[TpeamncaoBme

B npeasaraemom Kypce MaTeMaTHYeCKOro aHAJAN3a U3JIaramoTes
KaK TpaguIIMOHHBIE KJACCHUYEeCKMe MeTOIbl, TaK U COBPEMEH-
HbI€, KOTOPbIe BOSHUKJIM B IOCJIeHUE AecATUaeTus. JleicTBu-
TeJbHBIE UMCJIA BBOASATCSI AKCHOMATHUYECKU. ITOT IYTh daer
BO3MOYKHOCTL HamboJiee KOMIIAKTHO M IIOJIHO H3JOXKUTH He-
00XoAMMBbIe AJIsI aHajan3a CBeJeHus o urncjax. BmecTe ¢ TemM OH
¥ JIOTUUYecKU HauboJiee COBepIleHeH, IIOCKOJLKY IPU APYTHuX,
TaK Ha3bIBaeMbIX <«KOHCTPYKTHBHBIX», MeTOZaX IIOCTPOEHUA
TeOpPUU HeHCTBUTENbHBIX uMces (KOTZa 3a OCHOBY OepyTcs
0eCKOHEUHEBIEe JeCATUUYHLIe IPOo0M, MM ceueHus B 00JacTH pa-
MUOHAJbHBIX UYNCEJ, WJIU KJACChl SKBUBAJEHTHBIX (QyHIA-
MEHTaJIbHBIX ITOCJIeOBATEJILHOCTEN PAIlMOHAJIBHBIX UMCEJI) BCe
paBHO HeOOXOAMMO BBOIUTH aKCHMOMY CYIIeCTBOBAaHUA (HEIpO-
TUBOPEUMBOCTH ) MHOKECTBA NeHCTBUTEJIbHBIX Unces, 6e3 KOTo-
PBIX IIPOBOAMMBIE TOCTPOEHWA He MMEIOT JIOTMYECKH 3aBep-
IIIeHHOro XapakTepa. IlosToMy IIpoilrie Bcero cpasy, UCXOAs U3
aKCHOMATHUUYECKOIr'0 3aJJaHUs NeHCTBUTEJIbHBIX YMCeJ, HepeiTu
K M3YyUYeHUI0 MaTeMaTUUeCKOT0 aHa3a B COOCTBEHHOM CMBICJIEe
cJIOBA.

B ocHOBHOM u3/I0:KeHHE MaTepuaja B Kypce BeJeTcAd NHAYK-
TUBHBIM METOJOM: IIO0 BO3MOKHOCTH BCE BBOAMMBIC HOHATUS
M3y4YalTcAa cHayaJja B MPOCTEHIINX CUTYAIUAX U JIUIIb II0CJIe
00CTOSATEJIBHOTO X PACCMOTPEHHUS 1 HAKOIJIEHUA JOCTATOUHO-
ro YmrcJia KOHKPETHBIX IIPHUMEPOB IIPOW3BOAATCS TajbHEHIIne
o0o01ennsa. Tak, HanpuMep, MOHATHE IIpeesia cHavYaIa n3yyda-
eTcs IJIsI YHCJOBBIX IIOCJIeNOBATeJNbHOCTEM, 3aTeM OJdA (PyHK-
Ouii OJHOTO IEeMCTBUTEJIHLHOTO IEePEMEHHOTrO, HaJjiee BBOIAUWTCS
HOHATHE IIpefeia OTOOPaKeHUA II0 MHOMKECTBY B €BKJHUIOBOM
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IIPOCTPAHCTBE, Ipejieia MHTErPaJbHLIX CYMM M, HaKOHEI, BCe
3aBepIlaeTcA PACCMOTPEHMEM OOINEro MOHATHUA IIpeaesa IO
(GUABTPY B TOIIOJOTHUYECKOM IIpocTpaHcTBe. @opmyna Teitaopa
paccMaTpuBaeTcA CHauvaJia AJs AeHCTBUTEIbHO3HAYHOU (DYHK-
UM Ha OTpe3Ke, a B KOHIIE Kypca — IJA OTOOpakKeHUH JIu-
HEeHWHBIX HOPMHPOBAHHBLIX ITPOCTPAHCTB: PACCMOTPEHUE MHOTO-
YNCJIEHHBIX KpuTepueB Kolllm cyliecTBOBAHUA TeX WJIN WHBIX
IIpefiesioB 3aBeplaeTcsa KpurepueM KoIu cylecTBOBaHUA IIpe-
neyia mo (QUIALTPY OTOOpPaKeHUA B IOJHOE METPUUYECKOe IIPO-
CTPAHCTBO; uU3ydyeHue pAnoB Pypbe HaUMHAETCS C PACCMOTpe-
HUA KJIACCUYECKUX TPUTOHOMETPUUYECKUX PAIOB 1 3aKaHUMBA-
eTcsd u3ydyeHueM pAJLoB Pypbe B rmIb0EPTOBBIX ITPOCTPAHCTBAX
IO OPTOTOHAJBHBIM CHUCTEMAaM; CBOMCTBA HEIIPEPBIBHBIX (DYHK-
UM Ha OTpe3Kax 0000IAI0TCSa HA OTOOpPAKeHUST MeTPUUECKUX
KOMMOAKTOB U KOHTUHYYMOB U T. [I.

