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TPYAbI MHCTUTYTA MATEMATUKN 1 MEXAHUKU YpO PAH

Tom 23 Ne 2 2017

YIK 517.977 + 514.74

AHAJINTUYECKUNI METO/ BJIOKEHU S EBKJINIOBOI
" IICEBJOEBKJINJOBO '’EOMETPUN

B. A. Kbipos, I'. I'. MuxaitnndeHKO

Kaxk usBecTHO, n-MepHasi reoMeTpusi MaKCUMAJIbLHON IOABUKHOCTH JIOIIYCKaeT IPYIILY JBUYKEHUN pasMepHO-
cru n(n + 1)/2. MHorue n3 Takux reoMeTpuil XOPOIIO M3BECTHBI, B YaCTHOCTH, €BKJIUIOBA M NCEBIOEBK/INI0BA
reomerpun. Takue reomerpun SIBISAIOTCS (PEHOMEHOJIOTMYECKU CHUMMETPUYHBIMU, T.€. JJIsl HUX METPUYECKUe
CBOICTBa 9KBUBAJIEHTHBI I'PYIIIOBBIM. B naHHOI pabore Ha NpuMepe eBKJIMIOBOM U IICEBIOEBK/INIOBOM JBYMED-
HBIX IT'€OMeTpuil pa3pabaThIBAETCsl AHAJIUTHUYECKUN METOJ UX BJIOYKeHUsl. TakuM 06pa3oM Iy TCsl BCe BO3MOXKHBIE
dbyHKIMY BUIa

= F(i—25)° £ (i —y5)? 2, 25),

re, HallpuUMep, T, Y;, 2 — KOOPJAUHATHI TOYKH i. OKa3bIBAETCS, YTO CYIIECTBYIOT TOJIBKO CJIEYIOIINE BIOXKEHUS:
— (. 2 . )2 . )2
f=(xi —x;)° £ (yi —y;)° + (2: — 25)*,
_ ) N2 4 (ys )2 Qs 4 Dz
[ =[(zi—z;) (yi — y;)"]exp(2z; + 22;).
3amMeTnM, UTO MOJIYUYeHbl KaK XOPOIIO U3BECTHBIE TPEXMEPHBbIE TeOMeTpUH (€BKJIMI0BA U IICEBOEBKIINIOBA), TaK
U MaJIOU3BECTHBIE (TPEXMEPHBIE 0COOBIE PACIINPEHHS eBKJIMIOBOM U IICEBIOEBKIINA0BOM ABYMEPHBIX [€OMETPHA).

YcTaHOBJIEHO, YTO BCE 9TH I'€OMETPHUH JOIYCKAIOT IIeCTUMEDPHbIE IDYIIIbI IBUKEHNN. [IJIs pellleHus mocTaBIeH-
HOU 3a/@a4y 10 YCJIOBUIO JIOKAJILHOM MHBAPUAHTHOCTU METPUYECKON (DYHKIMM 3aIlMChIBAETCH (DYyHKIMOHAJIBHOE

ypaBHEHHUE
. . . g Of L\ Of L Of
2[(xi — x5)(X1(8) — X1(4)) + e(yi — y5)(X2(4) — X2(9))] 55 + X3(8) 7= + X3(§) 2= =0,
00 0z; 0z;
BCE KOMIIOHEHTBI B KOTODOM — aHaJUTUYecKue (DYHKIUUA. 3aTeM 3TO ypaBHEHHE pasjaraercs B psip Teilsio-

pa, Iocjle Yero CpaBHUBAIOTCH KO3(M(UINEHTHI PAa3JIOXKEHUs Iepesl OJUHAKOBBIME CTEIIEHSIMHU IIPOU3BEIECHIH
nepemenHbIx. [laker maremarnyeckux nporpamm Maple 15 cymiecTBeHHO yrnpolinaeT 3aaady rnepebopa kodddu-
uueHToB. 1o mosydYeHHBIM pe3ysibTaTaM 3aluchiBaloTCs AuddepeHnruaIbHble YPABHEHNs, HHTEIPUPYs KOTOPHIE,
HaXOIUM peleHusl cOPMYJINPOBAHHON BBIIIE 3aa9H BIOYKEHUSI.

KirroueBble citoBa: eBKJIMIOBa reoMerpusi, (OyHKIMOHAJILHOE ypaBHeHUe, auddepeHnnalbHOe ypaBHEHUE,
MeTpuYecKass OYHKIINI.

V. A.Kyrov, G.G.Mikhailichenko. An analytic method for the embedding of the Euclidean
and pseudo-Euclidean geometries.

It is known that an n-dimensional geometry of maximum mobility admits a group of motions of dimension
n(n + 1)/2. Many of these geometries are well-known, for example, the Euclidean and pseudo-Euclidean
geometries. Such geometries are phenomenologically symmetric; i.e., their metric properties are equivalent to
their group properties. In this paper we consider the examples of the two-dimensional Euclidean and pseudo-
Euclidean geometries to develop an analytical method for their embedding. More exactly, we search for all
possible functions of the form f = f((z; — :cj)2 + (yi — yj)Q,zi,Zj), where, for example, x;,vy;,z; are the
coordinates of a point 4. It turns out that there exist only the following embeddings: f = (z; — :cj)2 + (yi —
yj)2+(2i—2;)% and f = [(zi—z;)% £ (yi —y;)?] exp(22;+22;). Note that we obtain not only the well-known three-
dimensional geometries (Euclidean and pseudo-Euclidean) but also less known geometries (three-dimensional
special extensions of the two-dimensional Euclidean and pseudo-Euclidean geometries). It is found that all
these geometries admit six-dimensional groups of motions. To solve the formulated problem, according to the
condition of local invariance of the metric function, we write the functional equation

2(ws — 27)(X1(3) — X1(3)) + €y — 9)(X2(6) — X2 + Xa() L + xa(i) 2L =,
00 0z; 0z;
where all the components are analytic functions. This equation is expanded in a Taylor series and the coefficients
of the expansion at identical products of powers of the variables are compared. This task is greatly simplified
by using the Maple 15 computing environment. The obtained results are used to write differential equations,
which are then integrated to find solutions to the embedding problem formulated earlier.
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BBenenune

B crarbe uzyuarorcs n-mMepHbIe T€OMETPUN MaKCUMAJILHON MOIBUYKHOCTH, JTOITYCKAIONINAE TPYIIITY
nBukennii pasmepaoctu n(n+1)/2 [1]. Muorue u3 Takux reoMeTpuii XOpOIIO U3BECTHBI, K X YUCILY
OTHOCATCS €BKJIMIOBA T'€OMETPHsI, IICEBI0EBK/INIOBA, CUMILJIEKTHIECKAasT reoMeTpHst, chepuiecKas,
reomerpust JIobauesckoro u ap. IlosHas ke kinaccudukaiys Takux reomerpuii HensBecTHa [2].

B paborax Broporo coaBropa [2;3| maercs mosiHast KiaccuduKaiys JIBYMEPHBIX (hEeHOMEHOJIO-
TUYECKU CUMMETPUYHBIX I'€OMETPHUl, KOTOPBIE ABJAIOTCA I'€OMETPUAMUA MAaKCUMAJIbHOU HOABUZKHO-
cTH, T. €. PAKTUIECKN MTOCTPOCHA IOJIHAST KJACCU(PUKAINA JIBYMEPHBIX T'€OMETPUNl MaKCHMAJIbLHON
HOJIBUYKHOCTH. DTa KaaccuuKaius, KPOMe XOPOIIO U3BECTHBIX JIBYMEDHBIX IeoMeTpuii (eBKIIMI0-
BO#1, IICEBIOEBKINIOBOM, CUMILIEKTUYIECKON, cepuIecKoir n gp.), COJZIEPZKUT U HEU3BECTHBIEC TI'€O-
MeTpun (CHUMILIMIAJIbHASI, TeJIbMIOJIBIIEBA, TICEBIOIeIbMIOJIbIEBA U JyaTbHOreJIbMIOJIbleBa). 3a-
METHUM, UTO TPYIIIIbI ABUKEHUN BCEX ITUX reoMeTpuil Tpexmapamerpudeckue. MeToabl, pazpaboram-
oeie I I Muxaiinmudenko s KiaacCuUKAIUA TAKUX I€OMETPHUii, HEIIPUMEHUMbBI IIPU IIOCTPOECHUN
KaaccrpuKamm reoMeTpuii 0oIbIneil pa3MepHOCTH.

