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Cubupckuit MaTeMaTHUECKHUH Ky pHaJT
Maii—munronn, 1993. Tom 34, Ne 3

YK 512.816

ABYMETPUYECKUE dU3SNYECKUE
CTPYKTYPbl PAHTA (n +1,2)

I'. I. Muxaiinuuenko

Caenys [1], cHauasla JaAUMM KpaTKoe ollpe/eseHUe S-MeTPUUeCKoi Qpu-
3MUECKOM CTPYKTYyphI panra (n+1,m+1),roes > 1un > m > 1 — uenble uu-
cna. I[ycts M u N — (Toukrn KOoTOpHIX ByneM 0603HAUATH CTPOUHBIMM Jia-
THMHCKMMMU U I'pevecKMMU GYKBaMM) raaaKue MHOroo6pa3na pa3MepHOCTe
sm n sn cooTBeTcTBeHHO, a f : &y — R°, &; C M x N — s-KOMIIOHEHTHaA
GYHKUMA conmocTaBJANOLIAA Kakaoi nape (ta) € &y s BellleCTBEHHBIX UM-
cen f(ia) = (f}(ia),..., f*(ia)) € R*. Ilpesinonaraerca, uro GyHKUMA f
riankas, HeBblpokAeHHaA (CM. HMze) U o6sacTh ee onpenesnenmsa &; ecThb
OTKpBITOE M myoTHOoe B M x M MHOkKeCTBC.

OTNPENENEHUE 1. Bynem rosoputh, urto dymxyus f = (f1,..., f*) nesn-
poxclenna, eCiU A MIOTHLIX B N™ 1 M* MHokecTB KopTexkeh (V1 ...9m),
(k1...k,) mnmHBL M 1 n yHKUMOHANBHBIE cocTBeTcTBUA 1 (f(im1),...,
fEym)) € R*™, o (f(ki1a),. .., f(kpa)) € R*™ umeroT MakCHMMaJIbHbIE PaHTU
sm ¥ sn auas naoTHbIX B M u I MHOKeCTB TOUEK I U ¢ COOTBETCTBEHHO.

B BBOOMMOI HUKe IecMETPUM ABYX MHOKeCTB (pusnueckoit cTpyk-
type) dynrumio f = (fl,...,f°) nazoBem s-mempuxoi. OBo3Hauum uepes
z= (2. . z™) m €= (€., €M) NokasbHble KOODAUHATBLI B MHOT'006pa-
3uax M u N. Torna B HeKOTOPOK OKpecTHOCTU Mapsbl (i) AJIA MCXOLHOM
GYHKUMM [ MOMKHO 3aMUCaTh €€ KOOPAMHATHOE BbIpaskKeHUE:

flia) = f(z'(@),...,2*™(i),€ (@), ... , € (a)). (1)

octponM, nasee, pynkumio F c ecrectBennoit B M x N™+! o6na-
CcTbio onpeneneHusa Gp, conocraBiss koprexky (ijk...v,affy...T) OIVHBL
m+n+2, rae (ijk...v) € M u (aBy...7) € N, Touky (f(ia), F(iB),. ..,
f(UT)) I= Rs(n+l)(_m+l).

ONPEAEJNEHUE 2. Bynem rosoputh, uto gyuxyus f = (f1,...,f*) sa-
daem na muoxncecmeazr M u N s-mempuneckyo Puauneckylo cmpyxmypy panza
(n+1,m+1), ecny cyLrecTByeT MJI0THOE B & MHOKECTBO, IJIA KasKIOTO KOP-
Texa (ijk...v,afy...T) KOTOPoro U HekoTOPOM ero okpectHocTH U((i...T))
HalizeTcs Takasa rnankad panra s pynkunn @ = (®y,...,®,), onpeneneHHan
B HekoTopoii obnactn uz R¥HDMHD) - co nepikameit Touky F({i...T)), uto
MHOkecTBO 3HaueHut F(U((i...7))) ABAseTCA NOAMHOMKECTBOM MHOKECTBA
Hyaeld pyHkuum @, 1. e.

®(f(ia), f(iB), ..., f(vT)) =0 (2)

nJA BeexX KopTexkeid us U((i...7)).

TakuM 06pa3oM, JOKaJIbHO MHOKeCTBO F(BF) NpUHAATEKNT HEKOTO-
pOii peryJApHON kKopa3MepHocTM s moBepxHocTy B R¥(MHDM+D)  pe o653a-
TeNbHO coBrazas ¢ Hei. ByneM ropoputh Takske, UTo pynxyus f sadaem na
deyz muoxcecmaar M u M s-mempuieckyio HenomMenoa02UNECKY CUMMEMPUNHYIO

© 1993 Muxadmruenxo I. T.
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zeomempuro, TAK Kak ypaBHeHMe (2) no TepmMuHOJOrMM paboThbl [2] Bhipa-
KaeT NPUHLMI peHoMeHoJorndeckot cummerpuu. CoryacHo OCHOBHBIM
MOJIOAKEHUAM TeOpMU (PU3MUecKMX cTPYKTyp [2] ypaBHeHue (2) ABnsercH
aHAJUTUUECKOUN 3aMUchbic PU3UUECKOT0 3aKoHAa B PEHOMEHOJOTMYECKM MH-
BapuaHTHOMU popMe. DTOT 3aKOH BbIparkaeT HAJMUMeE S HE CBOAUMBIX ApPYyT
K apyry GyHKUMOHaNbHBIX cBazeid @) =*0,... ,®, = 0 mexkay s(n+1)(m+1)
U3MepAEeMbIMU B OMNbITe 3HAUEHUAMU S-KOMIIOHEHTHOW QU3MUECKON BeJiu-
unnael f = (f!,.., f*). 3amerum, uto He BcAKMe PyHKUMM f MOIYT 3a-
naBaTb (QU3UUYECKYIO CTPYKTYDPY, U NOTOMY OLHOW M3 OCHOBHBIX 3aJay4
TeoOpUM ABJAETCA MUX MNoJHadA Kiaccupurauma. B cayuae omHomeTpude-
ckuX cTpykTyp (s = 1) Takaa kiaccudpurkauma 6blyia NpoBedeHa AJA BCEX
n>m>1[3],aBciaydyae AByMeTpUUeCKUX (s = 2) — Tosubko mnAn > m = 1
(cM. HUzKe TeopeMy).

ONPENEJEHME 3. Bynem rosoputb, uto gynnyuu f : &y — R u f'
Gy - R, raeG; CMxNu G CM' xN', sxsusasenmusl, €CAM CYyLIECTBYIOT
Takue JoKaJdbHble AuppeoMopPuaMbt v : M — M, w: N - N, ¢ : R* — R*,
UTO IUIA OTKPBITOrO M MJI0THOT0 B & MHoecTBa nap (i«) napsl (v(i), w(a))
npuHasuieskaT G v umeer Mecto cooTHouweHve P(f(v(i), w(a))) = f(ia).
®duzmueckne CTPYKTYphl, 3a1aBaeMble Ha MHoxkecTBax M, N u M’ N’ skpu-
BaJIeHTHbIMM QYHKUMAMM [ U f', 6yieM Ha3bIBATb 3KEUEANEHIMNBLAY.

