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NNPEAUC/IOBUE

B sro#t Gpounrope comepmuTes pacunipestoe UsnOKeHHE aek-
UHH, 4iTaHHOM aBTOpOM s wKo/sHIKOB X u X KJIaccOB —
ydacTHiikoB MockoBckoit MaTeMmaTiiueckoi OJIHMIHALLL, & 3aTeM —
8 HECKO/IBLKO N3MEHEHHOM Bite — B MOCKOBCKOM NHCTHTYTE yco-
REPUICHCTBOBAHIS y4uTENLH.

Tema «Bossparinie nocnenoparenbnoctii> GaIZKA K WIKO/L-
HOMy Kypcy (apupMeTHUECKHE I TeOMeTpHuECKile NPOrpeccHil
TOCAENOBATENBHOCTL  KBAXPATOB HATYPaldbHBIX 4HCEN, [OCACHG-
BATCNBHOCTH  KOIPPIUHEHTOB YaCTHOTO MHOTOWIEHOB, PACIOJIO-
HEHHBIX 0 BO3PACTAIOWLIM CTemeHsM, i T. 1), Baecte ¢ Teu
5TO HacTofilast MaNeHpKas MaTeMartiueckas Teopus *), 3akou-
ACHHAd, OpoCTas, SICHAs, KaK W BCE TO, 4TO BHIWIO U3 PyK KPym-
HEHUINX MACTEPOB  MATEMATHYECKOTO AHAMNIZA, CO3AABILIIX 3Ty
Teopiio.

OCHOBB! TEOPHII BO3BPATHBIX MOC/ENOBATEbIOCTEH GBI pas-
PabOTaHbl I OMyOJNKOBAHE B NBALUATHX [OAX BOCE@MHALUATOTO
Beka (paHItysckIM MmaTeMaTnkoM Myaspon [ms koroporo socur
dopuyna:  (cos a -7 sin @) ==cos ng--isinny] u lommmm w3
UEpBLIX 1O BpeMeHnt uiexos [lerepOyprekofi Axamemmn Hayk
wseHnapckun  maremaruxoym  Hawmnom Bepuya. Pazsépuyryo
TEOPHO Max KPyMHEHUIH MaTeMaTIK BOCEMHAALATOTO BeKa nerep-
Oyprckuit akagemnk Jleonmapn Oftzep, NOCBATHBLUNE BO3BPATHEIM

*) I HCKYWBHHOTO B MaTeMaTHYECKOM aHATN3e YHTaTeis Mbl YKa-
HeM, UTO 3TO TOYHEIH aualor Teopud auuelunx guddepenuuanbinx
¥PaBHeHHH C MOCTOAHHBIME Ko3dduitHenTaMIL.
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oC/IE40BATENBHOCTAM (pSaaM) TPHHAXUATYIO I7IaBYy CBOErO «Bse-
neunst B aHaaH3 GeckoxewHo-manbix» (1748)*). M3 Gonee mosn-
Hux paboT c/AedyeT BEUISIATD I3JOWEHHE TEOPIHH  BO3BPATHBIX
1I0C/Ie KOBATEAbHOCTEH B Kypcax HCHHC/ACHHS KOHCHHRIX pasHocTei,
YUTAHHBIX SHAMEHIITHIMH PYCCKHAMH MaTeMaTHKaMH  aKaXeMHKaMu
M. J. Yebbmuessiv 1 A. A Mapkosbiv *¥).

*) CM. pycckuil [1€pSBOX M2PBOrO TOMA ITOFO TPYNA, HAMHCAHHOTO
Atinepom Ha Aatucko a3sk3: JI JAaep, Bseneuue B ananas 6ecKo-
HewHo-Maahlx, T. I, M.—J1,, 1936, crp. 197—218.

##) Gy, [ J.Ue6 bl wres, Teopus seposrHocTeil, NeKunn 1879 —
1830 rr., M.—JI, 1936, crp. 13)—147; A. A, Mapkos, Mcuxcrenue
KOHeYHbIX pasHocTell, 2-e usit., Omecca, 1910, c1p. 209—239.



1, [lousTiie BO3BpAaTHOH MOCAENXOBATE/NbHOCTH SIBJIACTCS MINPU-
KM OGOGLICHIIEM TMOHATHA APHAMETHUECKOH HJH reoMeTpHYEeCKOH
nporpeccun. Kak wacritble C/1yyan OHO OXBATHBACT TAaKke MOCAEA0-
BATE/ILHOCTH KBaAparToB 1M KyOOB HATYPaJbHLIX HHCEN, MOc/e-
10BATEAbHOCTH Ludp [AECATHUHOTO PABJNOMEHHT  PALUIOHANBHOTO
gucaa (4 BooGuwe Jo0uie M2pHOAMYECKIE [0C/IE10BATENbHOCTH),
[0c/Ie10BaTe ILHOCTH KO3PGUIIEHTOB YacTHOTO OT ACAEHHA INBYX
MHOTOY.JIEHOB, DACHOJNOMELHLIX MO BO3PACTAIOWIMM CTENEHAM X,
i T. n. Orcioga BHIHO, 9TO € BO3BPATHLIMII MOC/IEAOBATE/bHO-
CTSIMH B KypCE MATEMATHKH Cpeadefl KO/ BPHXOMHTCH BCTPE-
qaTbes BecbMa yacTo. Teopis BO3BPATHHIX MOC/IEIOBATE/IbHOCTEH
cocTasaser 0<o0yl0 rJaBy MaTeMATHYECKOH JAINCIMILINHBL, HA3BBA-
eMOHl uCHuCAcHUEM KOHeuHbX pa3Hocmeil. MH H3N0KHM  31€Ch
3Ty Teopuio, He Tpebysa OT 4HTaTe/d KaKux-1ubo rpeaBapuTe/ib-
HBIX CHEIUIA/bHBIX CBeaeHuHl (b B OXHOM MECTE Mbl COULIEMCH
6es noxasaTeabcTBA Ha oOulee INpemJIOKeHie, YCTaHABIHBAaEMOe
B TeOpHH /Minelinpx aareCpanyecKux ypaBsHeHHui).

2. Bynem 3anucHBaTh [OC/AENOBATENLHOCTH B BHIE

e (1)

W, Kopotku, {#,}. Ecam cyliecTByeT HaTypaibHOe 4HCIO ku
4HCAA @y, @gy +--, @ (ACHCTBHTENbHEC WIH MHHMHE), TAKHE,
4TO, HayHHAsl C HEKOTOPOro HOMEpa 7 M /sl BCeX CJeAyIOULHX
HOMEPOB,

un+k:alun+k-—l +a’2un+k——2+ e + a’kun \(712”7 = 1)’ (2)

10 mocaenopatenbrocth (1) HasHBaeTcs B038PAMHOL nocaedosa-
meapHOCMBIO NOpsSOxa R, a COOTHOLICHHE (2) —- so3spammsLm
ypasHenuen nopaoxa k.

Takum 0GpasoM, BO3BPATHASI MOC/ICAOBATENLHOCTD XAPAKTEPH-
3yercst TeM, yro Kawiwii wied e (HadMHag C HEKOTOPOTO H3

wy, Uy, Uy ooo , U
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HHX) BBIPAWAETCA Yepe3 OMHO II TO Ke KOJAHYeCTBO X Hermocpen-
CTBEHHO TPENINECTBYIOUHX eMy ureHoB nmo dopmynae (2). Camoe
HA3BAHHC «BO3BpaTHAs» (a TAKKE PEeKyPPEHTHAs, OT (paHIy3CKOTe
récurrente — BO3BPAIAIOIASICS K HAYAY) YHOTPEG/SIETCS HMEHHO
HOTOMY, 4TO 3[eCh HJ1A BBIYICACHHS [OC/AEIYIOHIEr0 4YleHa BO3-
BPaAOTCAd K MPEALICCTBYIONIHM usieHaM. [IpuBeméM HecKoabko
OPHMEPOB BO3BPATHHIX MOC/EAOBATE IHHOCTEH.

Ipumep 1. Feomerpuucckas nporpeccns. Mycts
HMEEM TEOMEeTPHYeCKYI0 HpOrpeccHio:

uy==a, Uy==aq, uy=aq? ..., u,=—ag""!, ..} (3

11a ne& ypaBueune (2) npuunmaer BHA:
un+1:qu/z‘ (4)

3neck £=1 u a;==q. Taxun 06pasom reomerpHyecKas npo-
rpeccHst sIB/ISIETCS BO3BPATHOM [OC/IEAOBATENHLHOCTHI0 MEPBOT O
opsIKa.

Hpumep 2. Apudpmernvyeckass nporpeccud, B cay-
dae apudMeTHyecKod nporpecci

uy=a, uy=a-d, u3=a-+4-2d,... ,u,—a-+(n—1)d,...

HMEEeM:
Upp1==Uy, + d

— COOTHOWIeHHE, He HMeoulee BHaa ypasuenns (2)*). Opuako,
€CJIN MHEl PacCMOTPHM 1IB3d COOTHOWIGHHS, HANMHCAHHLIC I ABYX
COCeaHHX 3HAYeHHH 7:

— ! I
un+2—”n+1—7—d Houy,, -ull+d’
TO IMIOJY4YHM M3 HHKX, ﬂyTé;\l NOYJEHHOI'O BHLIYATAHHS:

u —lln+1=ll u

ny2 n+l

I

Upyyo==2Uy - UL, (5)
— ypaBnenHe Bupa (2). 3mecs k=2, a;=2, g,==— 1. Cue-
HOBaTe/bHO, apHpMeTHYecKas NpPOrPecCHs SIBASETCS BO3BPaTHOH
HOCCAOBATEILHOCTBIO BTO POT O HOPSIAKA,

*) Jng nocreguero XapaxTepHo TO, 4TO B IPABYIO 4acTb €ro BXO-
RAT OJHH TOJNBKO YAEHBI [OCHSROBATEABHOCTH ¢ [OCTOAHMEIMH KO3dbu-
IHEBTAMH NIPH HYX,
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Mpuwmep 3. Pacemorpum crapuuuyio 3amauy Pubonayun *)
0 4HCAe KpoanKoB. B el tTpeGyercst onpen€MuTh YHC/IO Map 3pe-
JHIX KDPOJIKOB, 00PAa30BABIIMXCA OT OXHOIM MAapH B TeYEHHE TOAA,
€C/IH HM3BECTHO, YTO Kawpmas 3penas 11apa KPOJHKOB €XEMeCsuyHO
poWJaeT HOBYIO HAPY, NPHYEM HOBOPOMIAEHHMBIE MOCTHTAIOT MOJ-
HON 3peJIOCTH B Te4eHHe Mecsaua. B 3Tol 3amaue HUTEpeceH OTHIONL
He pe3y]bTaT, MOAYYHTH KOTOPHIH COBCEM HETPYIHO, HO HOCAEI0-
BATEABHOCTD, WIEHH KOTOPOH BLIDAWAIOT 00Ulee YHCIO 3PEahix
1ap KPOMHKOB B naYa/bublil MQMEHT (4,), Uepe3 Mecsil (4,), 4epes
aBa Mecqaua (#g) H, BooGule, yepes n# Mecsiues (U,4qq). Ouesnmuo,
y10 #y=1. Yepes mecsun npuGABHTCS Mapa HOBOPOWEEUHBIX, HO
4ICA0 3penbiX map Gyser npewsee: #,=—1. Yepes mBa mecsua
KPOJIbYaTa AOCTHFHYT 3PEJOCTH B ofulee YHC/A0 3pe/uX map 6yaeT
paBHO HBYM: #g=—=2, TlycTb MBl BBIYMCJIHJH YXKE€ KOMHYECTBO 3pe-
JHIX Nap 4epe3 f2-— 1 Mecaues —u, M MEPE3 7 MECSUEB ~— Upy1.
Tak Kak K 3TOMy BpeMmenn x, panee HMEBIUHXCS 3pE/IBIX map
AARYT eWE #, nap UPHIIONA, TO uepes n-4-1 wmecsaues obutee
YHC.I0 3pesHx nap Gymaer:

Uppo==Uppy +url‘ (6)
Orci0pa
uy=ugtuy, =3, u,=—u,tu;=>5, ug—=uy;-}u,=38,
=g —-uy;=13,...
Mbl noayusan TakuM 00pa3oM [10CTIeL0BATE IbHOCT

wy=1, wy=1, uy==2, u;=3, 1

(7)

u; =95, wu;=38, u;=13,..., J

B KOTOPOH Kawbif NOCAeAylouiHd yjieH PaBeH CyMMe JByX Ipe-
abiayutux. [locsenosaresbHOCTL 3Ta HA3BIBACTCA  nMOCAEA0BaME Ab-
Hocmbio Dubonanyu, a dieHbl ed — yucaamu Dubonayyu. Ypas-
HeuHe (6) mokasbiBaeT, yTo MocjaenoBaTeAbHOCTd PHOoHAYYH ecTb
BO3BPATHAsI 1OCJ/IE0BATELHOCTD BTOPOT O MOPAAKA.

MMpumep 4. B kauecTse cleayiollero nmpHMepa pacCMOTPHM
MOC1El0BATE/IBHOCTL KBAAPATOB HATYpaJbHBIX YHCEN:

uy =12, u,=22 u,=3% ..., u,=n? ... (8)

*) Pudonauuy, uag Jleomappo [lusauckulf, — urazpAnckuil cpexHe-
BeKOBBIK MaTeMartiuk (okoao 1200 r.)—ocrasua nocre ceba xuury «O6
aGake» (Liber abaci), comepxamylo obmupHble apHPMETHIECKHe U aiare-
OpauyecKne CBEIEHH, 3aMMCTBOBAHHbIE ¥ Haponos Cpeanedt Asuu u BH-
3aHTHALEB W TBOPYECKH UM mepepaboTaHuble H PasBHTBIE.



