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YIIK 512.816

NPOCTENWNE NONUMETPUYECKUE
FEOMETPUMN. |

I'. I'. Muxaiinuaenxo

[MonuMeTpUUecKre reoMeTpUM, T. €. reoMeTpUH c bBoJjiee UeM OOHMM
pPacCTOAHMEM, €CTECTBEHHO BO3HHMKAIOT B TEOPUU (MU3MUUECKHMX CTPYKTYP
I0. U. Kynakosa [1]. lleso B TOM, UTO B paMKaX ®TO/ TeOpMH pacCTOAHUE
IIOHMMAETCA B CaMOM o6IeM CMBIC/Je KaK YMCI0BaA QYHKUMA Naphbl TOUEK,
IpyUUYEM BCe B3aMMHBIE PACCTOAHNUA [J5l HEKOTOPOr0o KOHEUHOI0 YMciia TOo-
UYeK M0 aKCMOME TaK Ha3blBaeMoii ¢eHOMEHOJIOrMUeCKO CUMMETPHUN OO0 JK-
Hbl 6bITh QYHKUMOHAJbHO cBA3aHbl. Cueaylowmii ¢pmMsamyeckuii npumep
MOATBEPKOAET, B YACTHOCTH, COLEPKATEJIbHOCTh MNOHATUA NBYMeTpHUUe-
CKOI reoMeTpuH, AeJiasi ee BO3MOKHBLIM 06'beKTOM TOUYHOI0 ONpeneseHUs
1 MaTEeMaTUUECKOro UCCIIeNOBAHUA.

IIycte M — MHOKECTBO PaBHOBECHBLIX COCTOAHUIT HeKOTOpOt TepMo-
JVHAMMUUECKO# cHUCcTeMbl, 3alaBaeMbIX AByMA napaMerpamu P u V, T. e.
naBieHreM U obbemoM. Kaxnmoit nape cocrosanuit (ij) € M x M, B3ATHIX
B oNpesesieHHOM NOpAIKe, conocTaBUM aBa uucia f1(ij) = Apy(i — j) n
f2(ij) = Avp(i — j), paBHBbIX paboTe BHELIHMX CHUJI IO MEPEBOAY CUCTEMbI
M3 COCTOSIHMA i B COCTOAHME J CHauaJa o n3sobape, a IOTOM 10 U30Xope B
nepBoM cayuae (npouecc PV) u cHauaJsa 1o usoxope, a 3aTeM 1o usobape —
Bo BTOpoM (npouecc VP). Ecau cocToanua i M j 3a0al0TCA NMapaMeTpaMu
P(i), V(i) u P(j),V(j), To nna sennunn fl(ij) u f%(ij) umeem crenyioume
BbIpa’KeHUWA:

F149) = POV = Vi), f23i5) = POV () = V() (1)

Yucaa f1(ij) n f2(ij) 6y.nem Ha3bIBaTH paccmosnusmu (COOTBETCTBEHHO Mep-
BLIM U BTOPbIM) OT TOUKM i 10 TOUKHM j, a camy pyukuuio f : MM x M — R?,
rae f = (f!, f2), — deymempuxoil. ToBOPUTHL 06 OBLIUHLIX METPUUECKUX aK-
cCHMOMaX B cilydae ABYMETDUKU He BCer[a YMeCTHO, XOTA AJIA KOHKPETHOM
asymeTpuks (1) akcuomMa CMMMETPUM, HAIPUMED, BBINOJIHAETCA B CJedy-
romem cMmbicae: f1(ji) = —f2(ij). He coBceMm AcHO, Kak MHTeprnpeTHUpoO-
BaThb Il ABYMeTPUKU HepaBeHCTBO TpeyrosibHuMka. Kpome Toro, paccro-
aaua f1(ij) v f2(ij) He 06A3aTENBbHO NONTOKUTENBLHO ONPeAeseHHbl MU MOTY T
obpalaTbCca B HyJb He TOJIbLKO AJA COBnaJalouMX Touek i U j. [losTomy
HUXKe ynobHo 6yner asymerpuky f = (f!, f?) noHMMaTb Kak HeKOTOpYyIO
¢YHKUMIO NMapbl TOUEK, HA KOTOPYIO HaJI0KEHbI JOCTATOUHO oblLimne 1 ecTe-
CTBEHHbIEe YCJOBHUA I'1aAKOCTH U HEBBLIPOKIAEHHOCTH.

PaccMmoTpuM, manee, Tpy cocTosHuA i,k € M, B3ATLIX B onperneseH-
HOM MopsAZKe, T. e. TPoUKy (ijk) € M3, u BLINMIIEM BCe WeCTb paccTOAHMIA
aasa nap (ij), (ik), (jk), B KOTOpbIX MOPALOK COCTOAHUMI ompenensieTcA UX
clenoBaHMEM B MCXoAHOM KoprTexe (ijk). Kpome Bbipakenuii (1) 6ynem
MMEThH ellle UeTbIpe BbIpasKeHUH:

(k) = PGV = V(R),  f2(k) = P(R)(V() = V(E)),
F1Gk) = PGYVG) - V(K),  £2Gk) = PRYV(G) - V (k).
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Hckaiouana m3 mectu paccroanumii (1), (2) wecrs napamerpos P(i), V(7),
P(j), V(j), P(k), V(k) Tpex cocToaHmii i, j, k, cpaBHUTEIbHO HETPYIHO
MOJIyUMTh ABe He3aBUCHMMBbIE QYHKUMOHAJIbHbIE CBA3M MEXY ®TUMM pac-

CTOAHHUAMM:
0 —f2ij) —f(ik)
LG 0 —f(k) =0, (3a)
fL6k)  f1Gk) 0

1) f1Gk) = f2(ik)
F1(ik) 0 —f2(ik) | = 0. (36)
fliik) =25 —f23k)

Hannume nByx coorHomenuit (3a) n (36) Mexnay LiecTbIO pacCTOA-
auamu (1), (2) ana nioboii Tpoliku cocroauuit (ijk) € M3 osnauaer B
TEPMMHOJIOTMU TEOPUM (PU3MUECKUX CTPYKTYpP, UTO MUCXoAHaA (yHKUMUA
f M x M — R? 3amaeT Ha MHOKECTBe COCTOAHUM N AByMeTpUUECKYIO
ON3NUECKYIO CTPYKTYPY pPaHra 3 My AByMeTPHUUECKYIO GE€HOMEHOJIOTrHUUE-
CKU CUMMETPUUHYIO F€OMETPHIO TOrO >Ke paHra.

B pa6ore [2] aBTOp, caeays maeam FO. U. Kynakosa (3], nan omnpe-
LeJleHUne ONHOMETPUUECKHX PU3UUECKUX CTPYKTYpP, T. €. (PEHOMEHOJIOIU-
YEeCKUM CMMMETPUYUHbIX F€OMETPHUI C OAHMM paccTosiHMeM. Tam ke 6blio
nokasaHo, uTto Merprka f : M x M — R monyckaer HETPUBMAIBHYIO JIO-
KaJibHyO rpynmny JIM JoKaJbHbIX ABUKEHUN, COXPAHAIOIIMX PacCCTOAHUE
MesKAY ABYMS TOUKaMM. AHaJlorMuHas CUTYalWA [0JI’KHa MMeTb MECTO
U B clyuyae OBYMETPUUECKUX I'€OMETPUIA, a TakKe U S-METPUUECKUX, TIe
§ 2 2, K onpelesieHUIO KOTOPbIX Mbl HUKe nepeiiaem. Mcronb3ysa rpymnmo-
BYIO CUMMETDPHIO 9THUX '€OMETPUIi, MO’KHO B HEKOTOPbIX YaCTHBIX CJIYyYaaXx
MOCTPOUTH MX MOJIHYIO KJIacCUPUKALUIO, UTO U By/1eT caeslaHO BO BTOpO
yacTu paboThbl OJIA ABYMETPHUUECKUX U TPUMETPHUUECKUX GEHOMEHOIOTU-
YeCKU CMMMETPHUHbBIX F€OMETPUA HAMMEHbIUEro paHra 3.

Ilycts mMMeerca MHokecTBo 9, ABJAIOLIEECHA SN-MEPHBLIM TIJIaJKUM
MHoroobpasuvemMm, raoe s 2> 2 u n > 1 — uesable 4yucia, TOUYKHM KOTOPOI'0O
0603HAUUM CTPOUHBLIMM JIATUHCKMMHU GyKBaMH, a TakKe QyHKUMOHAJILHOE
coorBercTBMe f : M x M — R*, comocTaBiApollee Kaxaoh mape (ij) n3
obyactu ero omnpenenenna G; C MM x M HeKoTOpyIO COBOKYIHOCTBH § Be-
mecTBeHHbIX umcen f(ij) = (f1(ij),..., f*(ij)) € R*. ®PyHKUMOHANLHOE COOT-
BercTBue f = (f1,..., f*) 6yaem Ha3biBaTb s-mempuxod, He Tpebysa, oaHAKO,
[OJIOKUTENbHOM ONpeneseHHOCTH €€ KOMIOHEHT M BBINOJHEHUA aKCUOM
06bIuHOM 1-MeTprKM. 3aMeTHM, UTO B 0611eM caydae GyHKUMOHAJNbHOE CO-
orBeTcTBUE [ He sABJIAeTcA ¢yHKUMel, T. e. He BcaAkoit nmape us 9 x M
COIMOCTAaBJIAETCA § UMcCeJs, HO B JaJibHellleM yno6HO B ABHOM 3anucu s-
paccroanusa f(ij) monpasymeBaTb, uto (ij) € S;.

O6o3Haunm uepe3 U(i) okpectHocTb ToukMm i@ € M, uepe3s U((ij)) —
OoKpecTHOCTb napsl (ij) € M x M 1 aHanormyHo 6yneM o6o3HaUATH OKpecT-
HOCTM KOpTeKeil M3 ApYryuX NpAMBIX NpousBeleHNM MHokecTBa I Ha ce-
6a. Ilna HekoToporo kopTexa (ki...k,) € M" nauHbl n BBeAeM OyHKLMO-
HaJibHble cooTBeTcTBUA f[ky...ks] : M — R*™ u fPlky ... kn] : M — R*™, co-
noctaBasaa Touke i € M Touru (f(ik1),..., f(ikn)) € R*" u (f(k19),..., f(kn))
€ R*" cooTBeTcTBeHHO, ecau (iky),...,(ikn) € &f u (ki1i),..., (kai) € &;. 3a-
MeTUM, uTo obJsacTU omnpenesieHUsA cooTBeTcTBUM f* u f" MoryT He co-
BraaaThb APYr C APYrOM M C MCXOAHbIM MHoxecTBoM M. B oTHoumeHun
npoctpanctBa M u s-merpuku f = (f,..., f*) 6ynem npeanonarath Bbl-
[oJIHEHUE Clle Ay IOIMX TPeX aKCUOM.

I. O6nacTb onpenenenva &; pyHkuMoHanbHOro cooTBeTcTBUA f : M X
M — R* ecTb oTKpbITOE M MiaoTHoe B M X 9N MHoOkecCTBO.
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II. ®yHKuMOHaNBbHOE COOTBETCTBHE f B 06J1aCTH CBOEro onpeneseHUA
Sy ecTh NOCTATOUHO I'IaAKafA QyHKIMA.
III. B M™ nnoTHO MHOXECTBO TAKMX KOpTeXel MIMHBI n, JJIA KOTO-

pbix pyHKUMOHalbHoe coorBeTcTBME f*(f") MMeeT MakCHMaJIbHBIA paHT,
paBHBIA sn, B Toukax ryoTHoro B It MHoKecTBa.

IocTaTouHaA rIalKOCTh 03HAUaeT, UTO B 06JIaCTHU onpenesieHNA He-
npepbiBHAa KaK caMa s-MeTpHKa, Tak M BCe ee NPOMU3BOJAHbIE JOCTATOUHO
BbICOKOTO Nopsaka. [aaakyio s-merpuky f = (f},...,f*), ana koTopoi
BbINoJIHAeTCA akcuoma III, 6yaeM Ha3biBaTb negbipoxcdennot. 3ameTum
TaKKe, UyTo orpaHvuuennda B akcuomax [-III oTKpbITHIMM M NTOTHBIMK MHO-
>KeCTBaMU CBA3aHO C TEM, UTO MCXOAHble MHOXKECTBa MOTYT COIEpKaThb
UCKJIOUUTEJbHbIE TT0IMHO>KECTBAa MeHbLIEW pa3MepHOCTH, e 8T aKCU-
OMBI He BBIMOJHAKTCA.

Mycts m = n+ 2 > 3. BBenem ¢yHKUMOHaNIbHOE cooTBeTcTBHe F :
Mmm — R*M™M-1/2 conocrabnsasa koprexy (ijk...vw) aauusl m us M™ Tou-
ky (f(if), f(ik),..., f(vw)) € R*™m=1/2 koopaunHaTEl KoTOpOH B R*™™m-1)/2
OTIpeNeNAIOTCA YIIOPAAOUYEHHOU 10 UCXOQHOMY KOPTEKY IOCJ€en0BaTeNb-
HocTbIo sm(m—1)/2 paccToauuii Ansa Bcex nap ero Touek: (ij), (ik),..., (vw),
ecny Bce T napbl nprHaanexar Gy, Ob6nacTb onpeneneHUA COOTBET-
crBuA F o060o3HauuM uepe3s Gp. OueBUaHO, UTO ob6aacTb Sf ecTb OTKpbI-
Toe M nuoTHoe B IMM™ MHOKeCTBO.