ONPENENEHME 4. [IBa sokajbHbIX Audpdeomopdusma A : M — M u o :
N — N HazoBeM JgudcerueM, €CIU NMPU HUX coXpaHAeTcA QyHKUUA f, T. e.
ecau [UIs Kasaoi napel (ia) € & Takoit, uro (A(i),0(a)) € &5 nMeeT MecTo
paBeHcTBO f(A(7), 0(a)) = flia).

MHoskecTBO BCeX NBUAKEHMI e€CTb Cpynrna, AJs KoTopoih pyHkumsa f
ABJIAETCA ABYXTOUYEUHBIM MHBaprnaHToM. B pabote [1] mokaszaHo, uTo He-
BbIpOkAeHHaA QyHKUMA f 3anaeT Ha MHOoKecTBaX M u N s-MeTpUUECKYIO
Pm3umuecKyto cTpykTypy panra (n+ 1,m+ 1) B TOM 1 TOJIBKO B TOM CJy-
yae, ecsiM oTa QYHKUMA AOINYCKAeT SIMN-MCPHYIO JIOKaJbHYIO TPYIIy Jo-

" KaabHBIX nBuxkeHuit. [locuensee, Gonee Touno, ozHauaer, yro B M u1 N
CYLIECTBYIOT OTKPbIThblE M IJIOTHbIE MHOKECTBA, [UIA BCEX TOYEK i M a
KOTOPbIX ornpezAeseHbl 8QpQeKTUBHbIE [VIALKUE NEUCTBUA SMN-MEPHOIA Jio-
KasnbHOM rpynnsl JIu G*™" B HekoTopbiX okpecTHocTaAX U(i) u U(a), Takue
uTo AeMcTBUA yKazaHHOW rpynubl B okpectHocTax U(3), U(j) n U(a), U(B)
coBranatoT B nepecedenunax U()NU(j) u U(a)NU(B) n dpyukuns f ABasercs
JBYXTOUYEUHBIM MHBApUAHTOM:

J(\(i,a), 0(a,a)) = f(ia), 3)

rae a € G*™". Ecau ana ¢pyHKuMH f UCNoNb30BaTh KOOPAUHATHOE BbIpa-
skeHue (1) v BBecTu B aeiicrByloweit rpynne G*™" joKaJibHbIE TapaMeTpbl

a=(a',...,a*™"), To ypaBHeHue (3) MOKHO 3alUCaThb B CJeAyIOlIeM BUIE:
f(Mz,a),0(£,a)) = f(z,8), 3
rae f(z,€) = f(z!, ..., 2°™ &, ... €M) u onylueHbl 0603HAUEHUA KOHKpeT-

HBIX TOYUEK ¢ U .

Takym o6pa3oM, Ha OTKPBITBIX U MI0THLIX B M 1 N MHOKeCTBaX 3ana-
Hbl M30MOp(dHBIe SMn-MepHble JUHeNHHble ceMeMCTBa rJlaKMX BEKTOPHbIX
noJseit X v Z, 3aMKHYTble OTHOCHUTEJILHO OllepallMyM KOMMYTHUpPOBaHUA, T. €.
asnrebpel JIu nokanbHBIX npeobpa3oBanuit (cMm. [4, §60]). CooTBeTcTBYyIO-
wue 6a3McHble BEKTOPHBIE MOJA 9TUX CEMENMCTB 3alMIIEM B ONEPATOPHOM

dopme:
0 - 0
Xo = Aﬁ(f)a—x;u Eu = Z(ﬁ)&;: (4)

roew =1,...,smn; p=1,... ,sm; v =1,...,sn, npyueM N0 KHEMbIM» MH-
ZleKCaM [t U V TIPOBOAUTCA CYMMMpOBaHKeE B yKa3aHHbIX Mpeneiax.



134 I'' I MuxaiamdyeHko

UszsectHo (cM. [5, §17]), uro ¢pynkuma f(z,€) 6yaer no paseHcTBY (3)
ABYXTOUYE€YHBIM MHBApPHUAHTOM CDYINbl ABUKEHUA B TOM U TOJBKO B TOM
caydJae, eclM OHa yOoBJIeTBopseT cucTeMe ypaBHeHui X,f + E,f = 0 ¢
onepaTopamu (4):

0f(1' 3N 0f(=,§)

N (&) g+ oL(€) et = 0. )

Cnenyrolume TPy JeMMBbl OTHOCATCA K Cliydalo m = 1, T. e. K §-MeTpH-
UeCKMM (PU3NUECKUM CTPYKTypaM paHra (n +1,2).

Jlemma 1. B rpynne aBuxxeHMit HEBBIPOKAECHHOM GyHKUMHU [ JIOKaJIb-
Hoe neiicrBue o rpynnel G*™ B sn-MepHoM MHoroo6pasuu N1 TpaH3MTHUBHO.

IIpennonokum npoTuBHoe, T. e. rpynna G** neiicreyer B 9 UHTpaH-
sutrBHo. Toraa obwmnit paHr KBaApaTHO MaTpuubl o, () 6yaeT MeHblle
sn (cMm. [6, §16.10]). A sTo o3HauaeT, UTO HallAYTCA TaKue NepeMeHHbIE
Koo PuLMeHTHL ¢¥(£), He Bce 0OAHOBPEMEHHO M TOXKAECTBEHHO pDaBHbIiE HY-
J10, AIs1 KOTOPBIX BhINOJHAETCA paBeHcTBO ¢“(€) - 02 (€) = 0. IIpu aTom no
cucTteMe (5) MonyyaeM ypaBHeHHE

“em@mnd o, ©)

KOTOPOMY Y.ZIOBJIETBOpAET Kax/Jafd koMnoHeHTa ¢yHkumm f = (f1,..., f*).
Bynem paccmMatpuBaTh ypaBHeHue (6), 3anucanHoe ana f!,..., f*, Kak cu-
CTeMY S JIMHEMHBbIX 0 JHOPOAHBIX YpaBHEHHU OTHOCHUTEJNIBHO S HEU3BECTHBIX
“(EM(z), raep=1,...,snpum = 1. [lockonbky ¢yHKUMA f HEBBIPOK OEH-
Ha B CMBbICJe onpeneneHuAa 1, akobnaH I%:Ll OTJIUUYEH OT HYJA, U TTOTOMY
CHCTeMa MMeeT ToJIbKo HyseBoe peweHne: ¢?(£)A(z) = 0. Toraa ansa one-
paTopoB X, no BeipakeHuaM (4) nmeem c¢“(§)X, = 0. Ilonaras B nocnennem
cooTHolneHnu £ = &, T. e. PUKCUPYA KoopaAMHATy , He BXoaAwyo B X,,
nojy4yaeM JUHeHHY10 cBA3b ¢ (§))X, = 0 ¢ MOCTOAHHBLIMU He 06 pallaloLIH-
MMCA B HY/Ib OAHOBpeMeHHO KoadpdmureHTamu c*(€p), UTO HEBO3MOIKHO,
TaK Kak 6a3McHble BEKTOpHble nousa X, , BciaeacTBrUe apPeKTUBHOCTH Oeit-
cTBuA rpynnbl G*" B MHoroobpasum M, nuHeliHo He3zaBUcHUMBI. JlaHHOoe
NMPOTUBOpeYNE U JOKA3bLIBAET JeMMy 1.

