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ITPE/INCJIOBUE PEJAKTOPA

B 1973 roxy ma ¢dakymbreTe mpukIaanoit MaTeMaTuKu MOCKOBCKOTO
rOCyJAPCTBEHHOIO ABUAIMOHHOTO MHCTUTYTa (TEXHUIECKOrO YHUBEPCUTE-
ta) akanemukoM B.C. Ilyradessim Gbla coznana Kadepa TeOpun BEpOSAT-
HOCTel 1 MaTeMaTHIeCKOI CTATUCTHKU. 3a TIPOIIe/Iiee BpeMst Ha Kadeape
o Hay9gHO-MeToaudeckuM pykoBojacTBoMm B.C. Ilyradesa 6buin co3nanbl
¥ OPOYUTAHBI OPUTHHAJIbHBIE yaeOHbIE KypPChl [0 TAKUM JIUCIUILINHAM,
kak «Teopusi BeposTHOCTEl M MaTeMaTUIeCKasi CTATUCTUKay, «Cirydaii-
Hble Tpolecchl», «Maremarudeckuit awmanus» u Jap. Ha cya gurarens
BBIHOCUTCSI Cepusi yIeOHBIX TMOCOOHUI 10 TpeM Ha3BaHHBIM JIUCIUILIINHAM,
KOTOPBIE OTPa’KAIOT HAKOILUIEHHBINH OMBIT MPENoJaBaHus STUX JUCIIUIIIINH
CTyZEeHTaM TexXHU4YecKoro yuupepcurera MAW, cnemuainsupyrommmcst
B 00JIACTH MPUKJIAIHON MaTEeMaTUKH, PAIN0TEeKTPOHUKH, MAITMHOCTPOE-
HU U cucTeM yrpapierus. OTinauTebHON 9epTOoil JaHHBIX TOCOOU B~
JISTeTCST MAKCUMAJTHHO JIAKOHUYHOE M3JIOXKEHWE MaTepUalia IPH JOCTATOY-
HO TTOJHOM ONUCAHUYU COBPEMEHHOI'O COCTOSTHWST U3YIaeMbIX MPeJIMETOB.
Kpome Toro, 3HaUUTENBHYIO 9aCTh MOCOOUI 3aHUMAIOT MHOTOYUCICHHBIE
MPUMEPHI U 339K C PEIeHUSIMH, ITO TMO3BOJISET UCIOIH30BATh 9TU MO-
cobusl HE TOJBKO JIJIsi YTEHUsI JIEKIIMOHHBIX KYPCOB, HO U JIJisi TPOBEICHUST
MpaKTUIECKUX U JTabopaTOpHBIX 3audaThil. CTPYKTypa U3JI0XKEHUsT KyPCOB
TaKOBa, Y4TO ITU MOCOOMSI MOLYT OZHOBPEMEHHO MIDATh POJib yIeOHUKA,
33]a9HUKA U CIIPABOYHUKA. [109TOMY mMOCOOMs MOTYT OBITH MOJE3HBI KaK
MIPEIoaBaTeN M U CTYIEHTaM, TaK U WHXKEHEPAM.

Ipo., 0.p.-m.n. A.U. Kubsyn



IMTPEIVCJIOBUNE

ComepkaHnue JIaHHONO y4YeOHOTO MOCObMsS OTpaXKaeT MHOIOJIEeTHUH
OTIBIT MPETOJABaHUsl CTYJEHTAM W acuupaHTaM (haKyibTeTa MPUKIAIHON
MaTeMaTuku MOCKOBCKOrO TOCYJapCTBEHHOTO ABUAIMOHHOIO WHCTHUTY-
Ta (TEXHHIECKOr0 yHHBEPCHTETA) KypCa TEOPUH CJIy9IaiiHBIX IPOLECCOB,
B CTAHOBJIEHUH KOTOPOTO PEIIAIONIAs POJIb MPUHAINJIEKUT akagemuky PAH
B.C.Ilyragesy. Ilpu moaroToBke ydUeOHWKaA aBTOPHI OCHOBBLIBAJINCH HA,
CIIELYIOMUX GA30BBIX MTPUHIUIIAX:

— MaTEeMaTUYECKN KOPPEKTHOE U3JIOKEHNE MaTeprasa U 060CHOBaHUE
BCEX METO/IOB, UCIIOJIH3YEMbBIX JIJIsl PEIIeHNs] KOHKPETHBIX 3314

— WUIIOCTPUPOBAHNE OCHOBHBIX TEOPETUIECKUX MTOJOKEHUN TpUMEpa-
MU Pa3JIMIHOTO YPOBHS CJIOXKHOCTH;

— Gosiee MOIPOOHOE PACCMOTPEHHUE TeX MOJIesell CIydaiffHbIX MpoIec-
COB, KOTODHIE B HACTOSIIEE BPEMs SABJSAIOTCA HAUOOSEE BarXKHBIMHU JIJTst
pelleHus TPUKJIAIHBIX 33/1a9.

B kHUre IpuUBeIeHO 3HAYNTEIBHOE KOJIUIECTBO CTPOTUX ONpeesTeHut
¥ aKKypaTHBIX (POPMYJIUPOBOK TeopeM. JloKa3aTehCcTBa TEOPEM MOKHO
HalTH B MHOTOYHCICHHBIX y9eOHWKAX MO TEOPHH CIyJaflHBIX MPOIECCOB
[2,4,10,20-22, 25]. st MOHUMAHUS OCHOBHOI'O MaTEpPHAJa JIOCTATOTHO
3HAHUs KyPCOB MaTEMATHIECKOTO AHAJN3a, JUHEHHON aareOpbl U Teopun
BEPOSITHOCTEH B 0ObeMax, MPUHATHIX JIJIsT U3YIEHUs] B TEXHUIECKOM yHU-
BepcuTete. i oBTaJEHNsT MATEPHUAJIOM B MOJHOM O0beMe HeoOXOINMO
3HAKOMCTBO € OCHOBaMH (DyHKIMOHAJIBHOIO aHajn3a (Teopusi Mepbl, HH-
rerpast JleGera, rIurb6EepTOBO POCTPAHCTEO). VIcaepubIBaiomue CBeIeHust
[0 TEOPUH BEPOATHOCTEH cojepkarcd B yaebumkax [1,19,22,25| u cnpa-
BouHnke [9], a mo dbyHKuMOHAIBHOMY aHaIM3y — B [8,13,18].

Wcnonb30oBanue BCeX MPUBEAEHHBIX TEOPETUYECKUX TTOJOKEHUH TPOo-
MILTIOCTPHPOBAHO MHOTOYNCIIEHHBIMY TTPUMEPaMU, CHaOKEHHBIME MO PO6-
HBIMU perieHusiMu. B Hanbosee BaXKHBIX MpUMEPAX U3YIaI0TCS MOIETU U
METOJIbI UCCIIEIOBAHUS CIYIafHBIX MPOIECCOB, HAa KOTOPHIX Ha3UpyIOTCs
3¢ deKkTUBHBIE AJITOPUTMBI 00PabOTKYN WHMOPMAIIUU, IPUHSITHST PEIICHUIA,
aHAJIN3a U TPOrHO3UPOBAHUS PEAJHHBIX POIECCOB B (pusmaeckux, 6uoio-
IUYECKUX, CJIOXKHBIX TEXHUIECKUX U SKOHOMUYECKUX CHCTEMaX. B KOHIEe
KaXK70ro naparpada MpUBEJEHbl 3aJa9K sl CAMOCTOSTEIBLHOTO pelle-
nust. Bee 3anaun cHaGXKeHBI OTBETaMU, a HAuboJIee CIIOXKHBIE — YKA3aHU-
svu K perernto. OTMETHM TaKKe 3a7a9HUKH |3, 7|, KoTophie MOTyT GBHITH
HCTOTH30BAHBI JIJIsT CAMOCTOSITEILHON TIPOPabOTKYE MaTepruasia.

Haxkounern, mist usydenust 66111 0TOOPAHBI T€ MATEMATHIECKIE MOIEN
CIIyYaifHbIX TIPOTIECCOB, KOTOPBIE UMEIOT 0c060€e 3HAUEHHUE JIJIsi TOCTAHOBKU
¥ PelleHus] TPUKJIAIHBIX 3329 B CIEAYIONUX 00IacTaX:

— ymIpaBJeHue CIOXKHBIME cucteMamw [6,15,16,23];



8 MPEOVCJIOBUE

— yUpaBJIeHWE JBUXKEHWEM JIETATENHHBIX anmapaTos [11];

— obpaboTka msMepuTesbHO mHMOopManmn |20, 24];

— mccneioBaHue HaJexkHoCTH cucreM [10];

— WCCIIeIOBAHWE OTEpAIii W CHCTEMHBIN aHamms [27];

— upenrudukanys cucrem [12];

— cHcTeMBbI MaccoBoro obcyxusanus [5,27;

— MaTeMaTHYeCcKasi SKOHOMUKa U Teopust dbunaHcos [14, 26, 28].

ITosToMy Hapsily CO CTaHZAPTHBIMU pasjeiaMu Kypca (rayccoBCKue
MIPOIECCH, CTAIIMOHAPHBIE TPOIECCHl W UX TpeobpaszoBanus, nenu Map-
KOBa W JIp.) B KHWT€ MPUCYTCTBYIOT HETPAJUIUOHHBIE DA3IENbl, TOCBS-
IMEHHbIE CTOXACTUYECKOMY aHAJIU3Y, PA3HOCTHBIM U jiuddepeHuaabHBIM
CTOXaCTUIECKUM yPABHEHUSIM, ONTHMAJIHLHOMY OIEHUBAHUIO, TEOPUHU De-
KyppenTHOit duabrpanun Kamvana—bBbiocn, MeTomaM HeTmHEHHON DHITH-
TpaIyu, TEOPUU MAPTUHTAJIOB. Tak, HAIpPUMEp, TEOPUs MAPTUHTAJIOB
9 DEKTUBHO HMCMIOIB3yeTCs B HACTOMAIIEE BPEMs JJIsl UCCIEJOBAHUS W
ONTUMU3AINK IPONECCOB Ha (DUHAHCOBHIX PHIHKaX [26].

Kuura cocrout u3 deTnipex rias. B mepBoii riiaBe mpuBeIeHBl OCHOB-
HbIE ONPEJICJICHUS] U TEOPETUIECKHE MOJIOKEHUsI ODIIET0 XapaKTepa, Heo0-
XOIMMBbIE JIJTsl U3y IeHUsI OCTAJTBLHOTO MaTepraJla, a TAKyKe KPATKO OMHCAHBI
BajKHEWIe TUIBI CIyYalHbIX MPOIECCOB, MPUMEHSIEMbIX JIsl PElleHUst
MPUKJIAIHBIX 331a9.

Bropast riaBa NOCBsIIIeHa CIydaliHBIM IPOLECCaM ¢ JJUCKPETHBIM Bpe-
MeHeM (CITy9alfHbIM MOCITEI0BATENLHOCTAM). B mocieaane Toap 3Haqe-
HHE 3TOr0 KJIacca CIyYalHbIX ITPOINECCOB TOBBICHJIOCH B CBSI3U C TEM,
YTO HA CMEHY AHAJOTOBBIM MeTofaM 00paboTku uHMOPMAIUN TPUILIT
1 poBbie METO/IbI, PEAJU30BAHHBIE B BUE KOMIIBIOTEPHBIX AJITOPUTMOB
¥ TIPOrpamMM.

B Tperneil riiaBe KHUTH M3ydaloTCsl CJIydailHbIe MPOIECCHI C HETpe-
PHIBHBIM BpeMeHeM (ciyuaiiable dyHKiun). Mogenan Takux MIpOIECCOB
aJIeKBATHO OIMCHIBAIOT JBUKEHUE MEXAHWIECKUX CUCTEM B CIydailHBIX
cpemax, PaclpoCTPaHEHUuEe PAJAMOCUTHAJIOB, (DYHKIMOHUPOBAHUE CUCTEM
MaCcCOBOrO OOCITYyKUBaHUsI, IPOIECCH U3MEHEHUsI KyPCOB IEHHBIX OyMar
¥ MHOTOE JIPpyTOe.

Yerseprast r1aBa MMeeT CIIPABOYHBINA XapaKTep U COAEPKUT CBEICHUST
mo (YHKIMOHAJHHOMY aHAJIU3y W TEOPHUH BEPOSITHOCTEH, HEOOXOmuMbIe
JIJIsT M3y9EHUs] MATEPUAJIa B TIOJTHOM 00bEME.

IIpu moAroToBKe PYKONMUCH KHUTH MBI IMOCTOSTHHO IMOJIB30BAJHCH CO-
BeTaMU U TIOMOIIBIO HAIUX KoJuter 1o Kadeape «Teopuu BeposiTHOCTE >
MOCKOBCKOTr0 roCyIapCTBEHHOTO ABHAIMOHHOIO HHCTUTYTa, (TeXHUYECKOro
yausepcutera) A.B. Bopucosa, A.B. Bocosa, E.H. Ilnaronosa u B.1. Cu-
HUIbIHA, KOTOPBIM MBI BBIPAXKAe€M UCKPEHHIOI TPU3HATEIHHOCTh. ABTOPBI
BBIpakatoT ocobyto biarogapaocts K.B. Cemenuxuny 3a paboTy 1o Hayd-
HOMY PEJIaKTHPOBAHUIO PYKOIUCH U MOJMOTOBKY OPUTHHAJ-MAKETa.



CIIICOK OCHOBHBIX
COKPAIIIEHUN 1 OBO3HAYEHUN

CB — ciyuaiiHasi BeJIMYMHA UJIH CIIY-
JaiHbIN BEKTOP;

CTI— caryuaiinasi mocsie10BaTeIbHOCTD;

C® — cayualinas pyHKIUS;

CCII — cranmonapnas CII,

CCD — cranmonapuas CP;

IIM — mens Mapkosa;

AP — aBToperpeccust;

CC — ckomb3silee cpeHee;

APCC — aBToperpeccusi —CKOJIb3siIee
cpejHee;

R! — MHOKECTBO BeIlIECTBEHHBIX YHCEIT;

R"™ — n-mepHoe (BEIIECTBEHHOE ) €BKII-
JIOBO MPOCTPAHCTBO;

7, — MHOK€eCTBO TEJIbIX JHUCET;

C — MHOXECTBO KOMIIJIEKCHBIX YHCEJT;

Z — KOMILIEKCHOE YHUCII0, CONPSIXKEHHOE
Kz €C

Re z — BemecTBeHHAs 9aCTh KOMILIEK-
cHoro yucna z € C;

A* — TpaHCIIOHUPOBAHHAs MaTPUIA;

A~! — obparHas MaTpuna;

I — epuHuYHas MaTpura;

B(R™) — o-anrebpa GopesieBCKUX MO/~
MHOK€ECTB TpocTpancTsa R™;

B([a, b]) — o-anrebpa GopesneBckux nos-
MHOKECTB [IPOMEXYTKa [a, b];

I,(z) — wHaukarop (MHIMKATOPHAs
dyukuma) maokecTBa B;

exp{z} = e” — sKcnoHeHTa;

f(zo—) = lim f(z) — upenen ciesa

Tz

dyukuuu f(z) B TOUKE Z0;
arg ;1'151‘;(1 f(z) — rouka MuaEMyMa yH-

kuuu f(z) Ha MHOXKecTBe X
u(B) — Mepa p MHOXKecTBa B;
L(N) — suHeiiHas 060J0YKa MHOXKE-
crBa N;
det[A] — ounpenmenurens mMarpuner A;
tr[A] — caen maTpuup A;

7 (@) — IpoeKus seMeHTa T Ha O-
npocTpascTBo M

o(z) — «o-mazoe», T.e. pyHKIUS OT T,
takas, 9t0 o(z)/z — 0 npu z — 0;

&(z) — nenvra-dynknusa /Iupaka;

Ls[a,b] — runb6epToBo NPOCTPAHCTBO
KOMIIJIEKCHBIX (DYHKIUE, UHTErpu-
PYeMBIX C KBaJpaToM 110 Mepe Jle-
Gera Ha oTpeske [a, b];

) — IPOCTPAHCTBO JIEMEHTAPHBIX CO-
GbrTHii (HCXON0B) w;

F — o-anrebpa ciydalHbIX COOBITHIH
(monmuoX)ecTB Q);

P{A} — BeposiTHOCTH (BEPOATHOCTHAS
Mepa) cobbitust A;

{Q,F,P} — ocHOBHOE BEpPOSITHOCTHOE
POCTPAHCTBO;

& — HeBO3MOXKHOe coObITHE (IIycTOe
MHOKECTBO);

Fe(z) — dyskuus pacuapesneseHus
BepositHocTeit CB &;

pe(*) — IUIOTHOCTH pacmpeseeHus
BepositHocTelt CB &;

m, = M{{} — maremaTmIeckoe OxKu-
nauve (cpeguee) CB &;

D¢ = D{¢} — nucnepcus CB &;

cov{{,n} — koapuanus CB ¢ u n;

o

¢ — neurpuposanHas CB &;

E()\) — 9KCHOHEHIUAIBbHOE pacipee-
JICHHE C [TAPAMETPOM N\;

N (m; D) — rayccosckoe (HOpMaJibHOE)
pacrpejieieHne CO CPEeJHUM m U
aucrepcueil (KoBapualuoHHON Ma-
rpuneit) D;

&(x) — unarerpas BeposaTHocTel (DyH-
ks Jlamaca);

‘H — rusbbepToBO IPOCTPAHCTBO (1IEH-
rpupoBanubix) CB ¢ KOHeuHBIM
BTOPBIM MOMEHTOM;

€]l = M{|¢[2}""* — nopwa CB & 5 #;
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(&,m) — ckansipuoe npoussenenue CB
§unsH;

¢ L n— oproronasbubie CB £ un B H;

H(¢) — runpGepToBO MPOCTPAHCTBO,
MOPOXKJIEHHOE CJIydaiiHolt mociieno-
BaresbHOCTBIO £ = {&n };

F¢ = o{€} — o-anrebpa, MOpOXKIEH-
nas CB ¢;

FE = o{&(s), s <t} — o-anrebpa, mo-
POXKIEeHHas CIydaiHbIM IIPOIIECCOM
&(s) mo momenTa t;

M{n |G} — ycnoBHoe MaremaTHde-
ckoe oxkunauue CB 7 orHOCHTEB-
HO o-ajrebpsl G;

M{n|&}=M{n|F¢} — ycaosHoe
maremaTuueckoe oxuiganue CB 7
orHocuresabHo CB &;

P{A| B} — ycnoBHas BepOATHOCTb
caydaHoro cobbitTuss A oTHoOCH-
TeJIbHO CiIydaiiHOro cobbitus B;

{&,, n € Z} — CII, 3anannas Ha Z;

{&(t),t € T} — C®, sanannas Ha
mpomexxyrke T C RY;

Fe(z1, ..., @n; t1, ..., tn) — n-MepHas
dyHKIUA pacnpejiesienus Cirydaii-
Horo npouecca &(t);

pg(xl, ceyZn; t1,y ..., tn) — N-MepHas
IJIOTHOCTb ~ PACHPEIIEJICHUs  CITy-
gaiinoro nponecca &(t);

Pe(A1, ..oy Anste, - .., tn) — n-MepHas
XapaKTEPUCTHIECKAS byukums
caydaidinoro npomecca &(t);

m,(t) — MaTeMaTHYeCKOe OXUIAHWe
caydaidinoro npomecca &(t);

D¢ (t) — pucuepcusi ciydaifHOro mpo-
necca £(1);

Re(t, s) — xoBapuanuonHas GyHKIUs
cayHaiinoro npouecca &(t);

R¢(7) — xoBapuanuonHasi dyHKIUs
cranmoHaproro mpornecca &(t);
F¢(\) — cnekrpanbHasi GyHKIUs CTa-

oHapHoro npouecca &(t);

fe(X) — cnexrpasbHast IVIOTHOCTD CTA-
oHapHoro npouecca &(t);

®()\) — dgacToTHas XapaKTEPHCTHKA
JIMHEHHOTO CTAIMOHAPHOTO TIPEe0s-
pa3oBaHus;

Z¢(A) — oproroHaibHas CTOXaCTH-
9eckasik Mepa, COOTBETCTBYIOINAS
cranuoHapHoMy npomeccy &(t);

£(t), & — onTmMasbHBIE B CpPEIHEM
KBaJIpATHYECKOM  (C.K.-OIITUMAaIb-
HbIE) OIEHKU;

(€), — KBauparWyecKas XapaKTepH-
CTHKa MapTHHTraja &

P(s,z,t,B) — mnepexonHasi BepoOAT-
HOCTh MapPKOBCKOTO TIPOIECCA;

p(s,z,t,y) — mepexomHas MJIOTHOCTH
MapKOBCKOTO MTPOIIECCa;

P(z,t, B) — mepexomHas BEPOATHOCTD
O/JTHOPOJTHOTO MapKOBCKOTO  IIPO-
necca;

p(z,t,y) — nepexoaHasi WIOTHOCTH OJI-
HOPOJIHOTO MapKOBCKOTO TIPOLIECCa;

p,;(s,t) — BepoaTHOCTH mepexoza oM
U3 1-T'O COCTOSIHUSA B MOMEHT S B j-€
COCTOsSIHHE B MOMEHT t;

P,;; — BEPOATHOCTD IEPEXOZIa O/IHOPO/I-
woit IIM w3 ¢-ro cocTosiHus B j-€
COCTOSIHWE 33 OJIUH AT

P = {p;;} — nepexopmas marpuna
omaopoauoit 1TM;
mi(t) — BEPOATHOCTH -TO COCTOAHUSA

IIM B momeHT t;

w(t) — BuHEpPOBCKHMII mpotecc (mporecc
GpPOYHOBCKOTO JIBHKEHUS );

A&(s,t) = &(t) — &(s) — npupamenne
ciy4aiinoro mpornecca &(t) Ha mpo-
MexyTKe (s,t];

C.K.

& — £ — cpenHeKBaJIpaTHIECKas:

CXOZUMOCTD (C.K.-CXOAUMOCTB );

¢ = lim. ¢, — cpegHekBaapaTUIecKuit
n—oo

npezen (c.K.-pejen);
&(t) — cpenHekBapaTHUecKas POU3-
BoAHAs (C.K.-IIPOM3BOJHAS);
(P-n.H.) — nouTu HaBepHOE (C BEPOAT-
HOCTBIO 1);
& 25 € — cxomumocts (P-mm.);
&= lim &, (P-n.H.) — npexeun ¢ Bepo-
n—oo

STHOCTBIO 1.



' TABA 1

OCHOBHBIE IIOHATNSA TEOPUU
CJIVUAMHBIX ITPOIIECCOB

B nanHoil ryiaBe paccMaTpUBaIOTCS OCHOBHBIE XaPAKTEPUCTUKU CILy-
JafHBIX TOCIIEI0BATEIbHOCTEN W CIIydYailHbIX (DYHKIMI: KOHEUHOMEDHbBIE
3aKOHbBI PaCIIPe/Ie/IeHnsl U MOMEHTHBIE XapaKTepucTuku. Bo BTopom napa-
rpadpe rIaBbl IPUBOIUTCHA KPATKOE ONKUCaHUE Haubojiee BayKHBIX KJIACCOB
CAyJafiHbIX MPOIECCOB M OOCYKIAIOTCA UX XapaKTePHble 0COOEHHOCTH.
Marepuas mammOM TIaBBI ABIIsTETC 6A30BBIM IJTsT OOJIEE TETATBHOTO U3y~
YeHUsl CJyYalHBIX IIPOIECCOB B IMOCIEAYONUX IIIaBaX.

§ 1. Cayuaiinbie poriecchl
1 X BEPOATHOCTHBIC XapaKTEepUCTUKHN

1.1. Oopenenenue ciayd4aitHoro mpoiecca. CiydaiiHbIil Tporecc
ABJIACTCA MaTEeMaTUIeCKON MOJICJIBIO JIJIs ONIMCAHUA CIIyYallHbIX ABJICHUMN,
Pa3BUBAIONIMXCS BO BpeMeHHU. IIpu 3TOM IMpearnosiaraercsi, 4To COCTOs-
HHe Tporecca B TeKymmii MoMeHT Bpemenu t € R! ecrh BekTOpHAS Wi
cKRaJisipHasi ciaydaiinas seawuauHa &(¢,w). IIpocTpaHCTBO 3JIeMEHTAPHBIX
cobbrTHit (mcxomoB) ) MpeAnosaTaeTCS W3MEPHMBIM, T.€. Ha HEM OIIpe-
JesieHa o-ajarebpa ero mogmuoxkects JF. Kpome Toro, mpemmnosnaraercs,
9TO Ha M3MepuMoM npocrpancTse {Q, F} 3amana BepositHOCTHAsS Mepa P,
T. e. aua moboro mEokectBa A € F onpenenena ero sepoarHocts P{A}.
Tem caMbIM, 3a/1aHO BeposiTHOCTHOE TTpocTpancTo {Q, F, P}, n monstue
CIIyYaifHOTO TPOIECCa OMPEIEIISIeTCs] CASAY oMM 00Pa30M.

Onpegenernue 1.1. Cayuatinud npoyecc ectb cemeiictso (aeficTBu-
TENTbHBIX WM KOMILIEKCHBIX) CTydaifbix Besmand {E(t,w), t € T}, ompe-
nenennbix Ha {Q, F, P}, rie muoxkecrso mapamerpos T C R!.

3amedanue. OBBITHO, KOT/IA 9TO HE TPUBOIUT K HESICHOCTH, 3aBUCH-
MocTh £(t,w) OT w He yKa3blBAETCsl M CIyJaliHbIi mporecce 0603HaAIAETCS
npocto &(t).

Onpemenenune 1.2. Ilycrs tg € T — purcupoanublit MomenT. Ciry-
vaiinag Besmunba & (w) = {(tp,w) Ha3BIBaeTCH ceveHueM CILyIalHOro
mporecca B Touke tg € T.



12 OCHOBHBIE ITOHSATUA TEOPUU CJIVYAWHEIX [IPOIIECCOB [Fﬂ. I

Hasee MBI 6yeM pacCMaTpPUBATh JBAa TUIA CIYYaiHBIX MTPOIECCOB.

Onpenenenne 1.3. Eciu mepemennas t mpoberaeT TUCKPETHOE MHO-
JKeCTBO 3HadeHui, Hanpumep, t € Z={...,—2,-1,0,1,2, ...}, To cuy-
waitabrit poniecc & () HA3BIBAETCS NPOUECCOM € QUCKDETMHBIM SPEMEHEM
wm cayuaiinoti nocaedosameavrocmvio, a ecau t € R wmm t € [a,b], rie
b < 00, TO Ciry9gadHBIN TPOIECC HA3BIBAETCS NPOUECCOM € HEMPEPHLEHBLM
epemerem Wil cay4atinot dynrxyued.

Ounpegenenue 1.4. Tlporecc HasbiBaeTcst delicmeumenvHbim NI
sewecmeen oM, eCan cirydalinple Beanansbl (¢, w) SBISIOTCS JEHCTBA-
TEJBHBIME [JTst 1100010 t € T, U KOMNAEKCHYLM, €CITH CITy YaiiHbIe BEJTHIH-
BBl (t,w) ABISIIOTCS KOMIUIEKCHBIME 17151 JiroGoro ¢ € T.

Onpenenenne 1.5. Ilpu ¢durcupoBanaom wq € ) HecayJaiiras
dbyaknua &, (t) = &(t,wo), t € T, maspBaerca mpaexmopued,, COOTBET-
CTBYIOIIIER yIeMeHTapHOMY MCXOoy wy € (2. TpaekTopun HA3BIBAIOTCS TaK-
XKe PeAAUGUUAMY IITH 6bL00POUHBMU GYHKUUAMU CITY IaHOTO TIPOTIECCa.

Sameuanue. CiyuaifHblii MPOIECC MOXKHO TPAKTOBAThH KAK COBOKYII-
HOCTB ceduenmit (cM. ompesesienwe 1.2) miam KaK COBOKYITHOCTD («ITy9IOK» )
TpaekTopuii (cM. onpeesenue 1.5). B pazindHbIX 3a1a9aX UCIOIB3YOTCS
00a 9TH ONHUCAHUSA.

Onpenenernne 1.6. Cayuaiinas dynkius &(t) Ha3BIBAETCS pe2yaAAp-
1o, eclii ee TPAEKTOPUHU B KaxKJo# Touke t € T HEmpepbIBHBI CIIpaBa U
VMEIOT KOHEYHBIE TIPEIeIibl CJIEBa.

PaccmorpuM HEKOTOPBIE TTPUMEDHI, MOSICHSTOINNE BBEJEHHDBIE BHIIIE
oTIpeJiesIeHus.

IMpumep 1.1. Ilycrs cayuvaidinsii mponecc &(t) onpemesen cieayro-
M 06pas3oMm:

£(t)=tX, te0,1],

rae X ~ R[0,1] — cayuaiinast Bemnanna, pABHOMEPHO DACIpPEIEIEHHast Ha
orpeske [0,1]. OnmcaTh MHOXKECTBO CeUeHUil M TPaeKTOPHUil CiydaifHOro
nponecca &(t).

Pemenwue. Cuayuaiineit nporecc £(t) siBasiercs caydaitroit dyHK-
nweit. IIpn dbukcuposannoMm ¢ € [0, 1] cegenne & (w) = toX (w) aBaserca
CJIy4daiinoil BeIn4uHOM’, uMeroneil paBHOMEPHOE pacllpe/ie/IeHue Ha OTPE3-
ke [0, 0]

Tpaekropun mponecca &(t), T.e. Hecuywaiinble dynxmun &, () =
= X (wp) t, ABAAIOTCSA NPAMBIME JIMHUAMH, Bbixoaammmu u3 Touku (0, 0)
CO CITyvaliHBIM TAHTEHCOM yTJIa HaKJoHa, paBHBIM X (wp). Couywaitmas
byukuus &(t) peryaspHa, Tak Kak BCE €€ TPAGKTODHU HENPEPHIBHBI. M

Ipumep 1.2. Iycrs t € [0,00), a cuywaiitnas dbyakuus &(t) samana
cIIeiyronum 06pa3oM:

&t)=U, mpu te€nn+1), n=0,1,2, ...,

rae {Up, n=0,1,2, ...} — nociesoBaTe bHOCTh KOHEIHBIX CIIyIalHBIX
BesimunH. OmucaTh TpaekTOpuu Cilydaitnoro npomecca £(t). dpasercsa an
3TOT IPOIECC PEryJISPHBIM !
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Pemenne. Tpaekropuu mpomnecca £(t), t > 0 — KyCOIHO MOCTOSTH-
Hble (DYHKIUN, UCHBITHIBAIONTNE Pa3pbiBbl B Toukax t=n =0,1,2, ...
ITo ompenenenuto 3Tu (PYHKIUU HEIPEPLIBHBI CIIpaBa U UMEIOT Ipefe-
JIbL ClleBa, PaBHbIE ltle €o(t) = Up—1(w) maa Beaxoro w € Q. ITockonbky

n

P{|U,-1| < o0} =1 no ycnosuro, T0 STOT CIyYailHBI IPOLECC ABIAETCH
peryaspHbM. W

1.2. KoHeyHOoMepHBIE paclipeaejieHus cJly4dailiHoro mpoiiecca.

Onpemenenmne 1.7. Ilycts {&(t), t € T} — neficTBuTeNbHBIN CITy-
4yaiiHBIl MPOIECC W 3aJaH0 HEKOTOPOE MPOU3BOJBLHOE MHOXKECTBO MO-
MEHTOB BpeMmenu {ti, ...,t,} C T. CooTBercTBytommil HAGOD CITyTaltHbIX
Besmand £(t1), ..., &(t,) nMeer n-MepHYIO DYHKINIO PACTpeeIeHns

Fe(zy, ... xps tr, .. tn) = P{&(t1) < 21, ..., €(tn) < 20}, (1.1)

KOTOpasl B JajbHeliemM Oy/1eT Ha3bIBaAThCS N-MepHOt Pyrkyuel pacnpe-
deaerus cayuatinozo npouecca &.

Cosokymnrocts dyrkmuit (1.1) mus pasauusbix n = 1,2, ... u Bcex
BO3MOXKHBIX MOMEHTOB BpeMeHU t; € T Ha3bIBaeTCs ceMelicmeom KoHew-
HOMEPHBIT pacnpedeneruti cayuatinozo npouecca €.

Onpenenenne 1.8. Ecmu dbynkmua Fy momyckaeT mpeicTaBlIeHEe

Fe(zy, ... xps ty, ..o tn) =

Z1 Tn

= J J pg(ul, cey Ups Ey ey ty) dug . dUy,
— 00 — 00
rue pg(:cl, cesTps t1, ..., ty) — HEKOTOpasi u3MepuMasi 1o JleGery
HeoTpHuIaTelbHas (PyHKINsS, TaKasl, 4TO
o0 oo
J J pe(ur, s up; tr, o tn) dug .o dup = 1,
— 00 — 00

TO TOBODST, UTO (DYHKIHS PACHpPEIeeHIs] NMeeT IUIOTHOCTb. PyHKImst
pﬁ(ml, ey Tpj t1, .., ty) HA3BIBAETCH N-MEPHOT NAOTMHOCTIBIO pacnpede-
senus npouecca &.

Cuierytorue IpuMepbl IeMOHCTPUPYIOT HAXOXKIEHNE KOHETHOMEPHBIX
byHKIM pacpeTesieHns.

IIpumep 1.3. IlycTs cayuaiinblii mporecc 3ajaH COOTHOINEHUEM

f(t) = QD(t)Uv te [07 1]7

rme U — mHexkoTopas ciaydaiiHasi BejquwdnHa ¢ (QYHKIHEH pacmpeeie-
uust Fy (), a ¢(t) > 0. Haiftu cemeltcTBO KOHETHOMEPHBIX PACTIPe/IeIeHn i
nporecca £. Umeer sm ero n-MepHass (PYHKOMS PACIPEAEJEHUs ILIOT-
HOCTBH?
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Pemenune. B coorBercrBuum ¢ onpenenernem 1.7

F{(xlv <oy T tla 7tn) :P{g(tl) < L1, 7£(tn) < xn} =

- < (= elt)) "
P{U RS i:rlrfl.?,n Qo(ti) } FU <i:I1n,l.?,n So(ti)> (1 2)

Ecmw dynkmus pacupenenenwust Fyy(z) mvmeer miotrOCTH pi7(T), TO
CYIECTBYET U MJIOTHOCTH OJHOMEPHOTO PACIpPEIeIeHUs CIyaifHoro mpo-
necca £(t), mockombky st n = 1 u3 (1.2)

T i 1 z
Fe(x;t) =Fy <W> :_J WPU(W> dz,

cietoBaTenbHo, pe(z; t) = L10U <i>
o(t) o(t)

Opnako mpu m > 2 n-MepHasi (DYHKIUsI PACIIPE/ICJIEHUs] HE WMeeT
mroTHOCTH. JlefiCTBUTENbHO, B CWIly Ompefesenust mporecca &(t) most
JHOOBIX t1, ...,t, HMEET MECTO COOTHOIIEHNE

§(t)/o(t) = ... = &(ta) /o (tn),

nosromy mepa Fy, 4 (dzi, ...,dz,) B npocrpancree R™, coorBercry-
fomast GyHKIun pactpenenerns (1.2), cocpegorouena Ha TPsIMOi

nMeromeit HyJesyio geberosy mepy. Cienosarensuo, mepa Fy, ;. (-) cun-
ryJISIpHA, TI0 OTHOIIEHUIO K Mepe Jlebera, u mo3TOMy n-MepHasi IJIOTHOCTD
He CYIIEeCTBYET, ecau n = 2. W

IIpumep 1.4. IIyctes X u Y — He3aBUCHMBIE CIy4YallHblE BEJIMYUHBI
¢ dbyskmnsmu pacnpenenernss Fx(x) w Fy (y). Hycrs {£(¢), t > 0} —
CJIy4ailHbIi IIPOLECC, OIIPEIeJICHHbBII COOTHOLIEHUEM {(t) = Xt+Y. Onu-
caTh TPaeKTOPWH JAHHOTO IIpoIiecca, HAfiTH ceMeifiCTBO KOHEYHOMEPHBIX
dbyHKIHIT pacupe/ieeHns.

Pemenue. Bribopounbie PyHKIUU STOTO MPOIECCA IIPECTABISIOT
co0O0i IPSIMbIE JIMHUU CO CJLY YaifHBIM HAKJIOHOM U CJIy YaiHBIM HAYAJTbHBIM
yesoBuem npu t = 0. OgHOMepHas GyHKIUS PaCIpeeeHns CIyIaifHoro
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nporecca £(t) pu ¢ > 0 mMeeT BU

Fe(w; 1) =P{Xt+Y <} = J P{Xt+Y <z |Y =y}dFy(y) =

= TP{Xt+y<x}dFy(y) = TP{X< x;y}dFy(y) =

_ T FX(“: - y) dFy (y).

Ecmu ke t = 0, 1o F¢(x; t) = Fy (). Jnsa n-mepHoit dpyHKInM pacupe/ie-
JIeHUsI, aHAJOIWYHO IpuMepy 1.3, monydaeM

Fe(za, .oyxps 1, oo ytp) = J Fx (min (antl—y’ “.’a:nt—y)> dFy (y)

— 00

mpu ty >0, ...,t, > 0. ®

IIpumep 1.5. Ilycts X, ¥ — He3aBucuMmble CiIydailHble BEJIWIHU-
HBI, MMetolue rayccosckoe pacupegenenune N(0;1/2). Coyuqaidinbiii npo-
necc ompenesen coormomennem (i) = (X +Y)/t, ¢ > 0. Berancaurs
P{|¢(t)| < 3/t} ana mpoussosbHOTO t > 0.

Pemenmne. Ilo onpenenennio F¢(z; t) ecrs GyHKIMS pacipeeneHnst
cywaiinoit Bemmamabl £(t). B cmmy Toro wro X, Y — rayccoeckme m
Hesasucumble, £(t) = (X +Y)/t TakKe UMeeT TayCCOBCKOE pacipeeiie-
HUE, TPUYeM

_D{X}+D{y} 1

_ M{X}+M{Y}
- ¢ - 12 2

M{¢(t)} 0, D{&(1)}

Tem cambim &(t) ~ N (0; 1/t?), nosromy Fe(z; t) = &(xt), rae

z
szS(z)=i2 j e /2 qu,

3

— 00

Oyukmnust P(z) HABBIBAECTCS UHIMEZPAAOM GEPOAMHOCMEl WU HYHK-
yuet Jlanaaca. Utax,

P{E(t)] < 3/t} = Fe(3/t; t) — Fe(—3/t; t) = &(3) — B(—3) ~0,997. m

Bce paccMoTpeHHBIE TPOIIECCHT OTHOCSITCS K CIIYIAWHBIM (DYHKITHSIM.
IIpuBemem mpuMepbl HAXOXKJCHUS 3aKOHOB DPACIPEIEICHUS CJIyYailHbIX
TIOCJIe10BATEIHLHOCTE.
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Ipumep 1.6. Ilycts caydwaiimas mociemoBaTenbHOCTE {&(n), n =
= 1,2, ...} TakoBa, 9TO €€ CEYEHNs] HE3ABUCHMBI B COBOKYIIHOCTH U UMEIOT
onmHakoByt0 hyHKIMIO pacnpeaenenns: F(z). Halitu cemeiicTBo KOHETHO-
MEePHBIX PaCIIPe/IeIeHnit T0CIe0BATENbHOCTH &.

Pemenue. Ilo oupenenenuro 1.7 ¢ y4eToM HE3aBUCUMOCTH CJIydaii-
HBIX BesmawH & (n) mMeeM

Fe(xy, ... xp; na, oooong) = P{E(ny) <@y, .. () <o} =

k

k
= H P{¢(ni) < ai} = [ Fxi)-

i= 1=1

3aMeTrM, 9TO BCe KOHETHOMEPHBIE PACIpEeIesieHusI B JTaHHOM CIIydae
BBHIPaKaIOTCsl Ie€pe3 OHOMepHOe pacipesenenne F(x). m

IMpumep 1.7. Ilycrs caydvaiinas mociemoBarenbHOCTE {£(n), n =
=0,1,2, ...} onpe/eseHa PeKyPPEHTHBIM COOTHOIIEHUEM

én)=aén—1)4e,, n=12 ..., £(0) =0,

rae {e,} — mOCIETOBATENEHOCTD HE3ABUCHUMBIX B COBOKYTTHOCTH TayCCOB-
CKUX cilyvdafinbix pesuunn ¢ napamerpamu M{e, } = 0, D{e,} = 0 > 0.
Haittu ommomepryto (byHKOHWIO pachpemesieHnsi CIydaifHON MociaemoBa-
TesbHOCTH €.

Pemenwme. U3 onpenmenennst cuywaitnoit Besmannbr &(n) HaxX0mmm

En)=e1a" '+ . teprate, = epa
k=1

B cuity rayccoBoCTH M HE3aBHCHMMOCTHU CIIyIaiiHbIX BennunH {ey} ciaydaii-
Hag emmanHa €(n) — rayccopckas ¢ mapamerpamu mg(n) =0 u

n 02 a2n _
Dg(n) = D{é(n)} = 3 D{er} ™" = a? =1’
k=1

azn, ecin o =1.

ecin o # 1,

Tlosromy omaOMEpHasi pyHKIUS PaCIPeIe/ieHus] MMEET BUJL

Fe(z;n) = P{{(n) S 2} =

2#() T e‘“z/QDf(")duzsﬁ<:c/1/D§(n)>. ]
V21 De(n

Sameganune. CaydaiiHas TOCIIEI0BATEIHFHOCTD, OMMCAHHAS B IIPHU-
mepe 1.6, HazbIBaeTcst duckpemmvim beavim wymom. B mambreiiieMm sra
MOJIESIb OyZIeT YacTO HCIIOIb30BATHCS JJIsi MTOCTPOEHUsT 0ojiee CIIOKHBIX
CaydaiiHBIX mocsienoBarebHOCTE. B mpuMepe 1.7 mociieoBaTesbHOCTH
{en} aBasieTCH JuCKpEeMMbBIM 20YCCOBCKUM BEABLM ULYMOM.
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1.3. Teopema KonmoropoBa. CemMeiicTBO KOHEIHOMEDPHDBIX PACITpe-
JeJeHUl dABJAdAeTCd OCHOBHOHM XapaKTEPUCTUKOI CiydailHOTO IIpoIiecca,
MMOJIHOCTBIO OTIpejielisifolieil ero cBoiictBa. Mbl 6yeM rOBOPUTH, UTO CIIy-
YaliHBIl IIpomecc 3allaH, eCJu 33JaHO CEMEeUCTBO €ro KOHEYHOMEPHBIX
pacnpezenennii (1.1).

@yuKnuw pactupesenenns mponecca ¢ () 06aaIaoT caeayomuMy CBOii-
CTBaMH.

1) 0 < Fe(z1, ..., ns b1, ..., tn) < 1 (ycioBre HOPMHPOBKH).

2) Oynxuuu Fe(x1, ..., Tp; t1, ..., t,) HEIPEPLIBHBL CIPaBa IO IIEpe-
MEHHBIM ;.

3) Ecin xoTs1 OBl 0lHA M3 NEPEMEHHBIX T; — — 00, TO

Fe(q, .. zns t, ooy tn) = 0,
€CJTM BCE NEPEMEHHBIE T; — +00, TO
Fe(q, ..o zns t, ooy tn) — 1o

4) Oyukinun  Fe(z1, ...,%p0; t1, ..., ty) MOHOTOHHBI B CJEIyIOLIEM
CMBICJIE:
Al...AnF§($1, BN 7% tl, ,tn) > 0,

rme A; — omepaTrop KOHETHOW Pa3HOCTHU IO TMEPEMEHHON &;

AF =F(21, oy %im1,%i + Ry Tig1y ooy T E1y o vy tpn) —

— F(acl, ey i1, L5, Tj 1y -+ -5 Ty tl, N ,tn),
ahy >0,...,h, > 0 IPOU3BOJHHBI.
5) dast mroboit nepecranosku {kq, ..., k,} uagekcos {1, ... ,n}

Fg(:l,’l, ey T tl, ...,tn) =F§(:L'k1, ...,:L‘kn; tkla '-'7tkn)-
6) s moberx 1 < k<nwuwxy,...,r; €R!
Fe(ay, ..o xp; b, o ty) = Fe(on, oo @p, 400, ..., 4005 T, .., ).

Onpenmenenne 1.9. CoiicTBa 5 n 6 HA3BIBAIOTCS YCAOBUAMU COLAA-
COBAHHOCTNY CEMETCTNEA KOHEYHOMEPHHLT pacnpedeserud.

IIpumep 1.8. Jlorasarh cupaBeIuBOCTHL CBOHCTB 1-6 s mpous-
BOJIBHOTO CEMEWCTBa KOHEYHOMEDHBIX PaCIPeIesIeHA.

Pemenwne. Bce cpoiictBa 1-6 HEmocpencTBEHHO BBITEKAIOT U3 CO-
OTBETCTBYIOIIUX CBOUCTB BeposTHOCTH. JlelicTBuresbro, cBoiictBo 1 ecThb
yCIIOBYE HOPMHUPOBKHU Jjisi BeposTHOocTH. CBOificTBa 2 M 3 HEMEIJIEHHO
CIIEyIOT W3 CBOWCTBa HEMpepbIBHOCTH BeposTHOCTU. CBoOicTBO 4 ecThb
YCIIOBHE HEOTPHUIATETHLHOCTH BEPOSATHOCTH, TOCKOIBKY

Al ...AnFé:(:L'l, ey Ty tl, ...,tn) = P{H{xz < f(ti) < Z; —l—hz}} = 0.
i=1

2 B.M. Muanep u A.P.Ilankos
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Haxomer, cBoiicTBa 5 n 6 ABASIOTCS CBOWCTBAMH COBMECTHOMN (DYHKIUH
pactpesiesiernst caydaituabrx seawans {£(t1), ..., E¢(t,)}. Tommoe mokasa-
TEJILCTBO TIPE/IJIATaeTCsl BBIIOJIHUTD CAMOCTOSITENIBHO (cM. 3a7ady 1). W

TIpeamonokum, uro mjst joboro n > 1 u jaoboro HabOpa MOMEH-
TOB BpeMenwu {t1, ..., t,} C T samanst bynakmun F(zq, ...,z t1, -, tn),
Zi, ..., %, €RL, yIoBJeTBOpstoniue yciaoBusMm 1-6. fBasercs aum 3TO
ceMecTBO (DYHKIMH CeMEHCTBOM KOHETHOMEPHBIX PACIPEIETICHUH HEKO-
TOporo ciydaitaoro mporecca? UToObl MOJIOXKUTETHFHO OTBETUTH HA, ITOT
BOIIPOC, HEOOXOIMMO TOCTPOUTD TPOCTPAHCTBO JIEMEHTAPHBIX MCXOHOB {2,
3aJ7[aTh HEKOTOPYI o-ajrebpy F €ero mojMHOXKECTB U BEpOsITHOCTH P
U, HaKOHel, IIOCTPOUTH cemeiicrBo dyHkumit £(t,w), OnpeseseHHBIX HA
T x Q Tak, 9T00Bl CEMEUCTBO KOHEYHOMEPHBIX PACIIPE/IEJIEHU MPOIEecca
&(t,w) coBmano ¢ cemeiictBom bynknmit F. OkasbiBaercs, IT0 JaHHAS
MpOoIeypa OCYIIECTBAMA BCET/IA. DTOT OCHOBOIIOJIATAIONIMIA DPE3yIbTAT
TEOPUM CIYUIaHBIX ITPOIECCOB U3BECTEH KaK Teopema KosmMoroposa.

Teopewma 1.1 (Kommoropos). ITyemo sadaro nexomopoe cemeticmeo
KOHEUHOMEPHHLL PyHKuul pacnpedeseHus

F={F(zy, ...,z t1, ... tn), m; €ERY t, €T, i=1,...,n, n > 1},

ydosaemeoparouux yeaosuam 1-6. Tozda cywecmsyom eepoammocmroe
npocmpancmeo {Q, F, P} u caywatinud npouece {£(t), t € T}, makue,
wmo cemeticieo xonewnomeprwz pacnpedesenuti Fe cayuatinozo npoyecca
&(t) cosnadaem ¢ F.

3ameuaanne. Teopema KommoropoBa BMecTe ¢ yCTAaHOBIEHHBIME BbI-
e CBOUCTBAMM CeMefiCTBa KOHEYHOMEDPHBIX PACIPEIEesIeHN TOKA3bIBa-
er, 94T0 yciaoBusi 1—6 SBISIOTCA HEOOXOAMMBIMU U JOCTATOYHBIME JJIsI
CYIIECTBOBAHUS CJIyYailHOTO IIPOIECCA C 3aJ[aHHBIMU KOHEYHOMEDHBIMU
pactpesenreEnaMu Fe.

Takum obpa3om, Bcerma HaNAETCs CayJIaiHBI TPOIECC C 33 TaHHBIM
ceMelCTBOM KOHEYHOMEPHBIX paciupesenennit. OKa3bBaeTCs, 9TO B 00IEM
cllydae Takoil mpomecc He OymeT eImHCTBeHHBIM. JIpyrmMmu ciaoBamm, ce-
MEHCTBO KOHEYHOMEDHBIX PaCIPele/eHUl 3aaeT Mesblil KJacc Ciaydai-
HBIX IIPOIECCOB, KOTOPBIE B HEKOTOPOM CMBICJIE ABJIAIOTCH IKEUGANECHT-
Howmu. PacemorpuM 6ostee ToapoOHO PA3JINIHBIE TIOAXObI K OMPEIEeICHITO
3TOTO MOHATHS.

Iycre {X(t), t€T} u {Y(¢), t €T} — mBa caywaiiHpx mporec-
ca, ONpPEJIeJICHHBIE HA OJHOM U TOM YK€ BEPOSTHOCTHOM IIPOCTPAHCTBE
{Q,F,P} n npuaMMalomue 3HAUEHUS] B OHOM M TOM K€ U3MEPUMOM IIPO-
crpanctse, nanpumep {R!, B(R!)}, rne B(R!) — o-anre6pa 6opesneckux
OaAMHOXKeCTB R*.

Oupenenenue 1.10. IIponeccer {X(¢), t € T} u {Y(t), t € T} na-
3BIBAIOTCH CMOTACTMUNECKY IKEUBANEHMHBIMYU 6 UWUPOKOM CMBLCAE, €CITA
Jgis mobbix {t1, ...t} CT,{By, ..., By} CBR), n=1,2, ... Bomon-
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HAETCA PaBE€HCTBO

P{X(t1) € B1,...,X(tn) € B,} =P{Y (1) € By, ..., Y(tn) € Bn}.
(1.3)

3aMedaHHe. YCIOBUE SKBUBAJEHTHOCTH B IMUPOKOM CMBICIE O3HA-
qaeT, 4To ceMelicTBa KOHEYHOMEDHBIX pacipenesenuii mpomneccoB X u Y
COBIAJIAIOT.

Onpenenenne 1.11. Ecau gas mgoboro t € T

P{X(t)=Y()} =1, (1.4)

TO IPOIECCH HA3BIBAIOTCS CMOTACTUNECKY, IKEUBAAEHITIHBLML HILHE TIPOCTO
IKBUBANEHIMHBIMU.

BBefieHHBIC HOHATHS 9KBUBAJCHTHOCTH CBA3AHBI MEXKIy COOOM, Tak
KaK CIIPABEJINBO CIIEYIOMIee yTBEPK ICHHE.

Teopema 1.2. Ixeusasenmuvie npoyecco, 6cezda IKEUSAAECHITIH
6 WUPOKOM CMBICAE.

Onpemenenne 1.12. Ecim mponece X (t) stBsteTCst S9KBUBAJIEHTHBIM
nponeccy Y (t), To X (t) naseBaerca eepcueti mam modudurayued mpomec-
ca Y (¢).

DKBUBAJEHTHOCTD IIPOLECCOB B OOMIEM CJIydae He O3HATAET MX TOXKJe-
crBerrocTr. Ciieytonuii TpUMep MOKA3BIBAET, UTO JIBA SKBUBAJEHTHBIX
IPOIECCa MOTYT MMETh COBEPIIEHHO PA3JIUIHbIE TPACKTODUH.

Ipuwmep 1.9.Iycrs Q = [0, 1], F — o-anrebpa 60peeBCKUX TTOAMHO-
»xectB oTpeska [0,1], P — mepa Jlebera u T = [0, 1]. Ha BepostTHOCTHOM
npocrpancree {2, F, P} onpenennm ciayuwaitasie nponeccst {X (t), t € T}
u{Y(t), t € T} cienyromum o6pasom:

0, t#w,
X(t,w) =0, Y(t,w) = L npu  (t,w) € T x .
) =w

ITokazarh, 9TO IPOIECCHI ABIAIOTCS YKBUBAJIEHTHBIMH, OQHAKO X TPAECK-
rTopun ornmyatorcs (P-m.a.).
Pemenwue. Hus HekoTOpOoro dpukcupopauuoro t € T

{w: X(t,w) Y (t,w)} = {w: w =t} = {t}.
Tlockombky Mepa Jlebera 0THOTOTIETHOTO MHOKECTBA PaBHA HYJIIO, TO
P{Xt)=Y(@®)} =1 pnamoboro te€T,

T. e. mponeccel X (t) u Y () sxsusanentusl. TeM He MeHee y IPOLECCOB
X (t) m Y(¢) mer Hm omHoOil mapel coBmagaromux Tpaekropuii. JeiicTer-
TEJIBHO, AJI BCAKOTO w € ) B Touke * = w mo ycmosmio X (t*,w) #
# Y (t*,w), mosTomy

Plw: X(t,w) =Y (#,w)Vt€T}=0. m

2*
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Criesytommee onpeiesieHne OMACHIBAET HAMOOIEE CHIIBHBIN THII SKBHBA-
JIEHTHOCTH.

Ounpepnenenne 1.13. IIponeccer {X(t), t € T} u {Y(¢), t € T} na-
3BIBAIOTCS HEOMAUHUMBLMU, €CIIH

P{X(t)=Y(t)VteT}=1. (1.5)
Venosue (1.5) 9acTo 3alUCHBAIOT TaKXKe B CIIEIYIOMEM BUJE:

P{fgg |X(t) - Y(t)| >0} =0.

IIpu mekOTOpBIX yCiIOBUSX, OfHAKO, onpeesenns 1.11 u 1.13 sxBuBa-
JIEHTHBL. DTO CIPaBeIMBO, HampuMmep, ecan X (t) n Y () — cayuaitasre
TIOCIIEOBATENBHOCTH (T. €. MHOXKECTBO T’ CIETHO).

IIpumep 1.10. /TokazaTh, 9TO IKBUBAJEHTHBIE CIIyJIalHbIE TTOCTEIO-
BATEJIHHOCTU HEOTITUIUMBIL.

Pemenwue. Ilycre X (t), Y(¢) — sKBUBaJIEHTHBIE TIPOLECCHI C JUC-
KpeTHBIM BpeMeneM t € T = 7, Torma

P{X(t) # Y (t) xora 651 aus1 ogmoro t € T} =

=P{UX®) £V} < T PIX(B) £Y ()} =0,

teT teT

9TO BJIEYET BHIMOTHEHNE ycaosust (1.5). W

Takum 06pa3oM, CTOXACTUYIECKH SKBUBAJEHTHBIE CIIyYailHBIE IIOCIIE-
IOBaTEJbHOCTH HEOTIUIUMbI. Jljis cirydaiiHpix (DYHKIWIA, K COXKAJIEHUIO,
9TO yTBEp)K/EeHNE B OOmEM CiIydae HECIPABEMINBO 0e3 HEKOTOPBIX J0-
IIOTHUTEIBHBIX OrpaHWYeHmii. TeM He MeHee CIPaBEIJIMBO CJIELyIOIIEe
TMTPAKTUIECKN BasKHOE YTBEPXKJIECHUE.

Teopema 1.3. Ecau dse cmoxacmuvecku sK6UBAAEHMMHBLE CAYQT-
Hoe GYHKUUY Asasromes pezyaspromu (cm. onpedeaenue 1.6), mo onu
HEOMAULUMDL.

Sameuanue. VI3 npuBeseHHBIX BBIIIE PACCYXKIECHWI CIEILYET, UTO
3aaHne COBOKYITHOCTH KOHEYHOMEDPHBIX PACIIPEEIeHIII B 00IIEM CiIydae
HE ITO3BOJISIET 3apaHee ODECIIeYNTH BBINOJIHEHNE HEKOTOPBIX TpeboBaHUit
OTHOCHUTEJIHHO TTOBE/IEHUs] TPAEKTOpHil Ciryvaiinbix dynknumit (Hampumep,
HEIPePBIBHOCTH, MOHOTOHHOCT, nuddepennupyemocts u T. 1.). OxHako
ecyiu cirydaitias (QyHKIS PEryJIsipHA WIH 33[aHa KOHCTPYKTUBHO HEKOTO-
PBIM COOTHOIIIEHNEM, TO MBI MOXKEM OIPENETUTH BEPOSTHOCTH JOCTATOIHO
CJIOXKHBIX COOBITHUI, CBI3aHHBIX C IIOBEJEHUEM €€ TPACKTOPHIA.

IIpumep 1.11. IIpeamosoxkum, aTo cirydaitas pyHKIUs 3aaHa CO-
orHomenmeM &(t) = X2 +2tY +t%, t >0, e X, Y — HesaBuCHMBIe
caydaifHble BEJMYUHBI, MMeMoNe rayccoBckoe pacnpenenenne N (0;1).
Haittr BepogTHOCTH CII€IyIOMNX COOBITHIA:
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1) A1 = {¢(t) momoTOHHO He yOBIBaET };
2) As = {£(t) meorpunarenbual;
3) A3 = {&(t) =0 xorst 6b1 just ommoro t € D}, roe D C [0,00) —
HEKOTOPOE KOHETHOE MJIM CIETHOE HMOJAMHOMKECTEBO;
4) Ay = {£(t) = 0 xora 6B1 quist oHOTO t € [0, 00)}.
Pemenwue. 1) IlockombKy Tpaekropun £(t) mudpdbepenuupyemsr 1o ¢,
TO yCJIIOBHE WX MOHOTOHHOCTH ecTh &'(t) =2Y 4+ 2t > 0, t > 0. Jns BoI-
NOJHEHHUsT 3TOTO yCJIOBHS HEOOXOJMMO M JOCTATOYHO, 4TOObl Y Oblia
Heorpunarenbroil. Takmm obpasom, P{4;} = P{Y >0} = 1/2.
2) YcioBue HEOTpHIATENHLHOCTH TpaekTopuit £(t) BbIMOIHSAETCS, €Can
mu6o Y > 0, mabo Y < 0, mo |Y| < |X|. Taknm 06pazoM, B CHIIy HE3aBH-
cnvoctr X, Y W CHMMeTPHI WX 3aKOHOB PACIIPEJIEICHHsI IOy TaeM

P{4;} =P{Y >0} +P{Y <0, [Y| <|X|} =1/2+ 1/4 = 3/4.

3) P{A4;) = P{ U {e@) = } < I P{&(t) = 0}. Jlnst mo6oro du-
teD teD
CHUPOBAHHOTO { CIpaBeJINBO

{€) =0} ={X*+2tY +t* =0} = {(X,Y) € B},

rye muoxecrso B = {(z,y) € R?: 22 4 2ty + t? = 0} npescrasnser coboit
mapaboiIy U MOITOMY MMeeT HyseByio Mepy JleGera B R?. Temepn, yauTsi-
Basi, YTO COBMECTHOE DACIpeJeJIeHne CIydaifHbix Beauaun X, Y wMmeer
IOTHOCTE p(T, y), moTydaeM

P{e(t) = 0} = P{(X.Y) € B} = [ p(a,y) dady = 0.

Iasee, nockosnbKy MHOXKecTBO D He Gosee wem cuerno, P{A3} = 0.
4) Cobbrtre A4 coctout B TOM, uTo dynkmma &(t) mveer Ha [0, 00) 1O
KpaifHeil Mepe OJIUH KOPEeHb, YTO BBIIOJHAETCsI, €CJiu OqHOBpeMerHo Y < 0

w |[Y] > |X|. Hostomy P{A;} = P{Y <0, |[Y|> |X|} = 1/4. m

1.4. MoMeHTHBIe XapaKTEepPUCTHKHM CJIydallHOro Ipolecca.
MoMeHTHbIE XapaKTEePUCTUKH CIIy9aifHOTo MpoIecca 3a1ai0T ero IpocTeii-
Im1e CBOMCTBA M BBIYUCIAIOTCA C IIOMOILIO KOHEYHOMEPHBIX pacIpeie-
JIEHWH pasaMYIHbIX NOpsAIKoB. Ilycrs &(t) — cKaJusapHBIHA (BelecTBeHHbIH)
mporecc.

Onpenemenne 1.14. Hecayuaitnas byuxmnms mg(t), t € T, oupene-
JisieMasi COOTHOIIEHUEM

me(t) = M{£(t)} = J z dFe(z; t),

— 00
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Ha3BIBAETCA MAMEMAMUYECKUM 0dtcudanuem npouecca &(t) mmm ero cped-
HuMm 3haveruem. Ecim m §(t) = 0 upwu Bcex t € T, TO mpoOIECC HABBIBAETCS
UEHMPUPOBAHHBIM.

Ounpenenenne 1.15. Hecnyuaiinas dbynkius De(t), t € T, onpese-
JisiemMasi COOTHOIIEHUEM

De(t) = D{(t)} = M{(&(t) — me(1))*} =

=M{E(t°} —md(t) = |« dFe(a; ) —mi(t),

HazbiBaeTca ducnepcuet, (mmm ducnepcuonnoti gynryueti) npornecca &(t).

Sameganune. llpn kaxmom t €T maTeMaTHdecKOoe OXKWJIAHUE U
aucnepeust mg(t), De(t) npouecca () cyTb MaTemaTniecKoe oxuiaHue
U IUCHepCHsl ero cedeHus B Touke t € T.

Onpepgenenue 1.16. Hecuyuwaiinas ¢dyukuus Re(t,7), t,7 €T,
ompeiesigeMas COOTHOIIEHTEM

Re(t,7) = cov{{(t),£(7)} =
= M{((#) = m(0)(&(T) —me(7))} = M{ED)E(T)} — me(t)m,(T) =

(e elNe o)
= J J T122 dFe(T1, 25 1, 7) — me(t)me(7),
oo —00

Ha3bIBaeTCA Kosapuayuonnot dynxyuet npouecca &(t).

Bameuanus. 1) Ilpu mobuix t,7 € T dbynxuus Re(t,7) aucrenno
paBHA KOBapHMaIlH CeueHuii ciydaiinoro nponecca & (w) u &, (w) B TouKax
t,7 € T m xapakTepu3yeT CTElEHb JMHEHHON 3aBUCUMOCTU MEXKIy Cede-
musivu. Jlnst Beraucnennst Re(t, 7) HeoGX0MMMO 3HATH [BYMEPHOE Pacipe-
nenenne Fe(xy,x2; t,7) nponecca £(t). 3amernM Takxke, 910

De(t) = Re(t,t), teT.

W3 nmepasencTsa Komu—ByHsaKOBCKOTO citeyeT, ITO Il CyIecTBOBA-
unst mg(t), De(t) n Re(t,7) npu Beex ¢,7 € T' JOCTATOYHO BBHILIOIHEHNS
yCIIOBUS

M{|£(t)|°} <o VEET. (1.6)
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2) Ecnu pacupenenenust Fe(x; t) u Fe(xy, x2; ¢,7) UMEIOT MIOTHOCTH
pacnpegienenns pg(z; t) n pe(21, T2; t,7), TO

me(t) = [apgles )de,  De(t) = | ®pyles t) do —m(1),

— 00 — 00
[o el o]
J J x1x2p€ x1,T2; t,7) dridrs — mﬁ(t)mg( 7).
— o0 —00

Onpepgenenune 1.17. Coyuaiinstii nporecc {{(t), t € T}, ynosuerso-
pstfommit yesosmio (1.6), Ha3BIBAETCS NPOUECCOM € KOHEUHDLMU MOMEHTNA-
MU 6MOP020 NOPAIKA WU 2UABOEPMOGHIM CAYHATIHOLM NPOUECCOM.

Onpememenme 1.18. ITycrs £(t) = X(t) +4Y (t) — xoMmuTeKcHBIi
nporece, rae X (t), Y(t), t € T — HeKOTOpBIE JIeHCTBUTENBHbIE CITydaifHbIe
mporecchl, a 12 = —1. Ecan

M{[()2} = M{EWED | = M{X?(t) + Y3(t)} <00 VteT,

1o nponecc &(t) HA3BIBACTCA KOMMAEKCHbIM 2UAbOEPINOGHIM TPOUECCOM.
DyHKIHUS

Re(t,) = M{(¢(t) = me)E(T) —me(r) |, tTET,

rae { -} O3HAYaET KOMILIEKCHOE CONPSI?KEHWME, HA3BIBAETCS KOGAPUALUOH-
not Pynryuel xomnaercnozo caywatinoeo npouecca &(t).

Ipumep 1.12. Iycrs £(t) = Xo(t), t € T, tne X — peificTBuTesbHast
crydaifHad BeIWYIHWHA CO CPETHEM M, ¥ jauchepcmeit Dy, a <p(t) —
nHecaydaitnasa dyukiua wa T. Haiiru mg(t), De(t) m Re(t, 7).

Pemenue. B coorBercrBum c onpenenenusvu 1.14-1.16 nmeem

me(t) = M{Xp(t)} = M{X} p(t) = m x¢(t),
Re(t,7) = cov{Xp(t), Xo(1)} = cov{X, X} p(t)e (1) = D xp(t)p(7),

De(t) = Re(t,t) = D x?(t). m
Cremyrouuii TpuMep siBJISIeTCst o6o6meH1/IeM TIPEIBIIYIIEro.
Ipumep 1.13. IIycts £() ZXZ% ,teT, rne X; — meiicTBu-

TeJbHbIe HEKOPPeJIMPOBaHHbLIE cnyan/IHHe BEJUYNHLI ¢ U3BECTHBIME Hapa-
Mmerpamu {m x» D Xi}’ a {p;(t)} — samannble Ha T JeTePMUHUPOBAHHBIE
bynkmum. Hasitn me(t), De(t) n Re(t, 7).
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Pemenune. B coorBercrBum ¢ onpenenenusvu 1.14-1.16 nmeem

=M{iXi<Pi } ZM{X}% me%

Re(t,7) —COV{ZXlgOz ZX]SOJ )}

= i i cov{X;, X} @i(t)p;(7).

Tak xak X7, ..., X, — HEKOPPEJUPOBAHHbIE CIyUailHbIe BEJIUIUHBI, T. €.

cov{X;,X,;} =0 upu i # j, To
n
7)=>_ Dx,pi(t)ei(r),  De(t) = Re(t ) ZDX ei(t). m

IIpumep 1.14. Haiitu HeoOXoauMOe ¥ HOCTATOYHOE YCJIOBUE, DU
KoTOpoM cymectsyet nporece {£(t), t € T} ¢ xapakrepucTukaMn

M{{(t)} = me(t),  cov{(?), ()} = Re(t,7), (1.7)

rie m g(t), R¢(t,7) — 3amannble BeleCTBeHHBIE (DYHKIUN.

Pemenne. Haiinem cnavana neobxomumoe yciosue. Ilycrs £() —
nporecc ¢ xapakrtepuctnkamu (1.7). Torma mus mo6bx  HaAGOPOB
{t1, ..., tn} CT u {21, ..., 2,} C C cupaBemmBo COOTHOIIEHUE

D{iﬁ(ti)zi} = Xn: Zn: cov{¢(t:),£(tj)} zZ; > 0,

i=175=1

. e. dyukims Re(t,T) yA0BIETBOPSIET YCIOBUIO HEOMPUUATNEAHOT OnNpe-
deaernocmu:

D3 Re(tistj)ziz; 20 V{ty, ..., tn} CT, V{z,...,2,} CC.
i=1j=1

(1.8)

JokazkeM Teneph, aTo ycnosue (1.8) ABisieTcss B TO JKe BpeMs U T0CTa-
TOYHBIM JIJIsl CYIIECTBOBAHNUS CIy9aiiHOro IPOIecca ¢ MOMEHTHBIME XapaK-
repucrukamu (1.7). HeiicrBurensHo, yeaosue (1.8) osnagaer, 910 MaTpuna
K = {R¢(ts,t5)}ij=1, .. ,n SBISETCS HEOTPHUIATENLHO-OMPENEIEHHOM, 1I0-
sroMy cymiecrByer dbyukuus Fe(zq, ..., Tpn; t1, ..., tn) n-MepHOTO TAYyC-
copckoro pacupepererus N (m; K),raem = {mg(t;) }i=1,...n (cM. 11. 14.6).
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Kak merpyzHO mpoBepuTH, MOCTPOEHHAS CUCTEMA KOHEIHOMEPHBIX DPAac-
npeneneruit ymosaerBopsier yciaosusM 1-6 m3 m. 1.3. Tlostomy B cuimy
Teopembl Kosnmoroposa cymecryer ciydaitasiii nporece {£(t), t € T},
HMEIUHA yKa3aHHOe CeMefCTBO IayCCOBCKHUX PAaCIPEECJICHUN W, B 9acT-
HocTH, oburanaromuii xapakrepucrukamu (1.7). =

3ameaganue. [Ipomecc, paccmorpennbiit B mpumepe 1.14, HaszbiBaeTcst
2aYcco8CKUM cAYalinbim npoyeccom. CBOUCTBA TaKUX MPOIECCOB Ooiee
JIeTaJIbHO PACCMATPUBAIOTCS B CIELyIomeM maparpade.

Ounpegemenne 1.19. Ilycrs 3amanbl Ba KOMILIEKCHBIX ITPOIECCA
&(t), n(t), t € T. HerepmunrnpoBannasa HyHKIAS

Ren(t,7) = cov{£(t),n(r)} =

= M{(E() —m®)(n(r) —m, (1)}, tTET,

Ha3BIBAETCA 63auMHol Kosapuayuonhoti gynkyuet cayualinmx npoueccos
Eun.

Bameuanue. Dynkius Re,(t,7) cymecrsyer, ecnu £(t) u n(t) —
rUIE6EPTOBEI TPOIECCHI.

Onpememenne 1.20. ITycrs £(t) = {&1(F), ..., &n(t)}* € R™ — Bek-
TOPHBIN ciiydaiiubiii mpornecc. JleTepMUHUpOBAaHHAS 7-MepHAsi BEKTOD-
dyHKIIIST M §(t) € R", t € T, onpesensemasi COOTHOIIIEHIEM

me(t) = {M{&(D)} -, M{&n(8)}}7,

Ha3BIBAETCH  MAMEMATNUYECKUM  OACUOGHUEM 6EKMOPHO20 cny%aﬁuoeo

npouecca &(t).
HetepmuaupoBanHass MaTpuIHAsT DYHKITAST

Re(t,7) = cov{£(t), &(r)} = M{ (£(t) ~ m (0)E(T) — mg(r))" } =

=M{EWE ()} - m(Oymi(n), tTeT,

HAa3bIBAETCSA KOBAPUAUUOHHOT PyHryuel 6eKmopro2o cayuaiinozo npovec-

ca &(t).
Bamewanmne. [lna cymecrposanns m(t) u Re(t, 7) npu seex t, 7 € T
JIOCTATOYHO BLITIOJHEHWS yCIOBUS

M{EBOP =M{&GOP +... + &)} <o VEeT. (1.9)

Ipumep 1.15. Iycrs £(t) = G@)U, t € T, rme U € R™ — mekoro-
phiii cryuaitasiit Bektop ¢ napamerpamu M{U} = my, cov{U,U} = Ry,
a G(t) — nerepMmuHMpoBaHHAA MaTpu4Had (PYHKIHSA DasMepa 7 X m.
Haittn m(t), Re(t, 7).
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Pemenune. B coorBercrBuum ¢ onpenenernuem 1.20

me(t) = M{{(t)} = G(t) my,
Re(t,7) = cov{G(t)U,G(1)U} = G(t) cov{U, U} G*(1) = G(t) Ry G*(r),

a kopapuanuonnas Marpuua De(t) ceuenus £(t), t € T, umeer Buj,

De(t) = Re(t,t) = G(t)Ry G*(t). m

Onpepenenme 1.21. Ilyere {&(t), t € T} — neificTBUTENbHBII
caydaitpiit  mporecc. JleTepMMHMpOBaHHAasA BelleCTBEeHHAs (DyHKIHS
mg(tl, .. .,tk), t1, ...,tx € T, oupesessieMasi COOTHOIIEHHEM

me(ty, - oootk) = M{E(t) ... £(tk)} =

= J$1---$de§($1> cos Ty b, o, tE),
]Rk

Ha3LIBAETCS CMEWAHHDLM MOMERMOM nopadka k cayuatinozo mpouec-
ca &(t).

Onpepenenme 1.22. Ilyeres {&(t), t € T} — neificTBuTeNbHBII
crydaifuprii  mpomecc. JleTepMUHMpPOBaHHAA KOMILIEKCHAs —(DyHKIUS
Ue(z1, ...y 2k; t1, ..., k) BEIIECTBEHHBIX IEPEMEHHEIX 21, . . . , 2k, OLPeIe-
JsieMasi [Tt MPOM3BOJILHOTO Habopa tq, ..., € T cooTHOIIEHHEM

Ue(z1, ooy 2y b1, oo ty) = M{exp(i]z;1 zjf(tj)>} =

k
= Jexp(iszm]) dFe(z1, ... ok t, .. te),
Rk j=1

Ha3bIBaeTCs Tapakmepucmuseckol dynkyueld k-meprozo pacnpedesenus
npouecca £(t).

Sameuganne. I3 Kypca Teopur BEPOSITHOCTEN M3BECTHO, ITO XapakK-
TepucTudeckast GYHKIHs k-0 MOPSIIKa O3BOJISIET BOCCTAHOBUTH COOTBET-
CTBYIOIIYO k-MepHYI0 DYHKIWIO PACIpEIeeH s, I09TOMY TH XapaKTe-
PUCTUKHY TIPU OTIUCAHUY BEPOSATHOCTHON CTPYKTYPHI CIydIaifHOTO MPOIEeCcca
SIBJISIFOTCsI B3anMo3aMeHsieMbiMu (M. 11. 14.6).

IIpumep 1.16. B ycroBuax npumepa 1.12 HaliTH XapaKTepUCTHIe-
ckyto dyHKImo mporecca &(t), ecin JONOIHUTEIBHO U3BECTHO, 9T0 X —
rayCccoBCKas CIydJailHas BeJNInHA.
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Pemenne. Ilycthn = Zk: zj€&(t;), rorma B cuiy §(t;) = X ¢(t;) nomy-
qaem 7 = X i zjp(t5), HOQ:(;My 7) — rayccoBcKas CIydaiiHasi BeJUduHa
CO CpegHUAM Iiz,ztncnepcneﬁ:

k k 2
my=mx 32 5e(t). Dy=Dx ( > Gelt)) . (110)

OTcrosia nosrygaeM BbIparXkeHHe JJisl XapAKTePUCTHIECKOH dyHKIUN:
Te(z 2 t ty) = M{e"} = expqim ~1p
E\Z1y oy 2k U1, - lk) = = P n 2 (>

rae my, D, onpenenenst B (1.10) u y4ureno, 9410 [Isi TayCcCOBCKOIL CIIydaii-
Hoit BesmumHbLI ) npu Jo6om A € R! cripasenuso (cm. 1. 14.6)

4 . A2
M{e”‘”} = exp{z)\mn — TD"}' [ ]
3aMedanue. Boime 6LLI BBeIeH B pPACCMOTPeHHUe OeJIbil Iy M ¢ JIuc-
KPETHBIM BPEMEHEM, T.€. IIOCIEI0BATEILHOCTh NEHTPHPOBAHHBIX He3a-
BHUCHMBIX H, CJIEJIOBATEIbHO, HEKOPPEJUPOBAHHBIX CIYYAHHLIX BEJHYIUH.
Jlna cirydast HENPEPHIBHOIO BPEMEHW IO AHAJOIMH BBOJUTCA MOHATHE
6eno20 wyma kak npornecca &(t) ¢ MOMEHTHBIMU XapaKTEPUCTHKAMMU

me(t) =0, Re(t,s) = o?5(t — s),

rae 0(7) — penbra~-dyukims dupaka (cm. 1.13.5). OdeBupgHO, UTO
R, (t, s) =0, ecau t # s, T.e. CeYEHUs] ITOrO IPOLECCA, NAXKe [PHU OYeHb
Gausknx t u s, Hekoppesuposanbl. OxHako £(t) He sBasieTCss TUIBOED-
TOBBIM CJIydailHbIM mporeccoM, Tak Kak Dg(t) = Re(t,t) = oo mpu Beex
t € T. Takum obpazoM, HeJIbIil IIyM C HEITPEPHIBHBIM BPEMEHEM (DU3UIECKH
Hepean3yeM, OJHAKO OH SIBJISETCS YIOOHOW MaTeMaTWIecKOW MOIEThIO
JUUTsl OTIUCAHUSA JIMHAMUYECKUX CUCTeM, (DYHKIUOHUPYIOIUX B IPUCYT-
CTBMH TIOCTOSTHHO JEHCTBYIONMX CIydaifHbrx Bosmymenwmit (cm. ror. IIT).

1.5. Bagaum /11 caMOCTOSITEJIBHOTO peleHus.

1. Tokazarnb cBoiicrBa 1-6 kKoHeuHOMepHBIX pacupesenennii (1.1).

2. Jlokazarhb cBoiicTBa 1-6 1714 ceMeiicTBa KOHEYHOMEDPHBIX pacIpesiesieHuit,
HalileHHBIX B npuMepax 1.3, 1.4.

3. B yaioBusx npumepa 1.4 mocTpouTh Iy4oK TpaekTopumil mponecca &(t),
ecmn X n Y pacnpeneiieHbl paBHOMepHO Ha orpeskax [—1,0] u [0,1] coorset-
CTBEHHO.
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4. Jlokazarb, uro ans cymecrsopanus mg(t), De(t), Re(t,7) mpu Beex

t,7 € T mocraTouno, 4Tobbl BhmonHsock yenosue M{[£(t)|*} < co Vt € T.

Y ka3zaunue. Boconb3oBarscs HepaBerncrsoMm Kommu-BynsakoBckoro.

5. Jokasars, uro D¢ (t) = Re(t,1).

6. ITycrs B npumepe 1.4 X u Y uMeIoT IUNIOTHOCTH paclpeieseHus p ()
u py (y). Haittu aByMepHyIo IIOTHOCTH pacmpefesenus mpornecca §(t). IToka-
3aTh, 9YTO PACIpEeJIeHs] MOPsIKa k > 3 IUIOTHOCTH HE UMEIOT.

VY ka3zanue. BocosibzoBaTrbes hbopmyiioit npeobpa3oBaHus IVIOTHOCTH [IPU
HEBBIPOXKJEHHOM [Peobpa3oBaHuu CJIydailHbIX BesJuduH. [loKasaTh, 4TO Mepa

coBMectHoro pacupegenerus {£(t1),&(t2), ..., &(tk)}, k = 3, cocpenorouena Ha
HEKOTOPOM JIMHEHHOM TO/[IIPOCTPAHCTBE Pa3MEPHOCTH 2.
1 T2 — X1 T2 — T1
OrBer. T1,T2; t1,t2) = ——— T - — e JIst
Pe(@1, 25 1, t2) tz—t1PX<1 tz_h)py(tz_tl)Jl

MOMEHTOB t2 > t1.

7. Iycrs B npumepe 1.13 ciay4aiinble Besuuunbl X; SABJISIOTCS HE3ABUCHMbI-
Mu u rayccoBckumu ¢ pacupenenennem N (0;1). Haitru Fe(z; t).

VYkazanune. Oupenesurb MaTeMaTHIeCKoe OXKHUJAHUE M JUCIEPCUIO IIPO-
necca £(t).

8. Iycrs £(t) = Xt* +Yt, t > 0 — cayuaitasii nponecc, rae X, Y — Hesa-
BUCHMBIE CJTydaitHble BEJIMYUHBI ¢ rayccoBckuM pactpesernennem N (0; 1). Haiitu
BEPOATHOCTH TOTO, YTO TPAEKTOPHS MOHOTOHHO HE yOLIBAET.

Orser. P{£{(t) —neyboBalomas byukmua} = P{X > 0,Y > 0} =1/4.

9. B yc0oBuaX Npeaplaymel 3a1a491 HaliTH BEPOATHOCTD CILy9aitHOrO COObI-
THT A = {1;n>1(r)1§(t) < 0}.

Orser. P{A} =P{X >0,Y <0} +P{X <0,Y >0} =1/2.

10. Cny4aiinbrii nponecc 3aman coorromenunem &(t) = X + at, t > 0, rae
X — «iyuaiinag BeawuWHa ¢ HelnpepblBHOH (yHKIUel pacrpeenenus,
a a > 1 — gerepmuHuMpoBaHHasl nocrosiHHas. Ilycrs D C [0,00) — HekoTopoe
KOHEYHO€E WJIM CYETHOEe MOAMHOXKecTBO. HaliTu BeposTHOCTH cOOBITHIL:

1) P{&(t) = 0 xors 6bl mast onHoro t € D},

2) P{&(t) = 0 xora 661 aqis oxHoro ¢ € [0,1]}.

Orser. 1) 0; 2) P{—a < X <0}.

11. Haiitn xoBapuanuonuyio ¢yukuuo nponecca &(t) = X cos(t +Y), rue
X, Y nesasucumer, X umeer pacnpenenenune N(0;1), a Y umeer paBHOMepHOE
pacrpejiesienue Ha [—, ).

Orser. Re(t,7) = cos(t — 7).

12. HaiiTn MaTeMaTHIeCKOE OXKHUIAHNE U KOBAPHAIUOHHYIO (DYHKINIO KOM-
IJIeKCHOrO ciryuaiioro mponecca &(t) = Ue'V?, rne U, V — HesaBucuMbIe City-

qajinble Besuwannbl, M{U} =0, D{U} = D, a cayuvaiinas Benuuuna V pac-
«
HpejeeHa Mo 3akoHy KoIlM ¢ IVIOTHOCTBIO BEPOSTHOCTH Py (T) =

(a2 +22)’
raoe a > 0.
oo
cos Bz
Ykaszauue. Bocronb3oBarbcs TaOINIHBIM HWHTETPATIOM ——— dr =
a‘ +x
= T e—elBl, -
e

Orser. m(t) =0, Re(t,7) = De—alt=71
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§ 2. OcHOBHBIE KJacChl CIIyYailHbIX IIPOIECCOB

2.1. TayccoBcKue ciiydaiiHbie IIPOIEeCcCHI.

Onpegenenue 2.1. JeiictBurensubiii caydaiinsii nporece {£(t),
t € T} Ha3BIBAELTCS 2aYCCOECKUM, ECITH €TO XAPAKTEPUCTHIECKAsT (DYHKITHSI
nMeeT BUJL

We(z1, ooy 2y te, .onst M{exp( Z Zjﬁ(tj))} -

k kK
. 1
= exp(z > zjme(t;) — 3 > E e(t1,t; zlzj) (2.1)
=1 1=1j=1

rje 21, ...,2x — IMPOU3BOJbHBIE BEIIECTBEHHBIE YUCIA, b1, ...,t; € T, a
me(ty) = M{&(t;)},  Re(tity) = cov{€(t),€(t))}-
XapakTeprcTnaeckyo (GyHKIMIO MOKHO IIPEJICTABAT B BHJIE
Ue(z; b, ... tg) = exp(iz*m;S - %z*Rgz) , (2.2)

rae 2 = {z1, ..., 2k} me={me(t1), ... me(te)}" 1 Re = {Re(ti,t5)}-
Kax y»ke roBopmiioch panee, XapaKTepUCTHIECKas (DYHKIWS TTOTHOCTHIO
OIIPEJIEJISIET PACIPEeSIEHHE COBOKYITHOCTU CJIy9YallHBIX BEJNYUUH, U TEM
CaMbIM 33/IaHO ¥ HOJHOE CeMeWCTBO KOHETHOMEPHBIX PACIIPEIEJIEHHIA.
Bameuwanus. 1) U3 Kypca Teopum BepOSITHOCTEH W3BECTHO, UTO
rayccoBckuit ciydaiineiit Bekrop 7 = {1, ...,Nk}* ¢ MareMaTHIECKUM

OXKUJTAHUEM 77, W KOBAPUAIMOHHON MaTpPHIIei R, nmeeT mIOTHOCTE pac-

upeiesienus p, () TOrIA 1 TOIBKO TOIJA, KOTAa MaTpuna R, — HeBbipo-
KJeHHast, T. e. det[R,] > 0. B stom ciayqae

1 1 T
Po®) = Gy exp{ ~5(e —m,) Ry (e~ m,)

Taxum obpasom, ecnu Marpuna Re = {Re(t;,tj)}i j=1,... k IOIOKUTENILHO
ONpEJIeNIena, TO COBMeCTHOe pacnpenesenne cedenmit {£(t1), ..., E(tg)}
MMeeT IIOTHOCTD BEPOSITHOCTH

1 1 e
pelw; te, .o tk) = CORECTIBIRE exp{—g(m —mg) R, N —mﬁ)},
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rae me = {mg(t1), ....me(te)}*, Re ={Re(ti,tj)}, == {21, ..., z}"
CBs13b MeXKJLy XapaKTepHCTHIeCKOil (DyHKIMEH U INIOTHOCTBIO PACIIPE/ie-
JeHns: k-ro mopsaKa MMeeT BUJL

pelw; te, .. t) = (2m)~* J e W (25 by, L, 1) da.

Rk
Ecmun xe det[R¢] =0, To 10 o3mauaer, uro cedenust {{(t1), ...,E(tx)}
JUHENHO 3aBUCHMMBbBI, & WX COBMECTHOE pacrpeeseHue Fg(:c; ty, ..., tx)

TIJIOTHOCTY HE MMEET.
2) HeTpymHo TpOBEPHUTH, WTO CEMEHCTBO KOHETHOMEDHBIX TayCCOB-
CKUX PaCIpeIeJIEHNi, COOTBETCTBYIONIEE CEMENCTBY XapaKTEPUCTHIECKIX
dynkmit (2.2), ynosmerBopsier ycaousiM 1-6 Teopembr Kommoroposa
(em. m.1.3). Taxum obpasom, npomssoabubl HaGOp {£(t1), ...,&(tk)}
CedeHUl rayCCOBCKOI'O CJIy4aifHOTO IIPOIECCA SIBJISAETCH CIydalHBIM BEK-
TOPOM C TayCCOBCKHMM paciipeiesierneM. [loqaepkaeM Tak»ke, 9TO BCE ITHU
PACIPEJIENIEHUsT C02A4aC068aHb, (B CMBICIIe onpezesenns 1.9).

3) U3 ompezesnennsi rayCcCOBCKOTO ITIPOIECCa CJELYET, UTO CeMeHCTBO
€ro KOHEYHOMEDPHBIX PACHpPENeeHN IMOJHOCTHIO OIPENENISIeTCs JIBYMSI
MOMEHTHBIMU XapPAKTEPUCTUKAMU: MATEMATHIECKUM OXKUJAHUEM U KOBa-
PUAIMOHHOM (DyHKITHEIA.

IIpumep 2.1. IIycts Xy, ..., X,, — COBOKYITHOCTD CJIyIaWHBIX BEJIH-
“IMH, COBMECTHOE pacIpe/iejieHie KOTOPhIX — rayccoBckoe. [lokasars, aro
CJIy4daiiHbIi IIporece

€)= 3 X,£,(0),
=1

rze f,(t) — HeKOTOpBIE JeTePMUHUPOBAHHBIE (DYHKIUHU, SIBJISIETCS TAYCCOB-
ckuM. HaiiTn MaTeMaTH9eCKoe OXKUJIaHWE W KOBAPHAIMOHHYIO (DYHKIIUIO
npouecca &(t).

Pemenwme. Jlia mekoToporo Habopa MOMEHTOB BpeMenu {t1, ..., tx}
Haii/leM XapaKTepuCTUIecKyo (byHKIIUIO COBMECTHOTO PACIIPEIeJIeHHs Ce-
wennit {£(t1), ...,&(tx)}. Tlo onpenenenmo

\Ijﬁ(zlv s 2kt 7tk) =
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e a; = Z f1(t;)z;. TlockoabKy COBMECTHOE pacHpejeseHne CILy dailHbiX
BeJIMYUH {X 1, -+, X} ABJIAETCS TAYCCOBCKUM, TO

\Ifg(zl, cee s Rk tl, ...,tk) =

= exp(il_ilM{Xl} a, — Z Z cov{X, X, }a am>

llml

Hamnee, nomcrapiss BLIPaXKeHU AJI ), HAXOIUM

ZM{X}al ZM{é )} 255

n n k Kk
S cov{X, Xt aam =D cov{&(ti),&(t))} zizj,

I=1m=1 i=1j=1

TIIe

M{£(t)} = ZM{Xz}f t) = mg(t),

=1

cov{{(t) i i_ cov{ X, X;n} f,(t) fm(s) = Re(t, s).

Takum 06paszom, npomecc £(t) sABASETCS TayCCOBCKAM, MOCKOJIBKY €ro
XapaKTepHuCcTHiecKass (PyHKIUs yAoBlIeTBopser omnpenesnenuto 2.1. Ko-
HETHOMEDHOE DACTIpeIeNieHne k-To MOPsIKa B TOUKax {t1, ...,l} WMeeT
IUIOTHOCTD, eciu MaTpuna Re = {cov{{(t;),£(t;)}}ij=1, ... .k mOMOXKMTETH-
HO omnpejiesieHa. W

TIpuBesem npuMep TaycCOBCKOTO MpoIecca, He MMEMMIEro MIOTHOCTH
pacupeaenenus k-ro nopsaaxa (k > 2).

IIpumep 2.2. HaiiTu mI0THOCTH OTHOMEDHOT'O PACIIPE/ICICHUS TayC-
COBCKOTO CJIydaiiHOIo Ipolecca

EB)=X+t, t=0,

rie X — caydaitHas BeJmdanHA ¢ TayccoBckuM pactpenedennem N (0;02),
o > 0. Ilokazarsk, 4To £ HE UMEET IJIOTHOCTH PACIIPEIEIeHUs k-TO MOPSIIKa
npu k > 2.

Pemenne. Cuyuaiinas pesmunta &(t) mMmeeT TayCcCOBCKOE pacIpejie-
aerme N (t;02). lostomy B cuity o > 0 pacrpe/esieHne epBOro MOPSAIKa
crrywaiinoro mporecca £(t) nMeeT MIIOTHOCTD

pelz;t) = \/zl—m exp {—%} :
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OpHako y2Ke pacupejiesieHne nopsjika k = 2 He nMeeT IJIOTHOCTH, TaK KaK
MaTpHUla KOBapHUaIui

o o?
Re = {oove(t). 60 Wigra = (72 02 )

BoIpoxkaeHa. OTCyTCTBHE TJIOTHOCTH OYEBHIHO, MOCKOIBKY CIIyHaifHbIe
Besmunabl £(t1), £(t2) csazambl coorHOmenneM (ta) = £(t1) + t2 — t1 n,
cllefloBaTe bHO, X COBMECTHOE paclpeneienue B R? cocpemoTodeHO Ha
MmHO)ecTBe {(21,T2): X2 = 1 + t2 — t1}, MMeromeM HyJseByo Mepy JleGe-
ra. Iys crydas k > 2 aHAJOTHYHOE PACCY»KACHHAE TOKA3BIBAET OTCYTCTBUE
IJIOTHOCTH Paclpe/eseHns. M

Cuenmryromuii mpuMep JeMOHCTPUPYET TayCCOBCKHUil IPoTece, y KOTOPo-
T'O BCe KOHEYHOMEpHbIE PacpeeIeHns IMEIOT IOTHOCTD.

IMMpumep 2.3. IlokasaTb, 4TO CyIMIECTBYeT IayCCOBCKUI CIIydaiiHbIit
nponecc {£(t), t > 0} ¢ xapakTepucTHKaM®

M{¢(t)} =0, cov{{(t),&(s)} = min (¢, s),

OPHAYEM BCE €ro KOHETHOMEDPHBIE PACIIPEIEIEHAA UMEIOT TIOTHOCTD.

Pemenune. Ecm dbynknms Re(t,s) = min(t,s) ssasiercs HeoTpn-
[ATETHHO-ONMPEIETEHHO, TO CyIECTBOBAHNE TayCCOBCKOTO Tpomecca &(t)
c mg(t) = 0 u xoBapumarmonHoii dynkrmeit R¢(t,s) cienyer us npume-
pa 1.14 u ero pemenusi. Eciu ske Re (¢, $) — H0I0KATEILHO-OLPEEIEH A,
TO KOHEYHOMEpHBIe pachpemesenusi nponecca &(t) (B mpeamomoxeHnn
TayCCOBOCTH ) UMEIOT TIOTHOCTD PACIPEIEIIECHNSI.

Dynrnust Re(t, s) = min(t, s) 6yger NOI0KATEILHO-OIPEAEIEHHOI, ec-

JU i JTIOOBIX Pa3nIHBIX MOMEHTOB BpeMenn 0 < t; < to < ... < {tg
KOBapuanuoHnas Marpuna Re Bekropa £ = {{(t1),&(t2), ..., &(tk)}*, ume-
fOIIast BU

t1 41 t1

t1 t2 t2

Re=| 0. )

1 t2 i
SIBJISIETCSL  [TOJIOXKUTEJIbHO-ONpenesiennoii. Ilocinennee o3Havyaer, d9TO
2*Rez > 0 1715t BCSIKOTO HEHYJIEBOIO BEKTOPa 2z = {21, ..., 2k }" € RE. st

JOKA3aTeNbCTBA 3TOr0 (pakTa paccMOTpuM (DyHKITHIO
k
f(s) = Z ziI[o,ti](5)7
i=1

rze Ij4,)(s) — maamkaropras dbynknus orpeska [0,t;]. B cury Toro uro
Bee t; > 0 pasnmvHBL, a z; HE PABHBI HYJO OJHOBpeMeHHO, byHKmmsA f(s)
He paBHA HYJIIO TOXJeCTBeHHO. [loaToMy

t

J|f(3)|2 ds>0 mupm t>tg.

0



§ 2] OCHOBHBIE KJIACCHL CJIVIAMHEIX [IPOLECCOB 33

Torna

t t

E ok
.[|f(s)|2 ds =" 2z JI[O,ti](s)I[O,tj](s) ds =

0 i=1j=1 )

ko k
=33 zizjmin(t;, tj) = 2" Rez > 0,
i=1j=1

YTO W O3HAYAET TOJOKHATEJNLHYIO ONPEIeeHHOCTh KOBAPHUAIMOHHOM
marpunsl Re. Takum 06pasoMm, COBMECTHOE DPAaCHpPelesIeHHEe CEUeHHil
&(t1), ..., &(tx) Tayccoekoro nponecca £(t) mMeer mIOTHOCTH. M

Onpemenenne 2.2. Tayccosekuii cyqaiinsiit npomece {£(t), t > 0}
C HENPEepPLIBHBIM BPEMEHEM, MOMEHTHLIMHA XapaKTePHCTAKAME

M{{(t)} =0, cov{{(t),{(s)} = min(t, s), t,s>0,

n BeIXOAAMH u3 Hyus, T.e. £(0) = 0, HasbBaeTcsa cmardapmHbLM 6UHE-
posckuM npoyeccom (MIH NPOYECCom BPOYHOBCKO20 JBUINCEHUA).

DTOT Tporece 06Ia1aeT MHOTUMHI 3aMeYaTeTLHBIME CBOMCTBAMH 1 Oy-
JIET TIOAPOOHO M3ydaThbCsl B TJIABE, TOCBSIIEHHON CIIydYaiiHbIM (DYHKIIUSIM.
31ech MBI PUBEEM TOIHKO HEKOTODPHIE €TI0 CBOWCTBA, KOTOPBHIE MOXKHO
BBIBECTH HETIOCPEJICTBEHHO U3 ONpejieenus 2.2.

IIpumep 2.4. ITokazarb, 4TO TpUPAIIEHUs TPOIECCA OPOYHOBCKOIO
JIBUKEHUST HA HETIEPECEKAIOIINXCs IIPOMEXKYTKaX BPEMEHN HE3aBUCUMBIL, a
TaKKe HAWTHU pacIpejiesieHne MPOU3BOJLHOTO TPUPAIIECHUSI.

Pemenwme. IIpexe Bcero 3amMeTnM, 9YTO COBOKYITHOCTD TPUPAITEHMIH
rporiecca 6POYHOBCKOTO JIBUKEHUS

E(t1) —&(to),  &(t2) —&(t1), ..., &(tr) — &(th-1),

rme 0=ty <t1 <...<tp m & (to) = (0, uMeeT TayCCOBCKOE pacIIpesesie-
HEUE B CHJIy TayCCOBOCTH ciydaitmoro Bektopa {&(t1),&(t2), ..., &(tk)}*.
IlosTomy miisi MOKA3aTebCTBA HE3ABUCUMOCTH MPHUPAIIEHUNH TOCTATOIHO
YCTAHOBUTb WX HEKOPPEJWPOBAHHOCTH. VITak, 1 MOMEHTOB BpPEMEHU
t; < t; BEpDHO COOTHOIICHUE

cov{{(ti) — &(ti—1),&(t;) — &(tj-1)} =

= min(ti, tj) — min(ti, tj—l) — min(ti_l, t]‘) + min(ti_l,tj_l) =0,
YTO O3HAUAET HEKOPPEJMPOBAHHOCTH IpupamieHnii nporecca &(¢) Ha mpo-
MeXyTKax [ti_1,t;] u [t;_1,t;].

Kak yxe ormeuasioch, npupamerne &(t) — £(s) mmeeT rayccoBckoe
pacnpejesierue. [loaTomy

£(t) — &(s) ~ N(0s ]t — s]), (2.3)

3 B.M. Musaep u A.P.Ilankos
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Tak kak M{(t) —&€(s)} =0 m D{&(t) — &(s)} =t + s —2min(t, s) =
=t—s/. m

Ilpumep 2.5. HaiiTu mIOTHOCTh KOHEYHOMEDHOIO DPACIPE/IETCHUS
nporecca GPOYHOBCKOTO JIBHKEHNSI.

Pemenune. PaccMoTpuM mpupalieHus Iponecca GpoyHOBCKOTO JIBH-
JKEHUS:

m =&(t1) —&(to), me=E&(t2) —&(t1), -y Mk = E(tk) — E(th—1),
e 0 =ty < t; <...<tg. [lockomeky &(t) = 0, TO
Et1)=m, El2)=m+mn ..., E{te)=m+...+m.

ycts p, (-) — muoTHOCTH pacTpeseenus BeKTopa 1 = {n1, ..., Mk},
a p, () — mrorHOCTH pacnpesesnenns npupamenns 7;. Torza mrorHOCTH
pacnpenenernust Bektopa & = {£(t1), ..., &(tx) }* paBHa

pg(xl, vy Ty tl, ...,tk) =pn($1,l’2 — L1y ---, Lk —$k_1) =

= pm(wl)pm(mg - wl) e pnk(mk - $k—1)7

rJe IepBOe PABEHCTBO CJIEyeT W3 TOrO, YTO SIKOOMAH IpeoOpa30BaHMs
7 — £ paBeH O MOAYJO 1, a BTOPOE MO[y9€eHO C YIeTOM HE3aBUCAMOCTHU

CIIy9aliHbIX BEJINYUH 7)1, ..., Ng. Torma n3 (2.3) caexyer
1 _ (zi—zi_1)®
pg(wl, Tyt o ty) = [ m———=e It tial, (2.4)
i=1 27r|tl- — ti_1|

tneto=0umxg=0. m

B npmiiozkeHUsX BECbMa 9aCTO IPHXOJUTCA EMETD JIENO C 1-MEPHBLMU
2ayccosckumy npoyeccamu, tae n > 1. Ilo aHamormm ¢ BBEJEHHBIM Dpa-
Hee ompesesienueM 2.1 Mbl MoxkeMm HazBaTh nporecc {£(t) € R?, t € T'}
rayCCOBCKHM, €CJIU IIPU JIOOBIX by, ..., tx € T, k > 1 (n X k)-MepHbIii ciy-
waitablit BekTOp ) = {£*(t1), ..., E*(tr) }* mmeeT rayccosckoe (n X k)-mep-
HOe pacrpemeserne. Bcee cBocTBa TaKOro Mporecca MOJHOCTHIO OIpe-
HEJTI0TCA N-MePHOM (DYHKIUEH MaTeMaTHIECKOTO OXKUIAHUAS M 5(zf) u
(n X n)-mepHoO#t (T.e. MaTpU4HON) KoBapuanuoHHOH dyHKImell Re(t,s),
KOTODPast BBIYUCIAETCA CIEYIOIUM 06pa3oM:

Re(t, s) = M{(¢(t) = m())(&(s) —me(s))" } =
= M{E(E" ()} — m(tym(s).
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2.2. CayuaiiHble OPOIECCHI C KOHEYHBIMU MOMEHTAMHU BTOPOTO
nopsiaka. MHorme mpuWKIagHble 334a9W B 00JacTH (DU3NUKA W TEXHUKU
JIOIIyCKAIOT pEIlleHre, OCHOBAHHOE Ha, MCIIOJIBb30BAHUN JIUINb IIEPBBIX JIBYX
MOMEHTHBIX XapPaKTEPUCTUK CIYyJIaiflHOTO MPOIecca — MaTeMaTHIeCKOro
OXKWJIaHUSI W KOBapUAIMOHHON (yHKIuU. DTO TeM Oojee yI00HO, IO-
CKOJIBKY 5TH MOMEHTHBIE XapPaKTEPUCTUKN MOXKHO JOCTATOYHO IIPOCTO
BOCCTaHOBUTH, 06pabaThiBasl CTATUCTUYECKUE JaHHble. B JJaHHOM IIyHKTE
M3JIaraloTCsl OCHOBHBIE CBOWCTBA MPOIECCOB € KOHEYHBIMH MOMEHTaMU
BTOPOTO HOPsJIKa (THIBOEPTOBBIX IPOMECCOB), KOTOPBIE BYIyT IOCTOSTHHO
WCTOTH30BATHCS B TIOCJEYFOIIEM.

B coorBercTBUm ¢ ompenenennem 1.18 MBI paccMaTpuBaeM KOMILIEKC-
HBIE IIPOIECCHI, TPEIACTABUMBIE B BUJIE

€(t) = X(¢) +4Y(t), teT,

rae X (t),Y(t) — neficrBrTenbHbIe CTydaiiHBIE IPONECCHI ¢ KOHEYHBIME
MOMEHTAMH BTOPOTO MOPsIKa. B jajbHeifneM jJist IpOCTOTH TPEIIIoa-
raercst, ato M{£(¢)} = 0 mns Bcex t € T

Onpegmenernne 2.3. Kopapuanuonnas dbyHnknus nporecca §(t) nme-
eT BUJ,

Re(t,5) = cov{£(t), &(s)} = M{E(WEG) }

T7ie Z O3HaYaeT KOMILIEKCHYIO BEJUIUHY, COMPSIYKEHHYIO K Z.

K kitaccy rusib0epTOBBIX MPOIECCOB OTHOCSITCS PACCMOTPEHHBIE B IIPe-
JBIAYIEM IIyHKTE TayCCOBCKME IMPOIECCHl M, B YaCTHOCTH, ITPOIECC
O6poyHoBCKOTO nBrKeHUs. CIleayonimii Mponece TakXkKe SABISAETCA THJIb-
6EPTOBBIM.

Ipuwmep 2.6. [lycrs coywaiimas dynkmus &(t) = Ueiwtte) t e RY,
e U — neficteurensHas caydaiinas seamauna ¢ M{U} =0, D{U} =
=D < o0, a ciyvaiiHasl BeJIMYWHA  He 3aBuUcHT OoT U W pacrpeieseHa
MpoM3BONBHEIM 06pasoM Ha [0, 27|. TlokasaTh, uTo ciryvaiinas GyHKIAsS
&(t) siBasieTcss TUIBOGEPTOBBIM IIPOIECCOM, U ONPENEJUTh €€ MOMEHTHBIE
XapaKTEePUCTUKH.

Pemenue. B cuny HezaBucumocru ciryvaiiabix Besmuun U u ¢

m(t) = M{£(t)} = M{Uei(wt+<ﬁ)} - M{U} M{ei(wt+tp)} —0,

D(t) = M{[£(t)]*} = M{U?} = D < oo.

Takum o6paszom, &(t) — meficTBurenbHO THILGepTOB Nponece. Onpemennm
€ro KOBapHUAIMOHHYIO (DYHKIIHIO

Re(t,s) = M{g(t)@} = M{UZei(th)e—i(wsw)} — De(t—5) m

3*
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KoBapunannonnas (byHKuHﬂ SIBJISIETCST  HEOMPUUAMEALHO-0NPEedeseH-

1o, T.e. A 00X t1, ..., t, € T W IPOU3BOILHOTO HAOOPA KOMILJIEKC-
HBIX auces {21, ..., 2.}, n > 1, IMeeT MecTo HepaBEHCTBO

n n

Z Z Z,’ZjRg(ti,tj) 2 0. (25)

i=1j=1

DTO COOTHOIIEHUE noyvaeTCd CJACAYyIONINM 06pa30M:

n

< D{i zig(ti)} Z Z zizjcov{{(t;) i Z: iZjRe(ti, tj).

i=1j=1

ITpuBejieM OCHOBHBIE CBOICTBAa KOBAPHAIMOHHON (DYHKIMH, KOTODbHIE
HENOCPECTBEHHO BBITEKAIOT M3 CBOICTBA HEOTPHIATENHHON OIpEesIeH-
HocTH (2.5).

Teopema 2.1. Kosapuayuornaa @yrryus Re(t,s) esuavbepmosa
cayuatinozo npouecca {£(t), t € T} obaadaem caedyprowumu ceoticms-
samu;:

1) Re(t,t) = De(t) > 0 dan scex t € T}

2) Ko6aAPUALUOHHAA PYNKUUA ABAALMCA IPMUMO60T, m.e. ydosae-
MBOPAECTM YCAOBUIO

Rg(tl,tg) = Rg(tz,tl) Vi, ty €T,

3) xosapuayuornas Pyrkuus ydosaemeopsem wepasencmsy Kowu—
Bynaxosckozo

|Re(t1,t2)|? < Re(ty, t1)Re(ta,t2) Viti,ta €T

4) das 6cex ty,ta,t3 € T umeem mecmo HepaseHcmeo

|Re(t1,t3) — Re(tz, t3)[* <
< R§ (t3, t3)[RE(t17 tl) + Rg(tg, tg) —2Re Rg(tl, tg)]. (26)
Ecim pganbl 1Ba THILGEPTOBLIX CIyYaliHBIX HPOIECca, TO MOXKHO
OTPENIENTUTh WX B3aWMMHYI0 KOBAPMAIMOHHYIO (DYHKIMIO (CM. OTpesese-
aue 1.19).
Bameuwanme. Ecmm £(t) = X (t) + 1Y (¢), tme X (t), Y (¢t) — nentpm-

pPOBaHHbBIE rZ[eI;'ICTBI/ITe.TIbeIe IIPONECChl C KOHEYHBbIMU JUCIIEPCUAMU, TO

Re(t,s) = M{(X(t) +iY (1)) (X (s) — Y (s))} =

=R (t,s)+ Ry(t,s) —i[Ry(t,s) — Ry x(t,9)].
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Teopema 2.2. Jas scarxol neompuuyamenvro-onpedesennoti dymx-
yuu R(t,s), t,s € T cywecmesyem zuavbepmos caywatinmd npouece {£(t),
t € T} ¢ xosapuayuonnoti pyrruyued Re(t,s) = R(t,s).

3ameuanwne. g geficTtBuTeIbHON KOBapUAIMOHHONW (DYHKIUU DPe-
3yJTBTAT TEOpEMBI BHITEKaeT n3 npumepa 1.14. B srom cryuae nponece £(t)
MOXXHO BBIOpATh JAEfCTBUTELHBIM W TayCCOBCKUM, TOCKOJIBKY 3aJaHHASs
KOBapHalnuoHHas QyHKIWs 00J1a/1aeT CBORCTBOM HEOTPHUIATEIBLHON Ompe-
JIEJIEHHOCTH.

Kutacc koBapuarnmoHHbIX (byHKIUN 00/Ia1aeT CIAELYIOMMMEI CBOWCTBA-
MM 3aMKHYTOCTH OTHOCUTEJBHO Psijia OTepaIuii.

Teopema 2.3. Ilycmv Re,, Re, — xosapuayuornsie GyHxyuy 1exo-
MOPHLT  CAYHAUHBLE NPOUECCO8, ONPEIEAEHHBIT HA O0OHOM U MOM dice
mrooicecmee T. Tozda oy Re, + aaRe, npu o, = 0 maxoice asasemesn
KosapuayuonHot gyrryued Hexomopozo 2uabbepmosa npouecca.

Teopema 2.4. IIycmo {Re, (t,s), n=1,2,...} — nocaedosamenrn-
HOCTND KOBAPUAUUOHHHLEL PYHKUUT HEKOMOPHILE 2UADOEPMOBHIE CAYUATHHLL
NPOUECCO8, ONPEICAEHHVT HA 00HOM U Mmom dice muoscecmee T. Toeda
ecau Re, (t,8) = R(t,s) npun — oo das ecex t,s € T, mo R(t, s) maxorce
ABAACNCA KOBAPUAUUOHHOT PYHKUUET HEKOMODPO20 2UABOEPMOBA CAYUAT-
HO20 Npoyecca.

3ameudanue. JJoKazaTeIbCTBO THX TEOPEM CTAHOBHUTCS OYEBUIHBIM,
€CJIA IPUHSATH BO BHUMAHWE, YTO [MPHU CJIOXKEHUN KOBAPUAIIMOHHBIX (DyHK-
Ui ¢ HEOTPUIATEJBHBIMU BECAMU U TIPU MPEIEIHLHOM MIEPEXOJIE CBOWCTBO
HEOTPUIATETHHOM ONPEeIeIEHHOCTH COXPAHAETCS.

TloBenenne TpaekTOpuUil rIALOEPTOBLIX MPOIECCOB OMPEIEIISIETCS CBOM-
CTBaM¥ €ro KOBapUAIMOHHON (DYHKIUU JIUIIh B HEKOTOPOM YCPEIHEHHOM
cmpice. IToapo6HO cBoCTBA TpaeKTOPHUit 3TOTO KIacca MPOIeccos (Hempe-
PBIBHOCTB, JuddepeHnupyeMoCTb U HHTErPUPYEMOCTD) PacCMaTPUBAIOT-
csa B ot II1.

3aMeTnM, ITO JWHEeHHasT KOMOMHAINS THIHOEPTOBBIX MPOIECCOB TaK-
2Ke SBJISIETCS MPOIECCOM DTOTO THUIIA.

Mprmep 2.7. Ilycrs £(t), n(t) — onpenenennsie Ha T rEabGepTOBBHL
nporecchl. IlokazaThb, 9T0

Y(t) = ab(t) + Bn(t), o>+ B> < oo,

TaKzKe ABJIAETCs TUIHOEPTOBBIM IIPOTIECCOM.
Pemenne. B cuny mepasencrsa |v(t)|? < 2 (|aé(t)|? + [Bn(t)]?) na-
XO/IM

M{[y(®)*} < 2 (le*M{®) [} + [BPM{[n(t)*}) .

rae M{[£(t)|*} < oo m M{|n(t)|*} < oo, nockombky &(t), n(t) — rumsbep-

ToBbl nporecchl. Caesoparensno, M{|y(t)|[*} < oo, uTo u TpeGosasoch
JI0Ka3aTh. M



38 OCHOBHBIE ITOHSATUA TEOPUU CJIVYAWUHBIX [IPOIIECCOB [Fﬂ. I

2.3. CranuoHapHbIe CJIy4daiiHble ITpoIecchl. BaXHBIM KJIacCOM
CIly9aiiHBIX TIPOMECCOB SBJSIOTCS CTAlHOHApHBIE mporecchl. CBOWCTBO
CTAllMOHAPHOCTH O3HAYAET HE3aBUCUMOCTb HEKOTOPBIX XapaKTEPUCTUK Ce-
geHnil mporecca or Bpemenn. KoOHEYHO, Ui PEasbHBIX IPOIECCOB 3TO
YCJIOBHE BECHbMa, OIPDAHUYUTENHHO, OJHAKO OHO BBIMIOJHSIETCS JIOBOJIBHO
9acTo, eCIU PACCMATPUBATH MIPOTECC Ha JIOCTATOYHO KOPOTKOM MHTEPBAJIE
BPEMEHU, B TE€UEHUE KOTOPOT'O BEPOSITHOCTHBIE XaPAKTEPUCTUKU [IPOIECCA
U3MEHSTIOTCS MaJIo.

Onpepenenune 2.4. Cuyuaiinstii nponecc {£(t), t € T'} nasbiBaercs

CMAYUUOHAPHDIM 8 Y3KOM CMBICAE, €CITH JIJIA JTI00oTo HAabopa ty, ...ty € T
COBMECTHOE pacnpejiesienne ciayvaiinbix seawans (¢ +7), ..., §(tk + 7)
OJHO W TO YK€ IJIsT BCeX T, TaKux, 4ro t1 + 7, ..., tpx + 7 € T.

Ecin CyHmIECTBYET MaTEMAaTUYIECKOE O2KNJaHE TaKOT'0O IIpo1ecca, TO OHO
OOCTOAHHO W PaBHO

M{£(1)} = M{£(0)}

a KoBapranuonnas Qyukims Re(t,s) (1pu ycrioBun CymniecTBOBaHUS BTO-
POTO MOMEHTA) 3aBUCHT JIWIIbL OT pa3HocTh (& — §).

Onpenenernme 2.5. Caywaiimstit mponecc {£(t), t € T'} masbBaeTcs
CMAYUOHAPHBIM 6 WUPOKOM CMBLCAE, €CITH JIst JHOObIX t, s € T', TaKuX, 9TO
t—seT

M{&(t)} = const, cov{{(t),&(s)} =C(t —s).

IIpuMepoM CTAIMOHAPHOIO B IIMPOKOM CMBICJE IIPOIECCa ABJISAETCS
PaCCMOTPEHHBII BhIIEe MEHTPHPOBAHHbIM MPONECcC U3 mpuMepa 2.6, KoBa-
puanuonHast GYHKINsI KOTOPOrO0 PAaBHA Deiw(t=s)

Ipumep 2.8. Ilycrh 3aman rayccosekmit mporece {£(t), t € T'} ¢ mo-
CTOSIHHBIM MaTeMmaTndeckuM oxumanunem M{£(t)} =m n xoBapmanmosn-
Hoit bynkuueit Re(t,s) = C(t — s). [TokazaTh, 9T0 STOT MPOIECC SBJISETCS
CTAIMOHAPHBIM B Y3KOM CMBICJIE.

Pemenune. Xapakrepuctmwaeckas pyHKIusa k-MEepHOTO pacrpeese-
Hus nponecca &(t) mst t1, ..., tx € T nmeer Bug,

k E k
. 1
We(z1, ooy iy b1y oy te) = exp(z > zjm — 3 > > C’(tl—tj)zlzj)
Jj=1

l=1j=1

U He W3MEHdeTCd IOpu 3aMeHe Bcex t; ma t,+7, [ =1,...,k Crenosa-
TEJLHO, W CaMu k-MepHBIE PaCIpeeieHuss HE M3MEHSIIOTCS [TPU 3aMeHe
Bcex t; Ha ¢, + T, IpEYeM 3TO BepHO HpHU BCeX k > 1 m MOOLIX T, TaKHX,
gro t;+7€T. W

IMpuwmep 2.9. Iycrs {w(t), t > 0} — npomecc GPOyHOBCKOTO IBH-
xkeanst u 7 > 0. ITokasars, uro npomecce Z(t) = w(t+7) — w(t), t >0,
SIBJISIETCST CTAIMOHAPHBIM, W HAWTH €r0 KOBAPUAIMOHHYTIO (PyHKIHUIO.
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Pemenme. Onpenennm MOMERTHBIE XaPAKTEPUCTUKY TIporiecca Z (t).

IMockoabky M{w(t)} = M{w(t+7)} =0, 7o M{Z(t)} =0 u

Ry(t,s) = cov{Z(t), Z(s)} = M{(w(t + 7) — w(t))(w(s +7) —w(s))} =
=min(t+7,s+7) —min (¢, s +7) — min (¢ + 7, s) + min (¢, s) =

T—|t—s| mpm |t—s|<T,
1o opu |t —s| > T

Takmm o6pasom, Rz(t,s) = C(t — s), 9T0 U JOKA3BIBAET CTAIMOHAD-
HOCTH mporecca Z(t). m

HernocpencrBenno w3 cBoiicTB KOBapwallmoHHON (YHKIUU TUILOED-
ToBa Tpormecca (cM. Teopemy 2.1) BBITEKAOT CIIELYIONHME CBOMCTBA
KOBapUAIMOHHON (DYHKIIUU CTAIIMOHAPHOTO B IMIUPOKOM CMBICJIE TIPOIIECCA.

Teopema 2.5. ITyemov C(t) — xosapuayuornas GyHKEyUL HEKOMOPO-
20 CMAUUOHAPHOZ0 6 WUPOKOM CMbicAe npouecca, 3adanrozo wa T, moada
oHa obaadaem caedyrouuMY Ce0TCEaAMU;

1) €(0) = 0;

2) C(t) = C(—t) 0an ecext € T

3) |C(t)| < C(0) dan ecex t € T,

4) |C(t1) — C(t2)|* £ 2C(0)[C(0) — Re C(t1 — t2)] 0as 6cex t1,t2 € T.

CBoliCTBa CTAITMOHAPHBIX CIIYUYaWHBIX MOCIEIOBATEILHOCTEN U CITydali-
HBIX QyHKIHH moapobno pacemarpuBatorcs B 0. II u III. Tam ke OymyT
BBEJIEHBI CIEKTPAJbHBIE XaPAKTEPUCTUKN CTAIUOHAPHBIX IIPOIECCOB, KO-
TOPBIE ABJSIOTCA YTOOHON AJbTepHATHBON PACCMOTPEHHBIM MOMEHTHBIM
XapaKTEePUCTUKAM U IIAPOKO UCTIOIb3YIOTCH JIJTsl PEIIEHUs PA3HOOOPA3HBIX
MPUKJIATHBIX 33129,

2.4. MapkoBckue Ipolieccbl. MapKoBCKue CiydaifHble IpPOIECcCH
06J1a/IaI0T BaXKHBIM CBONCTBOM HE3aBUCUMOCTH OYJYIIETO MOBEJCHUS OT
BCET0 MPOILIOTO. DTO CBOHCTBO HAa3BIBAECTCA OmMcymcemeuem nocaededi-
cmeus. Vinade TOBOPsl, €CJIH PacCMaTPUBAThL TEKYIIEe COCTOSTHIE MPOIECcca
&(t) B moment Bpemenu t €T KaK <«HACTOSAINEE», COBOKYIHOCTH BCEX
BO3MOXKHBIX cocrogamil {£(s), s < t} Kak «mpomutoe», a COBOKYITHOCTH
BO3MOXKHBIX cocToguuit {€(u), u > t} Kak «Byaymees, TO AJIsi MAPKOBCKO-
ro Tporecca npu (PUKCHPOBAHHOM <«HACTOAIMIEM> «Bymylnee» HE 3aBHCHT
oT «mpormwioro». IIpu 3ToM cemeiicTBO pacipepesienuit mpomecca Jyist u > t
3aBUCHT JIUITH OT COCTOSTHUSA MPOIECCa B MOMEHT BDEMEHH t.

Onpenenenne 2.6. Bemecrsemmbrit cmywaitaeii mpomece {£(t),
t € T} Ha3BIBAETCS MAPKOGCKUM Npoyeccom uu npoyeccom Maprosa, ec-
am gnsg mobeix £ € Tty < ... <tp_1 <tx, I =1,..., k mpomsBosbHOTO
nesioro k > 1 u mo6oro Gopesesckoro MuOkecTBa B € B(R!) BBImommeno
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PaBEHCTBO

P{g(tk) €B | f(tl)a s 7§(tk—1)} =

=P{(ty) € B | €(tey)} (Pemmw). (2.7)

CaoticTBo (2.7) HA3BIBAETC MAPKOBCKUM CEOTCMEOM.