JlokasbpIiBaeMble TeopeMbl He Bcerga (GopMyJIUPYIOTCS C Ha-
UOOJIBITIEN OOITHOCTHIO; MHOTAA [JIS JIYUIIIeTO BbIIBICHUA CYIIT-
HOCTH M3y4YaeMOro BOIIPOCca U UIeH M3JaraeMoro Jo0Ka3aTebCT-
Ba paccMOTpPEeHUEe IMPOBOAUTCA JIUIID JJIA JOCTATOUHO TJIAAKUX
dyuxknuii. Takasa TouKka 3peHUs ONpaBAaHa TaK:Ke TeM, UTO, B
CUJTY ILJIOTHOCTH IJIafKUX MYHKIINI B COOTBETCTBYIOIINX (PYHK-
IIUOHAJNBHBIX MPOCTPAHCTBAX, MHOTWE TEOPEMBI, MOKa3aHHBIE
O TJAaIKUX (PYHKI[UE, MOTYT OBITH €IUHBLIM METOIOM C IIO-
MOIIIBIO IPEAeJbHOTO IIepexoa epeHeceHbl Ha 6oJiee IMUPOKIE
KJacchl GyHKIUi. K cokajgeHuio, 3Ty UAEI0 HEBO3MOMKHO JIO-
BECTH A0 KOHIIA 0e3 CYIIeCTBEHHOI0 YBEeJUUeHUs 00beMa KHIU-
ru. ITosTOMy BOIIPOC O IJIOTHOCTHU «XOPOINMX» (PYHKIIUI B pas-
JUYHBIX PYHKIIMOHAJBHBIX IPOCTPAHCTBAX PACCMOTPEH B KYyp-
ce JIUINb B ITPOCTEUIIUX CAYUAAX.

W3 cymiecTBeHHBIX METOAMUYECKUX HOBIIECTB, KOTOPHLIE aB-
TOP CUMTAET IIeJIECOOOPA3HBIMU, CJIENYET OTMETHUTh, UTO IIPHU
oIIpelleleHNU npefesa GYHKIUN II0 MHOXKECTBY IIDH X — X He
TpebyeTcs BBIIOJIHEHUS YCIOBUA X # X, TAK KaK 9TO IIO3BOJIA-

eT M3JIaraTh BOIIPOCHI, CBABAHHLIE C TEOPHEll MPeaesoB, IMIPoIie
¥ KOpoue: HaIIpKMeP, CaMO OIpeIesieHre IIpeaesa geaeTcsa Ko-
poue (Ha OJHO yCJOBHE MEHBIIE), a TEM CAMBIM YIPOIIAIOTCI U
JI0Ka3aTeJIbCTBa, B KOTOPBIX YUACTBYIOT IpeAesibl QyHKIU; He
HYKHO pacCcMaTPUBaTh OTJEJIbHO OT TEOPUHU IIPeleIOB MYHKITUI
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HeIpephIBHBIE (DYHKIINU; AeJAaeTcsd HAITJIATHBIM U yOeqUTeNb-
HBIM YTBEP:KIEeHHUE, UTO B MaTeMaTUKe JUCKPETHOCTh ABJISIETCA
YACTHBIM CJIydyaeM HEeIIPEePbIBHOCTH; YIIPOIAaloTCsa (GhOpPMYyJIUPOB-
Ka ¥ TOKas3aTeJbCTBO BasKHOI TEOPEMBbI O Impeeie KOMIIO3UITUY
GYHKIIUH U T. I.

OcHoBHaAA 4yacTh yueOHUKA MOCBAINEHA TJIABHBIM IMOHATUAM
MaTeMaTUYeCcKOTro aHaJam3a WM uxX cBoiicrBaM. OBJIazieB 3TUM Ma-
TepuajJoM, MOKHO 6e3 0cobOro Tpyma CaMOCTOSTEeILHO CcIIpa-
BUTBHCA C U3YUEHUEM CIIeIMaJbHBIX BOIPOCOB MaTeMaTHUKM, KO-
TOpbIe TOTPEOYIOTCA B JaJIbHEHIIIeM 0 Poay Ipod)ecCuoOHaATbHOM
IesiTeILHOCTH.

Boubiioe BHUMaHue B yUeOHUKE yIeNsIeTcsa PelleHnio 3agad
MeTodaMu, OCHOBAHHBIMU Ha M3JjlaraeMoil Teopuu; KpoMe TOro,
I CAMOCTOATENbHOM PaboThl PEKOMEHIYIOTCA YIIPaKHEHNA U
3amaun. PelleHue ympakKHeHU BechbMa MOJIE3HO AJA aKTUBHO-
'O YCBOEHUS MaTeMaTHUYeCKOTOo aHayusa. Bmecte ¢ TeM mx Ha-
00p IO CcBOel MOJIHOTE HU B KOel Mepe He 3aMeHsAeT 3aJauHuKa.
OrgenbHBIE JKe U3 IIPeAiaraeMbIX 3a7a4 JOBOJbHO TPYAHBI. X
pellieHre He ABJISETCS HeOOXOAMMBIM JJIS OBJIaJeHUA MaTepua-
JIOM W MOJKeT HOTPeboBaTh MOBOJBLHO AJUTEJIHHOTO BPEMEHM.
Kaxk npaBuyio, oHU CBA3aHBI ¢ UHTEPECHLIMH U JOCTATOYHO TJIY-
0OKMMHM MaTeMaTUYecKMMU (aKTaMu, IMOAPOOHOE MBJI0XKEHUe
KOTODPBIX OrPaHUYEHO 00beMOM KHHUTIY. ¥ IPa’KHEHUS HyMepy-
IOTCSA OTHAEJILHO B KaXKJAOM maparpade, HymMepanusa 3ajad U pPu-
CYHKOB — CKBO3HAad.

WsnoxxeHme MaTeMaTUUYeCKOTO aHAJIN3a BeJeTCA Ha YPOBHE,
TOCTYIIHOM IIIUPOKOMY KPYTy CTYAeHTOB. BomIpockl, BHIXOAAIIINE
3a paMKHU IPOrpPaMM IIO BBICIIIEN MaTeMaTHKe IJIs WHIKEeHEPHBIX
¥ 9KOHOMHUUYECKUX CIEeIUaJbHOCTel 1 MOCBAIIeHHEBIe 0ojee TUIy-
0OKOMY M3YUYEHUIO Pa3/iesiOB aHaIn3a, HeOOXOAUMBIX CTYAEHTaM
(GpU3UKO-MaTeMaTUUYECKUX CIIeINaJbHOCTEH, OTMEUEeHbI 3BE3J0Y-
Koii. B cuiy sTOro yueOGHMK MOYKHO MCIIOJB30BATH B BBICIIIUX
yueOHbBIX 3aBeleHUAX C Pa3HBIM YPOBHEM MAaTeMaTHUYECKOro 00-
pasoBaHuA. 3HAUWTEJNbHAs YACThb MaTepuaja, BOIIEJIIIEero B
KHUT'Y, B TeUeHNe MHOTI'UX JIeT YUTaeTCAd aBTOPOM B MockoBCcKOM
(hUBUKO-TeXHNUYECKOM MHCTUTYTE B JEKIIMOHHOM Kypce MaTeMa-
TUYECKOT0 aHaJIn3a.



