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AHAJIMTUYECKHUN METO/, BJIOXKEHU S
CUMILJIEKTUYECKO I'EOMETPUN

B.A. KBIPOB, I.T. MUXAUJIMYEHKO

ABSTRACT. As you know, the n-dimensional geometry of maximum
mobility allows the group of motions of dimension n(n + 1)/2. Many of
these geometries are well known such as euclidean and pseudoeuclidean
geometries. These are phenomenologically symmetric geometries, i.e. for
them the metric properties are equivalent to group ones. In this work we
applied the analytical method of embedding, which helps to find metric
functions of all three-dimensional geometries of maximum mobility, which
contain as an argument metric functions of two-dimensional symplectic
geometry.

Keywords: symplectic geometry, functional equation, differential equation,
metric function

1. BBE/IEHUE

Kak u3zBecTHO, M-MepHas reoMeTpusi MaKCAMAaJbHOM IOJBUYKHOCTHU JOILYyCKAET
rpymiy jasrkeHuil pasmeproctu n(n + 1)/2 [1]. Muorue u3 takux reomerpuil xo-
POIIIO M3BECTHBI, K X YHUCIY OTHOCSTCS: €BKJIMJIOBA T€OMETPUsI, TICEBI0EBKIINIOBA,
CHMILIEKTHIECKas reoMeTpus, cdepudeckasi, reomerpus JIoba1eBCKOro, MpocTpan-
ctBo Jie Currepa n ap. losmas ke KiaaccuuKanmsi TAKUX MeOMETPHUIl HEM3BeCT-
Ha [2].

B paforax Broporo coaBropa [2, 4] gaercs moaHas KiacCupUKaIums 1ByMEPHBIX
bEHOMEHOJIOTHIECKU CUMMETPUYHBIX N€OMETPHil, KOTOPBIE SBJISAIOTCS P€OMETPUIMEI
MaKCUMAJIbHOW TOJBUXKHOCTH, T. €. (PaKTUIECKH MOCTPOEHA TIOJTHAsT KjiaccuduKa-
IUsI JIByMEPHBIX T'eOMEeTPHil MaKCUMAJIbHOW IOJBUXKHOCTU. DTa KiaccuuKaIus,
KPOMeE XOPOIIIO M3BECTHBIX JBYMEPHBIX IeOMeTPUil (€BKIINJI0BA, [ICEBIIOEBKIINIOBA,

Kyrov, V.A., MIKHAILICHENKO, G.G., THE ANALYTIC METHOD OF EMBEDDING SYMPLECTIC
GEOMETRY.
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658 B.A. KBIPOB, I'T. MUXANJINYEHKO

cuMIjIeKTHIecKast, cdheprdeckas, AByMepHoe npocrpanctso je Currepa u mp.),
COJIEPKUT U HEU3BECTHBIE T€OMETPUM (CHUMIJIMIHUAJILHAS, [eJbMI0JbIEBa, [ICEBI0-
reJIbMIOJIBIEBA U J1yaJIbHOI€JIbMI0JIbIEBA). 3aMETUM, YTO IPYIIIbI [BUXKEHU BCeX
TUX TeoMeTpuil Tpexmnapamerputdeckne. Merobl, pa3zpaboTannbie MuxailinaeHKo
JUIST KJIACCU(DUKAIINY TAKUX T€OMETPUil, BBULY OOJIBIINX TEXHUIECKUX TPYIHOCTEIH,
HEIIPUMEHUMBI [IPU [MOCTPOEHUN KJIACCU(DUKAIIMN TeOMeTpuil OOJIbIeil pa3MepHo-
CTH.

B. X. JleB apyrum MeTooM HOCTPOMJI KJIACCH(MUKAIUAIO TPEXMEPHBIX (heHoMe-
HOJIOTMYIECKH CUMMETPUYHBIX TeOMeTpuii (reoMeTpuil MaKCHMMAJBHOMN IOJBAXKHO-
ctn) [5], KoTOpast Tak:Ke COAEPKUT KAK M3BECTHBIE, TAK U HEM3BECTHBIE T€OMETPUM.
IIpaBma mo/iHOI yBEPEHHOCTH B MOJTHOTE TOi KJaccuuKanuu HeT. [ pymmnsl 1Bu-
KEHUIl TaKux TreoMeTpuii mectumapamerpudeckne. Merogom JleBa kiaccuduka-
MO IeTHIPEXMEPHBIX T€OMETPHUI U TeOMeTpHii 60J1ee BHICOKOI pa3MepPHOCTH, BBUILY
OOJIBIINX TEXHUYECKUX CJIO2KHOCTEI, IIOCTPOUTDH HE YIAJIOCh.

B nanHoit pabore npejaraercst HOBBI MeTOJ, Kjaccudukanuu (heHOMEHOJIOTH-
YeCKU CHMMETDHYHBIX TeoMeTpuii (reoMerpuil MaKCHMAJBHON MOJIBUKHOCTH), KO-
TOPBII TTO3BOJIUT MOCTPOUTH KJIACCU(DUKAINIO (DEHOMEHOJIOTUIECKN CUMMETPUIHBIX
reomeTpuil 6ojiee BbICOKHX pasdMepHocTeil. OH Ha3BaH METOJOM BJIOXKEHUSI U €O
CyTb COCTOUT B HAXOXKJIEHUH METPUIECKHX (QYHKIHUH BceX (heHOMEHOJOTHIECKU
CUMMETPHUYHBIX [€OMETPHil 110 U3BECTHBIM METPHUYECKUM (DYHKIUAM (PEHOMEHOJIO-
IUYECKU CUMMETPUYHBIX NeOMETPHil PA3MEPHOCTU Ha eIMHUILY MEHbIIe, COIeprKa-
uX UX BHYTpHU cebst Kak apryMeHT. C MOMOIIbIO 9TOr0 METO/IA 3/1eCh IIePerpoBepsi-
erca yacTh kiaccudukarun Jlepa. Tak, B IPUBOAUMBIX 371€Ch UCCIEIOBAHUSX, 110
MEeTPHUYECKOH (DYHKINNA CHMIIEKTUIECKON IIJIOCKOCTH

LiYj — LjYi
HUIIYyTCsA BCEe MEeTpUYIECKUe beHKLLI/II/I TpexXMepPHBbIX I‘eOMeTpI/If/'I BUIA:
90(%‘%' — TjYi, Zi, Zj),

JIOITY CKAIOIIHE TIIECTUIIAPAMETPUIECKYIO TPYIITY ABUKEHUI. DTa 3a/1a19a 371eCh mMe-
eT eJJMHCTBEHHOE pellleHune

miyj — iji + Z; + Zj.