3ameuanme. B coorromennn (2.7) yCIOBHBIE BEPOSTHOCTH OTIPEIe-
JITIOTCS. OTHOCUTEJILHO O-aJireGphl, NOPOXKIEHHON CIIyYaflHBIME BeJIAYH-
Hamu {&(¢1), -..,&(tk—1)} (B neBoit 9acTn) u o-anreGphHI, MOPOXKIAECHHOI
Tombko £(tx—1) (B mpasoit wactm). CooTromenne (2.7) MOMXKHO 3aIuCaTh
TaKKe B BUJIE

P{&(ty) € B &(t1) =1, -, E(th—1) = Tp—1} =

=P{&(t) € B E(te—1) =z},

e x, € R! — IIPOU3BOJILHOE JIOIYCTUMOE 3HAYCHUE CJIy YaiHOU BEJIUYNHDL
), 1=1,...,k

Takum 06pa3oM, BEPOSITHOCTHOE PACIIPE/IEIEHNE COCTOSHUS TPOIECCa
B MOMEHT BPEMEHMU i} 3aBUCHUT JIUIIb OT TOT'O, B KAKOM COCTOSHUU HaXO-
JUJICS TIPOTIECC B OJIMKAMIIIEM TPOIILJIOM, T. €. IPHU t = tf_1, HO HE 3aBUCUT
OT €ro COCTOSIHWM, TPEIINEeCTBYIOIINX MOMEHTY BpeMmeHu ti_i. MoxkHO
OKa3aTh (CM. sagady 10), 4TO 1 MAPKOBCKOIO IIPOLECCA IIPH JIHOObIX
B1,Bs e BR) us<u<t

P{{(s) € By, &(t) € By | £(u)} =
=P{{(s) € B1 [ {(u)} P{&(t) € B2 | §(w)}  (P-mm.). (2.8)

Onpenpenenne 2.7. Ileperodnas 6eposmHocms MAPKOECKO20 NPO-
yecca ONpeIeIIsieTcst Kak

P(s,z,t,B) = P{&(t) € B | £(s) = z}

npu t > s,z € R, B € B(R') u yaosieTsopser cOOTHOMEHUTO

P(s,2,t, B) = [ P(s,x,u.dy) P(u,y,t, B),
RL

KOTOPOE BBITIOJTHSIETCST JIJist BCeX S, U,t € T: s < u < t U Ha3bIBAETCAd Ypas-
nenuem Koamozoposa—Uenmena.

Onpenpenenne 2.8. MapKOBCKuil NpPOIECC HA3BIBAETCA 00HOPOO-
HbLM, €CITH

P{¢(t) € B | &(s) =2} =P(0,z,t — s, B).

Hamnee ma kpatkoctn Gyjaem nmucats P(0, z, 7, B) = P(z, T, B).
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s 0MHOPOZHOTO MapKOBCKOTO TIpoTecca ypapHeHne Koamoroposa—
YenMmena, yIpoImaeTcs:

Ple,s+1,B) = | P(z.s,dy) P(y.1, B),
R

rne s, t,s+teT.

st omipeesienst KOHETHOMEPHBIX PACIPEIETEHTH MapPKOBCKOTO TIPO-
1ecca JOCTATOYHO 3HATH €r0 IMEPEXOIHYI0 BEPOSATHOCTb W OJIHOMEDPHOE
pacipeiesienrie B HEKOTOPBIM HAYAJBHBINT MOMEHT BPEMEHHU, MOCKOJBKY
C MCIOJIb30BaHMeM (DOPMYJIbI TIOJHON BEPOSTHOCTH M MapPKOBCKOTO CBOi-
CTBa, JIETKO TOJYIAETCS COOTHOIIEHNE

P{{(t1) € By, ..., &(ty) € Br} =

= Jﬂ(d:co) J P(0, o, t1,dz1) .. J P(te1,zh_1,te, dzr),  (2.9)
R B By,

e 0 =to <t; <...<ty, Bi,...,B; € BR"), a 7(B) = P{£(0) € B}.

Ecau nepexoiinas BepOATHOCTb U HAYAJLHOE PACIIPE/IEJeHUE BEPOT-
HocTelt mporecca £(t) MMEIOT TUTOTHOCTH, T.e. CymecTByioT p(s,z,t,y),
pe(; 0), Takwe, wro s eex B € B(R')

P(s,2.t, B) = [p(s,a,t.y)dy,  w(B) = [pe(ao; 0) dao,
B B

TO u J1000€e pacipesiesienne k-To MOPsAIKa TaKyKe UMeeT ILIOTHOCTE!

k
pe(Tr, -y @hs b, s ty) = J I1 p(tim1:mi—1,ti, 2i) pe(w0; 0) dao.
Rl =1
(2.10)

Dyukuus p(s, z,t,y) HASBIBAETCT NEPETOOHOT, NAOTIHOCTIBIO PACTIPETIEIIE-
HUSI MAapPKOBCKOTO Iporiecca 1 mpu Beex s,t € T u z,y € R! ynosnersopser
COOTHOIIIEHUSIM:

1) p(s,z,t,y) > 0 (ycroBre HEOTPUIATENBHOCTH]);

2) J p(s,z,t,y) dy = 1 (ycnoBue HOpMUPOBKH).

R1

IIpuBemem HEKOTOpPBIE IPUMEPHI MAPKOBCKUX IIPOIECCOB.

IIpumep 2.10. Paccmorpum mociieioBaTesibHOCTh OpocaHuii cuMMeT-
puuHO#l urpasbroit koctu. IlycTs ciryuaiinasi Besuunmba X, €CTb YHUCIO
OYKOB, BBITIABIIEE Ha TpPaHW Tpu n-M Opocammm, n = 1,2, ... Beemem
MTOCJIEIOBATENHFHOCTD CJIyYaWHBIX BEJIMIWH 110 IPABUILY

¢(n) = max(Xq, ..., Xp).
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TlokazaTh, 9TO TOCHEMOBATENBLHOCTE &(N) — MapKOBCKAasi, W ONPEIEIUTH
IJISI HEe TEPEXOIHYI0 BEPOATHOCTb.

Pemenwue. Ilycrs mpu HekoTOpoM 1 > 1, £(n) =i, rae i — menoe
qucyio ot 1 mo 6. Ilpu mocmemyromux 6pocanusx 3HadeHue { HE MOXKET
YMEHBIIUTHCS, TO3TOMY 11 j = 1, ...,6

0 upu j <1,
P{é(n+1)=j|&m)=i}={ i/6 mpn j=i,
1/6 mpu j > 1.

B cuny mezaBucmMocTn pe3ysibTaToOB OpOCAHUIT YCJIIOBHAST BEPOSATHOCTH
Tepexo/ia 3aBUCAT JUIIb OT £(N) = ¢ ¥ He 3aBUCHUT OT MOCIEA0BATEIBHOCTI
npenbiaymux 3uadennii . Utak, B JaHHOM CiIydae IOCIEL0BATEIBHOCTD
SIBJISIETCST MAPKOBCKOM, a IlepexofiHasl BEPOSITHOCTH (33 OJWH IIar) OIH-
cbiBaercst Marpureil P, snementsl KoTopoit pasubl Pj; = P{{(n + 1) =
=jlén)=i},ij=1...,6. m

Sameuanue. CiyuaiiHas I0C/IEI0BATEILHOCTD, OIIMCAHHAS B IPUMeE-
pe 2.10, oTHOCHTCH K KJaccy duckpemuvix ueneti Mapkosa ¢ koneuHvlM
MHOodIcecmeom cocmoanutl. Boree mogpobHO ITOT KIIACC HOCIIEIOBATENb-
HocTelt usygaercsd B 1. 11.

IIpormecc, o KOoTOpOM MOMJET PEYb B CIIEAYIONIEM IIPUMEPE, OTHOCUTCS
K KJIACCY MapKOBCKUX CIIYIaMHBIX DYHKIIAIL.

IIpumep 2.11. IlokasaTb, 9TO MPOIECC OBPOYHOBCKOTO JIBUXKEHUS —
MAaPKOBCKUil, 1 HAUTU €ro MepexoHyI0 BePOATHOCTD.

Pemenue. B mpumepe 2.5 MBI HAIIUTH TUIOTHOCTH KOHEITHOMEDPHOTO
pacmpeiesieHus mporecca OPOYyHOBCKOTO nBirKeHus. Jlyist BbIYucsieHnst
TUIOTHOCTH yCIIOBHOTO DACTPEETeHns BOCTonb3yeMcss dbopmyioit (2.4)
C y4eToM Toro, uTo t1 < ... < tp_1 < tg:

Pe (wp; tr | £(t1) = 21, o, E(th1) = T—1) =

B pg(xl,...,a:k;tl,...,tk)
P§(£E1, ey Tk—1; t17 "'7tk—1)

k
1:[(27r(t,~ —tio1)) " Pexp{—(zi — xi-1)*/2(t; — ti—1)}

k—1

[T @n(t —tiz1))Pexp{—(z: — xi—1)?/2(t: — ti-1)}

=1

(:E — T _1)2 _ . _
= meXP{—M} = P¢ (zr; te | E(te—1) = Tp—1) -

Takum 06pazom, mporecc GPOYHOBCKOTO JBUKEHUsI — MapPKOBCKUil, a ero
mepexoHast BepoaATHOCTL P(s,x,t,-) mpu dbukcupopammbix * € Rl s <t
npeJicTaBiser coboit rayccosckoe pactpejenenue N (z;t — s). m
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B cremytomem npuMepe MBI Oy IHM YCJIOBHE TOTO, ITO TayCCOBCKHUI
IPOIECC ABJIAETC MAPKOBCKUM.

Ilpumep 2.12. PaccmarpuBaercss MEHTPUPOBAHHBINA TayCCOBCKMUi
nporecc {(t) ¢ mucnepcueit De(t) > 0. ITokasars, aro &(t) siBusercss Map-
KOBCKUM TOTJ]a M TOJNBKO TOTJIa, KOTJIA €ro KoBapuamuoHHast (QyHKIHs
R¢(t, s) ynosnersopsier npu t; < ty < t3 paBEHCTBY

_ Re(ta, ta) Re(ta, ts)
Re(t2, t2) '

Re(ty,ts) (2.11)

Pemenne. IlokaxkeMm neobxomumocTs. C UCIOIL30BAHIEM MAPKOB-
ckoro cBoiicTsa (2.8) mpu t1 < t2 < t3 HaXOIUM

Re(t1,t3) = M{&(t1)&(t3) } = M{M{{(t1)E(t3)} [ €(t2)} =
= M{M{{(t1) | £(t2)} M{&(t3) | £(t2)}} -

IIpw 3TOM B CHITy TEOPEMBI O HOPMaJIBHOH Koppessun (cM. 1. 14.6) mveem

M{E(ty) | E(t2)} = % &(t2) mpu 5 = 1,3. CaeioBaTesibo,

Re(tn ta) = M{ Rt ) Pelntod |

_ Re(ta, t2)Re(ta, t3) _ Re(t1, t2)Re(ta, ts)
== Rg(tmiz) M{gz(h)} == Rg(t2,i2) '

Tem cambiM TpeGyemoe pasencTso (2.11) mokazamo.

Teneps ycranoBuM obpaTHoe yTBepxKjeHme. JloKaxkeM, 4TO rayccoB-
ckmit mpornece ¢(t), kKoBapuannouHas (QYHKIMA KOTOPOTO yIOBIETBOPAET
cooTHOMmerno (2.11), sBiSeTCS MAPKOBCKHUM.

B cuity onpesiesnienns 2.6 MapKOBCKoe CBOHCTBO mporiecca &(t) o3HadaeT
COBIIaJIeHVe YCIOBHBIX PACIpeeleHni:

Fﬁ(xn; tn | §(t1)=fb‘1, . -'7€(tn—1)=xn—1) = Fﬁ(an ty | g(tn—l)zxn—l)

npu Bcex t1 < ... < tp—1 < ty. IlodTOMYy B CHIy rayccoBOCTH TPOIECCa,
&(t) moCTATOYHO yCTAHOBUTH PABEHCTBA CIEMYIONIAX YCIOBHBIX XapaKTe-
PHUCTHUK:

M{g(tn) | §(t1), e 7€(tn—1)} = M{g(tn) | g(tn—l)}a (2'12)
D{&(tn) [ £(t1), -, &(tn—1)} = D{&(tn) | E(tn-1)}- (2.13)

Jokazkem cHagama paBercTBo (2.12). IIpn n = 2 ono rpusmambho. [Ipn
IPOU3BOJIBHOM 1 > 3 MPeAmonoKuM, 910 (2.12) BBIIOSHEHO Jist JIIO60TO
9ncIa MOMEHTOB BpeMmeHu, He Oosbmrero n — 1.
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O6osHaTUM v = &(tn_1) — M{&(tn_1) | £(t1), ..., &(tn—2)}, Torma
M{f(tn) | g(tl)a e 7€(tn—2)7 g(tn—l)} = M{g(t") | g(tl)a R 7§(tn—2)7v} .

Herpyauo mpoeeputh, uto cov{v,&(t;)} =0, i =1, ...,n — 2, mosTOMY
¢ yaerom M{{(t)} = 0 u rayccoBocu ciryuaiiroro nponecca £(t) (cum. cBoii-
cTBO 6 m3 1. 14.6) momygaem

M{E(tn) [ £(t1), -+ E(tn-1)} = M{E(tn) [ £(E1), -, E(En—2)} +
+ M{{(tn) | v} = M{{(tn) | £(tn—2)} + M{E(tn) | v},

TJe BTOPOE PABEHCTBO MOJIYYEHO B CHILy IPEIIOIOXKeHus nHayKiun. la-
Jiee, B CHJIy T€OPEMbI O HOPMAJIbHOM KOPPEJSIINU HAXOIUM

Rﬁ(tnvtn—2)
R§ (tn—27 tn—2)

M{¢(tn) | €(tn—2)} = (tn—2),  M{{(tn) | v} =7,

rae v = cov{{(t,), v} D{v} . Ilo UpemONOKeHII0 MHIYKIME HMeeM

0= E(tn1) — M{E(tn_1) | E(tn_2)} = E(tn_y) — Relbnzritaza) (g

R§ (tn—27 tn—2)

CJIeJO0BaTEJIbHO,

R§ (tn—h tn—2)R§ (tn7 tn—2)
R&(tn—27tn—2) ’

cov{{(tn), v} = Re(tn,tn-1) —

Rg (tn—h tn—2)

D{v} = Re(tp—1,tn-1) — Re(tn—2,tn—2)’

R&(tn—27tn—2)R§(tmtn—1) - Ri(tn—lvtn—2)R§(tn7tn—2)
Rﬁ(tn—%tn—2)R§(tn—17tn—1) _Rg(tn—lvtn—Z) ’

’y:

Herpyano nposepuTs, uTo u3 yeosus (2.11) cemyer cooTHOmeHTE

Rﬁ(tnvtn—2) — Rﬁ(tn—lytn—2) -0
Re(tn—2,tn-2) Re(tn—2,tn—2) ’

TIO9TOMY

M{E(tn) | €(t), -1 Eltn 1)} = elmtnzs) ey oy

 Re(tn-2,tn—2)

+y <§(tn_1) M&(tn_z)) = Y &(tn_1)-

- R§ (tn—27 tn—2)
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IMomyuenHoe paBeHCTBO HEMeJIEHHO Biaeder (2.12).
Teneps mokasaTesnbcTBo (2.13) TomywaeTcsa NPUMEHEHWEM TEOPEMBI
0 HOPMaJIbHON KOPPEJSIUK ¥ yCTAHOBJIEHHOTO paBeHcTBa (2.12):

D{{(tn) [ £(t1), -, E(tn1)} =
= D{{(tn) = M{&(tn) | £(t), -, E(tn-1)}} =
= D{¢(tn) — M{&(tn) | £(tn-1)}} = D{&(tn) [ £(tn-1)} -

Tem caMBIM JJOCTATOYHOCTH ycsosust (2.11) momrOCTBIO MOKa3aHa. M

IIpumep 2.13. [lokasarsk, 4To MpoIECC HPOYHOBCKOTO JBUXKEHUSI SIB-
JITETCS MApPKOBCKUM, UCIOJb3ys Pe3yabTaT nmpuMepa 2.12.

Pemenwue. Tak kak, 1mo ompejesnennio, 6POYHOBCKOE IBUXKEHUE —
LeHTPUPOBAHHBIN TayccoBcKmil npornece ¢ aucnepcuein De(t) > 0 upn
t > 0, TO HAM JIOCTATOYHO IPOBEPUTH BBIMONHEHNWE COOTHOImeHus (2.11)
st Re(t,s) = min(t,s) w0 <ty <ty < tg:

min(tl, tg) min(tz, t3) - tits
min(ts, t2) ot

= min (tl,tg) = Rﬁ(tl,tg). |

Ecnu coywaiinbiii mapkosckuii nporecce £(t) mopsepraerca gpyHKInO-
HasbHOMY TipeobpasoBammio 7)(t) = f(£(t)) ¢ mexoropoit dbyukmmeit f(-),
To mporiecc 7(t) MOXKeT oKa3aThCsi HeMapKobckuM. Cuemyromuii mpumep
MIOKa3BIBAET, YTO CBOWCTBO MapKOBOCTH COXPAHAETCS JJIs B3AUMHO OJIHO-
3HAYHBIX TPEoOPa30BaAHMIL.

Mpumep 2.14. ITycts £(t) — MapkoBckmit potiece, a f: R — R —
HeKOTopas B3aMMHO OflHO3HawIHast Gopesesckasa dyuknus. [lokazarh, 9To
n(t) = f(£(t)) — MapkoBcKwmii Tpomecc.

Pemenne. IIposepum BBIMONHEHWE ycaoust (2.8), T.e. ybemmmvcs
B TOM, UTO JJisl TPOU3BOJBHBIX MHOXKeCTB By, By € B(]Rl) ns<u<t

P{n(s) € B1, n(t) € Ba [ n(u)} =
=P{n(s) € By [ n(uw)} P{n(t) € Bz [ n(u)} (P-mm.). (2.14)

B cuiny B3aumuOH omHO3HauHOCTH f(-) O-anreGphl, TOPOXKIEHHBIE CIIy-
gafiabrvm Besmauaavu &(u) m n(u) = f(£(u)) (cm. onpenmemenmne 14.6),
cosnagator. CaiefloBaresbio, (2.14) pABHOCHIIBHO CIIEIYIOIEMY PABEHCTBY

P{&(s) € f71(B1), &(t) € f71(B2) | €(w)} = P{&(s) € F71(B1) | €(uw)} x

x P{E(t) € F7H(Be) | ()} (P-mm),  (2.15)

rae yareno {n(s) € Bi} = {£(s) € f~H(Bu)}, {n(t) € Bo} = {&(1) €
€ f~Y(Ba)}, f1(Bi) € B(R'), i = 1,2. Tenepp u3 yciosus (2.8) map-
KoBocTH Tporecca &(t) HEermocpeCTBEHHO BBITEKaeT cooTHomeHune (2.15),
910 ¥ TPebOBaJIOCh MOKa3aTh. M
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Samaga 11 MoKa3bIBAET, 9TO TP OTCY TCTBUHU B3AMMHOMN OTHO3HATHOCTH
orobpaxkernsa f(-) MAPKOBCKOE CBONCTBO HE COXPAHSIETCS JaKe B OYEHb
TPOCTHIX CIYYaAdX.

2.5. Iuddy3uoHHBIE MPOIECChl. BaXXHBIM TOIKJIACCOM Map-
KOBCKHUX TIPOIECCOB SIBJSIIOTCSI TPOIECCHI C HEMPEPBIBHBIM BPEMEHEM
¥ HENPEPBIBHBIM MHOYXECTBOM COCTOsiHUM. TaKue IPOIECcChl SIBJISTFOTCS
€CTEeCTBEHHON MOJIEJIBIO JIJIsl OITMCAHUSI SBOJIONUU JMHAMAIECKUX CUCTEM,
MTO/IBEPKEHHBIX CIIyYaiiHbIM Bo3zelicTBusM. Hanbosree n3ydeHHBIMU B Ha-
CTOsIIIIEE BPeMsI SIBIISIOTCS NPoueccy. OuPdysauonnozo muna WA IPOCTO
Jupdysuorrvie npoueccol.

Onpemenenne 2.9. CuyvaiiHblii n-MEPHBI OJHOPOIHBIN MAapPKOB-
ckmit mponecce &(t) HasBIBaeTca npoyeccom JuPdysuornozo muna, ecan
€ro TIepexoHast BEpoATHOCTD P(x,t, B) yI0BIETBODSET CIIEYIONIIAM yCIIO-
BUSIM:

.1
ltlﬁjl n J P(z,t,dy) =0, (2.16)
ly—z|>8
me [ (y—2)Plat.dy) = a(a), (2.17)
' ly—=z|<o

lim 1 J (y — z)(y — z)* P(z,t,dy) = 3(x) (2.18)

ly—=z|<o

ngtst tiobeix § > 0, © € R™.

Bameuanue. Ileppoe ycmosue obecneunsaer (P-m.H.) Henpepsis-
HOCTH TpaekTopmii mporecca. OyHkImsa a(T) XapaKTepU3yeT CPETHIOI
CKOPOCTb CMEIIEHNUs 33 MaJjoe BpeMs u3 cocrosuusg &(0) = z u Ha3bIBaeTCs
sexmopom croca wi dpediga. DyHKns X(x) XapaKTepu3yeT OTKIOHEHUE
MIPOIECCa OT €T0 YCPETHEHHOTO JIBUKEHUST, ONIPEIEITEMOTO BEKTOPOM CHO-
ca, U Ha3bIBaeTCsk mMampuuet, duddysuu.

Ecmw noia mapkosckoro nporecca {£(t), t > 0} 3amana ero mepexomuast
BEPOSITHOCTh ¥ COOTBETCTBYIoIMe npeessl B (2.16)—(2.18) oupesesenst,
TO TEM CaMbIM OIPEJNENIEHBl €r0 MATPUIHBE KO3 dUImenTsl caoca a(x)
u guddysun X(x). OgHako NeHTPaJIbHBIN pe3ysbrar Teopun aubdysu-
OHHBIX TPOIECCOB COCTOMT B TOM, 9TO, 3aJaB JOCTATOTHO PETYJISPHBIE
dbyukuun a(r) u 3(x), MOKHO OJHO3HAYHO OIPELENIUTH U IIEPEXOLHYIO
BEPOSATHOCTH TIpOTEcCa. TakmM o6pasoM, JIOKAJIBHOE ONMUCAHWE CBONCTB
TPAEKTOPUH Ha $3bIKE KOI(MMUIMEHTOB CHOCA U Aud@y3Un MO3BOJSIET
OTIPEZIESTNTE M ODIIIHE CBOMCTBA MpOTecca Ha Bcelt Bpemennoit ocu. Mertox
MOCTPOEHMsT EPEXOMHOM BeposTHOCTH Tpeyioken A.H. Komvioropossim.
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Obmas Teopus nuddHY3UOHHBIX MTPOIECCOB BECHMa CJIOXKHA, TTOITOMY MBI
M3JI0KUM STOT METOI, He BJaBasCh B TEXHWIECKWE JIETAJN.

Pacemorpum ckassaphbiii crygait £(t) € RY. Ilpeanomoxum, urto Ire-
pexojiHasi BEPOATHOCTb WMeeT IJIOTHOCTH, T.e. jJjis Beakoro B € B(RY)

BBITIOJTHSETCS
P(z,t,B) = J p(z,t,y) dy.
B
A H. KomMoropoB TOKa3aJ, 9TO HPH HEKOTOPLIX OTPAHWIEHMSX HA,
p(z,t,y), a(z) u X(x) maoraocTs p(x,t,y) yIAOBIETBOPIET NPAMOMY YPaS-
HEHU
op(z,t,y) _ 9(p(z,t,y)a(y))

at dy *3 dy?

L GEtySe) ()

VYpasHenue (2.19) TakxKe HW3BECTHO Kak ypashenue Koamozopoea—
Doxxepa—Ilrarxa. Tpu mobom x € R! u t > 0 ypaBHenue permaercs Ipu
CITETTOIEM BBIOOpE HAYAJIBHOTO yCJIOBUS:

li t,y) = 6(y — x).
limp(z,t,y) = oy — =)
Ecm p,(y; t) — nnoTtnocts pacnpesernenns cedenns §(t), To
Pe(yi 1) = [ pe(as s) ple.t - 5,9) de.
R
Torna u3 (2.19) monyuaem ypaBHEHHE

O ) _ Olpelys o)) 1 0 (pely: H2())
ot o dy 2 oy? ’

KOTOPOE PEIIaeTcsi C HA9aJbHbIM YCJIOBUEM pﬁ(y; 0) = po(y), tme pyy) —
mrorHOCTh pactpegaenenns &(0).

IIpumep 2.15. Ilokasarb, 9To npornecc GPOYHOBCKOTO JIBUKEHUS SIB-
sasgerca muddY3MOHHBIM MAPKOBCKHM MTPOIECCOM.

Pemenne. Heficrurensro, nycrs {£(t), t > 0} — mponecc Gpo-
YHOBCKOTO jaBuxKeHus. Kak ciemyer m3 mpumepa 2.11, ero mepexomnast
BEPOSAATHOCTH paBHa

(y—2)*
P(z,t,B) = 217rt Je_ i dy.
B

Jasa BeiBOoma coorHomeHuit (2.16)—(2.18) BocCHOMB3yeMCsT W3BECTHBIMU
onenkavu jurst hyHKImH P(T) CTAHAAPTHOTO TayCCOBCKOTO PACIIPETEIIEHHS]

N(0;1):

1 1 1 2 1 1 _=2®
{———3}-—ew2<1—45(x)<—'—6w2-
x T Vo T
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C yderoM BBIpasKeHUS JJI TAyCCOBCKOM IEPEXOAHON IIOTHOCTH HNMEEM

2 IV 2e07/2t
1 Pz, t,dy) = 2(1— ®(6/VE) < 2% 50 £10,
| |>5(x y) =5 ( (6/V1)) N upu ¢
y—z

HOCKONBKY /u e~ — 0 npu u — 00, 9T0 JIoKa3bIBaeT cooTHonrenue (2.16).
Hasee, ucronb3ys 3aMeHy IepeMeHHoOl z = (y — ) / \V/t, BBIOHCIsIEM

F ] P = [ ==
ly—=z|<o l21<8 /vt
5/Vt
= J \/;_td (—6_22/2) = ; - (—e_z2/2> =0 Vt>D0.
|21<8 /v " T —5/Vi

Taxum o6pasom, mokazano coornomenue (2.17), tne a(z) = 0. U makonen,
HCIONB3YS Ty 2Ke 3aMeHy nepementoii z = (y —z)/ Vt, monmyaaem

1 J (y —2)* P(a,t,dy) = J 2e " /2dz 51 upm t10,
t ™

ly—=z|<6 l2|<8/ V2

-

nockosbKy MHoxecTBo {z: [z| < 8/v/t} T R!. Tem cambiv JoKasaHO pa-
BeHcTBO (2.18), e X(z) = 1.

ITrotrOCTD p(y; t) pacupenesenns mporecca GPOYHOBCKOTO JBHZKe-
HUS yJIOBJETBOPAET ypaBHeHNI0 KOIMOropoBa, KOTOPOE B JaHHOM CIIydae
uMeer BUJ

Ope(y;t) 1 Fpe(y; t)

VKka3aHHOEe ypaBHEHHE W3BECTHO B TEOPHH YPaBHEHUN MaTeMaTHIeCKO
dusuku Kak ypasHerue duddysuu. CobCTBEHHO, 5TO U OObSICHIIET HA3BaA~
HUE OMMMCAHHOTO KJIACCA MPOIECCOB. M

B 1. Il 6ymer paccmorpen kiacc auddy3MOHHBIX ITPOIECCOB, KO-
TOPBIE OIMMUCHIBAIOTCA C TOMOIIBIO CTOXACTHIECKUX TUMDEPEHITHATBHBIX
YPaBHEHUN.

2.6. 3asaun OJi CAMOCTOSITEJIBHOTO PEIIeHUs.

1. [Iycrs §(t) — rayccobckmit mponecc ¢ mapamerpamu m(t), Re(t,s).
BeiBecTu cooTHOIMEHNE [Tt ITTIOTHOCTHU JABYMEPHOTO pacnpenenenus. [Ipusectu
YCJIOBUE CYIIECTBOBAHUSA MJIOTHOCTU JBYMEPHOIO PacHpe/Ie/IeHusI.
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Orser.

1 1
exp{—— X
ZTF\/Rg(tl,tl)Rg(tz,tz) — Rg(tl,tz) 2(1 - pg(tl’@))

pe(T1, 225 t1,t2) =

(z1 —me(t1))* (z1 —mg(t1)) (w2 —mg(t2)) | (w2 — mg(tz))2> }
x < Rg(tl,tl) ng(tl’té) Rg(tl,tl)R,g(tg,tg) Rg(tz,tz) ’

rie
R (t1,t2)
R§ (tl, tl)Rg (tz, tz)

ectb Koa(durment koppessuu. [InorHocTs cymecrByer, ecau |pe(t1,t2)] < 1
npu t1 # to.

2. Tna cayqaitnoro nponecca £(t) = X cos(wt +Y), rme X, Y — nesasucu-
MBI, CllydaiiHas BeuunHa X WMEET pacIpeleleHue ¢ IMIIOTHOCTHIO

pe(ti,t2) =

0, z <0,
px(z) = xe_mz/z, >0,

a Y umeer paBHOMEDHOE paclpejesienne Ha [—, 7], JoKa3aTh, 9ro npouecc &(t)
SIBJISIETCS TAyCCOBCKUM U HAWTH e€ro KoBapHauuoHHyIo ¢yHknuo. Kakumu emre
cBoiicrBamu obstamaer £(t)?

VkazaHue. YoequThCsi, ITO COBMECTHOE PACIPEIEICHNE CILY IaHHBIX BEJIH-
ynd A = X cosY, B = XsinY — crangapTHoe rayccoBckoe. /lajee ucmosibzo-
BaThb pe3yJbTaT IpuMepa 2.1.

Orser. Re(t,s) = cos(w(t— s)), npouecc £(t) ABAAETCH CTAMOHAPHBIM
B Y3KOM CMBICJIE.

3. Iycrs {£(t), t > 0} — npouecc 6poyHoBCKOrO ApuxKenus. [lokazarb, 9To
nporgecc

X(t)=t&t™), t>0, X(0)=0

TaKXKe sBJISETCS MIPOIeCCOM GPOYHOBCKOIO JIBUKEHUSI.

Ykasanue. [IpoBepuTh rayccoBOCTb ¥ BBIYUCIUTH KOBAPUAIMOHHYIO
bYyHKIHIO.

4. Iycrs {£(t), t > 0} — nponecc GPOYHOBCKOro JBUKEHUs. [loKazaTh, 4To
npu JiroboM ¢ > 0 mpoiiecc

X(t) = % ¢(ct)

TaKKe ABJISIETCS MIPOIECCOM GPOYHOBCKOTO JIBUXKEHUSI.

Vkasanwme. [IpoBepuTh raycCOBOCTH M BBIYHCIATH KOBAPUAIMOHHYIO
bYyHKIHIO.

5. ITycrs {£(¢), t > 0} — npouecc 6GpoyHOBCKOrO ABHXKeHUsL. [Iponece Z(t) =
= £(t) — t&(1) nasbIBaeTCH OPOYHOBCKUM MOCTROM U yIOBJIETBOPSIET COOTHO-
menuo Z(0) = Z(1) = 0. Haiitu ero cpejgHee 3HaUYeHHE U KOBAPUAHMOHHYIO

dbyHKIUIO.
Oreet. m,(t) =0, R,(t,s)=min(t,s)— ts.

4 B.M. Mwusiep u A.P.Ilankos
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6. Ilycts {Z(t), t > 0} — GpoyHoBcKuit MocT (cM. 3azady 5). Oupenenum

ponecc
t
= R > 0.
Y (t) (1+t)Z<1+t>, t>0

IMokazars, uro {Y (t), t > 0} ectb npouecc GPOYHOBCKOrO JBHUKEHUSI.

7. Kakne u3 HuKe IepedncIeHHBIX (DYHKIUN SIBIISIOTCS HEOTPUIATEIHHO-
OIpe/ie/IeHHbIMU:

9={o ity
[t —s| > 1;
1 —|t—= t—s| <1
2) C(t,s) = { | s, | s| <
[t —s| > 1;
3) C(t,s) = exp{zw(t -s5)}, weRy
1) Clt.5) = expllt — 5|}
5) C(t,s) = exp{—|t — s|},
rge —oo < t,s8 < 00;
6) C(t,s) = min(t,s), t,s>0;

7) C(t,s) = min (t,s) —ts, t,s€[0,1].

Yxazanue. B mn.2, 3, 5-7 dyukuusa C(t,s) coOTBeTCTBYyeT KOBapHalld-
OHHOM (DYHKIMU CIIydalHBIX IPOLECCOB, PACCMOTPEHHBIX paHee (CM. IpHMepEI
2.9, 2.6, 3amady 12 u3 §1, npumep 2.3, a Takxke 3aza4y 5). B .1 napymaercsa
HepageHCTBO (2.6), a B 1. 4 — HepaseHcTBo Komu-ByHsKoBCKOro.

Orser. [In. 2, 3, 5-7.

8. Jloka3arp TeopeMsr 2.3 u 2.4.

Ykazanue. CMm. 3amedanue nociie GOPMYJIHPOBKI TEOPEM.

9. JJokazaTh CcBOIiCTBa KOBapHAIMOHHON (DYHKIHH HPOIlECca, CTAIHOHAPHO-
ro B IIMPOKOM CMBICJIE.

Ykazanue. OM. Teopemy 2.1 u 3aMedanue K Heil.

10. /Ioka3arh, 9TO JJIsi MapKOBCKOI'O IPOIECCA BBIIOIHIETCS COOTHOIIE-
uue (2.8).

Ykaszanue. Bocnonb3oBarhbest coorHomenueM (2.7).

11. IIycrs {{(n), n =1,2, ...} — MapKOBCKasl LElb ¢ TPeMsl BO3MOXKHBIMU
cocrosiuamu &(n) € {1,2,3} u nepexogueimu BeposiTHOCTAME P{{(n + 1) =
=7 | &(n) =i} = pi; > 0. PaccMOTpUM IOCIIEI0BATETBHOCTD

. { ), ccnn ) =1,
2, ecmn §(n) # 1.

ITokazarb, 4TO HOCIENOBATEIBHOCTH 7)(n) MOXKET He 00JaJaTh MApPKOBCKHM
CBOMCTBOM.
VYkazanue. Haittu BolpakeHus: JJIsi BEpOSITHOCTEN COOBITHIA

P{n(n+1)=1,n(n—1) =1]n(n) =2},

P{n(n+1)=1|n(n) =2}, P{gn—1)=1]n(n)=2)

u ybenuThcs, YTO NIPU HEKOTOPOM BhIOOpE IEepexXOJHBIX BEPOATHOCTEH COOTHO-
menue (2.8) He BBINOIHAETCH.
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12. Ilycrs {Z(t), t > 0} — 6poynosckuii moct (cM. 3azady 5). [lokasars,
90 mpornecc Z(t) ABAAETCS MAPKOBCKHUM.

VYkasaunue. [Iposepurs yciosue (2.11).

13. (Ilpomomxenue 3anauu 12). Tlokasars, uro Z(¢) u Z(1 — t) opuHaKoBO
pacnpeiesIeHsl.

14. Besectu coornommenue (2.10) uz obueir dpopmyisr (2.9).

15. Ilycrs 3aman omHOpoAHbIA Mapkosckuit npouece {£(t), t > 0} ¢ mepe-
XOJiHOH BeposiTHOCTBIO P(z,t, B), MMelomeil NI0THOCTD

—z —at)?
p(:]?,t,y) = \/%exp{_%} .

TTokazars, 4To JaHHBIH npouece sBjseTcsa AuddY3HOHHBIM, U HAUTH JJIsI HETO
ko3 dunuenTs! cHoca u auddysun.

Orser. a(z) =a, X(z)=1.

Vkazauue. [Ipu Berauciaennn kosddunuenta cCHOCA HAXOIUM, TITO

1 _(z—avt)?
—xz)P(z,t,dy) = f —ze 2 z,

(y — =) P(z,t,dy) N

ly—=|<6 l21<8 /v

Jajiee UCIOJIb3YeM 3aMeHy IepeMeHHON v = z — ay/t u pa3buBaeM HHTEerpaJj Ha
CYMMY JBYX HHTErpaJjioB

5/ Do : 6/ Vi-avi :
1 1 _v
ve 2 dv—0

v?
a ——e 2 dv—a u

V2
—(6/vVH—av? —(6/vVH—avi

npu t } 0. Kosppunment nudpdysun Boramcisiercss aHaaoruduo npumepy 2.15.

4*



N'TABA 1II

CJIYUYAMHBIE IIOCJIEJOBATEJIHLHOCTU

B nannoit rmaBe 6y1yT n3ydaThCcsa CIydaiiHbIe MPOIECCHI C TUCKPETHBIM
BPEMEHEM, KOTOPbIe OOBITHO HA3BIBAIOT CJIyYailHBIMU IIOC/IEI0BATEIbHO-
cravu. B mambHeitmem st 0003HAMEHAST CITy 9aifHOM TTOCIeI0BATEILHOCTH
Oyaem ucnoib3oBarh cokpairnenne CII.

§ 3. CrantmoHapHble ciy4aifHble MOCJIe0BATEeIbHOCTHI

3.1. OcuoBable xapakrepuctuku CCII. IIycre H — mpocrpas-
CTBO KOMILIGKCHBIX CIydaiHbIX BeamumH & = o + i3, tae o, S € Rl —
BEIECTBEHHBIE CIyYaliHble BEJIMYUHBI, TAKUE, 9TO M{a2 + ,82} < oo. as
£, m € H MOXKHO OTIPENIESIUTD CKAAAPHOE NPOU3BedeHue

(&m) = M{n}, (3.1)

rae 7 = a — i — KOMILIEKCHO-COIIPsI?>KEHHAsI BEJIMYWHA K 1) = « + 13, u
HOPMY

€]l = V/(€,€) = vVM{[¢[2},

(3.
rae |€]2 = a? + B2. Ipocrpanctso H co cKaaspHBIM Tpousseenuem (3.1)
1 HOpMOoit (3.2) Ha3BIBACTCH 2UABLOEPMOGHLM NPOCTPANCTNEOM CAYHATHOLT
GEAUMUH, C KOHEUHBLM 6MOPbLM MOoMmenmom (cM. T1. 14.7).
Onpenenenne 3.1. Kosapuayueti caydaitubix seauuud &, n € H
HA3EIBACTCS

cov{e,n} = M{ (€ - M{e})ln — M{n}) } = (€,n) — M{¢} M{n}. (33)
W3 coornomennii (3.1), (3.3) caenyer, aro npu M{¢} =M{n} =0

cov{¢,n} = (& n)- (3.4)

PaccMOTprM TI0CIEA0BATEILHOCTD £, COCTABICHHYIO W3 KOMILIEKCHBIX
ciydaiinbix Besmaue &, € H, rae n npoberaer MHOXKECTBO BCEX IIEJIBbIX
ancen Z ={...,—2,-1,0,1,2, ... }.

3.2)
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Onpenenenne 3.2. [locnenosarensuocts & = {&,, n € Z} Ha3bBa-
eTCs CMAyUOHAPHOT 8 WUPOKOM CMmbicAe, €CITU JJTsl JTI00BIX N, k € 7

M{gn} = M{&O} ) COV{gn_,_k,gk} = COV{én, 50} . (3'5)

B nanpHeiineM cranuoHapHbIE B ITUPOKOM CMBICHIE IIOC/IEI0BATEb-
HOCTH Oy/IeM Ha3bIBATH KPATKO CMAUUOHAPHBMU CAYUATHBMU NOCAEIO-
sameavnocmamu (CCII). Kpome Toro, He ymassisi 0OIIHOCTH, MOaraeM
M{&} = 0. DT0 npeanoOIOKEHNE TO3BONSIET OTOXKIECTBATH KOBAPHUAIAIO
CO CKAJISIPHBIM MTPOU3BEIAECHUEM U MPUMEHATH METOIBI U PE3YJILTATHI TEO-
pun rEIABGEPTOBBIX TPOCTPAHCTB (CM. 1. 13.6).

Onpepenenne 3.3. Pyukuus

R¢(n) = cov{{,, &}, n€Z, (3.6)

Ha3LIBACTCSA KOGAPUAUUOHHOT Pynryuet cmayuonaproti nociedosamens-
nocmu & = {&n, n € Z}.
Ecin Re(0) = M{[&l?} # 0, o dynxnus

pe(n) = ZZEZ)) ;

neEz (8.7

Ha3bIBaeTCs Koppeasyuonnot gynrxuyuetd CCII &.
Us (3.5), (3.6) cremyer, uro mus mobbix n, m € Z

cov{&n,&n} = Re(n —m).

Kosapuanuonnas ¢yuxnus Re(n) obnamgaer clemyomuMmu CBORCTBAMY,
KOTOpbIE HENOCPE/ICTBEHHO BBLITEKAIOT W3 ONpejeseHus 3.3 m obmmx
cBoiicTB koBapuanuonuoil dbynkiun (cm. 1. 2.2).

1) Kopapuarnmonnast dyskmust Re(n) sBisiercss Heompuyamessro-
onpedeaertoti, T.e. g TH060T0 HADOPA KOMILIEKCHBIX UUCE (1, - . . , G,
W MOMEHTOB BPEMEHHU N1, ..., M, € Z, m > 1, UMeeT MecTo HepaBeHCTBO

Z Z a;a;Re(n; —nj) > 0. (3.8)
i=1j5=1
2) Hucnepcust De CCII € mocTosiHHa U UMeeT BUJ

Dg = Re(0) = M{[&o]*} >

3) KoBapuanuonnasi dbyHKuus siBIseTcss 9pmumosoti, T.e. Re(—n) =

R¢(n) pust Becex n € Z.
4) |R¢(n)| < Re(0) most Bcex n € Z.
Sameuanue. Eciu { — Bemecrsennas CCII, To R¢(n) — BemecTsen-
Has HEOTPHUIATEIbHO-ONpee/eHHas QyHKIms, B dacTHOCTH, Re(n) —
geTHasi, T.e. R¢(—n) = Re(n).
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Kpowme koBapuannouuoii (GpyHKIAM, KOTOPas OTHOCUTCS K KJIACCY MO-
MEHTHBIX XxapakTepucTuk (cm. 1. 1.4), mpwm ommcarnm CCII memonbsytorces
TAKKe CIEKTPAIbHBbIE XaPAKTEPUCTUKHA: CNEKMPAALHAA PYHKUUA U CNeK-
MPANLHAA NAOTIVHOCTD.

Teopema 3.1 (epramorn). ITyemv Re(n) — xosapuayuonnas @ymx-
yua nexomopot, CCII € = {&,,, n € Z}. Tozda natidemces 00no3HauHo onpe-
denennas MOHOMOHHO Heybvisaouas eewecmeennas gynryus Fe(N),
A € [—m, |, nenpepuieras cnpasa na [—m, 7|, Fe(—m) =0, makas, wmo

Re(n) = T e dF(\), neZ (3.9

Dynxnus F¢(\), ompenesnennas B Teopeme 3.1, HasbBaeTcsa cnex-
mpaavhot pynxyueti CCIT &.
Ecnu Fe(\) mpu xaxkaoM A € [—, 7] MOXKHO IIPEACTABUTEL B BUJE

FeN) = | fe()dv, (3.10)

-7

to dyurnusa fe(v) HasbBaerca cnexmpaavnot, naomuocmoro CCII €.
B cuiy monoronnoctu Fg(A) Bemmomueno fe(v) >0, v € [—m,w|. B srom
caygae u3 (3.9) cremyer

Re(n) = ]T e fe(N)d\, neZ (3.11)

Bamernm, uro umciaa Re(n) paBHbl KodbdHUIHEHTAM DPa3IOKeHUs
dbynkmun fe(A) B pag @ypse 1o cucreme dyHKImi {ei*" n € Z}, opro-
rOHAJIBHBIX Ha oTpeske [—m,m]. O6parno, ecim Y |Re(n)| < 0o, To psx

nez
Dypoe ¢ kosbdunuentamu Re(n) abCOTOTHO CXOIUTCS K CIEKTPAIbHOM
msorHoctn CCII € must siroboro A € [—7, 7]

1 —iAn
Fe(N) = 5= 3 e " Re(n). (3.12)
nez
Hnsa gucnepeun De = Re(0) cupaBemimBo Clleiyloliee BhIpasKeHue

gepe3 ClIeKTpaJbHbIE XapaKTEPUCTUKH:
De= | fe(X)dx = Fe(m). (3.13)

-7

Sameuanue. Ecm £ — Bemecrsennast CCII, To ciekTpasbHas miIoT-
HOCTh fe(A) Takyke obmamaer coiicrBoM derHOCTH, Te. fe(A) = fe(—A),
A€ [—m, 7).
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3.2. Ilpumepnr CCII. Tlpusemem mpuMepbl HEKOTOPBHIX, Hambosee
qacto Berpedatormuxcss CCIT.

Mpumep 3.1 Hyers & =&g(n), rae M{&} =0, D{&} =1 u
g(n) — HeKOTOpas KOMIUIEKCHAs JeTepMUHUpPOBaHHAA (QyHKnusa. [Ipn
Kakux yciaoBusx Ha g(n) nocaemosarensHocTsb {€,} cramuonapua? Ompe-
JIeINTh KOBAPHUAINOHHYIO (DYHKIHIO TAKOW ITOC/IEI0BATEIHHOCTH.

Pemenne. Iocnenosaremsrocts & = {&,, n € Z} nmeer

M{gn} =0, COV{§n+k gk} g(n+k) ( )

CireoBaTeNbHO, OHA OYy/IEeT CTAIMOHAPHONW B TOM M TOJIBKO TOM ClIydae,

ecin dynknua g(n + k)g(k) me 3aBucur or k. Orcrona caemyer, 9To

g(n+ k)g(k) = g(n)g(0

Takmm obpasom, g(n + 1)/g(n) = g(0)/g(1)

g(n) = g(0) ™.

Hamnee, nockonbky D{&,} = D{&} |g(0)|?|a|™ = const To |a|” = || = 1
u cymecTByer umcio A € [—m, ), Takoe, uto @ = e**. Takum obpaszom,
OCIIEIOBATENIBHOCTD CILy9aifHbIX BemInH &, = o g( ) SIBJISIETCS CTAIO-
HapHoii, ecim g(n) = ¢(0) a™, T. €.

€n =& g(0) ™", nelZ
Torna ee koBapuanuonnast QyHKIIS
Re(n) = D{&} |g(0)?e™" = [g(0)’e™". m

Caenyromuit mpuMep 0600IaeT TPeabIIY it

IIpumep 3.2. Ilycrp 3aman HAOOp KOMILIEKCHBIX IEHTPUPOBAHHBIX
CITy9aiiHBIX BEJWIWH {21, ..., 2N} C H, yIOBIETBOPAIONAX yCIOBUIO Op-
TOTOHAJBHOCTH, T. €.

= « = const, mosTOMYy

2 . .

o; >0 mpm 1=

(2i,2j) = cov{z;, z;} = ' ’
0 upu i # j.

IIycte A1 < Ay < ...< Ay — HEKOTOpbIE 4YHCJIa W3 MOJyWHTEPBAJA
[—7, 7). Caywaitnag nocnegosareasrocts & = {&,, n € Z}, naspiBaemasn
noumu nepuoduyeckoti, ompemseseHa COOTHOMEHUEM

N
=3z nel (3.14)

Tlokazarh, 9TO MOCHENOBATEIBHOCTD & CTAIMOHAPHA, W HANTH ee CIleK-
TpaJbHBIE XapaKTEPUCTAKH.
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Pemenne. IlocremoBaTembHOCT { IEHTpUPOBaHa, T. €. me = 0, a ee
KOBapuanuonnas GpyHKIWsT UMeeT BUJL

N ‘ N ‘
COV{§n+m,§m} = (Z Zkez)\k(n-i-m)7 Z Zkez)‘km) _

k=1 k=1

N N . _ N )
=3 Z(zkwl)e’)"“(""'m)e”‘lm =3 o7e™™ = Re(n),
k=1

1
T. €. 3aBUCHUT TOJIBKO OT n. CJie10BaTebHO, TTOCJIEI0BATEIHFHOCTD & CTaIN-
oHapHa.
Beenem dynkmuio

RN = Y o (3.15)

KOTOpasi, 09eBUIHO, YIOBJIETBOPsAET yciaoBusM Teopembl 3.1. Torna kosa-
puanuontas dyuknus Re(n) npencrasnsgercs B Buae unTerpasa Jlebera—
Crunrbeca:

Re(n) = J e dF ().

B cuiny (3.9) sro osmauaer, uro BBemenHas B (3.15) dyukums Fg(N)
aBisiercs: crekrpasnbuoil dynknueii gus CCII €. ITo mocrpoennio Fe(\)
KYCOYHO TIOCTOSIHHA Ha [—7, 7|, IPUIeM Ap, ..., AN — TOUKH €e Pa3phIBOB,
a Fe(\,) — Fe(A,—) = 0} — Benuuunbl ckaukos. Takum ob6pasom, Fg(\)
He saBJseTCs abCONIIOTHO HEPEPBIBHON OTHOCHTEIbHO Mepbl Jlebera, m,
CJIeJIOBATEBHO, CIIEKTpaIbHAs INIOTHOCTE f¢(A) He cymecTByer. W
IIpumep 3.3. IlycTth € — mOCTEAOBATENHHOCTD HEKOPPEIMPOBAHHBIX
ciIydaifiHBIX BEJIUYHH £, N € Z, T.e. M{e,} =0, D{e,,} =D, >0u

D, mpm i=j,
€;,€j) = cov{g;, €5} =
e =coviene=¢ 0 T

JIoKa3aTh ee CTaIMOHAPHOCTH, HAITH MOMEHTHBIE U CIIEKTPAJIBHBIE XaPaK-
TEPUCTHKH.

Pemenme. IlocmenosarenbrocTs € = {&,, n € Z} ABIA€TCA CTAIAO-
HAPHO, TaK KaK MMeeT KOBAPUAIMOHHYTO (DyHKIIIO

D, mpu n=0,

covi{e, ik, et = R.(n) =
{ent ) () 0 upu n # 0.

BOCHOJIB3OB&BII[I/ICB COOTHOIIEHUEM
s
J ez)\n d\ =

—T

2r mpu n =0,

0 mupu n#0,
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MOJIyYMM CHEKTPAJIBHOE HPEICTABIIEHNE JIJI KOBapUANMOHHONW byHKINN

R.(n): ﬂ
Re(n)= [ ¢ £.(\)d,

D.
rae fo(A) = 5, CHCKTpabHAs IJIOTHOCTH CCIl e = {en, n € Z}. Torna

B coorBercTBUM ¢ dopmymoit (3.10) HaxoAMM CIEKTPaNbHYIO (QYHKIHIO
FN=24n).
2

3ameuanmne. IlocremoBarenbHocts € = {g,, n € Z}, paccMoTpeH-
HYI0 B mpuMepe 3.3, OOBIYHO Ha3bIBAIOT CMAUUOHAPHBM OUCKPEMHDIM
beavim wymom. Ilpm D, =1 Gesblil mIymM Ha3BIBAIOT CMAHIAGDMHBIM.
MpbI oKaszasm, 9To CIeKTpatbHas TWIOTHOCTH f. () mociemoBaTebHOCTH
€ TOCTOSIHHA Ha OTPEe3Ke [—T, 7|, UTO W MOCIyKUIO0 OCHOBAHUEM JIJIsI TED-
MHUHa «OeJIbIit TTyM», UCITOIb3yeMOTO B Paanodu3nKe, Tae OeIbIM Iy MOM
Ha3bIBAETCs CIYJalHbI CUTHAJ C PABHOMEDHBIM CIIEKTPOM.

TTocemoBarenbHOCTL H€JI0TO TIyMa TO3BOISIET CHOPMHUPOBATH pa3-
JINYHBIE BUJIbI CTAIMOHAPHBIX IIOCJIEI0BATEILHOCTEH.

Onpegenenne 3.4. IIycrs € = {e,,, n € Z} — craugapTHbIil Gembrit
wyM, a {ag, k € Z} — mocnenoBaTenbHOCTh KOMILIEKCHBIX IHCEJl, TAKHX,
qTO

(oo}
3 Jax]? < . (3.16)

k=—oc0

Cuayuaiinas nocnemoBarenbHocTb & = {&,, n € Z} Buga
(oo}
§n= Y akEn—k (3.17)
k=—o00

HasbiBaeTcss aunetinoti CCII nim mociaenoBaTeIbHOCTBIO J8YCmopoHHe20
CKOND3AULE20 CPEOHERO.
Ecmm ap, =0 mpu k£ < 0, T.e.

o0
&= arEn—r, (3.18)
k=0

TO & Ha3BIBAETCS TOCIEIOBATENBLHOCTBIO 00HOCTNOPOHHEZ0 CKOAB3AULEZ0
cpednezo.
Hakonen, eciim a, =0 npu k <0 u k > p, T.e.

p
€n = aken—k, (3.19)
k=0

TO € HA3BIBAETCS TOCIE0BATEIHLHOCTBIO CKOAb3AWE20 CPedHe20 NopaAdKa p.
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IIpumep 3.4. Tlokasarh, UTO TOCIETOBATEIHHOCTH CKOIB3SIIETO
CPEJIHETO NeHCTBUTEIBLHO yIOBIETBOPAIOT yCAOBAAM CTAIIMOHAPDHOCTH.

Pemenne. [locTaTouHO paccMOTpeThb Ciaydail IOC/IEJOBATEIbHOCTH
JBYCTOPOHHEI'O CKOJIB3AIIEI'O CPEIHEro, TaK KaK OCTAJbHBIE ABJIAIOTCH
ee JacTHBIMM ciydasMu. B cminy ycaosust (3.16) psan (3.17) cxomures
B CPEJHEKBAIPATHIECKOM CMBICIE (C.K.-CXOIUMOCTD Dsijia 0OCYKAAeTCs
B §4). OueBnano, 4ro

o0 (e o]
§n= >, GrEn_k= D Gn_ itk
k=—o00 =—— 00

k=

Boraucisis koBapuanuoHHy0 DYHKIHIO C YI€TOM CBOWCTBA OPTOTOHAJIb-
HOCTH CedeHuil 6eyioro myMa €, HaXOIUM

cov{nim,&m} = (Z Untm—kEk> D, am—k€k) =

keZ keZ

= > GntmkGm-1 (€k:€1) = D Cntm—kGm—k = P, Gnik0k-
k,l€Z keZ kezZ

2 2
Psan > @nqr@r CXOMATCS, TOCKOMBKY |Gp ik r| < M. Taxum
keZ 2
obpaszom, nokazano, uro { = {{,, n € Z} — cranuoHapHas MOCIEI0Ba-
TeJBHOCTHh C KOBAPHUAIMOHHON byHKITHEH

Rg(n) = Z Ayt KO-
kEZ

Cnekrpasbhas mwioTHOCTh f¢(A) CCII £ umeer Bug

1 —i 1 i —
fe(A) = Py doe A" Re(n) = o D€ “n D Okl =
nez nez keZ
= 2L 3 e HR) g emiAkgy =
T knez
_ S _ 2
= % Yo e M ay emkay = %‘Z e ay|

k,m€Z keZ

npudeM fe(A) maTerpupyema Ha [—m, 7| B cuiay ycnosus (3.16). m

3.3. CnektpanbHoe npeacrasiienue CCII. CrnekrpaabHoe mpe-
CTaBJIEHIE KOBAPUAIMOHHOM (DYHKIUH OIIPE/IENSIET PACIIPEIe/ICHIe «JHep-
THM» TOCTETOBATENFHOCTH MO [WacToTaM A € [—m,w]. B ciywae mournm
TIEPUOJMIECKOl MOCIEIOBATEIBHOCTH (CM. TIpUMeD 3.2) MBI BUJIEIH, 9TO
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CyMMe€ TAPMOHUK CO CJIyIaiHBIMIA aMIUIATYIAMA COOTBETCTBYET JUCKPET-
HOE TIPEJICTABJEHUE CIEKTPA B BHJE CTYIEHIATONH (DYHKIMH CO CKadKa-
MH B TOYKaX, I'JIe COCPEJOTOYEH CHEeKTDP, T.€. B TOYKaX pa3pbiBa (DyHK-
nun F¢ (). Takum o6pa3oM, HOYTH IEPHOAUYECKYIO TIOCTIEL0BATEIBHOCTD
MOZKHO IIPEJICTABATH KaK CYMMY TaPMOHUK CO CJIydaiiHBIMU aMILIATYIaMH,
T. €. TaKad IIOCJIeJOBATEJIbHOCTb UMEeT JTUCKPETHBIN «CIIy4alHbIil CIEKTPY.
OxkaszbiBaercs, uro jrobas CCII gomyckaeT Takoe ClieKTpajabHOE MPEICTaB-
JIEHWE CO «CIYYaiHBIM CIIEKTPOM», XOTsl B OOIIEM CIIydae CIEKTD yKe He
Oy/IeT AMCKPETHLIM. DTO IIPECTaBJIEHNE BEChbMa YJ00HO B MPUJIOKEHUIX
¥ OCHOBAHO H& MOHSATHH WHTErPaja MO OPTOTOHAJIBHON CTOXaCTUIECKON
Mmepe (cM. m. 14.9).

Teopema 3.2. Ilyemwv & = {&,, n € Z} — CCII ¢ xosapuayuonnod
pynryueti Re(n), coomsememsyroweti cnexmpanvrot, dyrsuyuu Fe(X).
Toeda cywecmeyem maxas OPMOZOHAALHAA CTMOTACTNUYECKAA MEPA
Z¢(A), onpedenennan na bopenesckot, o-arzebpe B([—m,m)) npomesrcym-
xa [—7, ), wmo umeem mecmo npedcmasaenue

™
£ = J e Ze(dN), nez, (3.20)
—T

npuvem Zg(A) umeem cmpyrmyphyro Gyrkyuro 6uda

Fz(8) = M{|Z¢(8)P} = [dFe(N, Ac€B(-mm).  (321)
A

Bameuanue. Takum obpasom, Fe(\) asuaserca dynkmuedl pacrpe-
Jlenennst cTpyKrypHoit dyuknun Fz(A) opToronambHOM CTOXaCTHIECKOM
Mepsl Zg(A), onpenenennoit ma B([—m,w)). B wacrmoct:, ecim A =
= (o, f] C [=m,m), o Fz(A) = Fe(B) — Fe(a), a ecin x Tomy ke Fe(N)

nMeeT IWIOTHOCTE fe(A), TO

Fz(8) = | fe(X) dA.
A

Crekrpanbroe mpeacrapiaenne CCII urpaer BaXKHyIo posib B 3a139aX
JINHEHHOTO OIEHUBAHUS W IIPOIHO3UPOBAHMUSI CIIYYaHBIX MTOCJIEI0BATE b
HOCTEH. DTO CBSI3AHO C TEM, ITO PE3YIBTAT JI000TO JTUHEHHOTO Tpeobpas3o-
Banusi CCII MOXKHO ITPEACTABUTH C TIOMOIIBIO CTOXACTUIECKOTO MHTEIPAJIA
1o Mepe Zg(dA).

Onpenmenenne 3.5. Ecnu ciyuaitnas Bequuuna ( sIBJSIETCS IIPejIe-
JIOM B CPETHEKBaPATHIECKOM CMBICJIE HEKOTOPOH MOCIeq0BaATETHLHOCTH
ciyvaiinbrx Benmans {(™}, 0o6pa3s0BaHHBIX JIMHEHHBIMA KOMOWHAIMSIMEA
ceqemnit CCII ¢ = {¢,, n € Z}, To 6yaem rosopuTts, aro ¢ € H(E).
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Teopema 3.3. [Tyemo cayuatinas seauvuna ¢ € H(E), 2de & — CCII,
umerowan npedcmasaenue (3.20) u cnexkmpanvnyro dynryuro Fe(X). To-
200 cywecmeyem maxas Pynxyus ®(N), X € [—m, 7], wmo ¢ donyckaem
npedcmasaerue

¢ = J B(N) Ze(dN), (3.22)
npuvem

]T |®(N)|? dFe(N) < oc. (3.23)

Bameuanue. [Tockonbky yciosue ¢ € H(§) osHauaer, uro ( sIBiIs-
erca guueinoit kombunarmeit cevennit CCII £ wam c.K.-ipemesoM Tako-
BBIX, MBI Jlajiee OygeM TOBODHUTH, UTO ( SIBJISIETCS AUHelHbM Npeobpa-
so8anuem £. B cBere 9TOTO yTBEpKEHHE TEOPEMBbI 3.3 O3HAYAET, UTO
BCsikoe JimHeiiHOe mpeobpaszopanme CCII € moxkeT OBITH TPEACTABIIEHO
B BUJIE MHTETPAJIA TI0 CTOXACTHIECKOH Mepe OoT HeKOoTopoit dyukmma P(N\),
yaoBaeTBopstonieit yerosuio (3.23). Pynkmust $(A) xapakrepusyer caMo
snuHeiiHOe TpeobpaszoBaHWe W HA3BIBAETCS €r0 4acmomuoll Tapaxmepu-
cmukod. Yenosue (3.23) osHauaer, 9To

M{[¢P} = | |2 dFe() < oc.

—T

Temepb MBI MO’KEM BBECTH TIOHSITHE JIMHEHHOTO CTAIMOHAPHOTO TPE0s-
pazosanusa CCII.

Onpenenenme 3.6. [Iycte CCII € = {&,,, n € Z} wmeer cieKTpahb-
Hoe mpencrasienne (3.20). Ecam nocnemosarensrocts ¢ = {(,, n € Z},
JIOTYCKAET TIPe/ICTABIECHAE

(= J eMB(N) Ze(dN), n €z, (3.24)

¢ mexoropoit dynkmueit ®(N), ymosaersopstromeiit ycaosmio (3.23), To
roBOPsT, YTO mocienoaresnbHocTh ( mosmydena w3 CCII € ¢ momornpio
CMAYUOHAPHO20 AUHETH020 NPEO0OPA308AHUA.

IIpumep 3.5. [Tokasars, 9ro mocaenoBaTesabHoCTh ( = {(n, n € Z},
onpenenenras B (3.24), ABIAETCA CTAMOHAPHOIN.

Pemenue. Boraucium kosapuanmio cedenuit (, u (,, m,n € Z
TIOJIb3Y4ACh CBOMCTBAMH HHTErpaJia II0 OPTOTOHAJBHON CTOXaCTHYECKON
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Mmepe (cm. 1. 14.9):

™

cov{Gon Gk = (GG = ( [ 27800 Zean). | () Ze(a)) =

-7

= j eMMD(N) A B(N) dFe(N) = j eMm=m)|(N)[2 dFe(X) = Re(m—n),

—T

™
gTo BMecTe ¢ paserctBom M{(,} = M{ J eAnd(N) Zg(d)\)} =0 gmo-
-7
KasblBaeT cranmoHapHocTh (. WTax, mociemoBaTeqbHOCTD, IIOIydeHHast
B pe3yJbTaTe CTallMOHApHOTO JuHeitHoro mpeobpaszosanus CCII, Tax-
e ABigeTca crammonapuoil. Ilpm sTom ycmosme (3.23) osmawaer, 49TO
M{|¢a|?} < 00, T.e. cayuaiinas nocieIoBaTENbHOCTD ¢ JHCTBUTENLHO
cymecTByer. W

MoOMEHTHBIE ¥ CIEKTpaJbHBIE XapPaKTEPUCTHKHU IOCJEI0BATEIBHO-
creit ¢ 1 € CBA3aHBI HEKOTOPHIME aHAJIUTHIECKIMHI COOTHOINEHUAMHE, O 9eM
TOBOPHT CJIEAYIONIEE yTBEP K ICHUE.

Teopema 3.4. Ilocaedosamesvrnocms (, noayuwennas u3z CCII &
¢ nomowbio Aunetinozo npeobpasosanua (3.24), asasemes cmayuonap-
Hol ¢ opmoz2oraavroli cmozacmuyeckot, mepol Zg(d)\), cnexmpanvrots
pyrryueti Fe(N) u xosapuayuornnoti dyrryuet Re(n), xomopuie ydoese-
MEOPAION, COOTNHOWEHUAM

Ze(dN) = @(X) Ze(dN),
A T
FeA) = | [BNPdFe(N),  Re(n)= [ &A@ dFe(N).

Ecau £ umeem cnexmpansvryto naommuocms fg(X), mo ¢ makorce umeem
cnekmpasvryro naommnocms fe(X), npuvem

fe) = [@N)* fe (V).

Coorromenne (3.24) ommchiBaeT JWHENHOE TPEOGPA3OBAHUE TIOCIE0-
BaTEJNILHOCTH B CIEKTpaJbHOll obmactu. OgHako Kak MOKA3LIBAET CJIeLy-
foIuil TPUMeEP, 3TOMY TIPEJICTABIEHUIO MOYKET COOTBETCTBOBATH W IIPE/I-
CTaBJeHNE BO BPEMEHHOH 06J1acTh.

IIpumep 3.6. Ilycts crammonapaoMy JHHEHHOMY TPeoOPa30BaAHUIO
€ 9acTOTHOMN xapakTepucTnkoi ®(\), yaoBreTBOpSIOMEH yCI0BIIO

T [D(A)[?dA < oo, (3.25)
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TIO/IBEPTaeTCsl CTAHJAPTHBIN TUCKPETHBIH Gesbrit mym € = {e,, n € Z}.
Tokasars, aro nomyuennas CCII € = {&,, n € Z} nomyckaet mpecrasie-
uue B popMe JIBYCTOPOHHETO CKOJB3SAIIEro cpeaHero. HaliTh crekTpasib-
HYIO TJIOTHOCTE fg ().
Pemenue. Ycrosue (3.25) paBHOCHIBHO yCI0BHIO (3.23), TOCKOIBKY
A+m
FE()\) T oon
pasinoxenne B pajg Oypbe Ha oTpeske [—, 7|:

(cm. mpumep 3.3). B cuury (3.25) dynkmus () gomyckaer

m=—0o0
TIe
1T
h(m) = — J AP () dA
2w
-7
Ecin Z.(d\) — croxacTuueckasi Mepa B CIIEKTPAJbHOM IPEICTABICHUN

Gesroro myma £, To cooTHOmERNE (3.24) 1 £ 3aMCHIBAETCS KAk

€n = T ePMP(N) Zo(dN) = i h(m) T e 7 (dX) =

m=—oo “r

o0

= Z h(m)gn—mv

m=—00

9TO COOTBETCTBYET TIPEJCTABICHUI0O B (POpME CKOIB3SIIETO CPEIHEe-
ro (3.17). Torma B cuiy Teopemsbl 3.4 CHEKTpaibHAsI IIOTHOCTD IIOCJIE-
JOBATEILHOCTH £ MMEET BUJ

feN) = 5= 12V,

TaKk Kak f.(A) = 1/2m — cmekTpasbHas IUIOTHOCTH CTAHIAPTHOTO GeJI0To
myma . W

3.4. Bagaun i CaMOCTOSITEJILHOTO peHieHus.
1. [Tokazarb, 4To ecyn g, Br — AENHCTBUTENIHLHbIE HEKOPPEJIMPOBAHHBIE CJIy-

qaitapie Bemranael, M{ax} = M{Bx} = 0, D{ax} = D{B} = 0}, 3_ of < o0,

k=1
TO IMOCJIEAOBATEJIBHOCTH

&n = > (arcos \gn + Brsin A\gn) n € Z,
k=1

ABJseTcs cranuoHapuoit. Halitn koBapuanuonuyo Gyukunio Re(n).
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Vkasanue. [lokazars, uro CB &, nomyckaer upeacrapienune &, =

oo ) i
= > 2™ e Ag = — A, 21, = ak—zﬁk, Z_p =Zp mpu k 2> 1, 20 = 0,
k=—oc0 2
npuueM {zi, k € Z} — HeKOppesMpOBaHHbIE.
[ee]

Orser. Re(n) = > o7 COS AT
k=1
2. [Iycts CB 0 umeer pasHOMepHOe pacupenesenue Ha [—m, 7], a CB 7
pacnpesieniena no 3akony A (0;1) u me zasucur or 6. Ilokasarh, 4To mocse-
JIOBaTEJbLHOCTh
n, ecim n =0,
gn = .
e’ ecm n #£0,
SBJISIETCST CTAIMOHApHOM. HaiiTn ee KoBapualmoHHY0 (DYHKIUIO U CIIEKTPAITH-
HYIO [JIOTHOCTb.

o 0, Re(n) 1 mpu n=0, £ 1
TBeT. mg =0, n) = -
¢ ¢ 0 mpu n#0, ¢ 2m
3. ITycts ( — CCII, nonyuyenHass u3 £ C MOMOIIBIO JUHEHHOrO IMIPeod-
pa30BaHUsl ¢ 4acTOTHON xapakrtepuctukoil ®1(A), a n — CCII, nonyuennas

n3 ¢ C HOMOLIBIO JINHEHHOTO IpeoOpa30BaHusi C YaCTOTHOI XapaKTepPHCTHKOM
®5(N). IMokasarb, 9T0 7 MOXKeT OBITH HafifeHa U3 § C MOMOLIBIO JMHEHHOrO
npeobpa3oBaHusl ¢ YaCTOTHOM XapakTepucTukoit Po(N)P1(N).

4. Haiitu gacrorHyio xapakTepuctuky npeobpasosarus CCII Y B mocieno-
BaTEeJILHOCTH

X(n) = %(Y(n) +Y(n—1)+Y(n—2)).

OrBet. ®(N) = % (1 Fe 4 e—2i>\)‘

5. Ilycre &, = cos(nny + ), tne 0 — cay4vaiinas BeJuYWHA, PABHOMEPHO
pacnpegenentasa Ha [0,27], a 1 He 3aBucuT or 6 W MMeeT HEKOTOPYIO (DYHK-
muto pacupegenernss G(z). Iokasars, uro § = {&,, n € Z} — BemecrseHHas
neurpuposannas CCIT.

6. ITycts 0 < a < 7. [lokazars, 4To

a upu n =0,
Re(m) =4 ©
¢ o sin an
mpu n #0
™

ecTb KoBapuarmonHas dyukuus nekoropoit CCII. Haiitu cnekrpanbHyio mioT-

HOCTB ITOM Imocjgae10BaTeJIbHOCTH.
a

1 .
Vkaszanne. [lokazath, aro Re(n) = o J €™ d\, orkyma cremyer, 4o
Yy

—a
[OCJIE0BATENBHOCT ¢ KOBapHalMOHHON dyHKimel Re(n) ecTs suHeliHOe cTa-
MOHAPHOE [Ipeobpa3oBaHue HGEJIOro NIyMa ¢ YaCTOTHON XapaKTEePUCTHKOM

1 mpn A <a

2 = {

0 mpu |\ > a.
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1

— mpu |A| <a,
Orser. fe(A\)=¢ 2w pu A<
0 opu  |A| > a.

7. Hajitu koBapuanuonunyio ¢yukunio Re(n) CCII, uMeromeil crekTpaib-

Hy1o mioTHOCTS fe(A) = _2|)‘|.
s
Yxaszauune. BocnonbszoBarbea dopmynoii (3.11).
1 mpu n =0,
OrBer. Re(n) = —_1)n
¢(n) 20" o no.
(mn)?

8. ITycrs &, ¢ — Hekoppesmposanusle CCII (1. e. cov{&,, (mn} = 0 npu Beex
n,m € Z) co cuekrpaibHbiMu GyHKnusamu Fg(A), F¢(A). ITokasars, aro X, =
= &, + ( ects CCII, u HaliTu ee cnekTpatbHyo dyHKuu0 Fx (A).

OtrBetT. Fx(A) = Fe(A) + Fe(N).

9. Ilycrs &, ( — CCII, ymoBiieTBOpsIIONYE yPaBHEHUSAM
gn_aén—lz‘flw Cn_QCn—1:§n+5$Lv

e |a| < 1 — mecnywaiinas nocroaumas, a ¢!, €2 — HEKOPPETHPOBAHHbIE TIOCITE-
JoBaTesbHOCTH Gesoro myma. Haiitu crnekrpanbayio miorHocts CCIT €.

Vkazauue. Obozmauum Z'(d)), Z*(d)\) oproroHabHbIe CTOXACTHYIECKHE
Mephl B CIEKTPAJbHBIX IIPEICTABICHUSX [IOCIEI0BaTeIbHOCTEN €' 1 €2 coor-
BETCTBEeHHO. TOrJIa OPTOrOHAJbHASI CTOXACTUYECKAsl Mepa, COOTBETCTBYIOIIAsS
nocsegoBaTebHOCTH (, PaBHA

Z1(d)) Z2(d))

Ze(dA) = (1 —ae=iM)2 1 —qe i’

OTKYyJa C Yy4€TOM HEKOPPEJIMPOBaAaHHOCTHU HOCJ'IG,Z[OBa.TeJ'IbHOCTef/'I 61, 62 HaXOauM

OTBET.

OtrBert. fc(N) = ! !

2711 — ae= A4 271 — qe— A2
10. Vcmone3ysl CHEKTpaJIbHOE MPEICTABJIEHUE, MOKa3aThb, YTO CJIydaiiHast
nocenoBaresbHoCTh £ = {€,, n € Z}, yIOBIETBOPSIOMAsS COOTHOIIEHHUIO

gn + blgn—l +...+ bqgn—q = ao€n + A1€p—1+ ...+ ApEn—p,

[IPH ONPEJIETIEHHBIX YCJIOBUAX HA MHOTOWIEH Q(z) = 14+b12+. .. +bgz? aBngercsa
JIMHEWHBIM NPeoOpa3oBaHWeM CTAHAAPTHOrO Gesioro myma & = {en, n € Z}.
Haiitu sTu ycomosus, onpegenurs cnekrpasnsayio miorHocts CCIT €.
Ykazauue. [lokazars, 94T0 £ UMeeT NpPeJCTABIEHIE B BUJE OJHOCTOPOHHE-
ro CKOMB3sImero cpeaaero (3.18), rae ar — koabduImMEnTs pas3tokenns QyHK-

P
uuu QEZ) B pag Teitnopa B equuuunoM Kpyre, a P(z) =14 a1z + ...+ ap2?.
4
Orser. Ecin xopan MHOrouwieHa (QQ(z) Jiexkar BHe €QUHHYIHOIO Kpyra, TO
iy |2

1 |P(e™™)

>\ - T, A~

fe) = o Q™




§ 4] JIMHEWHBIE IPEOBPA3OBAHUSA CJIVYANWHBIX [TOCJIEJOBATEJIBHOCTEN 65

§ 4. JIuHeiinbie Tpeodpa30BaHUS CJIYYaTHBIX
IIOCJIeJOBaTEJIbHOCTEMN

4.1. JIuneiinbie npeobGpa3oBaHUsl IOCJIeOOBATEJIbHOCTElH 06-
ero BH/A.

Onpemenernue 4.1. CaydaitHasi TOCIEMOBATENLHOCTD {1y, N € Z}
HA3bIBAETCA AUuHeTHbIM NPeobpa3osaHuem CITyIalHON MOCIIeI0BATEILHO-
ctu {&k, k € Z} ¢ secosoti nocaedosamenvrocmvio {cpk, n,k € Z}, ecin
TP KaXKJa0M 1 € 7,

o0

M = Z Cnk&k- (41)

k=—o00
3mech n masee cxopuMocTh paja (4.1) nornMaercs 6 cpednexsadpamu-
HYECKOM CMDBLCAE:

M

M= lim. > cpupé. (4.2)
OOk‘:—N

Coorromenne (4.2) MOXKHO 3aIMCATh CJIELYIONM 06Pa30M:

M
M{|nn - > cnk§k|2} —0 mpu N,M — cc. (4.3)
k=—N

Owesmgro, uTo mpeobpazoBanune {n,} CyIECTBYeT, €CIN BLITOIHEHDI
coorromenus (4.2) mim (4.3), mosromy Ha {cpi}t u {k} MOMKHEBL GBHITH
HAJIO’KEHBI HEKOTODBIE YCJIOBUS, TAPAHTUPYIOIIAE, ITO BhIpaskenne (4.1)
UMeeT CMBICH.

Onpegenenne 4.2. CayuaiiHas IOCIETOBATENLHOCTE { &) } HA3BIBa-
etcst 2uavbepmosoti, ecn M{|€x|?} < oo mnst Beex k € Z.

Hutst tunsbepToBBIX TOCTEHOBaTeAbHOCTEH TIpY k, | € 7 CymecTByIOT

me (k) = M{&},
Re(k,1) = cov{ér, &} = M{ (¢ — me (k))& — me(D) }

De(k) = o2 (k) = Re(k, k) = M{|& — me(k)[*} .
IIpumep 4.1. Toxkazars, 910 {7, } CyIIECTBYET TOTAA ¥ TOJLKO TOT/IA,
KOTJIa CXOJSATCS CJIEIYIONINE THCIOBbIE PSIIbI:

L= Y cume®) 1 Lin)= > cudaBe(k,).  (44)

k=—o0 kl=—00

5 B.M. Munanep u A.P.Ilankos
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Pemenne. OueBumno, 9T0 JOCTATOYHO PACCMOTPETDH YCIOBUS CXO-
(oo}

JMMOCTH DA G = Y Cni. Tloxarkem, uTo npu BoinomHennn (4.4) mo-
k=0 K
CITEIOBATEBHOCTD CITyJaifHbIX BesmanH SK = Z Cnk&k aBasgeTCS QyHIA-
k=0
MEHTAJbHOH B CPEIHEKBaAPaTHIECKOM CMBICTE, T. €. M{|S§ — Sk |2} —0
upu K, L — oco. HelictBurenbho, ipu L > K

L L
M{|s,{<_s{;|2}=M{\ T cnkek\2}= Y emEiM{GE ) =

k=K1 EJ=K+1
L o L o
= > cukCul (me(k)me(l) + Re(k, 1)) = 3 cnrCume(k)me(l) +
kl=K+1 kl=K+1
L
+ Z CnkCnl Rg k l ‘ Z Cnk mg ‘ + Z CnkCnl Rg(k l) IK,L‘
kJl=K+1 k=K+1 k,I=K+1

Ecnu soinosnmeno (4.4), To I, ; — 0 npu K,L — 0o, 410 03HAYAeT:
M{|SE — SL?} — 0 npu K,L — co. B cuty cBoiicTB C.K.-CXOAUMOCTH
(em. 11.14.4) mocsenosarensrocTs {SK} cxommres B cpenmexsamparte-

K 0o
CKOM CMBICTE K TIpesieny C, = 11 m. > ek = D ek
* k=0 k=0

Hao6opor, ecau (,, cymecTByer, TO
M{|Cn|2} = D{Cn} =+ |M{<n}|2 < 00,

HO

D{Cn} = Lh—>m klzo ancang(k l k%() anC_ang(k,l) < 00

L 2 %) 2
IM{¢a}? = LII—)HOIO‘Z anmg(k)‘ = ’Z anmg(k)| < o0,
k=0 k=0

ITO O3HAUAET CXOAMMOCTH psifioB (4.4). Takum obpaszom, ecam psaapt (4.4)
CXOIATCS, TO M{|nn|2} < 00 u, 6oJiee TOTO, Mbl MOJIYYHJIA COOTHOIICHHS
JIs MaTeMaTrdeckoro oxkujganus u gucrnepcuu CII n,:

M{n,} = Li(n), D{nn} = L(n),

rae I1(n), Io(n) onpenenenst B (4.4). =
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HUcnonb3ayst mEKOTOPYyIOo gomonauTenbayio madopmammio o CII {E,},
MOXKHO HECKOJIBKO YIPOCTHTH ycroBus (4.4).

Hpuwmep 4.2. Hycrs ussectro, uto M{|¢,]2} < K2 anst Beex n € Z.
JlokazaTh, 4TO B 9TOM Cjlydae I CyNIeCTBOBAaHUs JIMHEHHOTO Tpeobpa-
o0

soBamms 7, (4.1) gocrarouno, 4robbl Y |cnpk| < 0o g Beex n € Z.
k=—oc0

Pemenne. Tax xak M{|&[*} = oZ (k) + [me(k)|* < K2, k € Z, o

o¢(k) < K n |mg(k)| < K. Ussecrro, uro |Re(k,1)| < o¢(k)oe(l), Torna

> lenkeuBRe(k, D] < Y0 enkllen|oe(k)og(l) =
kl=—o00 kl=—o00
[e’e] 2 5 o] 2
= (X lemloe®) <KX feml) < oo
k=—o00 k=—o00

Taxwnm o6pasom, psiz I>(n) B (4.4) cxoamres abCOTIOTHO U, CIIEI0BATENHHO,
cxommTcest. AHAJIOTHYHO,

o0 o0
S lemme(B) S K > enk] < oo,

k=—oc0 k=—oc0

nosromy cxomurest paj I (n). Urak, cymecTBoBaHUE 1), TEHEPh CIELYET
3 pe3yJsibTaToB nmpuMepa 4.1. ®

PacemorpuM mpumepsr BaKHBIX 718 TPAKTHIECKAX TPUIIOKEHWH JIH-
HEHHBIX Tpeobpa30BaHMIA.

IIpumep 4.3. Bemecrennaa CII {&, k > 0} ompenemena cooTHO-
mwennem & = 6+ e, tne 0 — cuyuaiiaeit mapamerp ¢ M{0} =mgy n
D{6} = Dy, {ex} — memTpmpoBaHHBI!l AUCKPETHBIN GesbIil TIyM, TaKoi,
gro D{ex} = Dy < D, upuuem mnapamerp 6 He koppemupyer ¢ {ej}.
CII {&;} moaBepraeTcss Mpeobpa3OBaAHUIO OCPETHEHNS:

L S e, nxo. (4.5)

n+1k:0

Nn =

Berawesmnrs M{n,, }, D{n,} »n mnaiitn ILm D{n,}.

Pemenune. M{&} =mg u D{&} = Dy + Dy, < Dy + D. Ilosto-
My M{&} < Dg+ D+ m} =K <oco. Tak xaxk cymma B (4.5) comep-
KUT KOHEYHOE YUCJIO CJIAraeMbIX, YCIOBHs ITpUMeEpa 4.2 BBITOJHEHBI. Ta-
kum obpasom, M{n2} < oo npu kaxgom n > 0, npuaem M{n,} = I;(n)

5%
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u D{nn} = IZ(n)v rae

1
hn) = Ao S mo=me;  Re(kl)=
k=0

Dy + Dy upu k=1,
Dy upu k #I;

I(n) = ﬁ kEoRE(kJ) =

1

3 ) n 3 1 n
_m[(n-i-l) D0+ZDk] —D0+meZODk-

k=0
Samerum, aro B cuity Dy < D nmeem

1

Doéfz(n)éDo-l-( n

D
122D D9+—1—>D9 opu  n — oo.

Taxum obpasom, D{n,} = Dy mpu n — co. B

Hst Toro 9To6bl MPOSICHUTH MPUKJIAIHON CMBICA MTOJIYYEHHOTO pe-
3yJIbTaTa, PACCMOTPUM TIPOUEAYPY JHUHEHHOTO ONEHWBAHWS CJIy9aiiHOTO
BEKTODA 1) TI0 BeKTOpPY Habsonenuit €.

Onpenenenwme 4.3. Onenka 7] = ¢(£) masbBaercs auretinot cped-
Hexsadpamuseckol oyenkol must 1 mo &, ecim ¢ — JuHEHHOE Tpeob-
pazoBanue. TOYHOCTH OIEHKM XapaKTepU3yeTcs cpednexsadpamuueckot
noepewnocmvro A = M{|n — 7]?}.

IMpumep 4.4. Ilokaszars, 4To 1), onpejpesnennad B (4.5), aBuserca
HECMEIEHHON JIMHEWHON OIEHKON Ijist §, MOrpemHoCcTh KOTOPOi MOXKHO
CIIEJIATh CKOJIb YTOHO MAaJIOM.

Pemenune. Ilpeobpasyem dopmyny (4.5):

1 & 1
ﬂn—n+11§5k—n+1’§)(9+€k) 9+—Z€k

n
> ek npezcrabisier coboit cirydaii-
k=0

Taxum obpasom, 0, =1, — 0 =

n+1
HYTO OIIUOKY OIEHKH 7).

Torma M{é,} = M{%H

n

ak} =0, rak xak M{er} =0, n

M{(52} D{ +1Z }\——>0 opu  n — 0o,

910 CcremyeT u3 pesynbrata mupumepa 4.3. Urak, M{n, — 0} =0 s
Besikoro 1 > 0 (necmewenrocmn), a A, = M{|n, — 60>} — 0 mpun — oo
(cocmoameavrocmsv). W
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3ameuanue. Ecau B npumepe 4.4 mapamerp 6 sBisgercs Hecaydaii-
M (T. e. Dy = 0), To pe3yabraT, chOPMYINPOBAHHBIH BHIMIE, TPUHAMAET
CceayIoIui BUT:

1 & K.
n+1Z§k CK\mg opu n — 0o, (4.6)
k=0

rae me = M{&,} = 6. Ilpu sToM yrBepKaeHue (4.6) HASBIBAIOT 3GKOHOM
b0ALWUT UCEN.

Pacemorpum Bemectsernyo CII {,}, asastomytocs nporeccom Ha-
6atoiennsi, (POPMHUPYEMBIM IO CJIEIYIONIEH CXeMe:

Se=o(k)+er, ke (4.7)

rie (k) — moNe3HBI HeCTATMOHAPHDIN CITydaiiHbIil cuTHAT, a {e } — men-
TPUPOBAHHBIN OeJbIfl IIyM C IMOCTOSIHHOW JIucrepcuet D{Ek} =D, >0.

Has onernbanns currana (k) CII {&} momsepraercs mpeobpazosa-
HUIO, KOTOPOE HA3LIBACTCH PUALTNPOM IKCNOHEHUUAABHOZO C2AGHCUBHHUSL
U UMEEeT BUJL

Mm=an_1+(1—a)é, neZ, (4.8)

rae « € [0,1) — mapamerp dwmbTpa.

B cienyromem mnpuMepe HUCCIELYIOTCS XapaKTEPUCTUKH TOYHOCTH
brIbTPa FKCIOHEHTMANBLHOTO CTiaskuBanus (4.8).

IIpuwmep 4.5. IIpeanomoxuM, aro B Mojesu (4.7) MOIe3HBIH CUTHAIL
nmeer Bug ¢(k) = 01 + 03k, tne 01, 0 — ciyvaitable TapaMeTpHI ¢ U3-
BECTHBIMH CDEJIHUME My , My 1 jucniepcusyu Dy , Dy, ipuaem {61, 02}
He 3aBucsT oT {e}. Haiitu c.K.-norpemHocTs onesku 7, curaana o(k),
onpenensiemoit ypasaerweM (4.8).

Pemenmne. 1) ITokaxewm, uro (4.8) siBisiercsi JIMHEHHBIM ITPEO6PA30-
BamweM Buia (4.1):

NMn = & (ann—Q + (1 - a)gn—l) + (1 - a)gn =

oo

= (1 - a)(gn + afn—l) + aznn—Z — ... = (]- - a) Z akfn—k‘a
k=0

IPUYEM TIOTyIE€HHBIH Pl C.K.-CXOIUTCS B crury |af < 1.
2) PaccMOTpUM JI€fiCTBUE TIOJyYEHHOTO JIMHEHHOro Nmpeobpa3oBaHus

ma CII {&,} suna (4.7):

= (1= a) 3 a* (01 +0:(n— k) + (1 - a) 3 afeny =)+,
k=0 k=0

[e ]

) = (1= )01 +62n) 3- of — (1-a)fy 3 bk
k=0 k=0
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YuursiBas, 94to Y F=1-a)tu(l-a) > ko = a(1 —a)7?, mo-
k=0 k=0

JydaeM 777(11) =p(n)+

HAXO/[AM

o

1 0. OTciona B crry HesaBucumocTn 03 ot {e, }
o _

a—1

B =Ml = o} =M {| 2250 | D0 0) 3 e,

« 2 _ CY2 2
M{‘a—lez‘ }_ (a_1)2(m02 + D, ),

o D.

o0
Py S S
k=0 k=0

OxoHuaTeLHO IoJrydJaeM

2
_ « 2 1—«o _ 1 2)
Ap = (a_l)z(mez +D02)+ 1+aDE _Agz)“‘Agz) —f(a).
3ameTnM, 9TO AS) — pe3yJbTaT WCKaXKeHUs (PUIBTPOM TIOJE3HOTO

currana ¢(n), a AY — octarok or myma nabmoxenms {ek}. Unrepecho,
qTo ipr o — 0 Aﬁﬁ) — 0, HO TOTHA Ag) — D.,anpu a — 1 Ag) — 0, HO
A%l) — 00. O4eBuIHO, 9TO TAPAMETDP (@ MOXKET OBITH BHIOPAH ONTHMAJIb-

HBLIM 06pa30M U3 yCJIOBUS O = arg Irfin) fla). m
a€e0,1

4.2. JluneitHble npeobpa3oBanusi ctammoHapubix CII. Ilycts
u3BecTHO, 910 {&k, k € Z} — cranmmonapuas BemecrsenHas CII ¢ xapakre-
puctuxkamm: M{&p} = me, cov{, &} = Re(k — 1), D{&} = Re(0) > 0.
IIycTh Tak:ke 3ajaHa HEKOTOpas YUCIOBag MOCIEI0BATENLHOCTD {Cp,}.

Onpemenernne 4.4. CryuaiiHas M0CI€I0BATENLHOCTD {7), } Ha3bIBa-
eTCA CMAYUOHAPHBIM AUHETIHBIM NPE0dPa3osaruem CITyIaliHON IIOCIen0-
BaTesbHOCTH {{}} ¢ 6ecosoti nocaedosameavrocmovio {c,, }, ecam

o0

Nn = Z cmgn—my n € Z (49)

m=—00

Sameganue. Panee B 1. 3.3 u3yvJajuch JIUHEHHDBIE TIPEOOPA30BAHUST
B crekrpasbHOil (wacrorHoit) dopme. CoorHomenune (4.9) maer siBHOE
mpecTaBeHne Mpeobpa30BaHus BO BpeMeHHO# obsactn. JacTHBIN Ciry-
Taif TAKOTO Tpeobpa30BaHms PacCMOTPeH B mpuMmepe 3.6.
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Has cymecrBoBanmst mpeobpasosanus (4.9) mocTaTOIHO, YTOGHI BBI-
MOJTHSLIIOCH YCIIOBHE

oo

> leml < oo, (4.10)

m=—0o0

4TO CJeyeT U3 pe3yJibraTta npumepa 4.2.

IIpumep 4.6. Ilycrs Bemomseno (4.10). Hokasars, aro CII {n,},
onpenensemasi B (4.9), ABIseTCH CTAINOHAPHOM.

Pemenune. Iokaxem, auro M{n,} =m, u cov{n,, n,} = R,(n —m)
TIPH JTIOOBIX TEIBIX M, T

M{nn} = M{ ;i: Cmgn—m} =

o0 o0
= Y eaM{&n}t=m¢ Y cm=my.
m=—00 m=—00
Hauee,
oo oo
cov{nn, Mm} = COV{ Z cpbn—p Z Csfm—s} =
p=—00 s§=—00
oo oo
= > gescovi&n pémst= > cpesRe(n—m+s—p)=
D,;s=—00 p,8=—00

=R,(n—m).
Takum obpasom, CII {n,} crammonapua mo onpeznenenuio. 3ame-
o0

M, ato D{n} = R, (0) = > cpcRe(s —p). O6ocroannocTs Biece-
P, 8S=—00
HHSI OIEpaToOpa MAaTEeMaTHIECKOTO OKWAAHWS ¥ KOBAPHAIWH II0J] 3HAK

CYMMUDOBaHUs caenyeT n3 mpuMmepos 4.1, 4.2 u ycnosus (4.10). m
Bameuanune. Ecim BecoBas mocseoBaTebHOCTh { ¢,y } TAKOBA, UTO
¢m =0 mpu Bcex m <0, TO cramuoHapHOe JHUHefiHOoe Hpeobpa3oBa-
o0

uue (4.9), uMeromee BUL Ny = Y Cmén—m, HA3BIBACTCS PUUMECKU Pea-
m=0
auayemvim (PHuavmpom), TOCKOIBKY B 9TOM CIIy9ae BBIXOMHONW CHTHAI 7y,
3aBUCHUT JIMIIb OT IIPONUIBIX 3HAa4YeHUil BXOJAHOTo curHaja & npu k < n.
IIpumep 4.7. Ilycts mpum mHekoTOpoM |a| < 1 TOCIETOBATENTHEHOCTE
{nn} yIoBIETBODPSIET PEKYPPEHTHOMY yDABHEHUIO:

Nn = QNp—1 + fn’ n e Z’ (411)
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rae {&,} — Bemecreennas CCII. ITokasare, uto (4.11) sBasercs muHell-
HBIM CTaIlMOHAPHBIM (DUIBTPOM, W HAWTH MOMEHTHBIE XapPAKTEPUCTUKH
CII {nn}-

Pemenne. HemocpencTBernto n3 pe3ynbTaToB mpuMepa 4.5 ciemyer

o0
M= ok k, nez, (4.12)
k=0
oo oo
rae ¢ = of. Torma Y [ex| = 32 la|* = 1 —1|a| < 00, T. e. yeaosue (4.10)

k=0 k=0
BBITIOJTHEHO.

Onwupasice Ha pe3yabTaTsl npuMepa 4.6, HAXOIWM, 9TO BBIPAXKEHUS

[ee]
_ k _ Mg
mn = mé‘ kzzoa = m, (413)
Ry(n—m)= 3" a?™Re(n—m+s—p), (4.14)
p,s=0
Dy =R,(0)= Y aP*Re(s—p) (4.15)
p,s=0

OIIPEJIEIAIOT MATEMATHYIECKOE OXKUJIAHUE, KOBADUAIMOHHYIO (DYHKIUIO U
mucnepcuto CII {n,}. m

Ocobkrit mHTEpEC MpeacTaBisieT ey vaii, korga dumasrpyemas CIT {,}
siByisiercst 6esbiM 1rymMoM. IIpu sTom coortommenus (4.14), (4.15) MoxHO
CYIIECTBEHHO YIPOCTHUTD.

IIpumep 4.8. B ycnoBusax npumepa 4.7 paccMOTpPeThb Ciydail, KOraa
{&n} — cranmonapubIit GesbIil Iy M.

Pemenmue. Ilo ompenemnennio 6emoro myma Re(s—p) = 0, ecim p # s,
nosromy u3 (4.15) cremyer

D,
1—a?’

D, =Y a*D; =
p=0

Ilycts Temepr m < n u l =n — m, Torma

o9} (o9}
Ry(n—m)=R,(1)= 3 o®"D¢=0a'D: Y o* =ad'D,,.

p—s:l s=0

Anasnoruuno, ectu m > n, o R,(l) = R,(=1) = a~!D,. O6beaunss
oba pemennst, HaxonuM R, (n —m) = a'"‘m|Dn. [ |
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Oupenenenue 4.5. Kommnekcuas dbyuxmua ®(N) geficrBurenbroit
nepeMeHHOH A € [—, 7|, onpemensgeMasi COOTHOIIEHNEM

ST cme (4.16)

m=—00

Ha3BIBAETCH “aACMOMHol Tapaxmepucmukot, THHEHHOIO CTAIMOHAPHOIO
npeobpazosanus (4.9).

3ameuanue. Herpyano nposepurs, aro ®(\), onpeensemast BbIpa-
sxerneM (4.16), cOBmagaeT ¢ 9aCTOTHON XapaKTEPUCTUKOM, MCIOTb30BaH-
HOM B (3.24) JyIsi CIEKTPAJIBHOIO MPEICTABIEHNS JMHEHHOrO CTAIMOHAD-
HOTO TIpeobpasoBanusa (CM. Takxke mpumep 3.6).

IIpumep 4.9. lorazars, uro ®(A), A € [-7, 7|, cymecTsyer, ecim
BhIOsTHEHO yesosue (4.10).

Pemenne. ITokaxkem, ato mpm KaxkaoM A € [—m, w] panx (4.16) cxo-
JATCsT aDCOJIIOTHO.

o0

|5 e < T fenll = 3 el <o,

m=—0o0 m=—0o0 m=—0o0
mak Kax [e "2 = cos? Am +sin*Am =1. m
3auacryio mpeobpasosanue (4.9) 3amaercs HesBHO (cM. mpumep 4.7),
nosroMy st BerauciaeHusi ®(A\) ymoOGHO BOCHOIB30BATHCS CJIELYIONIEi
dopmyoii, BhITEKatomell HemocpeacTBenHo u3 (4.16):

L ei)\m
a(n = 1), (4.17)
e L(e™) — pesynbTaT JMHEHHOTO CTAIMOHAPHOTO MPeoGpa3oBaHHs

HeCITyJaifHON TOCIIeI0BATENBHOCTH Ly = €™, m € Z.

YacroTHaa xapakrepucThka P(A) MO3BOJSET BBIYMCIUTH CIEKTPAJIb-
Hy10 mwrotHOCTh npeobpasosannsa CII {&,,} (cm. Teopemy 3.4).

Ipuwmep 4.10. Iycrs crammonapnas CII {£,, } mmeeT cnekrpanbryio
wioTHOCTE f¢(A), A € [—m,w|. Hokasars, uro CII {n,} Buma (4.9) npu
ycnosun (4.10) Tak:ke MMeeT CHEKTPAJIBHYIO INIOTHOCTD f(\):

Fa(N) = 12N fe (V). (4.18)

Pemenue. Paccmorpum ciydait, Korja Z |R,(n)| < oco. Torma B cu-

ay mpexcrasienus (3.12) fp(A Z R, ( AR ipidem KoBapua-
nEZ
nuonHas Gysxunsa R, (n) umeer Bug (cM. mpumep 4.6)

Ry(n) = Y cpesRe(n+s—p).
p,SEZ
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Torga crekTpasibHas INIOTHOCTE fr;(A) MOXKeT OBITH IIpe/cTaB/eHa B B e

1 .
fn(X) = o Z Z cpcs Re(n+ s —p)e iAn _
n€Z p,s€Z

- Z CpCs e ’AP%ZRg(l)e il
p,SEL ez

=2N)2N)fe(N) = [2(V)[*fe(N). m

IpowstoctpupyeM npumenenne (opmysst (4.18) as Mogenn npeob-
pa3oBaHusi, pACCMOTPEHHOI B mpuMepe 4.7.

IIpumep 4.11. Ilycrs auneitHOE TPE0bpa30BaHUE 3aaHO PEKYPPEHT-
noit dopmymoit (4.11), rne {£,} — nenrpuposannas CII ¢ KoBapmanuon-
Hoit dyuxuueit Re(n) = D¢ Inl |8] < 1. HaiiTu crieKTpasbHy 0 IUIOTHOCTD

CII {nn}.
Pemenwue. Ilo dpopmyae (3.12) umeem

I« ian _ De o~ —ixngln|
_ - —tAn _ € —tAngln| _
n=-—oo n=-—oo
_ n2 _ 2
=D _1-F __ Del=5) ___ (419)
27 |1 —Be~ 2 2m(14 B2 —2Bcos )
Haiinem Temeph 9acTOTHYIO XapaKTEPUCTHKY MTPE0OpPa30BaHUsT
Nn = ANn—1+ &n- (4.20)

Hust sroro paccmorpum cootHomenue (4.17) must ciydast, korga L(-)
3agaerca ypasuenunem (4.20). Torma

B(N)e?" = a(B(N)eN ) 4 eiAn (4.21)
OTKysia, cokpamas Ha " obe wactu (4.21) m Boipaxas aBHo ®(N),
oLy 9aeM
__ 1 2 _ 1
e = T—aen 1 eI = 14 a? —2acos A’

Teneps, ucnonb3yst dopmysst (4.18) u (4.19), naxomum

_ De(1 - )
Fa(X) = 27(1+ a? — 2acos A)(1 + 42 — 2Bcos A) -
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4.3. JIuneiiHoe mPOrHOo3MpOBaHWEe CTANUOHAPHBIX IOCJIEN0-
BarenbHocTeil. Ilycte & ={{,, n €7Z} — muenrpmposamnas CCII
C KOBapHMaIMOHHON (yHKITHe Rg(n) ¥ CIEKTPaJibHON (hyHKIHEH Fg()\).

Onpegenenne 4.6. ITpocmpancmeom H(E), nopoowcderinvim cay-
watinot nocaedosamenvrocmvio €, Ha3BIBAETCSH COBOKYIHOCTb BCEX CIIy-
JalHbBIX BEJUYUH, SBJIAIONMNXCS KOHEYHBIMU JIMHEHHBIMI KOMOWHATMSIMUA
ceuennii CII ¢ wiu c.K.-mipefiesiaMu TAKOBBIX.

DuiemenTamu npocrpaHcrBa H () sBisiorcs JuHelHbe Ipeobpa3oBa-
Hust CIT € (cm. m. 3.3).

Hoa moberx v, 7 € H(§) MOKHO OIPERENUTb CKaAAApHoe Npoussederue
a HOPMY:

(v,n) = M{vn},
] = (M{p2H)"? = (v,)"/2,

B srom ciyuae npocTpaHcTBo H(€) — rusbbepToBO U ABJISETCS MOAIPO-
CTPAHCTBOM I'HJIBLOEPTOBA MPOCTPAHCTBA H CIIyIallHBIX BEJUUUH C KOHEY-
HBIM BTOPBIM MOMeHTOM (cM. 1. 14.7). Byem takske ropopurs, uro H (&)
nopootcdero CCII &.

IIpepnonoxkum, aro qo momenta m Briounteabro CCII € mocryn-
Ha Habmomenwo, T.e. £™ = {&n, &m—1, ... } — nabarodaemwti cayuwatinod
anemenm (rabmomaemast dactb CCII €). ITo ananormm ¢ H({) BBemem
rmTs6epTOBO MpocTpaHcTBO H. (™), MOPOKIEHHOE TONBKO HABIIOMaeMoit
wacrbio CCII €. OueBunno, uro H(E™) C H(E).

Onpenmenenue 4.7. Hausyvwwum aunetinom cpednersadpamue-
crUM NPozno3om (C.K.-ONMUMAADHYM TPOZHO30M) I Emin, N 2 1
no HaGuroeHusiM ™ Has3bIBaeTCs CayYalinas Besnannua n € H(E™), Takas,

9TOo
€mvn = 0l < [|€msn — I Yy € H(E™).

Hasee Hammydmuii JuHeHHBIH mporHo3 1 OymeM 0603HAYATD &ty -
ToYHOCTD IIPOrHO3a XaPAKTEPU3YETCsl BEJIMUNHON cpedHersadpamuyeckot
nozpewnocmu (c.x.-nozpewrocmu):

0721 = ”gn-‘rm - £n+m”2 = M{|€n+m - £n+m|2}'

3aMeTuM, YTO B CHJIy CTAIMOHAPHOCTH IIOCIEJIOBATEJBHOCTH £ OIMUOKA
MPOTHO3a HE 3aBUCHUT OT M, & 3aBUCHUT JIMIIb OT 7, T.€. OT YHCJIA IIaroB
«BIIEpEY, HA KOoTOpoe npornosupyercs CCII &.

Omnpegenenne 4.8. CCII ¢ maspiBaetca cuneyaaprot, ecin o2 = 0
upu Beex n > 1. Ecim xe 02 — De = Re(0) npu n — oo, o CCII ¢
Ha3BIBAETCA peeyaaprot, (mm wucmo caywatinot).

Samevanune. CHHIYIIPHOCTD £ O3HAYAET, UTO OHA AOCONOMHO MO~
HO NPO2HO3UPYeMCcA Ha JII0O0e KOIMIeCTBO N > 1 IMIaroB mo CBOEMY Mpo-
momy ™. TloaToMy CHHTYJISIPHBIE TTOCIAEIOBATEIBHOCTH TAKXKE HA3BIBA-
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0T demepmunuposartbimu. HaobopoT, peryiaspHOCTh MOCTIeI0BATEIBHO-

CTH O3HAYaeT, 4TO §m+n BN M{é,+m} =0 mpm n — 0o, T. €. IPOrHO3
CTAHOBUTCS MPUBUANOHBLM.

Oka3bIBaeTCsl, 9TO BCsIKasi CTAIMOHAPHAs CIydJaiiHasl MOCIIeI0BATE b
HOCTH €JMHCTBEHHBIM 00pPa30M MOXKET OBITH MPEJICTABIEHA B BHE CYMMbI
CUHTI'YJIADHON U PEryJigdpHON II0C/IeI0BATEIbHOCTEH.

Teopema 4.1. IIycmv & — CCII, mozda ona edurncmeerHviM 06pa3om
npedcmasasemes 6 sude

&n=86 4+, nelz, (4.22)

2de & — cuneyaapnaa wacmo CCII a & — peeyaapnas wacmo CCII,
npuuem (&5, €5.) = cov{&, €5} = 0 npu wobwx n, m, a makoice

H((E)") SH(E) uw H((E)") SH(E"), nel,

m.e. CCIT {&:} u {&]} nodwunenw, CCII {£,}.

Ipencrasaenune B Buzge (4.22) HasbBaercs pasaooiceruem Boawda.

Hna onucanust crpykrypsl peryispuoit CCII nam moHaobuTcs moHs-
THe OOHOBJIAIOIIETO IPOIECCA.

Onpenemenne 4.9. llenTpupoBaHHBIl CTAHIAPTHBIN INCKPETHBIN
Geastit mym € = {e,}, M{e,} =0, cov{e,, e, } = 6] nasbBaercs 06Ho-
saarousum npoyeccom mast CCII &, ecam mpm Kaxkaom n € Z

H(EN) = HE), (4.23)

e e” = {en,en-1, .-}, a 0 =0 upu n # m u §y = 1 (cumBon Kpore-
Kepa).

Takum 06pa3oM, OOHOBIISIONIAI TTPOTECC € €CTh COBOKYITHOCTH OPTO-
TOHAJIBHBIX BEJUYUH, MOPOXKIAIONINX T€ YK€ MPOCTPAHCTBA HAOJIOMeHUH
H(e™), n € Z, aro u cama CCII &.

Teopema 4.2. CCII & asasemca pezysaproti mozda u MOALKO
moezda, xozda natidymea obnosasrowut npouecc {€,} u xospduyuernmol
{ar}, maxue, wmo

o0
§n =Y akEn—k, nEZ,
k=0

o0
2de Y |ax|? < oo.

k=0

Kpurepnii peryaspHOCTH, UCTIONB3YIOIAN CIEKTPAJTBHBIE XapaKTEPHU-
cruku CCII €, umeer cuemyrommii By,

Teopema 4.3. CCII £ peeyasapra mozda u mMoAvbko Mmozda, K020a
& umeem cnexmpasvryro naomuocmo fe(A), npuvem fe(A) >0 nowmu
6c100y (no wmepe Jlebeza) na [—m,m| u

J In fe(\) dA > —oo.
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3ameuganue. Ecum £ mMeerT KycOYHO MOCTOSIHHYIO CIEKTPAJIBLHYIO
dyukimio Fe(\), 1o ona cunryisapua. Hanpumep, eciu (cM. npumep 3.2)

N
gn = Z zkez)\kna n € Z,
k=1

rae {2} — HEKOPPeIWpOBaHHBIE CIyJaliHble BEWIWHBL, & Ay — Pasind-
HbIe TOYKH NOJyHHTepBaia [—m,7), To F¢(\) numeer Bus

Fe(N) = > o7, rtme o =M{zl*}. (4.24)
ki Ae<A

Ara dyskmsa umeer N paspblBOB IEPBOro poaa B Toukax {Ag} n mocro-
STHHA Ha KaXKJOM TTPOMEKYTKE [k, Ag11). B 9TOM cirydae crieKTpasbHast
mWIOTHOCTE f¢(A) He cymecTsyer, uTo o3nHadaer cunrynspraocts CCIT &.

IIpumep 4.12. Bemecreennas CCII £ = {&,} ynoBaersopsier ypas-
HEHUIO aBTOPErPECCHH MEPBOro MOPsIKA:

gn = afn—l +éen, nE Z,

rae |a| <1, e = {e,} — crangaprHbil auckpeTHbIH Gesbiii mym. Jloka-
3aThb, 4yT0o £ — perynapuas CCII.

Pemenwne. Ilpum KaxKaoM n BBIIIOJIHEHO PABEHCTBO &, = &, — aép_1,
nosromy H(e™) CH(£™). C mapyroit cropoHsl, u3 npuMmepa 4.7 cremyer, 4To

)
& = Z AREn—Fk, (4.25)
k=0

oo
rie ap = o, mpraem > lax|? = < oo. Kpowme Toro, u3 (4.25) cre-

k=0 1= laf?
myer, ato H (™) C H(e™). Urak, H(e™) = H(E™), T e. &€ — oBHOBIAIONII
nporiecc s nocienoparenbaoctu &. Teneps B cuity Teopemsr 4.2 CCIIT €
ABJIACTCA PeryiadpHoii. W
Teneps MBI MOYXKEM OIMUCATH OOIIMIA BUJ, C.K.-ONTUMAJIHHOTO JIMHEHHOTO
IPOrHO3a M &y 4y, TO HabmOmeHmsIM H (™).
Teopema 4.4. Ilycmo Tayemy — ONEPAMOP OPMOOHANLHOZ0 NPOEK-

muposarua na noonpocmparcmeo H(E™), mozda cayuatinas seaununa

Emin = Tayem) (Emin) (4.26)

ABAAEMCA C.K.~ONMUMAANOHOIM AUHETHBM NPOZHO30M O0AA Emyn NO HG-
6aro0deruam €™ = {€m, Em—1, - .- }-

S3ameuanne. CBoiicTBa omepaTopa OPTOrOHAJIBHOTO TPOEKTHPOBA-
HUSA paccMOTpeHb! B mir. 13.8 u 14.7.
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o0
Opumep 4.13. Tycts &, = Y aren_k, 1€ {en} — oGHOBIsIOMIMIT
k=0
mporecc. [TokazaTh, 910
~ [ee]
gm-i-n = Z AkEMm+n—k-
k=n

HaifTi ¢.K.-OrpemHocTb 02 MPOTHO3a &pyin-
Pemenne. Bes orpanmdaenns oOIIHOCTH MOXKHO CIUTATH, 9TO M = 0:

oo n—1 00
b= e =3 aren_r+ 3 arcn_r = &M + Q.
k=0 k=0 k=n

OuesnHO, 9TO 57(12) € H(e), a 57(11) 1 H(%), Tax kax cov{g,(ll),n} =0
naa moboit CB 1 € H(e°) B cumy Toro, uto £ — Gesbrit mmyM.

Tax Kak &€ — obHOBJIsTOMHIT Tpotiece, u3 (4.23) cienyer H(e0) = H(£°).
Takum obpasom, &, — @ 1L H(EY), Te. 57(12) = nﬂ(go)(gn) (em. m.14.7).
Torzma u3 (4.26) En = 7(12), 9TO M TPe6OBAIOCH JOKA3ATh.

JlJ1st HAXOXKJIEHNsSL 0 3aMETHM, ITO

~ n—1 9
7% = w — &l = 16017 = M{| 3 mnen i}
k=0

Vuursisag, uto €; L e; upu i # j u M{|e;|?} = 1, nonyuaem

n—1

0,21 => |ak|2.

k=0

oo

Bamerny, aro 02 — > |ag|? = M{|&,|*} = D¢ mpun — oo, T e. mpornos
k=0

JeHCTBUTENILHO CTAHOBUTCS TPUBHAJIbHBIM. W

IIpumep 4.14. B ycnoBusa npumepa 4.12 naiitu fAn 110 HAOJIFOIEHUSIM

60:{6076—17 } oo

Pemenme. Tak Kax &, = Gren_, LO€ Q) = a*, a {e,} — obmo-
k=0
BJISIONIAN TTPOTECC, TO B cuiry npumepa 4.13 nmeem

oo o0
n n
En= > aren_p=0a" Y are_p =a"{p.
k=n k=0
n—1 ok 1— a2
Ilpu sTom Benmuuua 02 = > a°F = ———
s 1-«

ABJIAETCA C.K.-TIOT'PENTHO-

n 1
CTBIO TIPOTHO3a &y, 371eCh TaKXKe 02 — —— =D¢upun—oco.
(0%

1—
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Paccmorpum crrocob moctpoenns mporuosa agist cuaryaapuoit CCII na
npumMepe mouru nepuopndeckoit CCII (em. mpumep 3.2).

IIpumep 4.15. ITocrpours €.K.-ONTUMAJIbHBIN IPOrHO3 JJIst £1 IO Ha-
6momermam £0 B cmydae CHHTYIIAPHON TIoCTe0BaTeLHOCTH {&,, } 13 TIpH-
Mepa 3.2.

Pemenwne. Tlo ycroBuio

N . T
=> ZpetMn = J e Ze(dN).
—T

ITycrs ®(A) — ucKOMasi 9aCTOTHAs XapaKTEPUCTHUKA, JAOIMAs C.K.~OlNTH-
MaJIbHBII IIPOI'HO3 Ha OJWH Iar:

Ky
&= J e B(N) Ze(dN).
—T
C.K.-HOFpeH_IHOCTI) 9TOIr'0 MPOrHo3a UMeeT BUJL

of =M{l& — &} = | |21 - e[ dFe(x zu— (AW)I*Dr,

-7

rae Dy, = M{|2;|?}, a Fe()\) — cuexrpanbhas dynkuus CCII &, (3.15).

B cuily CHHTYJISIPHOCTH TPOTHOZHPYeMoil TlocieioBaTesbHocT o2 = 0,

nosromy Haiimerca ®(N), rakas, 4To
®(Ag)=1, k=1,...,N.
Bynem uckars dyuximo ®(A) B Buse

N .
)\) — Z ale—z)\l’
=1

Torga s onpesenerus Kosdduipmentos {a;} HeOOXOAUMO DEIUTDL CH-
CTeMy ypaBHECHUIt

N .
Sae™M =1, k=1,...,N. (4.27)

Herpynao nposeputs, uro pemenme {&;} cucremsr (4.27) cymectByer u
€IMHCTBEHHO, €CIIU A, # \;j Ipu Kk # j, YUTO ¥ IIPEJIIOJIAraeTCsI 110 YCJIOBHIO.

Temepb MBI MOYKEM HalTH OKOHYATEIbHOE BbIpaXKeHue st &1:

™ N ™
G= [ Y de ™ Z(dn) Zal | 20D Zg(an) Za,gl L
- = -
Buano, uro mporuos crpoutcs no HabawogeHuaMm {€o,&—1, ..., - Ny1} T

ABJISTIETCST aOCOTIOTHO TOYHBIM, TaK KaK O'% =0 mo IIocTpoeHno. M
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ITycts Teneps {£;} — perymspras CCII co cieKTpaIbHOM MIIOTHOCTHIO
BUIA

fe) = 5-1B(e ),

oo

e &(z) = > brz" mMeer pammyc cxomumoct 7 > 1 m He mMeeT HyJIeit
k=0

B obmacru |z| < 1.

Jlns mocTpoeHms HporHosa &, mo mHabmomexuam &0 B sTOM ciyuae
MOXKHO BOCITOJIB30BATHCS CIIELYIOIIAM AJTOPHTMOM.
1) Oupenenurs byHKIHIIO

gn(A) = €@ (e” ) (e ) Y (4.28)

roe P, Z b 2"

2) Hpe,ILCTaBI/ITI) gn(N) B Buge psaga Dypee:

S .
gn(A) =co+ cre”? fpe A4 = > cpe R, (4.29)

3) BeruncanTs nporuos &, B BUjE JMHEHHOrO IpeoGpa3soBaHMsL:

o0

£ = créor (4.30)
k=0
rae {ci} — xoabunmenTrr paa (4.29).
OkazbIBaeTcst, 9TO M{{n §n} =0, T.e. olleHKA §n SABJISIETCST HECMe-

LIEHHOM, a aucuepcus ee omubKu (T.e. C.K.-IOIPEIIHOCTb) MOXKeT OBbITh
BBIYHCIEHA 110 POpPMYyJIe

- n—1
op =M{[¢&n —&l?} = 3 [0l (4.31)
k=0

U3 (4.31) Takxke ciiejyer, 9To 02 MOHOTOHHO BO3DACTAET MPH 1 — OO.
HpI/IMep 4.16. B ycmoBusix mpumepa 4.11 oCTpOUTH OMTUMAJTHHBIT
TTPOTHO3 fn s €, mo mHabmiomenusM 0 U ONpeIeNUTh TOIHOCTH ITOTO
IIPOT'HO3A.
Pemenwne. C ydyerom Bbipaxkenus (4.19) mis crnekTpasbHON IIOT-
Hoctu fe(A) momydaem

)= S1eeP, B =a(l- B2 =a Y R = 3 bt
k=0

k=0

re a = \/De(1— B2), by = af*, k=0,1,2, ...
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Haitmem reneps Boipakenme jas @, (2):

D,(z) = i brz® = p"2"a i BF2F = prand(2).
k=n

k=0
ostomy ®,,(2)[®(2)]~! = B"2", orkyzna
) = N (e (e = (e =

TakuM 06pa3oM, B TAHHOM ciiydae B pasnoxkenun (4.29) misa GyHKmn
gn(A) mmeem cg = 8™ # 0 m ¢ = 0 ms moboro k > 1. Utak, n3 (4.30)
Telepb CIeAyeT, UTO

&= 6", n=12, ... (4.32)

C yuerom Toro uto by = af*, k=0,1, ..., mo bopmyne (4.31) naxo-
UM BBIpasKeHne JJisl JUCIEePCHU OMUOKK IIPOrHo3a &y, :

2 22 2" ok a?(1- 87 2n
on =M{lGn — &} =a® 30 % = = = De(1-57). (433)
k=0

3aMernMm, 4TO HambOJI€e TOYHBIM SIBJISETCS TPOTHO3 Ha OJWH Iar
(n = 1), ero Tounocrs pasua o = D¢(1 — 3%). Ilpu yBesmdenun n B cuiy
yemosus || < 1 mveem 32 — 0, mosTomy 02 — D¢ mpu n — oo. Tak Kak
D¢ = R¢(0) — mucuepcus CII {¢,}, BEaHO, 9TO TOYHOCTDH OUTUMAIBLHOTO

—~

MPOTHO3a &, IpH N — 00 MaJaeT W MPUOJIUKAETCA K TOYHOCTH «TPHUBH-
aJbHOTO» Tporuosa &, = M{{,} = 0, ans KoToporo, 09eBUIHO,

M{|€n - gnlz} = D{ﬁn} = Dg. |

4.4. 3agauu JJisi CAMOCTOSITEIBHOTO PeIleHus .
1. JTokasars dopmymy (4.17).
2. Haittu cnekrpasnsuyto mioraocrs CCII {n,}:

NMn = aO‘fn + algn—lv n e Za
rae {£n} — uenTpupoBaHHBIR Gesiblit myM ¢ gucnepcueil De.

Orser. f,(\) = %(a% + ai + 2aoai cos \).
U

3. lycrs CCII {n,, m € Z} yIOBIETBOPSET yPABHEHWIO aBTOPEIDECCHU
M = ANn—1 + Bn—2 + &n, n € Z. Halirn m,;, ecm M{&,, } = me.

Orser. my, =me¢/(1l —a— ), eciu KOpHU areGpPaNIecKOro ypaBHEHUS
1— az — 2% = 0 1o moxayo Goabme 1.

6 B.M.Muwuep u A.P.Ilankos
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1 n+T-—1

oF S° &ntr, tie T — nomoxurenbuoe nesoe wucio, a {£,} —
k=n—-T

Geutblit mym ¢ mapamerpamu me u De. Haitru my, u D,,.
OrBetT. my =mg, Dy = D¢ /2T.

4. 0, =

1 N
5. IycTb 1 = Np—1— Znn_g +é&n. Haitru quist {n,, } ssBHOe BBRIpaxkeHue (4.9).
oo
Yxazaunue. Ucnons3osars 1, = > . QrEn—k COBMECTHO C MPE/ICTABJICHIEM
k=0

1
N — Nn—1 + Znn_z = €p, n € 7, noKa3aThb, 4To KoaddunyenTs! {ay } onpenes-

. 1
IOTCS 13 PeKyPPEHTHBIX COOTHOIIEHMH 0 = Qg1 — 7 k-2, k>22,a0=a1 =1.
X k+1
Orser. np = Y Q_kE”_k'
k=0
6. B ycioBusix mpenplAylneil 3ajadd HaWTH CHEKTPAJIbHYIO IUIOTHOCTH
CII {n,}, ecsin {en} — Geublii mym co cnekrpasbHOl miIoTHOCTBIO fe(A) = 1.