B. X. JleB apyrumM MeTOI0M HOCTPOUI KJIACCU(PUKAINIO TPEXMEPHBIX (DEHOMEHOTOTTIECKU CHUM-
METPUYHBIX MeOMETPHil (reOMeTpHil MAKCUMAJIbHON MOJBUXKHOCTH) [4], KOTOpas TakXKe COIepKUT
KaK M3BECTHBbIE, TAK W HEU3BECTHDLIE reoMeTpuu. ['PYNIbl JBMKEHHH TaKUX TeOMEeTPUil IeCTUIra-
pamerpuyeckue. Meromom JleBa KiraccudpUKaIMIO YeTHIPEXMEPHBIX T'€OMETPUl U reoMeTpuil 6oJiee
BBICOKOI Pa3MEpPHOCTH BBHJY OOJIBIINX TEXHUYECKUX CJIOXKHOCTEH IIOCTPOUTH HE YIaJI0Ch.

B mamnoii pabore paspabaTbiBaeTcsl HOBBIH MeTOH, KiIacCupUKAIUA (PEHOMEHOJIOIMIECKU CHM-
METPUYHBIX I'€OMETPUil (FeOMeTpHﬁ MaKCHMAJIBHO MMOJBIKHOCTH ), KOTOPBIH MO3BOJIUT IIOCTPOHUTH
KJtaccupuKaIuo (peHOMEHOJIOIMYECKH CUMMETPUYHBIX IeoMeTpHuil 0oJiee BBICOKHX pa3MEpPHOCTEN.
OH Ha3BaH MeMOoJOM BA0MHCEHUA, N €r0 CYyTh COCTOUT B HAXOXKJEHUU METPUUYECKHX (DYHKIHI BCEX
dPEHOMEHOIOTMYECKH CUMMETPUYHBIX MeOMETPHl 10 M3BECTHBIM METPUYECKUM (PYHKIUSIM hEeHOMe-
HOJIOTUYECKH CUMMETPUYHBIX T€OMETPUIl Pa3MEPHOCTH Ha €IUHUILY MEHBIIE, COAEePzKAIIAX UX BHYT-
pu cebsa kKak apryMenT. C IIOMOIIBIO 9TOI0 METO/Ia 3/IeCh IEPEIPOBEPSIETCSI YacTh KJIACCH(PUKAIIN
JleBa, B MOJTHOTE KOTOPOI YBEPEHHOCTH HET. BitoxkeHne WLIIOCTPUPYET XOPOIIO U3BECTHAS TPeXMep-
Has eBKJNUJIOBa FeOMeTpusd ¢ METPUKON

d*(i, j) = (v — x;)* + (i — y;)* + (2 — %),

rie 4,j — [JBe IPOM3BOJIbHBIE TOYKU IIPOCTPAHCTBA, & (T4, Yi, %) U (Tj,Yj,%;) — HX KOODIUHATHL.
DTa MeTpUKa, OUeBUIHO, BHYTPH cebs COMePKNT METPUKY eBKJHI0BOI mmrockoctn p2(i,5) = (x; —
z;)% + (yi — y;)% e

d*(i,5) = p*(i,4) + (2 — 2)*.

AHaJIOrMYHBI TIpUMEDP JaeT U IICEBIOEBKJIMIOBA MeoMeTprs. Bo3HHKaeT 3ajada O BIIOXKEHUM, CO-
CTOSAINAST B ITONCKE BCEX METPUIECKNX (DYHKIINI TPEXMEPHOI'O IIPOCTPAHCTBA, COAEPXKAIINX BHYTPHU
cebsi METPHUKHU €BKJIMIOBON M IICEBIOEBKINIOBOM IIJIOCKOCTEH M JIOIYCKAIOIIUX IIEeCTUMEPHBIE IPYII-
b JIBUKEHUH, T. €. HAXOXK/IeHHe BcexX (DyHKIMi BuIa

=i —2)” £ (yi — )% 2, 25).-

B s1o0it crarbe 3a1a4a 0 BJIOKEHUW DPEIIAETCSl AHAJUTUIECKHU, T. €. HEM3BECTHBIE WIYTCA B BU-
ne panos Teitnopa. ITomobnas 3amada B Kiacce qudpdepeHInpyeMbIX KaK MUHEMYM JIBa pas3a, HO
HeaHAJIMTHIeCKuX (DYHKIMI uccseayercss B paborax mepBoro coasropa [5;6].

Basaua 0 BJIOXKEHHH paHee Takxke pernasnach B reomerpun apyx muoxkects (IIM) [7]. Taxk, o
dbyukun g = x€, 3amaomeii dhenomenonorndecku cummerpudnyio (PC) reomerpuio IBYX MHO-
xkecrs ([JIM) panra (2,2), maxomurcst dbyukiusi, 3agamoiias OC ['JIM panra (3,2)

f=z§+m,
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KOTOPpasi OKa3aJach e JMHCTBEHHOI. 311eCh T — JIOKaIbHasl KOOPAMHATA IIPOM3BOILHON TOYKHU IIEPBOIO
MOHOTr006pasusi, a (£, 1) — JoKaJIbHbIe KOOPAUHATHI TOYKU BTOPOro MHOrooOpasust. Perenue urercst
B BHUIE

f=x(=&mn).

Awnayornuno pematorces 3agaan o siaokenun OC [JIM panra (3,2) 8 @®C I'ZIM panra (4,2) u ®C
[IM panra (4,2) 8 @C T'ZIM panra (5,2). Jokassisaercst, uro @C IT'JIM panra (5,2) He cyiiecrByer.

1. IlocranHoBka 3aJlad 1 OCHOBHBbIE€ pe3yJ/ibTaTbl

Pacemorpum anannTuaeckoe TpexmepHoe MHOroobpasue M. Jlokaabable KoopauaaTsl B M 060-
sHauuM depe3 (z,y,z). Ilycrs 3amana dyukuus f: M x M — R, HasbiBaemasi mempuueckod, ¢
OTKpPEBITOH 1 mytotHoit B M x M obracTbio onpeenenns Sy. Beimonnenne MeTpudecknx akKCHOM He
[IPEIII0IaraeTCsl.

Axcuoma anasumuurnocmu. Merpudeckast dyrkmust f: M x M — R aHaguTudeckas BO BCEX
TOYKaX 00JIACTH OIIpeJesieHus Sy.

PaccMOTPUM MHOXKECTBO HeTBEpOK (i1, dg,is,1), (i,i1,i2,i3) € M*: (i,i1), (i,i2), (i,i3) € Sy,
(i1,1), (i2,1), (i3,1) € S¢. I[IycTb BBIIOMHSIETCA CIIEYIONIAsA AKCHOMA.

Axcuoma nesviposicdenrocmu. s orkpuitoro u mioraoro B M* mmoxecTsa wersepok (i1, iz,
i3,1) u (i,11,102,13) ClIPaBEJINBBI HEPDABEHCTBA

8(]0(27'51)7 f(za'@)’ f(Z,’L3))
@i, Yis 2i)

O(f (i, 0), f(i2,9), f(i3,9))
8(%‘,1/2‘,22‘)

# 0, # 0,
rae (x4, Yi, %) — KOOPAUHATHI TOUKHU § € M.
PaccMOTpUM MHOXKeCTBO nATepok (i1, ..., i5) € M®: (iy,i4) € Sy, p,g=1,...,5, p#q.
Axcuoma  gpernomenonozuneckoti cummempuu. Jns HEKOTOPOIl OKPECTHOCTH NMSTEPKH TOYEK
(i1,...,i5) u3 mIoTHOrO B M® MHOM!KeCTBa BBINOTHAETCS TOXKIECTBO:

D(f(i1,42), -, f(ia,75)) = 0,

e @ — aHasimTHIecKasi GyHKIUst, npudem rangd = 1.