3necs #,, ,=(n41p2-=n?-+} on ~+1 u, crenosarensHo,

Uy, ==t,—-2n—1. (9)
YBeqHuHBas 7 HA ENHHHIY, NOIYYHM!
un+2:uﬂ+l+2n+3' (10,

W, cnexosate/bHO [BLIYMTAS MOU/IEHHO (9) us (10},

o —"un+1:un'+1'—“un+2'

uIH
Uy =20, —u, 2. (11)
YBemuuusast B papenctse (11) # Ha exmnHuny, Oyaem HMEThb:
Un. 3= 2un+2'—“un+1‘{_2; (12)

orkyna [swumutas nownenso (11) ua (12)]

R 2”n+2 - 3”n+1 + u,,
U

u’l+3:3ull1‘2 A_3un+1+un' (13)

Mbl (0y4HAH BO3BPATHOE YPABHEHHE TPETbETr O NOPSAKA.
CaenosaTe/1bHO, M0CJAEA0BATEIBHOCTL (8) ecTh BO3BpaTHasd mocje-
MOBATEIbHOCTb TPEeTbero nopsaka. IlonoGueiv ke ofpasom
HOKHO YOEZHTBCS R TOM, 4TO HOC/JIELOBATENHHOCTH ky6oB HaTy-
PalBHBIX YHCeN

13, 28 33 ... ms ... (14)

eCTb BO3BPATHASl LOCAEIOBATE/JIBHOCTh YETBEPTOTO [OPSAKA,
Yneun €& yZOBJAETBOPSIOT YPaBHEHUIO

Uptg=—- 4ll,l+3 —_ 6un+z—{—4un+l-—— lln, (15)

KOTOLO@ MpensaragM BBIBECTH YHTATEJO.

IMMpumep 5. K BO3BPaTHEIM OTHOCATCH BCE NEPHONUYECKHE
OC/AEN0BATEBHOCTH, PaccMOTpHM, HanmpnMep, HOCHeROBATE/Ib-
HOCTh WGP ACATHYHOTO DPA3/NOKEHHd HHCAa

761

@20,07132132132...

3nech
uy, =98, #y==7, wy=1, u,=3, l

‘ (16)

=2, wuy==1. =3, ...



OueBHAHO, 4YTO

u, ,=u, (n=3) (17)

n+3

Y1o6p MPENCTaBHTb ITO YpaBHEHHE B BHIEC (2), mepennuieM ero
caenyowum obpasom:

un+3=0'un+2+0'un+1+ 1-u,

Orciona BWAHO, YTO 3TO BO37PATHOE YDPABHEHHE TPETbLEro
nopsinka (k=3, a;=0, a,=0, a; = 1). Mrak, nocaenoparesb-
wocts (16) ectb BO3spaTHad MOC/EAOBATEJBLHOCTD TPETH2IO
nopauKa.

[Ipumep 6. Paccmorpum Temepb NOCTEA03ATE/IBHOCTD k03¢-
UINEHTOR 4aCTHOTO OT J2JEHHH ABYX MHOTOUIEHOB, Paclo.0-
WEHHLIX 10 Bo3pacTalomuy crenedsy x. Ilyctb

P(x)=Ay-+Ax 1 ceo A
Q(x)=By+Byx+ ... B+ (Bo=:0).

Bynem nemntb P(x) Ha Q(x); eciu P(x) ne meaurcs
#a Q (x) 6e3 octaTka, TO JeJeHIe MOKHO IIpO0/IKATh HEOrpa-
HHueHHo, B uaCTHOM OAHMu 32 IpyrHM OyAyT 1HOY4aTbCs HJICHH:

Dy Dy 4 Dyxt - Dyt = .. =Dyt
PaCCMOTpHM noc1e108aTeMbHOCTD
ul-——:De, uz—:Dl, “ery un:_—Dn___l, e (18)

4 JOKAWeM, 4TO OHa SIBASETCA BO3BPATHOH nopsiixa k (HarloMEHM,
qro k ectb crenenb meanrtens). as 31O HenH d.iKcnpyem npo-
H3B0.1bHOE HATYpaJabLHOE 4YHCIO 72, yLOBJIETEOPSIOULEE CHIMHCTBEH-
HOMY YC/OBHIO n>=1{-—Fk--1, H OCTAHOBUMCS B HPOLUELCCE pene-
4 Ha uJede YacTHOro, COHELKallen x"+k  Torma B OCTATKE
MOJYYNTCH HEKOTOPBIH MHOrowIeH R(x), comepwauuifi x B CTe-
flensx Bbilue, ueMm f1—|}- k. 3anHCHBag COOTHOUIEHUC MEXAy HeJn-
MbIM, JACJHTe]eM, HYACTHHIM H OCTaTKOM, noAyuHM CJAeAyIouLee
TOXKIECTBO:

Ao‘}‘-“‘l—Ale:: -
%
={(By+ .- —{:kae)-(Do—«}— e —{—Dn+kx"+k)+R(x).
Haiiném ko3hduuu>HTh NIpH x"tk g jeBoli M rpasoi uacTax

9TOrO TOWLeCTEA # NCHpaBHseM HX Mexcy cobod. Tak Kax
n-t-kz=1--1, 10 Ko3pPHUNEHT NPH X"k B nesoll 4acTH paBeH

9



wyao. [lostomy pomken paBHATbCH HYy/HO H K03PHUHEHT NPH
n+k g npasoil yactn. Ho wieubt ¢ x®** conepxarcst 31€Ch TONBKO
8 apomssenemmi (By— ... Bux®) (Do . 4 Dy pH)
[ocraTok R(x), KaK Mul yKa3bBaaH, COLEPKHT X B 6oJee BHICO-
kux creneusx], ITostomy HCKOMBIA K03(PHIHEHT ecTh

Dn+kBO+Dn+k—1Bl+""‘{—Dan; (19)
10 MPemHAYUAMY OH HOMKEH DABHATHCA HYJIO!
D, xBo+ DyypaBrt- ~+ D,By=0,
otkyna (BCromuuM, 4To By== 0)
B
Dyp=— 'B_;Dn+k~1 —_—.—=£D  (nz=l--—k-}1) (20)

310 — BO3BPATHOE ypaBHEHHe O PAAK A k&, OTKYNA U C/CNYET,
yro mnocaexoBarenpHocTb (18) ecTh BO3BpaTHA NOCACIOBATE.b-
HOCTb mOpAnKa K.

3. M3 Bcex pacCMOTPEHHHIX IIPHMepoB Hanbouee o6uiHi Xapak-
tep umeer npumep 6. llokaxem, 4TO npouU3BOAbHASL BO3BPAMHAS
nocedosame AsHOCHy nopadra k

uy, Uy ..., U (21)

ar e
VA08.AeMBOPAIONLGS YPABHEHILIO 8u0Q

Upy o=l oy« 0, (n=mz=1), (22)
cognadaent ¢ nocAc008aMeAbHOCHIBIO K03PUIUEHINOE HACMHOZ0,

NOAYHEHHO20 0Nt OeneHUu st HeKOMop 020 MHOZ0HAeHA P(x) nHa xHO-

204.0H
Qx)==1—ax — ... —apx" (23y

ITycTb 72— 1IPOM3BO/IBHOR HATYPAALHOE YIC/O, YAOBASTBOPSIO-
uiee yCJAOBHIO n>k+m— 2; yMmuoxmM Muorodies Q(x) Ha
ay - uyx d-ugx? Lo -, g x" Toayune

(1 — a5 — apx2— ... — a, %) (uy -6+

e TN Lo s SR RN
= [uy - (y— auy) x4 ... -

+ (uk+m——1 LIS S a’k”m—-l) xk+m—z] +
+[(uk+m"” Qlpem—1™" akum) xhrm=t +
4 e, — = @l iy X"} —

- [(alun+1+ trt +akun~k+2) Kt + e +a’kan+1xn+k]' (24)

3mech B HepBOH KBagparHo#t CkOOKE HAXOIHTCA MHOTO4YJIEH
crenenn He Bbimie [==Fk - m-— 2, ko3QuIHEHTH KOTOPOTO HE

10



338BHCAT OT B3AT0r0 HaMM 4uCaAa 72; Mbl 0603HaYMM ero yepes P(x):

Pxy=u; + (4 —agu) x+
. — —_ R+m—32

F o ey Ol — o — O, ) X . (25)

B cnenyioweii kBagpatHo#t CKOGKe HaxOAMTCS MHOTOYJIEH, BCE

X03(GHUHEHTE KOTOPOTO pPABHE HYJIO, B CHAY paBencta (22).

Hakonen, B nocnemneil ksanpaTHOH CkOGKe 3aKJIOUAETCH MHOCQ-

4n1eH, Ko3¢guuuenTol KOTOPOro 3aBHCAT OT #; OH HE CONEPKHT

unenoB crenedn umke n--1. OGosnayas ero uepes R, (x),
fnepenuuieM TOxAecTBO (24) B BHIE

Px)= (1 —ax—ax?— ... —ax*) (44 u,x 4
4+ .. a2 +R,(x).  (26)

Orciona Buano, wto a4 —-upx ... 4 u,, x™ npexcrasnser
4acTnoe, a R, (x)—ocratox o1 xenenns P(x) Ha

QX)=1—ax—ax*—... —ax*,

iy, llz,¢.. y ll/n, lln+],.-u,
AeNCTBUTE/IBHO SBJASETCH IOC/EAOBATENLHOCTBIO KO3IPPHIMEHTOB
4aCTHOTO, TNOJYY4aeMOro OT Heslennss MHOrouseHa (25) ua (23).

B BHae npHMepa paccMOTpHM MOC/eA0BaTENLHOCTh P HOOHAYYH:
y=1, wy=1, w3=—=2, u,=3, u;=3>5, ...
Tak xax eé& uJjedn YAOBJ/IETBOPAIOT YPaBHEHHIO

un+2:un+l+un (”21)’

10 30ech m=1, k=2, a;==1, a,=1 1 Q(x)=1 —x — x3,
Mrorounen  P(x) xomkeH WMeTb CTelleHb He  BHILQ
kE4-m—2=1. Ilo ¢opmyae (25) nonyuaem:

Plx)==1-(1—1-1)x=1.

Mrak, uyncaa Punbonavyum cosnagaoT ¢ n0Ce108aTeAbHOCTBIO
xk03¢puuuenToB Yactuoro ot xedenus 1 wa 1 — x — x2,

4, Oxun W3 BONPOCOB, KOTOPHIH NMPHXOAHTCH peliaTh B Kype
€petHelt LIKOJIB OTHOCHTEABHO apudMeTHYeCKOH H reOMeTpPHYECKOMH
nporpeccui, a TaxKe I10OC/AENOBATE/bHOCTH KBAXpPaTOB HaTypa/abHBIX
YHCEJ, 3aKJI0YaeTCs B OTLICKAHHM CYMMbl 72 YJIEHOB KawaoH H3
9THX II0C/ef0BaTeNLHOCTEH.

- Hlycts, BOOGuIE,

fy, Uy, ..., Uy ... (27)
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— BO3BpaTHAs 110C/IEOBATENBHOCTL MOPALKA k, ujeHHl KOTOpOH
YIOBJAETBOPHIOT YpaBHEHHIO:

Uy =ity T eyt o +au, (n=m). (28)

PaccMOTPHM HOBYIO NOCJIEN0BATEIbHOCTD, 06pacOBaHHYI0 CYM-
Mamn S, uncen (27):

==y, Syl gy ey Sp==tia e F e (29)

H TIOKAXEM, YTO 3Ta NOC/IELOBATENBHOCTD CYMM HBJSCTCH Tawkme
BO3BpaTHOM, Topsiaka k-1, mpuuéM e€ UICHH YIOBJCTBOPSIOT
ypaBHeHHIO

Spakr1™ 1 +a1 n+k+
+(a;—ay) n+k—1+ voe @y — @) Spyy— WS (30)
s 1OKa3aTeNbCTBA 3aMETHM, 4TO

Uy=S8,, Uy==S;— U ==S,—Sp «.. \

ety =Sy — (et ) =8, S - J

Monaras s,==0 TaK, 4TO & ==S;— Sp, W NMOACTAB/HHA B ypaB-
nenue (28) BMeCTO #y, Uz, ..., U HX BblpaxeHus uepes
8gy Sis s ooy Spa o vs, DOAYHUM:

Sprk ™ Spyr1— 4 (Sn+k—1 - sn+k—-‘3) +
+ az (5n+k-2 "_Sn+k—3) + . + ay (sn—sn—l)'
oTKYNRA

n+k'—(1 +a)) n+k—1+
+laz—a) Spppyt - - A (ay—a,y) Sy @S,y (n=m),
WIH, 3aMeHss 34eCb 7 uepe3 n—}—l'

nrkel +al n+k+ Qy— Snik- 1+ +
—}—(ak——ak,‘l)s”+1 a;s, (r=m—1M.
D10— BO3BpaTHOE ypaBHehue nopsaxa k—-1.
[IpuBenéM HECKONLKO MPIIMEPOB:
a) Teomerpuuecxag nporpecchs, 3necs u, == aq"~

ws,=u+uyt.. . Au,=a-+tagt-.. . +4-aq""N Tax  wax
unenh {1} yROBNETBOPSIOT yYPAaBHEHWIO BUNA W, ,==(qU, TO
YneHn {S,} AOMKHB YNOBAETBOPHTHL YPABHEHIIO

Spae= (1 + q) Sn+1—qsn' (32)
6) MMocnenoBaTeAbrROCTbh KBAAPATOB HATYPAIb-
HEHX dncen. 3mech #,=—n? n s,=1-422-4. . . f-n? Tax

12
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kak 4ieHn {u,} YAOBJETBOPSIOT YPABHEHHIO
Uy ==8Up ™ Bity T+ n
(cM. ctp. 8), TO w/ieHHl {s,} ynoBnetBOpsIOT YypaBHEHHIO BuIa
Sppa==4Sp 43 65,4 + 454417 Sar
g) UYncaa ¢nbonauun. Tak kak OHH yA0BJETBOPSIOT
ypaBHEHH!O
U™ Unyg + iy
TO CYMMB HX S, AO/DKHH YIOBAETBOPHTb ypaBHEHHIO

sn+3:2s”+2—~—s

n

5. B cayuae npocTeflinX BO3BPATHBIX f0C/iEN0BATENLHOCTEH
wanpumep apudmerTnuecxod H reoMeTpnyeckoii nporpeccu#, 10-
c/e0BaTeNbHOCTIT KBaapaToB HJH xy6oB HaTypaibHHX 4HCe],
a Taxke TepHOANYECKOH MOC/Ie10BaTENbHOCTH, Mbl MOMXeM Haxo-
AnThH JAl060H uneH TOCAENOBaTeNbHOCTH, HE npuberas K BbltH-
C/AGHHIO TIPEAIIeCTBYIOUHX YACHOB. B cayuae Xe mocneroBateib-
HocTu uncea $ubonatun HIH of6eit  nmocae108aTenbHOCTH
k03¢ PHUMEHTOB MACTHOrO OT AereHHs ABYX MHOrOU/IEHOB, Mbl, -HA
nepBLIl  B3rASd, HE HMEEM BOIMOKHOCTH ans 3TOrO, M 4TOOH
BLIYMCANTE  TPHHALLATOE  HHCAO duboHauull  #yy, HAXOLHM
fApeaBapHTe/bHO, OAIIH 3a APYTHM, BCE npealecTBy ouHe WieHH
(noab3ysich ypaBHEHHEM Uy, ==y, 1)

=1, wuy==1, t, =2, =3, u5=:5, u6=8,
u7:13, us"—:Ql, u9:34, =55, u,; =89,
ulz;—:144, u13:_—233.