OnpEIENEHME I. Bynem roBoputb, uto @ynxyuonarsuoe coomsemcmaeue
f i Mx M — R* 3a0aem na sn-mepnom munozoobpasuu M s-mempunecxyo Pe-
HOMENOAOZUNECKY CUMMEMPUNNYI0 2eomempuiro (Pusuneckyio cmpyxmypy) panza
m = n + 2, eciu kpoMme akcuoMm I-III momonHuUTeNnbLHO MMeeT MecTo clie-
AYIoIiasd aKCUOMa.

IV. CywecrByer ninotHoe B Gp MHOKeCTBO TaKoe€, UTO AJA Ka*KIOro
KopTexka (ijk...vw) 21€eMEHTOB PTOr0 MHOXKECTBA AJIMHBI M = n + 2 U He-
KoTopo¥ okpectHocTH U((ijk ... vw)) HaltmeTca TakaA [OCTATOUHO IIaAKadA

¢yuruua ¢ : & — R®, onpeneneHHada B HeKoTopoit obnactu & C Rsm(m=1)/2

conepskauieit Touky F((ijk...vw)), uTo B Hel rang® = s M MHoOkKecTBO
F(u({(ijk...vw))) ABNAETCA NOAMHOKECTBOM MHOeCTBa Hyleil pyHKuMM @,
T. €.

®(f(25), F(ik), ..., f(vw)) =0 (4)

oA Bcex kopTexkeit n3 U((ijk ... vw)).

AxcnomMma IV cocTaBasier conepskaHue NpMHUMNA GEHOMEHOJIOTUUECKOM
cumMeTpun. OHa BbipaskaeT TpebGoBaHMe, yTobbl sm(m — 1)/2 paccTosaHuM
MeXKAy ToUKaMM Jtoboro Koprexka AauHbl m = n+2 us U((ijk...vw)) 6biam
¢yHKUMOHAJBHO CBA3aHBI, YA0OBJETBOPAA CUCTeMe s ypaBHeHUi (4). Ycao-

Bre Ha rang® o3Havaer, yto ypaBHeHnA ® =0 (t. e. ®; =0,...,8, = 0)
He3aBUCHMBI.

Ecau z = (2!, .. .,&*") — J0KaJbHble KOOPAMHATHI B MHOroo6pa3uu M,
To nua s-metpukn f = (f1,..., f*) B HekoTopoit okpecTHocTH U (i) x U(j) Ka-

*kno napel (ij) € &y MOKHO BBINMCATb ABHO €€ JIOKaJbHOE KOOPAMHATHOE
rnpenacTaBlleHUE

f(i5) = f(2(i), 2(4)) = f(='(d),..., =" (@), 2 (4), ..., 2*"(5)), (5)
cBoiicTBa KoToporo onpenensaiorca akcuomamu II u III. [Tockonbky paHru
¢YHKUMOHANBHBIX COOTBETCTBMI f™ U f, paBHbIe sn, MaKCUMaJIbHBI, KOOP-
nunHaThl £(i) ¥ 2(j) BXoOAT B npeacTaBieHue (5) cylleCTBEHHBIM 06pa3oM.
[Tocnennee o3HayaeT, UTO HMKaKasa JIOKaJbHO 06paTMMasn rijaakas 3aMeHa
KOODJIMHAT He INpUBeNeT K yMeHbLIUEHHUIO MX 4Uucla, T. €. He CyLIecTBY-
€T TaKoli JIoKaJbHOM cuCcTeMbl KOOPAMHAT, B KOTopoii npeacrasieHue (H)

.o 1/, n'/: 1/ ¢ n" /.
MozkHo 3anmcaTh B Buae f(ij) = f(z'(7),...,z" (¢),z2!(j),...,2" (J)), rae nam
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n' < sn, unn n” < sn. IlleficTBUTEeNbHO, ecau, HanpuMep, n' < sn, To AJA
no6oro koprexa (j1 ...jn) € (U(j))" anunel n u ana mobokt Toukn us U(d)
paHr GpyHKUMOHAJIBLHOIO COOTBETCTBMA f*[j; ... jp] OyaeT 3aBeoMO MeHbllie
sn, uto nporuBopeuuT akcuome III. 3aMeTnM, oqHAKO, UTO CylleCTBEHHAA
3aBMCUMOCTD IpeacTaBieHn (5) oT JIOKaJbHBIX KoopauHat z(i) u z(j) He
rapaHTHUpyeT BbINoJHeHUA akcuoMmbl 111,

Ucnoab3ysa (5), 3anumieM JoKaJbHOE KOOPAMHATHOE IpeLACTaBJeHUE
BBeJeHHOI'0 BhIIIE€ COOTBETCTBUA F':

f(5) = f(=2(3),2(5)), f(ik) = f(z(2),2(k)), ..., flvw) = f(z(v),z(w)), (6)
maTtpuna Akobu kotoporo
0f(1j)  95(ij)
é;9;3(('56)) 720) 3f?'k) ) )
220) 0 ) 0 (7)

Of(vw) Af(vw)
0 0 0 T 8z(v) O0z(w)

nMeet sm(m — 1)/2 cTpok u smn cronb6uoB. 3nech uepes %ﬁ o6o3HauyeHa

matpuua Akobu aas coorserctBua f = (f!,..., f°) no koopaAuHATAM T =
(z,...,2°"):

aft aft

ozl T Ozen

of af

@ DR W
IIpencraBnenue (6) aas coorserctua F 3anaerca cucremoii sm(m — 1)/2
dyuxumit f(ij), f(ik), ..., f(vw), 3aBUcAILIMX cieuranbHBIM 06pa3oM oT smn
koopauHat z'(4),...,z°"(i),...,z}(w), ..., z°"(w) Bcex Touek kopTexa (ijk ...

vw) aauvuabl m = n+2. [lockonbky uncio pyHkumii B cucreme (6) He 6oapiue
ofiilero uMcia KOOpAMHAT, HallMuKre CBA3M (4) ABNAETCA HETPUBUAJIbHBIM
daKkTOM, HE MMEIOLIUM MeCTa [JIA MPOU3BOJBbHON cucTeMbl TUNa (6).

CooTBeTcTBHe F cOrjacHo ero KoopAMHAaTHOMY npexncraBieHuUio (6)
oToGpaxaeT okpecTHocTb U((ijk...vw)) C &f B R*™™-1/2 ®yukumonann-
Holi MaTpuueli oTobpakenua F aBaserca marpuua fkobu (7) cucTeMbl
¢yHkumii (6), a ero paHroM Ha3bIBaeTCA pAHr BTOM MaTpPHLLbI.

Teopema 1. lna Toro urobbl ¢pyHKUMOHaJbHOE cooTBeTcTBHE [ : M X
M — R*, yaoBuaerBopsarwee akcuomam I-111, 3anaBasio Ha sn-MepHOM MHO-
roobpasuu M s-MeTPpUUECKYIO (EHOMEHOTOMMUECKM CUMMETPUYUHYIO I€o-
MeTpuio (PU3NUECKYIO CTPYKTYpY) paHra m = n+ 2, Heo6X0AUMO U J0OCTa-
TOYHO, 4T00Obl paHr oTobpaxeuna F 6b11 paBeH sm(m—1)/2—s Ha NJIOTHOM
B GF MHo>ecTBe.

IlokakeM cHa4aJia Heo6X0AMMOCTb yCJNOBUA TeopeMbl 1.

Jlemma 1. B ¢pyHkumoHasbHoi maTpuue (7) orobpaskenna F' ¢ koopan-
HaTHBIM npencTaBieHueM (6) uMeeTca KBaApaTHasA MOAMATDHUUA MTOPAAKA
sm(m —1)/2 — s, onpeneanTesb KOTOPOH OTJIMYEH OT HYJIA.

Boinenvm B Marpuue (7) KBaApaTHYIO CTyNeHUYaTYIO IOAMATpHLY,
AMAroHaJbHBIMM KJIETKaMH KOTOPOM ABNAIOTCA cledyloline KBaApaTHbIE
Matpuubl Akobu: nas sn pyukumii f(ik),..., f(iw) mo sn nepeMeHHbIM (1),
nna sn dyukumii f(jk), ..., f(jw) no sn nepemenunm z(j), ans s(n—1) ¢pyHk-
unii f(kl),..., f(kw) no HekoTopbIM s(n — 1) nepemenusbiM n3 z(k),..., ana
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s Gpynkumii f(vw) Mo HekoTOpbIM s mepeMeHHbIM M3 z(v). U3 akcuomsr III,
KaK JIerkKo MOHATh, CIeAyeT, YTo AJdA JN060ro r £ sn B QYHKUMOHAJIbLHOMK
MaTpule cooTBeTcTBUA f* 06A3aTeIbHO HaIeTCA MUHOP MOPAIKA T, KOTO-
phlit He obpamtaeTca B Hydb. [10®ToMy paHI BblLAeJEHHO Bblllle CTyIeHYa-
Tol MmoAMaTpUUbl AJA HEKoToporo koprexa n3 U((ijk ... vw)) okaspiBaeTcA
paBHBIM sn+sn+s(n—1)+---+s = s(n?+3n)/2 = sm(m—1)/2—s, rae m = n+2.

Cuencreue. PaHr ¢yHkumMoHaabHON maTpuubl (7) He MeHbIIe sm(m —
1)/2 —s.

CoraacHo akcuome IV B 7110601 0OKPECTHOCTHU NPOU3BOJBLHOIO KOpTe-
ska n3 Sp HalinyTcAa Takoil koprex (ijk...vw) M Takasd ero OKpeCTHOCTb
U({ijk ...vw)), uro MHoxecTBO 3Hauennit F(U((ijk...vw))) Gyner ynosie-
TBOpATL ypaBHeHUAM (4), npuueM rang® = s B Touke F((ijk...vw)). Io-
cKoNbKy pyHkuMA ® /10CTATOUHO rialKasd, MOKHO 6e3 orpaHMUeHNA obul-
HOCTH CUMTaTh, uTo rang® = s aaa Bcex Toyek o6IacTH ee onpeleeHuUd
& C R°™™-1/2 y koneuno e, Ha MHokecTBe 3Hauenuit F(U((ijk...vw))).
Ho Torma MHoskecTBo Hysel dpyHkumu P, Ho He 06A3aTeNLHO MHOKECTBO
F(U({(ijk ...vw))), 6ymer riuankoii 6e3 ocobblx TOUeK MOBEPXHOCTBHIO B
Re™(m-1)/2 xopasmepHocTH s.

IMponndpepernunpyeM ypaBHeHue (4) Mo Ka*KA0W M3 smn KOOpAMHAT

zl(d),...,z’"(9),..., 2} (w),...,2°*(w) Touek koprexa (ijk...vw). B peaynsb-
TaTe MOJYUUM SMn JMHEWHBIX OQHOPOAHBLIX YPaBHEHWI OTHOCHMTEJIBLHO
sm(m — 1)/2 npon3BoAHBIX OT KOMIIOHEHT QpyHKuUMn & = (Py,..., d,):
0%, 0f(i5) - 0%, 0f(iw)
9f(ij) 9=(3) 0f(iw) ox(i) — ©)
0%, Of(iw) o 0%, Of(vw) _ 0
0f(iw) Oz(w) 0f(vw) dz(w)

roeoc=1,...,s,

3

0%, |0®, 0%,
of aft " afs
a yepes %ﬁ o6o3HaueHa MaTpuua fAkoou (8). MaTpuia »e cUCTeMbI ypaB-

HeHui (9) coBnanmaer ¢ maTpuueit Akobu (7) cucrembl pyukumii (6) c Tou-
HOCTBIO J10 TPAHCIIOHUPOBAHUA.

JIemma 2. PaHr marpuunl cucrembl ypaBHeHMit (9) He MoxkeT 6bITh
Goubire yem sm(m —1)/2 — s.

[IpenmnososkMM NpoTHBHOE, T. €. MYCTb PaHI’ MaTPULbl cUCTeMbI (9)
paBeH sm(m—1)/2—s', rne s’ < s. Ho Toraa cucrema (9) 6yaetr umersb Bce-
ro s’ NIUHeMHO HE3aBUCUMBIX HEHYJEBbIX PELUeHUI, UMCIO0 KOTOPbIX, Kak
M3BECTHO, ollpeAesyiAeTCA Ppa3HOCTbIO MeXAYy UMCJIIOM HEM3BECTHbLIX B CHU-
creme (= sm(m —1)/2) u panrom ee matpuunl (= sm(m—1)/2 —s'). Onnako
ypaBHEeHMA cHcTeMbl (9) UMEIOT Mo KpaliHell Mepe s TaKMX pelieHMI B He-
KoTopoit okpectHocTtr U((ijk...vw)), Tak Kak no akcuome IV rang® = s B
Touke F((ijk...vw)). YcTaHOBJIeHHOE IPOTUBOpPEUME U AOKA3bIBAET JEMMY.