JlemMma 2. B rpynne aBuKeHMIA HEBBIPOKAEHHOMA pyHKUMM [ JIOKaJdb-
Hoe aedicrBue X rpynnsl G*" B s-MepHOoM MHoroo6pa3mun 9 ®KBUBaJEHTHO
2TOM (pyHKLUH.

[Mockonbky pazmepHocTu rpynnel G*" u MHoroo6pasma N coBnanaioT,
ee JIoKaJibHOe feiicTBue ¢ B N BBUAY JeMMbl | He TOJIBKO TPaH3UTHB-
HO, HO U NPOCTO TPAH3UTHUBHO. A’ BCe MPOCTO TPaH3UTHBHbIE NelCTBYA,
Kak u3BecTHO (cM. [6, §16.11]), monobHbI nepBoii napaMeTpuuecKoit rpyn-
e M, OYEBUIAHO, JIOGOMY ee TPaH3UTHMBHOMY HelcTBUIO B cebe, Hampwu-
Mep b — a~!b, rne a,b € G*". DTo o3HauaeT, UTO HailleTcA TaKoit Jo-
KaJibHbIA anddeoMopdusm w : N — G°", yTo MMeeT MeCTO COOTHOLIEHHeE
o(€,a) = wl(a"'w(€)), BBIMONHAIOWEECA TOXAECTBEHHO A1A Beex a € G*"
n £ u3 HekoTopoit okpectHocTu U C N. IloncTraBum 2To cooTHOUIeHUE B
ypaBHenue (3'): f(Mz,a),w  (a"'w(€))) = f(z,€), nonoxkum B HeM a = w(€)
M BBeZleM [0NOJHNTENbHO o6o3Hauenue Y(A(z, w(€))) = f(A(z, w(§)), w™!(e)),

rae e € G°" — eAVHUUHBIA 2seMeHT. B pesysbTaTe nojydyaeMm cCBA3b Me-
#Kay oyHkuuedt f u neiicrBueMm A:
f(z,€) = YAz, w(E))), (M)

B KoTopoit pyHkumsa ¢ : R® — R* nmeer, oueBUaHO, paHr s. Y CTaHOBJIEHHAA
CBsA3b BbIpaskaeT ®KBUBAJIEHTHOCTh QpyHKUMU f W AelicTBUMA A B cMBbICie
onpenesenusa 3. Jlemma 2 nokaszaHa.
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JIemma 3. BcAkoe HEBBIPOKAEHHOE J0KaJdbHOE AeiicTBue A rpynns G*™
B s-MepHOM MHoroo6pasum 9N osKBUBaJIEHTHO HEKOTOPOH pyHKUMM f, 3ana-
fomeit Ha MHoxkecTBax MM u N s-MeTPUUECKYIO (UIHMUECKYIO CTDPYKTYDY
panra (n+ 1,2).

IMycte w : N — G*" — HekoTOpPBIA NoKaubHbIA audppeomopdpmsm. Ilo
naHHOMY nedicTBuio A(z,a) onpenenum ¢yHkumio f caenyiomnm obpasom:
f(z,€) = Mz, w(f)). IHokaxkeMm, uTo oTa (YHKUMA NONYCKAET SN-MEPHYIO
CpyINIy ABUKEHUMA, COCTOAILYIO U3 JIOKANbHbIX AelicTBuUit A(z,a) u o(€,a) =
w™(a"'w(€)), T. e. AnA HUX BhMoaHAeTCA ypaBHeHue (3). HeiicTBUTENBHO,
umeem f(A(z,a),0(£,a)) = A(M(z,a), w(w™(a " Tw(€)))) = A(A(z,a),a w(€)) =
Az, w(€)) = f(z,€). MockoabKy nelicTBUE A MO YyCIOBHUIO JIEMMBI HEBBIPO-
SKOEHHO, QYHKUMA [, OOMYCKAIOWaA Sn-MepHYIO CpyINNny ABUKEeHUA Gyner
3aaBaTh coryacHo [1] Ha MHoxecTBax M u N s-MeTpUUeCKYIO PU3NUECKY IO
cTpykTypy panra (n + 1,2). Jlemma 3 nokasaHa.

IlepeitmeM Kk ocHOBHOI 3azaue HacTosfAlleit paGoThl, T. €. K MHOJHOM
KJ1acCUPUKALMM ABYMETPUYUECKUX PU3UUECKUX CTPYKTYp paHra (n + 1,2),
rae n > 1, 3anaBaeMbiX Ha JABYMEPHOM U 2n-MepHOM MHoroo6pasusax M u
N dpyuxumeii (1), korna s=2um=1.

B nBymepHoM MHorooGpasum 9 nokaibHble KOOpAMHATH z!, 22 06o-
3HauMM uepes z, y. CornacHo semmam 2, 3 mobasa pynxuma f = (f!, f2),
3aalomasn Ha MHoxkecTBax M u N AByMeTpUUecKyio GU3NUECKYIO CTPYK-
Typy panra (n + 1,2), sKBUBaJleHTHa HEKOTOPOMY JIOKAJIbLHOMY HeACTBUIO
A = (A1, )?) rpynnet G** B M, a ni060e HEBLIPOXKIEHHOE B CMBICJE OTpe-
nenenuvsa 1 neficTBue A, B CBOIO ouepellb, 9KBUBAJEHTHO HEKOTOPOM TaKoM
¢yukumun f. ClenoBaTeNnbHO, C TOUHOCTHIO OO 9KBUBAJEHTHOCTH MOJIHAA
KJaccUPUKalMA ABYMETPUUECKUX GU3MUECKUX CTPYKTYp paHra (n + 1,2)
COBNaJaeT C MOJIHONM KiaccUuPpHKalMell HeBbIPOKAEHHBIX JOKaJbHBIX Jei-
cTBUii rpynnel G2* B nByMepHoM MHorooGpazuu M. He orpannunsas o6ui-
HOCTHU Pe3yJNbTATOB U CJeAys NOKa3aTeJbCTBY JIeMMBbI 3, Kak 06bIuHO 6y-

J€EM IoJiaraTb
=2z, y,w'(€),...,w*™(€)),
f2 = ’\2('1:’ Y, wl({)’ e )wzn(ﬁ)))

roe £ = (€},...,62) u w : M — G?™ — HeKoTOpLIH JoKaAbHBIA AUPDHeo-
MopduaM. OuHaKo B pAnde ciayuyaeB AJA YNPOLIEHUA [0JIYUAIOUIMXCA M0
¢opmyie (8) BbipaskeHMIA ya06HO MCMOAB30BATh €lle M CHEHMUaTbHO M0O0-
6paHHble pyHKUMIO ¥ : R? — R? 1 nokanbHbli aupdeomoppusm v : M — M,
AonyckaeMmble onpenesedneM 3. Ilo aABymMeTprueckuM PpU3UUECKNM CTPYK-
TypaMm paHra (n+1,2) MoXKHO MOJyUUTh KUCUEPIbIBAIOUINNA pe3yibTaT, Tak
KaK MMeeTCA MOoJIHAA KilacChuPUKauna BceX IVIaJKNX JIOKAJbHBIX AeAcTBUM
KOHeUHOMepHBIX rpynn JIu B nnockoctH, nposenennaa C. Jlu B 1883 r. [7].
ITockonbky Ta KIacCUPUKALMA CYLIECTBEHHO UCIOJNb3YEeTCA B MOCAEAYIO-
HIeM M3JI0’KEHUM, Mbl BOCIIPOU3BeAeM ee MOJHOCTHIO B (OPMYJIMUPOBKE U
o6o3nauennax camoro C. JIu (cm. rakxke (8, c. 25, 26]).

