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I'T MUXAHWJIMYEHKO, B.A. KbIPOB

TUINIEPKOMIIJIEKCHBIE YUNCJIA B HEKOTOPBIX TEOMETPUAX
ABYX MHO2KECTB. 1

Annoranms. Baxreiimeil 3ajadeit Teopun (peHOMEHOJIOTMYECKU CUMMETPUIHBIX I€OMETPUil JIBYX
MHOKECTB $IBJII€TCs Kylaccudukanus 3Tux reomerpuii. B nannoit pabore 1o merpudeckuM OyHKIN-
sIM HEKOTODBIX U3BECTHBIX (DEHOMEHOJOIMYECKH CUMMETPUYHBIX reoMeTpuil jaByx muoxkecrs (PC
TIM) ¢ noMOIIbI0 KOMILIEKCU(DUKAIMU ACCOIUATUBHBIMYI MMIIEPKOMILIEKCHBIME YUCIAME HAXOISAT-
csl MeTpuYecKrne (PYHKIINK HOBBIX Takux reoMerpuii. Haxonsgrcs Takake ypaBHEHUs TPYII JBUXKe-
HOW 9TUX TeOMeTpHUil. YCTAHABINBAETCs (DEHOMEHOJIOTMIECKAs CUMMETPHUsI ITUX F€OMETPHii, T.e.
HaXOAATCH (DYHKITMOHAJIBHBIE CBA3U MEXKJIy METPUICCKUMU (DYHKIUSMU JJIsi OIPEIEJICHHOTO KO-
HEYHOT'O YHCJIa IIPOU3BOJIBHBIX TOYEK. B 4acTHOCTH, 110 OJTHOKOMIIOHEHTHBIM METPUYECKUM (DYyHK-
muam ®C TIM panros (2,2), (3,2), (3,3) onpenensiorcsa (n + 1)-KOMIOHEHTHbIE METPUYECKHUE
byarIMy Tex ke paHros. s HUX HAXOMATCS KOHEYHBbIE yPABHEHUS DY JIBUXKEHUN U ypaBHE-
HU¢, BbIPAXKaIoIye NX (heHOMEHOJIOINYECKYI0 CUMMETPHUIO.

KirrogeBbie c/1oBa: TeOMETPHS ABYX MHOYXKECTB, (DEHOMEHOJIOTNIECKAs CHMMETPHsI, TPYIIIIOBAas CIM-
MeTpHUsl, TUIIEPKOMILJIEKCHBIE YUCJIA.

VIIK: 514.16

BBEOEHUE

0.1. B paborax [1], |2] maercst onpejesenue ogHOMETPUIECKON (HDEHOMEHOJIOMMYECKH CUMMET-
puunoit reomerpun jByx mMuoxkectB (PC TIM) panra (n + 1,m + 1), koropast 3ajaercst jaud-
depeHImpyeMoii HEBBIPOKICHHON MeTpudecKoil dyHKImel ¢ OTKpbITOi u mioTHoit B R™ x R™
006JIaCTBIO OIIPeIeICHUSI:

f:R™xR"— R,
a TAK2Ke BBIMOJIHAETCS aKCHOMa (DeHOMEHOIOTHIECKON CUMMETPUN: CIIPABEINBA (DYHKITUOHAIb-
Hasd CBA3b

(I)(f(ﬂla Vl)af(M17V2)a SRR f(Mn-i—la Vm—i—l)) =0

JIJISi OTKPBITOIO U TJIOTHOTO TIOJIMHOYKECTBA KOPTEXKEH ([41, 42y -+« fhiy font13 V15 V2 -+« s Viny Vit 1)
JHEBL 1 4+ m 4 2 13 okpecTHOCTH V ([, 12, - - - 5 fs g 13 V15 V2s - -+ s Vs Vg1 ) C RTOHD %
Rrm+1), Oyuknusa ¢ — quddepennupyemas u rang ® = 1. B nanmoit pabore TOUYKHU U3 IEPBOTO
MHOXKECTBa, 0003HAYAIOTCS (4, (41, (42, - - . , & TOYKH U3 BTOPOTO MHOXKECTBA — U, V1, Vo, ...

B koopmuuarax merpuaeckas dyuknus OC [JIM panra (n 4+ 1,m + 1) 3amaercsa B Buje

Fpv) = fl@' (), 2™ (1), € (v),...,€"(v)),
rie (zt(u), ..., 2™ (u)) — xoopaunarer Toukn p € R™, a (£X(v),. .., " (v)) — KoopAMHATHI TOUKE

v e R
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Baxknoit zaytaaeit sipsisiercs kiraccudukaius OC IZIM. B korre 60-x rr. XX Beka ObLIa IoCTpo-
eHa nosiHas Kiaaccudukanus ogHoMerpudeckux PC TIIM [3], 1. e. Korja 3HaUeHUsT METPUYECKOI
dyukmun f npunamiexkar R. Hac unrepecyror

@®C I'/IM panra (2, 2):

[, v) = z(R)€W), (1)

@®C I'/IM panra (3,2):
fpsv) = z(p)€W) +n(v), (2)

@®C I'/IM panra (3, 3):
fu,v) = 2(wéw) + y(pn(v), (3)
fp,v) = x(@)éw) + y(p) +n). (4)

0.2. Kak u Bblnie MOxkHO onpejienuTh s-mMerpudeckyo @C TJIM panra (n+1,m+ 1), koropast
zagaercs quddepeHnupyeMoil HeBBIPOXKIEHHON MEeTPUIECKON (DyHKIIMEH ¢ OTKPLITON U IIJIOTHOMN
B R X R*™ 06J1acTbIO OIIpEIe/IeHNS:

f:R™ x R™ — R’.
Bromosasiercst akcnoma (heHOMEHOJTOTHIECKON CUMMETPHH: CYIIECTBYeT (PYHKITMOHAIbHAS CBA3b

' (f(pa, 1), f(u1,v2)s ooy F(png1, Vmt1)) =0

JIJISE OTKPBITOIO U TJIOTHOIO TIOJIMHOYKECTBA KOPTEXKEH ([41, (42, -+« fhyy font13 V15 V2 -+« s Viny Vit 1)
JUTHBL 1o 4 M + 2 w3 okpecTHOCTU V ({11, 42, -« -y fny 13 V15 V2, -« + s Vs V1)) C Rsm(nt1) 5
R ) @yukuua ' — muddepennupyemas un rang ® = s. INonuas kiaaccuduKaims s-MeT-
puueckux OC ['JIM eme He MOCTPOEHA.