Orser. fr(X)

T 1,5625 — 2,5cos A +cosZ A
7. Hycrs & = 601 + 02k + e, k = 0,1, ..., rue {ex} — UEHTPUPOBAHHBIIA
Genprit mywm ¢ mucnepcueit D.. Ouenka 7, mosesnoro curaaia @(n) = 01 + 62n
uMeeT BH/L
1 n
= n+1 kz: Ek-

=0

HaliTy ¢.K.-[IOrpENIHOCTD OUEHKH 1), eciau {61,02} He 3aBucar or {ex},
a IapaMeTpel M, 1 D 9, W3BECTHBI.

Orset. Ay = M{|n, — ¢(n)|*} = 0,25n*(mj, + Do,) + D./(n + 1).

8. ITycrs CCII, umeromas cnekrpaibHyno dyHkmuo Fe()\), moasepraer-
csl JIMHEHHOMY CTAI[MOHADHOMY NpPeoOpa3’0BAHUIO ¢ YACTOTHON XapaKTePUCTH-

koit ®(\). Haiitu siBHBEIA Buj cnekrpasibHoil dyukimu Fy(A).
A

Orser. Fy(A) = [ [®(u)]* dFe(n).

9. CII 7 nosnyveHa U3 CTaHJAPTHOTO GEJIOTO NIyMa € peobpa3zoBaHueM BUIa
1
N = 3 (en-1+€nt1), neZ

Hoxkazars crammonaprocts CIT {1, } 1 BEIYNCINTE €€ CIEKTPAIIBHY IO IJIOTHOCTb.
Y kazanue. BocronszoBarbcs Teopemoit 3.4.
1
Orser. f,(\) = — cos® \.
2
10. ITycte m¢ =3, fe(A) =5+ 4cosA. Haiitn c.k.-onTuMaibHBI HpO-
rHo3 &, mo HabmogerusM £ W ANCHEPCHIO ONMOKM MpPOTHO3a A, IS BCeX
n>1.

Orser. & =3+0,5 z:(—0,5)k($_k—3)7 Ay =81 um &, =me =3, A, =
k=0
= D¢ =107, ecmm n 2> 2.
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§ 5. llemu Mapkosa

5.1. BeposiTHOCTHBIe XapakTepucTukmu Iierneii MapkoBa. Ile-
nbio MapkoBa, KoTOpas jiajee st KpaTtkoctu obosnadaercs [IM, Hazb-
BaeTCs TOCIE0BATEILHOCTD BEIIECTBEHHBIX CIyYalHbIX BeJIWInH, 06Ja-
JIATOIIAT MAPKOBCKUM CE0TUCMEOM.

Iycrs E = {eg, €1, ... €k, ...} — HEKOTOPOE KOHETHOE WJIA CIETHOE
MHOXKeCTBO. PaccMOTpuM TIOC/IeI0BATENBHOCTD CIyYalHbIX Beaudud &,
n=0,1, ..., KOTOpble MPUHUMAIOT 3HATEHUS U3 MHOXKECTBa I ¢ BeposT-
Hoctamu i (n) = P{&, = er}, k = 0,1, ... Takum obpasom, &, — ciy-
vafiHas BEJIMUMHA C JUCKPETHBIM (KOHEUHBIM MJIM CUETHBIM ) MHOKECTBOM
smadennit . Cyqaiinas mocmenosaremsrocts & = {£€,,n =0,1, ...} yka-
3aHHOTO THUIIA HA3BIBAETCHA duckpemmnol yenvio.

Onpepenenne 5.1. Ciuyyvalinas OC/IeI0BATEILHOCTD & HA3BIBAETCS
duckpemnot uenvio Maprosa, eciu OHaA SIBISETCS JTUCKPETHON MEMBIO W
obJiajiaeT MapKOBCKHUM CBONCTBOM, T.e€. JJIsi KaXXgoro n > 1 um Jirobbix
9JEMEHTOB Z(, X1, - . . , Ly, MHOXKECTBa F BbITIONHEHO

P{fn =Tn | fn—l =Tp_1,...,60= 330} = P{fn = Tn | En—1= xn—l} .
(5.1)

3ameuanue. Coorromenne (5.1) Ha s3bIKE yCIOBHBIX BEPOATHOCTEH
(cm. m. 14.5) osHagaer, aTo

P{gn = Tn | ]:n—l} = P{fn = Tn | fn—l}’

riae F,—1 — o-aarebpa, mopoxaennas CB {&, ..., &1}

U3 onpenenenms: (5.1) coemyer, uro auckperHaa nenb Mapkosa siB-
JISIETCS. YaCTHBIM CIYYaeM MapKOBCKOTO MPOIecca, obIiee OmpejiesieHne
KOTOPOTO OBLIO JaHO B 1. 2.4.

MmuoxkecTBo F 0OBIMHO HA3BIBAIOT MHONCECTNEOM (NPOCTNPAHCMEOM)
cocmoanuti IIM. Eciim 8 MmomenT n > 0 mpomsonuto cobwrrre {&, = ey},
10 roBOpAT, uTo IIM HaxomuTcs B cocrognum ey. Ecim ke u3BecTHO, 9TO
It 1 > 1 BBITONHEHO &1 = €y U &, = e, TO TOBOPAT, UTO Iellb Ha N-M
Imare IeperIa U3 COCTOSHUS ey B cocTosnue e;. Eemm F uveer Koneunoe
YHUCII0 COCTOSTHM, TO cooTBeTcTBytomas [IM mHaswiBaeTcs xoneunod.

Omnpenenenne 5.2. Yncno py ;(n) = P{{, = € | {n—1 = ex} mA3H-
BAETCSI 6EPOATMHOCTIGIO Nepexoda u3 cocTosiHus e, € I B coctosame ej € F
3a 0dun waz B MOMEHT 1 > 1.

Onpenenenne 5.3. Marpuna P(n), smeMeRTaMn KOTOPO# SIBIISIIOT-
Csl BEPOATHOCTH nepexofa py :(n), HasbiBaerca nepexodnot mampuuet

IIM ¢ (3a opmm mar B MOMEHT n > 1).

6*
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Onpenenernme 5.4. Bepostrocts mi(n) = P{¢{, = ex}, e € F, nma-
3BIBAETCS 6EPOAMHOCTIDIO COCTNOAHUA €, B MOMEHT BpemeHu 1 > 0, a Bek-
top w(n) = {me(n), 71 (n), ...}* — pacnpedeaenuem eeposmmnocmets co-
cmoanut IIM € B moment n > 0.

OueBnano, 910 7(N) YAOBIETBOPSIET NPU KAXKIOM N < 00 YCAOBUIO

o0

nopmuposku Y mg(n) = 1. Kommonentsr BekTopa 7(n) MOKa3HIBAIOT, Ka-
k=0
KM€ 73 BO3MOXKHBIX cocrosumii IIM B MOMEHT BpeMeHH 1 SABIAIOTCH
HanboJiee BEPOSITHBIMU, a Kakue — HeT. TakuM 00pa3oM, 3HAHWE MOCIIe-
JoBaTebHOCTH {m(n)} TO3BOJISET COCTABUTE TIPE/ICTABJIEANE O TIOBE/IEHAN
IIM Bo BpemeHrw.
IIpumep 5.1. JokasaTh, 9TO IPHU KazKJIOM 7 2> 1 BBIIIOJIHEHO DEKYp-
PEHTHOE COOTHOILIEHNE

m(n) = P*(n)r(n —1). (5.2)

Pemenme. Cdhopmupyem cucremy runores Hy = {£,_1 = ex}. Oue-
(oo}

BugHO, uro Hy, H; HecoBMecTHHl mpu k # j, mpudem Z Hi =Q. Tlo

k=0
ompegenernmio P{H,} =P{&, 1 =ex} =m(n—1), k=0,1, ... Ilycrs
A = {& = e}, Torma

P{An} =mm(n), P{An | Hy} =P{{=cn [ o1 =er} = pp(n)-

Hasa seramcnenms P{A,,} npmvmenmm dopmysny momHONE BeposTHOCTH
(em.m. 14.1):

P{Ap} = m(n) = S P{HL)P{A,n | Hy} = Z (n— )py (n).
= = (5.3)

Teneps HeTpysHo yoeaurcs B ToM, 9T0 hopmyia (5.3), npeacraBieHHAsd
B MaTPUIHOM BHUje, coBranaer ¢ (5.2). W

@opwmyna (5.2) 3a71aeT PeKypPEHTHBINH AJrOPUTM BBIYUCJIEHHS BEPO-
saTrOCTEl cocrosamit m(n), n > 1. O4ueBugHO, 9TO /IS BHrAUCTHEHUS T (N)
HeoOXOIMMO 33/1aTh HadabHOE pacipejieienue BepoaTrocteil 7(0) u Bee
nepexoguble Marpunst { P(k), k=1, ...,n}.

Onpenpenenne 5.5. Ilens MapkoBa HasbiBaeTCs 00HOPOOHOU, ecan
mist Beex n > 1 ommonneno P(n) = P, 1.e. nepexonHas marpuia P(n)
HE 3aBHCHT OT BPEMECHH.

IIpumep 5.2. ITokasars, aro gus omaopoguoit IIM pacupenenenne
m(n), n > 1, HOJHOCTHIO ONpEEIseTCs MepexoaHol Marpuneit P u Ha-
9aJBHBIM PACIpeesieHneM BeposTHOCTel coctostanit (0).
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Pemenwme. Ilycrs n > 1 u 3amano mavambHOe pactpenenenne 7(0).
Torma w3 (5.2) crenyer, aro w(1) = P*n(0). Hamee, 7(2) = P*x(1) =
= P*(P*m(0)) = (P*)?n(0). Ilpososzkast 3TOT TPOIECC, TOMydaeM OKOH-
TATEeHHO

w(n) = (P*)"r(0) Vn>1. (5.4)

Bousee Toro, ecim 0603HaUNTE TEpE3

pl(;z) (TL) = P{£n+m =€y | gn = ek} (55)

BEPOSATHOCTD II€PEXojia U3 e B e; 3a m > 1 maros, To u3 (5.4) cueny-
er, uro myis omuopoamoi IIM marpuma P(™ (n) = {p,(;? (n)} mmeer Bug
P(™)(n) = P™, nostomy

m(n+m) = (P*)™r(n). (5.6)

Takum o6pasoM, mapa {P,7(0)} HOJHOCTBIO OMKCHLIBAET BEPOATHOCT-
HYIO CTPYKTYypy omuopomauoit [IM. m

Husi ommcanust omuoponHoit IIM ynobHO wucmnomb3oBarh ee rpadu-
qecKoe TPEeJCTABICHNE B BUIE PA3MEUEHHOTO CMOTACMUNECK020 2pada,
BEPIIUHAME KOTOPOTO SIBJISAITCS COCTOSHUS {€f}, CTPeNKAMU yKa3aHbI
BO3MOXKHBIE TTEPEXOJIBI, & PIJOM C KaXKI0¥ CTPENKON yKa3aHa BEPOATHOCTh
COOTBETCTBYIOIIETO TIEPEXO/IA 32 OJIWH IIar.

Ipumep 5.3. IM sanana croxactmaeckum rpadom (puc. 5.1). Haiitn
BEPOSITHOCTH COCTOSIHUII Ha TPETbEM Iare MpH yCJIOBUHU, 9TO B HAYAJb-
et MoMenT [IM Haxomguiaach B COCTOSHHH €7.

Pemenune. CocraBum wmarpuiry P 1e-

PEXOJIHBIX BeposdTHOCTEH: pog = 0,3; po1 = 0,7;

0,7
P10 = 1; p11 = 0 (mepexon e; — e1 3ampemien mo
yciouio). Takum o6pazom, marpuna P* nmeer 0,3 ‘@ @
aeMeHTE goo = 0,3; go1 = 15 g0 = 0,75 ¢11 = 0,

1

a w(0)={0; 1}* — HauanbHOEe pacmpemese-
HEE BeposTHOCTEN cocrogrmii. Vicmombsys (5.2), Puc. 5.1
nociemoBaresibHo Haxomum w(l) = P*n(0) =
= {1; 0}*, w(2) = P*x(1) = {0,3; 0,7}*, 7(3) = P*x(2) = {0,79; 0,21}*.
OueBUAHO, YTO TOT K€ Pe3yJbTar Oyaer MoJydeH 10 (opmyJsre
7(3) = (P*)3r(0). m

Duementsl {p;;} Marpuupl nepexona P ynoBIeTBOPAIOT CIIAYIOLUM
JBYM YCJIOBHSIM:

2)Zpij:1 Vi:O,l,...
j=0

MaTpwuiisl, ya0BIETBOPAIONIHE CBOCTBAM 1, 2, Ha3BIBAIOTCA CMOLA-
CMUMECKUMU.
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Vcaosue 2 o3Hadaer, 9yro Ha KaxkaoM mare 1M obsisarenbHo JmbO
MEPEXOJUT B KAKOEe-TO HOBOE COCTOSIHWE W3 YHCIa JIOMYyCTUMBIX, JHOO
OCTAeTCsl B IPEXKHEM COCTOsiHWU. lIpakTuyeckue cHUTyaluu, ajIeKBaTHO
omuchiBaeMble TemsiMu MapkoBa, BCTPEYaloTCs BeChbMa 9acTO, TaK Kak
MapKOBCKOE CBOMCTBO (DaKTUUECKU O3HAYAET CJIEIYIOIIEE: eCAl HEeKOmMO-
puill npouece obaadaem maprosckum c8oticmeom, mo e2o «bydyuiee» npu
PUKCUPOBAHHOM «HACTNOAWEM> HE 3ABUCUM O «NPOWA020» (AJbTep-
HaTWBHas (POPMYJIMPOBKA MAapPKOBCKOTO cBoficTBa). Cienytommit mpumep
MOSICHSIET CMBICJI 9TUX TEPMUHOB M CAMOT'O MapKOBCKOTO CBOWCTBA.

Ilpumep 5.4. lokazaTh, 9TO aJbTepHATUBHAS (POPMYIUPOBKA Map-
KOBCKOTr0O cBoicTBa ciexnyer u3 (5.1).

Pemenwme. Uz (5.1) cnenyer, ato Vk > 0uVapy € E

P{{et1 =211 [ ks -5 &0) = P{&ry1 = wra1 | &} (5.7)

HerpyaHo nmpoBepuTsb, 9T0 1Jist TPOU3BOAbHBIX coObITUil A, B u C BBIIIOJ-
Heno coorromnenne P{AB | C} = P{A | BC} P{B | C'}. Ucnonb3ys 310
COOTHOIITEHNE HEOOXOAMMOe 9HCJIO pa3 jjsd n > k + 1, momydaeMm ¢ yde-

tom (5.7)

P{ln =2, .o &hp1 = Tpp1 [ &k, -5 60} =

=P{& =an, .. k1 = 2041 | &) (5.8)

JIIIST TIPOMBBONBHBIX L1, - - -, Lp, € E. O6ozraanm H = {&, = 71} — «ma-
crosimee» paccmarpusaemoit IIM, B ={{, = x,, ..., &kt1 = Tpp1} —
ee «Oymymeer u II={{_1 =xp_1,...,60 =20} — «upouutoe», rie
{zo, ..., 2x—1} — Hekoropwle 3Ha4eHus n3 E, koropsie [IM npuanMasa

J10 TeKymero MomenTa Bpemenu k. Torma coormomenme (5.8) osHawaer,

aro P{B | HII} = P{B | H}. Orcroza
P{BII | H} = P{b | HII} P{II | H} = P{Bb | H} P{II | H},

T.e. cobbiTust b u I, paccmarpuBaeMble TIPA YCJIIOBUM BBLITIOJTHEHUST COOBI-
tust H, HesaBucuMbl. W

JokazanHoe yTBep:Kaeane 06o6maet dopmyy (2.7).

Paccvorpum Temeph kitaccmueckuit mpumep 1enn MapKoBa, CBsI3aH-
HBIA ¢ UIPO#l ABYX JIUII.

IIpumep 5.5. Ilycre memsre umcma m >0, M >0 — nHavajgbHBIE
KaIlUTaJbl COOTBETCTBEHHO IIEPBOI0 W BTOPOTO UI'POKOB. IIpoBojsTes 1mo-
CJIEI0BATEBHO WIPHI, B DPE3YJIbTATE KaXKIOW M3 KOTOPBIX C BEPOSTHO-
CTHIO P KalUTAJ MEPBOTO UI'DOKA, YBEJIUIUBAECTCH HA 1 U C BEPOSTHOCTHIO
q =1 — p ymenbinaercs Ha 1. Pe3yabraTst 1060 UTpPhl HE 3aBUCAT OT pPe-
3yJbTATOB JIOOBIX Apyrux urp. Ilycts &, — KamuTaJ TEpPBOTO HIPOKA
mocye n urp. Ipeamonaraercs, aro B caydae &, = 0mm &, = L=m+ M
urpa mpekpaiaercs (CUTyalusi PasopeHusi OJHOTO M3 UTrPoKoB). Iloka-
3aTh, uro {£,} — IIM, HaiiTm uepexomHyo Marpuily P U IOCTPOUTH
CTOXaCTUIECKmit Tpad Iemnd.



8 5] LIETIM MAPKOBA 87

Pemenwme. Ilo ompenenenmio {{,} — aWCKpeTHas Temb C MHO-
JKECTBOM BO3MOXKHBIX cocrogrmit £ = {0,1,...,L}. Ilycte ¢y = m,
T, ...,Tp_1 — peaju3oBaBinuecs 3HaveHus & upu k <n—1, .e. & =
= xg, k = 0,1,...,n — 1. Bynem cuurars, uro x # 0 wm L. Torma
&n = &n—1 + U, THE U, — pe3ysbTaT n-it urpsl, npudem P{v, =1} = p,
P{v, = -1} = ¢, n v,, me 3aBucur or {&o, ...,&,_1}. [losTomy

P{gn =xp_1+1 | fn—l = Tn-1, ""60 :m} =

= P{gn =Tp-1+1 | gn—l = xn—l} = P{Un = ]-} =D

Amnasornuno,

P{gn =Tp-1— 1 | gn—]_ = Tp—1y --- 750 = m} =
=P{{n=an1 -1l =20} =Plon=-1}=¢q

Hakomen, P{¢, =z, | én-1 = Tp_1, ..., &0 =m} =0, ecma x,, # T,,_1 £
+ 1. Takum obpazom, {&,} obaamaer MAPKOBCKIM CBOMCTBOM U SIBJISIETCSI
onaOpomuoi IIM B cmity mpeamonoxenust p = const.

Iepexomuas marpuna P = {p;;}, 4,j =0, ..., L, uMeeT 31eMeHTEL
Pii = 0’ Dii+1 = P, Piji—-1 = ¢, Pii+l = 07 AJ1A l = 27 1= 172’ c ‘7L -1
Hakowner, poo = prr = 1 no ycnosuro 3amaan. Croxacrudeckuii rpad 1mo-
crpoernoit [IM m3o06pazken ma pwuc. 5.2.

Tlonydennast MOmesh UIPHI JBYX JIUI] M3BECTHA B TEOPUN MaPKOBCKUX
CIydaiflHbIX TIPOIECCOB KAaK CIydaiiHoe OJIyXKaHWe YaCTUIbI 10 IeJIBIM
TOYKAM OTPe3Ka C JByMs HOIVIOMAInMy bapbepamu. M

p p p p
JsogofoER:gzRosl
q q q q
Puc. 5.2

Paccmorpennas B mpumepe 5.5 momens npuBoauT K [IM ¢ KoHeIHBIM
MHOXKecTBOM cocrosiuit F. Eciam ke BTOpO#t Urpok 6GeckoHedHo GoraT
(r.e. M =00), T0 E ={0,1, ...}, {£&,} — onmopommas IIM co caeTHBIM
MHOKECTBOM COCTOSIHUH, & COOTBETCTBYIOIIAs MaTeMaTHIeCKas MOIEJb —
GuIyKIaHne TO TEJBIM TOYKAM OCH C OJHWM (JIEBBIM) ITOTJIOTIAIONIAM
GapbepoMm.

5.2. Dproauvueckue menu MapkoBa. B mamroMm mymkTe OyayT
PacCMaTpPUBATHCS TOJIBKO 00HOpodHbie Tenn MapkoBa ¢ KOHEIHBIM WJIN
CYETHBIM YHCIOM cocTosiaumit. [luist Takux Tieneil mpu ompeeIeHHbIX YCII0-
BHAX BBITIOHAETCS CITeLyTomTee cBoicTBO: mm(n) — m° mpu n — oo, mpudem
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HpezenbHOe pacipegeienne 10 BepoaTHOCcTel cocrogruii IIM He 3aBucHT

oT HagasbHOTO pachpenenenns 7(0), a ONPENENAETCA JINMID MEPEXOIHOLN
marpuieit P. B arom ciaydae roopst, aro IIM obsamaer spzoduveckum
c60ticmeom, KOTopoe (haKTHIECKH O3HATAET, ITO BEPOSATHOCTH COCTOSTHUM
7m(n) MO Mepe yBeJIMUEHUsT N MPAKTUIECKHU MEPECTAIOT U3MEHIThCS, a CH-
cTeMa, OTMMCHIBAEMasi COOTBETCTBYIOMIEH MEMbIO, TIEPEXOIUT B CMAUUOHAD-
Houll pesrcum DYHKIMOHUPOBAHUS.

s BBIsSICHEHMS yCIOBUit sproguanocTa ogHopoaHOoM 1IM HE0bX0MIMO
BBECTH KAGCCUPUKAUUIO €€ BO3MONCHBLT COCTNOAHUL.

(n ) _
IIycrs pp.; = P{&, = €; | o = ex} — BeposiTHOCTS TIepexoza 3a N Ina-
TOB W3 COCTOSIHUS €), B COCTOSTHIE ej, a

fin) =P{&n =¢j,&n—1 # €j, ....&1 F €5 | Lo = €5}
0003HAaYaET BEPOSTHOCTH IEPBOIO BO3BPAIIEHUS 33 7 MIAroB B COCTOs-
HHUE €.
1) Cocrosiaue e, € E Ha3BIBACTCH HECYULECTNBEHHbIM, €CITH HANIETCS
e; € E, takoe, 9TO p( ™ S0 JJIs1 HEKOTOporo m > 1, HO p( " =0 JIJIs1 BCEX
n > 1. B nporuBaOM cnyqae COCTOSIHWIE €}, HA3bIBAETCS cyw,ecmeeHHuM.
2) Cocrosuus ey, e; € E HasbiBatorcs coo6uga10u4wwuca, ecnu Haii-

ayrcea m, n = 1, Takue, qTop( )>0Hp( n)
3) Cocrosiame ey, € F HA3BIBACTCS 8038pammvim, ecaa Fi, = 1, u negos-
(oo}

epammvim, ecau Fy, < 1, rne Fy, = Z fr(n
n=1

4) Cocrosiame ej, € E Ha3bIBAETCS HYAE6bLM, €CTH  lim p;",z =0.
n—o0 ’

5) Ilyctbs  dj, — wanGosbiumii oOmmit  mesmrens uwmcen {n > 1:
fr(n) > 0}. Cocrosiame e), HasbIBaerca nepuoduveckum ¢ nepuodom d,
ecau dy, > 1. B nporuBHOM cityuae cocTostHEE — anepuoduueckoe.

3aMeTHM, 9TO BO3BPAIIEHUE B MEPUOINIECKOE COCTOSIHUE €f C IOJI0-
JKUTEJIHbHON BEPOATHOCTHIO BOZMOYXKHO TOJIBKO 33 UHCJIO IIAr0B, KPATHOE
d, > 1, npuyem dj, — HamOOJIBIIEE EJI0e YHUCII0, 00IaJAI0NIee YKA3aHHBIM
CBOICTBOM.

IIpumep 5.6. Ilycrs &, — KoopiuHaTa YaCTUIBI, OJIyKIAOMENR TTO
[EJIBIM TOYKAM Ha BEIMIECTBEHHON OCH OJHUM W3 CIEAYIONIUX JBYX CIIOCO-
6GOB: HAXOJSICH B MTPOU3BOJIBHOMN JOMYCTUMON TOUKE HA OCH, YACTHUIA

a) ¢ BEPOATHOCTHIO P CABUTAETCS Ha 1 BIPaBo, a C BEPOATHOCTHIO ¢
OCTAETCsT Ha, MECTE;

6) C BEPOATHOCTHIO P CABUTAETCS Ha 1 BIPABO M C BEPOATHOCTHIO ¢ —
Ha 1l BaeBo, Tie 0 <p<1l,g=1—pué =0.

ITposectn kmaccudukanmio cocrostamit IIM {&, }.

Pemenme. a) 3necs E = {0,1, ...}, npuuem must mro6oro j 0 BBI-

nonuero fj(1) =¢ <1lu fj(n) =0 npu n > 2. Orciopga F; = Z fi(n
n=1

n
= ¢ < 1, moaTOMY BCE COCTOSIHWST — HEBO3BpaTHBbIE. Tak Kak p;. +)1 ;= 0
9,
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ansn =1, j € E, To Bce cocTogana — HecymecTBeHHbIe. O9eBnaHO, U9TO
n

p§ ]) = q" — BEPOATHOCTbL T Pa3 IOAP:AM, OCTATbCA HA MeCTe, IIO3TOMY
(n)

pj; — 0, n— 00 u, crefoBaTeNbHO, BCE COCTOSHUS — HyJeBbIe. Same-

§J) =q >0, p(z) =¢*> > 0, nostomy d; = 1 u Bce cocrognus —
(n) _

anepuoandeckue. Hakomerr, p;r =0 1pn atobbix § >k un > 1, mosromy
HHUKAKHe JIBa COCTOSHUS 1IEIHU HE SBJIAIOTCI COOOIIAIOIIMMICS.

TUM, YTO P

6) st pacCMOTDEHHsI BTOPOTO Cilydas BOCIONb3YeMCs CIIELYOIIM
YTBEDKICHUEM: COCTMOANUE €5 ABAACMCA 6036PUMHbLM 0200 U MOABKO

n

moezda, xozda Pj = Z p( ) = 00, NPUUEM OAS HEBOZEPATNHOZ0 COCTNOAHUS
B
1+ Pj

Kaxzoe cocrosinme e; gBIIF€TCA MEPUOIUIECKUM C IMEPUOJOM 2, TaK
KaK BO3BpAII[eHNe B COCTOsIHIE €; BO3SMOKHO JIAIITb 33 I€THOE TUCJIO IIAroB.
O4eBUIHO TAKIKe, UTO BCE COCTOSIHUSI CYIIECTBEHHBLI U coobmiatorcst. On-
HAKO BCE COCTOSIHUSA SIBJIAIOTCS HyJIeBBIMHA. JlefCTBUTENBHO, i JIFOG0TO

2 2m)!
e; € E mmeem 1o dopmyite Bepmysmm: pg.,;n) =CP (pg)™ = Em!))z( )™,

Fj=

(2m+1)
Jsd

= 0. Ucnonwszya dbopmyny Crupaunra m! ~ m™e™™

2 4dpg)™
nyaent: pZm ~ L f%

mysesble. Kpome Toro, ecmm p =g =1/2, to P; = Z p(Qm) =00, T.e.

2wm, 1o-

— 0 mpu m — 0O, T.€e. BCE COCTOSHUS IENUA —

BCE COCTOSHUSI — BO3BpaTHble. Ecim ke p # q, TO PJ < 00, T.e. BCe
COCTOSIHUSL — HEBO3BPATHBIE. M

3ameganue. I3 pesyabrata mpmMmepa 5.6 TakKe MOIydIaeM, GTO
Jr0boe HeBo3BpaTHoe cocrogHme e; € F aBidercda HyJeBLIM, TaK KaK U3

()—>0 n — o0.

CXOIUMOCTHU PSIIA Z p] j CJIe/LyeT, |uTo p;
n=1

Ounpegenenue 5.6. IIM HasbBaeTcs Hepasd.soscumol, eciu Bce ee

COCTOSTHUSI — CYIIeCTBEHHBIE U coobmaromuecs. B mporusHoM ciaydae 1TM

Ha3bIBACTCH PA3JIOKUMOM.

Onpenenenne 5.7. Hepasnoxkumas IIM naswsiBaercs anepuodue-
cKk0t, €CJIN BCE €€ COCTOSIHUS — alepPUoIuIeCKue.

3ameganue. Jma mepasmoxwumoit [IM copaBemimBo «CBOHCTBO
COJTUTAPHOCTU» |

a) ecam XoTsl OBl OTHO COCTOsIHWME BO3BPATHO, TO W BCE BO3BPATHBI;

6) ecsm x0T GBI OJHO COCTOSTHWE HYJIEBOE, TO U BCE HYJIEBHIE;

B) eciim xoTsi Obl OJHO cocTosiHMe MMeeT Tepuox d > 1, To m BCe
OCTaJIbHBIE EPUOINYHBI C MTEPUOIOM d.

Takum obpaszom, mepasioxkumas [IM Oymer ameprogu<eckoii, ecian
X0TsI OBI OHO U3 €€ COCTOSHHUI — AlepPuoInIECKOe.
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Ilpumep 5.7. UccmemoBath menmm MapKoBa, ONHCAHHBIE B IIPHUME-
pax 5.3, 5.5 u 5.6 Ha Pa3JIOKUMOCTb U TEPUOIUITHOCTb.

Pemenme. 1) IIM, paccMoTpeHHas B IpuMepe 5.3, sIBISIETCS Hepas-
JIOKAMOM ¥ aIlepUOANIECKOM KOHETHOM menbio MapkoBa, TaK KaK BCe ee
COCTOSTHUSI — CYIIECTBEHHBIE, COOOIAONINECS U AlEPUOIUIECKHE.

2) IIM w3 mpumepa 5.5, onmCHBalOMmas WrPy ABYX JIUI, Da3JIOKH-
wma. HeiictBurenbro, cocrosiaust eg = 0 u ep, = L gBISIIOTCS CyIIECTBEH-
HBIMH, a cocroguust ex, k=1,...,L —1, — mecymecrBerabiMu. [Ipu
sroMm cocrostaust eg =0 u ey, = L He coo0mAOTCs, TaK Kak p((fz =0,

n o
p(L’()) = 0, n > 1. Takum 06pa30M, BCE COCTOSHUS JTAHHOM e MOXKHO pa3-

6uTh Ha Hemepecekarommecs kiaacchl Fg, B, Fy: E = EqU E1 U E5, roe

Ey={e1,...,eL_1} — KIacc HeCymecTBeHHBIX coctostamit, E1 = {ep},
E; = {er} — kumaccel cymecTBeHHBIX cocTosiHmii, npudem F; u FEs He
coobrmmarorcsa. Bee cocrosinmst w3 Fy — mepuogmdecKne ¢ MEPUOOM 2,

a coctosiaust u3 k1 n Fy — anepuoguvecKue.

3) IIM wm3 npumepa 5.6 B ciydae a) pasioKWMa, TaK KaK HE OJHO
U3 ee COCTOAHUI HE SBJIAETCA CyNIeCTBEHHBIM. B ciyuae 6), HA0GODOT,
BCe COCTOSTHUSI CyIIECTBEHHBIE U coobmaromuecs, mosromy [IM sBisercs
HEPA3JIOXKUMOM U UMeeT CUeTHOEe YUCIO0 cocTossamit. OmHaKo OHa Iepuo-
AuvIeckas ¢ mepuogomM d = 2. |

Teopema 5.1. ITycmo odnopodnas IIM umeem nepexodnyro mampu-
uy P ={p;;} u obradaem credyrouumu ceoticmeamu:

1) yenv Hepasaoscuma u anepuodurHa;

2) natidemesa cocmoanue ey € E, makoe, wmo epems 6036pauweHuA
6 nezo, m. e. duckpemnas cayvwatinaa eeaununa 7, = inf{n > 1: &(n) =
= er} ¢ pacnpedeseruem

P{ry =n [£(0) =ex} = fr(n), n=1,2,...,

umeem KoHewhoe cpednee
(oo}
pic = Mz | €0) = ex} = 3 nfun) < oo,
n=1
Bunoanenue ycaosudi 1,
ymobov, dasn a0bvx 1,7 = 0,
npedensi:

2 neobxrodumo u docmamouno 0daa Mozo,
1, ... cywecmeosasu we 3asucauwgue om i

(n)

p/; —p; >0 npu n— oco. (5.9)

Qucaa {p;} asasomes eduncmeennvim peleruem cucmemos ypasrenud

pi =Y prspes §=0,1,..., (5.10)
k=0

(5.11)

M
3
Il
—

S
Il
<}
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Onpenemenne 5.8. Illenb MapKkoBa, yI0BIeTBOPSIOIIAs TPUBE/IEH-
HBIM Bhime yesosuaMm (5.9)—(5.11), maseiBaercsa apeoduseckoti, a pacipe-
Jesienne BeposTHocTel p = {po,p1, - .. }* — cmayuonaprvm pacnpedene-
nuem 1TM.

Has IIM ¢ koHeYHBIM MHOXKECTBOM COCTOsiHUM F Hambosee CI0XKHO
mpoBepsieMoe yciioBrue 2 Teopembl 5.1 cranoBuTcs wmasunmHuM. leficTBu-
TEJIbHO, CIIPABEJJINBO CJIEAYIOINEE yTBEPXK IEHNUE.

Teopema 5.2. Jas mozo wmobo, koneuras IIM 6vwra sp2oduneckot,
He0OX00UMO U OCTNAMOYUHO, 4MObbL 0HA ObLAG HEPA3AOAHCUMOT U anepuo-
dunecrod.

5.3. IIpenenbHble BepodATHOCTH cocTodgHuit nenu Mapkosa.
B manrOM myHKTE MBI PACCMOTPHM BOTIPOC, CBSI3aHHBIN C CYIIECTBOBAHUEM
npejieibHBIX BepositHocTelt cocrosuuit LIM 7% 7(n) — 7% n — co npu
HEOT'PAHWIEHHOM YBEeJUIeHUN 4nciaa Imaros n. uas sprogmaeckoit 1IM
9TOT BOIPOC y2Ke PaKTUIECKHU PEIIEH, O YeM CBUIETEbCTBYET CIIEILY FOIIU
mpuMep.

IIpumep 5.8. Hokazarb, uro musa sproguyeckoit IIM mnpenennproe

pacipeneeHue i {7r0, TLy oo }* CyIWIeCTBYeT U €AUHCTBEHHO, ABJIAETCA
CTaIlUOHAPHBIM U YAOBJIETBOPAET CUCTEMe ypaBHEHUI
0= p*r" (5.12)
o0
S m=1 (5.13)
k=0

Pemenue. Ilycrs mp(n) = P{{, = ey} npu ycinosuu, uro 3amaHo
HavasbHOe pactpenenerne 7(0), Torma

ZPE’L)M

Taxk rax IIM — sproamveckasi, To mjiasa Kaxkaoro k > 0 BBIIOIHEHO

pﬁ) — pr > 0 mpu n — oo, mpudeM py, He 3apucut ot 7(0). CieoBaTens-

HO, TIPA 1L — 00

o0 o0
n) — Zpkﬂ'l(o) :pk‘zﬂ'i(o) = Pk, k:O’lv
1=0 =0
Takum obpasom, mi(n) — 7 = pi, HOITOMY BCe CBOHCTBA NPEIEIHHOTO
pactpenenenus 0 = {my, k = 0,1, ...} coBmasaoT co cBoficTBaMu CTa-
mUOHApHOTO pacupenenenns {py, k = 0,1, ... }. Teneps, 3amenss B (5.10),

(5.11) py ma 7 m mepermceBas (5.10) B Marpuwanoit dopme, momydaem
(5.12), (5.13). Pacupenesnesne 79 emuuCTBEHHO B CUJIy €IUHCTBEHHOCTH
pemenus cuctemb (5.12), (5.13) u cTamuonapHo, TaK Kak m° He 3aBUCHT

or 7(0). m



92 CJIVYIAUHBIE IOCJEIOBATEJILHOCTH [TJI. 1T

PaccmorpuM KOHKDETHBIN MpUMEP BBIYUCIEHUST CTAIMOHAPHBIX BEPO-
ATHOCTE cocTosHmit sprogmwaeckoit [IM.

IMpumep 5.9. Haiitu 7° naa IIM u3 npumepa 5.3.

Pemenwme. Bemre (cm. mpumep 5.7) mokasano, aro IIM w3 mpume-
pa 5.3 sABJsieTCsT HEPA3JIOXKUMOW U arnepuoauydeckoit. Kpome Toro, ona
VMeeT KOHETHOEe YUCJIO COCTOSTHUI, TOITOMY ee 3PrOJUIHOCTD CIEyeT U3
reopeMsl 5.2. Ucnonb3ys ypasaerus (5.12) u (5.13), a Tak>Ke BbIpaKeHHe
st P*, mHaxomum

03m+m = o,
0,7my =,
7T0+7T1 = ].

BamMeTuM, UTO B JAHHOM ClIyuae cucrema ypaszenumit 70 = P*7m0 nmaer
HaM JIUIIh ofHO ypasHenwne (I — P* — BBIDOXKIEHHAS MATPHIIA, TIOCKOIBKY
marpura P — croxactuueckas). EpuncTBeHHOE pemienue jis 70 jaer

cucTeMa ypaBHEHMI, BKJIIOYAIOMAsd YCJIOBHE HODMUPOBKHU:

0,771'0—71'1 = 0,

o +m1 =

Orciona mo = 10/17, my = 7/17. =

BameTnM, 4TO TpakTHdeckoe Haxoxenme 10 w3 (5.12), (5.13) Bos-
MOXKHO B ODIIEM CiIydae JIUINb JJisi KOHeYHbIX reneii Mapkosa.

CooTBeTCTBYONUI aJrOPUTM BBIYUCJIEHUs] CTAIHOHAPHOIO PACIIPE/Ie-
sernst 70 IS KOHETHOI spromuueckoit [IM nmeer caemxyromuii BUI:

1) cocraBuTh cucremy ypasuenuit 70 = P*7?;

2) 3aMEHUTH B TOJXYIEHHON CHCTEME OMHO W3 yPABHEHWI Ha YCIOBHE
HopMupoBku (5.13), Ipu TOM MOJydeHHas CACTeMa ypaBHeHWH Oyzer
nmmers Bun Grl = g, rme g # 0, a Marpuna G — HEBBIPOK ICHHAST;

3) penmuts cucremy Gr° = g u onpenenuts 0.

Haiinennoe 7° 6ymer yIoBIETBOPATH OJHOBPEMEHHO CHCTEME ypDaBHe-
mmit (5.12) u ycmosuio Hopmmposkn (5.13). 3amernm Takke, uTo T° He
OyJieT 3aBUCETh OT TOrO, KaKOe MMEHHO M3 ypaBHeHWi cucreMbl (5.12)
6bLIO HAMU 3aMeHeHo Ha ycaosme (5.13).

Sameuganne. g nemeit MaproBa ¢ KoHEUHBIM MHOHCECTNEOM CO-
cmosarull TOHATHE HEPA3JIOKMUMOCTH MOXKET ObITH 0O0OIIEHO: KOHEYHas
IIM massiBaercsa nepasaooscumoti, ecim £ = Fy U Ey, roe Ey —Kitacc Hecy-
IECTBEHHBIX cOCTOsiHUil, a F1 — eduncmeenmnvili KiacC CyIeCTBEHHBIX
COOOILIAOIINXCST COCTOSTHUHA.

B sroMm cityuae cupaBeyiuBbI CIIEIYIOIIME Y TBEPKICHUS:

1) ecan kytacc cocrosiuuit ] — anepuogndeckuii, To CymecTByeT e/ [iH-
CTBEHHBIIT BEKTOD TpeiebHbIX BepoaTHocTeit 70 = {7} ¢ HeoTpuaTess-
HBIMEM KOMIIOHEHTaMH, yaoBiaeropsitomuii (5.12), (5.13);

2) mp =0, ecint e, € Eg, um; >0, ecnu e; € E.
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IIpumep 5.10. IIM samana croxacrnaeckum rpadom (puc. 5.3). Hait-
TH CTAIlOHAPHOE paclpelesieHue BepOATHOCTeH COCTOAHUM.

Pemenue. OueBugHo, 4TO €y — HECYIIECTBEHHOE COCTOSHUE, a
{e1, €2} 0OpasyroT KIACC CyMECTBEHHBIX ANEPHOANIECKUX COOBIIAIONIAX-
ca cocrostamit. [losTomy crammonapioe pactpegeienue ™ = {mg, my, 7o }*
cymecrByet, pudeM g = 0. BepoaTHOCTH 7 W Ty ONPENENAIOTCA U3
cucrembl ypapuennit 70 = P*70 u yenosus w1 + mo = 1 (cM. npuBeeHHbIi
BBIIIIE AJITOPHUTM ):

{ 05m +02m = m,

T 7Ty = 1,

oTkyma m = 2/7, m =5/7. Urax, w(n)— 7°={0,2/7,5/7}* upn
n — 00 I JII0OOr0 HAYAJHHOIO PACIpPEeIeHNs] BEPOSTHOCTEH COCTOsI-
mwit w(0). W

Ecimu IIM He obmamaeT CBOWCTBOM
SPrOAUIHOCTH, TO BEKTOP IPEIEIbHBIX
BepoATHOCTeH 70, Jayke ecim OH Cy-
IECTBYET, He ABJIAETCS CTAIMOHAPHBIM
pacipeziesieHueM BEPOSITHOCTEH cOCTOsi-
uuit [IM (manpumep, 7° He ymosierso-
psier ycoBuio HOpMupoBKE (5.13) mim
2K€ 3aBUCUT OT HAYAJIBLHOIO PacIlpe/ieie-
st 7(0) u T.1.). B aTrom ciywae Gymem
Ha3bIBATh T' BEKTOPOM (PUHAALHOIT Ge- Puc. 5.3
poammnocmeti cocrostamit [ITM.

Tunuysbie ciaydam TOAPOOHO H3YYEHBl B CJEAYIONUX ITPUMEPAX.

IIpumep 5.11. Hafitw ¢dunambubie BeposaTHOCTH cocTosiamit 1M,
onuchIBaoImel GuIy K/ [aHne YaCTUIB! [0 IEeJbIM TOYKaM IpsAMoi (cM. mpu-
Mep 5.6).

Pemenwne. B mpumepe 5.6 66110 TOKA3aHO, 9TO BCe cocTosiimst [IM —
uyJsesble. Cire10BaTENHHO, pgz) — 0 mpu n — oo g Jobbix 4,7 = 0.
Orcrona

nll)rgopo’. = nlg{)lowj(n) 7 =0, j=0,1,...

0

Takum o6pazom, T~ — HYJIEBOl BEKTOD U

m+m+...+m+...=0.

CaenoBarenbio, 70 He ABIAETCS CTAIMOHADHBIM PACIIPEJIETCHIEM BEepo-
arraocteit cocrogruit [IM. OdeBumno, 9TO OTCYTCTBHWE CTAIIMOHAPHOTO
pacIpe/jieJieHusl BbI3BAHO HApPYIIEHWEM YCJIOBUs 2 TeopeMbl 5.1, TaK Kak
B JIAaHHOM CIydae f; = 0o Jjs moboro e; € K. W

Ecmu ycmosue 1 Teopemsbt 5.1 #e BBITIOAHEHO, TO (PUHAIHHBIE BEPOSITHO-
CTH COCTOSTHU OO BOOBIIE HE CYIIECTBYIOT, JINOO 3aBUCSAT OT HAYAJIHHOI'O
pacnpeneneHnsd BEPOATHOCTE! COCTOAHUIA.
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IIpumep 5.12. Koneunass memb MapkoBa 3aaHa CTOXaCTUIECKUM
rpacdom (puc. 5.4). Tlokazars, aro mpm mobom w(0) # {1/2, 1/2}* bu-
HAJbHBIE BEPOATHOCTH HE CYIIECTBYIOT.

Pemenune. IIM wmmeer mepexomuyio marpuily P ¢ 3meMeHTaM#
Poo = P11 =0, Pg; = P19 = 1, m03TOMY CooTHOmEHN (5.2), ONUCHIBAONITE
sposmroruio Bektopa 7(n) = {mo(n), m1(n)}*, npuanMatoT caenyromuit BuT:

mo(n) =m(n—1), n=12,
m1(n) = mo(n — 1).
IIycrs w(0) = {p,q}*, Torma npm p # q umeem mo(n) = p, ecim n = 2k
n mo(n) =¢q, ecm n =2k +1, k=0,1, ... OueBugHO, 9TO B 3TOM CIIy-
Jae MoCIe[0BaTebHOCTD {mo(n)} npenena He nmeer. AHa-
1 JIOTHYHO, HET Tpejiesia Uy nociepoBarenbaoctn {my(n)}.

Ecau ke p = ¢ = 1/2, To cymecTByeT BeKTOP (bUHAIBHBIX
@ e BepoaTHOCTel 70 = {1/2,1/2}*, Tak Kak B 3TOM CIydae
mo(n) = m1(n) = 1/2 ana sesikoro n > 0. IlonyveHHBIH pe-
1 3yabTAT O0BICHIETCS TEM, YTO PACCMOTpEHHas 1enb Map-
KOBa SIBJISIETCST HEPA3JIOKAMOI, HO IEPUOIUIECKOH C ITePH-
Puc. 5.4 ojoM d = 2, u, cJIeI0BaTeNIbHO, ycaoBue 1 TeopeMbl 5.1 He
BBITIOJTHEHO. M
PaccmorpuM Temepb TOBeJieHWE BEPOSITHOCTEH COCTOSTHUI Das3yIoXKu-
Mbix [IM. OgeBuaHO, ITO CTATMOHAPHBIX PACIPEIEIEeHUI 37eCh He Oy/IeT,
0/THAKO (pUHAJIBHBIE BEPOSITHOCTH IIPU OIPEJEJEHHBIX YCIOBUIX OyIyT
CyIIeCTBOBATH.
IIpumep 5.13. IIM, omucbiBaromast ciydaiinoe OJy»KaHne JacTUIIbI
O TENBIM HEOTPUIATENbHBIM ToukaM mpsamoit £ = {0,1, ...} ¢ mormo-
IMAKTIMM COCTOsTHUEM eg = 0, 3a7aHa croxactuaeckuM rpadom (puc. 5.5),
rme 0 <p <1, ¢g=1—p. IsBecTHO, 9YTO B HAYAJIBHBII MOMEHT BPEMEHU
YaCTUI@ HAXOMMJIACH B HEKOTOPOM COCTOSIHWU €, = m > 0. Haiitu du-
HaJIbHBIE BEPOSITHOCTH COCTOSTHUI JaHHO# mern Mapkosa.
Pemenue. Herpynuo Bu-
p p p gmerh, uro E = FEyUZFE;, tme
Ey ={eg} sBasiercss kmaccom
1 'e a‘e‘e -++ CYUIECTBEHHBIX COCTOSIHUH, a
E, ={e1,ea,e3, ...} obpasyer
q q q ¢  KJIaCC HECYIECTBEHHBIX COCTOSI-
awit. [losToMy nens pasmoxnma
Puc. 5.5 u ycinosue 1 Teopemsbl 5.1 Hapy-
maercsa. CiemoBaTeslbHO, JIaH-
wast [IM He nMmeeT cTanmuoHaApHOro pacupeesnennsi. VI3 onpe/esnenus menn
SICHO, ITO p( )=1mu p(") — 0, n — oo mipm q0b6bIx M > 0, 7 > 1. Takum
obpazomM, HpI/I Jar060M J 2 1 mvueem m; = 0. ObosHaumM depes P, BepodT-
HOCTH TOTO, YTO YaCTHIA, BBIXOJSINASI U3 COCTOSTHUS €, = 1M, PAHO WJIN
mo3mHO Tonager B coctosHue eg = 0. B cuimy toro uro cocrosHume eg —
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n
TIOTJIOIIAOIIIEE, Pgn,)o — w9 = P, n — 00, T.e. P, — uckomas puHaIbHAST

BEPOSITHOCTD COCTOSTHUS €g. Ilpm Kaxkmom m > 1 cipaBeniuBo
Pm :me+1+qu—17 (514)

9TO CJIeJlyeT W3 MapPKOBCKOI'O CBOMCTBa Ienu U (POPMYJIbI TOJHON BEpO-
arroctr. Kpome Toro, Py = 1 no ycnosmio. O6osHaunm « = q/p, Torga
obmee pemenne ypaprenusi (5.14) nmeer sunx P, = a + ba™, a yciosue
Py = 1 o3magaer, ato a + b = 1.

IIycrs g > p, T.e. a > 1. Torma b = 0 B cunty orpanunvenus P, < 1. Ho
torma a = 1, .e. P, = 1. Ilycts Temeps q < p, T.e. a < 1. [yrsr BBIYHC-
senusi P, BBeeM B mpou3BONILHON TOYKe N > 1M BTOPOI HOIJIOMIAONIIAN
6aprep u o6osaaIUM P, (N) BEpOSTHOCTE TOTO, 9TO GIIy KAAIOIIAS TOTKA
JIOCTUTHET COCTOSIHUSI €( PaHbIEe, YeM COCTOsHUs en. B cieayromem
npuMepe OyIeT MOKa3aHO, YTO ngn P (N)=a™. JokaxeM, 9TO 3TOT

o0

npeges pasen P,,. IlelicTBuTebHo, mycTh A — COOBITHE, COCTOSIIEE B TOM,
yro Haiiferca NN, Takoe, 4TO HYaCTHIA JOCTUTHET €g, BBIXOAA U3 €,
panbIre, 4eM ey. Torna P, = P{A}. Ecin Ay = { wacruna nocrurter eg

o
panbire, yem en }, 10 A= | Ay, Ay € Ayy1. Ouenmano, 4o
N=m+1

P{A} = P{NzgnHAN} = lim P{Ay} = lim Pn(N)=a™,

r.e. P, =P{A}=a™

Haxkomner, eciu p = ¢, To 0ba pelrenusi coBnamgaoT, T.e. P, = 1. NTak,
OKOHYATEJHHO JJIs (DUHAIHHON BEPOATHOCTHU Ty UMEEM: Tg = 1, ecti p < ¢
nm = (¢/p)™, ecim p > q. 3aMeTHM, UTO IPU YCIOBUA P < ¢ PACCMOTPEH-
Has MOJeJIb UMEET IIPEIEbHOE PACIIPEIESIEHNE BEPOSITHOCTEN COCTOSAHMIMA
7% ={1,0,0, ...}. Ecu 3xe p > ¢, To Habop DUHAIBHBIX BEPOATHOCTEH
7%= {a™,0,0, ...} He ABAAETCH PacTpe/ieleHAEM BePOATHOCTeH, TaK Kak
YCIIOBUE HOPMUPOBKHU HE BBITIOJHEHO. B

B zakmouenune BoraucanM puHAIBHBIE BEPOSTHOCTH COCTOSHUN B IIETN
MapxoBa, onuceiBaoIneit urpy AByX JIHIl, KOTOPas PACCMOTPEHA B IIPHMe-
pe 5.5.

IIpumep 5.14. Haiitu punaIbHBIE BEPOSITHOCTH B WTPE JABYX JIWIL W,
B Y9aCTHOCTH, BEPOSATHOCTH P, pa30peHus MepBOro UrpoKa, eCJId HAYAIb-
HBbl€ KAIUTAJbl NTPOKOB KOHEYHBI U PaBHBI M U M, a BEPDOATHOCTH YCIIEXa
B KaXXJOfl Wrpe paBHbL p U ¢ = 1 — p JUisi IEPBOrO W BTOPOI'O MIPOKOB
COOTBETCTBEHHO.

Pemenue. B mpumepe 5.5 moka3aHO, 9TO MaTeMaTHIECKON MO-
JIeJTBI0  PACCMATPUBAEMON UIPHI ABJIAETCA JAUCKpeTHasd KoHedHas [IM
¢ MHO)ecTBOM cocrostamii F = {0,1, ..., L}, rme L = m + M. Cocrosinus
{e1, ...,eL—1} — HeCymecTBeHHBIE, OITOMY WX (DUHAIHHBIE BEPOATHO-
cru 7 = 0. Ilycts g = P, — uHaIbHAs BEPOATHOCTH COCTOSTHHUS €q,
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torga (B cmry xorneuanocrtn LIIM) 7, = 1 — P,,. Haiinem P, u3 cooTHomIe-
mws (5.14)

Py =pPr1+qPm1, 1<m<L-1, (515)
¢ y4eToM KpaeBbix yciosuii Py = 1, P, = 0, KOTOpBIE CJIEYIOT U3 yCJIOBHs

OKOHYAHUs UIPHI (Pa3sOpeHne OJHOro U3 Urpokos). 13 obiero coorHore-
mug (5.15) mias o = g/p umeem

PQ—P1=O[(P1—P0),
P3—P2:Ot2(P1—P0),

CkJiaibiBasl IOy Y€HHBbIE BhIPAXKEHWsSI U yIUThIBast, 4To Py = 1, Haxomum
Pn=14+(Pi—1)Sm,tme Sm=(1—-a™)/(1—a)upn a#1u S, =m
npu « = 1. 3Hauenue P; ompejesisieM W3 BTOPOrO KPAEBOIO YCJIOBUS
P, =0: P, =1-—1/Sy. lloxcrapnsis maiinennoe Py B Beipakenne s P, ,
OKOHYATEJHHO TIOydaeM ¢ yaerom L = m + M:

P _(am_am+M) 1
m= Gy P ol (p#a) (5.16)

szm mpu a=1 (p=q¢g=1/2).

Us (5.16) caemyer, uto npu & < 1, T.€. Tpw p > ¢ BBHITOIHEHO COOTHO-

menne lim P, = ™. Ilociaenuuii pe3yabraT ObLI UCIHOAB30BAH B IIPU-
M — o0

Mmepe 5.13 st N =m + M, P, = Py, (N).

Samerum, uro ycioBue M — 0o (PaKTHIECKH O3HAYAET, 4TO BTOPOit
WIPOK PACIOJaraeT HEOIPAHWYEHHBIM WCXOAHBIM KAlUTaJoM. B 3ToMm
caydae npu p < q¢ umeemM P, — 1 mpu M — co, 94TO O3HAYaeT HEU3-
GexkHOe pa3opeHme TEPBOro UIPOKa Jake B 6e306maHoi mrpe (T.e. Tpw
p=gq=1/2). Ecqim xxe p > ¢, 10 P, — o™ < 1. Ilo3TOMY C BEPOSITHOCTHIO
Qm = 1— a™ > 0 mepBbIil ITPOK MOXKET JOOUTHCS HEOIPDAHWIEHHOTO yBe-
JIMYEHWsT CBOETO MCXOJHOrO KamuTraja. W

5.4. Bagaun I CaMOCTOSITEJILHOTO peHIieHusI.

1. TuckperHas nens ¢ MEHOX)KecTBoM cocrosiamit £ = {0,1, ...} onpeznenena
cootnomenueM: &ny1 = &En + Un, n = 0, ¢ HavadbHBIM ycjioBUEM & = 0, rme
{vn} — moCI/IEIOBATENILHOCTD HE3ABUCUMBIX CJLyYailHBIX BEJUMUUH C PACIpegesie-
uuem Bepuysuiu. TokazaTs, uro {€,} obiamaeT MapKOBCKUM CBOHCTBOM, HAlTH
ee TIEPEXOIHYI0 MATPUILy W MPOBECTH KITACCU(PUKAIUIO COCTOSTHUIA.

Vkaszauue. Cm. npumep 5.6.
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2. [IycTs ciyvaiinble BenuauHbl {vo, U1, . .. } HE3ABUCUMBL B COBOKYTIHOCTH U
KaxKJag npuHuMaeT 3Hagenns +1 u —1 ¢ BeposTHOCcTsME 1/2. Paccmorpum nBe
MOCJIeIOBATENbHOCTH: &y = (vn + vn+1)/2 A N = UnUn+1, n =0,1, ... Kakaz
W3 9THUX TOCIEI0BATEIBHOCTEN sIBJIsTeTCs enbio MapkoBa?

OTserT. Bropas.

3. YUepes ¢dukcupoBaHHBIE MPOMEXKYTKHA BPEMEHHU NPOBOIUTCI KOHTPOIH
TEXHUYECKOTO COCTOAHUA IPHOOPA, KOTOPBI MOXKET HAaXOAUTHCS B OJHOM W3
TpeX COCTOsIHUi: eg — paboTaeT, e; — He paboTaeT U OXKUITAET PeMOHTa, €3 —
pemontupyercs. Ilycrs &, — HOMep cocrosiHus Npubopa Npu n-il IPOBEPKeE.
Ipeanonaraercst, uro {&,} apusercs oxaoponuoit IIM ¢ nepexonuoit maTpuneii

08 0,1 pg,
P=|03 p, 06
Py 0,01 0,29

Haiitu HewsBecTHBIE j1eMEHTHI MaTpuibl P u Beramcaurh 7(2) mpu yciosBuu,
9TO B HAYAJbHBI MOMEHT BpEMEHU NMPUOOp WCIPABEH.

Orser. py, =0,1; p,, =0,1; p,, =0,7; 7(2) = {0,74; 0,091; 0,169}*.

0,75 05 0,5
0,5 05 0,75
Puc. 5.6

4. Ilens Mapkosa 3amana croxacrudeckuMm rpadom (puc.5.6), rae cocros-
HUsL €9 U ez — oTpakarmomue 6apbepbl. HaiiTu cranmonapHoe pacupejieienue
€CJIM OHO CyIIECTBYET.

Orser. mo = 73 = 0,2; 11 = 2 = 0,3.

5. I[lycrs koneunas sproguueckag [IM ¢ E = {0,1, ..., N} umeer gBax/pt

N N

CTOXAaCTHYEeCKyIO Marpuiy nepexoga P = {pij}, me. > pij=> pij =1 pua
j=0 i=0

BCcex 4,7 € E. [Tokasarb, 4TO CTALMOHAPHOE PACIpEJesIeHUue CyLIIECTBYeT U sB-

J1sleTCsl paBHOMEPHBIM Ha F.

Puc. 5.7

6. IIM umeer MHOXKeCTBO gomycTuMbix cocrosuuit E = {0,1, ..., N} u onu-
cpiBaeTcd croxacTudeckuM rpadom (puc. 5.7), rme 0 <p <1, ¢ =1 — p. Joka-
3aTh, 9TO IENb ABJIAETCA SPTOAMIECKON, M HANTH CTAIMOHAPHOE PACTIPEIEICHAE
BepoaTHOCTE! cocTostumit {7y }.

7 B.M. Munnep u A.P.Ilankos
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k‘l_
Orser. Eciu p # ¢, To 7, = u,k:o,l, ..., N, rne a=p/q; ecnu
1—alVt!
p=¢g oMo =71 =...=7n8 =1/(N+1).

7. Oprogmaeckas [IM ¢ AByMsI COCTOSIHHSIMH MMeET CTal[OHAPHOE pacIpe-

Jenenue mo = p, 1 = q = 1 — p. Haiitu nepexonHyio marpuiry.
z 1l—z

OrBer. P =
y l1-y
a<l z€(0,1)uy=a(l—x).

8. IIyctp komeunas IIM Hepa3znoKuMa U alepuoOAWYHA, & T — CIydailHoe
BpeMsl IIepBOTO BO3BpallleHUs B J11000e (DUKCHpOBaHHOe cocrosiHue. Jloka3aTs,
uTo Haiimyrea ¢ > 0 u g < 1, Takue, ato P{T > n} < cq".

a—1
,rne it a = p/g>1 z € <—,1),aﬂ,ﬂﬂ
a

9. Hacruna, HaXOAAMAsICA Ha IUIOCKOCTH B TOYKE C IIeJIBIMU KOOPJAMHATAMUI
(m,n), MOXKET ¢ BEpOATHOCTBIO 1/4 TIepeMecTuThCA B JIO0YIO U3 9€THIPEX TOUEK
¢ xoopauraramu (m =+ 1,n+1). Jlokasars, 94To Bee cocTosiHus AByMepHOiT [IM,
ONHCHIBAOIIEH Iporecc OJIyK IaHusI, BO3BPATHEL.

§ 6. PazHOoCTHBIE cTOXacTUYECKNE ypPaBHEHUSA

6.1. Mosieniu aBTOperpeccuu U CKOJIb34IIero cpeanero. Ilycrs
e = {en, n € Z} — moCIen0BATEIBHOCTh HE3ABUCUMBIX CITyJailHBIX BEJIH-
unn ¢ xapakrepuctukamu m.(n) = M{e,} u D.(n) = M{|e, — mc(n)|*}.
JaJsiee &€ HA3BIBAETCH QUCKPEMHBIM DENBIM WYMOM.

3ameuanue. B mpumepe 3.3 Mbl paccMaTpUBAJM CTATUOHAPHBIN
JUCKPEeTHBIN 6ebrit irym. OTpeiesTeHHbIi BBITE JUCKPETHDIH GesTblil mryM
Oyaer cramuoHapHBIM, ecin me(n) = m. = const, D.(n) = D, = const.
TIpu 3TOM HEKOPPEIUPOBAHHOCTh CEUEHUH CJEYET U3 UX HE3ABUCUMOCTH.
Kpome Toro, B mammom maparpade MBI OymeM pacCMaTpuBaTh TOIBKO
BemecTBennbie CII.

Onpemenenwe 6.1. Cryuaitmas mocienosaTesbHOCTD {&,, } Ha3BIBa-
eTcst asmopezpeccuontot, nocaedosamesvrocmuvio (AP-nocaedosamenvro-
cmwio) nopadka p > 1, ecam OHa YIOBIETBODSIET YPABHEHUIO

P
§n + Z bk‘gn—k‘ = En, n e Z> (61)

k=1
rge {b1,...,bp} — dmCIOBBIE MapaMeTphl, a p > 1 — MOPSAZOK MOZIENH

asroperpeccun (AP-monenn) (6.1).
Anrebpanyeckoe ypaBHeHUE

p
a? + 3 b F =0 (6.2)
k=1

Ha3BIBAETC Tapakmepucmuyeckum ypasreruem AP-monenu (6.1).
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Onpemenenne 6.2. AP-momens (6.1) mHaswBaercss acumnmomu-
wecku yemotivueot, ecam Bee penieHus {T;} XapaKTEPUCTUYECKOTO
YDABHEHHUs YIOBJIETBOPSIIOT yCuoBuio |x;| < 1.

Onpemenenne 6.3. Cayualinast mMocaeq0BaTENBHOCTD {17, } Ha3bIBa-
eTcsl MOCIeIOBATEIbHOCTBIO cKoavdauwezo cpednezo (CC-nocaedosamens-
HOCM®I0) TOpsAIKa ¢ > 1, ecom

q
N = G0En + Y GxEn—k, N EZ, (6.3)
k=1
rae {ao, a1, ..., aq}, ¢ — nmapamerper CC-monenu (6.3).

Ecau Bce pemmenust {z;} xapakrepucruaeckoro ypasaenusi CC-momenn

q
aoz? + > apz?F =0
k=1

YZOBJIETBODSAIOT yCIOBHIO |z;| < 1, To momess (6.3) masbiBaercsa munu-
MAABHO-Pa30601.

Owesungno, aro momenu (6.1), (6.3) MOXKHO OOBLEIMHATE B OJHY KOM-
GUHUPOBAHHYIO MOJIEJb.

Onpemenenne 6.4. Cayvaiinas mociae0BATENBHOCTD {&,, } HA3BIBaA-
eTcsl TOCJIEIOBATEILHOCTBIO G6MOPEZPECCUL — CKOABIAUE20 cpednezo (Mnu
APCC-nocaedosamenvrocmsio) mopamka (p, q), eCiim OHa YIOBJIETBOPSIET
Pa3HOCTHOMY CTOXACTHYECKOMY yPaBHEHHIO

P q
En+ D bibn—k = aoen + > ajen_j, nEL (6.4)
k=1 J=1

Hucna {br}r_y, {a;}j—y apasorca napamerpamu APCC-monemn, p —
MOPSAIOK aBTOPErPECCHH, & ¢ — ITOPSAJOK CKONB3AIMIEr0 CPEIHETO.

SaMmeuanue. I3 NpUBEIEHHLIX ONDEJENIEHU CIIEIYET, UTO €CJIU
{en} — eayccoscxuti Genwrit mmym, To APCC-mocnenosarensrocts {&, }
TaK3Ke ABJIAETCS 2aYCCOECKOT.

IIpumep 6.1. Ilycrs B acumnrorudecku ycroiiausoit AP-momenu mo-
paska p = 1 Gesbiit mym {e,} sBasierca cranuonapubiM. Haifitn mare-
MaThaeckoe oxumanwe m gucnepcmio AP-mocnenosarenmprocrn {€,} n
JIOKa3aTh €€ CTAIIMOHAPHOCTD.

Pemenmne. Ilo ycnosuio {{,} ymoBaeTBopsieT ypaBHEHUIO

En+b&n-1=¢n, nEL (6.5)

XapakTepucTudaeckoe ypasHeHue mojenan (6.5) mmeer Bug z + b =0,
U, CIeJOBATENBHO, |21] = |[b| < 1 — ycioBHe acHMITOTHYECKON yCTOidw-
BocTH. VICIONb3ys NpreM, ONUCAHHBIH B IpuMepe 4.5, HeTPYIHO MOKa3aTh

&n = i /Bkgn—ka (6.6)

k=0

7*
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rae 3 = —b, npuaem psx (6.6) CXOMUTCS B CPEIHEKBAAPATHIECKOM CMBICITE
B cuty || < 1. Utak, &, stBasieTcst TMHEHHBIM Tpeobpa3oBaHmeM Gesroro
mywma {e,}. O6osnaunm m, = M{e,} u D. = D{e,}, Torma

me(n) = M{g.} = 32 B*M{en i} = m. 30 8" = 2,

k=0 k=0 L+
De(n) = D{&,} = 3 (85 D{en} = D. 3 (87 = 2=
k=0 k=0

Iyt MoKa3aTeNrbCTBa CTAMOHAPHOCTH {{,} OCTAeTCS BBIYHCIATH KO-
BapUAIlMOHHYIO IIOCJIEI0BATEIbHOCTD

COV{fn,fm} = i ,Bk,BjCOV{€n_k7€m_j} =

k,j=0

= gln=mID, i(bZ)’“ = BI""™ D¢ = Re(n —m).
k=0

3ech MBI BOCIOIB30BAIUCH T€M, UTO COV{en_k,Em—j} = D, ecun
n—k =m-—jucov{e,_g,em_;} =0 mpu n —k # m — j. Urak, CII
{&,} mMeeT mocTOSIHHBIE MATEMATHYECKOE OXKUJIAHUE U JUCIEPCHIO, & KO-
Bapuanyst cedenuii &, u &,, 3aBUCAT TOJBKO OT pasHoCTH N — m, T.e. {&,}
sABJgeTca cTaluoHapHoit B mupokoM cmbiciae CII ¢ XapaKTepHCTHKAME
m D
iy D=1 Belk) = (-0)"D;. m

Amnajoruunas CHTyalluss UMeET MECTO W JJIsi aCHMIITOTHYECKH YCTOR-
4ynBoit AP-Moes I TPOU3BOILHOTO TOPAAKa P > 1.

Teopewma 6.1. IIyemov {£,} ydosaemsopaem ypasnenuro (6.1), onu-
cr8aIOWEMY acumnmomunecky yemotivusyro AP-modeas nopadxa p > 1,
20e {en,} — cmayuonaprud beaviti wym, mozda

m§=

o
gn = Z AkEn—k,
k=0

o0

2de woapuyuermor {a} ydosaemsopsrom ycaosuro Y |ag| < oo u evi-
k=1

NUCAAIOMCA MO PERYDPPEHMHBIM POPMYAAM

ag+1Pk,1 =0,
Brt1j = Brj+1 — Beabj, §=1,2,...,p—1,
Brt1p = —Brabp, k=0,1,...,
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¢ HavaavHoImMy yeaosuamy ao = 1, Bo; = by, 5 = 1,2, ..., p. Ipu smom
CII {¢,} asanemca cmayuonaphot u uMeem TapaKmepucmuKy

oo oo 2
me =me Yy Qg, D¢ = D. Y ap,
k=0 k=0

0o
Rg(m) = Dg Z OkQfy|m|, M E Z.
k=0

B npumepe 3.4 paccmaTpuBaiach MOJIEJb GECKOHEYHOTO CKOL3SIIErO
cpennero. PaccMoTpuM Teneph MOzesb CKOMB3AIEro cpeprero (6.3) Ko-
HEYHOTO TIOPSIKA.

IIprmep 6.2. CC-nocnenosareabrocts {n,} ymosrersopsier (6.3),
rae {e,} — cranmonapmbiii Geabiii mym. Halitm MaTemarnmaeckoe oxKu-
Janue, aucnepcrio u kosapuanuonnyo dynkuuo CII {n,}.

q
Pemenwue. Ilo onpenenenuio N, = > aren—k, tie M{ex} = m. =

k=0
= const, D{ex} = D, = const, cov{ey,e;} = 0 mpu k # j. Orcrozna

q q
M{nn} = M{Z akEn—k} = me Z ap = const,
k=0 k=0

q a
D{n.} = 3 aracov{e,_j,eni} = D: Y af,

k,1=0 k=0
q g—|n—m|
COV{nn,ﬂm} = Z akalcov{sn—kvem—l} = D. Z QkOky|n—m| 1IPH
k,1=0 k=0

[n —m| < g u cov{n,, nm} = 0 upu [n —m| > ¢g. Orciona

q—|m|
R&(m) _ D, kgﬂ Akt |m| IPHA |m| < Qs
0 upu |m| > q.

Tlocamentee osnagaer, aro sobbre cedernns CC-mociie0BaTETLHOCTH, OT-
crosinye Jpyr OT Apyra Oojiee UyeM Ha, ¢ INArOB, SIBJISIFOTCSI HEKOPPE-
gupoBanabiMA. ITuM CC-moCaea0BaTEIHHOCT CYIECTBEHHO OTIANIACTCS
ot AP-mociieioBaTeibHOCTH, TaK KaK y MOCJHEIHEN CKOJIb YTOIMHO JAJIEKO
OTCTOAIINE JAPYT OT APYTa CeUYeHHs B OOIIEM CIlydae SIBJISIOTCS KOPPEJu-
pOBaHHBIMHU. M

IIpumep 6.3. Jokasarb, uro AP-mocienoBaresbHOCTh IEPBOTO IO-
psnka obiamaer MapKOBCKAM CBOHCTBOM.
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Pemenue. Ilycts m3BecTHO, 9TO Muist HEeKoTOporo m > 0 m mabopa
HeJbIX 9uced ng < ... < Ny, = N — 1 BHIOIHEHO &, = X0, &{n, = T1, - .-,
én,, = Tm. Borauncamm P{{, € B | &, =m, ...,&ny = To}, Te B —

IPOW3BOJIbHOE OOPEIEBCKOE MHOXKECTBO HA MIPSIMOI.
o0

o ycnosmio &, + b1 = ep, mpuaeM & pm = (=) en_m—k,
k=0
HO3TOMY €, U &y —yy, HE3ABUCHUMBI TIPH BCeX m > 1 B cuuty Toro, aro {&,} —
GeJIblit ITyM ¢ He3aBUCUMBIME cedeHHsaMH. Toraa

P{&, € Bl &, = Tmy --s&n, =0} =
=P{-bn_1+en €B|&n, =Tm, ---,&n, = o} = P{e, — bz, € B}.
C mpyroit CTOPOHBI,
P{¢, € B | £n, = 2m} = Plen — bam € B},
orkyna P{&, € B | &n,, = Tm, -+ éng =20} = P{n €B | &, = T}

CoBepIleHHO aHAJIOTHIHO pPacCMAaTPUBAETCS CIydail MPOU3BOIBHOTO
nm < n. B cuty nmpomssombHOCTH BBIGOpa M, {ni} n B mokaszaHHOe 03HA-
gaer, 9To {£,} — MapKOBCKas MOCIEJ0BATEIbHOCTh. LloguepKHeM, 9To
JIOKa3aHHOE yTBEPK/ICHUE CIIPABEJINBO JIJIA CJlydast, Koraa {&, } — 6Gesbii
IIyM C HE3aBUCHMBIMHU CEYCHHUAMH. LCIHM YK€ CEUeHUs ABJIAIOTCS JIUIIb
HEKOPPEJUPOBAHHLIMHU, TO MaPKOBCKOE CBOMCTBO MOXKeT HapymaThes. Q-
Hako ecmu {€,} — rayccoBcKmii 6GembIii TIyM, TO MapKOBCKOE CBOWCTBO
ciemyeT U3 pe3yabTaToB npumepa 2.12. ®

OO6BLIYHO B MPAKTHYECKHUX 33J[a9aX BCAKUII MPOIECC UMEET «HAYaJIo»,
T e. {£,} 3aman smmb npu n > 0. Ecow ipu n > 1 &, yaoBiersopser ypas-
HEHIIO aBTOPErPeCCHN MOPAIKa P, a 3HadeHud o = (1, ..., {py1 = (p —
3aJlaHHbIE CIIyIaiiHble BeJAMIMHbI (HaYabHble ycaoBus), To coiictsa CII
{&,} meckombko oTmHatoTes ot cBoiicts AP-nociemoBaTenbHOCTH.

IIpumep 6.4. HaiiTn MaTemMaTHuecKoe OKHJAHHE U IUCIEPCUIO TIO-
caenosarenbrocTr {€,}, yAOBIETBODSIOMIE ypaBHEHUIO

En=0lp_1+en, n=1, & =1, (6.7)

rae |a| < 1, n — cayuaitnas semmanna ¢ M{n?} < oo, He sapucsmas or
crarmoHapHOTO Gestoro myma {e, }.
Pemenwne. Haiinem npencrasienne &, uepes {e,} u n:

n—1
gn =€Ep t+aep_1+ a2£n_2 == Z ak*’gn—k + a”ﬂ»
k=0
n-l 1—a"
mﬁ(n) = M{gn} = Me Z a® + anmn = msm + anmn'
k=0

n—1 2n
1—
De(n) = D{¢n} = D{ 3 afep 4} + D{a"n} = D2 +a*"D,,.
k=0
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IMoguepkuem, uro CII {{,} mecranmonapma, tak Kak me(n) u De(n)
saBucaT sBHO OT n. B cmiy yenosns M{n?} < oo umeem |m,| < co u
D,, < o0, mosromy ¢ yueroMm |a| < 1 momyaaem

me

1-o’

me(n) — De¢(n) — opu n — 0o.

e
1-—a?

TakuM 06pa3oM, IpejieJIbHbIE 3HAYEHNUs] CPEJHEr0 W JUCIEPCUH JIJIs
CII {¢,} Takme ke, Kak m Juist cranmoHapHON AP-mocmemoBaTessHOCTH
nopsijka p = 1, ynosuersopstomeit (6.7) npu Bcex n € Z. W

3ameuyanue MoKHO MHOKa3aTh, YTO BLIBOJ, O COBHAJEHUN MPeIeh-
HBIX XapaKTEPHUCTHK TocienoBaTenbaocTn {£, }, yaosmeTsopsiomeit ypas-
HEHWIO aBTOPErpeccuy Mopsijka p > 1 ¢ 3a/JaHHBIMU HadaJbHBIMU 3HA-
YeHMAME, U XapaKTepUCTUK cooTBeTcTByomel AP-mocnenopaTenbrocTI
ocraercst B cujie, ecin AP-Mojiesib aCHMIITOTHYECKH yCTOHYIUBA.

6.2. CnekTpasbhuble xapakTepuctuku AP CC-nocienoBaTeiinb-
Hocreil. 13 reopems 6.1 caenyer, uro APCC-nocienosarensaocts {€, }
ABJIAETCA PE3YJIbTATOM CTAIMOHAPHOTO JIMHEHHOTO Mpeobpa3oBaHMs CTa-
nmonapHoro 6estoro myma {e, }. Ilosromy crekrpanpaast maoTHOCTE fe(A)
nociemoBarenbHOCTH {€,} MOXKET GBITH BBIYHCIEHA C WCIONb30BAHUEM
pe3yabTaToB 1. 4.2.

IIpuwmep 6.5. Iycrs {&,} — APCC-miocaeioaTebHOCTD, ONpPEIest-
eMasi Pa3HOCTHLIM CTOXACTHYECKUM YPaBHEHUEM

p q
fn + Z bkfn_k = Z Aj€n—j, M E Z, (68)
k=1 j=0

rae {€,} — UEHTPWPOBaHHBI! CTATMOHADHBIN GebIi IyM ¢ amcrepcneit
D, > 0. HaiiTu crekTpaibHYIO IIOTHOCTH fg(A).

Pemenune. Haiinem gacrornyio xapakrepuctuky P®(A) smmeiinoro
npeobpaszosanus (6.8). Ijst 9TOT0 NPENIONOKAM, ITO £, = e, Torma
u3 (4.17) cnenyer, uro &, = ®(\)ei*". ToacraBuM cooTBeTCTBYIONIHE &y,
n &, B ypasHenwe (6.8), Torma

, P a
®(N) [e’)‘" +> bke“("_k)] =Y aje”‘("_]). (6.9)
k=0 §=0

Tocne pesenns obenx gacteii paencrsa (6.9) na " momydaem

Zq: —ij
a;e i
j=0 F(e™™)

= H(e ™)’

(N = —— ‘
1 + Z bke—z)\k
k=1
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rae F(z) =ao+ a1z + ... +agz? w H(z) =1+ bz + ...+ bpaP.
3aMeTrM, YTO YCIOBHWE ACHMITOTHIECKON YCTOWIMBOCTH MOJE-

au (6.8) o3HaUaeT, YTO BCE KODHU XAPAKTEPUCTHIECKOIO MHOTOWIEHA

H(z)=2PH (:L'_l) 10 MOJIYJIIO MEHbIIEe eUHUIIBI. 108 BBIIIOJIHEHO YCIIO-

Bue (3.25) MHTErpUPYEMOCTH KBaPATa MOJYJIIST 9aCTOTHOM XapaKTePHCTH-
ku $(A), mocKonbKy

[2N]* = 2(N)2(\) =

F(e—i/\) F(ei/\) _ F(e—i/\) 2
H(e ) ’ H(e*) — |H(e )

D
Haxkomer, f.(\) = 2—; — CHEeKTPAJIbHAsI IIIOTHOCTD Gestoro myma {ey, }.

Teneps, ucnosnb3yst cooromenue (4.18), monygaem

2
D.

q
=i
> aje
j=0

fe(N) = (6.10)

P o2
21+ 3 bue ™|
k=1

U3 (6.10) cnemyer, aTo crekTpasbaas miotHocTh APCC-mocnenosaress-
HOCTH TIopsiiKa (p,q) siBisieTcst ApoOHO-pamuoHabHOM (dbyHKIHel nepe-
MeHHOH e~ . m

@opmyaa (6.10) mossonsier sBHO BBHAucauTh gucnepcuo APCC-mo-
CJIeJIOBATEJILHOCTH JIJIsi IPOU3BOJIBHBIX IMOPSIJIKOB P U .

Ipuwmep 6.6. CII {£,} ymoBmeTBopsieT ypaBHEHUIO

§n — 0,581 +0,256,2 = ep, (6.11)

rae {€,} — UEHTPWPOBAHHBI! CTAMOHAPHBIN GesbIil MyM ¢ amcrepcneit
D, = 1. Beraucaurs gucuepecuto De CII {£,}.

Pemenune. Yb6emumcs, aro mozens (6.11) acumnrorudecku ycroii-
yuBa. XapaKTepUCTUIECKOEe YPABHEHHUE MOJIEIN UMEET BHU],

z2 - 052+ 0,25 =0. (6.12)

Haiinem kopuu ypasmenus (6.12): z12 = 0,25(1:|:i\/§), O3TOMY
|z1,2] = 0,5 < 1, T e. ycioBrue aCHMIOTOTHYECKOI YCTORYNBOCTH BBIIIOIHE-
Ho. Teneps u3 (6.10) caexyer, aro

_ L 1 2
fe(A) = T TE=ER e H(z) =1-0,52+ 0,25 2~.

Hucnepcust Dg Moxer GbiTh Hajinena no dopmyie (3.13):

™

De= [ fehydr= - | ﬁ - I. (6.13)

-7
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st aHAINTHYeCKOTO BBIYHC/IeHUS HHTerpaia (6.13) Bocmomb3yeMmcs ai-
TOPUTMOM, MU3JIOXKEHHBIM B 1. 15.2.

Ilycrs v = 0,5, Torma by = 1, by = —v, bo =%, a9 = 1,a; = 0, ay = 0,
p=2. na Boraucienns wmHTerpasa I, BOCIOIB3YEMCH PEKYPPEHTHBI-
mu dopmynamn (15.9) ¢ HaganpHbME yenoBuamu (15.10). B ycnosusx
JIAHHOTO HpI/IMepa nonygaem: a3 = ai =0, af = 1; Bg = 1 B& =1-~4

By = ! _7 . Orcrioma mo dopmyse (15.8) Ir = 5 Z = io =
1+ O k=0 /BO ﬁO
= 1 1— v . Hoxcrapnas v = 0,5, naxonum D¢ = I, ~ 1,27.

3aMeTnM, ITO MBI TTOJTYIUIN HECKOTHLKO Hosiee obIMuit pe3yabTaT: ecian
{&n} ymoBaerBopsier ypaBrenuo AP-monenu Buga

gn - 'an—l + 72511—2 = €n, |'Y| <1,

ro D{¢,} = D r,zl;eD =D{e,}. =

HpI/IMeHI/ITeJIbHO K TPAKTAIECKUM TIPUJIOKEHUSIM JIJIsT  ONUCAHUS
CIl {£,} ymobuo mcmombszoBath mapamerpuaeckyio APCC-momens Bu-
ma (6.1), obecmeunmBarornyto TpebyeMblii BHJ CHEKTPAIbHON ILIOTHO-
cru {£,}. I3 npumepa 6.1 ciemyer, daro B ciydae, korma fe(A) nmeer
Bug (6.10), a {e,} — rayccoBckuii cranmonapHbil Geblil MyM ¢ gucnep-
cueit De, {&,} sinsiercs rayccosekoit CII, yaosiersopsitomedi ypaBHEHNIO
APCC. Cooreercryromas APCC-Momenb Has3bIBAETCS HOPMUPYOULUM
Purvmpom agst CII {€, }, mocTpoeHHBIM IO 3aaHHOH JPOGHO-PAIMOHAIb-
HOI CIIEKTPaJbHOI MJIOTHOCTH.

IIpumep 6.7. Ilocrponrs dpopmupytoruiit puabTp JJisi TayCCOBCKOM
[EeHTPUPOBAHHON CIyIaitHoN TocTenoBaTenbHOCTH {€, } CO CIeKTpambHON

1,494+ 1,4 cos A
27(1,16 — 0,8 cos \)
Pemenmne. Ilpomssenem garmopusayuio CNEKTPATbLHON IIIOTHOCTH:

IUIOTHOCTBIO fe(A) =

1 (1407e7)(140,7€™) 1 F(em™)F(e™)
FeN =5 (1—04de*)(1—04e*) 27 H(e *)H(eir)’

rae F(z)=1+40,7z, H(a:) =1-04x. Hostomy, fe(A)=[PN)|>f(N),

_F (e A ) 1

e (A —
Tak xak KOpeHb MHorousieHa H (z) no Momyiro Gosble euHALBL, TO
<I>()\) ABJIAETCA YaCTOTHON XapaKTEPUCTUKOU aCHUMITOTUYECKUA yCTONYN-

Boit APCC-Mmomenn
£n—04¢&, 1=, +0,7¢,_1, neZ (6.14)

VYpasuenwe (6.14) 3amaer uckoMmblit dopMmupyomuit QUILTP I
CII {¢,}, e {en} — rayccosekmii crarumonapHbIil Gesblit MM ¢ gucmep-
cueii D, =1. m
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VYpasrenwe (6.14) mo3BossieT MPOBECTH KOMIIBIOTEPHOE MOZEIAPOBA-
HWE TIOCIIeIOBATebHOCTH {&,, }, IMEroImelt CieKTpabHyT0 MIIOTHOCTE TPe-
b6yemMoro Buia.

PaccMmorpenHbBI aIrOPUTM MOYKHO HCIIOIB30BATD 71T TPUOINKEHHOTO
mogenupoBanus CII, cnekTpajsbHas IJIOTHOCTH KOTODPOI HE SIBJISIETCS
pobHO-panmoHabHON. st 3TOTO OOBITHO MPEIBAPUTENHHO AIIPOK-
CUMHUDYIOT 33JIAHHYIO0 CHEKTPAJbHYIO IUIOTHOCTH IOAXOMAINeH JIpobHO-
PalMOHAIBHON IJIOTHOCTHIO ([JIsi 9TOr0 MOXKHO [PUMEHUTH, HAIPHUMED,
METOJl HAMMEHBIINX KBAJPATOB), MOCIE 9ero CTPOAT COOTBETCTBYIOIIUI
dopmupytomuit puastp B Buge APCC-monenn.

6.3. MHoroMepHble Pa3sHOCTHbIE JIMHEHHBIE CTOXaCTUYECKUe
ypasuenusi. Ilycrs {{,} — muoromepnas CII, T.e. &, € RP npu kaxkmom
n>0, a {e,} — mnozomepnuti duckpemmnt Geawtd wym. Iocmennee
osHaudaet, 9T0 {€,} — mociemoBaTeabHOCTH HesasucuMbix CB g, € R?.
Bynem manee cuwmrath, ato M{e,} = m.(n), covie,,e,} = M{(e, —
—me(n))(en, — me(n))*} = De(n). Marpuunas dyrrnus D, (n) zHasbBa-
etcst ducnepcuonnoti byakuneit (mpm ¢ = 1 D, (n) — macnepcns CII {e,,}).
Tlo-pexxHeMy ¢-mepHBIA Genbiii mym {e,} Oyaem HasbIBaTH cmayuo-
HapHvM, ecit Me(n) =m,, D.(n) = D,. Ecim e m, =0 u D, = I, To
{en} — emandapmmviti g-mepHbIi Gesbrii myM.

Onpenenernne 6.5. Ciayuaiinas nociemoarenbHoCTh {&,, n > 0}
VJIOBJIETBOPAET MHOLOMEPHOMY AUHETIHOMY PASHOCTNHOMY CTMOTACTIUYEC-
CKOMY YPasHeHUuI10 ¢ HAYAIbHBIM YCIIOBHEM 1), €CJIU

fn = Anfn—l + Bn5n7 nzl1,

(6.15)
50 =1,

rae 7 € RP — caydaiiHbIil BEKTOpP HAYaJbHBIX YCJIOBHUI, HE 3aBUCIIIWIA
or {en}, A, € RP*P B, € RP*Y — p3pecTHBIE HeCIydaliHbIE MATPHIHL.
Oupenenenune 6.6. Ypapuenue (6.15) Ha3BIBACTCA CMAUUOHADHBIM
acumnmomusecky yemotvueoim, ecia A, = A, B, = B npu Bcex n > 1,
Marpuna A TakoBa, YTO BCe KOPHU ajrebpandeckoro ypasHeHus (OTHOCH-

rensro x € C)

det[A —zI] =0 (6.16)

O MOJYJIO MEHBINE €JWHUNbL, a {€,} — CTAIMOHAPHBIN UCKPETHBIN
6eJIbIil Ty M.

PekyppenTabie coorHomernus (6.15) mO3BOJSIOT OPOBECTH MOIEIIH-
poearue CII {{,}, a TakKe BBIYMCIUTH MOMEHTHBIE XapPaKTEPUCTUKH
me(n) = M{&,} u D¢(n) = cov{é,, &} npu 3ajaHHbIX XapaKTePUCTHKAX
{en} m HAGANBHOTO yCoOBUA 7).

IIpumep 6.8. Tokazatk, ato ecim CII {¢,} ymoBaersopsier ypasre-
muio (6.15), To dyukmum me(n) u De(n) yaoBIeTBOPSIIOT peKypPPEHTHBIM
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YPaBHEHUAM
me(n) = Apme(n — 1)+ Bpyme(n), n>1,
£(n) = Aume(n — 1) + By (n) 61
mg(0) = my,
D&(n) = Aan(’fL — 1)A:L + BnDs(n)B:w n>1, (6 18)
D¢(0) = Ry, '

rae my, = M{n}, R, = cov{n,n}.
Pemenwne. Ilpumenum kK obenm gacTam ypasrenus (6.15) omeparop
MaTEMATHIECKOTO OXKUIAHWS:

mg(n) = M{gn} = M{Angn—l + ann} =
= A,M{&, -1} + BpoM{e,} = Apyme(n — 1) + Byme(n).

Ananormuno, me(0) = M{§} = M{n} = m,,. Urax, Mbl noka3amu cuapa-
BemmBOCTH (6.17).
Bamernm, aro D¢ (0) = cov{{p, &} = R,. Ilycrs Teneps n > 1, Torma

Df(n) = COV{fn, gn} = COV{Anfn—l + Bpén, Anfn—l + ann} =
= Apcov{&,_1,6n_1} A+ A, cov{é,_1,en} Br+ By covie,, n1} Ar+
+ Bpcov{e,,en} B = A, De(n — 1)A}, + B,D.(n)B,

IJIe yITEHO, 9TO TP BCAKOM 1 > 1 ciydafiEble BEKTOPBI €, U &n_1
HE3aBUCUMBI B CUJIy TOTO, 9TO &, 1 JIMHEHO BBIPAsKaeTCs Y€pe3 BEKTOpa
{n,€1, ...,En—1}, KOTOpblE He 3aBUCAT OT &, 1O ycioButo. [locaennee
o3HaYaeT, 9410 coV{{,_1,&,} = 0. Iomydennsie coornomenust aist De(0)
u D¢(n), n > 1 copnagaror ¢ (6.18). m

VYpasrerua (6.17), (6.18), mo3BoMSIONIE BEIMUCAATD MOMEHTHBIE Xa-
pakrepuctuku mnepsoro u Broporo mopsinkos CIT {,}, nasmBarorcs
YPABHERUAMYU MEMOOD, MOMEHIMOE.

Paccmorpum nosenenue me(n) u Dg(n) npu n — 0o B ciydae, KOrga
cucrema (6.15) ABISE€TCS CTAIMOHAPHON ACUMITOTHYECKH YCTONIHBOM.
MozKkHO IOKa3aTh, YTO CYLIECTBYIOT LOCTOSHHBLIE BEKTOP Mg U MaTPUNA
Dy, raxue, ato me¢(n) — me u D¢(n) — Dg mpun — 00, IpAdIeM IpeIest
me u D¢ me 3aBucar or my, u R,

IIpumep 6.9. Haiitn ypasHeHus ijist IpeeJbHLIX 3HAYEHNI Cpe/He-
ro mg u gucnepcun De.

Pemenwne. Ecin (6.15) crarnmonapHa 1 aCHMITOTHYECKH YCTORINBA,
TO COOTBETCTBYIONIAE yPABHEHUS METO/Ia MOMEHTOB IPUHAMAIOT CIMAYU0-
HAPHBLL BUAT,

{ me(n) = Ame(n — 1) + Bm,, (6.19)

De¢(n) = AD¢(n — 1)A* + BD.B*.
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Ouesumno, aro ecmu mg(n) — me u D¢(n) — D¢ npu n — 00, To, mepe-
X0/l K 1pesesty B ypaBHenusx (6.19), nomaygaem

D¢ = AD¢A* + BD,.B*.

VYpasuenust (6.20) siBisFOTCsI IMHEHHBIME aJrebpanvdecKuMu ypaBHe-
HHSIMU, OIPE/IeJISIONIME UCKOMbIe BeJuaunbl mg 1 De. MoxkHO 10Ka3aTs,
9710 B cmiy ycrofiumsoctn Marpunsl A (cM. onpezpesnenue 6.6) cucrema
(6.20) mmeer equncTBenHOe pemenne. Hanpumep, me = (I — A)~'Bm,,
npuuem marpuna (I — A) obparuma B CHIIy TOTO, 9TO BCe COOGCTBEHHBIE
3HAYEHWST MATPUIBL A 110 MOJLYJII0O MEHbIIE eIUHUILI. W

OxasbiBaercd, aTo pacemorpentas soie APCC-mozmens (6.4) apmsier-
Csl 9aCTHBIM CJIy9aeM BEKTODHOM craruonapHoii Mogenn (6.15). HeficTeu-
resbHO, mycth APCC-nioceroBaTenbHOCTh {€, } onpesienena ypasaeAnEM

En+bi&n_1+ ..+ bpbnp = aoen + 1801+ ...+ agEn_g, (6.21)

e by #0, g =p—1,ap > 1 — NOPsAIOK aBTOPEIPECCUOHHO JACTH MO-
nenn (6.21). Torma &, = &1(n), rae &1(n) — nepBasi KOMIIOHEHTA P-MEPHO
ciryqaitaoii nociegosarensaoctu §(n) = {&1(n), ..., &(n)}*, yaosaerso-
pstomeil BEKTOPHOMY PA3HOCTHOMY CTOXACTHIECKOMY yDABHEHHIO

&(n) = Af(n — 1) + Be,, (6.22)
rie
—b —by —0p—1 —bp ao
1 0 0 0 dg
A= 0 1 0 0 , B=|dq-1 |, (6.23)
0 0 e 1 0 dy
a mapameTpsl {dg, kK = 1, ...,q} BBUUCISIOTCS IO PEKyPPEHTHBIM (HOp-
MyJIaM:
q—1_
dg =aq, dip=n0ap— Zbi—l—ldk—i-q—iy k=q—1,...,1, (6.24)
i=k

rae obosuadeno ar = —ag/bp, k=1,...,¢,b; =b;/by, 1 =2, ...,p.

Mozkuo Takxke mokasarb, 4ro eciau APCC-mopmens (6.21) sBisierca
ACHMIITOTUYECKH YCTONYUBON, TO COOTBETCTBYIOIIEE BEKTOPHOE yDaBHe-
Hre (6.22) TakKe SBISETCS ACUMITOTHIECKH YCTORINBBIM B CMBICIIE OTIPe-
nenenus 6.6.
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3amernm, uwro (6.22) gBASETCS ypPaBHEHWEM ABTOPETDECCHE TEPBO-
ro nopsaaxa gna p-mepaoit CII {£(n)}. Takmm o6pasom, npuBereHHBIE
COOTHOIIIeHNsT (PaKTUYIECKHU TOKA3bIBaT, 4To cKajsipHas APCC-momens
P-TO MOPSAJIKa SKBUBaJIEHTHa p-MepHoil AP-Mozmenn nepsoro nopstaka. ITo-
cienHee o3HadaeT, 4To st uccienoBanus APCC-nocienoBareabHOCTH,
HapsIy CO CIEKTPAJbHBIMA METOJaMU, MOYKHO WCIIOJb30BATH METOJIHI,
[pe/IHA3HAYEeHHbIE JJisi paOOTHI ¢ BEKTOPHBIMY CTOXACTUYECKUMU JIMHEH-
HBIMH DPa3HOCTHBIMU yDaBHEHHsMH (HAIPUMED, PACCMOTPEHHBI BBIIIE
METOJ[, MOMEHTOB).

IIpumep 6.10. Boraucants MaTeMaTHIECKOE OXKUTAHNE U JUCITEPCUTO
AP-niocite1oBaTEIbHOCTH BTOPOI'O TOPSIIKA BUIA

€n — Vén—1 + 7 n—2 = &, (6.25)

ecim M{e,} = m. u D{e,,} = D., a mapamerp 0 < v < 1.

Pemenme. Ilpmsemem (6.25) x Bmay (6.22) m mpmMmeHmM MeTOZ,
momenTos. U3 (6.25) cieyer, uto by = —v, by = v%, ag = 1, a; = 0. Torma
n3 (6.23) u (6.24) momygaem

{ &i(n) =761 (n—1) =76 (n— 1) +en,
&2(n) = &i(n — 1),
womony 4= 173" | =4 |

TIpoBepum juist Mozenu (6.26) ycioBHE aCHMITOTHYECKON yCTONIHBO-
cru. Uz (6.26) ciexyet, uro det[A — zI] = 2? — yz + % = 0. Kopnu 3Toro

(6.26)

yPABHEHHS X192 = %(1 +4v/3), mostomy 1| = |22| = < 1 1o ycaosmio.

910 o3mauaer, 4ro {£(n)} — crammonapmas CII u cymecrByoT mg
u D¢, ynosnersopsitomue ypasaerusiM (6.20) meroga MoMeHTOB. [ljist
YIPOINEHNsl AaJbHeAnX BBAUCIeHn 3amernM, ato E3(n) = &i(n — 1),

CIIEJIOBATENIBHO, Mg = [ z ], a De = [ Z Z ], rme m = M{&,}, d =
= D{fn}, k= COV{fn,fn_l}.

Iloncrapnasa ykasannbie me u D¢ B cucTeMmy (6.20), HaxOmUM
m = ym —y*m +me,
d =~2%d — 2v*k +~v*d + D.,

k=~d — k.
Pemmmm mosygennyio cucreMy ypaBHEHHN OTHOCUTEILHO M, d, k:
me 1++° v
m T—~r+42° d 146 k ST 46

Tak kak &, = &1(n), ro M{&,} =m, a D{¢,} = d. Bamernm, g0
Buipaxkenue st gucnepenn CIT {€,} cosmamaer ¢ BIpaskeHmeM, MOJLy-
9eHHBIM paHee C TOMOIIBIO CIEKTPAJIBHOTO METOa B ipuMepe 6.6. W
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6.4. ®unprp Kanmana. B gaHHOM IyHKTE MBI PACCMOTPUM 3a0aG-
wy ouyenHusarus TpaeKTopuu HeKoTopoit BekTopuoit CII, ymosieTBopsiio-
el MHOrOMEPHOMY Pa3HOCTHOMY JIMHEHHOMY CTOXACTUYECKOMY ypaBHE-
HUIO, IT0 KOCBEHHBIM JIMHEWHBIM HaOJIIOIEHUSIM, HCKAYKEHHBIM CITY 9aiiHBIMA
OIIMOKAMU.

IIpeaBapuresbHO PACCMOTPUM TIOCTAHOBKY 3aJad¥ OINEHWBAHUS MO
CPETHEKBA[PATHIECKOMY KPUTEPHIO (3a0a4a C.%.-0UeHUBAHUA) JTIsI HEKO-
TOPOTO CIYIafHOTO BEKTOpa & TI0 HADJIIOIEHUSIM, COCTABIISIIONIAM CIIydaii-
HbIH BeKTOD 7) (cM. Takxke 1. 14.6, 14.7).

Oupenenenune 6.7. Cayuaiineiii BexkrTop & = @(7)) Ha3bBIBaETCS
c.K.-onmumaavroti ouenkot cirydaiiHoro BeKTopa & 10 HabJIOIEHUAM 1),
ecan

M{J¢ - &%} < M{J¢ - €%}, (6.27)

rue £ =@(n) — IPOU3BOJIBHOE H3MEPHMOE npeobpa3oBaHre BEKTOpa Ha-

Gromennit 1 (T.e. £ — HpoU3BoONbHAS JOIMYCTHMAast ONEHKA [ € 1O 7).
CrpyKTypa C.K.-ONTHMAaJILHOI OIEHKH B OOIIEM CIIydae OIMHUCBIBAETCS
caenymorieil Teopemoii (cM. takxke 1. 14.5).
Teopema 6.2.  Iyemo M{[{|*} < oo, mozda c.k.-onmumanvrasn

ouenra & cyuecmsyem u umeem 6ud

€= 3(n) = M{¢ | n}, (6.28)

20e M{¢|n} — ycaosnoe mamemamuueckoe odicudanue caywatinozo
sexmopa & omHocumenavho cayuainozo exmopa Habaodenut 1.

Dopmyaa (6.28) mossoasier onenuts CB € o 1) npu npakTuveckn npo-
M3BOJILHOM COBMECTHOM 3aKOHE PaCIpejiesIeHusT OIeHNBaeMOro u HabJIro-
aeMoro ciry4YaiHbix BeKTopoB. O HaKO B 00IeM ciiydae HAlTH aHAJIUTH-
geckyto dopmyiy miast M{¢ | n} Becbma Tpymmo. Ecnm ke orpanmawnThes
OJTHUM YACTHBIM, HO MPAKTUYECKU BAaYKHBIM CIy9aeM, TO YJIAeTCs HafTh
MIPOCTOE AHAJUTUYIECKOE BhIparXKeHue st &.

Teopewma 6.3. Iycmw cayuwatinwd sexmop ¢ = {&*,n*}* asasemca
eayccosckum, a R, = cov{n,n} — neswvipoorcdennan mampuya, mozda

E: me + RgnR;l(n —my), (6.29)

ede mg = M{¢&} u m,, = M{n} — mamemamuveckue oorcudanus CB &
un, a Rey = cov{{,n} — uz 63auMHaA KOBAPUAUUONHAA MAMPUYQ.

ITpu amom ouenka & — necmewernasn (m. e. M{f - Z} =0), a Kosapua-

YUOHHAA MAMPUUQ P ee owubru umeem 6ud
P=cov{¢—£&— &} = Re — Rey R, 'R, (6.30)
ede R¢ = cov{{, £}
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Kpumepuii kawecmea c.%.-onmumaaivrol ouenKy E umeem 6ud
M{¢ — ¢*} = t[P), (6.31)

2de tr[-] — caed mampuywL.

Dopmyna (6.29) maer siBHoe BBhIpaxkeHue must M{¢ | n} B rayccoBckom
cIydae, a cama TeopeMa 6.3 M3BECTHA KaK MEoPeMa 0 HOPMAAbHOT Kop-
peasyuu (cM. 1. 14.6).

IIpumep 6.11. Ilycts omenmBaemblit & W HADIIOIAEMBIt 1) BEKTOPBI
CBSI3aHBI COOTHOIIEHUEM MHO2oMepHOT Aunetinot pezpeccuu:

n=Af +e¢, (6.32)

rae & ~ N(mg; Re), e ~ N(m.; R.), cov{{,e} =0, A — n3BecTnas Heciy-
JaifHas MaTpuna. [IpeIosoyKmM, 4TO KOBAPHAIMOHHAs Marpuna R

omubOK HAOIIOAEHUIT € — HeBBIPOXKAeHHasi. Haittm BbIpakenme s €.
Pemenme. B cuny smueitnocTn mpeobpasosanus (6.32) 7 siBasiercst
rayccocknMm CB, n, Gosee Toro, Bekrop ¢ = {£*,n*}* = {&*, & A* +*}*

Tak>Ke TayccoBcKuil. [loaTomy st BhlYuciieHnss £ MOYKHO HCIOJIb30BATH
yTBepxKenue TeopeMsl 6.3. Ilycts me u Ry m3pectnnr. Haiinem Bhipaxke-
HUe [ist My, R, u Re,, ncxons u3 mogenn (6.32):

my = M{A{ + e} = Ame + m,,
R, =cov{n,n} =cov{A{ + ¢, Al +¢c} = AR A" + R.,
rje yareHo, aro cov{{, e} = 0. Aranoruaso nomaydaem
Repy = cov{{, A +e} = R:A".
ToncraBnsa walinennabe Bepaskenns B (6.29), maxonnm
€ =me + ReA*(ARgA* + R.) ™' (n — Amg —m.,). (6.33)

3amernm, 910 06parHas mMarpuna B (6.33) cymecTByer B Cmily TOTO,
uro AR¢A* + R, > R, > 0 1o yciosuo. W

Paccmorpennas Boillie TeXHUKA OlEHWBAHUS MOXKET TeEPh ObITH HC-
[OJIb30BaHa JJIsSi MTOCTPOEHUS GAZ0OPUMMGE DPeKYppermHoti duarvbmpayuy
Kaamana.

IIycts CII {{,} yI0BIeTBOPAET PA3HOCTHOMY CTOXACTHIECKOMY yDaB-
HEHUIO

gn = Anfn—l + anna n 21, (634)
KOTOpO€ peniaeTCd ¢ Ha9aJIbHBIM YyCJIOBHUEM

50277
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rne v ~ N(my; Ry), {€n} — AMCKpeTHBI BeKTOPHBI rayccoBCcKmit Ge-
et mym, M{e,} = m.(n), cov{e,,e,} = D.(n), cov{e,,ex} =0, ec-
au n # k. Takke mpexmosnaraercst, 4ro v u {€,} He3aBuCUMLL. B cuiy
smHeltnocTH Momenm (6.34) m cnemamEBIX mpeanonoxkennit CB &, mveer
rayCcCoBCKOE Paclpe/iesieHne Ipu KaxkaoMm n > 1, ecim {A,,, B, } — mocie-
JIOBATEIHHOCTH HECTyIaliHbIX MATPHIL.

IIpeamonoxum, aro CB &, B KaXKablit MOMEHT BpeMeHHu 1 > 1 1oCTy-
MEH KOCBEHHBIM M3MEPEHHM II0 CXEME

Nn = ngn + Un, n= 1727 e (635)

rJie 7, — BEKTOp pe3yibTaToB uaMepeHuit B moment n; C, — nsBect-
Has HecTydaiimast MaTpwna, a {v,} — rayccoeckaa CII, ommcwiBaromas
omubku mHabmonenuit. lamee mpeamonaraeTcst, 9To {v,} — BEKTOPHBI
JUCKpeTHBIN Genbrit mym, M{v,} = m,(n), cov{v,,v,} = D,(n), npn-
gem Marpursl D, (n) — HeBBIpOXKIeHHEbIE. Bymem Takxke cantath, arto CIT
{vn} e 3aBucur or {e,} u or 7. Ypasuenus (6.34), (6.35) onmceiBaror
OUHAMUAYECKYIO Mmodeav Habaodenuti Kasmana.

O6osnaanm 0™ = {n}, ...,n:}* — BekTOp BCex HAbmIONEHMIT 10 MO-
MEHTa, 1 BKIIOUUTEILHO. PacCMOTPHM 33189y TIOCTPOEHHS C.K.-ONTHMAJb-
Hoit onenkn &, mas CII &,, n > 1, ynosnerBopsiiomeit ypasaeruio (6.34),
o HabJoeHusaM 1™, oy YeHHbIM 1o cxeme (6.35).

Teopewma 6.4 (Kamvan). Iycmo evinoanenv. chopmysuposarmvie
sviwe npednoaodicenus o modesu wabarodenut (6.34), (6.35), moezda

C.K.-ONMUMaAbHAA ouenka &, 0as £, no nabamoderusm 1" ydosiemso-
DA, PAZHOCTIHOMY CTOTACTUNECKOMY YDAGHEHUIO

&, =&, + P,C:(C,P,Cs + D, (n))—lx

X (1 = Cpé, — my(n)), n>1, (6.36)
é\Ozm’ya
2de €, = Apén—1 + Bam.(n), a P, = APy 1A% + B,D.(n)B,.

Mampuua P ABAACTNCA KOBAPUAUUOHHOT, Mampuyeti owubKry Afn =

=&, — §n OUEHKU U YOOBAETNBOPACT, PAZHOCTIHOMY MAMPULHOMY YPaG-
HEHUIO

~

P, =P, — PuC:(CuPoCs + Dy(n))"'CpPp, n>1,

! (6.37)
Py =R,.

PekyppenTHbie ypasHennsi (6.36), (6.37) usBecTHBI B JmTepaType IO
TEOPHUH CTOXACTHIECKUX CHCTEM Kak duckpemmuiti Pusvmp Kaimana.
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B (D -1
Ecom BBecTn obosnaqenne k, = P,C(C,P,C%+ D,(n))~ !, To ypas-
Henme GuabTpa KagMamna MOXKHO 3almcaTh B Oosiee KOMITAKTHOM BHUIE:

{ gn :Zn + Fn (1 — Cngn - mv(n)), éAo = My,

Py = (I knCy)Ph, Py =R,,

rie k, Ha3bIBAETCS MAMPUUHLIM KodPPuyuenmom ycuserus GuibTpa.
3amernm, urto ecim Habmiogenmst (6.35) orcyrcreyior, T.e. Cp =0, TO
k, =0. B stom ciyuae ypasHemmst dbuibrpa Kamvana (6.36), (6.37)
IPUHUMAIOT BHT,

{ é\n = Ané\n—l + Bnms(n)v é\O = Mx,
P, = AP, 1A* + B,D.(n)B:, P,=R,.

Taxmm 06pasoM, MOTyTeHHbIe yPABHEHHs COBIAAIOT C yPaBHEHIAMN
merona Momentos (6.17), (6.18), T.e. &, = M{{,}, a P, = cov{&n,&nt
Iocnenuee o3nadaer, 4ro c.K.-onruMmansuoil onenkoit CII {£,} asuserca
ee MaTemaTmieckoe oxuganme, ecim CII {€,} memocTymmra mabirioneHmio
(T.e. y HAC HeT MOMOJHATEIHHON U3MepPHUTENbHOM nHbOopMAanun).

IIpumep 6.12. PaccmarpuBaercsi CKaJisipHAsi MOJIEJb HaDJIIOIEHUsI

n =0alpn_1+en, & =1,
! 0 (6.38)
M =& +vn, n2=1,

rie {en}, {vn} — cramuonapHBle M MEHTPEPOBAHHBIE TAYCCOBCKUE Gesbie
mrymbl. Tpebyercst moctponTs fust (6.38) dbunsrp Kanvana.

Pemenne. Ilo yciouto me(n) = my(n) =0, D.(n) =r. = const,
D,(n) = r, = const, A, = a, B, = C,, = 1. Ilostomy

é\n = En =+ kn(nn - Zn)v

— ~ Pn azﬁn—l"‘rs
roe &, = aln_1,a k, = = = — .
it fn fn 1, n P, + 10 aan_l—l—rE—l—ru

Takum 06pa3om, ypaBHEHUE [Jisi OIEHKU &,, UMEET BHU/I

gn = agn—l + kn(nn - aé\n—l)a 5\0 = mfr (639)

Tenepsb mpeobpasyem (6.37) (yauThIBas CKAJISPHOCTH MOJIEIH ):

S P Por
P.=P,([1-=—" =" = k.ry,. 6.40
, ( an) Tue (6.40)
Bugno, uro k, ynoBieTBopsieT pa3sHOCTHOMY ypPaBHEHUIO
_ a2kn—1 +p
" a2k +p+ 1

8 B.M. Mwusep u A.P.Ilankos
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rae p = re /Ty, ¢ HadaNbHBIM ycaosueM ko = Py /7, = Ry /7.
OkoHuaTeILHO ypaBHEeHHs pPeKypPpeHTHOH (puIbTpanuu MTPHHAMAIOT
cJlely oIl BUI:

En = agn—l + kn(nn - agn—l)a ZO = My,
kn=1—(a®kp_1+p+1)71, ko= R,/ry,
ﬁn = ryokn,

npuuem P, coBnajaer ¢ jucnepcueil omubKn oneHky &,. MW

Asnroputm pekyppenTHoil dbuibrparun Kamvana mo3BossieT pemaTh
pasHoOOpa3Hble 3a/1a9u OLEHUBAHUS B CJydae, KOIjla MCXOIHAs MOJENb
MoxkeT GbITh TpuBejieHa K By (6.34), (6.35).

IIpumep 6.13. Momenn HabIIOAEHM UMEET BU,

Ny =Chl+uv,, n=12 ..., (6.41)

rae 1, — BEKTOp pPe3yJbTaToB Habuogenus, {v,} — raycCcOBCKHMil Bek-
TOpHBIH Gesblii mym ¢ mapamerpaMu m,(n) u D,(n) > 0, onuceiBarommuit
omubku Haboenuit, § — rayccoBCKmil BEKTOP HEM3BECTHBIX TAPaMETPOB
mogean, {Cy,} — T0CI€10BATENBHOCTD U3BECTHBIX HECTYYailHBIX MATDHUIL.
Usgectno, aro M{6} = my, cov{f,0} = Ry u 6 me 3aBucut or {v,}.
TlocTpouTh PeKypPEeHTHBIN aJrOPUTM C.K.-ONTHMAJBHOTO OleHuBaHus O

no mabmonenuam 0" = {n}, ..., ni}*

Pemenme. Mogenp (6.41) siBasiercss 9acTHBIM CIy9aeM MOJENN
(6.34), (6.35). HeiictBuTenbro, obosaaanmm &, = f mpun = 0,1, ..., Torma
ypasuenue jguaamuku CII &, nmeer Bup

fn = fn—h n>1 (642)

¢ HagaabHbIME ycaouamu §o = 0, M{{y} = mg, Re, = cov{&, &} = Ry.
Cpasamsas (6.42) ¢ (6.34), nonygaem: A, = I, B,, = 0. Samenas B (6.41)
0 ua &, nosyvaem ypasHenne Habuonenus (6.35). Takum o6pasom, (6.41)
MOXKHO TIPEJICTABUTH B BUJIE COBOKYITHOCTH ypaBHenwmit (6.42), (6.35). Te-
epb MOXKHO BOCIIOJIL30BaThCsi TeopeMoit 6.4. U3 (6.36) ¢ yuerom A, = I
u B, = 0 Haxoaum

fnzfn—lv P,=P,_;.
CirenoBaTesibHO,

é\n = é\n—l + ﬁn—lcqt(cnﬁn—]_c:; + D,(n))"1x
X (M — Cnno1 — my(n)), (6.43)
Py =Py — PyiC(CuPaca Gy + Dy(n) " Co Py

VYpasrenus (6.43) pemaroTcss ¢ HATAIBHBIMA yCIOBUIMUE:

€o=mg,  Po=Ry. (6.44)
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TIpu stom gn = Zn — C.K.-OITHMaJibHag oleHKa 1jd 6 mo 1™, a ]3n —
KOBapHAIlAOHHAA MATPHUIA €€ OIMHOKH.

Vpasuenust (6.43), (6.44) onmcHBAIOT PEKYPPEHTHBIH BaphaHT 0606-
WEHH020 MEMOOA HAUMEHBUWUL K6adpamos. W

3amedganne. B mpumepe 6.13 MBI mocTpomsin C.K.-ONTUMAJBHYIO
onenKy 17151 0 0 HabIOTeHnAM N, T. e. § = M{6 | n"} B mpeamonOKEHUM
rayccooctu 0 u {v, }. Ecim 910 npennonokeHne He BBIIOIHEHO, TO MOXKHO
MOKa3aTh, 9UTO f apnserca nausywwet aunetdnott ouenxotd nas 6 mo
HabozennsaM 17, T. e. 0, ABATETCA HAMOOTIEe TOTHOH CPEH BCEX OLEHOK
puga 0, = Gn™ + g, tne G, g — NPOU3BOJIbHBIE HECIyUYalHbIE MATPUIHBIE
K03 UMMEHTH COOTBETCTBYIOMMUX Pa3MepoB (CM. Takzke II. 14.7).

B zakioueHue pacCMOTPHM CHUTYaluio, KOTJa MOMAETb HabmomeHus
(6.34), (6.35) sBaseTca CTAIMOHAPHON, & DPA3HOCTHOE CTOXACTHIECKOE
ypasHenne (6.34) — acumuroTmueckmu ycroiiumpbiM. B sTOM ciiyuae Bce
napameTpst Mogenu (6.34), (6.35) He 3aBucaT oT BpeMenu 1, a Marpuna A
yaosiersopsier ycnosuio (6.16). Bynem nasbiBath Monens (6.34), (6.35)
CTAYUOHAPHOT, KAAMAHOGCKOT MOOEADIO HAOAI00EHUA.

Teopema 6.5. Jlas cmayuonaprotl Kaamarosckot modesu Habaro-
denusa cnpasedauso npedeavroe coommowenue: P, — P >0 npu aro0bom

nawaavrom ycaosuu Py > 0, npuvem P ne 3asucum om Py.
W3 teopemsbr 6.5 u Teopembl Kasimana HEMEJIEHHO CieyeT

.= AP, |A* + BD.B* - APA+ BD.B* =D,
kn = P,C*(CP,C* + D,)~' — PC*(CPC* + D,)"' =k, n — oo.

Tlosmyaennbie TpeaeabHbIE COOTHOITEHUST MOTYT OBITH WCIOJH30BAHBI
JIJIsI TIOCTPOEHUSI CTAUUOHGPHLT Ypashenul guarompa Karmanra:

§n=§ (n_czn_mv)v

~ _ (6.45)
5 Aé 1+Bm67 §0=m’yv

rie k = PC*(CPC* + D,)~!

)~!, a maTpuma P ompenenseTca u3 CHCTEMBI
asrebpanvdecKnx ypaBHEHU

P = APA* + BD.B*,

~ _ _ (6.46)

P=P - PC*(CPC*+ D,)"'CP.

VYpasuenuna (6.45), (6.46) ommcbiBator anroputMm GuIbTpanUM A

JOCTATOTHO BONBIIAX 71, OITOMY MOXKHO CIMTATh, 4To nporiecc {&, } siBs-

€TCsl CTAIMOHAPHBIM (T. €. 3aKOHYMIICH MEPEXOHBIN MIPOIECC, BHI3BAHHBII
HAJIMIMeM Ha9aJbHOTO 3HadeHwus o = 7).

8*
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IIpumep 6.14. [TocTpouTs cTamumonapHbIit BapuanT puibTpa Kaama-
Ha aua Moenn (6.38) B mpeamonoxennd, 9To 7. = 1 — a?, 7, = 1.

Pemenme. 3amernm, uro ecim {,} — cranmoHapHasi mociemoBa-
TeJIBHOCTD, TO Re = cov{&,, &} = 7'5/(1 — a?) = 1. YcioBue acuMnTOTH-
Jeckoii ycroitunoctn st (6.38) osnagaer, uro |a| < 1. B cuiry Teopemsr
6.5 ypasuenne dbunbrpanun (6.39) mveer Bu,

gn = aén—l + k(nn - aén—l)a (647)
25 2 R R
roe k= lim k, = aAP+ (1=a’) , C ygeTom Toro, uro lim P,_; = P,
n—00 a?P+(1—-a?)+1 n—00
re=1—a% 1, =1.
U3 coornomenns (6.40) maxommm, aro P = lim P, = lim k,r, = k,
n— oo n—oo

IIO3TOMY [JId BBIYUC/ICHUA P HeO6XO,ZLI/IMO peniuTb ypaBHEHUE

a?P + (1 —a?)

P=-2 :
a?P+(1—-a?)+1

(6.48)

npudeM HAC WHTEPECYeT TOJBKO HeoTpuiaTeabHOe pemenne P > 0, mo-

CKOJIbKY P — mpejiesibHOe 3HaUeHUE quCIiepcnn ONMOKU ONeHKY (PUiibTpa
Kanmana.
Ypasnenue (6.48) nocie samenst 3 = (1 — a?)/a® npuaumaer Buj

P24+28P—-B=0

n IMeeT €UHCTBEHHOE HEOTPHUIIATEJIIbHOE PDENIeHUEe

P=yFip-p=Y1""0) (6.49)

a2

O6osznaunm depes 0, = v/ 1 — a? cpennee KBagpaTUUeCKoe OTKJIOHEHHIE

CII {e,}, Torna us (6.49) creayer P = —2*—. B cuny (6.48) k=P,

o +1°
03TOMY ypaBHeHHE (DUIbTPAIUN (6.47) IPUHUMAET OKOHYATEJbHbINA BUJ
~ ~ o ~ ~
gn = a{n_l + 0. + 1 (77n - aﬁn_l), fo = M. (650)

TodnOCTH OmEHKH &, ACUMOTOTHUYECKU (T.€. IIPU N — 00) MOXKHO Xa-
= o

o.+1

pakTepusoBaTh BesmamHOM P, Tak xKak M{ (&, — &,)%} — P =
n — oo.
3aMeTnM, 9TO JUCIIEPCHsT OMMHOOK HAOIIOAEHUH B PACCMOTPEHHOM TIPH-

Mmepe 1, = 1, a pucnepcus omubok onenusanus P < 1/2. IeiicrBurein-

g
HO, u3 ycaoBnd |a| < 1 caemyer o, < 1, aro osnagaer P = —= : <1/2.
O¢

npu
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Takum obpasom, mporeaypa (QUIbTPAIANA TO3BOJSIET CYIIECTBEHHO TIO-
BEICUTH TogHOCTH omermBarus CII {£,} mo cpasHenwmo ¢ mamepenmsivu.
OTMeTnM TakzKe, 9To ecau BeandnHa |a| 6amska K 1 (1. e. ceaennst CII {&,, }

CUJIBHO KOppeJII/IpOBaHbI) 10 P Moxer 6bITh CYIIECTBEHHO MeHbIne 1/2.
Ha,npnmep,P 0304np1/1a—091/1P 0,124 mpu ¢ = 0,99. =

6.5. Henunelinasa duabTpanusa MapKOBCKHUX CIydYaliHBIX ITO-
ciaenoBarenbHocrei. Ilycrs {&,, n > 0} — BemecTBeHHasr MapKOB-
ckaga CII ¢ nepexomnoii mnorHocThO p(N — 1,2, N, Y) B MWIOTHOCTHIO Po(T)
pacIpejiesie sl HadalbHOro 3HadeHns &y (M. 1. 2.4). Tasee mpemosnara-
etcst, uto &, € RP, p > 1, a M{[¢,|*} < o0, me. {€,} — rumbbeprosa CIL.