HacToamuii yueOHUK IpeacTaBasaeT coboil mepepaboTaHHbIH
TPEeXTOMHBIN yueOHUK aBTOpa «Kypc MaTeMaTnuecKoro aHaju-
3a», M.: Brlcmiaa mkosa, 1988—1989.

ABTOp BBEIpaKaeT rIy60KyIo 6J1ar0JapHOCTh CBOUM KOJIIeraMm
o Kagenpe Boiciieir marematuku C. M. Hukonsckomy, B. C. Bia-
numupoBy, O. B. Becosy, C. A. Tenakosckomy u I'. H. dxosie-
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JIMYHBIX aCHeKTOB Kypca HAIILJIX CBOE HeIloCPeICTBEHHOE OTpa-
JKeHUeEe B COIePKAaHNY KHUTH.

OcobGeHHO aBTOpP TIpU3HATEJEeH peleH3eHTaM KHUTH —
H. B. Ebumosy u B. A. UnbuHy, oApoOHEIe U 06CTOATENIbLHBIE
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HUe MaTepuaJia.

ABTOp cuuMTaeT CBOMM IPHUATHBIM JOJI'OM BBIPA3UTh 6JIaro-
JapHOCTL IIpelmojaBaTeNAM Kadeaphl BbICIIEH MaTeMaTHUKU
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By, WU. A. Bopauunckomy, ®P. I'. Bymnaesckoii, A. lI. Kyracosy,
B. A. XogmakoBy, B. 1. UexyioBy, cHeJaBIIIMM MHOT'O IIOJIE3HBIX
3aMeUaHUMi, KOTOPbIEe ObIIN YUTEHBI IPU OKOHUYATEILHOM PeIaK-
TUPOBAHUU TEKCTA.



BeepeHne

Hu onmo uesoBeuecKoe HCCIENOBAHHE HE MOMKET
Ha3BIBAThCSA MCTUHHON HAYKOM, €CJIM OHO He IIPO-
IO Yepes3 MaTeMaTuYecKue JOKa3aTeJIbCTRA.
Huxkaxkoit focToBepHOCTH HET B HAYKaX TaM, TZie He-
JIb3A IIPUJIOKUTD HUA OJHY U3 MATEeMATUYECKUX Ha-
VK, ¥ B TOM, UTO He NMEET CBA3Y C MATEMATUKOM’ .

Jleonapdo da Bunuu

Marematuka® ABISETCS TOYHOM abcTpaxkTHOII HayKOM, N3ydalo-
el crenuagbHble JIOTUYECKHUE CTPYKTYPhI, Ha3bIBaeMbIe MaTe-
MATHUUYECKUMU, Y KOTOPHIX OMUCAHLI OIpeAeieHHbIe OTHOIIIEHUA
MexIy ux siaeMeHTamMu. Kakmaa mareMaTuuecKas CTPYKTY-
pa — aHaJIuTUYeCKas, aaredpandyecKasi, TOIMOJOTHYECKAsd, BePO-
ATHOCTHAS U JPYyTHe UMeIOT, KOHEeUHO, CIeluaJbHble OUCAHUA.

ToYHOCTH, MaTeMaTUKX 03HAYUAET, YTO OCHOBHBIM METOJOM B
MaTeMaTUYeCKUX HCCJIETOBAHUAX SABJISIOTCA JIOTHUYECKHe pac-
CYKIEHUsI, a Pe3yJabTaThl HCCJETOBAHUN (QOPMYJIUPYIOTCA B
cTporoii jornyeckoil dopme. AOGCTPAKTHOCTH K€ MaTeMaTHUKU
03HAUYaeT, UTO 00beKTaMU ee M3YUeHUA SBIAIOTCI He MaTepHu-
aJibHbIe O0BEKTHI MU OTHOIIEHUS MEXKAY HUMH, a JIOTUUYECKUe
MOHATHUA U OTHOIIEHUS Mexay HuMu. OIHAKO BayKHO IIOJUEDK-
HYTbH, YTO OTHOIIIEHUA 1 BSaHMOﬂeﬁCTBHH MEeXOy MaTepuajJbHbI-
M1 O6’beRTaMI/I MOMHO H3YyUYMUTH C IIOMOINBIO MX MaTeMaTH4decC-
KOT0 MOJeJmpoBaHUA. BodHUKAIOIE TaKUM 00pasoM MaTeMa-
TUYEeCKUe MOAeJN HepeaKo IIPUBOIUIN B CBOIO oUepeab K co3ma-
HUIO HOBBIX MaTeMATHUYECKUX CTPYKTypP. CyIllecCTBEHHO TO, YTO
OIHA U Ta JKe MaTeMaThuecKas MOJAENb MOXKEeT OMMCHIBATE C OII-
penesieHHBIM IPUOJIMKEeHNeM CBOMCTBA OUEHb JAaJIEKUX APYT OT
Ipyra mo cBOeMYy KOHKPETHOMY COIEP:;KAaHWIO0 PeabHBLIX SBJIE-
Huii. [Jaa mMaTreMaTHKM BaskKHaA He IPHUPOIa paccMaTpPUBAEMBIX
00'BEKTOB, a JIUIIH CYIIIECTBYIOIINE MEXAY HUMU COOTHOIIIEHM.
AGCTpaKTHOCT, MaTEeMATUKU ITOPOKIAET OIpPeNesIeHHYIO TPY.-
HOCTH €e IPUMEeHEeHUA K OMMUCAHNIO U PeITeHn0 KOHKPEeTHRIX 3a-

1
Jleomapago na Bunuwu. UsbpaHHbIe ecTeCTBEeHHOHAYUYHbBIE TPOU3-
BegeHus. M., 1955.

2 pabnua (rpeu.) — no3HaHWe, HAyKa.