3aiMEMCs TENEPb ETAMBHEIM HCCACAOBAHHEM CTPYKTYph! 4i¢-
HOB BO3BPATHOH TIOC/IELOBATENBHOCTH M B pe3yabrdre NOJyUHM
¢opMy/isl, TIO3BOJSIOUIIIE BHMHCAATL B CaMOM obluem ciyvae Jio-
Goft uneH BO3BpATHOH NOCACIOBATENBHOCTH, HE npuberas K Bbl-
YHCACHHIO MPELmecTBYIOuUiX unenos. PopMybl 9TH MONHO Oynet
paccMaTpHBaTbh, KaK JHaNexo HAylHe o6o6wennst Gopmyn And
o6uwiero usiena aplMeTHUECKOH H/A reoMeTpHUYECKOH nporpeccnf,

MycTtb
uﬂ+k:a1un+k—1+azun+k—2+' . '+akun (33)

—— BO3BparHOR ypPaBHEHHE TOPSAKA £K. Ecin OHO BHNONHAETCH
AJIs BCEX HATypa/bHBIX 3HaueHuil n= 1, 2, 3, ..., TO, MOJNOKHE
n=—=1, nOay4uM:

Uy == Qi+ Qally T A



Wrak, 3nas uy, u,, ..., #,, MOWHO BHMHCHHIb 4,,,. [ona-
ras 3aTeM B ypasuewnn (33) n—2, ualiném:

Uppo=0ly - au, . . - au,.
Crenosare/ibHO, HaM HM3BECTHO Tereph H 3HaueHHe ,,,. BooGue,
€C/H /M — KaKoe-MHGO HATYpa/IbHOE YHC/IO, H MH BLIYHCAHIR ywe
YJIEHH TOC/Ie[0BaTe/NbHOCTH

uy, 4z ..., ukr uk+1’ RIS um+k—1'

TO, moJsarast B ypasHenun (33) n—m, MH HalnéMm H3 Hero cie-
AYIOUH 4JI€H U, , ..

Wrak, wiennl BO3BpaTHOH I[OC/NEROBATENLHOCTH IMOpSiika k&,
YIOBJIeTBOpsitOIIell ypasuennto (33), onpexpendioTcd eXMHCTBEH-
HEIM 00pa3oM C MOMOLLLIO 3TOrO ypaBHEHHs, €C/H M3BECTHH Iep-
Bhle & WIEHOB I0C/I€AOBATE/NbHOCTH: #;, 2, ..., 4, Buibupas
HX Pa3/IMYHLIME cnocofaMu  (3TOT BHLIGOp He CBA3aH HHKAKHMH
OTPaHHUYEHHSAMH), MOXKEM IMO0JYy4yHTh OGECKOHEYHOE MHOMKECTBO pa3-
JMYHBIX NOC/IEA0BATEIbHOCTEH, YHOBIETBOPHIOUIHX ypaBHEHHIO (33).
Wx pasimune mewmay coGo#t Gymer NpOSBAATLCH YKE B MEPBHIX
B 4nenax (o kpaiineit Mepe, B oxHOM H3 HNX) H Gymer oOHa-
PYWHBATBCH TAKKE H B Aa’bHEHIINX yJ/IeHAX,

Tak, sanpumep, ypaBHeHHIO MepBOrO nopsakxa
un+1:qun

yDOBNETBOPSIIOT BCEBO3MOXHBIE [EOMETPHUECKHE MPOrpeccHu o
3HameHaTesleM ¢ (OHM pa3AH4AOTCd APYr OT APYra 3HAYECHHAMMN
NepBOro WIEHa «;); ypaBHEHHI0 BTOPOrO MOPALKA

Uyoy= 2un-H — i,

(nam @, ,—4, , —U,, —u,) YAOBJETBOPSIOT BCCBO3MOXKHLIE
apudMeTHIECKREe TpPOrpeccHn, pas3judaicliiecs JApYr OT Jpyra,
1o xpafiHei Mepe B OQHOM H3 uneHOB 4, =—=a H 4,=—=a-}d, n,
Clle0BaTe/IbHO, pa3anyarouipecs JAn00 3HaueHHeM IepBOro uJje-
Ha (@), nu6Oo 3nauenuem pa3nocTH (d), b0 TeM H JPYTHM BMECTE.

PaccvorpuM el ypaBHeHHe BTOPOro INopsiaka
un+2:un+1f}_un'
EMy, kpome nocsenosatenpHoctH Pubonayun:
1, 1, 2, 3, 5, 8, 13, 21, 34, ...,

YapaxkTepusylolmeics TeM, 4TO 34eCh iy =—=u,==1, ynoBJerso-
paeT elld OecKOHeuHOe MHOWECTBO XPYTHX 10C/Ie ZOBATE NLHOCTER |
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10/Ty4alOUAXCsi NIPH PA3THYHOM BhIGOpE 3HaueHnit #; H 4y, Tak,
HaripuMep, npn 4;=—3 H #;==1 TnONydaeM NOCIENOBATE/L
HOCTB:

—3, 1, —2,—1,—3, —4, —7, —11, —18, —29, ...

[lyctb MBl HMEEM HEKOTOpOe KOJH4EeCTBO 110C/1€ 1 0BATE/IBHO-
cTelf, YAOBNETBOPAIOUIAX OXHOMY M TOMY e YpaBHEHHIO (33):

X"ly x21 I ] x@p ’
Vis Yoy coor Yo oo
(34)
2y, 22, .. g
Torza BWIO/NHSIOTCH ypaBHEHHS:

_——— | B
xn+k—alxn+k—-1+azxn+k—2+- . -+akxn’ \\
yn+k:a1yn+k—1+aZ)’n+k~—2+' . '+aky71’ ; (35)

— !
zn+k'—alzn+k—1+azzn+k-2+ TGy

Bo3pmMgM mpousposibHbie uHcaa A, B, ..., C, no 4Hcay 1o-
cnenoparensiocTelt (34), yMHOMHM BCE WISHB IIEpBOro U3 ypas-
neun# (35) ma A, Broporo Ha B, ..., MOCNEAHEro Ha C n cno-

#nm. Torna MoNy4YuM paBeHCTBO:

“4xn+k+3yn+k+' . + Czn+k:
=4 (Ax;z+k—1 + Byn+k—1 + . + Czn+k—1) +
+ a (Axn+k—2+ Byn+k—2 + .. + Cz‘n+k—-2) +
4. a,(Ax, -+ By, A .. - Cz). (36)
M3 sero caeayer, 4TO NOC/JAEROBATE/IBHOCTD
1, ==Ax; -+ By + ...+ Cz,
ty, = Axy— By, .. .+ Cza
(37)
t'z:Axn+Byrt+' : '+Czn’
goayyalouascs M3 nocaeosatensocTell (34) nyTém yMHOMEHHH
BCEX WIEHOB IEpBOH H3 HHX Ha A, BTOPOH Ha B, ..., nocaente
4a C M 3aTeM OYIEHHOTO CIOXEHHS [10C/IeR0BaTe/IbHOCTeH (mepBBIX
4/IeHOB C TEPBLIMH, BTOPHIX CO BTOPHIMH H T. J.), YAOBNETBOPSCT
naunomy ypasHetinio (33). [Toap3ysich MpOH3BO/OM B Buifope uHceA

, B, ..., C, unl mOXeM, H3MeHsis 3TH 4HC/3, NOTyyaTh, BO-
obuie TOBOpS, pa3NH4YHbE 3HAYCHHs HI/ICHOB ty, ta, t3, ...

15



Iycts Teneps

iy, z, ..., u”,‘ (38)

— Kakaf-1160 10C/1e0BaTe/IbHOCTb, YAOBICTBOPHIONIAs ypaBHe-
nmio (33); cnpanmsaetcs, Aeauad au npnaare uncaaw 4, B, ..., C
_ Takue 3Hayenns, uToOH! nepBbe & 4ICHOB NOCACAOBATEBHOCTH (37)
coBNmami Gb ¢ NEpPBHIMH /£ 4ieHamil MocjaeioBareabHocTH (38)?
Ecan ato yaactcs, T0 0o MpedblAylileMy cOBNAyT H BCE WIEHH
nocaenoBaressioctelt (37) m (38), T. e. mul 6y11ew HMCTH TIpH
M1060M HATYpajbHOM fI
u,=Ax, -+ By,+4...-}Cz,. (39)
Takum 00pasoyM, 1epen 1aMil  OTKPLIBAETCH  BO3MOMCHOCTb
(1oxka runoTeTHyeCkas) NpCACTABAATH N100yI0 n3 Oeckonel-
HOr0 MHOMECTBA MOC/AeA0BATCALHOCTEH, YAOBACTBOPSIOLLIX OLHOMY
H TOMY 3Ke BO3BpAaTHOMY YP4BHEHHIO HOpPsAKA £, UCPE3 HEKOTO-
pue u3 nux (34), uo dopsyae (39). Peammsauus 3104 BO3-
MOXHOCFII 3aBHCHT OT TOrO, BO3MOWHO Jhi N0A00paTh 4YACTA
A, B, ..., C tak, 4roGu YIXOBJETBOPSINCH YPaBHEHHA:

Ax <+ By, +. . .- Cz ==uy,

Ax, By, “ e Cz, == 1,
2 By -+ Cz, 2 (10)

Axk—{—Byk~|—.. - Czp=u,

¢ TIPOM3BOJLHO 3aAaHHHIMH 3HAUEHHAMN OpaBblx u4acTell 4,
Uy, ..y Up.

Tak Kak HEH3BECTHLIMH 34ech sisjaloTcs uucna 4, B, ..., C,
a YHCAO ypaBHEHIH DAaBHO TOPAAKY A BO3BPATHOLO YpaBHeHNS,
TO OTCIOAA cJelyeT, uTo H KOAIYecTBo Heuwdsecrnwx 4, B, ..., C
[a ono coBmamaer ¢ KOATMECTBOM TIOC/e10BaTeJbHOCTEN (34)],
1e1ecooBpasHo B3sTh TaKke paBHbIM k. Myl 3naem, 4ro Hamuume
pewennii y cucremsl k anreGpanuecknx ypasueun#t (40) c k
nenzsectHuMil A, B, ..., C 3aBHCHT OT TOrO, KaKOBW KO3(-
duuHenTsl 3TOH CHCTEMB Xy, Vi, <oy 21 ooy gy Vi oo 0r Zpn
T. €. OT TOTO, K4KOBhl HAYaAbULIE UJenLl 10CAe 0BaTebHOCTEH (34).
-Peulenne Hamephoe Oyaer CyulecTBOBaTb, NpPH  [POH3BOJBHLIX

ApaBHX 4aCTAX Uy, Uy, ..., Uy, €CJAH MH TOJOKHUM, HanpHMep,
1::1 yl-":O L ey 21:0; ‘
x,==0, y,=1, ..., 2,==0; 1)
xk_.O yk_——O ,,.,zk:l. [



B camom mene, B 3TOM cayuae cuctema (40) npuuimaer
apocTefiunil BHE, cpasy OOHapYXHBAIOWMA peHreHie CHCTEMEl

:ul’
B::llz,
c e e e .
C=u,.

Konedno, Bo3MOMeH U MHOH BHIOOp 4Yucen

KXiy eves 21y ooy xk’ ceer Zp

npu Kotopom cuctema (40) mmeer peuwiedne, KaxoBbl On  HY
6uH npaBuie vacTH ypaBienn#. Hanpumep, noioxnm

x,=1, yy=1, ..., zr=1
x,=0, y,=1, ..., =1

(42)
x,=0, ¥, == 0, ..., Zz=1. '

Torpa cucrema MpnMer BilAl

A+B-+}. .. C=uy,
B1-...4-C=u,,
C==u,,

OTKyAa [0C/IENOBATENbHO NONYUaeM:

C=u, ..., B=u,—u, A=u,—u,.

QO6pautasick ¥ ofutemy ciyyaio, $opMyaupyem CIEAYIOULYIO
TEeopeMy.:

Jlas moz0 umobs cucmema k AuHelinblx aaze0pauyeckux
ypasuenui (40) ¢ k Heu secmusLMu umea peuwstie A, B, ....C
4 npumox eOUHCMBEHKOe, npU  AIO0bLX SHQUEHUAX NPasbx
yacmell 1wy, Uy, .., Up Heabx0dumo u Oocmamiuno, #moosl
coomsemcmsyOuan el 00HOPOOHAS CuCmena :

Ax1+By1—{—. . .+C21:0,
Axy— By, ... Cz, =0,

Ax,~+ By,+. .+ Cz,=0

2 BosspaTHbie NOC/AELOLATENLHOCTH 17
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umesa 6w OOHO MOABKO HYAes0e pewserue *):
A:B_—_, . ..—_‘C:'O.