Teomerpust ¢ 101y YeHHON METPpUYECKON (DYyHKIINEN MHOT /I8 HA3BIBAETCSI TPEXMEPHOMN
CUMILIEKTUYECKON [6] Boobrie, o1 4eTHOMEpPHO# CUMILIEKTHYECKO TeOMeTpHeii,
ITOHMMAETCsI TeOMETPHsI, 3aJaBaeMas pyHKIIHEH

1,.2 1,2 n—1_2 n—1_n
xixj—xjxi+~--+xi r; —xy owy,

a I10J, HEYETHOMEPHON CUMIIJIEKTUIECKOIl reoMeTrpueil — reomerpusi ¢ pyHKIIHAEH

n71x2_ o

1,.2 1,.2
T;r; — Xy e+ P,

;‘Ax? + x?“ — x?“.

B sToit craThe 3a/1aUa 0 BIOXKEHUH PEINIAeTCs aHAJUTHIECKH, T. €. CBOJUTCSI K
PEIIeHNI0 COOTBETCTBYIONNX (PYHKIIMOHAJIBHBIX U UM PEPEHITUABHBIX YpaBHEHUI
B Bugie psyioB Teitopa. [lomobHast 3amada B Kiacce quddepeHnnpyeMbIX KaK MU-
HUMYM JIBa pa3a, HO HEAHAJUTUIECKUX (DYHKIUN UCCIeyeTcss B paboTax mepBoro
coasropa [7, 8, 9].
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2. IIOCTAHOBKA 3AJIAYN U OCHOBHBIE PE3VJILTATHI

Paccmorpum anamutudeckoe Tpexmepnoe muoroobpasme M. JIokasbHbIE KOOD-
nuaarsl B M o6o3nauum depes (z,y, z). Ilycrs 3anana dynkuus f: M x M — R,
Ha3bIBAEMAas MeMmpuueckoli, ¢ OTKPBITON 1 IOTHON B M X M obsacThio onpe/esie-
Hus S¢. BolnosiHenne METpHYeCKUX aKCHOM HE IIPEJIIOJIAraeTCs.

Axkcuoma anamurumgHocTu. Merpuueckas dyukiusa f : M x M — R anan-
THIeCKas BO BCEX TOYKaX 00JACTH ompejeaeHns Sf.

PaccMOTPHM MHOXKECTBO 9eTBepoK (iy,i2,13,1), (i,11,42,i3) € M* Takux, aro
(i,41), (i,2), (i,13) € Sf, (i1,1), (i2,1), (i3,1) € Sy. IlycTb BBIIOIHAETCS CIIEILYIOMAST
aKCHOMA:

AKcruoMa HeBBIPOXKAEHHOCTH. J[j1st OTKPBLITOro 1 1moTHoro B M* MHOMXKecTBa
49eTBepoK (i1,12,13,1) U (i,11,12,13) CIpPABEIJIMBbI HEDABEHCTBA

a(f(7’7ll)a f(277’2)7 f(l723)) a(f(7’1>7’)7 f(127l)7 f(Zg,l))
# 0, # 0,
(4, s, %) Oxi, yi, 2i)
rue (x4, Yi, 2;) — KOOpAUHATHI TOUKM i € M.
PaccMOTPUM MHOXKECTBO HATEPOK (i1, ..., 45) € MP: (iy,i4) € S, p,g=1,...,5,

pP#q.

Axkcuoma peHomeHoSIOrTYECKON cuMMeTpun. [jis HEKOTOPOit OKPECTHOCTH
IATePKH TOUeK (i1, ..., i5) U3 IIOTHOTO B M® MHOMKECTBa BLIOIHAETCS TOKICCTBO:

D(f(i1,i2),. .., f(ig,i5)) =0,

e ¢ — ananmuTudeckas Gyuknus, npudeM rang® = 1.

Onpeznenenne 1. [060pam, 4mo na anaisumuseckom mnozooopasun M mempuue-
cran gynryua f 3adaem GeHoMeHOA02UNECKY CUMMEMPULHYIO 2€0MEMPUI0, €CAU
BHINOANAIOMCA GKCUOMYE AHAAUMUBHOCTNUY, HEBBLPOAHCIEHHOCTNY U PerHome-
HOA02UNECKOT cummempuy [2].

Huke Bce Berancennst OyeM TpoOBOUTH B KOOpAUHATHON okpecTHOCTH U C M,
XOTsI 9TO He BCerga Oymer orosapuBaTbes. st mobbix Touex 4,5 € U, (i,7) € Sy,
cymectytor okpectroctn U (i) C U, U(j) C U Taxkue, 910 MeTpuieckas (QOyHKIHsI
f onpenenena u anazmuruasa B U(7) X U(j). 3amernm, 9T0 3TH OKPECTHOCTH MOTYT
ePEeCeKaThCA.

IIycts rpynma Jlu G meiictByer addexktuBro n anamuruaao B U C M. Drto
O3HAYAET, YTO 3aJIaHO AHAJIMTUIECKOe MHDbEKTHBHOEe oTobparkenue (3ddexkTuBHOE
JieiicTBue)

A:UxG—=U,
rae U’ C M — oTKpbITag 061aCTh, IIPUYEM BBIIOTHAIOTCA CBONCTBA:

1). A(i,e) =14, e € G — equuuna, i € U;

2). A(A(i,a),b) = A(4, ab), aust m10661X a,b € G u i € U;

3). A(i,a) =i, ecoin a = e.

Heiicrue \,, onpeensieMoe TPON3BOJILHBIM 3JIeMEeHTOM a € (G, Ha3bIBaeTCsl J6U-
orcenueM, ecill IJIsl TIOOLIX TOUeK %, j € U takux, 1T0 (i, j) € S, (Aa(4), Aa(J)) €
Sf, BBIIIOJIHSAETCS PABEHCTBO

f(/\a(i)a)‘a(j)) = f(%])
HetictBus rpynnsl G MOXKHO onpeneuTh B okpectHocrsx U(i) u U(j) Todek 14
W j, IPUYEM €CJIM 3TH OKPECTHOCTH TEPECEKAIOTCs, TO JeHCTBUS B MepecevdeHun
coBraaoT [2].
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MHOKeCTBO OIIPeIeIEHHBIX TAKIM 00pa30M JIBUKEHUIT 00pa3yeT aHAJTATHIECKY O
rpyuny Jlu nemxkennit. Jlokazano, 9T0 pa3MEpPHOCTh I'PYIIBI IBUKEHUI TPEXMep-
HOIt (PEHOMEHOIOTUIECKT CUMMETPUIHON TeoMeTpun pasHa 6 [2]. JIByXTodedIHBIM
MHBAPUAHTOM TAKOI T'DYIIBI sABJIAETCS MeTpudecKasd (YHKIWs. TakKe JOKa3aHO,
9TO IO METPUYIECKON (DYHKIMN MOXKHO HAWTY ypPABHEHUS IPYIIIIbI JBUXKEHUIA.