0.3. B gammoit paboTre TpeiaraeTcs METOJ, MO3BOJIAIONUI MTOCTPONTDh TACTHIHYIO KJIACCH-
dukarmmio s-merpudeckux OC I'/IM panra (n 4+ 1,m + 1). CyTb 9T0ro MeTojia COCTOUT B KOM-
mrekcuukaun yxe n3ecTHbIX omHoMerpudeckux OC [JIM runepKOMIIEKCHBIMUA UHCIAME
Pa3JIMYHOIO paHra: JBa, TPH, YeThipe U T. . Hampumep, rumepKOMIIJIEKCHBIMU YHUCIAMEI paHTa 2
ABJISIOTCA OOBIMHBIC KOMILIEKCHBIC uncaa (i2 = —1), aBoitnbie KoMIIeKcHble uucia (i2 = 1) u
JyasbHbIe KOMILTeKcHble uncta (i2 = 0) [4], [5], runepkomiiexcHbMu amciamm panra 4 sBist-
I0TCsI KBAPTEPHUOHBI |4, a ITUIIepKOMILIEKCHBIMEU YucjaaMu paHra 8 — okTasbl [4]. B pesysbrare
KOMILIEKCU(DUKAIIUN TOJTyJatoTcsi MmeTpudeckue hyukimn s-merpudeckux OPC TIIM. DTot meros,
anpobuposad B pabore [5|, B KOTOPOIl ¢ IIOMOIIBIO JIByMEPHBIX U TPEXMEPHBIX I'MIIEPKOMILIEKC-
HBIX YHCeJ 110 Merpudeckoil dyukiuu (2) HaiijeHbl Merpudeckue (yHKIUUA 2-METPUIECKUX U
3-merpuueckux OC T'JIM.

C ucno/ib30BaHNeM KOMITbIOTEPHBIX TEXHOJIOTHH MOKA3aHO, YTO KOMILIEKCU(PUKAIUS MeTPUIe-
ckoit dykiun (1) HeaccONUATUBHBIMU TPEXMEPHBIMU TUIIEPKOMILIEKCHBIMU YHCIAMHU JIACT OTPU-
naTeabHbIi pe3ybrat. [Ipn koMiurekcudukaum Ke TPeXMEPHBIMEA aCCONUATHBHBIMU THUIIEPKOM-
IJIEKCHBIMH 9HCJIAMH Pe3yJIbTaT BCErja IOJIOKUATENbHBIH. [103TOMy HUXKe KOMILTeKCUDUKAIINST
OyJIeT TPOBOJIUTHCS TOJIBKO ACCOIUATUBHBIMU TUIEPKOMILIEKCHBIMU YHCJIAMHU.

1. AJITEBPA I'MIEPKOMIIJIEKCHBIX YMCEJI

1.1. PaccMoTpuM BeleCTBEHHYIO JIMHEHHYIO accoluaTuBHyo airedbpy (n + 1)-MepHBIX runep-
KoMILIekCHbIX unces L ([6], c.462). Tlpumepamu takux ajarebp ciyzxar ajarebpa KOMILIEKCHBIX
quces, aaredpa KBaATEePHUOHOB.

IIpou3BOJIbHOE THIIEPKOMILIEKCHOE dumciao mveer Bun x = xlig + xliy + --- + 2™, rue
202!, ... ,2" € R, iy = 1, i1,...,4, — MuuMBle eauHupl. CllOMKeHHne, YMHOXKEHHE Ha Jieii-
CTBUTEJILHOE YUCJIO ONPEESIOTCS MTOKOMIIOHEHTHO, a MTPOU3BE/IEHNE 3AITUCHIBAETCS CJIEITY IOTITIM
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obpasom: Va,y € L:

n
Ty = Z aFylipi. (5)
k,1=0
[IpoussesieHre MHUMBIX €IUHUIL ixi; € L OIpese/siercsi CIENUAJIbHON Tab/IUIel yMHOKEHUS.
BameruM, uro npoussejenue (5) B 06IIEM ciydae HEKOMMYTATUBHO.
1.2. B anrebpe runepKOMILIEKCHBIX YHCE]T MOTYT CyIIEeCTBOBATH JEJIUTEU HYJIsl, T.€. TaKue
gncia a # 0 u b # 0, uro ab = 0, npudeM a €cTh JIEBBIA, & b — TPaBbIf JEJUTETN HYJIsI.
O6osnaunm vepes U(L) C L obsactsb 6e3 Hysisi U JieiuTesieii HyJist.

ITpengioxkenue 1.1 ([6], c.184). ITycmv a € U(L), moeda das nezo cywecmsyrom aesul U
npaswviti obpammvie saemenmol, npuvem —ta = a~t. Mwoowcecmeo U(L) asasemea epynnoti no
YMHOACEHUIO.

1.3. B kagecTBe 11epBoro npumMepa pacCMOTPHUM aJredpy ABYMEPHBIX IHIIEPKOMILIEKCHBIX YUCETT
z=x+ iy i n=1.

IIpengioxkenue 1.2 ([4], c.9). Cywecmsyem moavko mpu muna 08YyMepHOIT 2UNEPKOMNACKCHHIT
WUCEN: 0OBIUHDLE KOMNACKCHDLE YUCAG C KEAOPAMOM MHUMOT edunuupl, i2 = —1, deotinvie wucaa
i? =1, dyaavnve wucaa, i2 = 0. MU YUCAG GCCOUUATNUCHDL U KOMMYMATNUCHDL.

