (X1, «»., Xn) & S TOrAA ¥ TOJBKO TOrAa, KOTA2

1 (X1) p1 (X2) ... pr (Xn)
&y ¢ O
npu HekoTopoM uHcse C > 0. ,

Mpumep 2. Iycts BoiGOpKa (1) B3fATa H3 HOPMaJlb-
_HOrO paclpejelieHHsi ¢ NmapaMeTpamH (a, o), ¢ — u3Be-
CTHO M ONHO M TO Xe Ans ofeux rumores. I'umoresn Ho

H H, onpegensiioTcs paBeHCTBAMH: L

Hy: a=ay; -Hi: a=a,> a
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B stom cayuae HepaBEHCTBO (9) npeBpauLaeTca
"B Cleayolee:
n

L . )
( 2ln a)ne * Z(X""“‘)2 T
. i:l > C,

i=]

KOTOpPOE PaBHOCHJIBHO HEpPaBeHCTBY

X>C (10)
npu Hekotopom C,, 3aBucsumeMm ot C, ao, a1 u 0. Ilo-
CKOJIbKY * MpH rumnotese- H; cayuyaiinas BeauuuHa X
HMeeT HOpMaslbHOe pachpefieleHHe ¢ HapaMeTpaMu
(a;; o/4/n), 7TO ownGkH nepBOro M BTOPOrO poAa
paBHbI ) G

[~ uz

a=P, ( ;/:/-‘-10 0/:/:0) "/2:“ !Sa, e 2 du=
‘ c/'\/n ’

- =1—¢(C'/;£°), (1)

X —ay C,—al Ci+~a
— ()
b=Pi (7 <) =2 (S o )
Onpe/ieiuM 4y KaK pelieHHe ypaBHeHHs -
- @ (y) =1 —y.

B’ cuny cHMMeTpHH NJIOTHOCTH HOPMaJbHOTO paclpeae<
aenus c¢ napamerpamu (0, 1) uj—y = —uy. Toraa H3
(11) caenyer ’ . ‘

Ci—ay =y Cx'-dl_:__‘;‘
“o/An @ of4/n - ‘ B

HaR

Cl=¢?o+ud

o —r—p . -
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Takum 06pa30M kpurepuit (10) ¢ koncranToO# Ci, onpe-
JeJeHHOH mnepBuiM paBeHcTBOM (12), maeér HpH 3amaH<
HOM 3HAYEHHH O, HAHMEHbIIYI0 BEPOSATHOCTb OLIHOKH BTO<
poro poxa .

_ U3 paBencts (12) MB MoxeM omnpelenuTs 006beM
- BBIOOPKH 71, IPH KOTOPOM ONTHMAJIBHBIH KDHTEDHH HMeeT,
BepPOATHOCTH OUWHGOK NepBoro M BTOPOTO poAa o i B:
2(“a+”ﬁ)

=0 G ="
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134 " ' ’ _ TABJIMHLM

PACHPEIEJIEHHE NMYACCOHA

AR,
Saemm HKIAH h=—e
Has tpy " pk() Ta6auuma 3

}. 3 ’ -
x 0,1 02 0,3 .04 . 0,5

0 0,90484 0,81873 | 0,74082 0,67032° { 0,60653
1 0,09048 0,16375 | 0,22225 0,26813 0,30327
2 0,00452 0 01638 | 0,03334 0,05363 | 0,07582
3 0,00015 0 00109 | 0,00333" 0 00715 | 0,01264
4 -
5

6

0,00006 | 0,00025 0, 100072 0,00158
0,00002 0,00006 0,00016

2,
&

0,00001
] 0,6 07 08’ 09
0 0,54881 ~ 0,49659 0,44933 - 0,40657 -
1 0,32929 0,34761 “0,35946 0,36591
2 0,09879 0,12166 0,14379 0,16466
3 0,01976 0, 02839 0,03834 0,04940
4 0,00296 0, 00497 0,00767 0,01112
5 0,00036 0 00070 0,00123 0,00200 -
6 0,00004 0,00008 0,00016 0 00030
7 0,00001 0,00002 0, 00004 '
A . : 3
f 1,0 X a0 40 50
0 0,36788 0,13534 0,04979 |. 0,01832 0,00674
1 0,36788 - 0,27067 0,14936 0,07326 0,03369
2 0,18394 0,27067 0,22404 0,14653 0,08422
3 0,06131 0,18045 0,22404 .| 0,19537 0,14037
4 0,01533 0,09022 0,16803 0 19537 0,17547
5 0,00307 0,03609 0,10082 | 0, 15629 0,17547
6 0,00051 0, 01203 0,05041 0 10419 0,14622
7 0,00007 |_ O, 00344 0,02160 0,05954 0,10445
8 - 0,00001 0,00086 .0,00810 0,02977 0,06528
« 9 0,00019 *0,00270 0,01323 |. 0,03627
10 0,00004 0,00081 0,00529 0,01813
1L . 0,00001 0,00022 0,00193 0,00824
12 0,00008 0,00064 0,00343
13. 0,00001 0,00020 0,00132
14 ., 0,00006 0,00047
15 - ’ 0,00002 0,00016
16 0, 00005
17- ; - 0 00001