W3 nemMMbl 2 1 ciencTBUA JeMMbl 1 01HO3HAUHO BbITEKAET, UTO PaHr
MaTpuubl (7) anAa HekoToporo koprexa (i1jiky...viwy) € U((i...w)) 6yaer
TouHO paBeH sm(m—1)/2—s. Jlerko MOHATb, UYTO MHOKECTBO TAKUX KOpPTe-
et naorHo B GF, Tak Kak rmioTHO B Gp MHOXeCTBO KopTerkelt (ijk ... vw),
0 KOTOpBIX roBopuTcA B akcrome IV. Ha sToMm 3aBepuiaercsa nokaszareib-
CTBO HEOBGXOAMMOCTH yCJOBHUA TEOPEMBI 1.

IlepeiineM Tenmepb K [0KAa3aTeJbCTBY AOCTATOUHOCTU YCJIOBMSA TEOpe-
Mbl 1.
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Jlemma 3. Hu ana oanoro xoprexa mn3 Sp panr matpuust (7), T. e.
paHr orobpasxeHua F, He moxeT 6bITh Goabiue sm(m —1)/2 — s.

IleficTBUTENBHO, €CIN AJIA HEKOTOPOro kopTeka M3 Sp paHr mMaTpu-
usl (7) 6yner 6oanuie sm(m—1)/2—s, To OH B cuJy r1aAKOCTH QYHKUMIA CU-
cTeMbl (6) 6yaeT GoJblile TOro Ke 3HAUEHMA U B KAKOU-TO €ro OKpeCTHOCTU
U C Sf. Ho Torna B ©Toii 0OKpeCTHOCTH He HalAETCA HU OLHOTO KOPTEXKa,
ISl KOToporo paHr orobpaskeHusa F 6bla Obl paBeH sm(m — 1)/2 — s, uTo
MIPOTUBOPEUMT YCIOBUIO [0KA3bIBAEMOU TEOpEMHBI.

Hycte nna koprexa (ijk...vw) n3 naorHoro B & MHokKecTBa, 0 KO-
TOPOM FOBOPHUTCA B YCJIOBHUM TeopeMbl 1, paHr ortobpaskenus F, zanaba-
eMoro cuctemoit ¢pyHkuuii (6), pasen sm(m — 1)/2 — s. U3 nemmbr 3, oue-
BH/HO, CJIeAyeT, YTO NJA BCAKOM OKPEeCTHOCTH KopTexka (ijk...vw) paHr
MaTpuusl fAkobu (7) He Goabiue sm(m — 1)/2 — s u paBeH OJA HEro »To-
My 3HadeHuio. Ilo TeopeMe 0 QyHKUMOHAJBLHON 3aBUCMMOCTU [JIA HEKO-
Topoit okpectHocTu U((ijk...vw)) cywecTByeT Takada ONOCTATOUYHO IJial-
kasa ¢yHkumAa ¢ : & — R*, onpeneneHHas B COOTBeTCTBYIollel obiacTu
& C R™m=D/2 conepxkatueit Touky F({(ijk...vw)), B koTopoii rang® = s,
yto MHokecTBo F(U((ijk...vw))) ABAAETCA NOAMHOKECTBOM MHO’KECTBA
HyJelt pyHkumm @, T. e. MMelOT MecTo ypaBHeHMs (4) anA Bcex KopTexkeid
n3 U((igk ... vw)). fAcHo Takxke, NOCKOJbKY paHr MaTpulsl (7) AJNA UCXOAHO-
ro koprexa (ijk...vw) paBed sm(m—1)/2—s 1 MaKcHMaJieH B OKPECTHOCTH
U((ijk...vw)), uTo cymecTByIOT TakHe ero okpectHoctb U’'((ijk...vw)) C
U((ijk...vw)) u cooTBeTcTByloman obnactb 6’ C &, AJNA KOTOPBIX MHO-
skectBo 3Hauenuit F(U'((ijk .. vw))) coBrnaJaeT C MHOKECTBOM HyJeil pyHK-
umun & B &, ABasAace rnankoit 6e3 ocobbIX ToUeKk MOBEPXHOCTHIO B
Rs™(m=1)/2 gopasmeprocTy s. Teopema 1 MONHOCTBIO AOKa3aHa.

PaccMoTpuM Tenepb pyMNIoBble CBOWCTBA S-METPUUYECKOM GEHOMEHO-
JIOFMY€ECKM CMMMETPUUHOM reoMeTpUH, BBeAeHHOM BhlIllle onpeaeeHnem 1.

Ilycte A — B3auMMHO oAHO3HauHoe oToGpaskeHue obaactu U C M Ha
obnacts U' C M. 'nankoe npeobpaszoBanue

AU U (10)

Ha3BLIBAETCA A0KAABNIM 08UNCERUEM, €CIIV TIPU HEM COXPAHAETCA S-METPUKa.
IMocnennee o3HayaeT, YTo AaA A1060i naphl (ij) € &; Takoi, uro i,j € U,
M cooTBeTcTBYyOWLeM napbl (A(2), A(j)), ecnim oHa npuHannexur Sy, nmeer

MEeCTO paBE€HCTBO
FAE), A7) = f(2), (11)

BBIMOJIHAIOIIEECA [IA Kask0# KOoMIoHeHTHI s-MeTpuku f = (f1,..., f°).

MHuozkecTBo Bcex asukenuit (10) ecTh JokanbHasa rpynmna, Qs KOTO-
poii s-MeTpuKa coryacHo paBeHCcTBY (11) ABasAeTcA 08yzmoueunsm uneapu-
anmom. Ecau s-MeTpuka u3sBecTHa, To paBeHcTBo (11) mpencrasiser co-
6oif ypaBHeHUe, pelulad KOTOPOe MOKHO HAWTHM MOJIHYIO TPYINy JIOKaJb-
Hbix asvkeHuit (10). Ham ke o s-MeTpUKe M3BECTHO, UTO OHa ABJAETCA
HEBBIPOKAEHHOU’ 1 yI0BJIETBOPAET HEKoTOopoMy ypaBHeHuio (4). Ho sToro
OKa3bIBAETCA NOCTATOYHO [JIA YCTAHOBJEHUA CYylleCTBOBAHMA TPYNMHI ee
nBuvskeHui ¢ sn(n + 1)/2 napamerpamu.

Ilna Gonbuied ACHOCTY MOCJENYIOLIET0 U3JIOMKEHUA BOCIIPOM3BEZeM B
HalMX 0603HAUEHUAX ornpe/esieHne JokaabHoM rpynnel Jlu npeobpasosa-
Huii, cnenys moHorpadpum [4, c. 435]. Ilycte " — r-MepHaA JoOKaJbHaA
rpynna Jlu u U — HekoTopasa obsacTb raaankoro mHoroobpasusa M. Ilo-
IyCTUM, UTO KaKIoOMYy ®JieMeHTY a € " nocTaBJieHO B COOTBETCTBME He-
NpepbIBHO 3aBUCALILEE OT a roMeoMoppHoe oTobpaskeHre A, obnactu U Ha
HeKoTopylo obnactb U’ MHoroo6pasua M, orHocsAlee Touke ¢ € U HeKoTo-
pyio Toury i’ € U’, 1. e. i = A;(i) = A(i,a). Bynem roBoputhk, uto &" ecTb
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JiokaJbHaA rpynna JIu npeobpazoBannii o6nacru U, eciy BbINOJHEHDI Clle-
Aywooumue ycinoBusa: 1) eaunuue e rpynnsl & coOOTBETCTBYET TOXKIAEeCTBEH-
Hoe npeobpazoBanue A(i,e) = i obaactu U Ha ce6a u A(A(4,a),b) = A(4, ab),
T. €. MPOMU3BEAEHUIO BIEMEHTOB a,b € & cooTBeTCTBYyeT Npou3BedeHUE
npeobGpaszoBaHuii; 2) ABa npeobpa30BaHMA Ag U Ap COBNALAIOT TOJbKO TO-
roa, koraa a = b (MHaue ®T0 yciaoBHe MOXKHO cHOpMyIMpPOBaTh, MoTpe6o-
BaB, UTO6bI nMpeobpa3oBaHue A; GbIJIO TOKAECTBEHHBIM JMWIIb MPH yCJO-
BMMU, UTO @ €CTb eAUHMLA e rpynnsl &"); 3) B koopanHaTHOH dopmMe A(i, a)
€CTh JI0CTaTOUHOE UMcio pa3 AuddepeHurpyemMasn pyHKuMs Toukn i € U u
@JieMeHTa a € &',

OnpenesieHHas TOJBLKO UTO r'pynmna npeobpa3zoBaHuii mo ycnosuio 2 a¢-
$EeKTHUBHA, U MIOTOMY CaMH ®JIEMEHTHl Ipynnbl & MOryT CUMTATBLCA MNpe-
06pa3oBaHUAMU, T. €. MO’KHO FOBOPUTH O P~-MePHOMA JiokaJibHoM rpynmne Jin
JIOKaJbHBIX IpeoGpa3oBaHuit MHoroobpasua M, koTopyro o6o3HaAUMM Ye-
pe3 &"(A). Takum obpasom, B obnactu U 3anaHo apPeKTHUBHOE IJagKoe
neticrBue rpynnbl &”, npuuem yciaoBus 1-3 BBINOJHAIOTCA [JIA HEKOTO-
poit ee uacTH, T. €. HeKoTOpoit 3aBucAlIeil oT U 0OKpeCTHOCTHU e AMHUYUHOIO
2JieMeHTa € € &".

ONPENEJIEHME 2. ByneM roBopuUThb, UTO fynKxyuonasbroe coomeemcmaue
f:Mx M — R* 3a0aem na sn-Mmeprom Muozo0bpazuu M s-MemMPUNECKY0 2e0Me~
mpuio, nadeaennyo zpynnogoi cummempued cmenenu sn(n + 1)/2, ecnu kKpome
akcuoMm I[-1II nononHMTENbHO NMMeEeT MeCTO cieAylolIasa aKCHMoMa.

IV'. CymecTByeT oTKpbLITOE M MJ0oTHOE B I MHOKECTBO, AJA KaKIAoMH
TOUKM 1 KOTOPOIo 3a71aHO ®$deKTUBHOE ria/Koe AekcTBHe sn(n + 1)/2-
MepHOM JloKaabHOM rpynnbl JIu B HeKoTopoii okpectHocTH U(i) Takoe, uTo
neiictBusa ee B okpectHocTaAx U(i),U(j) aAByx Touek i,j coBnanaloT B Ie-
peceuenun U(i) NU(j) 1 uro QpyHKUMOHAJIbHOE CoOTBeTCTBME f ABJIAETCA
JBYXTOUYEUYHbIM MHBAPHUAHTOM.

['pynnbl npeo6pa3oBaHUid, 0 KOTOPLIX roBopuTca B akcuome IV’ ompe-
JEJAIOT JOKAJbLHYIO MOABUKHOCTL KECTKMX QUIyp B SN-MEPHOM IpPOCT-
pancTBe M, aHATOCMUHYIO IO ABUKHOCTHU TBEPABLIX TeJ B €EBKIMI0BOM IPO-
CTpaHCTBe. 3aMeTUM, UTO r106abHON MOABUKHOCTH [1PU BTOM MOMKET U
He GBLITh, TaK KaK, XOTA JIOKaJbHbIE feticTBusA rpynns &*("+1/2 onpenene-
HbI coryiacHo akcuome IV/ B HEKOTOpOM OKpEeCTHOCTU KarKA0i TOUKM OTKpPbI-
TOr0 Y NAOTHOro B I MHOKECTBa, MOKET OKa3aTbCH, UTO Ha BCEM DTOM
MHOKECTBe AeICTBYET TONBKO €AMHUUHBIN BJ1eMeHT rpynnbl. MHOMKECTBO
nap, [Jisi KOTOPbIX S-MeTpUKa f olpelesieHa U ABJAETCA ABYXTOYEUHBIM
VIHBapUAaHTOM, OUEeBUIHO, OTKPLITO U mioTHo B I x M. Bynem rosoputhb
TaKKe, UTO s-MeTpHKa f donyckaem sn(n+1)/2-MepHYIO JIOKAJbHYIO CPyMIy
JIn noKaNbHBIX OABUKEHUIA.