YurtaTenb JMeTKO MPOBEPHT, 4TO YCJOBHE 3TOH TEOPeMb BhI-
NOJHAETCS B HACTHHIX ciayyasx (41) u (42). B nanpmefimem mu
CTONKHEMCH CO C/Ay4asdMH, B KOTOPHIX BBICKA3aHHOE IPENJIO-
WeHne OkaweTcs mnose3nbiM. [loka ke Oymem mpocto ommparthes
ua TOT GakKT (ycTaHOB/NEHHHH He3aBHCHMO OT nocieliHell Teopemsl),
9T0 BCETNA CYWECTBYIOT WHCAA Xy «vwy 21, cnvy Xpy vuey 2y
[savanpuuie  unenmst mocnexosatensuocredt  (34)], rtakme, uro
cucrema  ypasuenn#i  (40) umeer pemeHHﬂ npu  mo6hIX
uy, Uz ..., U,

Ecan 4mcna Ttakoro poxa BHOpaHH B KA4eCTBE HAYa/bHBHIX
"“WIGHOB MOc/exoBaTenstocTelt (34), To, 10 mpeasixymiemy, ao6as
NOC/NEAOBATe/bHOCTD, YAOBJETBOPAIOUIAA BO3BPATHOMY YpaBHe-
unio (33), Buipasutcd 1o ¢dopmyne (39), raeuncma A4, B, ..., C
onipenensiorcss M3 ypasHenn#t (40). Cucrema k& nocnexosarens-
Hoctelt (34), uepe3 koTopble useHH JI060H MOCTEROBATENLHOCTH,
yxoBieTBOpsiouiedt XauHomy ypapHennio (33), Buipawaiorcs IO
dopmynam (39) (1. e. myTéM YMHOMWEHHMS HA HEKOTOpHIE YHCIa
A, B, ..., C # cnoxenufl), HaseBaeTcd 0a3UCOM BO3BPATHOrO
ypaBHeHHd. -

V3 M3710%eHHOrO CcAeAyeT, YTO KaKA0e ypasHeHHe oGnanaer
6azncoM, KOTOpHH MOXHO BHOHpaTh Mo-pasiomy. Hanpumep,

#) YKa3aHHOe NpelIOXeHue YAoGHO TeM, 4TO OHO He Tpebyer
1A CBOEro fIpHMeHEeHHs 3HAKOMCTBA ¢ Teopueil ompeaenutenei. [las
qMTarens, 3HaKOMOFO C 3TOH TeopHeH, HAfOMHHUM, YTO AAS CYLIECTBO-
BaHus pewenusa cucrembl (40), Apun M06BIX 3Ha4eHHAX MPaBuIX yacTeil

ITHX YpaBHeHui, HEOGXOAHMO H JOCTATOYHO, 4YTOOH ofpenedTens
CHCTEMH N

Xy o ... 2
X ¥, el 2
R M 2
Xn Yu o Zn

6bi1 OTAHYEH OT Hyad. ITO e YCIOBHe HeO6XOAMMO H JOCTaTO4HO
148 TOro, 4TO6MW pellenne cHcTeMbl (40) ABAANOCH €AHHCTBEHHBIM HPH
KaKHX-T460 (UKCHPOBAHHBIX TMPABLIX YACTAX (HAPHMEP, PABHBIX HYAIO).
Taxum 06pasoM aaf CHCTEMHl 2 JHHEHHBIX YpaBHEHHH C & HeH3BeCT-
HBIMH YCAOBUS CYUISCTBOBAHMWS pelleHds NpPH JIO6bIX NPaBBIX 4acTAY
COBMA/AIOT ¢ YCAOBUAMH €JIMHCTBEHHOCTH PEeIIeHud NPH HYJAEeBWX fpa-
BHIX dacTsAX. MMeHHO 9TOT daxt M BHpameH B HPENNOKEHHH, NpuUBe-
ACHHOM B Texcre.
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CHCTeMW ¢ HA4YaNbHHIMR YICHAMHI

1,0, ...,0 5,1, ..., 1
0,1,...,0 0,1, ..,1
L.

0,0...,1 0, 0, > 1
| | —

o6 pa3yloT 6a3Hc [IPOU3BOJIBHOTO BO3BPATHOIO Y PABHEHNS MOPSAHKA R.

[loxBexéM HTOTHM ckalasHOMY B m, 5.

Lrs Kancdozo 8033pamnoeo ypasHeHus nopaoka k cywecm-
syem OeCKOHEUHOE MHOXCECMBO PA3AUMHHX, YOO8AEMBOPAIOUUX
emy nocaedosamensrocmeri. JIoOywo u3 HUX MONCHO cocmasums
u3 k nocaedosamensocmed, yO084eMEOPRIOWUX IMOMY YPABHE=
Huio 4 obpasywouux e20 06asuc, nymém YMHONCEHUn Kaxicdol
u3 k nocaedogamessHOCMEl COOMBEMCMBEHHO HQ HeKOMOpué
gucaa A, B, ..., C u HOuReHHOZ0 CAOMHCEHUS.

Taxum 06pa3zom 04 NOAHOZO PeuleHUsT B036PAMHOZO YPASHe-
Hus nopaoxka k docmamouHo Hadmu auumib KOHeyHoe Hucso R
ydosaemsopauux emy nocAe008amMesbHOCHed, 00pa3youUx
fa3uc 3mo20 YpasHeHUs.

[TosicHUM cka3aHHOe MPHMepaMH.

lIpumep 1. Ilycts nmaHo Bo3BpaTHOe ypaBHeHHe BTOPOro
nopsigka:
w1 pe
Ero 6asnc momken coctodTh M3 ABYX TOC/E/OBaTeNBHOCTEH:

Xiy Koy Xgy voey Xpy eve

Yo Yoo Voo wovy Ypr vee
Mul BhiGepeM HX, NMONOWKHB

Upty==2U

xl_—_l’ )Cz:l H y1=0’ y2=1-
Tak xak Bo3BpaTHO€ ypaBHEHHe, TEPENHCAHHOE B BHIE

i —u —u

n+2 n+1 el &

n

NOKa3bIBaeT, YTO PA3HOCTb COCENHHX YJEHOB I10C/IENO0BATE/NbHOCTH
fBAsieTcs MOCTOAHHOM, T. €. 4TO MOC/ex0BaTeNbHOCTh, YHOBIE-
TBOpAIONIAd XAHHOMY ypaBHEHHIO, HeOOXOHHMO sBngeTcd apudme-
THYECKOH NporpeccHel, TO B C/ydae IOC/TeXOBAaTeNbHOCTH {X,}
C HAYaJABLHRIMH WieHAMH X;=1 H X,=1 MH nosydaem apud-
METHYECKYIO TPOrpeccHio ¢ PasnoCThio HY/b, T. €.

1, 1,1, ..., 1, ... (x,==1),
2% 19



a B caydsae mocnenosatesbHocTH {y,} ¢ HavaNbHEIME - WIEHAMH
y,=0 u y,— 1 — apudmeTHyeCcKyio MPOrpecciio ¢ [a3HOCTHIO,
paBHOli enMHulle, T, €.

0,1,2 ...,n—1, .e.  (y,=n—1).

Mo dopmyse (39) unen aoGoH BO3BpaTHOH MOC/ENOBATE/b-
HOCTH, YNOBJETBOPSIOUH HaHHOMY YpiBHEHHIO, MOWKET OHITh
fipe/CTaB/eH B BHAE

un—_:Axn—l—Byn_—:A—l— B (n—1),
rie A m B IOMKHB GLITb OIpexeseHs H3 ypaBHEHHH:
4y —A-+B(1—1),
4y— A+ B(2—1),

ul e A,
Uy —A —I— B.
Orcioxa
A=u,, B=u,—u
H, CJ/e}0BaTeJLHO,

un:ul—{—(n——-i)(uz——ul).

D10 U ecTb o6was ¢opmyna Lad uiena 060K molexoBaTe/Ib-
HOCTH, YXOBJETBOPSIOLIEH ypaBHEHILO

u, =2

n+ u

a+1"_ “n*

Monaraa u,=—a, u,— u;==d, Mul npexcrasum et B BIKE:

u,=—a-}(n—1)d.

D10 — n3BecTHas GopmysIa s o0ulero uieHa apnipmeTHIeCKOH
IIpOTpecCHH.

Mpumep 2. PaccmoTpum aApyroe BO3BDaTHOE YypaBHeHHe
BTOPOro MHOpsilKa:

Bpre=n 4y + 4,

Monaras x;=—1, x,=1, nolyuum yxe 3HAKOMYIO TOCJIEHXOBA-
TeAbHOCTy PHOOHAYYH!

1, 1,92 3,5, 8, ...

B kadecTse BTOpOil I10C/e10BATENbHOCTH, BXOMsiliedd B COCTaB
6a3uca, BO3bMEM IHIC/AEA0BATE/NbHOCTS {,v”}, o koropoit y; =0
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u y,=—1, Bynem HMeTb:

Vo=t -+=1, 3 =y+%n=2 ys—y4+ya-3

3nech Yy ==Xy, Yg=="Kp Y4g=X3 Yg=XgpH .-+ W BooGue,
Yp=HXu_, (=2, 3, ...) B camom mene, ecnM MH Yke ycTa-
HOBHMJIH 3TH PABEHCTBI ,qu BCeX 3navenuit n<m—|—1 TaK, 4TO,
8 YACTHOCTH, Yy, ==Xpm Ym™ Xpm—p TO LA% Yy, MOLYHHM:

ym+2:ym+1+ym=xm+xm-1= Xmir

T. e. TpeanojaraeMbie paBeHCTBa CIPaBeHBE H A n=m-}2.
Hraxk,
yﬂzxﬂ—l (fl:‘—‘2, 3, ...).

[TosToMy mas /10008 MOCNEA0BATENBHOCTH, yroBJeTBOpsOuLell
ypaBHEHHIO

Uy ™ g T
Haxomm no npemsiaywemy [dopmyaa (39)):
u,==Ax, - By,,
rie A u B onpenensioTcs H3 ypaBHeHHH
u; = Ax, -+ By, = A4,
u2=Ax2—|—By2:=A—|— B,

A=u, B=uo—u

OTKyna

u”_—-—ulx”—i— (g — 1)) Yp-
[lpu n=2 y, MOKHO 3aMEHHTb 4epe3 X, ;, OTKYLa

=X, (y—t) X, (0= 2),
nIn

u,= (xn n—l) + UpXp_y-
Mlpn n=3

Xy=X,_, F Xy T8 XX =Xy

1, CeNOBATENbHO,
u, =iy X, X, (n=3).

Hrak, 4neds JI0GOH MOCAeNOBATENbHOCTH {u,} YLOBIETBOS
psiionied ypaBHEHHIO

Upa==Uly + iy,
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BHPAXKAIOTCA Yepe3 4ncaa PuboHayun 1o HaHASHHON HAMH qhopmyne.
B wactHoctn, ecam 4= -—3, =1 (cM. ctp. 15), To

Uy=—3x, %, , (n=3).
6. Iloxkawem Temepp, 4TO NIPM HEKOTOPHX BeChbMa OGHULAX
YCJOBHIX MOXHO HalTH Gasuc BO3BpaTHOro ypasuetus (33)

Uy =0l gy Wty gt ..o+ ARl

CoCTOSIMIAH M3 R TEOMETPHYECKHX MNPOrpeccHil € pa3/iHYHBIMH
sHameHarensmMu. C 3TOM Uenbi0 BHIACHHM, MpH KaKHx yCOBHSIX
HEKOTOpasi reoMerpHyeckass NporpeccHs

x =1, X2==¢q, ..., x,,=q”_1’ o (l]#o). ’
yIoB/eTBOpsieT ypaBHenu:o (33). 3amevasn, 4To

— gt +E=1 —at+k-2 —_ -1
Xrak=q 7" Xpp=¢ ey X,=¢q

H MOACTaBAASA STH BEJHYHHH B ypaBHeHue (33) (BMecTOo
Byih—p » s 4,), TONy4nM:

qn+k-1___alqn+k-z+azqn+k-3+ e Fa g,

OTKYIa
qk:alqk—1+a2qk—2+ e +ak° (43)

Wrak, 2eomempuneckas npoepeccust mossxo mozda Modicem
ydosaemeopams gozspamHomy ypasienuto (33) nopadrxa k.
Kozda 3Hameramens npozpeccuu q yoosaemsopsem aszebpau-
necromy ypasuenuwo (43) cmenenu k ¢ memu e roaghgbunuer -
mamu, rax u 8 ypassenuu (33).

Ypapuenne (43) nasulBaeTCa Xaparmepucmudeckum LIS BO3-
BpatHoro ypasnenns (33). Ecam ¢—a —xaxoil-nu6o xopennb
XapaKTePHCTHYECKOro ypasHennd (mefcTRHTENbHHN AWM MHHMREI),
TO, NOJIOXHB

n+ks

Xy=a"-1  (n=1,2,...), (44)

I0/IyYHUM FeOMETPHYECKYIO NPOFPECCHIO € MNEPBBIM YJIEHOM Xy —=1
H CO 3HAMEHATeNEM d, KOTOpasf YHOBJETBOPAET ypasnenmio (33).
B camom nene, no ycnoemio, @ ectb Kopenb ypasuewus (43),

T. e
af=a,a*-1+a,a*-24 ...+ a,.

Ymuoxasa o6e wactn Ha a"—1, rume #— NPOU3BOJBHOE HATYpalb-
HOe 4HCJO, MOoJyYaeM:

at+k-l—g,qn+k-2 L gqn+®-3 L, L qg,0"=,

T. e. nochaenoBarenbHoCTh (44) ynosnetBopser ypapuenuio (33).
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Waak, KamIomMy KODHIO §=—=0 XapaKTePUCTHYRCKOrO ypasHe-
uns (43) COOTBETCTBYeT TeOMeTpHyeckas Tnporpeccns (44) co
3HAMeHaTe/JeM @, YAOBJETBOPSIOuLas BO3BPATHOMY ypaBHeHHm (33).