TABJINIIBL

%2-PACNIPEJNEJIEHHUE

: 2
3uauenns pynknuu Xg, m
DyHKIUs xﬁ o OTIPenenseTcs papeHcrTsoM P {xfn > xﬁ. m}=
=, IAe cryvafinas BeJHYMHA xfn uMeer yZ-pacnpesesenne c m

creneHsaMu cBoGoAnl. ITnOTHOCTL pacnpenesnenust xfn paBHa

155

s

1 L 2
p o (x)= - 2 e 2, x>0,
m ~ n ‘2-
T (-—2-)2
- Ta6auna 4
Y‘ A PR PO B I e
a-
005| 38| 60| 78| 95| 11,1 | 126|141 |55 169
Loor] 66| 92 | 113 133] 151 168|185 | 20,1| 21,7
m|" i ’ O
X o [ w | 2| s w| 5| 6| 7| s
005 | 183 ] 197 | 21,0 | 224 | 237 | 250 | 26,3 | 27,6| 28,9
001 | 23,2 | 247 | 262 | 27,7 | 29,1 | 306 | 32,0 | 33,4| 34,8
X\ 19 20 2. | 22 o 25
005 | 301 | 31,4 | 327 | 339 | 352 | 364 |377
001 | 362 | 37,6 | 389 | 403 | 41,6 | 430 |44




e 8 e e e e

TIPUJIOYKEHUE : e

JOKASATEJIbCTBO JIOKAJIbHOM TEOPEMBI T

MYABPA-JIAIIJIACA
OneHuM JorapaM BepOATHOCTH

!
Pp(m)=P{up=m}= _ﬂ#—_m_).l-p q"=",

. pasHult
lnPu(m)=lnn!—lnml-—ln(n—m)l+mInp+(n-—m)Inq

"Tak Kak
m=np+xm1/np , n—m=nq—xm1/np, )

T0, BOCNIO/IB30OBABIIHCE (OpMYyofi C';up.nnm"a

‘lnnl=In42rn+nrlnn—~n+40 (71-),

no.vxqu,;, ) ) ’ -
lnml=7~l)-ln(2nm)+ , S

+(np+xm A/npq) in(np+ xm A/npq) — np — xm v/npg + 0 (-’t—)

H

In(n— m)! =—ln 25 (n — m)) +
Hng—xm V/pq) In (ng—xm /npg )—nq + km AT O (—)
Hcnonp3ys aTH GHOpMyaH, a TaKxke dhopmyat

¢ xmq . f @Y
In(np+xm AV/npq )=Innp+txm \f — — —= —+0 (—_—) :
np 2 np nq/np"' :
ln(nq—xm Anpq )=1n ng—=xm ,\/ L _Im P o )
nw/— ng

2nq

HeTPYAHO DOJYIHTH YTBepXKAEHHe KOKa3HBaeMOR TeopeMb:.




OTBEThHI K 3AJAYAM

§1
1. A(B4C). 2. 1) ABC, 2) ABC, 3) ABC, 4) A+B+C
5) ABC. 3. (CI9 +5Ck)/Clo= 0923143 ... 4. 1-=0,0000637...

