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T MUXAWJIMYEHKO

OEHOMEHOJIOTUYECK CUMMETPUYHAA T’EOMETPUA
ABYX MHO>KECTB PAHTA (3,2)

Annoranust. Onpesensercsa U U3y9aeTcs OJIHA U3 MPOCTEHNX (hEeHOMEHOJIOTUIECKA CUMMETPIY-
HBIX TeOMeTpHil IByX MHOXKeCTB paHra (3,2), 3a/aBaeMas Ha OJHOMEPHOM U JBYMEDHOM MHOI000-
pasusax METPUIECKON PpyHKITHE.

Kutrouesbre ciioBa: reoMeTpus IByX MHOXKECTB, MeTprudeckas QyHKIMs, GDEHOMEHOJIOTNYeCKast CUM-
MeTpus.

VIIK: 514.146

IIycts mmerorcst ogHoMepHoe U iByMepHoe MuHOroobpasdust M u N, TOUYKHN KOTOPBIX 0003HATNM
CTPOYHBIMY JIATHHCKUMU U I'PEYECKUMU OYKBaAMU COOTBETCTBEHHO, & TaKYKe MeTpUIecKas (DyHK-
musi f, comocTapiisionas HeKOTopeiM napam (ia) € M X N neiicreurensroe uncio f(ia) € R.
3amMernm, 9TO MeTpuYecKas MYHKIMS f COMOCTABJISIET YUCIO JIBYM TOYKAM U3 PA3HHLT MHOXKECTB
U TIO9TOMY OHA HEe MOXKeT OBITH 00BITHON MeTpuKkoiil. IIpeamoaokumM, mpexK e BCero, BLIIOTHEHNE
CJIETYIONINX JIBYX AKCHOM.

A1. Ob6nacrte onpejenennst GyHKun f OTKpbITa U maoTHa B M X N.
A2. Metrpuueckas hyHkims f TOCTATOTHO TIIAJIKAS.

Ecom 2 un — JIOKaJIbHBIC KOOpIMHATHI B MHOr0o00Opaszuax M n N, ToO 1d MEeTpUYECKON
b b
dyHKIMKI f MOXKHO 3aIicaTh ee KOOPAUHATHOE IIPeICTaBJICHNE

f=flz,&mn), (1)
npirdem, Hanpumep, f(io) = f(2i, o, Na)-
Hpe,ZLHOJIO}KI/IM TaK2>K€ BBIIIOJIHECHHUE €IIe O,H,HOIU/I aKCHUOMBI.
A3. JlokasbHble KOOPAUHATHL T U &, 1) B upejicrapienue (1) BXOJAT CYIeCTBEHHBIM 00Pa30M.

MaremarudeckuM BbIparkeHneM akcuoMbl A3 OyJiyT ciiejylolniue HepaBeHCTBA!

af(xvgan)/a$ # O’ a(f($1>£777)5f($2>£777))/6(£a77) # O’ (2)
€CJIM X1 # X9, KOTOPBIE 3aIMIIEM K JJI HEKOTOPBIX TOYEK MHOI000Opasnii
(3f(xi,£a,77a)/(9xi 7£ 0) a(f($j>£aa"7a)af($ka£a>na))/a(£aa’r/a) 7é 0> (2/)

ecmn j # k.

[ocrpoum dbynxmuio F, conocrasiss xoprexy (ijk,af) € M3 x N? rouxy (f(ia), f(iB3),
fia), f(GB), f(ka), f(kB)) € RS, n BBeseM TIOCIIETHIO AKCHOMY.

A4. Muoxectso 3uauennit Gyuxnmn F jgexur B RS Ha riajkoii HeBBIPOXKIEHHON TruIIepIio-
BEPXHOCTH

IToctynua 17.07.2014
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Onpepesienne. Byiem rooputs, uro Merputdeckast dbyHKius f 3a/aeT Ha OJJHOMEPHOM U JBY-
MepHOM MHOroo6pasusx M u N @Geromenoio2uiecku, CummMempuitylo 2e0MempuIo 08Yx MHo-
orcecms (OC T'IM) panra (3,2), eciu BbIIOJHEHbI akcnoMbl A1—A4.