Y106 cocTaBHTb Ga3nc W3 OMHHX JHIIb TIeOMETPHUYECKMX
mporpeccuil ¢ pasnHYHBIMK 3HAMEHATEJAMH, HYXHO WMETh HX
8 JMOCTATOYHOM KOJHYECTBE, pAaBHOM k&, a I/ 3TOFO HYWKHO
uMeTh £ pPa3/MYHBX KOpPHER XapaKTEPUCTHYECKOrO YPABHEHHA.

JonycTnM, 410 BCE KOPHH XapaKTEPHCTHYECKOTO YPABHEHHS
pasmuuHL Mexcay cofoil:

g1=a, =58, ..., ¢x=1-

Torma moaydynm k reoMeTpHYECKHX TNpOrpeccuid, yroBIETBOPHIO-
uiux ypasuennio (33): ‘

1, a, @, ..., a*"},

la B) BZ9 ey Bﬂ-l’ sy (45)
1, Y) Yzi LIRS ] Yn_IY

[okaxem, 4TO CHCTEMA TocaeloBaTenbtocTell (45) cocrasaaer
6asnc ypasuennus (33), T. e. uTO AAd BCAKOH TOCAENOBATE/Db-
Hoctn {u,}, YROBJETBOPSIOUIEH ypaBHEHHIO {33), MoxHO mnOnO-

6patb Takme wncia A, B, ..., C, uro Gymem HMETb TpH
aoboM 1
un:Aan-l +BBn—1 + - + CYll—l' (46)
s HokaszaTenbCTBA AOCTATOYHO TPOBEPHTh, HYTO CHCTEMa
ypasuenuit, nonyvaemsx us (45), mpn n=1, 2, ..., k:

AtB4 ... - C=u,

Aa+ B3 ...+ Cr=1u,

Adt -1 Bt Ib L Ot =ay,

MMEET pEIlEeHHe OTHOCHTE/BHO HemssecTuwx A, B, ..., C npu
AO6BIX 3uAYeHAsx MNPaBHX 4YacTell STHX ypaBHEeHmil, a IAf 3TOro

8 CBOIO OdYepelb ZOCTAaTOYHO (cM. cTp. 17), 4TOGH COOTBETCTBY-
joutas ONHOpONHAs CHCTEMA

A—';—B —|—- ...+C=0,
Aa-t-BB- ... Cy=0,

el B o

(47)

(48)



nomyckala OXHO TOJAbKO HyJesoe pemenne. Ho 3ato nmeitcten-
TEJBHO TaK. ‘

B cavoM mene, pmomyctuM, 4YTO CyulecTByeT HyJesoe pe-
menne (48), T. e. 4r0 cywectsyor uucaa A, B,... C, u3
KOTOpuIX MO Kpafitell Mepe oaHo, HanpHmep A, OTAHYHO OT
HyJs1, ynoBsieTeopsiomue cHcteme (48), YUrto6Gul BhBECTH OTCONA
MpOTHRO[EYME, NOCTLOMM CHayana MHorouned M (x) crenenm
k£ —1, obpaumtatomuitcs B uyn» npn X =98, ..., x=y u
B eMHHHIY NpH X =0. Tak Kxak MHOrowien 3TOoT cTemehn R—1
# ofpauiaercss B Hyab NfH 2 — 1 pasandsbix  3uaueHnsx  X:
B, ... Y, TO oH ;mOMKEH MMeTb BHMI:

M x)=pn(x—0B)...(x—1),
rae p——xakoe-1160 uncno. [Jonmarag x=—a, MH AOMKHH M(OJY-
unte M(a)=1, orkyna
l=p@—8) ... @—Y)

1

N T B
Urax,

_(x=pB .. x—17). .
M= an

OYEBHIHO, YTO OH REeHCTBHTENBHO YyNOBAETBROPSIET MOCTABJCHHHIM
ycaosuaM. Packpoisasi ckoOkn M mpmBOAS nopoGHLE WIEHH,
NPEeICTABHM €ro B BHIE

M (x)=my+mx -+ ... d-m,_ x*-1

Ecnn rtenepp ymuowmnts ypasuenns (48) na my, m,,..., m,_,
M CJAOKHTD IOYNEHHO, TO MOJAY4HM:

A(mg4-ma—- ... 4+m,_ak-1) -}
FBmof-mBA ... Ame g+
A ClmgA-my - my_y*-) =0,

AM(@)4+BM@B)+ ... +CM(y)==0.
Ho M(a)=1, M(B)=0, ..., M(y)=0 n, crenosarensHo,
A=0,
4YTO TMPOTHBOPEUYHT MPEANOJI0KEHIIIO.

Hrak, cncrema (48) nmeer oaHo TONbKO HYJEBOE pellieHue,
M CnenoBarenbHo, cHcTeMa (47) mMmeeT pemieHne (eRHHCTBEHHOE)

nan
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npu moGLIX #y, Uy, ..., Uy @ T0 B CBOIO O4epelb O3HAYaeT,
4To cucteMa (45) obpasyer 6asnc ypasuenus (33).

Mu Hanax, TakuM 00pasoM, YTO A% BCSKOrO0 BO3BPATHOrO
ypaBHEHHS

un+k=alun+k—l + e +dkun’

JJIg KOTOPOro COOTBETCTBYIOUIEE XAPAKTCPHUCTHYECKOE YpaBHEHHE

FF=a, " J-ag* 7+ ... ta

HMEET pa3/HuHBE KOpHH: ¢—da, ¢=§, ..., ¢=y, cyue-
cteyer ©6a3uc, oOpa3oBanHnil & reomerpuueckumu Iporpec-
CHAMH CO 3HameHatensams: a, B, ..., Y. Muwmun cioBamm, pas
4ieHoB JI0COH mocnenoBateNbuocTH {u,}, ynosaeTmopsioutelt
ypaenennio (33), cywectsyer & uncea: A, B, ..., C [oun ua-
xomsiTes M3 ypasuennit (47)] Takux, uro

u,=Aa" 14+ B3*-14 .. - Cyt (n==1,2,3,...).

[Monseném urorm ckasauxomy s mn. 6.

Bosspamnomy ypasnernuto nopsidxa k coomsemcmsyem aize-
Opauyeckoe ypasHerue cmenenuw k ¢ memu e Ko3IPPunuer-
mamu — e20 xapaxmepucmuueckoe ypasuwenue. Kaowcowll u3
KOpHell Xapaxmepucmuyeckozo YpasHeHus npedcmasisem 3Ha-
MeHamens  2e0mempuyeckoll  npoepeccuu,  Y008AemBopsIOUell
OJaHHOMY B038PAMHOMY ypasHeHulo. B cayuae, xoz2da sce xopHu
XAPAKMeEPUCIULECKO20 YPABHEHUS DA3AUUHBL MeHCOY (000,
noAy4amcs k pasiudHsx ceomempuneckux npozpeccull, obpa-
3y x 0a3uc 8036pamn020 ypasnenus. Ciedosamesto, 8 IMom
cay4ae 4aens. AW000I nocaedosamenstocmu, Yo008aemeopsiowell
8038DAMHOMY YPQBHEHUIO, MONCHO NOAYHUMb RYMEN NOYACHHOZ20
CAONHCEHUS HEKO INOPHLX 200Me/puUiecKux npozpeccull (1ucion k).

7. 3aiim&mcsd -nprAcKeHusiMu  HaBJeHHBIX pe3yabraTtor. Hau-
HEM ¢ nocneposatennHocTn Pubonaudn. 3aech BO3BPaTHOE YyPas-
HEHHWE TaKOBO:

Bppa=Uy 1 -+ n,

W, CJAENOBaTEJLHO, XapakTepucTHdeckoe ypasHenue (43) nmeer

BHI
=g+
Pemag ero, nonyynm ABa pasauyubx AEHCTBUTEJBHBIX KOpPHS

1 1 = 1 1,,=
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- TNostomy o6uiait yaen nocneA0BATEALHOCTH PHOOHAYYH MOKHO
3anmucarb Tak:

u,— Aa"-' 4 Bf"-1L

Yro6w HailTn HemsBectHele kosdpduunentst A u B, noaokuam
n=1 1 n=2; noay4nm:

1‘1=1:A+B,
1 V35
Pemias MOCAEHHION CHCTEMY, HafnEM:

V5+1 _Vi5—1
=Sy BT ayme

H, cnenonaTeano; .
_VE1(14VEN V-1 (1-VE\*!
“n= Vs ( 2 ) + Vs ( 2 ) ’

Han -

= ()= (=]
u, . 49)
Vs 2 2
310 n ectb obuiee pupawetine aas uucen Pubonayuu. Ha nep-
BHil B3rjsii BuiBeAeHHAs (popMysa npencraasercss rpoMO3TKOH n
Mano ynoGuoit aas puaucaenuit. Opnako ¢ ed TIOMOILLBI0  MOXHO
NOJY4YnTh pad MOGONBITHHX pe3yasTaToB. [lokaweM, Hanpumep,
4T0 CyMMa KBaJpaToB ABYX coceanux uncen Pubonayun ecThb
TaKie HexoTopoe uyucjao Pnbonavyunm.
B camom nene:

() (=) ]
O <

<JenosareapHo,
R
L{(LEVE) 45 | (1Y) 5V

I

5

V%{(l_i_‘/s )2;: -T-l (l _2V§>2n+l}=uz,,“.

I




Hraxk,
uiﬂ -+ ai =, 4 {50y

g =u? | u2=—=132 }-82=1233.

370, MeXKAY NPOYNM, H ecTb OTRET Ha 3afauy Pubonayum,
Mpennaraem uuratemo mokaszaTh xasa yucen PuSonauuu
cootHoumienne Gonee obutee, ueM (50), a umenHo:

Uty v, u, =u, {51)

B kadectse mApyroro npuiokesns QopMyan (49) mokamem
ClenyIoLUYI0 Teopemy:

[Iycmes a u b— dsa Hamyparsnox wucaa, nputtem a < b;
mozda #uca0 onepayuil nocaedosamensuozo deserus 8 arzopugme
Esrauda, Heobxodumeix 0rs omvickanus Haubosvuezo o6ujezo
Oepumenss (COKpAEHHO: H. 0. A.) @ u b, He npesocxodum
YnAMepEnHo2o0 wucia gugp sucaa a, 3anUCaAHHOZO no Oecamut-
HOIL cucmeme cuucaeHus.

[Ipumenas K OTHICKaHWIO H. 0. K. 4Hcen h M a anropugpm
EBkauma, mosyyaeM uenb paBeHcTR:

1) b=ax'-}y,

2) a :_y’x” _l_yﬂ‘

3) yl :ynxnl + V

k) ykk 2) —y(k l)x(k) +y(k)
E + 1) ",(k 1) ::y(k)x(k+1).

3nech MOCAeA0BATEAbHLIE OCTATKH YIMOBJCTBOPAIOT HEPABCHCTBaM

a>y >y >y > Sy S yE =1

B nocaegnem u3 pasencts (52) octatox pasen Hymaio. Cre-
ROBATE/bHO, NpeAnAyiui octatox ¥*) u ectb H. 0. H. umcen
b u a. Tostony % o6o3nagaer YHCAO omepauuil, NOTPESHLIX KA
OThiCKanug H. 0. A. Hama 3amauva, Kak Mbl yxe CKasan, 3aKJai0-
yaeTca B omeHke uucaa k. C' atoit nenbio GyleM CpaBHHBATD
uncna YR, yE=1 0y’ a ¢ uncnamn DuboHaudum g, Uy,
Ugy, ... 3a'v1e1-wv1 uto y*) = 1=—u,, no npeanAymuil 0CTATOK
y(” 1 Gonbme y(k)u caepoarenbio, y*-1 = 2—yu,. [losTomy
n3TpaBeHCTBA R 3aK/MI0YaeM, 4TO

ylE=2) = ylr=1) () | y(8) = yt-1). 1 | Y& = gy -0, =4, .
rak, Y8 =g, y#=1=u, y*-B=>4,.

Hanpuwmep,

(52)
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,ﬂonyCTuM, YTO MHl YKe J0Ka3aau CIpaBenINBOCTh HEPABEHCTB
y(k) Uy o0y y(m) =y y(m—l) =y mys (m — 1=2).

Torma u3 pasenctsa yim-2=— y<'"-1>x('">+ Y™ 3akmouaem

y(m 2)>y(m . 1+y(m) L m+3+uk—m+2‘uk—m+4
WTak, npoLo/Kas HAIIM PACCYXAEHHS, Mbl HOHAEM NO HEpaBEHCTB

Viz=ua, Y=,
4 janee, M3 COOTHOIIEHHst 2) BHBEAEM, 4TO

a==y 2"y =y N4V =ty U=
Ho u,,, no dopuyne (49) mmeer crenyioumit Bul:

g[8 (225

fostomy

i N
>l e
_2]/5 k+2<])‘
M3 (53) moayuaeM, uto
(““.}/g)m<‘a1/5+1<V5(a+1)<(Lzﬁ)z(w N
(V5< <1+2V§>2=3+2V§, TaK KaK V5<3>.

MosTomy
1 T\~
(%K—s) <a-1. (54)

3ameTHM Tenepb, 4TO

w=s—r=[(H2) - (=) )<

1—V'5

(Tax KaK |<1 H, CAEN0BATENBHO,




OTKYHa

(""2’/5)35 V§—1>1o.