Jad, B TO JKe caMoe BpeMsdA a0CTPaKTHOCTh MaTeMAaTHUKU IPUIaeT
eli cuIy, YHUBEPCAJIU3M U OOIITHOCTL. POoJIb MaTeMaTHUKM, KOHEeU-
HO, HE CBOJUTCS TOJBKO K OIMCAHUIO C TIOMOIIBIO TeX MW WHBIX
MojieJiell oIpeleIeHHBIX CTOPOH KaKuX-To aBjenuii. OHA mIpes-
CTaBJIEeT WHTEepPeC U MMeeT OOJIBIIYIO ITeHHOCTH IPEKIe BCEero
cama mo cebe Kak HayKa, Kak sHaHme. MareMaTuKa JaeT MOIII-
HbIe METOIbI JJIsI ITO3HAHUA MUPA, IJS U3YUEeHUS ero 3aKOHO-
MepHOCTeH.

MaremaTuuecKkme MeTOABI MCCJEIOBAHUSA BCETJa UTPAIU U
IPOJOMKAIOT UT'PATh OTPOMHYIO, BCE YBEJIUUYNBAIONIYIOCA POJIb B
€CTeCTBO3HAHMM. B KauecTBe ImpuMepa MOKHO IIPUBECTH YoKe
CTaBIIIEe XPECTOMATUHHBLIMU TaKHe TeOpeTHUecKHre OTKPBITHA,
KaK OTKpbITHe IIaHeThl HenTyH, OTKPBITHE 3J€KTPOMATHUT-
HBIX BOJIH UJIM OTKPBITHE MTO3UTPOHA, CAeJIaHHbIe cHavaJia MaTe-
MaTHUUYECKU «Ha KOHYMKE IIepa» U JIUIIh MOTOM HAIIIeJIINe CBOe
SKCIEePUMEHTAJIBHOE TTOTBEPKACHUE.

MaremaTuka HeyCTaHHO IIPOOJIMKAET PAa3BUBAThCS, B HEll CO-
3IaI0TCA HOBBbIE METOJIbI, ITOABJISIOTCA HOBBIE pasfesbl. PasBu-
THe MaTeMaTUKU B IIeJIOM OIpeJesisdeT YPOBEeHb ee MCIIOJIb30Ba-
HUS 1 OKA3bIBaeT CYIeCTBEHHOE BIUAHNE Ha PAa3BUTHE APYTUX
HaAYK ¥ TEXHUKHU. B CBOIO ouepenb, 3aauu IPaKTUKM, IIPOTPECC
IPyrux (QyHIaMEHTAJNbHBIX W MPUKJIAAHBIX HAYK HPUBOAAT K
CO3JIaHUIO HOBBIX HANpPaBJIECHUI MaTeMaTUKU, CTUMYJUPYIOT Ty
WJIX WHYIO HAIPABJIEHHOCTb MAaTEMATUYECKUX WCCJIeIOBAHUM,
PaCIIUPAIOT BO3MOMKHOCTh IPUMEHEHUS MaTeMAaTUYECKUX MeTO-
noB. B cuiy sToro o6siacTh IpuMeHeHUA MaTeMATUKU ITOCTOSH-
HO pacmiupseTrcs. B mocienimee BpeMs Ojaromaps IIOABICHUIO
OBICTPOIEHICTBYIOIINX BBIUUCINUTENIbHBIX MAIIUH B MCIOJH30BA-
HAM MaTeMaTHUYeCKMX MEeTOJOB IIPOM3O0IIes OOJIBIIION KadecT-
BEHHBIN cKauoK. OHU cTajiu MPUMEHATHCA HE TOJBKO B TeX 00-
JacTAX, TAe MaTeMaTHKa WMCIOJb30Bajach ysKe HaBHO (HAIpH-
Mep, B MexaHUKe, GU3HUKe), HO U B TeX 00JaCTIX YeJT0BeUeCKOTO
3HaHUA, Tle MaTeMaTHUKa eIlle COBCeM HeIaBHO JiOO MpUMeHS-
Jach MaJjo, Jubo ee mpuMeHeHNe Iake He IMPeICTaBJIAI0CH BO3-
MOKHBIM (MeIUuITHA, 9KOHOMUKA, IUHTBUCTUKA, COITUOJIOTUS 1
T. H.). HpOHI/IRHOBeHI/Ie KaueCTBEHHBIX WU KOJINYECTBEHHBIX Ma-
TeMaTUYEeCKUX METOJOB B Ipyrue HayKU, UCIOJIb30BAHNE B dTUX
HayKaXxX yKe MMEOIIeroca MaTeMaTHUecKoro ammnapara, cosja-
HUEe HOBBIX MaTeMaTUUYECKUX MOHATUU U METOAOB JJIA OMMUCAHUS
¥ U3YYEeHUA PACCMATPUBAEMBIX ABJIEHUH, T. €. BCE TO, UTO O0BIU-
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HO Ha3bIBaeTCsA MaTeMaTHusallleil HayKHu, SBJIAeTCA XapaKTep-
HOM 4epPTOU BCErO eCTECTBO3HAHUS HAIIUX JTHEH.