Ypasrenue (3) ycraHapauBaeT HETPUBHAJBHYIO CBsi3b mectu dyukmmit: f(ia), f(iB), f(ja),

f(7B), f(ka), f(kB) or ceMu mepeMEHHBIX T4, T, Tk, s Na, £8, 13, AJISA CYIIECTBOBAHMS KOTOPOi
HEOOXOIMMO U JIOCTATOYHO, YTOObI PAHI COOTBETCTBYIONMEH (hyHKINOHATIBLHON MaTPHUIIHI

f2(ic)  f.(iB) 0 0 0 0

0 0 fa(ja) fa(iB) 0 0

0 0 0 0 falka) fu(kB)
fe(ia) 0 fe(jo) 0 fe(ka) O (4)
fnlic) 0 fn(je) 0 fo(ka) 0

0 fe@B) 0 fe(GB) 0 fe(kB)

0 f@B8) 0 fGB) 0 fy(kB)

pasmepa 7 X 6 ObLI MEHBIIE IIECTH.

Teopema. FEcau mempuveckas gynrkyus f sadaem Ha 00HOMEPHOM U 08YMEPHOM MHO2000pa-
suax M u N genomenonrozunecku cummempuunyro seomempuro deyx mnoocecmes (PC IJIM)
parea (3,2), mo ¢ mownocmuio do 3amenv, KOOPIUHAM 6 MHO2000PA3UAT U €€ MaACUMabHo20
npeobpaszosarus npedcmasaenue (1) moorcem Gvimob 3anucarno 6 Kanoruueckol gopme

f=xE+. (5)

Zoxazameavcmeo. BosbMeM J1Ba 0Opallaiomuxcsa B HyJIb SIKOOMaHa MMOpsAaKa 6, MoIydeHHble U3
MaTpuilbl (4) BBIYEPKUBAHUEM CEJIbMOI U MIECTON CTPOK, M PA3JIOZKKUM UX 10 9JIEMEHTaM [ePBOro
CcTOI0IA,

¢
+/fnlia) fo(iB)C1(jk, aB) = 0,

—fo(ia) fo(iB) [ (18) f« (KB)A(jk, @) — fe(ia) fo(iB) B2(jk, af)+
+/fnlia) fo(iB)Ca(jk, aB) = 0,

—fa (i) fe(iB) fo (1 0) [ (KB) A(jK, ) — fe(ia) fo (18) B1(jk, o)+
( (6)

TJIe
. _ | fe(ie)  Felka)
A(jk,ap) = ff](ja) fi(ka) 70,

fm(ga) fm(ojﬁ) f&) f&m

Bl(jk,aﬂ): fn(]a) 0 f:;(ka) zO
0 feGB) 0 fe(kD)
fm(ga) fm(ojﬁ) f&) f&m

AUk B =11 Ga) 0 felka) 0
0 feGB) 0 fe(kD)

a MuHOpbl Bo(jk, a) u Cy(jk, af) monyuatorcs usz munopos Bi(jk,af) u C1(jk, a) coorser-
creenno samenoit fe(j3) — fy(jB), fe(kB) — fy(kB).

B pesynbrare nosydena cucrema aByx anddepeHnuanibHO-PYHKIMOHAILHBIX COOTHOITEHUI
(6), paur MaTpHIBI KO3(bOUIEEHTOB KOTOPOH HPH HPOM3BOAHBIX f(ia), fe(iar), fy(ic) paBen

JBYM, TaK KaK, HAIIDUMED,

B1(jk, a3)
Bs(jk, af)

Ch (]kv O‘ﬁ) 7& 0.

Ca(jk, af)
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,ZLGIL/'ICTBI/ITGJII)HO, IIpU PAaCKPbLITUMN 93TOT'O OIIpE/e/JINTe/Id IMOJIydaeM IIPOU3BEACHUE

: : JeGa)  fe(ka)| | fe(GB)  fe(kD)
Jolie)foliB) e (ke) fo(kB) | Gy (ha)| * [£,iB)  Falk)] 7
B KOTOPOM KaXK/IbIil M3 COMHOYKHUTEJIEHl OTJIMUEH OT HyJIsl COIVIACHO HepaBeHCTBaM (2).

Kaxioe u3 coornomennii (6) pasgermum Ha f,(i3)A(jk, «), nocie dero s3adukcupyeM TOYKH
j, ku . Torna B oraomennu dbyskimn f(iq) mMOJIydaeTCst CUCTEMA JIBYX JIMHEHHBIX OJIHOPO/HBIX
muddepeHantbHbIX ypaBHEHUI B 9aCTHBIX MPOU3BOAHBIX MEPBOrO MOPSAIKA, PAHI KOTOPO pa-
BeH JBYM. 3allUIIEM ee, BBeJs yI00HbIe 0003HaUeHNsT KOI(DMUIIMEHTOB U OIIyCKasl y TePEMEHHBIX
(KOOpJIMHAT) TOUEUHBbIE WHJIEKCHI § U (1,

Mfetorfe+711fp =0,
Ao fo +oofe +T2fy =0,

e f = f(z,6m), A= A(x), 0 = 0(&n), T = 7(&,n), mpuent A # 0, 0% + 72 # 0.