Oupenagenenue l[oBopsar, 9To HA aHATUTUYIECKOM MHOroobpasmu M merpuveckas HyHK-
s f 3amaer GEHOMEHOMOTHIECKH CHMMETPUYIHYIO T€OMETPHUIO, €CJIN BBITIOTHAIOTCS aKCUOMBI M-
AUMUNHOCTIU, HEBBPOAHCIEHHOCTU U enomenosozuueckol cummempuy |2, §1, c. 12].

[Iycrs rpynna Jlu G peiictByer 3¢pdEKTUBHO U aHAJIUTUYHO B OTKpbITON obsactu U € M. 1o
O3HATAET, UTO 3aJIAHO AHAJUTHIECKOE OTODpaKEHMe

NUxG—=U,

e U € M — orkpbiTas obsacTb. [eiicTBue \,, ompejiessgeMoe TPOM3BOILHBIM 3jieMenToM a € G,
Ha3bIBACTCsl J6UHCEHUEM, €CITH ISl JIFOOBIX TOUeK 4, j € U Takux, 4ro (i,7) € St, (Ae(1), Aa(J)) € Sy,
BBITIOJIHSIETCST PABEHCTBO

f(Aa(i)v )‘a(])) = f(Z7])

HeidictBust rpynnbsl G MOXKHO ompesiesinTb B okpectHocTsax U(i) u U(j) Tovek i u j, npudeM eciu
9TH OKPECTHOCTH HEPECEKAIOTCsl, TO JEHCTBUsI B epecevdeHnn coBnaaaoT (2, §2, c. 18|.

MuoxkecTBO BCcex TaK OIpeJIeSIEHHBIX JIBUYKEHUN 00pa3yeT aHAJMTUYECKYIO Ipynmy JIu aBumke-
unii. JfokazaHo, 4T0 pa3MepHOCTb IPYIIIBI JIBU2KEHUN TpeXMEPHO (PeHOMEHOJIOTNYECKN CUMMETPU Y-
HoOit reomerpun pasta 6 (cum. [2, §2, c. 36]). JIByxXTOUeUHBIM MHBAPUAHTOM TAKON I'PYIIIbI SIBJISIETCS
Merpudeckas MyHKImA. Takyke JOKA3aHO, YTO 110 METPUUIECKOi (DYHKIIMKM MOYXKHO HANUTH ypaBHEHUS
TPYIIIBI IBUKEHU.
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Anrebpa Jlu rpymuibl gBUzKeHU COCTOUT U3 oneparopos Buaa (cM. (8, §16])
X :X18x+X28y+X3627 (1'1)

e X, = Xo(z,y, 2) — ananmurndeckas dyukuus 8 U, o = 1,2, 3. Hepes oneparopst (1.1) 3amnucs-
BaeTCs YCJIOBHE JIOKAJIbHON MHBApHAHTHOCTH MerTpryeckoil dyuknuu (cm. [8, §17])

X(@)f (i 7) + X(G)f (@ 5) = 0, (1.2)

KOTOpOE BBINOJIHsAETC B OKpecTHOCTSX U(7) u U(j) Touek ¢ u j, upmaeMm Merpudeckas dyHKIUs
f(i,7) oupenenena u anammruana B U(7) x U(j).
Paccmorpum Merprdeckne QyHKIMN €BKJIMJIOBON U IICEBIOEBKIINIOBOI IIIOCKOCTE]:

0= (z; — x;)* + e(yi — yj)%, (1.3)

rae (z4,y;) n (vj,y;) — JOKAJIbHbIE KOOPAMHATBI TOYEK ¢ U j, € = £1, mpudeM sl eBKJIHIOBOIL
reoMeTpum € = +1, a g TCeBI0EBKINIOBON reoMeTpnn € = —1.

Kak usBectHo, anrebpnr JIu rpymn ABUzKeHMIt 1ByMEPHbBIX €BK/INI0OBOM U IICEBI0EBK/INIOBOI reo-
MeTpHil TPEXMEPHBI, OTOMY UX OA3WMCBHI COCTOSAT U3 TPEX JIMHEHHO HE3aBUCHMBIX OIEPATOPOB (CM.
[2, §6, c. 89])

xX'=9, X?= Oy, X3 = —eyd, + x0y. (1.4)

[IpousBoJibHBIM Ke OlepaTop SBJSETCS WX JUHEHHON KOMOMHAIIMEH ¢ TMOCTOSSHHBIMU KO3 huiineH-
TaMU.

Hesib maraOil pabOTHI — HAXOXKIEHUE BCEX TPEXMEPHBIX (DEHOMEHOJIOTMIECKA CUMMETPUIHBIX
reoMeTpuil ¢ MeTpUYecKUMU (QYHKIUSAMU B MOAXOAIINX KOOPAUHATAX, TPUHUMAIOIINX CJIE/LYONTUiI
BUJIL:

£, 5) = £0,21,25) = f((i — x5)* + e(i — y;)*, 2, %) (1.5)
[TockosbKy MeTpudeckasi dbyHKIwms (1.5) HEBBIPOKJIEHA, €6 KOOPIUHATHI He “BBIIAIAIOT :
of af of
— £0 — #£0 — £0. 1.6
89 # Y 822 # i aZ] # ( )

[Tycts k € M — upoussosbras Touka u U(k) — ee KoopauHaTHast OKpECTHOCTH. [lycTh mpoms-
BoJIbHBIE TOUKY 4, j € U(k), U(i),U(j) C U(k), r.e. U(i)UU(j) C U(k). Torna B okpecrnocru U (k)
BBOJIUM CHCTEMY KOODJMHAT C HAYaJoM B TO4Ke k, T.e. B 3Tux Koopaunarax k(0,0,0). B rakoii
cucTeMe KOODJMHAT CHPaBEIUBbI pa3jioxkeHus B psiyi Teitsiopa st komnoneHT oneparopa (1.1) u
Merpudeckoit dyukimu (em. [9, rr. 11])

X1 = X1(2) + D1(X1)(2)z + D2(X1)(2)y

+ 5 D1a(X0)(E)a? + Dia(X0) (g + 3 Daa(X1)(2)

y2 4.
Xy = Xa(2) + D1(X2)(2)z + D2(X2)(2)y
1.7
+ %DI,I(X2)(Z):E2 + D12(X2)(2)zy + %D272(X2)(z)y2 NI (1.7)
)
y2 4.

)
X3 = X3(Z) -+ Dl(Xg) Z)l‘ -+ Dg(Xg)(Z Yy
)

+ %Dl,l(X3)(Z)x2 + D1 2(X3)(2)zy + %D2,2(X3)(2)

f(0, 21, 25) = f(2i,25) + D1(f)(2i,25)0 + %D1,1(f)(zi, 2)07+ - (1.8)

Teopema. Paccmompum npoussoavriyro mouxy k € M u ee koopdunamnyro okpecmmocms U (k).
Bosvmem maxoice dse mouku i,j € U(k) ¢ okpecmmuocmamu U(i) u U(j) makue, wmo

U@)UU(j) C U(k), npuvem (i,5),(i,5') € Sy Vi' e U(3), Vj' € U(j).
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Tozda mempuueckasn pynruus f(i,7), 6 anasumuueckom mmozoobpasuu M 3sadarouwsas mpexrmep-
HYH0 PEHOMEHOA0UMECKY, CUMMEMPUUHYIO 2eomempuito, 6 okpecmuocmu U (i) x U(j) 6 nodrodsuwux
AOKANOHHET KOOPOUHAMAT U MACWMaOHOM npeobpazosaruy (anaiumuseckas GYHKGUA 0m Mempu-
weckol dynkyuu (f) — f) umeem sud

£, 5) = (i — x5) + elys — ;) + (2 — 2)°, (1.9)

£, 9) = [(zi — x;)% + e(yi — yj)*] exp[22; + 22j]. (1.10)

Basucnwvie onepamopur anzebp Jlu smux epynn deustcenudi caedyrouiue:

Xt =9, X?= Oy, X3 = —€yOy+x0y, X*=0,, X%=—20,+z20,, X®= —ey0,+20,y, (1.11)

X! = O, X2:(9y, X3:—ey8x—|—x8y7 X4:8Z7
(1.12)
Xb :(

—2% + €y?)0y — 22y0y + 20,, XO = -2y, + (ex? — y?)9, + yO.,
2de e = £1.