CoBpeMeHHbBIN HayUYHBIH paOOTHUK WJIN WHKEHep JOJIJKEeH B
IOCTATOYHOM CTEIIeHM XOPOIIO BJALETh KaK KJACCUYECKUMU,
TaK ¥ COBPEMEHHBIMM MaTeMaTHUYECKNMU METOJAAMMU MCCJIeL0BAa-
HUS, KOTOPbIe MOTYT IIPUMEHATLCA B ero obJsactu. [jgs Toro
I'IT06I)I HNMETb BOSMOMHOCTS C YCII€EXOM IIPMMEHATHh MaTeMaTHn4de-
CKHe MeTOJbI IIPM M3YYEeHUHN TOI'O MJIXM MHOI'0 BOIIpOCa, HYXHO,
KOHEUHO, IIPEeXJe BCEero MMeTh HeOOXOAMMbIe 3HAHUI, YMEThb
IPaBUJIbHO 00pallfaThCs ¢ MATEeMATHYECKUM alllapaToM, 3HATH
rPaAHUIILI JOIMYCTHUMOIO HCIIOJNL30BAHUA paccMaTpuBaeMoOil Ma-
TeMaTUYEeCKOM MoJenn. OTUM, OSJHAKO, He MCUEPIILIBAIOTCA Xa-
paxkTepHbBIe 0COOEHHOCTH PeIlleHUs 3a1a4 MAaTeMATUUeCKIMI Me-
TOZAMHU, Ja W BOOOIEe MaTeMaTHUYeCKOro TBOpYECTBa, T. €. IIO-
3HAHUA OOBEKTUBHO CYIIECTBYIOINMX MaTeMAaTUUYECKUX MCTUH.
s mpaBUILHOM IMOCTAHOBKU 3aJauM, AJIA OIEHKU ee HaHHBIX,
IJIS1 BBIJEJIEHUSA CYIIeCTBeHHbBIX M3 HUX U AJIA BbIOOpa cimocoba
pelieHus HeoO0XOoAMMO 00JiaJaTh eIe MaTeMaTUYeCKOH HHTY-
unuey, (paHTasueil M YYBCTBOM TapMOHWU, ITO3BOJIAIOIIUMU
OpeNBUIEThL HYKHBIM Pe3yJbTaT IIPeskae, ueM OH OyheT IOJIy-
yer. OJHAKO MHTYUTHUBHO IIOYYBCTBOBATL OKUAAEMLINI pe3yJib-
TaT ¥ HAMETHUTD IYTh MCCJAEJOBAHUI C IMOMOIILIO IIPAaBAOIION00-
HBIX PACCYKAEHUN — 5TO JaJieKo He Bce. MHTYUTUBHOE UYBCTBO
rapMOHHUY SABJISETCS B MaTeMAaTHKe JIUIIb IIePBOi, XOTA 1 BECh-
Ma Ba)XKHOM CTYNEHbIO; MHTYUTHUBHBIE COOOpPAKEeHUA U IIPAaBIO-
HOAO00HBIE PaCCY:KACHUSA OTAAIOTCA HA CYJ XOJOAHOTO PacCymKa
UL UX U3YUYeHUs, JOKa3aTeJIbCTBa UM OITpoBeps:KeHuA. i 3a-
OUCHU IIPOBOAUMBIX HCCJIETOBAHUUN W MOJYUaIONINXCA Pe3yabTa-
TOB HCIIOJB3YIOTCA SA3BIK ITU(MP, pasHooOpas3Hble MaTeMaTUde-
CKIe CUMBOJIBI 1 CJIOBECHBIE JIOTUUECKYe OTTMCAHUA.

IIpu maTeMaTuuecKOM JOKa3aTeIbCTBE TUIIOTE3hI, IIPU MaTe-
MaTHUYeCKOM pPeIleHWM 3aJauu IIPaBUJIbHLIN BLIOOD ammapara u
MeTojJa — 3aJI0T ycIexa u, 0oJiee TOro, 4acTO IPUBOSUT K TOMY,
YTO B pe3yJibTaTe I0JydaeTcs OOJIbIlle IOJIe3HOM MH(MOPMAI[UN
00 m3yuyaeMOM IIpegMeTe, UeM 3apaHee IMIPEeAIIoJarajocb. ITO
CBSA3AaHO C TEM, UTO MaTeMaTUUECKUII allliapaT TauT B cebe MHOTO
CKPBITON HH(pOPMAIMN U CKPBITOI'O OOraTcTBa, HAKAILJINBAB-
IuXCcsA B HEM B TeUeHIe BEeKOB, OJjarogaps uemMy (POpMYJIbI MO-
I'yT OKa3aThCA «YMHee» IIPUMEHAIOIero UX 1 AaTh 00JIbIIIe, UeM
OT HUX OXKUIAJIOCH.



CiemyeT OTMETHUTh, UTO B MaTeMaTHUKe CIPaBeIIMBOCTEL pac-
cMaTpuBaeMoro paxTa JOKAa3bIBAETCS He IIPOBEPKOIL ero Ha psge
IIPUMEPOB, He IPOBeLEeHNEeM PALA SKCIIEPUMEHTOB, UTO He UMeeT
IJIs1 MaTeMaTUKM [OKas3aTeIbHOM CUJIBI, a YKUCTO JOTHUYECKUM
moyTeM, II0 3aKOHAM (pOpMaJIbHOII JOTUKH.

Koneuwno, 1 sKCIeprMeHThI 1 IPUMEPHI TaK:Ke UrpaioT 00JIb-
IIIYIO POJIb B MaTeMaTHU4YECKMNX HMCCJIeJOBaHUAX: OHM MOI'YT MJIN
JaTh MJIIOCTPALIUIO YTBEPXKIEHUS, UIN OIPOBEPTHYTh €ro, WJIN
HATOJIKHYTH Ha KaKyo-aubo (B TOM Umciie 1 HOBYIO) UAei0. 3a Io-
cJIeHUE TOAbI B CBA3U C OBLICTPBHIM Pa3BUTHEM BBIUMCIUTEILHOI
TeXHUKM OCOOEHHO BO3POCJIO 3HAUEHME MATEeMATHUUYECKOI'0 SKCIIe-
PUMEHTA B IPUKJIATHBIX NCCAECIOBAHUAX: 3/[eCh OTKPBLINCH Kaue-
CTBEHHO COBEPIIIEHHO HOBLIE BO3MOYKHOCTH! 1 MEePCIEKTUBEI.