1.4. B kagecTBe BTOPOro MpHMEpa pacCMOTPUM aarebpy TPEXMEpPHBIX M'MIIEPKOMILICKCHBIX YH-
cenu = x+iy+ jz st n = 2. Tabuuia yMHOXKeHMsI UX MHUMBIX eJUHUIL ¢ U j npusejiena B ([1],
c. 127):

P*=a+jb, j>=c+id, ij=f+ig+jh, ji=p+iq+jr

ITpennoxkenue 1.3. Jlobvie cucmemv, MPerMepHvir 2UNEPKOMNAEKCHOIL HYUcen codepacam. de-
NUTNEAYU HYAA.

JIJ1st acCONMATUBHBIX CHCTEM TPEXMEPHBIX THIIEPKOMIIJIEKCHBIX THUCEJT TIPUBEIEM TabIMIbI Y MHO-
JKeHusl uX MHUMbIX exunut ([1], . 128; [7]):

i2=bg+h®+bj, j>=dh®+g¢*>+di, ij=ji=bg— gh+gi+hj,
=1, j>=0, ij=j, ji=—j
OTMeTI/IM, 9TO JJIs IEPBOTrO CJay4dasd THIIEPKOMIIJIEKCHBIEC YHC/Ia KOMMYTaTHUBHbBIC, a JIJId BTOPOI'O
cayd4asi HeT.

2. AJITEBPA MATPUIL] HAJlI TMIIEPKOMIIJIEKCHBIMM YNCJIAMU

2.1. Ilycte My — mHOXKecTBO MaTpuil pa3mepa 2 X 2 Haj aaredpoil acCOIMATUBHBIX TUIIEP-
KOMILTEKCHBIX 4dnces L. CiioxkeHne TakKux MaTpHIl 1 YMHOXKEHIE NX Ha TMIIEPKOMILIEKCHOE YHCJIO
obbranbie. [IponsBeeHne MaTPUIl OIPEIEIsIeTCs 0 MPABUIY “‘CTpoka Ha cTosberr’. MoxHO m10-
Kazarb, 4T0 My — sunHeiinast accorparnsHas aarebpa ([6], c. 184).

Jlist MaTpuIl, Kak W JUIsT THIEPKOMILIEKCHBIX YHCEJI, MOYKHO TOBOPUTH O JIEBBIX M IIPABBIX
JIeJINTEJISIX HYJIsl: HeHysieBble MaTpuibl A, B € My Ha3BIBAIOTCS COOTBETCTBEHHO JIEBBIM U IIpa-
BbIM Jiesiuresisivmu Hyuist, eciim AB = 0. O6o3naunm depe3 U(Ms) C My MHOXKECTBO HEHYJIEBBIX
MAaTpPHIl, HE sIBJSIONINXCS HYU JIEBLIM M HU HPaBbIM JAeauTe/aMu Hyss. MoxKHO J0Ka3aTh, 9TO
muozkectBo U(Msz) oTKpBITO 1 III0THO B M.

IIpennoxenne 2.1 ([6], c.184). ITyemov mampuuya A € U(Ma), mozda daa nee cyuecmey-
0m Ae6as u npasas obpammuvie mampuysl, npuvem A = A=Y Muooscecmeo U(My) acasemea
2pynnotl OMHOCUMENLHO MAMPUHHOZO YMHOHCEHUA.

2.2. Beraucjenne obpaTHOl MATPHUIIBI.
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Ilpennoxkenue 2.2. [fycms L — anzebpa 2unepromMnaekcholl wucen. Jas mMampuiot

_ (2(0) y(a)
A‘@w>mm>€mM”

¢ aaemenmamu uz U(L), Aa, B) = z(a)x=1(8) — y(a)y~1(8) € U(L), a = (z(a),y(a)) — napa
eunepromnaercrnox wucea us U(L),

A*l — < 'I_l(ﬁ)(A(avﬁ))_l x_l(a)(A(ﬁa a))_l ) (6)
-y (B) (A, 8))"1 —y (@) (A(B, )t
Hoxasameavcmeo. Pemaem ypasuenne AB = E orHocuTebHO MaTtpuiibl B € M. ]

MHozKecTBO MaTpPUIl, 0 KOTOPOM MOBOPHUTCs B nipejyiozkenuu 2.2, o6ozuaunm U (Ms). OgeBuno,
9YTO 9TO OTKPBITOE U IIOTHOE TI0AMHOXKecTBO B U(Ms). Jlerko jokasbiBaeTcst

Ilpennoxxenue 2.3. Jlas mampuy (;Egg Zgg;) € U(M>) cnpasedauso coommowierue

z(a) yla)) (z(a) yla))
<fv(7) y(v)) <fv(ﬁ) y(ﬁ))
B <A(%ﬁ)1€‘l(a,ﬁ) Ay, a)fg‘l(ﬁ,a)> B <U(oa,1ﬂ,’v) U(B,Oa,’v)>’

2de u(a, B,7) = Ay, B)A™ (e, B).