BameruM, uro Beipaxkenue (1.9) maer TOJBKO JBe pasaudHble MeTpudecKue (GyHKIMU TpeXMep-
HBIX (DEHOMEHOJIOTUYECKH CUMMETPUYHBIX T€OMETPUNl — METPUUECKYIO (DYHKIUIO €BKJIUJIOBON I'eo-
MeTpHuH 1pu € = 1 1 MeTpUIecKyio (DYHKITUIO IICEBIOEBKINI0BOI reomeTpun npu € = —1. Beipaxke-
uue (1.10) — 970 Toke JBe MeTpudecKne (GPYHKIMNI TPEXMEPHBIX (PeHOMEHOJIOIMIECKH CHMMETPH-
HBIX TeOMeTpuil: ipu € = 1 — TpexMepHoe 0coboe paCIupeHne eBKJINIOBOM TBYMEPHO! MeOMeTPHH,
a upu € = —1 — TpexmepHoe 0coboe pacIIupeHue ICeBI0EBKIINIOBOM JByMEPHOI F€OMETPHH.

B mporiecce jokazarebcTBa TEOPEMBI HIYTCA KaK MeTpudeckne (bYHKIUA TPEXMEPHBIX (PEHO-
MEHOJIOPMYECKN CUMMeTPHYHBIX reoMerpuii B Buje (1.5), Tak u GasucHble omeparopsl aarebp Jlu
ICPYII JBUXKEHUI 9TUX TeoMeTpuii. 3aMeTUM, 9TO 9TH ajareOpbl MIECTUMEPHBI, TTOITOMY UX 0a3UCHI
COCTOSAT W3 IMIECTH HE3aBUCUMBIX OIIEPATOPOB, TPH M3 KOTOPBIX COBHAAIOT ¢ oneparopamu (1.4):

X'=09,, X?2=9,, X®=—eyd,+x0, X¥6=x]"%,+x7%,+ X53>%,.

[TpoussosbHbLi ke oneparop anrebp Jlu srux reomerpuii umeer Buj (1.1) u sBisiercs JuHEHHOMN
KOMOmHaIme 1mectn 6a3MCHBIX OIIEPaTOPOB.

2. Jloka3aTeJIbCTBO TE€OPEMbI

Uckomast merpuueckast (yHkims (1.5) siBisiercst IBYXTOYEUHBIM HHBAPHAHTOM IIECTUMEPHOIL
IPYIIIbL IBUXKEHUIT, TO9TOMY YCJIOBHE JIOKAJIbHON mHBapuaHTHOCTH (1.2) B SIBHOM BHJIE 3allUChIBa-
eTcd TaK:

2[(wi — ) (X1(6) — X1(5)) + e(yi — y;)(X2(i) — Xa(4))] %Zj)
+X3(i)%i;j)+X3(j)%i;j) =0, 1)

riae X1, Xo, X3 — KOMIOHEHTBI IIpon3BoJibHOrO omneparopa (1.1). 3amernm, uro BeIpaxkenue (2.1)
BBIIIOJIHAETCSL TOXK/IECTBEHHO 110 KOODJAMHATAM TOYEK ¢ 1 j u3 okpecrrocreit U(i) n U(j), npuaem
U()UU(j) C U(k), tne U(k) — KoOpIuHATHASI OKPECTHOCTb.

JIlemma 1. B moowcdecmee (2.1)
(@i — 25)(X1(2) — X1(7)) + e(yi — ;) (Xa(i) — X2(j)) # 0.

ﬂ OKa3aTeJdgbcCcTBO. Hpe,H,HOJIO}KI/H\/I IIPOTHUBHOE, IIYCTh BBIIIOJIHAETCA TO2KIIECTBO

(zi — 25)(X1(1) — X1(4)) + €(ys — y;)(Xa(i) — X2(j)) = 0.
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IIpomuddepenipyem 3T0 TOXKIECTBO ABAXKIIBI 10 T; U Tj, Yi M Yj, T3 U Yj, 2 U Tj, 2 U Yj
X12(1) + X12(J) = 0, Xoy(i) + Xoy(4) =0, Xi1y(j) +€X2,(1) =0, X1,(1) =0, Xo.(i) = 0.
Sarem paszjessieM MepeMeHHbIe:

X1z =0, X9y =0, Xg;=a=const, Xi,=—ea=const, Xi,=0, Xo =0

Wuterpupyst 9TH ypaBHEHHUsI, [TOJIyIaeM HEepPBble JABe KOMIOHEHTBI IPOM3BOILHOrO oreparopa (1.1)
areOpsl JIu rpymnmb IBUKEHHI:

X1 =—eay+b, Xo=ax+ec,

rae a, b, c — MPOMU3BOJIbHBIE BEIIECTBEHHBIE IOCTOSIHHBIE WHTEIPUPOBAHMSI.
B roxectse (2.1) ¢ yI€TOM CIEJAHHOIO BBIIIE HPEJIIIOIOKEHUsT BOBMOXKHbI CJIyYan:

oo X3 =0, ubo X3 # 0.

IIycrs crnagasia X3 = 0. Torma mponsBoJIbHBLN omeparop ajaredpsl JIu rpynnbl ABUXKEHANR TpeX-
MepHOH (PeHOMEHOJIOTIEeCKN CUMMETPUIHON TeOMETPUN C METPUIECKON (DyHKITHEeH (1.5) nuMeeT B/,

X = (—eay + )0, + (ax + ¢)0y.

[Ipunasasi nocrosiuubiM (a, b, ¢) 3uavenus (1,0,0),(0,1,0),(0,0,1), noxydaem Tpu GasUCHBIX Olle-
paropa (1.4), a goKHO 6bITH MecTsb. [IpoTuBOpeUne.

[Tycts Temepyr X3 # 0. Torma

N ICY) L Of(i,7)
Xg(z)iazi + Xg(])iazj =0. (2.2)
Ot BBIpakenust (2.2) mepexojuM K TOXKJECTBY
X3(i) L
X3(]) - QO(H, 2272])7 (23)
of(i,j)

1 BBOJHUM obo3HaYeHne

JIUISL Yero JIEBYIO U MPAaBYIO YaCTH JIEJIUM Ha npoussejeHue Xs(j)

_ _0f(,)/9%
PO22) = 516,50

Xs3.(1)
X3(7)

8ZZ'
, 0 6epem u3 (1.3). duddepennupyem (2.3) 1o ; u mo x;:

 X3(0) X5.(J)
X30)

= 2(z; — 75) 0, = —2(z; — x;) v,

¥
rae Y9 = —-, 3aTeM CKJIaJbIBa€M PE3YJIbTAThbl U pa3Jde/IdeM IIepeMEeHHbIE:

00

= « = const.

Xsa(i) _ X30(d)
X3(i)  X3(5)

BHEHH .3) Temephb n HIIMPYEM II0 Y; U IO Y;, 3aTEeM CHOBA CKJIAJIbIBAEM U JISIeM
Vpasuenne (2.3) Teme epe eM TI0 ; 0 14, 3aTe€M CHOBa CKJIa, ae aziesisie
[IepeMeHHbIE:

X3y(i) X3y(j)
~ = ~~ = [ = const.
X3(i) X3(7)

TaxuMm 06paszoM, moJrydaeMm
X3, = aX3, X3y =pBX3.