B cucreme (7) npoussejiemM 3aMeHy T€PEMEHHBIX

(7)

y=w(x), p=9En), v=1y(¢n),

IIPU KOTOPO# TIEPBOE ee YpaBHEHUE 3AITUIIETCS B BUJIE

Alwxfy + (0'1905 + Tl@n)fﬂ + (0'11/15 + len)fu =0,

a (PYHKIMU 9TOi 3aMEHbI BO3bMEM M3 PeIlleHHI MHTeIPUPYEMbIX ypaBHEHMIl
Mwe =1, o190 + 110y = 1, 019¢ + T19py; = 0.

Ecin B cucreme (7) BepHYTbCsl K TPEXKHUM OOO3HAUYEHUsIM KOI(DMUIMEHTOB U HOBBIX II€pe-
MEHHBIX, T. €. HOBBIX KOOp/NHAT B MHOrooOpasuax M u N, To ee ypaBHEHUs 3aIIUANIYTCs B Oojiee
IIPOCTOM BH/JIE

fotfe=0, Mot ofe+71fr=0, (7')

IIpUYeM BO BTOPOM yPABHEHUU 3a HEHAJOOHOCTHIO OIYIIEH HUXKHUI HWHIEKC 2.

ITokazkem, uro B cucreme (7') 7 # 0 u A # const. Eciin 7 = 0, 1o u3 cucremsr (7'), nmeromeii
paHr, paBHbI 1BYM, moayunM fr = 0, f¢ = 0, 9To, 09eBHHO, IPOTHBOPEYNUT yCIOBUAM (2).
Ecin e A = ¢ = const, 1o u3 cucremsl (7') Bo3HHKAET CBsA3b MPOU3BOAHBIX (0 — ¢)fe + 7 f, =0,
KOTOpasl TaKyKe MPOTUBOPEUUT yCJIoBUsIM (2).

[Tponuddepennupyem Bropoe ypasHeHue cucrembl (7') 1Mo mepeMeHHBIM X U &, MOCIE Yero
CJIOKHM Pe3yJIbTAThl ¢ YUETOM IePBOr0 ypaBHEHUS:

Nefo +0cfe +1efy =0. (8)

Ecim panr pacmmpennoii cucremst (7')—-(8) m3 Tpex ypaBHEHHII paBeH TpeM, TO HOJYIUM Bbl-
POKJIeHe MeTpUdecKoil (byHKIMH 10 BCeM KOopAuHaTaM, Tak Kak f, = 0, fe = 0, f, = 0.
[TosTomy

1 1 0
A o T|=0,
Az O¢ T
OTKY/Ia, PACKPBIBasl OIIPEJIEUTEb, YCTAHABIUBAEM
A ATE_ OTeZTOE o)
T T

Coornomtenue (9) npoauddepeHnupyem 1o nepeMeHHoll &, pasjiesisis IepeMeHHbIe,

Az T
—— = — = g = const,

Az
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OTKy/Ia IOC/IE YaCTHIHOIO HHTEIPHPOBAHUS STOIO PE3y/IbTarTa IIOJIydaeM yPaBHEHUS IJIs KO-
dbunpuenros cucremst (7):
Az =aA+b, o =aoc+b, Tc=ar, (10)

npudeM a? + b2 # 0, Tak Kak \ # const.
ITpu unrerpupoBanun ypasuenuii (10) oTepHO paccMOTpUM Cleyromue aBa ciaydas: a = 0
u a # 0. B nepsom cayuae
a=0, (11)
u ypasuenns (10) cranoBsitcst 6osree IPOCTHIME
Az =0b, o¢=0b, 76=0,
a UX PEIIeHNs] MOXKHO 3allCATh B BHJE

>‘($) =bx +c, 0-(5777) = b + bU("7)> T(ﬁﬂ?) = 57(77),

rie, oueBuHO, b # 0 u 7(n) # 0.
Bamummem cucremy (7') mst Merpudeckoit dyHkuun npn HafijeHHbIX B caydae (11) ee koad-
durnmentax

fot+ fe=0, xfe+ (E+a(m)fe+71(M)fy=0. (12)
B cucreme (12) npoussejiem 3aMeHy MEePEMEHHBIX
p=~&+omn), v=1yn), (13)

npudeM ¢ # 0, yauTbiBas, 9TO IPU TaKoil 3aMeHe

f£ = fua fn = ‘Pl(n)fu + w’(n)fu-

[Teproe ypasuenune cucrembl (12) COXpaHUT CBOIO MPOCTEHINYIO (GOPMY, & BTOPOE M3MEHUTCSI

fot+ fu=0, xfe+(E+a() +7(m)¢" () fu+70)Y () f, =0.