3. OJHOMETPUYECKUE ®EHOMEHOJIOTMYECKU CUMMETPUYHBIE TEOMETPUN JIBYX
MHOXKECTB (@C I'/ZIM)

3.1. Bo BBemenuu jano onpenesenne ojgHomerpudeckoii ®C TJIM panra (n + 1,m + 1), a
TakKe MPUBOJATCS MeTpudeckue (byHKImu Jjist panros (2,2), (3,2), (3,3). st HuX u3BeCTHDBI
dbyHKIIOHATbHBIE CBA3M [3]|, KOTOPbIE MOXKHO HEPENHUCATh B CIEYIONEM YI00HOM BUJIE:

st @C IJIM panra (2, 2):
Flu, ) 2, v1) = fun, ve) £ (g, v2) =0, (7)

rJie IPOM3BOJILHBIN KOPTeXK (fi1, fia; V1, Vo) OEpeTcss u3 OTKPBITOrO ¥ MJIOTHOIO TIOJMHOYKECTBA B

V({p1, p2;v1,12)) C (R)* % (R)%;
st @C TJIM panra (3, 2):

(f(r, 1) = fluz 1)) (F(pa, 1) = flps, )~ =
= (f(p,v2) — fluz,v2))(f(pa,v2) — flus,v2)) ™", (8)
IpUYeM [POU3BOJIbHBIN KOPTeX ([i1, [, [13; V1, Vo) OEPETCsl U3 OTKPBITOIO M IJIOTHOIO IMOJIMHO-
weersa B V ({1, p2, p3; vi,v2)) C (R)? x (R?)?;
st @C IJIM pamra (3, 3):
IIepBOE PEIICHUe NMCET BHJL
F(pn, pos v, vo) F =1 (pa, pgs v, ve) = Fp, poivi, v3) =, psi v, v3), (9)
rie
fp,v1) f(m,Vz)) <35(#1) y(m)) <§(V1)
F ; ; ) = =
(2, i, v2) <f(ﬂ277/1) f(p2,v2) x(p2) ylp2)) \n(v1)
_ 1 0
F(p, posvi,vo) F =, psy vi, ) = ,
(1, w251, v2) WHBWW)(NM%WN%%)AWMWN%MQ

o(p1) y(p) )

npuaeM A(py, f12) — ONPEEINTENb MATPHIIbI ( e(u2) yluz) )’
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BTOPOE DeEIIEeHUE NMeeT BUJL

[(f (1, 1) = [, vs)) — (f (w3, v1) — fus, vs))] %
X (f(p2,v1) = Fpz,v3)) — (f (s, 1) — flus,va)] ! =
= [(f(p1,v2) = f(ua,v3)) = (f (s, v2) — f 13, v3))]%
< [(f(p2,v2) = fp2,vs)) — (f (us, v2) — flus,vs))] ™!, (10)

OpUYeM Kak JijIsl IEPBOro, TaK U JIJIsi BTOPOrO PEIeHuil KOPTeXU (fi1, [io, [i3; V1, V2, V3) TIPUHAJI-

JIesKaT OTKPBITOMY M TIIOTHOMY TIofMHOKecTBY B V ({11, p2, t3; V1, Vo, v3)) C (R?)3 x (R?)3.
Bamerum, uro neppoe perterne B @C I[JIM panra (3,3) mis yzo06cTBa 3alucaHo B MaTpU-

HOM BHJI€, HO OHO PABHOCHJILHO OJJHOMY CKAJISIPHOMY DABEHCTBY, IIOCKOJIBKY B (9) y MaTpHIlbl

F(p, pas v, va) F- Y, pive, v2) = (A(m,ug)}A(M,ug) A(m,ul)%(ug,m)) 1epBbIE [1Ba SJIEMCH-
Ta — 3TO YHCJA €IMHULA U HyJb, & TPETHIl U YeTBEPTLIA 3JIeMEHTLI — 3TO OAHA (PYHKIUS OT
TOYEK B PA3HOH II0CIEI0BATE/LHOCTH.
3.2. Bromurcs nousitue japukennss B8 @C IJIM panra (n+ 1, m + 1) kak jokanbHoro juddeo-
mopduzma A X 0 : R™ x R" — R™ x R™:
z' = Nz), § = 0a(),

COXPAHSIONIEr0 METPUIECKYIO (DYHKITHIO

f@,&) = f(A@),0(8) = f(z,9). (11)
Bamernm, 4TO IpyIIa JBUXKEHUH JeiicTByeT cpa3dy B AByX npocrpancrBax. CoorHomenue (11)
siBJIsteTCst (DYHKIMOHAJIBHBIM yPABHEHHEM Ha IDYIILY JBUKEHU, pelias KOTopoe MOXKHO Hafitu
ee KOHeUYHbIe ypaBHeHus [8]:

st @C ITJIM pamra (2, 2):
¥ =ax, ¢ =¢/a, a#0, (12)

st @C TJIM panra (3, 2):
¥ =ar+b, & =¢a, n=n-0b/a, a0, (13)

st @C TJIM panra (3, 3):

epBOe peIlleHne UMEET BUJL

X' =AX, 2 =413, (14)
roe X' = (;:) , X = (i) , =2 = (21) , 2= (%) , A= (Z; géi) — KBaJIpaTHas HEBLIPOXKJICHHAST

marpura, a A~ — obparnas MmaTpuia;
BTOpOE pEIICHIe UMeeT BU]L

P =ar+b, Y —y+eatd &=(E—c)fa, o =n-bE—c)a—d, a#0.  (15)
Cremyer oTMETUTH, UTO TpYyIoBas U ¢gpenoMmenojornvdeckas cummerpun st OC I'JIM sxBu-

BaJIGHTHBI B CJIEJLYIONIEM CMBICJIE: 10 METPUYECKOH (DYHKIMNA MOXKHO HAWTH I'PYIILY JBUKEHMUI,
a 1o TPYIIe JIBUKEHUI HAXoAuTCsi MeTpuueckas dyukius |1, [7].