1

(8)

Teopema C. JIn (7, c. 71-73]. Kaxkxaaa KoHeuyHadA HellpepblBHaA rpynna
TOYEYHBIX ITpeobpa3oBaHMUil NJIOCKOCTH L, Y MPU MOMOIIM TOUEUHBIX IIpe-
obpa3oBaHuIt Moa006HA 04HOM M B 06IMEeM TOJABKO OAHOM M3 CJedyIomX
rpynn, 3anaBaeMbIX redeparopamu (p = 8/0z,q = 3/dy).

A. IlpymuTHBHBIE:

1; P, 4, 2¢, TP — yq, 2p + yq, Tp + xyq, zyp + yzq, yp;
p,q,rq,p—Yyq,yp,Tp + Yq;
3) p,q,zq,2p — yg, yp.

B. HMnpumuTusHbIe:
4) q,2q,p,22p + yg, z%p + zyg;
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5) q,zq,...,2"q,p,2zp+ryq, ’p+rayq (r > 2);

6) ¢,zq,...,2"q,yq,p, zp,z’p + rzyq (r > 0);

7) yq,p, zp, zp + zyg;

8) ¢,zq,...,2"q,yq,p,xzp (r>0);

9) ¢,2q,...,27q,p,zp+cyq (r>0,c#1);

10) q,zq,... 2" tq,p,zp+ (ry+2z")g (r > 1);

11) q,zq,... ,z™q,e**"q, ze%*%q, ... , 2™ e**"q,yq,p
k=1,2,...,01>0l4+m+m+...+m >0,a; = 1);

12) q,zq, Fi(2)q, ..., Fr(z)q,yq (r > 0);

13) q,zq,z%q,p, zp + yq, z%p + 2zyq;

14) p,2zp + yg, =’p + zyg;

15) q,2q,...,2"q,p,zp+yqg (r >0);

16) ¢, p,zp + (z + y)g;

17) e**%q, xe%*%q, ... ™k e % q,
(a1(ay—=1)=0, k=1,2,...,001>0, l4+m+...4+4m>I);

18) q,zq, Fi(z)q,..., Fr(z)g (r 2> 0);

19) q,vq, y*q, p, zp, 2°p;

20) p+q,zp+ yg,2%p + ¥’g;

21) q,v9,¥%q,p, zp;

22) q,y4,¥%¢, p;

23) q,vq,¥%¢;

24) q,yq,p, zp;

25) ¢,p,zp+cyq (c#0,1);

26) q,yq, p;

27) q,yq;

28) p,q,zp + yg;

29) q,zp + yg;

30) p, q;

Tabuula TeopeMbl MOCTPOEHa MJA KOMIIJIEKCHBLIX Ipynmn npeobpa3o-
BaHMM KOMMUJIEKCHOM miiockocTH. Jlia neACTBUTENbHBLIX Tpymmn npeobpa-
30Ba,HMi/Jl ﬂeﬁCTBMTeHbHOﬁ MNJOCKOCTU Hy?KHO BHeCTU HeKOTOpre N3MeHe-
Hus (cM. [7, c. 28]). K TpeM npMHUTHBHBIM rpynnaM Heob6xoaumMo H06aBUTH
elle NAThb:

32) p,q,zq — yp,zp + yg, (2% — ¥*)p + 2zyq, 2zyp + (v* — 2%)g;
33) p,q,29 — yp,zp + yq;

34) p,q,zq — yp + c(zp + yg);

35) p+ (2 — y*)p + 2zyq, ¢ + 2zyp + (v° — 2%)q, yp — 2¢;

36) p— (z* — y*)p — 22yq, q — 2zyp — (v — 2%)q, yp — 2q

MU, KpoMe Toro, rpynmny 11 3aMeHUTH rpynmnoi

11') e**® cos fxzq, e+ cos frayq, ... , ™ e*** cos frxq, yq,
€%*% sin B xq, ze“** sin fr2q, ... , ™ e* T sin frzq, p,

a rpynny 17 — rpynnoi

17') e*x* cos Brzq, xe*** cos Brzq,...,x"* e " cos frzq, P,
e“*® sin By zq, e * sin frzq, ... ,x™* e " sin Brzq.

Teopema. /IBymeTpuueckue ¢pusnmdeckme cTpykTypbl paHra (n + 1,2)
cywmectByroT aaa n =1,2,3,4 u He cywectBytoT a1an 2 5. C TOYHOCTbIO
210 sKBUBagdeHTHocTu ¢yHkuma f = (f', f?), 3azalomwaa Ha MHoXecTBax
M u N (aByMepHOM M 2n-MepHOM MHOroobpa3uAX) ABYMETPUYECKYIO ¢pu-
3uueckyto cTpykTypy paHra (n+ 1,2), B Haa/nexalle Bol6paHHOHM cucTeme
JsokanbHBIX Koopaunat (z',2?) = (z,y) u (£4,€2%,€3,&4,...) = (&, n,pmv,...)
olnpeneqseTcsa cAeayOlUMU BblpaKeHUAMM:

anan=1
fl=z+¢ f=y+n, 9)
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fl=x€, fP=yE+n (10)
anan =2
fl=zb+eym+p, fP=zp+yé+v, e=0%1, (11)
fl=aé+p, fP=wn+ye+v, c#1, (12)
fl=2t+p, f=en+y+2°E I+, (13)
fl=2+yp, =+, (14)
anAan =3

pro@ltemtpEtp) —clentyi+v)y+7)
(z+p)?-ely+1)°

2 _ (@ tem+p)y+7)— @+ +v)(z+p)
(z+p)? —e(y+7)?

)

(15)

f

b

raee =0,=+1,
fr= €+ p)/(x+p),
Ff=(@n+yw+1)/(x+0p),

fl=z€+yu+p, fP=an+y+r (17)

(16)

anan =4
ff=@é+yp+p)/(ze+y+w), fP=(@n+w+1)/(zp+y+w). (18)

Oeymerpurn (14), (17), (18), a Takke (12) ana cnydyasa ¢ = 0 B oKBUBa-
nenTHoi#t popme f! = z€+y+pu, f? = zn+y+v, paHee M HE3ABMCHMMO OT aBTOpA
6b1au o6HapyseHbl E. JI. Jlo3auuknum (yacTHoe cooblieHME), OCTaNbHBIE Ke
BHepBble BLIJIM HaiineHbl aBTOPOM.