Oyukiyu ¢ u Y B 3aMeHe nepeMeHHbIX (13) Bo3bMeM U3 pereHuii ypaBHeHUit

a(n) +7(m)e' (n) =), T (n) =1.

[Tocsie Bo3BpaIeHNsT K IPEXKHUM 0003HAYEHUSIM IIePeMEHHBIX cucrema (12) 3anucbiBaercst B ciie-
JIYIOIIEM MAaKCHMAJIbHO 1IpocToM Jijist ciydast (11) Buje:

fe+fe=0, 2fe +&fc+ f, =0. (12")
Pemenne f = O(x + &,n) nepsoro ypasuenusi cucrembl (12'), rue 0 = 0(u,v) — dyuxius
JIBYX TEPEMEHHBIX U = & + £ U v = 1), TOJCTaBUM B ee BTOopoe ypasHenue: uf, + 6, = 0. Un-
Terpupysi HoJiydeHHoe ypasHenue, HaxoguMm 6(u,v) = y(uexp (—v)), rae x — Ipou3BoJIbHAs
byHKIUS OIHON HepeMeHHOl ¢ OTJIMYHON OT HyJid MPOU3BOAHON. B pesynbrare jis MeTpude-
ckoit dynkiun nosydaem Boipaxkenue [ = x((z — &) exp(—n)), KOTOpoOe IEpenuIeM B BHJE
X Uf) = zexp (—n) — £exp (—n), rae Y~} — obparnas x y dynkuus. 3 Hero BmaHO, 4TO C
TOYHOCTHIO JI0 3aMeHbI IIepeMeHHBIX exp (—n) — &, —£exp (—n) — n u MacmTabHOro npeobpa-
soBamns X~ !(f) — f oHO coBmaJaeT ¢ KaHOHMYECKUM BhIpaxkenneM (5), IPUBEJICHHBIM B IOKa-
3BIBAEMON TeopeMe. 3aMeTUM, U4TO BCe UCIOIbL30BAHHBIE BBIIIE IIPU PEIEHUN UCXO/HON CUCTEMbI
(7) 3aMeHBI [IepeMEHHBIX CYTh 3aMeHbl KOOPJMHAT B MHOrooOpasusix M u N.
Bo smopom cayuae, koraa
a # 0, (14)

pemienus quddepentmanbubix ypasaennit (10) mis koadbdunmentos cucrembr (7') MOXKHO 3amu-
caTh B BUJIE

Az) = cexpax —b/a, o(&,n) =co(n)expal —b/a, T(&,n) = act(n)exp a&,
riae ¢ # 0, 7(n) # 0, Tak Kak A, # 0 u 7(§,7n) # 0.
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Beesiem naiiyiennnie koadduimentsl B cucremy (7'), IpousBe/is JOMOJHUTEIHLHO 3aMEHY Mepe-
MEHHBIX aT — T, af — &,

fet+ fe=0, exp(x—&)fe+o(n)fe+71(n)fy=0. (15)

Pemenne f = 6(z — &, n) nepsoro ypasaenusi cucreMbl (15) mojgcraBuM B ee BTopoe ypaBHeHNe
(expu — o (v))0, + 7(v)8, = 0, rye, Kak U IPU PACCMOTPEHUN LEPBOrO ciydasi, u = — &, v = 1.
OTO ypaBHEHUE PEIIaeTCsi METOJOM XapaKTePUCTUK

0(u,v) = x(p(v) exp (—u) + ¥ (v)),
rie dyuknun p(v) u Y (v) ABISIOTCS PENIeHUsIMA JIPYTUX yPABHEHUIT

) o) ¢ _ 1

p(v) ()" elv)  T()
Host merpuaeckoit dyukiuu (1) nosydaem Torja BblpaxkeHue

f=x(p(n) exp (—z + &) +1¥(n)),

KOTOpOe, OYEeBHJIHO, ¢ TOYHOCTBIO JIO ero MacmTabHoro mpeobpazosamns X (f) — f u 3aMenbr
nepeMeHHbIX exp (—x) — x u @(n)exp& — &, ¥(n) — n (3aMeHbl KOOPJIUHAT B MHOIOOOPa3Usix
M n N) moxer ObITH 3alMCaHO B KaHOHHMIeCKOi dopme (5).