N3 akcuomnl IV’ cnenyer, uTo Ha OTKPBLITOM M IMJoTHOM B I MHOe-
crBe 3a1aHo sn(n+ 1)/2-MepHoe TUHEeHHOE CEMEMCTBO rIaqKUX BEKTOPHBIX
rnoJieit X, 3aMKHYTO€ OTHOCUTEJIBHO ONEPALIMM KOMMYTUPOBaHUA, T. €. aJtl-
re6pa JIn npeobpazoBaumii (cM. [4, § 60]). B HekoTOpOIi J10KaNbLHOM cUCTeMe
KOOpJAMHAT 6a3McHble BEKTOPHbIE 0JIA ®TOr0 CEMeMCTBa 3alMlieM B Olle-
paTopHoOii popme:

d
Xo = M(2) 52 (12)

roe w = 1,...,sn(n + 1)/2, a no HeMOMy MHAEKCY j NMPOU3BOAMTCA CyM-
MMpOBaHHe B npenenax oT 1 no sn. PyHKUMOHaJbLHOE COOTBETCTBME f =
(fY,...,f*) 6yneT mBYXTOUEUHLIM MHBapUAHTOM JIOKaJbHOM rpymnnbl Jln
npeobpazoBaHuil HekoTopbiXx okpecTHocTel U(i),U(j) Touek i,j B Tom u
TOJILKO B TOM CJiy4yae, eCJIU OHO MOKOMIIOHEHTHO y/I0BJIETBOPAET CUCTeMe

ypaBHeHUH
Xo (@) f(i5) + Xu () (i) = 0
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c onepaTopamu (12):

wn0FG3) |y 0F(7) _
’\w(l)az“(i) +Aw(])az“(]) _0) (13)
rae M (i) = M(z(3)) = M(2!(3),...,2°"(i)) m ananoruuno aaa M (j) (cm. [5,

c. 229, 237)).

Ecan BekTOopHOE novie X HeHyleBoe, TO B 06J1acTU ero 3aaHUA eCThb
xoTA Obl 0Ha TOUKa, B KOTOpPOA OHO OTJMUHO oT Hyad. OaHako B Apy-
CMX TouKaX 3Toit obiacTy nmoje X MozkeT obpaiaTrbca B Hydb. Ecau ke
JJ1A cooTBeTCcTBYouel rpynnel JIu npeobpa3oBanuii, anrebpe JIu koTopoii
MPUHAJIEKUT MoJjie X, s-MeTpHUKa ABJAETCA HEBBIPOKAEHHBIM ABYXTOUEU-
HBIM MHBapHaHTOM, TO MMeET MECTO CJeAylollas

Jlemma 4. MHokecTBO TO4YEK, rae HEHYJEBOE BEKTOpHoe noJje X aJre-
6pbl JIu sokaabHoM rpynnet JIu aokaabHbIX npeobpa3oBaHU, yA0BJI€ETBO-
paroiuedt akcuome IV'| oTamMUyHO oT HysnA, oTKpbITO M naoTHO B M.

.

IIpenmnonoxkum npotusHoe. IlycTh HeHyseBoe BeKTopHOE nojie X UMe-
er Bua X = a“X,, rae a¥, w = 1,...,sn(n + 1)/2 — nocrosaHHbIE, HE Bce
paBHbIe HYJIIO 0JHOBPEMEHHO, B HeKoTopoit okpecTHocTU U(7) Touku ¢ o6pa-
IaIOTCA B HYyJAb ToxkAecTBeHHO. [losie X HeHyneBoe, MooTOMY B KaKOU-TO
Apyroil TOUKe j, a 3HaUWUT, M B HEKOTOPO# ee okpecTHocTH U(j) oHO oT-
auuHo oT HynadA. Ilockonbky obnacte &; oTkpbiTa M muoTHa B M x M mo
akcuoMe I, MoxkHO cunTaTh, uTo (ij) € &5. Torma cornacHo akcuome IV’
s-MeTpHKa f GyneT ABYXTOUEUHBIM UHBAPUAHTOM, ABJAACH pEIIeHHMEM CU-
cteMsbl sn(n + 1)/2 ypaBHenwuit (13). C yueToM TOro, 4to o Mpeanosoxe-
Huio X (i) = a“ X, (1) = 0 u X(j) = a*X,(j) # 0, 3 oTO# cuCTeMBI NoNydYaeM
ypaBHeHUe

“x() 2D _, (%)

dzH(7)

B KOTOpPO€E BXOOAT NPOMU3BOAHBIE TOJNIBLKO 10 KOOPAUHATAM TOUKM j M TOJb-
KO OT ®THX 7K€ KOODJAMHAT 3aBUCAT KoadhduumeHTsl a¥ A (j) npm npomseoa-
HbIX, MPUUEM IO KpaliHelli Mepe OoAMH M3 HUX oTJuUeH oT Hyasa. Caeno-
BaTeJbHO, ypaBHeHMe (13’) MokeT 6bITH pellleHO METOI0M XapaKTEPUCTHK.
CucTeMa ypaBHEHMI XapaKTePUCTHK AJIA HEro uMeeT He Bosiee sn—1 Hesa-
BHUCHIMBIX MHTErPAJIOB, M MOTOMY 0611MM peuieHreM ypaBHeHus (13') 6yner

fG5) = f& (), .., &), %1 (5), - .-, ¥ (4)),
rae, vanpumep, ¥ (j) = ¥ (z(5),...,2°"(j)) u n’ < sn—1. Ho B nonyuenHoe
NUJIA S-MeTPUKH f BbIpasKeHMe sn KOOPAUHAT TOUKM j BXOJAT HECYLIECTBEH-
HBIM o6pa3om uepes n’ < sn dynkumit ¥!(j),...,¥" (j), uTo, oueBmano, mpo-

TnBopeunT akcuoMme III. Taknm o6pa3som, B okpecTHocTH U(i) 06a3aTEenbHO
HalioeTcA TOUKa, I'Zle UCXOJHOe BEKTOPHOE IoJjie OTJUYHO oT Hyuaa. Ilo-
CKOJIbKY obJiacTb 3anaHuA nonsa X MJOTHA U oTKpbiTa B I, MHOXKeCTBO
TOUEK, [leé OHO OTJIMYHO OT HYJs, TOXKe IJIOTHO U oTKpbiTOo B M, xorsa
MOXKeT M He COBNaJaThb C obJyiacTbio ero 3aaaHndA. JleMma 4 moka3aHa.

CaencrBue. MHoKecTBO Todek, rae 6a3ucHble BEKTOpDHbIe nouada X,
w = 1,...,sn(n + 1)/2, aarebpor JIn sokaabHOM rpynnel JIu JoKaJdbHBIX
npeo6pa3oBaHuii, yaosiaerBoparolei akcuome IV, onHoBpeMeHHO oTaANY-
HBbI OT HYJIA, OTKPBITO U MJI0THO B M.

CnencrBue oUeBMAHO, TaK KakK M0 0Ka3aHHON BhIllle JTeMMe 4 KazKIoe
6a3ucHoe BEKTOPpHO€ I110Jie Xw OTJIMYHO OT HYJIA Ha OTKPbBITOM H IIJIOTHOM
B 9 MHOKeCTBe, NepeceyeHne »Ke KOHEUHOro UMcila TaKNX MHOKECTB OT-
KpBITO U MJIoTHO B M.
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Teopema 2. [laa Toro 4utobbl pyHKUHMOHAJIbHOe cooTBeTcTBMe f : M X
M — R*, yaoBaerBopsamouee akcuomaM I-111, 3azraBaso Ha sn-MepHOM MHO-
roob6pasuu M s-MeTPUUECKYIO '€OMETPHIO, HadeJeHHYIO IpyNninoBoit cum-
Mmetpueit crenenu sn(n+1)/2, Heo6x0aAMMO M AOCTaATOYHO, UTOOBI paHI OTO-
6paxkeHua F 611 paseH sm(m — 1)/2 — s, rae m = n + 2, Ha niotHoM B Gp
MHO>K€eCcTBe. ’

IlokaskeM cHauaja He0OB6X0AMMOCTDb YCJIOBHA TEOPEMBI 2.

Iyctn (ijk ... vw) € IM™ Takoi KopTek MJIMHBI M = n + 2, YTo ero
TOUKM 1,j,k,...,v,w OIPAUHALJIEKAT OTKPLITOMY W IJIOTHOMY B M MHOMNE-
CTBY, O KOTOpOM ropoputca B akcuome IV’' onpenenenus 2. fcHo, uro
MHOKECTBO TaKMX KOPTeKeW oTKpbITo M nmuoTHo B M™, a ero mepeceuve-
uue ¢ G oTkpbiTo M mioTHo B Gp. IlosToMy, He orpaHMUMBasA OGLIHO-
CTHM, MOKHO CUWUTaTb, uTo (ijk...vw) € Sf. CornacHo akcuome IV’ cy-
mecTBytoT Takue okpectHoctu U(?),U(j),...,U(w) Touek aTOro Koprexka,
uTo neficTBUA HeKoTopoit sn(n + 1)/2-mepHoit snokaabHoH rpynnsl Jiu B
HUX COXDaHAET S-MeTPHUKY f, ONpelesleHHYIO B Ka’KIOW M3 OKpecTHoCTeM
U@GE) x U(4),U(5) x U(k),...,U(v) x U(w). Bo3bMmeM Tenepb NpoU3BOJbLHYIO
M-TOUYEUHYIO QUTypY, COOTBETCTBYIOLLYIO HEKOTOPOMY KOPTEXY JJIMHBI m
n3 okpectHOocTU U (D) X U(F) X - - - x U(w) C Sp. lIBMrkeHMe 2TOM GUrypbl Kak
’KECTKOM KOHCTPYKLMM O3Ha4aeT, UTO NMpW AedAcTBUM rpynner &H(n+1)/2
B okpectHocTax U(i),U(j),...,U(w), T. e. npyM M3MeHEHUM KOOpOAMHAT ee
Touek, Bce sm(m—1)/2 paccToAHMil B Helt, onpenessieMble cUCTeMOM QyHK-
umii (6), coxpaHaloTcd, 6y Ayumn ABYyXToUeUHbIMM MUHBapraHnTaMu. UHBapu-
aHTHOCTB sKe GpyHKumii (6) npu JoKaJbLHBIX Ipeobpa30BaHMAX, 3a1aBAEMbIX
BEKTODHBLIMU MOJIAMU

X = /\“(:c)-é% (14)

B okpectHocTaAx U(i),U(j),...,U(w), ozHauaeT, UTO ®TH QYHKUUMU yIAOBIIe-
TBOPAIOT clleAylolleil ccTeMe ypaBHEHUA, aHaJlOCMUHbIX ypaBHeHuIo (13):

(i )6f(11) G )5f(u)

Ok (i) 92k (j)
u 3f(lk) of(ik) _
8f(vw) u 0f(vw)
") 5znt) TN (5w =
Cucrema (15) npy usBecTHoi s-meTpuke f = (f!,..., f*) MoxkeT 6bITH

paccMoTpeHa Kak cucTteMma sm(m — 1)/2 nuMHeHHBIX 0QHODPOAHLIX ypaBHe-
HMI OTHOCUTENBbHO M- (Sn) KOMIIOHEHT BeKTOopHoro rnoJud (14) B HeKoTOpbIX
OKPEeCTHOCTAX TOUeK ¢, j,k,...,v, w. 3aMeTUM, UTO MaTpPpULIA DTOK CUCTEMBI
coBranaeT ¢ QyHKUMOHAJbHOM MaTpuuei (7) orobparkeHusa F. Aurebpbi
JIn BekTOpHBIX nmoueit (14) sn(n+1)/2-MepHbI, Tak Kak TaKylO pa3MepPHOCTb
MMeIoT coryacHo akcrome IV’ nokanbHbie rpynnel JIu npeoGpasoBaHuit

okpectHocTeit U(i),U(j),...,U(w). Cucrema (15), cnenoBarenbHo, uMeeT
peleHMe _

A1) = a“AE(7), ..., A (w) = a“ A (w), (16)
rae @ — NpoM3BOJIbHbIE UMCIOBble KOBGPULUMEHTHI U 10 UHAEKCY w Mpo-

M3BOJMTCA CYMMUpOBaHMUe B npedesyax oT 1 ao sn(n+ 1)/2, npuueM ¢pyHK-
uMm A4 (z) nMHeRHO HE3aBUCUMBI 110 ®TOMY MHAEKCY C MOCTOAHHBIMU KOD -
¢ULUMEHTaMM B COOTBETCTBYIOUIMX OKPECTHOCTAX KakKI0W TOUKM KOpTerka

(ijk ... vw).
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TakuMm obpasom, cuctema (15) umeer sn(n+1)/2 nMHeHO HE3aBUCHUMBIX
C MOCTOAHHBIMY Koo OULIMEeHTaMM HeHYyJ1eBhIX peliieHnit. Mx MoxkHO BbINU-
caTh 1o obumemy pemenuio (16), B3aB sn(n+1)/2 nuHeliHO He3aBUCHMBIX He-

HyJeBbIX BekTopos (al,...,a**(®*+V/2) wanpumep, (1,0,...,0),...,(0,...,0,1):
AL, AL3), -, AL (w), (16')
roep=1,...,snuw=1,...,sn(n+1)/2.

JlemmMa 5. Peruennsa (16') imHeriHO He3aBHMCHMBI HEe TOJIBKO C ITOCTOAH-
HBIMH KO®(Q@GHUIMEeHTaMN, HO U C NepEMEHHbIMU KO3(pPULIMEHTaAMH, T. €. B
ob1eM cMbICJIe.