ChopMynMpoBaHHaA Bblllle TeopeMa yTBep#./1aeT MOJHOTY MpUBedeH-
HOU B Hell kynaccupukauum aAByMeTpUK. JloKa3aTeNbCTBO TEOpeMbl Mpe-
cTaBasAeT coboii nocsenoBaTelbHOE BLIUMCJ/EHUE 10 COOTBETCTBYIOLIMM U3
cnucka 1-36 renepaTopaM BhIlIENPUBENEHHON KlacCMPUKALIMOHHOM Tabam-
ubt C. JIu Bcex HEBBIPOKAEHHBIX JOKaJIbHBIX AeiicTBuit A = (Al(z,y,al,. ..,
a?), A%(z,y,al, ... ,a?)) rpynnet G** B nByMepHOM MHoroo6pasuu M. Dtu
neAcTBUA onpeneiaioT no popmyse (8) pyHkumio

F=N1% = My w'(©),. .., w*(€), V(2,30 (€), .., w™™(€))),

3aJafolyio Ha MHoxkecTBaX M u N (aBymepHOM M 2n-MepHOM MHOrooGpa-
3UAX) ABYMeTPHUUECKYIO pH3UUeCKYIO CTpYKTypy paHra (n+1,2). IIpucty-
MMM K O0Ka3aTeJbCTBY.

[IycTb cHauana n = 1. B asTom cayuae neiicrBylomana rpynna G2 u
MHoroo6pasue N aBymepHbl. O603HaUUM JoKaJdbHbIe KoopauHaThl £1,€% B
MHoroo6pasuu 9 uepes £,7. B npuBeneHHo! Bblllle MOJIHOK KiaccHpUKa-
uuu C. JIu MMeloTcA yeTbipe ABYMEPHbIE CPyYINbI Npeobpa3zoBaHUii nioc-
KOCTHM, Ga3ucHble BeKTopHbIe MmoJsa X1, X koropbix (reHepatopsbl no C. Ju)
3aaI0TCH BbIpasKeHUAMU

18) Xi1=g¢q, Xs=uzq;

21) Xi=4q, X2=yg

29) Xi=¢q, Xa=zp+yg
30) Xy=p, X2=gqg.

(19)
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C noMouibio 9KCMOHEHUMANbHOr0 0To6paskeHna (cM., Hanpumep, [9, ra. 1,
§9]) Haiiaem cooTBeTCTBYyIOLIME JOKaJbHble AeiicTBuA rpynn G? B AByMep-
HOM MHoroo6pa3uu M:

18) M=z, A =y+ad’z+al;
27) M =2z, A =yexpa®+ad;
29) M ==zexpa?, A? =yexpa®+al;
30) M=z+d, MN=y+ad

(19"

Il

W3 ueTbipex NoKaabHbIX AeiicTBUid cnucka (19') Toabko neiictBusa 29

1 42
u 30 GyayT HeBbIPOKAEHHBLIMM, TaK KakK OJA HUX oba AkobBuaHa 88'\;,’;) u
P2 o
%((":,’—a;,; OTAUYHBbI OT HyNnA. lleficTBua 18 u 27 BbIpo’KA€eHHbI, TaK KaK JA

HMX obpallaeTcA B HyJb BTOpoii Ako6uaH. BBona nna neiicteuii (29) u
(30) nokanbHble aAuppeomopdusmbl expa® =€, a! = np u a! = ¢, a® = 9, no-
nyuaem Bbipaskenus (10) u (9) coorBercTBenno ana ¢yukuuu f = (f1, f2),
3anawoueil Ha MHokecTBax M 1 N (aAByMepHBIX MHOroo6pa3uax) AByMe-
TPHUUECKY IO GU3UUECKYIO CTPYKTYpPY paHra (2, 2).

3aMeTUM, UTO BbipoxkaeHue neiictBuit 18 u 27 MokHO 6bliI0 6bI ycTa-
HOBUTb Cpa3y 110 BbIPa’KEHUAM COOTBETCTBYIOUIMX FEHEPATOPOB U3 CIIUC-

Ka (19). HeiicTBUTeAbHO, HX OJIHO U3 HUX He COLEPKUT ONEPATOpP P = %,
1 _ . ALY .
n notomy X' = z. Ho Tornma WW)Q = 0 npu n1060i#f BTOpOii KOMIOHEH-

Te A*(z,y,a',a?) neiictBua A = (A, A?), UTo M o3HaUAET ero BLIPOKIEHUE.
AHaJlorMuHble pacCy’KAEHUs MO03BOJAT B AaJibHellleM cpa3y YCTaHOBMUTD,
Kakue reHepatopbl kinaccupurkaumm C. JIu onpenenaroT BbIpOKAEHHBIE JIO-
KaJbHble AeiicTBua A = (A1, A\?), He BHIUMCIIAA UX 3apaHee C MOMOLILIO BKC-
MOHEHLMAaJbHOI0 0TOGparkeHus.

Nycts, nanee, n = 2. B aTom cayuae neiicrBylomaa rpynna G* u
MHoroo6pasue 91 uerbipexMepHbl. (O603HaUMM JoKaJibHbIEe KOOPAUHATHI

1 £2 ¢3 ¢4 6 N ko6 a2
& €4, €°, €* B MHoroo6pazum N uepes &, 7, u, v. Arobuan 37y

UeH OT HyJA, Tak Kak AeiictBue A(A(z,y,al,a? a3 a%),A%(z,y,a*, a?, a3, a?))
o6patumo. IlosToMy OHO 6y/ieT HeBbLIPOKAEHHBLIM, €CJIU AJA IJOTHOLO
n otkpbiToro B M MHokecTBa nap ((z1,y1),(z2,y2)) 6yaer nonoaHuTeNb-

A(A(1),2%(1),A1(2),A2%(2
HO OTJIMUEH OT HyJA elle U AKoOMaH ( (a)(al,(a,),a,’(a,)) ( )), rze, HalipyuMep,

OTIJIN-

AN(1) = Az, 41,4, a?,a3,a%). B knaccupukauuu C. JIu umeroTca oauH-
HalUaTb YeThbIPEXMEPHBIX Ipynn npeobpa3oBaHUiA MJIOCKOCTU, Ga3UCHBbIE
BEKTOpHLIE MOJIA KOTOPbLIX 3alaloTCA BbipaskeHuaMmu 7, 9, 10, 11/, 12, 15,
17', 18, 22, 24, 33. OaHako B BbipaxkeHuax 11/, 12, 17/, 18, 22 onepaTop .aug-

¢dpepeHUMpPOBAHUA P = % NpUCYTCTBYeT ABHO He 6oJiee UeM B OLHOM W3
UEThIpeX FeHepaTopoB, UTO NPUBOLMT K BEIPOAAEHNIO COOTBETCTBYIOIMX
nokadbHBIX AeiicTBuit A = (A, \?), Tak kak B HUX KoMnoHeHTa A! 3aBUCUT

ABHO He GoJiee UeM OT OAHOrO U3 uUeThipex MapameTpoB a = (al,a?,a®, a?)
rpynn G*. BbinuileM HUKe TOJBLKO Te BbIpa’KeHWUA NJIA FeHepaTopoB X,
X2, X3, X4, ONA KOTOPBIX OeACTBUA HEBBIPOXKAEHHBI:

7)  yg,p,zp,2’p + zyg;

9) ¢,zq,p,zp+cyq,c £ 1;
10) q,zq,p,zp+ (2y + 2%)g;
15) q,2¢,p,zp + yg;

24) q¢,y4,p,zp;

33) p,¢,zq—yp,zp+yg.