OO6rmmuit nHTErpas HAlCHHBIX yPABHEHMI

X3 = c(2)e®™ P £,
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rie c¢(z) — Hekoropas anamurTndeckas dyukuust. [lomydennoe noacrasisem B (2.3):

2 2
autpv __ (p('d + €V 72i7zj) _ —
eVuthY — s U=Tp— T, V=Y~ Y

c(zi)e(z))

9T0 paBeHCTBO AuddepeHIupyeM 1Mo u u o v:

2up’ (u? + ev?, 2, zj) 2ev’ (u? + ev?, 24, 2j)
c(zi)e(z;) ’ c(zi)e(z;)

3arem IepBOE€ IIOJIy9I€HHOE€ PaBEHCTBO YMHO2Ka€M Ha €U U BblYUTa€eM M3 HEI'O BTOPOE, YMHOXKEHHOE

aeau—l—ﬁv o 5eau+ﬁv o

Ha u:

(cvev — Bu)e™ v = 0.

U3 nocnennero, ogesumano, ciaeayer o = 3 = 0. Torma X3 = ¢(z). [oncrasnss waiinennoe B (2.2),

nMeeM a o 8 o
o(z) fa(;]) +o(z) fa(i;]) = 0.

Brogum 3ameny: / dz/c(z) = Z. Torga B HOBBIX KoopiauHaTax X3 = 1.

Taxum 06pa30M, TPOU3BOIBHBIN OIIEPATOP AJreOpnl JIu IPYIIbI ABUKEHUI TPpeXMepHOi (heHo-
MEHOJIOTMYECKH CUMMETPUYHON reoMeTpun ¢ MeTpudeckoi dpyuknueir (1.5) nmeer Buj

X = (—eay + b)0, + (azx + ¢)0y + O=.

[TpunaBasi NPOU3BOJIBHBIM TOCTOSIHHBIM (a, b, ¢) 3navenus (1,0,0),(0,1,0),(0,0,1),(0,0,0), moy-
yaeM Ga3uCHbIe OIePaATOPLI

O+ 0z, 0y + 05, —cydy +ady + 0z, 0.
Bumso, 9T0 TaKUX 0OMEpaTOPOB UETHIPE, & JOJKHO OBITH IiecThb. [IpoTuBopeune. O

JIemma 2. B moowcdecmee (2.1)
X3 # 0.

Hoxkasareascrtso. Ilpeamonoxum nporushoe, myctb B (2.1) X3 = 0. Torma us jem-
0f (i, j)
00
dbyuxmun (1.5). O

MBI 1 criemyer = 0, 4TO HPOTHBOPEYUT YCJIOBUIO HEBBIpOXKIeHHOCTH (1.6) Merpuueckoii

JIemma 3. B moowcdecmse (2.1) dynruyua Xs(xz,y,z) asno sasucum aubo om x, aubo om y,
m. e.

(an(;:;y’Z)y N <8X3(;3?;y72)>2 L0,

HokazaTenanbcTso. [IpeanosoKuM npoTuBHOE, TYCTH

X3 = Xg(Z) 75 0.

Torpa B Toxkectse (2.1) ocymiecTBisieM 3aMeHy KOODMHAT: / dz/X3(z) = Z. OueBuHO, B HOBBIX

koopauHarax X3(Z) = 1. B pesysibrare (2.1) npumver B

0f(i.3) | 0f(i.3)  Of(i.j)

2[(w; — ) (X1(1) — X1(5)) + €(yi — y;)(Xa(d) — Xa(5))] 20 oz, 0z, 0. (2.4)
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91 (i, 5)
Henst ToxxaectBo (2.4) Ha HEHYJIEBYIO IPOU3BOJIHYIO 0 ojrydaeM (DyHKITMOHAIBLHOE ypaBHe-
Hue
(s — 25)(X1(2) — X1(7)) + e(ys — ;) (X2(i) — X2(4)) = 6(6,%:, %)), (2.5)
rie

0f(i.3) | 90f(i.j) 3f(z 7)
- — /2 .
0z; 0%
Barem perraem ypasHenue (2.5) METOIOM, OMMCAHHBIM TIOPOOHO MPH JIOKA3ATEIHCTBE JIEMMBI 1.
Torna roxmecso (2.5) nuddepennupyem 1o x;, Mo Zj, O Y;, IO Y;:

¢(972i72j) =

X1 (1) = X1(j) + (xi — ) X12(9) + e(yi — y;) X22(1) = 2(xi — x5)00(0,%, %),

X1(8) = X1(4) + (25 — 25) X12(J) + €(vi — yj) X22(j) = 2(xi — x5)90(0, %, Z;), (2.6)
€(Xa(i) — Xa(4)) + (i — 25) X1y (3) + €(yi — yj) X2y (1) = 2e(yi — y;)00(0, %, %), '
€(Xa(i) — X2(5)) + (zi — 25) X1y (j) + €(yi — yj) X2y (j) = 2€e(yi — y;j)d0(0,%:,Z;).

,Haﬂee U3 IMIEepBOT'0 YpaBHEHUA BbIYUTaeM BTOPOE, a U3 TPETHEro — YeTBEPTOE:

{ (z; — 25)(X12 (1) — X12(5)) + €(yi — y5)(X22(7) — X2:(5)) =0,

(xi - xj)(le(i) - le(j)) + E(yi - yj)(X2y(i) - X2y(])) =0.

Tenepr nomrydennoe JuddepeHnupyeM JBazKIbl B cleIyIomeM HOopsaKe: 10 T; U Tj; T U Yj; Y U
Ty Yi U Y55 Ty U Z55 Yy U250

Xlxw(l) + lem(]) - 0) legc(i) + lem(j) = 07
5X2:c:c(2) + Xlxy(j) = 0, 6AX2y:c( ) + ley( ) = 0,
Xlgcy(z) =+ €X2mc(j) = 0, ley( ) + €X2ym( ) = 0,

() = 0, Xoyy(i) + Xoyy(j) = 0

&
—

8

ISy
<
S~—

|
=2
la
<

NI}
—
<
~—

I

0, Xoz(j) =0, Xoyz(j) =0.
B mosry9eHHBIX paBeHCTBaX pasfesisieM MepeMeHHbIE:
Xize = Xiay = Xiyy = Xigz = X1z = 0, Xogp = Xogy = Xoyy = Xogz = Xoyz = 0.
Wurerpupyst MoJyYeHHYIO CUCTEMY yPABHEHU, UMeeM
X1z = a=const, Xy, =0=const, Xo, =c=const, Xs, =d = const.
Hogyto cucreMy TakKe MHTETPUPYEM:
Xi=ax+by+ AZ), Xo=cx+dy+ B(Z).
Barem HaiizenHoe mojcTaBsIeM B (2.6):
2a(w; — ;) + b(ys —y;) + AZ) — A(Zj) +eclys —y;) = 2 —x;5)90(0,%, 7)),
{ ec(zi — x;) + 2ed(yi — y;) + €(B(Zi) — B(Z;)) + b(xi —x;) = 2e(yi —y;)00(0,%i,%;)-

anee mepBoe ypaBHeHHEe yMHOXKaeM Ha €(Yy; — Y;j) U U3 HEr0 BBIYNTAEM BTOPOE, YMHOMKEHHOE Ha

(i — x):
2ae(y; — y;)(wi — x5) + be(ys — y5)° + €(yi — v;)(A(Z:) — A(F))) + clyi — y;)?

—ec(x; — :Ej)2 — 2ed(x; — x5)(yi — vy5) — €(x; — x)(B(Zi) — B(Z;)) — b(x; — xj)2 =0.