IIpennonoxkum nporusHoe. IlycTb HalAyTCA Takue [EepEMeHHBIE KO-
apdpunmenTs ¢ = ¢“((ijk...vw)), w = 1,...,sn(n + 1)/2, uro nmeroT MecToO
cnenyioume m - (sn) COOTHOIIEHMH:

M) =0, AL =0, ..., A(w) =0, (17)

BBITEKAIOILME U3 NPEAI0JaraeMoil IMHeHO’ 3aBUcuMocTy pelterut (16'),
KOTOpbI€, HAIOMHUM, JIMHEHHO HE3aBHCHUMBI C NOCTOAHHBIMU KOoodPUUMEH-
TaMu. KosdduumenTs! ¢¥ cyTh pemeHusa cucTeMmbl ypaBHenuit (17) m mo
MpPEeAIoIOMKEHNIO ABJAIOTCA HEKOTOPLIMU (QYHKUMAMU KOOPAMUHAT TOUEK
KopTexa (ijk...vw), 0NHOBPEMEHHO B HYJb He 06pPallalOLIMMUCA HU IS
O0IHOT'O M3 TaKMX KopTexkeil. 3aMeTuMm, urto cucreMma (17) He obsa3arennb-
HO MIMeeT HEeHYJIEBOE pellleHUe, TaK KakK B Hell uncio ypaBHeHMU GoJiblie
YUCJa HEU3BECTHBIX.

PaccMoTpuM ABUKeHNe TPOM3BOIbHON ¢urypsl (k... vw), coneprxalueit
n TOYeK, M OpUrypsl (jk...vw), conepaxkaiieid n+1 Touky, IpUUeM Mepexoa oT
nepBoii GUrypbl Ko BTopoii cocTouT B AobaBieHUM ToukMu j. IlockouabKy
[IPU ABUKEHMM BTOPOM OUCYpbl COXPAHAKOTCA TaKKe U SN PacCTOAHUMI
f(5k), ..., f(jw), oTHOCMTENBHO SN KOMIOHEHT BekTopHoro noas X(j), T. e.
nons (14), B HekoTopoi okpecTHOCTH U(j) TOUKH j, eCTECTBEHHO BO3HUKaET
cUCTeMa Sn JINHEHHBIX HEOAHOPOAHBIX yPaBHEHUIA:

ey LGB _ g 206

...... Our(G) . 0m(k)”
penOfGw) 0 8f(jw)
( )B:L'"(]) A )c’)x“(w)

Panr maTpunbl aToii cucteMnl coranacHo akcmoMme Il paBen sn no KpaliHeit
Mepe IUIA 04HOTro KopTexa (k...vw) M 04HOM TOUKM j U3 COOTBETCTBYIO-
UIMX okpecTHocTeil. Pellagd ypaBHEHMsA CUCTeMBbl, BbIpa’Kae€M KOMIIOHEH-
Thl BEKTOPHOI'o 1noJiA X(j) yepe3 KOMIOHEHTHI BeKTOpHbIX nonei X (k),...,
X(w):

N(G) = B, A (k) + -+ BR, A (w),

rae b¥, = bk, ({(jk...vw)), o =1,...,n. B coorBeTcTBUM ¢ pewreHnem (16) n
B CUJIY NPOU3BOJILHOCTH KO2()OHLUMEHTOB a* B HEM M3 DTHUX BbIpaskKeHU
noJiyyaeM JMHENRHYIO CBA3b:

ALW) = BEAL(R) + - - 4 b, AL (w). (18)

3anuinem noacucTemy M3 sn’ ypaBHeHUit cucTeMbl (17), oTHocAyOCHA
K yKopoueHHoMYy KopTexy (k...vw) anmHbl n:

ALk =0, A (w) = 0. a7
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CooTBeTcTByIOWanA noacucreMa cucrembl (17) ansa kopTexa (jk...vw)
OAUHBL n + 1 monyyaerca nobaBieHueMm k noxacucteme (17') sn ypabHe-
Huii c“ 4 (j) = 0, koTopble 1o nuHelHo#M cBA3M (18) ABNAIOTCA ClIenCTBU-
eM ypaBHeHMM noncuctembl (17'), T. e. paHrM MaTpHUL MOACHUCTEM CH-
cremsbl (17), oTHocamMeca Kk kKopTexkaM (jk...vw) u (k...vw), coBnanalor.
Ilycte paHr marTpuubl noacuctemsbi (17') paBen r. fchHo, UTO OH He npe-
BhIIaeT 3HaueHUA sn(n + 1)/2 u no cieacTBUio NeMMbl 4 He MOeT ObIThb
MeHbllle eauHuubl. OnHako B cayudae r = sn(n + 1)/2 Bca cucrema (17)
Gy.eT UMeTb TOJBKO HyJ€BOe pellleHHe, UTO NMPOTMBOPEUMUT CeJaHHOMY
npeanonoxkennio. Ecau ke sn(n+1)/2 =1, To 06A3aTeNbHO NOJKHO BbITH
r = sn(n + 1)/2, nosTomy 6ynem cumraTb, uto sn(n + 1)/2 > 1, T. e. uTo
uau n > 1 uaum s > 1. Toraa B MaTpuue noacucTemsbl (17') Hallaerca kBa-
ApaTHas MoAMATpULIA HeHyJleBoro nopanka r < sn(n+ 1)/2, onpenennrens
KOTOpO# OTJMUeH oT HyJs. BosbMeM noamaTtpuuy nopanka r+1, coaepxa-
LYO ®TYy KBaAPaTHYIO I0AMATPHLY B KaUeCTBe MUHOpA MOPAIAKA I M OAHY
CTPOKY M3 MaTpPULbl MoAcHCTeMbl cucTeMbl (17) nna koprexa (jk...vw), B
KOTOpYIO BXoaAT pyHkumu (7). IlockonbKy no noka3saHHOMY Bblllle PAHT
MaTpUUBI 0ACUCTEMBI cucTeMbl (17) s koprexa (jk ... vw) Toke paBeH r,
ONpeneNNTeNb YKa3aHHONW MoAMaTpHLbI NTopAnKa r+ 1 noskeH obpamaTb-
cA B HyJnb. PackpbIBaf ero 1no sjleMeHTaM CTPOKM, coldeprKalllell GyHKUUU
AE(7), nnsa KakOoro MHAeKca g = 1,...,sn nojyyaeM CBA3b

(k... vw))A () = 0,

roe &“((k...vw)) ecTb anrebGpanyeckoe AOMOJHEHNE K A4 (j), 3aBuUCALlee OT
KOODAMHAT Touyek KopTexka (k...vw) 1 He 3aBUCALLEE OT KOOPAMHAT TOUKH
j. 3aMeTHM, UTO XOTsA 6bl OHO U3 ®TUX alireGpanuecKMX LOMOJHEHUN To-
»KIIeCTBEHHO B HyJ/b He o6palnaerca. PUKcUpys B M0JIyUEHHO! CBA3U KOOP-
JAWHATHI TOYeK KopTexka (k... vw), 10 KOTOPBIM 3Ta CBA3b BHIMTOJHAETCA TO-
’KIeCTBEHHO, YCTaHABJAMUBaEM, UTO QYHKUMM A (j) NMHeIHO 3aBUMCHUMBI 110
HVPKHEMY MHIEKCY w C MOCTOAHHBIMU KodpdpuumenTtamu. Ho aToT pesynb-
TaT NPOTUBOPEUUT OCHOBHOMY YCJIOBUIO akcuoMbl IV/] corsmacHo koTopomy
pPa3MepHOCTD JIOKaJbHOU rpynnsl JIu npeo6pazosanuit okpectHoctu U(j)
paBHa sn(n+1)/2, U moTOMy TaKyIO ’Ke pa3MePHOCTb UMEET COOTBETCTBY IO-
mas anrebpa JIu BekTopHbIX noJieit X(j) ¢ 6azucom X, (j) = AL(5)9/0z* (),
roe w = 1,...,sn(n + 1)/2. YcTaHOoBIeHHOEe NPOTUBOPEUME U [NOKA3bIBAET
JjemMMy 5.

Nrak, no Tonbko UTO OOKa3aHHOM jJeMMe b cucreMa ypaBHeHuid (15)
nmeet sn(n+1)/2 auHelHO He3aBUCUMBIX B OBLIEM CMbICJIE HEHY/IEBBIX pe-
eHu# B HekoTopoit okpecTHocTU U (i) xU(j)x- - -xU(w) koprerxa (ijk...vw).
IIpenmnosoxkrM, UTO B ®TO OKPECTHOCTU HAMIETCA TaKOM KOPTEX AJIUHLI
m =n+ 2, n1na Koroporo paHr MaTpuusl (7), T. e. MaTpuubl cucTemsl (15),
paBeH sm(m — 1)/2— ', rae s > s’ > 0, ¥ ®TOoT paHr MakcuMmadeH. B cuay
rJaaaKOCTH s-MeTpUKM f paHr Mmatpuusl (7) 6yner paBed sm(m—1)/2—s' u B
HEKOTOPOH OKPECTHOCTH yKa3aHHOI0 KOpTerKa, coepsKallleiicsi B OKpecTHO-
ctn U(d) x U(j) x --- x U(w). Kak usBecTHO, MaKcUMaJibHOE YUCJIO JUHEHHO
He3aBUCHUMBIX (1A cucTeMbl (15) B oflieM cMbICiie) HEHYNEBbIX pellleHuH
CHUCTeMBI JIMHEAHBIX OJHOPOAHBIX yPABHEHUN PABHO UMCIY HEU3BECTHBIX
MMHYC paHI' MaTPHIbl CUCTeMbl. B npeanosaraeMoMm ciyuae [UIA CUCTe-
Mbl (15) oHo 6yner paBHo smn—sm(m—1)/2+s" = sn(n+1)/2 - (s — '), rae
m=mn+2, T. e. MeHblue sn(n + 1)/2, xoTaA no nemMe 5 aTa cucTeMa MMeeT
sn(n+1)/2 nuHelHO HE3aBUCUMBIX B 061leM CMBbICJ€e HEHYJIEBbIX pellleHU.
Takum o6pasom, panr marpuust (7) B okpectHocTu U(7) x U(j) x - - x U(w)
He MoXeT GbIThb Gonbiue sm(m—1)/2—s. C apyroi cropoHbl, B maTpuLe (7)
no neMMe 1 MMeeTcA KBaJpaTHaA noaMaTpuua nopaaka sm(m —1)/2—s c
OTJIVUYHBIM OT HYJIA ONpeNeNUTeNeM AN HEKOTOPOro KOPTeXKa U3 OKpecT-
Hoctn U(i) x U(j) x -+ x U(w). CnenoBarenbHo, B 1060 OKpecTHOCTHU
mioTHoro B Sp MHoMecTBa kKopTeselt (ijk...vw), yNoMAHYTBIX B caMom
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HauaJjle J0Ka3aTeJlbCTBA TEOPEMBI 2, HaliJeTCA TaKOM KOPTEXK, AJA KOTOpPO-
ro paHr matpuusl (7), T. e. paHr oTo6paskenus F, 3a1aBaeMoOro cucTeMoi
¢ynkunii (6), TouHo paBeH sm(m — 1)/2 — s. MHoKecTBO TaKUX KOpTeXkKel,
OUYeBUAHO, MJIOTHO B Gp, UTO M 3aBeplliaeT HOKa3aTeJbCTBO HEOGXO0AMMO-
CTU YCJIOBUA TeOpeMBI 2.

IlepeiineM K n0Ka3aTeNbCTBY AOCTATOUHOCTU YyCIOBUA TEOPEMBI 2.