CnenosarenbHO,

10 () < a1y (55)

Ec/H YHCAO @ MO AESCATHYHOH CHCTEME CYHC/IEHHS 3amHCH-
BaeTCHl ¢ MOMOWBIO 7 IHPP (@ — 1-3HAYHOE YHCIO), TO OUEBHAHO,
4T0

107 1< a < 107,
OTKYyZa
a4+1=<<10"

H, C/eNOBATE]BHO, B CHAY HepasencTtsa (59),
10 < (@ 1P << 1057,

k< 5n. (56)

D10 H eCTh HyXHHl pe3yabTaT: KONHYECTBO B nocienoBa-
renbumx penenuil B anropudye Epxnnma Menbuie, yeM ynaTepéu-
Hoe uncao Wndp HANMEHbEro W3 4Ymden b w @, 3anncawHoro
no HecsitHyHOM cucTeme cuuciedns. V3 npnpzngnHoro 31eChb 10-
KA3aTEALCTBA MOKHO YCMOTPETh, UTO Hanbo.nee HEBHIOAHBI C1yvall
upnvenenns anropnpma EBkanga (B CMBICIE 3HAYHTEIBHOrO KO-
AmYecTBa onepauni, OJU3KOr0 K YCTAHOBJEHHOMY B TeOpeMe
npeneny) Gyaer Toria, Koria b m @ ABNKIOTCA COCENHNMH 4HC-
namu dubonauyuu. O noATRepxACHNUA ITOrO BO3BMEM, HATPH-
Mep: b=ty =06765 u a=u,==4181. 3nech a—yeTHpéx-
3HauHOe YHCAO H, CJEROBATE/bHO, M0 JOKA3AHHOH TeopeMme, KOJH-
yecTso onepaunil B anropudme Emkamma nomkHo GHTh Meubiue
5.4==20. B meficTBHTEIBHOCTH MH nOJyvYaeMm 3xech k=17 one-
painit, B camom mene:

HIH

1) 6765 =4181-1-}- 2584, 10) 89=55-1-} 34,
9) 4181 = 25841 - 1597, 11) 55=34-1-}-21,.
3) 2584=1597-1-} 987, 12) 34 =21-1-413,
4) 1597 = 987.1-L 610, 13) 21 =13-14 8,
5) 987= 610-1-} 377, 14) 13= 8-1:1: 5,
6) 610= 377-14 233, 15) 8= 5.1 3,
7) 377= 233-1-} 144, 16) 5= 3.1 2,
8) 233= 144-1-4 89, 17) 3= 2.1+ 1,
9) 144=— 89.1- 55, 18) 2= 1.2 0.
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B kauecTBE OCTAaTKOB 34eCh 10/YYalOTCH OJHO 3a APYrHM B
yOuiBalomieM mnopszke uncia Pubosauuu. Bce wactube (kpome
NOC/AEAHEr0) PaBHH eRMHHUNE, YeM U OGDBICHAETCS Haauune 6oJb-
moro 4ucaa onepaunil.  Hanboapmmit o6wnit renurens oxazancs
paBHBIM eanunue |[pasedcTBo (17)], uTo ang cocemuux ducen du-
Gotiayyn MOXHO OBUIO NpeRBUAETb € caMoro Havana, [ehcrem-
TeAbHO, M3 TOTO, YTO un+2=un+l—|—a”, BHITEKAET, 4TO H.0.X.
uncen u,,, W 4, , COBMajaer ¢ H.0.4. %, ;-1 4, [lostomy
nag Kaxaol mapw cocenHux uncen <PuboHayym H.0.A. OAHH M
tor we. Uro6W HAllTH ero, MOCTATOUHO PAaCCMOTPETh Napy #,=—
=u,=1,>0TKyla B c/leAyeT, 4yTO OH paBeH ERHHHIE.

8. B kavectse ciaenymouiero npuMepa paccMOTpPUM NEPHOZHYE-
CKYI0 MOC/enoBaTebHocTs (16):

my =8, =17, uy=1, u,==3, uy=2, ug=1, 1,3,
3pech Bo3BpaTHOE ypaBHeHHe HMEeT BHI ‘
bBpis=14, (”23)
M, CJeA0BaTe/NbHO, XapaKTEPHCTHYECKOE YPaBHEHNE TaKOBO:
d=1.
Sre ypaBHenHEe HMEET C/IELYIOUIHE KOPHH!

1, . V3 1 V3
a=l, p=—g iy ny=—g—ig.

[TosToMy o6muit 4YsieH 1OC/AENOBATENBHOCTH CJAEAYET MCKaTh
8 Bude [cm. dopmyny (46)]

#,= Aa"~1-} Bgr-1 | Cyr-1=
) (4 )

Mu Moxem TpeGoBaTh, uToOW QopMyna 3Ta BHMOAHAAACH AAH
BCEX 3HAYEHHI 7, LN KOTOPHIX BHIMONHAETCH W BO3BPATHOE YpaB-
Henne: n=—3, 4, 5, ... .

3ameTHM, 4TO -

V—§ ~<cosi~aisin 1)
3 3/’

V3 T R I
___2___;‘_2-__——<cos§+tsm§),



noatomy no dopmyne Myaspa:
n~1 a\n-1
an=A+B( —|—-zV3) —{—C(—;—-—zzzi) =

= A~ (—1)""1B[cos 3-(n— 1) — ising-(n—1)] +

+(—=1-1C [cos— (n—1)4isin < (n — )] ==
= A~ (B O) (— 1)1 cos S (n— 1)
~+i(— B+ C)(— 1)*~1sin g(n—- 1).
Honownm B+ C=A, n i(— B4 C)=A4,; rorma dop-
MYJIa 3Ta HepenHuleTcHd TaK:
Uy == A~ A (—1)"""c0s 5 (n— 1) A, (— 1)~ sing (n—1)
(n=3),
¥ OCTaHeTCs JIMIb ONpeAe/HTb HeuaBecTubie Koadduunenta A, 4,

n A, llonarans n=—=3, n=4 u n==>5, nonydum Tpu ypaBHe-
HHSl ¢ TpEMS HEM3BECTHHIMH:

) -
y== 1= A~ A; cos 3 -+ Agsin o — A~ %AI—[—V—; A
a4=3=A_A1cos§——Azsin §E:A—{—Al,

1 3
uy=—2=A-} 4, cos = +A251n———A—— EAl_lizj A,

Orciona HaxoLuMm:
A=2 A —1 n A2:~1—/‘-3_-.
Urak,
| B
u, =2+ (—1 ”'1[cos(n—~1)’§~7§5m(”-—1)‘;‘J =
=2+ (—1)*. ==
=

Mu  Bugum, uro ofuiMil 4eH MOC/EIOBATENbHOCTH BhIpa-
WaeTcsl B 3TOM NpHUMEpe yepe3 TPUrOHOMETpHUECKHE (YHKIHH,
4TO BIIOJIHE COTJ/IACYeTCsi € NepHOLAMYHOCTRIO IMOCACHOBATEIbHOCTH,

[IpuBengm, HakoHen, npuMep, HENoCPeACTBEHHO OTHOCILIMACH
K IE/EHHIO MHOTOYJIEHOB,

sin (7 — 2) - (rn == 3).

w|a
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[lycrb Ham pmaHel gBa Muorodnexa: P(x)=—=3 4 x?—x® u
Q(x)==2—x—2x2 - x% 3amaya 3aKmouaercs B onpenene-
HUA CTPYKTYPH Ko03G(HUIUNEHTOB YaCcTHOro, TNOJYYalOUMXCH OT
peneuns P(x) Ha Q(x). [locnemoBarenbuocts Ko3huUHEHTOB
YaCTHOrO

uy=D,, ug=2D,, ..., a,,:Dn_l, .

KdKk Mbl BHIeNH B M, 2, SBISeTCS BO3BPATHOH MOCJaeNOBATE/b-
HOCTBIO, Y/eHbl KOTOPOH yXOB/IeTBOPAIOT ypaBHeHmio (20):

) B B
, Dn+k=—~3—;Dn+k—1_— s T —B—(’:D" (ﬂ}l——-k—}—l)
3nece k— crenens Q(x), By, By, ..., B,—Kosppuunesrs
Q(x) u I—crenenp P(x).
Cnemopatensio, k=3, By=2, B;=— —1, B,=— —2,
By=1, [==15:
1 2 1
Dn+3='§ Dn+2+'§'Dn+1 ) Dn (ﬂ>5—3+1=3)v
T. €.
1 1
Dn+3—:7'72_Dn+2+Dn+l——2- Dn (”23)’

XapakTepUCTHYECKOE YypaBHEHHE HMeeT BIA:
1 1
=5 +9—5
nan
1
¢ —qg—5(@—1)= (q——~—) (g—1)(g+1)=0.
[Tostomy ero kopHu cyTb ~
=1 =1, y=—
2 ¥ b
u ang D, nonydaem ¢opmyny
D—A( )+B1m+c—4 (n=3).
[Tonoxnm n=3, n=4 H n=—>5; NONYYUM YypaBHEHHA:

Dy=5A+B—C,
= A+B+C
1
Dy=gA+B—C.
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3mech HeH3BeCTHH He TOJNbKO Koapduumentnt 4, B u C,
no ® uncna Dy, D,, D,. HroGu onpeneiuthb HX, NPON3BEAEM
tdaktnueckn pgenenne P(x) Ha @ (x) Tak, 4TOOGB B YACTHOM 110~
JAYUYUTDb dAaeHb! 0 narofi crenesu BKﬂquTEHbHO.UOquHMZ

34Xt ab 2—x—2x2+x3
3—%x~—3x2—}—%x3 —+ X4+2= x2+l]6x3+2——x4
%X+4x2—§—x3_xa
—%x—-%xz’———g«ﬁ_[- ix;
4-2—-x2—%x4——x5
- 4%%—2%%——4—2—%—{—2—2« x5
2—2—x3+4x4—3%x5
Q%x?'—llex ——Q—x +l
5 x'i_xa_]]_'");xﬂ
5{2/\74—2;3 Sﬁxfi—i-.‘zgx'
1~xo+4x6—2‘9 1
32
Orciona Doa_—%-, DI::.Z, 02:2%, 03:11%,

CnenosatenbHo, TOJNydeHHas BhlIe CHCTeMd yPaBHEHHH mMeer
BUA:

8 16’

1

A+ B +€_232,

1 51
A'4—£g :: 6&‘

OTKYZa HaxoAuM:

1 3 5
‘4--—-4—6, B:_-i-’ C—F-
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Hrax,
D 4 1 1 -3 5 1Hn =3
=4ty tg(—1 (n=>3).
Hawa samava peurena. U3 uaiimenHoll opMynbl mosyuaem:

179 179
06_2128’ D, = “ 556 1 DS_QEE’

9. Bo Bcex pa3oOpasHbIX Bhllie [pHMEpax XapaktTepHcTHye-
CKOe ypaBHEHHE HMeJo TOJBKO MpocTele kopHH. PaccMOTpuM,
OJHAKO, NpHMep IOCNeA0BaTeNbHOCTH CYMM KBAaJpaTOB HATYpalb-
HHX uyHces, npuBeaBunnii na ctp. 13. Jag aroit nocnemosatenn-
HOCTH BO3BpaTHOE ypaBHEHHE HMeeT BHA!

sn+4=4sn+3——6sn+2 &Sy S, '

4, CJAelOBATENIbHO, XAPAKTEPHCTHYECKOE YPABHEHHE TAKOBO:
q*=4q* — 6"+ 4q—1,
q4_4q3+ qu—-él-q—‘—] =(qg— 1)4= 0.

OHo o6snanaeT TO/AbKO OMHMM YETHIPEXKPATHHM KOpHEM. g =—
flIO3TOMY Mhl H NOJy4aeM 3Jechb TOJbKO OJIHY TeOMeTpHyecKylo
TPOrpeccHi0 ¢o 3HaMeHarenenm 1, 4jeHBl KOTOpPOH YILOBJIETBOPAIOT
IZaHHOMY BO3BPAaTHOMY YPaBHEHHIO, :

B nopgo6ubix cayyasx NPUXOAMTCH MCKATh JAPyrHe MpoCTeh-
tMe BO3BPATHBIE IMOC/]eX0BATENBLHOCTH, KOTOphIe BMecTe ¢ yKa3aH-
HOH reoMeTpuyeckod mnporpeccHefi MOTYT COCTaBHTb 6asHc [gaH-
HOPO ypamHeHHsi, B Hauiem rmpuMepe TakHMH HOCJELOBATE/bHO-
cramMu Oynmyr:

HiIn

0, 1, 2, 3,. yh—1, ...;
0, 1, 4, 9,. =12 L
0, 1, 8,27, ...,(n——l)-,

(xak 3TO Jerko cMowxeT MpPoBepnTb untarenab). He paz6upas ca-

Moro ofuiero ciydas, TpeGyiouiero MOBOJbHO TPOMO3AKHX Bbi-

KMaJOK, MBI OCTAaHOBHMCH HAa CJEAYIOLEM THIHYHOM HpHMepe.
[Tycts nMeem BO3BpaTHOE ypaBHeHue

Unyp— Ci“l Alptp—1—
— Ch My e A (—1)EIC atu,, (5T

k—l k—2
Ck ’

. :
rae Cp , Cr— OnHoMuanbuple  xo3dpduuHeHTH 110-
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piagka k. COOTBETCTBYIOIIEE XapaKTePHCTHYECKOE YyPaBHEHHe
¢ =Cilad" —Ci gt (1)1 CRat
mMoxeT ObiTh NPEACTaBIEHO B BHIE
(g—a)=0.
Ouno uMeer k-xpaTHwifl KOpeHb ¢==a; OYEBHIHO, 4TO
(@a—ayr=a*— Ck ‘at-+
L CE Rk (—1)Chat - 0. 68)
PaccMoTpuM BooOuwie clefylou(Me TOXASCTRA!
(@a— a)e—m =™ — Ch_m @k 4
- Chm R ghem L e (— 1) G a® - =0,
rpe m=—0,1,2, ..., k—1, nan
(1— 1)k-m=ci:g—c’;:z—l_;-ci;:%“?— .o+
A (— PO e (— 1) G == 0. (59)
Pageunctso (59), coorBercrayioutee 3Hauenmio m==0, umeeT BHA
Ch—Ci - C (=G
+ ... (=1 JeCL==0. (59')
3ameyasi, 4TO

Re—1...u41)__ kk—1...(k—m—+1) h—m—y
T ey —E—m—a D G—h
(m::l,?, -"’k_"—ly 0<p~<k'~‘ﬂl),