B kaxkmpiit moment n > 1 CII {£,} mocTymna maMepeHMIo MO CIeIyTo-
el cxeMme:

M = on(&n) +vn, n=1,2,..., (6.51)

rjae 7, € RY — pesyabraT n-ro m3MepeHusi; ¢ (r) — ¢-MepHas jerep-
MUWHWpOBaHHadA HesmHelHaa yukmust aprymenta x € RP; {v,, n > 1} —
¢-MepHBIN JAUCKPETHBIH GeJsblit IyM, npudeM cedeHusi {v,} He3aBUCHMBI
B COBOKYTIHOCTH. BymeMm cumtaTh, aTo mpw Kaxkaom n > 1 CB v, umeer
IUIOTHOCTB pacipemeseHus p,(v), v € RI.

Tak ke Kak u B 1. 6.4, ™ Oyaer ob03HAIATH BEKTOP, COCTABICHHBIH
n3 Bcex Habmomenuit {71, ..., 7Ny} M0 MoMmeHTa N BKiOUHTE BbHO. Torma
n3 TeopeMbl 6.2 caemyeT, 9To C.K.-onTuMaibHas onerka CB &, mo mabiio-
JeHuAM 1)"° UMeeT BU

o =Gn(n") =M{& 7"}, n=12, ... (6.52)

OueHKa £, Ha3bIBAETCH C.K.-0nmumasvhoti ouenkol dusvmpayuu CIT
{&n} no HabmoaernsiM 1™ Tlocie10BATEILHOCT HEMHERHBIX OLEPATOPOB

{G.} samaer arzopumm c.x.-onmumasvhot nesurednot @duavmpayun

CI {&n}-

TIpeAmosioXKuM, 9TO CyIECTBYeT yCJIOBHAsl TIOTHOCTE DPACIIPEIeJIeH s
CB ¢, oTHOCHTENTBHO N™, KOTOPYIO MBI OyjeM masee 0603HAUATH Wy (Y),

rne n > 1, y € RP. Torna omeparop én B (6.52) MOXKHO TIpeJCTABUTH
B MHTerpaJsbHoii dpopme (cm. m. 14.5):

&= | ywaly)dy. (6.53)
Rp

st XapakTepu3aluy BeJIMIUHBI OMMMOKA OMEHKH &,, MOXKHO BOCITOTh-
30BaThCA €€ YCcA06HOl K08aPUAYUUOHHOT mampuyed

Rp
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Us (6.53), (6.54) cremyer, 910
M{gn - gn | 77"} = M{fn - gn} =0,
M{|&, — &2 | 1"} = te[B), n=1,2,...

Takum 0bpazom, mocrpoenue oreHku duibrpanuu &, u aaropurma G,
dakTHaeckm CBOAMTCA K BBIYUCIEHUIO YCIOBHOM TUIOTHOCTH wy(y). 3a-
MeTuM, 4TO B obmeM caydae 1" € R™ 9. mosromy 00beM BHIYUCIEHUN
6BICTPO yBeqmamBaeTcs ¢ poctoM n. Ecim ke onermBaemsrit nporece {&,
SIBJISIETCSl MapKOBCKHM, TO ypaBHEHWs (DUIBTPAIMU MOTYT OBITH BBIIIH-

CaHbl B SIBHOM BHJE, TpudeM ajroput™m duiabrpamun G, Tpuobperaer
PEKYPPEHTHBIH XapakTep.

Beesiem byHKIHIO Wy, (Y ), OMPEIETTEMYIO CIIELYOIAME PEKY DPEHTHBI-
MU DYHKIMOHAIBHBIMU COOTHOIIEHUSIMU:

0(9) = pulla — @a(®)) [P0~ 12,0, ) B (@) da, > 1,
Bo(y) = polv). N
(6.55)

DyHKIUs Wy (Y) HASBIBAETCS HEHOPMUPOBAHHOT YCAOBHOT, NAOMHOCTIDIO
pacnpedeserus, £, OTHOCUTEILHO 7). MOXKHO IOKa3aTh, 9TO

wy(y) = Wy, (y)( J W (y) dy) o (6.56)

Coorromenns (6.53)—(6.56) onpenensitor obmuit Bujg AJIrOpUTMA
C.K.-ONTAMAaNbHOW HenmueliHo# dbuasrpanmm mapkosckoit CII {£,} mo
naburogenusam {n,} (6.51).

Bameuwanmsa. 1) Jlns JUHEHHO-TAyCCOBCKOI MOIENM HAGIIOIECHWS
(6.34), (6.35) ypaBHeHus HenuHeHHOH dUIBTPAIUN NPEBPAITAIOTCS
B ypasHenust (6.36), (6.37) dunbrpa Kamvana. Ecom xxe B Monenwn ma-
6monennst Kamvana mponeccwr {e,}, {v,} w mawampmbIil BeKTOp 7 HE

SIBJISIFOTCSI TAy CCOBCKUMH, TO oneHKa &, (6.52) B obmem cirydae Gy/ier Hesu-
HeltHO 3aBUCceTh oT HabmomeHuit {1™} W MOXKET CyIEeCTBEHHO OTINIATHCS
oT JIMHEHHOH orneHKH (6.36).

2) Ilpm mpakTw4eckoil peanmsanum HesmHeitHOTO GmrbTpa (6.53)—
(6.56) HambGosbIlEe TPYJHOCTH CBA3aHBI C BBHIYUCIEHWEM HHTErDAJIOB,
eciu p > 1. B ciyuae, Korjga aHaJuTHYECKOE BBIYHCJIEHUE WHTErPAJIOB
HEBO3MOXKHO, il Wp(Y) UCHOAB3YIOT MOAXOMASIIYI0 MapaMeTPUIECKYI0
MOzeab (HAIpuMep, ANNPOKCUMUDYIOT Wy, (Y) KOHETHBIM DA3JIOZKEHHEM
no cucreme GazucHbIX byHKIEI ¢ HeonpeaeaeHHbIME Kodbdupentamn).
Torja ypasaenus (6.55) MO3BOJSAIOT IOy YUTh KOHEYHYIO CUCTEMY DEKYD-
PEHTHBIX yPaBHEHHH, ONMCHIBAIONIAX 3BOJIONUI0 BO BPEMEHU yKa3aHHBIX
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napaMeTpoB (K03 bUIMEHTOB), MOCTE BBIMUCIEHAST KOTOPBIX MOCTPOE-

~

HUWe oleHKu &, He MpEeJACTaBIAeT Tpylda. B J000M ciydae ypaBHEHUs
Hesuuelnoit dunbrpanuu (6.53)—(6.56) LIO3BOJAIOT MOCTPOUTH HEKOTO-
DBIii «3TAJIOH» TPOIE Ly Pl ONEHABAHNSI, C KOTOPBIM JIAJIEE MOYKHO CPaBHE-
BaTh PE3yJIbTATHI OICHUBAHUS, IOy YeHHBIE C TIOMOIIBIO CyOOITHMATBLHBIX
(npubamrkenHbIx) anroputMoB duabrpanun (cM. 1. 6.6).

ITupokuit kaacc mapkoBckux CII MOXKHO IIOCTPOUTH € IIOMOIIBIO
MOJIEJIN, OTHMCHLIBAEMON HEJWHEHHBIMA PA3HOCTHBIMA CTOXACTUIECKAMMA
YDABHEHUSAMHU:

{ fn :an(fn_l)—l—bn(én_l)sn, n=12,...,

(6.57)
50 =7

rje an(x), bp(x), © € RP — mMarpuanble HenwHeitnble GyHkmn, {€,} —

BEKTOPHBIN r-MepHBIH Gesbrit iiyMm, v — CB HagaabHBIX yCIoBHii.

VYpasHenue (6.57) HasbiBaeTcs ypasHenuem Juddysuu ¢ duckpemmvim
epemerem. Pemenwe {£,} ypasmenna (6.57) aBisercss MapKOBCKUM IIPO-
MECCOM, O YeM CBHJIETEJIbCTBYET CJIEMYIOmasi TeopeMa..

Teopema 6.6. IIycmo npu xasrcdom n = 1 dynryuu an(z), by(x)
usmepumvr no Bopeamo, a {v,e1,ea, ...} Hesasucumv 6 cosoxynnocmu.
Tozda CII {&,}, ydosaemeoparowas (6.57), asasemes mMaproscrot: u ume-
em NePeTooHyI0 BEPOATIHOCTID

P(n—1,z,n,B) = P{a,(z) + by(z)e, € B}, x €RP, Be B(RP).

IIpu onpenesrenubIx ycaoBusax OyjieT CyIIeCTBOBATH TAKXKE U IIEPEXOJ-
Hasl WIOTHOCTD p(n — 1,2, n,y):

P(n—1,z,n,B) = Jp(n— 1,z,n,y)dy VB e B(RP).
B

JeticTBuTenbHO, mycTh Marpuna b, (x) obparmMa st Besskoro x € RP,
a CB &, nMmeer mIoTHOCTH Py, (), TOTIA

P(n —1,z,n,B) = P{a,(z) + b,(x)e, € B} =

1 -1
= G | P 0 )

O3 TOMY
p(n—1,2,n,y) = mpn(bil(w)y — b, (z)an(z)). (6.58)

151 KOPPEKTHOIT MOCTAHOBKY 3318491 C.K.-ONTHMAJIbHOI (priibrpanun
nporecca {&, } B (6.57) mHeobxommumo, 9106k 0H 6611 rHTEGepTOBEIM. CoOT-
BETCTBYIOIIHE JIOCTATOYHbIE yCJIOBHUsI IIPABEIEHBI B CIIEYIOIIEM TIPAMEpE.
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Ipumep 6.15. Ilycts B Mopesm (6.57) npum kaxgom n > 1 Haiimercs
K, < o0, Takoe, 910

|an(@)* + [lbn (2)|1* < Kn(1+[2]?), (6.59)

npuaem M{|e, |2} < 0o, M{|y|?} < co. Tlokasars, aro M{|&, [} < oo
mpu Bcex n = 1.

Pemenue. 3amernm, aro ||b,(z)||? = tr[b,(z)b(z)] mo ompenese-
uuio, a st aobbix CB X u Y BuimosnHeHO HEpaBEeHCTBO

M{|X + Y[} < 2M{|X[*} + M{|Y[*}). (6.60)

Huist 10Ka3aTeIbCTBA BOCIOJIB3YEMCS METOJOM MaTeMaTHIeCKON WH-
ayknun. [Ipegmomoxkum, 110 M{|§n_1|2} < 0. [TokazkeM, 9T0 B yCIIOBH-

sx npumepa B atom ciayaae M{[,|?} < co. HeiicrBurennHo,

M{|§n|2} = M{|an(§n—1) + bn(gn—l)snlz} <
< 2M{|an(§n—1)|2} + 2M{|bn(§n—1)€n|2} <
< 2M{an(§n—1)*} + 2M{[[bn (§n—1)*[en]*} -

TIo ycnouto by, (§,—1) He 3aBUCAT OT &, TO3TOMY € yaeroM (6.59) u (6.60)

M{ &7} <2M{EKn(1+ [§n1]?)} +2M{E,(1+ [€n1]?)} x
x M{len|’} = 2 Kn(1+ M{|&1PH (1 + M{[en]?}) < 0

B CHJIy CIEJAHHOTO WHIyKTHBHOTO TPE/INOJOKEHU W yCIOBH MTPUMEpA.
u M 2 M 2
TaK, En1 < 00 BJIEYEeT &n < 00, UYTO BMECTe C YCJIOBUEM

M{|&|?} = M{|7]*} < oo noxaseBaer Tpebyemoe yTBepKcHuc. W

B zaksrouenmne paccMOTPUM TPUMED, OMMACHIBAIONIANA AJTOPUTM HEJIU-
HeltHol duabrpanun s KoukperHoit CII.

IIpumep 6.16. Cramapusie Bemecternbie CII {€,} u {n,} ommcer-
BaIOTCS yPABHEHUSIMU

{ €0 = Ay arctgbus + Bucn =7, (6.61)

Nn = anfg + B wn,

tne {An,Bn,on,Bn} — 3amanmble koaddbunments, B, #0, (3, #0,
¥ WMeeT paBHOMepHOE pacnpeenenne Ha [—A; A, A > 0, {¢,} — nenrpn-
poBaHHblil rayccoekuit Geabtit mym, M{e2} = 02 > 0, a {w,} — Gebrit
MIyM, cedeHme w, KOTOPOrOo pacIpeesieHo mo 3akoHy Jlammaca ¢ mapa-
MmetpoM A, > 0. B mpennonoxenmn, uaro {e,}, {w,} m v HesaBuCHMBL,
TIOCTPOWTH C.K.-ONTAMAJIbHBI buabTp mast {&,} mo mabmonernsm {n, }.
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Pemenwme. B ycmoBusix mpumepa m3 Tteopembr 6.6 m mpumepa 6.15
caemyer, ato {&,} — mMapkosckas ruapbeprosa CII. Tak Kak ILUIOTHOCTH
prn(z) CB €, paBHa

pu() = (2702) " 2exp{ —a?/202}

To u3 (6.58) ¢ yuerom B, # 0 noxydaem

~1/2
p(n — 1,2,n,y) = [21(Baon)?] " exp{—(y — A, arctge)?/(2B202)} .
ILnoTHOCTH Po(Y) HAMAIBHOIO PACHpEAeCHUs IO yCAOBUIO PABHA

(2A)71, ecm y € [-A,A]
Poly) =

0 B IPOTHBHOM Cilydae.

(6.62)

Ilo ycaosuro CB w,, uMeeT miI0THOCTb BEPOSITHOCTH

A
Pu, () = T- exp{=Anlzl},
osToMy, 0603HAUAsT Uy, = [BpWy,, HAXOMUM IIIOTHOCTH P (V) CB wy,:

pn(”) = ﬂneXp{_2Nn|m|} , TA€ fp = )\n/(2|/8n|)

Tenepb, moaCTaBAAA HafileHHbIC BbIpaskenus mag p(n — 1,x,n,y) u
3 3 ) 3
pn(v) B ypaBHeHme (6.55) mist HEHOPMHUPOBAHHON YCJIOBHOM IUIOTHOCTH
wp(y), HAXOAIM

Wn(y) = cVexp{—2pn(n, — any?®)} x

X J exp{— ¢ (y — A, arctg z) Y1 (x)dz, (6.63)

rae C7('Ll) = n(\/§|BnIBnlon)_1v @ = (/Bno'n 2/2 — [AC€TEPpMUHUDPOBaH-
HBbIE YHUCJIOBBIE TIOCIIEI0BATEILHOCTH.

Vpasrenne (6.63) pemaercss pekyppeHTHO qisi 1 = 1,2, ... ¢ HAYAIb-
HBbIM ycoBueM Wo(y) = po(y), tme po(y) mmeer Bux (6.62). Ilocie BbI-
YUCIIEHNs] Wy, (Y) C.K.-ONTAMAIBHASA ONEHKA &, ONpenenseTcs mo hopMyre

€ = T ywn(y) dy ( T Wy (y) dy)_l'

Venosnasi qucnepcusi ommubOKM ONEeHKH P, = M{(fn - é\n)z | 77”} BBIUNC-
aserca mo dopmyane (6.54) ¢ yaerom (6.56). m
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6.6. AropuTMBI CyGONITUMAJIbLHON HEeJIMHEHON (puiIbTpanun.
Paccvorpum BHATae MO b HAOIIONEHUS BUIA

gn = Anfn—l + Un + Bn€n7 50 =7, (664)
N = Cp&pn + Wy + Dypuy, n=12..., (6.65)

rie {e,}, {vn} — HesaBUCHMBIE cTAHIADTHBIE TAYCCOBCKUE GeJble Iy MBbI;
7 — BEKTOp HAYaJbHBIX yciaoBuil ¢ pacupenenenuem N (m.; R, ), He 3aBu-
cammit ot {en}, {vn}; {An, Bn,Cn, D} — W3BeCTHBIE MATDHITHI, TPAIEM
D, D > O upu Becex n > 1; {Uy,, V,,} — u3BecTHBIE BEKTODHI.

W3 Teopembr 6.4 Kaavana cirenyer, 9TO C.K.-ONTAMAaJIbHAs OMEHKA &,

no HabsogenusM 1" = {n}, ..., n%}* Berancasiercst no dopmyse
{ é\n = gn t kn(nn - ann - Wn)7 EO = My, (666)
gn = Angn—l + Un,
k, = P,C:(C,P,C + D,D:)~ 1, (6.67)
P,=(I-k,Ch)P,, DPy=R,,
{_" ( e ! (6.68)
P,=A,P, 1A} + B,B;.

HanomuuM, uTo &) = M{¢&, [0}, &, =M{&, [} — cxe-on-

n—1
M

TUMAaJIBHBINA TPOTHO3 (Ha OfmH mar) st &, 1o HabIOAEHHSM 1)
13n = cov{{n — En,gn — {An ‘ 17"} — yCJIOBHAsI KOBapHUAITMOHHAST MATPHIIA
OITHOKH OTEHKH &n, a Prn = cov{&n — &, 6n — &, | "'} — ycaosnas
KOBAPUAIMOHHAS MATPHUIA omubKH nporaosa &, (em. samady 10).

VYpapgrenust (6.66)—(6.68) MOXKHO MCIONIB30BATH JJIsI NPUOINKEHHOTO
oneHwWBaHus Tporiecca {&,} B HeNIWHEHHOH Pa3HOCTHOW CTOXACTHYECKOM
Mojies HabJIIoIeHsT

gn = an(gn—l) + up + Bn€n7 50 =7, (669)
N = cn(&n) + wpn + Doy, n=12 ..., (6.70)

rae an(§), ¢n(§) — m3BectHble Hesmueitable MUddepernUpyemble byHK-
IUH; Uy, Wy, — U3BECTHBIE BEKTOPHI.

Ipenmonoxum, 9to muast {&,} uUMeeTcsi HEKOTOPAsi ONOPHAA TNPAEK-
mopua {£3} Takas, uro M{[¢, — €52} < 1 (r.e. mocrarouno TouHO
anmpokcnMmupytomast mponecce {&,}).

ITpoBenem mmueapmsammo Mogenu (6.69), pPasiIoKWB HETMHEHHOCTH
B IIPaBOii 9aCTH OKOJIO OLIOPHOIO 3Ha4YeHH: &, U OTOPOCHUB UJIEHBI BTOPOIO
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u 6ojiee BBICOKHIX ITOPAIKOB:

o Jan o
€n = an(§h_1) + aa—g(.f) (bn—1—&n1) +
+ Up + Bnen = Angn—l + Un + Bnena
rie
=220 U ) - A e (671

Amasnornvnbie npeobpa3oBaHUsA MPOBEJIEM TAKXKE M C MOJENIbIO IIPO-
necca mamepenwit (6.70):

Mn =Cn(£3)+ 865_6(6) (fn_fz)'i_wn'i'Dnvn = n£n+Wn+Dn7)n’
134
rie
Cp= 2081w (€2) - CotS fwa. (6.72)
¢ 134

Temeps omenka §n MOYXKeT OBITH MOCTpoeHa 1o hopMysiaM JIWHEHHO!
duabrpanmun (6.66)—(6.68), rae nmapamerpst {A,,, Uy, Cp, Wy} BBIITCHS-
forest o dbopmynam (6.71), (6.72). Onenky £, OGBITHO HA3HIBAIOT CY6OTI-
TUMAJILHOU OIEHKOI HEJIMHEHHO (DUILTPAINH, a AJITOPUTM OICHUBAHMUSI
(6.66)—(6.72) — anzopummom cybonmumarvrots neauretinot duavmpa-
YUU NEPE020 NOPAIKA.

Pacemorpum aBa Hanbosiee pacnpoCTpaHEHHBIX CIIOCO6a BHIGOPa OMoOp-
HBIX 3HA4YeHnit {2, u & B dopmynax (6.71), (6.72).

1) Iycrs {£2} siBnsieTca pemennem ypasHenust (6.69) npu orcyTerBun
cayqaitabix Bosmymenuit ({£9} — meBosmymennas Tpaekropus (6.69)):

§n=an(6n1) tun, &5 =m, (6.73)

CopokynHoCTh ypasHeHnil (6.66)—(6.73) Ha3BIBAETCS AUHEAPUSOSAHHBIM
puavmpom Kaamana (JIOK).

2) ITycre B (6.71) B KadecTBe £ _; BHIOMpAETCS OIEHKA {An_l. Torma
YDABHEHHUSI JIJIs IPOTHO3a &,, IPUHUMAIOT BHJT

Zn = Ané\n—l + <an(gn—1) - Angn—l + Un) = an(gn—l) + Un.

Teneps B (6.72) B KauecTBe £ MOXKHO ncnonb3osars &,,. Torma

En = Zn + kn [nn - Cngn - (Cn(gn) - Cngn + wn)] =

=&, tkn [7711 - Cn(gn) - wn] .
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Urak, ypasrenus (6.66) NpUANMAIOT OKOHIATEIHHBIN BHT

gn Zn + kn [nn - Cn(zn) - wn] ’ gO = My,

N 6.74
gn = an(gn—l) + Unp, ( )

Martpurst A, w C,, Bhraucasiorcest B coorsercrun ¢ (6.71), (6.72):

o€ g, .’ o g’

a kp, Py, P, onpenensitorcst u3 (6.67), (6.68).

Cosokynmocts ypasHenwmit (6.74), (6.75), (6.67), (6.68) masbBaercs
pacwupenrvim duavmpom Kaimana (POK).

SBameuanusd. 1) Aaropurm JI®K peanusyercs Ha OpakTUKe Cylie-
cTBeHHO mporie 1o cpaBHenuio ¢ POK, Ttak Kak MarpudHbE MapaMer-
pot kn, P, u P, B amropurme JI®K He 3aBucar or Habmoxenuit {n™}
", CJIeIOBATEIBbHO, MOT'YT OBITH BHIYMCIEHBI 3apaHee. B ajaropurme POK
Ay, n Cy, 3aBucsar or Habmopenuii {n"}, nosromy ky, P, n P, HE0OXOM-
MO BBIYHCJSITH HEMOCPEJICTBEHHO B IpOIecce 00OPabOTKH MOCTYIAOIIIX
nabsonernii. IIpakTrdeckne pacdeThl IMOKa3LIBAIOT, 4TO OlleHKa POK
06br9HO0 HeCcKOMbKO TouHee oreHkn JIPK. TownocTHBIE XapaKTepUCTUKH
00enx OIEHOK CYIECTBEHHO 3aBUCAT OT BEJWYIUHBI CIyJIaWHBIX BO3MYIIE-
Huit B Mogenn (6.69), (6.70) u oT xapaKTepUCTHK HEJUHEHHOCTEH STHX
Mojtesteii. B smHeitHOM Ke citydae obe OIeHKH, eCTECTBEHHO, COBIIAIAIO0T
C C.K.-ONITUMAJILHOMU OIleHKOM JimHeitHoro duibrpa Kanvana.

2) B obmem ciayqae onerkn JIOK m POK He COBIAIafoT ¢ yCIOBHBIM

MaTEMATHIECKUM OXKHUIAAHWEM, a MaTPHIHI {ﬁn} HE paBHBI YCIOBHBIM
KOBapPHUAIASIM OI_HI/I/6\0K COOTBETCTBYIOMUX oOIreHoK. [losTomy peanbHbIe
TOYHOCTH OTEHOK {&,, } CyGONTIMATBHBIX HEMWHEHHBIX (DUIBTPOB CIIETyeT
OIIPEIEJISITH METOIOM CTATHCTHYECKOTO MOJIEJIMPOBAHUs HA dTalle CHHTE3a,
COOTBETCTBYIOIIUX AJTOPUTMOB OIEHUBAHUSI.

IIpumep 6.17. Henuneiinass guHaMudYecKass MOJIEIb HaOJIIOIECHUS
OTIMCHIBAETCST PA3HOCTHBIMU CTOXAaCTUIECKAMU YPABHEHUSIMU

€n—1
=———+0,7¢ €0 =
gn 1 _’_5721_1 ) ny 0 Y (676)
N = 0,66n + 0,482 +0,2 v,
rne {en}, {vn} — HesaBuCHMBIE CKaJsSpHBIE CTaHZAPTHBIE TAYCCOB-
ckne Oesible TIyMbI, Y — CTaHIapTHas rayccoBckasi CB, me 3aBucsmas

or {en}, {vn}. Hlocrpours IMHEAPU30BAHHBINA W PACIIMPEHHBINH (DUIBTPHI
Kanmanma nast onermsanmnst CII {¢, } mo mabmonerusm {n, }.
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Pemenune. 1) (ITocrpoerme JI®K). Cpasrmsas (6.76) ¢ (6.69)
n (6.70), saksrogaem, 91O

an(é-) = 1 _fé-z? un = 07 Bn = 0777 (6 77)

Cn(é-) = 0765 + 074 527 Wy, = 0> Dn = 072

ITo ycmosuio Taxke m., = 0, R, = 1.
Omnopnas Tpaekropus {£2} onpenensiercss ypasaenunem (6.73), koTopoe
¢ yueroM (6.77) umeer Buj

o_ _ & o _
S s (6.78)

s (6.78) memenenHo caemyer, aro €9 =0, n = 0,1,2, ... Hdus an(§) n
cn(€) xomkpeTHOTO BUma (6.77) cremyer

dan(£) 1-¢ den ()
= =0,6+0,8¢. 6.79
g€ arer a0 (6.79)
Otcrona ¢ yuerom (6.71), (6.72) nast caygas £ = 0 momyuaem
A, =1, Cn,=06, U,=W,=0. (6.80)

IMoncrasasa (6.80), (6.77) B ypasmenua JIOK (6.66)—(6.68), momyqaaem
CHCTeMbl ypaBHEHUI

{ b= ZA +knlnn —06¢&,], & =0, 650
gn = GQqn—1>,
kpn = 0,6 P, (0,36 P, +0,04) ", (6.82)
P, =(1-0,6kn)Pn, Py=1,
Y (6.83)
P, = D,_1 +0,49.

Ucknrouast u3 (6.81)—(6.83) BcmomoraresnbHble nepemeHusie &, u Py,
nogydaeM okondareabablit Bug JIOK:

En = En—l +15 ﬁn[nn - Ongn—l]’ gO =0,

N N N 1 N (6.84)
P, = (Py,-1+049)(9P,_1 +541) , Py=1.

2) (ITocrpoenme POK). B ypasaeruax POK na n-om mare monaraem

€0 =& 1,65 =¢,. C yuerom (6.79) maxomum

A, =(1-8,)(1+8) 7 C.=06+08E,.  (685)
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U3z (6.74) ¢ yaerom wy, = u,, = 0 nomydaem ypasaeAns: DUIBTPAAN
—~ — — _2 ~
gn :£n+kn[nn_076€n_0a4§n]z 50 =0,
- ~ -1
Eu=Eur (1+8)) 7,

I7le ypaBHEHUS JJis BhIYucaenns KodddunnenTta ycuiaeans k, IMeOT BAT

(6.86)

kn = CoP,(C2P, +0,04) ",

Py =(1-kyCo)Py, Po=1, (6.87)
n=ALPu1 40,49,

a A, n C, onpenemnens coorHOmerHnaMu (6.85).
CpapruBas (6.86) u (6.84) BUJIM, 9TO ajrOPUTM JIOK AaeT Ju-

HEeWHYIO O HAOJIOAEHUSIM OIEHKY fn, a IOCJIeI0BaTEIHbHOCTD {P b —
JleTePMUHUPOBaHHAsl, B TO Bpemsa Kak PPOK ocymiecTBiseT CyIecTBeH-
HO HeJmHeliHble Tpeobpasobanns HabMOTEnHit, a MNOCTELO0BATeTbHOCTH
{P,, Py} n, cneposarenvno, {k,} — croxacrmueckme. Takum obGpaszom
JI®K paer owenp mpoctyio m rpybyto omenky mst CII {£,}, B To Bpe-
ma kak POK ropaszmo 6osee TOMHBIM 00pa30M YYUTHLIBAET HEJIWHENHYIO
CTPYKTYpPY Momenn Habmogerns (6.76). m

B 3akiioueHue pacCMOTPHM METO[  YCAOGHO-ONMUMANLHOT HEAU-
netinot guavmpayuu (YOH®), npenmoxennsiii B.C. Ilyradessim [19).
Hast mocrpoernst YOH® uponecca {€,} B Mmomenn (6.69), (6.70) BuiGn-
parorcst 1Be DYHKITAN:

©n (€, u) — Gazopast nporuo3UpyOmAst QyHKIWS;

¥n(€,m,w) — GazoBast KOppeKTUpPYOMasa HyHKIAS,
KOTOPBIE MOTYT ObITh KaK JUHEHHBIMA, TaK W HEJIMHEHHBIMHA.

Anroput™ dunsTpanuu onpeeNseTcs peKyPPEHTHBIME yPaBHEHASIMI
BHJa «IIPOrHO3—KOPPEKIAS» :

{ %{\n = ~n§0n(é\n—lygn) + fna EO = M, (688)

rje Marpuanbie napamerpst {Fy,, fn} u {Hp, h, } BeIOupatorcs c.k.-onTn-
MaJIbHBIM 00pa30M, T.e. Tak, YTOOBI

M{|£n_ n‘Pn+fn | } M{lfn_ F$n+f)|2}a
M{|¢, — (En + Hnthn + ha)[?} < M{|&, — (€ + Hipn + h)|2},

rue anZQOn(En—laun): @n:d)n(gmnmwn)? a {F:f} u {H’h}

[IPOU3BOJIbHBIE MATPUIHBIE KOIDDUIMEHTH COOTBETCTBYIOMIMX PA3MEPOB.
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U3 Teopembr 14.16 (cum. m. 14.7) HEMeIIEHHO CIEIYET, UTO
F, = COV{£n> an} [COV{QOna Son}] fn = M{gn} F, M{Son} (6-89)
~ - ~ o~ ~
H, = COV{fn - fnv 11[)11} [COV{’I,[)n, 1/’11}] s hn =—Hy M{"/}n} (690)

U3 (6.89), (6.90) caemyer, uro napamerpst {Fy,, frn, Hp, hn} — HECTY-
vaiiHble, T.€. MOI'YT ObITh BLIYHMCJEHbI 3apaHee (10 Hadaja 06paboTKH
HabroIeHui ).

Omuenku &, u &, — HECMEIEHHBIE 110 TOCTPOEHUIO, 8 KOBAPUAIMOHHBIE
MaTpuiibl ux omubok P, u P, ompenessitoTcsi aHAJIUTAIECKH:

{ 13” = COV{ﬁmgn} - Fn COV{@mﬁn}a
P =Py — Hycov{gh, & — &i).

Jaist mpakTraeckoro Boruncienns koadduiuentos (6.89) npome Beero
BOCIIOJIB30BATHCS MEMOJOM CMATNUCTNUYECKO20 MOOJEAUPOBAHUSA.

IIycts cmomenuposanbl N peanusammit {{:51_)1} ouenkn YOH® En_l

u N peajuzanmit {{,(f)} CIT &,,. Torna npu N > 1 MOXHO COCTOSITEILHO
OLECHATDH NIpaBble IaCTh BhIpakeHuil (6.89):

_ N
M{én} €, = N7 32 ED, M{an}wn—NZsonsé’%, ")

i=1

cov{Pn, Pn} = COV{Pn, Pn} = NZ% £V un) 04 (€D un) — BBl
=1

COV{fn,SDn}vaOV{ﬁnMPn = Nzgn ‘pn n 17un) gn Pr-

Teneps, 3amensist B (6.89) MareMaTnyecKoe OXWUIAHUS W KOBaPUAIUAK
X BbIOOPOYHBIMEU AHAJOTAMU, MONydaeM omnenkn F, u f, nust F,, n f,:

Fn = W{&n» an} [m{(ﬁna @n}]_l ’ ?n = Zn - F”L@n (691)

ITocne Beraucnenus F'p, u f,,, MBI MOKeM IOCTPOUTH HAOOD peasn3ariuii

IPOTHO32, {fn )} u 6a30BOil KOPPEKIUH {djn(fnz),nn),wn)}, rie {77,(;)} —
Habop peanm3alyii BeKTOpa HaGJIOIEHUI 7, , COOTBETCTBYOINMIl peasn3a-

THsTM {f,(;)}:

771(11) = Cn(é'ﬁbl)) + w, + -an)?(li)v i = 17 e ’N’
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i .

a {v,(l)} — Habop HE3aBUCHUMBIX peau3allfii BeKTOpa omuboK HabJrome-
HUH Uy, . L

Teneps ouenku H,, u hy pis Hy, u hy, MOTyT ObITH BBIYUACIEHBI TOYHO
Tak JKe, Kak onenku F, u f,. 3amernm, uto F,, f,., H, u h, cxongarca
¢ BeposATHOCTHIO 1 mpu N — 00 K TOYHBIM 3HAYEHUSAM KOIDPUIUEHTOB
Fn’ fn7 Hn n hn‘

VkaxkeM cTaHmZapTHBIE cn0coObI BhIGOpa 6a30Bbix dyHKImHE ¢, (€, u)

m Y (€,m,w):
1) mpormos mo ypasuernio (6.69), onmcrsatomemy auaamuky CII {£, }:
@n(gn—lyun) = an(gn—l) + Up; (692)
2) KoppeKIysl B BHUJle HEBA3KHU (PacCoriacoBaHus ):
¢n(gn7 s wn) =M — (Cn(gn) + wn); (693)
3) KOppeKIusi B BHJIEe TPe0bPa3OBaHHON HEBASKH:
1/Jn(£n’ Tin s wn) = kn[nn - (Cn(fn) + U)n)], (694)

rte kp = PaCii(CnPaCis + DnDj) ™Y, Po = cov{n — €n,&n —€n}, Cn =
_ den(®)
% leg,
Jlpyrme BO3MOXKHBIE CTIOCOOBI BBIGODPa ¢, (&, u) u ¥, (&, n, w) paccmo-
Tpensl B [17].

Tabauma 6.1

n 7(11) 7(12) 723) J7(12)/J7(ll) J723)/J721)
1 | 0,261 | 0,563 | 0,278 2,16 1,07
2 | 0,238 | 0,450 | 0,257 1,89 1,08
4 | 0,224 | 0,392 | 0,237 1,75 1,06
6 | 0,224 | 0,387 | 0,238 1,73 1,06
8 | 0,227 | 0,387 | 0,244 1,70 1,07
10 | 0,239 | 0,421 | 0,258 1,76 1,08

IMIpumep 6.18. Jduast momenn (6.76) u3 npumepa 6.17 6buin mocTpo-
eabl mo N = 2000 peajuszaiuii C.K.-ONTHUMAJBHON OIEHKNA Enl), OIIEHKU
POK §,§2> u orneaku YOH® 2753). Eciu 0603HaYATEH COOTBETCTBYOIINE Pe-
aJn3aIn {2,&’“)(@)}, rne k=1,2,3;1=1, ..., N, To peajbHble TOYHOCTH
OIIEHOK OIPENEJIIOTCS BEJUINHAMYU WX BHIOOPOUYHBIX C.K.-[IOTPEITHOCTEN!:

N ~ 2
S =N () - ERG) T, k=123 n>1,
=1
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Juist nocTpoeHust OIEHKY! {A,El) HCIIOJIb30BAH aJrOPUTM ONTUMAJIbHOM HeJln-
HeHOW DUABTPAIK, OMUCAHHBIH B 11. 6.5, orterika POK ff) BBIYUCIISIACH
o dopuynam (6.74), (6.75), (6.67), (6.68), a omenxa YOH® &) —
no dopmyaam (6.88), e dynkuunsa ¢, (£, u) umena sug (6.92), a bynkuua
Un(€,n,w) — (6.94). Pesyabrarsl pacderoB npuseneHst B Tabir. 6.1.
Tlosyuennsbie pe3ysbTaThl MOKa3bIBat0T, 4To onenka Y OH® mo Touno-
CTH NPAKTUIECKU He YCTYyHAEeT C.K.-OIMTHMAJIbHON OIEHKE M CYIIECTBEHHO
rounee ornerku POK. Samerum takxke, 4To 06beM pacyeToB, TpebyeMbiii
JIJISL TIOCTPOEHNUST OTIEHKH fnl), 3HAYUTETHHO OOJIbIIE, Y€M JIJIsI TOCTPOEHNUST

KaK E,ﬁz), TaK U 2753). [ |

6.7. S3ajlaum Ay CaMOCTOSITEJIBHOTO PEIIeHusl.
1. CII € = {£,} yaoBieTBOpsIeT ypABHEHNIO ABTOPErPECCUH

én —08&n—1=¢n, nEZ,

raoe {sn} — CTAIMOHAPHBIN TayCCOBCKU Gesblil myMm ¢ mapamerpamu m. = 0,2
u D, = 0,36. Borancmmrs P{0 < &, < 2}.
Orser. P{0 < &, <2} ~0,683.

2. Cuekrpanshas mwioraocts CCII € = {£,,} umeer Bug
fe(A) = 1,25 4 cos A

HaiiTu pasHOCTHOE CTOXaCTHYEeCKOoe ypaBHEHHE, KOTOPOMY YAOBJeTBOpsieT &.
Vkaszanue. PakTopuzoBaTh CIEKTPAJIbHYIO MIIOTHOCTL (cM. ipumep 6.7).
OrBer. & =en+0,5en—_1, tme {en} — Geabrit my™m ¢ gucnepcueit D, = 2.
3. AP-nocrenosarenbhocts & = {£,} ynoBI€TBOPSIET ypaBHEHUIO

En +0,76n-1+0,5602— 0,363 =€n, NELZ,

rie {en} — Gennlit mym ¢ gucnepcueit D. = 1. Beramncanrs De.
OrBer. D¢ = 3,876.
4. Ilycrs p-mepras CII £ = {£,} yaoBreTBOpsieT pasHOCTHOMY CTOXaCTUIe-
CKOMY yPaBHEHUIO
'fn = Angn—l + Bn€n7 n e Z,

rae {An,Bn} — Hecnyuwaiinble Marpunpl, a {€,} — Mm-MepHBII AUCKPETHDIH
Gesbiit mym. Jlokaszars, uro § — mapkoBckas CII.

5. B ycnoBusax npenbiaymeit 3agaau ClI € nmeer Havaso: & = 7. Ilokazars,
9T0 £ — MapKOBCKasl, eCJIU 1) HE 3aBUCUT OT {e,}, n > 1.

6. Ilycrs {£,} — rayccoBckas AP-nocrenoBarensHocTs nopsinka p = 2. Jlo-
Ka3aTb, 4T0 &, He 00/iaaeT MapKOBCKUM CBOHCTBOM.

Vkaszsanne. [lokazats, ato M{&, | €n—1} # M{&, | Enm1,&n—2}-

7. Hokasars, uro gmsi APCC-mocieoBaresbHocTd mHopsiaka (p,q), rae
p > 2, p> q Beerga Haiimerca p-mepHast Mapkosckasa CII {n,}, takas, 4rto ee
nepBasi KOMIIOHEHTa COBIAJAET C &n.

VYkaszauue. Vcnonb3oBarh pe3ysbrar 3aaa4du 4.

9 B.M. Musep u A.P.Ilankos
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8. Ilycrs € = {&€n} — APCC-nocnenosarenbHocts nopsaka (1,1):
En —bép_1=¢€np—acp_1, NEZ,

rze |b| < 1, {en} — uenTpupoBaHHLLi rayccoBekuii Genbtit mym ¢ D. > 0. Haiditu
npejcTaBienue 1 £ B BUje 6ECKOHEUHOTO CKOJIB3SIMIETO cpejHero. [loub3ysich
9TWM TIpEJICTABICHAEM, HANTH 3aKOH PACIpeeIeHus &, NPU KaxkaoM n € Z.

oo

Orser. &, =en+ > aren—k, v of = (b— a)b* 7t &, ~ N(0; Dy),
k=1
1 — 2ab+ a?
102
9. Ilycrs CII {{,} yaoBIETBOPSIET ACUMIITOTUYECKH YCTOWIMBOMY ypaBHE-
HHIO aBTOpPErpPecCuu Mopsanka p > 1:

D¢ = D.

p
gn + Z bkgn—k =¢€p, MNE Za

k=1

rae {en} — cranuonapHblil Gesblil myMm ¢ napamerpamu me u D.. JJokasars,
YTO C.K.-ONTHUMAJbHBIM HOpOrHo3 &, Mg &,, n > 1, mo HabIoeHHsIM & =
= {€0,&-1, ...} yHOBIETBOpSIET PA3HOCTHOMY yPABHEHHUIO

_ p ~
§n+zbk§n—k =m., n2=1,

k=1

rae § =¢&j,eam j <0, n; =¢;, e j > 0.

Vkazauue. Boraucmurs M{€, | £°}.

10. ITokazars, 4o B ypaBHeHHsAX GuiIbTpa Kamvana BekTOp Zn ABJIETCS
C.K.-OTITHMAJTBHBIM TIPOTHO30M JTst &, 0 Habmomerusim "1, a P, — KoBapu-
alMOHHAs MaTPHIA OMIMOKH 3TOTO [IPOrHO3A.

Ykazauue. Bocrosb3oBarscst TeopeMoit 0 HOpMAJIbHOR KOPPEJIAIUN.

11. TlycTh caydaiiHbIli CKaJSPHBIA TapaMeTp 6 U3MepsieTcs 1Mo CXeMe
M =cl+v,, n=12,...,

Tae {vn} — CTaIMOHAPHBIN MEHTPUPOBAHHBIN Oesbiil mym ¢ D, > 0. /lokasars,
aro ecn ¢ # 0, To oleHKa 6, mapamerpa 6, MoJlydeHHas C MIOMOINbIO PUILTPA
Kammana (cm. mpumep 6.13), c.K.-cocTosiTebHA, T. €. M{(O — On)2} — 0 npu
n — 0o. R

Ykasaune. [okasars, uro P, — 0 npu n — oo (cMm. ypasrenue (6.43)).

12. Tlycrs {&n, Mn} — gacTuaHO HAGIIONAEMASI TAYCCOBCKAS! IOCIIE[0BATEIb-
HOCTb, 3a/laHHasi MOJlesbIo Habmonenns Kanvana:

§n:a§n—1+b€n7 nn:A§n+an,

rae {en,Vn} — CKAJISIDHBIE CTAHIADPTHBIE TAyCCOBCKUE HE3aBUCUMBIE GeJible Iry-
Mmbl. [Tokazats, uro ecomu b # 0, A # 0, B # 0, To P, P pU N — 00, IPUYEM
npe/iebHast Aucepcust P ommbKu bUIbTPAIMN ABISETC MOJIO0KHTETbHBIM
kopaeM ypasuenns a®A?P? 4 [b2A2 + (1 — a?)B?|P — b*B? = 0.
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§ 7. MapTuHTasbl ¢ AMCKPETHBIM BpPEMEHEM

7.1. OcHOBHBIE ompeJieieHus. DByneM BCloLy faJjee IpeanoiaraTh,
9TO Ha BeposTHOCTHOM mpoctpancTee {Q, F, P} samam meyOwursarommit
nomosx o-aazebp {Fn}, n > 0, T.e. cemeifcTBo o-anrebp, Takoe, aro Fy C
CF, C...CF. Hanpumep, ecmm {&,}, n >0 — mabop cirydaiiHBIX Be-
awawmn, saganmEbx wa {Q,F P} a FS=o{&,...,& ) — o-anrebpa,
HOPOXK/IeHHAsT KOHeUHBIM HabopoM {&, k=0, ...,n}, To -7:5—1 C Ft o
IOCTPOEHHIO 1, CJIe0BATeIbHO, {F5}, n > 0 — moTok g-aare6p.

Onpegenernne 7.1. IIycre {X,, n >0} — mnocienoBaTeabHOCTD
BElIECTBEHHBIX CIy4ailHbIX BeJIMYuH, onpejesaeHabix Ha {Q, F,P}. Ecin
npu KaxkaoM n > 0 cayvaiinas Besmaunna X, apisgerca J,-A3MepuMoii, To
{Xn, Frn}, n =0, HA3BIBACTCA cMOTACMUNECKOT NOCALIOBAMEALHOCTIDIO.

Oupemenenne 7.2. Ecau npu kaxjgom n > 1 caydalinas Besndu-
Ha X, susiercst JF,_1-W3MEPUMOI, TO TIOCIEMIOBATENBHOCTE { X, Fry_1 }
HasbIBaeTcsa npedekasyemoti. Ecan BBINOIHEHO TaKXKe yCJIOBHE MOHOTOH-
moctn X1 < X,, (P-m.u.), to {X,,F,_1} HaseBaeTcs neybvisarowed
npedckazyemoti nocaedosamessrocmsvio.

3aMeuanue. CMBICH TepMUHA <«IIPEJCKA3yeMOCTb» CTAHOBUTCS IIO-
HATHBIM, ecli B KagecTse J;, Beibpambt o-anrebper F = o{Xo, ..., Xn}.
IIpesckasyeMocTh O3HAYaET TOT/A, YTO CIydaiiHas BeJuyuHa X, €CThb
HekoTopas Gopesnesckas dynknus semwand { Xo, ..., Xp_1} #, cremosa-
TENTbHO, MOYKET OBITH OJHO3HATHO Ompefesera (TpeficKa3ana) Mo 3Hade-
HUAM 3THUX CIyYaiiHbIX BEJUYUH.

Onpegmenernne 7.3. Croxacruieckast nocaenosarenbHocts { X, Fp },
yaosaersopsiomas yciosuio M{|X,|} < oo, nasbiBaercs:

a) mapmunzasom, ecma M{X, 11 | Fn} = X, (P-mn.);

6) cybmapmunzasom, ecma M{ X, 11 | Fp} > X, (P-m.m.);

B) cynepmapmunzasom, ecim {—X,, Fp,} — cybmaprunrad.

CMBICIT MapmMuH2aAbH020 c80lcmed a) MOXKHO TOSCHATH C MO3UIUN
TEOPHUH MPOTHO3WPOBAHESA CIIyYaiHBIX ITOCIEI0BATEIBLHOCTEMH.

Mpuwmep 7.1. ycrs { X, Fp,} — mapruaran (F, = c{Xo, ..., Xn}),
npuyeM M{ |Xn|2} < oo. Haiitu mammyumwmii cpegHeKBaIpATHIECKUI
nporuos s X, 11 no Habmogerusm {Xo, ..., X, }.

Pemenne. O6o3nauum uepes X, i1 C.K.-OITUMAJIbHBII [IPOTHO3
st X1 mo Habmonerusm {Xo, ..., X, }. Torma mus mo6oro nporrosa

Xn+1 = ¢n(Xo, ..., Xy), mocrpoensoro no Habmoxerusm {Xo, ..., Xn}
€ TIOMOIIBIO TTPeobpa3oBaHus (), B CHITy ONpEeNeNenus 7.3 BHITOITHEHO

M{| Xps1 — Xnp1 7} < M{| X1 — Xppa|?}

9*
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Tak kak M{|Xn+1|2} < 00, U3 TeopeMHbl 6.2 U OIpeseseHusI YCIOBHOTO
MaTeMaTHIECKOTO0 OXKUJAHWUsI OTHOCUTEJBHO CIydailHOro BeKTOopa (CM.
1. 14.5) noiyaem

-~

Xp1 =M{X,11 | Fn} =X, (P-mm.).

Urak, C.K.-ONTHMAJbHBI MPOrHO3 (Ha OJMH MIAr) JJif MapTHHTAJA
{Xn,Fn} TakoB: Ha (n + 1)-M mare nuuezo He UBMEHUTNCA.

C yuerom pesynbrara, cGOPMYIUPOBAHHOIO B 3ajgade 3, C.K.-OLTHU-
MaJIbHBII IPOTHO3 Ha M > 1 IaroB BHepeJ NMeeT BH,

-~

Xnim = M{Xpnim | Fn} =Xn (P-mm.).

Ecmn {X,,, F,,} — cybMapTuHTa), TO HETPYAHO NPOBEPUTH, UTO

-~

Xn1=M{X, 1, | Fo} 2 X, (P-u.).

Hakonen, ecn {X,,, F,,} — CynepMapTWHTAJ, TO B MOCTEIHEM COOTHOIIE-
HUW 3HAK HEPABEHCTBA W3MEHUTCS HA [MPOTUBOMOJIOXKHBIA. M

SBameuanusd. 1) Ionyuennsiit 8 npumepe 7.1 pesysibrar mMeer ciie-
JIYIOIYE0 SKOHOMWYeCKyto mHTepnperamuio. Ilycrs {X,, F,} onucesaer
SBOJIIONUIO HEKOTOPOro (DUHAHCOBOTO WHIEKCA, B YBEJIMYEHUH KOTODPOTO
MBI 3aMHTEpecoBaHbl (Hampumep, 3bdeKTUBHOCTh (HDUHAHCOBOTO DBIHKA
UM TeKyIas JOXOAHOCTH HAIEro WHBECTHIMOHHOrO moprdedns). Ecan
{Xn,Frn} — MapTuHrasg, TO MMEEeT MECTO CHUTYaIusi <«CTaGUIBHOCTH>.
Ecin xe {X,, Fn} — cybmapTuHTas (CynepMapTHHTA), TO IMEET MECTO
CUTYyalusl «Pa3sBUTUA» (<«AJLEHUsI» WU «PEIeCCUm» ).

2) Us omnpepenennst 7.3 cjaelyer, U4TO BCSAKAH MapPTHHTAJ sIBJISIETCSI
OJTHOBPEMEHHO KaK CyOMapTHWHTAJIOM, TaK ¥ CylmepMapTuUHTrajoM. Ecian
X = {X,, Fn} ABAsIeTCS MAPTUHTAJIOM WA CyOMApPTUHTAIOM, TO IO CBOM-
CTBaM yCJIOBHOTO MaTEMATHIECKOTO OXKUIAHUS JJIs MAPTUHTAIA

M{X,,} = M{M{X,, | Fo}} = M{Xo},
7 s CyOMapTUHTAIIA
M{X,,} = M{M{X,, | Fo}} > M{Xo}.
IIpuBenem ps IPOCTHIX IPAMEPOB CTOXACTHIECKUX [TOCIIEI0BATEIHHO-

cTeil, 00pa3yOIUX MapTUHIAJIbL U CyOMapTHHraJIbl (HeOOXOQUMbLe JaJiee
CBOICTBA YCIOBHOIO MaTeMaTHYECKOTO OXKUJIAHUS ONUCAHBL B 1. 14.5).

IMpuwmep 7.2. Iycrs {&,, n > 0} — nocremoBaTesbHOCTH HE3ABH-
n

cuMBIX CTydaiabix BemmanH, Fn = 0{{o,&1, ..., &}, Xpn =D & Ilo-
k=0

kazarb, aro {X,,F,} sBaserca mMapTuHTaJOM (CyOMAapTHHIAJIOM), €CIIH

M{&} =0 (M{&} > 0).
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Pemenne. W3 ycmosus M{|{;|} < oo u cBoiicTB MaTeMaTHIeCKOro
oxuganns (cM. 1. 14.3) caemyer

M{| X5} = M{\é &} < M{é !} = é M{jl} < oo.

Tlokaxem, uro {X,,F,} — maprunaran npu ycaosuun M{{,} = 0. 3a-
MeTuM, 9o 1o yciaosuio CB X, mamepuma ornocurensuo Fp,, a1 ot Fy
HE 3aBHCHUT, TO3TOMY C y9YETOM CBOMCTB yCJIOBHOTO MATEMaTHYECKOT'O
oxkuganns (cM. 1. 14.5) mosydaem:

M{Xn+1 | ]:n} = M{Xn +£n+1 | fn} =

Orcrona M{X,,11 | Fr} = Xy, eciu M{&, 411} =0, ne. {X,,, Fn} — map-
tuarasa. Kpome toro, M{X,,11 | Fn} > X,, ecm M{&,11} 20, Te.
{Xn, Fp} — cybmaprurras. m

n
Mpumep 7.3. Mycre X, = [ &k, tme {€n} m {Fn} onpenesnemnst
k=0
B mpumepe 7.2. Ilokasath, uro mpm ycmosum M{{;} = 1 nocnemosa-
renbHOCTE { X, F,,} obpasyer maprurTam, a npm ycmosum M{¢p} > 1 —
cybMapTHHTaJI, €CIU JOMOIHATETBHO IPEJIIONOKUTE, 94T0 &, > 0 (P-mw.1.).
Pemenue. Bcuny nesapucumocru CB {£5} u M{|£x|} < oo maxomum

{1} = M{ [T Jeal} = TT M{leel} < oo,
k=0

k=0

Ecmm M{&,411} =1, 10
M{Xn-i-l | fn} = M{Xngn-i-l | fn} =
= XnM{§n+1 | fn} = XnM{§n+1} = Xn, (7-1)

I7e BTOPOE DPAaBEHCTBO MOIydeHO ¢ yderom JF,-mamepmmoctu CB X,
a TpeThbe — B CHJIy HE3aBUCUMOCTHU &,41 OT g-airebpsr F,. Tem cambim,
{Xn, F,} obpasyer mapTUHTAI.

Ecmm xe &, 20 (P-mu.) uw M{{,41} > 1, 10 X,, 20 (P-.u.) mn
M{X 41| Fn} =2 X, B cuay (7.1). CuenoBarenbno, B 9TOM Ciydae
{Xn,Fpn} — cybMmaprurras. m

Mpumep 7.4. Mycrs & — cayvaiinag seamuuna ¢ M{|£|} < oo u
{F.} — meroropwiii noTok o-anredp. Ilycre X, = M{¢{ | F,,}. Hokasars,
aro { X, Fn} — MapTHHTAIL.

Pemenme. 3ameTum, uTo

M{| X[} = M{IM{E | Fn} [} < M{M{[¢] | Fn}} = M{[¢]} < oo.
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Teneps B cuny F,, C F,4+1 u cBoiicTBa 8 u3 m. 14.5 Haxoamm
M{Xn+1 | fn} = M{M{§ | fn+1} | fn} = M{§ | fn} =X, ®

Ipuwmep 7.5. ycres X = {X,,F,} — maprumran, a g(z) — Bb-
nyksas BEm3 dyHKmus, Takas, 9o M{|g(X,)|} < co. Hdokazath, 4TO
nocremoBarenbrocTs {g(Xy,), Fn} obpasyer cybMapTuHTA.

Pemenne. Ilycrs Y, = g(X,), Torna M{|Y,|} < co no ycrnosuro.
Bocnonbsyemcs nepasencrsom Wencena M{g(€) | Fo} > g(M{¢ | Fr}),
BEPHBIM 1T BBIMyKJ0# BEN3 dbyrknun g(-) m CB ¢ ¢ M{|¢|} < oo:

M{Yoi1 | Fn} = M{g(Xns1) | Fu} 2 Q(M{Xn-i-l | fn}) = g(Xn) = Ya,

r.e. {Y,, Fn} — cybmaprurran. m

Bameuanue. IIpumep 7.5 mokasbiBaeT BasKHBIH crocob dopmu-
poBaHua CyOMapTHHTaJa W3 HEKOTOPOro MapTHHTaja. Hampumep, eciam
{X,,Fn} — maprurran, a Y, = X2, to {Y,,F,} — cybmaprunran, tak
kak g(x) = 22 — Boimykias Ban3 byHKME. EcTecTBeHHO, MpeIIoaraeT-
cs1, aro M{X2} < occ.

IIpumep 7.6. PaccMoTpmM mOCIEHOBATEILHOCTh  HE3ABUCHMBIX
CiayvdadHbIX BeaWdwH {7),}, n > 1, npmHMMaromumx 3HaueHums {—1, 1}
¢ Bepogrroctamu P{n, =1} =p, P{n, = -1} =¢q, tme ¢=1—p. D1y
[OCJIEI0BATEBLHOCT MOYKHO pacCMaTPUBaTh KaK pE3YJBbTaThl HIPhI
JIBYX JIWI, THE 7, = 1 TpaKTyeTcs KaK BBIAIPHII MEPBOrO UTPOKa B N-if
napTHu, a 1, = —1 — Kak npourpbin. 3ameruM, aro M{n,} = p — q upu
066X n. Ecam mocienoBaTebHOCTh CTABOK MEPBOTO UIPOKa ecTh { Vi },
TO €ro obmmit BHIUTPHIT X, TOCe N-it TapTUu paBeH

Xn = Z MV =Xn_1+ 10V, Xo=0.
k=1

ITockonbKy WIPOKY HEW3BECTHBI PE3YJIBTATHI OyIyINUX MapThil, TO €ro
crpaTerust MOXKeT 0a3UpOBATHCH TOJBKO HA PE3YJIbTATAX ITPOIIEIIINAX
napTuii, YTo O3HaYaeT

Vo = Qon(nla .. '77711—1) 20,

rue ¢n(-) — Hekoropas Heciaydaiinas GopesieBckasd (yHknusa. Takum
06pa3oM, ciaydaiiHas BeJWUHHA V;, sABIAETCS U3MEPUMOIl OTHOCHTEIHLHO
Fl i =0c{m,...,Mm—1}. PaccmoTpnM mOBeJeHWE MOCIEIOBATENHLHOCTH
X = {X,,F'} ¢ Touku 3penns onpenenenus 7.3. Torma

M{Xn | .7'-,:7_1} = Xn—1+ Vo M{n,},

U 10CIe0BaTeIbHOCTD X obpasyer MapTuarad, ecomm M{n,} =p—q¢ =0,
cyOmapruaTan, ecan p — q > 0, u cynepmapruarad, ecm p —q < 0. ®
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Mpuwmep 7.7. llycrs pl(z1, ..., Tn) — N-MepHas TIOTHOCTH PaCTIpe-
Jlesiennst crydaftnod nocnemosareasaoctn £ = {£,, n > 1}. Jokaszars, aTo
ecim p2(xq, ..., T,) — TAKXKe N-MepHAs IJIOTHOCTb U L (1, ..., Tn) > 0,
TO TIOCIEAOBATEIHLHOCTD

Pn = p?z(élv 75”)
" ph (G )

SBJISAETCH MAPTUHTAJIOM OTHOCUTEIBHO IIOTOKA .7-",5 =o{&, ..., &}

Pemenue. M{p,} = J P (21, ooy 2n)dey ... de, =1 < co. Ecm
]Rn
p£n+1(y | 1, ..., &p) — yCIOBHAS IUIOTHOCTH CIydYaiiHON BeIMUnHBL &g
npu ycjaoBuu, 910 €1 = X1, ...,En = Ty, TO

M{pn-l‘l |§1 =T, 76” =.’17n} =

O (@, o T,
:Jp+1(1 y),p£n+1(y|x1’...’xn)dy:

R p717,+1(mlv ...,a:n,y)
— J p?z-kl(mlv "'7:177173/) . p'}z+1(mlv "'7:177173/) dy —
Rl p'}z+1(x17 ~~~,l‘n,y) p711(x17 7xn)
(0] 0
— J Pn+1(3317 ...,l‘n,y) d — pn(xlv ,l‘n)
pr(@1, ..., Tn) pr(@1, ..., ¥n)

CaenoBarensio, M{p,41 | F5} = pn, 7. e. nocaegosarensocts {pp, F5}
obpaszyer maprunran. C Ipyroii CTOPOHEI, MOCKOJIBKY B CUJTY OTPEeJeHus

gnza{ph"'7pn}ga{£la"'a£n}:fr§7

IoJIy9aeM

M{pn+1]Gn} = M{M{pns1 | F} | Gn} = M{ps | Gu} = pn-

Takum 06pa3oM, MOCIEAOBATENBHOCTD {pp, Gy} — TakKe MapTHHTAT. W

3aMeganue. Beamumna p, Ha3BIBA€TCS OTHOIICHHEM IPABIOLIOMIO-
Gust. Bolunciienne OTHONIEHAS IPABIONOLO0US UCIOAb3YETC B CTATHCTH-
Ke IIPU PelleHny 33Ja49l pa3jiudeHus runores. B manHoM ciiydae paccMa-
TPUBAETCS CUTYAUs PA3INIeHns TUIOTe3 O COBMECTHOM DPACIIpeIeIeHNN
COBOKYIHOCTH Cilydaiubix Beamuus {1, ...,{,}, T.e. 3amaua o BbIGODE
pY(+) mm pl(-) B KauecTBe MCTHHHON MJIOTHOCTH paclpejesienus Habopa

{617 e 7£n}
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CTpyKTypa IpOU3BOIBHOrO CyOMapTHHTAJa ONUCHIBAETCS CJIE Iy ToImeit
TEOPEeMO.

Teopewma 7.1. Hycmov X = {X,,, F,} — cybmapmuneas. Tozda cy-
wecmeyrom mapmunzas m = {my,, F,} u neybwearowas npedckasyemas
nocaedosamesvrnocmo A = {A,, Fn_1}, maxue, wmo das awobozo n >0
CNPasedauco pasnodicerue

Xn=mp+ A, (P-nu). (7.2)

SBameuanue. Popmyna (7.2) maseBaercs pasaooiceruem yba miist
cybmapruaTrasa. VI3 mokazareiabcTBa TeopeMbl 7.1 BBITEKAET, ITO MOCIIe-
nmosarensuocT {my,} u {A,} umetor Bux

=Xo+ Z i+ — M{X;1 | Fi}), (7.3)

= E(M{Xm | Fi} — Xj), Ao=0. (7.4)
=0

Onpenenenne 7.4. Iocaenosarenprocrs A = {A,, F,_1} B (7.2)
HA3bIBAETCA KOMNEHCAMOPOM cybmapmunzara X .

Pasnoxenne Jlyba wrpaeT OCHOBHYI POJb IIPU U3YyYEeHUH KEaJPa-
MUNHO-UHMEZDUPYEMBLT MAPTMUH2AA08, T. e. MapTrHTANOB X = { X, F,. },
T71sT KOTOPBIX M{Xﬁ} < oo mas Beex n > 0. Torma mocitemoBaTeIbHOCTD

= {X2,F,} — cybmaprtunTan u no Teopeme 7.1 CymecTBYIOT MapTHH-
ranm = {mp, .’F } u npezckasyemasi HeyOBIBAIOIAS TIOCIIE[OBATEIBHOCTD
(X) = {(X),,, Fn-1}, Takue, aro

X2 =mp, +(X) (7.5)

n-

Onpepenernne 7.5. Ilocnenosarenbrocts (X ), onpenensemas u3
pasioxkenns (7.5), Ha3bIBaeTCs K8adpamuseckol rapaxmepucmurot Map-
TuHTaga X.

U3 dopmyasr (7.4) caenyer (cMm. 3amady 6), 4ro

Z M{(X; 1 — X;)* | 75}, (7.6)

n ajs Beex [ < k
M{(X — X)? | Fi} = M{X} — X7 | Fi} = M{{X),— (X), | Ai}. (7.7)
Ecmm X =0 (P-m.h.), TO

M{X}} = M{(X),}. (7.8)
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n
Opumep 7.8. Tlyecre X, = > & u Fp=0{&1,&, ...,6n), e
k=1
{&n, m > 1} — mocIeOBATENBHOCTH HE3ABUCHMBIX CIYyYafHBIX BEJMIHH
M =0 u M{&? -
c n u 21 < co. JloKa3aTh, 9TO CTOXaCTHYECKAsl MOCIIE0BA
renbHOCTE X = {X,,, F} — MapTHHTAN ¢ KBaJpPATHIECKOH XapaKTepH-
CTHKOH

(X), = 3" D&} (7.9)
k=1

Pemenne. Mbl MOXKEM Cpa3y NOJIyYHTh OTBET, BOCIIOJb30BABIIUCD
dopmyaoii (7.6). OgHako MBI AWM IIOJHOE DeIleHNe, OCHOBBIBASCH HA
TeopeMe 7.1, 9TOOBLI MPOJEMOHCTPUPOBATL TEXHUKY PabOTHI C yCIOBHBIM
MaTEeMaTHYECKAM OKHIAHIEM.

Mycts Ty, = X2, Torma B cmiry pesymbrata npmvepa 7.5 {T,, Fn} —
cybmapruarad. [To Teopeme 7.1 s T, cupasejinBo pasioxenue Jlyba:
Ty = mpn + Ap, 1ie Ay, = (X)), — KBaJpaTndecKast XapaKTE€PUCTHKA Map-
rtanrana {X,,F,}. Borucmm A, no dbopmyne (7.4) ¢ yuerom & = 0:

n—1 n—1
Ap = M{Thpq1 | Fi} —Te) = > M{Thq1 —Ti | Fi}, n>1
k=0 k=0
s npouspoabHOro k > 0 mmeeM:
k1, k 5 ) ) )
Tes1 — T = (D &) — (02 &) = (X + &r1)? — Xj = 2Xpbpgr + & pq-
i=1 i=1

TTosTomy
M{Ty11 — Ti, | Fr} = M{2Xp&hp1 | Fi} + M{¢},, | Fi} =

= 2X M{&i1} + M{& 1} = D{&11},

IJie YITEHO, 9T0 X}, m3MepnuMa OTHOCHTENBHO F,, a k11 He 3aBuCHT OT Fy,,

npuaeM M{¢;11}=0mn M{ﬁ%_H} = D{&;41}. Urak,
n—1 n
Ap =3 D{&1} =D D{&}=(X),.
k=0 k=1

Takum obpasom, (X), = M{Xﬁ} = D{X,}, npuuem kBagpaTudeckas
XapaKTEPUCTUKA B TAHHOM CJIydae OKa3aJach JeTePMAHIPOBAHHON IIOCIIEe-
JIOBATEIBHOCTHIO. M
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7.2. MapkoBckne momeHThI. CiydaiiHasi 3aMeHa BpeMeHU
B MapTHUHraJie. B 3ajadax TeOpUH CIIyYaiiHBIX TPOIECCOB BakKHOE 3Ha-
YeHHe WMeeT MOHSTHE MAapKOBCKOI'O MOMEHTa HJIM MOMEHTa OCTAHOBKH.
DaKTUIECKH, MAPKOBCKHI MOMEHT COOTBETCTBYET MOMEHTY BPEMEHH TIEp-
BOTO TOSABJICHHUS HEKOTOPOTO CIy4aiiHOro COOLITHS, IPHYeM ONpPEeIeIuTh,
OPOM3OILIO OHO WJIM HET, MOXKHO 110 HAOJIIOJEHUSAM NPEIBICTOPUE CJTy-
yaiinoro npomecca. Jajee GygeM OpeanosaraTh, YTO Ha BEPOATHOCTHOM
npocrpanctse {Q, F, P} saman morok o-amrebp {F,}, Fn, C F.

Onpenenernne 7.6. CB 7, samannas va {Q, F, P} u npuanmaromas
sHavenns n3 MHOKeCTBa {0, 1, ..., 00}, HASBIBAETCT MAPKOBCKUM MOMEH-
mom (orrocurensro {F,}), eciu mua moboro n > 0

{r =n} € F,.

Ecmm P{7 < 00} = 1, T0 MapKOBCKH{I MOMEHT T HA3BIBACTCA MOMEHIIOM
0CMAHOBKU.

SamMeganne. MoXKHO TOKa3aTh, YTO JAHHOE OIpE/IEJIEHNE IKBUBA-
JIEHTHO CJIEJLYIOIIEMY:

{r<n}eF, ¥Ynx=0.

Onpepenenue 7.7. 3Hadenwe ciaydaifHON MOCIEIOBATENLHOCTH
{X,} B cayvaiitHbIii MOMEHT BDEMEHW T ONPENENAETC KaK

oo}
X, =Y Xp,I{r =n},
n=0

rae I{r = n} — ungukarop cobwrrust {7 = n}.
3amernM, uro X, sABIgeTca ClIydaiiHoll BeamauHOf. [leficTBuTenbHo,
ngist moboro B € B(RY)

{X;eB} = G{XnGB}ﬂ{T:TL}G}-.

n=0

IIpormenypa, onucanHas B ompejiejieHnn 7.7, HA3bIBAETCI CAY4alHol 3a-
MEHOT 8peMeHU.
PaccmorpuMm cirefyrornuii TUMAYIHBIA TPUMED MapKOBCKOTO MOMEHTA.
Ipuwmep 7.9. Hycrs X = {X,,,F,,} — croxacTmueckas mociemoBa-
TesbHOCTh, MHOXKecTBo B € B(R!) m 7 — MoMeHT mepsoro momagaHus
OCJIeTOBATEIBHOCTA B MHOXKECTBO B, T. e.

T =inf{n > 0: X,, € B},

npuueM, ecin X, ¢ B ngist Bcex n > 0, To nonaraem 7 = 0o. IlokazaTs,
9TO CAydaiiHasd BeJUUNHA T ABJISETCS MaPKOBCKHM MOMEHTOM.
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Pemenwne. as aoboro n > 0

{r=n}= [ {Xs ¢ B} 1 {X € B} € Fo,
k=0

YTO W JIOKa3bIBaeT TpebyeMoe yTBep:KacHre. B

MHO>KECTBO MapKOBCKHX MOMEHTOB SABJISIETCS 3aMKHYTBIM OTHOCH-
TEJIbHO HEKOTOPBIX IIPOCTHIX OLEPALHiL.

Ilpumep 7.10. IlokazaTh, 9TO €CIM T ¥ 0 — JIBA MAPKOBCKHX MOMEH-
Ta (orHOCHTENBHO NOTOKA {F,}), TO T 4 0, min(7, o) u max(7, o) Takxke
SABJIAIOTCA MADKOBCKAMH MOMEHTAMH.

Pemenwne. as aoboro n > 0

{min(r,0) < n}={r <n}U{oc <n}eF,,

Tak Kak {7 < n} € F,, {o < n} € F,, a F,, 3aMKHyTa OTHOCHTEJHHO OTle-
panum KOHEYHOTO WJIU CYeTHOTO obbemuaenus (cu. 1. 13.1). Amamgormano,

{max(r,0) < n} ={r <n}n{oc<n}eF;

{frtosn}= | {r=kin{o=l}cF. m
k130
k+i<n

B 1. 7.1 ormedeHo, aro juisi Besikoro mapruaraga M{X,} = M{X,}.
Ecan ke 3aMeHUTH JeTePMUHUPOBAHHBIN MOMEHT BPEMEHHU 7 Ha HEKOTO-
Pphlit Cily9aiiHbIii MOMEHT T, TO yKa3aHHOE PABEHCTBO MOYKET HApPYIIUTHCH.

IIpumep 7.11. Paccmorpum tpumep 7.6, B KOTOPOM HTPOK HUCIIOIb-
3yeT CJIe/yIOyI0 CTPATErMi0 UIPhl: BEJIMYMHA CTaBKH V;, BHIOMpaeTcs 1o
IpaBuLy

V= 2l ecim mp=ma=...=mpo1 = —1,

0 B OCTaJIbHBIX CJIyYasiX.

DT0 O3HAYAET, YTO OH y/BAMBAET CTABKW, HAUMHASI CO CTaBKU Vi = 1, u
[IPEKPAIAET UTPY [OCJE IEPBOTO BBIMIPHIIA. B 1y =17 = ... =1, =
=—1, To

Z Z —2F 1y =1-2"
OtHAKO €CITH My q1 = 1, TO
Xn+1 = Xn + Vn_;,_]_ = (]. - 2") +2n - 1
IIycrs 7 = inf{n > 1: X,, = 1}. Ecm p =¢=1/2, To P{r =n} =1/2",

IIO3TOMY

M{T}—Zn——2<oo
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u, crnepoBarensno, P{r < oo} = 1. Hanee, P{X,; = 1} = 1 no onpexee-
HUio MoMenTa T, mostomy M{X,} =1#M{Xp} =0. =

IMpumep 7.12. IIycrs {£1,&, ... } — nOCIEI0BATEIHLHOCTD HE3ABUCH-
MBIX OZMHAKOBO PACIPEAENEHHBIX Cilydainbx Bemmaua ¢ M{|€x|} < oo;

T — HEKOTODHIf MOMEHT OCTAHOBKH OTHocuTenbHo FS = o{&1, ..., &},
T2 1, M{7} < o0. Torzna

M{& + ...+ &} = M{&} M{r}. (7.10)

Ecau x Tomy xke M{fg} < 00, TO

M{[¢ +...+ & —TM{6}]") = D{& I M{r}. (7.11)

Coorromenns (7.10), (7.11) masbBatorcst mootcdecmeamu Baavda. W
IIpumep 7.13. Ilpumennm ToxKmecTBa Basibia K HCCIEIOBAHUAIO 3a-
naun 06 wrpe aByx Jamn, (cM. npumepst 7.6, 7.11). Ilpeanonoxum, 9To
UIPOKH PACIOIAraloT KOHEYHBIME HAdYaJlbHBIMU Kanutanamu A m B co-

n
OTBETCTBEHHO, CTaBKM (PUKCUPOBAHBI W paBHBl 1. Ecam S, = Z Nk, TO
k=1

BEJIMYUHBI KalluTaJIOB nepBoro u BTOpOI‘O I/II‘pOKOB IIocJjie n-ro p03?)Il"prU_[3J
OynyT
X, = A+ Sy, Y, =B—5,.

Urpa 3akaH4mBaeTcs, ecau S, gocruraer yposss (—A) win B. B nepsom
Ccaydae pa30psieTcs TEPBBI WTPOK, BO BTOpoM — BTOpoil. Omupemennm
MOMEHT OKOHYaHUsI UTPHI KAK MOMEHT OCTAHOBKU:

r=inf{n>1: S,=-A wm S, =B}

HaiiTn BeposTHOCTH pa3sopeHmst KayKJI0TO W3 WT'POKOB, ecim p = g = 1/2.

Pemenne. IlociemoBaTespbHOCTD S) €CTh MOCIEIOBATEIBHOCTH CO-
CTOSIHUI MapKOBCKOM IIEIH, COOTBETCTBYIOIIEH MOJENN CIydailHbIX OJIy-
JKIaHui, y KoTopoit npu p = ¢ = 1/2 Bce cocTostANs Bo3BpaTHEL. [loaTOoMYy
3a KOHEYHOE BpeMsl OHa JocTHraer joboro ypoeas u P{r < oo} =1,
M{r} < o0. Beemem a = P{S, = —A}u 8 =P{S, = B},a+ 3 =1. Ja-
see, ipu p = ¢ = 1/2 mer nmeem u3 (7.10) ¢ yaerom M{n; } = 0:

M{S;} = M{r} M{nm} = 0=
=—-AP{S, =-A}+ BP{S, =B} =a(-A) + 3B.
Takum 06pazom, « u B yJA0BJIETBOPSIOT CUCTEME yPaBHEHU
a+pB=1, aA =B,
Pa3peIinB KOTOPYIO, MOy THM

B A

= A B
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Jlnsa BBrMUCaeHus: cpeqEero BpeMenn urpbl M{7} mpuMeHEM TOX1eCTBO
Basbma (7.11), koropoe B cuoty D{n;} =1, M{n; } = 0 naer

M{S?} = M{7r} D{n} = M{r} = aA? + 3B? = AB.

Taxnm obpaszom, M{7} = AB, T.e. cpesee BpeMsi HTPBI GBICTPO BO3-
pacTaeT, eciii YBeJIMIMBAIOTCS HAYAJIbHBIE KAIUTAJBI UT'POKOB. M

3ameuganue. B mpumepe 7.13 Mbl BuUuCIWIN (DUHAJILHBIE BEPO-
SITHOCTH COCTOSIHUH Tern MapkoBa, omuchIBaroIe#l urpy JAByx Jiui (cM.
npuMep 5.14), ¢ UCIOIB30BaHIEM MapPTHHTAIbHON TEXHUKH.

7.3. TeopeMbl CXOAUMOCTA MAPTHUHTAJIOB U UX HPUJIOXKEHUS.
PaccmarpuBaemble HUXKE Pe3yIbTATHI MOKA3BIBAIOT, YTO MOCIEIOBATETb-
HOCTHU CJIyYafiHbIX BEJUYUH, sIBJISIONIAECT MApPTUHTAJIAMU, [IPU OMpeIe-
JIEHHBIX YCJIOBUAX CXOAATCH ¢ BepoaTHOCThIO 1 (P-1LH.) U B cpenueM, T. €.
cymectByeT Takass CB X, aTo

Xp 5 X w M{|X, — Xoo|} =0 mpm 71— occ.

Teopema 7.2. Ecau X = {X,, Fn} — cybmapmunean, 0as xomo-
pozo natidemes p > 1, maxoe, wmo sup M{|X,|P} < oo, mo cywecmesyem
n>0

cayuatinas eeaununa X oo, makas, wmo M{|Xy|} < 0o, npuuem

1) Xp =M{Xw | Fr.} (P-n.n.);

2) X, 2 X npu n — oo;

3) M{|X,, — Xoo|} = 0 npu n — oo.

YV TBepKaeHne TeopeMbl MOKET OBITH WCIIOIb30BAHO it 0OOCHOBAHWS
CXOJIMMOCTH OIEHOK TapaMeTPOB B PA3JMYHBLIX 33Ja49aX MaTeMaTHIeCKO
CTATHCTHKH.

IIpumep 7.14 (ycunenmsrii 3akom Gombmmux wwmcen).  IlycTh
HesaBUCHUMBlE cilyudaitHble BeamduHbl &1,&s, ... HMEIOT OJMHAKOBLIC
MaTemaTnaeckme oxumanus M{{y} =a m orpamwuenHBE MECTEpCER
D{¢} = o} < D. Iokazats, uro

1
n Z{k—ﬂz mpu - 1 — 0.
" k=1

Pemenwue. Ilycrs n, = & — a, Torma M{n,} =0, D{n;} = 0} < D.
PaccmoTpuM ONEHKY @y :

n n
R S M O P L
nk‘:l " k=1 kl

_ 1
ecmn 1, = Z Nk N npu n — oo. Jlokaxkem, 9To Tpebyemasi CXo-

k 1
JAUMOCTDH ,I[eI/ICTBI/ITeJIbHO nMeeT MecTo.
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n

Ecmm e, = 1—'“, 10 {£} } mesasucumbr u M{ey} = 0. Ilycts X, = > ey,
k=1

Torga w3 mpuMepa 7.2 ciemyer, ato {X,, n > 1} obpasyer mMapTHHTAT

orHocuTenbHo noroka F, =o{e1, ...,en} =o0{m, ...,nn}. Ilockoabky

" 1 2 D
M{X}} =D{X,} = 3 D{e;} n D{ex} = 5D{m} =75 < i3
k=1

o0 o0
1
TosupM{X’} =3 D{e} <D <o Torga u3 Teopemsl 7.2 cie-
n20 k=1 k=1
myet, uTo X, LN Xoo mipu n — 0. Ilociennee o3uavaeT, 9TO

P{w: i @ — Xoo(w)} = 1.
k=1

3/ech HaM TOHAIOOUTCST yTBEPKI€HUE, U3BECTHOE KakK semma Kpore-

Kepa: ecau wucaosvie nocaedosameavrocmu {un} u {T,} mawoew, wmo
[e ) n

1
0 <uptToo npun— oo, apad » . xp crodumcs, mo — »  upxy — 0
Un
k=1 k=1
npu n — oo.
o0
Ecou obosnasnts o = ng(w)/k, up =k, 10 Y ) = Xoo(w), mosTomy
1 & 1 & =t
Tp(w) == > me(w) = — > upay — 0 mpu n — oo.
n Un
k=1 k=1
Urax, P{w: 7, (w) — 0} = 1, n.e. 7, ——= 0 upn n — 00, 94T0 U Tpe-
00BaJIOCH JI0Ka3aThL. M
S3ameuanune. Ouenka 0, mapamerpa 6, IOCTpOEHHAS 110 HAOJIIOIEHNU-

s {Y1, Y2, - -, Yn }, HASHIBACTCS CUADHO COCTNOAMENLHOT, ecn 0, —— 0
npu n — co. Ilpeaprymuii TpuMep MOKa3bIBAET, YTO BHIGOPOYHOE CPEJI-
Hee Gy, ABISETCA CUIBHO COCTOATEIBHON OIEHKOI MATEMATHIECKOTO OZKH-
JIAHUA a.

Tosenenwe KBagpaTHIHO-THTErpUpyeMoro mapruaraia X = {X,, Fn}
B 3HAYUTEJILHON CTENEHH ONPEJEJIAETCs ero KBaJpaTHIecKoil XapaKTepH-
crukoii (kommencaropom) (X), .

O6osmaunm wepes {(X), = oo} cobbiTHe, cocTosimee B TOM, dTO
HeyObIBaloIasl IIOC/Ie10BaTeIbHOCTD (X ), He OrpaHHYeHa.

Teopewma 7.3. Hycmv X = {X,,,F,} — weadpamuuno-unmezpupye-
mouth mapmunean u (X) = {(X),, Fo1} — e20 xeadpamuueckasn xapax-
mepucmuka. Ecau P{(X)_ = oo} =1, mo

Xn

LN npu n — 00
(X)

n
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Cremyroiue TpPUMeEpPhI MMOKA3BIBAIOT MPUMEHEHUE ITOTO PE3yIbTaTa,
B 33/1a9aX OIEHUBAHUST HEM3BECTHBIX MapaMETPOB MojIeel HabIIoneHNs.

Mpumep 7.15. Ilycrs {x} — ducnoBas mocie0BaTENbLHOCTD, &
yp = +eg, k=1,2,...,n,
rae {ep} — HesaBUCHMBIE EHTPUPOBAHHBIE OMMOKW HAGIIOMEHNH ¢ amc-
nepcueit D{e;} = 02. JlokasaTh, 4TO OleHKa TlapaMeTpa ), TOCTpOeHHAS

no memody naumenvwux readpamos (MHK-ornenka), sBISETCS CHIBHO
COCTOSITENILHOI IIPU yCIIOBUH

0o
St =
k=1

Pemenue. Haiinem oipaxkenue qiugs MHK-ouenku 6,,, mocrpoennoi
o mabmogenuaM {yi1, ..., Yn}:

I~ _ . " _ 2 — .
6, = arg min kgl(yk xp0)* = arg min L(6).

Haiizem 6, u3 ycaosus L) _ 0, e Zn: g (yr — x10) =
n 70 ; T. €. k(Yk — Tk

~

1 n n
n=d—z Ty, tae dp = ;.

W3 mocoeuaero BhIpaskeHUs CIeayeT

-~

1 & 1 & ~
n_d_z ka—l—sk): d—z TRer = 0 + AG,,.

-~ II.H.
Takum 06pa3oM, HaAM JOCTATOYHO MOKA3aTh, 4To Af, — 0.
n

Ecm X, = TreR, TO ¢ yaerom M{er} = 0 MBI 3aka09aeM, 4TO
) y b)

k=1
{Xn, Fpn} — maprusran, tae F, = o{e1, ...,,}, IPUUEM B CHILY IpUMe-
n
pa 7.8 (X), = 3 D{ape} = 0?d,. Hosromy (X)), Iy oo mprn — oo,
k=1
ecin d,, — 0o. Torya B cury Teopemst 7.3 nveem A, = o> ( X; LN

-~ II.H.
mpu n — 0o. Takum obpasom, 0, — 6 pu n — 0o, 4T0 1 TPeGOBATIOCH
JIOKa3aTh. M
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B zaksodyenne paccMOTPHEM 3aJady OINCHUBAHUS HEM3BECTHOTO Mapa-
MeTpa B Pa3HOCTHOM CTOXACTHYECKOM ypaBHEHHHU (3a]ady HapameTphye-
CKOll MIeHTHDUKATINE MOJIEIH CJIy4aifHOTO MPOIECca).

Ilpumep 7.16. Ilycts caywaitnas mocsaenosaTeabroCTh { X, n > 0}
VIOBJIETBOPAET YPaBHEHNIO aBTOPETPECCHU IEePBOro HOPSIKA

Xn+1 =0X, + €n+17 n 20, Xo =0,

rae {&,} — He3aBHUCHMBIE IEHTPUPOBAHHBIE CIyYalHble BEJMYUHBI, Ta-
_ 4
kue, uro D{{,} =D, > D >0, Dyy1/D,, < K, M{fn} < Kj, a6 —
HEU3BECTHBIN HecaydailHblil napamerp. JlokasaTh, 4To onenka 6, Merozna
B3BEIIIEHHBIX HAMMEHBINUX KBaJ[PATOB sIBJISIETCS] CHJIBHO COCTOSITEJILHOIA.
Pemenue. PaccmorpuMm OleHKY MeTO/a B3BEMIEHHBIX HAWMEHBIITHX
KBaJ[PATOB, KOTOpasl CTPOUTCS ciemyroimuM obpasom. Jljisi 3amaHHOTO
Habopa Habmomernit {Xo, ..., X,} onenka 6, Bbibupaercst Tak, 4TOOHI
MWHAMHU3UPOBATH CyMMY HOPMUPOBAHHBIX KBaJPATUIECKUX OTKIOHEHUH,
a MUMEHHO:
Yy Xk 1— OXk
0, = arg mln Z (‘F—)
Dt
IIpeobpa3oBanusi, aHAJIOTUIHBIE TIPUBEIEHHBIM BbITE B IpuMepe 7.15,
AT CIEYIONUNA Pe3yIbTaT:

-1
} nz:l X Xpt1

{Z Dr41

Dk+1

JlaHHy10 OLIEHKY MOKHO 3allicaTh B BUJIE 0, =60+ M, / (M), , tme

Xk§k+1
M, , 7.12
Z Dios (7.12)
n—1 XI?
M) = —_— .
(M), kZ Do (7.13)
=0
ITycts o-anrebpa F,, mopoxmaena nabmomerusym { Xo, ..., X, }, Torma
M{ M1 | Fo) = M{M + Zobntr fn} _ -
n+1

r.e. {M,,F,} — maprunraia. Herpyano nokasars, uro (M), — KBajapa-
THYIeCKasi XapaKTePUCTHKA yKA3aHHOTO MapTHHTaNa (CM. 3agady 12).
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Hoxazkem Tenepb pacxogumocts (P-m.n.) nociemosarensuocru (M), :

ii:w(Xk—eXk—l)2<2{oo +9200X1§—1}:

k=1 k k=1 Dy k=1 D k=1 Dy
Dyt r X:f 02 2 o Xi
=2 . 2 (K +6%)
{Z Dy, Dk+1 Z Dk+1 2 (K Z Dk+1
o) 2
ITosTomy u3 pacxomumocts (P-m.u.) paga > D_kk CIIeflyeT, YTO C BEPOSIT-
k=
HOoCThIO 1 BRIMOMHEHO (M) = k=0
.= 5 o8
2 M é‘ K
IIycrs ny = é—kk, rorza M{n.} =1, M{n?} = ézk} < Dz <
1 n
OTcrofa ¢ yd4eToM pesyabTaTa IpuMepa 7.14 Tomydaem ~ S =
k=1
1 n 52 0o
=5 2k B npu n — oo, ‘{TOBJIe‘{eTP{Z }:
n h=1 Dk

Urak, P{(M)_ = oo} = 1, mosromy 1o Teopen;e 7.3

~ M,

On—0=<M> LN mpu 1 — 00,

n

9TO W O3HAYAET CUJIBLHYIO COCTOSATEIHHOCTD OIEHKHU §n

Bamernm, uro eciu {&,} OAMHAKOBO PACIpEENEHBI, TO JOCTATOYHO
norpebosats Tonbko D{{,} = D > 0. Ecim xe {§,} — rayccoBckas mo-
CIIEJIOBATEIBHOCTD, TO OCTAeTCs Juib ycaosue Dyy1/Dy < Ki, Tak Kak

M{n,zc} =3 n

7.4. 3amaum OJ1 CaMOCTOSITEJIBHOTO PelIeHUd.
1. IIycrs & u 17 — He3aBUCUMBIE U OAMHAKOBO PACIPEJEJICHHBIE CJIyIaiiHbIe
seamanasl ¢ M{|¢|} < oco. ITokasars, 4To

M{€ |€+n} =M{n [€+0) =27 (P,

VY kas3aHue. Bocnonb30BaThCs OIpeesIeHHEM YCIOBHOTO MATEMATHIECKOTO
OXKUJTAHUS.

2. [lycrs caygaiiable BEKTOPHL T, U, ¥ IMEIOT COBMECTHOE F'ayCCOBCKOE HEBBI-
POXK/JIeHHOe paclipejieieHre, IpUuYeM © U v — He3aBUCHUMBIL. JloKa3aThb, ITo

M{z | u,v} = M{z | u} + M{z | v} — M{z}.
VY kasanue. Bocnosib3oBaTbcs TeOpeMoil 0 HOPMAJIbLHON KOPPeJsUH.

10 B.M. Munnep u A.P.Ilaukos
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3. Iycrs {Xn, Fn} — mapruaran. Jokaszars, uro i maoboro m > 1 cupa-
Bemneo M{ X, | Fn} = X, (P-mL.u.).

VYkaszanune. [lokazars, uro M{X,i1m | Fn} = M{Xntm-1 | Fn}, u BOC-
MOJTb30BATHCA METOJOM MATEMATHIECKON WHIYKI[AH.

4. Tlycts {&n, n > 0} — rayccosckas CII ¢ napamerpamu me(n) u Re(n,m).
ITycrs takxke v, = {Re¢(0,1),...,R:(0,n)}, a V;, — Marpuna ¢ sjiemeHTaMu
Re(4,7), 1,5 =1, ..., n. TokazaTh, 9TO MOCIEIOBATEIHHOCTD

Tn :m§(0)+vnvn_1(€n _m?)7 n> ]-7

roe & ={&, ..., }", mg = {me(1), ..., me(n)}”, oGpasyer MapTHHIaT OTHO-
CHTEJIbHO NOTOKa o-aurebp F, = o{&1, ..., &n

VYkazaunue. Bocrmonap3oBarbcs TeOpeMoil O HOPMAJIbHOM KOPPEJSIUU U
pesyabTaToM Tpumepa 7.4.

5. Ilycrs {£x } — uenTpupoBaHHbIil Gesblil myM, a {ny } — takas CII, uro npu
Kaxk oM k > 1 coBokynHOCTH CitydaiiHeix Beawaut {n1, ..., Mk} 4 {€k, Ept1, --- }
HezaBucuMBbL. Jlokasarh, uro eciu M{|nipék|} < 0o, TO mocsemoBaTenbHOCTH

n
Gn = > M€k, n > 1 aBisieTcst MAPTHHTAIOM.
k=1
6. BoiBectu coorHomenust (7.6)—(7.8) 1 KBaApaTHIHO-UHTEPUPYEMOTO
maprunraiga {X,, F,}.
7. B npumepe 7.8 BbiBecTH cooTHOmEHHE (7.9) il KBaAPATUIECKON XapaK-
TEPUCTUKHU ¢ UcHosnb3oBanueM (7.6).
8. O6bsICHUTDH, [I0YEMY Pa3HOCTh MAaPKOBCKUX MOMEHTOB, BOOOIE IOBODS,
MapKOBCKHM MOMEHTOM HE SIBJISIETCSI.
9. Jlokasars ToxAecTBo Basabna must jgucnepcuii (coorHomenue (7.11)
B npumepe 7.12).
10. IIycrs {&1,&2, ...} — HOCIEAOBATEIHHOCTH HE3ABUCHMBIX OJUHAKOBO
pacipesie/leHHBIX Ciaydaiiubix Beauand ¢ P{{ =0} = P{§ =2} = 1/2. Tlo-
n

Ka3aTh, 9YTO MMOCJIEIOBATEIbHOCTD X, = H & ABASETCS MAPTUHTAJIOM OTHOCH-
i=1
TeJIBHO NOTOKa o-aarebp Fp, = o{{1, ...,&} u cxomurcs (P-1LH.) K KOHEYHOI
CJIydaiiHOl BeJIMduHe.
VYkaszanue. [lokazars, uro {X,} CX0AUTCA K HYJIIO ¢ BEPOATHOCTHIO 1.

11. ITycrs HesaBucuMble cirydvaiinble Beauaussl {£1, &2, ... } HMEIOT pacipe-

nenenne P{&, =1} =P{{, = -1} = 2%, P{{n =0} =1 — —.. Tloka3sars,
m

m2
9TO MOCIEI0BATEIbHOCTh X, = Z &m cxomures (P-mu.).
m=1
12. JTokazars, 9to (7.13) siBisieTcs KBAPATUIECKON XapaK TePUCTUKOI Map-
TuHrana (7.12).

13. ITycTn §n — Cc.K.-onTuMajbHad oneHka miga CB 6 mo nabaogeHu-
am {1, ..., &}, M{|9|2} < 00. JIoKasaTh, 9TO ecid On —— 6, To TakXKe U

~ II.H.
0, — 0 ipu n — co.

Vkaszanune. [lokasarsh, 910 6, — KBaJpaTHYHO-UHTETPUPYEMbIii MaPTHH-
raji orHOCHTENbHO FS = 0{&1, ..., En}.



FrTABA III

CJIIYUYAMHBIE ®YHKIINN

B pmannoii rimaBe 6yyT M3ydaThCs CiydailHbIE IPOIECCH C HEITPEPHIB-
HBIM BPEMEHEM, KOTODbIE OOBIYHO HA3BIBAIOT CIyJYalHBIMEU (DYHKIUSIMHU.
B mannreitmem 1y1a obo3HadMeHMs CaydaiHol MYyHKINNT OyIeM UCIOIb30-
Barh cokpaineane CO.

§ 8. DurleMeHTHI aHAJIN3A CJOydalHbIX PYHKIAN

8.1. HempepbIBHOCTb cay4dalHbIX yHKIui. [lycrs ciayvaiiabiit
nponecc £(t) onpeneneH Ha HEKOTOPOM CBS3HOM INOJAMHOXKeCTBE 1 meii-
crBuTEbHOM ocu R', T.e. siBisieTcsl mPOIECCOM € HEMPEPLIBHBIM BpeMe-
meMm. Takwe mporiecchl fajiee OyneM HA3BIBATH CAYUGUHBMU GYHKUUIL-
mu (CD). B nannom maparpade TakzKe BCIOLY MPEIIIONAraeTCsl, ITO s
moboro ¢ € T semonneno M{|¢(t)|?} < co. OueBnano, 4To B 3TOM CiIydae
CYLIECTBYIOT M KOHEYHBI MaTeMaTHUeCKOe OoXupanue me(t), Aucrmepcus
D¢ (t) u xoBapuanmonnas gyuxuus Re(t,7) upu seex ¢,7 € T. Ilo ymon-
qarmio 6ymeM Takxke cautarh, 9To CDO £(t) — BemecTBeHHAS.

Ounpegenenune 8.1. Cayuaitnas BeJUINHA 7] HA3BIBAETCS CPeIHEKBA-
dpamuueckum (c.x.) npedesom CO £(t) B Touke tog € T, ecan

M{|§(t)—n|2}—>0 opu  t — tg.

VkasaHHBIN BU cxonuMocTH Gy ieM fasee 06o3HavaTh &(t) RSN 7) IIpU

t—ty mm n = lt.i.Igl. £(t), a caywaiitayo Benmmammy 7 GyJieM Ha3BIBATH
—to
c.k.-pepesoM §(t) upu t — to.

Onpenenenne 8.2. Caywaitnas bynkuus {£(t), t € T} maswiBaer-
csi Henpepuisnot 8 cpednersadpamuseckom cmvicae (c.K.-Henpepueroti)
B TouKe to € T, ecam £(t) —~ &(to) mpu ¢ — to.

Onpegenenne 8.3. Cayuaitnaa dynxuua {£(t), t € T} naspiBaerca

c.x.-nenpepwieroti na T, ecin OHa C.K.-HEIPEPBHIBHA B KaXKJO#l TOUKe
toeT.

10*
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Iycrs {£(t,w), t € T} — mekoropas tpaektopua CD £(t). Kak mo-
Ka3bIBAIOT PACCMOTPEHHbBIE JaJiee IPUMeDbI, U3 Toro, 410 &(t) c.K.-Hempe-
poiBHA Ha T', B 001I[EM CIydae He CIIELYEeT, 9TO BCE WU TIOYTH BCe (DyHKIUN
&(t,w) ABAAIOTCA HEIPEPHIBHBIMHU.

Onpegenenue 8.4. Cayuaiinas (DYyHKIUS HA3BIBAETCA HENPEPHIG-
noti na T, ecim P{w: £(¢,w) — menpepwisras na T dbynkuus } = 1.

U3 oupenenenus 8.4 cjemyer, 9TO MOYTH BCE TPACKTOPUHU HEIPEPHIB-
Hoit C® £(t) ABAAIOTCS HEMPEPHIBHBIMHE (B OOBITHOM CMBICITE) (DYHKITHSIMY.
O4eBUIHO, YTO I KaxKa0ro tg € T

P{w: {(t,w) = &(to,w), t > to} =1,

T. e. HenpepbiHast CP £(t) mua kaxgoro tg € T nowmu naseproe (n.H.)
cxomurea x E(tog) mpm t — to. CooTBeTcTByIOmMit BA cXommMocTH Oy-

nem obosmadarh £(t) —s £(tg), t — to. Taxum 06pasoM, HempepHIBHAS
CD £(t) siBsieTcst TAKIXKe NOYMU HABEPHOE HENPEPHIEHOT, B KaXKIOH TOUKe
to € T. 3aMeTHM, OJTHAKO, YTO W3 I.H.-HermpepbiBHOCTH &(t) Ha T B 06IIEM
ciydae He CJIeIlyeT ee HelPEPBIBHOCTD, T. €. HEIIPEPBIBHOCTH MIOYTH BCEX €€
TPaeKTOpUii.

PaccMorpenre pasiudHBIX BUIOB HEIPEPBIBHOCTH CIIYYalHBIX (DYHK-
Iuil BBI3BAHO HAJWYUEM PA3JIUIHBIX BHUIOB CXOIUMOCTHU MOCIEIOBATENb-
HOCTEl caydaiinbix Beaudwa. Kpome Toro, st pa3iudHbIX BUIOB HEIpe-
peiBHOCTH (a TakXke auddepeHIupyeMoCT, UHTErPUPYEMOCTH U T. JI.)
WMEIOTCSI COOTBETCTBYIONNE KPUTEPUH, TTO3BOJISIIOINIAE YCTAHOBUTD HEIIPe-
PBIBHOCTH Cirydaitaoii pyHkuu. J1jis c.K.-HEIPEPhIBHOCTH COOTBETCTBY IO~
Muit KpUTEPpUH ABJIAE€TCA BeCbMa IIPOCTBIM.

Teopewma 8.1. Jas c.k.-nenpepusrocmu cayuatinot, gynryuu &(t)
6 mouke tg € T neobxodumo u docmamouro, wmobv. me(t) Gviao Henpe-
pusro 6 mouke to, a Re(t,T) nenpepwsna ¢ mouke (to,to).

3ameTnM cpasy, UTo W3 C.K.-HempephiBHOCTH &(t) B cmiry Teopembr 8.1
caenyer, uro gucnepcus Dg(t) = Re(t,t) — menpepsiBHas dyHKIus.

Takum o6pasoM, st WCCIeOBaHWs C.K.-HempepbiBHOCTH CD (1)
JOCTATOYHO MCCIEIOBATH HEMPEPBIBHOCTH €6 MOMEHTHBIX XapaKTEePUCTHK
IEPBOTO ¥ BTOPOTO ITIOPSIJIKA, UTO MOXKHO CEJIATh, UCIIOJIb3Ysl CTAHIAPT-
HbIE METO/Ibl MATEMATHIECKOTO aHAJIU3A.

IMpumep 8.1. Cayuaitnas dyskus £(t) 3a1aHa COOTHOIIEHUEM

) = Zn: Vipr(t), teT, (8.1)

rae {Vi} mpencrasisitor co6oil HEKOpPeIUPOBAHHbIE CILydYaliHble BEJIHYIH-
ub1 ¢ mapamerpamu M{Vi} = my, D{V;} = Dy, a {pr(t)} — menpepnis-
uble Ha T Hecayuaitable dyrkiuun. Uccaenosars £(t) Ha HEMPEPHIBHOCTD.

Pemen I/Ie 3amernm, uro B cuiry (8.1) mpw KaxKoM w € § BHITIOTHE-

HO &(t,w) Z Vie(w)or(t), tme P{w: Vi(w) < 0o} = 1. Takum o6pasom,
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&(t,w) — MHeltHAas KOMOUHAIST HEMPEPHIBHBIX (DYHKIWI C T1.H.-KOHETHBI-
mu kosbdummenramm. Cremosarensro, P{w: £(t,w) menpeprsral = 1,
T.e. CO £(t) HempepbIBHA.

Jljist mccieioBatus C.K.~-HeIpephIBHOCTH HadigeM mg(t) u Re(t, 7). Ode-
BUIHO, YTO

me(t) = 3 mig(t),
k=1

Re(t,7) = kg l_ilcov{vk, Vi) ox(t)gr(r) = kg Dior(t)o(r),

Tak Kak mo ycaosmio cov{Vy, Vi} = 0 mpum k # [. Orcioma BBITEKaeT, 9TO
me(t) u Re(t, 7) menpepoiBabl Ha T u T X T COOTBETCTBEHHO H, CAEI0BA-
TenbHO, £(t) c.K.-HempephiBHA Ha T. W

3aMeTuM, 4TO B JAHHOM NpUMepe HOHATHE C.K.-HelPePLIBHOCTH WU
HENPEPBIBHOCTH COBIAMAIOT. PaccMoTpuMm Temeph cay4ail, xorma &(t)
B HEKOTOPOil Touke tg € T ABiseTcs pa3pBHIBHOW KaK MOYTH HABEPHOE,
TaK U B CPEIHEM KBaJIPATHIECKOM.

IIpumep 8.2. CD £(t) samama ma T = [0, 1] cremyromum ob6pasom:

Vi, ecwm t<1/2,
) =
Vo, ecmm t>1/2,

rae Vi u Vo — He3aBUCHMbIE OJMHAKOBO DACIPEJIETIeHHbIE CIyvailHbIe
BEJIMYHHBL CO cpesHuM m u aucuepcmeit D > 0. UccnenoBars Hempepsis-
HocTh &(t) B Touke to = 1/2.

Pemenwne. na Beakoro w € Q semonueno &(¢,w) — Vi(w) npn
t—=to—0 u &(t,w) = Va(w) mpu t — to+ 0. B cuny HesaBucuMmocTn
{V1, Va} n ycaosuss D > 0 umeem: P{w: V;(w) # Va(w)} > 0 u, cuemno-
BATEJBHO,

P{w: £(t,w) = &(to,w) mpu t — o} < 1.

Taxnm obpasom, £(t) He sSBIsIETCS T.H.-HEMPEPHIBHON B TOUKe to = 1/2.
Teneps uccenyeM c.K.-HenpepbiBHOCTS &(t) Ha T

( M{Vi}, ecm t<1/2,
mel) = UMV}, e £31)2,

nosromy me(t) =m, tak kaxk M{Vi} = M{V2} = m no ycnosuo. Cie-
noBaTesbHO, me(t) menpepsiBaa Ha T'. Haiiem Tenepb KOBapHalMOHHYTO
dbynxumo Re(t, 7). Ecaim max(t,7) < 1/2, o

Re(t,7) = cov{{(t),&(1)} = cov{V;,Vi} = D.

Ananoruano, Re(t,7) =D npu min(¢,7) > 1/2. Ecim xe t <1/2 < 7,
10 Re(t,7) = cov{V;, Va} = 0. Orcrona nomygaem, uro Re(t, 7) — D npu
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t, T — tg Tak, uro t,7 < tg mam t,T > tg. Ecim xe t,7 — ty Tak, UTO
t <tg,aT >ty 10 Re(t,7) = 0. C yaerom D > 0 momydaem, aro Re(t,T)
paspbiBHa B Touke (fo,tp). Urak, £(t) He sBJsETCH C.K.-HENPEPBIBHOI
B Touke to = 1/2.

Bamernm, uro ecim Vi u Vo takoBel, uro P{V; =V2} =0, 1o
mourm Bee Tpaekropmm &(t,w) TepmAT paspeiB B Touke to = 1/2.
Ecrm xe P{Vi; =V} =a >0, T0 ¢ BEpOATHOCTHIO ( TPAEKTOPUH
&(t,w) 6Gymyr menpepmiBEbIME. Hampumep, ecom P{V; =1} =p >0,
a P{Vi=0}=1-p, o P{V; =Va} =p*+ (1 —p)* =a > 0. Orciona
P{w: ¢(t,w) menpepeiBHA} = > 0. W

Tokarkem Tenepb, aro CO £(t) MOKET GBITH C.K.-HETPEPHIBHON Jaske
B Cilydae, KOTJa HOYTH BCe ee TPACKTOPUHU Pa3PBIBHLL

Ipumep 8.3. Ilycts C® £(t) onpenmenena ma T = [0, 1] coemytomm

obpazom:
Vi, ecm t <,
&0 = {

Vo, ectm t>r

rje T — caydaitHasi BeJIMUNHA, PABHOMEPHO pacupesesnennas Ha T = [0, 1],
Vi u Vo — rayccosckue CB ¢ oqHAKOBBIMY CPEIHUMU M U [IUCIEPCUSIMU
D > 0. Cayuaaitasie Beauuuasl r, V4 u V5, HE3aBUCHUMBI B COBOKYITHOCTH.
Hoxkazats, uro CO {(t) c.k.-HempepbiBHA Ha [0,1], X0oTsi mo4TH BCe ee
TPAeKTOPUH Pa3PHIBHBIL.

Pemenue. [na seraucienus mg(t) BBeZEM ABE BEPOSTHOCTHBIX
TUIIOTESHI:

le{t<’l“} n ng{t>'l“}

ITo ycnosuio P{H;} =1—t u P{Hy} =t.
Mo dopmysne mnommoro mareMarmdeckoro oxuganusa (cm. 1. 14.5)
nMeeM

me(t) = M{¢(t)} = P{H1} M{{(¢) | Hi} + P{H2} M{{(?) | H2} =
=1-t)M{Vi}+tM{Va}=(1—-t)m+tm=m.
Takum obpasom, dyukius me(t) venpepsiBua Ha 1.
Ob6o3Hayum 71 = max(tl,tg), Ty = min(tl, tg) U PacCMOTPHUM ClIeyIo-
1€ THIIOTE3hI:
Hy={n<r}, Hy={m>r}, Hsy={m <r<m}
Tlo ycmosuto P{H1} =1 — 71, P{H2} =7, P{H3} =11 — 72 = |t1 — 2.

Beruncinm Tenepb KoBapualuonHyo dyHkumio Re(ti, ta):

Re(t1,ta) = ZP{Hk}M{gtl z:2 | Hi}.
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Ona k=1,2 nmeem M{f (t1)¢ tz |Hk} M{Vka} D. Ecom xe
k=3, o0 M{§ t1)& tg |H3} M{V1 Vg} = 0 1o ycyiouio. Utaxk,

R&(tl,tz) = (1—T1)D+T2D=D(].— (Tl —Tg)) = D(]. - |t1 —t2|).

Orciona Re(ti,t2) — D = Re(t,t) npu tq,t; — t nas Beskoro ¢ € T. Ta-
KuM 00paszoM, £(t) c.K.-HenpepbiBHa Beroay Ha T

Tlokaxkem Temepb, uro mourn Bee Tpaekropunm CO £(t) pasphbiBHBL
Urak, ecim 0 < r(w) < 1 maa mekoroporo w € €, To B Touke ¢ = r(w) Tpa-
exropust &(t,w) u3mensier cpoe 3HadeHue ¢ Vi(w) Ha Va(w). Ilo ycaosuio
P{w: 0<r(w) <1} =1u P{w: Vi(w) # Va(w)} = 1. ITosromy

P{w: &(t1,w) # &(t2,w) poa t1 < r(w) < t2} =1,

9TO O3HAYAET PAa3PLIBHOCTH TpaekTopwuii &(t) ¢ BeposTHOCTHIO 1. W

ITycrs Teneps £(t) € RP npu xaxaom ¢ € T, rae p > 1. B srom ciywae
&(t) maspBaercst p-mephoti caywatinot Pyrryued.

Onpemenenne 85. p-mepmags CD {{(¢), t€ T} wnaswmBaercs
c.k.-nenpepvienot, B Touke to € T (Ha T), ecam Bce ee KOMIIOHEHTHI
{&(t), k=1, ...,p} c.k.-HenpepuIBHBI B ToukKe tg € T (wa T').

Mpumep 8.4. Iycts A = {A1, ..., Ap}* € RP — necayuaiinerii Bek-
Top, a &(t) — C.K.—HereprBHaH p-meprag CO. [Tokazars, 9To Cirydaiinas

dyukiusa n(t) = A*E(t) Z Akér(t) c.x.-HempepbiBHa Ha T'.

Pemenne. @ynkmus my(t) = Z Army(t) sHenpepsiBHa Ha T, Kak

JMHeiHAasT KOMOMHAnUsl HempepbIBHBIX byHKmnit my(t) = M{&(¢)}. Uc-
CilejlyeM Telepb HENPEPHIBHOCTH KOBapUanuoHHOH dyHKimu R, (t,7) =

P D

= > > MNRu(t,7), tme Rp(t,7) =cov{(t),& (1)} U3 memmbr
k=11=1

Jlossa (cu. 1. 14.4) caemyer, aro ecmn & (1) —== & (to), &1(T) —2o5 &(to)

upu t, 7 — tg, TO

Ry (t,7) = cov{&k(t), &(7)} — cov{&k(to), &i(to)} = Riu(to, to)-

Takum obpasom, pyukiuu Ry (t,T) HenpepbIBHLL B IPOU3BOJIBHON TOUKe
(to, to) m, crenoBaremsro, R, (t, T), Kak auHeiiHas KOMOMHAIIHS HETPEPHIB-
HbIX (DyHKIOMH, TaK¥Ke HelpephiBHA. Ternepb u3 Teopembl 8.1 cieyer, 4To
n(t) c.k.-HenpepbiBHa Ha 1. W

3aMmeuanue. 3amerum, uro ecau B npumepe 8.4 CP & (t) mempe-
PBIBHBL, TO 7)(t) Takke HeIpepbIBHA, IOCKOIbKY BCE ee TpaeKTopI/m CyTh

JIMHeHHble KOMOMHAMI HENPePHIBHBIX hyHKmuit: 1)(t, w) Z Ak (8, w)
k=1
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HeiicrBuTenbHoO,

P
P{w: n(t,w) wenpepnBHa} = P{ () {w: &(t,w) HereprBHa}} =1,
k=1

4ro 1 o3HadaeT HenpepbiBHOCTH CD 7)(t).

B zaksrouenme JaHHOrO IyHKTa PACCMOTPHM OJHO yTBEPXKIEHUE, MO~
3BONIATONIEE CYIUTH O HENPepBIBHOCTH TpaekTopwmit {(t). lmst aToro mam
OHAIOBUTCS CIIe yrolee onpe/enenne (cM. Takxke 1. 1.3).

Ounpenenenue 8.6. Cuyuaiinsie dbyuxmuu £(t) u n(t) nassBaTCs
cmozacmudecky sxeusasernmusmu Ha T, ecan

P{w: {(t,w) #n(t,w)} =0 VteT.

Moo moKa3aTh, UTO cToxacTwdecKu 3KBuBasieHTHbIE CO wmMeror
OJIHM U T€ K€ KOHEYHOMEPHLIE PaCIpeIeJeHusl U, CIeJ0BATEJLHO, BCE MX
BEPOSITHOCTHBIE XapaKTEPUCTUKU COBIaaaoT (cM. 1. 1.3).

Teopewma 8.2 (Konmoropos). ITycmwv &(t) — cayuatinas dynryus,
NPUHUMAOULAR HUCAOEbIE 3HAUEHUA U 3adannar Ha ompeske T = [a,b).
Ecau cywecmeyrom nososcumenvrvie kowemarmos K, « u 3, maxue, wmo
Oas scex t, 7 €T

M{J¢(t) — £(7)[*} < K[t — 77,
mo natidemcsa nenpepuenaa cayuatinas dynwyus £(t), cmoxacmuuecku
axeusanenmnas E(t).

O6BIYHO HA TPAKTHKE CTOXACTHYECKH SKBUBAJEHTHBIE CITydaiiHBIE
byHKIIH OTOXK IECTBIISIOT, T. €. TIO/[PA3YMEBACTCs], HAIPUMED, YTO BMECTO
£(t) B pacuerax ucnosbsyerca ee Henpepuishas modupurayus &(t) (ecan,
KOHEYHO, TTOCIIE THsIS CYIECTBYET).

IIpumep 8.5. Ilycrs () — rayccockas CP, takasi, aro me(t) = 0
u M{[£(t) — &(7)*} = At — 7| mas Beex t,7 € T = [0, 1]. Tlokazars, uTo
£(t) mMeeT HempepBIBHYIO MOA(DUKAITHIO.

Pemenwne. Ilycrs n = () — &(7). B cuny rayccoBocru £(t) caydvaii-
Hasl BEJIMYMHA 1) TAKIKE sIBJISIETCS TayccoBCKoii, nmpudaem M{n} = me(t) —
—me(t) =0, a D{n} = M{|£(t) — &(7)|?} = Alt — 7| = D,,. Ussecro,
YTO JIJIsl IEHTPUPOBAHHOM rayCCOBCKOM BEJIMIMHbI CIPABEJIABO PABEHCTEO
M{n*} = 3D2. Hosromy M{n*} = M{[¢(t) — &(7)|*} = 3D2 = 3X\%|t —
— 7|2, Ecqn monoxuts o = 4, B =1u K = 32, ro M{[£(t) — &(7)|*} =
= K|t — 7|**# u Tpebyemoe yTBepiKIeHme CileyeT U3 Teopembl 8.2. W

Samerum, uro B ycioBusax npumepa 8.5 CD £(t) takxke spisercd
C.K.-HETIPEPBIBHOM, TaK KaK t11_r>171_ M{[£(t) — &(r)*} = /\}H}I}' [t—7| =0, Te.
£(t) =55 ¢(r), t — 7 nas moboro 7 € T. Bosee TOTo, ecin B yCIO0BHSX

rTeopeMsl 8.2 morpeboBaTh, 4To0bl @ > 2, To CP {(t) Oyaer ogHOBPEMEHHO
C.K.-HEIIPEPBIBHON U IIOTPACKTOPHO HEIIPEPBIBHOM.
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8.2. TuddepenmnupoBanue ciaydaitHbix oyukimii. lxa CP mo-
HaATHE MUBDGEPEHIMPYEMOCTH W, CIIEJOBATENBLHO, MPOU3BOIHON MOXKHO
BBECTHU pa3IMYHLIMU criocobaMu. Mbl Gy1eM paccMaTpuBaTh TPOU3BOIHBIE
JBYX BHJOB: IPOM3BOAHYIO B CPEJHEM KBaJ[PATHYECKOM (C.K.-IPOU3BOJI-
HYIO) ¥ MOTPAEKTOPHYIO IPOU3BOIHYO.

IIycrs £(t) — runbbeproBa C®, onpeneseHHas Ha OTKPBITOM HHTEP-
sase T C R!| nmeromas cpennee me(t) u KoBapuamuoHHYIO (QyHKITHIO
R (t,s). )

Onpegenenne 8.7. Coyuaiinas Besmunna &(tg) HasbBaeTCst
c.x.-npouseodroti caydvaiinoit yukuuu £(t) B Touke to € T, eciu

f(to +h)— g(to) C.K.
h

£(to) mpm h— 0. (8.2)

Ecnm ykasammbiii c.x.-mpemen cymectByer, To C® £(t) maswmBaercs
c.x.-Quddepernyupyemoti B TOUKe tg.

Ecam £(t) c.x.-muddepennnpyema B kaxkaoit Touke t € T, To Gymem
roBopuTh, 410 {(t) c.%.-dudpepernyupyema rna T', a cemeiicTBO CydaitHbIX

sesnmunt {£(t), t € T} Gyaem HaswbiBaTh c.k.-npoussodrot CP® £(t) na T.

Teopema 83. Jaa mozo wmobu caywatinas dynryua £(t) Ovaa

c.k.-Quppepenyupyemot. 6 mouke tg € T, neobxrodumo u docmamouno,
dmg(t)

YmobbL CYWECMB0BAAU NPOU3BOdHaAA ——— 8 mouke tg U 0bobueHHaA

dt
82 Rg (t, T)

CMEWAHHAA NPOU3BOIHAR 8MOPO20 NOPAJKA 6 mouke (to,to).

otor
3aMmeuanue. O600mEeHHas TPON3BOIHAS OIPENEITETC KAk
82R§(t T) . 1
g fe\L,7) — lim — _
P07 |y, moo hE [Re(to + hoto +0)

— Re(to + h,to) — Re(to, to + 6) + Re(to, to)].

JlocTaTOYHBIM YCJIOBUEM CYIIECTBOBaHUsI OOODIIEHHONW CMeImaHHOM
MIPOM3BO/IHOMN SIBJISIETCS HEIIPEPBIBHOCTD XOTS OBl OTHOM M3 YaCTHBIX IIPO-

.0 (ORe(t,T)\ O (ORe(t,7)
U3BOHBIX: 8t< 5y ' 9 o .

Ecan £(t) mudbdepenuupyema ua T', TO ee €.K.-IPOU3BOAHAS ¢ (t) umeer
MaTeMaTHYecKoe OXKUIaHHIe mé(t) ¥ KOBapHaluoHHyIo (hyHKITHIO Ré(t, 7),
ompeesisieMbie (POPMyTaMu

me(®) = Mst), Rytr)= TP ), (8.3)

IIpumep 8.6. Ilycts nenrpuposannaa C® &(t) mmeeT KoBapUaTOH-
Hyto GynKnuio Re(t,7) = Qe_a(t_")z, e a > 0. Beraucaurs aucnepcuio

Dg(t) ee c.x.-pomssonmoit &(t).
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Pemenne. Ilockombky me(t) =0, a Re(t,7) beckoneuno mudde-
pernupyema, C® £(t) c.x.-muddepennupyema B cury Teopemsbr 8.3. st
naxoxenus Rg(t, ) Bocnonbsyemcsa dpopmyiroit (8.3):

8]35 _ —o¢(t—7‘)2
5 (t,7) =4a(t —71)e .
CempoBaTebHO,
) 0 [OR: ] _ 2\ —a(t—7)?
Re(t,7) = o { 5y (t,7)| =4a(l — 2a(t —1)%)e )

u nucnepens §(t) seraucisercs no dopmyse Dg(t) = Re(t,t) =4o. m

Kpurepnit c.x.-muddepeHnmpyeMocTr BeCbMa JIETKO TTPOBEPSEM H TT0-
3BOJISIET TAKYKE OIPEIETUTh MATEMaTHIECKOe OXKUJaHUEe W KOBAPUAIMOH-
HYI0 (DYHKIOUIO C.K.-IPOU3BOAHON. K COXaJeHWIO, SBHBIA BUJ C.K.-TIPO-
M3BOJHON B OOIIEM Ciydae, UCIIONb3ysl TOIBKO DPE3yJbTAT TeopeMbl 8.3,
MOy YUTh HE yaaercsi. [103ToMy HaM TOHAIOOUTCS CIIe/LyTolIee Olpeesie-
HUeE.

Onpenenenne 8.8. Cuyuaiinas yuknusa £(t) HasbiBaerca dudpe-
peruupyemoti (nompaexmopro) Ha T, ecim moYTH BCe ee TPAEKTOPHUA —
muddepennupyembie QyHKIUH, T. €.

P{w: {(t, w) nuddepermupyema na T} = 1.

OueBngHO, 9TO ecnm §I(t) — norpaekTopHas npousBogHas £(t), a
£(t) — c.x-mpomssommas, o P{& (1) =£(t)} =1, m.e. CO £(t) u £ (1)
CTOXaCTHIECKH SKBUBaJEHTHLI. [lelicTBuTenbHo, ipu BesikoM ¢ € T' B cuity
coBnagenns ¢ BepoaTHoCThIO 1 mpegenos [¢(t + h) — £()]/h 2 € (t) n

[£(t + h) — E(1)]/h == €(t) cupaBesmuso £(t) = £ (t) (P-mwn.).
Ipumep 8.7. CO £(t) samana coornomenuem (8.1), T.e

(t) = i Vipr(t), teT, (8.4)

rae {¢k(t)} — Hecayuaitubie muddepennupyemble dysxkmun, a {Vi} —
ciay4aiiabie K03 MOUIUEHTHI, TPUIEM M{ sz} < oo, k=1, ...,n. Haiitn
¢.K.-ipou3sBoaHyo &(t).