Aure6pa JIu rpynnbsl JBUKEHUH COCTOUT U3 ONEpaToOpoB BHIA [3]:

(1) X = X10; + X520, + X30;,

e X, = Xo(z,y, 2) — anasmruueckas Gyukuus 8 U, a = 1,2, 3. Uepes oneparo-
pol (1) 3anuceiBaeTCs yCI0BYE JIOKAJIBHON NHBAPUAHTHOCTH METPUIECcKOi byHKIUM:

(2) X(@@)f (@ 5) + X(G)f (@, 5) =0,
KoTOpOE BbIIOJHsAeTCs B okpectHOCTsAX U(4) C U n U(j) C U Touexk i u j.
PaceMoTpuM MeTpraecKyio QyHKIHIO CHMIUIEKTHIECKON TVIOCKOCTH:

(3) 0 = ziy; — x5y,
rae (x;,y;) u (z;,y;) — JTOKAIbHBIC KOOPAUHATHL TOUEK § U j.
Kax wuzsectHo, ajnrebpa JIu TpyIIbl JBUKEHUH JBYMEPHOH CUMILIEKTHYECKOR

reOMETPUN TPEXMEPHA, OITOMY ee GA3UC COCTOUT M3 TPEX JMHEHHO HE3aBHCUMBIX
ornepaTopos [2]:

(4) Xlzyam,XQ:xay, ngxazfyﬁy.

IIpou3BOBLHBIIH 2Ke OTIEPATOP SBJISETCS UX JIMHEHHOW KOMOMHAITHEH C TIOCTOSTHHBIME
KO3pPUITMEHTAMHA.

Iesp nanHONl PabOTHI — HAXOXKJIEHME BCEX TPEXMEPHBIX (PEHOMEHOJOTHIECKU
CHMMETPUYHBIX T€OMETPHUil ¢ METPUIECKUMU (DYHKITUSIMU, B ITOAXOISIINX KOOD/IH-
HaTaxX IPUHUMAIOMWUX CJICAYIONN BU/I;

(5) f(ivj):f(972i7zj):f(xiyj_xjyiﬂziﬂzj)'

IockonbKy Merpuueckasi GyHKIWMs (5) HEBBIPOXK/EHA (aKCHOMa HEBBIPOXKIEHHO-
cTn), ee KoopuHaThl He "BeinagaT') T. e. B U (i) x U(j) cupaBeyinBbl HEpABEHCTBA!
0 0 0
IIycts £k € U C M — nadajno HEKOTOpO#l cucrembl KoopiamHar B U, B KOTO-
poit aTa Toukn mmeer Hysepble KoopauHaThl (0,0,0). B Takoit cucreme koopauHaT
cripaBeJIUBBI pasiioxkeHust B psiy Teitopa [10] sus kommonenT oneparopa (1) u
MeTpuYIecKoi pyHKInm:

X1 :X1(2> + Dl(X1>(Z)$ + D2(X1 z)y-l—
(

1
+ §D1’1(X1)(Z (E2 +D112 X1

)

) )

Xo =Xo(2) + D1(X2)(2)x + Do(X2)(2)y+

+ %Dl,l(xg)(z)a? + D12(X2)(2)2zy + = Dao(Xa)(2)y* + - - -,

X3 =X3(2) + D1(X3)(2)z + Da(X3)(2)y
+ %Dl,l(xs)(z)ac2 + Dy o(X3)

+

(8) (0, zi,25) = f(2i,25) + D1(f) (2, 25)0 + %Dl,l(f)(%zj)@Q +-
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X, (z, v,
re, manpmep, X1 (2) = X1(0,0,2), D1(X1)(z) = %uZyzo, Dy(X1)(2) =
0X1(x,y,2) 0*Xs(z,y, z)
et AL, ay le=y=0, D12(X2)(2) = 7@28@/ le=y=0, f(zi,2;) = f(0,z,2;),

8 0, 19 <]
Di(f)(ei,zg) = LEZ 2,

Teopema 1. Pacemompum npousdsoavhyio mouwky k € M u ee woopdumnammyro
oxpecmrmocmv U. Bosomem makowce dee mouku i,j € U ¢ oxpecmmocmamu U (7)
u U(j) maxue, wmo U(i) UU(j) C U, npuvem (i,5),(i,5") € Sy, Vi’ € U(i),
Vi e U(j). Toeda mempuueckasn dynxuyusa f(i,7) 6 anasumuseckom mmozo00-
pasuu M sadarowsan mpexmepHyo GEHOMEHONOZUNECKYU CUMMEMPUUHYIO 2E0MEM-
puto 6 okpecmnocmu U(i) X U(j) 8 nodrodauux s0kaibHvix K00pouHamax u mac-
wmabrom npeobpazosaru, (AHAAUMUNECKAR PYHKUUA O MEMPUBECKOT PYHKUUL
o(f) = f), umeem 6ud:

9) f(i,0) = ziy; — vixy + 2 — 25.

BameruM, uro Bbpaxkenue (9) gaer MeTpuUUIecKyo QYHKIUIO TPEXMEPHOI CHM-
IIJIEKTUYIECKON reoMeTpuii.

B nporiecce mokazaTesbCTBa TEOPEMBI UIILYTCSI KAK MeTpUdecKne (pyHKINN TPeX-
MEpHBIX (DEHOMEHOJIOrNIeCKH CUMMETPUIHBIX reomeTpuil B Buje (5), Tak u 6as3uc-
HbIE OIepaTopbl ajiredbp JIu rpymn ABUMKeHUi ITUX TeoMeTphil. 3aMeTUM, UTO ITU
aJireOphl IMeCTUMEPHBI, [TOITOMY WX OA3UCHI COCTOAT M3 IMIECTH HE3ABUCHUMBIX OIIe-
PATOPOB, TPH M3 KOTOPBIX COBIIAIAIOT ¢ omepaTopamu (4):

4,5,6 4,5,6 4,5,6
X' =yo,, X? =20, X? =20, —y0,, X0 = X">°0, + X370, + X3°°0..
ITpousBoubHBI ke oneparop anredp Jlu sTux reomerpuit umeer suj (1) u siBisiercst
JINHEIHOM KOMOMHAIE IecTr Oa3UCHBIX OIEPATOPOB.
3. ,ZLOKASATEJ'IBCTBO TEOPEMBI

Nckomast merpudeckast yHKIwst (5) SBISETCS IBYXTOUETHBIM HHBADUAHTOM IIle-
CTMMEPHON I'DYNIBI JBIKEHNUI, TI09TOMY yCJIOBUE JIOKAJILHON MHBApUAHTHOCTH (2)
B SIBHOM BHJIE 3aIIMCHIBAETCS TaK:

(10) ly; X1() — 5 Xa(j) —ijQ(i)-q-xiXQ(j)]W
10 o o

rae X1, Xo, X3 — KOMOOHEHTBI IIPOU3BOJILHOIO orieparopa (1). 3amerum, 910 BoIpa-
skerre (10) BBIIOJIHSETCS TOXKIECTBEHHO 110 KOOPAMHATAM TOYEK ¢ U j U3 OKPECTHO-
creit U(i) u U(j), nupuaem U(i) UU(j) C U, rae U — koopauHATHAS OKPECTHOCTD.