Cr*—

HIH
k{k—1).. (k—m-4-1)Ciom "=
=(k—m—p1).. . (k—p Ci*,  (60)
NOMHOXHM Kaxjgoe H3 pasencts (89') (m=1,2, ..., 8k—1) Ha
COOTBETCTBYIOLNH Muo¥HTEeAb £ (k—1)...(R—m-}-1) m nocae
310r0, MNOJAb3yfAch (60), mepennuiemM uX B BHAE:
(k—m--1). . .k Chr—(k—m)...(k—1) c,’;“+ 4
H(—Dre—m—p 1) (e—wW)C
4. —[—(—1)" m1.2.. .ka_O (59")
(m=—1,2, ..., k—1).
3. 35



Hokawem rtemepb, yro mpm m==0, 1,2, ..., R—1 cnpa-
BEJUIMBH CJICAYIOULE PAaBEHCTRA:

R Cr—(k— 1y CE L (— 1) (k—p) ym Cht -
4. (—1k0mcl=0. (61)

B camom mene, paenctBo, cooTBeTcTBYylOMIEE m=—=0, cos-
nanaer ¢ (99') u, caenoBaTesbHO, CMpPaBENINEBO,

Paccyxnas no nHumem, ponycrum, uto pasencTBa (61) yxe
Aokasanel mas m==0, 1, ..., j (fJ<<k—2) n nokawem Toraa,
4TO PaBEHCTBO, COOTBETCTRYIOLLER /== j—}- 1, TaKxe cnpaBeaamRo.
C artolt Henb0 BBEAEM MHOrOYJeH CrereHH j+1

flx)= (x——/ (x—J—l—1 (x—1)x

=+ — B 0 A le (62)
Ymuoxwas pasexctsa (61) mpu m=1, 2, .. .,/ COOTBETCTBEHHO
na wnena by, By, ..., B;, monyunm:
Bt Ci—B1 (k— 1) CE™ )

4 F B (=D (e —p) C-”:_F"*‘
+ +31 — 1) 0-02 =0,
e } (63}

Blk/Ck—gj (k—1 fc,; +
+ o B (=1 (e ) G -
+ . B (—1E0.C; =0

3amumen ew@ pasenctso (597), COOTBETCTRyIOUIEE 3HAYEHHIO
m=—=j-41, B Bune:

FR) Ch—Flk— 1) CE e . b (— 1) f(k— 1) CE* 4
A (— )RS O)C2=O (64)
[Mbl  BOCHONB30BAMNCH 3AeCh TeMm, YTO (k—J). =f(k

(f—j—=1)...(k—1)=f(k—1),...,(k ——]—p.)...(k~—p,)__
=flk—uy), ...].

CknanniBast (63) n (64) nouseno, Gyaem HMeTh:

[Bue .. 8 - F ()] Ch— .
(Bt —1) oy e — 1Y FE— 1] G L
=D Bk —w) o f B, k=Y - F (e—p)] G 4
o (=D [Bi 0 B,V £ (0)] CR=0.
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Ho 8 cuay (62):

Bt Bt - B ()= 2T,
[TosToMy MOAYYEHHHt Pe3ynbTaT LPHHIMACT BHI!
kI +1CE — (k— 1)/+IC’,§_1+ . —{—(——-I)P(k——u)fﬂc’,i_"—{—
4 (— DO C) =0
1o u ecth padenctBo (61) mas m==j-}- 1. Taxum oGpasom,
HOKA3aTe/bCcTBO CHpaselIHBOCTH cooTvolwennit (61) 3akonveHo.

PaccmorpnM, HaxoHell, TPOH3BO/bHBIE MHOTOWIEH CTENEHH He
swle B —1:

P(x)==A,_x* 14 A,_,x*24 ... + A, (65)
Ymuowasn pasescta (61), npn m=0,1,2, ..., k—1, co-
OTBeTCTBEHHO Ha Ay, Ay, ..., A,_,, DOoayunmM:
ACE—ACT .
A (— 1) ACE L (— 124, G =,
AkCE— A (R—1) CE! + 4
+<—1)**A (k—u ck *‘+ = -—nkA 0. c%—o,

kk lck—'Ak l(k____l)k ICk—1+ +
(1A e 1
(= 1)k, 051 Co=0.

CknansiBas MX MOYJEHHO, 6y11eM HAMETb:

(Ag+ Ak + oo Ay k1) Co—

— [A, A, (k—1) +...+Ak_, (—1y-1 G L 4

(=) [Ag+ Ay (B—w)+ o Ay (B— 1] G
4 (= 1[4+ A- 0. A, 0E=1] C =0,

uin

P(k)-Chk— P(k—1)-CE '+ .. .- (— 1) P(0)-Co=0. (66)

CremoBaTenbHO, NMPOH3BOABHEIE MHOTOU/EH P(X) cTeneHd He
phitte 2 — 1 ynosnersopsier cooTHomenno (66).

[Tonownv, B wactaocty, P(x)==(x-} n—1)", rme n—
IPOU3BOJILHOR HATYPaNbHOR 4HCIO M m-—uenoe, 0 <m<Ck—1.

37



Torpa paseHcTso (66) mpumer BHA.
k4-n—1)"Ci—(kn—2mCE ...+
4 (— D (E—1)y" €3 =0,
W/H, TOMHOXas Ha @f+%-1 u 3aMeuss C’/: yepe3 1:
(edn—1ymgren-t—=Cp'a (k4-n — 2)m gr+n~2
—CE a2 (k- n—3)marn-s L . .+
A (— 1)1 Ch gk (n — 1)man -1, (67}

Cpasungas (67) c (57), sakmoyaeMm, 4TO BO3BPATHOMY ypas-
Henuio (D7) yaosaeTBopseT Kaxigas H3 K& 1ocjegoBaTe/bHOCTEN

1,a,a2 ...,a*"1, ..., ’ (m=0); ]
0,a 232, ..., (n—1)a""1, ..., (m=1); '
0,a,2%2, ..., (n—1)a*1, ...,  (m=2) } (68)
« « 8 8 4 e 8 4 & ® e e 8 < & 4 v . s e . » |
0.a 2812, ..., (n—1)t=1an=1, ... (m—hk—1).

Ecan Ml ycTaHoBHM, 410 OHH 00pa3yloT 06asHc, TO OTCIOAd
6ygeT ciaegoBaTbh, 4YTO OOGUIMHA yjeH MpPOM3BOJbHOH MOC/IEAOBA-
TeJBHOCTH, YRXOBJETBOPHIOLHA ypaBHeHuio (D7), MMeeT BHA:

bp= [Bo+Bi(n—1)4... +Bk—1 (n—1)k=1]gr-1=.
=Qr—1a*, (69)
rne Q(x)=B,-+Bx—+ ... B, _;x*~1 wmuorounes cTenenn

He BellUe B— 1, ¢ MpoM3BOAbHLIMH KoaddHUnenTaMu.
HocTatouno nokasaTb, YTO CHCTeMa R JHHeNHuX ypaBHeHHH

Byt B0 ... B,  -0F-1  =—u,
By-+4+By 14+ ... B, - 1% —u,

By+Bilk—1)4 ... +B,_j(k— 1)f~1=u,
MMeeT pellenHe OTHOCHTeNbHO HeH3secTHnX By, By, ..., B,
UpH JIOGBIX Uy, ..., U, T.€. (B CHAy npeanoxenns na cip. 17),
yTQ CuCTeMa
BOIO,
By+ B+ ... 4B, =0,

By~ (k- —1) B+ .. _i_(k;_ 1y4-1B,_,= 0



nMeeT TOAbKO Hynenoe pewenne. Ho ypaBuenus nocreaueft cu-
¢reMu 0003HAyaoT, 4TO

QO)—=Q(l)==...=Q(k—1)=0,

1. €. 4TO ypaBHEHHE
Bl
Byt Bix+ ... 4 By x*~1=0
cTenedn He Bhime 22— 1 mmueer, no kpaHuel Mepe, £ pas/iuuHux
kopueii: 0, 1,2, ..., k—1. Orcroma caepyer, 4TO
B():—_Bl: P :Bk—l':o’

4eM M 3aKaHYyMBaercs AO0KAa3aTeJbCTBO TOTO, YTO TOC/JEAOBATE/Nb-
noctn (68) 06pa3yloT GasHC BO3BPAaTHHIX TNOC/IELOBATEbHOCTEH,
YIOBJETBOPSIOUINX YPABHEHHIO (57).

B cayyae npoH3BONBHOA BO3BPATHOH MOCJIENOBATEJIBHOCTH,
ynosiersopsiouieit oblieMy YpPaBHEHHIO

an+k:a1”n+k—-l+azun+k—z + ... +Fau, (a,50), (70)
XapaKTEPHCTHUECKOE ypaBHEHHE

ko ke

F=aqg*-'+...t|qa, (71)
MOWET HMeTb HeKOTOpHIH KOpeHb & KpaTHOCTH @, Kopeub f§ Kpat-
nocTn b, ..., KOpeHb Y KpPaTHOCTH ¢, @ BCEro atb+4 ...+

+ c==k Kopneil.
Ilna storo HanGoaee obuiero ciayvas MOMHO noxasaTb 4TO
623HC COCTOMT M3 CJeRyOIHMX £ Moc/ieloBaTebHOCTeH

l,a, a2, ...,a* 1 ...,

0,2, 2051t 1L e g,
1, 3 ,...,B""l, cen

0 B 2”"132 . 'n.—-.l "13"-1
| ‘., { ’.- ...’.Vn._[. N
o e

flostomy

n,=Qr— o'+
L Rn—1F L Sy  (72)

39



e Q(x), R(x), ..., S{x)— kakne-nmmb6o ¢uxcuposaHHble MHOro-
yaedbl, crenedet we moiwe ¢a—1, b—1, ..., c—1 cooTser-
CTEEHHO,

Wrax, obumuii #aen u, a060l 8038pamuoll nocaedosamens-
HOCH uMeem 6u0 CYMMb HPOu3BedeHull MHOZOUNEHOS OMHOCU-
measro n—1 (111, 4TO CBOANTCH K TOMY K€, OTHOCHTENLHO #)
Ha obuue 4ACHBL 2eOMempud:ckux npozpeccull, 3HaMeHameAl
KOMOPbLX DABHAL KOIHAM XApaxmepucmuseciozo ypasuenus (T1).

B cnyuae, koraa Bce KOpHH 1.0CJELHEr0 ypaBHeHUst — IPO-
CTole, YKA33aHHKIE MHOTOYeHbl SBASIOTCH MOCTISHHBIMU U oGuini
4jeH BO38paTHOH MOCNeAOBaTENbHOCTH MpescTaBifAercs B BHUE
CYyMMBl 4/JIEHOB TEOMETPIIYEeCKIX Mporpecci,

Mo «HO 10Ka3aTh Tav¥e Cfl7a3edalBocrb 0O6paTHOro mnpe-
nokenua. A ivenno, 406an nocaedosanenviocms {u,}, 06uyull
ynen KOmopol eunaxca mcs no ¢orauyte (712), asanemcst 803-
spanuoil ¥). CooTBeTCTRYIOIIEE  XAPaKTEPICTHYECKOE YpaBleHue
{71) crpourca Mo ero KopHaM &, B, ...,y 1 MO X KPaTHOCTAM
a, b, ..., ¢ {NpeACTaRAAIONIIM CTeneH MHorouaenos Q, R, ...,S,
yBeamveHnnie Ha eandinty). OTCI0Aa HeMeq/eHHO HAXOLUTCH Il BO3-
BparHoe ypaBH:uHe (70),

PaccmoTpuM B BiJie pHMEpa IOCASAOBATEJBHOCTh

Uy =(n—1)2.20~11-3n~1,

CpagssnBast ¢ (72), 3ax10uaeM, YTO KODHI XapaKTeprcTHYECKOTo
ypasHenns Takos: =2, 3==3, npnudM KparHocThb @ paBHa
2-}1==3. [lo3TOMy XapaKTCPHCIIYECKOE YpABHEHIE [MOJAKHO
UMEeTh BYI:

(q—2)3(qg—3) =¢q*—9¢3+ 30¢%2 — 44¢ -} 24 =0,
4 BO3BPATHOE YpaBHEHIe 3ANUIIETCH TaK:
Unyq—=uny3— 304, , -+ 440, —24u,

[Tpemocrasnsien unraresio nNpoBepuTh, YTO JAAHHAs MOC/E0BA-
TeJBHOCTb YAOBAETBODSET MOCACLHEMY YpPaBHEHH!O,

10. Unmocrpupyem pesyapTaThl M. 9 HecKOABKUMHN IIpHMe-
pamn. Mot Bugenit B n. 2, yro uneno apudmeTnyeckolt mporpec-

*) IlokasaTeabCTBO NPSMOH M 0GPaTHO# T€OPEMBI, KOTOpPOE Mbl
31eCh ONycKaeM, MOXuO ualTn B 4ersépTci Trase Hamtel KHMKKH
«Jleneune ¢ octatkoM B apidmeTure u aare pe» ATHPCPCP, M—JI,
1949, rae Tenpus BO3RPATHRIX MOCJAEIOBAieNbIOCTEd W3a0Keua CmOCO-
60M, OTAMYHBIM OT TNPUHATOTO B 3TOH Gpouriope.
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CHH YIOBNETBOPSAIOT YPABHEHUIO BHAA

u, ., ==2u u

n+32 ny1” %’

KBaAparth HATYPaJbHbIX qicea — ypaBHeHHlO
Unyy ==~ 3u, +2 3un+l + Uy,
4 KyObl — ypaBHEHHIO
Uppa == 4un+3 - 6un+2 + 4'un+1 4y

OueBHIHO, 4TO BCE TH YypaBHEHAS CONEPKATCA Kak 4acTdue
cAyyal B ypaBHeHMI

Uy p=Ch Mtnspmt — Ch ty gyt - o (— 1)e=1Chu,,, (57')

paccMoTpennom B M. 9 (3aecs a=1).
O6wnii wicn A1000# NOCAENOBATE/ILHOCTH, YALOBJAETBOPAIOUIEH
STOMY ypaBHEHIIO, NOMKeH uMeTb Bui [dopMyna (69)]:

Uy=By—+ B (n—1) ... B, (n—1}-1.  (69)

Yro6ul nafith  koatbduuuentst By, By, ..., By, 1OCTarouHo
PEINHTh CJAEAYIOULYI0 CHCTEMY £ JHHEHHBIX aire0panyecKux ypas-
HeHHH ¢ R HEU3BECTHHIMH:
BO’:uli !
Bo+31+ s +Bk—1=”z» (73)
kel
By By (k— 1)+ ... B, (k—1)"l=u,.
B cayuae apudmeruueckoil nporpeccun k==2 n Qopmyna
(69') mpumer BUIL:
un:BO+Bl (ll—— l)v
a cucrema (73) —Buu:
Bo = u,
BO "‘l" Bl == UZ.
Orctoga BULHO, 4TO By—— i, ¢CTb mepBbifl 4/ied IMPOrpeccHH, 3
B, ==u, — u; =— d — pasnoctb nporpeccnu. Cienosarensio,
u,=u +dn—1).