Pemenwne. I/I3 (8. 4) caenyer, aro Tpaekropun &(t,w) CO £(t) nmeror

Bug &(t,w) Z Vi (w ,t €T, nostomy & (t) cymwecrByer u umeer

der(t)

. Orcrona cie-
dt .

TpPaeKTOpUN f’ t,w) Z Vi (w ), tae ¢(t) =

nyer, aro ecau &(t) c.K.—,zl;I/I(b(bepeHquyeMa, TO ee C.K.-IPOU3BOHAS & (¢)
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npu KaxkaoM t € T mmeer BUL
n
t) = Z ngbk(t) (P—H.H.). (8.5)

B cuy M{V?2} < oo u3 (8.4) crenyer, uro dbynkuun me(t), Re(t,T)
ONIpEJIeJIEHbl U UMEIOT BH/

=3 megr(t),  Re(t.r) = ii Rupn(t)oi(r),
k=1 k=11=1

roe mi = M{V}, R = cov{Vj, Vi}. OueBnano, uro dynkuun me(t)

u Re(t,7) nuddepennupyemsl HeoOXOQUMOE HHCIO pa3 (Kaxk JIMHEHHBIE

kombunanuu guddepennupyemsix byaknuii). ITostomy £(t) cymecryer
n

u Ol'[pe,ILeIIS{eTCS{ coornomennem (8.5). Ipn srom mg(t) = Y myppi(t), a

n

Re(t,m)= > ZRM(pk t)¢1(7), aro BeITEKAeT M3 (8.3). W
k=11=1
Cueyromuii npuMep MoKa3bIBAET, YTO OlepaIys C.K.-auddepernupo-
BaHUsl ABIAETCSA AUHETHBLM NPeobpasosaHuem.

IIpumep 8.8. ua cayuaituoii dyukmuu &(t) Z o€y (t), rme oy —

qucioBble Koabdunnentst, £ () — c.K.—;LI/I(b(bepeHquyeMHe CITyJaiHbIe
dyukiun, Beraucauts £(t).
Pemenune. Boruncium £(t) o onpenenenuto 8.7:

k=1 k=1

B CHJIYy CBOMCTB C.K.-CXOIMMOCTHU. TakmM 00pasoM,
n .
t) = Z akfk(t), teT. (86)

D®opmysa (8.6) MOKA3BIBAET, UTO C.K.-TPOU3BOHASA JUHEHHON KOMOMHATIAH
c.k.-uddepennupyeMbix HYHKIMI SIBISIETCS JIMHERHON KoMbuHAIMel mx
C.K.-IIPOU3BOHBIX, YTO U OZHAYAET AUHETHOCTD onepavyuy c.x.-oupdeper-
yuposarus. W

3amedganue. [lonyderusiit B mpuMepe pe3yabTaT MOXKET OBITH 0600-
MeH B CJIELYIONIeM HaIlpPaBJIEHUM: €CIU IeTePMUHUPOBAHHASA (OYyHKIMS
o(t) mubdepernmupyema ua T, a CO £(t) c.x.-quddepernupyema Ha T,
10 C® n(t) = ¢(t)&(t) mMmeeT C.K.-IPOU3BOTHYIO

(1) = PWe(0) + o (1) (0).
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Oxa3sbIBaeTcs, 9TO JAJeKO He Bce cirydaiinbie pyHKnuu auddepenim-
DPYeMBI JlaKe B CPEIHEKBAIPATHIECKOM CMBICIIE.

IMpumep 8.9. Lenrpuposannags CD £(t) mmeer KoOBapUAIMOHHYIO
dbyukumo Re(t,7) = Dmin(¢,7), D > 0. Ilokazarb, 4T0o OHa HHUrLJe He
muddepennupyemMa B €.K.-CMBICIIE.

Pemenwue. Ilo onpenenennio

t, ecm t<T,

min(t, 7) = {

T, ecad t>T,

TIO3TOMY

0, ecim t<T,

0, .
t,7) = o= t, =
w(t7) 8T{mm( )} { 1, ecm t>rT.

Orcrona ¢(t,7) > 0nupu 7 > t+ 0 u ¢(¢t,7) = 1 upu 7 — t — 0. Takum
obpasom, upu t = 7 dynkuua @(t,T) ABigeTCsI Pa3pPHIBHON 110 mepeMeH-

1o}

HOI t U, CJIeI0BATEJIbHO, TPOU3BOIHAS 8—f(t, T) 1pu t = T He CyIIECTBYET.
O Re(t 9% min(t

CieoBaTebHO, et 7) =D min(t, 7) He oTpejesieHa Mpu t = T HA

T otor
s ogmoro t € R, e, € (t) HurmEe He MMeeT C.K.-IIPOU3BOAHON. 3amernm,

9TO, UCHOIB3Ysl MOHITHE 0006WeHHOT NPous3eodHot, MOXKHO 3alUCATh

2

) __ O°R¢ . B
Rg(t,’r) = Sion (t,7)=Do(t— 1),

rae 0(z) — penbra-dyurnust dupaxa. Takmm obpasom, dopmanbHO
coP ¢ (t) siBIsIeTCS TAKMM CIIydaiiHBIM MPOIECCOM, UTO Ry (t,7) =0 mpu
mobbix t # 7, a Dg(t) = Rg(t,t) = D 6(0) = oo. Dro osnauaer, 4ro ce-
wernst CO £(t) npecraBasior coboil HEKOPPEIMPOBAHHBIE CIIyYaiHbIe
BEJIMYWHBI ¢ OeCKOHETHOM mucmepcneii. Takoii mporecc Ha3bIBAETCS beAbLM
wymom (cm. . 1.4). m

Eciu £(t) — rayccosekas C®, To £(f) — Takke rayccoBCKasi B CHILY
CJIEJIYIOIIET0 YTBEPKICHHUS.

Teopewma 8.4. Ecau {£(t), t € T} — c.x.-duppepenyupyeman 2ayc-
coscran CD, mo €(t) maxoice asasemea zayccoscroti CD ¢ mamemamurie-
cruM osrcudaruem u Kosapuayuontol dynryuet, onpedeaennvmu 6 (8.3).

Mpumep 8.10. das rayccockoit CP {£(t), t € R'} ¢ maremaruye-
cKkuM oxkuzanuem mg(t) = t? u kopapuanuonnoit gyukmueit Re(t,7) = 4tr
BBIINACIUTH P{§(2) > 2},

Pemenue. Ilo Teopeme 8.4 5 (t) siBastercst rayccosckoit CP, npuaem
_ dme

my(t) = TE(M) =2, Re(t,7) =

= (t,7) =4.
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Iostomy npu t € R! ceuenne f(t) VMEET TayCCOBCKOE pacCIpejieeHre
N (2t;4). CaenoBarennho, £(2) ~ N (4;4) u

. 2—mg(2
P{2)>2}=1- @(L()) =1-&(—1)~1-0,1587 = 0,8413,
\/De(2)
1 e
rae P(x) = Nor J et/ ar — dbyukusa Jlammaca (MHTErpas BepOsiTHO-

creif) (cm. m. 14.6 n 15.1). m

8.3. UnTerpupoBanmne ciy4vaiiHbIX yHKImiA. I[lonsarwe wmmrre-
rpajia oT ciaydaiinoil dyHKmn OyZieM TakKe N3ydaTh B JBYX CIEAYIONIAX
BapWaHTaX: WHTETPAJ B CPETHEKBAPATHIECKOM CMBICIE (C.K.-HHTETPAI)
¥ TIOTPAEKTOPHBIN MHTErDAaJl.

[Iycrts CO £(t) onpenenena na T C R!. Ha orpeske [a,b] C T mocTpo-
UM HeKOoTOpoe pasbmenme a =tg <ty <...<t, 1 <t, =0, a Ha KaXK-
JIOM W3 IIPOMEXKYTKOB 3TOT0 pa3bueHusi BbIOEpEM IIPOU3BOJBHYIO TOUYKY

T; € [ti_l,ti), t=1,...,n.
Onpenenenune 8.9. Eciu nupu n — oo n '_r?axn(ti —ti—1) = 0 cy-
IECTBYET TPEJIESl B CPETHEKBAIPATUIECKOM T
n
S &(m)(ti—tiog) <, (8.7)
i=1

He 3aBucAmuil or cmocoba pasbuenust {t;} u BbIGOpa Touek {7;}, TO
CD £(t) masmiBaercs c.x.-unmezpupyemoti Ha [a,b], a caydaiimas Besm-
IMHA 7) HA3BIBACTCS €€ C.K.-unmezpasom 10 [a,b] u obosHadaeTcs

b

77=J€(t)dt~

,ZLTIH C.K.-UHTETPUPYEMOCTU UMeEETCAd BECbMa HpOCTOfI KpHTepI/Ifl.
b

Teopema 8.5. Jasa cyuecmso8arus C.K.-UHMEZPLAG J £(t) dt neob-

a
T00UMO U dOCMAMOYHO, 4MObbL CYULLCTNBOBAAU CACIYOULUE UHMELPALDL
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2de me(t) = M{E(t)}, Re(t, 7) = cov{&(t),&(T)}.
Teopema 8.6. Ecau CD &(t) c.x.-unmezpupyema na T, mo

b b
M{Jg(t) dt} = ng(t) dt = I,

a a

b
cov{Jﬁ(t) dt,g(r)} = [Re(t,r)dt, T€T,

a

Q=

b d bd
cov{Jg(t) dt,Jf(T) dT} = JJRE(t,T) dtdr, [c,d CT,

a c

b bb
D{Jf(t) dt} = ”Rg(t,r) dtdr = I.

aa

W3 onpenesenns: 8.9 cireyer, 9TO C.K.-HHTETPUPOBAHUE SIBJISIETCST JIV-
HeiinpiM npeobpazosanueM (t). OTcoma ¢ yIeTOM CBOMCTB C.K.-CXOLUMO-
CTH TayCCOBCKUX CJydailHbIX Beiawduus (cM. 1. 14.6) mosydaem, 4T0 eciu

b
&(t) — rayccosckag C®, To c.K.-MHTErpas Jf (t) dt npencraBasier coboii
a
TayCCOBCKYIO CIyYalHYIO BEJIWYMHY cO cpenuuM [; m nucnepcueit Io,
onpegnenenusiMu B (8.8), (8.9).

PaccmorpuMm cBoiicTBa ¢.K.-HHTErpaja Ha MpUMEpPax.

IHDpumep 8.11. [lokazars, uro Besikast CO £(t), c.K.-HeIpepbIBHAs Ha
KOHEYHOM TIPOMEXKYTKE [a, b], IBIsIeTCs C.K.-UHTErpupyeMoii Ha [a, b].

Pemenne. Ecan £(t) c.k.-nenpepsiua Ha [a,b], To dynkmus mg(t)
HenpepbiBHA Ha [a, b], mosTomy I; B (8.8) cymecTByeT Kak MHTErpaj OT
HENPEPHIBHOW (DYHKINK MO KOHEYHOMY OTPe3Ky. B Cuiy c.K.-HempepbiB-
nocru £(t) dyukius Re(t, ) nHenpepeisaa npn t = 7. I[locieanee yciosue
JIOCTATOYHO st TOTO, 4T00bI R (¢, T) Gblia HenpephIBHOIT BCIOLY Ha [a, b] X
X [a,b]. Takum obpasom, [ TakXkKe CyIIeCTBYeT W, CieoBaTeNbHO, &(t)
C.K.-WHTerpupyeMa Ha [a,b] B cruily yTBepkIeHnsa Teopembl 8.5. W

IIpumep 8.12. Iycrs {£(t), t > 0} umeer xapakrepucTuku me(t) =
= mt, Re(t,s) = Dts, roe D > 0. BeraueanTs MaTeMaTniecKoe OXKUIAHAE
7 KOBapWANMOHHYO0 (DYHKIIAIO CIydIaifHol OyHKIANT

n(t) = Jf('r) dr, t>0.
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Pemenune. Ilo ycaosuio me(t), Re(t, 7) nenpepsisubl. CileoBaTennb-
HO, {(t) c.K.-mHTErpUpyeMa Ha J000M KOoHeTHOM TpomexyTke [0,t] mpm
t > 0. Torna mo teopeme 8.6 HaxomUM:

t t

my(t) = M{n(t)} = | M{§(r)} dr = m [ 7dr = 3£,

0 0

t ts
R,(t,s) = cov{J{(Tl)dﬁ, &(m dTQ} chov{ﬁ 71),&(72)} dridmy =
0 00

O—

ts t s
= JJRg(ﬁ,Tz) dridry = DJTldTl JTQ dry = gtzsz,
00 0 0

D, (t) = R,(t,t) = %54. n

s c.X.-uHTerpajia CIpaBeIJIuBbl MHOTHE CBOMCTBA OOBIYHOIO HHTE-
rpajia OT HEeCTyJIalHbIX (DYHKITAH.
1) Jlunetinocms maTErpaJIA;

n

J S axli(t) dt = z:j J (8.10)

T k=1

rae {ar} — mecayqaiinble koaddunuentsr, a {{;(t)} — c.x.-unTerpmpye-
Mbie Ha T ciayuaitible (byHKIHN.
2) @opMyJia UHMEZPUPOSAHUA TIO HACTILAM:

| emem)dr = () - elto)élto) - [ e(é(rydr,  (8.11)

to tO

rae @(7) — HempepsiBHO guddepeHnupyemas HeciaydaiiHas QyHKIWHs,
a {(t) — CO, umeromas C.K.-HEIPEPHIBHYIO C.K.-[IPOU3BOAHYIO.
3) Ilpasuso dugdeperyuposarua no seprremy npedeay: ecan &(t) —
t

c.k.-HenpepuiBHass C®, To c.k.-mpomseogaas CD n(t) =J§(T) dr npu

Kax oM t € T nmeer BUJ,
. d
it) = 5 J €(r)dr =£(t)  (P-mm). (8.12)

IIpumep 8.13. Hokazars dopmymy (8.12).
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Pemenue. Ilycts h > 0, Torma

t+h ¢ t+h
An=n(t+h)—nt)= | &r)dr - [&r)dr= [ &()dr.
0 0 t
Hoxkasxewm, aro M{|An/h — &(t)[*} — 0 npu h — 0.
Ecnu me(t) = 0, To mo Teopeme 8.6
t+h t+h
M{AU2} = J J RE(Tl,Tz) dTldTQ = RE(Ul,UZ) h2
vt
JIIsT HEKOTODHIX 071, 03 € [t,t + h]. Amanormano, mst o3 € [t,t + h]
t+h
M{AnE(®)} = [ Re(r.t)dr = Re(os, ) h.
t
Orciona M{|An/h — £(t)]*} = Re(01,02) — 2Re¢(03,t) + Re(t, 1) — 0 npn
h — 0, Tak xak R¢(01,02) = Re(t,t), Re(o3,t) — Re(t,t) B cumy Toro,
aro o — tupuh — 0, k = 1,2,3, a dyuxnus R (t, 7) HenpepsiBHa. MTaxk,
b1 okasaqm, 9o (n(t 4 h) — n(t))/h <= ¢(t) upu b — 0.
¢ ¢

o

Ecim me(t) # 0, o n(t) = Jﬁ(r) dr + ng(r) dr u 10 mOKazaAHHOMY

0 0
o

N(t) = &(t) + me(t) = £(t). Popmyna (8.12) momHoCTHIO HOKA3aHa. M
SBameuanue. I[Iycrs £(f) TakoBa, 4TO IOYTH BCe €e peaU3ANUU
uHTErpupyemMbl o Pumany Ha MHOXKecTBe T, T. €.

P{w: cymecrsyer unrerpan Puvana nf(w) = Jf(t, w)dt} =1.
T
Torma nR ABJIsieTCs Caydaiinoil Beamauuoil (T.e. uamepumoii dbyHKImeit
or w). Ecim ke £(t) siBasieTcsa K TOMy »Ke C.K.-UHT€IPUPYEMOIi, TO IO-
TPaeKTOPHBIH HHTerpas 7't u c.K.-mHTerpa; n = Jf (t) dt coBnamator ¢ Be-

T
poarHocTbio 1. CopMyampoBaHHOE YTBEPKIEHUE 3a4aCTYIO MO3BOJAET
ABHBIM 00pPa30M BBIYUCIIATE C.K.-AHTETPAJL.

HDpumep 8.14. CO £(t) zamana dhopmyinoit

§(t) =Uysinvt + Uscosvt, v >0, t=>0,

rae Uy, Uy — He3aBUCHMBIE TAYCCOBCKHE CIIy YailHbIe BEJIUIMHBI C HYJIEBBIM
cpemauuM u puciepcueit D > 0. Haiitun siBHBII Buj c.K.-uHTErpasa
t
n(t) = |é(ydr, 120
0
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U BBIYHCIUTD €r0 MaTeMaTHIeCKoe OXKumanue m,(t) u aucuepcuio Dy (t).
Pemenne. lna w € Q tpaekropust CO £(7) mumeer Buf,

&(r,w) = Ur(w) sinvt + Uz (w) cos vt

u siBasieTcst wHTErpupyemoit Ha [0, t] dyukuueit. Ilosromy

i 1

' (t,w) = Jﬁ(r, w)dr = ;[Ul(w)(l —cosvt) + Us(w)sinvt], t>=0.

0
Bamernm, uro £(t) c.K.-HenpepbiBHA, KaK JHHEHAs KOMOWHAIMS Hempe-
PBIBHBIX HECTYIaWHBIX (DYHKINN CO CIyIaitHBIMU KoM PUIImEeHTAMH, TMe-
FOIUMHE KOHEYHBbIe BTOpble MOMEHTHI (cM. mpuMmep 8.1). B cmry mpuwme-

pa 8.11 c.x.-maTerpan 7)(t) CymecTByeT W COBMAMAET C TMOTPAEKTOPHBIM
unTerpasoM N (t, w):

n(t) = %[Ul(l —cosvt) + Uz sinvt] (P-m.n.). (8.13)

Teneps, ucnonbsyst (8.13), HETPYAHO BEIYUCIUTD My (t) w0 Dy (t):
my(t) = %[M{Ul} (1 —cosvt) + M{U,}sinvi] = 0,
%[D{Ul} (1 — cosvt)? + D{Us} sin® vt + 2cov{U, Uz} x

Dn(t) =

X (1 — cosvt)sinvt] = %[(1 — cosvt)? +sin? vt] = 21/—12)(1 — cosvt).

TakuM 06pazoM, npy KaxjoM t > 0 ciyvaitnag sesauwanna 7)(t) aBisercs
rayccosckoit ¢ pacupenenennem N (0;2D(1 — cosvt) /v?), Kak c.K.-unTe-
rpai ot rayccoBckoit CO £(¢). m

8.4. IuddepeHnuaibHble ypaBHEHUd CO cJaydailHOU mpaBoii
YacTbio. BBejieHHBIE BBIIIE MOHATHUSI C.K.-IIPOU3BOIHON U C.K.-MHTETrPaja
MO3BOJISIIOT PACCMOTPETH MPOOJIEMY KOPPEKTHOTO ONUCAHUS AUHeH020
Jupepenyuaivhozo ypasHenua CO CIYyYaHBIMUA BO3MYIIEHUSIME B TIpa-
BOH YaCTH U CIy4YalHBIMU HAYAJIHHBIMU YCIOBUSIMMU:

i(t) = a(t)n(t) + bt)ER), t>0, (8.14)

n(0) = v, (8.15)

riae 7(t) — c.k.-upoussogHas N)(t), £(t) — c.k.-HempepbiBHasi npu ¢ > 0
ciyvaiinas dynkmus, a(t), b(t) — HenpepbIBHBIE HecaydaiiHble QYHKINN,

a v — HeKoTopad CiIydaiiHas BeJIUdnHA.

11 B.M.Munuep u A.P. I[Tankos
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Oupenenenue 8.10. Cayuvaiinaa dbyskuus 7(t), t > 0 asiasgerca
pemenveM ypaBHenus (8.14) ¢ HavasbHbiM ycsoBueM (8.15), eciam npu
KaxkJoM t > () BBITIOJTHEHO

t

n(t)=v+ Ja(T)n(T) dr + Jb(r)f(r) dr, (8.16)
0 0

rme B mpasoil wactu (8.16) Bce MHTETpasbl TTOHUMAIOTCS B C.K.-CMBICITE.
st siBHOTO mOCTpOeHmsl pernenust (8.16) BBegEM BCIOMOTATENBHYTO
Heciryvaiinyio gynkuumio 6(t):

(8.17)

UsBectHo, uTo O(t) u3 (8.17) Takosa, uro O(t) # 0 npu mwbom t > 0,
ecin a(t) KycouHo HempepbiBHa. Cilefyommil IpuMep HOKAa3BIBAET, KaK
BBIIJISTUT 0ObIIee pernenune ypasHenus (8.14).

IIpumep 8.15. JokazaTh, 9To ciaydaitHas GyHKIAI

n(t) = 0(t) + 6(t) j 0= (r)b(7)E(T) dr, (8.18)
0

rae 0(t) — pernenne ypasuenusi (8.17), yaosierBopsier ypasHeHuto (8.14).
Pemenwue. Jlus 10Ka3aTEIbCTBA BBIYUCINM C.K.-IIPOU3BOIHYO 7)(t)

dbyukmun 7(t), oupenenertoii B (8.18), mOIB3ysACh MOMYYEHHBIME B IIpe-

JBIIYIAX MYyHKTaX CBOWCTBAME OIEPANUH C.K.-TuhdepeHInPOBAHAL:

i(t) = [0t v+ 0(t) [ 07 (r)b(r)E(r) dr | =
0

t

“ 0~ (T)b(T)&(T) dT} .

0

&l

= 0(t) v +0(t) [ 07 (M)b(r)E(r) dr + 61(2)
0

[Ipumensst npasuso muddepeHnuposanus C.K.-MHTErpaja 1o BepXHeMY
npeneny (8.12) ¢ yuerom 0(t) = a(t)6(t), momysaem

i(t) = a(t) [0y +0() [ 07 (Ob(r)E(r) dr | +
0

+O)O™ (H)b(1)E() = a(t)n(t) + bHE(H).
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Taxnm obpasom, n(t) ymosaersopsier (8.14) mpwm Bcex t > 0. Ocramoch
IIPOBEPUTH BHINOMHEHNE HadaabHoro ycnosus: 7(0) = 6(0)v = v, nockons-
Ky 6(0) =1 B cuay (8.17). Uraxk, n(t), onpenenennas B (8.18), siBasiercst
permernem 3agaun (8.14)—(8.16), aTo m TpeboBasoCh AOKa3aTH. M
Berpakenwe (8.18) mosBossieT BHITACATH SIBHBIM aHAJIATHYECKAIT BU,
permerust ypaBHeHwst (8.14) BO MHOTMX NPAKTHYECKW BayKHBIX CITydastX.
IIpumep 8.16. CO 1(t), t > 0 ymoBierBopsgeT ypaBHEHHUIO

W(t) = a’?(t) +¢, 77(0) =, (819)

rae &, v 0bpasyIoT rayCCOBCKHIl CiIydaiiHblii BekTOD, pudeM me = M{{},
m, = M{v}, D¢ = D{¢}, D, = D{v}, p = cov{¢, v}. Haiitu 3akon pac-
npe/eeHns Cilydaitnoil Beauaunel 1(t) npu aobom ¢ > 0.

Pemenne. B ganHoM ciyuae mus 6(t) nmeem

O(t) =ab(t),  6(0)=1,
nosromy 6(t) = e**. Ob6mee pemenue (8.18) ypasuenus (8.19):

¢ ¢
n(t) = e*v 4 e J e TEdT = ey + L™ J e dr = v+ g (e*t—1).
0 0

Taxwnm o6pasom, 7(t) — TayccoBcKas CaydaiiHast BeJIMIWHA, KaK JHHEHHOE
npeobpasoBaHue TayCCOBCKOTO ciydaiinoro sekropa {v,&}*, r.e. n(t) ~
~ N (my(t); Dy(t)), rae mapamerpsr my(t) u Dy (t) onpeaensirores cemy-
FOIIM 00Pa30M:

my(t) = M{n(t)} = e*'m, + % (e*t—1),
Dy(t) = D{n(t)} = 2D, + D (et —1)% 4 22 (¢t _eot) . w

3aMeuanue. PaccMOTpEM acUMOTOTHYECKOE IOBEIEHUE PeIleHUs
ypasuenns (8.19) mpw ¢t — co. Ecim a < 0, To

£

C.K.
n(t) —> = npu t— o0,

||

nockombKy €y~ 0 u £ (e — 1) Ja —2 £/|al. Taxum obpason,
muddepernnuanpaasg cucreMa (8.19) BBICTyHAaeT MO OTHOMIEHUIO K BXOJ-
HOMy curHaiy  Kak ycuintenb ¢ Kosddumuenrom ycunenus k = 1/|al,
ecau BpeMs ¢ JOCTATOTHO BEJIUKO.

3amernm, uTo B ciaydae, Korjga CO £(t) uMeer KyCOIHO HENMPEPHIBHBIE
(cenoBaresbHO, nETErpUpyeMble) Tpaekropuu, dbopMyia (8.18) moxer

11*
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paccMaTpHUBaThC KaK HMOTPAeKTOPHOe pelleHue ypasHeHus (8.14), T e.
JUJISL TI0YTH BCeX w € ) BBIIOJIHEHO

t
n(t,w) = 0(t)v(w) + 0(t) J 0~ (7)b(1)&(T,w) dr. (8.20)

0
Dopmysa (8.20) 3amaeT «IydoK» peasm3anuil PeIleHui ypaBHEHUsI
(8.14), KOTOPBIt MOKET GBITH MOy YEH, HATIPAMED, HETIOCPEICTBEHHBIM De-

meHneM OOBIKHOBEHHBIX (D DepeHnaIbHbIX YPABHEHI, OMICHIBAIOIIIX
KaK/IyI0 TPAEKTOPHUIO:

{ ﬁ(tv w) = a(t)ﬁ(t7 w) + b(t)é(tv w)v
n(0,w) = v(w).

PaccmorpuM Tenepb BeKTODHBL ciydail, Korjga cucrema (8.14) cocro-
UT U3 N JuHEHHbIX 1uddepeHInaIbHbIX YPaBHEHTI:

() = At)n(t) + BR)E(L), t>0,
0(t) = A@)n(t) + B($)(H) (8.21)
1(0) = v,
rae 7(t) — c.k.-opoussoguas n-Mmepuoit CP n(t), {(t) — m-Mepuas
c.k.-HenpepeBaag C®, v — n-mepuwiit CB, a marpuunble yHKnumn

A(t) e R™*™ B(t) € R™™™ umeror HecitydaiiHble KYCOYHO HEIPEPHIBHBIE
KOMITOHEHTHI.
Obuee pemenue ypasaerus (8.21) umeer Buj,

n(t) =O(t)v + O(t) J@_l(T)B(T)f(T) dr, (8.22)
0

rue O(t) — wmampuunas dynkyus Kowwu, ynoBieTBOpgOmas CUCTEME
OJTHOPOIHBIX AudDePeHIMAIbHBIX YPaBHEHUI

©~1(t) — marpuna, obpaTtras k O(t). UnTerpan B mpasoit vacTu (8.22) 1o~
HUMAETCs B C.K.-CMBICJIE U IPUMEHSAETCS K CIy4aifHON BEKTOPHOM MOJIbIH-
TerpaJbHoi (byHKINT TOKOMIIOHEHTHO. 3ameTuM, uto O~ 1(¢) cymecTtsyer
npu KaxgoMm ¢ > 0, eciiu A(t) uMeer KyCOYHO HENPEPhIBHbIE KOMIOHEHTHI.

IIpumep 8.17. Boruncauts MaTeMaTHIeCKOe OXKHUIAHUE M, (t) 1 Ko-
Bapuanuonnyio Marpuny K, (t) pemerus 1(t) cucremsr (8.21), cuurasi, IT0
npu KaxxaoM ¢ > 0 ciyuaiinble Benaussl v, §(t) SABISOTCI HEKOPPEIUPO-
BaHHBIMH, a dyHKIHH Mg (t), Re(ti,t2) M3BECTHEL
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Pemenue. Ilpumennm x obenm gacram (8.22) omepaTop MareMaT-
YECKOTO OYKHJIAHUS:

t

my (1) = M{n(t)} = M{©(t)v} + O() M{ [ 07! (1) B(r)¢(r) dr | =
= O(t)m, + O(t) j O~ (1) B(r)me(r) dr.

U3 nociiefHEro COOTHOLIEHUST CIEAYET, YTO My, (t) ABIIseTCs pelleHueM
CUCTEMBI OOBIKHOBEHHBIX Au(PEePEeHITNATHHBIX YPaBHEHNH

iy (t) = A(t)my (1) + B(t)me (1)

C HAYAJIBHBIM yCJIoBHEM My, (0) = m,,.
Amnanorwano, gas Ky (t) = cov{n(t),n(t)} ¢ yaerom HeKoppeampoBan-
Hoctu v u £(t), t > 0 nomydaem

K, (t) = O(t) cov{r,v} ©*(t) +

+ O(t) JJCOV{@_I(Tl)B(Tl)f(Tl), @_I(TQ)B(TQ)S(TQ)} dridm ©%(t) =
00

tt
= O(t) [R, + [ [0 () B(n)Re(r1,72) B (72)(©7 (72)) " drdrs | 0" (1),
00
rae R, =cov{r,v}, a Re¢(ri,72) = cov{{(m),&(m2)}. K coxanenuro,
B obmem ciydae marpuiia K,)(t) He siBIsieTcsi PelleHHeM KaKOro-jiuGo
auddepeHnnaIbHOTO YpaBHEHHS.
Eciu ke npegmonoxurb, uro Re(m,7m2) =V (m)0(m2 — 1), rIE
V (t) — dbynxuus, sHAUEHUAME KOTOPOI SBJIAIOTCA HEOTPHIATEIbHO-OIPe-
JleJIEHHBIE MATPHUIIbI, TO ToBOpAT, uTo () — m-MepHbBIi beavd wym
¢ mampuuyet; unmencusrnocmed V (t). Toncrasus dopmanbuo Re (71, 72)
B BhIpaxkenue g K, (t), momyaum

Ky(t) = O() [R, + [ 07 (1) B)V(r) B (r)(07(r)"dr |©"(1). (8.23)

MozkHO 1oKa3aTh, UCIOIb3Ysl onpejaeserHue MaTpunsl O(t) u gudde-
peHmupysi 06e gactu (8.23) mo t, 9ro

Ky (t) = A(t) Ky (t) + K (t) A*(t) + B(t)V (£) B*(t),
K,(0)=R,.
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3aMeTuM, OJHAKO, YTO MPABOMOYHOCTH TPOJEIAHHBIX BBIKJIAI0K
B paMKaxX PACCMOTPEHHON TEOPHH C.K.-WHTEIPUPOBAHUs MBI 0OOCHOBATH
He MoxkeM. J1o Oymer crenaHo jgasiee, B §11, MOCBSIIEHHOM TeOpUH
cTOXacThIecKuX auddepeHIna bHbIX ypaBHeHnii. W

8.5. 3ajmauu /i1 caMoOCTOSITEJILHOTO pPEHIeHUs.

1. Joxkasars, aro n(t) = ¢(t)&(t) + ¥ (t) — c.x.-menpepobiBaas CO, ecau ¢(t),
1(t) — HempepbIBHBbIE AeTepMUHUpOBaHHble GyHKIMHU, a £(t) — C.K.-HempepbIB-
nast CO.

2. ITycrs CD &(t) c.k.-HenpepBIBHA Ha KOHEYHOM Ipomexyrke 1 = [a,b].
JokasaTh, uto Haiifercs Takoe koneunoe C, auro M{|{(¢)*} < C ana mo6oro
tefT.

3. UsBectHo, uro {(t) = 0 ¢ BepositHOCTBIO 1 11pU KaxkaoMm t € T ITokasars,
9TO B 9TOM ClIydae CyINecTByeT KoHCTauTa ¢ € R', Taxas, uro £(t) = ¢ (P-m.n.)
npu Kaxkgaom t € T'.

4. HajiTu ¢.K.-IIPOU3BOIHYIO §(t) mis CO £(t) = Asin(vt + @), tme A, —
CITydaiiHble BEJIMIMHBI ¢ KOHEYHBIMA BTODBIME MOMEHTAMH, & V = const.

Orser. £(t) = Avcos(vt + ).

5. Jokazarb, uro u3 c.K.-guddepennupyemoctu CP £(t) cuexyer ee
C.K.-HETIPEPbIBHOCTD, a 00paTHOE yTBEp XK IeHUe HEBEPHO.

: ORe(t,T)

6. JTokazarp, uro R (t,7) = cov{{(t),{(T)} = 58—7-

7. Tloka3aTh, 9TO NEHTPUPOBAHHAS TayCCOBCKas ciaydaiinas dbyukmus &(t)
Re(t,s) = (1+ |t —s|)e”1* 2l sapnserca c.x.-muddepennupyenmoii, noKazaTh
He3aBUCUMOCTH ceueHuii §(t) u &(t).

Yxazanue. Iloxasars, uro Re(t,s) = (1— [t —s[)e "l u R.(t,s) =
=(t—s)e ltsl,

8. Ilycre nenrpuposannass C® () uMeer KOoBapUAIMOHHYIO (QYHKIWIO

T
Re(t,7) = o*tr. Berancaurs M{n’}, e n = Jg(t) sin(wt/T) dt.
0

OrBer. 02T4/7r2.

9. ITpusectu npumep CD, KoTOopas He ABJAETCSA C.K.-HEMPEPHIBHON Ha OT-
pe3Ke, HO TeM HE MEHee C.K.-HHTErpUpYyeMa Ha HeM.

Yxaszanue. Boconb3oBaTbcs pe3yabTaToM Ipumepa 8.2.

10. [Tokazars, uro ecin CD £(t) c.k.-quddepennupyema, a &(t) c.K.-Hempe-
pbIBHa, TO I C.K.-UHTerpaJa cnpasejiuba dopmyna Heiorona—Jleiibnuna:

[émydr =)~ &(to)  (P-nn).

Ykazaunue. Cm. npumep 8.13.
t

11. Berauciurs gucnepcuto uarerpana n(t) = Jﬁ (1) dr, ecimn CD £(t) umeer

—alt—T|

KoBapuanuonnyo dyskuuio Re(t,7) = De
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OrBet. Dy(t) = 2b [t—l— l(e_o‘t - 1)]
[e3 «

12. Ilycrs £(t) = Ut + V, rme U,V — ciiydaiiuble BeJIMYHHBL ¢ KOHEIHBIMEI
BTOpBIMEH MOMeHTamu. Pemnth nuddepennuaipaoe ypaBHeHHE

n(t) +an(t) = BE(L),  n(0) =0,

e @, 8 — nocTosHHbIe KO3 DUIMEHTHI.
Orser. n(t) = % (e—at +to — 1) U+ B (1 _ e—at) V.
o a

§ 9. Crariuonapubie ciry4daiiHble (pyHKITAN

9.1. OcHOBHBIE XapPaKTEPUCTUKU CTAIMOHAPHBIX CJIYYalHBIX
dyukimii. PaccMoTpuM KOMIIJIEKCHYIO THIILOEPTOBY CIydaifHyio (pyHK-
muto £(t), Tae BpeMsi ¢ mpoberaeT MHOMXKECTBO BCEX BEIIECTBEHHBIX UH-
cen R,

Ounpegenenne 9.1. Cayuaiinas bynxuus {£(t), t € R'} naspisaer-
cA CMaUUONapHoti 6 WUPOKOM CMvICAe, eCITd 1gis obbix t, 7 € R

M{(#)} = M{£(0)},  cov{&(t+7),&(n)} = cov{E(?),£(0)}. (9-1)

B pasbaeiimem cranmoHapHbIE B IMUPOKOM CMbICie (DYHKIUUA Oyaem
KPATKO HA3BIBATh CMAUUOHAPHBMU cayuatinvmy Pyrryuamu (CCD).
Kpowme Toro, He orpannanBasi o6IHOCTH, npeanonoxuM, aro M{£(t)} = 0.

Ounpepenenne 9.2. Komnuekcrnas dyHKIust

Re(t) = cov{§(t),£(0)}, teR, (9-2)

Ha3BIBAETCS  KOBAPUAUUOHHOT  PyHnrxyuel cmayuonaphot cayuatinot

Pynryuu E().
s (9.1), (9.2) cremyer, aro ais mobwix t,s € R

cov{£(t), £(s)} = M{E(H)E(s) } = Re(t — ).

Kosapuarmmonnas ynkuus Re(t) obmanaer cBoiicTBaMM, KOTOPBIE BBITe-
KaIOT HEMOCPEICTBEHHO U3 onpeesienus 9.2 1 u3 obumx CBONCTB KoBapu-
anuonHO# QyHKImE (cM. 1. 2.2):

1) koBapuanuontas HyHKIMs ABIAETCH HEOMPUUATNEALHO-0NPECAC
Hot, T. e. IJIst JOBBIX 21, ..., 2, € Cuty, ..., t, € R\, n > 1, umeer MecTo

HEPABEHCTBO
n n

SN ziZRe(t — t5) > 0;

i=1j=1
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2) mucnepcusi De CCD (t) nocrosiHHa U MMeeT B,
D¢ = Re(0) = M{[¢(0)]*} > 0

3) xosapuanuonnas dyuknus Re(t) asusercs spmumosot, T.e.

Re(—t) = Re(t) mnsi Beex t € RY;

4) |Re(t)| < Re(0) nost Beex t € RY;

5) |Re(t) — Re(s)|> < 2R¢(0)[Re(0) — Re Re(t — s)] st Beex t,s € RY;

6) xKoBapuamuonHast (pyHKIHsS HempephiBHA BComy Ha R ecim oma
HenmpepbiBHA B Touke t = 0.

Tak e KaK M B Cly4ae JIUCKPETHOTO BPEMEHW, KOBapUAIMOHHASI
dyukims CCP umeeT CrieKTpaIbHOE TPEACTABICHTE.

Teopema 9.1 (Boxmep, Xunuun). Iyemo {£(t), t € R} — CCO
c Henpepvierotll Kosapuayuonnoti dynxyuetd Re(t). Tozda natidemca
00HO3HAYHO ONPEENEHHAA BEWLLCTNEEHHAA O02PAHUYEHHAA, MOHOMOHHO
neybuearowan Pyrxyus Fe(X), X € R, nenpepusnas cnpasa na R' u
F¢(—o00) = 0, maxaa, wmo

Re(t) = T et dFe(X), te R'. (9.3)

Dynknus F¢(\), ompenesennas B Teopeme 9.1, HasbBaeTCa cnex-
mpanvnot dyrryuet CCPD £(t). Ecm Fe(A\) npu kaxaom A € R! mpex-
CTaBUMa B BUJIE

FeN) = [ fe(v)dv,
— 00
TO BellecTBeHHast GYHKIUS fe(V) Ha3BIBAETCS CNEKMPAALHOT NAOMHO-

cmoto CCP £(t). B srom caywae fe(A) = %F{:(A) nourn Beioay Ha R,

npudeM B cmity MoHoToHHOCTH F¢(\) cmekrpambHast mmoTHOCTB fg(A)
Heorpunareabua. Kpome roro, us (9.3) caempyer, 410

(oo}
Re(t) = J eMf(N\)d\, teR', (9.4)
—o0
HOTOMY JHcIepcus cranuoHapHoil dyukmuu £(t) umeer Bug,

De= | fe(\)dA= Fe(so)
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3aMmeuanue. Beegennble Ha3BaHUs JJIsI CIIEKTPAIBHBIX XapaKTePH-
cruk Fe(A) u fe(X) obbacusiores tem, uro napamerp A € R! nmeer cmbicat
9acTOTHI, a npejacTasieHne (9.3), HA3BIBAEMOE CNEKMPANLHHIM PAZAONHCE-
HUEM KOBAPUAUUOHHOT PYHKUUY, TIOKA3BIBAET pACIpPEIeJIeHNe SHEPTHH
cTaruoHapHON (DYHKINU 110 9aCTOTAM CIEKTpA.

CBsi3b CIEKTPAJIBHBIX XapPaKTEPUCTUK C KOBAPHUAIMOHHON (hyHKIMeH
CCO® ommcana B ciemyrormieil Teopeme.

Teopewma 9.2. ITyemv {£(t), t € R'} — cmayuonapnaa cayuaiinas
pynryua ¢ nenpepwvierol xosapuayuonol gynryuet Re(t). Tozda

1) das mobwixz mouex nenpepusHocU A, 1, A K [ CNEKMpPasvrol
pyrryuu Fe(X\) svinoaneno pasencmeo

2) ecau wosapuayuonnan Pynxyus Re(t) unmezpupyema na R, m. e.
o0
J |Re(t)| dt < oo, (9.5)
—00

mo cnekmpanvhas naomnocmo  fe(X) cywecmeyem u onpedessemca
obpammvim npeobpasosaruem DPypve Ko68aPUAUUOHHOT PYHKUUU:

fe) = 5 j e~ MRe(t) dt. (9.6)

Bameuanue. Jus semecrsennoit CCD {(t) ee koBapuanus R (t) —
BenlecTBeHHas (DYyHKIWs, NPUYEM yCJIOBHE SPMUTOBOCTH ITIPEBDPAIIAETCH
B YCJIOBHE YEeTHOCTH:

Re(—t) = Re(t), teR'.

Torna B cuity (9.6) crnekrpasbHas MIOTHOCTh IPHHUMAET BHT

fe(A) =

3=

o0
J cos Mt Re(t)dt, X €R',
0

nosromy fe () Takxke siBasiercst detHoil pynkImeii, T. e. fe(A) = fe(=A), a
creKkTpasbHast QyHKuus Fg(\) nMeeT CHMMETPHIHBIE OTHOCUTEIBHO HyJIsI
[IpUPANIEHNS:

Fe(n) = Fe(A) = Fe(=A) = Fe(=p), A<
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B srom ciyuae dopmyna (9.4) npuHuMaeT Bu

Re(t) =2 j cos At fe(\)dA, teR. (9.7)
0

Wcnonp3yst moHsiTHe WHTErpaja MO OPTOrOHAJIBHOM CTOXaCTHIECKON
Mmepe (cM. 1. 14.8), MOXKHO MOJIyYUTHh CHEKTPAIBHOE IPEJCTABICHUE JIJIst
CTAIMOHAPHON cirydaiiioil (hyHKINY, aHAJIOTUIHOE PA3TOKEHUIO JIJIST CTa~
[MOHAPHOI 1TOCJIeJOBATEIEHOCTH.

Teopema 9.3. ITyemv {{(t), te R'} — CCP ¢ xosapuayuonnot
pynryueti Re(t), donycrarowets cnexmpanvroe pasaoscenue (9.3). To-
2da cyuecmsyem maxas OPMO2OHAALHAA CMoTacmuyeckas mepa Ze(dN),
onpedeaenran rna bopeaescroti o-anrzebpe B(RY), wmo umeem mecmo nped-
cmasaenue

£(t) = T eM Ze(dN), teR', (9.8)

npu amom daa aobozo 6opesescrozo mrosicecmea A € B(R!)

M{|Z:(A)*} = deg (9.9)

Bameuanue. Ecim {(t) umeer cnexrpasibHyo mIoTHOCTH fe(A), TO
dbopmyna (9.9) npuHEMaeT B

M{|Ze(A)’} = | feNdr, A€ BR').
A

9.2. IIpumepbsr CC®P. Ilpusemem mpumepbl HEKOTOPHIX Hamboiree
vacro Berpevaroruxcss CCD, mosiCHSONIME BBEJIEHHBIE BBIIIE OIPEIesie-
HUSI ¥ MOJIEJIN.

Ipumep 9.1. Cuekrpanbias miaorHocTh BemecrBenHoii CCP £(t)
UMEET BUT,
2

o
=4 2« ¥ A< 2o,
0 mpum |l > Ao,

rae Ag > 0. Boraucnurs koBapuanuonnyo byHknuo u gucnepcuio &(t).
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Pemenwme. B cuny geTHOCTH CHEKTpasbHOM MIOTHOCTH 1O (DOPMY-
qe (9.7) nost t # 0 mveem
o 9 Ao
Re(t) =2 J cos Mt fe(N) dA = = J
0 0

2
cos Adtd\ = L sin Aot;
mt

2 2
De=Re(0)=Z [dr="2 u

™

O%é’

3amegannue. OTMeTnM, 9TO KOBapHUanoHHas (DYHKIHAST 00paIIaeTcst
B HyJb B TOUKax T, = mk/Ag, k € Z. Dro osnauaer, uto ceuenus &(t),
&(t + 7%) — mexoppesuposannble. Ecim Ao mocrarouno sesmmko, 10 (1)
HA3BIBAIOT WUPOKONOAOCHDIM OEABLM ULYMOM T UCTIONB3YIOT JJIsT AITPOK-
cuManuu 6eJIoro IIyMa ¢ HeIPEePHIBHBIM BpeMeHeM (cM. pajiee mpumep 9.3).

IIpumep 9.2. CymecrByeT Jm cranpoHapHas cilydaiiHas QyHK-
st €(t), nMeromasi KOBapUaUOHHY0 dYyHKIIUIO

{ 02 npu |t| < th

Re(t) =
0 opum [t| > to,
rme o > 0, to > 07
Pemenwne. Ilpemnomoxkum, aro takas CCP cymectByer. Tak Kak
ee KoBapmalmoHHasi yHKIMsA ymosrersopser (9.5), £(t) momkna nMeTh
CIEKTPAJLHYIO IIOTHOCTE

2 to

[ee) . 2
fe(\) = > J e M Re(t) dt = % Jcos A dt = %sin)\to.
—o0 0

Temeps Buzmo, uT0 ycuosue fg(A) > 0 He BhImOMHEHO, MOdTOMY f¢(A) He
MOKeT OBITH CIIEKTPaJbHON II0THOCTHIO. TakuM obpazom, CCD ¢ 3amaH-
HOI KOoBapuaImoHHO (DyHKIMeEl He cyIecTByer. W

IIpumep 9.3. B tu. I 0b6cyxmamoch mouaTne cmayuoraptozo b6eso2o
wyma Kak nporecca &(t), UMEIomero KOBapuaruoHHy o QyHKIIHIO

Re(t) = a?5(t).

BBMUCIATH CHEKTPAIBHYIO IOTHOCTD jiyist &(t).
Pemenwme. Popmanbrao mpuMenss npeobpazosanue Pypbe K meabTa-
bYHKIHAN, TOTyIaeM

(oo}
_ 1 —iAt_2 _ 1 it o _ o 1
fe) = 5 j Moty dt = e Mo = AER'. m
— 00
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Sameuanne. B mamaom maparpade Mbl OygeM gajiee WCIOIb30BaTh
MOHSITHE CMAYUOHAPHO20 HEA020 ULYMA KAK TIPOIIECCA, HMEIOIIEro MOCTOSH-
HYIO CIIEKTPAJIbHYIO IJIOTHOCTH BO BCEM JIMAINIA30HE YaCTOT —00 < A < 00.

IIpumep 9.4. Koapuamumonnas dynkmust Re(t) CCDO £(t) numeeT BuL

Re(t) = De el

rue D > 0, a > 0. Ilokazars, uro £(t) uMeeT CHEKTPAJILHYIO ILUIOTHOCTD,
U BBIYUC/IATDH €e.

Pemenue. ®ynxunus Re(t) yooBIeTBOPSET yCIOBHUIO HHTEPHPYEMO-
ctr (9.5), HOITOMY CyIECTBYET CIEKTPaJbHAs JIOTHOCTD

1T i _ D [ ix—altl g _
feN) = o j MR (1) dt = 3 J e dt =
— 200 —iXt—at | idt—aty 7, _ 2( 1 1 ) _ Do
_2ﬂj(e te )dt_27r i)\+a+—i)\+oz _7r(oz2—|—)\2)'.

0

Sameuanne. [lapamMmeTp @ XapaKTepmW3yeT CKOPOCTH YMEHBIECHUST
KODPPEJIAIUA MEXKJIy CEeYeHHUSMHU, MOCKOJIbKY mpu ¢ >> 1/a BbimoaHsercs
R¢(t) ~ 0. Ecim cedennsi nporecca He KOPPeJIUPYIOT OpH GJIM3KAX 3Ha-
genuax ¢, t', TO TAKON MPoLEcC MOXKET ObITh XOPOINel MOJENbIo 6eIoro
myma. eiicrBurenbHo, ecm D m o cTpeMaATcs K OECKOHETHOCTH TakK,
aro D/a— 0? > 0, To cnekTpadbHas MmIOTHOCTL f¢(\) npubamkaercs
K MOCTOSTHHOM CIEKTPAJIbHOM TIJIOTHOCTH 02 / T BO BCEM JIMAINIA30HE 9aCTOT
—00 < A < 00.

Mpumep 9.5. Myers &(t) = £(0) g(t), tae M{£(0)} = 0, D{E(0)} = 1
u ¢g(t) — HekoTOpas KOMIUIEKCHas HeciydaiiHasg yHkums. [Ipu kakux
yenoBusix Ha ¢(t) cayuaitabii npornece &(t) crammonapen? OmnpemennTh
KOBapUANMOHHYIO (DYHKIMIO TAKOTO IIPOIECCA.

Pemenune. U3 ycroBus CTaIMOHAPHOCTHU TMOJIYyYaeM COOTHOIIEHWE

g(t)g(s) = g(t — $)g(0),

oTKyma (ecim mcmomp3oBaTh mpejcrasienne bymrkmun g(t) = p(t) e?(?))
BBITEKAET, 9TO

p(t) =|g(0)] =1, @(t) — ot —s) = p(s) — »(0).
Eciin npennosnoxurs, uro ¢(t) nuddepennupyema B Touke t = 0, To

d d
E‘P(t) = %So(t) —o Ao,
OTKY/Ia CJIEJIYET, YTO '
g(t) — ez)\ot‘
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[osTomy KoBapmamuonHas dymkus mporecca &(t) = £(0) eo! mpuamMa-
eT BUJ
Rg(t) =t m

IIpumep crammonapHoit cirydaiinoit pyHKIME MOYKHO IOCTPOUTD, 33/1aB
€€ HeloCPeICTBEHHOE PA3JIozKeHNe 110 rapMoHndecknM dynkmusam. Ciery-
O TPUMep ABJSETCS 060DIIeHreM TPEabIIYIIETO.

IIpumep 9.6. Paccmorpum caygaiinyro yHKITAIO

o0
t)=>" et te R,

e —oo < A < 00 — HecCJly4Jaiiuble pa3/invHble 4UCia, & 2 — HEKoOppe-
JIAPOBAHHBIE CIIy4YaliHble BEJIWYUHBI, TAKUAE, 9TO M{zk} =0mu

i M{|z[*} < o0. (9.10)
k=1

Tlokazarb, uTo £(t) cranmoHApHA, ONPENETIATH €€ KOBAPHAIMOHHYIO
BYHKIUIO U MOCTPOUTH €€ CHEeKTPaJbHOE Pa3JIosKeHue.

[e )
Pemenme. Pam (t) = 2pe™t cxomures B cpemHeKBagpaTHUe-
k=1
ckoM cmbIcTe s gioboro t € R B cuity yenosmst (9.10). Us yemosus
NEeHTPUPOBAHHOCTH W HEKOPPEJIMPOBAHHOCTH BeJWYIWH {2z} momydaem

M{{(t)} =0 m

cov{{(t),&(s)} = M{ Z zpewt Z Zie ”‘ls} =

=1

o0
{zkzl}ez(kkt—kls) — Z O’,%GMk(t_s),

u[ﬂg

rae o = M{|zx|?}. Taxnm obpasom, cayuaiinas pynknus &(t) sBasercs
CTAIMOHADHOM, a ee KOBapuanyuoHHaa (DYHKIWS UMEET B

Z opert, (9.11)

Coornommenne (9.11) 3aaeT crnekTpaibHOe pasjoxKenue s Re (t) u onpe-
JleJIIeT COOTBETCTBYIOILYIO CLHEKTPAJIBHYIO (DYHKIUIO

FeN) = Y of.

E: A<
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Dynrnust F¢(\) — KycodHO HeIpephIBHAsI CO CKaUKaMd (B TOUKAX Ag),
paBabiME F(A,) — Fe(Ay—) = 07, k = 1,2, ... Bamerum takxe, 9T0 Hop-
Myma, 3amaomasa ¢(t) B yQIOBAW JAHHOTO TIPAMEPA, ONHUCHIBAET CIIEK-
TpajbHoe pazsoxenue &(t) Buma (9.8), Tme oproroHajbHasl CTOXaCTHIE-
cKas Mepa omnpefesnserca Boipaxkennem Zg(B) = > 2z, jaua moboro

muoxkectBa B € B(R!). m k: A\ €B

Crenyromuii IpuMep OMUCHIBAET MO/IEb, KOTOPas 9aCTO UCIIOJIb3yeT-
Cs B TEOPHWU CJIydaiflHBIX IIPOIECCOB, CBA3aHHBIX C Hepeiadeil nadOpMa-
WY, MOJEJISIMA HAIE?KHOCTH M MaCCOBOTO ODCIIYKUBAHMUS.

IIpumep 9.7. llycts 0 =79 < 71 < T2 < ... — CIIyJaiiHbIe MOMEHTBI
BpeMeHH, 06pa3yoIIue nyaccoHo8Cckut Nomox NHTEHCUBHOCTH Ag > 0, T. e.
{Tk+1 — Tk, £ = 0,1,2, ...} HE3ABUCWMBI W PACTIPEMIENIEHBI IO SKCIIOHEH-
UAJIbHOMY 3aKOHYy C mapamerpoM Xg. Cuyuaiinas dbynkums £(t) mmeer

CIIeJIYIOILY IO CTPYKTYPY:
f(t):Vk, npu tE[Tk,TkJ’_l), k=0,1,2, ...,

rane {Vx} — mociemoBaTenbHOCTH NEHTPHPOBAHHBIX HEKODPEIUPOBAH-
HBIX CIy9IalHBIX BEJIWINH ¢ opuHakoBbiMu aucnepcusmu D{V;} = D > 0.
IIpennonoxnM Tak:ke, 9ro Beamauebl {Vi} He 3aBHCAT OT MOMEHTOB
Bpemenn {7;}. Ilokasare, yro ciydaiinas dysknus £(t) sBasercs cra-
LIOHAPHOH, n BeraucanTsb Re(t), fe(A).

Pemenune. IlyaccormoBckmuit morok OymeT moapobHO omumcan B 1. 12.1.
3mech Ke HaM MOHAJOOUTCs CIIeIylomee ero CcBoicro: ecmm X — ciry-
9affHOe YWCJIO TOYEK TOTOKa {7y}, MOMABIMIAX B TPOMEXYTOK |[S,t),
rme 0 <s<t, o X mmeer pacupenesnenme IlyaccoHa ¢ TmapaMeTpoM
6= )\0|t — S |I

dme~?
] ?
m:

P{X =m}= m=0,1,2, ...

Has durcuposannoro t > 0 cobbrrus Hy(t) = {t € |1k, Th+1)}, k =
=0,1,2, ..., 0bpasyroT cucmemy eepoasmmnocmusz 2unomes (cm. m. 14.1).
Torna, npumenss GOPMyILy MOTHOTO MATEMATHIECKOTO OXKUTAHWS, Oy~
qaeM

M{E(H)} = S M{E(t) | Hi(t)} P{HL(t)} =
k=0

= S M{Vi | Ho(®)} P{EL (1)) = 3" M{Vi} P{H (1)} = 0.
k=0 k=0
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Hna saparsex 0 < s < t cobbrrua { Hy(s)H;(¢), k, 1 =0,1,2, ...} — Tak-
JKe CHCTEMa BEPOATHOCTHBIX THIIOTE3, OITOMY

cov{&(t),&(s)} = M{£(t)E(s)} =

= S S MUE()E(s) | Hi(s)Hilt)} P{Hx () Hy (1)}

k=01=0
e mipu k= 1
M{E(t)E(s) | Hyo(s)Hp(t)} = M{V;? | Hy(s)Hy(t)} = M{V{?} = D,
apu k£ 1
M{E()E(s) | Hi(s)Hi(t)} = M{Vi, Vi | Hi(s)Hi(¢)} = M{V;Vi} = 0.
Torma cov{é(t), £(s)} = DP{H}, tae cobmrne H mueer nux

H = Ej Hy(s)Hy(t) = {r ¢ [s,t) uu upu xarom k > 1} = {X = 0}.
k=0

Caesoparenbho, cov{£(t), £(s)} = De ?olt =5l = Re(t — s). Takum 06-
pasoM, §(t) — CCO c koBapmanmonHoit dymknmeit Re(t) = Deoltl

CIIEKTPAJIbHOMN IIOTHOCTBIO fg () B cuity npuMmepa 9.4). B

_ _ A0 (
T (024 )2)

Bameuanune. Ecim B yenosusax npumepa 9.7 Besmanast { Vj } mmeror
pacnpenenerne P{V;, = 1} = P{V};, = —1} = 1/2, 1o cayuaiinsiit nponecc
&(t) masBIBAIOT MeAeZPAPHLIM CUSHANOM.

9.3. JIuneiinbie npeobpasoBanus CC®D. IIpencrasmm cebe HEKO-
TOPYIO cUCTeMY S, OCYIIECTBIISIONYIO Ipeobpa3oBaHUe CUTHAJOB, T.e.
dynakmii, 3aBucamux or Bpemenu. DYHKIHUsI, KOTOpasg IOKHA OBITH
npeobpa3oBaHa, Ha3bIBAETCS 6X00doM, a (DYHKINs, KOTOpas MOJydaeTCs
B pesyJbTaTe Ipeobpa3oBaHusi, HA3bIBAETCA 6bixodom cucTeMbl S. Beskas
CHCTEMa, 33JIaeTCsl KJIacCOM L NOomycTUMBIX (DYHKIUA Ha BXOJE W Olepa-
ropom L(X) =Y, rme X — pomycTuMELil BX0x, a Y — COOTBETCTBYIONIH
BBIXOJ[ CUCTEMBI.

Onpenmenennme 9.3. Cucrema Ha3bIBaeTCS AUHEUHOT, €CITH

1) kmmacc £ ecTb JmHEAHOE TPOCTPAHCTBO;

2) oneparop L siBisercs JMHEHHBIM, T.e€. yJOBJIETBODAET IPUHITUILY
CyTIePITO3UITIIL:

L(aX; + X3) = aL(X;) + BL(X,) Va,BeR, X1, X5 € L.

Omnepatop L HA3BIBAIOT TaKXKe AUHEUHbIM NPEOODA30EAHUEM.
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ITycrs CCP £(t) mmeer cmekTpasbHOe pasioxkernue (9.8) B BuIe uH-
TerpaJja MO0 OPTOTOHAIBHON cTOXacTHIecKoil Mepe Zg(dA), a Fg(A) — ee
crekTpadbHasg GyHknudg. [lycTh TakxKe 3a/aHa HEKOTOPasd KOMILJIEKCHAS
bynxmua ®(A), A € R, rakas, aro

T |®(N)|> dFe(N) < oo. (9.12)

Onpenenenne 9.4. Ecm cryqaitnas dbynkmms {((t), t € R'} mo-
MyCKaeT Tpe/ICTABJIeHIe

C(t) = J eMB(N) Ze(dN), (9.13)

rae ®(A) ynosneropsier ycaosuio (9.12), To roopsr, aro ((t) momyuena
u3 {(t) ¢ noMOImBIO cmayuonapHozo aurelinozo npeobpazosarus. PyHKIH
®(A) B (9.13) HasBIBaeTCa wacmomnol Tapaxmepucmurot 3Toro npeobpa-
30BaHUI.

HemnocpencrBeHHBIME BBIYUCIIEHASIMEA HETPYIHO YOEIUTHCsI, 9TO

De= | [@(N)dFe(N), (9.14)
A
Fe(\) = J |®(v)|?dFe(v), A€R. (9.15)

Ecin sxe CCD® nmeeT crekTpajbHyO MIOTHOCTE f¢(A), T0o ((t) Takxe
HMeeT CHEeKTPAJbHYI0 INIOTHOCTD f¢ (), mprdem

feM) =12V fe(A), XeR. (9.16)

Ecmn dysknua ®(N\) yzosrersopsier (9.12), To mpomecc ((t) Tak-
JKe SABJSAETCA CTAIMOHAPHBIM, mpudaeM cooTHomernme (9.13) samaer ero
CIIEKTPAJIbHOE TpejcTaBjeHne. VI3 CBONCTB CTOXaCTUYECKOTO UHTErPAJIa
(cm. 1. 14.9) caemyer, daro KoBapuanuoHHas QyHKIHs nporecca ((t) paBHa

Re(t) = cov{¢(t),¢(0)} = | M@ dFe(N.  (917)

3aMeduanue. AHAJOIMYHO CJIydal0 JUCKPETHOTO BpPEMEHH (CM.
1. 3.3), MOXKHO MOKa3aTh, 9TO JyIs Beskoro t € R mporece ((t), ymosae-
rBopstrornuit (9.13), aBnserca mmbo auHetHONH KOMOMHAIMENR HEKOTODPBIX
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ceqennit CCP £(t), nmbo C.K.-TIPeNesIoM TaKWX KOMOWHAIWA. DTUM u
00BSICHSIETCS MCIIONB30BAHNE TEPMUHA «JIMHEHHOE MpeobpasoBaHues s
obGozrauenns (9.13). BaMeTnm TakKe, UTO ecaM JUHEHHOMY NpeobpasoBa-
HUIO TIOJIBEPTAETCS TAYCCOBCKas crydaiinas dyrknus &(t), a pe3yrIbTaToMm
peobpa3oBaHus sIBJISIETCsl BEIEeCTBeHHas ciaydaitHast dyrkmus ((t), To
¢(t) — TaxKe TayccoBCKas.

B npukiagabIx 3amadax JuHEHbIE TPeoOpa3oBaHusi OOBIYHO 3aA0T-
cs me B wactoTHOU dopme (9.13), a Bo Bpemennoii. [IpuBenenHbIe HIKE
IPUMEPBI MOKA3BIBAIOT, KAK YCTAHABIUBAETCS COOTBETCTBYIOIAS CBS3b
MEXKJy STUMU ONUCAHUSIMHE, & TAK¥Ke MOSICHAIOTCS COOTHOIIEHUS MEXKY
BPEMEHHBIMI W YaCTOTHBIMHU XaPaKTEPUCTHKAMU JINHEHHBIX CTAI[HOHAD-
HBIX TTpeobpa30BaHMIA.

IIpumep 9.8. ITycrs nporece ((¢) nomyden us £(t) mpeobpasoBannem
capura 10 Bpemenn Ha T € R T.e.

C(t)=€Et+T), teR. (9.18)

IMokazars, 4ro (9.18) — cranmomapHOe JWHeltHOE TpeoGpasoBaHWe, U
HAWTHU €r0 YaCTOTHYIO XaPaKTEPUCTHUKY.
Pemenwue. B cuny cuekrpanbsroro nupeacrasienus (9.8)

o0

() =&t +T) = [ D Zg(an),
nosToMy QyHKIUS ‘I'()\) = T ecrp wacrorTHAs XapaKTEePUCTHUKA ITOI'O

npeobpazoBanus. W
IIpumep 9.9. Ilycrs 3amana dynkuusa h(t), Takas, 9ro

T Ih(t)] dt < . (9.19)

— 00

[MokazaTh, 9TO c.K.-mHTerpaibHoe mpeobpasosanme CCDO {£(s), s € R}

C(t) = T h(t — s)é(s)ds, teR, (9.20)

— 00

SIBJISIETCs JIMHEHHBIM CTAllMOHAPHBIM HpeobpasoBanueM, n Haiitu P(N).
Pemenmne. ITokaxkem, uro ((t) — runbbepToB mporecc:

M{|¢(t))?} = j Jh(t—sl)Rg(sl—sz)h(t—SQ)dsldsz<

12 B.M. Musnsuep u A.P.Ilankos
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Tostomy M{({(¢)} = J h(t — s) me ds = 0, Tak xKax mg = 0.

Ecan £(s) = J € Ze(dN), 1o

C(t) = T h(t—s)(T e“‘sZg(d)\)> ds = T M B(N) Ze(dN),

e ®(A) = J h(s)e™"* ds, mpmaem
(oo}
| 12 aFe(0) = M{COP} < oo,
Caenosaresnbro, (9.20) — cranuoHapHOe JuHeliHOe npeobpasoBaHue

C YKa3aHHOI 4aCTOTHOHU XapaKTePUCTUKON @()\). ]

Sameuanue. Crannonaproe juHeliHOe npeobpasosanue (9.20) mu-
POKO HCIIOJIB3YETCs MPU PEIeHUN Pa3HOOOPAa3HBIX MPUKJIAIHBIX 3339,
CBA3AHHBIX ¢ 06paboTkoil nadopmanuu. IIpu srom h(t) 06bI9HO HA3BIBA-
ercst 6eco6oll Pynryuel NpeodPA30BAHU WA UMNYADCHBIM OMEAUKOM.

HDpuwmep 9.10. IIycrs nponecc £(t) c.x.-muddepenmupyem. Haditu

YaCTOTHYIO XapaKTePUCTUKY npeobpaszoBanus &(t) — % (t) = ¢ (t) u Ko-

BapHANUOHHYIO (YHKIHUIO TIpoLecca & (t).

Pemenue. U3 obmux yciaosumit muddepeHnnpyeMocTr B CpeaHeM
KBapaTUIecKoM ciepyeT (CM. II. 8.2), 9TO eCyiM CTAIMOHAPHBIN Cirydaii-
82 Rg (t - S)

HBI Tporece ¢.K.-auddepennupyeM, TO CYIIeCTBYeT 29
S

t=s=T1

7
s moboro 7 € RY. TlocieiHee paBHOCKHIIBHO CyIIECTBOBAHMIO R, (0), =o,
B CBOIO 0Y€DPE]lb, SIKBUBAJICHTHO YCIOBUIO

~R/(0) = T NdF¢(\) < oo. (9.21)

Bocnonb3oBaBmmuch pesysnbraToMm npumepa 9.8, momydaem

€rh e [ Lo gy, (9.22)

— 00
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CpeHekBaIpaTudecKue mpeeabl npu h — 0 B jleBoi U MpaBoil dacTax
cooTHOIIEHU (9.22) CyIIECTBYIOT B CHILy NPeANoNoxKeHus 06 ¢.K.-gudde-
perrupyemoctu &(t) u ycnosus (9.21). Uraxk,

£@t) = T ixeM Zg(dN). (9.23)

Taxnm obpasom, mpomece &(t) momyden ms mponecca £(t) ¢ momo-
MIBIO JIMHERHOTO TPEOOPA30BaAHNS, HMEIOIIET0 IaCTOTHYI) XaPAKTEPUCTH-
Ky ®(\) =i\ B cuny yeaosust (9.21) cyuaitusiii nponece &(t) sBisercs
CTAIMOHADHBIM, HMEET M{§ (t)} = 0 u koBapuanuoHHyi0 MyHKIIO

Re(t) = cov{£(1),£(0)} = J eMAZdF()). m

IIpumep 9.11. IlpexnosokuM, 9YTO CTAUOHADPHBIA mpomecc Y (t)
n pa3 c.K.-guddepennmpyem. Mbl XoTrM HaliTH M pa3 ¢.K.-auddepeHu-
pyemsiit nporece X (t), cessanusiii ¢ Y () aunetdnowm dudheperyuantrivimm
YPABHEHUEM € NOCTNOAHHBMU KOIPPuLuernmamu

S XDt =3 anY (), (9.24)
j=0 k=0

rze ay, b; — 3aJaHABIe KOHCTAHTEHL. TpebyeTca onpesennTh yCIOBHUA, IpU
KOTOPBIX X (t) — CTaJMOHAPHBIA Cy4YailHbIi Ipolece, U HailTh 4aCTOTHYIO
XapaKTepucTuKy mnpeobpasosanns Y (¢) — X (t), onpenensiemoro (9.24).

Pemenue. Haiimem upexncrasnenue aas X (t) B Buge nuHefiHOrO
npeobpasoBanus nporecca Y (t) ¢ HEKOTOPOR 9acTOTHON XapaKTepUCTHU-

Koit ®(N):
o0
X(t) = J eMB(N) Zy (dN),
—o0
rae Zy(d)\) — opToroHasbHas CTOXaCTWYECKas Mepa, Jafolas DPasio-

xkeane Y (t). Vcnonb3ysa CHEKTpaJbHOE TIPeJCTABIEHUE [JIsl OTEPATOpa
nuddepernuposanus (9.23), nonydaem

X®(t) = T eMENFB(N) Zy (dN), YFI(t) = T M (iN)F Zy (dN),

12%
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OTKY/Ia
S X0(8) = j M BN B(N) Zy (dN),
Jj=0 —oo

S Y ®(t) = J e A(IN) Zy (dN),
k=0 o
rae A(z) m B(z) — anreGpanvecKue MHOTOWIEHBI BAIA
Az) = > apz®, B(z) = b2’
k=0 j=0

IIpennosnoxkum, 910 MHOrO4WwIeH B(z) He mMeeT YMCTO MHUMBIX KOPHEIi,
TOTIA
_A®N)

B(i)\)”

2())

TIo mocrpoenuo X () CymecTByeT U SBJISIETCS CTAIMOHAPHBIM, €CJIA €TO0
IHCIepcrsa KOHETHA, T. €.

oo . 2
M{xX(0)P) = | ‘;‘Ezig dFy (\) < .

Ecan nponece Y (¢) nmeer cnekTpasbHy0 mIOTHOCTH fy (A), TO mpomecc

AN 2
Bay| Y-

IIpumep 9.12. IlycTh nunHeitHass cucTeMa ONUCHIBAETCS yPABHEHUEM

X (t) Tak>Ke MMeeT CHEKTPAIbHYO IIOTHOCTD fx (A) =

a1 X (t) +aoX(t) = Y (),

rze BXOmHOM curaas Y (f) — cranmoHapHBIA mponece, uMeomumi my = 0
_ D«
T ow(a? +)?)
IJIOTHOCTH U KOBapHalMoHHYIO dyHKIm0 nponecca X (t).

Pemenue. Cpennee 3nauenue nporecca myx = 0. HacroTHas xapak-
TEPUCTUKA W KBa/IPAT €€ MOIYJIA MMEIOT BU,

B(\) =

U CIEeKTPaJbHYIO0 MIOTHOCTE fy (A) . Haiitm cmekTpanbryto

_r
ag + tAa1 ’

1
a2 +a3ix?’

[2N)I* =

CrekTpasbHas WIOTHOCTH nporecca X (t) caeayer 3 (9.16):

Da

XN = @@ T
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Kosapunanmonnasa dbyukmma nponecca X (t) mpm a < ag/a; ecthb
Rx(t) = j M fx(N) dA = Ge™oltl [ch (Bot) + %sh Bolth |,
0]

rie

0‘021[0“1‘&—0]7 50=%[a—0—a], G= D

2 a1 a1 ao(aar + ao)’

Tosromy Dx = Rx(0) = G — nucnepcust nponecca X (¢). ®

Bameuanune. Ecim B (9.20) h(t) = 0 npu t < 0, To nWHEHOE TIPEOG-
pa30BaHNe Ha3bIBAECTCH Pusuuecku peasusyemvim (Puabmpom), TOCKOIb-
Ky B 9TOM CJIy4Yae BBIXOAHOW cwurHasd (() 3aBUCAT JIMIIH OT TIPOTLIBIX
3HaveHnit BXxomHOrO curHasua £(s) npu s < t.

PaccmorpuM npuMep dpuiabTpa, 06eCeunBaoIero «3KCIOHEHIUA b
HOe 3a0bIBaHUE» TPOILIOH WHMOPMAIIHH.

IIpumep 9.13. Ilycrs 3amana BecoBasi DYHKIUsI JTUHEHHOrO MPeoO-
pazoBanmst (9.20)

l —t/T >
h(t) = T e mpu t =0,
0 mpu t <0,

rme T > 0 — mapaMerp, ONpeAessIoNuii CKOPOCTh «3a0bIBaHNs». BxoaHoi
Da

m(a? + A2)
CHEKTPAJIbHYIO IJIOTHOCTD ¥ JUCIIEPCUIO BBIXOJHOTO CUTHAJIA

curran Y (t) uMeer CHeKTPaIbHYIO MIOTHOCTD fy () = . Haiitu

X(t) = j h(t — s)Y (s) ds.

Pemenwne. W3 npumepa 9.9 cremyer

oo

D(A) = J h(s)e_”‘s ds — J le—t(l/T-H')\) dt = 1

T 14T
0

CrekTpasbHast INIOTHOCTH Hporecca X (t) uMeer Bug

_ 1 ) Do
T1+AD)2 w(a2 4+ A2’

Fx(N) =[2N)*fr (V)

Ilpumensis pesyabraT npumepa 9.12 npu ag = 1, ay = T, nonygaem

D
14+ aT’

DXZR)((O)Z |
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3ameuanmne. [Iponecc £(t) eCcTh pe3yIBbTAT MPOXOXKIEHNST CTAHIADT-
HOTO Gejioro ImyMa depe3 (PU3WIECKN Peau3yeMblil JTUHEWHBIH (DUIbTP
C UMITyJIbCHBIM OTKJIMKOM h(t), ecim cleKTpasdbHas MIIOTHOCTH NPOIECCa
£(t) momyckaeT mpencTaBiIeHne

fe ) = 5=l ROP, (9.25)

(oo} (oo}
rae $(\) = [ h()e M dt, | [h(t)]dt < .
0 0

HeiicTBUTENBHO, TaKOHl CIEKTPAJIbHON ILIOTHOCTHIO 00JaJlaeT IIpo-
nece £(t), KOTOPHBI MOyYeH NpU MPOXOXKICHUH Yepe3 DPIIbTP ¢ 9acToT-
HoO¥t xapakrepucrukoit ®(\) cranmonaproro nporecca v(t) ¢ MOCTOAHHOM
CTIEKTPAJBHON TUIOTHOCTHIO, paBHOiT 1/27w. B cmry npuvepa 9.3 mpomecc
v(t) sBasieTcs cTaRAAPTHBIM GesbiM mymMoM (T.e. o2 = 1).

VciaoBue BO3MOXKHOCTH IIPEICTABIEHUS HEKOTOPOTO CTAIMOHAPHOIO
mporecca B BHUIE Pe3yJbTara IIPOXOXKJIEHUsI Oejioro myma depes husu-
YECKU peajin3yeMblil (PUILTD ONPEIEIISieTCs CIeAYmeill TeopeMoii.

Teopewma 9.4. Jlaa mozo wmobv, neompuyamenvras dynryus ()
donycxanra npedemasaenue (9.25), neobrodumo u docmamowro, 4mobvy
BVINOAHANOCD YCAOBUE

T Infr
J %(/\z)d)\> — 0. (9.26)

— 00

B 3akmrouenune paccMOTpHUM /1Ba IpUMeEpPa UCIIOJIb30BAHUS TEOPUHU CTa~
IIMOHAPHBIX JUHEWHBIX MPeoObpa3oBaHuil B 3a1a9aX 00pabOTKNA CUTHAJIOB.
Jeno B ToM, 9TO MHOTHE OI€PAIUU IHCIEHHOH 0O0pabOTKU CUT'HAJIOB MO-
TyT OBITH CBEJEHBI K JIMHEHHBIM CTAIMOHAPHBIM Tpeobpa3oBannsaM. Ecan
BXOJIHO# CHT'HAJI MOYKHO IIPEJICTABUTH KaK CyMMy HEKOTOPOI'O JeTePMUHU-
POBaHHOTO TIpotecca (TOIE3HOTO CUTHAJA) W CTAIMOHAPHOTO CITy9aifHOTO
nporecca (TIyma), To pe3yabraT 06paboTKH TaK¥Ke eCTh CyMMa [OJIEe3HOTO
BBIXOJ[HOTO CHATHAJIA U IIyMa, & €r0 XapaKTEPUCTUKHU MOXKHO OIIPEJIEJIATH
¢ IOMOINbBIO JaHHOH Teopuu. B KadecTBe mepBOro mpmMepa pacCMOTPUM
3a71a9y IACIEHHOTO AndDEePEHTTHPOBAHUSI.

IIpumep 9.14. Ilycrs caydaitnas dyHKIus

Y(t) = f(t) +£(),

rae f(t) — mexkoropas mecmywaitnaa quddepennupyemast dbynkuus (o-
Je3HbIil currad), a (t) — mearpuposarrag CCP (momexa) ¢ auemepcneit
D¢ = 0% u nocrostHHOit Ha [—\g, Ag] CHEKTPaIbHOI ILIIOTHOCTBIO

0_2
e ={ 23 P IS Ao
0 upu  |A| > Ao,
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ToABEpPTaeTCA InucaeHaoMy auddepennupoBanuio ¢ marom h > 0:

_Y(t+h) - Y(t)

X(t) )

. (9.27)

Boranciuts mx (t), Dx (t) npu h — 0.
Pemenme. B cuny smmeitnocTn mpeobpasosamms (9.27)

X(t) = f(”h;_f(t) + £(t+h,1_§(t) = X1(t) + Xa(t),

rAe IepBbIii CATrHAJ gBJIAeTCA JICTePMUHUDPOBAHHBIM, a BTOPO# ciydaii-
HBIM, IpUYEM

_ E+h)—&@) | _ M{E+h)}—M{E®H)} _
M{ X, ()} = M{ h } = L =0.

ITosTomy

mx(t) =M{x(0)} = IO 4y o,

a Dx(t) = Dx,(t), tak xax Dx, (t) = 0.
TIpomece X2(t) ecTb pe3yabraT JMHEHHOTO MPeobPasOBAHUS CTAIIHAO-
HapHOro ciy4aitroro myma &(t). Bocmonb30BaBImmCh €ro CreKTpaabHBIM
(oo}

npejcrapaennem &(t) = J e Ze(dN), momyaaem

— 00

Xz(t) _ €(t+h’1—€(t) _ J €i)‘(t+h’)l—6i>‘t Zx;“(d)\) _ J (b()\)eikt Zx;“(d)\),

— 00

rje JacrorHas xapakrepuctuka ®(A) npeobpasosanus (9.27) u KBagpaT
ee MOYJsl UMEIOT BH/L

e 2 2(1—cos)Ah)
®(A) [P = T
Tosromy fx,(A) = w fe(X) — cmekrpanbHas MIOTHOCTH LIPO-
necca Xo(t). Torma
T 2(1 — cos A\h) 202 A
Dx, = Dy = J ST RN A = J(l — cos M) d) =
—oo 0

. 202 sin(Aoh) o2\3
——<1 ok - npu h— 0. m
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Sameuganne. Takmm obpa3oMm, mpu gmncieHHOM mguddhepeHnmpoBa-
HUU JIUCIIEPCHS TIyMa BBIXOJHOTO CUTHAJIA MAJIO 3aBUCHUT OT Imara jaud-
depennupoBannsi h, a OIPEEJsieTCsl B OCHOBHOM IIUPUHON Ag CIIEKTpPa
MOMEXH BO BXOJIHOM cwrHajie. Bojiee TOTO, nake Tpwu OYeHb MAJION JIHC-
Hepcuu o2 3TOH HOMEXW IUCIePCHs BEIXOJHOIO CHUTHAJA MOXKET ObITh
GOBIIION, ecin MoMexXa — MMPOKOTIONOCHBIH Gerbrit mmym (T.e. Ag > 1).
Tlonyuennstit pe3yabrar 00bsICHIET HEYIAIHBIE TIONLITKEA npoguddepen-
[IMPOBATH CUTHAJ TPeXKJe, 9eM OH OT(UILTPOBAH OT MMOMEXH.

IIpumep 9.15. Crengamas cucreMa pauoJIOKATODPa OHNUCHIBAETCS
ypaBHEHHTEM

g(t) = ke(t), k>0, (9.28)

rae e(t) = z(t) —y(t) +v(t) — paccormacoBanue; y(t) — BBIXOJHON CUTHA;
z(t) = Vo + Vit + Vat? — nomesnwrit curmad, Vo, Vi, Vo — HesaBucHMBbIe
rayCCOBCKHE CIyUailHEIe BEJMUYMHBI C mapaMeTrpamm mg = 4-10% M, m; =
=my =0, 09 = 10*M, 0y = 150M/c, 0y = 2M/C2; v(t) — rayccoBckas
CTaIOHAPHAS [IOMeXa, He KOPPEJUPYIas ¢ CATHAJIOM Z(t) 1 uMerormast
mapamerpst m, = 0 u Ry(7) = Ae "l tne A = 360M%, o = 50¢™;
k =25c¢7! — xoapdunuent ycuaenns.

Tpebyerca HafiTh MaTeMaTHIECKOE OKHIAHWE W CPEIHEe KBaIPaTH-
9EeCKOe OTKJIOHEHWE IIOTPEIIHOCTH BOCIPOU3BEICHU CIEAAEH CHCTEMOM
noJsiesHoro curHaTa o(t).

Pemenme. Ilycrs S(t) = x(t) —y(t) — cayuaitnas omubka Bocmpons-

Begenus z(t). Torma o g = M{SQ(t)}l/2 — nckoMasi BesmuuHa. 13 (9.28)
C y4eToM BblpakeHus mis €(t) ciemyer

£ () +y(t) = 2(t) + v(2). (9:29)

U3 npeapiymux IpEMepoB cieayer, 4to (9.29) omuchiBaeT JHHEHHYIO
crarmonapHyto cucremy. Ilycrs y(t) = y1(t) + A(t), tae yp (t) omuceiBaeT
NPOXOXKIEHNE Yepe3 cucreMy mosie3Horo curaasia z(t), a A(t) — mpoxo-

xkjerne nomexu v(t). OueBnmHo, %y'l(t) + y1(t) = x(¢), orkyma y1(t) =
=co+cit + 02t2, TIe

co=Vo—-Vi/k+2V /K 1 =Vi—2V/k, c3=Va.

IIycrs Ax(t) = x(t) — y1(t) — uckarkeHue CHCTEMOIl IIOIE3HOrO CATHAJIA,
Toraa

Aw(ty =2+ 22 (1= 1), (9.30)

o7 40} 1)\?
"3 (9.30) caenyer, uro M{Az(t)} = 0, D{Az(t)} = k—; + k_22 (t - E) =
=36 + 0,0256 (t — 0,04)2 ~ 36 M (T.e. cTabo 3aBUCHT OT t).
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Beraucanm Tenepsb Aucnepenio «octarka or nomexm» A(t). HacrorHan

xXapaKTepucTuka npeobpasosanust (9.28): ®(A)
Aa

m(a? + A?)

creKTpasbHas mIoTHOCTh A(t) mmeeT Bu

= — , a CIeKTpaJbHas
k4’

moTHOCTE ToMexw v(t) paBHa f,(A) = . OTciona cremyer, 9To

. 2 . Aak?
fA()\) - |¢'()‘)| fv()\) - ﬂ(az + Az)(kz + )\2)'
ITosTomy
T Aak? [ A Aak?
Dy =D{AM)} = _j fah)dr= =2 _J CESIEEs okt

s Berauciienue mHTerpasa I Bocmombdyemcs dopmysiamu u3 1. 15.2:

B TGN
1= ] e

e g(z) = 1, h(z) = 22 + (o + k)z + ak, mpuaem muorouwnen h(z) —

YCTONYMBLINA, T.€. €ro KOPHU JexkaT B JeBoil mosmyrsockoctu. Orcona
ap=1,a1 =a+k, ay = ak, by =0, by = 1, ciegoBareibHO,

aobl — (Lzbo _ T

I'=m aparas (a+ k)ak

ubD,= aA——fk = 100 m2. Ouesnno Taxxke, aro M{A(t)} = 0.
Urax, mg = M{z(t) — y(t)} = 0, mosTomy B crmIy HEKOPpPeIXPOBAH-
HOocTH mporneccoB Az(t) m A(t) momyaaem

o’ =D{z(t) —y(t)} = D{Az(t)} + D, ~ 136 m>.

Taxum obpasoMm, 0g~ 11,7M — cpeiusdsa KpajpaTHdecKasd IOTDeI-
HOCTBH PaboThI Cilendamieil cucreMbl. W

9.4. 3a/1auu OJI CAMOCTOSITEJIbHOTO PeIleHus.

1. [Tokazars, uro CCD {£(t), t € R'} c.K.-HempephIBHA, €CTH HEIPEPLIBHA,
ee KoBapuauuonuas yskuus Re(t).

2. Haittu me(t), Re(t), fe(N), ecim &(t) — reserpadHbiit curaadr.

_ 2Xo0
OrBert. me(t) =0, Re(t) = e 2ol A)= ————~.
¢(t) =0, Re(t) , fe(N) T2 )

3. Ly nporecca ((t), BBeJJeHHOTO B onpeeseHnn 9.4, HOKa3aTh CTALMOHAD-
HOCTB ¥ BbIBeCTH cooTHomeHue (9.17) s KoBapuanuoHHo# dbyHKIUM.

Ykazauue. Bocnoib3oBaThCs CBOWCTBAMH CTOXaCTHUYECKOTO HMHTErPAJIa.
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4. JToxa3zaTb, 4TO €I BBIIOIHEHO ycuoBue (9.21), To mpasas 4acTh BbIpa-
skeHust (9.22) CXOIUTCS B CPeHEKBAIPATUIECKOM CMBICIe npu h — 0 K mpaBoii
yacTu cooTHoueHus (9.23).

5. Ilycrb £(t) — HEHTPUPOBAHHBINM CTAMOHAPHBII MPOIECC, & (@ — HEKOTOPOEe
nelicTBuTebHOE wucyo. [Tokazars, wro nponece ((t) = e'**£(t) Taxsxe sagerca
CTaMOHAPHBIM. fBisiercs i cranuoHapHbIM npouecc £(t) cos at?

Orser. dABaserca Tospko pu o = 0.

N
6. Tlycrs £(t) = > &k (t) — cymma CC® &x(t), momycKaiomux CHeKTpalib-
k=1

HOe IPeJCTaBJIeHrne €O cToxXacTudeckumu mepamu Zi(dN). Ilokaszars, 9To Ajis
nporecca &(t) TakKe MMeeT MECTO CIEKTPAJIbHOE INPEACTABJIEHHE C HEKOTO-
poit croxacrudeckoit Mepoit Z(d\). Ecim nponecent £ (t) sABasSIOTCA IONApHO
HEKOPPEJIMPOBAHHBIME, TOKA3aTh, 9TO CIEKTPAJIBHOE PACTIPEICTIECHIE TPOLECCa
&(t) paBHO cymme crekrpasnbHbix pacnpegenennii CCP £ (t). IIpusecrn npu-
Mep, MOKA3bIBAIOMIAH, ITO JyIsi KOPPEJTUPOBAHHBIX MPOIECCOB 9TO YTBEPKICHAE
HEBEPHO.
oo
7. CCO £(t) mmeer cnekrpasbHOe npezcrasienue &(t) = J e Ze(dN).
oo —oo
ITycre Takxe ((t) = J NP (N) Ze (d), rae g(\) — HekoTOpas meficTBUTE -
—oo
Haga dyakys, a P(\) ymosrersopsger ycmosuio (9.12). Haiitn koBapnanmonuyio
dyukumo nponecca ((t). Bymer nu on cranponapubivM?

Orser. R¢(t) = J ?NUB(N) 2 dFe(N\), tme Fe(\) — cunexrpanbmas
byskmus CCD £(t).
8. YacroTHas xapakrepuctuka ®(\) muHEHHOrO MPeobpa3soBaHUs IMEET BUJL

1, ecm a <\ <D,
(N =

0 B DIpOTHUBHOM CiIydae,

rae b > a > 0. Haiitu BecoByto dynkiuo h(t) sToro npeobpasoBaHusl U JHC-
nepcuro BBIXOAHOrO curHasa £(t), ecam Ha BXOJ IocTymaer Oesblit mym v(t)
¢ KoBapuamueit R, (t) = o25(t).

sin bt — sin at 2 b—a

Orser. h(t):4t,D§:0 .
e K

9. TTokazars, uro dyukuus, C(t), rakas, aro C(t) =1 — |t|/to npn [t| < o
u C(t) =0 npu [t| > to, sABIAETCA KOBApUALMOHHON (QyHKIMEH HEKOTOPOro

CTAIMOHAPHOr'O IIPOLIECCA. HiﬁTI/I €r0 CIEKTPAJIBHYIO IIOTHOCTD.
1 — cos Ao

Orser. fe(A) = v

10. OnpenennTsb, ABIAIOTCA JIH ClIeAyonpe (GyHKINE KOBAPUAIMOHHBIMU
(DYHKIUSIME HEKOTOPBIX CTAIMOHAPHBIX TPOIECCOB, U, €C/IH SIBJISIOTCS, HAWTH
UX COEKTpPaJIbHbIE IIJIOTHOCTH:

1) C(t) = o’exp{—alt|} cos Bt, « > 0;

2) O(t) = oexp{—alt]} (1 +alt]), «>0;

(at)?

3) C(t) = o”exp{—alt]} (1 talf + T)  a>o
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4) C(t) = o”exp{—alt|} (cos Bt — %sin,@|t|)v o> 0;
5) C(t) = o®exp{—alt|} (cos Bt + %sin/i'|t|), o> 0;

a
6) (1) = o*exp{~alf]} (ch §t + shltl), > B
VYkaszanune. Halitu npeobpasosanne ®@ypoe dynkuunii C(t). ITockonbky
npeobpazoanuss Dypbe st BeexX (DYHKIWA ABISIOTCS HEOTPUIATEIbHBIMU U
WHTEerpupyeMbiMu DYHKIUAMU, TO 10 TeopeMe 9.1 OHU ABJLAIOTCS KOBapHUaly-
OHHBIMA (DYHKIUAMU HEKOTOPBIX CTAIMOHAPHBIX CIYYaHBIX MTPOIECCOB.

OTser. ,

1) fe(A) = % a2+(;+>\)2 - oﬂ+(;—>\)2 ;
2 fe) = T2

B £ = T

4) fe(N) = UQTa " ta? +2;22)2 — a4y’

5) fe(A) = azTa Dy ai(izgt)gzl 10267’

) e = 20 e

T [(a=8)? +X[(a+B)? + 2]
11. Ssnsiercst mu c.x.-guddepenunpyemoit. CCD £(t) co cmekrpasnbHOi
IJIOTHOCTBIO:

D) = 555
2 FN = | — ey
ZE (=B a4 (2|

roe a >0, 8 > 0.
Orser. 1) Her; 2) Her.
12. Ilycrs KoBapuannoHHas GyHKIMs CTalOHapHOro npouecca &(t) 6ecko-
HeuHoe 4uciao pa3 muddepennupyema. [lokazars, uro Torga:
oo

1) J)\Z"ng()\)<oo Vn > 0;

—o0
o T8 ¢h)
2 e+ )= 3 V0.
Ykaszanune. VcnonbzoBars (9.21) m mokasars n.l. [lasnee, ucnonbsys
oo
CIEKTPAJIbHOE TIpescTaByieHne mporecca &(t) = J e Ze(d)), nokazaTe, 4o
oo — 00

W (1) = J (iN)Fe™ Ze (d)). Barem 3ammcaTh CIEKTPANbHOE PASIOKEHHE IS
— 00

nporecca &(t + T) ¥ BOCIIOIB30BATHCS Pa3IoXKeHHeM €7

B pan Teitsopa.
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§ 10. Cayyaiinbie PYHKIINU C OPTOTOHAJBHBIMU U1
HE3aBUCUMbBIMHU ITPUPAIEHUAMU

10.1. OcHoOBHbIEe TIOHSITUSI U ompeaesieHus. [Ipeamnomoxum, ITO
{&(t), t = 0} — HekoTOpas BemecTBeHHAsI THILOEPTOBA CiIydaitHast BhyHK-
must, T e. M{&(t)?} < oo mast Beex t > 0.

Onpenenernme 10.1. IIpupawenuem C® £(t) ma mpomexyTke (i, s),
e 0 < t < s, HA3BIBaETCA CllydaiiHas BEJIMYUHA

AE(t,s) = €(s) — £(1). (10.1)

Onpemenernne 10.2. CO &(t) HA3BIBAETCI NPOUECCOM € OPMO20-
HAADHBMU NPUPAUEHRUAMU, ECITA JJISI IPOU3BOJIHHBIX MOMEHTOB BPEMEHHT
0 < t; < tg < t3 < t4 BHINOIHSIETCST COOTHOIIIEHTE

COV{Ag(tl, tz), Af(tg, t4)} =0. (102)

MsBectHo (cM. m.14.7), uTo KoBapuamusi AByX CIy9IalHBIX BEJMIUH
MMeeT CMBICJI CKAJIIPHOTO Npom3BedeHus. [losToMy yciaoBme HeEKOppe-
smpoarHocTH npupamennii (10.2) 0o6BIYHO HA3BIBAOT YCIOBHEM HX Op-
MO20HAALHOCTMU, T.€. PABEHCTBA HYJIO CKAJIAPHOTO HPOU3BEJIEHUS ITUX
npuparmennii. 3amernM Takxke, uro u3 (10.2) B 06mem ciyuae He ciegyeT
HE3aBUCHMOCTh COOTBETCTBYIOIINAX IIPUPAIIECHAA.

Bameuanue. U3 (10.1), (10.2) cienyer, uro CO £(t) = £(t) — £(0)
TaK)Ke SBJSETCA MPOIECCOM € OPTOTOHAJIBHBIME IpupaiieHusivu. [leii-

CTBUTEJILHO, Jisi JiE00oTo npomexyTka (t,s] A&(t,s) = A&(t, s), T e. Bce
cBoOlicTBa mpupamenuit mpomecca &(t) aBTOMATHYIECKW MEPEHOCATCA Ha
npupaienus nponecca £(t). Ilosromy 6e3 moTepu OOIMHOCTH U3JI0XKEHUST
nasee npenonaraercd, 4ro £(0) = 0. B aTom ciydae rosopsT, 4To npomece
£(t) eviwodum us Hya.

Oxa3zbIBaeTCs, YTO YCIOBHE OPTOTOHAJLHOCTH IIPUPAIIeHHl Ipolecca
&(t) osmauaer, uro koBapuanuonnasi Gyukius Re(t, s) uMeeT HEKOTOPYIO
CLELUAIBHYIO CTPYKTYDPy. U3yuum crpoenne dyrkuun Re(t, s) npu ycio-
BuM, 970 £(t) — NMEHTPUPOBAHHBIN BEIECTBEHHBII TIPOTIECC ¢ OPTOTOHA -
HBIMH IPUPAINECHAAME U AACIIePCHeit

De(t) = M{&(t)*}, t>0. (10.3)

IIpenmonoxknm Takxke, aro &(t) ABIAETCS C.K.-HEMPEPHIBHBIM. B 3TOM
ciyqae Dg(t) — menpepsisras dyrkimst (cm. m. 8.1).

IMpumep 10.1. Jokazars, uro dyukuust De(t) sBIsieTcss MOHOTOHHO
HeyOBIBAIOTIET.
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Pemenme. Ilycts s > 0. Torma aas moboro t > 0 ¢ yaerom £(0) = 0

De(t+s) =D{&(t +s)} = D{(&(t +5) — &(2)) + (£(t) — £(0))} =
= D{A&(t,t +5) + AL(0,8)} = D{AL(0,1)} +
+2cov{AL(0,t), A&(t, t + )} + D{AL(t,t + 5)}.

Yuanreisasg, uro npupamenust AE(0,t) u AE(¢, ¢+ s) opTOroHAIBHBL, U
To, ato AL(0,t) = £(t), momyaaem

De(t+s) = D{£(1)} + D{AL(E, 1 + 5)} > D{E()} = De(t),

9T0 U TPebOBAJIOCH JI0KA3aTh. M

Paccmorpum  koBapuanmonnyio dyukmuio Re(t, 7) = cov{£(t),&(7)}
CD £(t). Ussecrno, uro De(t) = Re(t,t) mus Beex t > 0. Cuemyromuii
npuMep MOKA3BIBAET, YTO JJIs MPOIECCOB C OPTOTOHAILHBIME MTPUPAITE-
HUSIMHU MMEET MEeCTO W OOpaTHOe yTBEDXKJIEHUE, a UMEHHO: KOBAPUAIINOH-
Hast Gynkuus Re(t,7) MoxeT ObITh BbIpaxkeHa depes jguctepcuio De(t)
(B obmem caydae 3TO He Takl!).

IIpumep 10.2. JokazaTb, 9TO JJisi TPOU3BOIHLHOTO TIPOIECCA C OPTO-
TOHAJTBHBIME TIpupaterusivu & () u mobbix t, s > 0 cipaBeIMBO COOTHO-
IIeHue

Rg(t, s) = D, (min(t, s)). (10.4)

Pemenune. ITo-npexxnemy Gymem cuntaTs, uro me(t) =0 u £(0) = 0.
Ecau t < s, TO

Re(t,s) = cov{{(t),£(s)} = cov{£(t),E(s) — £(t) +£(8)} =
= cov{{(t), (1)} + cov{AL(0,1), A(t, 5)} = cov{(t),£(t)} = De(t).

Ecnu ke t > s, To anagoruuno HaxonuM Re(t,s) = De¢(s). Ionyuennsre
Pe3yaABTATH MOXKHO 3aITUCATh OHON (hOPMYJIOit:

Re¢(t,s) = D¢(min(t,s)). m

U3 (10.2)—(10.4) cnenyer, uro npu s > t npupamenne A(t, s) sBs-
eTCd IEeHTPUPOBAHHON CaydaliHON BEJIWYMHON ¢ guciepcuei

D{AL(t,5)} = De(s) — De(t).

TTocnennroro dhopmyday st MPOU3BOJIBHBIX ¢, § > 0 MOXKHO NpPEJCTABUTH
B HECKOJILKO 6ojiee obIeM BHe:

D{&(t) — &(s)} = De¢(max(t, s)) — De(min(t, s)). (10.5)
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S3amevanue. [IockoIbKy IJd C.K.-HEIPEPBIBHOCTHU IEHTPUPOBAHHO-
ro mpomecca £(t) B Touke ty HEOOXOAMMO W JOCTATOYHO, YTOOHI KOBa-
puanponnast dbyukimsi Re(t1,t2) Gblia menpepeiBaa B TOUKe (to,%0), TO
C.K.-HEeNPepbIBHOCTH IPOU3BOJILHOTO MPOIECca ¢ OPTOTOHAILHLIMI IPHPAa-
IEHUsIME PABHOCHJIbHA, HenpepbiBHOCcTH dyHKimu D (t).

BecbMa BaXXKHBIM YaCTHBIM CIyd9aeM IIPOIECCOB C OPTOTOHAJIbHBIMU
OPUPAIIEHUSIMA ABJIAIOTCA IIPOLECChl ¢ HE3ABUCUMBIMK HPHPAIICHUSIMU.

Onpenenernme 10.3. Cnywaitmaa dymkmms {£(t),t > 0} Hasw-
BaETCSI MPOUECCOM € HE3ABUCUMDLMYU NPUPAULEHUAMU, €CITA JJI JIFOOBIX
moMeHTOB 0 <ty <t < ... < ty, n 2> 1 cirydaiiHble BEJIUYIUHBI

5(0)7 A§(07t1)7 Af(t17t2)v ey Ag(tn—latn)

HE3aBUCUMBI B COBOKYITHOCTH.
Bamewanns. 1) Ouesugno, uro B ciyusae M{E%(t)} < oo npu
Beex ¢ > 0 mpolecc ¢ HE3aBUCHMBIME NPUPAIIECHASMA SBJISAETCA TaKKe
[POIIECCOM C OPTOrOHAJLHBIME TIpEpalierusMu. O6paTHOE yTBEpXKIeHne
B 00IIeM ciiydae HECIpaBeIJINBO, OJHAKO BCAKWH TayCCOBCKWI TIPO-
1[ECC C OPTOTOHAJBHBIME NPUPAINEHAAME TaKXKe SABJISAETCS U IIPOIECCOM
C He3aBUCHMBIMH Tpupamennamu (B mpeamonoxenwnn, uaro £(0) = 0).
HeiicrBuresbHo, i TayccoBeckoro nporecca &(t) BeamIuHbl

A§(07t1)7 Aé(t17t2)7 sy Aé(tn—17tn)

06pa3yIoT TayCcCOBCKUil CilydailHbIil BEKTOP C HEKOPPEJIMPOBAHHBIMU KOM-
HNOHEHTAMU W, CJIEJOBATEIbHO, 3TH BEJNYMHBl HE3ABUCUMBI B COBOKYITHO-
cru (cum. . 14.6).

2) MoKHO H0Ka3aTh, YTO BCAKHUIl MPONECC C HE3ABUCUMBIME IIDH-
PAIIEHUAMEA ABJIACTCA MapKosckum npoueccom. OIHAKO I MPOIECCOB
¢ HEKOPPEJUPOBAHHBIMY IPUPAIEHUSME B OOIIEM CIydae 3TO yTBEPKIe-
HUE HECIPABEJIUBO.

Caeyromuit npuMep IOKa3bIBAET BaXKHOCTH MOHATHS MPOILECCa ¢ Op-
TOTOHAJIbHBIMHA MPUPAIIEHAAMH JIJIS CTOXaCTAYECKOTO aHAJIn3a BOOOIIE 1
TEOPUM CTAITMOHAPHBIX TIPOIIECCOB — B YACTHOCTH.

Ipuwmep 10.3. [lokazaTh, 9TO C HOMOMIBIO EHTPUPOBAHHOTO C.K.-He-
npephIBHOTO Tiporiecca & (t) ¢ OPTOTOHAIBHBIME MTPUPAIEHASMHE, 33,TaHHO-
ro ua [0,T] CR!, £(0) = 0, MOXHO 3a7aTh OPTOTOHAJIBHYIO CTOXACTHIE-
CKYIO Mepy Ha 6opeseBckoii o-anrebpe mogmuoxkects [0, 1.

Pemenue. Ilycts & — anrebpa, MOpOXKJEHHAs MPOMEXKYTKAMU
A = (s,t) orpeska [0,T] (cm. m.13.3). ITokaskem, uto dbymkmua =°(-),
OlpeIeJICHHAs TI0 TIPABUILY

2°(A) = AL(t,s) =&(s) —&(t), A=(s1), (10.6)

obslaziaeT BCeMU CBOMCTBAMHU 3JIEMEHTAPHON OPTOrOHAIBHON cTOXacTHYe-
ckoit Mepot Ha & (cm. . 14.8).
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HeiicTBUTETBHO,
M{E°(A)} = M{A&(t,5)} =0,
M{E(&)*} = D{AE(t,5)} = Dels) - Delt) < .
Ecm A1 = <t,7’>, Ay = (T,S), ATNAy=FunAjUAy = (t,s), TO
=0(A1 U Ag) = £(s) — (1) = A(t ) + A(r,5) = Z(A1) + Z°(Aa).
Haxkonen, Z°(-) obasaeT cBo#CTBOM OPTOTOHAIBHOCTH:
M{ Al —O(AQ)} = COV{Af(tl, 81), Ag(tQ,SQ)} =0

st mobbrx Ay = (t1,51), As = (t2, 82), Takux, aro A; N Ay = &. B cn-
Jiy TOoro, 4ro Jiboe MHOXKeCTBO A € £ MOXKHO TPEACTaBUTH B BUJE
n

A= ] A, tme n < oo, a {Ar} — HemepeceKaomecs MPOMEKYTKI,
k=1
paccMoTpeHHBIe cBoifcTBa byHKImE Z°(-) CIpaBe BB A1 JFOOBIX MHO-
n

xects u3 &, ecm nonoxnts Z0(A) = ST EY(Ay).

k=1
Ilycre dyuxims mg(') oIIpeJesieHa Ha IIPOMEXKYTKaX COOTHOHIEHUEM
mg(A) = M{E%(A)*} = D¢(s) — De(t), A={(ts). (10.7)

Hucnepcust De(t) monoronno He y6biBaer (cMm. mpumep 10.1), sBisiercs
HenpepsIBHO# (B cuily c.K.-HenpepbiBHOCTH (1)), a Takke D¢ (0) = 0, Tak
kak £(0) = 0. Canegosarensno, Dg(t) — dynkuus pacupeienenus (cM.
onpenenerne 13.9), a mg() — HOpOXK/IeHHAas ef0 Mepa.

Ilycts {A,} — Takas NOCJEI0BATENHLHOCTE MHOXKECTB 13 &y, HUTO
A, l @ mpm n — oo (em. m. 14.8), Torna

M{Z2°(4,)*} =mg(A,) >0 mpu n— oo

B CHJIy HEIIPEPLIBHOCTH «B HYyJIe» Mephbl mg( -). Utax, Z°(-) — smemenTap-
Has OPTOTOHAJbHAs CTOXacTUYecKas Mepa Ha &g, a mg( ) — ee CTPYKTYyDp-
Has QyHKIH.

Teneps Z°(-) MoxkeT GbITH TPOIOIKEHA JI0 OPTOTOHAIBLHOI CTOXACTH-
geckoit Meper =(-) (eM. 1. 14.8), onpeesiennoit Ha 60peseBeKoit o-amrebpe
B(]0,T]), koropas siBisieTcsi MUHIMAJbBHOI o-aiare6poii, conepxamieit &,
r.e. B([0,T]) = o(&) (cm. m.13.3). m

B manpreiimeM cToXacTHIeCKTit MHTETPAJ TI0 Mepe Z(+ ), MOPOXK IeHHOMH
cay4aitnoit gynkuumeit £(f) ¢ OPTOrOHAJIBLHBIMU TIPUPANIEHUSMU, Oy1eM
3aIMCBIBATD CJIELYIOIUM OGPa3oM:

T T

I(p) = [ (t) E(dt) = | (1) de (1), (108)

0 0
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rae ¢(t), t € [0,T], — mecayvaitnas GyHKIHNs, TaKasi, 9TO
T
j lo(t)]? dDe(t) < oco. (10.9)
0

U3 o6mux CBOWCTB MHTETpasa Mo CTOXacTHIecKoil Mepe (cm. m. 14.9)
¢ yaerom (10.7) mosmygaem

T

M{I(p)} = M{ [ p(t) de(t)} =0, (10.10)

D)) = M{| [ e e[ } = [le@PaDe. (o)
Haxkonemn, ecom I(v)) = T@b(t) dé(t), tme ¥(t), t € [0,T], — mecayqaiinas

0
dyHKIWsI, TakXKe ymoBieTBopsomas yciosuto (10.9), To

T

cov{I(p), (1)} = [ p(t)p(t) dDe(t).
0
Ecnu onpenenunts mporecc n(t) KaK MHTErpaJjl C IEPEMEHHBIM BEPXHUM

IpeJIesIoM:
t

n(t) = [e(r)de(r). t<T,

TO HETPYJHO IPOBEPHUTH, uTO 7)(t) MMEeT OPTOrOHAJIbHBIE IPUPAIIEHUS,
OTKY/13

min(t,s)

Ry(t,s) = cov{n(®)n(s) = | [e(r)? dDe(r) = D(mins, s)).

MozkHO mOKa3aTh, YTO B PACCMATPUBAEMOM CJIydae CIPABEJINB aHa-
qor gopmyav (8.11) unmezpuposarus no wacmam sl C.K.-HHTETPAJIA:

| oty de(t) = o(DE(D) — [ et)g(t) dt, (10.12)

rae p(t) — dynkuus, HenpepbiBHO auddepenupyemas Ha orpeske [0, 1.
OrmermMm, uTo neBast wacTh pasencTBa (10.12) comepxmT croxacTmde-
CKUI MHTerpaJl (OT HecIyYaiinoi (l)yHKLLI/II/I), TOra KakK, B IIPABOH 4acTu
TIPUCYTCTBYET WHTErPAJl B CPETHEKBA[PATHIECKOM (OT C.K.-HETPEPHIBHOMN
cay9aituoit dbyHKINm).



8 10] CJIVUANHBIE O@YHKIIUUA C OPTOTOHAJIBHBIMU IPUPAIIIEHUAMU 193

10.2. OiHOpOAHBIE MPOIECChI C OPTOrOHAJIBHBIMU MpUPAIIle-
Husamu. Ilycrs {£(t), t > 0} — BBIXOmAMHMIT W3 HyJIsl BEIECTBEHHBIH
MIPOIECC C OPTOTOHAIBHBIMU IPUPAIIEHUSIMHE.

Onpegmenenne 10.4. IIpornece £(t) HasbiBaeTCs 00HOPOOHBIM, €CITH
Jtst moObIX ¢, s > 0 3akoH pacnpenenenus npupamenns AE(t,t + s) 3aBu-
CHT TOJIBKO OT §, T.€. COBIIAJAET C 3aKOHOM paclpejesenns cederns £(s).

OkasbiBaeTcsi, 9T0 TPeOOBAHUE OFHOPOJHOCTH MO3BOJISIET MOJIYYUTH
aBHbI B Gyskuuit Re(t,s) u De(t).

IIpumep 10.4. ITokasaTb, 9TO HPOU3BONBHBIN C.K.-HEIPEPLIBHBIH
HEBBIPOXKIEHHBIN OHOPOAHEIH Tporiece £(t) ¢ OPTOTOHANLHBIMA TPUDPa-
[IEHUSIMU UMEET CJIEAYIONINE XaPaKTEePUCTHKU:

D¢(t) =o%, o >0, (10.13)
Re(t,s) = o? min(t, s), (10.14)
D{&(s) — &(t)} = o?|t — 5. (10.15)

Pemenue. W3 mpumepa 10.1 cimexyer, uro mjs Jwbbix t,s > 0
BBITIOJTHEHO PABEHCTBO

De(t +s) = De(t) + D{AE(t, t + s)} .
C yuerom ogHOopomaocTH nponecca &(t) u ycaosus £(0) = 0 umeem
D{AL(t,t + s)} = D{AL(0,5)} = D{{(s)} = De(s).

Urax, D¢(t+ s) = Dg(t) + De(s) pnst mo6bix ¢,s > 0, npudeM B CHILy
sameuanus nociae npumepa 10.2 dbyuxuus De(t) menpepsisra. Ilomyden-
HO€ ypaBHEHWE MMeEeT 6QMHCTBEHHOE DEIIEHWE Ha KJIACCe HEIPEPBIBHBIX
dyHKIM:

De(t) =a’t, o*>>0.

Ecm £(t) — neBbipoxaennsiit npomece (r.e. Dg(t) >0 pnsa mexoro-
poro t>0), To 02> 0. WUtax, pasencrso (10.13) moxazamo. Dopmy-
abt (10.14) u (10.15) coremyroT HEMOCPECTBEHHO U3 OOMUX COOTHONIEHWH
(10.4), (10.5) ¢ yaerom (10.13). =

Bameuanune. Koncranty o2 B (10.13) 06bYHO HA3BIBAIOT UHMEH-
cuenocmuio Tipotiecca &(t). Ecmm xe 02 = 1, To mpornecc &(t) maspBaeTcs
cMandapmMHvLM UK TIPOTIECCOM C €MHUYIHON WHTEHCUBHOCTBLIO. 3aMeTHM
TaKKe, 9TO CTpyKTypHas (ynkims me(A) croxacrudeckoit Mepsr Z(A),
HOCTPOEHHOH MO CTaHAAapPTHOMY ojHOpogHOMYy Tponeccy &(t) (cM. mpm-
mep 10.3), coBnasaer ¢ obwranoit Mepoit JleGera:

me (dt) = dt, (10.16)
9TO caenyer mHerocpencteenno u3 (10.7) m (10.13).

13 B.M. Munsuep u A.P.Ilankos
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Paccemorpum mpumep 0IHOPOIHOTO IPOIECCa ¢ HE3ABUCUMBIMU IPUPa-
OIEHUSIME, KOTOPBI UMeeT BasKHOe 3HaUeHNe IIPU PEMIeHUH IIPUKJIIATHBIX
33/1a4, CBA3aHHBIX C TeOpHEil HaJe’KHOCTU M TEeOPUEll CHCTEM MacCOBOTO
obcayxusanus (cm. §12).

Onpemenenne 10.5. Onnopomusrit nporece {n(t), t > 0} ¢ He3aBH-
CAMBIMU IIPUPAIIEHNSIME HA3BIBAETCA NYACCOHOSCKUM, €CIIU IIPH KAaXKIOM
t > 0 ceuenne n(t) umeer pacupesesnerne [lyaccona ¢ mapamMeTpom At, e
A>0:

P ()\t)k —At

{n(t) =k} = e k=0,1,2, ... (10.17)
W3 onpegenenns: 10.5 u 06mux CBOCTB MPOIECCOB C OPTOrOHAJIBLHBIMHA

NPUPATIEHUSAMHE CIIEIYET:

mg(t) =X,  Dy(t) =X, t>0;

Wk
P{n(s) = n(t) =k} = PELIL 00 ocics k=012,

D{n(s) —n(t)} =Alt —s| t,s=>0.

IlyacconoBckmit potiecc uMeeT Ceayronuit (hU3UIECKU CMBICIT: TIPH
BegkoM ¢ > 0 Beauuuna 1)(t) YUCIEHHO PABHA KOJIUYECTBY COOLITUI U3 IPO-
crefimero motoka wHTEHCHBHOCTH A (cM. 1. 12.1), pomsomeymmux K Mo-
MenTy t. TakuMm 06pa3oM, peasu3alui IIyaCCOHOBCKOTO MPOIECCa UMEIOT
BHJI, KyCOYHO IOCTOSTHHBIX (DYHKIMIT, I3MEHSOMNKCS CKAIKOM Ha, € IHHUILY
(BBEpX) B CalyvaiiHble MOMEHTHI BPEMEHHU {T1, T2, ...}, COOTBETCTBYIOIINE
TIOSIBJIEHUSAIM OYEPEJHBIX COOBITHH W3 moToka. 1lostomy 7(t) oTHOCHTCS
K KJIACCY CHUMANOUUL CAYYAGTHBT NPOUECCOs.

ITycts Teneps Ha T = [0, 4+00) 3a/1aHa JeTePMUHUPOBAHHAS DYHKIHSI
v(t) > 0, KoTopas mpeNoaaraeTcst HHTErpupyemoii o JleGery Ha KarxK oM
KOHEYHOM IpoMexxyTke. Ilycrs Takike

a(t) = JV(T) dr, (10.18)

a {n(t), t > 0} — mpomecc ¢ HE3ABUCUMBIMY TIPUPATIEHUSIMA, TAKOH, ITO
nnsBecex 0 <t < suk=0,1,... BBIIOJHEHO

(a(s) = a(®)* —(a(s)-a(t
P{An(t,s) =k} = ¢ (a(s)=a(®)),

B stoMm ciyuaae 7)(t) HA3BIBAOT HEOOHOPOOHBIM NYACCOHOBCKUM NPO-
yeccom, a dyukmmio v(t) — unmencusnocmuro. U3 onpemenennss 10.5
HEMEJIJIEHHO CJIeAyeT, YTO OJHOPOJHBIN IIyaCCOHOBCKUII IIPOIECC HMMeeT
TIOCTOAHHYTO WHTEHCHUBHOCTD V(1) = A > 0.
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W3 cpoiicte pacnpenenenus Ilyaccona cremyer, 910
my(t) = Dy(t) = alt),  Ry(t,7) = a(min(t,7)).

W3 oupenenenus (10.18) a(t) caenyer, uro D, (t) menpepsiBra Ha T', mosT0-
My 7)(t) — C.K.-HEIPEPBIBHBLI IIPOLECC ¢ OPTOrOHAIBHBIMY IIPUPALICHUSIME
(cm. mpumep 10.2).

HeomHopoaHbLi  IIyaCCOHOBCKHIT MPOLECC HECTI0XKHO HpPeobpasoBaTh
B OJTHOPOJIHBIH, O 9eM CBHJIETEILCTBYET CJIEyIONHil IpIMep.

IIpumep 10.5. ITokasarb, 9T0 C IIOMOLIBIO HECIydalHO 3aMEHBL
BPEMEHN HEOJHOPOJIHBIN IyaCCOHOBCKMII IPOIECC MOXKHO Mpeobpa3oBaTh
B OJIHOPOZHBI IIyaCCOHOBCKMUI ¢ MHTEHCUBHOCTHIO A = 1.

Pemenue. B cuny yenosua v(7) > 0 sakmogaem, 910 a(t) — crporo
MOHOTOHHO Bospacratomas dyukmusi, a(0) = 0. O6o3naunm vepes b(t)
dynkmmo, obparayio K a(t): a(b(t)) =t. Oyukuus b(t) onpenenena wa 10-
ayuurepsade [0, a(+00)) exuncrsenubiM o6pazoM. Beenem npouecc 7(t) =
=n(b(t)), rorga maz 0 < t < s < a(+00) uMeeM

P{n(s) —n(t) = k} = P{n(b(s)) —n(b(t)) = k} =

k k
_ [a(b(s)) k!a(b(t))] exp{—[a(b(s)) — a(b(t))]} = (s k;!t) e~ (s—t)
Taxwnm o6paszom, 7j(t) — OIHOPOAHBIH TyaCCOHOBCKMIT TPOMECC €IMHUTHOM
WHTEHCUBHOCTH B cuity ompesesenust 10.5. [Tosyuennoe npeobpazoBanue
BPEMEHHM TTO3BOJIAET CBOJUTH DEIIeHUE 3a7ad JJisd HEOTHOPOSHOTO ITyac-
COHOBCKOTO IIPOIIECCa K COOTBETCTBYIOIINM PEITeHHAM Jis OTHOPOIHOTO
nporecca. W

B konte 1. 10.1 6611 oIpeiesieH CTOXaCTHYECKHit HHTeTrpaJI 1o HeHTPH-
posarHOMY Trpomieccy £(t) ¢ oproronambabivMu npupamenusym (£(0) = 0).

Ilycrs 7(t) = n(t) — a(t), rae 7(t) — HEOEHOPOMHBI TyaCCOHOBCKMH MTPO-
necc uarencusrocru v(t). Torna MoxkHO OKa3aTh, 9TO A1 JIEOOOH Helpe-
peisHO# Ha [0, T] dbyukunm ¢(t) BRIIOTHEHO

t

[emydnm) = 3 em) — [erwr)dr, t20, (10.19)

rje {7} — caydaitable MOMEHTBI cKavakoB mporecca 7(t). CroxacTudeckast
OpPTOTOHAJIbHAA Mepa, MOPOXKJIeHHas IEeHTPHPOBAHHBIM IIyaCCOHOBCKUM

o

nponeccom 7)(t), HaszbIBaeTCsa nyacconosckoti mepoti. Nz (10.19) cmemyer,
YTO CTOXACTUYECKUI MHTErpajl OT HEeCHydalHO! (DYHKIMHU 110 IIyaCcCOHOB-
CKOM Mepe MOXKHO BBIYHCIUTH AHAJIATHICCKH.

B 3akuitoueHue BBISICHUM, MOXKET JIM KaKOW-HUOYIh MPOIECC C HEKOP-
PENTMPOBAHHBIMU TTPUPAIEHUIME OBITH UM DEPEHITTPYEMBIM.

TIpumep 10.6. ITokazaTh, 9TO HEBBIPOXKIEHHBINA OIHOPOIHBIN TIPO-
nece £(t) ¢ OPTOrOHAJIBLHBIMU IPUPAIIEHUSAMI HE HMEET C.K.-TPOU3BOITHOM
HU B ogHOiT Touke t > 0.

13*
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Pemenwme. IlpexnomoxkuM, ato c.K.-mpousBopHas v(t) = £(t) cyme-
8 Rg t T )
otor
Hsig TPOM3BOJjIHAA 1O TeopeMe 8.3 No/KHA ObITh KOHEYHOH npu ¢ = T.
Honbitaemcst BeraucautTb R, (t,7) ¢ yaerom, aro Re(t,7) = o?min(t, 7).

OueBuiHO, 9TO

creyer. Torma R,(t,7) = cov{v(t),v(r)} = , IpUdYeM IIOCIe-

aR,g(t,T) 2 _ . 1, >0,
—5 = O I(r—t), tme I(z)= { 0, z<0.