(20)
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CooTBeTcTByIOMmMeE JoKaabHble neiictBua A = (A, A?) rpynn G* B aBymep-
HOM MHorooGpasun M HailgeM 10 PKCNOHEHUMAJIBHOMY OTOGPAarKEHUIO:

p {=(O-d et et
A2 =y/(1 — a*z — al);
9) M =zexpa!+a® A = yexpca® + a’z + d';

10) { A = zexpa® + a3, (20)
A2 = yexp 2a* + a®z + 2%a* exp 2a* + a!;

15) M =zexpa! +a® A% = yexpa® 4+ ¢’z + a';

24) M =zexpa®+d3 A =yexpa® +a';

33) { A = z(expa® + cosa® — 1) — ysina® + a!,
A? = y(expa* + cosa® — 1) + zsina® + al.

U3 mectu nokadbHBIX feiictBuit A = (A, \?) cnucka (20), mucnosnb-
3ya B ocHOBHOM (popmyny (8), Haiinem Bbipakenms (11)-(14) ona pyHkumm
f = (f, f?), sanaouweit na MHosxkectBax M u N (AByMepHOM M UeThbIpex-
MEPHOM MHOro06pa3usax) AByMeTPHUUECKYIO GU3MUECKYIO CTPYKTYpY paH-
ra (3, 2). Isymerpurnu (11), rae ¢ = 0,+1,—1, sKBUBaJEHTHbl JOKaJb-
HbIM felicTBuaM 15, 24, 33 coorBercTBeHHO, AByMeTpuKa (12) sKkBMBaI€eHT-
Ha nedicrBuio 9, aBymerpuka (13) — aeiicreuio 10 u asymerpura (14) —
neiictBuio 7. JlokanbHble nupdeomopduambr v : M — M, w : N — G u
¢ynkumsa ¢ : R? — R?, ycTaHaBaMBalOlIie M0 ONpeieeHMIO 3 5Ty SKBUBa-
JIEHTHOCTb [JIA Kaxao# u3z asymerpuk (11)-(14), oueBu aHBL ,

PaccMmorpum Tenepnb cayuait n = 3, koraa AeiicTByloman rpynna G¢

n MHoroobpasue 9 mectumepHbl. JlokanbHble koopauHaThl £1,€2, ... €°

MHoroobpasua M o6o3Hauum uepes £, U # V, p, T COOTBETCTBEHHO. Jlo-
2

kajabHoe aedictBue A = (Al(z,y,a},...,a%), A% (z,y,al,...,a%)) obpaTumo, u

14,2
noTomy %%ﬁyl # 0. HeBblposxkaenHocTb AeiictBua A = (A, A\?) osnauaer,
UTO AOMOJIHMTENbHO MJIA MJIOTHOrO U OTKpbiToro B M3 MHOMecTBa Tpoek
((z1,11), (2, ¥2), (23,y3)) oTHMUEH OT HynA AKOOBUAH
O(A1 (1), 2*(1), '(2), A*(2)X'(3), 2*(3))
d(al,. .. ab) '

B knaccupuraumm C. JIn uMeroTcsa TpUHaAUATH LWIECTUMEPHbBIX TpyIr
npeobpa3oBaHMiA NMJIOCKOCTH, Ga3UCHbIE BEKTOPHBbIE MOJA KOTOPLIX 3ala-
IOTCA BhIpaskeHuamu 2, 6, 8, 9, 10, 11/, 12, 13, 15, 17/, 18, 19, 32. Onanako
ornepaTop ANPPEepeHUMPOBAHUA p = % B BblpaskeHuax 8, 9, 10, 11/, 12, 15,
17', 18 npucyTcTByeT ABHO He Goslee UeM B ABYX I'eHepaTopaX M3 IIECTH,

UTO NMPUBOAMUT K BbIPOAKIAEHUIO COOTBETCTBYIOUMX JIOKAJbHBIX AeiCTBUI
A = (AL, A?), Tak kak B HUX KoMmmnoHeHTa Al 3aBucHMT ABHO He Gosee uem
OT ABYX M3 wecTu napamerpoB a = (a',a?,... ,a%) rpynn G6. U3 nepeun-
CJIEHHBIX Bblllle TPUHAAUATH BblpakeHUil /1A redepatopoB X1, Xa, ..., Xs
BBINMIIEM HUXKe TOJBKO T€, KOTOpble NPUBOAAT K HEBBIPOMKAEHHBLIM Ieii-
CTBUAM:

2) p.q,2q,p—yq,yp, 2P + ¥g;

6) q,2¢,yq,p,zp,z°p + xyg;

13) q,zq,2%¢,p,2p+ yg,2%p + 2uyg;

19) ¢,v9,¥°¢,p, 2p, 2°p;

39) { P 24~ Yp, P +yq, o
(z° = y*)p + 2zyq, 2zyp + (v° — 2%)q.

(21)
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[To skcnoHeHIMAT LHOMY 0TO6pazKeHM IO Hall1eM COOTBETCTBY IOLIIME JIO-
o 92
kaJbHble neiictBua A = (A}, A?) rpynn G® B nBymepHoM MHorooGpasuu IN:

2) Mz=det+dy+a® N =dla+Py+ad® )
6) { A= (alz +a?)/(aPr +a),
M = (d®r +a®y +a7) /(P2 + a*),
1.4 _ 2.3 _ 1.
roe aa —a“a =1,

13) { A= (a'e +a®)/(a®z + oY),

M= (y+d®z+ a2 +a") /(a2 + a)?, (217
1.4 2.3 _ 7.
roe aa’—aa _l
19) { M= (ale + ) /(aPr + a?),
" A= ((z y+a )/(a‘-y+a8)
rae alat—ad’a® =1, i®a® - dd" = 1;
32) A= (az +0)/(cz + d),
rae A=A +i) =244y, a=a'+ia® b=a®+ia*, c = a® +ia®, d = a" 4 id®,

i* = —1, npuuem ad be=1.

U3 natu JokaibHbIX aedictBuit A = (A, A?) cnimcka (21') Haiinem BbI-
pazkenua (15)—(17) ana dynkumm f = (f!, f?), sanatoueit Ha MHOMKeCTBaXx
M 1 N (AByYMEPHOM M LLIECTUMEPHOM MHOT006pa3MAX) ABYMETPUUECKY IO
dusuueckyro cTpykTypy panra (4, 2). Isymerpuru (15), rae € = 0,+1, -1,
SKBUBAaJIEHTHbI COOTBETCTBEHHO JIOKaJbHLIM AeicTBUam 13, 19, 32, nByme-
TpHrka (16) skBUBaseHTHa AelicTBrIO 6 U AByMeTpuka (17) — aeficTBUIO 2.
Hna kaxnooit na asymerpur (15), (16), (17) nerko HalTH JoKaJibHbIE ro-
MeoMopduaMbl w: N — G5 v: M - M u pyuxumio ¢ : R? — R?, ycranaBau-
BarolMe 1o orpezeyieH11o 3 l/l:‘ DKBMBAJEHTHOCTb C COOTBETCTBY IOILIMMMU
NOKaJAbHBIMW AEUCTBUAMM U3 cniurcka (217).