BesycaoBHO, BCs 9Ta cxeMa BechbMa ujeansupoBana. IIpesxme
BCero MCIIOJIb30BaHME 3HAHWM, MaTeMaTUYeCKOro amlapara, WH-
TYUIMN, YyBCTBA FapMOHUM, (DAaHTA3WU, JIOTUKM, SKCIIEpUMeHTa
HPOUCXOIUT He IIOCJIEJ0BATEILHO II0 3TAllaM — BCE 3TO BCE BPEMsI
B3aUMOJIEICTBYEeT MEKAy cOo00¥l B TeueHMe Bcero mporiecca. Ila-
Jee, JajieKo He BCerja yAaeTcs HOBECTH IIPOBOAMMEBIE HCCJIeNoBa-
HUS 10 KejlaeMOro KOHIa, HO ObLIO Obl, Hampumep, OOJIbIITUM
320y KIeHNeM AyMaTh, UTO [IJIsI MaTeMATUKN WMEIOT 3HaueHNe
TOJIBKO JOKA3aHHLIE YTBEPKIEHUS, TOJbKO HMCCJIeT0BAHNA, HOBE-
JeHHbIEe B MI3BECTHOM CMBICJIE IO JIOI'MUECKOro 3aBepIiieHuss. MoKHO
OPUBECTH MHOTO IIPUMEPOB MAaTeMATHUYECKUX TEOPHUM W TOJIOKe-
HUIi, KOTOpPbIe, OyAyun c(hpOpMYyJIHUPOBAHLI JIUIITHL B BUIE TUIIOTES,
TeM He MeHee OKA3hIBAJIM WJIM OKA3LIBAIOT CYINECTBEHHOE BJIMSI-
HIe Ha Pa3sBUTHE MaTEeMATUKH WJIN ee IIPUIOMKEeH .

OKoHuaTe/lbHBIE Pe3yJILTATHI, IIOJYYEHHBIE B MaTeMAaTUKe,
oIiuchiBasd Te NJIN MHBIE CBOfICTBa JIOTNYECKUX aﬁCTpaKTHbIX MO-
Iejieil, UMEIOT B OIIPeAeJIEHHOM CMBLICJIE aOCOJIIOTHBIN 1 BEUHBIN
XapakTep U, CJeJ0BATEJILHO, He MEHATCA U HEe MOI'YT U3MEHUTh-
¢ B CBA3U C pas3BUTHEM Hammnx sHaHuii. Tak, Hampumep, 3a mo-
cJIeHUE IBe THLICAYM JIeT HAIIIW IPeJCTaBIeHIA 00 OKPYKAIOIeM
HaC MHupe 1 00 YIIPABJSIONINX UM 3aKOHOMEPHOCTSX IIPeTepIeIn
CyIlleCTBeHHbIe N3MeHeHnA, a Teopema Ilndaropa ocrasace u oc-
TaHeTCsA BCerfa TaKol ke, KaKoil oHa ObLia B [[peBHeii I'peruu.
ITo, KOHEYHO, He MCKJIOUYAeT TOT0, UTO B IIPOIlecce CBOET0 MCTO-
PHUYECKOIr0 pa3BUTHUA MHOT'MEe MaTeMaTH4YeCKHne IIOHATHA N yT-
BEPIKJCHUS He cpa3y o0peTasn 1 0O0PeTaroT CBOI0 OKOHUYATEIbHYIO
JIOTUYECKM 3aKOHUEHHYI0 (pOpMy, He MCKJIIOUaeT W TOro, UTO B
mpoliecce PasBUTHA OJHU 1 Te »Ke 00beKThlI U3YUeHnA MaTeMaTH-
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KM BOCIPUHUMAIOTCSA C PA3HBIX TOUEK 3PEHUSA, UTO IIPUBOIUT K
PacCKpPBITUIO X HOBBIX CBOMCTB, HAIIOJHAET WX HOBBIM COIEpPIKa-
HUEM, UTO, B CBOIO Oouepenb, HEPEIKO CYIIIeCTBEHHO MEHSET HaIlle
IpeJcTaBIeHrne 00 X 3HAUMMOCTHY U BasKHOCTHU.

IIpu ucmosb30BaHNY MaTeMAaTUKU AJIS OIMMCAHUA KaKUX-JIHN00
KOHKPETHBIX ABJIEHUIN HepegKo OLIBAET HOCTATOYHO JIMIIL WHTY-
NTUBHBIX Hpe,Z[CTaBJIeHI/IfI O COOTBETCTBYIOIINX MaT€eMaTHUUYECKUX
HOHATUAX, OJHAKO TOT/Ia, KOTJa MaTeMaTUKa MCII0JIb3yeTcA B Ka-
YecTBE METO[Aa MCCIeNOBaHMA, KaK ITPABWJIO, NJIs 3aBEPIIIEeHUA
IPOBOAMMOr0 MCCJIeI0BaHUA HEOOXOAMMO UeTKOe IpeAcTaBIeHme
06 HCIIOJIB3YEMBIX IIPHX 3TOM MaTeMaTHUYECKUX IIOHATUAX — TOJIb-
KO B 5TOM CJIyuae MOXKeT OLITh O0ObeKTHBHAA YBEPEHHOCTDL B IIpa-
BUJIBHOCTU CIEJAHHBIX BBEIBOZOB. I109TOMY, AJIs TOTO UTOOBI IpPH-
MEHSTh MaTeMaTHKy KaK MeTOJ ICCJIeIOBaHMs, BeCcbMa BaKHO
OCO3HATH U XOPOIIIO OCBOUTH CYITHOCTH M B3aMMOCBSI3b €€ OCHOB-
HBIX UJIeW M NOHATUM, Ba’KHO CTPEMUTBLCS OBJANETH IIPOIIECCOM
TBOPYECKOT0, a He (hOpMaIbHOTO MBIITLIICHUS.

CBo6ogHOE BiIafileHNe MaTeMAaTUUeCKUMI MeTOJaMMt, 3HAHUSA
Y MHTYUIUS IPUOOPETAIOTCs, HAKAILINBAIOTCS 11 PA3BUBAIOTCS B
IpoIllecce CUCTEeMATUYECKUX 3aHATUH, B Pe3yabTaTe IJUTEJIbHOM
U HacTouuuBou paboTwl. TOT, KTO IIOC/IeLOBATEILHO OBJIaIE€BAET
MaTeMaTHYeCKMM allllapaToOM, KTO IIOCJIeJOBATEJLHO II0JyYaeT
TBepPAbIe U TOUHBIC 3HAHUA MaTeMaTuuecKuXx (pakToB, OyIeT yBe-
PEHHO ABUTATHLCS OAJbIlle, ¥ MaTeMaTHUKa CTAHET IIOCJYIITHBIM
VHCTPYMEHTOM B €r'0 pyKax.