4. KOMIIEKCUOUKALA OJHOMETPUYECKON ®C ['JIM PAHrA (2,2)
TUINEPKOMIIJIEKCHBIMU YUCJIAMU

4.1. Ipocreiimas onnomerpuueckass PC [JIM panra (2,2) 3amaercs (6], ¢.9) merpudaeckoii
dbyuxmumeii (1) B R X R, a ee deHOMeHOIOINYECKAs] CUMMETPHs BbIpaykaeTcs: ypaBHenueM (7),
rje, nHaupumep, f(u,v) = x(p)€(v). Dra reomerpust HajlesIsieTcs TPYIIIOBOI CUMMeTpHeli cTereHn
OJIMH, OTIPEJIEJISIeMOM OJIHOIIAPAMETPUYECKOl IpyIIoii aBrzkenuii (12), cOXpaHsIONMUX MeTpude-
ckyto dynkimio (1), 1. e. BbosHsIETC TOXKIecTBO (11).
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4.2. Tlposenem roMmiutekcudukanuo Merpudeckoil dyukmun (1), nepexois K COOTBETCTBYIO-
M TUTIEPKOMILIEKCHBIM (DYHKIIMAM U KOOPJUHATAM, [OJIarast

n n n
fo=>_Fij, w=Y ali;, =) i
=0 j=0

j=0
Torma koMmiuiekcuduUIUpoBaHHAs MeTPpUYeCKass (PYHKIU Oy1eT UMeThb BH]T

fe(p, v) = 2(p)§ (). (1)
Bbizesisist 3aTeM ojiHy JEHCTBUTEIBHYIO U 7 MHMMBIX 4YacTeil, mosydaem (n + 1)-KOMIOHEHTHYTO
MeTpHUecKyio (BbyHKIHIO, 3a/ao1yio B npocrpancreax R u R TIIM. Ssnsercs nu ona
benoMeHOIOrMYECKH CUMMETPHYHO# paHra (2,2), MOXKHO YCTAHOBUTH TPEMSsI PA3JIMIHBIMU METO-
JIAMU: MATPUIHBIM, IPYIIIOBBIM U (DYHKIIMOHAJILHBIM, T. €. IO PAHT'Y COOTBETCTBYIOIIEH (DyHKIIN-
OHAJIbHOfI MaTPHUIBI, €cJii OH paBeH 3(n+ 1), 10 cTeleHn IPYNIOBOii CUMMETPHH, €CJIM OHA PABHA
n + 1, u no unciy ypasuennii, Beipaxatomux OC panra (2,2), ecsiu ono pasuo n + 1.
4.3. Haiinem rpynmy apuzkenuit jyist komiuiekcudunuposanuoin @C [JIM panra (2,2). s
9TOro pemmM QyHKIMOHAIbHOe ypaBHeHre (11) Ha MHOYXKECTBO JIBUYKEHHUIL.

Teopema 4.1. I'pynna deusicernuti komnaexcuguuuposanrott ®C IJIM panea (2,2) ¢ mempuue-
cxoti pynxyuet (1) szadaemes ypasnenuamu

' =xza, & =al¢, (16)

6 Komopux 2unepkomnaekcroit napamemp a € U(L). Husapuarmom smoti epynno. deustcenul
aeasemes mempuueckas gynryus (1). Iapamempuueckoti epynnoti aeasemes epynna U(L) eu-
NEPKOMNAEKCHDIT wucen 6e3 desumenets Hyas.

Jloxasamenvemeo. Sammmem s merpudeckoii dyrkmun (17) ypasnenme (11): 2/¢’ = x€ npn

z,2',&,¢ € U(L). Paznemum nepemennnie x 1 o’ = €71 = a = const, Tak Kak KOODJIMHATHI T
u £ GepyTCst U1 TOYEK U3 Pa3HBIX MHOMKECTB, TO ' = xa, & = a~'€. IloyueHHBIe COOTHOIIEHNSI,
OYEBUJTHO, CIIPABEIUBLI Jjisd TPou3BOIbHBIX * U £ u3 L. Takum obpa3om, HalijleHbI ypaBHEHUST
(16).

MuBapnanTHOCTD METPUIECKON (DYHKINN TOKA3BIBACTCI TAK:

~1 -1
fe=2'¢ = (va)(a™ &) = x(aa™")§ = 2§ = fi.
IIpu JroKa3aTe/IbCTBE UCIOIBL30BAHO CBOMCTBO accoraTuBHOCTH. Ilociiequee siBisieTcst O9eBH/I-
HBIM CJIe/ICTBHEM ypaBHenuii (16). O

Ouesnmo, aro MuoKecTBO (16) sBiIsiercst (n + 1)-mapaMeTpuvecKoil TpyIoil IBUKeHnil, Tak
KaK MMapamMeTp ¢ SBJISIETCS THIIEPKOMILIEKCHBIM YHCJIOM, BKJIIOYAIONUM B cebst n + 1 BemecTBen-
HBIX [TAPAMETPOB.

4.4. YpasHenue, Bbipakaromiee peHoMenoorndeckyio cummerpuio I'JIM, 3amaBaemoit merpu-
9ecKoi (pyHKIIIeH (1/ ), B I'MIIEPKOMIIJICKCHON 3aIlMCU UMeeT BUJL

Felpr, ) fi (2, v2) — fo(pr, v2) o (2, 12) = 0,

npuueM fix € U(L). IIposepka 9T0r0 ypaBHeHUsl IPOBOUTCS SJIEMEHTAPHO.

5. KOMIVIEKCUPUKALMST OJHOMETPUYECKON ©C I'JIM PAHTA (3,2)
T'UHEPKOMIIJIEKCHBIMU YUCJIAMU

5.1. Pacemorpum teneps kommiekcndukanmio oxHomerpudaeckoit @C [JIM pamra (3,2), 3a-
nasaemoit ([1], c. 18) merprueckoit dbynxmmeit (2) na R x R?. ®enomenosorndeckast panra (3,2)
CUMMeTpUsl Bblpaxkaercsi ypaBHenueM (8), B koropoMm, Hanpumep, f(u,v) = z(u)é(v) + n(v),
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a dKBUBAJIEHTHAA €fl TPYNIIOBasg CHUMMETPHUs CTEIEHU JIBa ONpPEesIsieTCs IBYXIapaMeTPUIecKOn
rpynnoii asuxkenuit (13), coxpansionmx GyHKiuo (2).