B. C5,/CSy =0,1662481 ... 6. P(4) =31/3° = :3-; P (B)=3-2.3/3%=
=2/3, 7 /4. 8. a)min(x, 1), x=1; 6) dx(1 —x), 0<<x < 1/2;

- n
r4/3\? . e 1
30 ) 10. 1/4. 11, p,,=’;(_1) -

>12 0. (1—2
>1—e~t, n->o00,
' §2 ~

1. 1/12. 2. .1/3. 4. Cy, Co, Cs He ABNSAIOTCS B3AHUMHO HE3aBUCH-
mumu; 'C; C; m Cs—3aBucuMu. 5. 1) py(1 — ps)ps, 2) py+ pa—
—pip2, 3) (1 p2—pipz) - (Ps + pa— pspa). 6. (1 —p3) (1 —pips). -
7. 1) ayda, 2) Pr-+ B2— Bife. 8. 11/18. 9. 1) p(1—By)(1—B3) -
+ (1 —p)oo, 2) p(l—B1)(1— fh)/[l’étl —B) (1 —B2) +
4+ (1—p)oyee]. 10. 20/21, 11. 9/16. 12. e~ 18. mp=1—86,

0%, k=1, )

s = (1— 0)0F,

§3

1. 3/5; 2/5. 2. a) 095009.. 6) 0,0480298.. B) 0,0009782..
3. 21; Q(21) = 0,9907768... 4. Cl; (5/72)* (1 — 5/72)° =0,00317 ...

§4

1. 0,99. 2. 0,001. 3. 0,00015; 0,00016. 4. a) 0,13534, 6) 0,67668.
5. (09)" < 0,1; n = 22. 6. 96.

s \ |
La) P, =1}=1/26)P{x,=1}=1/38PE=0=1/3
Pig=1}=1/2, P{E=2}=1/6. 2 P{g=7}=7/16, P{§=9}=»

— 516, P {E = 11} =3/16, P (=13} =1/16. 8, P {E =k} = 1/28,
k=l0, 1, 1%12; P—{t—=k}==1/14, £=2,3,910 P{E=Fk} =
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=3/28, k=4,5,7, é; P={t=6l=1/7. 4 P(4)=(1+e"29)/2,
P(B)=(1—e /2. 5. C=1/2% Fg(x)=0 npn x<1; Fy (x) =

=1 -':/lf npH x 3> 1. 6. Fy (1) = 2/, 0 < ri pg (1) = 2/r,
. = 1

0<x<<r; pg(¥)=0 B ocrambhnx caydasx. 7. P{v=k}=
= (21 — 2k)/100, k=1, 2,..., 10. 8. 2—4/2, 9. (1+4/2)/4.

10. Fy(x) =0 mpw £<0, Fy(x)=x npn 0<<x<1; Fy(x) =1
mpr x =1, py(x)=1 npu 0 < *<1 % py () =0 B oCTANBHEIX CITY«

" vanx, 1 pp(x) =1/34/% mpr 0<x< 1, p,,(x)=1/64/2 npH
ISy<<4 py(x)=08 OCTaJlele cayyasx.
§6 .
1 a)w/4;6)0=P{l/2<t<], 1/2 < }4P (12 <E<} e
~P{l/2<n<l}=—41;. 9. P{L=6}=1/3, P{=10}=1/3,
PiL=12}=1/3. 3. Fy(x) =2 02 < 1; p, (%) =25, 0 <L
4 Py (x) = A2xe™™, x>0, ’

§7 |

1.35. 2.6 3. 17 4 (I—p)/h. 5. RI. 6. 12(1—1/12)8 =
= 136202, 7. mhr?+ g udth, - -

§ 8
1. nt/12, =?/180." 2. 1/In2, 1/In2, (3In2—2)/In?2. 8, 1/3;
1118 4. (m+n)/n, n(m+n)/m2 6. p2(1 4 2p — 3p?).

§9

I Mg =~—1/8, Mg, =0, DE, = 133/192, 'Dg,-_-l,

cov (&1, &) = —1/8. 2. a) 0; 0; 05 -0,5. 6) 0;.0; cayuafiHbe Bes

JMUMHE 3aBHCUMBL 3. C = 4; cov (E,, §2) = 0; cnyqamme BeJIHYHHH

HesaBucHMH, 4. C = 1/4, p(g,, §2) = —1/5, 5. a) 0, 6) 1/3.

6 a) PE=n=1i=1i/36 P{E=i n=/1=1/36, i<j P{Et=1
=j}=0,i>]. 6)M§-7/2 Mn=161/36 Dg = 35/12, Dn=

=2555/l296 B) cov (§, n) = 105/72,

§ 10 .
1. P{|§~a|>20}'< 0,25 6 £ — al| > 20} = 0,0456, ;
2. P{IEISA =0%A% P{IE|=AI< g/A2=a2/A2 3. A= °

= 0,0813; mo HepaBercTay Yebpmepa A < 1/1/10 =0,3162 .., 4. Ja.

§ 11
1, 0,75.10~m+2, 3, Q)(x).

. Vadad o
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