JIemma 1. B moorcdecmese (10)
Y X1(i) = 1 X1 (J) — 2 Xo(i) + 2 X5(j) # 0.
Jloxazamenavcmeo. 1IpeinoioxKuM NPOTUBHOE, TIyCTh BBIIOJHAETCH PABEHCTEO
Y X1(8) — 4 X1 (j) — 2, Xa(8) + 2:X2(j) = 0.
ITpoauddeperunpyem ero ABazKIpl m0: T; U Tj, Y; U Yj, T U Yj, 2; B Tj, 2; U Yj
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X5,(7) + X1,(1) = 0, X5.(i) = 0, X1.(i) = 0.
3areM pasjesisieM IepeMeHHbIE:
X1, = ¢=const, X, = —¢, Xy, = a = const, X], = b= const, X;, =0, X5, =0.

WaTerpupys 3Tn ypaBHEHUs U HOJCTABIISASA PE3YIBTAT B NCXO/IHOE yPABHEHIE, [TOJLY-
JaeM IepBbIe JiBe KOMIIOHEHTHI IPOU3BOJILHOTO oneparopa (1) anrebper JIu rpynmst
JIBUZKEHU:

X1 =cx+by, Xo =ax —cy.

B roxzecrse (10), ¢ y9eTOM CIETAHHOTO BBIIIE [IPEIIOI0KEHNS, BOSMOXKHBI J[Ba
ciaydast: 6o X3 = 0, ymbo X3 # 0.

Ecmm X3 = 0, To npon3BoJibHbII oiepaTop aareOpsl Jlu rpymnbl ABuKeHni Tpex-
MepHO# (PEHOMEHOJIOTHIECKN CAMMETPUIHON T€OMETPUH C METPUIECKON byHKIIHEH
(5) umeer BH:

X = (cx + by)0, + (ax — cy)0y.
[pugasasi IPOU3BOILHBIM OCTOSHHBIM (a, b, ¢) 3nauenus (1,0,0),(0,1,0),(0,0,1),
nostygaeM Tpu 6a3ucHbIX oneparopa (4), a moJeKHO ObITh mecThb. [IporuBopeune.

[Iycrs Teeps X3 # 0. Torma

£ OF (i, j) L\ Of (i, j)
11 X3(i)————— 4+ X3(j) ——— =0, X35 #0.
(11) 3(4) 92 + X3(4) 02, , X3 #
Ot Bepaxkenns (11) mepexomuM K TOXKIECTBY
X3(9)
(12) . :w(eazivz’ )
X3(4) )
JJIsl 9eTO JIEBYIO W MPABYIO YaCTHU JIeJIMM Ha HEHyJIeBOe pom3Bejienne Xg (j)%;ﬁj)
u BBOZUM obo3Hauenue (6, z;, z;) = —% / %. Huddepennupyem (12) o x;
U 10 T;:
X{%w(z) _ y‘% _X3(7')Xil’)x(.]) _ —y'QO:g
Xs(j) T X3(9) ’

3aTeM IIEPBOE BbIPpazKeHNE YMHOXKAa€M Ha Y;, a BTOPOE Ha ¥; U CKJIaJbIBA€M PE3YJ/Ib-
TaTbl, a IIOTOM pa3/esjdeM IIepeMEHHbIE:

/ - ! -
YiXs, (1) Y X5,(5)
Xs(i) X3(j)
Ypasuenue (12) Teneps guddepeHmupyeM 1o y; 1 y;, 3aTeM Pe3yJIbTATEL yMHOKACM
Ha T; 1 T; COOTBETCTBEHHO U CKJIaJIbIBA€M, a IIOTOM Da3Jie/IsieM II€pEMEHHbIC:

2 X3, () 2 X3,(j)

= a = const.

~— = —- = [ = const.
X3(4) X3(7)
Hudbdepentupyem (12) 1o x; u 1o y;:
X5.(4) ;o X3()X3,0) )
= = Y0y ———r e = Tiph,
Xs(j) T X3(j) ?

3aTeM II€PBOE€ BbIpazKC€HUE YMHO2Ka€eM Ha T;, & BTOPOE Ha y] 1 BbIIUTaEeM DE3yJIbTa-
TbI, IIOTOM pa3JdesideM IIepeMeHHbIC:
! (s . X! y
xlX&m(l) _ _yJXSy(])
Xs(i) X5(7)

= = const.
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Taxum o6pazom, moTyIaeM
yXi, = aXs, xXéy = BX;3, v X}, = vX3, yXéy = —vXs.
CpaBHuBas 1ojyueHHble ypaBHeHusi, uMeeM « = 5 = v = 0. Torza
X3 =c(z) #0.
Ioxcrasisist HahizerHoe B (11), uMeem
‘ (921
dz

BBoaum 3ameny: f ) = z. Torma B HOBBIX KoopaumHaTax X3 = 1.

+ a(zj)‘aj;(i;j) =0

Taxum 06pa3oM, TPOU3BOJIbHBIN O1IepaTOp aaredpsl JIu rpynnbl ABUKEHII TpexX-
MepHO# (DEHOMEHOJIOTUIECKN CUMMETPUYIHON TeOMETPUU C MEeTPUIECKON (DyHK-
et (5) umeeT BUI:

X = (cx +by)0; + (ax — cy)0y + 05

IIpugaBasi 1poM3BOJILHBIM MOCTOAHHBIM (a, b, ¢) 3uagenus (1,0,0), (0,1,0), (0,0,1),
(0,0,0), mosyuaem 6asuCHbBIE OIIEPATOPH

ya:r + %7 may + ({%zv 1'81: - yay + 857 ({%z
Bunno, o Takux omepaTopoB WeThIpe, a MOJIXKHO OBITH IecTh. [IporuBopeune. [

JIemma 2. B mooicdecmse (10)

X3 #£0.
Jokasameavemeo. Tlpeamonoxkum nporusHoe, yctsb B (10) X35 = 0. Torga us sem-
MBI 1 ciemyer % = 0, 4TO IPOTUBOPEYUT YCJIOBUIO HEBBIPOXKAeHHOCTH (6) MeT-
puueckoii dbyukimn (5). O

Jlemma 3. B moowcdecmse (10) dynrxyus Xs(z,y,z) a6no sasucum aubo om x,
AU60 om Yy, Mo ecmo

(axg,(a:ra;y,z))2 N <3X3((;Zyvz)>2 £0.