Ilycty nna koprexa (ijk...vw) anuHbl m = n + 2 u3 nuotHoro B &p
MHOKEeCTBa, 0 KOTOPOM T'OBOPHUTCH B YCJIOBUH TeOpeMbl 2, paHr oTobpa-
enna F ¢ pynmkumonanbHoit maTpunueit (7) paBen sm(m — 1)/2 —s. Onm-
pafch Ha JieMMy 3, MoKeM MoJjaraThb, UTo paHr Matpuusl (7) 6yaer paBeH
sm(m 1)/2—s nna Bcex kopTexeit U3 HekoTopo# okpectHocTH U (1) x U(j) x

-xU(w) C &F. MMockoabky uncio cToa6LUOB B 8TOM MaTpulle, paBHOE sSMn,

60m>1ue ee paHra, MeKIy HMMM CYLIeCTBYeT JIUHeWHasd CBA3b. Sanuurenm
5Ty CBA3b MEKAY CTOJGLAMM 10 DJIEMEHTAM Ka’KIOi CTPOKM:

w2469 Bf(n) gy 8400 of(ij) _

dan(i) T VN Bak(j)
B (ik) 35 (ik)
I 2B

A Haxl‘(z) [k]3 b(k) =0, (19)

0f(vw) 0f(vw)

I3
MGy + Mol 5 =0,

rae, HanprMep, A*[i] — KoapPULMEHT JUHENHOH 3aBUCUMOCTH NTPpU CTOJ16-
e ¢ auddepeHUMpoBaHMEM 10 KoopauHaTe z#(i), p = 1,...,sn, a nua ero

OTJINYNA OT KOMIIOHEHTHI A (i) BekTopHoro nousa (14) B okpectHoctH U(7),
BXonsAuei B ypaBHenus (15), 31ech MCNosib30BaHbl KBaApaTHbIE CKOBKH.
CootHowenus (19) npu ussecTHoit s-metpuke f = (f!,..., f*) 6ynem pac-
CMaTpPpHUBATb Kak cucTeMy sm(m — 1)/2 nuHeliHbIX 0AHOPOAHBIX ypaBHEHUM
OTHOCHTEJIbHO SMn KoohPULIMEHTOB TMHENHON 3aBucKMocTH M [i], A#[j], .. .,
A [w], KoTOpbIEe 0JHOBPEMEHHO B HyJIb He 06palllaloTCsA HU [JIA 0HOI0 KOp-
Texka (ijk...vw) n3 okpectHocTu U(3) x U(j) X --- x U(w). MaTpnua cucre-
MblI (19) coBrmagaer ¢ Matpuueii (7), nosTomy ee paHr paBed sm(m—1)/2—s.
MakcHMMaJIbHOE UMCIIO JUHERHO He3aBUCUMBIX (B 06LIEM CMBbICJIEe) HEHY e~
BBIX pelleHM cucTeMbl (19) paBHO UMCIy HEM3BECTHBIX MMHYC PaHI Ma-
TPULIBI CUCTeMEI, T. e. paBHO sn(n + 1)/2. BoinumeMm obiuee peuieHvie cu-
cremnl (19):

A[E]) = ¢ AE (3, (ijk . . . vw)),
M) = B>, (i5k . . vw)), (20)

rae ¢’ = ¢“((ijk...vw)) — Ko>¢pPHULUMEHTHI 0611ero pelleHNA B ero Bblpa-
’KeHMM uepe3 JIMHEIHO He3aBMCMMBbIe HeHYJIeBble OJIA KaKIOro KOPTeKa
(ijk ...vw) pelreHuA ®ToM Ke CHUCTEMBI, IPUYEM CyMMUPOBaHMeE 110 MHIEK-
Cy w NpoM3BoOUTCA B npenenax oT 1 no sn(n+ 1)/2. OnHako B oTnnume
oT pemenus (16) aHasornyuHoi cucteMsl (15) 30ech yuTeHa BO3MOKHasA 3a-
BUCUMOCTb BbipaskeHU# A*[i], A*[j], .. .,/\“Ew] He TOJILKO OT KOOpAVHAT TOM
TOYKH, 110 KOOpAMHATaM KOTOpo# nmpoBoaAUTCA AUpPepeHLINpOBaAHNE B CO-
oTBeTCTByIOUIEM cToabBie MaTprubl fikobu (7), HO 1 OT KOOPJAMHAT BCeX
TOYEK KOPTEXkKa, BXOAAIMX B KoopouureHThl ypaBHeHns (19). Kpome Toro,
B peutenuu (20) nuHeliHbie KOBPPULMEHTH! ¢¥ ABNAIOTCA B oblieM ciydae
NPOU3BOJILHBIMU YHKLMAMU KOOPAMHAT TOUEK KopTexa (ijk ... vw), Toraa
KakK B peuieHMM (16) oHM ObIIM TOJBKO MPON3BOJNLHLIMU UMCIAMM.
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JIlemma 6. O6wee pewenne (20) cucrerter ypaBHenmit (19) moxxeT 6bITH
3alUCaHO B Takoil opMe, UTO KOOpAMHATBHI TOUYKMU i M TOUKM j BXOAAT
ABHO B QYHKLUMU A\ Tosibko ausa BeipaxkeHui A\ [i] u A¥[j] coorBeTcTBEHHO.

Ilycts cHauana n = 1. Toraa B cucrteme (19) 6ynet 3s ypaBHeHMIA:

0 L O0f(ij
wingh B+ vingll —o,
0 of(ik
g + M =0 (19°)
OF(Gk) | \ury 0FUK)
N Weny * X Wapuiy =
rae p = 1,...,s. PaHr mMaTpuubl 8Toil cMcTeMbl paBeH 25 B OKPECTHOCTH

U(i) x U(§) x U(k), mosToMy oHa MMeeT TaM s JIMHEeHHO HE3aBUCHMMBLIX He-
HyJeBbIX peueHuii. Ilo akcuome IIl B o101 oKpecTHOCTH HaliaeTcA TaKasa
Tpoiika (KOpPTEeX, MJIMHBI TPU), JUIA KOTOPOI OTJIIMUHEI OT HYJA AKOGMaHbI

|aaix(zf)| |aafx({jk))|, rae —g}ﬁ ectb MaTpuua flkobu (8), koTopaa AnA cayuas

n =1 byner kBanpaTHoil. Obulee pelleHUe cucTeMbl ypaBHeHuid (19) Tem
CaMbIM MOXKHO 3alUcCaThb B CJENYIOUIEM Blile:

ALk = c“ AL (K, (K)),

ML) = e A (3, (K)), (207)
M) = AL, (k)),
raew =1,...,5 1 uepe3s (k) ycqoBHO 0603HaAUEHO BO3MOKHOE MPUCYTCTBUE

KOOPAMHAT TOUKH k BO BCeX BBLIPAKEHUAX DTOrO pelleHUs.

IIycte Tenepb n > 2. O6o3HaumuM uepe3 | TOUKy, cleayIOUIYIO 3a TOU-
Kot k B kopTexe (ijkl...vw). Bo3bMeM KopTeK MNWHLI n = m — 2, TIOJY-
UeHHbI} M3 nmepBoHayabHOro KopTexka (ijkl...vw) € U(i) x U(j) x -+ x U{w)
OJAHBI M ONyCKaHMEM Touek i 1 j. Bblaenmm us cucremsr (19) noacucreny
sn(n—1)/2 ypaBHeHMIA, KOTOpbIe HE BKJIIOUAIOT B cebsi KOOPpAMHAT TOUKH |
n3 okpecTHocTH U(i) u Touxu j u3 okpecruoctu U(j):

i LY OF (KD
..... o Mo =0 "
My ]af vw) )\#[wla_f(vw) _
dzH(v) dzH(w)

B maTpuue noacucremsl (19') umeercs MuHop nopanka sn(n—1)/2, no akcn-
ome III He o6pamatommiica B Hysb Bcroay. CooTBeTcTByOLIaA KBaapaTHad
MaTpulla CTyNeH4aTad, M ee AMarOHAJbHBIMU KJIETKaMUW ABJIAIOTCA CJeay-
IoHMe KBaapaTHble MaTpuubl Akobu: nna s(n—1) yurumit f(kl), ..., fkw)
no s(n—1) nepemenubiM u3 z(k),..., aua s pyHkumit f(vw) Mo s NepeMeHHbIM
n3 z(v) (CM. aHaJOrMUHYIO leMMy 1), T. e. paHr MaTpuLbI noncucTemsr (19)
PaBHAETCA CBOEMY MaKCUMaJIbHOMY 3HaueHUIo sn(n— 1)/'2 1o KpaiiHeit mepe
LIS OAHOTO YKOPOYEHHOT'0 KopTexKa MIMHbI n U3 U(k) x --- x U(w) u Heko-
Topoii ero okpectHocTH. Ho Torna moncucrema (19') umeer B 2T0it 0KpecT-
HocTH sn(n+1)/2 u He Gosee NMHEAHO He3aBUCUMBIX (B 06LEM cMbICJIe) He-
HyJIeBbIX pellleHMi, Tak KaK MaKCHMMaJIbHOE UUCJIO TaKUX pelieHUit paBHO
UMCIY BXOAAIIMX B Hee HEU3BeCTHLIX (= sn?) MuHyc ee panr (= sn(n —l)/2)
B maTpuue noacucremsi (19') HeT 3aBUCMMOCTH OT KOOPJAMHAT TOUEK i U ]
" noToMy ee obliee pelleHMe MOXKHO 3amMcaThb B Takoil popMme, B KOTOpOIA
$OyHKUMM A He 3aBHUCAT 0T TUX KOOPAMHAT:

M) = M (k, (k. .. vw)),
.......................... (21)
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IIpu ®ToM cyMMMpOBaHMe 10 MHAEKCY w, Kak M B obuieM peuteHnu (20) Bceit
cucremsl (19), mpousBoanTca B npeaetax ot 1 ao sn(n + 1)/2

Boraeaum m3 cucrtemnrl (19) noncucremy sn ypaBHeHUH, coliep>Kalimx
KOOpPAMHATHI TOUKH i:

win OFGR) s OFGiR) _
M Woany * .[.k.]?’?‘.‘(’??.._..’ (19"
)‘”[]Bf(zw) Mlw ]6f(zw)
92k (i) dzH(w)

)% ﬂOﬂCHCTeMy sn ypaBHeHVIﬁ CO}lEp?Ka.I.ule KOOPI{”H&TBI TOUEKHA j:
i) 85 ik
€[ LUR) | yup 81GR)

TR T T R T T (19/”)
4 20 _
524() Bah(w)
OTHOCHUTENBLHO sn HEM3BECTHBIX A*[i] u A*[j] @Tu noacucTeMbl Heo AHOPO -
Hbl ¥ 110 akcroMme III mmeroT panr sn. Ho Torma HemsBecTHble Ko®PUIIM-

eHThl A*[i] 1 A*[j] MoryT GbITb 0JHO3HAUHO BblpazkeHbl Uepe3 obliee pelie-
Hue (21) noacucrems! (19'):

M[E] = e“AE(4, (k. . .vw)),

Ml = NG, (K . ow)). @)
PaHr noacucrtemsb! ypaBHeHmit (19) Ge3 nepBbIX s ypaBHEHMIA
ZAC)N 0“'f(11)
2B
coaepalMx s paccroaHuit f(ij) = (fl(ij), ..., f*(ij)), paBeH paHry camoit

cucremsl (19), B ueM nerko y6eauTbeA, cocTaBaAAa ee U3 noacucrem (19°),
(19”) u (19"”"). IlosTomy mepBble s ypaBHeHMU cuctemsbl (19), T. e. ypaBb-
HeHUA (23), ABNAIOTCA CIENCTBUEM BCEX OCTAJBHBIX M HUKAKHUX [OMOJ-
HUTEJbHBLIX OFpaHNUeHNM Ha peuleHud (22) He HanaratoT. COBOKYIIHOCTH
peutenuii (21) u (22) cucrem (19) u (19”), (19"”) ana n > 2, a Takke pelie-
Hue (20*) cucremsbr (19*) nusa n = 1 B HEKOTOPOI OKPECTHOCTHU HEKOTOPOTO
kopTexka m3 U(i) x U(j) x --- x U(w) ana mwoboro n > 1 3amaer obutee pe-
meHue cucteMbl (19), npryeM B ®TOM peUIEHVMM KOODAMHATHI TOUEK i U
Jj BXOOAT ABHO B QyHKUMHM N ToNbKO ANA KooOPUUMEHTOB AX[i] 1 A[j]
cooTBeTCTBeHHO. JleMMa 6 noka3aHa.

PaccMmoTpum, nanee, Takoit koptex (p...q) € M™ anuHbl n, uTo arobas
yHnopsAAoUeHHas 0 HEMY [1apa ero ®JeMeHTOoB npuHannexkut Gy. MHoxe-
CTBO TaKMX KOpTerKeif, 0UeBMUIHO, OTKPbITO U mioTHo B IM". 3Sanuuem
cucteMy ypaBHeHuit (19') oua aToro KopTeka M HEKOTOPOM €ro OKpeCcTHO-
ctu U(p) x --- x U(g). DTa cucTeMa, Kak MOKa3aHO Bhblllle, MMeeT He Gonee
sn(n + 1)/2 nuHeliHO He3aBUCHMMBIX HeHYJeBbIX peuteHnit. Obluee ee pelie-
HMe MOKHO 3amucaThb Mo pewenuo (21) npocroii 3aMeHOM Touek KopTeka
(kl...vw) cOOTBeTCTBYIOWMMHU TOUKAaMU KOpTexa (p...q):

Mp] = c“Al(p, (P - -9)),
....................... (21*)
Mgl =c"M(g,(p.-.9))

PyHKUMM A, OUEeBUIHO, JUHEINHO HE3aBMCHMBI B 001lleM CMbICJIe 110 HUM-
HeMY MHAEKCY w [JIA COBOKYMHOCTH Touek KopTexa (p...q). Cayuaii n =1
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MOPKHO €CTeCTBEHHLIM 06pa3oM BKJIIOUWTL B peuleHue (21%), nmosaras npo-
cTo M[p] = c¢* i (p, (7). R

Ilycte i Takaa Touka u3 I, uTo Bce mapwl (ip),...,(iq) mpuHanIe-
kat G;. 3anmuweM cuctemy sn ypaBHenuit (19”) nnsa Kop’rema (ip...q)
AJINHBI N+ 1 ¥ HEKOTOPOi ero OKpeCTHOCTH U(z) x U(p) x ---xU(g):

..... ‘?..“.(..).........‘9.’?‘.'(’.’)..... (24)
(i) 360 | w8060
Ozh(1) dz#(q)
Obiee penieHre 3Tol CUCTEMBI MOKHO 3aMMUcaTh 10 pelleHuio (22):
M) =c“Me(i, (p...q), (25)

rze, HallOMHMM, CYMMMPOBaHMeE 110 UHIEKCY W MPOM3BOAMTCA B Npenesax
“or 1 mo sn(n+1)/2.