Yéenumest B TOM, 9TO Jjisi MeTpudeckoii pyHkuuu (5), yI0BJIETBOPSIONIEH, 0YeBUIHO, HEPa-
BeHcTBaM (2) akcrombl A3, panr dbyHKIMOHAJLHONH Marpuibl (4) paBeH nsrtu. pyrumu ciosa-
MH, Jist 970l (DYHKIMHU CYIIEeCTBYeT €MHCTBEHHOE HE3aBUCHUMOEe ypasHeHHe (3), BbIparkaroliee
(beHOMEHOJIOrNYecKyI0 cUMMeTpHo paHra (3,2) 3ajaBaeMoil et (Ha OJIHOMEPHOM U JIBYMEPHOM
MHOI0O6PA3MsiX) FeOMETPUH JIBYX MHOYKECTB.

[Mogcrasum Merpudeckyto dyuknuio (5) B dyHKImoHaIBHY IO MaTpuity (4):

&« &5 0 0 0 O
0 0 & & 0 0
00 0 0 & &
z, 0 x; 0 x Of. (16)
0 1 0 1 O
i 0 x; 0 xp
1 0 1 0 1

OO

[MockosbKy y MaTpuiibl (16) sikobuaH MATOrO MOPSIJIKA, MOJIYYCHHBIN BEIYEPKIUBAHUEM MTOCJIEIHUX
ee JIBYX CTPOK U IIOCJIETHErO CTOJI0Ia, PaBHbII —gagg (x;—x;), oTyIMYeH OT HyJIsl, & JIF00O0ii AKOOHAH
IIIECTOrO MOPSIKa PaBeH HYJIIO, €6 PaHI' JIeHCTBUTENbHO PaBEH IIATH.

st mectn dyHKIMIIT

fie) = zj€a +na, f(IB) = z;€ + g,
Tr€a + Na, f(kﬂ) = xké‘ﬂ + s

ypaBHeHHe (3) HAXOIUTCS MCKIIOYEHNEM BCEX CEMH KOODIHUHAT Zj, Zj, Tk, Ca, Mo, 3, 73 TOUEK
koprexa (ijk, af):
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Bamerum, uro ®C I'/IM panra (3,2) HajeneHa rpynmnoBoii cummerpueil crerneHn 2, Tak Kak
MHOXKECTBO €€ JIBUZKEHUI, COXPAHSIIONMX MeTpuiecKyto dyHknuio (5), cocrout u3 deynapamem-
pudeckur TPYMI mpeodbpazoBanuii muoroodbpazuit M u N

o' =ax+b, ¢ =¢/a, n =n-"b/a,
koropble HaxougaTes ([1], §5) kak perenusi GyHKIMOHAIBLHOIO yPaBHEHMsI
a'¢ + 1’ =2+ .

Takum obpasom, Dpianrenckas nporpammva D. Kieiina (1872), cdhopmyuposannas UM st
OOBIYHBIX N€OMETPUl Ha OTHOM MHOXKECTBE, CIPABEJIMBA U B OTHOIIEHUU JAHHON (DeHOMEHOJIO-
PMYECKH CUMMETDPUYHON MeOMeTPHHU JIByX MHOXKECTB panra (3,2).

®OC I'/IM panra (3,2) ecTecTBEHHO BO3HHKAET Y aHain3e crpoenns 3akona Owma ([2], ¢. 121
123) u noromy HasbIBaercs enle GU3MUECKOil cTpYKTYpoii. Briepsbie cTporoe ee MareMaTuieckoe
onpejiesierne ObLIO JIAHO B paboTe aBTopa [3], HO COOTBETCTBYIOIIASI TEOPEMa CYIIEeCTBOBAHUS U
€JINHCTBEHHOCTH /[IJIsi Hee ObLia JJoKa3aHa TaM 0oJiee CJIOXKHBIM U TPOMO3JIKAM MeTOJIoM. B pabore
[4] cnenan ecrectBennbiit nepexos kK anajgorudabim OC TJIM Gosiee BbicoKOro panra (n + 3,2),
3aj1aBaeMbIM Ha n-MepHOM 1 n(n + 2)-MepHOM MHOT00Opasusix M u N merpudeckoit dbyHKIeR
f: M x N — R" Oxaszajocb, 9TO ¢ TOYHOCTBIO JIO 3aMEHBI KOOPJMHAT B MHOIOOODa3HIX
n ee MacmTabHOTO IpeobpasoBaHust (DYHKIWMS f JIOKAJbHO M30MOpQHA I'PyIIe ITPOSKTHBHBIX
npeobpazoBaHuii mpocTpancTBa R™, onpejesss Ha HEM N-MEPHYIO ITPOEKTUBHYIO NeOMETPHIO.
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