YacTo MHeHNEe O TPYAHOCTU U3YUEHUSI MAaTeMaTHUKU CBA3aHO
C TYMaHHBIM M HEUETKUM ee M3JOXKEHHEeM HA HHTYUTUBHOM
ypoBHe. KaKyIiasgcsa TPYOHOCTb TeX WJIM HWHBIX MaTeMaTHue-
CKUX METOJOB HepeaKo o0ycJioBJeHa TeM, UTO 3TH METOIBLI He
OBLIV CBOEBPEMEHHO JOCTATOUHO XOPOIIO Pa3biACHEHBI U MOJTO-
MY OCTaJINCh HEIIOHATHIMHU.

YeTKoe BBeJleHIIe MAaTEMATUYECKOTI'0 MOHATUA 0 CPABHEHUIO
¢ BBeJleHMEeM HAa MHTYUTHUBHOM YPOBHE, KaK IIPABUJIO, OIIPABIbI-
Baer cebs IPU ero IPUMeHeHNH, M03BOJIsIeT IPABUIbLHO UCIIOb-
30BaTh U He HYKIAETCS B JOMOJHUTEIbHBIX IOSICHEHUAX.

JIyuiuit 1 KpaTuyafinii crocod B mpoilecce O0yUeHUA MaTe-
MaTHKe PasbACHUTL KaKoe-JIn00o IMOHATHE — 9TO HATh €ro TOou-
HYI0 GopMyaIupoBKy. JIyuinuii criocob Ha mepBOM dTame obyue-
HNA O6'I>HCHI/ITB TeopeMy, BBIACHUTH €€ CMBICJI, YCTaAaHOBUTH €€
CBSA3b C paHee M3YUEHHBIMHU (PaKTaMH — 3TO HOKa3aTh TEOPeMY.
CresaTh 9TO HAJO HMPOCTO, €CTECTBEHHO U JOXOAUMBO, UTO YACTO

11



COBCEM He JIeTKO. B yMeHHU OCYIIeCTBUTH 3TO Ha JOCTATOUHO
BBICOKOM YPOBHE U COCTOUT IIPEXKIE BCETO MCK Y CC T B O TIpe-
nojaBanus Marematuku. OgHaxko OBIIO OLI HENPABUMJILHO Y-
MaTh, UTO C OBJIAJEHNEM JOKa3aTeJIbCTBOM MaTEeMAaTUUYECKOM Teo-
peMBI KOHUaeTcsA IIPoIlece ee mo3HaHmus. [[o KOHIIa CMBICT U POJIb
TeopeM PaCKPBIBAIOTCA JIMIIB IIPY NX IIPMMEHEHNN K N3YUYEeHUNIO
IPYTUX TEOPEeTUYECKUX BOIPOCOB UM PEIIeHUU TeX WU WHBIX
KOHKPETHBIX 3a7au. TpyaHO mepeoleHnTh OTPOMHYIO POJIb aHa-
JN3a OTAENbHBIX IPUMEPOB, UILJTIOCTPUPYIONINX TEOPeTHUECKe
VTBEDP:KAEHUS, U PEIIeHUs C IOMOIIBIO MOCJETHUX COOTBETCT-
BYIOIIIUX YACTHBIX 3ajadu. Bes3ycyiOBHO, IIPU AOCTATOUYHO XOPO-
el MaTeMaTUYeCKOM KYJIbType BIOJHE JOIyCTUMO 3HAKOMCT-
BO C PAAOM YTBEP:KAEHUI, orpaHMUYMBaIOIeecsa JUIIb uUx (op-
MYJUPOBKOM 0e3 IpoBeleHUs OoKasaTeiabcTBa. OmHAKO Ha
IepBOM 3Tale 00yueHUs 3TO IBHO HeIleJiecoo0pasHo.

KocBennas mosb3a oT U3ydeHUA MATEMATUKU COCTOUT B TOM,
YTO OHO COBEPIIIEHCTBYET OOIYI0 KYJbTYPY MBIMIIEHU, TUCITUI-
JUHUPYET ee, IPUyUaeT YeJOBeKa JIOTUUECKU PacCyKAaTh, BOCIIH-
THLIBAET ¥ HETO TOUHOCTb M OOCTOATEIBLHOCTDH aprymMmeHTanuu. Ma-
TeMaTUKa YYUT He 3arpoOMOKIATh MCCIeNOBaHWE HEHYKHBIMU
TMOAPOOHOCTAMY, He BIUAMIOIIMMU HA CYITHOCTDL Jejia, M, Haobo-
poT, He IpeHeOperaTb TeM, UYTO UMeeT IPUHITUIINAIbHOE 3HAUeHLe
IJIsT CYIIleCTBa M3ydaeMOoro BoIpoca. Bce 9TO maeT BO3MOMKHOCTD
3(G@HeKTUBHO UCCIeTOBATh 1 OCMBICIMBATL HOBBIE 3aJaUll, BO3HU-
KaloIye B Pa3JIMYHBIX 00JIACTAX UEJIOBEUECKOU eATEIHHOCTH.

YMeHUe JOTMUYECKU MBICIUTDH, BJaJleHME MaTeMaTUYeCKUM
arImapaToM, IIpaBHJIBHO€ MHMCIIOJIb3OBaHME MaTeMaTHMKH AT
OO0JIBIITYI0 Y9KOHOMMUIO MBIIILJIEHUSI, BOOPYKAIOT YeJOBEKa MOIII-
HBIM METOJOM MCCJIeIOBAHUA.