CpasruBast ko3ddunuentsr, 6yaem nmers a —d = 0, eb+c¢c =0, b+ec = 0, A(Z;) — A(Z;) = 0,
B(z;) — B(Z;) = 0, A(Z) = A = const, B(Z) = B = const. IlosroMmy Jij1s1 KOMIIOHEHT oIllepaTopa
anarebpn JIu mmeem

Xi=ar+by+ A, Xo=—¢br+ay+ B.
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Takum 06pa30M, TPOU3BOJIbHBIN onepaTop ajredpbl JIu rpynnbl JBUXKEHUT TPEXMEPHOH (heHo-
MEHOJIOTMYECKU CUMMETPUYHON reOMeTpUn

X = (ax + by + A)0; + (—€bx + ay + B)0y + 0=.

[Tpunasast nocrosinabM (a, b, A, B) snauenus (1,0,0,0),(0,1,0,0),(0,0,1,0), (0,0,0,1), (0,0,0,0),

[OJIy9aeM MATh OA3UCHBIX OMEPATOPOB, & JOJIKHO OBITH IiecThb. [IpoTuBopeune. O

OyukiponanbHoe ypasuenue (2.1) yao6HO nepenucarsh B BUje

(i — 2;) (X1 (1) — X1(5)) + e(yi — y;)(X2(i) — X2(j)) + X3()) Py + X3(j)F2 =0,  (2.7)
rIe BBeIeHbl 0O03HAYCHUS

of(i,5)/0% 0f(i,4)/ 9z
20f(i,4)/00° 20f(i,)/00°

13 (1.6) u (1.8), oueBnaHO, CJACAYIOT AHATUTUIHOCTD GYHKIUIT (2.8) U CIpaBe/yInBOCTb HEPABEHCTB
Fy #0, Fy # 0. Torna umeem passoxenue B psijt Teiinopa (em. [9, rr. 11])

F1(9,zi,zj) = Fg(@,zi,Z]‘) = (2.8)

1
F1(0, 21, 2) = f1(2i, 25) + D1(f1) (2, 25)0 + §D1,1(f1)(zi,zj)92 + 29)
2.9
1
Fy(0, 21, 2;) = fa(2i, 25) + D1(f2) (2, 25)0 + §D1,1(f2)(zz’, 2)0% 4 - -

Hanee paznoxenust (1.7) u (2.6) nozgcrapisiem B ToxK1ecTBO (2.7) u cpaBHUBaeM Ko3(hUIEHTHI
CJIeBa U CIpaBa IIepel OJAMHAKOBBIMU CTEHEHSMU LIPOM3BEJCHHIl IEePEMEHHBIX T;, Vi, Tj, Yj. DTa
3aj1a4a CyIIeCTBEHHO YIPOINAETCs ¢ IPUMEHEHNEeM MaTeMaTHIecKOro makera mporpamm Maple 15
(em. [10]).

CpasrauBaeM kodddunnentsr nepen cremensio 0: X3(z;) f1(zi, 25) + X3(z;) f2(zi, 25) = 0.

CpaBauBaeM KO3(DUIUEHTHI TIEpe], CTereHsiMu 1:

Dl(Xg (Zz)fl(ZZ,Z]) +X1(ZZ)
Do(X3)(2) f1(2i, 25) + €Xa(2)
D1(X3)(25) f2(2i5 25) — X1(zi) + Xa(25) =
Dy (X3)(25) fo(zis 2j) — €Xa(2i) =

(2.10)

|

e
Eﬁ
—~

NINITON
S—

|

cooo

3areM cpaBHUBAEM Bce KOI(MDMUIMEHTBI Iepe], CTEIeHIMA 2:

( Dy(X1)(zi) + eD1(X2)(zi) + D1,2(X3)(2i) f1(zi, 25) = 0,
—D1(X1)(2i) — D1(X1)(25) — 2X3(2j) D1(f2)(2i, 25) — 2X3(Zz)Dl(f1)(Zng) 0,
—eDl(X2)(Zz) Dy (X1)(25) =
—eD1(X2)(25) — Da(X1)(2i) =
—Dy(X2)(zi) — D2(X2)(25) — 2X3(2j) D1(f2)(2i, 25) — 2X3(Zz)Dl(f1)(Zng) 0,
Do(X1)(25) + €D1(X2)(zj) + D1,2(X3)(25) f2(2i, 25) = 0,
2D1(X1)(2:) + 2X3(25) D1(f2) (2, 25) + 2X5(2:1) D1 (f1) (215 25) + D1 1(X3)( zi) f1(2i, 2) = 0,
2¢Do(X2)(2i) + 2€X3(zJ)D1(f2)(Zu zy) + 2eX3(z:) D1(f1) (2, Z]) + Do 2(X3)(zz)f1(zz’ ]) 0,
2D1(X1)(z5) + 2X3(25) D1(f2) (215 25) + 2X3(2:) D1 (f1) (23, 27) + D1,1(X3)(25) f2(2i, 25) =
2eD2(X2)(zj) + 2eX3(25) D1(f2)(2i, 2j) + 2eX3(2:) D1(f1)(2i, 25) + Da,2(X3)(25) f2(2i, 2) = 0.

Paznesist nepeMeHHble B TPEThEM YPABHEHWH, IIOJIYIaeM
—D1(X2)(%) = €D2(X1)(2j) = a = const,

cjaeaoBaTeJIbHO,
Dl(Xg) = —a, DQ(Xl) = €a.
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Jlajiee BBIYMTAEM U3 BTOPOI'O YPABHEHHSI IISITOE:
—D1(X1)(zi) = D1(X1)(z)) = —=D2(X2)(2i) — D2(X2)(%)),
OTKYda II0CJI€ Pa3AejieHnd IIEPEMEHHBIX UMEEM
Dy (X1) = Dy(X3).
3 nepBoro u mecToro ypaBHEHUH CUCTEMBI TIOJIyIaeM
D12(X3)(2i) f1(zi, 2) = 0, D12(X3)(%)) fa(2i, ;) = 0.
3 nocsieiuux ypaBHEHUI CIeLyeT, 9To
D11(X3)(2i) f1(2i, 25) D1,1(X3)(25) f2(2i, 25)
{ Do 2(X3)(2i) f1(zi, 2)) D3 2(X3)(25) f2(2i, %)

Torga D1 (Xl) = DQ(XQ) =d= COIlSt, Xg(zi)Dl (fl)(zi, Zj) + Xg(Zj)Dl(fg)(Zi,Zj) = —d.

Taxum o6pa3oM, MoOJTyIaeTcs Pe3yabTaT

0, 0,
0, 0.

Di(Xy) =d, Dy(Xy)=e€a, Di(X2)=—a, Dy(X2)=d,
D11(X5)(zi) f1(2i,25) = 0, D11(X3)(25) f2(2i, 2) = 0, (2.11)
D2 9(X3)(2i) f1(2i,25) = 0, D22(X3)(25) fa(2i, ;) = 0, ’
X3(2) D1(f1)(2i, 25) +X3(Zj)D1(f2)(2mZ]) —d.