Jlemma 7. ®yukumm A (i, (p...q)) B pemrennn (25) cucremsr (24) samnHei-
HO HE3aBHCHUMBI 110 HU>KHEMY WHIEKCY W C MOCTOAHHBIMU KOS PULUMEHTa-
M.

IIpenmnosiosKMM MpoOTHUBHOE, T. €. UYTO HAMAYTCA Takue duciaa a*,w =
1,...,sn(n+1)/2, He Bce paBHbIE HYJIIO 0JHOBPEMEHHO, C KOTOPbLIMU AJIA Ka-
K00 3HAUEHUA MHIOEKCa p = 1,...,Sn MMeeT MecTo CooTHouieHre a“ M (i,
(p...q)) = 0. EcTecTBeHHO Npy PTOM, YTO XOTA Obl JJIA OLHOW M3 TOUEK
KOpTeKa (p...q) M HEKOTOPOro 3HAUEHNUA UHAEKCA /i B OTHOLIEHNU OYHKUMA
A B pewenum (21*), 6yner BBINONHATBHCA HepaBeHCTBO a“ A # 0, Hanpu-
Mep, a“M(p,(p...q)) # 0. HoacrasuM BeipaxkeHue (25) ansa A[i] n nepsoe
BblpaskeHMe peweHnd (21*) nas A*[p] B nepBble s ypaBHeHNH cucTeMbl (24).
C yuyeTOoM HE3aBHCHMOCTU KODPOULIMEHTOB ¢¥ NoJjiyuaeM ypaBHEHUA

MG (NGB 4 ap, - DS =0,

M3 KOTOPLIX IIPU CAeJIaHHBIX IPpEeOrnoJIoOXKEHUAX JIErKO IMoJiy4YaeM ypaBHe-

N0 (-0 5 =

B HeM HeM3BeCTHBIMM CUMTaeM KOMIOHEHTbI s-meTpuku f = (f1,..., f*).
PUKCHpYA B MOJYyYeHHOM ypaBHEHMM KOODAMHATBHI BCEX TOUeEK KopTema
(ip...q), KpOMe KOOpAMHAT TOUEK i U p, MOJyUaeM [UlA Napbl (ip) ypaBHe-
‘Hue tuna (13'), ciencrBrem KoToporo ABNAETCA HECYLUIECTBEHHAA 3aBUCU-
MOCTb s-MeTpPHKM f(ip) 0T KOOPAMHAT TOUKM p, IPOTHUBOpeUalLlasd aKCUOME
III. 3naumnT, MOJKHO GbITL paBeHCTBO a“A(p,(p...q)) = 0. AHanoruuHo
yCTaHaBJIMBaeM, YTO paBeHCTBO a“ MY = 0 GyaeT mMeTb MeCTO M AJIA BCeX
OCTaJIbHbIX ToUeK KopTexa (p...q) B pewiennu (21*). OnHako ®To NpoTUBO-
peuMT ToMy, uTo peureHne (21*) cucremsr (19') ana koprexka (p...q) obuiee
M MaKCMMaJIbHOE UMCJIO ee JIMHEHHO He3aBUCHMMBIX (B 0611eM CMbICJIE) He-
HyJIeBbIX peineHni paBHo sn(n + 1)/2. JleMma 7 nokasaHa.

Jlemma 8. MHuozxecTBo pewrennit (25) pa3inuHbIX cucTeMm (24), oTanya-
IOIMUXCA ApYr OT Apyra BblpaxeHuAMMU (21*) ana MHoxkutenei M[p), ...,
AH[q], obpa3yioT nMHeiHOe ceMeiicTBO.

Mycte Alf] n :\[z] — Ba pellleHMA CUCTeM ypaBHeHMI {24) ¢ MHOXMK-

rensamu A[p],... A¥[g] u A[p],..., M][q] cooTBeTcTBEHHO. DTU MHOMKMUTe-
JV, B CBOIO ouUepe/lb, M0JIyUaloTCs U3 BblpaskeHuit obuiero pewenus (217)
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Nnpu nosAcTraHoBke KoadpduureHToB ¢ u ¢¥. Torna nuHeiiHaa KoMOUHaLUA
al*[i] + bA#[i], rae a u b — npousBoabHBIE UKCa, Takxe 6yNeT pelleHMeM
cucTeMbl (24) ¢ MHOKUTeNAMU al¥[p] + bA#[p], ..., ar*[q] + bA#[q], KoTopBIE
MOKHO MOJIyUMTBb U3 obuiero pemenna (21*) npu noacraHoBKe Kodpdhuum-
eHTOB ac” + bé¥. Jlemma 8 noka3saHa.

Cornacno akcuome III B okpectHocT U(p) x --- x U(q) Hallaerca Ta-
Kol KopTex (po . . - ¢o) JUIMHBI I, UTO PAHT GYHKIMOHAIbHOIO COOTBETCTBUA
f*lpo-.-q0] : M — R*™ Gyner paBeH sn AJA HEKOTOPOro mijoTHoro B M
MHO?KeCTBa TOUek i. 3anMcbiBasd CUCTeMbl ypaBHeHuM (24) nna koprekeit
(tpo . . .qo) AnMHBI n + 1 1 HekoTOPLIX UX okpecTHocTel U(:) X U(pg) x -+ - X
U(qo), monyuaeM UX pelleHUs

i) = MG, (po .. . qo)) = X (i), (25)

KOTOpble I0 0Ka3aHHOM Bhllle JeMMe 8 o6pa3yroT JiMHelHoe ceMeiicTBO,
MpUUYeM TOUKa i IPUHAAJIEKUT HEKOTOPOMY OTKPBLITOMY M MJIOTHOMY B M
MHOZKECTBY.

PaccMmoTpum Takoit koprex (ijk...vw) € Gp, UTo KakaasA ero Touka
NpMHAUIEAKAT 06IacTH onpelelleHUA JIMHelHoro cemeiictBa (25'). MHo-
’KECTBO TAKMUX KOPTekel, oUueBHAHO, OTKPbITO M niaoTHO B Sp. Toraa B
HekoTopo# okpecTtHocTn U() X U(§) x - - - x U(w) C S onpeneneHo nnHeHoE
ceMeicTBO

A = ¢ AE(7), . .., A¥[w] = “ AB(w). (26)
Kosdpnumentsl (26) aBnaioTca HekoTOpbIM pellieHueM cuctembl (19) aHa-
JIOTUYHO TOoMY, Kak peiienus (22) noacucrem (19”) u (19"') aBnanuco He-
KOTOPbIM pellleHMeM ypaBHeHHMi (23), T. e. mnepBbIX s ypaBHEHUH cuUcTe-
mbt (19). Baas ana kospdpuumentos (¢!, ..., c**("+1)/2) s3payenns (1,0,...,0),
..+, (0,...,0,1), monyuaem cienyiouyo coBOKynHocThb sn(n+1)/2 pemennii

19):
cucrems (19) Ma), M), - M), 0

roew = 1,...,sn(n + 1)/2. DTu peleHnusa cornacHo JemMe 7 JIMHEHHO He-
3aBMCHUMBI 110 HUFKHEMY MHIAEKCY w C MOCTOAHHBIMM Koappuumentamu. Ho
OHM OKa3bIBaIOTCA JUHEHHO HE3ABUCHMBIMH He TOJIBKO C IOCTOAHHBIMU KO-
s¢PULMEHTAMM, HO M C [IEPEMEHHBIMU, T. €. B 061lleM CMBICJIE, UTO MOKHO
yCTAaHOBMTb TOUHO TaK ’Ke, KaK »T0 OblIO CAeJlaHO B OTHOLIEHWH pellle-
Hui (16’') cucremsr (15) npu nokasarenbcrBe deMMmbl 5. Ilockonbky, ¢ apy-
roii croponsl, cucrema (19) umeer He Bosee sn(n + 1)/2 nuueltHo HezaBU-
CUMBIX B 061lleM CMBIC/J€e HEeHyJIeBbIX pellleHUi, ee oblliee pelleHMe MOKeT
GLITh 3anucaHo B popMe (26) ¢ MPOU3BOJLHBIMM I1€pEMEHHBIMN KOBQPULIN-
eHTaMu ¢ = c¥((ijk...vw)).

Kaxnoe u3 sn(n+1)/2 pewrennii (27) onpenesyisieT B HEKOTOPO OKpecT-
Hoctu U (1) x U ()% - - -xU(w) mcxonxoro koprexa (ijk ... vw) ANMHBI M = n+2
rJa/lkoe BEKTOPHOE I10JI€, a COBOKYITHOCTh BCeX peiueHuit (27) o6pasyer Ga-
3uc sn(n+ 1)/2-mepHoro nuHeiHoro cemeiicTBa Takux noyeit. Jlro6oe none
®TOr0 ceMelcTBa MoOKeT GbIThL NpeAcTaBlieHo B 6a3uce (27) BbIpasKeHUAMHA

AR(@) = a¥ AR (D), . . ., A¥(w) = a® A (w), (28)
HO B OTJIMUME OT aHAJOMMUHLIX BblpaskeHui (26) 30ech KosdpduLMeHTHI a*
ABJAIOTCA MMPOMU3BOJIbHBIMU UMCJIaMU.

Jlemma 9. JIunueitnoe sn(n + 1)/2-mMepHoe ceMeiicTBO ryaAKUX BeKTOp-
HbIx noJeii (28) ¢ 6azucom (27) 3aMKHYTO OTHOCHUTEJbHO OllEPALlAN KOMMY-
TUPOBaHUA.

IIycTb BekTOpHOE MoOJE

NA(E), AE (), - . ., M (w) (29)
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eCcTb KOMMYTaTOp KakMX-JA160 ABYX BEKTOPHBIX noJeii cemeiicTBa (28). fc-
HO, UTO N106ok KoMMyTaTop UMeeT Ppopmy (29) BciencrBue He3aBUCHMO-
CTH KOODJAMHAT, OTHOCALIMXCA K pasHbIM ToukaM KopTexa (ijk...vw). C
APYroit cToOpoHBI, KOMMYTaTOD (29) ABJIAETCA HEKOTOPBIM pellleHHeM CHUCTe-
Mbl (19), noeToMy OH MokeT GbITh 3amMcaH 1o ee oblieMy peweHuio (26):

M) = A, ., A (w) = A (w), (30)

B KOTOPOM KO0®()PHUMEHTHI ¢¥ He 06A3aTebHO ABIAIOTCA UMCIAMH, T. &.
MOT'YT 3aBMCeTb OT KOODpAMHAT TOuek KopTexka (ijk...vw). ¥Y6eammca, on-
HaKo, B ToM, uTo B pemenun (30) KoopouuMeHTHl ¢ B AelicTBUTENbHO-
cTH nocToAHHbI. llna eToro 6yneM pacCMaTpMBAaTh COBOKYNHOCTH BhIpa-
skenmi (30) Kak cMcTeMy smn JMHEAHBIX HEOAHOPOAHBIX YpaBHEHMUI OTHO-
CHUTeNbHO KOoo(PUUMEHTOB ¢, rae w = 1,...,sn(n + 1)/2. Beraeaum ns3 Hee
noncuctemy sn(n+ 1) ypaBHeHuiA, onyckana BulpaskeHHUA A (i) = ¢¥ M (i), rae
u=1,...,sn. CronbuaMmn MaTpHLbl DTOI MOACHUCTEMBI ABJAIOTCA HEHYJIe-
Bble pewreHud M5(j), ..., A4 (w) ypaBHenwmii (19), (19") cuctemsrl (19), nmHeik-
Has He3aBMCUMOCTb KOTODPbIX B OOGLIEM CMbIC/Ie YyCTaHaBJIMBAETCA TOUHO
TakK ke, KaK M JIMHel{Hafd He3aBHCHUMOCTb B 061ieM cMbicie pemenmii (16°)
cucteMmsbl (15). Taknm o6pazom, BelaeseHHada U3 cucTembl (30) onyckaHu-
eM sn BbIpakeHUH ausa M (i) moacrucreMa sn(n + 1) ypaBHeHMI NMeeT paHT
sn(n + 1)/2, TouHo paBHBIM UMCIY HEU3BECTHBLIX KOoQOULUMEHTOB ¢, U IO-
TOMY €€ pellleHME MOKET 3aBUCETh TOJBKO OT KOOPAMHAT TOUYEK YKOPOUEH-
Horo Koprexa (jk...vw), T. e. ¢ = ¢“((jk...vw)). IToncraBuM ®ToO pelieHUE
B OMNyLIeHHbIe BbIpaskeHUA .