Eule paccMoTpuUM oTAeNbHO caydai n = 4, Koraa AecTByoNasd ryyn-
na G® u MHoOroo6pasne N BocbMUMEPHBI. JlokanbHbre KOOpAMHATHI &',

., B MHorooGpasum N obosHauum uepe3 &, 1, K, V, p, T, @, w. Ho-

. B(AY A2 o
rnpexHeMy sKOOUaH 9:—3-(7’%2 OTJIMUYEH OT HYJA, TaK KaK JIOKaJbHoe neil-

cTBUE
A= (M(z,y,d,...,a®), 2\ (z,y,a',...,a%))

rpynnel G B 9 obpatumo. I[losToMy HEBBIPOX/IEHHOCTb MEHCTBUMA A =
(A1, A?) o3HauaeT, UTO JIOMOJHMTENBHO OTJIUYEH OT HyJA AKOOHUaH

A(AN(1),A%(1),...,A1(4), % (4))
d(al, ..., a8 ‘
ZUIA OTKpbITOro U mioTHoro B M? MHoxkecTBa ueTBepok <(I1,y1),'(.’132,y2),

(z3,y3), (z4,y4)).

B nonuoit knaccupuraumm C. JIn MMeroTca 0 AMHHAAUATE BOCHMMMeEp-
HBIX [PYNN Npeobpa3oBaHMi I0CKOCTHU, 6a3UCHBIE BEKTOPHLIE MOJA KOTO-
pBIX 3alaloTcA BblpaxkeHuamu 1, 5, 6, 8, 9, 10, 11/, 12, 15, 17/, 18. 3ame-

TWUM, OAHAKO, YTO BO BCE€X DTHUX BbIpa’k€HUAX, KPOMeE I1epBOI'0, OoIepaTop
Ie)

AnpdepeHUMPOBAHUA p = 7z NPUCYTCTBYeET ABHO He Gojiee UeM B TpeX re-
HepaTOpaX M3 BOCEMM, UTO MPMBOIMT K BLIPO?KAECHMIO COOTBETCTBYIOLIMX
JoKaJdbHBIX AeficTBuit A = (A,A?), Tak Kak B HMX KoMmoHeHTa A! 3aBu-
CUT ABHO He GoJiee UeM OT TpeX M3 BoCbMM MapaMeTpoB a = (al,a?,...,a®)

rpynmn Gs. Boeinumem MMO®TOMY TOJIbBKO BbIpaKeHUsA 1 onsa reHepaTopoB
X],XQ,... ,Xg:

P, q4,%¢,p— yq,zp +yq, 2 p+zyq,zyp + yq, yp o (22)
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U 110 DKCIIOHEHLUMAJbHOMY OTOGpaskeHUIO HalleM COOTBETCTBYIOILee He-
BBIPOKJEeHHOE JokasibHoe feiictBre A = (A, A\?) rpynnel G® B aBymepuom
MHoroo6pazuu M:
. dz+aly+d® , a'z+diy+a® .
A= = Trt Byt a?’ (22)
a‘'z+a°y+a a‘'z+a®y+a
npuueM deta = 1. Ilo nokanbHoMy aeiicrBuio (22') nerko mojydaem Bbl-
paxenue (18) nna dyukuun f = (f1, f?), sanaioueit Ha MHoxkecTBax M n
N (aABYMEpPHOM U BOCHLMMMEDPHOM MHOI006pa3snsaX) ABYMETPUUECKYIO PU-
3UUeCKyIO CTPYKTYypy paHra (5, 2).

B 3aknioueHue paccMOTpUM ciayuail n > 5, Korza pa3MepHOCTb JOei-
cTBytoleit rpynnel G*" u pasmepHocTh MHoroo6pasua I, paBHble 2n, He
MeHbllle necATU. B knaccupmnraumm C. Jlu nMeroTca OecATb Tpynn npe-
0o6pa30BaHUI MJIOCKOCTU € TaKoil pa3aMepHOCTbIO. Ba3ucHble BEKTOpDHBIE
nmona Xi,Xs,...,Xs, OANA HMX 3a0al0TCA BhlpaxeHuamu 5, 6, 8, 9, 10, 11/,

12, 15, 17/, 18. OnHako BO BCeX ®TUX BblpaKeHMAX orepaTop AudpdepeH-
LMpPOBAaHUA p = 'a% MPUCYTCTBYET ABHO He 6oJlee UeM B TpeX reHepaTopax.

Co0TBETCTBYIOIIME JIOKAJ bHble AeACTBUA
— 1 1 2n 20, 1 2n
A= (M(z,y,d', ..., a®), A (2, y,d}, ..., a®™))

OKa3bIBAIOTCA BbIPOAKAEHHBIMU, TAK KakK MepBasd KOMIOHEHTa Al B HUX 3a-
BUCUT ABHO He GoJsiee ueM oT Tpex M3 2n napameTpos a = (a!,...,a?") rpynn

G?*, u noroMy IJA BceX KopTerkeid ((zl,yl),... ,(z,,,y,,)) IJnHBL n 13 IM"
obpaltaeTcA B HyJb AKOOUAH

A(AL(1), A2(1), ..., AL(n), A(n))
aat, ..., a®) '

Mockonbky s n > 5 HeT HEBLIPOKAEHHBIX JIOKAJIbHBIX JeWCTBUEA rpyni
G? B M, o nemmMme 2 HeT Takke U HeBbIPOKAeHHBIX dywkuuit f = (f!, f2),
3aJa0lMX Ha MHoKecTBaX M u N (aByMepHOM M 2n-mMepHOM MHoOroobpa-
3UAX) ABYMETPUUECKYIO GU3UUeCKyIO CTPYKTYpy paHra (n+ 1,2), T. e. Ta-
Kue ¢pu3nveckrie CTPYKTYPhbl He cyulecTBYIOT. TeopeMa MONHOCTHIO IOKa-
3aHa.

Panee MeT00M, aHAJOMMUHBIM TOJBKO UTO MCHOJb30BAaHHOMY B I0-
Ka3aTeJbCTBE TeopeMbl, aBTop B pabore [10] ucciemoBas BelecTBEHHbIE
onHOMeTpHUUeckrne QU3NUecKMe CTPYKTYphl paHra (n + 1,2), 3anaBaemble
OIHOKOMITOHEHTHOM ¢pyHKuMell f Ha MHoxkecTBax M m N (oaHOMEepHOM U
n-MepHOM MHOroo6pasmsax). Bblio ycTaHOBJIEHO, UTO ®THU CTPYKTYPbI Cy-
L1eCTBYIOT TOJBKO A/A n = 1,2,3 v cooTBeTcTBYI0IAA QYHKUMUA f C TOUHO-
CTBIO /10 DKBUBAJEHTHOCTU OMNpPeNeIIAETCA CIeAYIOIMUMN BhIPAKEHUAMU;

anan=1
f=z+& (23)
oasan =2 '
f==+p (24)
onan=3
=&+ p)/(z+p) (25)