5.2. Ionarast B BbIpakeHnu (2) KoopauHaThHl T,&,7 € L, 10 UCHOIB30BAHHO BbINIE CXeMe
nosygaeM (n + 1)-KOMIOHEHTHYIO METPUIECKYIO (DYHKIIUIO

Jx= $(:U’)£(V) + 77(”)? (2/)

samaoryio ®C TJIM panra (3,2) ma R*"' u R* ™1 manenennyio rpymmosoii cuMmerpmeit
crenenn 2(n + 1). @eHoMeHOIOrMYCCKAs] CUMMETPHsl BHIPAZKACTCsI yPaBHEHUEM

(fK(,UJ, v1) — fx(pe2, Vl))(fK(Mh Vl) - fK(/Lg, 1/1))71—
- (fK(:u’h V2) - fK(:u27 VQ))(fK(Nl, Vg) — fK(Mg, 1/2))71 =0,

npuiem

T, v1) = fu(pa, v1), fu(pr, v1) = f(pz, v1), fu(p1, v2) = fupa, vo), fu(pr, vo)— fi(us, v2) € U(L).

5.3. Halinem sKBUBaJEHTHYIO TPYIIIOBYIO CUMMETPHIO, T.€. TPYIIy JIBWKEHUH JIJIT KOMILIEK-
cudunuposannoit @C I'/IM panra (3,2). st sroro pemum dyHkiponanbaoe ypasaerne (11) aa
MHO>KECTBO JIBUZKCHUN.

Teopema 5.1. I'pynna dsusicenuti komnaexcuguyuposarnott @C IJIM panea (3,2) ¢ mempuue-
cxoti pynryueti (2') sadaemea ypasnenuamu

¢ =za+b, & =a'¢, 0 =n—0bal¢, (17)

6 Komopuir eunepromnaekcuvie napamempo. a € U(L), b € L. Husapuanmom amot epyn-

noL deusicenuti aeasemes mempuseckas gynkyus (27). Hapamempuneckot epynnot seasemcs

epynna U(L) N L = My, 2de Mo — epynna, cocmoswas u3 mampuy, A = (‘g(l)), npUveM

A7l = (:Z;il ?) — 00paMHAL MAMPUYQ.

Joxasameavcmeo. 3ammmem ypasuenne (11) gs merpuaeckoii dyuxuun (2') u 1Byx map Todex
(1, v), (pe,v) ¢ koopmunaramu pn = (2(p1),y(m)), p2 = (@(p2),y(u2)), v1 = (@), n()),
KOTODBIE JIBHKeHHeM nepeBogsrcest B toukn iy = (2/(u1),y' (1)), ph = (@' (p2), v (12)), v) =
(&'(11),7' (11)) coorBeTCTBEHHO:

o ()€ + 0 = 2(p)€+n, @' ()8 +0' = x(u2)s + 1, (+)

upuaeM x(p1) — x(p2), 2’ (u1) — 2'(p2), &, € U(L), n,n € L. Bbrarem u3 nepporo ypapHeHUsI
BTOpOE:

(@' (1) — 2" (p2))€' = (x(p1) — x(p2)€, o' (u2)€ + 1" = x(u2)é +n.
PaspemmM s3Tn ToXKecTBa oTHOCUTETBHO & 1 1)/, 3aTeM bUKCHpyeM TOUKH fi1 W [io:
¢ = (' () — @' (p2)) "N (@(p1) — x(p2))E,
n=n—[2'(p2) (@' (1) — 2 (u2)) " (@ (1) — 2(p2)) — z(u2)]E.
'Haﬂee BBOJMM O603HaquHﬂ
a” ' = (2 (p1) — &' (p2)) " (w(p1) — 2(p2)) = const € U(L),

ba~" = @' (u2) (2’ (1) — ' (u2)) " (2(1) — 2 (ua)) — x(p2) = const € L.
Torna
¢=a'¢, ' =n—ba'¢.
Haiinennoe nmojcrasum B ():

¢+ =aé+n, date+n—ba T = a4+,
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caesoBaresbio, © = xa + b. Takum o6pazom, Haiinenst ypasaenus (17), KOTOpbIe CIIPABEJJTUBLI

/ / /
s x, 2, 8,8, m,1 € L.
MuBapuadaTHOCTh METPUYIECKON (DYHKIIUN JTOKA3BIBACTCS CJIEIYIONIUM 00pa30M:

fe=a'¢ +0' = (@a+b)(a™ &) +n—ba ¢ = z(aa™ N +n =& +n—ba” ¢ = fi

[Ipu mokasaTeabCTBE MCIOJB30BAHO CBOMCTBO ACCOMMATHBHOCTH THUIIEPKOMILIEKCHBIX duces. 1lo-
cJieJTHee YTBEPKIEHNE OYEBUTHO. ([l

OueBniHo, uTo rpynna jpuxkennii (17) ssiasgercsa 2(n + 1)-napaMeTpudeckoil IpyIoil, BKIIO-
qarormasi B cebst 2(n + 1) BelecTBeHHBIX IIapAMETPOB.

6. KOMIVIEKCUPUKALMST OJJHOMETPUYECKON ®C I'JIM PAHTA (3,3)
I'UITEPKOMITJIEKCHBIMU YNCJIAMU

6.1. Tlepeiinewm, neiee, k ogaomerpudeckoit @C ['JIM panra (3, 3), Koropast CyIIeCTBYeT B JAByX
HeSKBUBaJICHTHBIX BapuanTax ([1], c.63), 3ajaBaeMbix Merpudeckumu Gyaknusmu (3) u (4) Ha
R?x R?. ]Izt mepsoit merpudeckoit dynkmmn (3) OC panra (3, 3) 3amasaemoit eto [JIM Bhipaska-
ercs ypasaerueM (9). I'pynmosast »xe cummerpusi crerienn 4 onpejesisiercst 4-riapaMeTpuyecKoii
rpymmnoit aeukennii (14).