Torma R,(t,7) = % (o%I(r —t)) = 0%8(r —t), tne o0 >0, a §(z) ectb

nenvra-pyukmus dupaxa. Orciona, R,(t,t) = 0286(0) = oo, T.e. £(t) ne
WMEET C.K.-TIPOU3BOJHON B OOBITHOM CMBICJIE HU B OfHOM Touke t > 0. M

3ameuanue. Pesynbrar, npusenenubiii B mpumepe 10.6, Gymyuu
HETATHUBHBIM, WMEET TeM He MeHee BayKHble MOCencTBus. 1lycTh mpo-
necc v(t) Takow, uro Mm,(t) =0, a R,(t,7) = 02§(t — 7). B cmay Toro
aro 0(t — 7) =0 npm t # 7, MOXKHO 3aKJIOUUTH, 9T0 v(t) obmamaeT Tem
CBOWCTBOM, 9TO JIIOOBIE €0 CeYeHNsI, CKOJIb YTOIHO OJIU3KME 110 BPEMEHH,
SBJISTFOTCSI HEKOPPEJUPOBAHHBIMU. TaKOil IPOIecc y»Ke BCTPeJYaJICsi HaM
pambmre — 310 Gembrit mrym. K coxanenmio, D, (t) = R,(t,t) = oo m, cie-
JIOBATEJIbHO, TaKoil mporecc dusndeckn HepeajnsyeM. OmHAKO Pe3yJIbTarT
mpumepa 10.6 ToKa3pIBaET, KaK OEJIBI IIyM TOSBIISIETCS TPAKTAIECKA: 9TO
€CTh Pe3yJIbTaT MONBITKU MPoauddepeHIMPOBaTh HEKOTOPYIO CIIy YalHY O
GYHKIUIO ¢ OPTOTOHAJBHBIME TpuparieHusMu. HaobopoT, cam mporecc
C OPTOTOHAJILHBIMY MPUPAIIEHUSIME MOXKHO (DOPMAJIBHO TPAKTOBATH KaK
C.K.-HHTErpaj oT 0esoro mryma:

Oxka3sbIBaeTcs1, 9TO IIOCTEIHEMY BBIPAXKEHUIO MOXKHO IIPHJATH aKKypar-
HBIIl MaTeMaTHIecKuii CMBICII, 4TO Oyer ciuenano B §11.

10.3. MapTunransl (HenpepbiBHOe BpeMms). B §7 paccmarpu-
BAJINCH CIIyYaifHble IIOCIeI0BATEIbHOCTH, ABJIAIONIMECT MapTHHTAJIaMU
C IUCKDETHBIM BpeMeHeM. B JaHHOM IyHKTe MbI PacIIPOCTPAHHM 3TO
MIOHATHE Ha ClydaifHble (DYHKIMA U PACCMOTPUAM MAPMUN2AADL C Henpe-
DHIEHBIM EpemeHeM, KOTOPble TECHO CBA3AHBI C IIPOIECCAMU, UMEIOIMIUMHA
OpPTOTOHAJBHBIE W HE3aBUCHMBbIE IIPUPAICHHA.

ITpenamonoxumM, 9TO Ha BEpOsiITHOCTHOM mpoctpancree {2, F, P} 3ana-
HO HEKOTOpoe cemeiicTBo o-anrebp {F:}, t > 0.

Onpemenenne 10.6. Cemeiicto {F;} Ha3BIBACTCS NOMOKOM O -GA-
2e6p ma {Q, F, P}, ecm F; C F npwm kaxgom t > 0, mpuaem

a) Fy CF,, ecmm 0 < t < 5
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6) cemeiicTBo {F;} HENPEPHIBHO CIpaBa, T. €.

ft:]:t-f-:ﬂ}"s, t>0.

s>t

Bameuanue. Ecm {{(t),t > 0} — cayuaiinas dbyHKuus, onpeeseH-
nas ma {Q, F,P}, a Ff = o{¢(u), 0 < u <t} — o-anrebpa, mOpoxkaen-
Hasl BCEBO3MOXKHBIMU KOHeuHbIMM HaGopamm ceuenuit {£(tx), tx € [0,1],
k=1, ...,n}, To cemeiicTBO {ff} YJIOBIETBODPSAET TPEOGOBAHMIO &) OMPEJIe-
sterns 10.6 mo mocTpoenuto. Ecin xe monoganTs .7-"§ COOBITUAMY HYJIEBOM

BeposiTHOCTH P M monoxuts Fy = fti, To momyuenHoe cemeiictso {F;}
Oy/IeT yJIOBJIETBOPATL TAKXKE M YCJIOBUIO 6) W, CJI€J0BATENbHO, Oyjer
notokoM o-airebp. lajee TpeanosaraeTcs, 9TO yKa3aHHBIE IefCTBUSA
BBLIOHCHBL, a 10J] TOTOKOM {Fr} IOpasyMeBaeTcs <UCIPABICHHbLL»
BapuanT {F;}.

Onpepenenne 10.7. Eciu mpu kaxkgom t > 0 caydaiinast BeJiuauHa,
&(t) mamepuma otHOCHTENbHO Fy, TO caywaiinas dbymkmus {£(t), ¢ > 0}
HA3BIBAETCS C02AaC08aNHOT ¢ nomoxom o-aszebp {F;} (wmm Fy-cozaaco-
8anHOT).

ITycrs {£(t), t > 0} cormacoBana ¢ morokom {Fi} m, Kpome TOro,
M{[£(#)[} < oo.

Onpegenenne 10.8. Cayuaitnas dbyukuus &(t) HaspiBaeTcs:

a) mapmunzasom oTHOcuTeabHO {F;}, ecun

M{&(s) | Fi} =&(t) (P-mu.) upm s>t
6) cybmapmunezasom orHOCHTENbHO {Fy}, ecam
M{&(s) | i} 2 &) (P-mm.) upm s 2=t

B) cynepmapmunezanom orHOcHTeabHO {Fi}, ecim {—&(t), Fr} — cy6-
MapTHHTAJI.
Bameuanne Ecm £(t) apasercs maprunrasom oTHocHTemsH0 { Fr ),

TO CIIOBA «OTHOCHTEIBHO MOTOKA {Ff }» 3a4acTylo Gy/yT ONyCKATHCHL.
TIpuBemeM mpUMepHl MAPTUHTAJIOB C HEMPEPHIBHBIM BPEMEHEM.
Ipuwmep 10.7. IIycre va {2, F,P} 3azan morok c-anrebp {F:} n

ciryvaiiHas BeJMIUHA 1), IMEOIMast KOHETHOe MATEMATHIECKOE OYKUIAHE.

ITokasarb, aro cayvaitnas dbyukuus (t) = M{n | F}, t > 0, sBasiercs

MAapPTHHTAJIOM OTHOCHTENBHO {Fy}.

Pemenune. Ilo ycaosuro M{|n|} < oo, mostomy mast moGoro ¢ > 0
OLIpeesIeHO yCIoBHOE MaTeMarndeckoe oxunanue £(t) = M{n | F;}, upu-
vem £(t) mamepuma oTHOCHTENBHO Fy. TaknMm o6pasom, crydaitnas GyHK-
s &(t) Fy-cormacosana. [asee, HCHONb3ys CBOMCTBA YCIOBHOTO MaTeMa-
THYECKOTO OXWaHWst W HepaBeHCTBO Uencema (cm. . 14.5), momywaem

M{[E®)]} = M{|M{n | F} [} < M{M{Jn| | F:}} < M{[n|} < cc.
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Temepb ocTanoCh MPOBEPUTH ycaosme a) ompemenenns 10.8. Ilycrts
0 <t < s, rorna ¢ yaerom F; C F, mmeeMm

M{&(s) | 72} = M{M{n | Fo} | Fe} = M{n | 72} = £(2).

Urak, &(t) — maprunran orHocuresnbHo {F;} B cuiy onpejesneHns. B
IIpumep 10.8. Iycrs {£(t), ¢ > 0} — mapruaras orHOCHTENBHO { F} },
a g(x) — oimykias Bau3 dyukus, npudem M{|g(£(2))|} < oo. Ilokazars,
aro v(t) = g(£(t)), t > 0, aBaserca cyOMapTHHTAIOM OTHOCHTEJIBHO { Fy }.
Pemenune. Pesymprar cieayer HEMOCPEICTBEHHO W3 HEPABEHCTBA
Uencena (upu t < s):

M{v(s) | Fi} = M{g(&(s)) | Fo} = 9(M{&(s) | Fe}) = 9(&(1) = v(t).

B wacrHoCTH, ecim £(t) — mapruHTam, To ciaydvaiinsie dynkuun |£(t)],
lE@)P (p > 1), £7(t), tne 2T = max(z,0), GyayT cybMapTHHTAIaAMU TIPU
YCJIOBHH, 9TO OHUM UMEIOT KOHEUHBIE MaTeMAaTUIeCKUe OXKUJanus. M

CpolicTBa MapTHHTaJIOB U cyOMapTuHrasioB. Huke mpejiona-
raetcst, ato {&(t), t > 0} aBAsSETCST MAPTWHTAIOM WJIH CyOMapTHHTAIOM
OTHOCHUTEJIBHO (PUKCUPOBAHHOTO MOTOKA o-anre6p {F;}.

1) @ynkuus £(t) aBASETCT MAPTUHTAIOM, eca s s >t > 0

Jé(s,w) P(dw) = j £(t,w) P(dw), (10.20)

A A

¥ cCyOMapTHHTAJIOM, €CIIU

Jﬁ(s,w)P(dw) > j £(t,w) P(dw) (10.21)

A A

st oboro cobbitust A € Fy.

2) Ecrm £(t) — maprumran, To M{£(t)} = const, a ecom £(t) — cy6-
maprusras (cynepmaprusrain), to M{&(t)} — meyGbBatomas (HeBo3pa-
cratomas) hyHKIHS.

3) Eciu £(t) — cybmaprunras, To jgist Toro 9Tobsl £(t) 6bl1 MapTHH-
rasioM, HeoOxoamMo u goctaroano, arober M{E(t)} = const.

4) Hepasencmeo Koamozoposa 0asn mapmuneanos. Ecom {£(t), t > 0
o6pa3yeT MapTHHTAJ C HEMPEPHIBHBIMY CTIpaBa Tpaektopusivm, M{£(%)
= mg¢, g(x) — HeoTpunaTenbHas BeimyKiaad yukuusd, a A C [0, 400), TO
it Jiroboro € > 0

P{fggg(f(t)) >e} < ?élg M{g(&(2))} /e

[

B YaCTHOCTH, CIIpaBE€IJINB yCI/IﬂeHHLIﬁ BapuaHT HEpaBE€HCTBaA Yebnimena:

P{fgglé(t)—msl e} < supD{& )} /€2
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Ecmm £(t) — HeOTpUTIATENBHBIN CyOMapTHHTAN, TPAEKTOPHE KOTOPOTO
HeNpPEPHIBHEL cnpaBa, a A C [0, +00), To aag moboro € > 0

P{félApf >e} < SupM{é )} /e

5) ITycrs {£(¢), t > 0} — cyOMapTuHTa), TPAEKTOPUE KOTOPOTO HElpe-

peIBHEL cipaBa, n sup M{|£(t)|} < co. Torma ¢ BeposiTHOCTEIO 1 CyTmeCTBY-
20
eT TIpejies 1 = tl_i)rgoﬁ(t), npraem M{|n|} < oo.

Sameuanue. U3 mocieHero cBOCTBa CJIEyeT, B 9ACTHOCTH, 9TO
BCSKMiT HETPEPHIBHBIN HEOTPHUIATENBHBIN cynmepmapTaaTan {£(t), ¢ > 0}
(ero MaTeMaTHYECKOE OXKHMIAHWE PABHOMEDHO OIDaHMYEHO) B HEKOTOPOM
CMBICJIE BBIPOXKIAETCA. JIeHCTBATEIbHO, IOYTH KazK1as TPACKTOPHSL STO-
ro IpOIEecca MpU ¢ — 00 CXOJUTCH K HEKOTOPOMY KOHEYHOMY IIDEIETy
(B ofmem ciy9ae Ipeaesnbl PasindHbl JUIA DA3JIMIHBIX TPACKTOPHMIL).
Amnasnorm4noe CBOICTBO MMEET MECTO TAKXKe WM JJIf HEIOJOXKHUTEIHLHOTIO
cyOMapTUHTAJIA.

Coenyromuii npuMep TOSCHSAET CBA3b MapPTHHIAJIOB M IPOIECCOB
C HE3aBUCHMBIMY IIPHPAIEHHUSIMHY.

Mpumep 10.9. Iycrs {£(¢), t > 0} — cayuaiinas yskuus ¢ Hesa-
BUCHMBIMH [IPUPAIEHASME ¥ IIOCTOSHHBIM MATEMATHIECKUM OZKIUIAHUEM.
IlokasaTh, uto £(t) AB/IsSETCS MADTHHIAIOM OTHOCHTEIBHO TOTOKa {FF ),
ecim £(0) = 0.

Pemenmne. Ilycte A&(t,s) =&(s) — &(t) nna 0 < ¢ < s. TTokaxem,
aro AE(t,s) me saBucuT o1 o-anre6pst Fy. JlJIs 9TOro JOCTATOIHO 0Ka-
3aTh HE3aBUCHUMOCTD YKA3aHHOTO IPUPAIIEHUS OT MPOM3BOJIBHOTO Habopa
ceveHuit

Et1), - E(ta), (10.22)

e 0 =1ty <t <...<t, <t Hockonbky ceuenust (10.22) mMoxHO mpe-
CTaBUTDH B BUJE JUHEHHOTO Mpeobpa30BaHUs TTPUPAIIEHITI

AE(to,t1)s s AE(En—1,tn), (10.23)

TO TpeGyeMoe yTBEPIKIEHNE CIeyeT U3 Toro, uTo mpupamienns (10.23) we
sapucaT ot AL(t, ) 1O yCIOBHIO.

Teneps B cuiy HesaBucumoctn A¢(t, s) or .7-"5 n mocrostacrea M{&(s)}
HAXOIUM

M{e(s) | FF} = M{€(t) + Ac(t,s) | FE) =
=M{E(t) | 7o} +M{AE(ts) | FF} = €(t) + M{AE(t, )} =
= £(t) + M{&(s)} — M{E(t)} = £(2),
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e &(t) = M{£(¢) | ff}, Tax kak £(t) nsmepnma oTHOCHTENHHO Fr (M.
CBOMiCTBa yCJIOBHOTO MaTEMATHIECKOro OXKHUjaHus B 1. 14.5). YunrbiBas,
aro M{|€(¢)|} < oo mo ycnoBumio, momygaewm, aro &(t) — mapruHrag. W

BBe/leHHbBIIT B IIPEIBLIY MIEM TIyHKTE IyaCCOHOBCKHII TPOIECC JIAET HAM
COZIEP?KATENBHBIN IPUMep CyOMapTHHTAJIA.

IIpumep 10.10. IToka3ars, 9TO OTHOPOMHBIH TyaCCOHOBCKUII TTPOTIECC
n(t) aBagerca cybmapruaramsom oraocuresabno {F,'} w jomyckaer mpes-
CTaBJICHWE BH/IA

n(t) = ~v(t) + A(t), (10.24)

rae y(t) — maprunran orHocuTenbHo { F;' }, a A(t) — nerepMuHEpOBaHHAS
dyHKIHS.

Pemenue. Cormnacao onpenenenuto 10.5 npupamenue 7(s) — n(t),
s > t, meorpunarensuo, npuaem M{|n(t)|} < co. CremosarensHo,

M{n(s) | 7'} = n(t) = M{n(s) —n(t) | 7/} > 0,

9TO JOKA3BIBAET CyOMapTHHIAILHOCTD Tporecca 7)(t).

Tockomsky M{n(t)} = At, To mpomecc y(t) = n(t) — At sBasiercss men-
rpupoBaunoii C® ¢ HesaBucMMbIME Tpupamienusyu, npudem v(0) = 0.
TlosTomy B cmimy pesynbrata mpumepa 10.9 «(¢) mpemcrasuster coGoit
mapruaran orsocureabso {F, }. Tak xak F;' = F," upu mobom t > 0,
To v(t) — maprmHran orHocuresbHO moToKa {F;'}. Takmm oGpasom,
Tpebyemoe mpencrasienne nmeet Bug (10.24), Tie

y(t) =n(t),  A(t) =M{n(t)} = xt. =

Bameuanue. Ilpencrapnenne (10.24) cybmapruurana 7(t) axamo-
ruaao passoxkennioo Jyba (7.2) (mast cyOMapTHHTAIOB C JUCKPETHBIM
BPEMEHEM ), TIosTy9eHHoMY B 11. 7.1. IIpu 3ToM jleTrepMUHUpOBaHHAs HEyObI-
patomas yrxmus A(t) (A(0) = 0) maseBaeTcs Komnencamopom cyomap-
TuHraga 7(t).

Iastee GyieM TIpeINoNaraTh, 9T0 TPAEKTOPUH ITyaCCOHOBCKOTO MPOLEC-
Ca HEeIPEPBIBHBI CIIPABA.

IIpumep 10.11. B ycmoBusax mpumepa 10.10 omeHuTh

P{ sup [n(t)—M|>e} amm T=1A1=2¢e=4
t€[0,T]

Pemenwme. Us mpumepa 10.10 cieyer, aTo y(t) — meHTpUPOBAHHBII
HenpepbiBHBL cpapa Maprunran, npuaem M{y%(t)} = D{n(t)} = At,
tak kKak CB 7n(t) nmeer pacnpenesnenne Ilyaccona ¢ mapamerpom g = At.
Temeps BoCTOMB3yeMcst HepaBeHCTBOM Kommoroposa:

Do) _ AT
€2’

P{ sup [n(t)—At| > e} < sup =2 3
t€[0,7) tefo,r] € tefo,1] ©
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Orcroma ipu T = 1, A = 2, ¢ = 4 moxygaem

P{ sup |n(t)— At| > e} < < =0,125.

t€[0,T

00| =

Ilocsmennee o3HavaeT, 9TO C BEPOATHOCTHIO, He MeHbIe# 0,875, mMakcu-
MaJIbHOE OTKJIOHEHHE PeaJbHOIO YUCIIa CKAYKOB Ipouecca 1)(t) or oxuia-
eMoro 4ucia my(t) = 2t na npomexyrke Bpemenn [0,1] 6yzmer e Gonblue
geTbipex. M

IIycrs Teneps £(t) — ueHTpUpOBaHHAs MUILOEPTOBA CitydaiiHas (yHK-
s (r.e. M{|¢{()|?} < 00), sBAsIOmAsCS MAPTHHIAIOM OTHOCHTENLHO
notoka o-anre6p {F }. Takoit mpomecc Mbr 6y 1eM HAZBIBATH K6aAOPAMUYHO-
UHMEPUPYEMBIM MAPMUH2aA0M. MeXITy MapTUHraJaMHu 9TOTO TUIA U
MIPONECCAMU C OPTOTOHAJBHBIMU IPUPAIIEHUSIME UMEETCs] TeCHas CB3b,
0 9€M CBUIETEJILCTBYET CJIELYIONIMHA TpUMep.

IIpumep 10.12. Jlokazarb, 4To JtOOOH KBaJIPATUYHO-UHTEIPUDYE-
MBI MApTUHTAJ SBJSIETCS IIPOIECCOM C OPTOTOHAJBHBIME IPUPAIIEHN-
SIMU.

Pemenwne. Ilycts 0 < t1 < tg < t3 < ty4, TOTIA

M{AE(t1,t2) AL (ts3,t4) } = M{M{AE(t1,t2) AL(ts,ta) | Fis b} =

= M{AL(t1, t2) M{AE(t3,t4) | Fiy }} =0,

rjie TpeJocie[Hee PABEHCTBO CIPABEJJIMBO B CUJIy TOTO, YTO HPUDa-
menne AE(t1,t2) U3MepUMO OTHOCHTENBHO Fi,, & HOCIENHEEe — B CHILY
M{A&(ts,ta) | Fiy} = 0, xax mokasano B npumepe 10.9. Takum o6paszom,
¢ yaerom M{AE(t, s)} = 0 nomyaaem cov{A&(t1,t2), A(ts,84)} =0, T. €.
&(t) — mporece ¢ OPTOTOHATLHBIMA MPUPAITEHASIME. B

3aMeuanue. Ecau neHTprpoBaHHbI BLIXOAAMMI U3 HyJsl MapTUH-
rajl IBJIAETCH 2GYCCOBCKUM, TO OH KBAJIPATHYHO WHTETPUPYEM U MMEET
OPTOrOHAJIbHBIE TIPUPANIEHHs], KOTOPBIE (B CHJLy TayCCOBOCTH) ABJISIOTCH
He3aBUCHMBIME. TakuMm 06pa3oM, BCAKHI TayCCOBCKUI MapTHHTAJ] MMEET
HesaBUCUMBIe Tpupaienus. Hao6opoT, Beakuil MeHTPHPOBAHHBIN BBIXO-
JSIAH U3 HyJisl TayCCOBCKUIT IPOIECC ¢ HE3aBUCUMBIMU IIPUPAICHAAME
ABJSETCA KBaJAPATHIHO-MHTErPHPYEMbIM TayCCOBCKUM MAPTHHTAJIOM.

g KBaJApaTHIHO-MHTEIPUPYEMbBIX MAPTUHTAJIOB CIIPABEIJIUE aHAJIOT
passoxenns (7.5), KOTOpoe BLINIAANT Haubosiee MPOCTO, ECII PACCMATDH-
BaeTCs MAPTHHTAJ C HE3ABUCUMBIME ITPUPATICHIIMHA.

Teopema 10.1. Ilyemsv £(t) — xeadpamuyno-urnmezpupyemvlt
MAPMUHRAA € HE3ABUCUMBMU NPUPaweruamy. Tozda cybmapmunezan
n(t) = £2(t) donycxaem eduncmeenrioe pasaosicerue

n(t) = M(t) + (€),, (10.25)

20e M(t) — mapmunzan ommocumenvio nomoxa {Fe}, a (&),
sa0wWaA demepMuruposarnas Pyrryua (maxas, wmo (€), = 0).
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Qyukius (§), Ha3bIBaeTCs K6AdPAMUYECKOT TAPAKMEPUCMUKOT Map-
munezana §(t).

IMpuwmep 10.13. Iycts {&£(t), t > 0} — KBampaTWIHO-WHTETpPHpPYE-
MBIl MAPTHHTAJ (OTHOCHTEJILHO {FF1) ¢ HesaBucuMbIME npUpaIIERKSIMY,
£(0) = 0. TTokazars, uro (§), = De(t).

Pemenwne. Boramcium M{ﬁz(s) —&(t) | _'Ff} upu s > t. Ucnons-

3y4d HE3aBUCUMOCTH B COBOKYITHOCTH cnyqaﬁHbe BEJINYNH
Ag(t,s),  AL0,t), £(0),

MapTUHTAJIBHOE CBOHCTBO M{Af (t, ) | ff} =0 u pe3yabTaT MUpHUMe-
pa 10.2, monyyvaem

M{ex(s) - (1) | 7 = M{(€(s) - €0 (E(s) +60) | 7 =
- M{A§ (£, 9)[A&(t, 5) + 2A£(0,2) + 2£(0)) | ]—'5} —
= M{(A¢(t,9) | Ff | = M{(A(t,9))} = De(s) — De(t).

Takum obpaszom, mportecc M (t) = £2(t) — De(t) ynoBaerBopsieT MapTHH-
rasbHOMYy cBoiicTy, a M{|M (t)|} < oo B cury M{&*(t)} < co. m
EcTecTBenHBIM 0600IIEHNEM OIHOPOIHOIO ITYaCCOHOBCKOTO ITPOIECCa,
n(t), y KOTOpOro BCe CKadKW paBHBI 1, sBigerca obobwernnvil nyac-
conosckuti npouecc H(t), ckaukm KOTOpOro 06pasylOT COBOKYITHOCTH
HE3aBUCUMBIX CJIy4ailHbIX Besuunn {&;}, He 3aBucamux Takxke u ot 7(t):

n(t)

=& t>0.
i=1

Takum obpasom, & = AH(7;) — Besmvuna ckauka nponecca H(t) B mo-
MEHT T;, COOTBETCTBYIOIIMH i-My CKadKy mporecca 7)(t) Ha IPOMeXKyTKe
[0,%], tne i =1, ...,n(t). Bymem canTarh, 9To 3amaHBl napamemps, 0606-
HIEHHOTO ITyaCCOHOBCKOTO IIPOIECCa:

>‘v /-L:M{gl}v D:D{él}?

rje A > 0 — HHTEeHCHBHOCTD IIyaCCOHOBCKOrO mpotecca 7)(t).

Mpumep 10.14. IIycrs H(t) — 0600mIeH b MyacCOHOBCKUIL TPOTIECC
¢ napamerpamu (A, u, D). Hafitn ero maTemaTmaeckoe 0XKUJTAHWE W JIAC-
IEpPCHIOo.
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Pemenwne. Ilo dopmyse moamHOTO MaTEMATHIECKOTO OXKUIAHUS, UC-
MOJTb3ysl HE3ABUCUMOCTD CKaukKoB {&;} or n(t), maxommm

M{H(#)} = Z M{H(#) [ n(t) = n} P{n(t) = n} =

n

=My

n=1 =1

20 = nJPl) =) = 3 M{SEFP{n0) =) =

= i nuP{n(t) =n} = puM{n(t)} = pit.

AHaornuHO mOoNydaeM BLIPAsKEeHHE JJIs M{Hz(t)}:
M{H2 } Z M{H2 | n(t) = n}P{n(t) =n}=

= 3 M{(326)" P10 =) = 5= (0D + (o P {ne) = ) =

= n=1

=M{n(t)} D+ M{n*(t)} p* = MD + (At + (At)*)p®

rje yuTeHo M{(i {i)z} = iD{&} + (i M{&})2. OKoHYATEIBLHO
i=1 i=1 i=1

HaXOIUM Bpra}KeHI;e ISt D{H_(t)}:

M{H?(t)} — (M{H(t)})* = MD+ (At+(A)*)p? — (Atp)? = (D+p?) AL, =

Coenyomuit mpuMep TTOKa3bIBAET, ITO ODOOMIEHHBIN TyaCCOHOBCKMIA
MPOIECC UMEET HE3ABUCUMBIE IPUPAIIECHMUSI.

IIpumep 10.15. [Tokazars, 9T0 060OMIEHABIHN TyaCCOHOBCKMI TTPOTIIECC
H(t) ¢ mapamerpamu (A, p, D) nMeer He3aBUCHUMBbIE IPUPAIIEHUSI.

Pemenune. Ilycts to =0 < t; <...<t,. Jokaxem, aTo mpuparmie-
mua AH; = H(t;) —H(tj-1),j =1, ..., n, HesaBucumsl. s 9T0r0 gocra-
TOYHO JIOKA3aTh PABEHCTBO

U(z1y oeny2n) = U1(21) ... Uplzn), (10.26)

rie \Il(zl, ...y 2p) — XapaKTepuCTHIeCKas (PYHKIUsA CIydailHOro BEKTOpa
{AHy, ..., AH,}*, a ¥ (z ) — XapaKTepucTuieckue (pyHKIUH CIIydafi-
HBIX BeJII/I‘{I/IH AH;, j = 1 ., n (em. 1. 14.3). Uraxk,

e, o zn) = M{exp (i 30 5,80, ) } = Mip(n(t), .- n(t)}
= (10.27)
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rae Gbyskuusa (my, ..., My) OUPELENAeTCH BbIPaskKeHHEM

o(my, ...,my) = {exp( Z:: ) ‘ n(t1) = my, ...,n(tn) =mn}

(10.28)
ISl HATYPaJbHLIX apryMeHTOB mi < ... < My,. cnonb3ys obo3nadenue
AHj(m) = > &, B cuy HesaBucEMOCTH CKaukoB {&;} or 7)(t) u Hesa-
my_1<i<m;
sucumocru Benuuus {AH;(m), j =1, ...,n} naxomum

o(my, ...,m M{exp( Zz]AH )} =

f[ M{exp(izj AH;j(m))} = H We(zi)™ ™=t (10.29)

i=1

rae We(zj) — xapakTepucTudeckasi QYHKINS CIyIaltHON BeNHIHHBI &;.
Teneps u3 (10.27)—(10.29) ¢ y4eToM HE3aBHCUMOCTH TPHUPAIIEHUN Iyac-
COHOBCKOrO mpoiiecca 7)(t) mosydaem

(2, ..., 2 M{H W (z;) ) n(tj_l))} _
= ﬁ ]_\/_[{\:[J“s ("7("’3) n(t,— 1))} (1030)

TToBTOpSISi MOCIOBHO TpOAENaHHble BEIKMaAKN miast dbynkmun ¥ ;(z;), Ha-
XOIUM

W;(z) M{\Ijg (n(tg) (tjfl))}' (10.31)

Teneps rpebyemoe pasercTso (10.26) creayer uz (10.30) u (10.31). m
C momoTtIbio 0600IIEHHOTO TTyaCCOHOBCKOTO TTPOIIECCa MOXKHO OITPE/Ie-
JINTH BaXKHBIA KJIACC KBAIPATUYHO-UHTETPUPYEMBIX MAPTUHTAJIOB.
Teopema 10.2. IIyems H(t) — obobwennwid nyacconosckutd, npoyece
¢ napamempamy (A, p, D). Tozda npouece

H(t) = H(t) — pt

ecms K8aIPAMUYHO-URMEZPUPYEMBLT, MAPMUH2GA C KEAIPATMUYECKOT, Ta-
paxmepucmuxot

(H), = (D + p?)At.
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Eme ogun ki1acc KBagpaTHIHO-MHTEIPUPYEMBIX MAPTHHTAJIOB MOXKHO
TIOCTPOUTD CIEAYIOMUM 0O6pa30M.

IIpumep 10.16. IlycTth 3amaHa MOCIIENOBATETHLHOCTh HE3ABUCUMBIX
caryuaiinpx Besmand {6; }, takux, aro M{é;} = 0 u M{6?} < occ. Ilycrs
TaKsKe 33/laHa JeTePMUHUPOBaHHAs BO3PACTAIONMIAs IIOCIEN0BATEIHLHOCTD
MoMeHTOB BpeMenn {7;}. IIpu Kakux ycioBUsiX Iporece

E)=> 4

Ti<t

ABIAETCA KBaIPATIHIHO-HHTEIPAPYEMBIM MAPTHHTAIOM?

Pemenme. Ha kaxmom wuaTepsame [0,t], Takom, 9TO HYmCIO
N(t) = sup{i: 7; <t} Komeuno, mpomecc £(t) siBisieTcsi KBaJpaTHIHO-
MHTErPAPYEeMbIM MapPTHHTAIOM C KBaPATHIECKOH XapaKTePICTHKOIT

N(t)
<§>t = E M{‘Szz}

Ecim xe N(t) = oo, 1o £(t) — KBaAPATHIHO-NHTEIPUPYEMBLE MAPTHHIAL,

o0
ecin > M{67} <oco. m
=1
3ameuanmue. [locrpoenne mponecca £(t) 0UeHb HATTOMUHAET TIOCTPO-
eHne ODODIIEHHOr0 IyaCCOHOBCKOI'O IIPOIECCa C TOW JIMIIb DPa3HUIEH,
9TO Y TOCTETHEr0 CKAYKK TIPOUCXOIAT B CJIyJIaifHbIe MOMEHTHI BPEMEHH.
Tpaekropuu 060UX TPOIECCOB TAKXKE BEChMa, TOXOXKHU W TPEJCTABISIOT
€000l KyCOYHO ITOCTOSIHHBIE HENPEPBIBHBIE ciipaBa (pyHKuu. OHAKO UX
KBaJpaTHIECKNE XapaKTEPUCTUKHU OTINYAIOTCS PATUKAIBHBIM 00Pa30M.
KBaparuyaeckast xapaKTepHuCTHKa 0000IIEHHOTO IIyaCCOHOBCKOI'O IIPOIEC-
ca HeNpepbIBHA, OTKY/Ia CIEIyeT ero C.K.-HelMPEPHIBHOCTh B KaXKIOW TOU-
ke. KBagparuueckasi xapakrepucruka mporecca &(t) paspbiBHA BO BCeX
Toukax {7;}, TJieé MCIBITHLIBAIOT PAa3PHIB TPAEKTOPHH CAMOTO TPOIECCA.

10.4. BunepoBckmuii mporiecc. JIaHHLIN TyHKT MBI TIOCBATAM W3-
YEHWIO CBOMCTE HamboJee BayKHOTO TIPOIECCA, MPUHA/JIEXKAIIEro ceMefi-
CTBY CIy9afiHbIX QYHKIHH ¢ OPTOrOHAMBHBIME TTPUPAIICHESIMH.

Onpemenernne 10.9. Crywaitnas dbynkuus {w(t),t > 0} masssaer-
CH BUHEPOBCKUM NPOUECCOM, ECITH:

a) w(0) = 0, M{w(t)} = 0;

6) w(t) — OMHOPOJHBIH TIPOIECC ¢ HE3ABUCUMBIMHU IPUPAIICHUAMY;

B) w(t) — rayccoBckwuii mporecc.

W3 mpuBeseHHOTO OmMpeesieHnst Cpa3y CIeIyeT, 9To mpu Jjodbom t > 0
ceuenne w(t) mmeer pactupenenenue N (0; 0%t), a mpupamenue Aw(t,s) —
pactpegesnenue N (0; o2|t—s|), rae N (a; D) — rayccoBckoe pacipe/iesieHue
co cpemHUM @ U gucnepcueit D. YKazaHHBIE XapaKTEPUCTHKHA MO3BOJIAIOT
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PaCCYNTHIBATH BEPOATHOCTH HEKOTOPBHIX IIPOCTHIX COOBITHIl, CBSI3aHHBIX
€ BHHEPOBCKHUM IIPOIECCOM.

HMpumep 10.17. Iycrs w(t) — BUHEPOBCKHII POIECC ¢ MHTEHCHB-
HocTbio 02 > 0. Boraumesmrs BeposTHOCTL TOro, 4TO B MOMeHT T > 0
Tpaekropust w(t) okaxkercs wbime yposus  (T.e. P{w(T) > x}).

Pemenne. Ilo ycmosuio M{w(t)} = 0, a D,,(t) = ot, mostomy w(t)
nmveer pacrpenenernne N (0;0%t). Orcroma semmanHa w(t) = ) peer

oVt

cranapTHOE rayccoBckoe pacipesesenue N (0;1). CaenoparessbHo,

P{w(T) > z} =P{ﬁ(T) > U\%} —1-& <$> :

z
e P(z) = L J e_t2/2 dt — dynkuus pacupenenenus CB w(T)
Var )
(byskmusa Jlamraca).
B uacrnocrn, P{|w(t)| < 30vt} = &(3) — &(—3) ~ 0,997 mus Bea-
kOro ¢ > 0, T. . BBIXOJ TPACKTOPHU BHHEPOBCKOI'O IPOLECCA 33 IIPEIEIIbI
obactu |z| < 30/t Manoseposten (cm. puc. 10.1). m

3o/t

w(t)

-3 a\/f
Puc. 10.1

OxasbiBaeTcst, 4To w(t) 0b1aaeT MHOTUMA HHTEPECHBIMU CBOHCTBAMH,
KOTOPBIE MBI TIPUBEIEM 0€3 M0Ka3aTeIhCTBA.

1) BuHEepoBCKUIt MPOIECC SIBISIETCST MAPKOBCKUM TIPOIECCOM.

2) ITourn BCe TPAEKTOPHH BHHEPOBCKOIO INIPOLECCA — HENPEPHLEHBLE

dynxmun (puc. 10.1).
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3) IlouTw Bce TPAEKTOPMU BHHEPOBCKOTO TIpotecca ke duddepenyupy-
emMb, HI B OJHON TOYKE.

4) C BeposiTHOCTBIO 1 Ha JT060M KOHEUHOM OTpe3ke [t,s], t < s, Tpa-
€KTOPHA BUHEPOBCKOTO IIPOIECCa UMEET He02PAHUMEHHYI0 6APUAUUIO.

5) BunepoBcKuii TpOIECC OMUCHIBAET CuMMeMPUuHoe bayoicdarue
YACTHUIBL TIO JieficTBUTENbHON pamMoit (w(t) — KOOpAMHATA JACTHUIIBL B MO-
MmeHT t > 0):

1
P{w(t) >0} =P{w(t) <0} = 5 mpm t> 0.
Bosee toro, eciin 7, — ciry4aliHBINT MOMEHT IIEPBOIO IIEPECEYEHUS TPACK-
Topueil w(t) ypoBHS , TO JasbHeillnee OiyKIaHIE TAaKXKe CHMMETPUYHO:

Plu(t) >z |7, <t} =Plw(t) <z |7 <t} =5 (10.32)

6) Iycrs {4k (t)}52; — opronopMupoBanubLii 6a3uc ruabGepTOBA IPO-
crpanctBa Lo[0,T] dbyHKuil, KBapaTHIHO-UHTErPUPYEMBIX HA OTPE3KE
[0,T], a {V&}32, — rayccoBckuil cTaHmapTHBI AMCKPETHBIH Gesblil Iy M.
Torma mportecc

wt) =3 Vi [ex(ryar, te 0,7, (10.33)
k=1

STBJTSIETCS CTAHIAPTHBIM BHHEPOBCKWM mporeccoM Ha [0, 7] (cxommvocTh
psaga B (10.33) moHMMAaETCS B C.K.-CMBICIIE).

7) Buneposckuii mporecc w(t) SBISETCS HEIPEPLIBHBIM TayCCOBCKIM
KBa[PATUIHO-UHTETPUPYEMBIM MAPTUHIAJIOM C KBaIPATHYECKON XapaKTe-
puctukoit (w), = Dy, (t) = o?t.

TIpuBeennbie CBOMCTBA BUHEPOBCKOrO mpotecca w(t) MO3BOILAIOT HUC-
CIeOBaTh GOJIEE CIOXKHBIE €T0 XAPAKTEPUCTHKH.

IIycres = > 0 — 3amannOe umcio. OGoO3HAYUM Yepe3 T, CJrydaiiHbIH
MOMEHT TIEPBOTO MEPECEYEHNs] YPOBHSI & TPAEKTOPUEH BUHEPOBCKOTO TIPO-
necca w(t), ynoMstHy THIl B CBOHCTBE 5:

T, = inf{t > 0: w(t) > z}. (10.34)

Paccmorpum BeposiTHOCTHBIE XapakTepuctuku CB 7.

IIpumep 10.18. Haiitu 3akon pacupenenennst CB 7, onpenensemoit
coorromernnem (10.34). BreisacauTh, m060# Ju ypoBeHb T Oyzer upe-
omoser. Eciv ma, TO CKOJBKO B CpelHEM MPHUIETCS OXKUIATH MOMEHTA
HACTYIIJIEHUS] STOTO COOBITHS !

Pemenmne. Ilycts t > 0 Takoso, ato w(t) > x > 0. B crury menmpepbis-
HocTH w(t) (CM. CBOMCTBO 2) 9TO BO3MOXKHO, TOJNBKO €CIM JO MOMEHTa ¢
tpaekTopusi {w(7), T > 0} y>Ke mepecekia ypoBeHb &, T. €. IPOU3OILIO CO-
6bitre {1, < t}. Takum obpaszom, ciayuaiinoe cobbirue {w(t) > z} Bieuer
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{me < t}, mosromy {w(t) > z} N {r, <t} = {w(t) > z}. C ygerom sroro,
ncnonb3yst GOpMyITy yMHOXKEHHsI BEPOSITHOCTE!, MOy daeM

P{w(t) >z} =P{w(t) >z, 7, <t} =P{w(t) >z |7 <t} P{r: < t}.
Nraxk,
P{w(t) > z | 7 <t} = P{w(t) > a2} /P{r, < t}. (10.35)

U3 coiicTBa CMMMETPUM BHHEPOBCKOIO IIpolecca (CM. CBOHCTBO 5)
u coornomenus (10.32) cmexyer, uro gesas wacrs (10.35) pasma 1/2.
TToaTomy

P{r, <t} =2P{w(t) > =z}, (10.36)

rne P{r, <t} = F, (t) — uckomas dbynkumss pacnpemenenuss CB 7,

npuaem u3 npumepa 10.17 crenyer, aro P{w(t) >z} =1 - & <%>
g

Takum obpazom,

Fp (t)=2 <1 — <Jiﬂ>> = %z/z/ze_Z2/2 dz. (10.37)

U3 (10.37) cenyer, uro F._(t) — nenpepsisao muddepennupyemast GyHK-
s, T.e. CB 7, mMeer HENPEPHIBHYIO TJIOTHOCTH BEPOSITHOCTH:

’

fr.(t) = F (1) = m

e/ s, (10.38)

Coorromenus (10.37) u (10.38) 103BOIAIOT CAEIATH CIIEAYIOIIME Bbl-
BOJIBL:

a) P{r; < oo} = 1 nupm mobom koreanom z > 0, T. €. TPaEKTOPUs BU-
HEPOBCKOI'O MPOIECCa PAHO UJIH MO3/HO MEPECETET CKOIb YTOAHO BHICOKHIA
6apbep x;

(e e}
6) M{r,} = J tfr. (t)dt = oo, T.e. cpemEEe BpeMsl OKUJAHWS 3TOTO
0
nepeceveHrst GECKOHEIHO BEJUKO. M

B 3aBepimennme paccMOTPHM TIPUMED, WILIIOCTPUDYIOMUIl CBA3L BH-
HEPOBCKOI'O TPOIECCa € HEKOTOPOH IMOCJIEMOBATEIBHOCTLIO CIIyYaifHbIX
Oy KIaHUNT TACTUIBI TTO0 JUCKPETHBIM TOYKAM BEMECTBEHHON MPSIMOii.
B 4acTHOCTH, MBI BLISICHUM TIPHYHHY, 10 KOTOPOWl BHHEPOBCKHII TIPOTIECC
OKa3bIBAETC TayCCOBCKUM.

Mpumep 10.19. Iokasarb, 9T0 BuHEpOBCKuUii mpomecc w(t) MOKHO
PaCCMATPUBATh KaK P MOCAEI0BATEIBHOCTH CIIy YaiiHbIX OJIy 2K TaHUi
Ha IPAMOIL.
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Pemenwne. Tlom mucKpeTHBIM CIy9dafiHBIM OJTy’KIaHUEM Ha TIPs-
Mot GysieM MOHMMATH CIy9affHyI0 MOCIeAOoBAaTeNbHOCTh {w,(T), 7 =0,
At,2At, ... ,nAt}, toe t >0, At =t/n, n>>1, obiamanouyo Cremyo-
MM CBOMCTBOM: €CJIM TOYKA B MOMEHT T MMeeT KOOPAUHATY Wy, (T), TO
B CJIEJIYIONMit MOMEHT T + At oHa mepexoauT Jubo B TOUKY Wy (7) + Aw,
mu60 B TOUKY Wn(T) — Aw, rme Aw >0 — (IpocTpaHCTBEHHBIN) mIar
GuyxKaHus, a camMo OJryKJaHWe CUMMETPUYHO, T. €.

P{w, (7 + At) = w, (1) + Aw} =
= P{w, (7 + At) = w, (1) — Aw} =1/2. (10.39)
Iycrs w,(0) = 0 — HavambHast KOOpAWHATA OIIy?KIATOMER TOUKH 1
K MOMEHTY BpeMmeHH t ciesano n = t/At maros. Torma wy,(t) = i Wik,

rae {wpk} — COOTBETCTByIOIME CIydaiiibie mard. 1o mocTpoeHmio ciry-
YaliHble BEJWIHHDL { Wk} HE3ABUCHMBI B COBOKYITHOCTH 1

P{wnk = Aw} = P{wnk = —Aw} = ]_/2
Orciona M{wni} = 0, a D{wpi} = (Aw)?. Hostomy wy,(t) umeer ciemy-
IOIUe XapPAKTEPUCTHKH:
n
M{wn ()} = > M{wnr} = 0;
k=1

D{w,(t)} = Z D{wn;} = nAw? = t-——L-
k=1

(Aw)*
At

Bynmem canrars t bukcupoBanabiM, a At 1 Aw yCTpEeMUM K HYJIIO TaK, YTO-

A 2
OBl % = 0'2 = const > 0, Ipu4ieM n = é — OQ. PaCCMOTpI/IM npeaest
wn (t)

(o pacmpesieNeHnIo) MOCIe[0BATEILHOCTH Wy () = v
g

. U3 nenTpannb-

HOIl npejiesbHOl Teopembl (cM. 1. 14.6) ciemyer, aTo
P{w,(t) <z} > P(z) mpm n — oo,

T. €. IIpeJieNIbHAst BeJUInHa W (1) MMEET CTaHJAPTHOE TayCCOBCKOE PaCIIpe-
nenenne. Herpynno mokasarh, 4ro st Besikoro nabopa uamcen {Ag )i
m

u MomentoB Bpemenn 0 <ty <ty < ... <ty <t CB & = Y Mwn(ty)
k=1

Tak»Ke B IIpejelie IMeeT TayCCOBCKOe paclipeliesieHne. DT0 03HAYaeT, YTOo

w(t) sABJseTCS TAyCCOBCKOW CirydaiiHOil (QyHKIueH, a CiIefoBaTeIbHO,

w(t) = w(t)ov/t — Taxxke rayccosckas dymnkius, mpraem M{w(t)} = 0,

D{w(t)} = 0%, w(0) = 0, a OIHOPOAHOCTD U HEZABUCUMOCTE TIPUPATTEHTH

14 B.M. Munnep u A.P.Ilaukos



210 CAYYAUHBIE ®YHKIIUN [FI[. 11

nponecca w(t) crepyior w3 cmocoba mocrpoenus Oiyzxmammit {wy, (¢)}.
Taxum 06pa3om, w(t) — BUHEPOBCKMIT TTPOTIECC ¢ MHTEHCHBHOCTHIO 072 > 0.

W3 monygenmoro pe3yabTaTa CIeayeT crocod hu3nIecKoit mHTepIIpeTa-
1M1 BUHEPOBCKOTO mpotecca w(t): ecan Ha mpomexyTke [0, t] Touka gemaer
CITy9aiiHble aru ¢ THTEPBAJIOM BpeMenn At, a BeJIMIWHA mara pasaa Aw,
TO IPY yCJIIOBUM, YTO MIATOB COBEPINAETCA MHOrO, T.e. n = t/At Bemuko,
MOXKHO CIUTaTh, 9T0 {wy, (7) ~ w(7), 7 € [0,t]}. IIpr 5TOM HHTEHCHBHOCTD
nporecca Gy manusi omnpesensercs Bemuwunnod o2 = (Aw)?/At. Oue-
BUIHO, uTo ecim (Aw)? = At, To B Tpesiese MBI OJYYIIM CTaHIAPTHBIH
BUHEPOBCKUIT mporecc. W

10.5. Bajauu I CAaMOCTOSITEJILHOTO peHIeHusI.

1. ITycre &(t) — mpouecc ¢ OPTOrOHAJIBHBIMU IIPUPAIIEHUSAME, UMEIOIIUi
MaTeMaruueckoe oxunanue me (t). Jokasars, aro nponecc n(t) = &(t) — me(t)—
—(€(0) — m¢(0)) — LHEHTPUPOBAHHBIN U MMeET OPTOrOHAJBHBIE [IPUPAIICHHUS.

2. Ilycrp &1(t) u &2(f) — HesaBucuMBle ciiydaiinble GQYyHKIUUA C HE3aBHU-
cumbivu mipupamieHusvu. JlokazaTh, ato £(t) = &1(t) + &2(t) Takxke umeer
HE3aBUCUMbIE TPUPAIICHHUS.

3. Iycrs {£(t), Fi }, t > 0, — cyOmaprunrad, a f(z) — HenpepbIBHAS U MOHO-
TOHHO HeyObIBatoIasl BolLyKJast BHu3 dbyakuus u M{|f(£(¢))|} < co. [Tokasars,
aro {f(&(¢)), Fi}, t > 0, — Takke cyOMapTHHTAJL.

4. Jlokazarb cBoiicrBa 1-3 MapruHrasaoB u cybmapruarasos u3 m. 10.3.

5. Jlokasars Teopemy 10.2.

Ykazauue. Bocionb3oBaTbcs pesyiibraramu mpumepon 10.13-10.15.

6. Ilycrs &1(t), &2(t) — KBaAPATUYHO-UHTErpUPYEMbIE MAPTHHIAJIBI OTHO-
curesibHO Hekoroporo mnoroka {F;}. Ilokasars, uro &1(t) + &2(t) — Takxke
KBa/IpaTHYHO-UHTErPUPYEMbIil MAPTUHTAJ OTHOCUTENHHO { Ft }.

7. Iycrb £(t) — OMHOPOMHBIN TPOIECC C HE3ABUCUMBIME MPUPAIICHUSMH,
BBIXOAHUI U3 HyJIs, a We(\; t) — ero oqHOMepHas XapaKTepucTueckas: hyHK-
nwust. JlokazaTs paBeHCTBO

Te(A; t+5) = Te(X; 1) Te(N;s), t,s20.

VYkazaunue. Bocmonp3oBarbcss TeM, YTO XapaKTepUCTHYECKas (DYyHKIUS
CYMMBI HE3aBUCHMBIX CJIyYallHBIX BEJUYUH PaBHA IPOU3BEJEHUIO UX XapaKTe-
PUCTUIECKUX (DYHKITHIA.

t

8. Ilycrs 7(t) = JT dw(T), rme w(T) — cTaHZAPTHBIA BUHEPOBCKUIA IIpoIecC.

0
Beraucnurs my, (t) u D,y (¢).
OrBet. m,(t) =0, Dy(t) =t>/3.
9. JToka3aTb, 9TO CTAaHAAPTHBIN BUHEPOBCKuil pomecc w(t) ¢.K.-MHTErpupy-
¢

em Ha [0,t], u maiitu R, (t,s), tae n(t) = Jw(T) dr.
0
OrBer. Ry(t,s) = a’(3b—a)/6, tue a = min(t, s), b = max(t, s).
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10. IIycrs 7(t) = m[a,x] w(7), tae w(T) — cTaHAAPTHBIA BUHEPOBCKUI PO~
T€[0,t

necc. HaiiTu 3akoH pacrupezeseHus ciydaiinoi Besuaussl 7)(t) npu jmoboM ¢t > 0.
Ykazanue. Yuecrs P{n(t) > 2} = P{r, <t} u ucnonssosars perenue
npumMmepa 10.18.

o/ VT
2
Orset. Fyuy(z) = +/2/7 J e/ 4z,
0
11. Jlokasarb, uro eciu {w(t), ¢ > 0} — BuHEpOBCKuil mporecc, TO st
n—1
Besikoro € > 0 umeer Mecto cxoaumoctb P{ S |w(tes1) — w(tr)| > e} — 1 npu
k=0

ml?,x|tk+1 —ti| > 0, rme 0 =to < #1 < ... < tp, = 1 (HeOrpaHUYEHHOCTH BapHa-

MM BUHEPOBCKOTO TPOLIECCA HA KOHETHOM WHTEPBAJIE).
Vkazanue. Beluucjurs MareMaTrndecKoe OXUJIAHUE G W JUCIEPCHIO yKa-
3aHHOM CyMMBI M, BOCIIOJIb30BABIINCH HEPABEHCTBOM 1e0ObBINIeBa, TOKA3aTh, 9TO
n—1
P{a— > |w(trt1) —w(tr)] =2 a—ce} = 0.
k=0
12. /Toka3aTb, YTO BUHEPOBCKHIi [IPOLIECC SABJISIETCS MAPKOBCKHM.
VYkasanuwue. [IpoBepuTh BBIMOJHEHHE YCJIOBUST MApPKOBOCTHU JJIsI TAyCCOB-
CKOT'O Iporiecca u3 npumepa 2.12.
13. JTokasaTh, YTO BUHEPOBCKUII IIPOIIECC SABJSIETCS KBAIPATUIHO-UHTETPU-
PYEMBIM MapTHHTAJIOM, U HAWTHU €r0 KBaJPATHIECKYIO XaPAKTEPUCTUKY.
Orser. (w), = o’t.
14. IIycrs {£(t), t > 0} — myaccoHOBCKUIL IPOLIECC ¢ MHTEHCUBHOCTHIO A > 0.
TTokazare, uro npu At | 0 BbIIOIHEHO:

P{¢(t+ At) — £(t) = 0} = 1 — AAL + o(At),
P{E(t+ At) — £(t) = 1} = AAt+ o(At),  P{E(t+ At) — £(t) > 1} = o(Ab).

Vkasanume. Yuects, uro e =1 — Az + o(z).

15. IIycrs {£(t), t > 0} — c.K.-HeNpepbIBHBIA OJHOPOJHBIN HpPOLECC € Op-
t

TOrOHAJILHBIME [IPUPAIEHUsAME, a GyHKIHs ¢(T) TakoBa, 4TO J@Q(T) dr < o0
t 0
s Beex t > 0. Jlokasars, uro mpomnecc 7(t) = J(,O(T) d¢(r) aBngerca c.K.-He-

0
[IPEPBIBHBIM IIPOLIECCOM C OPTOTOHAJIBLHBIME [IPUPAIEHUSIMUA.
16. Ilycte w(t) — crammapTHBIE BHHEpOBCKMit npomecc. IlokasaTb, 9TO

pouecc
n(t) = exp{w(t) —¢/2} — 1

LEHTPUPOBAHHBIN U MMEET OPTOrOHAJBHBIE IPUPAIIEHUSI.

Ykazanue. Bocnonb3oBarbcs TeM, 9TO M{eg} =¢eP/? nna & ~ N(0; D).

17. Ilycrs 1)(t) — OQHOPOJHBII IyaCCOHOBCKUI MPONECC ¢ HHTEHCUBHOCTHIO
A > 0. TTokazars, uro £(t) = exp{n(t) — at} — cyGMapTHHraJ OTHOCHTEIBHO
noroka {F;'}, ecim a < A(e — 1).

VYkasarne. Beraucimrs M{&(s) | 7'} nna s > ¢, npeapapuTensHo moKa-
3aB, 4TO B ycjoBuax sagaun M{exp{n(s) —n(t) —a(s —t)}} > 1.

14%*
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§ 11. Croxactuyeckue jauddepeHnuabHbIe
YPaBHEHUSI

11.1. Croxactudeckuii mHTerpasi MTto. Beime mbr mosmakomu-
JIUCH C MIOHATHEM CTOXACTHYECKOTO MHTErPaJa OT HeCIydaiiHoi dbyHKimn
MO0 CTOXaCTHYECKON Mepe, MOPOXKIEHHON IPOMECCOM C OPTOTOHAbHBIMA
npupamenuaMu. Ternepb Mbl PACIIUPHAM TO MOHATUE U PACCMOTPUM CTOXa~
CTHUYIECKUE WHTETPAJIBI OT CIIyIalHBIX (PYHKIHH IO CTOXaCTHIECKON Mepe,
MOPOKIEHHOM BUHEPOBCKUM TPOTIECCOM.

ITycts cranmapTHBI BuREpOBCKHUit mporece w(t), t € [0,T] = A sanan
Ha BepogTHOCTHOM TpoctpancTtie {Q, F, P}. Ilycts Takxke B — o-anrebpa
GOpEJIEBCKUX MHOXKECTB Ha JIeCTBUTEJ]HHON OCH.

Bribepem mekoropoe t € A u BBemem o-anrebpy cobbituii Fi, mOpo-
JKJEHHYIO cinydaitnoit dyrkmmeit {w(s), s < t}.

Onpenenenne 11.1. Cucrema cobbitnii Fy, ABISIOMATICA HANMEHb-
meit o-anrebpoii, comepxkameit Bee cobbrtmst Buma {w(s) € B} Vs < t,
V B € B, nassiBaercs o-aazebpot, nopostcdennot, {w(s), s < t}. Husa Fy
GyaeMm ucnonb3osath obosHadenne Fy = o{w(s), s € [0,t]}.

3ameuanus. 1) OueBnano, uro no onpenenenuto F; C F npu o6om
t < T (rax xak F comepxut Bce cobbitus Buaa {w(t) € B} upm B € B).
Kpome Toro, ecitm 0 < s <t < T, o Fs CF;, 9T0 TaKKe€ OUYEBUIHO.
B sTom ciywae rosopsT, uto {F;, t € A} — nomox o-anzebp.

2) o-anrebpa F; umeet sicHBbI dusndeckuii cMbICa: B F; COIEPIKATCS
BCE COOBITHS, O HACTYTIJIEHUHA KOTOPBIX MOXKHO y3HATh, HAOJIOast ITPOIECC
{w(s)} ma mpomexyrke [0,t] (ecrecTBEHHO, PeUb UIET O COOBITHSIX, COJEP-
JKAUXCA B MHOXKeCTBE JF W, CJIeIOBATEJNbHO, MMEIONIAX BEPOSTHOCTD).

Onpemenernne 11.2. Cayuwaitnas dbynkuus {f(¢), t € A} Has3BI-
BaeTcs Heynpesicdaroweti oTHOCHTENBbHO Tpomecca {w(t), t € A}, ecum
upu oboMm t € A ciyvaiinas BenmunHa f (t) siBisiercst F-u3MepuMoit (T. e.
{f(t) € B} € F; naa scaxoro B € B).

st Havada MbI OIPEIEIMM CTOXACTHYECKHN MHTErpas M0 BUHEPOB-
ckoit Mepe Ha koHewHOM mHTepBate A = [0,T] nas crywaitabrx dyHKITiT
f(t) cnemmanprOTO BHIA — TPOCTHIX DYHKIHIL.

ITycts waTEepBan A pastur ma mpomexyTku {Ag}, k=1, ...,n: A =
n
= U Ak‘u rae A]. = [tlth]v AQ = (t27t3]7 ey An = (tnatTH-I]
k=1

Onpenenenne 11.3. Cayuaiinaga byuxknusa f(t) masbBaeTca npo-
cmot, eciii OHa WUMEET B,

F) = 3 &la(t), teA, (11.1)
k=1
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rae Ia, (t) — mEAIKATOp MPOMEXKYTKA Ak, T. €.

0 1, ecim t€ Ay,
Ia, (T) =
B 0, ecmm t¢ Ay,

npudem & — ciyuaitable Beamunnsl, Takue, uto M{|&|*} = Dy < oo.

Bameuanne. Uz onpenenenns 11.3 caemnyer, uro dynkmus f(t) —
Heynpexaaouasd, eciu £ m3MepuMa oTHocuTesbHO Fpy kK = 1, ..., 7.
HetictBurensHo, ecin t € Ay, 1o f(t) = & n3mepuma orHOCHTEIHHO Fy, ,
HO t), < t m mostomy Fy, C Fy, T.e. f(t) stBasiercst Fy-usmepumoi.

Oupenmeaenune 11.4. Cmozacmuueckum unmezpasom OT TPOCTOM
Heyupexnaomeit Gyakuun f(¢) no Bureposckomy nponeccy {w(t), t € A}
Ha3bIBaeTCA CIydafiHas BeJudnHa,

1) = [ £(t) du(t) = S & Auy, (11.2)
k=1

A

rae Awy, = w(tp11) — w(ty) — TpEpaneEne BUHEPOBCKOTO Ipouecca w(t)
Ha TPOMEXKYTKE Ag.

PaccMoTpuM HEKOTOpBIE CBOMCTBaA CToXacTHaecKoro murerpada I(f)
oT mpocroii Heynpexaaomei Gyakimn f(t).

IIpumep 11.1. Horazars, aro I(f) obmamaer ciaeayomumu CBOIi-
CTBaMU:

1) I(ay f1 + aafa) = anI(f1) + azl(f2), ecmm oy, ap — Heciyuaiiabie
qucia, a fi(t), f2(t) — mpoctbie Heynpex garormune GyHKIUN;

2) M{I(f)} = 0;

3) M{I(N)} = | M{IF(0)]*} di < oo,

A

Pemenne. Ecnu fi(t), f2(t) — mpocteie caydaitabie GyHKIHA, TPH-
yeM f1(t), f2(t) usmepumbl oTHOCHTENBHO Fi, TO STUMH XKe CBOHCTBAMEA
obmanaer Takxke ux JauHeiinas kombunanma f(t) = a1 f1(t) + azf2(t), T. €.
f(t) — npocras meynpexmaromas dbynkius. Ternepsb cBoiicTso 1 cemyer
HerocpeZcTBeHHO U3 (11.2) u uHeHHOCTH Oepanuy CyMMAPOBAHUS.

Hamee M{I(f)} = i M{&,Awg}, Tae

k=1

M{&§Awg } = M{M{{Awy, | Fy, }} =
= M{&M{Awy, | Fy, 1} = M{&} M{Awg} = 0.
3aech yuareHo, uyto Awy He 3aBucuT or Fj, 1O CBOHCTBY HE3aBUCHMOCTH

npupamennii Buaeposckoro mpomnecca, M{w(t)} =0 n & unsmepuma or-
vocuresbHo Fi, . OTCiona ciiefiyer ClpaBeyInBOCTb CBOMCTBA 2.
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Amnajiormano,
M{|&xAwy [} = M{|& [} M{|Awg[*} = Dy (tri1 — ty).
Ecm k£ < I, 10 M{kawkflAwl} = M{{kAwkfl}M{Awl} = 0, gto

Tak:ke BepHO u g k > [. CiemoBaTesbHO,

M{I(/)PP} = 3 Diltoss — te) =

k=1

= i M{[&|?} (trer — t) = JM{|f(t)|2} dt.
k=1

A

Takum 06pa3oM, CBOUCTBO 3 TaKKe BBIMOJIHEHO. W

Il IOCTPOEHHS CTOXACTHYIECKOTO HMHTErpajia OT 6ojiee CIOXKHBIX
Heynpexgaomux dbyHkimi f(t) HaM TOHATOOUTCS CIIEyIOmee yTBEPK-
JIeHHE.

Teopewma 11.1. IIyemo {f(t),t € A} — c.x.-nenpepvishas Gyrryua.

1) Ecau f(t) — mneynpesrcdarowasn, mo natidemes nocaedosamenn-
Hocm npocmmx neynpescdarowux Gynwyut { f, ()}, maxas, wmo

JM{|f(t) — fa®PYdt 50 npu n — oo (11.3)
A

2) Hmeem mecmo c.k.-cxodumocmsd nocaedosamesbHocmu CmoTacmu-
weckux unmezpaaos I(fy,):

I(fn) <55 I(f) npu n— oo (11.4)

Tenepb Mbl MOXKeM onpejenuTsb uaTerpat or f(t), t € A.
Onpemenernne 11.5. Cuyuaitnas sesmunua I(f) = J f(t) dw(t),
A
onpenenennas B (11.4), HasbiBaeTCs cmoracmuieckum urmezparom Umo
or ciay4aiinoil Heynpexpaoueit Gyuakuun f(t).

U3 (11.3), (11.4) u cBoiictB c.K.-cxomumoctu (cM. 1. 14.4) cuenyer,
aro I(f) musa f(t) obmero Buma Takke obmanaer cBoifcrBamm 1-3 (cm.
npumep 11.1). Samernm, uro ounpejesenue 11.5 KOPPEKTHO B TOM CMBICIIE,
aro npezen I(f) 3aBucut nunib or f(t) u He 3aBUCUT OT KOHKPETHOTO BBI-
6opa mocrenoBarenbrocTH { fy, (1)} MpOCTHIX HEyMpeXRmaomUX QyHKIWI,
anmporcnmupyomux f(t) B cmbicre coorrHomenust (11.3).

Teopewma 11.2. FEcau {f(t), t € A} — c.x.-HenpepvsHas PyHK-
yua, 3adarnas Ha Korewnom npomedrcymre A = [0, T] u neynpesrcdarouasn
ommocumenvro nomoxa o-anzebp {Fi}, ede Fy = o{w(s), s € [0,t]}, mo

cmozacmuueckutli unmezpaa I(f) = J f(t) dw(t) cywecmsyem u obaada-

A
em ceoticmeamu 1-3, npusedertvimu 6 npumepe 11.1.
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3ameuanue. Be3s orpammueHust OOMIHOCTH MOXKHO CUUTATh, UTO
M{f(¢t)} =0 ma [0,T], Tak KaK B TIPOTHBHOM CIIyJae

o

I(f) = I(mys) + I(f),

o
rae myg(t) = M{f(t)}, a f(t) = f(t) —my(t) — uenTpupoBanHas ciy4aii-
Has dyukiums. Ipu sTom I(my) ecTb HHETErpat OT HeCIyYaiHol dyHKIIT
o

10 OPTOTOHAJIBHOM cToXacTH4ecKoit Mepe (cM. m. 14.9), a I(f) — uHTerpan
Uro. Iocnenuee o3uavdaer, 410 BMECTO C.K.-HenpepbiBaocTn C® f(t) Mbl
o

MOXKeM TpeGOBaTh C.K.-HempephIBHOCTD Jumb f(t). Ilpn sTom maTemaTn-
Jeckoe oxkujpanue my¢(t) Moxker OBITH KyCOYHO HENpPepHIBHOI dyHKImeil
(HaMOMHEM, 9TO C.K.-HEIPEPBHIBHOCTD f(t) BJledeT HEMpPepHIBHOCTD M f(t)
(cm. m.8.1)).
Unrerpan I(f) mna c.x.-menpepsisroit Ha A = [0,7T] dbyrkuun f(¢)
n

MOXKHO BBECTH M TO-jIpyromy. Ilycte A = U A} — pasbumenue mWHTEp-
k=1

Baja A Ha n MOABIHTEPBAJOB Ay oauHakopoil mumHBl h = T/n. Ilycts

{tk}Zill — ToukHM pazbuenns, Toraa tgyi — tgy = h. O603HaTNM

L(f) = 3 Flt)Aug, (11.5)
k=1

rje Awy, — mpupamnienne nporecca w(t) Ha IpoMexyTre Ay.

Teopema 11.3. ITycmv sunoanenv, ycaosus meopemv, 11.2, mozda
I(f) RSN I(f) npu n — oo, 2de I(f) — unmezpan Hmo, a L,(f) —
unmezpasvrvie cymmovr 6uda (11.5).

3amernm, wTo mpexacraBaenme (11.5) sawactyio Gomee ymoGHO irst
MPaKTUYECKUX BbIUYKMCIEHUN. PaccMOTpuM MCIIOIB30BaHNE WHTErPAJIBHBIX
cymm (11.5) Ha mpumepe.

IIpumep 11.2. JokazaTsb, 91O

T
Jw(t) dw(t) = %(w2(T) ~T). (11.6)
0

Pemenune. 3amernm cpasy, uro Awy, umeer pacnpenerenue N (0;h)
(em. 1. 10.4), nosromy M{|Awg|?} = h, a M{|Awy|*} = 3M2{|Awy |} =
= 3h? 10 M3BECTHOMY CBOMCTBY IayCCOBCKOI'O DACHpEIeIeHHS. 3aMETHM
Takzke, aro h = T'/n — 0 npu n — oo.

Paccmorpum n nipeobpasyem k-if uieH B uHTErpasbHol cymme (11.5):

w(t) A = 5 (t) — w0 ()] — 5 (A

1
2
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Orciona as I, (w) mosmydaem:

)= 3 wlte)Awy = HuA(T) - w?(0)] - 1 3 (Aw)?,
k=1 k=1

DN | =

M{i(Awk)Z} = kzi: M{(Awy)?} =n-h=T,

k=1
D{i(Awk)z} = i D{(Awk)z} =n-2h% = g =0, n— oo,
k=1 k=1

tak kak D{(Awg)?} = M{(Awg)*} — M2{(Awy)?} = 3h% — h? = 2h%.

Takum ob6bpazom, Z (Awk)2 R NYA mpu 71 — 00, OTKYy/Ja B CHJIY
k=1
w(0) = 0 m Teopemsr 11.3

9TO U TPebOBAJIOCH T0Ka3aTh. M

3ameuanus. 1) PaccMOTpeHHBII IpUMED TIOKA3BIBAET, ITO CBOWCTBA
nHTerpasia Uto omyimyaroTes OT IPUBBIYHBIX CBOCTB nHTEerpasta CTuirbe-
ca. Hampumep, dpopMysa mHTErpupOBaHUS 1O YaCTIMH B OOIEM Cirydae
He mMmeeT MecTa. JlelicTBUTENBHO, eciin OHA ObLIa ObI BEpHA, TO

T

J w(t) dw(t) = w?(t)

0

T

T
—Jw(t) dw(t),
0

T.e. 2I(w) = w?(T), 9TO HeBepHO B CHJTy pe3ymibTaTa mpmMepa 11.2.

2) B dopmyse (11.5) BbiGop TouknM ty mus Beraucienns f(t) mHa Ay
(BBIGOD JIEBOTO KOHNA TPOMEXKYTKa Aj) ABISETCS NPUHIATHAIHHBIM.
Eciu soibpars 6 € [0,1], monoxurs t§ = (1 — @)ty + 0ty 1 u cocraBuTh
HHTErPAIBHYIO CYyMMY

n

TO B yCJIOBUAX TeopeMbl 11.3 cripaBe/JInBO yTBEPXKIEHUE:
o C.K. 10
IL(f) == I"(f) mpu n — oo,

npudeM mpejeibHas BejamdunHa | 9( f) B obmem ciygae sasucur or 6
¥ Ha3bIBaeTCA cmoracmuydeckum O-unmezpasom. OdUeBUIHO, YTO eciau
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0 =0, To I°(f) — mmrerparx Uro. Ecim xe 6 = 1/2, To marerpan I'/2(f)
Ha3bIBaeTCs unmezpasom Cmpamonosuwa. B ycmoBmsax mpmmepa 11.2

MOXKHO ToKazarTh, uro 1Y/2(w) = %w2(T), a I'(w) = i(wz(T) +1T), rax

9TO 3HAYEHUs YKA3AHHBIX MHTETPAJOB MOTYT Pa3JIMYaThCs OYEeHb CYyIIe-
crBenHo, eciim T’ Besmko. EcrecrBenno, ecu f (t) — Hecaydaiinas KyCO4HO
HerpepbIBHAsT (DYHKIMsI, TO 3HAYEHUS BCEX §-WHTErpajioB COBIAJIAIOT, a
unrerpas I(f) obramaer cBoficTBaMu C.K.-MHTErpaja MO OPTOrOHAIBHOMN
croxacrudeckoil Mepe (cM. m. 14.9).

3) Paccmorpum ciaygaiinyio dbyHKIu©O

t

n(t) = [ f(r)du(r), te(0.T)
0

T. e. mHTErpas To ¢ epeMEeHHbIM BEPXHAM NPEAESoM. B paMKax IpUHS-
THIX HAMH YCJIOBHI BBIIOJHSAIOTCS CJEIYIONIe yTBEPXKICHH:

a) crywaiinas Benmamna 7)(t) M3MepUMa OTHOCHTENBHO Fy;

6) 1)(t) — HempepBIBHBIN IEHTPUPOBAHHBIN IPOIECC ¢ OPTOTOHAIBHBIMA
IpUpAIIeHUusIMHI, JUCIEPCUs KOTOPOI'O UMeeT BHUI

t

Dy(t) = [M{*(7)} dr:

0

B) n(t) ABIAETCA MAPTNUNZAAOM OTHOCHTENBHO IOTOKa {Fi}, ¢ = 0,
(cm.1.10.3), T.e. mas s < t cupaseqgmso M{n(t) | F} = n(s) (P-mw.n.).

TIpeamomoxknm, aTo cayvaiinas dyukmms 77(t) MOXKeT GBITH TTpeCTAB-
nena aua xkaxzaoro t € [0,T| B Buge

t

n(t) = n(0) + [ @(r) dr + | £ (+) du(r)
0 0

JUTsT HEKOTODBIX TOAXOIAMMX ciydaiinbix dbyrkuuit ¢(7), f(7). Torma
roopsT, 4To 7)(t) UMeeT cmozacmuseckul dudPeperyuan, a MOCTETHEE
COOTHOIIIEHVE 3aIUCHIBAIOT B AuddepeHuaibHoi dhopme

dn(t) = o(t) dt + f(t) dw(t).

11.2. Croxactudeckoe quddepeHinaabHoe ypaBHeHue. ®op-
myJsia to. Beemernoe momsTHe cToxacTmdecKoro marerpaga o mo-
3BOJISIET PACCMOTPETh HOBBIM Kiacce audpepeHImalbHbIX yPaBHEHUIT CO
ciIy4JaiiHoll IpaBO#l 4acThIO.

IIycrs £(t) € R™, f(t,2) € R?, o(¢,x) € R"*™ — marpuunas GyHKIms
pasmepa (n X m), w(t) € R™ — m-MepHbIH CTAHZAPTHBIA BHHEPOBCKHI
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MIPOIECC, KOMIIOHEHTAMH KOTOPOTO ABJIAIOTCH HE3aBHCUMbIE CTAHIAPTHDIE
(ckasspHBIE) BHHEPOBCKHE Tpolecch, a v € R* — ciaydaiiHbiii BeKTOD
HavaJbHBIX yCJIOBHIA.

Ounpenenenune 11.6. Cuyuaiinas dynkuus (i) aBisercsa pewenu-
eM COTACTNUYECK020 JUPHEPEHUUANDHOZ0 YPAGHEHUA

dg(t) = f(t,£(t)) dt + o (t,£(t)) dw(t) (11.8)
Ha A = [0,T] ¢ HAYAJIBHBIM yCIOBAEM
£(0) = v, (11.9)
ecJn ee MOXKHO TIPeJICTaBUTh 1tst Kaxkoro ¢ € [0,T] B Bume
¢ ¢
60 = vt | J(.Er) dr + [ o(r.6(r) du(7), (11.10)
0 0

rae B ¢dopmyse (11.10) mepBbIit HAETETpaT B MPaBOil 9aCTH TTOHAMAETCS
B C.K.-CMBICJIe, & BTOPO# fABJsieTCs mHTEerpasiom UTo.

3ameuanue. Borpaxenne (11.8) MOKOMIIOHEHTHO MOXKET GBITH HPeEI-
CTaBJIEHO B BHUIE

B60(1) = Fult,60)) dt + 3 o1, (1) du (1),
fk(O) = v, k=1, l_,ln,

e £(t) = {&k(t )}k v [t z) = {fe(t,2) Yy, o(t2) = {ow(t, )}, k =

=1,...,n,i=1,...,m. OueBuzno, (11.10) nupuaumaer Buz

(11.11)

oki(7,&(7)) dw;(7). (11.12)

“q

§k(t)=Vk+Jfk( i
: -1

0

st Toro 4Tobel Bce mHTerpassl B npasoit acru (11.12) umenu cMbica
Juig HeKoToporo mporecca £(t), t € A, u s KaxKa0#t KOMIIOHEHTBL 9TOrO
[IPOIIECCa BBIIONHAIOCH Obl mpu KaxkaoMm t € A pasencrso (11.12), na
dyuxmpn {fx (¢, z)}, {oki(t,z)} HEOOXOMMMO HAJIOKNUTH HEKOTODBIE OIDa-
HUIEHUS.

O6oszraumM |f(t, z)|? kata: ), allo(t,z)]|? = ZZJk,taz

k=1 k=1i=1
Teopema 11.4. Iyems  cayuatinesa eesunumna vV He 3a68UCUM

om {w(t), t € A}, M{|v|*} < oo, a woapduvuernmo ypasnenus (11.8)
f(t,z) u o(t,x) nenpepvisnvr no nepemenmvim t € A, x € R™. ITycmov
maxoice:

a) natidemca maxoe K < 0o, wmo npu ecex t € A, z € R

[f(t,2)* + llo(t,2)]* < K (1 + |=f*); (11.13)



8 11] CTOXACTUYECKUE JUOOEPEHIIUAJLHBIE YPABHEHUS 219

6) natidemca maxoe C < 00, wmo npu ecex t € A, z,y € R®
F(ha) = F(L Y +llo(ta) — oLyl < Cla—yl2.  (1L14)

Tozda na A = [0,T] cywecmeyem u eduncmeenno (P-n.n.) nenpepuenoe
pewenue £(t) ypasnenua (11.8) ¢ navasvnvm yeaosuem (11.9), npuvem

M{[¢())*} < L+ M{[v]*}), teA, (11.15)

2de xoucmarma L 3asucum avwo om T u K.

Bameuanus. 1) Ilog eduncmeennocmoro (P-n.n.) mempepsIBHOTO pe-
IIIeHUsT TIOHUMAETCs CIIeIIyIOIee: ecoiu HalimeTcs ciydaitnas dbyakuust 7(t)
(mouTH BCe TPaeKTOPHUE KOTOPOIl HEIPEPHIBHBL), yI0BJIETBOPAIOMAs yPaB-
Henuio (11.8), T.e

dn(t) = f(t,n(t)) dt + o(t,n(t)) dw(t),  n(0) =v,
TO P{fgg |€(t) — n(t)] > 0} =0, .e. £(t) n n(t) — HeormmunMBbIe CTyvaii-

HBle TTpornecchl (eM. 1. 1.3).

2) Vemosue (11.13) HakIampIBaeT OTDAHWYEHHWs] HA CKOPOCTH W3MEHe-
Hust kommoHeHT dyskumit f(¢,z), o(t,x) no x npm |z| — oo |f(t, z)],
|lo(¢, z)|| me MoryT Bospacrarsh 6bicTpee, YeM JuHelHasd GyHKUU. YCIO0-
Bue (11.14), usBecTHOE B MaTeMaTHKe KaK ycaosue Jlunwuya, y>kecrodaer
TpeGoBaHMEe HEIPEPHIBHOCTHU 110 TIEPEMEHHON T KO3(DDUIMEHTOB ypaBHe-
mua (11.8). Venosua (11.14), (11.15) GyayT BBIIONHEHBI, HAIPAMED, €CIIH
bynxuun f(t,x), o(t,z) mabdepenmupyemer o z, npudem |fL (¢, x)|? +
+ |lol(t,2)]|> < C npm mobex t € A, z € R® u mexoropom C < oo.
Vesosus Teopembr 11.4 10BOIBHO 2KECTKHE, HO OTHOCHTEJIBHO JIETKO IIPOBE-
pstembre. B mpurTHIIe, OHE MOTYT OBITH OCTAOJIEHBI, HO COOTBETCTBYIOIIHE
PE3yJIbTaThl BHIXOAAT 32 PaMKH JaHHOW KHUTH.

3) Hponecc &(t) mpu M{|v|*} < co sBasiercss mporeccom ¢ KoHeu-
HBIMM MOMEHTaMM BTOpOro mopsinka B cuiay (11.15). Bosee Toro, ecim
M{|l/|2k} < oo mag k > 1, To Hajigercs Takasg KoHcTaHTa Lj < 00, 3aBH-
csamas ToabKo oT k, T u K, aro mjs Bcex t € A

M{[£(t) %} < Li(1 + M{|v[**}).

Jpyrue cpofictBa penterns ypasaerust (11.8) 6ymyT omucanbl masee.
Onpenemenune 11.7. CroxacTmaeckoe auddepeHnnaabHoe ypaBHe-
HUE BUIA

{ de(t) = a(t)&(t) dt + u(t) dt + b(t) dw(t), (11.16)

£00) =v,

rae a(t), u(t), b(t) — MaTpuuHBIE JleTePMUHUPOBAHHBIE (DYHKIHH COOT-
BETCTBYIONITUX PA3MEPOB, HA3LIBACTCS AUHEHbLM CMOTacmudecKuM Oud-
PeperUUAALHILM YPAEHEHUEM.



220 CAYYAUHBIE ®YHKIIUN [FI[. 11

IIpumep 11.3. Ilokasars, gro JguneiHOE muddepeHnnaIbHOE YPaB-
nenre (11.16) ¢ menpepsbiBEbIME KO3 duimentamu a(t), u(t) u b(t) mmeer
emuHCTBeHHOE pemierne Ha A = [0, T1.

Pemenne. Cpaprubas (11.16) c (11.8), Haxomum

ft2) = az +ul®),  olt,z) = bit).

IIposepum BBITIONTHEHUE yCaoBUit TeopeMbr 11.4.
— 2 _ 2 b _ 2
a) Myers K = max|ai; (1)]%, K} = max|u;(t)|" m K3y = max [ba (¢)],

,7=1,...,n,0l=1, ..., m. YKa3aHHble MAKCUMYMBI CYIIIECTBYIOT B CAJIy
HenpepbiBHOCTH DyHKIWIL 0;;(t), u;(t) u by (t) Ha A.

| (t,2)? = la(t)z + u(t)|* < 2la(t)x]® + 2Ju(t)]® < 2K°|z]* + 2K,
roe K* = Z &y K" =" K" Amanoruumo,
i

lo(t, 2)|1* = [[p(@)]* < Z

Orcrona
|f(t,x) |+ ||o(t,z)||® < 2K%|z|* + 2K + K® < K(1 + |z]?),

rae K = max{2K* 2K" + Kb}. Takum obpasom, (11.13) BbimosnHEHO.

6) llo(t, @) — ot y)|2 = [o(t) — b = 0,
F(t,2) = F(ty)2 = la@)@ —y)P < Kz —y?, Va,yeR"

Orcrona yeaosue (11.14) reopemst 11.4 Boinonneno upu C = K®.

Wrak, Bce ycioBusi TeopeMbl 11.4 BBLINOJHEHBI, W, CJEI0BATENBHO,
ypasHenwe (11.16) mmeeT emMHCTBERHOE pemenne. M

IIpeanonoKum, 9To 3aaHa CKaJsapHas 1eTepMUHUPOBaHHAs (OyHKIUST
g(z,t), z € R" ¢t € A. Ilpumenum npeobpazoBanue

n(t) = g(§(t),1) (11.17)

K pemenuio &(t) ypasaenns (11.8). IIpouecc £(t) mo mocrpoeHuUIO0 MMeeT
croxacrmaeckuit auddepeniman (cm. 1. 11.1). Bymer am takxke n 7)(t)
nMeTh croxacTuieckuit mudpdepennuan? OTBET HA ITOT BOIPOC JAET
CIIEIYIOMIAs TEOPEMA.

Teopema 11.5. ITyemov dynxyus g(x,t) nenpepwero dupdepenyu-
pyema Ha A no t, deastcdvl HenpepwvieHO JuPPepeHuupyema no T U Gvinoji-
HeHbL YeAosUus meopemuv, 11.4, mozda

dn(t) = f1(t,€(t)) dt + o1(¢,£(2)) dw(?). (11.18)
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3decw
dg(a,t dg(z,t) \ 1. [9%g(a,t .
filt,z) = gf;; )+( g((;; )) f(t,x)—i—itr[%a(t,x)a (t,z)|,
) = (2820 ot,2),
(11.19)
ade 99(@,t) epaduenm gyrxyuu g(z,t) no x, tr[] — caed mampuyoL.

xr
Qopmyna (11.18) maswBaerca Ppopmyaol cmoxacmuseckozo dugddhe-
peryuposanus Hmo. Coornomenns (11.18), (11.19) mosBossitor mccie-
JOBaTh CBOMCTBA Pa3IMIHBIX HEJWHEHHBIX TPEOoOPa30BaHUii OT pereHmit
croxacTudeckux nudpepeHIuaibHbIX YPaBHEHUN.
IIpumep 11.4. BoBectn dopmynay Uro mas ciaydass CKaJsspHOTO
ypasHenus (11.8), m.e. n=m = 1.

Pemenne. IlopcraBasis B (11.19) BeIpakenus % = g, (z,t);
8%g(z,t Ag(z,t .
% = gy (z,1); % = gi(z,t); o(t,x)o*(t,x) = o%(t, ), Haxoamm
1
A(ta) = siot) + @000+ a0tk o
o1(t,z) = gb(z,t)o(t, ).

CienoBaTeibHO,

dn(t) = f1(t,£(t)) dt + o1 (8, £(1)) dw(t),

rae koaddunuentsl f1, o1 onpegensitores us (11.20). m
3aMedanue. B 3akmouerne mogIepKHEM OTIHTHE TpaBuiia, audde-
peturupoBanusi VIto or npaBmiia obbraroro jguddepennupobanus. [lycTsb

£(t) — maddepennnpyemas mecmyqaiinaa dynxuus, a n(t) = g(£(¢),t),

TOT/IA
dn(t) = gi(E(t),t) dt + gl (£(t),t) dE(2).

Ecam xe £(t) — cuyuaiinast QyHKIMsI, yI0BIETBOPSIONIAs CTOXAaCTHIECKO-
My muddepernmaapaoMy ypasHernio, To 1o (11.20)

dn(t) = [g1(&(t),t) dt + gl (£(t), 1) dE(t)] + %9&'(5@)» t)o?(t,£(t)) dt.

Ecnu mocnenuuit unen B ¢opmyae Mro orcyTcTByeT, TO oba TpaBuUia
mudepeHInpPoOBaHns COBIAIAIOT. DTO OymeT MMeTh MEeCTO, HAINpPUMED,
B cryuae go (§(t),t) =0, v e. ecim g(x,t) = a(t) ¢ — nuneitnoe npeobpaso-
Banme. OYeBUIHO TAKIKE, YTO OTCYyTCTBHE MudY3NOHHOTO WieHa B ypaB-
merwn (11.8), T.e. o(t,z) = 0, TPUBOAUT K AHATOTMIHOMY DE3YJIBTATY.
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TIpuBemem HECKONIBKO TTPUMEPOB, TTOKA3BIBAIOMNX YD PEKTUBHOCTD MC-
mosb30oBaHust GopMyJibl VITO B CTOXaCTHIECKOM aHAJIH3E.
IIpumep 11.5. Ucnoawssysa dopmyay Urto, mokasars, 9TO

[w(r) duw(r) = @) -1, t>o0.
0

Pemenwme. Ilycts £(t) = w(t), Torma dé(t) = dw(t), £(0) = 0, T.e.
&(t) ynosaersopsgier croxacrudeckomy auddepeHnuaIbHOMy ypaBHEHHIO,
B kotopoMm f(t,z) = 0, o(t,z) = 1. Paccmorpum npeobpasosanne 7)(t) =
= 52(t), T. €. g(:l,‘,t) =z’ Torpa gé(l’,t) =0, g;(:I"»t) = 2z, g;’(l’,t) =2.
TlomcraBnM Haiimenuble Bepaskenns B (11.20):

filt,z) =1, o1(t,x) = 2z.

Orcroma dn(t) = dt + 2£(t) dw(t), npuuem n(0) = £2(0) = 0. Hepexons
K mHTerpanbHoit sammcn (11.10), momyqaem

4TO U TPebOBAJIOCH OKa3aTh. M

Samerum, uro pe3yabrar upumepa 11.5 cormacyercs ¢ dopmy-
qoit (11.6), momyuennoit B mpumepe 11.2 HETOCPEICTBEHHBIM BHIYACIEHTEM
nurerpasa I(w).

IIpumep 11.6. Pemuts croxactudaeckoe muddepeHnnaabHoe ypaB-
HEHUeE:

{ dE(t) = £ £(t) di + (1) du(t), (11.21)

£0) = 1.

Pemenwme. Ypasuenue (11.21) nmeer pemenne B cuiry Teopemst 11.4.
Paccevorpum dbymkmmo £(t) = e re. £(t) = g(w(t),t), tne g(z,t) =
= e”. OueBnzno, uro g;(z,t) = 0, g.(x,t) = g(x,t) = e*. Ilpumennm
mpasuio auddepennuposanus To:

dE(t) = Lg!(w(t).t) dt + g, (w(). £) duo(r).
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1
2
9o (w(t),t) = gl (w(t), 1) = e ® = £(1).

Kpowme toro, £(0) = *(®) = 1, tax kax w(0) = 0. Takum obpazom, £(t) =
= e*®) gpaserca permenmem ypasuenus (11.21).

3amernM TakKe, 4To Mozeab (11.21) ymoBiaeTBopsieT BCEM yCIOBUSAM
TeopeMbl 11.4, TOSTOMY MBI MOYXKEM YTBEPXKJIATH, YTO TIOJYUYEHHOE PeIlre-

HHMe — eIUHCTBEHHOE, a TaKXKe JJjis Beex k > 1

M{ |¢(t)2F) = M{e%w(t)} <oo, tEA. m

Orcroma dé(t) = = £(t) dt + &(t) dw(t), Tak Kak

IIpumep 11.7. Ilycts £(t) — pemenne ypaBHeHus
dé(t) = cos&(t) dt + cosé(t) dw(t), £(0) =0.

ITokazarb, uro n(t) = siné(t) TakKe sBISETCS PEIIEHUEM HEKOTOPOTO
HEJMHEHHOTO CTOXACTUIECKOro MudbepeHnnanIbHOrO yPaBHEHNA.

Pemenue. Ilo yciosumio g(z,t) = sinz, mosrtomy gi(z,t) = 0
gr(z,t) = cosz, g} (x,t) = —sinz. Ilo ycnosuio takxke f(t,z) = o(t,z) =
= cos z. Bocommbayemest hopmymamu (11.18), (11.19):

2

fi(t,z) = cos’ x — %Sinwcos x=cos?x(1— %sinfc),

2 2

o1(t,z) =cos®z =1 —sin” x.

VYuaurbisas, uro siné(t) = n(t), momysaem

{ dn(t) = (1= n?(£) (1= Jn(t)) di + (1 52(1)) duw(t),
n(0) = sin&(0) = 0.

Taxum obpaszom, n(t) = sin{(t) asnaerca pemermem (11.22). Ormernm,
uyrto ypabHenue (11.22) He yZOBJIETBOpSIET YCJIOBHSIM CyIIECTBOBAHUS U
€IMHCTBEHHOCTU PEIIeHNsI, WCIOJIb30BaHHBIM B Teopeme 11.4. Tem me
MEHee ITO peIleHue CYIIEeCTBYET, U Mbl SIBHBIM 0OPa30M 3TO ITPOBEPUJIN.
JlaHHBIN pe3ysIbTAT HE SIBJISIETCS IPOTHBOPEYMEM, a YKA3bIBAET JIUIIb HA
TO, 9TO yCJoBUs TeopeMbl 11.4 sBJIsiOTCS dOCTNAMOYHLMU JIJIsT PA3PEITH-
MOCTH HEJWHEHHOTO CTOXACTUIECKOTO MudepeHnnaIbHOr0 ypaBHEHN,
HO He HeOOXOAMMBIMU. M

Caenyromumii mpuMep ToKa3biBaeT, Kak dopmyna Uto moxker ObITH
HCTIONTE30BaHA, JJTsT BBIIUCIEHsI MOMEHTHBIX XapaKTepUCTUK pertenns & (t)
ypasHenus (11.8).

IIpuwmep 11.8. Ipemnonokum, arto £(t) sABAsIETC PENIEHNEM ypaB-
HEHUS

(11.22)

GE(t) = ab(t) db+ BE() dw(t),  EO)=v,  (1123)
npraem M{v?} < oo. Beruncaurs v(t) = M{&?(¢)}.
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Pemenne. Ilycts g(z,t) = 2%, Torma no dopmyae Uto momydaem
ypasrerne mits 1(t) = £2(t):

dn(t) = (2a + b*)n(t) dt + 2bn(t) dw(t). (11.24)

B cuny M{n2 } = M{V4} < oo u3 HepasencrBa (11.15) cuenyer,
9TO M{n } < 00, TTOTOMY M{J 7) dw(r )} = 0. Orcroma, waHTETPH-

pys (11.24) u BBIYMCISIST MaTEeMATHYECKOe OXKUJAAHWE OT obenx dacTei,
IOy IaeM

t

M{n(t)} = M{n(0)} + (2a + ¥) [ M{n(r)} dr.

C yuaerom toro, aro M{n(t)} = v(t), umeem

t

A(t) =1(0) + (2a+ ) [y(r) dr.
0

HuddepeHnupys Moy 4eHHOe COOTHOIIEHHUE TI0 £, HAXOIUM
(t) = (2a+ b*)y(t),

€. ¥(t) = ¥(0) exp{(2a + b?)t}, rme 4(0) = M{£?(0)} = M{»?}.
Bamerum, uto eciu 2a + b* < 0, To Y(t) — 0 mpu t — 0o ags s06OTO

C.K.
xoreunoro v(0). Ilocmenuee, B CBOIO O04Yepenb, o3HATaeT, ato &(t) —— 0
pu £ — 00 JiIst JII00Oro vV, TAKOro, 9TO M{I/4} < 00. YKa3aHHOE CBOWCTBO
ypasHerus (11.23) Ha3BIBAETCS €TO CMOTACTNUNECKOT ACUMNMOMUBECKOT
yemotivusocmavio B C.K.-CMbIcIe. W

Jliist aucienHoro MogenupoBanusi nporecca £(t), 3a7aHHOTO HeJTMHeR-
HBIM cToxacTuaecknM muddepennuanbabi ypasaeameM (11.8), MoxkuO
BOCIIOJIB30BaThC Memodom Diaepa. s sToro paccmorpum Todku 0 =
=ty < t1 <ty <...,B KOTOPBIX TpeOyeTCsi BBIYUCINTH 3HAYEHUS MPO-
necca £(t). Temepn 3amennm B (11.8) muddepennmans Ha TpUpaIIEHNs:

dé(t) ma &(tpy1) —&(tn), dt HA Ty —t, 1 dw(t) HA W(En41) —w(Ey,). Torma
E(tny1) = [£(tn) + R (E(tn))] + o (tn, E(tn)) (w(tnt1) — w(tn)),

rne n=0,1,..., a h=t,4y; —t, =const — mar aguckperuzanuu
(0 < h < 1). Tak xax nocnegoBarenbHble npupamenus W(tn41) — w(ty,)
M-MEPHOTO BUHEPOBCKOTO MPOIECCa HE3ABACUMBL ¥ IMEIOT DACIIPE/IeJICHAE
N(0; hI), oKOHUATENBHO MOTydaeM

E(tns1) = [E(tn) + h f(E(tn))] + VRO (tn, E(tn)) va, n=0,1, ...

rae {v,} — crammapTHLIT M-MepHBIH TayCCOBCKMIT GEbIil Ty M.
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11.3. JIuneitabie cToxacTudyeckue anuddepeHIUaIbHbIE ypaB-
HeHus. Paccmorpnm monpobuee mporece £(t), ymoBaeTBopstrommit w-
HEHHOMY CTOXaCTUYECKOMY Iu(PEPEHITUAIBHOMY YPABHEHUTO

{ dé(t) = a(t)€(t) dt + u(t) dt + b(t) dw(t),

£0) = (11.25)

¢ menpepbiBEbIMEU Kodddbunuentamu a(t), u(t), b(t).

B npumepe 11.3 6B1710 TOKa3aHO, 9TO 9TO yPABHEHNE UMEET €TNHCTBEH-
Hoe pemienve. Haiifiem 5T0 permerue sBHO.

IIpumep 11.9. IlokazaTh, 9T0 TIpOIIECC

¢(t) = O(t)v + O(t) J@—I(T)u(r) dr + O(t) J@_I(T)b(T) dw(r) (11.26)
0 0

apiserca pemennem ypapaenns (11.25), ecim marpuanaa dbynknua O(t)
yaoBierBopsieT cucteMe nuddepeHnaibHbIX yPaBHEHAN

{ o(t) = a(t)O(t),

6(0)= 1. (11.27)

Pemenwne. Boraucanm muddepennmaant ciaraeMbIX B TpaBoit TacTH
Boipaxkenusi st &(t), ucmonp3ysi npaBuio C.K.-auddepeHimposanns n

dopmyay Uro:

0

¢
B nocnexmem paseHcTBe yaTeHo, 9TO st 7)(t J@ 1 dw(T) 1o
0
onpeesienuto crpaseamuso dn(t) = ©71(t)b(t )dw(t), a 1o npasuiy Uto
B CHIIy JIMHEHHOCTH npe06pa3OBaHHH g(n(t),t) = O(t)n(t) umeer mecro

d(©(t)n(t)) = O(t)n(t) dt + O(t) di(t).

15 B.M. Muanep u A.P.Ilaukos
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I/ITELK, OKOHYATEJBbHO II0JIy1IaeM

O~ Hr)u(r)dr +

IS8
Iy
—~

~
~—

Il

@.
—
=

<

+

O+

+ j O~ (7)b(r) dw(r) |dt + u(t) dt + b(t) dw(t).
0

C yuerom O(t) = a(t)O(t) u dopmyssr (11.26) mmeem
dé(t) = a(t)€(t) dt + u(t) dt + b(t) dw(t),

npuuem HavagbHoe yciome £(0) = O(0)ry = v BBIONHEHO, TOCKOIBKY
©(0) = I. Takum obpasom, (11.26) meficTBUTENBHO SIBJISIETCS DENIEHHEM
ypasuerms (11.25). Croiicrea marpunsr O(t) dyHmIaMEHTATBHBIX perre-
uuit (11.27) obcy)panuchk paHee B IL 8.3, MOTOMY MBI CIMTAEM UX W3-
BECTHBIMU. W

3ameuanue. MoxkHO I0Ka3aTh, 9ro pemenue (11.26) octaercs crpa-
BEJJIMBBIM, €CJIM BMeCTO HempepbiBHOCTH a(t), u(t) m b(t) mpemmonoxuTh
X KYCOUWHYIO HENPEPLLEHOCTD.

B crenyromem nmpumepe 060CHOBAH MPAKTUIECKH BaXKHBIH METOJ, BBI-
YHUCJIeHUsI MOMEHTHBLIX XapaKTEPUCTUK TI€PBOrO U BTOPOTO MOPSIIKOB pe-
NIEHUs] CUCTEMBI JIMHEHHBLIX CTOXaCTUYeCKHX nuddepeHnuajbHbIX ypas-
HEHU — Memod MoMeHMOo8.

IMIpumep 11.10. IIycrs mpomece &(t), ymosaersopsommii (11.25),
B MoMmeHT t € A umeer cpennee me(t) = M{{(t)} u koBapmanmommyio
sarpry (1) = cov{£(t), (1)} = M{(E(t) - me(®)(E(t) — me(t)*). a
navanpaoe sHadenwe ¢(0) = v me zasmcmt ot {w(t)}. Ilokazarh, [TO
me(t), ve(t) ABIAIOTCH PENIEHUSIME CIIELYIOMUX CUCTEM OOBIKHOBEHHBIX
muddepeHnnaTbHbIX Y PaBHEHTI:

e (t) = a(t)me(t) + u(t), me(0) = m,, (11.28)

Ye(t) = a(t)re(t) + ve(t)a™(8) + b(E)b"(2), 7%(0) =,  (11.29)

rme m, = M{v}, v, = cov{v,v}.
Pemenwe. Bocnombsyemes dopmymoit (11.26), maronieit aBubLii By
pemenns &(t):

me(t) = M{£(t)} = O(t)m,, + O(t) Je-l(r)u(f) dr, (11.30)
0

t
TaK Kak M{J@_I(T)b(T) dw(T)} = 0 o reopeme 11.2. duddepennupo-

0
Baume Beipakerns (11.30) mo ¢t maer ypasrenme (11.28).
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o

Boranras (11.28) u3 (11.26), momydaem st £(t) = &(t) — me(t)

£(t) = O(t) [z‘i+j®—1(r)b(r) dw(r)]. (11.31)

Iycre n(t) = J@‘l(r)b(r) dw(T), TOrma MO CBOHCTBY CTOXaCTHIECKOTO

0
WHTErpaJja OT HeCITyJIalHON PYHKIUNT TMeeM

cov{n(t),n(t)} = [ € ()b(r)v*(r) (67 () dr.

0

Vuanresas mezasucumocth v ot {w(T), T > 0}, momyuaem

t

%e(t) = M{EWE (1)} = O(1) 3+ [e () (07 () dr|e* (v).

0

HuddepermupoBanue MOCIEIHET0 BHIPAYKEHUS IO ¢ TPUBOINAT K CHCTEME
ypasHenuii (11.29). BrinonHenne HaYaJIbHBIX YCIOBHH IIPOBEPSIETCST HETIO-
CPeJICTBEH Ol moACTaHOBKO! ¢ = 0 B BeIpakeHus jjst me(t) u e (t). m

Vpasrenwst (11.28), (11.29) st BHIYACTEHUA MOMEHTHBIX XapaKTe-
puctuk me(t) u v¢(t) mpomecca £(t) HA3BIBAIOTC YPAGHEHUAMU MEMOOA
MOMEHMOSE.

Paccmorpum ucnosib3oBaHue MOTyY€HHBIX COOTHOIIEHUN HA IPHMeEpe
CKAJIIPHOTO JIMHEHHOTO CTOXACTUIECKOTrO mauddepeHnnaaprHoro ypaBHe-
HUS C TIOCTOSTHHBIMU KO3(DDUIINEHTAMH.

IIpuwmep 11.11. ITycrs ckanapuas cryqaiitnaa Gymkmmas {£(t), ¢ > 0}
YJIOBJIETBOPSIET YPABHEHUIO

dé(t) = a&(t) dt + bdw(t), £(0) =v.

Haiitu obmiee pelrenue ypaBHeHUs ¥ BHIYUCIUTD Mg (t) U e (t) ¢ mOMOIIBIO
MEeTOZ[a MOMEHTOB. PacCMOTpeTh IOBEIEHWE ITHX XAPAKTEPUCTUK IIPU
t — oo, eciim a < 0.

Pemenue. Herpymno mposepuTb, 4To B manuoM ciaydae O(t) = e,

II03TOMY
t

£(t) = e m,, + be™ J e dw(r)
0

npecTaBigeT coboit obImee permenne paccMaTpuBaeMoro ypapaenns. Js
HaxoxkaeHust me (t) u e (t) npumennm Meron mMomentos. M3 (11.28) cie-

ayer
me(t) = ame(t),  me(0) = my.

15%
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Orcroma me(t) = mye®. Ananormano us (11.29) maxomum

Ye(t) = 2ave(t) + 6>, 7e(0) = .

Pemas nocjiegnee ypaBHEHUE C yI€TOM |(1| = —a, 1IojiydaeM

2

_ ,2at b_ _ J2at
Ye(t) =e 7V+2|a| (1—e*).

2

Tax xak a < 0, To e* — 0 npu t — oo, nosromy me(t) — 0, ve(¢) — oal

JJIsL JTIOOBIX My, Yy M
Onpepenenne 11.8. Cucrema jquddepeHnuaibHbIX ypaBHEHAN
dé(t) = aé(t) dt + udt + bdw(t), £0)=v (11.32)

C TIOCTOSTHHBIMU KO3(pDUTMEHTAMH ¢, U, b HA3BIBAETCI ACUMNMOMUNECKU
yemotiuueoti, ecim Bee KOpHU {A\ } ypaBHEHUs

detla — AI] =0
JIe’KaT B JIEBOI MONIyIIOCKOCTH, T. €. Re A < 0.

Teopewma 11.6. Ecau cucmema (11.32) acumnmomuuecku yemotuu-
64, MO CYULLCEYIOM Me U V¢, MAKUE, YMO OAfL 6CET My, Yy

(11.33)

me(t) = me u ye(t) > y¢ npu t— .

IIpedesvnvie 3nauerus me, ¢ Y0OBAEMGOPAIOM CINAUUOHAPHILM YDPaEHe-
HUAM MEMO00L MOMEHTNOG:

ame +u =0,
avye +vea® +bb* = 0.
Ipuwmep 11.12. deymepnsrit nponecce &(t) = {&1(t),&2(t)}* ymosme-
TBOpSIET CHCTeMe ypaBHeHUit

{ dé1(t) = (1) dt + 3 dt,

dés(t) = —w?&1(t) dt — 2awés(t) dt + g dw(t),

(11.34)

rie «, 0, W U g — TOCTOSTHHBIE TTaPaMETPHL.

Haiitn mpenmenbHble 3HAYEHUS 1M1, Y1 MOMEHTOB MEPBOTO M BTOPOTO
opsiIKoB KoMmoHeHTHl &1 (t), ecnm aw > 0.

Pemenwme. Uz (11.32) caenyer, ato

o[l ) L)



8 11] CTOXACTUYECKUE JUOOEPEHIIUAJLHLIE YPABHEHUS 229

TIpoBepuM ycaoBUS aCHMITOTHIECKON YCTOWIHBOCTH]:

—A 1

det[a—)\I]:detl ] =A% 4 2aw) +w? =0.

—w? —2aw— A\

Kopau A1 2 = —aw + v a?w? — w? nexar B JI€BOI IIOLYILIIOCKOCTH, TAK
kak aw > 0 mo ycnosmo. Cremosarenbno, mama cucrema (11.32) acum-
nroruydecku ycroituupa. Torma u3 Teopembr 11.6

mo + 5 = 0,
—w?my — 2awmse = 0,

orkyna mi = 2ad/w. Tak Kak v¢ = 'yg IO OTPEIEEHNIO, MBI MOXKEM
ok

ke

0 1 vk vk 0 —w? 0 0
+ + =0.
—w? —2aw kv kv 1 —2aw 0 g2

JlanHOE MATpPUYHOE ypaBHEHHE MOXKHO IIEPENUCATH B CKAJISIPHOM BHJE:

2k =0,

. Torna u3 (11.34) cuenyer

MIOJIOZKHUTD e = l

—w?y + vo — 2awk =0, (11.35)
—dawyy — 2kw? + g% = 0.

Pazpemas (11.35) OTHOCHTEBLHO 71, HAXOMUM Y] = g2 / (4aw?). Utak, mpu
JIOCTATOYHO GOJNBIINX ¢ MOXKHO CcYuTaTh, 4T0 &1(t) MMeeT MOCTOSIHHBIE
cpeanee M{&1(t)} = 2ad/w u aucnepenio D{&1(t)} = ¢°/(4aw?). =

Ecau nponecc £(t) yaoBaeTBOpsieT CUCTEME JIMHEHHBIX CTOXACTUIECKIX
muddepernuanbabix ypasHeHnit (11.25), To MBI MOXKeM HaHTH 3aKOH
€ro OTHOMEPHOT'O PACIIPE/IEIEHIS TPU N3BECTHOM 3aKOHE PAaCIIpeeeHIs
HAYAJIBHOTO YCJIOBUSI V.

Iycrs ¥o(A) = M{exp(iX*v)}, A €R", — xapakrTepucrmuecKas
dyuxuus caydaitnoro sexropa v, a Ue(A; t) = M{exp(iA*{(t))} — xa-
pakTepuctnaeckas GyHknus cevenus: mporecca E(t), t > 0

Teopema 11.7. Ecau &(t) ydosaemeopaem cucmeme sunetnoe cmo-
racmuueckur Juppepenyuasvhor ypasrernud (11.25), mo zapaxmepu-
cmuseckasn gyrryus e(X; t) umeem sud

Te(; ) = Wo(O7 (1)) exp{iA ml(r) - %)\*'yg(t))\} : (11.36)

20e O(t) ydosaemeopaem (11.27), a {mg(t), 'yg(t)} — PEWEHUA CUCTEMDL

Jugpeperyuarvrv ypasrerut memoda momermos (11.28), (11.29) ¢ ny-
AEBBIMU HAUANDHBLMU YCAOBUAMU.
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IIpumep 11.13. B ycroBusax mpumepa 11.11 HaiiTn xapakTepucTmIe-
ckyto dynknuio We (A; t), ecitn HaYAIbHOE 3HAYEHNE V UMEET PABHOMEPHOE
pacrpesenenue Ha [—a, a], a > 0.

Pemenue. Tak kak £(t) — cxanapnas dynknus, To A € Rl Berauc-
MM HeoGXoAmMBIe KOMITOHERTHI hopmyarst (11.36):

[e3

1) Uo(A) = M{exp(idv)} = % J AT Jp — sinoz,\;

al
-
2) O(t) = e (cMm. pemenne npumepa 11.11);
3) mg( )= 2( )s mg(O) m, = 0, oTKyza mg( )=0;
b2
4) Ve () = 2a’y§ (t) + b2, Ve 2(0) = 0, mosTomy Ve o) = 27l (1 _ 62at);
)

5) naxomum W¢(A; t) mo dbopmyre (11.36):

e~ sin (ahe® A2p?
Te(Ast) = % exp {— 1la] (1 — e2at) .

sin a

al
Merp a < 0 (T. e. ypaBHEHHE aCUMITOTHIECKH YCTOHIUBO), TO

Bamernm, uro We(A; 0) = = Uy(A). Ecom xe t — 00, a mapa-

%Ow%ﬂm{ V;&=WM&

rae ¥y (\) — xapakTepucrudeckast (byHKIHS TayCCOBCKOTO PACIpejiesie-
ms N(0; 6% /2]a]). Taxum o6pasom, npn a < 0 1 gocTaTouno Gompmmx t
MOXKHO CUATAaTh, 9To {(t) MMeeT TayccoBCcKoe pactpesesnenne. EcrecTsen-
HO, npu OIU3KHUX K HyJo ¢ TouHOe pacupesenenue Ye(\; t) He siBisiercs
rayCCOBCKMM. W

Sameuanue. U3 Teopembr 11.7 ciemyer, 4To eciii HAYaJIbHOE Pac-
mpenenerne Wo(\) — rayccoBckoe, To must mroboro t > 0 ciydaitHbrit
BekTop &(t) mmeer rayccosckoe pacupenenerue N (me(t);ve(t)), rae ma-
pameTpsl me(t), Ye(t) — pemennsi ypaBHenusi MeToma MoMeHTOB. Ecim
JK€ U He sIBJISIeTCsl TayCCOBCKUM BEKTOPOM, HO CHCTeMa ypaBHeHUil TakoBa,
gro ©(t) — 0 npu ¢ — oo (ycnosue acumnmomuseckot, yemotiuusocmu
0A5 HECMAYUORAPHHIT cucmem), To pH t > 1 MOKHO cauTaTh, 9o £(t) ~
~N (mg(t);vg(t)), T. €. UMEET MECTO ACUMMMOMUYECKAA HOPMAAGHOCTb
pelIeHrs yCTOWIMBOTO JJMHEHHOTO CTOXaCTUIECKOTO MU DEPEHINATBHOTO
ypaBHeHHUs.

B sakjioueHne pacCMOTDPUM DEINEHUE AUHETH020 CIMOTACTUYECKO20
JuPpdeperyuarshozo YpacHenUus, TOPOXKIEHHOTO He BAHEPOBCKAM MPOIEC-
coM w(t), a MEHTPUPOBAHHBIM HEOJHOPOIHBIM NYACCOHOBCKUM MPOUECCOM

n(t) = n(t) — my(t),



8 11] CTOXACTUYECKUE JUPOEPEHIIUAJLHLIE YPABHEHUS 231

rae 7(t) — myaccoroBckmit nponece muTencuroct v(t) > 0, a my(t) =
¢

= JI/(T) dr:

dE(t) = a(t)E(t) dt + u(t) dt + b(t) dn(t),

(11.37)
£0) = v,
B unTerpasnbroit hopme ypasrenue (11.37) umeer Bus
t t t
&) = v+ |a(m)e) dr+ [u(r)dr + [ b(r) di(d), (11.38)
0 0 0
rjae mocienuuii mHTerpans B (11.38) — croxacTuuecKmii MHTErpad o

myaccoroBckoit Mepe (cum. 1. 10.2). Vicmonbsyst GopMysly WHTErpUPOBAHWST
no wactaM (8.11) gas c.k.-maTerpana u (10.12) — nast croxacTHIECKOTO
WHTEerpaJja Mo MPOIECCY ¢ OPTOTOHAJBHBIMU HPHUPAINEHUSIMH, MOXKHO I10-

Kasarh, uto dopmyia (11.26) (c samenoit w(r) na 1()) ocraeTcs B cue:

£(t) = O(t)w + O(t) J O~ (r)u(r)dr + O(t) J O~ 1(r)b(r) di(r). (11.39)

Tenepsb, ucnoabsyst dopmyiay (10.19) st BBIUUCIEHNS WHTErpaja OT
HecayIaitHo PyHKINY, OKOHIATENHHO Oy IaeM

t

E)=0@{)r+ @(t){J O~ (1) (u(r) — b()v(T)) dr + > @_I(Tk)b(Tk)}.

0 TSt

rie {7y} — coydaiiHBle MOMEHTEI CKA9KOB Tpotmecca 7)(t).

11.4. ®opmupyroiuii GUILTP JJIsI CTAIMOHAPHOM cirydJaliHo
dyskun. B gaHHOM OyHKTE MBI PAaCCMOTPUM METO, MOJIEIUPOBAHUS
CTAIMOHAPHOM CirydaifHOl (DYHKIME ¢ JIPOOHO-PAIMOHAJIBHON CIIEKTPAJIb-
HOM TIJIOTHOCTBHIO C IIOMOIIBIO CTOXACTUIECKUX audhepeHInalIbHbIX yPaB-
HEHUN — Mmemod GopMmupyowur Guibmpos.

Ounpenmenenne 11.9. TayccoBckasi cramuoHapHasl — CjrydaitHast
bynxmms {£(t), t € R} umeer dpobro-payuonasvryio cnexmpaavnyio
naomnocmo fe(A) B ciydae, ecin

£ = 3= e (11.40)
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TIe
n m
F(z)= Zakxk, a, =1, H(z) = Zbkxk, m<n—1,
k=0 k=0

npudeM KOpHE MHOrOWIeHoB F'(2) u H () nexkar B 1€BOM HOLYINIOCKOCTH.
Bameuanue. IIpu BBIIOIHEHHN yKA3aHHBIX BBIIIE IIPEIIOIOMKEHMI
dyukiust fe(\) unrerpupyema na R, T.e.

De=D{&(t)} = | fe(Ndr <.

Hanee Bciony npeanonaraem, uro {&(t), t € R'} — pemecrsennbiit
CTallUOHAPHBIA IIEHTPUPOBAHHBLIA TIayCCOBCKUI CIIy9ailHBIA IIPOIECC
¢ IpOoGHO-PAIMOHAIBHON CHEKTPAIbHON mIoTHOCTBIO fe(A) Buma (11.40)
¥ KOBapHUAMOHHOU (byHKIIHEH

Re(r) = j e fe(\) dA. (11.41)

Paccvorpum cuctemy w3 n IMHEHHBIX CTOXACTHIECKUX AuddepeHtin-
aJIbHBIX ypaBHeHui juist nponecca n(t) = {n1(t), ..., nn(¢)}*, Takoro, aro
n1(t) = &(t). CrpyKTypa 3TOit CHCTEMBI ONWCaHa B CIEIYIOMEl TeopeMe.

Teopewma 11.8. ITyemo n(t) ydosaemsopaem cucmeme us n aureti-
HBLL CTMOTACTNUNECKUT OUPBPEPEHUUANDHBLET YpasHeHUT

dn(t) = An(t) dt + B dw(t), n(0) = v. (11.42)

3decvy w(t) — ckaarapuuti cmandapmmuti suneposckut npoyecce,

0
o 1 0 .. 0 o
0 0 1 e 0 0
A= | , B=| gn-m ,
0 0 0 e 1 Qn—m-l—l
—ap —a1 —az —0n-1 co
dn
{ag, ..., an_1} — xosppuyuernmo. mmozourena F(z), a napamempol
{@n-m, - -, qn} onpedessromea no pexyppenmuovim GoPMYAAM:
k—1
Qn—m:brru qk':bn—k'_ Z An—f+i 93 s k:n_m"’_la"'vna
i=n—m

{bo, -, bm} — wosppuyuernmu, mrozouaena H(x).
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Ecau caywatinwd eexmop v ne sasucum om {w(t), t > 0} u umeem
pacnpedenerue N'(0; R,), 2de xosapuavuonras mampuua R, ydosaemeso-
pAEM CUCMEME AN2E0PAUYECKUT YPasHeHUT

AR, + R,A* + BB* =0, (11.43)

mo xomnonenma 11 (t) eexmopa n(t) ABAAEMCA CTNAUUOHAPHULM 20YCCOB-
CRUM UEHTMPUPOBAHHBM CAYIATHOLM NPOYECCOM CO CREKMPANLHOT NAOM-

HOCTNBIO i\)|?
fin(A) = fe(A) = % ’ %

Bameuanus. 1) Tak kak CHeKTpaibHAsi MIOTHOCTH TayCCOBCKOTO
HEHTPUPOBAHHOTO MPOIECCA OMHOZHAYHO ONPEIEIAET €0 KOHETHOMEPHBIE
pacupegenenusi, nponecchl 71(t) u £(t) CTOXaCTHYECKM 3SKBHBAJIEHTHBI
B MUPOKOM cMbicie (cm. m. 1.1).

2) O6bruno muorowreH F(r), Bce KOpHH KOTOPOIO JIe’KaT B JIEBOR
MOJTYIIOCKOCTH, HA3BIBAIOT YCmMotuucbim MHo2ouserom. MOKHO HOKa-
3aTh, 9T0 U3 ycToiiunsocT F(x) cile/lyeT acuMITOTHIECKAsA yCTONIUBOCTD
cucremser (11.42), mosromy ©(t) — 0 npu ¢ — oo, rae O(t) — maTpuaHad
dbyuxums Ko, yaosnersopsiomas ypasuenmio O(t) = AO(t), ©(0) = I,
caenyromemy u3 (11.27).

3) Pemenme cucrembr ypasHenuit (11.43) — mpomece TpymoeMKwmii, HO
He UMEIOIHii 6OJIBINOTr0 TPAKTUIEeCKOTO 3HaueHus . JeficTBUTEeILHO, TTyCTh
7(t) ynoBreTBOpsieT cucTeMe ypaBHEHMIT

di(t) = AR(t)dt + Bdw(t),  #(0) =0. (11.44)
Torma u3 pesysbraros npumepa 11.9 cremyer, aTo
n(t) —7(t) =O0@t)y =250 upn t — oo

B CHJIy TIPEJIBIIAYINETO 3aMEYaHus. JTO O3HAUAET, YTO 110 UCTECIEHUN HEKO-
Toporo BpeMmeHH mporiecchl 7)(t) m 7(t) TpaKTHYECKW He pasImdaroTcs,
NpuYeM pasjindaue TeM MEHbINEe, YeM DOJIbIe BPEMEHU MPOILIO ¢ Hadaja
permernnst ypagHenust (11.42).

Ounpepmenenne 11.10. Cucrema croxacruyeckux auddepeHnnab-
ubrx ypasrenwnit (11.42) (a taxxke (11.44)) HasweiBaeTCs Gopmupyrousum
Purvmpom pas uponecca &(t) ¢ aPOGHO-PANMOHAIBHON CIEKTPAJBHON
wioTHOCTBIO fe(A) Buma (11.40) miam xoBapuanuonHoit dynkuueii Re(T)
Buma (11.41).

PaccMoTpuM HCTIONB30BaHUE OMUCAHHBIX PE3YIBTATOB Ha KOHKPETHBIX
npuMepax.

IIpumep 11.14. TTocrpours dopmupytomuii GUALTP JIsl TPOIECCA
&(t), mmeromiero koBapuanuonuyo dbyskumo Re (1) = De=2ll rne D > 0,
a>0.
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Pemenue.

oo

Do
m(a? +A2)’

1 T —IAT D —(a|7|+iArT
FN = o [ e Re(rydr = 2 [ ool gr

— 00
Haiinenuyro crekTpajbHyIO IIIOTHOCTh MOXKHO IIPEJICTABUTH B BHJE

\_ 1 V2Da-V3Da _ 1 |HGNP
T = 5 vy~ 2r [F@P

rne H(z) = V2Da, F(z) = a+z. Torna bp = V2Da, a9 =, a1 = 1.
3amernm, 4rto MHOrowieH F(z) ycroitums B cmiy o« > 0. Teneps,
WCTIONb3ysl yTBEp:KIeHne TeopeMbl 11.8, HaxoawMm ypaBHEHHE (GUILTPA:

dé(t) = —al(t) dt + V2Da dw(t), £0)=v.
Hucnepcnsi R, HagaJbHOTO ycsIoBus onpejensiercs ns (11.43):
—2aR, + (V2Da)? = 0,

orkyna R, =D > 0. m

IMIpumep 11.15. ITonepeunas komnounenta &(t) CKOpOCTH BETPa B Typ-
OysienTHO# arMocdepe SIBJIAETCS CTAIMOHAPHBLIM POIECCOM CO CIEK-
TPaJbHOIl MJIOTHOCTHIO

o2Lv  v?4+3L%\2
fE()‘) = Tonx (v2 + L2X2)2’

(11.45)

e 02, — JUCIepCHsi CKOpOCTH Berpa, L > 0 — macirab TypbysieHTHOCTH,
v — MOJYJb CKODOCTH [BUYKEHHUsI JIeTaTeJIbHOrO ammaparta. IlocTpouThb
dopmupyromuit unbTp mzst mporecca ().

Pemenne. Ilpeobpasyem (11.45) K Buiy, NpUTOAHOMY JJis TIPOBE-
Jenns gekomnosunun fe(A), T.e. onpenenennst Bupa Muorodnenos H(z)
u F(z).

O6oszuaawmm 3 = v/L, Torna (11.45) MoxkHO 3amucaTh Kak

fe(N) = owB  B2+3X 1 [owvB(B+ V3iNowVB(B— V3iN)]
[3 2 (52-1—)\2)2 2T (5_‘_2)\) (B_,L)\)

C y4erom TpeboBanust ycroitanBocTr Muorowienos H (z), F(x) momyaaem
H(z) =bo + bz, rae by = 0uBVB, b1 =o0w\/3p;
F(r)=a¢+ a1z + 2%, tme ag=p% a1 =20.

Temneps o dpopmymam Teopemsbr 11.8 Haxogum ¢ u @o:

01 =b1=0ub\38,  q2=bo—28b = c,BVB(1-2V3).