CpaBHMBaA pe3yJbTaTbl [0 OJHOMETPUUYECKMM M ABYMETPHUUECKUM
PU3MUYeCKNM CTPYKTYpaM, 3aMeyaeM, UTO ABYMETPUUECKUE CTPYKTYPhl, B
OTJIMYME OT OJIHOMETPHUUECKUX, HE € JMHCTBEHHDI, UCKJIIOUaA cayuyaii n = 4.
IBymerpurn (11) m (15) MoryT 6bITb MoJyUyeHbl KOMIJEKCHUPUKALUENA CO-
OTBETCTBYIOIIMX 110 PAHT'y CTPYKTYPbl 0 JHOMETPHUUECKUX BbiparkeHU (24)
n (25). KoMniekcuMpuKauus B NAHHOM CJydae COCTOUT M3 CJeayHoLUMUX
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ABYX ®TaloB: a) 3aMeHbl BEIeCTBEHHLIX QYHKUUIA U KOOPJMHAT Ha KOM-

nnekcHele no cxeme f — fl4ef’ 2 - z4ey € - E4+en, u — pu+ev,
9 (w3

p — p+er, roe e — muumas (e° = —1), ayanbnana (e? = 0) uau ApoitHan

(e = +1) eaMHULBI B 3aBUCMMOCTH OT THIa KOMIIJIEKCHOIO YMca; 6) oTae-

JIEHUA BellleCTBEHHOMN (peasibHOM) M HeBeleCTBEHHOW (MHMMOM, AyalbHOMU
WJIM NBOWMHOM) UyacTell M3 Mosy4valolMXCcA KOMITJEKCHbIX BblparkeHUit. [lo-
MOJHUTEJIbHO 3aMeTUM, uTo aBymerpuku (11) u (15) ang cayuasa € = +1
ABJIAIOTCA ellle U NPAMOM KOMNO3MUMeENH COOTBETCTBYIOUIMX 0IHOMETpUUe-
CKMX BbIPDa’keHMI, Tak KaK C TOUHOCTbIO [0 9KBMBAJEHTHOCTU OHM MOLYT
OBITh 3alMcaHbl B cleAylOllleM BUIe:

ff=at+p, P=yn+v (11')
P=@g+mw/e+p), fP=m+v)/(y+1) (15%)

lsymerpurn (9) u (10), 3anaiommne Ppusnyeckne CTPYKTYpbl: paHla:,

{2, 2), MOZKHO MCMOJIL30BAaTh JJIA 0HOBPeMeHHoro onpeaenenua B R? apyx'
6GUHAPHBIX OflepalMii — CJIO?KEHUA U YMHQAKEHUA:

(zy)@®En)=(=+&y+n), (26)

(z,y) ® (&, n) = (2§, € +n). (27)

Crnosxenne (26) obbiuHoe, a yMHoMeHMe (27) objragaeT HEKOTOPBLIMU ocobeH-
HOCTAMM: OHO HEKOMMYTATHMBHO, aCCOLUMATHUBHO, AMCTPHUBY TUBHO CJI€BA, HO
He nucTpubyTHUBHO cipaBa. Bo3MoskHo nenenue Ha (z,y), ecaun ¢ # 0, xoTs
JeBoe M NpaBoe YacTHble He coBnazaioT. Eaunnua pasHa (1,0), neBoe n
npaBoe obpaTHble K (I,y) COBNalaloT.

Coxpanns caosxenue (26), ymHosxkenue B R? MoKHO onpeAesanThb U ¢ Mo-

MOLLBIO J11060i1 M3 Tpex asymerpuk (11), (12), (13), 3anarommx pusmndeckue

CTPYKTYPpbI paHra (3, 2):

(z,9)® (&, n) = (€ + eyn,en+ y€), €=0,%1; (28)
(L y)@ (& n) = (2§ 2n+y*), c# 1 (29)
(2,9)® (&) = (2€, 21 + Y&+ 2°€%In¢). - (39)

YMHoxenue (28) KOMMyTaTUMBHO, aCCOUMATUBHO M AUcTpubyTusHo.  Eau-
HMUa yMHomeHusa paBHa (1, 0). llesenue Ha (z,y) Bo3MOkHO, ecau 22 —
cy? # 0. flcno, uro anementsl nuockoctu R? ¢ onepaunamu (26) u (28) oka-
3bIBAIOTCA KOMIIIEKCHBIMM UMCIIAMKA TPEX TUIOB: OGLIUHBIMU KOMILJIEKC-
HbiMU uMciaamu (¢ = —1), ayanbHbiMu (¢ = 0) nau aABoMHbIMU (6 = +1).
YMHoxkeHue (29) HEKOMMYTATHMBHO, aCCOUMATUBHO, OUCTPUOYTUBHO CIIpa-
Ba, HO He AMCTPUBYTUBHO cieBa. [lenenue Ha (z,y) Bo3MoKHO, ecin ¢ # 0,
JeBas ennHuua paBHa (1, 0), a npaBas oTCyTCTBYeT. ‘

Takum o6pasoM, M3 yeTbipex GMHapHbIX onepaumnit (27)-(30), uuTep-
[NpeTUPYEMbIX KaK YMHOMEHME, ToJbKo onepaund (28) nosBosnseT 3a1aThb
B R? cTpyKTYypy KOJblla, Tak KakK TOJbLKO OHa AMCTpUGYTMBHa clpaBa M
cJieBa 10 OTHOLIEHUIO K cioxkeHnIo (26). Onepauus (28) ABndeTcA Takxke
€IMHCTBEHHONM GMHApPHOM omepauMei, KOTOPYIO MOYKHO ONpeneuTh MpPU
cioxenuu (26) ¢ nomouwibio aAByMeTpuku (15) pranueckoid cCTPYKTYpbl paH-
ra (4, 2). IBymerpuru (16), (17) aToi ke CTPYKTypbl, a TakKe IOBYMe-
Tpukn (14) m (18) crpykryp panra (3, 2) u (5, 2) He ompeneNAlOT MpU
cnoxennun (26) 6uHapHbix onepaunit. OTMmeveHHoe 06CTOATENBLCTBO MOMK-
HO paccMaTpUBaThb Kak cBoero pozaa obocHoBaHWe BBEIEHMA TpeX THIIOB
KoMMJeKkcHBIX uncedn. Conep:kaTelbHblA pU3MUECKHUI N MaTeMaTUUeCKMIA
cMbica onepauuii (27), (29), (30) noka ocTaercs HEACHBIM, TI02TOMY I10J1€3HO
6b1s10 611 Boslee AeTalibHO MCCIENoBaTh ajJrebpbl ¢ ®TUMHU ONEpALMAMU, a
TaKXe M CO BCEMU APYTMMU He 065i3aTellbHO BUMHapPHBIMU, KOTOPbIE MOMKHO
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onpeneanTb ¢ nomolibio aBymerpuk f = (f!, f2), 3anatommx ({)M3w~lechue
CTPYKTYPBI Pa3HbIX PAHI'OB.

B zakaiouenue OTMETHUM, UTO KOMMYTAaTUBHbIC I'MINEPKOMIIJIEKCHDbIE

yucsa pa3sMepHOCTH s > 1 ecTecTBEeHHbIM 06pa30oM MOABJIAIOTCA [PU pac-
CMOTPEHUM S-METPUUECKUX PU3NUECKUX CTPYKTYP, ONpenelIeHHbIX B Haua-
e oToit paboThl.

ABTOop BbIpakaer 6Gaaronapuocts A. U. ®Pery, I0. I PewrerHsaxy,

B. K. Uouuny, A. A. Ypmany, E. JI. Jlozauukomy, Bricka3zaBIIVMM pAN IO-
JIe3HbIX 3aMeYaHUM.
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