Zloxasamenvcmeo. IlpeamnosokuM MpoOTUBHOE, TTyCTh
X3 = X3(2) #0.
Torna ToxkaecTBO (10) MOXKHO IIPEJICTABUTH B BHJIE:
(13) y; X1 (i) — 4 Xa () — 2;Xa(8) + 2:.Xa(j) = F(0, 2, 25),

rIIe BBEJIEHO 0DO3HAYECHUE

F(0,2,2j) = — (X?,(Zi)

OLE) | ) 2D 210)

0z 0z 00
IIponuddepenrmpyem pasercTso (13) 0 mEpEMEHHBIM T, 5, Yi, Yj:
YiXla, — i Xoq, + X2(j) = y; Fy,
—YiX1a, — Xa(i) + 2 X5, = —yiFp,
yi X1y, — X1(j) —z; X3, = —x; Fy,
X:1(2) — in{yj + xiXéyj =z, Fy.
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Hamee mosytenmble ypaBHeHUs JeIUIM Ha KO3 DUINEHTDI Ilepe IPou3Boaoit Fy:

x; X,  Xo(j
X{ml - + 2(]) = Fb‘/v
Yj Yj
X (i wiX/qg‘
X{x—’_ 2(z) - 2% :Fév
! Yi Yi
Xl Xi(j
_Yidy, + 1(7) +Xéyi = F),
l’j .’£j h
Xl(l) iniyj / /
20T X~ R
xX; ZX; * 2y; 0

OpupaBHUBaEM JIEBbIC YaCTH JaHHBIX ypaBHeHI/Iﬁl

XQ(Z) _ széz]

;X5 Xa(j
X1, — 20 4 4”=MM+ : =,
Yj Yj Yi Yi
X . JS'X/ ) 'XI ‘ X .
(14) Xy 2(7) _ Yt Yity, + 1(J) + X},
’ Yi Yi T T; vi
XX (q X.(3)  viXi,,
_ Yt 1(4) L Xy, = (1) Yy, + X,
T T ’ X Z; 7

3areM 1nepBoe ypasHenue JuddepeHnupyeM 1o T; 1 T;, BTOpoe — 10 X; U Yj, &
TpeTbe — MO ¥; U Yj:

12 ! ! !/ !/ /
Xow,a, _ XQ%‘%' Xiaiy, _ X2%‘yj lejyj _ Xy,
- ) - ) - .
Yi Yi ZLj Yi Ti Zj
[Torom mpupaBHUBAaEM U Pa3/e/IsieM IIePEMEHHBIE:
! _ _ ! _ _ / _ / J— —

yXo,, = a = const, X5, = f = const, yX;,, = 3, vXj,, = = const.

Wurerpupys stu ypasHenusi, umeem o« = 3 = v = (. Torya

C yuerom mocsenero, cucrema (14) npumer Bu;:

p1(z)  Xo(j X (i ; ,
X{wl - x]pl.(z) + 2(-,]) _ Xi% + 2@) _Z pl.(ZJ)’
Yj Yj Yi Yi
(15)  yiae(z) n X1(4) X, = XL+ Xo(i)  wipi(2))
Yi Zj ’

L T Yi Yi
yiqa(zi)  X1(j)

X, =%

xT; xX; + 2Y; ZL‘j + l’j

+ ngi.

IIpomuddepenimpyem nepBoe ypaBHEHNE ITOW CHUCTEMBI IO X;, & BTOPOE ypPaB-
HEHUeE TI0 Y;, TIOTOM Pa3/IeJINM TepEMEeHHbIE:
I o / _
Xizz =0, X5, = 0.

WNurerpupys«, momydaem

X1 = q(2)r + q2(2)y + q(2), X2 = p1(2)x + p2(2)y + p(2).
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Hasee naitzennoe nogcrasigem B cucremy (15):

p1(zj)x; +p2(25)y; +p(z5)  ipa(zi)
Yji Yj
p1(z)xi +pa(zi)yi +p(zi)  wip1(z))

= q1(zj + - )
(j) Yi Yi

q(z) +

_yie(E) | ez +e(z)y +az)
; ;

+ p2(2)

2i)Ti + p2(2i)ys +plas)  Tip1(z;
:ql(szpl( ) pzy( i +p(zi) p;(g),

_ Yig2(z)) i q1(2i)zi + g2(2:)yi + q(z:)
€T Z;

+ p2(25)

_ _y]q;( ) + 01(25)7; QZ(IJ)?JJ q(z;) ¥ po(2i).
J J

U3 HOBOI CHCTEMBI CJIEIYET, 9TO

p=q=0, q(z) = 2a + pa(2), p1 = const, g2 = const, pa(2) = P(2) — a.
Torma

X1 = (a+P(2)z + @y, X2 = prz+ (P(z) — a)y.
Haiinennoe Beiparkenue nogcrasisieM B (13) w npusoanM momo6HBIE:
Y X1(i) — yiX1(j) — 2 X2(i) + 2:X2()) = (P(2) + P(25))0.
ITosromy ypasrenue (10) npuHuMaeT BAI:
af(i,J)
00
Pemast sTo ypaBHenue, noxygdaem [11]
F,§) = f(e¥EITYE) k(z) — k().

W (z)

0f(i,j)
822‘

0f (i, j)

(P(e0) + P(=))0 5

=0.

+ Xg(Zi)

+ X3(2;)

Janee BBOIUM 3aMeHYy KOODIUHAT Xe =7, ye'l’(z) =1, n(z) = Z U IepenuchiBa-

€M METPUIECKYI0 (DyHKITHIO:
f=10.7 - %), 0 =7:7; — 7,7
B soBbIX KOOpauHaTax ToxKaecrBo (13) npunumaer Bui:
7, X1(0) =7, X1(J) — T, X2 (1) + T Xa(j) = (X3(2:) — X3(25))F(0, w), w =7; — %,
rIe BBeIeHO 0003HAYUEHUE

F@w) = 200 2T T)

B cuny nemwmer 1, oueBniHO, X:’,, # 0. Toryma umeeMm TOXKIECTBO
7;X1(1) =9, X1(5) — 7 X2() + T X2(5)
X3(z:) — X3(%;)

Paccyxnas namee Kak u BbIIIE, MOy IaeM

X1 = (a+ P(Z))T + ¢y, Xo = p1ZT + (P(Z) — ).

(16) =F(0,w).
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HaiiieHHOe BhIpazkeHue NOJCTaBIsAeM B ypaBHeHue (16):
P(Z)+PZ;) =5 7
X3(2:) — X5(2) (6,2)/
Hanee nmomy4ennoe nuddepeHupyeM 110 Z; U Z;, & 3aTeM CKJI3TBIBACM:
(P'(z:) — P'(2;))(X5(2:) — X5(25)) — (P(Z:) + P(7))(X3(%:) + X3(%;)) = 0.
Hnddepenmupyem Teneps HaliJeHHOE TOXKIECTBO 10 Z; U IO Zj:

(18) P"(z)X5(z;) + P"(z;)X5(z:) + P'(z) X5 (z;) + P'(z;) X5 (z:) = 0

(17)