CpapauBaeM KO3 DUIUEHTHI [IEPE], CTEIeHsIMI 3, a 3aTeM KOMOMHUPYEM I0JIyJaeMble ypaBHe-
HUSI U Pa3jeiseM IepeMeHHbIe:

D11(X1) =b, Di12(X1)=¢, D22(X1)= —eb= const,
D171(X2) = —e€c, DLQ(XQ) = b, D272(X2) ¢ = const,
2D1(X3)(2i) D1 (f1)(zi, zj) = =b,  2D1(X3)(2)D1(f2)(zi, 2j) = —b,
2D5(X3)(2:) D1(f1)(2i, 25) = —¢,  2D2(X3)(2)D1(f2)(2, 2) = —c, (2.12)
D11,1(X3)(2i) f1(zi, 2) = 0, D11,1(X3) () f2(2i, 25) = 0, '
D11,2(X3)(2i) f1(zis 25) = 0, D11,2(X3)(25) fa(zi, 25) = 0,
D1 22(X3)(2i) f1(2i,25) = 0,  D122(X3)(25) f2(2i, 25) = 0,
Do 22(X3)(2i) f1(zis 25) = 0, Da22(X3)(25)fa(2i,25) =0

Ananormuno IIocTyImaem C 00J1ee BLICOKMMH CTEIICHSIMIU.
HOJIy‘{eHHbIe pPe3yjabTaTbl MOXKHO IIPOCYMMHPOBATH U 3alliCaTb KOMIIAKTHO:

Dl(Xg)(ZZ)E == 0, D1 (X3)(Z])E == 0, Dg(Xg)( )ﬁ 0 DQ(X3)(Z]‘)F2 == 0, (213)

Doy g, (X3)(2i)F1 = 0, Dayay,..(X3)(2)F2 =0, Dg, g, (X1) =0, Dy . (X2) =0, (2.14)

IIpudemM ﬁl = Fl - fl(zivzj) - Dl(fl)(ziazj)ev E = F2 - f2(zi7zj) - Dl(fQ)(Zi,Zj)e, On = 172,
Bm =1,2,v=1,2,n=2,3,4,...,m,s = 3,4,5,... . U3 (2.14), oueBugno, ciemyer

Doy ay, (X3) =0, =12, n=2,3,4,.... (2.15)
Jemma 4. Cnpasedaueo nepasencmeso (D1(X3))? + (D2(X3))% # 0.

HoxasaTenbctso [lpemmonoxkum mpormeHoe, mycth (D1(X3))? + (D2(X3))2 = 0. C
yuaerom (2.15) mosiydaem npoTuBoOpedne ¢ JeMMoii 3. O

Taxmm obpasom, (D1(X3))? + (Do(X3))? # 0. Uz cucremsr (2.13) Torma cieayer

D61,62,...(f1)(zi7 zj) =0, D51,527...(f2)(zi7 Zj) =0,
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rie 6s =1, s =3,4,5,....
Urak, psizpt (1.7) u (2.9) o6pbIBAIOTCS U 3aIMCHIBAIOTCS B BHJIE MHOIOUJIEHOB

1 1
X1 = Xi(2)+dzr+eay+ 56952 + cry — §Eby2’
_ L 9 L
Xo = Xo(z) —ax+dy — €cT + by + 3" (2.16)

X3 = X3(2) + D1(X3)(2)r + D2(X3)(2)y,
Fy = fi(zi,zj) + D1(f1)(2i,2;)0, o = fa(zi, 25) + D1(f2) (2, 25)0.

[TepBble JBa MHOTOYIEHA MOJCTABIsIEM B IIEPBOE CaraeMoe BbIpaykeHus (2.7) u IPUBOIUM 1107100-

(zi — 25)(X1(2) — X1(5)) + e(yi — yj)(X2(i) — X2(4)) = (v — 2;)(X1(21) — Xa(25))

+ €(yi — yj)(Xo(2i) — Xa(zj)) + db + <%b(az, + ;) + %c(yi + yj))e. (2.17)

B sieByto yacth pasercTsa (2.7) mozcrasisiem (2.17), a Tak:ke TpeTbe M YeTBEPTOE BLIPDAYKEHUs U3
(2.16), 3arem yuurbiBaeMm (2.10)—(2.12), mocsie npeobpasoBaHuii oIy InM TOXKICCTBEHHBIN Hysib. 13
(2.12), oueBuHO, ciaemyer

Dl(Xg)(Zi)w =0, Dl(Xg)(zj)M -0,

aZj 0z;
D2(X3)(2i)%ij%zj) =0, D2(X3)(Zj)%lfzi’zj) =0.

Iosromy D1(f1)(2i,25) = D1(f1)(2:), Di(f2)(i,2;) = D1(f2)(2;). Torna Tpersst u uerBepras crpo-
Ku cucreMbl (2.12) npuHUMAOT BUJ

{ 2D1(X3)(2)D1(f1)(2) =
2D5(X3)(2)D1(f1)(2) =
[Mosromy D1(f1)(z) = D1(f2)(2).

Buauurt, 10csIeaHee ypaBHenue cucteMbl (2.11) npuHuMaer Bu

X3(2)D1(f1)(2i) + X3(25) D1(f1)(25) = —d.

Pasnensis mepemenube, Moy IaeM

’ 2.18
) (2.18)

d

X5(2)Di(fi)(2) = =35 (2.19)

Hanee paccmarpusatorcst apa caydast: Di(f1)(z) =0 n D1(f1)(2) # 0.
1. Iycre cuagana Di(f1)(z) = 0. Torma u3 (2.18) u (2.19) cuemyer, uro

d=b=c=0.
13 (2.10) upu D;(X3)(2) # 0 momy4gaem

Xi(z) — Xi(=)
Di(X3)(zi)

Xi(2i) — Xa(%)
D1 (X3)(25)

Nnate Dy(X3)(z) # 0, u anamormano HaxomuM fi(2;,2;) u fa(zi, zj). Haiinennoe nmomcrasisiem B
(2.8) u yunrsBaeMm (2.16):

fi(zi, 25) =

fa(zis 25) = (2.20)

_0H0m o Xaly) = Xa(s)
Fl(e,zi,Zj) = 28f/89 = fl(ZuZJ) = Dlj(Xg)(zi) 5
_01)0z o Xa(w) - Xa(z)
Falbz02) = 557709 = 250 2) = 1Dl(X3)(zlj> ’
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[IpuBoas k obIieMy 3HAMEHATEIIO, UMEEM

of of of of
Dl(X?))(Zi)a—Zi = 2(X1(zj) — Xl(zz‘))@7 Dl(Xs)(Zj)a—% = 2(X1(z) — Xl(zj))@- (2.21)
CKJa/ipIBast 9TH JBa BLIPAsKeHHs, IPUXOIUM K JuddepeHnIuaabHoMy YPaBHEHIIO
of of
Dy (X3)(Zl)a_zi + D1 (X3)(Zg)a—% =0,
UHTErpupysl KoTopoe, nojydaem (cMm. [11, ri. 5])
1
0,2,2;) = o0, M(z) — M(2;)), M (z)=—-——.
Haiizennoe nojcrasisiem B (2.21), noyuaem ypasHeHUe
dp Iy
0 = 2(X1(%) —Xl(zi))%, w = M(z) — M(z;), (2.22)
CJIEZIOBATEIILHO,
B _ Op/0w
Xl(Z]) - Xl(zz) - 1/}(0710) - 2690/80

B srom pasencrse guddepennupyem 1o z; u 1o z;: —X'(z) = M'(z)n,, X'(z5) = —M'(zj)¢),,
suaunt, —X'(2;)/M'(z) = 1y, —X'(zj)/M'(2;) = ,. IloroM npupaBHUBaeM JIEBbIE YaCTH U Pa3-
nensiem nepemennbie: X'(2)/M'(z) = a = const, momyuaem

X(z) =aM(z)+ 3, B = const.

Haiinennoe mozpcrasisiem B (2.22):

(% dp
w + 2aw% =0.

Unrerpupyst 1o ypasuenue [11, 1. 5|, umeem
FG5) = x((@i = 25)% + e(yi — y;)* — a(M(z) — M(2)))?).

BaTeM BBOJAMM CJIELYIOIIHE 3aMEHy KOODIMHAT M MaciiTabHOe Ipeodpa3oBaHne METPHIeCKOn (DyHK-
UK

a)llpue = luma <0 V—aM(z) =%, ¢ =7,y =7, x '(f) = f, Torna momyuaem
METPUIECKYI0 (DYHKIMIO €BKJIMIOBON TPEXMEPHOiI reOMeTpUH, KOTOpasi B IPEXKJIHUX 0003HAUCHHSIX
koopyunar (z,y,z) nmeer Bux (1.9) c e = 1.

b)Ilpue =1lua >0 JaM(z) =7, ¢ =7,y =% x (f) = —f, crenoareasuo momy-
qaeM MEeTPUYECKYIO (DYHKIMIO TICEBIOEBKIINIOBOII TPEXMEPHOl TeoOMeTpHH, KOTOpasi B HPEKIHUX
obosHaueHnsix kKoopauHar (z,y,z) umeer sux (1.9) c e = —1.