6.2. ITpu nepexojie B BbipakeHun (3) K MMIEPKOMILIEKCHBIM KOODJAMHATAM mHosrydaem (n + 1)-
KOMITOHEHTHYIO METPUIECKYIO (DyHKITHIO

f(p,v) = 2(u)é(v) +y(w)n(v), (3)

koropas 3agaer PC I'/IM, npuaem ee PC panra (3,3) BoIparxkaeTcst ypaBHEHHEM

F(pu, po; vi,vo) Fg (s pss vi,va) = Fie(pa, pios vr, vs) F M, pss vr, vs), (18)

fr(pa,vr) fu(pi,ve)

Flpamn) fK(u2,l/2)) € U(My). CornacHo npe/ijiozkeHuio 2.3 Bep-

e Marpuna Fi (p1, po; v, v2) = (

no pasencrBo Fy(pu1, o vi, vo)F (1, us; vy, va) = <U(u17/113,u2) U(us,ghuz))' 3HaYUT, MATPUIHOE
ypaBrenue (18) jaeT TOJBKO OJHO HETPUBUAILHOE CKAJSIPHOE TOXKIECTBO, KOTOPOE W 3aJaeT
deHOMEHOIOTNYECKYIO CUMMETPHIO.

6.3. Haiimem 9KBUBaJIEHTHYIO IPYIIIOBYIO CHMMETPHIO, T. €. TPYIIILY JBUMKEHUN IS KOMILIEK-
cudunuposannoit PC T'ZIM panra (3,3). st 91oro pemunm dbyHKIMOHAIBHOE ypasHenue (11)
Ha MHOXKECTBO JIBU?KCHUIA.

Teopema 6.1. I'pynna dsusicenuti komnaexcuguyuposarnott @C IJIM panea (3,3) ¢ mempuue-
croti pynryueti (3') sadaemes mampuunvim ypasrenuem

X' =XA, = =A1%7, (19)

[1]

ede X = (zy), 2= (%), A= (%9) € UMs). Hnsapuarmom smoti epynnvt deudicernuti Acasem-
ca mempuueckasn gynkyus (3'). Hapamempuueckol epynnoti AGAAEMCA 2DYNNA HEGVPOHCOCHNBIT

mampuy, U(Ms).

Jloxasamenvcmeo. Sarmimem ypasaerne (11) s merpuueckoit dbynkimun (3') u qByx map Touek
(u,11), (u,v2) ¢ xoopmunaramu p = (x,y), v1 = (§(v1),n(1)), va = (£(v2),n(r2)), KOTOpPBIE
JBrKeHneM nepesojgrcs B rouku p = (2,y), vf = (&'(n1),n' (1)), v = (€' (v2), 1 (v2)) coor-
BETCTBEHHO:

' () +y'n' (1) = 2€(n) +yn(n), o' (na) +y'n (v2) = 2E(1a) + yn(v2)
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ui B MarpuunoMm Buge X'D'=XD npu D= (f}EZB ggzz%) €U(M,). Paspemas, umeem X' =

XDD'~L. Bummo, aro mepemennbie pazjemmick. [ostomy A=DD'~1= (¢ 9) =const € U(M>).
Takum obpaszom, X' = X A. Aunajoruuno, ypasuenue (11) samumem jyist nap (g, v), (g, v):

2 ()€ +y' ()0’ = 2(p)€ +y(p)n, = (p2)€" +y' (u2)n' = z(u2)€ + y(pa)n,
B MaTPUYIHOM BHjle oHO uMmeeT Buj W'E = W=, rne W = (;EZ;% ZEZ;;) cU(Ms), W =WA¢€
U(M,). Torpa
WAZ =WE, 2 =WA'We=Aa"'wlwz =4z

Takum o06pasoM, Haii/leHbl ypaBHEHUsI HA TPyIHIly jBuKkenuit (19).
JlokazarebeTBO MHBAPUAHTHOCTH MeTpudeckoi dbyukiuu (3') mpoBoauTcs Kak U B TeopeMax
4.1 m 5.1. g

Oueunro, rpymmna jasmkennii (19) sisisiercst 4(n + 1)-napaMerpuydeckoil rpyIoil, BKIIOYA0-
mieit B cebst 4(n + 1) BemecTBeHHBIX TapaMeTpOB.

6.4. s Bropoit merpuaeckoit dyukimn (4) @C Beiparkaercs ypasaenueM (10), rue, nanpu-
mep, f(p,v) = x(p)é(v) +y(p) + n(v). Ppynnosast ke cuvmmMerTpust creneHn 4 3ajaeTcsi ypaBHe-
ausivu (15).

Ecou B Bbipaxkenun (4) mpoBecT KOMIUIEKCUMDUKYIHMIO, TO HOJAyIuM (N + 1)-KOMIIOHEHTHYIO
METPUIECKYIO (DYHKITUIO

felp,v) = 2(W)EW) + y(p) +n(v), (4)
KoTopas 3amaer Ha 2(n + 1)-mepubix muoroobpasusix ®C I['JIM panra (3,3). Ee denomenosoru-
YECKasi CUMMETPHUs BHIPAXKAETCS YPABHEHUEM

[(fu(pa, v1) = fu(pa,vs)) = (fulps, vr) = fu(ps, vs))]%
X (felpzs ) = fielpa, v3)) = (feuz, 1) = (s, vs))] ! =
= [(fx(pa, v2) = fu(pa,v3)) — (fe(ps, v2) — fulps, vs))]x
X [(flpz,v2) = filpz, v3)) — (filps, v2) — flps, vs))] ™",
upuyem (fi(p1, 1) = felpr, v3)) — (fe(ps, v1) — felus, vs)) € U(L).