Tak kak X35 # 0, To mociezee TOXKIECTBO AesuM Ha npoussenenue X5(Z;)X5(Z;)
n quddepennupyeM Mo IepeMeHHBIM Z; U Z;:
P'(zi) X§(z) | P'(z) X5(z)
X3(zi) X3(z;)  X3(z5) X3(2)
Hanee BosmoxkHbl gpa caydas: X4 =0 u X§ # 0.
Ecim XY = 0, re. X3 = a1Z + b1, a1 # 0, 10 B TokzecTe (18) pasmensiem
nepemensble u noiaydaem P’ = 0 wiu P = agZ + by. Ioacrasngs sro B (17),
noxygaem P’ = 0.
Econ e X4 # 0, To B TokzectBe (18) pasjesnsieM IepeMeHHBIE U CHOBa MOJTY-
qaem P’ = 0.
Taxkum obpasom, P = const u Torga uz (17) Gyger ciaenoBarhb
— = af of(i,j) ,0f(i,j
oy~ O __0I(0.5) 01G.)
w ow 00
IIpuBomst ¥ 0OIEMy 3HAMEHATEIIO, TOJIydaeM auddepeHInalbHOe YPaBHEHNE:
50f0, )  0f(i,])
ad—="> 4+ w
o0 ow

Uurerpupys nosyvennoe ypasaenue [11], mmeem mMeTpuaeckyio dbyHKIHIIO:
LN i N = = o
fG,5) = o(@y; —7,;9;) /(2 — Z5)).-
Hecsto:xH0 1poBepUTDH, YTO TOJTyYEHHAST METPUIECKAs (DYHKITNS He SBJISETCH MHBA-
pPHUaHTOM HIECTUIIAPAMETPUYECKON I'pymIb! gsrKeHuil. IIporusopeune. (]

=0.

=0.

dynknuonanbHoe ypapaernue (10) yao6HO nmepenucars B BUJe:
(19) v X0(0) — 4 X1(j) — 25 X2(8) + 2: X2(j) + X3(1) F1 + X3(j)F2 = 0,
rie BBEJIEHBbI O0OO3HAYECHUST

(200 Fi(0,2,7) = aj(;(z?)/ag(;j), Fo(6, 21, 2) = 81(;(;?)/3108(;‘7),

U3 (6) u (8), oueBuHO, CAEAYIOT aHAJIUTHIHOCTH dyHKnuii (20) 1 cripaBeyIMBOCTD
HepaseHcTB F # 0, Fy # 0. Torga umeem passoxenus: B psaj Teittopa [10]:

(21) Fr = fi(z, Zj) + Dl(fl)(zi, Zj)9 + 1/2D1,1(f1)(2i, Zj)92 +
Fy = fo(zi, 25) + D1(f2)(2i,2))0 + 1/2D1 1 (f2)(2i, 2)0% + - - - .

ITorom Haiinenusle pasioxkenus (7) u (21) noacrasisiem B Toxzgecrso (10) u
cpaBHUBaeM KO3 PUIMEHTHI ClleBa U CIpaBa, Mepe OAMHAKOBBLIMI CTEIIEHSIME TIPO-
U3BeIeHnl MEePeMEHHBIX T;, Yi, &j, Y;. DTa 3aJada CyIIECTBEHHO YIPOINAETCI C
IpUMEHeHneM MareMaThdeckoro makera nporpamym MAPLE 15 [12].
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CpaBauBaeM K03(hOUIUEHTHI TIepet cTerneHbo (:
Xs3(zi) f1(2i, 25) + X3(25) f2(zi, 25) = 0.

CpasauBaeM K03 DUIMEHTHI TIepej], cTenensMu 1:

D1 (X3)(2:) f1(2i, 27) + Xa(z5) = 0,
(22) Dy (X3)(2i) f1(2i, 2) — X1(z) = 0,
D1(X3)(25) f2(2i, 2j) — Xa(z:) = 0,
Dy (X3)(2) f2(2i, 27) + X1(2) = 0

SareM cpaBHUBaEeM Bce KOIDDUIMEHTHI T€PE]] CTEIeHAMA 2:

Dy (X1)(2i) + Da(X2)(25) + X3(25) D1(f2) (2, 25) + X3(2:) D1(f1) (2, 25) = 0,
D1 (X1)(25) + D2(X2)(2:) + X5(25) D1 (f2) (21, 25) + Xa(2:) D1 (f1) (21, 2) = 0,
D1 (X2)(2j) — D1(X2)(z:) =0,
=Dy (X1)(25) + D2(X1)(2) = 0,
D1,2(X3)(2) f1(zi, 25) = 0, D1,2(X5)(25) fa(2i5 25) = 0,

D11 (Xs)(20) f1(zi, 2) = 0, D11 (Xs)(25) f2(2i, 25) = 0,

D3 2(X3)(2i) f1(2i, 2;) = 0, D22(X3)(2) fa(2i, 25) = 0.

PaSﬂeJIHH IIepeMeHHbIEe B TPEThEM U 9€TBEPTOM YPaBHCHUAX, IIOJIyYIaeM
D1(X3) = a = const, Dy(X;) = b = const.
Jlanee BBIYMTAEM M3 NIEPBOTO yPABHEHUS BTOPOE:
D1(X1)(2i) + Da2(X2)(z5) = D1(X1)(25) + Da2(X2)(2:),
IocJie pa3aesjieHud IIEpeMEeHHbIX, UMeeM
D1(X1) = Da(X2) + d, d = const.

Takum 06pa30oM, MOJIyIaeTCs Pe3yabTaT:
(23)
D1 (X3) = a = const, Dy(X;) = b = const,
D1 2(X3)(2) f1(zi,25) = 0, D1 2(X3)(25) fa(2i, 25) = 0,
D1 1(X3)(20) f1(zi,25) = 0, D1,1(X3)(25) f2(2i, 2) = 0,
Dl(Xl) = DQ(XQ) -+ d, d = co IlSt
Do (X2)(25) + D2(X2)(2:) + d + X3(2;) D1(f2) (23, 25) + X3(2i) D1(f1)(2i, 25) = 0.
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CpaBruBaeM KO3 MUINEHTHI TIEPe]T CTENCHIMEA 3:

D11 (X1)(2:) + 2D1(X3)(2:) D1 (f1)(zi, 25) = 0,

D11(X1)(25) + 2D1(X3)(25) D1(f2)(zi, 25) = 0,

D1 2(X2)(2:) + D1(X3)(2:) D1(f1) (2, 25) = 0,

D1 2(X2)(25) + D1(X35)(25) D1(f2) (2, 2) = 0,

Dy 2(X1)(2:) + D2(X3)(2i) D1(f1) (2, 25) = 0,

D1 2(X1)(25) + D2(X3)(25) D1(f2) (2, 2) = 0,

(24) Do 2(X2)(2i) + 2D2(X35)(2:) D1 (f1)(2i, 25) = 0,

D3 5(X2)(25) +2D2(X3)(25) D1(f2) (2, 25) = 0,

D11(X3) =0, Dy2(X1) =0,

D111 (X3)(2i) f1(2i,25) = 0, D11,1(X3)(25) f2(2i, 25) = 0,
D11,2(X5)(2i) f1(2i, 25) = 0, D11,2(X3)(25) f2(2i, 2) = 0,
Di12,2(X3)(2i) f1(2i, 2) = 0, D1,22(X3)(z)) f2(2i, 25) = 0,
D3.2,2(X3)(2i) f1(2i, 25) = 0, D2.2,2(X3)(25) f2(2i,2;) =0

ﬂaﬂee aHaJIOTUIHO ITIOCTYIIaeM C 0oJ1ee BBICOKMMHU CTEITEHSIMU.
HOJIy‘{eHHLIe pe3yibTaTbl MO2KHO IIPOCYMMUPOBATH U 3all1CaTh KOMIIaKTHO, JIJIsA
Y9Eer'0 BBOAATCA COKPaIIAIOIINe 0003HAYEHNSI:

Fi = (D11(f1), D111(f1): D1a1.1(f1),--.),
Fy = (D1,1(f2), D111(f2), Dia1(f2),...).