8 11] CTOXACTUYECKUE JUOOEPEHIIUAJLHLIE YPABHEHUS 235

Taxum o6paszom, mbr nomygaeM mist 7(t) = {n1(t), n2(t) }*, roe n1 (t) = £(t),
CUCTEeMY ypaBHEHUIt

{ dni(t) = n2(t) dt + 0 /3B dw(t),
dnz(t) = [~2B12(t) — B2 (8)] dt + 0w BVB(1 — 2v/3) duw(?),

rie w(t) — cTaHJapTHBI BUHEPOBCKWI mporecc. W

B szapepmenue myHKTa 0O6CYIUM YHCICHHBIH METOJ, WHTEIPUPOBAHUS
CHCTEMBI JIMHEITHBIX CTOXACTUYECKUX YPABHEHUI, B KOTOPOM HCIIOJIb3YETCs
TOYHAs JUCKPETU3AIUs 10 BPEMEHH.

IIycre mana cucreMa JUHETHBIX CTOXACTUYECKUX YPABHEHUI C OCTO-
saHBIME KO3 dunrentamu (HanpuMep, cucTeMa ypaBHEeHH hopMuUpyIo-
mero puiILTpa):

d¢(t) = A&(t) dt + B dw(t),

unaycts 0 =ty < t; < t3 < ... — TOYKHU, B KOTOPBIX HY>KHO BBITUCIUTH
snadenns: nponecca &(t). omoxum E(t,) = &y, a ty, — th,—1 = h = const.
Torna caydaiiHast MOCTIEI0BATENBHOCTD { &, b YOBIETBODSET CIIE Y IOIEMY
Pa3HOCTHOMY CTOXaCTHIECKOMY yPaBHEHUIO:

£, = 1 + Tu,,. (11.46)
3nece ® = O(h), a O(t) — pemenne ypaBHeHUs
O(t) = A0(t),  ©(0) =1, (11.47)

marpuna ¥ takosa, uro VU¥* = G(h), tne G(t) — pemenme ypaBHeHWUs
METO/[a MOMEHTOB:

G(t) = AG(t) + G(t)A* + BB*,  G(0) =0, (11.48)

{vn} — muckpeTHBIH rayccoBCKmil cTaHmAPTHBIN GebIil TIyM.
Dopmyner (11.46)—(11.48) menocpeacTsenHo caeayior u3 (11.26),
(11.27), (11.29).
3aMmeTnM Takke, 970 MaTpullbl P u ¥ He 3aBUCAT OT BPEMEHU, TIOITOMY
pacuersl 1o dopmynam (11.47) u (11.48) npoBomsITCS TOIBKO OJMH Pa3.
S3ameqaanwne. Ecan mar nuckpernsamyu h = t,41 —t,, n =0,1, ...,
MaJI, TO JJIs IPUOINKEeHHOI0 HHTEIrPUPOBaHys ypaBHeHnit (hbopMUpyIOIIe-
ro GrIBTPa MOXKHO UCTIOMB30BaTh Memod Diaepa (em. m. 11.2 n 3amaqay 9).
IIpumep 11.16. IIpoBecTn AUCKPETU3AIAIO YPABHEHHS

de(t) = —2€(t) dt +V3dw(t),  €0)=v

¢ marom 1o Bpemenu h = 0,1.
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Pemenne. B mammom ciydae O(t) = e 2t mostomy ® = O(h) =
= e 92~ 0,819. Uz dopmyasr (11.48) maxommm, 910

G(t) = —4G(t) + (V3)%,  G(0)=0.

Orciona G(t) = Z(l —e ) u G(h) = Z(l — e 94) ~ 0,247. Tak xak
G(h) — cranapHas Benuunna, To U = /G(h) ~ 0,497.

Wrtak, pasHOCTHBLIH BapUaHT CTOXaCTUYECKOTO ypaBHEHUsS MMeeT BHI
gn = 0,819 gn—l + 07497vn7 50 =V,

THE Uy ~ N(O; 1) u HE 3aBUCAT OT U, UPU N F# M. W

Sameuganune. Meron dopMupyomnx (GpuibTpoB BMECTE C PACCMO-
TPEHHBIM METOJIOM YUCJIEHHOTO DeIleHus JUHEHBIX quddepeHImaibHbix
ypaBHEHHUI JAI0T HAM TPAKTUIECKU COCOD IUCIEHHOTO MOJIETUPOBAHUST
CTAIMOHAPHBIX CIIyYaiiHbIX (DYHKIN C 1POOHO-PAIMOHAJIBHON CIIEKTPAJIb-
HOIT MIOTHOCTBIO.

Eciu MBI XOTUM JUCKPETU3UPOBATH JIMHEHHOE YPaBHEHUE C IIEPEMEH-
HBIMU KO3 uiimeHTaMu, TO CIEAYET COOTBETCTBEHHO 0000IuUThL hopmy-

gt (11.46)—(11.48). Iycrs
d§(t) = a(t)E(t) dt + b(t) dw(t),  £(0) =v,

TOTIa
&n = (Dngn—l + Upvp,.

Buech @, = O(£,)0  (tn_1), O(t) = a(t)O(t), ©(0) = I;
U, U = G(ty),
e
G(t) = a(t)G(t) + G(t)a* (1) + b (), t=tn1,  G(ta-1) =0,

a mpomecc {v,} OCTaeTcst MO-NPEXKHEMY CTAHIAPTHBIM OGEJBIM TIyMOM.

B sakmodenne 3amermm, 9To Haxoxuaenme ¥, mo G(t,) ectb cram-
mapTHas 3aaad9a JIMHEHHOW ajredphl, IJjisl pPelleHHs KOTOPOW MMEIOTCS
MHOTOUNCIEHHBIE 9(DDEKTUBHBIE TUCTEHHBIE METOIbI.

11.5. Croxactudyeckue auddepeHIInaIbHbIe ypPaBHEHUSA U
anddys3noHHbie mpoinecchbl. B . 2.5 06bUI0 JaHO ONpejesieHre OIHO-
poguoro auddysnorHoTO MIpoTECCA ¢ BeKMOpoMm choca a(T) m mampuuet
duppysuu X(z). OKa3bIBAETCSI, MEXKITY PEIIEHUSIMEI CTOXACTUIECKUX Aud-
depeHnmaIbHbIX ypaBHeHUNH U AUMD@Y3MOHHBIMA TPOIECCAMU HUMEETCsI
TeCHeWIasi CBsi3b, 9TO OObICHIETCS CIAEAYIONUM Y TBEPIKICHUEM.
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Teopema 11.9. Hycmw £(t) — pewenue cmozacmuyeckozo dugdgde-
peryuaavrozo ypasrenus (11.8) ¢ navaavnomu yeaosuamu (11.9), 2de
flt,z) = f(x) uo(t,z) = o(z), m.e. ypasnenue 00HopodHo no epemenu.
Ecau yeaosus meopemv, 11.4 svinoanenv, mo &(t) asasemea 00mopodrvim
Juppysuornvim npoueccom ¢ sexmopom cnoca a(z) = f(x) u mampuyed
duppysuu X(z) = o(z)o*(x).

Cdopmynupyem yciaoBusl, TpU KOTOPBIX TEPEXOMHAs IJIOTHOCTD
pe(z,t,y) u ogHOMEpHAs IIIIOTHOCTD P¢ (Y; t) YIOBIETBOPSIOT ypaBHEHUSIM
Kommoroposa—®okkepa—Iliranka.

HYCTB F) =A@, - @)} By) = {Z5®)}ig=1,..n, €

Z oik(y)or;(y). Beenem cemyromuit auddepennuanbHblii ome-

parop:

y@ay] ii(Wa(y)),  (11.49)

n 1 n n
Z +3 Z Z
rie ¢(y) — JOCTATOTHO TIAIKasA CKAJIsApHAsS DyHKIUS.

Teopema 11.10. IIycmo svinoanenvt ycaosus meopemovt 11.4 u, xpo-
me mozo, gynruuu {fi(y)} nenpepueno Jupdepenvyupyemov, a Pymx-
vuu {0;5(y)} deaorcdv nenpepuisto dudpeperyupyemo. Eciu neperodnan

NAOMHOCTIL pg(x,t, y) deasicdv. nenpepweno duddepernyupyema no y u

odun pas nenpepvisho duddeperyupyema no t € (0,T] npu scex © € R™,
mo ona ydosaemeopaem npamomy ypasrernuio Koamozoposa:

op,(z,t,
W Llpe(z,t,y)],  pe(x,0,y) = 6(y — x). (11.50)

IIpu smom odnomepHas naiomrocmsd pacnpedeseHiLs, pg(y; t) ydosaemeo-
pAEM YPABHEHUIO

Ip(y;
pggtl Do Lpew ). ol 0) = polw). (11.51)

2de po(y) — naomrocmo pacnpedesenus £(0).

Vpasuenust (11.50), (11.51) marT NPUHIMOMAIBHYIO BO3MOXKHOCTH
BBIUMC/IATh KOHEYHOMEDHBIE 3aKOHBI pacnpejenenus mupouecca &(t),
Y/IOBJIETBOPAIOIIETO CTOXACTHIECKOMY TudDEPEHINATBHOMY YPABHEHHIIO
¢ koadpduIueHTaMu, He 3aBUCANMMH OT BpeMeHH. HambGosiee cloXKHOI
npobyieMoil  ABIAETCA OTHLICKAHWE YCJIOBHUil, MPH KOTOPBIX ILIOTHOCTH
Pe(z,t,y) npe(y; t) cymecrsyior. PaccmoTpum 9Ty npobiiemy na mpumepe
JUHENHOTO ypaBHEHUA.

IIpumep 11.17. CransipHas caydaiinas dyrkuus E(t) yaoBaeTBopsi-
eT JmHeHOMY cToxacTmdeckoMy auddepeHnraIbHOMy yPaBHEHHIIO

d§(t) = ag(t)dt +bdw(t),  £(0)=w,
rae v~ N(my;v,). Haitrn pe(@,t,y) 1 pe(y; t).
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Pemenne. Ilpeamomorkmm, aTO ps(ac,t7 Y) CyIIECTBYET U sIBJISAETCH
JIOCTATOMHO TJajKoi, Torga u3 (11.50) cinemyer (¢ yaerom f(z) =az m

o(xz) =b):

Op,(z,t,y) B v Ope(a,t,y)
o _aa—y(y ez, t,y)) + 2T ey (11.52)

Pacemorpum dyuximo

pe(z,t,y) = ﬁem{—%}, (11.53)

rae m*(t), ’yo(t) SABJIAIOTCS PEIIEHUsIMYA YPaBHEHUS METO/Ia MOMEHTOB:

m*(t) = am*(t), m®(0) = z;

y . . (11.54)
Y0(t) = 2a7°(t) + 6%, 7°(0) =0.

Ecmm 4°(t) > 0, To pe(z,t,y) onpenenena mpu Beex ¢ > 0. Henocpes-

cTBEeHHOH moscTaHoBKO# Bbipaxkenus (11.53) B (11.52) ¢ yuerom (11.54)
MOXKHO II0Ka3aTh, 9T0 Pg(z,t,y) yaosnersopger ypapuenmio (11.52) m,

KpoMe TOro, pg(,t,y) — d(z —y) npu t — 0 (Tak xak 7°(t) — 0 mpm
t — 0). Takum 06pasoM, BOIPOC O CYIIECTBOBAHUM P(T,t,y) ymupaercs

B yciosue 7°(t) > 0. OueBuano, 4To yciaoBue Gy/MeT BHIIOJHEHO, €CIH
b # 0, T.e. koabdumment quddysun ¥ = b2 > 0.
Iycts Tenepn p,(y; t) npu Beex ¢ > 0 nveer Bujy

pg(% t) = m €xp {_%} ’ (11.55)

rae me(t), ve(t) onsaTh onpenessioTCs U3 ypaBHEHUH METOAa MOMEHTOB:

g (t) = ame(t), me(0) = m,,
{ ' . (11.56)
Ye(t) = 2ave(t) + b2, 7e(0) = y,.
Ecaur v¢(t) > 0 npu Bcex ¢ > 0, TO HETPYHO IPOBEPUTH, UTO
pe(y;t) 9 b Ope(y; 1) -
o = 0P )+ 5 —F— Py 0) =p(v),

rae p,(y) — TayccoBCKasi TUIOTHOCTh HAIaJbHOTO BekTopa v. U3 (11.56)
crepyer, ato ecam b # 0, 10 7Y¢(t) > 0 BeImONHEHO TpH Beex t > 0 s
groboro v, > 0. m
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Sameuanue. YoioBue b # 0 BrojsHe 3aKOHOMEPHO. JlefCTBUTENBHO,
nycrs £(t) € R" n

dé(t) = A&(t) dt + B dw(t), £(0) =v. (11.57)
Torma v¢(t) = cov{£(t),£(t)} yaoBuerBopsier ypaBHeHIIO
Ye(t) = Ave(t) + (A" + BB, 7(0) = .

MozkHO noKa3aTh, 9T V¢ (t) > 0 mpu mobom v, > 0 Torja U TOIBKO TOTAA,
KOTTa

rank{B,AB, ..., A" 'B} = n. (11.58)

Venoeue (11.58) XOpoIo W3BECTHO B TEOPUM yIPABJIEHUs] U HA3BIBACTCS
yciosueM noanoti ynpasasemocmu cucrembl (11.57). B ciywae n =1
(11.58) osnauaer B # 0.

11.6. Punasrp Kanmana—Bsrocu. B 1. 6.4 npuBeneno pemenue 3a-
Jla9d C.K.-ONTHMAJIHLHOTO OTEHUBAHWS CIIyIalHBIX MTOCIEI0BATEIBHOCTEH,
OTIMCHIBAEMBIX JIMHEHHBIMU PA3HOCTHBIMU CTOXACTHIECKUMU yPABHEHUSI-
mu. B rayccoBckoM cirydae dra 3ajada MMeeT sBHOe perieHue B (opme
guckperroro ¢duiabrpa Kanvana. OKasbsBaeTCsA, I9TO 9TOT PE3YIBTAT MOXK-
HO PaCIPOCTPAHUTD U HA CIIydaiiHbie PyHKIUU, ONUCHIBAEMBIE JIMHEHHBIMU
CTOXaCTHIECKUME MU DEPEHITNATBHBIMA YPABHEHUSIMU.

3amava duabrpamun. PaccMoTpuM mapy CiaydailHbIX IIPOIECCOB
{z(t) e R*, y(t) e R™, t €[0,T]}, onuchBaEMBIX CHCTEMOH JIMHEHHBIX
cToXacTUIecKux JudPepeHnnalbHbIX yPaBHEHUT

{ dz(t) = A(t) z(t) dt + B(t) dw'(t), (11.50)
dy(t) = a(t) z(t) dt + b(t) dw?(t),

¢ HagaapHbiMu yenosusivn z(0) € R™,) y(0) = 0. B ypaprenusix (11.59)
wl(t), w?(t) — crammapTHHIE BAHEPOBCKHE MPOTECCH pasMepHocTH ki, ko
COOTBETCTBEHHO, x(O) — TayCCOBCKUH ClIy4ailHbIll BEKTOP C HapaMeTpaMu

M{z(0)} = my, cov{z(0),z(0)} = .

Cayuaitneie niponiecest wl(t), w?(t) u ciywaiinbiit Bextop =(0) HezaBuCH-
Mbl. B 3aiaue dusbrpanun (ONeHNBAHNS) NPEINONAraeTcs, 9TO IPOIECe
z(t) He HabmonaeM, a HabIIOAATH MOXKHO Jub mponecc y(t), KoTopbrit
HeceT HemonHylo wHGoOpMammio o mpomecce z(t). Samada durbTparmmn
COCTOMT B OIPE/IETEHUH C.K.-ONTUMAJbHO} OlleHKH mporecca z(t) 1o Ha-
6mropenmam mpornecca {y(s): 0 < s < t}. Tak ke Kak W B CIy9ae MOJIENN



240 CAYYAUHBIE ®YHKLIUN [FI[. 11

C JMCKpeTHBIM BpeMeHeM (TI.6.4), ¢.K.-ONTHMAaJHHON ONEHKON SIBIISIETCS
YCJIOBHOE MaTeMaTHIeCKOe OKHUJAHWe, & MMEHHO:

m(t) = M{z(t) | 7/},
rie
= olyl(s):0< 5 <1)

ecTh o-ajrebpa, NOPOXKIEHHAs 3HAYEHUsIMU Tpolecca y(s) 0 TeKylero
MomenTa Bpemenw ¢ (cm. . 11.1). 3ameuarenbubiii pesynbrar Kamvana n
Brlocu cocTouT B BBIBOJe ypaBHEHWUil, OMUCHLIBAIONTUX IBOJIONUIO yCIOB-
HOTO MaTeMATHIECKOTO OxKuaanust m(t).

Teopewma 11.11 (Kammvan, Berocu). ITycmo 6 ypasnenuax (11.59)
mampuynvie pynryuu A(t), B(t), a(t), b(t) umerom xycourno nenpepuisrvie
KoMmnoHenmul, mampuynas dynryus b(t) b*(t) — pasnomepro Hesvipo-
orcdennan, m.e. watidemes xowemawma c¢ > 0, makas, umo dan A106vLT
t€[0,T] uX €R™ umeem mecmo nepasercmeo

ND(£)b* (1) > ¢| A2 (11.60)

Tozda ycaosnoe mamemamuyeckoe oocudarnue m(t) = M{xz(t) | FY} ecmo
eJUHCMBERHOE PEWEHUE CUCTNEMDL CTROTACTNUNECKUT JupPeperyuarvrois
ypasHerul

dm(t) = A(t) m(t) dt + ~y(t)a*(¢)(b(t)b* (1))~ [dy(t) — a(t) m(t) dt],
(11.61)
A(t) = A)y(t) + () A*(t) + B)B*(t) — y(t)a™ () (b(£)b*(t)) "'a(t)(t)
(11.62)
€ HAMQNBHOMU YCAOGUANM
m(0) =mo,  ~(0) = 0. (11.63)
Ouerxa m(t) — necmewennas, m. e. M{z(t) — m(t)} = 0. Jemepmu-

Huposarnaa mampuunas Gynxyua y(t) 6 ypasnenuar (11.61) u (11.62)
pasna Kosapuayuy owubky oyernwku m(t):

V(t) = cov{z(t) — m(t), z(t) — m(t)} = M{(z(t) — m(t))(z(t) — m(t))"},
a npouecc

t

£(t) = J(b(S)b*(S))_l/Z[dy(S) —a(s)m(s)ds], t€][0,T],

ABAACTNCA cmaﬁéapmm;cm BUHEPOBCKUM.
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Vpagrenwst (11.61)—(11.63) oNWCHIBAIOT DPEKYPPEHTHBIN AJITOPUTM
C.K.-ONTHMAJBHON (DUITBTPAIUT TayCCOBCKOTO mporecca x(t), Ha3hIBAeMBbIi
Ppuavmpom Kaamarna—Bwvrocu.

Bameuanus. 1) IIponecc £(t) Ha3bIBaeTCS 06HOBAANOULUM JIJIST TIPO-
necca Habmogennit y(t). Ero BaskHOCTH ompemessiercss TeM, 4TO OH, siB-
JSASICh CTAHAAPTHBIM BUHEPOBCKHUM IPOIECCOM, TIOPOXKIAET Ty YK€ CaMYIO
o-anrebpy cobbITHil, uTo M npomecc HabaoaeHuni y(t), T.e. _'Ff =F.

2) Ilockombky m(t) — HecMelleHHasi OleHKa s x(t) mo Habuo-
aemmam {y(s), s < t}, To xKoBapmanmonnas Mmarpuna Y(t) ee ommbKn
Ax(t) = z(t) — m(t) xapakrepnsyer To4HOCTH omeHKu m(t). IlosTomy
M{|Az(t)[*} = tr[y(t)] B cuny Toro, wro M{Az(t)} = 0.

Tak kak {z(t), m(t)} — rayccosckmit mponece, Az(t) ~ N(0;7(t)).
B wacrHOCTH, P{|/\*Ax(t)| <3 )\*’y(t))\} /2 0,997 mus mroboro BeKTOpA

A # 0. Bamernm, uro u3 (11.62) cremyer, uro y(t) — Hecaydaitnas GyHK-
st BPEMEHH, II03TOMY TOYHOCTH IIPOIEAYPHl (PUIBTPAIAA MOXKET OBIThH
paccYuTaHa 3apaHee, T. €. 10 HAYaJIa IPOIELy bl 00paboTKU HAOJIIOIEHWIA.

3) B cuiny smmeiinoctn ypasrennit duasrpamun (11.61), (11.62) mua
npakTuYeckoil peasuzanuu bunbrpa Kamvana—Bbiocn MOXKHO HCOONB30-
BaTh MPOIEAYPY JAUCKPETH3IAMUU IO BpeMeHu u3 1. 11.4.

PaccMoTpuM HEKOTODBIE MPUMEDBI UCTIOIb30BAHUS IIOJYYEHHOTO pe-
3yJIbTaTA.

IIpumep 11.18 (3amaya ouenuBanus napamerpa). Haiitu c.k.-onru-
MaJIbHYIO OIEHKY TayCCOBCKOf ciryuaitnoit sesmumbbl 6 ~ N (mg;od) 1o
HaOJIIOIeRnAM CTydaiinoro nponecca y(t), yIOBIETBOPSIOMErO CTOXACTH-
yeckoMy muddepeHnuaIbHOMY yPABHEHUIO

dy(t) = 6dt + o1 dw(t), y(0) =0,

rae o1 # 0.

Pemenue. Ecmu BBectn dynkunummo z(t) = 6, To napa dyuxuuit {z(t),
y(t)} ymoBmeTBOpsieT cucTeMe JIMHEHHBIX CTOXacTHIecKnx auddbepenty-
aJIbHBIX ypaBHEeHuit

{ da(t) =0, (11.64)

dy(t) = z(t) dt + o1 dw(t).
Torpa c.K.-onTUMaJbHas ONeHKa aJist § ecThb
M{0 | F¢'} = M{a(t) | F¢'} = m(t).
IIpumensia Teopemy 11.11 m dopmymer (11.61), (11.62) ¢ mapamer-
pamu A(t) =0, B(t) =0, a(t) =1, b(t) = 01, momydaem, uro m(t) u
~(t) = M{(9 — m(t))2} VAOBJIETBOPAIOT CHCTEME CTOXACTUYECKUX YyPaB-

16 B.M. Munnep u A.P.Ilaukos
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HeHU ®)
dm(t) = L3 [dy(t) —m(t) df], m(0) =mo,
1
2
. t
3(6) = -2, +(0) = 03,
Vpaguenwe nis y(t) UMeeT sTBHOE peIIeHHe
2 2
_ 0001
v(t) = oit+ o2’

Torma m(t) ymoBieTBOpsieT JINHEHHOMY CTOXaCTHUECKOMY yDABHEHUIO

% (dy(t) — m(t) di],

= et

penieHnne KOToporo mMeeT BU/

t
m(t) = B(t,0)mo + [ (¢, ) o2
0

rae O(t,s) = exp{—Jﬁ du

s

2
} — pellleHue ypaBHEHUSA

2
T __(t,s), t=s,

d
it = o
D(s,s)=1.

2 2
s+ o t
o 1 _ ol ). IMomcTaBisiss 9TO COOT-

Herpyauo Bugers, uro ®(¢,s) = 22t o7 = (s)
0 1

HOIIEHUE B BbIpaxkeHue st m(t), nosydaem

_ % y(t)mo
O (t,0)mo = W 0= o2
t ) t t
J@(t, s)U2 U_?_ 5 dy(s) = J@(t, 3)7(‘;) dy(s) = J iﬁ) dy(s) = &2) y(t)
0 05 T 07 0 1 0 01 01

mo | y(t)
—t+ s

B(0) = mit) = () | 22 + 2
(nabmomenne mpomecca OpHireiitna—Yiren6exa).

IIpumep 11.19
Ilycrs crassipable nporneccst {z(t), y(t)} ymosaersopsitor cucreme ypas-

_ mooi +y(t)as -
oit+o?

HeHui
z(0) ~ N (mo; o),

dz(t) = —az(t) dt + dw'(t),
dy(t) = z(t) dt + o dw?(t),
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rae a > 0, o # 0. UccnenoBaTh noBejieHme C.K.-OMTHMAJIBHOTO (DIIHTPA
npu t — 0O M MOCTPOUTH CTAIMOHAPHBIN BAPUAHT MIPOIECcca (PUIBTPAIIAN.

Pemenne. VYpapuenue (11.61) dbunsrpa Kammana—Bbrocu gis npo-
necca m(t) = M{z(t)|F/} mmeer Bun

dm(t) = ~am(t) dt + "Ddy(e) ~m(t)yde),  m(0) = mo,

a ypasaerne (11.62) mus mucnepcun (t) = M{(m(t) — m(t))Q} omubKu
(GUIBTpAINT eCTh CKaJIApHOe ypaBHenne PukkaTu

2
. t
Y(t) = —2av(t) + 1 - —70(2 ), 0=
DT0 ypaBHEHNE UMEET sIBHOE DEIlleHue

o~ (71 —72)(v0 —71)
() =%+ (Yo — F2)e?Pt — (y0 —71)’

vie B = Va2 + 0, 5 = 03(f —a), 7o = —0(B + a).

C yuerom ycuoBmit mpmMmepa 3akimiodaeMm, ato >0, 31 >0 wm
Yo — 2 > 0. Torma u3 NOIYYEHHOTO BBIPasKeHUs s Y(t) HpU yCIOBUK
Yo # 71 crenyet, aro y(t) — 4 npu t — co. Ecun ke vo = 71, 10 ¥(t) = 0
uy(t) =

Taxum obpa3oM, npu ¢ >> 1 MOXKHO cumTaTh, 94T0 ¥(t) = 71, & ypasHe-
Hue DUIBTPAIMH CTAHOBUTCH CINAUUOHAPHBLM, T. €.

dm(t) = —am(t)dt + 15 [dy(t) — m(t) di).

Tlocmenee o3HavaeT, ITO B JAHHON 3ajade CyMIECTBYET CTAIlMOHAPHBIN
papuanT puibrpa Kamvana—Brocu. C yyeToM NOIYyYeHHOTO BhIPaXKeHWs
JIJISL Y OH IPWHUMAET BH/L

dm(t) = —Bm(t)dt+ (8 —a)dy(t). m

3aMeuanue. OkasbiBaeTcs, 9T0 ecau B ypasHeHusx (11.59), onuce-
BAIONIUX CHCTEMY HalJomeHus, napamerpbsl A, B, a u b He 3aBUCAT OT
BpeMeHu, a MaTpuiia A ycToiiunBa, TO pe3yJbTaT, OOHAPYKEHHBIN B IIPU-
Mepe 11.19, aBisieTcs 3aKOHOMEPHBIM: TIPH JTIOOOM HAYAJHLHOM YCIOBUHU
Yo = 0 cymecTByer ¥ = tlg& ~(t), mpuduem ¥ He 3aBucHT OT Yo u 7y = 0.

IIpw stom ypasmerme dumabrparmuu (11.61) npuanMaer cmayuonapHbid
(mpenenbHBIH) BU

dm(t) = Am(t) dt + K [dy(t) — am(t) dt],
rie K = Ja*(bb*) ™! — mocrosgumbrit MaTpwaHbIil Ko3hbOUITHEHT.

16*
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Banmava skcrpanossamuu. OHOH M3 IPAKTHIECKH BAsKHBIX 3319
SABJIAETCS 331298 NPOeHO3UPOSaANUA UIU skempanosayuu. Ilycrs nponec-
cot {z(t), y(t)} onnceiBaroTCs STMHEHHON CHCTEMO CTOXACTHIECKAX yPaB-
menwit (11.59). IIpeamonoxkmm, 9TO HAGIIONEHWIO JOCTYIHBI 3HAYEHWS
nporecca y(t) JUIb 10 HEKOTOPOTO MOMEHTA BpeMeHH § < t, 1 Tpebyercst
C.K.-OIITUMAJILHO OmeHUThb Z(t).

Torma m(t) = M{xz(t) | FY} npencrasisier cobofi MCKOMYIO OLEHKY,
KOTOpas HA3BIBAETCH C.K.-ONMUMAALHOT, 0UeHKot NPoero3a WM IKCmpa-
noaayuu. IIokaykeM, Kak OIEHKA POTHO3a BBIPAXKAETCS dYepe3 OIEHKY
{m(t),v(t)} dmrprpa Kamvana—Berocu.

B cuny ypasuenns (11.59) mpomecc x(t) mONyCKaeT NpejCTABJIEHHE
(cm. 1. 11.3)

x(t) = ®(t, s)x(s) + J@(t, u) B(u) dw' (u), (11.65)

rae ®(t,s) = ()0 1(s), a O(t) — marpuna Kommu byngamenTanibubx
pemenuii. [TockonmbKy mporeccs w', w? HezaBUCHMBI, 3HAUEHUS TPUPA-
1eHuil BUHEPOBCKOTO TIporiecca w! (u) npu u > s He 3aBUCAT OT 3HAYEHHI
nporecca y(u) npu u < s. ITosromy

M{I@(Lu)B(u) duw* (1) | fg} =0

", CJIETOBATEJHHO,
ms(t) = M{®(t, s)z(s) | F¢} = ®(t,s)M{a(s) | F¥} = @(t, s)m(s).
(11.66)

HUcnonws3osanne npezacrabiaenus (11.65) mo3sossieT MOy YuTh BhIparke-
HUe U JJIF KOBapHAIUU OMMMOKN OIeHKH IPOTHO3a:

s (1) = M{(a(t) — ms (1)) (x(t) —ms (1)} =
= ®(t, s)v(s)®*(¢,s) + J@(t u)B(u)B* (u)®*(t,u) du. (11.67)

Coorromenns (11.66), (11.67) moxxHO mpeacTaButh B auddepenu-
aJabHON dopme:

{ s (t) = A(t)ms(t),  ms(s) = m(s),
Ys(t) = A()7s(t) +7s(H) A () + B(H)B*(t),  7s(s) =(s),

rze m(s) — c.K.-ouTUMaJbHas OneHKa 1uid Z($), a y(s) — KoBapuanuoHHas
MaTpHUIa ee OMUOKM.

(11.68)
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11.7. Bayiauu 419 CaMOCTOSITEJILHOTO pEIIeHUsI.
1. ITycrs {f(7), 7 > 0} — c.K.-HenpepbIBHAs HEYIPEXKAAIONas ClydaiiHast
dyuknua. Jlokazars, 9To

t

n(t) = [ () dw(r), 20,

0

SIBJISIETCS IIPOIECCOM € OPTOTOHAJIBHBIMHE IIPUPAIIEHUIME, H HalTH €ro KOBapu-
AIMOHHYIO (DYHKIIHIO.
min(t,s)
Orser. Ry(t,s) = J M{|f(r)[*} dr.
0

2. JJoka3aTb, 4TO HeJMHEWHOe cTOXacTHU4ecKoe nuddepeHipaipbHoe ypas-
HEHHe ®
dw(t
dé(t) = —arctg&(t) dt + ————,
30 B0 dt + T

uMeeT €JUHCTBEHHOE DEllIeHUue.

£0)=0

3. Pemuts croxacrudeckoe nauddepeHnuaibHoe ypaBHEeHIe
dé(t) = a&(t) dt + bE&(t) dw(t).

Orser. £(t) = £(0) exp{(a—b*/2)t+bw(t)}.
4. Ilycrs ciyuaiinenit npouece {£(t), t > 0} yZoBiIeTBOPSIET CTOXACTHIECKO-
My ypaBHEHHIO

d€(t) = a(t) £(t) dt + o () £(t) dw(t),  P{£(0) >0} =1

C KyCOUHO HENpepHIBHBIMU J€TepMUHUPOBaHHBIME (yHKuusamu at) u o(t).
HokazaThb, 4TO

£(t) = £(0) exp{][a@) — Lot(s)]ds + ja@ du(s)}.

0 0

Vxasanwe. Boraucaurs d€(t) mo npasuny muddepenmuposanus UTo.

5. JlokasaTh, 9T0 CHCTEMA, IBYX CTOXaCTHIECKHUX MU DepPEeHITNATHHBIX yPaB-
HeHUt

dér(t) = —26(1) di + G du(t),  €(0) =0,
da(t) = —2&a(t) dt — E1() dult),  €(0) =1

nmeer pemenue &1(t) = sinw(t), £2(¢) = cosw(t).
6. ITocrpouts popMupyrommii GUIALTP /IS EHTPUPOBAHHOTO TayCCOBCKOTO
cranuoHapHOro nponecca (), IMEIIEro CHeKTPAIBHYIO IOTHOCTD

_D. (a + ywo)b? + (a — ywo)w?
T b +2(a? — wdw? +wt

fe(w)

)

rae wo = b? — a®, a > ywo, D > 0.
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OTser.
{ dm (t) = n2(t) dt + g1 dw(t),
dnz(t) = —b i (t) dt — 2ams(t) dt + q1 (b — 2a) dw(t),

rze m(t) = £(t), g1 = /2D(a — ywo).
7. Ilycts Tpebyercst OIEHUTH N-MEPHBIN TayCCOBCKUN CIydailHBI BEKTOD

6 ~ N (u;v0) no mabmionenusam caydaiinoro nporecca y(t) € R™, ynosrersops-
IOIIETO CTOXACTHIECKOMY YPaBHEHHIO

dy(t) = a(t) 0 dt + b(t) dw(t), y(0) =0,

rae a(t), b(t) — mecayuaiinsle marpuunble dbyukuuu, npudem b(t) b*(t) — pas-
HOMEDHO HEBBIPOXKJICHHASA. BBIBECTH ypaBHEHHS JJIsl C.K.-ONTHMAJIBHON OIEHKH
m(t) = M{0 | F:} u marpunst v(t) = M{(0 — m(t))(0 — m(t))*} koapuanuu

ee OIuOKH.

OTser.
{ dm(t) = y(t)a* (t)(b(t)b* (t)) " [dy(t) — a(t) m(t) dt], ~ m(0) = p,
A(t) = —y(8)a*(#)(b(£)b* (1) " alt)y (1), 7(0) = 70.

8. (IIpomomkenue 3amaqn 7.) Jlokasars, 4TO B yCJIOBHUSIX HpeAbLIyIIeil 3a-
JIavU TIPU MOJIOKUTEIBHO ONpeieJIeHHoN MaTpuIe vo > 0

v = (vt + fa*(s)(b(sw*(s))—la(s) ds) -

0

Vkaszauue. Paccmorpers bynkmmo G(t) = v~ (t) u ybemurnes, uro

G(t) = a* (£)(b()b" (£)) " a(t).

9. ITycrs &(t) yaoBiaeTBOpsieT ypaBHEHUIO
dE(t) = a(t) &(t) dt + b(t) dw(t), €(0) = v.

O6ocHOBaTh TPUOIMKEHHBIN METOJ, JUCKPETU3AINN STOTO yPABHEHUsI JIJIsT Ma-
Jloro mara Juckperusanuu h (Merox Ditepa):

é(tn-kl) = (1+a(tn)h’) g(tn)—i_\/ﬁb(tn)vn? n= 071327 st 5(0) =r,

rue t, =nh, a {v,} — crasgapTHBIN rayccOBCKUil AUCKpeTHBIH Gesblil 1ryMm.
Vkaszanue. 3aMEHUTH B UCXOAHOM ypaBHeHUH auddepeHnnansbl KOHeIHbI-
MU Pa3HOCTSMH.
10. Ilycrs {y(t), t > 0} — HabuarogaeMblii IPOIECC, YAOBIETBOPSIOIIHN yPaB-
HEHHIO

dy(t) = e /?0dt + dw(t),  y(0) =0,

rae 8> 0, 6 ~ N (0;1). Tycrs 6y — c.K.-onTHMAasIbHAs OleHKa 6 1o HabJII0IeHU-
aum {y(s), s < t}. Hokasars, uro v(t) = M{(6 — 6;)*} — 1/(1+ B) npu t — co.
Ykazanue. Bocionb3oBarbesa aaropurmom Kanmana—Bbiocu.
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§ 12. MapkoBcKue cirydaiinblie (pyHKIIUNA
C JIMCKPETHBIM MHO>KE€CTBOM COCTOSTHUIA

12.1. ITotoku cobGbiTuii. [lonsiTre moToKa COOBITHII MMeeT KJIIFOUe-
BO€ 3HAYEHUE JJisI TOCTPOEHWS MATEMATHIECKUX MOeJeit MapKOBCKUX
CITyIaffHbIX (DYHKIWUHA ¢ JUCKPETHBIM MHOYKECTBOM COCTOSTHHIA.

Ounpenmenenune 12.1. [Homoxom cobvimutdl Ha3BIBAETCS IOCIEI0BA~
TEJIFHOCTH OJIMHAKOBBIX COOBITHI, IIPOUCXOSAIINX OIHO 33 JPYTHM depe3
MPOMEXKYTKU BPEMEHU CJIyIaliHOM JJINHBI.

IIycts 3mech n nagsee t > 0, h > 0. O6oznaunm gepes P(t,t + h) Bepo-
ATHOCTH TIOSIBJIEHUSI XOTs OBl OJHOIO COOBITHSI Ha IPOMEXKYTKE BPEMEHU
[t,t + h]. IIpeamonoskum, 9TO TIPH KazKIAOM ¢ CYIIECTBYET

. P(,t+h
A = Jim PR,

Onpemenenue 12.2. Dyukuns A\(t) HA3BIBACTCI UHMEHCUBHOCTNDIO
noTOKa COObITHi (B TOUKE t).

PaccmorpumM HEKOTOPBIE IPEIIOIOKEHHS O TOTOKE COOBITHN, TIO3BOJISI-
OIIe TIOCTPOUTH €r0 COMEPKATEIBHYI0 MATEMATHIECKYIO MOIETb.

Onpegmenenne 12.3. Ilycrs n(ty,t2) — cayuaiinoe uucno coObITH
U3 TIOTOKA, TIPOMCXO/IATINX Ha TPOMEXKYTKE [t1, t2]. IloToK HasBIBaETCS 00-
HOPOOHBIM UITH CTNAUUOHAPHDBIM, €CITH 3AKOHBI PACIPeIeIeH s CIIy YaliHbIX
Besman n(ty,te) n n(t; + s,t2 + $) comagaroT mpw Beex s > 0.

Sameuanus. 1) OueBHIHO, 9TO OJHOPOJHOCTD IOTOKA O3HAYAET

P{n(s,s+t)=m} =P{n(0,t)=m} Vs, t>0, m=0,1,2,...

ITosTomy moBeneHME OIHOPOLHOTO TOTOKA MOYKHO M3yYaTh JIMIIb HA IIPO-
mexxyTke [0,t]. Janee mbl Gymem obo3HAYATH

n(t) =n(0,t), t=0. (12.1)
2) VIHTE€HCUBHOCTD OJJHOPOHOTO MOTOKA MOCTOSHHA, T.e. A(t) = A:
M) = tim PEIER o OBy
h—0 h h—0

nJisg Beakoro t > 0.
Onpenmenenne 12.4. IToTrok cobbITHil HA3BIBAETCH 0PIUHAPHBIM, €C-
am st Beex t > 0, h > 0 cupaBeyiuBBI COOTHOIIIEHUST

P{n(t,t +h) =1} = A()h + o(h),
P{n(t,t +h) > 1} = o(h),
o(h)

rae A(t) — orpanwuennas dbyHKIMS, 5 0 npu h — 0.



248 CAYYAUHBIE ®YHKLIUN [FI[. 11

SBameuanus. 1) TpeboBanue OpaUHAPHOCTH O3HAYAET, YTO COOBITHS
B MOTOKE CJEAYIOT CTPOTO OJHO 33 JAPYTUM U He IPOUCXOMISIT BMECTe:
P .
im {n(t,t+h)>1} im o(h)
h=0 P{n(t,t+h) =1}  r—0 A(t)h + o(h)

Tlocnennree o3navaeT, YTO BEPOSTHOCTD MOSIBJIEHUs HA UHTEPBAJIE JIJIMHbBL A
ABYX ¥ 60Jiee COOBITHI TTpH MaJIbIX h TpeHeOPEXKUMO MaJIa 0 CPABHEHUTO
C BEPOSITHOCTBIO TOSIBJIEHUSI OTHOT'O COOBITHUS.

2) Ecim moTOK SIBISIETCST OHOPOHBIM, TO

P{n(t,t+h) =1} = A+ o(h).

IIycts BBIOpaHBI HIpOU3BOsIbHBIE TOUKN 0 = t) < t1 < ... < £yp41. Pac-
CMOTPHUM COBOKYITHOCTH CJIyYafiHbIX BEJIMYUH

szn(tk,tk+1), kZO,l, e,

Onpegpenenne 12.5. Ilorok cobbiTuil Ha3bIBaeTCS NOMOKOM be3 No-
caedeticmeus, ecim CIyvaituble BeawawHbl {&o, &1, ..., &n} HE3ABUCHMBI
B COBOKYITHOCTH.

Onpenemenne 12.6. OpauHapHbIi TOTOK 6€3 MOCTEAEHCTBUS HA3BI-
BaeTCHd NYACCOHOBCKUM NOMokom cobvimud. Ecim myaccoHOBCKHit moTOK
ABJISETCA TaKyKe M OJHOPOJHBIM, TO OH HA3BIBAETCH NPOoCmeliuwum nomo-
KOM COOBITHUIA.

CMBICTT TepMUHA <«IIyaCCOHOBCKUI TOTOK» MPOSICHSET CJemyIomiee
YTBEPXKIEHUE.

Teopema 12.1. IIyemw n(t) — wucao cobwmut 6 npocmetiwem no-
moke unmencusrocmu A na npomescymre [0,t]. Tozda

P{n(t) = m} = exp{—At} (%m m=0,1,2, ... (12.2)

Takum obpasom, npu Jobbix t > 0 ciaydaiinas sesuuusa 7)(t) umeer
pacnpegenenue [lyaccona ¢ mapamerpom At. OTcroma, B YaCTHOCTH, CJie-
ayet, uro 7)(1) pacupenenena no Ilyaccony ¢ mapameTrpom A.

JlpyTme ¢BOHCTBA IyaCCOHOBCKOTO MOTOKA PACCMOTPHM Ha MPUMEDAX.

IIpumep 12.1. Iloka3aTh, YTO UHTEHCUBHOCTDH ITPOCTEHIIETO TTOTOKA
pPaBHA CPEJHEMY YUCIY COOBITHI, TPOMCXOAANINX HA WHTEPBAJIE BPEMEHN
€IMHUYHON JIJIUHBIL.

Pemenwne. Ilycrs n(t,t+ 1) — guco cobbiTuil Ha MHTEPBAJE €/11-
HUYHOM JymHbL. B cuity omrOpoaaocTH ¢ yueroMm (12.1) nmeem

n(t,t+1) =n(0,1) = n(1).

W3 reopemst 12.1 ciexyer P{n(1) = m} = % e, mosToMy
0 S ™

Min(tt+ 10} =M} = 3 "0 e =a 3 Fer =

m=0 : m=0
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Urak, M{n(t,t + 1)} = X aro u TpeGoBanoch noKa3aTb. M

IIpumep 12.2. Ilycte 7 — ciaydaiinas JjuHa WHTEPBaJa BPEMEHH
MEXKJIy JIByMsl IOCJIEJ0BATEIHbHBIME COOBITHSAMU B IIPOCTEHIIEM MOTOKE.
Jokazarb, 4T0 T MMeeT YKCIOHEHIMaIbHOe pacupenesenne E(\) ¢ napa-
METPOM A:

P{ir<tl=1-¢?, t>0. (12.3)
Pemenmne. Ilycrs 7(t) onpegeneno B (12.1). Torna B cuiry (12.2)
P{r >t} =P{pt) =0} =, t>0.

CrenoBatesnbro, GyHKIMs pacnpeeienus F, (1) ciydaiiHONl BelUInuHbBL T
“MeeT BUJL

E.t)=P{r<t}=1-P{r>t}=1—-e t>0.

dF,(t)

ITpu srom fr(t) = = Xe ™, t >0, — WIOTHOCTH PaCIpeeTeHNs T.

Urak, 7 ~ E()\), 9o n Tpe6oBaoCh A0KA3aTH. M

Cuteyromuit mpuMep TOKa3bIBAET, 4To pacupeeienue F(A) obaanaer
WHTEPECHBIM CBOICTBOM, TECHO CBS3aHHBIM C IOHATHEM OTCYTCTBUS IIO-
cieneiicTBUS.

IIpumep 12.3. Ilokasars, 9T0 B IpOCTEifIeM TOTOKE PACIPE/IeICHIE
BPEMEHU OT TEKYIIEr0 MOMEHTA IO MOMEHTA MOSBJIEHUS OUYEPETHOTO COOBI-
THSI HE 3aBUCUT OT TOT'0, CKOJIBKO IIPOIIJIO BDEMEHHU OT MOMEHT, [TOsIBJICHU ST
ITOCJIETHETO COOBITHS IO TEKYIIEr0 MOMEHTA.

Pemenwue. IlycTtb s — Tekyrmmii MOMEHT BpEMEHU, T — BpeMsi, OT-
CUNTHIBAEMOE C MOMEHTA MOSBJIEHIS TOCIETHErO COOBITHS, & T) = T — § —
BpeMsl OXKUJIaHUs 0YepeiHoTo cobbrtust. Torma mist kaxkaoro t > 0

P{r—s>t} e ?t+s)

P{rn>t|r>s}= Plr> 5] Py

=e M =P{r> s}

Taxum obpaszom,
Plrn<t|r2s}=P{r<t}=F(t)=1—e .

Wrak, yciaosuoe pacmpenenenwe CB 71 He 3aBUCHT OT § W COBIIQIAET
¢ pacrpezesnenuem CB 7. m

Cymmupyst Bce cBoiicTBa mpomnecca 7)(t), pacCMOTDEHHbIE BBIIIE, MBI
BuanM, 4TO 7)(t) — IyaCCOHOBCKHH IIPOIECC, PACCMOTPEHHBIH B 1. 10.2.
3aMeTHM, 9TO CBOHCTBO HE3aBHCHMOCTH HpUpallenuii npouecca 1(t) ecrs
pocCTO Apyrasi (pOPMYJUPOBKA, YCJIOBUSI OTCYTCTBUsI TIOCIEIEACTBUS I10-
roka. OueBrIHO TakkKe, 9TO 7)(t) SBISETCS MAPKOBCKUM CJIy YafiHBIM IIPO-
neccoM (Kak BCAKWI MPOMECC ¢ HE3aBUCUMBIMU IPUPAIIECHUAMMT).

IIpumep 12.4. Ha remedoHHyIO CTAHIMIO MOCTYIMAET MPOCTEHTIINIA
[IOTOK 3asiBOK Ha IMEPEroBOPbl. B cpegHeM B OJHY MUHYTY MOCTYIAOT
Tpu 3asgBKU. KaKoBa BEPOATHOCTH TOTO, YTO B TE€UYEHWE JIBYX MHUHYT HA
CTAHIUIO HE MOCTYIUT HU OJHON 3asdBKU?
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Pemenune. Ilycte N — ciaydaitHoe Umcao 3asBOK B OJHY MUHYTY,
Torma no ycsoeuio A = M{N} = 3. Ecim 7 — Bpems oxkujanust odepetaoi
3as1BKH, TO UCKOMasl BEPOSATHOCTH PABHA

P{r>2}=1-P{r<2}=1-(1-e ) =e2 = %~0,0025.

Tockomeky P{7 < 2} & 0,9975, To mouTn HaBEpHAKA B TE€IEHUE ITPOME-
KYTKa BPEMEHU JIJIMHON B JBE MUHYTHI IIOCTYIIUT XOTs ObI OJIHA 3asBKA
Ha [eperoBopel. W

12.2. BeposiTHOCTHOE oOOMCAaHUE MAaPKOBCKHUX CJIyYaliHbIX
dbyHKIUI ¢ AUCKpPeTHBIM MHOXKecTBoM 3HadeHuit. Ilycts {£(1),
t > 0} — ciywaitaas QyHKIMSA, TPUHIMAIOMAS SHATECHAS TPA KaXKJI0M t 13
muoxkecTBa F = {zg, 21, ... }. Hdasee 6e3 orpanndenns obmHOCTH Gy 1em
cIuTaTh, 9TO T, = k, k =0,1, ...

Onpemenenne 12.7. Cayuaiinas dynkmus {£(t), t > 0}, npusn-
Maommas 3HAYEHNs W3 MHOXKECTBa F, HA3bIBAETCA MAPKOBCKUM MPOUEC-
COM € HENPEPBIEHBIM BPEMEHEM U OQUCKPEMHBIM MHONCECTNEOM 3HAUE-
nudl, ecan gjist ir006IXx MoMeHTOB 0 <t < ... < tp_1 < s < t U 3HAYEHUH
11y -« yin—1,% ] € E BoIONHEHO

P{g(t) :.7 | 5(3) = iaf(tn—l) =ln 1, --- ag(tl) = Z1} =
=P{{(t) =7 [&(s) =1}

Onpenpenenne 12.8. Bepoamnocmvio nepexroda MapKOBCKOIO IIPO-
necca £(t) maspiBaerca dbyHKIs

pij(s,t) = P{E(t) = 5 [ £(s) = 1}, (12.4)

tme i, € B, 0<s<t.

Sameuanue. U3 onpenenenns 12.8 HEITOCPEICTBEHHO CJIELYIOT CBOM-
CTBa BEPOSITHOCTHU IEPEXOIIA:

1) > py(s,t) =1 nna seex i € B

JjEE

2) p,;(t,t) =1 ms Beex @ € E;

3) pij(t,t) =0 npu ¢ # j.

Bosmoxuble 3uavenus npomecca £(t), T.e. meMeHTH MHOXKecTBa F|
JACTO HA3BIBAIOT TAKXKe cocmoanuamuy mporecca &(t). [losromy p, j(s, t) —
BEPOSATHOCTH mHepexoya  m3 cocrosinus ¢ € ' B MOMEHT S B COCTOsIHWE
Jj € E B MoMeHT t.

Oupenenenue 12.9. Bepoamnocmovio i-20 cocmoanua £(t) B Mo-
MeHT BpemeHu t > 0 Ha3bIBAeTCd BEJUYUHA

m(t) = P{E() =i}, i€ E.



8 12] MAPKOBCKME CAYYANHBIE ©®YHKLIUK 251

Ouesngno, uro 7(t) >0 u > m(t) = 1. Takum obpasom nabop
i€E
{mi(t)} obpasyer pacnpedesenue sepoammrocmedi cocmosnut, MAPKOBCKOTO
nporecca &(t)
Mexk Ty HmepexomHBIMH BEPOSTHOCTSMK U BEPOSITHOCTSIMH COCTOSHIE
AMeeTcsl clle/lyfolas CBA3b.
Teopema 12.2. ITyemv 0 < s < u < t, moada

pij(s:t) = 3 puls,u) py(ust), (12.5)
keE

mi(t) = > m(s) pris, 1) (12.6)
keE

3ameuanne. Coornomenne (12.5) maspBaercs ypasaennem Komvo-
ropoBa—Yenmena, obmuii B KOTOPOro OLLI PacCMOTPeH B 1I. 2.4.

Onpegmenernne 12.10. IIporecc £(t) HA3BIBAETCS 00HOPOOHBIM, €CITA
pii(s,8+1) =p;(0,t) nnza Beex s, > 0mi,j € E.

IIpennmonoxum, uro mpm KaxkjaoM s > 0 mepexojHas BEpOSTHOCTH
D, j(s, t) auddepermupyema o ¢t npu aHO0LIX 4, j € E.

Ounpenenenne 12.11. Hnmencusnocmoro nepexoda Aij(t) >0 us
COCTOSIHMS ¢ B COCTOsAHUE j B MOMeHT t > () Ha3hIBAETCH BEJIMYNHA,

(Lt h) Op(t o
Pyl _ OOk 2

u=t

Aij(t) = lim 5

IIpumep 12.5. I[lokazaTh, YTO WHTEHCHBHOCTH TIEPEXOI0B OIHOPOJI-
HOTO MIPOIECCa HE 3aBUCAT OT BPEMEHH.
Pemenne. B cuny onnopopnocru p,;(t,t + h) = p,;(0,h), mosromy

pij(O,h)
h

nostydaeM A;j(t) = ’lin}) = X;;(0) = const. m
—

Janee MBI Oy7eM paccMaTpUBATH TOJBKO OJHOPOIHBIE TPOIECCHI, TIO-
9TOMY OCHOBHBIE 0DO3HAUYEHUS] IPUHUMAIOT CJIEIYONIUN BUL:

Xij(t) = Nij, pi(s,s+t)=p,t) Vs=0

HanbGonbmmii mpakTudecknii WHTEPEC NPU WCCIIEAOBAHUE IIPOILIECCOB
OTIMCAHHOTO BBINIE THUIA IPEJCTABISIET BBIYUCIEHUE BEPOSITHOCTEH €ero
cocrosiHuil B Jr0060# MomeHT t > 0, eciam 3a/aHO HAYAJIBLHOE DPACIpese-
seame BeposiTHOCTelH cocrostamit {mo(0),71(0), ... }. CoorBercTBytommit
AJITOPUTM W YCJIOBHSI €r0 TPUMEHWMOCTH JJIs OJHOPOIHOIO IPOIEcca
copmMympyeM B BUjie TEOPEMBI.

Teopema 12.3. Ecau daa xascdozo i € E evinoanens, ycaosus:

1) sup Ag; < 003

keE

2) sup Pii(h) Aki
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mo w(t) = {mo(t), m1(t), ...} asasemca pewernuem cucmemwv. dugddheper-
yuasvrux ypaswenut, Koamozoposa:

7i(t) = D Ak mr(t) — mi(t) D ik, i€ E,
ki ki (12.8)
mi(0) = 77,

npudem ¢ Yvemom Ycao8us HOPMUPOBKY
Z TFi(t) =1
i€k

cucmema (12.8) umeem npu xascdom w(0) = {n§, 7Y, ...} eduncmeennoe
pewenue.

3amevanue. Herpyaao BUETh, 9TO B CIydae KOHETHOCTH MHOXKE-
cTBa cocrosiHuil I ycioBus Teopemsbl 12.3 BBIIOTHEHBL.

IIpumep 12.6. BeraucauTh BEPOSITHOCTH COCTOSHUM TTyaCCOHOBCKOTO
poIecca, UCIoJIb3ysl ypaBHeHus Koamoroposa.

Pemenmne. HamomuuMm, uro 7(t) — uncio cobbrTuii B mpocTeifiem
noroke K Momenty t > 0, mpuaem 7(0) = 0. U3 pe3ynasTaToB mpeabILy-
Iero IyHKTa ciegyet, 9to p,.(h) =0 upu k > i, mosromy Ai; = 0. Ecom
k=1—1, 10

Ah + o(h)

pi_1,:(h) = Ah+o(h), Xic1,i = ,lim =\

—0

Ecium xe k <i—1, 10

. o(h
Pri(h) = o(h), Aki = %11&] % =0.

Tenepb O49€BUJHO, YTO yCJOBUSA TEOPEMbI 12.3 BBINIOJIHEHEI. OTCIO,ZL&
T'F()(t) = —)\Wg(t), 7['0(0) = 1,
ﬁ](t)ZAFO(t)—Aﬂl(t), 7['1(0)20,
. (12.9)
ﬂz(t) =)\7T1(t)—A7T2(t), 7['2(0) =0

go(t) =0, 7,(0)=1
41(15) = )‘QO(t)v (11(0) =0,
Qy(t) = Aqy(t),  g,(0)=0
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At)? At)
Otcrona qy(t) =1, q,(t) = At, g,(t) = (2!) s qy(t) = (i!) y .. Cuae-
npoBarensHo, m;(t) = exp{—At} (\) , 1 = 0,1,2, ... 3amerum, 4TO

i
TMOJIYYeHHBIN Pe3yIbTaT comacyeTc;Zf C yTBepXKJeHneM Teopembl 12.1.

IIpumep 12.7. IIpemmonoxum, yro moTok cboes DBM siBasiercs: mpo-
CTEHINM ¢ MHTeHCUBHOCTHIO . Ecanm 9BM naer c6oii, TO OH HEMEIJIEHHO
OOHAPYKUBAETCSI U MPOU3BOAUTCS PEMOHT, KOTOPBIH JJIUTCS B TEUYEHHE
cIry9aiiHOTO BpeMenu T ¢ pacupesenenneM F(u). Beramcants BeposiTHOCTE
TOro, 4ro B MoMmeHT Bpemenu t DBM maxomaurcs B pabodeM COCTOSIHWH.
Paccmorpers caayuait ¢ — oo.

Pemenwme. Cocrosame 9BM B Moment t OymeM OTOXKIECTBISATD
co 3HauenueM mpomecca &(t) € E = {0,1} (£(¢) = 0 osmauaer, uro 9BM
pabotaet). HeTpyiHO 3aKIIOYATH, 9TO B CHJIy CBOHCTB TpOCTEHTIIETO TI0-
ToKa u cBolicTBa pacupenenernst E(u) (em. npumep 12.3) mponece &(t) —
MapKOBCKUH.

IIpusenem obmmii cocod paccyXIeHuil Mpyu BBIYUCIEHUH WHTEHCHB-
HOCTEl epexo10B Ha mpuMepe mepexoa u3 0 B 1. BepogrrocTs TOTO, 9TO
Ha unTepsase [0, h] Gy/ieT POBHO OMUH OTKA3, COCTABISET

P, =M+ o,(h).

BeposiTHOCTB TOTO, 9TO Ha MPOU3BOABHOM MaJIOM MHTepBaJe [t,t + At] He
OyeT 3aKOHYEH PEMOHT, PaBHA,

Py(At) = e M2 =1 — uAt + 0,(At) = 1+ O(At) - 1 npu At — 0.
Ouesunno, uro ecin At < h, 10 Py(At) < Py(h) = 1+ O(h). Iosromy
A A0,(h) 2 poi(h) = (Ah+ 0, (R)) (1 + O(R)) + 0,(h),

rie 0,(h) — BEPOATHOCTH BCEX APYIHX MBICAUMBIX mepexogos u3 0 B 1
ma [0,h] (mampmmep, «OTKa3 — DEMOHT — OTKa3» W T...). UTak, u3
HOJIyYeHHBIX HEPABEHCTB CJIEIYeT, Y4TO

po1(h) = Ah + o(h),
tak Kak 0,(h)O(h) = o(h), 0,(h)o,(h) = o(h). Orcrona

Amnajiorudnele pacCy>K/Ie€HUS MOKA3LIBAIOT, YTO A;j = [i.
Torma cucrema ypapuenunit Kommoroposa npuanMaeT BU,

{ 7o(t) = pmi(t) — Amo(t), 7m0(0) =

w1 (t) = Amo(t) — pmi (¢), m(0)=1—a. (12.10)
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Topcrasnsia 71 (t) = 1 — mo(t) B mepBoe ypasmenme cucremsr (12.10), mo-
Jaydaem

7o(t) = —(A + p)mo(t) + K, m(0) = «, (12.11)

7€ @ — BEPOSITHOCTH TOTO, 9T0 B MoMmeHT t = 0 9BM wmcnpasna. Pemas
ypasHenne (12.11), mosygaeM HCKOMYIO BEPOSITHOCTB:

mo(t) = ae” P+t A—l:—u (1 - e_(’\+")t> : (12.12)

B cuay Toro uro p+ X > 0, e~ AWt 5 0 npu t — 0o. Orcroga momydaem

~ . L
o = lim mo(t) = ——

t—o0 ( ) TR
mpuUYeM Tpefes He 3aBUCAT OT (, T.€. OT HAYAJbHOTO PACIIPENeJICHUSI.
O4eBUIHO TaKXKe, UTO

m(t) = (1 — a)e” Wt 4 ﬁ (1 - e_(’\"”‘)t) — T = ﬁa t — 0.

nm=1—7p= Ha3BbIBAIOTCA Npedenn-

Bemmuuner T = K A
A A

HOLMU BEPOAMHOCTAMY COCTOSTHUH mporecca &(t). M

B paccMoTpeHHOM TIpEMepe TpeIeNbHBIE BEPOATHOCTH CYIIECTBY-
0T W HE 3aBUCAT OT HAYaJbHOrO pacCIpenesieHus BepoaTHocTel. Ilpm
OTIPEJICJIEHHBIX YCJIOBUAX MPEHEJbHBIE BEPOATHOCTH CYIIECTBYIOT W JJIsSk
GoJtee CIOKHBIX OHOPOAHBIX ImpomeccoB. COOTBETCTBYOINE PE3YIbTATHI
00CYKIAI0TCA B CJIEAYIOMEM TyHKTE.

12.3. dproaguyecKue cBOicTBA OJHOPOAHBIX MAPKOBCKUX CJIy-
JallHbIX QYyHKITUIA.

Onpemenenme 12.12. Mapkosckuii mpomecc {&(t), t > 0} Ha3bI-
BAETCA 9P20dUNECKUM, €CIAH JJid JIIO00ro HAYAIbHOTO DPACIPEIENICHHST
BeposTHOCTEH cocrosianii {7 (0), k € E} cymecTByoT npedeavrvie 6epo-
ATNHOCTIU

T = lim Wk(t), keFE, (12.13)
t—o0

npuaem {7k, k € E} me zasucar or {mg(0), k € E} m ymosnersopsaoT
YCIOBUAM

Te20, S m=L1 (12.14)
keE

IIpw sToMm mabop BeposiTHOCTEH {7}, k € E} HaspIBaeTCS CMAGUOHAPHHIM
pacnpedeaeruem mporecca ().
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Cuieryrotee yTBEPXKIEHUE COMEPKUT JIOCTATOUHBIE YCIOBUS SPTOIUAI-
HOCTH omHOpOAHOTO Tporecca & (t).

Teopema 12.4. Ecau cywecmeyrom cocmosnue jo € E u xoneurnoe
epems t, maxue, 4mo odHospemenHno oas ecex i € E, i # jo evinoanero
yeaosue

Pijo(t) =6 (12.15)

das nexomopozo 6 > 0, mo npoyece &(t) — apeoduneckud.

3amevanue. MOXXHO TOKa3aTh, 9TO B CJIy4ae KOHEYHOI'O MHOXKECTBA,
cocrostamit F ycnosme (12.15) 6ymeT BBITOIHEHO, €CIIM COCTOAHUS! TIPOIIEC-
ca — COODIAIOIIAEC s (CM. . 5.2, 5.3).

Teopema 12.4 me maeT KOHCTPYKTHBHOTO CIOCOOA BBITUCIEHUS TIPe-
JEJIbHBIX BeposiTHOCTel (cTamuoHapHoro pacupenmesnenns) {7 }. Oxnako
€CJIV CIIPABEJIJIUBBI YCIOBUSA TeOPeMbI 12.3, MO3BOJIAIOIINAE MCIIOIH30BATH
ypaBuenus: KosMOropoBsa, Mbl OJy9aeM CUCTEMY aJrebpandecKux ypas-
HEHU 71 HETIOCPEICTBEHHOIO BBIUUCIEHUs CTAMOHAPHOTO PACIIPEIee-
Hust {7g }.

Teopema 12.5. IIycmv 6wvnoarensv. ycaosusa meopem 12.3, 12.4,
mozda cmayuonaproe pacnpedesenue {Tg, k € E} cywecmsyem u ydo-
saemeopaem cucmeme aszedbpauveckur ypasnerut Koamozoposa

S AkiTk =T Y Ak =0, i€E,
k7 ki (12.16)

S A =1,

i€E

npuyem pewenue cucmemnvs (12.16) eduncmeento.

Bameuanus. 1) Cucrema ypasaennii (12.16) nonyuaercs us cucre-
Mbr uddepernmuanbEbx ypasaernit (12.8), ecim momoxkurs 7;(t) = 0,
ﬂi(t) = %i, 1€ F.

2) YenoBust Teopembl 12.5 BbimosHeHBI, ecan mpomnecc £(t) uMeer Ko-
HEYHOE YUCJIO COOOIIAIOIIMXCA COCTOSTHMIA.

IIpumep 12.8. B ycmoBusax npumepa 12.7 maiiTe To u 71, HE BBIUAC-
asist mo(t) m wi(t).

Pemenne. PaccmarpuBaeMblii Ipomecc uMeeT mBa cocTosiHuS (T. €.
E ={0,1}), xotopere mpu A >0 u p > 0 ABIAOTCA COOBIMATOMIAMUCS.
TTosToMy MBI MOXKEM BOCIIOJIB30BaThbCs TeopeMoit 12.5 ¢ yuerom Ag; = A,
Ao =

—Amg +pumy = 0,
Amg —pm = 0,
To+7m =

Buano, uTo mepBoe M BTOpOE ypaBHEHUsI COBIQIAIOT, ITOITOMY CIEIyeT
BBIOPATh OJHO W3 HUX W PEINATH €ro C y94eTOM TPETHero ypaBHEHWs
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(ycmoBust HOPMUPOBK® ):

—)\71'0 - u(l — ’TVI'()) =0.

Orcroma 9 = ,am =1—m = . Iomy4ennnit pesyabrar

o A
A+p A+p
COBII&/IA€T C COOTBETCTBYIOIIUM PE3YJIbTATOM TIpuMepa 12.7. ®

Just mpakTHdeckoro cocrasieHusi ypapHeHmit Komvoroposa (12.8),
(12.16) ymo6HO TOMB30BaTHCA TPadUIECKNM TTPEICTABIEHUEM MPOIECCa
B BUzie crnoxacmuueckozo epaga (cMm. 1. 5.1). Bepmuramu rpada sBisitor-
Cs1 COCTOSTHUSI TIPOIECCA, CTPEIKAME YKa3bIBAIOTCS BO3MOXKHBIE TIEPEXOJIBI,
a pANOM C KayKJIOU CTPEJIKON yKa3bIBAETCS COOTBETCTBYIOIIAs WHTEHCUB-
HOCTB mepexona (puc. 12.1).

IIpumep 12.9. IIpocreitmuii TOTOK 3as1BOK WHTEHCHB-
HOCTH A HOCTYIAEeT B CHCTEMY MAaCCOBOI'O OOCIIy>KUBAHMUS,
COCTOSITIYIO U3 JIBYX MapaJjileIbHO PabOTAIONNX KAHAJIOB.

e e Bpewmst 06ciyKuBaHUS B IEPBOM U BTOPOM KaHAJIAX UMEET
pacnpesienerne coorBercTBerHo E(u1) m E(usz). Ipeano-
Xji JIOKUM, 9TO OOCITy?>KMBaHUE B KaHAJAX IIPOUCXOIUT He3a-
BUCAMBIM 00pa30M, a 3asiBKa BBIOWPAET i OOCITyKUBa-
HUsI KaHAJ CIyYaiiHbIM DaBHOBEPOSITHBIM 0OPa3oM, eciin
Puc. 12.1 0b6a kanajsia cBoOOmHBL. [locTponTh croxacTudeckuii rpad
mporecca obcmykuBanus £(t) n HATH CTAIMOHAPHBIE Be-

POSITHOCTH €ro cOCTOstHUf (CAenaTh pacder s Ciydast fi; = fi2).

Pemenwme. Ilpomecc £(t), ommchBaomuit paboTy CHCTEMBI, IMEET
YeTHIPE BO3MOXKHBIX COCTOSIHUS:

, €CJIM B CHCTeMe HeT HU OJHOU 3asBKWH,

€CJIW TIEPBBIM KaHaJ 3aHAT, & BTOPOl CBOOOIEH,

£(t) =

€CJIN TIePBBIil KaHaJ CBOOOJIEH, & BTOPO 3aHAT,

0
1
2
3, ecam 0b6a KaHaJIa 3aHSITHI.

TIpoBegem pacueT MHTEHCUBHOCTEH BO3MOXKHBIX TTepexoaoB. [IycTs ru-
noresa H; cocrouT B TOM, 4YTO BBIOpaH i-ii KaHaj, rae ¢ = 1,2. Torma
no yemosuio P{H;} = P{Hy} = 1/2. Ilycte h > 0 — Maubrii wATEPBAI
BpeMenn, Torga po,(h) = (A + o(h))P{H,}. Orcrona

Ananorndso, py,(h) = % OueBnnHO, 410 p(5(h) = o(h), mosTomy Aoz = 0.

Jaitee, UCIOIB3ysl PAacCy’KeHus u3 npuMepa 12.7, momydaeM p,4(h) =
= Ah+o(h), .e. \i3 = A, pyy(h) = o(h) m A1z = 0. Ananorudno, Azs = .

VkazaHHbBIE nepexoabl BBISBaHBI ITOCTYIJIEHUEM 3adBOK B CUCTEMY.
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PaccMoTpuM Temeps mepexoibl, BEI3BAHHBIE 3aBEPIIEHNEM O0CITY X KUBA-
Hust 3a5180K: P1o(h) = (uh + o(h))(1 — Ak + o(h)) = p1h + o(h), nosTomy
A0 = p1. 3J/€Ch yYTEHO, UTO JJisi Tiepe-
xona m3 cocTossaust 1 B cocrtogmnme (0 mHa
WHTEpBaJie JJIMHBL h HEOOXOHMMO, YTOOBI
HA 3TOM WHTEpBaJe OOCIyKWBAHWE 3aKOH-
YUJIOCHh W HE TOCTYNMJIO HU OJHOW HOBOM
sasBKHU. Amasormuno, pag(h) = pah + o(h)
u A9 = po. Ecam 3samarer oba  kaHaja,
10 pa1(h) = (u2h + o(h))(1 — prh + o(h)) =
= pgh + o(h), me. Az; = po. Hdus mepexo-
na 3 — 2 cupaseqymso ps2(h) = puih + o(h)
u A3z = p1. Bce mpoume mepexoabl HMEOT
HYJIEBBIE HHTEHCUBHOCTHU. Tereph MBI MOXKEM MOCTPOUTDH CTOXACTUYECKU
rpad mporecca £(t) (pue. 12.2).

Jlns onpemesieHust CTAMOHAPHBIX BEPOATHOCTEH BOCHOIB3YEMCs CH-
cremoit ypasrennit Komvoroposa (12.16):

Puc. 12.2

U1 + paTe — AT =
0,5 Ao + pats — A+ )@ =
0,5 Ao + 173 — (A + pp)To =
AT+ T2) — (p1 + p2)7s =

To + T + 7o + 73 =

(12.17)

O o o o

Ecam py = po = p, To u3 (12.17) cnepyer T = T2, T1 + T2 = A%o. Kpowme
A A2 g

TOTO, T3 = ﬂ(%l + ) = ﬁ%' Tenepsb, UCHOIB3Ys YCIOBUE HOPMUPOB-

Ku u 00603HAUEHWE P = A, TTOTy IaeM

2\ —1

2
OTKYJIa ] = T = g%o, Ty = %%g. Ecau, nanpumep, A = p, 1o 7o = 2/5,
%1 277'2 2%321/5 |

=

12.4. IIponecchl poxkaenusi u rubesm. PaccmarpuBaembiii HuxXKe
CITEIUAJIBHBIA KJIACC MapPKOBCKHX ITPOIECCOB MMeeT OOJIbINOe 3HaYeHHe
TP WCCIIEIOBAHNN CACTEM MACCOBOTO OOCTYKUBAHMUSA.

Onpepmenenne 12.13. OpHOpOoaHAs MapPKOBCKasl ciaydaiinast DyHK-
must {£(t), ¢ > 0} HasbBaeTcs npoyeccom poscderus u 2ubeiu, eCIu ee

17 B.M. Munuep u A.P. I[Iankos
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CTOXacTUYeCKmit rpad WMeeT BUj, MPeACTaBIeHHbII Ha puc. 12.3.

Hasee Mbr Oymem paccMmarpuBarh ciaydaii N < 0o, TakK Kak IpU pe-
IIEHUY TPAKTUIECKUX 33129 [N BCerma MOXKeT OBITH BBIOPAHO CTOJH HOITh-
1AM, 9TO TIOCTPOEHHAS MO/JIEJIb UCCIIEYEMON CUCTEMBI 6y/:LeT aJIeKBATHOIA.

Az An—2 An_1
I75% K3  HUN-2 HN-1

Puc. 12.3

Teopewma 12.6. Ecau {£(t), t = 0} — odnopodnwidi npouyecc poswcde-
nua u eubeau, mo cmayuonaproe pacnpedeaenue {m, }N_ o cywecmeyem,
eOUHCTMEEHHO U ONPEJEAALTNCA COOMHOULEHUAMU

-1
T = (1+ﬁ+_A1*2+_,_+M> ’
H1 o H1M2 M2 - - N (12.18)
~ An ~
Tn = ’u—ﬂ-n—l) n:1,2,...,N.

Bameuanus. 1) @opmynst (12.18) naoT aHAIUTHIECKOE DeEINEHHE
COOTBETCTBYIOIIEN CHCTEMbBI CTAIMOHAPHBIX ypapHeruit Kommoroposa.

2) Eciu cuntars, aro £(t) mpu mo6oM ¢ > 0 IUCIEHHO PaBHO KOJIUYe-
CTBY YJIEHOB HEKOTOPOi momyJisiiuu, rjae N — MaKCHMAaJbHO BO3MOYKHOE
YHCIIO €€ YIEHOB, TO u3 onpesenenns: 12.13 ciemyer, 9To A\, — uHmeHncus-
HOCMb PONCOEHUA TIPU YCIOBUU, YTO B MOIYJISANUA UMEETCS N — 1 4JieH, a
n, — UHMEHCUBHOCTND 2UbEAU TIPU YCIIOBUH, YTO B IOILYJISIIAN UMEETCS
N YJIEHOB.

IIpumep 12.10. [IycTh MHTEHCUBHOCTH POXKIAEHUST U THOEIN TAKOBHI,
qT0 Ay = NA, ly, = np, n < N. Halitu cranmonapHbie BEPOSITHOCTH COCTO-
SIHUN ¥ CPABHUTH UX MEXKJy COOOM JiJIsl PA3IUIHbIX A H fi.

Pemenne. Ilycts p = Z—n = % N3 (12.18) coexyer, uro mpu A # p,
T.e. mpu p # 1

Ny— 1-0p
=Q+p+tp+...+p") lzm, (12.19)
1_ pN+1
TaK Kak Z ot = 4 1o hbopMyse CyMMAPOBAHUS JIJIsT TEOMETPUYIe-
-p

n=0
ckoii mporpeccun. Hasee, mo dopmynam (12.18) BbpazkaeM Bce BEpOSIT-
HOCTH T, 1 > 1 uepes my:

Tp = Plp_1=p T, n=12...,N. (12.20)
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Pacemorpum cory4aait A > p. DTo o3magaer, 9To p > 1 u, ciaemgoBaTesb-
HO, Ty > Tp_1. Takum obpasoM,

~ ~ ~ 1-—- —

WNZmaX{ﬂ'o,...,ﬂ'N}:1_p1\¢)+1pN—)p mpu N — oo,
~ .~ ~ 1-p
ﬂozmln{ﬂ'o,...,'ﬂ'}v}:m—)o mpu N — oo.

CieoBaTesibHO, B CIydae A > [ MOIYJIsi[Asl UMEET TEHJIEHIUI K Da3BU-
THUIO, & ee TUOENb Tpu H60IbIMKIX N MAJOBEPOSTHA.

IIycrs Teneps A < p, Torma p < 1 m cuTyanusi MEHSIETCSI HA TPOTUBO-
TOJIOXKHYTO: g > Ty > ... > TN, mpuaeM 19 — 1 — p > 0 mpu N — o0, a
7ny — 0mpu N — oo. Utak, B 9TOM CiIydae IOy JIsITysi HMEET TEHIEHITAEO
K Jerpajamun u rubenu (HampuMep, ecam 2\ = p, 1o p = 1/2 m P{£(¢) =
=0}~1/2uput>1u N — o).

Haxkonemn, ecim A = p, To B ety p = 1 mmeeM Tg = T = ... = Ty =
= N;—H’ T. €. TPEJIeJIbHOE PACIPEIEIICHUE SIBJISETCS PABHOMEPHBIM JIHC-
KpeTHBIM. B 3TOM ciiydae cOCTOsIHEE TOMYJISIUE SIBJISIETCST MAKCUMAJIbHO
HEeOTpe/IeIeHHBIM. W

PaccmorpuM mprMep uCHONB30BaHUS MOJIENM POXKICHUS W THOETH
JITST UCCTIETOBAHUSI CUCTEMBI MaCCOBOTO ODCIIY:KUBAaHUSI C OXKUJIAHUEM W
HECKOJIbKAMU TAPAJIIEIbHBIMYA KAHAIAMEI O0CITY XKUBAHMUSI.

IIpumep 12.11. IlycTsb cucrema oOCIyKUBaHUS yCTPOEHA TaK:

1) Ha BXOJ| TOCTYMAET MPOCTEHMHT MOTOK 3asBOK MHTEHCUBHOCTH A;

2) B cucTeMe OHOBPEMEHHO TpebbiBaeT He Gonee N 3asBOK;

3) obCyKWBaHWE 3asSBOK BEAYT S HE3aBUCHMBIX KAHAJIOB, MPHUIEM
BpeMsi OOCIIyKUBaHHsI B KaXKJIOM KaHAJE CIYYailHO M PaCIpEIESeHO MO
9KCIIOHEHITUAIHLHOMY 3aKOHY C TIapaMeTPOM [i;

4) ecnm BCe S KAHAJIOB 3aHATHI, TO 3asTBKA MOYKET 3aHATH OHO 13 N — §
MECT B O4YEpei U OXKMUIATh O0CIY’KMBaHWs HEOIDAHUYEHHO JOJTO (ecin
€CTh XOTs GBI OJIHO CBOGOTHOE MECTO B OYEPE]IH).

Tpebyercs:

a) mokasarbk, uro mporecc {{(t), t > 0}, rme £(¢) — umcio 3asBOK
B CHCTEME B MOMEHT t, sIBJISIETCSI TIPOIECCOM POXKIEHUsT U THOeIIn;

6) mocTponTh croxacTHuecKmit Tpad mpornecca;

B) HaliTW CTAIMOHADHBIE PACTIPE/IeIeHNs] BEPOSITHOCTEH COCTOsTHMIA;

') BEIYUCIWTD CPEJHEE YUCIO 3asBOK, HAXOAAIMUXCS B CHCTEME, U
CPeHIOK JINHY odepenn (paccMoTpeTs ciaydai N — 00).

Pemenme. Ilycts £(t) = n o3HawaeT, 9TO B cUCTEME OOGCITY KUBAHWS
B MOMeHT t HaxomuTcsa n 3aaBoK, n = 0,1, ..., N. Eciiu n < s, TO B oue-
penu Bce Mecta cBobomubL. Eciam xe s <n < N, To S 3agBOK IIPOXOJAT
00CIIyKUBAHME, & N — § OKUIAAT 0OCIyKUBaHUs B ouepean. PaccMoTpum
cocrostame ¢ # 0, N. Torga nis h > 0

Piit1(h) = A+ o(R))(1 — ph + o(h))",

17*
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rje r = min(i, $) — IUCI0 3aHATHIX KAHAJIOB 00CITy KUBAHUS.

Orciona p, ;1 1(h) = Ah + o(h), mosToMy Ait1 = Aijiy1 = A

T

Pii1(h) = (1=Xh+o(h) 3~ (uh+o(h))(1—ph+o(h)) " = r(uh+o(h)).

i=1

Urak, p; = Ajj—1 = i, oae v = min(é,s). Ecm i = 0, To po = 0, a
A=A Ecim ke i = N, 1o py = spu Ay =0.

Croxacrmaecknit rpad mponecca £(t) mpeacrasien Ha puc. 12.4.

ITpumensia coorromenns (12.18), momyuaem

s pk psN—s -1

<Z§+S— > () ) , ecmm n=0,

k=0 T k=1
Ty = " 12.21
" p—'7ro, ecim n=1,...,s, ( )

n.

m%g, eciu n=s+1,...,N.

S!S

e p= A, s = p/s.
[IycTes wmcio 3asBOK B cucreme pasuo L, torma M{L} = >  nmw,

€CTh CpejlHee YUCIIO 3asBOK B CHCTEME B CTAIIMOHADHOM DexKHuMe (T. €. TIpH
N-—s
t — 00). Ecim Ly — amcio 3asB0K B ovepenu, 10 M{L,} = > n7, s —
n=0
CpeJIHAS AJIMHA OUepe/H.
JasnbHeilime ynpoleHns BOSMOXKHBI IIDY KOHKPETHOM 3a,1aHAM [apa-
MeTpoB §, N u p. W

A A A A A
ofoBoE:g:go
7 2u 3w SH SK spt

Puc. 12.4

IIpumep 12.12. IlycTh BBIMOIHEHD! yciaoBusa mpuMepa 12.11 u, m10-
MONTHUTENBHO, A = 4 (T. €. HHTEHCUBHOCTH TIOCTYILIEHUST U OOCITY XKUBAHMSI
3asBOK OfimHaKOBHI). CpaBHATH CPEJHWE JJIMHBI OvYepeseil 1 CITyIaen
s =1 (omuu KaHAT Ob6CIAyKUBaHUS) U § = 2 (MBa KaHaJa 00CILYKUBAHMNS)
B mpeamonoxeanu N — oo.
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Pemenwme. Ilycth cHauama s = 2, TOrma u3 MPEILIAYINETO TPUMEPa
caemyer (¢ yaerom p = A/p = 1):

~ 1,171 1 1 -1

N-1 1 Ny 1
1 1-1/2 1
n=0
TIo dopmynam (12.21) 7, = 2:—31, n=1,2,...,N. Orciona
~ ~ ~ %0 N2 n
M{Lq}=7r3+271'4—|—...—I—(N—2)71'N=2—2 > n
n=1

IIpu 0 < a < 1 umeem

Nz_:znan_IZi Nz_fa" _d (1o
= da da 1—a (1—a)?’

ITosromy mpn o = 1/2 momyuaem

M{L,} = Toa? na" "t~ 1/3.

n=1

Ecim xe s=1 u p=A/p=1, To pacupeznenenne mpouecca Oymer
paBHOMEPHBIM:

_ 1
Rt e R I

IIpu sTom

N—
M{Lg} =72+ 273 +...+ (N —1)7y = Z ﬁ %

n=1

Takum obpasom, ecim s =1, to M{L,;} - oo mpu N — oo, T.e.
CpefHss JJUHA OdYepeqd HeOrPAHMYEHHO BO3PACTaeT. JTO ABJAeTCs
HEOXKUJAHHBIM Pe3yJIbLTATOM, TaK KakK IPEIOI0KEeHAe A\ = /i O DABEHCTBe
MHTEHCUBHOCTEHl MOCTYIICHHSI W OOCIYy>KUBAHWUS 3aABOK HE BBILVISIUAT
yrpoxaromum. Ecin ske s = 2, 10 M{Ly} — 1/3 upu N — oo. ITocaeaumnii
pesyabTaT IIpeiCTaBiseT HECOMHEHHBIN IIPAKTHYECKHHt HMHTEepec, TaK
KaK MOKAa3bIBAET, UTO YBEJUYEHHE IMPOIYCKHON CIOCOGHOCTH KaHAJIOB
obcayKuBaHnsa B 2 Pa3a MPUBOAUT HE ITPOCTO K YMEHLIICHUIO OYepein
(B 2 paza), HO PAKTUYECKH K €€ JMKBHIAMA. N
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12.5. 3ajauu JIJId CAaMOCTOSITEJIbHOTO PeNIeHusI.

1. ITycre {£(t), t > 0} — mapkoBckas omHOpogHas ciydaiiHag dyHKIUS
€ JUCKPETHBIM IPOCTPAHCTBOM cocrosiHuil. JlokasaTs, uro {n,, n = 0,1,2, ...},
rae n, = £(n) aBasiercsa quCKpeTHOI nenbio MapKkoBa, u HaliTH ee Iepexo/Hyo
MaTpHILy.

2. [lycrb moTok cobeiTuii v(t) moMydeH HAJOXKEHHEM 7. HE3aBUCHMBIX IPO-
creitmmx norokos & (t), k =1, ...,n ¢ unrencusHocramu {Ag, k=1, ..., n}.

n

Hokasars, uro v(tf) — mpocreiflmii MOTOK C HHTEHCHBHOCTBIO A = > .
k=1

Ykasauwne. [IpoBepuTh OJHOPOJHOCTD, OPJUHAPHOCTH U OTCYTCTBHE MO-
caeneiicrus g v(t).

3. Hacruia GiyKgaer 10 MeIbIM TOUKaM JefiCTBUTEILHON OCH 110J] BO3IEH-
CTBUEM JBYX HE3aBUCHMBIX TPOCTEHIINX TMOTOKOB C WHTEHCHBHOCTSAMH A\ U [
culeyomuM o6pa3oM: ecJi JO MOMEHTA ¢ JaCTUIA HAXOAMIACH B COCTOSIHUM 70,
a B MOMEHT ¢ TPOM30MLIO COOBITHE U3 TIEPBOTO MOTOKA, TO B 9TOT MOMEHT JaCTHIA
CKauKOM IlepeMenaercs B TouKy 1 + 1. Bropoil moTok aHasorudHbiM o6pasoMm
MEPEMENIAeT JACTUIy B COCTosHEE 1 — 1. BBIYMCANTD BEpPOATHOCTH TOTO, 9TO
ouepeaHOe IepeMelieHre OyaeT coBepuieHo u3 n B n + 1.

OrBer. .
tu
4. B ycnoBusax npumepa 12.7 BBIYUCIUTH TOYHO BEPOATHOCTDH IIEPEXO/a
po1(h) ans npoussonbHBIX A > 0, 1 > 0 u moKazaTs, 910 po1(h) = Ah + o(h).

A “Ah __—uh
— (e —e npu A
Orser. poi(h) = ;L—)\( ) P 7
Ahe P npu A = p.
5. IIponecc &(t) mokumaer cocrosinue ¢ € E nox BosmeiicTBueM 71 He3aBU-
CHMBIX TIPOCTEUINUX TMOTOKOB C WHTEHCHUBHOCTsSMEU Ak, k=1, ...,n. Kakosa

BEPOATHOCTH TOro, 4To &£(t) OCTaHETCs B COCTOSHWU { B TEYEHHE IIPOMEXKYTKA
Bpemenu 1" > 07

n

Orser. e, re A = S Ak

k=1

6. IloTok cobbITuit SIBJsETCSI OJHOPOIHBIM U He UMeeT mocieneiicTBust. Be-
JIMYMHA JUIMHBL HHTEPBAJIA BPEMEHHN MEXKy ABYMs IIOCJIeIOBATEIbHBIMU COObI-
TUAMM MMeeT SKCIIOHEeHImMasbHoe pacupenesenune E(M), A > 0. IokasaTb, 9TO
JAHHBIA IIOTOK — IPOCTEUIINIA.

Ykazanue. [IpoBepurh cBOMCTBO OPAMHAPHOCTH IOTOKA.

7. Ilorok orka3oB mpubopa — HIpOCTeHmHl ¢ UHTEHCHBHOCTHIO A. Eciam
npubOp OTKa3aJ, TO OTKAa3 OOHApYXKUBAETCS B TeYeHHE CJIydailHOrO BPEMEHH,
nmeromero pacnpegaenenune E(v). PemonT ocymecrsasiercsa mocsie obHApYKeHUs
OTKa3a M IPOJOJIKaeTcs CilydailiHoe Bpemsi ¢ pacupenesnenueM FE(u). Haiitu
CTAI[IOHAPHYIO BEPOSTHOCTH TOrO, YTO IPUOODP HUCIPABEH.

vp
v 4+ v+ A

8. Jloka3aTh, 4TO OJHOPOJHAs MapKOBCKasl CilydaiiHas (DYHKIHS C KOHEY-
HBIM YHCJIOM COOOIIAIOMIMXCS COCTOSIHHI BCErJa MMeeT CTAlMOHApHOE pacIpe-
JieJiIeHHe BepOsITHOCTEIH.

VYkazanue. [IpoBepurs BeImonHeHue ycioBuil Teopemsr 12.5.

Orser.
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9. Cucrema MaccoBOTO OOCIYyKHBaHUsI COCTOUT W3 JIBYX OJMHAKOBBIX Ka-
HaJIOB OOCJIy?KMBAHUs C HHTEHCUBHOCTAMU L > 0, paboTaromux mapaiIeabHo.
BxomHolt mMOTOK 3agBOK — IIPOCTEHIINII IIyaCCOHOBCKUII IOTOK C HWHTEHCHUB-
vocreio A. Haittu muddepennuansuoe ypaBHeHHe, KOTOPOMY yAOBJIETBOPSIET
BepoATHOCTH 7(t) TOro, 4yro oba KaHaja 3aHATHI. BBIYUCIHTH CTAIMOHADHYIO
BEPOATHOCTH 7 = lim 7(t) sTOoro cocrosHus.

t—o0
)\2
A2 4202 + 22

10. [TycTp BbIIOIHEHBI yc/I0BUs 3a7a49u 9, OJHAKO KaHAJBI OOCIYKHUBAIOT
3asBKH IIOCJIEOBATEIbHO. BBIYHCINTE CTAalOHAPHYIO BEPOSTHOCTH TOrO, YTO
CHCTeMa IIPOCTAUBAET.

2
A+ u)?

11. OpHOKaHAIBHAS CHCTEMA MAaCCOBOrO OOCIIyKUBAHUS C HHTEHCUBHOCTHIO
OoOCIIy>KUBaHUS (f U HIPOCTEHIINM IIOTOKOM 3asBOK HHTEHCHUBHOCTH A HMeEeT
HEOTpaHWYEHHOEe YUCI0 MecT B odepenu. llycrs £(t) — uucino 3asaBOK, Ha-
XOJSINUXCS B CHCTeMe B MOMeHT Bpemenm t. Ilpm kakux A m p cymecrByer
CTAIMOHAPHOE paclpejiesieHne BeposiTHOCTel cocTosuuii nponecca &(t)? Haiiru
9TO paclpejiejieHre U OIIpe,HeJII/Iszcpe,I[HIOIO JJIHY Odepeni.

OrBer. A< p, M{L,} = L ,r,aep:i.

1—p H

12. B ycnoBusix 3amaun 11 HaiiTu 3aKOH pacupenesieHusi BpemeHu 1; Tipe-

ObIBaHUS 3asIBKU B OU€PEIH.

Orser. P{Ty >t} = p exp{—(u — M)t}

OTBeT. T =

Orser.




N''TABA IV

MATEMATNYECKOE ITPNJIO2KEHUNE

B nmammoit ritaBe mpuBOIATCS HEOOXOIMMBIE CBEIEHUST N3 KyPCOB (DYHK-
IMOHAJBHOIO AaHAJM3a W TEOPUU BEPOSITHOCTEH, a TaKyKe CIIPABOYHBIE
CBEJIEHUsI, UCIOIb3yeMble JIJIsT BHIYUCIECHUS CIIEIUAIBHBIX HHTETPAJIOB.

§ 13. Heobxoanmbie cBegeHns n3 PyHKIINOHAIBHOTO
aHaJIM3a

13.1. Anrebpsl u o-ajaredpbl MHOXKECTB.

Onpegenenue 13.1. Cucrema A OAMHOXKECTB HEKOTOPOIO MHOYKe-
crBa X Ha3bIBAeTCs aa2ebpoti, ecin

1) 9,X € A;

2)ABe A = AUBec A, ANBc A

3)Ac A = X\A=Ac A

CBo#CTBO 2 BBIIOIHEHO [JIsI JTF000r0 KOHEYHOTO HabOpa IIOIMHOXKECTB,

n n
re ecm Ay €A k=1,...,n,10 | J Ax €A, [] Ax € A.
k=1 k=1
Onpepenenne 13.2. Anrebpa A HaswiBaercs o-aazebpoti, ecin

AneA,n=12 ... = [JAncA (A€ A

n=1 n=1

Onpenemenne 13.3. MuoxkectBo X BMecTe ¢ HEKOTODOil o-aJre-
6poil ero MOJAMHOXKECTB A HA3BIBAETCS USMEPUMBIM NPOCMPAHCMEOM T
oboznagaerca {X, A}.

Ha ommom m Tom ke MHOXKecTBe X MOTYT OBITH 3aJaHBl Pa3dIHBIE
0-aJirebphl ero MoJAMHOXKeCTB. [IpuMepaMu o-asredp SBISIOTCH CHCTEMBI
MHOXKECTB

Ao = {2, X}, A’ ={A: ACX}.

IIpu srom Ay — camas «bemuas» o-ajuredbpa, Ha3bIBaeMas MPUSUAALHOT, &
AY — camas «6oratasi» o-anrebpa, COCTOSINAS U3 6cer NodmHoxHcecms X.
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Teopema 13.1. ITycmv Ha mhuoorcecmee X 3adana HEKOMOPAS CU-
cmema e2o nodmmnoocecms D. Tozda cywecmeyem naumervbwan o-anze-
6pa, obosnauaeman o(D), codeporcawsasn ece mmoorcecmea us D.

Cucrema o(D) siBAsIeTCS HANMEHBIIEH B TOM CMBICTE, 9TO ecnu A —
srobast o-anrebpa moaMHOXKecTB X, cofeprkatnast cucremy D, To o(D)C A.

Bameuanus. 1) Cucremy muOkecTB (D) HasBIBAIOT 0-a42e6pot,
nopootcdennoti cucmemoti mmoocecms D.

2) Ecim {A,} — npomssosnbHOE cemeiicTBO U-anre6p Ha X, 0 A=
= ﬂ A, Takke siBasiercs o-aare6poit. OdesuaHo, uro o(D ﬂ Aq, THE

{A } — cemeiicTBo Beex o-anrebp, comeprKaIIuX CECTEMY MHOXKECTB D.

13.2. Mepsbl (onpenesieHusi U CBOMWCTBA).

Onpemenenne 13.4. [Iycrs Ha MEHOKecTBe X 3aj[aHa HEKOTOPAs aJl-
re6pa ero mogMuOKecTB A. OymKImst p(A), onpenenenaas Ha MHOKECTBAX
A € A, maseiBaeTca mepoti, sadannoti na A, ecim

a) u(A) > 0 mua Beex A € A,

6) st mo6oro cueTHOTO HabGOpa TOMAPHO HETEPECEKAIOMIUXCS MHO-

e 9]
xectB Ay € A,n=1,2, ..., (re A;NAj, i # j), takux, uto | J A, € A
n=1
BBITIOTHEHO CBOWCTBO cuemuotli addumusnocmu (o-addumusHocmu):

N( f:jl An) = éN(An)

Mepa [ HA3BIBAETCH KOHEUHOT, €CIIU JIOTOJHATETLHO BEITIOJHEHO YCIOBHE
B) u(X) < .
Mepa 1, 3amannas Ha anrebpe A, ob1amaer cIeayOmuMu CBOfCTEAMN:
1) p(@) =0.
2) u(A) < p(B) maa A, B € A, takux, uro A C B.
3) w(AUB) = p(A) + u(B) — p(AN B) nna seex A, B € A.

4) Ecm A, € A, n=1,2,... — y0ObBamoIas IOCIEI0BATENEHOCTh
[ee]

MHOKeECTB, T.e. A; D Ay D ..., maxas, uro u(A;) <ocou () An € A, T0
n=1

u(Fj An> = lim p(4,).

n—r o0
5) Ecom A, € A, n=1,2, ... — BO3pacTaOmasa MOCJIe0BATETHHOCTD
o0
MHOXKeCTB, T.e. A] C Ay C ..., maras, uto | J A, € A, To
n=1
o0
An) = Tim p(An).
p(U 4n) = fim ()
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Bameuanue. Ecim Ha anrebpe A 3amana GyHKIWS MHOXKeCTBa [,
obJraaromas CBOMCTBOM ad0UumMUSHOCTAL:

A BeA ANB=2 = u(AUB)=u(A)+ u(B),

TO JJIsl JOKA3aTeJIhCTBA TOTO, UTO [ ABJISETCA Mepoit Ha A, 10cTaTouHO
oo

IIPOBEPUTH CBOMCTBO 4 1JIs cirydasi, KOTrJia ﬂ A, =@, e p(4,) —0

n=1
Ipu N — 0.

Creytormuii pe3yabTaT ABISETCS OJHIM U3 HanboJiee BayKHBIX Pe3yJilb-
TATOB TEOPUU MEPHI.

Teopema 13.2 (Kapareomopm). ITyemv X — wnexomopoe mHo-
otcecmeo, A — anzebpa ezo nodmmoocecms u g — mepa Ha A. Ecau
cywecmsyem nocaedosamesvrocms muoocecms X, € A, maxux, wmo

1o (X5) < oo, X =] Xn, (13.1)

Mo CYwecmsyem, U nPumom eduHCmEeHHAs, MEePL [, onpedeseHHas
na o(A), A6AA0WAACE NPOJOAINCEHUEM [1g, T. €. MAKAR, 4O

n(A) = po(A) VAe A

Bameuwanme. OueBmaHO, 9TO I KOHEWHOW Mepbl yciosue (13.1)
BBITIOTHEHO.

Onpepmenenne 13.5. MuoxkecrBo X BMecTe ¢ MepOii 4, OIIPeIieJIeH-
HOIT Ha HEKOTODOU o-anrebpe A, HA3BIBAETCS NPOCTNPAHCMEOM ¢ Mepoli 1
obosmauaercs {X, A, u}.

Besikyro o-anrebpy A MOXHO TOTOJTHATH MHOXKecTBamu Buga A U N,
re A € A, a N C Ag ans nekoroporo Ao € A, nmeromero HyJleByio Mepy:
1(Ag) = 0. Herpyaso TpoBepuTH, 9TO CHCTEMa MHOXKECTE A, comeprkamast
MHOKECTBa YKa3aHHOTO BHJIA, TAKXKe sBjsercs o-ajirebpoii. IIpocrpan-
ctBO ¢ Mepoit {X, A, u} HasbIBaeTCA NOAHBLM.

Onpemenernme 13.6. Ilycts {X, A, u} — momHOE TpOCTPAHCTBO
¢ Mepoit. Eciim mexkoropoe cBoitctBo P BeImonHAeTCs 1715 Beex € XgC X,
rae (X \ Xo) = 0, To MBI 6y1eM TOBOPHTB, 9TO c60ticmeo P 6vinoanero
nowmu 6cr00y (no mepe ).

13.3. Cnoco6bl 3amanus mep. Cueayromiye TpUMeEPbl U3MEPUMBIX
MPOCTPAHCTB SIBIISIIOTCS Hambosiee BasKHBIMU JIJISI TEOPUU BEPOSITHOCTEH 1
CIIy4aifiHbIX IIPOIECCOB.

JluckpeTHOe n3MepuMoe IPOCTPAaHCTBO. IlycTh MHOMXKeCTBO X =
= {z1,z2, ...} He Gomee wem cuerno, a A — o-anrebpa BCeX MOMMHO-
skectB X. Beakas Mepa g Ha OUCKDEMMOM U3MEPUMOM TPOCTPAHCMEE
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{X, A} samaerca ancnavn p, = p({z,}) = 0:

WA= Y

n: r,€A

rie A € A — moboe mogmuOokecTBO X . Mepa {1 KOHETHA, eCn
w(X) = u( U {za}) = 3 nl{ea) = 3 i < .
n=1 n=1 n=1

Usmepumoe npocrpancreo {R', B(R!)}. Tlycre X = R! — geii-
CTBUTesIbHAS TpsiMasi, a (a,b) — TPOMEXYTOK, T.e. OJHO M3 MHOXKECTB
BHJIA

(aa b]a [aa b)> (a,b), [a,b],
rae —oo < a < b < 0o. O6o3naunm A cucremy mommuoxects A C RY, co-

CTOAIIUX U3 KOHEYHDBIX O6’])€,ILI/IHeHI/IfI HellepeCceKarommnxcsi IPpoOMeEXKYyTKOB:

A=

s

(ai, b)), m < oo. (13.2)

=1

OueBugHo, uro cucrema A obpasyer ajirebpy, HO He SIBJISETCS O-aJl-
rebpoit.

Onpenmenenne 13.7. g-anredbpa, mopoxiaenHas cucremoit A, obo-
snauaerca B(R!) u naswiBaercs 6opeaesckoti o-anzebpoti MHOXKeCTB jieii-
CTBUTEJHHON TIPAMOi, & €€ IEMEHTBI — 60PeAeECKUMY MHOHCECTNEAMU.

AmnajoruvHO BBOAUTCH U3MEPUMOE IpocTpancTso {[a, b], B([a,b])}, roe
B([a, b]) cocrout nz muokects B C [a,b], Takux, aro B € B(R!). Cucrema
B([a,b]) nasbiBaeTca Gopeaescrot; o-anzebpoti oTpesKa [a, b).

Onpegenernune 13.8. Mepoti Jlebeza na R' HaseiBaeTcs Mepa A,
ompenenennas ma {R!, B(R!)}, Taxag, ato

A{a,b))=b—a

agst Becex —oo < a < b < oo.

U3 reopemsr 13.2 ciemyer, uro Mepa JleGera ma R! cymecrtByer n
emuHcTBeHHA. OTMeTHM, 4TO Mepa JleGera na R! He sBIsgeTCS KOHEUHOIM,
tak xkak A(R!) = oo.

Koneunas mepa na 6opesieBCKoit o-ajarebpe mpsaMoil Wi OTpe3Ka, MO-
’KeT OBITH 3a/[aHa ¢ TOMOIIBI0 PYHKUUL pacnpedenetus, KOTopas ompee-
JIETCsT CIIEJIYIONIM 00Pa30M.

Omnpegenenne 13.9. Oynxunsa F(z),r € R, nasoiaerca dynryuei
pacnpedesenus Ha R ecam oHa obIaaeT cIeLyfOIAME CBORCTBAMI:

1) F(z) — meybriBatomas QyHKIwS;

2) F(—o0) = lim F(z)=0, F(+00)= lim F(z) < oo;

T——00 T—r+00
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3) F(xz) menpepwiBHa cmupaBa, T.e. lim F(z + h) = F(z) maa Bcex
1 h—+0
x € R
Sameuanme. [aa GyHKIME pacHpeseenns: Ha OTPe3Ke [a, b] cBoii-
CTBO 2 IPUHUMAET BUJL
F(a) = lim F(z) =0, F(b) = lim F(z) < .
T—a z—b

Teneps ¢ ucnonb3oBanueM dyHKIME pacupegeienus F(z) sanamum
byHKIMIO MHOXKECTBA g HA TTPOMEXYTKax (a,b):

po((a,b]) = F(b) = F(a), po([a,b]) = F(b) — F(a—),
po((a,0)) = F(b—) — F(a), po([a, b)) = F(b—) — F(a—),

n
e F(z—) = hl_i>m+0F(x — h). Hanee, ecmu A = | J (a;,b;), n < oo, rme
1=1

IPOMEXKYTKHY (@, b;) TOTAPHO HE IEPECEKAIOTCsI, TO TOI0KIM

n

ﬂo(U (ahbi)) = ém((ai,bi))

i=1

Tem caMbiM MBI 3aJajl fig Ha cucreMe A, cocrosimeil W3 MHOXKECTB
Buza (13.2). B cmry cBoiicts dynkmun pacnpenenennst F(z) (cMm. ompe-
nenerne 13.9) po siBsieTcsi KOHEUHO Mepoii Ha anrebpe A, mosromy 1o
Teopeme 13.2 MoXKeT OBITH TTPOIOJIZKEHA, ¥ TIPUTOM €IMHCTBEHHBIM 00Pa30oM
JI0 MepHI [, 3aaRH0l Ha m3MepuMoM npoctpancTse {RY, B(R!)}.

SaMeuaHUs. 1) C kaxJIOil KOHEYHOW Mepoii [, 3aJaHHOW Ha
{R! B(R')}, MoxkHO cBA3ATH (DYHKIIIO

Fu(x) = ﬂ((_oovx])v z R

U3 cpoiicts Mepsl (cM. 1. 13.2) BbITeKaer, uro F), siBisercs dyskimeii
pacmpesesenus, npudem F,(400) = 1ir+n Fu(x) = w(RY).
r—+00

2) Mexay QyHKIUMAMA DACUpeeeHns] U KOHEIHBIMH MePaMH Ha
{R!, B(R!)} cymecTByeT B3aWMHO OJHO3HAYHOE COOTBETCTBHE, T.e€. BCSA-
KOil KOHEYHO} Mepe {1 cooTBeTCTBYeT (yHKIHs pacupenenenns Fy,(z), u
Hao6opoT, /i Beskoit byHknun pacipesenenns F(z) na R! cymectsyer
KOHe4YHas Mepa [i, TaKas, 9To F), = F.

Nsmepumoe npocrpancrso {R", B(R")}. IIpocrpancreo R” ecth
IpsMOe IIPOU3BeJieHre 7 IK3eMILIapoB mpaMmbix RY, me. R* =R! x ...
... X R — MHOXeCTBO yHODAIOYEHHBIX HAGOPOB BEIECTBEHHBIX YHCEIT
x={z1, ..., 2, }*. OupemesuM HA 3TOM IPOCTPAHCTBE CUCTEMY IOJMHO-
xecTB A", 06pa30BaHHYI0 MHOXKECTBAMU

n
A=A x...x Ay =[] Ar, Ar€ A,
k=1
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rae A — anre6bpa mogMHOKeCTB Tipsimoit Buaa (13.2). Herpymro mokaszaTs,
aro A™ obpasyer anrebpy.

Onpenmenenune 13.10. o-anrebpa, mopoxKaeHHas cucremoii A™, obo-
smavaerca B(R™) w maswiBaeTcss Gopeaesckoli o-aazebpoti mHOKeCTB R™
a ee IEMEHTBI — GOPEAEBCKUMU MHONACECTNEAMU.

Onpenmenenune 13.11. Mepot Jlebezea na R™ nazwiBaeTcsa mepa A",
oupenenennas Ha {R", B(R™)}, takas, aro

n n
)\"(H (ai,bi)) =[5 — a)
=1 i=1
agst Becex —oo < a; < by < oo

W3 Teopembr 13.2 caemyer, uro mepa Jlebera ma R™ cymectByeT m
enuacTBerna. OTMmernum, uro Mepa Jlebera na R™ He siBiisieTcst KOHEYHOIA,
Tak kKak A" (R") = oco.

Koneunasi mepa Ha 6opesieBckoit o-aarebpe R” moxer ObITH 3a/1aHa
¢ TOMOIIBIO N-Mmephol Gyrkyuu pacnpedesenus, KOTOPas OMPeIeIsieTcs
CIe Ly oM 06pa3oM.

Omnpegenenne 13.12. @ynkmua F(zy, ...,2Tn), T1,...,Tn € R,
Ha3bIBaETCA N-mepHoti Pynryuets pacnpedenerus, eciu oHa 06JaaIa€T CIIe-
AYIOIUAMU CBOUCTBAMU.

1) F(z1, ...,Z,) MOHOTOHHA B CIIEIYIOIIEM CMBICIIE:

Al...AnF(ﬂjl,...,%n)ZO,

rae A; — oleparop KOHEYHON pa3HOCTHU IO IMEPEMEHHON X;

AiF(zy, ooy xp) = Fxy, ooty @+ hiy Tig1y ooy Ty ) —
—F(ZL']_, -~-7$i—1>xi>xi+1> ...,IL’n),

ah; >0,...,h, > 0 IPOU3BOJbHBI.
2) Ecom xoTst GBI 07fHA W3 TTEPEMEHHBIX T; — —00, TO

F(zq, ...,z,) = 0;
€CJIn BCe IepeMeHHbIe T; — +00, TO

F(zy1, ...,xn) = F(+o00, ...,+00) < 0.

3) F(z1, ...,T,) HeIpepLIBHA CIIPaBa IO IEPEMEHHBIM ;.
N3 teopembr 13.2 m cBoiicTB n-MepHON (GYHKIINN pPaCIpe/IesIeHmsT
F(z1, ...,zy) (cM. onpenenenne 13.12) ciexyer, 9To Ha W3MEPUMOM IPO-

crpasctee {R”, B(R™)} cymecTByeT 0JHO3HAUHO ONPe/IeTIeHHAsT KOHEUHASI
Mepa [, Takas, 9o F,, = F', rme

n

Fu(z, ... zp) = u(H(—oo,xJ), Ty, ..., T, € R (13.3)

=1
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BepHno u obpaTtHroe, ecim (1 — kKoreuHas Mepa Ha {R"”, B(R™)}, To dbymkmms
Fu(z1, ..., x,), oupenensiemast coornomenueM (13.3), siBisercst n-MepHOii
dbynximeit pacupeenenus. TeM caMbiM MeXIy N-MEPHBIME (DYHKIAIMEA
pactpesiesieRnss U kKoneuHbiMEu Mepavu Ha {R™, B(R™)} cymecTtsyer B3a-
MMHO OJIHO3HAYHOE COOTBETCTBHE. B 3ToM ciryuae

Fu(+00, ..., +00) = p(R™).

13.4. smepumsbre dbysknun. IIycrs {X, A} — Hexoropoe mame-
PHMOE TTPOCTPAHCTBO.

Onpenenernne 13.13. Bemecrsennas dbyakuus f(z), x € X, Ha3bI-
Baercs A-usmepumot, ecaun

f7Y(B)e A VBecB[R, (13.4)

rie f~1(B) = {z € X: f(z) € B} — npoobpas muoxecTBa B.

Tem caMbIM M3MEPUMOCTH (PYHKIIUU O3HATAET, ITO MPoodpa3 Jroboro
BopesteBCcKoro moJMHOKecTBa RY sIBAIsSIeTCss N3MEePUMBIM MHOXKECTBOM B X.

Bameuanus. 1) OueBnnHo, uro mocrostaHas GyrKus f(x) = const
SIBJISIETCSI U3MEPUMOI OTHOCUTEJIBHO JIF000# 0-ajreOphi.

2) Unmukaroprast dyukimst I4(z) MHOXKecTBa A, onpesensieMast Kak

1 mpu =z €A,
0 mpm =z ¢ A,

a(e) = {
ABJIAETCA W3MEPEMON B TOM W TOJIBKO TOM CJIydae, KOTJa MHOMKECTBO A
uzMmepumo, T.e. A € A.

3) VYenosme A-usmepumoctn byukmmn f () TeM orpaEmIATENBHEE, TEM
yxke o-anrebpa A, T. e. A-mamepumas f(x) saBasgerca A'-usmepumoii, eciun
ACA.

Jljist TpOBEPKKM HW3MEePHMOCTH (DYHKIUH HCHOJIb3YeTCs CJIeTyIomuii
PE3YJIbTAT.

Teopewma 13.3. Qynkyua f(x), 3adannas Ha UBMEPUMOM NPOCTNPAH-
emee {X, A}, asaaemea A-usmepumoti, ecau daa ecaxozo ¢ € Rl usme-
DUMBLMU ABAAIOMCHA MHOIHCECTNGA

{reX: f(z) < c}.

Oyuxmus p(y), y € R, sajannas na geiicTBUTENIBHOM TPAMOif, HA3HI-
Baercsa bopeaesckoti dynryueti, ecm ona B(R!)-usmepuma. IIpumepavu
6opesieBCKUX (DYHKINH SIBIASIIOTCA BCEe KYCOUHO HENPEPBIBHBIE (DYHKIIUH.

Teopewma 13.4. Iycmv {X, A} — wusmepumoe npocmparcmeo.
Caootcnasn pynxyua h(z) = p(f(z)), z € X, asasemea A-usmepumot,
ecau pynxyua f(x), x € X, A-usmepuma, a dynrxuyua o(y), y € RY, —
bopesescras.
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IIpocreie apudmerndeckue onepanyuy HaJ KOHEIHBIM WM CIETHBIM
HAbOPOM U3MEPUMBIX (DYHKIUH He BBIBOJAT 32 PAMKHM MHOXKECTBA HU3Me-
pUMBIX (DyHKIHIA.

Teopema 13.5. [lycmo pynxuuu f,, n =1,2, ... onpedeserv, Ha u3-
mepumom npocmparcmee {X, A} u A-usmepumv. Toeda dyrryuu

@) + falz), fi(@)fa(z), 1/ fi(z) (npu yeaosuu fi(x) # 0),
[fi(@)l, max{fi(z), fo(@)}, min{fi(2), fa()}, sup fu(z), inf fu(z)

MAKIHCE ABAANOMCA USMEDUMBLMU.
13 npuBenenHoro pesynprara CileyeT, 9TO MHOXKECTBO

A={zre X: Elnli—g}o fa(2)},

Ha KOTOPOM CYIIECTBYET MPEeJT TTOCIeI0BATEIbHOCTH N3MEPUMBIX (DyHK-
muit {fn(x)}, aBasiercss uamepumMbim, T e. A € A.

Crenyiorniee ompejiejieHre ONMHUCHIBAET BAaYKHBIA MTPUMED M3MEPUMON
byHKIIAH.

Onpemenenne 13.14. Usmepumas byukuns f(x), onpeneseHHast
Ha wm3MepmmoM mpoctpancTee { X, A}, maswiBaeTca npocmot, ecam oHa
NPUHUMAET KOHEYHOE IUCIO 3HAYEHUN.

OdeBmaHO, 9TO KaxK1ast mpocTas usMepuMast yHkws f(z) gomyckaer
[IpeICTaBIeHNe

f(z) = i cpla,(z), z€X, (13.5)
k=1

mecy ERY Aye An AiNA; =2, i# j, m < co.

Teopema 13.6. Jasa scaxoti neompuyamenvrotl udmepumots Gyrx-
yuu f(z) cywecmeyem Heybvi6atowan nocaedo6amMessHOCING HEOMPUYA-
meavhux npocmux udmepumuir gynryud {fn(x)}, crodawanca x f(z),
m. e.

0< fulz) T f(z) mpu n— o0 Odanscer z€ X.

PesyabraT, npuBeeHHbIH BBIIIE, ABJISETCS KIIOYUEBHIM MPU MOCTPOE-
HWH wHTerpaJja Jlebera.

Onpegmenenne 13.15. Ilycrs f(x) — HeKOTOpast uamepumasi QyHK-
IWst, OTpe/iesieHHast Ha m3MepumoM mpocrpanctse { X, A}. Cucrema

Ap={f"1(B): BeBR")}

Ha3bIBAETCS 0 -aa2e0poti, nopoocdennot, dynryued f(z).

Herpynmo ybenurbest, 9o Ajf neflCTBHTENBHO SIBISETCS 0-aJrebpoi,
npuaem Ay C A Knace dyHkuumit, #3MepUMBIX OTHOCHTEILHO O-aJjre-
6psl Ay, nMeeT IpocToe OIUCAHME.
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Teopema 13.7. Qynuryua g(z), © € X, asasemca Ag-usmepumod
mozda u moavko moeda, Kozda cyuecmeyem bopeaescran Pynruus ©(y),
y € RY, maxaa, wmo

g(@) = p(f(z)) VzeX.

Onpenenenwe 13.16. Ige nsmepumbe byukmun f(z) n g(z), 3a
nmaunble Ha {X, A, 1}, HASBIBAIOTCS IKEUBAAEHIMHLLMU, ecm/I f(z) =g(z )
nouTn Beogay 1o Mepe p, T.e. u{x € X: f(z) # g(z)} =

Onpepenenue 13.17. Ilocnenosarensuocts { fy, (:c)} HI3MEPHMBIX
dbynxmmit, onpenenennnix Ha {X, A, u}, HaswBaercs crodawetica nowmu
6ctody K dynkimn f(z), ecan

plee Xz lim fo(z) # f(2)} =

Teopewma 13.8. Ecau nocaedosameavrocmsv {fn(z)} usmepumos
Pynryut cxodumesa % f(x) nowmu ecrody, mo f(x) usmepuma.

Onpenenenwme 13.18. Tlocnenosaremsrocts {f,(z)} wmamepmmbix
dbynxumit, onpenesnenunix Ha {X, A, u}, HasbBaercs crodawetica no me-
pe u X mamepnmoit dyukmun f(z), ecim qgst mo6oro £ > 0

nli_)n;ou{m €X:|fn(z)— f(z)] >e}=0.

CooTHOmEHNE MEK/Iy TUME JByMsI THIIAME CXOJMMOCTH OLPE/eIIseT-
s CITeJLYFOIUMU TEOPEMAML.

Teopewma 13.9. FEcau nocaedosamesvrnocmo {fn(z)} cxodumca
£ f(z) nowmu ectody omwnocumenavro konewnot mepw, p, mo fn(xz) cxo-
dumes % f(x) no mepe p.

O6patHoe yTBepKaeHme, BoOOIIEe TOBOPsi, HE BEPHO, TeM HE MeHee
CIIPABE/IJIUB CJIE/LYIONIUiT PE3YIbTAT.

Teopewma 13.10. Ecau nocaedosameavrocms {f,(z)} cxodumca
x f(x) no mepe, mo cywecmeyem nodnocaedosamenvrocmsv {fn, ()},
crodawaaca % f(x) nowmu ecrody.

13.5. Marerpan JleGera. Ilycrs {X, A, 4} — mommroe mpocTpanCcTBO
¢ Mepoii. Onpegesum BHadaje wHTErpaJ Jlebera oT mpocToil u3MepuMoit
dyHKIHA.

Onpenenenune 13.19. Unmeepan Jlebeza om npocmoti usmepumoti
Pynryuy f(z), mverormeit Bz (13.5), onpenensieTcst paBeHCTBOM

| #(@) n(dz) = 3 enpu(Ar). (13.6)
k

X
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Temepsr pacmpocTpanuM mOHATHE WHTerpasa Jlebera Ha HeoTpHUIA-
TenbHyI0 n3Mepumyto dyukmmio f(x). B cmry Teopemsr 13.6 cymecrByer
[IOCJIEIOBATEIFHOCTh HEOTPUIATEBHBIX TPOCTHIX MW3MEPUMbBIX (DYHKITAN

{fn(x)}, Takux, aro

< fu(z)t f(z) mpm n— oo aaaBecex z € X. (13.7)

Onpenenenune 13.20. Hnumeeparom Jlebeza om neompuyamenvroti
usmepumoti pynrxyuy f(r) HaA3BIBAETCA BEJMIMHA

| 1)) = tim_ [ o) plde). (133)

X X

JamnHoe onpe/iesenrne KOPPEKTHO, TOCKOJIbKY NPH 3a/aHHOl QyHKIMH
f(z) npemen (13.8) (konewnsbLil M GeCKOHETHBII) CyIECTBYET Ay 060
annpokcuMupyomeii nociegoparenpiocrn (13.7) w He 3aBUCHT OT ee
BBIOODA.

s kpaTkocTu OyjieM 0003HAYATH

1(£) = | f(a) p(da).

X

ITycrs Teneps f(xz) — npomssonbHas m3MmepuMas dyHKImA. Beemem
0b6o3HaYEHUsI

T (x) = max{f(x),0}, /7 (x) = max{—f(z),0}.

Torna yukmun f1(z) >0, f~(z) > 0 Tak:Ke ABAAIOTCA M3MEPUMBIMU,

npusem f(z) = f*(z) — f~ ().
Onpenenenne 13.21. Eciu min{I(f1),I(f7)} < oo, To unmeepan
Jebeza om f(x) cywecmeyem (nnm onpedeser) m UMeET BH

1(£) = | fx) pldz) = I(77) = 1(7).

X

Ecmm |I(f)| < o0, To f(2) HasBBaeTca unmezpupyemoti no mepe p WA
cymmupyemod.
Uurerpan mo MuokecTBYy A € A ompenensiercst kKak

| 1) ) = | F@)La(2) ulde),

A X

a f(x) HaswbiBaeTCs unmMezpupyemoti na muodicecmee A, eci HHTETPUDY-
ema byukuns f(z)la(z).

3ameuanue. B coorsercrsun ¢ onpenenenuem 13.21 waTerpasn Jle-
Gera or meoTpumarenbHO# byHKIME f(r) ONpemeNeH BCerja, MpH 3TOM

0 < I(f) < oo.

18 B.M. Munnep u A.P.Ilankos
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Tlepeancanm cpoiicTBa mHTerpasa Jlebera, HETOCPEICTBEHHO BBHITEKA-
FOIIFe U3 €ro OTPEJIeTIeHNUs.

1) J I4(z) p(dx) = pu(A) nas Besikoro A € A.

X
2) Hast Beex a, B € R!

I(af + Bg) = aI(f) + BI(g),

puIeM eC/Iu TpaBas YaCTh WMEET CMBICJ, TO WHTErpajl B JIEBOW YacTH
WHTErpaJl OlpeieseH.

3) Eciu f(z), g(z) narerpupyems: u f(z) < g(z), To I(f) < I(g).
4) Ecim p(A) =0, To Jf(:c) pulde) =

A
5) Ecim f(z) = g(z) nourn Beroxy no mepe p, to I(f) = I(g), npuaem
00a WHTErpaJja CyleCTBYIOT MU He CYMECTBYIOT OJHOBPEMEHHO.
6) Ecoiim h(z) > 0 waterpupyema u |f(z)| < h(z) moutm BCromy mo
Mepe p, To f(z) unTerpupyema.
7) NurerpupyemocTs byHKIME PABHOCHIIbHA HHTETPHPYEMOCTH €€ MO-
JLyJIs, T. €.