Mbl TOAYYHAN XOPOILO H3BECTHYIO GOpMyy.

Her HywJH Npon3BOANTbH COOTBETCTBYIOLMME BHKJIAAKH A5
cayuast TOCAENOBATeABHOCTH KBAaIpaTOB H/AH KyOOB HATypanbHbix
upces, TaK KA4K Mbl C CAMOTO Hadana 3HaeM 31ech, 4TO 4, == #%,
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WM U, ==n°. ONHAKO NPENCTABASET HEKOTOpHH HHTEPEC MpH-
MEHHTb CooTHowmrenns (69°) m (73) k BuBOLY OpMYya masm CymMul
Y4/1€HOB apudMeTHYecKkofl NpPOrpeccHH, a TaK#e CyMMbI KBaApaToB
HIH KYOOB HAaTypa/pHRIX yuCe.l.

B m. 4 Mu gokasanm, uto ecaM uieHn HEKOTOPOH NOCAELO-
BATEJILHOCTH {#,} YIOBAETBOPAIOT YPABHEHHIO BUAA

yop= S L] + alun+k—2+' . + Ll
TO cymMbl {S,} “ICHOB 3TOM N0CIELOBATENBHOCTH (§; == Uy, So—
=Uf~tp, Sy=ijtuy~-ty,...) YIOBICTBODSIOT YpPABHEHIIO
BUla
Sntrpr= (1 +ay) s,
Haz—ay) Spppart- o A (@— @ 1)Spp— as,,.
B cayuyae ypasuenns (57’) oueBupno, 4t

a,= Cp, ay=—— Ci ..., ak:(—l)k"ICf.
[TosTomy
1 —l—alzl —I—Cé:C}H_l,
25— 01:—(6‘2—!—0};):— Ciy4,

3 2 3
ay—ay = Cp-+Ci = Cpy,
PN 1 Ak
G—a, == (— 1) 1(Ch~Cp ) = (— 1)F-1CE4,
SRR AR
—a,==(— 1)* Cy=(—1)* Cri:
“ ypasuenne a1 {s,} MOKeT GuTh NPENCTABICHO B BHIC!

9 Bkl
Sntptl == C}H-l Spar—Crty Snip—1~ .. (—1)% Ckil Sar

.11
1 . 2 ! I k-1
Sntkt1— Crt1 Sy g Choy Snprmi— o o= (— 1)¥+1C5]] s, =0,

Urak, ecan nocaenosate.1bHocTh {u,} ynmosiersopser ypas-
HEeHIIO BHAA (57') nopsiaka R, To NOC/IENOBATE.1bHOCTD COOTBET-
CTBYIOIHX CYMM {§,} YIOB/IETBOPSET ypaBHEHHIO TOTO Ke BHJA,
HO mopsaka k1. B w€acrnoctn, nis apudmernyeckoll nporpec-
Cmi k==2, #1J9 I0CIENOBATEALHOCTI KBALPATOB HATYPaJLHBIX
uncen k=3 u pJ8 nocienosatedbHocTH KyG6oB k=4 cielo-
BaTeIBHO, NJs  TOCIENOBATEILHOCTEH COOTBETCTBYIOLIMX CYMM
HYXHO B YKa3auHbiX Bollle paseucTsax (577), (69), (73) 6partw
k na epuuuuy 66abmum: 3, 4 u 5

a) Cymma unenos apupmeTnuecKo nporpec-
¢, Ha ocHoBaumn caenannnx 3savevanni, S, BHIPAKACTCA BC
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¢opuyse (69°) (c samenodt u, na s,) upn k=3, Cuenosare.ibii,
s,==By--B;(n—1)4 By (n— 12

Koagpduuuentor By, B,, B, OnpeiedloTes U3 cHcTeMs (73:
(¢ TOM e 3ameHOd u, Ha §, W TpH k=23):

By=s,=u,,
Byt By + By==sy = u; 4 1, ==2u, -+ 4,
By~-2+By 4 22By == s, ==u; - tty -+ 1y = 3u, 4 3d.
Pewas e&, noayuaem:
1 1
B(): uq, 81:u1+—2—d, 82:‘—‘2(1,
Crenosarensno,

s, =uy -+ (”1+ —;—d) (n—1)-+ »é—d(n-l)zz

=””1+—;'d(ll———l)n:w:

2
:”[ul+lll+(u"l)d]_n(ul—“‘”n\’
2 - 2 ’
0) CymMma KBAaZPATOB HATYPAAbHEX 4YIlICe..

Beps B dopmynax (69) u (73) k=4 u 3avenss u, depes v,
0.1y 4aeM:

Sy =By~ By (n—1) 4By (n—1)2 + By (n— 1)*
By=s,=1,
BO+BI+BZ+33282:1+22:5,
Bo+231+482+833=$‘3:1—{—-22+32:14,
By 3B, 4 9B, - 27By=s, =1 4-22 132 . 42— 30.
W3 nocaepnedl cHcTeMbl HAaXOmMiM:

1 1

80:1‘, Bl:2€’

[Toaromy

Sa=1hgm—1) 4 S —1ptlp—1p=
o (1 43n42n2 nin+1y(2n1
’::—6—’1—"—3/7.2—{**3—’1"——” +6+ ): + 3 }.

Mer nonyunan snaxomyio gopyyay.
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B) Cymma xy60B HaTypaabunx uncena. Jna ued
nMeeM:
n2(n--1)2
Snim ———Z———.
STOT BHIBOA MBI MPENOCTABJSEM YHTATEMO B KAYECTBE YIPAXKHEHH.
B sakaiouenne paccMOTpHM ewlE mnpHMep MNOC/AEL0BATE/AbLHO-
crut a, 2a%, 3ad,..., nat, ... (as£0, a=£1).
3nech
u, == na" (n—1,2,3,...).
Jlerko Bugerb, 4TO

a2y ;

n’

u = 2aqu

n+ n+1

B CaMOM JeJie
2qup 1 — @Pu,==2a (n—+ 1)a"*'—a2na" = (n -+ 2) a" *2 =y,
Tak kaxk k=2, a,=2a 0 ay,— — a2, TO NOCAENOBATE/b~
HocTh cymm {5} (s, =a, sy =a -} 2a?, sy=a 222} 3a3,...)
Gyner yRoBaeTBOPATH ypasueunio [cm. (30)]:
Snas3== (a1 1) Spqo -+ (2, — ay) Sppp— @28, =
=(2a4-1)s,,,—(@®}-2a)s,,, 4 a%,.

CoOTBETCTRYIOLIEE X3PAKTEPHCTHYECKOE YPABHEHHE TAKORO:

¢°==(2a+1) g — (a® - 2a) g - a2.
Jlerko BuAeTh, YTO OHO YIOBJIETBOpPsieTCs NpH g==a. Heas
wiorouned ¢*—(2a—1) g2+ (a®42a)g—a? na ¢—a, mo-

JyyaeMm B YyaCTHOM:
g?—(a-+1)g-+a.

CIIelIOBaTEIIbHO, OCTaJIbHBIC [IBA KOPHHA XapaKTEPHUCTHUYECKOro ypas-
HEHHSl YIOBJIETBOPHAIOT CJACLYWOIIEMY YPaBHEHHIO!

@?—(a-+1)g-4+a==0.

I1tH KopHH CyTb. o 1 1,

HWrak, xapaktepncTHUeCKOe ypaBHEHHE HMEET KOpEHp & KpaT-
HOCTH @=2 u npocToil kopeub B==1.

[losTomy ang s, moanyuaem [cm. dopmyny (69), rne BMecTo #,
caelyet nmcarb S, a=a&, Q(x)== B} B;x— MHOrouNen mnep-
soli crenend, 3=1 n R (x)=Cy— nocrosxuas]:

s,=[By+ By (n—1)]am~14-C,  (1=1,2,8,...).
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Kospduunents By, By B C; HAXOAATCS H3 CHCTEMBl ypas-
#eHnil, COOTBeTCTBYIOIIHX 3Haueduam n=—1, 2 u 3

Bo + CO == Sl =,
(BO +Bl)1+ C0282=a+ 2@2’
(B+2B,)2* + Co =5, = o+ 22° - 34%,
OTcioga HaXOILHM:

a3 — 202 a? o
By=G—w Bi=c—1 " G=g=ip
CenoBaTebHO,

ant? — Dar+t 4
e =B+ By(n— D1 -y 2= Dt T
_ue?— (g1 —uy)
- (a—1)2 .




3AK/IIOYEHHUE

IJTa KHIKKA 1OMKHA OGR4 A4Th YHTATENI0 MPENCTABACHHE O
2a:311000pa3il  BO3BPATHEIX MOCJACIOBATENbHOCTEH H HX posau B
aaremarike. Byecte ¢ rtea MOKa2a/I, 4TO BO3BPATHHIE MOCJe-
OBATE.1bHOCTH HENANEKO YIIIH OT HanGonee MPOCTHIX H3 HHX —
FeOMeTpHYCCKOf nporpeccHn u NMOC/Ie I0BaTEIbHOCTEH cTenenelt
HaTyDAMBHEIX  4NCea (B 4AaCTHOCTH, NOCAENOBATEABHOCTH CAMIIX
MATYPAZIBHBIX  YHUCEJ, COCTABASIONINX apudwmeTHUeCKyI0 nporpec-
CHIO) — 1 MOrYT OBITh BHIpAWEHH C TOMOIIBIO 3THX MPOCTEHIIHX
f0C.1€10BATEABHOCTE],

Ho yxe B 9MEMEHTAPHOH MaTeMaTHke HA KA oM mary BcTpe-
AI0TCH MOCAeIORATENLHOCTH, He ABJSIOLIHECS BO3BpaTHLIMI, Ta-
XOBJ, HampiMep, O4H4 113 HanGo/iee BaXHHX BO BCelt MaTeMa -
UeCKOH HayKe M0C/Ie10BaTebHOCTS TIPOCTHIX YIICR.T:

2,3,5,7,11,13,17, 19, 23, . ..

ITe mocIea0BaTebHOCTD, © eb rayGOKNMIL [ CJAOKHHIMH CBOJ-
CTBAMIH, HM3YYaeTCd B TeOpUH Ypce.d.

He smasorest BozBpartneivi Tak:e 10C/1e 10BATENbHOCTH 3Ha-
HCHHA MHOTTIX 3.TeMeNTapHbiX byHKII, Harnprmep:

3 47 ’ ’ *
- 1
(nocaexosateabnoc s 3nauennit dynkum Yye=— mpn  x=
=1,2,3,...), n
s S~y r— —
1,]/2y]’5»V‘L~---1V”v---y
log 1, log 2, log 3, log4,. .., logn,. . .

. o T
(nocaenopareaviiocTn zHaveHnit gyvHkimt ) x logx)n . g,
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WsyuenueM 3TUX M UM NOZOGHBIX NOCJAEZOBATENBHO-
cTeli™) (a BMecTe ¢ HUMH H BO3BPATHHIX TOCJEL0BATENb-
HOCTEH) 3aHHMaeTCA YIOMHHABINASICA BhIUE MAaTEMaTH-
U€CKas IUCHHMIJIMHA—HM CUHCJAEHHE KOHEYHB X paa-
HOCTei.

Haxonen, B Kypce sneMeHTapHoil MaTeMaTHKM u B
0COGEHHOCTH B KYpCe MaTEMAaTHUECKOrO aHa/iu3a, uay-
4aeMOro B BHICIIEH IKOJE, BECbMA BAXHYIO POJb UTPAIOT
CXOAsINECs: NOCAELOBATENbHOCTH, T, €. IOC/IEI0BATENb-
HOCTH, oOJNanammlMe KOHEYHBIMH IpenenaMu. Mx uayue-
HHE COCTaB/AfET BaXHEHNIYIO 3anauy TEOPHUH NPEAeNOB
M OTHOCHTCS K OCHOBaM MaTeMAaTHUYECKOro aHa-
au3a. CpoificTBa OTAEJBHHIX WIEHOB IIOCAEIOBATENbHO-
cTeif MrpalT UpH 3TOM 60J€€ HeM BTOPOCTENEHHYIO
poJb: BaxeH Jaulib (GaKT CcymecTBOBaHHsA Ipenela u
BEJNUYHMHA 3TOFO IpejeJa.

Bce 3Tu saMeuaHus MB cuuTaeM HeOGXOXMMbBIM cre-
JaTh M TOTO, YTOOBI UMTATENb INOHHJ, YTO HBJI0MKEH-
Hasy HAMM TEOPHsT BO3BPAaTHBIX NOCJIEXOBATEJBHOCTE],
KaK C TOUKM 3DEHHs CBOETO NPEAMETa, TaK M C TOUKH
3peHus BHIABJAAEMBX €10 3aKOHOMEPHOCTEH, NPEeICcTaB-
AseT co6OH aMIUL BEChbMAa YAacTHYIO W CKPOMHYIO TJaBy
YYEHHUsSI O NOCJAEIOBATEJNBHOCTHX.

#) Peub u38T 0 MOCIENOBATEIBNHOCTAX BHAYElHH TaK HasblBaeMblX
aHaIHTHYeCKH X ¢YHKUHUH npocTelillUMH [IPEACTABHTENAMH KO-
TOPbHIX ABISMIOTCA dieMeHTaplibie GVHKIHHU,
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