Torma
Dig,,...5,(X1)(2i)+
+(2s = B — - = Bs +1)Dg,.....6,(X5)(2:) D1 (f1)(2i, 25) = 0,
Dy g,,..8,(X1)(z)+
+(25 = B1 — -+ = Bs +1)Dg, ... 5. (X3)(2j) D1(f2)(2i, 2;) = 0,
(25) Dag,.....5,,2(X2)(2i)+
+(B1+ -+ Bs —s+1)Dg,,..5. (X3)(2:) D1(f1) (2, 25) = 0,
Dag,,....5,,2(X2)(2)+
+(Br+ -+ Bs —s+1)Dp,,..5,(X3)(2;) D1(f2) (i, 2;) = 0,
Dy, 1(X2)=0,Ds,  2(X1) =0,
Do as,... (X3)(2i) f1(2i,27) = 0, Doy a,,..(X3)(2) f2(2i, 25) = 0,
(26) Doy as (X3)(Zz)§(zuzj) =0, Doy an,.. (Xﬁ(zj)ig(zl,zj) =0,
D1(X3)(2i) F1(zi, 25) = 0, D1(X3) (%) F2(2i, 25) = 0,
D2(X3)(ZZ)?1(ZMZJ) =0, D2(X3)(ZJ)72(’217Z_7) =0,

mpuaeM o, = 1,2, n=2,3,4,..., B, =1,2, m=1,2,3,...

Jlemma 4. Cucmema duddepernuyuanrvrox ypasHeru

of _ . ,of of  0f
bz~ P55 5z, = )5
ede [ = f(0, 2, z;), umeem pewenue

f(i,5) = ¥(nb + K(z:) + K(2;)),
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npuvem K — anarumuveckas Gyrkyus.

Zoxazameavcmeo. 3anucbiBaeM ypaBHEHUE XapaKTEPUCTUK 110 IepBoMy judde-
pennmanbHOMy ypasreruto [11]: df/0 = —p(z;)dz;, cnenosarensso f(i,§) = p(lnf+
K(z;), zj). Haiinenmoe moncrasiigeM BO BTOPOE ypaBHeHNE CHCTEMbL i HHTETPUPYEM,
B PE3y/IbTATE MPUXOIUM K YTBEPKICHNAIO JIEMMBI. O

Hanee pacemorpum gpa cayuas: (D1(X3))? + (D2(X3))?2 = 0 u (D1(X3))? +
(D2(X3))? # 0.

1. Hpemmonosxkmu cragana, ato (D1(X3))% + (Do(X3))? = 0. Torma mo semme 3
xoTst OBl 0/{HO U3 BhIpaxKeHHUil Dy, o, (X3), npudem oy, = 1,2, n = 2,3,4,..., o1-
smano ot Hyi1s1. Ilosromy u3 (26) Berrekaer fi(z;, zj) = 0, fa(2i, 2j) = 0, Fi (2, zj)

(
0, F3(2i, ;) = 0, am3 (25) crenyer D1 (f1)(zi, 25) = D1(f1)(2) # 0, Di(f2) (2, 25) =
Dl(fg)(zj) # 0. 113 paBencts (25) Torga 6ynem umers Dy (f1)(z) = Di(f2)(z). Io-

sTOMy BbIpaxkenus (20) HpumyT B

_0f(i,j) ,0f(i,j) Ny Of(i,5) ,0f(i, )
(27)  Di(f1)(z:)0 = 7/77 D1(f1)(2;)0 = “os, /789 -

ITpuBosst K 06IeMy 3HAMEHATEJIIO, IPUXOAUM K ypaBHeHusiMm [11]:

05(g) 1 0fd) _, ,00d) 1 0j(ij)
20 Di(f1)(zi) Oz 00 Di(fi)(zj) 0z

3arTeMm npuMmeHsieM jieMMy 4:

f(%,]) = ’ll) (ln9 + K(ZZ) + K(Zj)) — 'l/) (06K/(Zi)+K/(Zj)> , KI = exp K.

0 =0.

IMosry4yeHa SIBHO BBIPOXK/ICHHAS METPHYECKast PyHKIUs, KOTOpas He 3a7aeT (peHo-
MEHOJIOTHIECKY CUMMETPUYHYO T€OMETDHIO.

2. Pacemorpum Bropoit cayuait: (Dy(X3))? + (Do(X3))? # 0. Us (24), ouesns-
Ho, caexnyer D1 (f1)(z) = D1(f2)(z). us onpenesieHHOCTH Jjajiee MOXKHO CUATATH
D1 (X3) # 0, unaue Do(X3) # 0. Torma uz (22) u (24) crenyer

)= — XQ(Zj) Jo. XQ(Zl)
fl(zza ])* Dl(Xg)(Z)’fQ( (3 J) Dl(Xg)( )
DA(R)(:) = =S = Dilf)(o)

Haiinennoe nogcrasisieM B (20) u npuBoauM K 06IIeMy 3HAMEHATEJIIO:

9f(ij) <—X2(zj) N Dll(Xl)(Zi)9> af(i, J)

Dy (X5)(zi)

821 2 00 )
D1(X3)(Zj)8fa(i;j) - (X2(Zi) = Dll();)(zj)ﬁ) 8f§9’j).