[ I(f)| < oo = I(|f]) <o
|

kpome toro, |I(f)] < I(|f]).

8) Ecnu f(x) 2 0u I(f) =0, To f(z) = 0 nourn Bcrogy. B gacrHoCTH,
ecn I(|f]) =0, o f(z) = 0 mouru BCroy.

9) Ecoin dynknusa f(z) uarerpupyema Ha A, TO OHa MHTErpHpyeMa Ha
smoboM u3MepuMoM MHOzKecTse A’ C A.

10) Eciim f(x) = 0 nouru serony, To I(f) = 0.

11) (Hepasencrso YebGpimesa). Ecan ¢ > 0, To

ple € X |f(@)] 2 ¢} < - [ 17(@)] n(de).

mli—\

12) (Hepasencrso Muukosckoro). Ecau p > 1, To

([ 1£@) + g@)? ntair)) " < ( [P ua a0)) "+ ([ lo@ ntaz))"”
X X
13) (Hepasencrso Uencena). Eciu ¢(y), y € R', — Boimykias saus
bynxmus n p(X) =1, To

| (@) nar) < o( [ () n(da)).

X X
14) (Hepasencrso Ienpnepa). Ecm 1 < p, ¢ < oo u % + % =1, 10
[ fstarutan)] < ([ i ut @) ([ lote)l w(an))
X

X



8 13] HEOBXOJUMBIE CBEJIEHUS U3 OYHKIIMOHAJBLHOIO AHAJIMBA 275

[IpUYeM MHTErPaJ B JIEBOW YacTH ONpPeesieH, eCU UHTErPAJbl B MPABOM
qacTu KoHeYHbI. [Ipu p = ¢ = 2 nHepaBeHcTBO [esbaepa Ha3LIBAETCH HEPA-
sencmeom Kowu—Bynaroscrozo:

[ £@)o@) wian)|” < [ 15 (o) [ lota)P? uide).

X X X
Teopewma 13.11 (o-amguruBHocTh nHTErpasa Jlebera). Ecau @ynsk-

o0
yua f(x) unmeepupyema u X = | J An, AiNAj = npui# j, mo

n=1

o0
| f@ nlde) = 3 | f(@) u(de),
X n=ly4,
20e 6 npasotll wacmu uHMeE2PaNbl, KOHEeUHbl, 0 PAD cxodumces abcoromHo.
N3 teopemnr 13.11 ciemyer, aTo g/ jt000# HEOTPUIIATEILHON W3Me-
pumoit dbyuakunu f(z) > 0 byHKIusS MHOXKECTBa

v(A) = J F(z) u(dz), A€ A, (13.9)

A

SIBJIsieTCsl Mepoii Ha m3MepuMoM npocrpascTse { X, A},
Teopema 13.12 (abcomoTHas HEMPEPHIBHOCTH WHTerpasa Jlebera).
ITyemo f(z) — unmezpupyeman dyrryus, mozda daan awbozo € > 0 cy-

wecmeyem maxoe § > 0, wmo U f(z) u(dm)‘ < € 0AA BCAKO20 UBMEPUMOZO

A

mmooicecmea A € A, maxozo, wmo pu(A) < 4.

Crenyrommas TeopeMa yTBEPXKIAET, ITO BCAKAS Mepa vV, abCOTIOTHO
HeNpepbIBHAS OTHOCUTENBLHO MEpPHI [, MOIycKaeT mpejcrapienue (13.9).

Onpenenenne 13.22. Mepa v Ha3BIBaeTCSI AOCOAOMHO HENPEPLLE-
notl ommnocumenvro mepov f (COKPAIEHHO v <K 1), eCu st JIE06OTo
A€ Awus p(A) =0 crenyer, aro v(A) = 0.

Teopema 13.13 (Pamon, Hukomnm). Ecau v < p, mo cywecmeyem,
usmepuman reompuyameavras Gyrkyus p(T), maxas, wmo

v(A) = Jp(:c) u(dz) VAeA
A

Qynkuma p(x) HaspiBaeTca npoussodnoti Padona—Hukoduma mepo, v
no mepe p u 0603HATAETCS

pla) = (@),

Crenyromuii pe3ybTaT JaeT MPaBUJIoO 3aMeHbl MepPHI B mHTerpaJe Jlebera.

18%*
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Teopema 13.14. B ycaosusax meopemo. 13.13 das ar060t usmepumot
Pynryuu g(z) umeem mecmo pasercmeo

| 9@ v(dz) = [ g(@) pla) p(de),

X X

2de unmezpans, 8 e80T U NPABOT YWACTNAT CYULLCMBYIOM UAY HE CYULe-
cmeyom 00HO8PEMEHHO.

Tem camMbIM UHTErpUpPyeMOCTh (byHKIMH ¢(Z) MO Mepe v PABHOCHIIbHA,
nuarerpupyemoctn dyukmmn g(x) p(z) no mepe p.

Tenepb paccMOTPUM BOIIPOC O 3aM€HE [EPEMEHHON IO 3HAKOM HHTe-
rpaja Jlebera.

Onpenenenwe 13.23. Ilycts f(z) — m3mepnmast HyHKIWS, Ompe-
mesieHHasi Ha upocrpaHcTBe ¢ Mepoit {X,A,u}. Torma mepa p 5 Ha

{R!, B(R!)}, samaBaemasi paBeHCTBOM
py(B) =n(f(B)), BeBR,

Ha3bIBAETCS MePotl, nopootcdennoti pynkyued f.
Herpyano nposeputrb, 4To DyHKIMSA MHOXKECTBA [i; JeHCTBUTEIHHO

ABJAeTca Mepoit Ha Gopesesckoit o-anrebpe B(R).

Teopewma 13.15 (dbopmyna 3ameHsl nepemenHoit B narerpase JlebGe-
ra). ITyemv dynxyua f(z), € X, usmepuma, a gynxyua o(y), y € R,
asasemea bopesesckot. Toeda cnpasedaueo pasencmeo

[ e(f(@) nida) = [ o(u) np(dy).

X R

2de unmezpaas, 6 4680l U NPABOT YWACAT CYULLCTNEYIOM UMY HE CYule-
cmey1om 00HO8PEMEHHO.

IlpenenbHbIii mepexon mon 3HakoM wuHTerpasna Jlebera. Cie-
JIYIOIIUE PE3YJIbTATHI MOKA3BIBAIOT, B KAKAX CJIydasX MOXKHO TEPEXOINTD
K IIpejiesly [oj] 3HAKOM uHTerpaJa Jlebera.

Teopewma 13.16 (JleGer). ITycmv nocaedosamesvrocms {fn(x)}
crodumes nowmu 6c10dy £ f (), npusem dasn 6cex n nowmu 6crdy uinoa-
naemesa nepasencmso | frn(2)| < p(z), 2de dynryua p(x) unmezpupyema.
Tozda npedeavras Pynryus f(x) maxowce seasemcs unmezpupyemots u

Jim [ fo(2) ulde) = [ £(2) i)
X X

Teopewma 13.17 (JIéen). ITyemsv {f,(z)} — neybuearowasn nocae-
dosamenvrocms gynruud, m. e.

fi(z) < folz) < .. < ful) <0l
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2de fn(x) unmeepupyemol, a UT UHMELPAADL 0ZPAHUMEHD, 68 COBOKYNHOCTIU:

1K < oo: an(m)u(dm) < K. (13.10)
X

Tozda nowmu e6crody cyuiecmeyem koneuwnwiti npedea f(z) = nli)n;o fn(z),

maxod, wmo pynxyua f(r) unmespupyema u

Jim [ fa(e) pde) = [ 1(2) pla)
X X

Teopema 13.18 (P@ary). FEcau nocaedosamesvrocms HEOMPUUA-
meavhnx gynryutd {fn(z)} crodumea noumu ecrdy % f(z), npuvem
sunoanerno (13.10), mo f(z) unmeepupyema u J f(z) p(dz) < K.

X

WNuTterpan Jlebera Ha npgamoii. Cremyiomee yTBEpKICHTE TOKA-
3bIBAET CBsI3b MEXK Iy MHTerpaJioM Pumana u wHTerpajom Jlebera.
Teopewma 13.19. Ecau cywecmsyem urwmeepas Pumana

b

In(f) = [ f(x) de,

a

mo f(z) unmeepupyema no mepe Jlebeza A na [a,b] u

L(f)= | f@)\dw) = In()).

[a,b]

3ameTnM, 9TO 06paTHOE YTBEPXKICHHIE B OOIIeM CIydae HeBepHO.

Bsezem elre 0HO MOHATHE HHTETPAJa, OCHOBAHHOE Ha HOHATHM WHTe-
rpaJa Jlebera.

Ounpegenenne 13.24. Ilycrs f(z), x € R', — Gopenesckas dynk-
nust, a F(x) — dynkuus pacnpesesnenus na R (cm. onpemesenue 13.9).
Hrmeepaa Cmuamveca om f(z) no dynkyuu pacnpedesenus F(z) ompe-
JlesisieTcs CAeAYIONIM 06Pa3oM:

[ rar) = [ ) uas),

rJle WHTErpaj B MPaBoil 9acTH MOHWMAaeTCs Kak mHTerpaJ Jlebera mo me-
pe u, nmeromeiil dbynkmio pacupeneaerns F(z).
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B GosbimuicTBe TPAKTUIECKHW BasKHBIX CIy9IaeB (DYHKIIHST pacipee-
aerns F(z) Mmoxer ObITH IpeICTABICHA B BUJIE

F(z)= F*(@) + FY(2), F*2)= | p)Ady). F'@)= 5 e,

k: zp<zx

e dyukius p(y) > 0 unrerpupyema no mepe JleGera na R! | a MuokecTso
Touek {xj} He Gosee uem cueTHO, npudeM py > 0.

Cocrasnstiomas F'%(x) maseiBaeTcs gynkyuet, abcoatommno Henpepuls-
HO20 pacnpedeseHus NI TIPOCTO GOCOAIOMHO HENPEPBIEHOT PYHKUUEL.
B srom ciyuae agst moutu Beex x € R (mo mepe Jle6era) crpaseinBo

PaBEHCTBO %F (z) = d%:F %(z) = p(z), nosromy p(z) HasbIBaeTCS HYHK-

yuetdi naomnocmu pacnpedenerus. 3aMeTUM, 9TO eCaH pq(dr) — Mepa,
nmetomasi byHKImIo pacnpenesneruss F(z), To morHocTs p(x) ecTh mpo-
w3BonHas Pamoma—Hukoanma mepsr i, o Mepe Jlebera A.

Cocrasnsomas F4(z) naswsaerca gynryueti duckpemmozo pacnpede-
aenus, mpa 3toM pr = F(zy) — F(zr—) ecTh Bemunna ckavka OyHKIAN
F(z) B Touxke ee paspria xj, € R'. Ecimm unciio ckaukos koneuno, o F'4(x)
KyCOYHO NOCTOSIHHA.

Ecmn f(x) — GopeseBckasi DyHKIMSI, TO CHPABEIJIMBO CJIELYOIIEE
NPaBHJIO BbrAuCIeHns uHTerpata Cruarpeca:

| f@ dF(@) = [ f@)p(@) Mde) + 3 Flar) pr,
—00 R k
npuaem naTerpasa Cruatheca KonedeH, ecam dbyuknus f(z) p(x) narerpu-

pyema 1o mepe Jlebera, a psiz Z f(z1) pr, cxomurest abComOTHO.

k
B 3akjodeHne pacCMOTPHM IIPUMeEp Mepbl Ha IPSMOif, YPe3BbIYaiiHO
BaKHbIi 17151 npusoxkenusi. Mepa ., (B), B € B(R!), zo € R, onpenens-
eMasl PABEHCTBOM
1, ecmm =z € B,
0, ewm zo ¢ B,

buu(3) = {

HasbiBaerTcss mepotl Jupara, cocpedomouernnoti 6 mouke xg. Torna wHTE-
rpaja mo Mepe /lwpaka mpwHUMAET BU,

| (@) 62y (d2) = f(ao).
Rl
HOCI[e,J_IHI/Iﬁ HHTEerpaJl 4acToO 3alluCbIBalOT B BUE

oo

J f(z)d(z — zo) dz = f(z0),

— o0
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rae 6(x) maswmBatoT deavma-Pyrxyuet Jupara. Ilpm 3TOM, TOCKOIBKY

byHKIHST
1, ecm x>0
]I(:L') _ bl = b
0, ecmm x <0,
sBisiercst (pyHKIMeH pacnpenenenuss mepbl Jupaka g, CIATAIOT, 9TO
d1(z)
dz

BBITIOJTHEHO PaBeHCTBO 0(z) =

13.6. 'mab6epToBo mpocTpancTBo. CHadaja BBEAEM MOHITHE JIN-
HEITHOTrO MPOCTPAHCTBA.

Onpenenenne 13.25. Henycroe muoxkectBo H mazbiBaercst auneti-
HBLM NPOCTNPAHCNEOM, eCi Ha H OIpejIesIeHbl JIBe OLEPAIUN: CAOIHCEHUE
anemermos (+) 1 ymHooicenue Inemenmos na wucaa (o).

Hns m06bIX 37eMeHToB , Yy, 2 € H u miobbix uucen «, § onepamun
CIIOXKEHHUST U YMHOXKEHHS JOJDKHBI 00Ja/aTh CIEAYIOMMME CBOMCTBAMU:

Dae+y=y+uz;

2) (x+y)tz=a+(y+2);

3) cymecrsyer anement 0 € H, takoii, uro 0 + x = x;

4) cymecrsyer anement (—z) € H, takoif, aro x + (— )=0;

)ao(z+y)=aocz+aoy;
) (a+B)oz=aoz+Boy
) (@B) oz =ao (fou);
8)lox=u.

Ecnu ymHOo>XKeHUe omnpeiesieHO Ha BeIECTBEHHbIE THCIIA, TO IPOCTPAaH-
CTBO Ha3BIBAETCS BEULLCNEEHHBIM WA JeticmEumensHoLM, eCiii YMHOXKe-
HUE OIPEJIeJIEH0 Ha KOMILJIEKCHBIE YHCJIA, TO MPOCTPAHCTBO HA3BIBACTCS
KOMNAEKCHBIM.

Sameuanune. Bo BcsIKOM JMHEHHOM NHPOCTPAHCTBE HYAEB0U dje-
menm () eAMHCTBEHEH, & NPOMUEON0A0dHCHbt daemenm (—T) OMHOZHATHO
onpejessiercst sneMenToM x € H. B nmasgpHelimem Mbl OymeM OIyCKaThb
3HAK yMHOXKeHUs (0), a BbIpazkeHue & + (—y) OymeM 3anuceBaTh B BUZE
T —y.

Hamnee 6e3 orpanwdenuss obmHOCTH OyaeM cauTaThb, 910 H — KOM-
[JIEKCHOE JIMHEHHOE HPOCTPAHCTBO, & MHOXKECTBO KOMIIJIEKCHBIX YHCE
oboznagars C.

Onpenenenune 13.26. ITodnpocmparcmeom M auneitHOrO 1pPO-
crpancTBa H Ha3bIBaeTCs MOJMHOXKECTBO, 3aMKHYTO€ OTHOCUTEIHHO OIle-
panuii CJIOKEHUS W YMHOXKEHUSI, T. €.

0 ~J O Ut

a,eC z,ye M = ax+ By M.

Sameuanus. 1) Oupenenenue 13.26 o3Hauaer, 4TO HOAIPOCTPAH-
crBo M BMecTe C KaXXJbIM KOHEYHBIM HADOPOM CBOWX 3JIEMEHTOB
{z1, ..., zn}, conepkur mobyo nx aunetinyro Kombunayuw a1y + ...

.+ anxy,, Toe ay, ..., a, € C. B wacraocru, Bcerma sepao 0 € M.
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2) My = {0} maseiBaeTCs HYAEEbM NOONPOCTNPAHCTNEOM.
3) Tlepeceuenue (| M, npousBobHOro Habopa moampocTpancTs { M, }

TAKKE SIBJISETCS TOAIPOCTPAHCTBOM.

Oupenmenenue 13.27. Jlunetinoti obosourotd L(N) HeKOTOPOro
mHuo)kectBa N C H Ha3bIBaeTCs MHOXKECTBO BCEX BO3MOMKHBIX JIMHEHHBIX
KOMOUMHAaIWi seMeHToB 3 N.

U3 onpenmenennsi 13.27 cnenyer, uro L(N) sIBiAsieTCs MOJIPOCTPaH-
crom, mpudem L(N) = ()M, tme {Ma} — cemeiicrBo Bcex mommpo-

(e

CTPAHCTB, COEPKAIIX MHOKeCTBO NN.
Onpenenenwe 13.28. Duementsr {71, ...,T,} JWHeHHOrO mpO-
cTpancTBa H Ha3LIBAIOTCS AUHETIHO HE3A6UCUMbBLMIU, €CITH

Aty ...,on €EC, oz +...+tapr, =0 — a1 =...=a, =0.

Ecnu gost numeitnoro mpoctparcTtBa H cymiectByer Habop JwHEHO
HE3aBUCUMBIX 3JIEMEHTOB {Z1, ...,Tn} C H, Takoif, 9TO BBHINOJIHEHO
H=/,{zy,...,2,}, TO {®1,...,7,} Ha3BIBAIOT 6a3UCOM TIPOCTPAH-
crBa H, a uucio n — ero pasmepnocmoio (cokpamenno n = dim H).
B sTom cayuae kaxapiit ajgemenT x € H MOXxKeT OBITH IPEJCTABIIEH B BU-
me: £ =121 + ...+ Qply, npudeM Kodbdunnents: {ay} onpenensioTcs
OJIHO3HATHO.

Onpemenenne 13.29. Oyukuus (-, ), onpeeseHHas Ha JUHEHHOM
npocrpancTBe H w npuHUMAOMAs IUCIOBbIe 3HAYEHNsI, HA3bIBAETCHA CKA-
AAPHLIM NPOU3EEJEHUEM, ECITH JIJIsI JIFOOBIX 2JIEMEHTOB X, Y, 2 € H u ar0661x
quces o, § CIpaBeJIuBbI CJIELYIONe CBONCTBA:

1) (z,2) 20 n (z,2)=0 = z=0;

2) (o + By, ) = a(e, 2) + By, 2);

3) (y,:c) = (:va)

Onpenemenne 13.30. Ilycth Ha H ompeneseHo CKaJsIpHOE TPOW3-
Besenne. Hopmot anementa © € H GyjneM Ha3bIBATH 9UCIIO

]| = (w,x)"/. (13.11)

B sTOoM Ciydae roBopaT, 9TO HOPMa NOPodicdend CKAJISPHBIM IPOU3BeE-
JICHHEM.

HenocpeicTBeHHO M3 ONpEIeieHnii BbITEKAIOT CJIE/yIONHe CBOHCTBA
CKAJIIPHOTO HPOM3BEACHUs U IIOPOXKJEHHOH UM HOPMBIL:

1) ||lz]| = 0; u3 ||z|| = 0 cnemyer = = 0;

2) [Jox|| = |a|x]];

3) |lz+ yl| < |lz]| + ||y|| (mepaBercTBO TpPeyrombHUKA);

4) [(z,y)| < ||z||||lyll (zepaBencTBO Komm-ByHsikoBcKoro), npuaeM pa-
BEHCTBO JIOCTHTAETCS TOJIBKO, €CHIU T, Y JIMHEHHO 3aBUCHMBI.

C mOMOIIBI0 HOPMBI MOYKHO BBECTH HOHATHUE CTOOUMOCTIU NOCAEI06a-
meavhocmy neMenTos {x, } npocrpancrea H.

Onpemenenne 13.31. ITocnenoBarenbHocTh {z,} crodumes K sme-
menry ¢ € H npu n — oo (cokpamenso x, — x), ecnu ||z, — z|| — 0.
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CkaJsIpHOE NPOU3BEIEHUE ABIAECTCI HENPEPLIBHLIM B CJIEAYIOMEM
CMBICJIE:

Ty = Ty Y — Y — (:l"naym) — (x,y)

Onpegmenenne 13.32. IlocnemoBaresbHOCTD { Ty, } HasbIBAETCS HYyH-
damermanvroti, ecan

|z, — &m|| >0 mpu n,m — oo.

Onpegenenne 13.33. Jlumeitnoe npocrpancrso ¢ mopmoit (13.11)
Ha3bIBAETCS MOAHbIM, €ciau Jitobas (pyHIaAMEHTAJIbHAS ITOCJIEI0BATE b
HOCTBH €T0 3JIEMEHTOB CXOJINTCS K HEKOTOPOMY JIEMEHTY ITOTO IMPOCT-
paHCTBa.

Onpenenenne 13.34. JluneitHoe TPOCTPAHCTBO CO CKAJSAPHBIM
npoussesenneM u HopMoii (13.11) Ha3BIBAETCS 2UALOEPMOGHLM NPOCTNPAH-
CcMB0OM, €CITU OHO TIOJTHO.

Onpenenenne 13.35. IlomupocrparnctBo M ruibbeproBa mpo-
crpanctBa H HasbiBaeTcss 6ctody NAOMHbIM, €CIU IJis BCAKOI'O JIEMEH-
Ta ¢ € H cymecTByeT NmociemoBaTesbHOCTh {2y, }, Takas, 910 &, € M n
Ty — .

3ameuanue. Ecim nmpoctpamcTBo H He ABIIsI€TCsT TOJHBIM, TO OHO
BCEr/1a MOKeET OBITh NONOANENO, T. €. CYIIECTBYET TaKOe HOJIHOE [IPOCTPaH-
CTBO H ato HCHu H BCIOZly IJIOTHO B H.

HpOCTOI/I KPHUTEPHUH CXOAMMOCTH IOCJIEI0BATEILHOCTA JIEMEHTOB
ruiIbOEPTOBa MIPOCTPAHCTBA PUBOAUTCS B CJIEIYIOIIEH TeopeMe.

Teopema 13.20. Ecau H — zuavbepmoso npocmparcmeo, mo no-
caedosamenvrocmyv {T,} crodumesa K HEKOMOPOMY SAEMERIMY NPOCTPAH-
cmea H mozda u moavxo mozda, x020a cyusecmeyem npedes

Im (2, Zm)-
n,m—00

Onpenenenne 13.36. IloampocrparctBo M ruibbepToBa MpO-
crpancTBa, H Ha3bIBAETCS 3AMKHYMbIM, €CITU U3 TOTO, 9TO T, — &, [PU
n — 0o, TIe T, € M, cnienyer x € M.

Takum 06pa3oM, 3aMKHYTOE MOAIPOCTPAHCTBO THILOEPTOBa WTPO-
CTPAHCTBA CAMO SIBJISIETCS THIHOEPTOBBIM ITPOCTPAHCTBOM.

Paccmorpum BaskHeiime npuMepbl THIBLOEPTOBBIX IPOCTPAHCTB.

KoneynomepHoe eBKJINA0BO mpocTpaHcTBo R". Ero siementa-
MU SIBIISTIOTCS yTIOPsIIOYeHABIE HAOOPHI BEMECTBEHHBIX YUCEN (N-MepHBIE
BeKTOpH) T = {X1, ...,Tp}*, 21, ..., 2, € R'. Ckansaproe npousseenne
¥ HOpMa TPOCTPaHCTBa R MMeroT BU/I

n n 1/2
V=Y mks all = ol = (3 #3)
k=1 k=1

e y = {y1, ..., Ynt*. Odesnmuo, uro dimR™ = n.
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IIpocTpancTBo /5. Ero snemenTamMu aBASIOTCS OGECKOHETHBIE TTOCTE-
JIOBATENTLHOCTH KOMIIJIEKCHBIX IUCET T = {1, Z2, ... }, TAKAX, 9TO

o0 5\ 1/2
ol = (3 loel?) < o
k=1

CkaJisipHOE TIPOM3BEIEHNE DIEMEHTOB &,y € lo mMeeT BU/L
o0
)= Tk
k=1

U IOpoXKaaeT HopMy ||z||, onpeznesnennyo Bbime. 3aMeTHM, UTO IPOCTPaH-
CTBO [y GECKOHETHOMEPHO.

IIpocrpancrBo Lo{X, A pu}. Iycrs {X, A, u} — mekoropoe mpo-
crparcTBo ¢ Mepoit. Torma Lo{X, A, u} onpenensiercs Kak MHOXKECTBO
Bcex A-u3Mepumblx KOMILIEKCHBIX dyHKIMiA f(2), nHTEerpupyeMbIx ¢ KBa-
JIPATOM IO MEPE [i, T. €. TAKAX, UTO

um:(ﬂﬂﬂ2<>f”<w. (13.12)

O6beuHnM B OMH KJacC KBUBajeHTHOCTH Bee dyHKImU f (), 9KBU-
BaJleHTHBIE (10 Mepe 1) narHoil dyakuuu f(z), n B qanbHeitmem QyHKIMNT
f(z) pasmmuars me Gymem. Torma u3 ||f|| =0 cuemyer f = 0, mosromy
BhIpazkenune (13.12) onpenensieT HOPMY, TOPOKIEHHYIO CKAJSIPHBIM ITPO-
U3BEJEHUEM

(f.9) = [ F(@)g@) p(de),  f.g € Lo{X., A} (13.13)

X

CanenoBarenbro, Lo{X, A, u} sBasieTcss ruiabbepTOBBIM MPOCTPAHCTBOM.
Ormermm, uto La{X, A, 1} GeckoHETHOMEDHO, €CIM Mepa j He COCPEIO-
TOYEHA B KOHEYHOM YUCJIE TOYEK.

13.7. Paapt ®ypbe B ruwjib0epToBOM mNpocTpaHcTBe. llycth
nasnee H — pukcupoBaHHoe THIHLOEPTOBO MPOCTPAHCTBO.

Onpenenenne 13.37. [IBa snementa x, y € H Ha3pIBAIOTCA 0pmo-
2onanvhvimuy (0bosHavaeres z L y), ecim (z,y) = 0.

Onpenenernwme 13.38. Cucrema {eq,ea, ...} 3IEMEHTOB MPOCTpaH-
crBa H Ha3bIBaeTcs 0pmozonasvholl, eciau e, 1 e, mpu m # n. Ecin
JIOTIOSTHATEIHHO ||e,|| = 1, n = 1,2, ..., TO cucTeMa HA3BIBAETCST OPTMOHOD-
MaADHOU.
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Onpegenenne 13.39. Opronopmanbras cuctema {ey,es, ...} C H
Ha3bIBAETCsI HA3UCOM 2usbbepmosa npocmparcmeda H, eciam mitst KarxKa0Tro
x € H cymecrByer, u IPUTOM €IWHCTBEHHOE, Pa3JI0XKEHNE

o0
r=Y oer, (13.14)
k=1
rie oy € C, a cXoauMOoCTh pAa TOHAMAETCS B CIIEAYIONIEM CMBICTE:

n
Hm -> akekH —0 mpm n — oo.
k=1

Pasznoxenne (13.14) nassBaercs padom Pypve musa z, a Kosbduy-
€HTBHI (v}, BEIUUCIAIOTCA 0 (POPMyIaM

a = (z,ex), k=1,2,...,

¥ Ha3bIBAIOTCS Koaduyuenmamu DPypve.
U3 (13.14) Takke caenyer pasencmso Ilapcesaas:

e 9]
l2]|* = 37 la|?,

k=1

KOTOpOe sIBJIsteTcst 0006tmernemM Teopembl [Tudaropa na GecKOHEIHOMED-
HBINA Ccirydai.

Teopewma 13.21. ITyecmv {e,} — opmonopmasvhas cucmema sae-
MeHmo8 zuavbepmosa npocmpancmea H. Caedyrowue ymeeporcdenus
PABHOCUNDHDL

1) {en} — 6asuc euavbepmosa npocmpancmea H;

2) aunetinaa oboaowra L({e,}) 6crody naomna 6 H;

3) ecau x L e, daa scex n, mox = 0.

B wacrnoctu, cucrema {e™* / Vor, n e Z} sinsiercst 6a3uCoOM TIPO-
crparctBa Lo ([—m, 7], B([—7, ), A), e A — mepa JleGera.

13.8. OpToronajbHOe IIPOEKTUPOBAHUE B I’MjIb0EpPTOBOM ITPO-
cTpaHCTBe.

Onpenenenne 13.40. Ecou N C H — npom3BOJBHOE IIOAMHOXKE-
CTBO, TO OpTOrOHAJBHOCTDL & | N o3madaer, uTo = | y njsd Bcex y € N.

Onpenenenne 13.41. Ecim M — 3aMKHYTOE MOAIIPOCTPAHCTBO, TO
ero opmozotaavroe donoanernue ML onpenensercs Kak

M*={z€H:z 1M}
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B cmily HempepBIBHOCTH CKAJISPHOTO mpomssejenns ML spiasercs
3aMKHYTBIM OAIPOCTPAHCTBOM.

Teopema 13.22. ITyemv M — npouseoavHoe 3amxrymoe moonpo-
cmparcmeo 2uavbepmosa npocmpancmea H. Tozda awboli saemernm
x € H umeem eduncmeennoe pasaosicenue euda

T =Yg + 24,

ede y, € M, 2, € M+,

Onpenmenenne 13.42. Dyement y,, onpeiesieHHbIH B Teopeme 13.22,
HA3bIBAETCs 0pMozorasvrol npoexyued © na M u obosnadaercss my,(z).

ITepeuncanM OCHOBHBIE CBOHCTBA IPOEKIHH T 5, ():

D)y, =7y (x) €M, 2, =2 —m,,(z) € ML,

2) x € M Torma u ToabKo Toraa, Korma m,,(z) =z, a x € M+ Torma
U TOJIBKO TOTJa, Korja 7 ,,(x) = 0;

3) ||z — 7y (2)| < ||l — v|| ans Beex v € M;

4) ecim {ey, ez, ..., €n, ...} — Gasuc rmsbeproBa npocrpancTBa H,

M = L{e1, ...,en}, T.e. M aBnsieTcs IWHEHHONW OGOTIOYKON CHCTEMBI
n

{er, ... en}, o () = D (x,ex) ex. Taxum obpasom, m,,(r) — n-a
k=1

yacTUYHAs cyMMa psija Dypbe miist .

Bameuanue. CpoiicrBo 3 o3nauaer, 4To T ), (r) — HamIydmas amn-
npokcuManus (OIMEeHKa) SJeMEHTa T SJeMEeHTaMy U3 MOIIpocTpancTBa M,
a x — m,,(z) npexcrasisier coGoii OmMMOKY yKa3aHHOH AIIPOKCHMAIHNL.

B uacrrocru, ecnmu M = L{ey, ..., ey}, T0 m,,(2) sABasiercss HauIy e
OLIEHKOH CpeIu BCEX OIEHOK, NPEeJCTABUMBEIX B BUIE JIMHEHHON KOM-
OuHAIN 37€MeHTOB {e1, ...,€e,}, T. €. gBaAsgeTCa Hauaywwet aunelnot
ouerxod.

Meroz, mocTpoeHus YKA3aHHBIX ANIPOKCHMAIyil (C UCIOIb30BAHUEM
IPOEKIUH T ;) HA3BIBAIOT MEMOOOM HAUMEHLULUL KEAIPAMOE.

§ 14. Heobxonumbie CBeJIeHUS U3 TEOPUN
BEPOSITHOCTEM

14.1. Ciay4aiiHble COOBITUSA U UX BEPOSITHOCTU.

Onpemenernne 14.1. CoBokynrocts oobekroB {2, F, P}, rme

{) — IPOCTPAHCTBO IAEMEHMAPHBT COOLIMUL W;

F — o-an2e6pa nodmroscecme NpoCcTpaHCTBa (2, 00pa3yoIuUX CUCTe-
MY cayuatinur cobvimud;

P — nopmuposarnasn (1.e. P{Q} = 1) mepa na F,
HA3bIBAETCS GEPOAMHOCTNHLIM Npocmparncmeom, a mMepa P — eseposm-
HOCMHOU MepOTi UIIA TPOCTO 8EPOATMHOCTIBIO.
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Bameuanus. 1) [Ipexnonaraercs, aro {Q, F, P} — nommoe BeposiT-
HOCTHOE TPOCTPaHcTBO (cM. 1. 13.2).

2) Hax ciyuaiiubiMu cobbiTUsSIME U3 F MOXKHO COBEPINATHL JefCTBHUs
(aHasioruuHbIe JIEACTBUAM HAJl MHOXKECTBAMHU), JJIsi KOTOPBIX MBI 6yeM
HCIIOJIBb30BATh CJEIyIoMue 0603HadeHHs:

A+B=AUB, AB=ANB, A\B, A=Q\A,

SAr=UAr, [[4Axr=N A4
k k k k

rie cobbrTue A Ha3LIBAETCH NPOMUBONON0NHCHBLM A.

Bepositnocts P{-} obnanaer cnemyromumu cBoiicTaMu:

1) 0 < P{A} < 1 mas moboro coberrus A € F;

2) P{Q} =1, rue Q — docmoseprioe cobumue;

3) P{@} =0, rne @ = Q — nes03mooicHoe cobumue;

4) P{A+ B} = P{A} + P{B}, eciu AB = &, 1. e. cobbiruss A u B
HECOBMECTNHDL,

5) P{A+ B} =P{A} + P{B} — P{AB} nna mo6erx aByx cOoOBITHII
A BeF;

6) P{A} < P{B}, estu ACB (r.e. A — wacmuwd cayuati coObI-
Tust B).

3aMedanue. YKa3aHHBIE CBOWCTBA CIEAYIOT W3 OOIINX CBOWCTB Me-
pot (cM. 1. 13.2). CBo#icTBO 4 pacHpOCTPAHSETCs OYEBHAHBIM 00pa30M Ha
m060e KOHEYHOE MJIH CYETHOE MHOXKECTBO HECOBMECTHBIX COOBITHIL:

P{Z Ak} =S P{4}, A€F, AnA,=2 upu m#£n.
k=1 k=1

Onpenpenenne 14.2. Cobbrruss A u B Ha3BIBAIOTCS HE3A6UCUMBLMU,
ecm P{AB} = P{A} P{B}. Cobuirust {A,,} nesasucumv, 6 cosoxynmo-

cmu, ecay Ajig JI0OOro KoHedHOro Habopa coboituit A, , Kk =1,...,m

P{IT 40} = [T P{40).

TJie M MOXKET PaBHITHCS OO.
Onpegenenue 14.3. Yeaosrot eepoamrocmuvto cOObITUS A OTHOCH-
TenbHO cobbrTus B, Takoro, ato P{B} > 0, HasbiBaeTca BemIMHA

P{AB}
P{B}

P{A| B} =

Ecnu coborrus A, B He3aBUCHMBI U MMEIOT IOJIOXKUTEJIbHBIE BEPOST-
noctw, o P{A | B} = P{A} u P{B | A} = P{B}.

IIycre cobbrrust Hy, ..., Hy € F yAOBJIETBOPSIIOT YCJIOBUSIM:

a) P{H} > 0 npu Bcex k;
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6) Hyn H, = &, ecim m # n;

N
B) Z H, k= Q,
k=1
TOoTda OJId moboro A € F CIIpaBeJINBa gﬁopmy/ta NOAHOT 6EPOAMHOCTNU:

P{A} = g: P{H }P{A| Hy}.
k=1

Cobbrtus {Hy} 0GbIMHO HA3BIBAIOT GEPOANHOCTIHbLMU 2UNOMESAMU.

14.2. Cayuaiitble BEJIMYUHBI U BEKTOPBI.

Oupenenenue 14.4. Cayuaiinot seauuunot (CB), onpenesenHoii
Ha {Q,F,P}, HaswiBaercsa uucioBas Gyrkimys {(w), w € 2, uamepnmMast
otHOCHTENHHO F.

Omnpenesnenne 14.4 o3HaTAET, ITO JJIsT BCIKOTO OOPEIEBCKOTO TTOIMHO-
sxectsa B C R! mEoXxecTBO

¢ HB)={we: &{w) € B} (14.1)

SABJISAETCS CIIyYaiHBIM COOBITHEM.

Hasee st KpaTkocTH OymeM omyckarh apryMenT w: &, {{ € B} u ..

B cuny Teopembr 13.5 cymma, pa3HOCTD, TPOU3BEIEHNE W TACTHOE IBYX
caydalHbIX BeJnduH (IPH YCJIOBHH, YTO 3HAMEHATENb HE OOpalaeTcs
B HYJIb) TaKKe SIBJISIIOTCS CITy TaiiHBIMU BEJTMIHHAMM.

Onpenmenenne 14.5. JIBe ciyuaiinple BeJuduHbl £ U 7), 33 aHHBIE
Ha {Q, F, P}, Ha3BIBAIOTCS 9K6UBANEHMHBIMU, €CIT

P{¢#n}=0.

Ecmm mekoTopoe yTBepkenme orHOcuTenbHo CB ¢ (wm coBokym-
Hoct CB) BBImOMHEHO u1st Beex w € N\ A, npuuem P{A} =0, To ro-
BOPAT, YTO 3TO yTBEDIKJIEHUE BBIMOJIHEHO nNoYmu HagepHoe 1o Mepe P
(nmm ¢ eepoammocmvio 1). Mbl 6yseM CONPOBOXKAATH COOTBETCTBYIOIIEE
yTBepKaenne saakoM (P-n.u.). Hanpumep, ecim € u 7) SKBUBAJEHTHBI, TO
¢ =n (P-n.m.).

W3 reopemsr 13.4 caenyer, ato ecam § — ciaydaiiHasi BeauduHa, a g(z),
x € R!, — Gopeserckast bynkims, To g(£) Tak:ke ABIAETCA CITydaitHOM Be-
smanHOM, Tak Kak dyrkmms n(w) = g(€(w)), w € Q apaserca F-usmepu-
wmoii. B wactrOCTH, s1I060€ HempepbiBHOE TTpeobpazosanme CB ¢ mpuBoguT
kK CB 7 (. e. cBO¥icTBO F-U3MEPUMOCTH COXPAHSIETCSI).

Onpenemenne 14.6. Ilycts £ — mekoTOpasi ciiydaiiHass BeJIUINHA.
Haumenpinyto o-anrebpy, comeprkaliyio COObITHST BUIA

¢ Y(B)={¢c B}, BcBRY, (14.2)

OyJeM Ha3bIBATD O -aa2e0poti, noposcdennoti cayualinot eesununot . dra
o-anrebpa obosmauaerca F&, a taxxke o{f}.
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Tlo onpenenenuio F& C F. Beegennas o-anrebpa F& cocTonr u3 Beex
cydaiHbIX cobbiTHit A € F, 0 HACTYNJIEHUH KOTOPBIX MBI MOXKEM CY/IUTh,
nabiogas CB €.

Teopema 14.1. ITyemo ¢(x) — npouseoavnas Gopeaesckasn Pyrik-
yus, mozda CB n = p(§) aeasemcs F&-usmepumoti. Haobopom, ecau
nexomopas CB 1 aeasemcsa F&-uzmepumots, mo cyuwecmeyem 6openes-
cxan Pynwyua o(x), maxas, wmo n = p(§).

Onpenenenne 14.7. @ynknus Fe(z) = P{{ < z}, v € R', naseisa-
ercs Pynryuet pacnpedenenus CB E.

Dyukius pacupenenenus Fe(z) obnanaer Bcemu cBoicTBaMu (OyHK-
UM pacrpe/IesIeHus: Mephl Ha n3MepumoM npoctparctse { R, B(R)} (cm.
onpepesenne 13.9, KOTOpoe MOJHOCTHIO TPUMEHUMO C yYETOM COOTHOIIIE-
s p(RY) = 1).

Jast oot byrKumu pacupenenerus F(x) cymecTByeT HOMHOE BEPO-
sTHOCTHOE ipocTpancTio {, F, P} w sanannas na nem CB &, Takag, ato
Fe(xz) = F(x).

Paccmorpum KoHKpeTHBIE THITBL (DYHKINH pacnpejieeHust.

Ounpepenenune 14.8. Eciim CB £ npunumaer 3HaUYeHWS] W3 KOHEU-
HOTO WJIM CYETHOTO MHOXKECTBA {Q1, ...,0dp, ...} C BEPOATHOCTSMH CO-
OTBETCTBEHHO {P1, ..., Pn, ...}, L€ pp >0, > pp = 1, To roBopsar, 40

n
ciyvaiiHas BenWYWHA sBAsieTcst Juckpemmol (Wmm mMmeeT duckpemmoe

pacnpedenenue). Ee dyHKIMs pacupemeseHus: nMeeT BT

Fe(z)= > s z e R

k:ap<z

Taxum obpazom, GyHKIHMs pacnpeejenns guckpernoit CB uMeer pas-
PBIBBL [IEPBOTO POZia B TOUKaX ak, a Fe(ay) — F¢(ar—) = pp — BenmdauHb
ckaukos. IIpu sTom s mo6oro Muoxkecrsa B € B(R!)

P{¢eB}y= > o

k: ar€B

Ecau maOXKECTBO 3HaYeHNi, KOTOpBIE TpuHUMaeT Juckpernas CB, koHeu-
HO, TO ee (PYHKIWsI PACIPEIETeHNs] KyCOUHO MOCTOSTHHA.

Oynkiusa Muoxkectsa P¢(B) = P{¢ € B} asnsercss mepoti na B(R!)
1 HasbiBaeTcs: 3axonom pacnpedeaerus CB §. TIpu srom Fe(x) sBnsercs
dynkimeit pacnpenenenus sroit Mepsl (M. 1. 13.3). Ilpu onpejesneHHbIX
ycnoBusix Mepa P¢(B) abcomoTHo HenpepblBHA OTHOCHTEIBHO MepbI Jle-
Gera na B(R'), T.e. F¢(x) umeer mIoTHOCTD pacupejesenns pe ().

Onpenenenne 14.9. Ecin dyukius pacupenenennst Fg(x) ciydaii-
HOI BEJIMYMHBI £ JIOMYCKaeT MPECTABICHNE

Fe(a) = J Pe(y)dy, tme pe(y) =0, J Pe(y)dy =1,
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a MHTerpaJl TOHNMaeTcst Kak waHTerpaJ Jlebera, To CB £ nazwiBaercs abco-
aomuo Henpepvisnoti (mmeeT Henpepweroe pacnpedeserue). s mo6oro
mHuoxkectBa B € B(R!)

P¢(B) = | p(y) dy.
B

OyHKIUS pg(y) HA3BIBAETCS MA0mHocmuio pacnpedesenus CB &.
Bamernm, uro yskius Fg(z) B JaHHOM Cilydae He UMeeT Pa3pbIBOB
ng (.’17)
D) ) (),
X
B obmiem ciywae dynkims pacupenenenus Fe(x) HenpepbIBHa CIpaBa
B Kaxkoil Touke paspbiBa x € R'. JIjgsa BBIYHCICHHS BEPOATHOCTH CO-

obitust {€ € B}, tne B € B(R!), cienyer Bbruucastsh unrerpas Jlebera—
Cruirbeca:

u noutu Bcoxy Ha R! nuddepenmupyema:

P{¢ € B} = [dFe(y) =Pe(B), BeBR).
B

TIpeamonoxum, aro CB &1, ..., &, onmpeneseHsl Ha OIHOM BEPOSITHOCT-
HOoM mpoctpancTse {2, F, P}. Torja ynopsimoueHHbIH HAGOP N CIydaiftHBIX
Besmama £ = {&1, ..., &y} OyaeM HA3BIBATD N-MEPHUIM CAYLATHLM €K~
MOPOM.

Onpenemenne 14.10. Hammenbimyto o-anrebpy, coaeprKariyio Bce
CcOOBITHUS BUIA

¢ Y(B)={¢e B}, BecBR"), (14.3)

OyeM Ha3bIBATH 0 -a.A2e0p0tl, noposcdennoll cayuatinvm eexmopom &. dta
o-anrebpa obozrauaerca o{f} mmm FE.
Onpenpenenne 14.11. Oyukuus

F§(m17 7xn)=P{§1 <x17 7577, gmn}a T1, -y Tn GRIa

Ha3bIBAETCS PyHkyuel pacnpedeserus n-meprozo caywatinozo sexmopa €.
DyHKIUs pacHpemesieHus] CIyIafHOro BeKTopa 00JaaaeT BCeMu CBOM-
cTBaMu (DYHKIUN DaCIpPEIeIeHnss Mepbl Ha H3MEPHMOM POCTPAHCTBE
{R™, B(R")} (cm. ompenenenme 13.12, KOTOpOE MONHOCTHIO TIPAMEHUMO
¢ yuerom coorromenus p(R™) =1).
st moboro Gopenesckoro muOKecTBa B € B(R™) BeposTHOCTE City-
vajinoro coberrust {€ € B} Bbruncisiercsi Kak uHTErpas Jlebera:

P:(B)=P{¢c B} = Jng(:cl, ).
B

Mepa P¢(-) ma B(R™) — saxon pacnpedesenus cayvaiinozo eexmopa &,
3aJanHbli ¢ moMoupio Fe (1, ..., x,). Ecin P¢(-) umeer mioraocts, . e.

P{¢e B} = Jpg(yh oY) dyr ... dy, VB € B(RY),
B
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TO
1 Tn
Fe(zy, ... xp) = J J Pe(Y1s -, Yn) dyr ... dyn.
— 00 — 00
Onpegmenenne 14.12. Cayuaitabie Beawuunst {&1, ..., &, } He3asu-

CUMbL 6 COBOKYNHOCMU, €CIU IJd MPOW3BOJBHOTO HabOpa MHOXKECTB
By, ..., B, € B(R!) cayuaitabie cobuitus {€; € By}, ..., {&, € B,} nesa-
BUCHMBI B COBOKYITHOCTH.

Teopema 14.2. /laa mozo wmobuv cayuwatinve seavuunvs {E1, ..., &n}
6bLAU HE3ABUCUMDL 8 COBOKYNHOCTIU, He0bTOoOUMO U JOCTNAMOUHO, YMobvL
ond 6cex 1, ..., ¢, €RL

Fe(zy, ..., xn) = [ Fe(zn)-
k=1

O6muit crrocob orpeieieHnst HE3aBUCUMOCTH CIIYyIaHBIX COOBITHI U
BeaumunH cocTouT B caenyiomeM. llycte Fy CF u Fo C F — HEKOTOpBIE
o-anrebphl cay4daiiabix cobbiruit. Cucrembr F u Fo HA3BIBAIOTCS HE3G6U-
CUMDBLMU, €CIIA HE3aBUCUMBI JII00ObIe 1Ba cobbitust A € F1 u B € F5, T.e.
P{AB} =P{A} P{B}.

Temeps HeTpyaHo omnpeneanTh moHATHE He3aBucumoctn CB £ m n:
& v 1 HE3aBUCUMBI TOT/IA ¥ TOJIBKO TOIJA, KOIJa HE3aBUCUMBI 0-aJredphl
F& u F. B wacrroctun, CB ¢ He 3aBucuT oT ciydaiinoro cobbrrms A,
ecmn A u F& HezaBHCHME (1. e. HesaBucumer A n m06oe B € F 3 ). Otm
MOHSITHsI Oy Iy T UCTIOIB30BAHbI B JAIbHEHIIEM TIPU TOCTPOEHUH YCIOBHOTO
MaTeMaTHIECKOTO OXKUJIAHMWSI.

B obtmiem ciyaae cayuaitnas Beauanta £ MOXKET IPUHAMATH KOMNAEKC-
nole snanenua, T.e. € = a + 10, e a, f — CB, 3anannse Ha {Q, F, P}, a
i2 = —1. Uzyuenne xommiekcruoit CB (pakTudeckn CBOAUTCS K M3yUeHHIO
JBYMEpHOTO cilydaiiHoro Bekropa {a, 3}*.

IIpuBenem mpuMmepsl HEKOTOPBIX HambOJIEE BaXKHBIX 3aKOHOB pacIpe-
JIeJIEHUS.

1) Huckpernas CB & umeer 6urnomuasvhoe pacnpedeserue ¢ napaMer-
pamu (N;p), tme 0 < p < 1, u oboznavaercst £ ~ Bi(N;p), ecom

P{¢=m}=C%pm¢" ™, m=0,1,...,N,

N!
m!(N —m)!
npenenenne Bi(1; p) maseiBaercs pacnpedeseruem Bepryaau.

2) Huckpernas CB & umeer pacnpedeaenue Ilyaccona ¢ napamerpom
A > 0 u oGosmagaerca & ~ II(\), ecam

rne C3 = — vucmo codetannit w3 N mo m, ¢ =1 — p. Pac-

P{ﬁzm}z%e‘k, m=0,1, ...

19 B.M. Munnep u A.P.Ilaukos
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3) Henpepoisras CB £ nveer pasnomeproe pacnpedenerue Ha OTPE3KE
[a,b] m obosmawaercs & ~ R(a,b), ecim ee MIIOTHOCTH pPaCHpeNEEHNSs]

uMeeT BUJ
1/(b—a), eciu =z € [a,b],

xr) =
¢ 0, ecm  x ¢ [a,b].

4) Henpepsisaast CB £ umeer sxcnonenyuasvhoe (Wam nokasamens-
Hoe) pacnpedeaerue ¢ mapamerpoM A > 0 u obosnavaercs § ~ E(\), ecn

{ Ae M x>0,

5) Henpepoierag CB £ numeer 2ayccoscroe (Mmm HopmaavHoe) pacnpe-
deaenue ¢ mapamerpamu (m;o?), rae o > 0, ecou

pe(z) = ! exp{—(x_m)2}, z € R

202

JIj151 TayCCOBCKOTO pacTpe/IesieR st Cromb3yeTcs obosaadenwne N (m;o?).
YHucoBble XapaKTEPUCTUKHU ITUX PACIPEIeIeHUN TPUBEIEHBI B CIETY-
IOIEM ITyHKTE.

14.3. MaremaTu4deckoe OXXuJaHHUE.
Oupenmenenue 14.13. Mamemamuueckum ooscudaruem (wnu cped-
num) CB &, onpenenennoit Ha {2, F, P}, HaseiBaeTcss amncio

M{€} = me = [ £(w) P(dw). (14.4)
Q

MaremaTn4eckoe OXHUIAHWE OMPEIEeH0, ecaun wuHTerpasa Jlebera
B IpaBoit wacTu paseHCTBa (14.4) cymecTByer.

Takum obpazom, maremarudeckoe oxkujanme CB £ ectb wmaTErpas
Jlebera or dyukiun {(w) Ha o BeposirHocTHO!N Mepe P. Ecim Pe(-) —
saxon pacupesesnenus: CB € na B(R'), a F¢(y) — coorsercrByomas dyHK-
st pacnpeenenns, To M{£} MoxKHO BRMUCTUTE cotetyromuM 06pasoM:

M{¢} = JyPg(dy) = J ydFe(y), (14.5)
Rt —o0

opryYeM HepBblii MHTerpaJ MOHUMaeTcs Kak uHTerpas Jlebera mo mepe
P¢(-), a Bropoit — kak unrerpa Jlebera-Crunrbeca. CymecrBoBanue un-
TerpaJioB B mpagoit dactu (14.5) BeITEeKaeT U3 CyMECTBOBAHUS] MaTEMATH-
YECKOT0 OXKHUJaHMsl, U Ha000POT, U3 CyIIeCTBOBAHUS WHTETPAJIOB ClelyeT



8 14] HEOBXOJUMBIE CBEJEHUS U3 TEOPUU BEPOATHOCTEN 291

CyIeCTBOBaHUe MaTeMaTHIecKoro oxkupanus. Popmymna (14.5) cremyer
u3 (14.4) m reopemsr 13.15 0 3ameHe mepeMenHoit B mmTerpase JleGera.

Ecin dbynxuus pacnpegenenust Fg(r) sBisercs koMOuHamueir abco-
JIFOTHO HENIPEPBHIBHOM ¥ JIMCKPETHON COCTABIISIOMINX, T. €. JTOIIYCKAET IPe-
CTaBJIEHUE BUIA

Fe(z) = Jpg(y)der S e

k: ap<z

e pe(y) > 0, a pi > 0 — BeTmmIa CKaIKa B TOUKe PaspbiBa ag, To (14.5)
OPUHEMAET BUT,

M{¢} = J ype(y) dy + > prag.
o k

CB ¢ nasbiBaercst yenmpuposarnot, ecma M{¢} = 0.

OCHOBHBIE CBOMCTBa MATEMaTHIECKOTO OXKMIAHWSA BHITEKAIOT W3
cBoiicts unTerpana Jlebera (cum. m. 13.5).

1) Maremarnaeckne oxumannsa M{¢} u M{|¢|} cymecTBytor n koHeq-
HbI opHOBpeMenHo, npuueM |M{¢} | < M{|¢|}.

2) M{I4} = JIA(w) P(dw) = P{A}, tne 14 — unamkaTop cobbITHS

AeF. @
3) Ecim M{£} cymecrsyer, To aiis m060# KOHCTAHTHI A

M{A¢} = AM{¢}
4) Ecim M{¢} uw M{n} cymecTBytor u KOHEUHBI, TO

M{¢ +n} = M{&} + M{n} .

5) Ecmm £ < i, To M{¢} < M{n}.
6) Ecim (x) — 6openesckasa dbyHkms, To

o0

M{g(©)) = | o(x)dFe(x).

— o0

Ijle MaTeMaTHIecKoe OXKHUJaHue ¥ WHTErpas CyINecTBYIOT WJIM He Cyle-
CTBYIOT OJHOBPEMEHHO.
7) Ecrm M{¢} onpenemeno, To nas kaxkgoro A € F cymecTByer

M{€14} = [ £() P(do).
A

8) Eciw € > 0 (P-m.1.), a Takske M{¢{} < oo, To dyHKIMS MHOKECTBA
Q{A} =M{¢ls}, A € F, aaserca xoneanoit mepoii na F.

19%*
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9) Ecmu £ > 0 (P-mu.), M{{} <ocome >0, T0
Pie> e < ME

10) Ecim M{|{|P} < co mpu p > 0, TO BBINOIHSIETCS HEPABEHCMEO
Maprosa

P{l¢] > <} < MU

Ecmw € = {&1, ..., &} — m-MepHBI cIy9aitHbIii BEKTOP, TO €ro Ma-
MEMAMUYECKUM 02tcUOaHUEM HAZHIBAETCH BEKTOD

M{¢} = {M{&}, ... . M{&}}

Onpepenenne 14.14. Komnuekcrnast dyuxmus ¥e(A), A € R?,

Te(N) = M{e’“*ﬁ} - J ¢N' T dFy (x),
i

Ha3BIBAETCH Tapakmepucmuyeckol gynryued pacupenenenus Fg(z).

Teopema 14.3. Xapaxmepucmuueckas Pyrxyus 00H03HAHO OnNpe-
deasem @ynrxyuwo pacnpedenenus, m.e. ecau CB & uw CB n ume-
rom odny xapaxmepucmuseckyro dynryuro Ye(X) = T, (A), A € R?, mo
Fe(z) = Fy(x), © € R™.

Vcnonb3oBanme ammapara XapaKTePUCTUIECKUX (DYHKIWHA MO3BOJIS-
€T UCCIE0BATh 3aBUCUMOCTD CIIyYaWHBIX BEJIUYUH B CUJLY CJIEIYIOIIETO
YTBEPXKIEHUS.

Teopewma 14.4. Cayuatinve seaununv, {&, i =1, ...,n} nesasucu-
MbL Mo2da U MoAvKo mozda, Kozda

Te(As ooy An) = [ P (M),
=1

2de We(A1, ..., An) — wapaxmepucmuyeckan Gynxyua cayuaiinozo eex-
mopa & ={&, ...,& )", a e (X)) — zapaxmepucmuueckasn Pynruyua
CBgl, 1= ]., B (%

Onpemenenne 14.15. Juenepcued D{{} CB £ naswiBaercs uncio

D¢} = D¢ = M{le ~mel*} = | |y —me[* dFe(y).

U3 onpenenenust u cBoifcTs unrerpasa Jlebera ciaemyer:
1) D{¢} > 0;
2) D{a& + b} = |a|*D{¢}, econ a, b = const;
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3) D{Z fk} = Y D{&}, ecm D{¢} < 00, a CB {{x} — nesasu-
k=1 k=1
CUMBI B COBOKYITHOCTH;

4) D{¢} = M{[¢]"} — |me[*;

5) ecin M{|¢]|?} < oo, To BhIONHEHO Hepasencmeo Tebviwesa
D
P{l¢ —me| > e} < DI,

Ounpegenenue 14.16. Kosapuayuetd ciaydaiiubix BeawduH & u 7
HAa3BIBAETCS BEJIMINHA

cov{{,n} = M{(§ - mf)m} ’

rae (-) — 3HAK KOMIJIEKCHOTO COTIPSIZKEHMWSL.
Ecmm & ={&,...,&u}* — n-MepHBIH coyvaiiHBIE BEKTOp, TO €ro
Kosapuayuorol mampuyet, HaseiBaeTcs Marpuia Re = {cov{{;, &1}

—*
Ouesnnno, uro Ry = M{§§ } —meme”.
Ilepeuncanm BaxkHelTIIIE CBOWCTBA KOBAPUAIINH.

1) Ecin M{[¢]?} < oo, M{|n|*} < oo, To koBapnamus CB &, 1 cyme-
CTBYeT ¥ yJIOBJIeTBODSET Hepasencmey Kowu—Bynaxoeckozo:

[cov{¢,n} [* < D{¢} D{n}.
2) Ecor M{¢} = M{n} =0, To cov{&,n} = (£,7) — ckanaproe npo-

W3BeJIEHUE CIIyYalHBIX BEJIUIUH &, 7).

3) Ecaw ¢ w 1 mesaBmcumsr, To cov{{,n} = 0.

4) D{¢} = cov{t, ).

5) D{¢ + 1} = D{¢} + D{n} + 2cov{é, n}.

Ecmm cov{{,n} = 0, To CB £ u 7) Ha3BIBAIOTCS HEKOPPEAUPOSAHHBLMU
WA 0PMO20HANLHBIMY, ITO obo3HavaeTcs £ L 7.

TIpwBemeM YUCIOBBIE XADAKTEPUCTUKHA (T. €. MATEMATHIECKUE OXKWIa-
HUS U JUCHEPCUH) CIy4ailHbIX BEJIMYUH, PACCMOTPEHHBIX B KOHIE 1. 14.2.

1) BunomuasnbHoe pacupejenenue ¢ napamerpamu (N;p):

me = Np, D¢ = Npq.
2) Pacupenenenne ITyaccona ¢ napamerpom A > 0:
me = De = A,
3) PaBrOMepHOe pacupejiejieHue Ha OTpeske [a, b]:

b—a)?
D5=( o

a+b
2 b)

m5=
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4) DKCIOHEHTMAIILHOE PACIIPEIENIEHNE ¢ TTapaMeTpoM A > 0:

> =

me =
5) T'ayccoBckoe pactipesesieHue ¢ mapamMmeTpaMu (m; 02), o> 0:

meg=m, D§:U2.

14.4. ITocae10BaTEIBHOCTU CJIyYalHBIX BeJUYUH. bBynem na-
Jlee TPEJIIOIaTaTh, ITO CIy9JaifHble Benmmausbl {&,, n = 1,2, ...} sagams
Ha OJIHOM ¥ TOM XK€ BEPOATHOCTHOM TpocrpancTse {Q, F, P}.

Onpenemenne 14.17. TlocmemoBaTelbHOCTD CIyIaflHBIX BEJTMIUH
{&n} masmiBaercs crodswetica noumu naseproe (P-mu.) x CB &, econ

P{weQ: nll)n;o bn(w) =€(w)} = 1.

B srom caygae ucnonb3yioorcs obosuadenus: &, — & (P-m.n.) wim

&n LN &, m — 00, a Tak¥XKe roBopsT, 4TO &, cxomurcs K & ¢ eeposam-
nocmwto 1.

Crenytomue pe3yabTaThl BBITEKAIOT U3 TEOPEM O MPEAEIHHOM Iepe-
XoJle IOJ 3HaKoM wuHTerpasa Jlebera um 3amaror IpaBuia IPeAEIHLHOTO
epexofa Mo, 3HAKOM MaTeMaTHIeCKOTO OXKUIAHUSI.

Teopewma 14.5. Ecau nocaedosameavrocms {&,} cxodumea x &
(P-n.n.) u natidemesa CB 1, maxas, wmo |, < n (P-n.n.) das ecaxozo n
u M{n} < o0, mo

M{[{]} < oo, M{&n} — M{¢}

M{|é, — €]} =0 npu n — oo.

Teopema 14.6. ITycmo n, &1, &a, ... — cayuatinvie 8eAUNUHDL.

1) Ecau &, =2 n dan scex n > 1, 2de M{n} > —oo, u &, 1 £ (P-n.n.),
mo M{&,} T M{&} npu n — oo.

2) Ecau &, < n dasscexn = 1, ede M{n} < 0o, u &, 4 € (P-n.n.), mo
M{¢&,} | M{£} npu n — co.

Teopewma 14.7. [Tycmv nocaedosameavrnocms {€,} neompuyamenn-
HOx cayuatinue sesuvur crodumesa (P-n.w.) x CB &, npuuem cyuwe-
cmeyem maxaa xoncmarnma K < 0o, wmo M{&,} < K dan scex n. Tozda
M{¢} cyweemeyem u M{{} < K.

Onpenenenwme 14.18. IlocmenoBarenbuocTh {&, } CotyaiiHbIX Besw-
4UH Ha3bIBaeTCs crodawelica no eepoamuocmu kK CB &, ecom naist siroboro

e>0
ILm P{|¢, — & >} =0.



8 14] HEOBXOJUMBIE CBEJEHUS U3 TEOPUU BEPOATHOCTEN 295

Teopema 14.8. ¥V a10601 nocaedosamesvrocmu cAyuatiHoLT 6eAUUH
{&n, n=1,2, ...}, cxodawetica no sepoamnocmu % &, natidemesa nodno-

caedosamenvrocms {€,, }, maras, wmo &y, I ¢ npu k — oo.

Onpegenenme 14.19. TlocrenoBarenbuocTs {£, } ciayvaitubx Bew-
YUH HAa3LIBAETCH (HYHOAMEHMAADHOT N0 6EPOATIHOCTIAU, €CITH JIJIs JIIOOOTO

e>0
n}rlbrgooP{|§n —&m| >} =0.

Teopewma 14.9. Jaa crodumocmu nocaedosamesvrocmu {€,} no se-
POAMHOCTIU HEOBTOOUMO U 0OCTNATNOYHO, YMOGbL NOCAEI08AMENBHOCTL
oviaa pyndamenmanrvoHod.

Amnanormunsrit kpurepuii cymecrsyer u gusa cxoqumocTs (P-m.m.).

Teopema 14.10. Jaa cxodumocmu nocaedosamesvrocmu {&,}
(P-n.n.) neobxodumo u docmamonuho, 4mobv, Nocaedo8amesbHOCTG GbiAg
pyndamenmanvrot, (P-n.n.), m. e. daa aobozo € > 0

n—oo

lim P{sup [Entr — &nl| > s} =0.
E>0

Onpegenenme 14.20. IlocrenoBarenbuocTs {£,} cayvaitubx Bew-
9WH Ha3bIBaeTcs crodawelica 6 cpednem nopadra p > 0 k CB &, ecin

lim M{|¢, — &P} =0.
n—oo
TIpu p = 2 5TOT BAJ CXOAUMOCTH HA3BIBAETCS CXOJUMOCTBIO 6 cpedrem
keadpamuueckom (MN c.%.-cxodumocmovro) u obosHadaercs & = Lim. &,
n—oo

i &~ £, n — 00. CpeIHeKBaIpaTHICCKAs CXOAIMOCTh HMEET 0CO-
6oe 3HAYEHUE B TEOPUH CIyJailHbIX MTPOIECCOB.

IIpuBenem BaxHeiime cBOMCTBA C.K.-CXOIUMOCTH.

1) Kpumeputi Kowwu. IIjsi Toro 4robbl CymecTBOBad C.K.-npedea &
nocnenosarenbaoctn CB {¢,} mpn n — oo, meobxomquMo m IOCTATOTHO,
qT0661 {&,} Gblna GOYyHIAMEHTAIBHON B C.K.-CMBICIIE:

M{|&, — &m|*} =0 1pu n,m — oo.

2) Hycrb &, —=% ¢ npu n — 0o, HpuieM M{|¢n]?} < oo, Torma
M{[¢]*} <ocom

Jim M{g,} = M{Lim &} = M{¢};

3) Ecm {&,}, {n.} — mnocnenosaremsuoctn CB, M{|§n|2} < 00,
M{|n.*} <o u &, EE e e S5 ) npu 0 — 00, TO

M{&n7,} = M{E7} mpu n — oo.
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4) Jlemma Jlossa. Tlocmemosaremsrocts CB {€,} wmmeer c.k.-mpe-
el TOTJa W TOJBKO TOTJA, KOrja cylmecTByer  lim M{gnﬁm} =c.
n,Mm—00
Ipu srom ¢ = M{[¢[*}, tae £ = Lim.&,.
n—oo

Hawubonee ciabbiit BUA CXOAUMOCTH — CXOZUMOCTD MOCIIEI0BATEIHHO-
CTH TIO PACIIPEIETEHUIO.

Onpemenenne 14.21. Tlocnenosarensrocts {€,, n = 1,2, ...} cuy-
4JailHBIX BEJIMYMH Ha3blBaeTcs cxodauwelica no pacnpedeseruto (1w caabo
crodawutica) k CB ¢, ecn muist 110001 paBHOMEPHO OrpaHUYeHHOI Helpe-
poisHoit bynkmym f(z), z € RY,

Jim M{f (&)} = M{F(6)}-

Ecmw wepes F,(z) o6osHaunTs DyHKIMIO pacnpenesnenus &, a aepes3
F(z) — dbyuxuuto pacupemesnenus &, To miist caabo# CXOAUMOCTH TTOCIIE0-
BarembHOCTH {&,} K ¢ HEOOXOMMMO U jocTaTouHo, uTobbl F, (1) — F(z)
npu n — 00 B Kax/Ioit Touke z € R, B xoTopoit F(x) nenpepbisua. [Ipu
stom, ecnu F(x) — menpepeisrag dyuxuus, 1o {F,(z)} cxomurea x F(z)
paBHOMepHO Ha R!, T e.

sup |Fn(z) — F(z)| = 0, n — occ.
z€eR!
CooTHOITEHUST MEXKLy BCEMH THIIAMHU CXOJUMOCTH OIHCBHIBAIOTCS TEO-
pemoii.
Teopema 14.11. Cnpasedausv, caedyroujue ymeeprHcoeHus:
1) cxodumocmv (P-n.n.) = crodumocmv no eepoammnocmau,
2) cxodumocmsv 6 cpednem nopadka p >0 = crodumocmv no eepo-
AMHOCTNU;
3) cxodumocms no eepoamuocmu = crodumMocms No pacnpede-
AEHUIO;
4) ecau &, caabo crodumca ® Koncmanme a, mo &, crodumca K a
U NO BEPOATNHOCTIU.

14.5. YcioBHOe maTeMaTuvdeckoe oXKujgaHue. [lycrb 3aaH0 Be-
posiTHOCTHOE TipocTpancTio {2, F, P}, § — nekoropas o-anrebpa ciyJaii-
HBIX coObiTHiL, T.e. G C F, a £ — CB, rakas, uro M{|{|} < co.

Onpepenenne 14.22. VeaosHviM MAMEMATMUYECKUM OHCUOGHUEM
CB £ omnocumenvro G Ha3BIBAETCs CIIydaiiHasi BeJIMYWHA, 0003HAYAEMas]
M{£ | G} n ynoBaeTBOpsIIOMAst CIIEYIOMIAM YCIOBHSM:

1) M{¢ | G} aBasercsa G-uzmepumoi;

2) nyist m060r0 MHOXKeCTBa A € G BBINIOIHIETCS PABEHCTBO

| &) P(aw) = [ M{€ | G} () P(dw). (14.6)

Teopema 14.12. Yeaosroe mamemamuueckoe ootcudarnue CB & onpe-
deaeno edurncmeernvim obpasom (P-n.m.).
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CsoiicTBa ycJIOBHOTO MaTeMaTmdeckoro okmpaaHus. Cienyio-
Ire CBOMCTBA YCIOBHOTO MATEMATHIECKOTO OXKWJIAHWUS HETOCPEICTBEHHO
BBITEKAIOT U3 onpeneaenus 14.22.

1) Ecm € = C = const (P-m.u.), To M{¢ | G} = C (P-m.m.).
2) Ecim € < n (P-n.u.), To M{¢ | G} < M{n | G} (P-n.n.).
3) IM{¢ | G} < M{[¢| | G} (P-mw.).
4) Ecim a,b — KOHCTAHTBI, & £, 7) — ClyvaiiHble BeJIMYUHbBI, TAKUE, YTO
M{[¢[} < o0, M{|n[} < oo, To
M{a§ +bn |G} = aM{{ [ G} +bM{n |G} (P-mm.).
5) Ilycrs G = {@, Q} — rpuBnanbHas o-aarebpa, Toraa

M{¢ [ G} = M{¢}  (P-mn.).
6) Ecam CB ¢ mamepnma otHOcuTembro G, To M{¢ | G} = ¢ (P-m.u.).
7) M{M{¢{ | G}} = M{¢} (P-num).
8) Ecim g1 Q gg, TO
M{MI¢ | Go} | G} = M{€ | Gi}  (Pwn).
9) Eciim G, C G, TO
M{M{¢| G2} | Gi} =M{¢| G2} (P-mm.).
10) Ecym CB ¢ ne zasucur ot G (t.e. F¢ ne 3asucut or G), T0
M{¢ |G} =M{¢}  (P-mm).
11) IIycrs n namepuma otHOcHTeabHO G 1 M{[én|} < oo, Torma
M{¢n |G =nM{¢ [ G} (P-nm).

12) Hepasencmeo Hencena. Ilycts g(x) — Bhimykias BEu3 dbyHKIHS,
takas, 910 M{|g(£)|} < oo, Torma

g(M{¢16}) <M{g(6) |G} (P

13) Ilycts n — mpousBosibHAs G-m3MepuMasi CAydalHasi BEJININHA.

Ecm M{[¢]?} < oo, M{|n[?} < o0, TO

M{|¢ —=M{¢ |G < M{|¢ —n|*}  (P-mn).
Onpemenenue 14.23. CB M{¢ | F7} = M{¢ | n}, tme F" = o{n},

HA3LIBAETCA YCAOBHBIM Mamemamuseckum oxcudanuem CB & ommocu-
meavro CB n € R™.

Teopema 14.13. Cywecmsyem Gopesescrasn pyrnryus g(z), x € R,
maxan, wmo M{¢ | n} = g(n) (P-n.n.).
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IIycrs £ — onenuBaemas CB mo mabioneHnsiM, 00pas3yOImuM CJIy dadi-
ueiit Bekrop ) € R™, a g(z), * € R", — Gopenesckas dbyukmus. Torma
OGymeM TOBOPUTH, YTO §~ = g(n) — nomycrumas oneHka s & M0 HabIIO1e-
HUAM 7).

Onpenmenenue 14.24. Jlomycrumasi OIeHKA E =9g(n) nHasbBaercs
C.K.~ONMUMAALHOT oyernkol st € 110 HaOJIIOAEHUAM 1), €CIIH Il JII000M
JOITyCTUMOI OIEHKH E = g(n) BBIMOTHEHO

M{¢ - €2} < M{J¢ - €%}

Teopema 14.14. ITyem» M{[¢|?} < oo, moeda c.x.-onmumanvras
ouenka umeem eud

E=M{¢|n} (P-mm).
3ameuanue. [Ipeanonoxenne o Tom, uro g(x) — 6opesesckas dhyHK-

must, o3HAa"aet, aro £ = g(n) — cryvaiitHaa BeawIWHA. Y TBEPKIEHHUE TEO-
pembl 14.14 mmeeT BasKHOE MPAKTUIECKOE 3HAYEHNE, TAK KAK MbI IOy 9aeM
O0IIMiT aJIrOPUTM ITOCTPOEHUsI C.K.-onTuMajibaoil onenku ¢ nis CB € mo
HAOTIONEHUSIM 1).

Ounpepenenue 14.25. Ilyctes A € F u P{A} > 0. Yeaosnvm mame-
mamueckum oxcudaruem CB € ommnocumenvro cayuaiinozo cobvimus A
nazbiBaercst CB

M{¢1 1
Mg | 4} = HE = 5l [ 6 Paw) (14.7
A
Ilycts cobbrruss Hy, ..., Hy 0b6pasyioT CUCTEMY BEPOSTHOCTHBIX TH-

nore3 (M. 1. 14.1). Ecaim M{¢{} cymecTByer, TO €ro MOXKHO BBIYHCIUTH 110
dopmyste noanozo mamemamunecrozo 0XHCUITHUA:

M{¢} = 3" P{H,} M{¢ | Hy} .

k=1

rae M{¢ | Hi} Borancnserca mo dbopmyae (14.7).

B 3aksioueHne MyHKTa PACCMOTPHM MPAKTHYECKHUil COcob BBhIYUCIIE-
st by M{E | 0=y} = 5(y), y € B, nae £ € B™, n € R*. Thyers
CyIIeCTBYeT COBMECTHA IUIOTHOCTD PACUPeIeNeHus p, (2, y) ciyqaitHbx
BekTopos & u 7. Torga

Q)

W) = | zpg, (| y)dz, (14.8)
Rm

e pe, (@ | y) = pg ,(2,y)/p,(y) — yeaosnan naommocmeo CB & npu yeao-

suu, wmo 1 = y; p,(y) = J Pe(T,y) dz — n-mepras mrorHOCTH CB 1),
Rﬂ
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nputenm p, (y) # 0. Ecou ke py(y) = 0, To nomarator, uro pg,(z | y) = 0.

Dopmyaa (14.8) mo3BONISIET BHIYUCINTD Pean3almio onenku £ = §(n) upu
yCIIOBUH, 9TO mMeeTcsa peanusaimsa y € R caydaiiHoro BekTOpa HaOIIIO-
nmennit n € R™.

14.6. T'ayccoBckue ciay4aiiHble BeJIUYUHBI U1 BEKTOPBI.
Onpenenenne 14.26. Oyukims

xT
st(ﬂv):\/% J eV Py, zeR,

— 00

HAa3bIBAETCS UHMEZPAAOM Beposmmrocmed, nim dyrxuyuet Jlanaaca.
Omnpenenenne 14.27. Cayuaiimas Bemmumnua & € R! masbiBaercs
eayccosckoti uam nopmaavnoti ¢ mapamerpamu (m;o?), rae o > 0, eciu

Fg(x)=P{§<x}=@(x_m). (14.9)

(o2

Tak kak byskuus Jlammaca $(x) HenpepbiBHO auddepeHEpyema
na R!, pacnpenenenne F¢(z) rayccosckoit CB nmeer miorHocTs

exp{—M} , o>0.

202

pg(x) - 2o

W3 onpenenenns 14.27 ciaemxyet, 4TO
M{¢}=m,  D{¢} =0

s obosnauenust rayccosckoit CB 6ynem mucats & ~ N (m;o?). Be-
POATHOCTD TIOMaIanus & B MPOM3BOIbHLIH mHTepBad (o, 3) C R! moxkmo
BBIYUCJIUTD IO CJIEAYIOmel ussecTHoit dhopmylie:

Pla<¢<pp=a(220) —o(221).
o o

Cayuaitnas Besmunna ¢ ¢ pacupejenennem N (0; 1) HasbiBaeTcs cmarn-
dapmmnoti 2ayccoscroti. Uz (14.9) cemyer, uto ee GyHKIUSA paCTIPEIETEHAST
cosnanaer ¢ P(x).

3amedganue. CBOWCTBO TayCCOBOCTH PACIPEIETEHUAST COXPAHIET-
¢ npm JmmeitHoM mupeobpasosanmn CB . Ilycre & ~ N(mg; De), a
n=oaé+p, tie a,f €R', Torma n ~ N(my; D,), tae m, = ame + 3;
.D,7 = azDg.

JJist onmcaHus 2ayccoscko020 cayuainozo eexmopa (T.e. ymopsimodeH-
HOit cucrembl rayccoekux CB) yno6HO BOCTIONB30BATHCS aMmapaToM Xa-
pakTepucTuIecKux OyHKINAN.
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Iycrs € = {&1, ...,&x}" — BemecTBeHHBIH CIrydaiiHBIl BEKTOD C Ma-
TeMaTHYeCKUM OXKujaHueM me = {mg,, ..., Mg, }* ¥ KOBapHAIMOHHOM
marpuueit Re = {cov{&;,&;}}ij=1,..n- lycTs Takke © = {x1, ..., zp}" €
€ R", F¢(x) — n-mepnas dyukims pacupegeienns CB &, a i — munmas
eMHATIA, T. €. 12 = —1.

Tenepb MbI MOZKEM BBECTH MOHATHE 2aYCCOBCKO20 CAYHAliH020 86€KMOPQ.

Ounpenemenne 14.28. Cayuaitasrit BekTop £ € R” umeer n-meproe
2ayccoscroe pacnpedenerue ¢ napamerpamu (me; Re), eciu ero xapakre-
pucTHIecKas (PyHKIMS UMEET BUJI

We(\) = exp{iXmg — %/\*RE/\}, AR,

L€ Mg — MaTeMaTHIeCKOe OXKIJanne, a Re — KoBapHallOHHAs MaTPUILA.
SBameuanusda. 1) Herpyauo mpoeepuTh, uTo Jrobast KoMmoHeHTa &y
rayccoBckoro Bektopa & umeer pacnpejeienue N (my; Dy), rae my — k-it
SJIeMEHT BeKTOpa Mg, a Dy — k-il AnaroHaJbHBIA 9jeMeHT MaTpunsl Re.
2) Ecan marpuna Re > 0 (T. e. mogokureabHo onpejeiena), 1o Fe(x)
HMeeT IIOTHOCTH pacipenenenus pe(z), ¢ € R™:

pe(w) = (2m) /2 (det[Re]) 7/ exp { 2 (@ — me) R (z — me) },

rae det[R¢] > 0 — onpenenurens Marpuis Re.

TayccoBckme BeKTOpHI 00JaHAIOT cepuell 3aMedaTebHBIX CBOWCTB,
BaykKHeHIIe 13 KOTOPLIX MepedncaeHbl HIKe.

1) Ecmm cov{¢{,n} = M{&n*} — mgm; =0, a sexrop v = {£*, 0" }* —
rayCcCOBCKHil, TO & U 1) — HE3ABUCUMBI.

2) ITycrs & ~ N (mg; Re), an = AL + b, toe A € R™*", b € R", Toraa
0~ Ny By), tae

my, = Amg + b; R, = AR:A™.

3) Iycts {£,} — moce10BaTEIFHOCTE TAYCCOBCKHUX CITy TalfHBIX BEKTO-
pos. Ecimn &, =55 €, n — 00, T0 & ~ N (mg; Re), tie me = lim M{¢,},
n—oo
a Re = lim cov{{,,&,}, mpuuem ykasaHHBIE IpeJesbl CyIIECTBYIOT H
n—r0o0

KOHEYHBI. .
4) Ecmu {{,} — mocnenosarenprocTh Tayccobckux CB u &, — &,

C.K.
n — 00, 10 &, —— £, n — 0o (B 00meM ciaydae 510 He BepHO!).
5) (Teopema o mOpMasbHOU Koppemsamun). ycmv v = {&*,n*}* —
eayccoscrutl sexmop, maxot, wmo R, > O, moezda
a) YCA0BHOE MAMEMATMUYECKOE 0HCUOGHUE UMEEM, 6UOD

€ =M{¢ | n} = m¢ + Rep Ry (n — my); (14.10)

6) & L¢ —& m.e £ ué—E — nesasucumos
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B) €C./L’U,A§=§_Ev mo
M{A{} =0, cov{A¢,A¢} = Re — RenR; " RY,;

) YCAOBHOE MAMEMATNUNECKOE 0dtcUdaNUE § UMEEM 2aYCCOBCKOE PaC-
npedeaenue ¢ napamempamu (mg; Ren R, 1Rzn), 2de

Re = cov{¢, &}, Rey =cov{é,n}, R,=cov{n,n}.

Sameuanue. Teopema 0 HOPMAJBHOIl KOPDEJANUM JAET SABHbIH
Buz (14.10) c.x.-ontmmanbHOl orenkn & = M{¢ | n} mua € mo mabmone-

HUSM 7) B TAYCCOBCKOM CJIydae. 3aMeTuM, ITO & AuHetiHo 3aBUCHAT OT 7).
6) Ecim {v,&,n} cocraBisiior rayccoBCKuii BEKTOp, a £ U 1) — HEKOD-
PEeNMPOBAHHBIE, TO

M{y [ €,n} = M{y | £} +M{y | n} — m,.

7) Ecin komnorentsl BekTopa & = {&1, ...,&,}* — rayccoBckue u
HE3aBUCUMBIE B COBOKYIHOCTH, TO { — TayCCOBCKHH CIy9IalHBI BEKTOD.

Iycts {&, k > 1} — mocimemoBaTebHOCTD HE3ABUCHMBIX OJMHAKOBO
pacrpejiesleHHBIX cryuaiiabix esmuna ¢ M{&,} = a u D{&} =02 > 0.
O6osmaanm S, = &1 + ... + &,. OuweBmamo, wro M{S,,} = na, D{S,} =
=no? > 0. Torma CB ¢, = (S, — na)/(0\/n) sBasercs neaTpupOBaHHOL
(M{¢,} = 0) u mopmmposannoit (D{(,} =1) cymmoit ciyvaitabix Besn-
qu {&, k < n}.

Teopema 14.15 (Ilenrpanbhas nupemesnbHas Teopema). Ilocaedosa-
meavhocmy cayswatinue sesuvur {Cq, n = 1} cxodumea no pacnpedene-
Hut K cmandapmnoti 2ayccosckoti cayuatinot seauvune ¢, m. e.

P{¢, <z} = &(x) npu n— oo pasromepno no x € R'.

3ameuganue. Jlobasg MOCIEAOBATEIHHOCTD CIyIAHBIX BEJIWINH,
ciabo CXOAdIasicss K HEKOTopoii rayccoBckoit CB, HaspiBaeTcs acumnimo-
muuecku Hopmasvrot. lleHTpanbHas NpeaerbHas TeOpeMa, YCTAHABIBA-
eT CBOWCTBO aCUMITOTUYECKON HOPMAJbHOCTHU IJIsl IIOCIEI0BATEIbHOCTH
LEHTPUPOBAHHBLIX U HOPMUPOBAHHBIX CYMM IIPOU3BOJIBHBIX HE3aBUCUMBIX
OJIMHAKOBO PAaCHPEEJIEHHBIX CJIyUYalHBbIX BEJHWUYMH, UMEIOIUX KOHEUYHbIE
JUCIIEPCUMN.

14.7. Tmab6epTOBO HPOCTPAHCTBO CAYYaWHBIX BEJIUYUH C KO-
HEYHBIM BTOPbIM MOMEHTOM. Jljisi BEPOATHOCTHBIX IIPUJIOXKEHUN Hau-
boJiee BasKHBIM sIBJISIETCsI TPOCTPAHCTBO H CilydaifHbIX BesndnH £, onpe-
JIEJIEHHBIX HA OMHOM W TOM K€ BEPOATHOCTHOM mpoctpanctse {Q, F, P},
LHEHTPUPOBAHHBIX U UMEIOIMX KOHEYHBIH BTOPOH MOMEHT:

M{g} =0 n [[e(w)]’ P(dw) = M{J¢]’} < .

Q
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Eciu &, € H, To mosoxxnm

(&,m) = M{&n} = cov{¢,n}.

CupaBeUIuBbI cJeyiolue CBoicTBa onepanuu (-, -):
1) (&) > 0; ecam (€,6) =0, To £ =0 (P-mn.);

2) (a&+bn,¢) = a(&,¢) + b(n, ¢) ana mobeix a,b € C;
3) (n,&) = (&),

rae §,1,¢ € H.
Tem cambiM (-, -) ABILAETCH CKAAAPHBIM NPOU3BEICHUEM U OLUDPEIEIIAET

HOPMY B TIPOCTPaHCTBe H:

€]l = (€,€)*2.

Ecmu &, - &, n— o0 B H, TO M{|§n —§|2} — 0. Takum obpa3zom,
CXOIMMOCTB B H O3HAYAET C.K.-CXOAWMOCTh. B CHIIy CBONCTE C.K.-CXOJH-
MocTH 3akiodaeM, uto ecian {&,} dyHmameHTambHA, TO OHA CXOIUTCS
k Hekoropoit CB &, npuuem [|€||> = M{[¢[?} < oo, m.e. £ € H. Tocuen-
Hee O3HAYAET, 9TO H — MPOCTPAHCTBO CO CKAJSAPHBIM MPOU3BEICHUEM,
MOJTHOE OTHOCHTEIHHO CXOAMMOCTH MO HOPME, TIOPOXKIEHHON ITUM MTPOU3-
BegieaneM. Urak, H — 2uabbepmoso npocmpancmeo CAyualinoT 6eAUNUH
€ KOHEUHBLM STMOPLIM MOMEHTTOM.

Ecmu £, € H u (§,17) =0, To 311 CB Ha3BIBAIOTCHA 0PMO20HAADHUMU,
uyTo obozHavaeTcs Kak £ | 7. [ToHsTHE OPTOrOHAJLHOCTH UTPAET BasKHYIO
POJIb B 3a/iaYax OLEHUBAHUs CIIyYailHbIX BEJIMYUH.

IIycre &,11, ...10n € H. Ilpeamnosoxkum, Mbl XOTUM OIEHUTH CJIydaii-
Hyto Benmuuny & mo Habmomerwsm 1 = {1, ...,n,}*. Kak cremyer m3
Teopembl 14.14, Takoit omnenkoit sBiasercss MA{E | n1, ...,n,}. OxHako
BBIYMCJIEHUE YCJIOBHOTO MAaTEMATHIECKOTO OXKWIAHWS TpeOyeT 3HaHWS
COBMECTHOTO 3akoHa pacupesesnernst scex CB {&,n1, ...,n,}, uro mo-
BOJLHO DPEIKO BHINOJHSAETCS Ha NpakTuke. Ecmm goctymras waOOD-
Mallisl OrpPaHMYEHa JHNIb [EPBBIMU JABYMs MOMEHTAMHU COBMECTHOTO
PACIIPEIEJIEHAsT U OHO HE SIBJISIETCS] TAyCCOBCKUM, TO MOXKHO OIIPEJIEJTATH
HAUAYHWYIO 6 CPEOHEKBATPATNUYECKOM CMBICAE AuNelHYI0 ouenky mJsi €,
T. €. C.K.-ONMUMANLHYIO AUHETHYIO OUEHKY.

Onpenemenne 14.29. Cayuaiinas BeaIuanna,

~ o~

n
E=1(n, - mm) =D arpm
k=1

HA3BIBAETCS C.K.-ONMUMANLHOT AuHelinotl ouenkol nys £ 110 HABJIOIeHN-
aM {N1, - .., N}, ecam Juist so6oit suaeltHON dyukunm [(yy, .. ., y,) UMeeT
MECTO HEpaBEeHCTBO

M{¢ - €} <M{l¢ —U(m, ..., m)*}.
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Teopema 14.16. Iycmov & i, ...,nn € H, a R, = cov{n,n}
N0A0AHCUMEADHO Onpedesernan mampuya. T020a C.K.-ONMUMANHAA AU-

netinaa ouenxa & evuucasemes no popmyae
€= Rey Ry, (14.11)
ede Re¢p = cov{&,n}. IIpu smom
1€ = &|* = M{|¢ — €°} = D¢ — Rey R, RS, (14.12)

Bameuanua 1) @opmynsr (14.11), (14.12) maenruansr dbopmytam
TEOpeMbl O HOPMAJILHON KOPPEeJIANNH, ITO He ciayuaiino. eitcTBuTebHO,
JUts JTI000i KOHEYHOM COBOKYHHOCTH CJIyYailHBIX BEJIMIWH n3 FH Cylie-
CTByeT CeMeHCTBO TayCCOBCKHUX CJIy4YalHBIX BeJINYUH, UMEIOIMHUX Te XKe
MOMEHTHI [IEPBOTO W BTOPOTO MOPsiaka. JLjs 9TMX rayCCOBCKUX BEJMYNH
C.K.-OIITMMAaJIbHAasl OIEHKa, 1Jis £ eCTh YCJIOBHOE MATEMATHIECKOE OXKUIa-
HUE, KOTOPOoE II0 TeopeMe O HOPMAaJIbHOU KOPPEeJIAUN ABJIAeTCH JUHEeHHO
dyuxupmeii ot Habsrogenuii. [TosToMy napameTpsl, ONpeIESsIOIIIe STy JIU-
HeliHy0 (DYHKIIHIO, OJHOBPEMEHHO ONPEIEISIOT U HAWIY YTy JINHEHHY O
oreHKy B H.

—~

2) 3ameTum, UTO IJIs C.K.-ONTHUMAJbLHON JMHeitHOH orenku & TakzKe
cripaBengmBo £ | £ — €.

3) Ecau uepes H(n) o6o3HaYMTH 3aMKHYTOE JIMHEHHOE HMOAIPOCTPAH-
CTBO, IOPOXK/IEHHOE CIIyYafiHLIM BEKTOPOM 1), & 9€PE3 4, () — OnepaTop

OPTOTOHAJLHOTO TpoeKTHpoBanus Ha H (1) (cu. m. 13.8), To oueBmHO, YTO
C.K.~ONTUMAaJIbHAs JIMHEHHAS OIEHKA

EZ 7"7-[(7,)(5)‘

OnepaTop 7T'H(77) Ha3bIBAIlOT TaK2Ke OIIEPaTOPOM YCAOBHO20 MAMEMA-

—

MuU“ecko20 02cudanui 6 wWuporom cmuicae n obozragator M{ - | n}. Ta-
P

kuM obpaszom, £ = M{¢{ | n} — c.k.-onTnMasbHast JUHEHHAS OIEHKA.

14.8. OpToroHasibHasi croxacTudeckass Mmepa. Ilycth 3amamno Be-
posiTHOCTHOE TIpocTparcTBo {2, F, P} m mekoropoe mmoxkectso E C Rl
¢ anrebpoit £ ero moxmuoxkecrs. Ilycts Takxke £ = 0{&y} — MuHEUMAaNL-
Has o-ajrebpa, comepxkarmasa Eg.

Onpemenernne 14.30. Kommiekcnas dbyakunsa Zy(A) = Zp(w; A),
rae w € Q, A € &, HazbIBaeTCs aaemeHmaphoti cmozacmuyeckots mepot,
€CJIU BBITIOTHEHBI CJIEYIOIINAE YCIOBHS:

1) Zo(A) — neHTpUpOBaHHAS CIydaliHas BeJIUINHA C KOHEYHBIM BTO-
pbim MomentoM, T.e. M{Zo(A)} =0 n M{|Zo(A)|*} < co maas Beex
A € &y
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2) ecm A1 N Ay = &, Tie Aq, Ay € &, TO

ZO(AI U Ag) = ZO(AI) + Zo(Ag) (P-H.H.);

3) ec;im {A,} — mnocieoBaTeNBbHOCTE MHOXKECTB U3 &y, TAKUX, UTO
oo

A1DAD...02A,2... 1 (A, =2 (re. A, | @ mpu n — 00), TO
n=1

M{|Zo(An)[*} — 0 mpu n — oco.
Cpeam Bcex 3JeMEeHTaPHBIX CTOXaCTUIECKMX MEP OCOOLI MHTEPeC JJIst
HAIIUX HeJell TPeICTaBIgeT OPTOrOHAJIBHAA CTOXACTHICCKAS MEDPA.
Onpenmenenne 14.31. Duemenrapuas croxacTuaeckas mepa Zo(A),
A € &, HasBIBAaETCA 0PMO20HAALHOU, ecqu [Jisg JIIOOLIX HelepeceKka-
omuxcst MHOXKeCTB Aj,Ag € & Bbmonaeno Zop(A1) L Zp(Asz), me.

M{ZO(Al)ZO(AQ)} =0.

Croxactuyeckast Mepa Zo(+) TeCHO CBA3aHA ¢ HEKOTOPO HecIry YaiiHoil
Mepoii, kotopas onpejeseHa Ha € = 0{&y} u BBoAUTCS CoremyomuM obpa-
3om. Ilyctn

mo(A) =M{|Zo(A)|2}, A € &.

Herpyaso nposeputb, uto mo(A) — koneunas mepa Ha &). Torma mo
teopeme Kapateomopu (cM. 11.13.2) ee MOXKHO €JMHCTBEHHBIM 00pa30oM
IPOJIOJIKATE 70 MEPHI M, OIpeeeHHoi Ha &.

Onpenenenne 14.32. Koneunas mepa m(A), A € £, nazniBaercs
cmpyxmyproti pyrryuet 3JeMEHTAPHON OPTOrOHAJIBHON CTOXACTUYECKOR
Mepsl Zo(A), A € &.

OxasbiBaercst, Mepy Zo(-) MoxkHO emmHcTBeHHBIM (P-1m.H.) 0f6pasom
OPOJIOJIZKUTH JI0 OPTOTOHAJIBHON CTOXACTHYECKOH Mepbl Z (+), onpejeseH-
Hoit Ha £.

Teopema 14.17. ITyemv Zo(A), A € &, — opmozonasvhasn d.ae-
MeHMapHas cmoxacmuseckas mepa. Toeda cywecmeyem edurcmeenHas

(P-n.n.) opmozonanvran mepa Z(A), A € E, makxaa, wmo 0asn 1106020
A € &y snnoanerno Zo(A) = Z(A) (P-n.n.), npuvem

M{|Z(A)’} =m(A), AE€E,

20e m(-) — empyxmypras Pyrwyus mepo. Zo(-).
Bameuanus. 1) Mepa Z(-) siBasiercss o-aJ/IATUBHON B CPeHEKBa-

JAPATHIECKOM CMBICIe, T.e. eciint A, € E,n=1,2, ..., A, N A = & npu
o0

m#FkulA=> A, €&, 10
n=1

M{|Z(A)—§Z(An)|2}—>o mpr N — .

n=1
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2) Mepy m(A) rakke 6yeM Ha3bIBATh CTPYKTYPHOI DyHKImEHR opTO-
TOHAJBHON CTOXacTHIeCcKo# Mephl Z(+) Ha £, Tak Kak Jyurst Jroboro A € €
creyer

m(A) = M{|Z(a)P}.

14.9. CroxacTudyeckuii HHTerpajJ [0 OPTOrOHAJBHOI Mepe.
ITycts OpTOrOHAJBHAA CTOXaCTHYECKas Mepa Z(-) W ee CTPYKTypHast
dynukims m(-) samansl Ha €. PaccMorpum crreyronue 1Ba rusib6epTOBBIX
MPOCTPAHCTBA!

1) mpocrpancTBo Lo KOMIUIEKCHBIX HecaydaiHbix dyrkmmit f(A),
A € E, c uHTErpupyeMbIM KBaJIPATOM II0 Mepe 1M:

j IFV)[2m(d)) < oco.

E

IIpocrparcTBo Lo siBiisieTcsi THIILOEPTOBBIM CO CKAJISIPHBIM TPOU3BE-
JEeHUEeM U COOTBETCTBYIONIEHl HOPMOA:

(f.9) = [ F RN m@), il = VIFD)-

E

2) npocrpascTBo H ciaydaiHbIX BEJMYUH ¢ KOHEYHBIM BTOPBIM MOMEH-
ToM (cM. m. 14.7).

Crenyiomee yTBepKeHHE OyJ€T HCIOIL30BAHO TPH MOCTPOECHUN
CTOXaCTUYECKOTO UHTErPAJIa.

Teopema 14.18. IIycmsv f € Lo, mozda natidemesa nocaedosamens-
nocms npocmux Gynrkyud fn, € Lo, maxaa, wmo

12X = fFXN)||le, = 0 npu n — oco. (14.13)

OrnpenesnM CTOXaCTHIECKUH MHTErPaJl Ha MHOXKECTBE MPOCTHIX (DyHK-
nuif, a MOTOM pACIpPOCTPAHUM 3TO TOHsSTHE Ha Bce yHKumm u3z Lo,
MOJIb3YSACh YTBEPKIeHueM TeopeMbl 14.18.

Onpemenernne 14.33. Ilycts f(A), A € E — npocras dbyskuus, T. €.

f) = Xn‘, Frda, (N, (14.14)

k=1

rne fr €C, A € Eu AyNA; =& npu k # I. Torna CB
I(f) = fuZ(A)
k=1

Ha3BIBAETCS CTNOTACMUNECKUM UHMe2paaom om npocmoti gynxyuu f(N)
o mepe Z(-).

20 B.M. Musuep u A.P.ITankos
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U3 onpenenenns cuemyer, aro I(f) € H, npuaem
M{I()P} = 3 Uelm(ae) = [ 1FQ) m(@)) < oo.
k=1 =

Tem cambiM mpocTpancTBa H U Lo CBA3aHBI CIEAYIOMUAM BayKHBIM COOT-
HOIIIEHUEM:

IO =111z

ngist Jioboit mpocroit f € Lo.
ITycts mocnenoBatenbrOCTh byHKUMit {f,} anmpokcnmupyer f € Loy
B cmbicre (14.13). Torma

I1(fn) = I(fa)ll = [fn — fmllL, =0 mpm n — o0

B cruty QyHIAMERTATLHOCTH { fp, }. Takmm 06pa3om, mocie0BaTebHOCTS
{I(f)} dymmamentasbna B H m, ciegoBaresnbHo, cxomurcs B H (T.e.
B C.K.-CMBICJIE) K HEKOTOPOMY TIPEJIEITY, KOTODBI Mbr o6ozHaqxmM [ (f) € H.

Onpenenenme 14.34. Cayvaiinas sesmamnua I(f) € H masbBaercs
cmozacmuueckum unmezpasom na E om dynxyuu f € Lo no opmoeo-
naavhot, cmozacmuyeckoti mepe Z(-) u obosHavaeTcs

I(f) = [ (N Z(d).

E

Henocpencrsenno u3 onpenenenus I(f) u cBO#CTB OpTOroHaJbHOM
CTOXaCTUYECKOH MEPHI CJIEJYIOT OCHOBHBIE CBOWMCTBA CTOXACTUYECKOTO WH-
TerpaJa.

Teopema 14.19. ITyemov f, g u fr, € La. To2da cnpasedauso
1) M{I(f)} = 0;

2) (I(f), 1(9)) = {f,9);

3) I(af + bg) = al(f)+bI(g) (P-n.n.), 2de a,b € C;

)

4) DU} = 11, = [ 1F0)P m(an);

E

5) cov{I(£). 1(9)} = (£.9) = | FN)gN) m(dN);
E

6) ecau fr, = f, n — 00 6 La, mo I(fn) LKy I(f), n — oo.

CsoiictBa 1-6 mwmpoko wucmomb3yiorcs B 1. 3.3, 4.2, 4.3, 9.3 npm
MOCTPOEHUH CHEKTPAJbHBLIX PA3JI0XKEHNi CTAIMOHAPHBIX IIPOLECCOB U U3Y-
YEHWH JIMHEWHBIX MTPeobpa3oBanmii Tocae1anX. KpoMe Toro, npuMeHeHneM
TaKUX WHTETPAJIOB MOXKHO OTPAHUYMTLCS IIPU M3Y4YEHHWU JUHEHHBIX CTO-
xacTuaeckux quddepeHnuaababX ypaBaeauil (cm. mm. 8.4, 11.3).
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§ 15. Berunciieane cnenuaibHbIX WHTETPAJIOB

15.1. UuTerpan BeposaTHOCTei. Jis BEepOSTHOCTHOTO AHAJIHM3A,
rayCCOBCKOrO CJIyYaflHOrO MPOIECCa BECHMa YaCTO TPUXOIUTCS] BBIUYUCISATH
uHTerpas BeposrHocreil (dyunkuuro Jlamaca)

b(x) = \/% J e /2dt, zeR (15.1)

— 00

O6brarO mponemypy BbramciaeHusi P(z) CBOIAT K ONPEJICJEHHUIO 3HA-
yenns dynkupn Po(x), Koropas ormaaercsa 0T P(x) TOILKO HHUKHAM
[IpeesIoM:

Bo(z) = \/L?_ﬂ Je_t2/2 dt, z>0. (15.2)

0

Us (15.1), (15.2) caenyer:

1/2 4 Po(z), ecmm x>0,
) = (15.3)
1/2 — §o(—z), ecmm z < 0.

Jast mpubanrkenHoro Berauciaenust $o(x) MOKHO BOCIOIB30BATHCS Clle-
AYIOIIUM COOTHOIIEHUEM:

x z2 z* z®
Po(z) = = [1—2.1!.3+22.2!.5—23.3!.74—...], (15.4)

npraeM (15.4) npumensercs npu @ < 3, a I & > 3 MOXKHO HCIONIb30BaTh
ACUMIITOTUIECKUN DS

e’ /? 1 1-3 1.-3.5 1-3-5.7
-+ + -,

T rt 6 8

Do) = % - ] . (15.5)

V21w

Coorromenns (15.3)—(15.5) TO3BOMAIOT BLIMACAATH 3HaYeHWE (DYHK-
mun P(x) ¢ a06oi TOYHOCTHIO, BAPBUPYS INCIO YIEHOB B DA3JIOXKEHU-

ax (15.4), (15.5).

20%*
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15.2. NHTerpasnl oT ApOOHO-PAMOHAJIBHBIX (PYHKIUA. Bor-
YHUCJICHUE JIUCIEePCUU CTallMOHAPHON CiydaliHONi IIOC/Ie0BaATEIbHOCTH
¢ JpOOHO-PAIMOHAJIBHON CIIEKTPAJIbHON IJIOTHOCTHIO CBOJUTCS K BBIYUC-
JIEHUIO WHTErpaja OT 0podHo-pauuonaivhoti GyHruuy

™ .
_ L[ EE™P
=5 | e (15.6)
—T

rae F(x) n H(z) — MHOrOWIEHBI CJIEYIOMErO BUIA:

Fz)=ao+ a1z + ...+ apa?,
{ ) ? (15.7)

H(z)=bo+bixz+...+bpz?, p>1,

npudeM MHOrowieHn H(z) — ycroiiuuBblil, T.e. BCe ero KOPHU JIeKaT BHE
Kpyra eJIWHUYHOTO PaJnyca C IEHTPOM B HadaJie KOOpAuWHAT. B 3ToM
ciygae uaTerpas (15.6) mpm sro6om p > 1 MoxkeT OBITH BBHIUNCIEH aHA-
JINTUYECKN C WCIIOIH30BAHUEM AJTOPATMA

1 p (ak 2
0 k=0 0

e koscbdummentsr {af}, {85} Brramcasiores no pexyppentabM dopumy-
gaM (masg k=p,p—1,...,0):

k=1 _ gk _ ok gh
{51 By — i B (15.9)

k-1 _ _k k k5
o] =af —viap, 1=0,1,..., k-1,

K3

rie obosmaueno vF = gk /gk.
Coorrontenust (15.9) peanmsylorcd €O CIAEIYIOMUMEA HAYAJIbLHBIME
SHAYCHUIMU:
.. AP — _
P=a;; BY=b, 1=0,1,...,p, (15.10)
rne {a;}, {b;} — xosddbunmenTer muorounenos F(z) m H(z) coorser-
CTBEHHO.
Jljisi BBIYMCIIEHHS JUCIEPCUH CTAIMOHAPHOW cirydaituolt dyHKuum
¢ APOOHO-PAITHOHAILHOM CIIEKTPAJIBHON MIIOTHOCTHIO MPUXOAATCA BBITHC-
JIATH UHTETPAJ

_ T gn(iN)
fn = J G (=) (15.11)
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rae gn(x) B hy(2) — MHOTOWIEHBI CIIELYIOIETO BAMA:

gn(T) = bpz®" 72 + b12®" " L 4 by,
(15.12)

hn(z) = apz™ + a1x™ ' + ... + an,

[IpUYeM MHOTOUYJIEH A, (Z) TAaKOB, YTO BCE €r0 KOPHH HMEIOT OTPHUIa-
TesIbHBIE JefiCTBUTENbHBIE JaCTH (T. €. JIEKAT B JIEBOH MOIYILIOCKOCTH) U
ag # 0. B srom cywae mast mo6oro n > 1 maTerpan (15.11) Berauncisercs
AHAJINTUYIECKH CJIEYIOIUM 00pa3oM:

_ _1\n+1 Nn
I, =n(-1) Dy’ (15.13)
rie
dig dip - dig
day dop -+ don
dn 1 dn,2 e dn n

) 3

dp,r = G2 —r, IPDIUEM cunTaeTcs, 4T0 ap = 0, ecnu k < 0 nam k > n;

bp dip - din
by  dap - dog

N, = det . . . (15.15)
bn—l dn,Z e dn n

3

B wactrocTn, nas corygaeB n = 1w n = 2 u3 (15.13)—(15.15) cexyior
aHaJUTHIeCKHE POPMYJIBI

bo I — aob1 — azbo
5 2 ="T——.
apai apa1az

_[1:7T

3aMeTnM, 9TO B CHJy OTPaHWYCHUI, HAJOXKEHHBIX Ha MHOTOYJICH
hn(z), onpenennrens Dy, # 0, nosromy maTerpas (15.11) cxogurest.
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— CHJIBHO COCTOATeNIbHas 142

— cocrogTenbHasa 68

— dunaprpanun C.K.-onTuMaJbHas 117

IInorrocTs nepexomnas 41

— pacmpeneseHus BeposgTHOCcTel 288
— ycioBHas 298

— — HeHOpMHpOBaHHas 118
TToampocTpancTBo Beogy miorHoe 281
— 3aMKHyTOe 281

— JjuHeitHOE 279

— HyJieBoe 280
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ITomosinenune npocrpancTBa 281

[TocnenoBaremprOCTD BecoBast 65, 70

— mpeackasyemasi 131

— croxacTuveckas 131

— dynnamenrtanpuas 281

— — IO BepOATHOCTH 295

— — IIOYTHU HaBepHOe 295

[Torok cobwrTmit 247

— — 0e3 nocaeneiicrBus 248

— — OAHOPOAHBIA  (CTAMOHADHBI)
247

— — opauHApHBIM 247

— — mpocTeiimmnit 248

— — IyaccoHOBCKUit 174, 248

[Torok c-anrebp 131, 196, 212

ITouru Bcromy 266

ITourn mHasepHOe (C BEPOATHOCTHIO 1)
286

IIporuos abcoIFOTHO TOYHBIH 75

— HaWTydIIui JIWHEeHHBIT 75

— C.K.-ONITUMAJIbHBIN 244

— TpUBUAJBHBIN 76

IIporunosupoBanue 244

[Iponomxenue mepsr 266

ITpoussoanasa Pamona—Hukomuma 275

— B CpeJlHEM KBaJipaTudeckom 153

— obobmennasa 156

[IpooGpas 270

IIpocrpancTBo BeposiTHOCTHOE 284

— rusbbepToBo 281

— u3MepuMoe 264

— — nauckpeTtHoe 266

— JyuHeitHOE 279

— — BellleCTBeHHOE (IefCTBUTEIBHOE)
279

— — KOMILIeKCHOe 279

—, IOPOXKJIEHHOE CJIyYaifHO} Iocjie10-
BaTEIbHOCTHIO 75

— ¢ Mepoit 266

— CIy4afiHbIX BEJIMYUH C KOHEYHBIM
BTOPBIM MOMeHTOM 52, 302

— 3JIEMEHTapPHBIX COOBITHI 284

IIponecc Opuimnreitna—Yienbeka 242

— OPOYHOBCKOIO JIBUKEHUsS 33

— poxpennd u rubenau 257

[Iyaccomosckuit mponecc 194

— — HeOJHOpOHbIN 194

— — 0606menHbIit 202

Paencrso ITapceBasisa 283

Pasnoxenne Bonbna 76

— Jy6a st cybmapTuaraga 136

PasmepHOCTh JIMHEWHOrO MPOCTpAH-
ctBa 280

Pacopenenenne Bepuymmm 289

— Ilyaccona 289

— abCoJIIoTHO HempepbiBHOE 278

— GuHoMuasIEHOE 289

— BeposATHOCTeM cocTosiHmit 84, 251

— rayccoBckoe (HopmaJsbHOe) 290

— — n-mepaoe 300

— JaucKpeTHOe 287

— HemnpepbIBHOE 288

— paBHOMepHOe 290

— cranuoHapHoe 91, 254

— 9KCIIOHEHIIHAJIbHOE
HOe) 290

Pan ©@ypoe 283

(mokaszaresnnb-

C.k.-unterpay 157

C.x.-ipegen 147, 295

C.k.-pousBogHas 153

C.K.-cxomumocTb 295

CeMelicTBO KOHEYHOMEDPHBIX pacIIpe-
JeJieHuii ciryvaifHoro mporecca 13

Ceuenne ciydaitnoro mporecca 11

Cummerpuanoe 6uryxganue 207

Cucrema 3JI€MEHTOB OPTOrOHAJILHAS
282

— — OpPTOHOpMAaJIbHas 282

CkaJgisipHoe npousseenne 280

— — B mpocTpaHcTBe H 52, 75, 302

Cuyaaitnast BesimanHa 286

— — (abcomoTHO) HenpepbiBHAA 288

— — rayccoBckas (HopMasubHast) 299

— — — craggapTHag 299

— — nuckperHas 287

— — IeHTpUpoBaHHas 291

Coayuqaitnas 3amena Bpemenn 138

CuygaifHasi TOCJIE€I0OBATEIBHOCTD 12

— — aBTOPErpPeCCUH — CKOJIb34IIETO
cpeaHero nopsiaka (p,q) 99

— — aBTOperpeccUoHHasl mopsiiKa p 98

— — rwibbepTOBa 65

— — JeTepMHUHHUPOBaHHALA 76

— — moguwHeHHas 76

— — IIOYTHU MepUoInvecKas 55

— — CKOJIB3SIIIIETO CPEJHErO IMOPS-
Ka q 99

— — cTanuoHapHas 53
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— — — JABYCTOPOHHETO
cpennero 57

— — — suHeitHag 57

— — — OJHOCTOPOHHErO CKOJIb3SIIIEro
cpennero 57

— — — peryJsgpHasa 75

— — — cuHrYyJIgpHasa 75

— — — CKOJIB3IIIEro CPeJHero mopsij-

CKOJIB34IIIero

Ka p 57

Cayuaiinas ¢gyukous 12, 147

— — muddepennupyemas  (moTpaek-
TopHO) 154

— — HempepbiBHast  (IOTPAEKTOPHO)
148

— — — IIOYTH HaBepHoe 148

— — Heymnpexjaromas 212

— — mpocTas 212

— — peryJysipHas 12

— — c.K.-auddepennupyemast 153

— — C.K.-HHTerpupyeMasg 157

— — C.K.-HellpepbIBHas 147

— — corytacoBaHHag 197

— — cranuoHapHada 167

CoryJaiiHble BeJUYUHBI HE3ABUCHUMBbIE
289

— — HeKOppeJInpoBaHHbIe 293

— — oproroHajbHble 293, 302

— — YKBUBAJICHTHBIE 286

CrydJaifHble MPOLECCH HEOTIIMIUMBIE
20

— — 9KBUBaJieHTHbIe 19, 152

— — — B IIHPOKOM CMBICTe 18

Cayuaitaerit BekTop 288

— — rayccosckuil (HopMasbHBt) 300

Cayugaiinbrit mponecc 11

— — BeIleCTBeHHbIN
HbIi) 12

— — BBIXOAANHN n3 Hyssa 188

— — rayccoBckuit 25, 29

— — ruwisbepToB 23

— — nuddysunonnoro tuma 46, 237

— — KOMIIIEKCHBII 12

— — MapKOBCKUii 39

— — — oxuHoponHbIi 40

— — obuoBasOmMIt 76, 241

— — ¢ OUCKPETHBIM BpeMeHeM 12

— — — KOHEYHBIMH MOMEHTaMH BTO-
poro nopsgaka 23

— — — HE3aBUCUMBIMU IIPUPAIIECHUSI-
mu 190

(meticTBUTEND-

— — — HeIPEePBIBHLIM BpeMeHeM 12

— — — OPTOTOHAJBLHBIMH [PUPAIIECHN-
amu 188

————— omHOpomHbIit 193

— — CTAI[MOHAPHBI B Y3KOM CMBICIIE
38

— — — — IHUPOKOM CMBICTIE 38

— — cuuTatomuii 194

— — IeHTPUPOBAHHBIN 22

CMeIaHHbIi MOMEHT Mopska k CiIy-
qaiHOro TIpornecca 26

CobbiTre mocToBepHOE 285

— HEBO3MOXKHOe 285

— IIPOTUBOIIOJIOKHOE 285

CobbiTust He3aBUCHUMBIE 285

— HecoBMecCTHBIe 285

Cocrosinue amepuoamdeckoe 88

— BO3BpaTHOe 88

— HeBO3BpaTHOe 88

— HecyIIecTBeHHOe 88

— HyJeBoe 88

— mepuoauydeckoe 88

— CyIrecTBeHHOe 88

Cocrostaust coobatonmecs: 88

CrekrpaJsbHas IOTHOCTE 54, 168

— — apobGHo-pamuoHaabHas 231

— ¢byukuusa 54, 168

CrekTpajibHOE Pa3JIOKEeHHEe KOBapua-
nuoHHOM dyHKIMu 54, 169

— — CTaI[HOHAapHOM IOCIeIOBATEIbLHO-
ctu 59

— — — dyukun 170

CpenHekBaipaTrdecKas MOTPEITHOCTD
68, 75

Croxacruyeckwuii rpad 85, 256

— muddepennman 217

Cy6bmaprunaran 131, 197

Cynepmaprunran 131, 197

CXOomuMOCTh B CpeJIHEM KBaJIpaTHIe-
CcKOM 295

— — — nopsaka p 295

— OTHOCHUTEJIbHO HOPMBI 280

— 10 BeposTHOCTH 294

— — Mepe 272

— — pacnpegesiernto (cinabast) 296

— IOYTH BCIOAy 272

— moyTu HaBepHOoe (C
crbio 1) 294

BEPOATHO-

Tenerpadubtii curnaa 175
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Teopema Boxnepa—Xwununna 168

— lepruorna 54

— Kanmana 112

— Kanmana—Brrocu 240

— Kapareomopu 266

— KosnmoropoBa o  cyumecTBoBanun
HeINpepbIBHON Momudukanumn 152

— — — — cay4aiinoro npormecca 18

— Jlépm 276

— JleGera 276

— Papona—Hukonuma 275

— Dary 277

— 0 0-aJIUTHUBHOCTHU WHTErpaJsa Jlebe-
ra 275

— — BUJE  HaWIydmei
ornenkn 303

— — — C.K.-ONTUMaJbHOII onenku 110,
298

————— B rayccoBCcKoM ciydae 110

— — 3aMeHe IIlepeMeHHOl B MHTerpaJe
JleGera 276

— — HOpMaJIbHOIT Koppessiuu 111, 300

— — CBSI3U PA3JIMYHBIX BUJIOB BEPOSIT-
HOCTHOM cxogumocTu 296

— — cyulecTBoBaHMM HuHTerpaja MVTo
214

— — — peIIleHNsT CTOXaCTUIECKOTO Au-
depeHmaIbHOro ypasHenus: 218

— — CXOOUMOCTH MapTHHTaJja 141

— 06 abCOIIOTHO HENPEPBIBHOCTH MH-
TerpaJia JleGera 275

Toxnecrsa Baabma 140

Tpaekropust (peajusanust) cirydaiino-
ro mporecca 12

JUHEHHOI

VYupasnsemocts (nosnas) 239

VYpapuenne Komamoroposa—Porkepa—
Ilmanka 47, 237

— Kounmoroposa—Yenmena 40, 251

— muddepeHnmaIbHOe CO CIIydIaitHOMR
npaBoii yacToio (suHeitnoe) 161

—————— , C IOCTOSTHHBIMH KO3~
unuentamu 179

— muddysun 48

— — C JUCKpEeTHBIM BpeMeHeM 119

— croxacTuyeckoe JuddepeHaIbHoe
218

— — — JsHeitHoe 219

— — — —, MOpOXK/EHHOE IIyaCCOHOB-
ckuM mporeccom 230

— — pazuoctHoe 106

— — — CTalXOHApPHOE,
cku ycroitunBoe 106

— XapakTepucrrdeckoe 98

Vpasuenus Kosnmoroposa asrebpan-
Jeckue 255

— — nuddepennuansube 252

— CTalMOHapHbIE METOJAa MOMEHTOB
107, 228

— — ¢unsrpa Kanmvana 115

— — — Kanvana—bBerocu 243

Ycnosue Jlunmuna 219

YcsioBus COrJIaCOBAHHOCTH CeMeHCTBa
KOHEYHOMEPHBIX pacrpezeseHnit 17

VeroitunsocTs (acumnroTudeckas) 99,
228

— MHOrOWIeHa 233

— HecTaluoHapHOU cucteMbl 230

— cToxacTuveckas 224

ACHMIITOTHUYE-

DakTOpU3anud CHEKTPAJbHOU ILIOT-
"ocTu 105

Dunprp Kanvana (auckpernsiii) 112

— — JINHeapW30BaHHBIN 123

— — pacmupeHHBIH 124

— Kanvana—Berocn 241

— dopmupyrommii 105, 233

— 9KCIIOHEHIIMAJBHOIO CIUIa’KWBAHMUS
69

Dopwmyita quddepeHIpoBaHns C.K.~UH-
TerpaJia 1o BepxHemy mpenery 159

— WHTETPUPOBAHUST MO YaCTAM JIJIst
C.K.-uHTerpaJia 159

————— CTOXaCTUIECKOrO HHTEr-
pana 192

— IOJTHOIO MAaTE€MAaTHIECKOIO OXKHIa-
Hus 298

— TIOJTHOU BeposiTHOCTHU 286

— npeobpa3oBaHus CIIEKTPAJIbHOU
IUIOTHOCTH IIPU JIMHEHHOM IIpeob-
pasoBanuu 61, 176

— croxacTudeckoro auddepernupo-
Banug Vto 221

DyHKIUY SKBUBAJIEHTHBIE 272

Oyuxuua Kommu 164

— Jlammaca 15, 299, 307

— abCcoJIioTHO HempepbiBHas 278

— 6opeseBckast 270

— BecoBad 178

— BbIOOpOYHas 12
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— JIMCKPETHOIo pacrpejeneHus 278

— nucnepcuonHad 22, 106

— npobHo-parmonasbHas 308

— u3mepumas 270

— uHTErpupyemas (CymMMupyemasi) o
Mepe 273

— KOBapHallMoHHas 22

— — BEKTOPHOI'O CJIydYaiHOro IIpoIec-
ca 25

— — B3auMHad 25

— — KOMILJIEKCHOT'O CJIy4aifHOro IIpO-
necca 23

— — CTaIlMOHAPHON CIydaiHOI mocJre-
IOBaTEJILHOCTHA 53

— — — — ¢dyuknun 167

— KOppeJsinuoHHasda 53

— HEOTPULATEJNLHO-ONpeiesieHHas 24,
36, 53, 167

— IJIOTHOCTH pacrpeneenus 278

— mpocTtag 271

— pacmupenenenus 267

— — BepogaTHOCcTeit 287

— — — cayd4aifHOro BekTopa 288

— cTrpyKTypHasa 304

— XapakKTepucrudeckas 292

— — k-mepHOro pacupeneneHust Ciy-
qaifHoro mpormecca 26

— spmuToBa 36, 53, 168

IlenTpanbuas mpenesbHasds TeopeMa
301

Hens MapkoBa (auckpernast) 83

— — anepuoguveckas 89

— — KoHeuHasd 42, 83

— — HepazJsiokuMag 89, 92

— — opHOpoaHadA 84

— — sproauveckas 91

YHacrorHast xapakrtepuctuka 60, 73,
176

OkcTpanonsuus 244

n-MepHas IUIOTHOCTb PACIpeIesIeHNs
cay4aifHoro mporecca 13

— dyurnua pacnpeneaenus 269

— — — cay4aiiHoro npormecca 13

f-unrerpaJ 216

o-alIUTUBHOCTE 265

o-anrebpa 264

— 6openesckas 267, 269

—, TIOPOXK/IEHHAsI CUCTEMOI MHOXKECTB
265

—, — cJiydaiiHoii BesmuuHoi 286

—, — — dyskumeit 212

—, — CJIy4ailHBIM BeKTOpOM 288

—, — dyskumeit 271

— TpuBHaJbHasA 264
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