A(E) = ((Gk .. vw))AE(7) (31)

Y NpeanoJjoKUM, YTO AJIA HEKOTOPOoro KoadgduiiveHTa ¢ ero Ipon3BoJAHaA
[0 KaKoii-1160 N3 KOOpAMHAT TOUEK KopTexka (jk...vw) OTIMYHA OT HYJIA.
IInddepeHUNpya MpaByIO U JEBYIO YacTH BblpaskeHus (31) mo ykasaHHOM
KOOpAMHATeE, & 3aTeM QUKCUPYA BCE KOODAMHATHI, KpOMe KOOPAMHAT TOU-
KM ¢, IPUXOOMNM K COOTHOLIEHUIO a* M4 (i) = 0, B KOTOpOM KOB(PPUUMEHTHI
a* = &((j1k1...v1w))) MOCTOAHHBI M NO KpaiiHell Mepe OZIMH M3 HUX OTIIH-
yeH oT HyasA. Ho Takoil pedynbTaT NpoTHMBOpPeUUT JieMMe 7, Tak KakK I10
o6o3HaueHnto B peuteHuu (25') A4 (i) = A(4, (po,-..q0)). CaenoBaTenbHo, B
BbIpaskeHuax (30) nna komMmyrtaTtopa (29) ¢* = const, w = 1,...,sn(n + 1)/2,
T. e. kKomMMmyTaTop (30) NpUHALNERKUT ceMelCTBY BeKTOpHbIX Mouseit (28),
KOTOpOe TeM CaMbIM OKa3blBA€TCA 3aMKHYTBIM OTHOCHUTEJbHO OMN€palMru
KOMMyTupoBaHuA. JleMMa 9 noka3aHa.

JInHeitHoe ceMeiicTBO raZKMX BEKTOPHBIX noJeii (28) ¢ 6asucom (27),
no JeMMe 9 3aMKHYTOe OTHOCHUTEJLHO OMEPAMU KOMMYTHMPOBaAHUA, ABJIA-
ercsa sn(n+1)/2-mepHoii anrebpoit JIu npeo6pasoBannii HeKOoTOpoit oKkpecT-
Hocty U(i) x U(j) x -+ x U(w) koprexa (ijk...vw), MHO’KECTBO KOTOPbIX
OTKPBITO M IJOTHO He ToubKo B Gp, HO U, oueBuaHo, B M™, rae m = n+ 2.
B okpecTtHocTH e U(i) cocraBiasaolei

M (@) = a*A5(0) (32)

cemelicTBa (28) onpenenserca sn(n + 1)/2-MepHoe nuHeiiHoe ceMelicTBo
r1aAKNX BEKTOPHBIX M0JI€il C TEMU K€ CTPYKTYPHbIMU KOHCTAHTaMM KOM-
MYTalLMOHHBIX COOTHOIUIEHUI B Ga3snce

A6(9), (33)

uToO M y McxoaHoro cemeiictBa (28) B 6asuce (27). [TosTomy cemeitcTBo (32)
aBusiercaA sn(n + 1)/2-MepHoi#i anrebpoit JIu npeobpa3oBaHUit OKPECTHOCTM
U(i), n3omopgdHoit anrebpe (28), npuuem 6a3ucsl (33) u (27) cooTBeTCTBYIOT
ApYT [pyTYy.
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MHozkecTBO Touek i, B Kakoi-n1nbo okpectHocTm U(i) KOTOpBIX ompele-
JleHbl BeKTOpHbIe oA A¥(7), orkpbiTo ¥ niotHo B M. IlosToMy, He KOHKpe-
TU3NPYA TOUKHU i, BeKTopHble noJud (32) ynobHo 3anuceiBaTh B 06uieKoop-
AMHATHOW omepaTopHoil popme (14), a GasucHble BekTopHLIE nonA (33) —
B omnepaTopHoit popme (12). Bekropuele mona A(i) u A(j), 3anannble B
okpectHocTAX U(i) n U(j) AByx Touek i M j, coBNaAaloT, 0OUEBUIOHO, B Ile-
peceuennu U(i) N U(j). Ecam napa (ij) npunannexur Sy, To s-MeTpHKa
f(ij) ynoBnerBopser ypaBHeHMw (23):

01(i3) , ey 001 _
#® T ey T

M3 KOTOPOro B COOTBeTCTByIoUMX Ga3zmcax A(i) u M(j) monyuaerca cu-
cTeMma ypaBHeHui (13).

CorsnacHo BTopoii (o6pawmeHHoil) Teopeme JIu (cm., Hanpumep, [4,
c. 438]) sn(n + 1)/2-mepHaa anrebpa Jlu rnalakux BeKTOpHBIX moJeit (32)
¢ 6a3ucom (33) onHosHauyHO onpelneinaeT »PpPeKTUBHOE IJadKoe AelcTBUe
sn(n+1)/2-mepHoit rpynnbl JIu B HEKOTOPOI OKPECTHOCTU TOUKHU i. MHOXe-
CTBO TAKMX TOUEK OTKpbITO U nuoTHo B M. [Ipn aToMm neiicTBuA B okpecT-
Hoctax U(i) m U(j) aByx Touek i ¥ j coBnanator B nepecedenuu U(i)NU(j).
Taknm o6pa3om, anrebpa JIn BekTopHbix noJseit (32) (B onepaTopHoii dpop-
Me — (14)) ¢ 6a3ucom (33) (B omepatopHoii popme — (12)) ompenenser
sn(n + 1)/2-MepHyio nokanbHyo rpymnny Jlu JokaJdbHBIX NpeobpasoBaHuUi
HEKOTOPOr'o OTKPBITOI'0 M IJIOTHOI'O B SN-MepHOM MHoroo6pasum M MHoXe-
CTBa, AJA KOTOPOW MCXoaHOe GYHKUMOHAILHOE COOTBETCTBHUE (S-MeTpUKa)
f = (fl,...,f’), yZ0BJIETBOpAIOLIaA ypaBHeHMIO (34), a B COOTBeTCTBYIO-
mmx 6a3ucax — cucreMe ypaBHeHuit (13), ABnsAeTCcA ABYyXTOUYEUHBIM MHBa-
puaHToM. Teopema 2 nmonHoCThIO AOKa3aHa.

N ToroBbiM pe3yibTaTOM BCEro BBHILIEM3JIOMKEHHOT0 ABJAETCA BbIBO
06 ®KBHMBaJIECHTHOCTH (eHOMEHOJOrMYeckoil U rpynnoBoit cUMMeTpHiA s-
MeTpUUECKOil reoMeTpUM, 3anaBaeMoil Ha sn-MepHOM MHoroo6pazum M
dyHkuUMOHaNbHBLIM cooTBeTcTBUeM f = (f!,..., f*). DTa sKBMBaJIeHTHOCTH
ABJAETCA CIEACTBHMEM N0Ka3aHHBIX Bhblllle TeopeM 1 u 2, Heo6XoAUMBbIE U
J0CTATOUYHbIE YCI0BHA KOTOPBLIX COBNAJAIOT.

M) g+ () gLl (34)

Teopema 3. /liiAa Toro uTobnl ¢pyHKLUMOHaJAbHOE cooTBeTcTBHE f : M X
M — R® 3azmaBajio Ha sn-MepHOM MHoroo6pa3um M s-MeTpHUUeCcKyrO ¢e-
HOMEHOJIOrMYECKHM CUMMETPHUYHYIO I'eoMeTpUIO ((PU3HMUECKYIO CTPYKTYDY)
paHra m = n+ 2, Heo6X0aAMMO U AOCTATOYHO, YTOObI 2TO COOTBETCTBHE 3a-
zaaBaJio Ha 9N s-MeTpHUUECKYIO reOMeTPUIO, HaaeJeHHY IO MDYIITOBOM CUM-
Mmerpueit crenenu sn(n + 1)/2.

3aMeTuM, UTO HeobXOAMMOE U NOCTATOUHOE ycjioBMe TeopeM 1 u 2
0 paHre orobpakeHusa F MOKHO BKJIOUWTb KaK UETBEPTYIO aKCUOMY B
onpeneseHUE S-METPUUECKON MeOMETPUM, 3a1aBAEMOM Ha SN-MEPHOM MHO-
roobpasuu M PyHKUMOHAJIbHLIM cooTBeTcTBUEM f : M x M — R*. Takan
reomerpusa 6yner, ¢ 0OAHOU CTOPOHBbI, GEHOMEHONOINYECKM CUMMETPHUYHA
(onpenenenue 1, akcuoma IV), a ¢ npyroit, — HalleseHa CPYNIOBOM cUMMe-
TpUel cooTBeTcTBYyIOUIEH cTeneHu (onpenenenue 2, akcuoma 1V'), npuuem
06e CUMMETPUM OKaKyTCA ®PKBUBAJEHTHBIMU B CMbICJIE TEOPEMBI 3, BbITe-
KafA OJlHa M3 Apyroi.

U3 Teopembl 3 cnenyer, UTo s-MeTpHKa f HoNycKaeT CpyINIy ABUKe-
HUA, pa3aMepHOCTb KoTopoii paBHa sn(n+ 1)/2. Oka3biBaeTcs, UTO ®Ta pas-
MEPHOCTb MaKCHUMaJibHa.

Teopema 4. Pa3MepHOCTb JIOKaJbHOM rpyninbl JOKaJlbHbIX ABUXEHNH,
zonyckaeMbix s-metpukoit f = (f1,..., f*), 3anaroweit Ha Sn-MEpPHOM MHO-
roobpasun M GpeHOMEHONOrMUECKHM CUMMETPUYHY IO FEOMETPHUIO paHra m =



Ipocretiiine monumerpmnueckme reomerpuu. I 395

n + 2, MJIM reoMeTpHIO, HaAeJEHHYIO IDYNIOBOi cUMMeTpHeit cTeneHu
sn(n + 1)/2, He npeBbllIaeT 2ToM cTENeHMN.

IIpenmnosnoxkum NpoTMBHOE, T. €. UTO S-METPUKa f [NONMyCKaeT TaKyloO
rpymnny OBUKeHUH, pa3MepHOCTb KoTopoi Gonbule sn(n + 1)/2. Toraa cu-
cTeMa ypaBHeHuit (15) 6ynetr uMmers 6oJiee sn(n + 1)/2 auHeliHo He3aBUCH-
MBIX C TOCTOSAHHBLIMHU Ko2pPHULIMEHTaMN HeHYJIeBbIX pelteHUit. BoabMmeM us
HUX n106b1e sn(n+1)/2+ 1 pewenuii. DT pemtenns 6yayT Takke JUHEHHO
He3aBHCHMbI U C IePEMEHHBIMU Kod(ppHLMeHTaMy, T. €. B oblleM CMBbICe.
Ina Toro uTobbl y6eAUTHLCA B ®TOM, AOCTATOUYHO NOBTOPHUTBL paccyKie-
HUA, clenylomue 3a cucTeMoil ypaBHenuii (17), B KoTopbIX HaLo yuecTb
TONBbKO, UTo w < sn(n + 1)/2 + 1. Ilockonbky cucrema (15) nmeeT Torna He
MmeHee sn(n+1)/2+ 1 nuHeliHO He3aBUCHMBIX B 0611eM CMBICJ€e HEHYJEBBIX
pelleHMH, paHr ee MaTpuLUbl, T. €. MaTpuusbl (7), HoaxeH GLIThH MeHbIIe
sm(m —1)/2 — s, rne m = n+ 2. OaHako ®TO NPOTHBOPEUUT CJEACTBUIO
neMMmbl 1. IlonyueHHOe MpOoTHUBOpeUre N NOKa3bLIBaeT TeopeMy 4.

Bo BTopo#t uacTn aToit paboThl 6yayT HalimeHbl s-MeTpUUeckue peHo-
MEHOJIOTUUECKU CHMMEeTpPUUHbIEe F€OMETPUM , HAMMEHbIIEro paHra 3, 3aza-
BaeMble Ha S-MepHOM MHoroo6pasuu M ¢yHKUMOHAJBbHBLIM COOTBETCTBUEM
f :MxIM — R*. CornacHo TeopeMe 3 Bce TaKHME FreOMETPUM HaAeJIEHBI TPyII-
noBoit cuMMeTpueil cTenenu s, T. e. s-merpuka f = (f!,..., f*) nonyckaer s-
MEPHY IO JIOKAJLHYIO CPYIIY JOKaJbHBIX ABUKEHUM, IpUUeM 1Mo TeopeMe 4
Takafd pa3MepPHOCTb MaKCMMaJbHa. B npocrefiminx cayuaax s = 2,3 ynaer-
CSfl IPOBECTHU MOJIHYIO KJIAaCCUMPUKALMIO COOTBETCTBY IOIUMX I'pynn npeobpa-
30BaHMM M TeM CaMbIM HaliTU BCe $s-METPUKH KaK UX ABYXTOUEUHbIE MHBa-
praHThl. B ciyuae s > 4 3anauya KiaaccupUKaALMM CTAHOBUTCA TEXHUUECKU
CJIOKHOM U I'POMO3JKOH, HO NMPUHUMIIMAJIBLHO COBEPIIEHHO ACHOM. Yrmpo-
LIeHrEe K€ MeTOoda MNOJ>KHO ONMPATLCA Ha HEBbIPOKIAEHHOCTDb S-METPUKH,
KoTopas o6HapyxuBaeTcsa 06bIYHO HECKOJILKO paHblile, UeM J0BOAUTCA 0
KOHLIa KJacCUPUKaluMa rpynn npeobpazoBaHuii.
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