I'pynma aeumxenuit @C [IJIM 3aaercst BbIpaKeHUSIMU
o' =xa+b, Yy =y+act+d, &=al(E—c), 0 =n—ba N ({—c)—d,
e a € U(L), koropble mosrydaiorcs u3 pemennii dyHkiponaabHoro ypasaenns (11). Musapu-

AHTOM 3TOH I'DYIIIIBI JABUKEHUI sBJIsieTcss MeTpudeckas Gynknus (4'). [lapamerpudeckas rpymmna
n30MOpPQHA T'PYIIe, COCTOSINEHl U3 MATPHUIL BUIA

e a € U(L), b,c,d € L. Hecto)KHO BBIMUCIUTE
a "t —a ¢ 0
ATl = 0 1 0
—ba~' bale—d 1
B Takom ciyvae mHBapHAHTHOCTH MeTpuieckoil dbynknun (4') nposepsiercs ciemyiommm obpa-
30M:

Y€y 40 =((r vy )a) (a1 n)T) =gty
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7. OUBNYECKUI1 [IPUMEP

7.1. Kommurekcudurmposanusie 00braabiMu KoMmiutecHbiMu anciaamu @C IJIM panros (2, 2)
u (3,3) unrepnperupyiorcs H0.C. BiagumuposbiM B Teopun dusnueckux BlaumogeiicTsuit [9),
[10]. B wactHOCTH, MM j1aeTcst CIIOCOD TIOJIyYeHUsI CIIUHOPOB, T.€. HEKOTOPBIX MATeMaTHYECKHX
0ObEKTOB, KOTOPBIME OINUCHIBAIOTCSI 9JIeMEHTAPHbIE YaCTUIbI (JIEIITOHBI U GAPUOHBI). 3aMeTHM,
YTO B TEOPETUYIECKON (pU3UKe CIUHOPHI MOJIy4IatoT depe3 aiarebpy Kuddopma. Corracao pabo-
tam FO.C. Biaagumuposa jyist komiutekcuduimposannoit ®C TZIM panra (3, 3) Touku u3 nepsoro
MHOkecTBa M = C? HHTEPHPETHPYIOTCS KaK HAYaJbHBIE COCTOSHUS JIEMEHTAPHON YaCTHIBI, a
TOUKH 13 BTOPOro Muoxkectsa N = C? — KaK KOHEUHBIC COCTOSIHHS, IIPUUEM JIjIst JII060H TOUKHI
we M, v=mne N.Yepra cBepxy o3HaUaeT KOMILIEKCHOE corpsikenue. Jlajiee paccMaTpuBaeTcs
merpuyeckas dbyrkiws (3') 11 HAYATBLHOTO U KOHETHOTO COCTOSTHUIA:

rie, manpmep, x(p) = &' (1) + iz*(n), 2(7) = o' (@) — iz*(7)
G = <fk(u1,m) fdﬂh@)) _ < w(p1)  y(m )) < z(p) x(@))
Si(pz, ) fulpo, 12) (n2)  y(p2) (1) y(m2))”
KOTOpasi UHTEPIPETUPYIOTC KaK CIUHTEH30P BTOPOro panra. Ilojcrasiisis B Hee 3HAUYECHUS MeT-
puaeckoit dynknuu (20), mosydaem

, i2 = —1. PaccMoTpuM MaTpHILY

G = poEs + p1o1 + p202 + p3os,

e By = (1 0) — €JIMHUYHasi MaTpulia, oy = (? é), o9 = (8 0 ) o3 = ((1] —01) — marpurisl [ayrm.
B pabore [9] ormeuaercs, uro pasencrso det G = 1 coxpansiercst rpymmoit SU(2), m1091oMy TOUKY
L MOYKHO MHTEPIPETUPOBATH KaK CIIUMHOP HEKOTOPOii 3jieMeHTapHoii yacTuipl. HectoxKHo Takske
nposeputh det G = p2 — p? — p3 — p2. D10 cooTHOIITEHIE HHTEPIIPETHPYETCS KAK CIHHTEeH30PHBIH
VHBAPHUAHT.

8. BAKJIIOUEHUE

B pabore [11], rae uccaenyercst addunnas rpynna kak PC TJIM, takxke paccMarpuBaercst
Ipob/IeMa KOMILIEKCU(DUKAIINN THIEPKOMILIEKCHBIMEU 9UCJIaMUA. B 9acTHOCTH, JOKA3BIBAETCS, ITO
npu KoMiuiekcudukamun ab@UHHON IPYIIIbI ACCOIUATHBHBIMU TUIEPKOMIIJIEKCHBIMU UUCIAME
nosryaatorcs @C I'JIM. OnucanHblil B 9TOH cTaThe METOJI KOMILIEKCH(DUKAIIUN TUITEPKOMILIEKC-
HBbIME Yncamu MoxkHO npumenuTs u st ®C TJIM panros (n+1,n), (n+1,n+1), merpudeckue
dbyHKIMI KOTOPBIX TIpUBEJIeHbI B paboTax [1]-[3].
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Hypercomplex numbers in some geometries of two sets. I

Abstract. The most important problem in the theory of phenomenologically symmetric geometries
of two sets is classification of these geometries. In this work we find metric functions of these new
geometries by metric functions of some known phenomenologically symmetric geometries of two
sets (PS GTS) with the help of complexification by associative hypercomplex numbers. We also
find equations of motion groups of these geometries and phenomenological symmetry of these
geometries, i.e., functional relationship between metric functions is specified for definite finite
number of arbitrary points. In particular, by single-component metric function of PS GTS of
(2,2), (3,2), (3,3) ranks we define (n + 1)-component metric functions of the same ranks. We find
finite equations of motion group and equation expressing their phenomenological symmetry.
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