)llpue=—-1ua<0 V—aM(z) =%z =7,y =71, x '(f) = f, nosToOMy cHOBa HMeeM
MeTPUIECKY0 (DYHKIMHIO ICEBIOECBK/INIOBON TPEXMEPHOI TeOMETPHN.

A)Ilpue=—-1ua>0 JaM(z) =7, x=7,y =2 x '(f) = —f, u takke 6yneMm UMeThb
MeTPUIECKYI0 (DYHKIMHIO ICEBIOECBK/INIOBON TPEXMEPHOI TeOMEeTpHN.

2. Ilycrs reneps Di(f1)(z) # 0. U3 (2.18) u (2.19) moxyuaem

b c d
(e P =T P T e

Ciietyer 3aMeTHThb, 9TO B ity jeMMbl 4 b? + ¢? # 0 U ¢ TOYHOCTBIO JI0 HepeobO3HAMEHIH Gy1eM
caurarh b # 0. Torga cucrema (2.20) ¢ yuerom (2.23) npuHuMaeT B

Fi(z6,2) = 2(X1(zi) — Xll()zj))Dl(fl)(Zi)7 Polzs, ) = 2(X1 () — Xlézi))Dl(fl)(Zj).

D1(X3)(2) = (2.23)
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Haiiiennoe moycrasisiercss B Bolpazkenusi (2.8) ¢ yaerom psiyios Teitopa (2.9):

Fu(0,53,25) = 9902 = (et ) + Da(1) o = 2L ZTUIDUINED o 7 g,
Fa0,50,29) = g0kt = oG s) + D) (a0 = 2= EIDIE) 4 b (350,
OTKY/Ia CJIEJTYET, UTO
1o, 2(Xa(a) — Xi(%)) of
D1 (f1)(2i) 02 2< b * 9) 90’ (2.24)
105,000y~ X)) 0f |
Dl(fl)(z ) 82’] b 00 '

J
B mamnoii cucreme 2( X7 (2;) —X1(2;))/b+6 # 01 2(X;(2;)—X1(2i))/b+0 # 0, HOCKOIBbKY IIPOTHBHOE
nporusopeunt HepaBeHcTBaM (1.6). CkiazpiBasi Beipazkenns u3 (2.24), npuxoqum K auddepeniu-
AJIbHOMY YDaBHEHHUIO

1 of L of _,0f
Dy 05 T Dih)E) 05 oo

OcymecTBuM 3aMeHy KOODIMHAT: / D1 (f1)(2)dz = Z. Torma B HOBBIX KOOpAWHATAX IIOJIYIUM YPaB-

HEHUEe 8f af 8f
o oz 05 =0

oTKy/la rocJse uarerpupoanus (cm. [11, mr. 5|) caexyer
£(0.70,7) = (0647, 665),
Z?gp af Dy

£ 0, tne u = fe*?, v = 0e*®i, nockonbKy uHAveE =4du— =0mn

o 0z; ou

= 0, uro nporuBopednT HepaseHcrBaM (1.6). Dror mHTErpasn noxcrasisieMm B (2.24) ¢

OueBuHO, 8_4,0 £ 0,

o 00

0% ED)
YYeTOM CJIeJIAHHOMN BBIIIE 3aMEHbI U IPUBOIMM HOJI00HbIE:

_ _ Jyp _ Dy

(b9 —-2(X41(z) — Xl(zj)))u% = (b9 +2(X4(z) — Xl(z]))) 0"

N3 mammoro paBeHCTBA CJIEIyET

bl — Q(Xl(fi) — Xl(Ej)) _ (’LL ’U) _ ’Ua(p/a’u
0+ 2(X1(z) — Xa(z) 0 udp/ou

Meromom muddepeHnmpoBanusi U pas3jie/eHns IePeMEHHbIX HECJIO0XKHO J0Ka3aTh, daro 7(u,v) = 1.
Torma B mocjieIHEM BBIPaXKEHUU, MPUBOIS K ODIIEMY 3HAMEHATEJI0, Oy IUM IpocToe muddepeH-
nyaJbHOe ypaBHEHUe

uHTErpupysi Koropoe [3|, umeem dyHkuo
£ 5) = x (1 = a5)? + elys — )Pl

Barem BBOZIMM MacmTabHOE TpeobpasoBanme Merpudeckoit dbynkmmn /x~1(f) — f. Takum obpa-
30M, ToJiydaeM Merpudeckyio dbyukimo (1.10) TpexmepHOro 0ocob6oro pacuMpeHust eBKJINI0BONH 1
IICEBJOCBKJINIOBON NBYMEPHBIX I'€OMeTPUil.

Bropast wacTh TeopeMbl yKe joKazana B pabore 12|, rue naiinensr 6asucubie oneparopsr (1.11),
(1.12). Meroz jioka3aTesbCTBa IPOUILIIOCTPUPOBAH B jJeMMax 1 u 3.

Teopema JiokazaHa IOJTHOCTBIO. O
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3akJIrouyeHue

Nrak, mocrapaeHHast BBINIE 3a1a4a 00 aHAIUTHIECKOM BJIOYKEHWH €BKJIMIOBOI WM IICEBI0EBKJIN-
JIOBO#l JTBYMEPHBIX T€OMETPHII TTOJTHOCTHIO pellieHa. B pe3ysbrare MoIyIuaInch TpeXMEpHbIe TeoOMeT-
pUM MaKCUMAJJIBLHOM TTOABUXKHOCTH: €BKJINI0BA, IICEBI0EBKIINI0BA, OCOObIE PACITNPEHNST €BKINI0BOM
1 IICEBIIOEBKJIMIOBON IBYyMepHBIX reoMerpuil. [lomydennbie Mmerprudeckue (GyHKINHN COIEPIKATCI B
kiaccudbukaiu B. X. JleBa [4], koropasi, Kak FOBOPUJIOCH BBIIIE, TIOCTPOEHA COBEPIIEHHO JPYTUM
METOIOM. AHAJOIMYHO MOXKHO PEIIUTh 3aJad9u 00 aHAJUTUIECKOM BJIOYKEHUU CHMILIEKTHYECKOI,
CUMILTUITUAIBLHOM, IICEBIOreIbMIOJIBIIEBOMH, MyaabHOIeIbMIOIBIIEBOI 1 COOCTBEHHO T'€JIbMIO/ILIIEBOI
JIBYMEPHBIX 'eOMETPUA, T. €. HAITU Bce TPEeXMePHbIE FeOMETPUU MAKCUMAJILHON TTOJIBUYKHOCTU C MET-
pudecKuMU QYHKIUIMA BUIA

f(Z7]) = f(:Ely] - :Ejyiyzivzj)v

f(%]) = f <yi;ij_72i7zj> )

T; — 5
)8
6.9 =1 (%HJ

Yi—Y4
f(Z7]) = f ((332 - xi)zexixj7ziazj> )

. 2yarctg 2124
fG.) = f <[<x,. ) 4 (g — )2 ) |

rae 3,7y = const, B # —1,0,1, v # 0. Ilepas u3 Hux pemena B padore [6].
Sagady 0 BJIOXKEHUN MOXKHO TAKyKe TOCTABUTD W JIJIsT TPEXMEPHBIX TE€OMETPHii, T. €. KOT/Ia MeT-
pudeckue (BYHKIUN 9€THIPEXMEPHBIX TEOMETPUIN UIIYTCS B BUJIE

f = X(g(xhyla ZiyLjyYj, Zj)uwiawj)7

e ¢ — MeTpudeckue (PyHKIMH U3BECTHBIX TPEXMEPHBIX T'€OMETPHI.
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