Hasee sBomuM 3ameny koopaunar: [ dz/Dq(X3)(z) = Z. Torza B HOBBIX KOOPAU-
HaTax 6y,D;elVI NMETDh:

8f(§;;j) = <X2(Zj) - Dll(};l)(zi)(J) aféi;j),
af(laj) — Dll(Xl)(zj) af(lmj)
0z, <X2(Z") N 2 0) 90

(28)
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Ecm X5 = 0, To mpuxomuM K Jjiemme 4, KOTOpas JTaeT BBIPOKIEHHYIO METpHIe-
ckyto dyukuuio. Ecim xe Xo # 0, To nepsoe ypaBHeHune ymHoxaeM Ha Xo(Z;), a
BTOpOe Ha X2(Z;) U CKIAIBIBAEM DE3YIBTATHI:

X2(Zi)7afa(;j) +X2(§j)8fa(;j) =
(29) _ ’ _ -
= — <D11(‘)§1)(2l)x2(31) + WXQ(j)>eafé(),;j)'

Hasee pacemarpusaeM ciydan: Di1(X1) =0 u Dq1(X7) # 0.
B nepsom caygae (D11(X1) = 0) ypasrenue (29) umeer pereHue

fG,5) = (M(zZ:) = M(%;),0),

e M’ = 1/X,. loxacrasiasiem HaiinenHOe B cucreMy (28):

1 oy _ oY 1 oy _ o0y
2 Xy(3) o, — Y Xz,
X5 (Z;) 0w 2(%i) g X(%;) ow 2(%) 59
roe w = M(Z;) — M(Z;), nm
o _ _ oY
— ==Xz X2(Z) =
aw 2(’2) Q(Zﬂ)ﬁe
ITosyenHOe COOTHOIIEHNE pa3pelIaeM OTHOCUTENbHO Hpoussenenus Xo(Z;)Xo(Z;):
_ _ oY 0y
X2(%i)X2(z;) = 7(w,0) = ~30 9w’
Hanee B HafileHHOE BRIpazKeHne cHadaJa AuddepeHupyeM 1o Z;, a 3aTeM 110 Z;:
1 1
XL(2) X2 (3)) = ——7', Xo(Z)X5(Z;) = — '
2(21) Q(ZJ) X2(Ei)rw’ 2(22) 2(23) Xz(zj)Tw

ITorom mpuBOMM K OBIIEMY 3HAMEHATENIO U CKJIABIBAEM:
X5(z:) X2(z:) X2(Z)) + X2(z:) Xo(2;) X5(z5) = 0.
Coxkpariast Ha OOIIMIT MHOYKUTEh, Pa3JIe/isis MePEeMeHHbIE U HHTETPUPYs, TOJIydaeM
X5 = a = const # 0.

Toryia ypaBHeHUsI U3 CUCTeMbI (28) NPUBOISTCS K BUJLY

0 _ _ 200

ow 06"
Pemmennem nocsesnero ypasserus [11] 6yger Merpuueckasi GyHKIMsL:

2 _ —
f=x(zy; — zjyi + a®(M(z:) — M (%)) -

Ecmu BBecTH mepeobosHadenue KoopanHaTsl Z: a>M (Z) = z, a Taxxke MacimrabHoe
npeoGpazosamme Y 1 (f) — f, TO MOTy<INM KaHOHIHYECKYIO METPHHIECKYT0o (hyHKIIIIO

(9)-

Bo Bropom ciygae (D11(X1) # 0) ypasrenue (29) pemieso B jgemme 3:
f(i,3) = ¢ (M(z:) = M(z5),In6 + T(z:) + T(z)) ,

tne M’ =1/Xo, T' = —D11(X;)/2. Hloncrasnsiem Halinennoe B cucremy (28), 3aTem
IpYIIUpyeM, B pe3yIbTaTe HOIydaeM OJHO He3aBUCHMOE BhIpasKeHHe:

0 10

9 _ fxz(zi)XQ(zj)fi”, w=M(z)— M(z), u=nf+T(z)+T(z).

ow 0 ou
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3 manHOTO BBIPAXKEHUSA CIIEJTYET:

1 oY 0y
Jannast koMOnHAIMS BO3MOYXKHA B €IMHCTBEHHOM CJIydae:
1 —u
XQ(ZZ)XQ(ZJ)g = qb(w, U) =€ .
Torma nmeem nuddepeHnraIbHOE ypaBHEHNE
o _,0v
sl uZ?” _
Ow te ou ’

perast Koropoe [11], mosygaem MeTpudeckyo QyHIUIO:
f,9) =x (xz'yj —xy; — M(2) + M(z5) + GT(“HT(ZJ')) , T # const.

Eci BBectr nepeotosnatenus M (z) = Z, 7 (*) = Q(Z) u macmrabuoe mpeoGpaso-
Banme X (f) — f, To MeTpuYecKyto (DYHKIIHIO MOYKHO YIIPOCTHTE:

(30) fi,7) =xy; — xjys — Z + Zj + Q(Z:)Q(Z;), Q # const.
BeisicauM, ipu KakoM 3HadeHnn GyHKIwn @ Merpudeckas dyukims (30) 3agaer
(beHOMeHO.HOFI/IquKI/I CI/IMMeTquHyIO I‘eOMeTpI/IIO, TO €CThb nuMeeT L[IeCTI/IHapaMeTpI/I—

YecKylo Ipyminy Jpuxkenuii. JIns storo nHaiimem omeparops! aarebpsr JIn rpynmst
nmkennit. Boconssyemcst Toxkectsom (10):

y; X1(1) — X1 () — 2 Xo (i) + 2:.X2(j)+
+X3(0)(Q'(Z:)Q(Z) — 1) + X3()(Q(Z:)Q'(7;) + 1) = 0.
Ocy1ecTBUM B 9TOM PABEHCTBE Iepe0dO3HAUYEHUE TOYEK 1 <> J, B PE3YJIbTATE UMEEM:
yiX1(j) — y; X1(i) — 2 X2(j) + 2; X2 (0)+
+X3()(Q'(Z)QE:) — 1) + X3(1)(Q(Z)Q'(Z:) +1) = 0.
CxutaipiBast OJTyYeHHBIN ypaBHEHUSsT, OY/I€EM UMETh:
(X3(1) + X3())(Q'(Z)Q(Z) + Q'(2)Q(%:)) = 0.
Tak kak X3 # 0, TO
Q'(z)Q(Z)) + Q'(Z;)Q(z:) = 0.
Pazzenss B JaHHOM TOXKJIECTBE IIepeMeHnble, noaydaem Q' = 0, To ectb () = const.
Takum o6pasom, Merpudeckas dyuknus (30) He 3a7aerT HEHOMEHOJIOIMYECKH CUM-

METPUYHYIO I'eOMeTPHIO.
Teopema noka3zaHa IIOJHOCTHIO.

4. 3AKJIIOUYEHUE

Wrak, nmocrasjiennas BbIIIe 3a/1a9a 00 aHAJIUTHIECKOM BJIO2KEHUU CUMILIEKTIIe-
CKOI JIBYMEpHOI reOMeTPHUH IIOJIHOCTBIO pellieHa. B pe3ysbrare IOJIydnIach TpexX-
MepHasl CUMILJIEKTUYIECKasI TeOMeTPUs] MAKCUMAJIBHON MTOJIBUYKHOCTH. AHAJIOITIHO
peraercs 3ajad9a 006 aHAJTUTAIECKOM BJIOYKEHUU CUMILIAIMAIBLHON IBYMEPHON reo-
MeTpHH, T.e. 3aJa9a O HAXOXKJCHUN BCeX TPEXMEPHBIX I'eOMETPHN MaKCHUMaJIbHON
TTOBUKHOCTHU C METPUIECKON (DyHKIMEH BuIa:

l’i—$j
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