OBJiaZeTh B IOCTATOUYHOM Mepe MaTeMATHUYEeCKUM METOIOM,
MaTeMaTUYeCKO! KYyJbTYypON MBIILJIEHUA, IIOUYYBCTBOBATh CUJY
M KpacoTy MaTeMaTHUYeCcKHX MeTOIOB — MJajieKo He IIpocTas
3amaua. Ho yid Toro, KTo cyMeeT 3TOTO JOCTHUYb, TPY/ He IIpoIa-
netr 3ps. 1A Hero oTKpPOIOTCA HOBBIE IIEPCIIEKTUBHLI UeJIOBeUe-
CKOH IesITeJIbHOCTH, 3aMaHUYMUBEIE JOPOTH B HEM3BECTHOE, OTKPO-
JOTCA KauyecTBEHHO HOBBIE BO3MOYKHOCTHM TBOPUECTBA U IIO3HA-
HUA MUpa. HpI/I‘{eM BaXHO OTMETUTHh, UTO BCE€ 9TO MOCTYIIHO
KaXKJOMy, KTO XOUeT OBJAAeTh MAaTeMaTUKOI, KTO CEPHe3HO U
TmocJiefoBaTeILHO 3aliMeTcA ee N3yUeHUEeM.
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OYHKLMN OAHON NepeMeHHOW
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§1.
MHOXXeCTBA U GYHKUMN. AOTMHECKNE CUMBOAbI

1.1. MHOXecTBA. Onepauumn HOA MHOXXEeCTBAMU

B maremaTuKe HepBUUYHBLIMH HOHATUAMU SABIAIOTCA IMOHATUS
MHOKECTBa, dJIeMeHTa 1 IIPUHAAJIEKHOCTH 3JIeMEeHTa MHOYKEeCT-
By. MuoxxecTBa gmajee OyaeM o0o3HauaTh OOJIBIMIMMEN OYKBaMU
JATUHCKOT'0 MJM KakKoro-ambo mpyroro ajadgasuta: A, B, ...,
X,Y,..,8,98,..,as/leMeHTb MHOXXECTB — MAaJLIMU OYKBa-
Mu: a, b, ..., X, Y, ..., O, B, ... . Eciiu a ABiasieTcsa sieMeHTOM
MHOKecTBa A, To muityT a € A (Uuraerca: «a TPUHAIIEKUT
MHOKeCcTBY A») uau, 4To TO Ke, A > a. Ecnu Ke a He mpuHaaie-
JKUT MHOXKECTBY A, To nunyT a ¢ Aunu A ? a.

Muo:xxecTtBa A 1 B Ha3bIBAIOTCA PABHbLMU, €CJIU OHU COCTOAT
U3 OJHUX U TeX Ke djieMeHTOB. TakuM o6pa3oM, paBeHCTBO A =
= B o3HauaeT MIPUMEHHUTEJIbHO K MHOKECTBaM, UTO OJHO U TO Ke
MHOKeCTBO 0003HAaYeHO pasHbIMU OykBamu A u B.

Sanucs A = {a, b, ¢, ...} 03HAUAET, UTO MHOMKECTBO A COCTOUT
U3 3JIEMEeHTOB a, b, ¢ 1, BO3MOYKHO, KAKUX-TO APYTuX, 3aJaH-
HBIX T€M WUJIU MHBIM CIIOCOOOM.

Ecsm MHOKecTBO A COCTOUT U3 3JIEMEHTOB a4, Te O mpobera-

€T HEKOTOPOe MHOKEeCTBO MHAEKCOB A, To 6yxeM nucatb A = {a,}
unu, noapoduee, A = {a,}, O € A, U1, €CAU ITO HE MOKET IIPU-

BECTHU K HeJopasyMeHuIo, mpocto A = {a}. Eciu MmHOecTBO A co-
CTOUT M3 BCEX BJIEMEHTOB, 00JIaaloNuX ONpeaeIeHHBIM CBOMCT-
BOM, TO Oyzem nucatb A = {a: ...}, rie B QUI'ypHBIX CKOOKAaX II0C-
Jle JBOETOUHNS B3allCaHO YKa3aHHOE CBOMCTBO 5JIEMEHTOB
mHuOKkecTBa A. Hampumep, eciu a u b — aBa TaKUX JeHCTBU-
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TeJbHBIX YKCJA, UYTO a < b, u uepes [a, b] 0603HAUEHO MHOKECT-
BO BCeX IENCTBUTENbHBIX UNCEJ X, VIOBJIETBOPAIOIIUX HEPABEH-
CTBaM a < X < b, To ompeziesieHre 3TOr0 MHOXKecTBa (0Tpe3Ka) ¢
TIOMOIITBI0 BBEJ€HHBIX CHMBOJIOB MOJKHO 3aIIUCATh CJIETYIOITUM
obpasom:

[a, b] ={x: a < x < b}.

Insa yomoO6cTBa BBOOUTCA IMOHATHE MHOMKECTBA, He Comepika-
IIero HUKAKuUX djeMeHTOB. OHO Ha3BIBAETCA NYCMbLM MHOMNCE-
cmeom n obo3HAUaeTcA cuMBOJIOM . Ilo ompenenenunio, oHO He
COIEP?KUT BJIEMEHTOB, HO IIPUYHNCIIAeTCA K MHOKECTBAaM.

Ecau xaxaplili sjieMeHT MHOXKecTBa A sABJSAETCS 3JIeMEHTOM
MHOKecTBa B, To TOBOpPAT, UTO MHOMKECTBO A eCTh UacTh MHOKe-
cTBa B uiu uTo A ABASETCA NOOMHOMNeCMBOM MHOMXKecTBa B, u
ouinyT A — B (unTaeTcs: « MHOMKECTBO A COIEPIKUTCA BO MHOMKe-
cTBe B») miu, 4To TO Ke, B 2 A (uuTaerca: «MHOKecTBO B co-
IEePIKUT MHOXKECTBO A»).

VIIPAJRHEHHE 1. [lokasaTsk, 4To BKJIOUeHUA A — B u B © A BBIIOJHSAIOT-
cs ONHOBPEMEHHO TOTZa U TOJbKO TOoTAa, Korga A = B.

W3 onpegenenusa mogMHOMKeECTBA clIeayeT, uTo A — A, KaKOBO
ObI HI OBIJIO MHOXKECTBO A; IIPUHATO TAK}Ke CUNTATh, II0 OIpee-
JIEHUIO, YTO IYCTOE MHOMKECTBO ABJISIETCS IIOIMHOXKECTBOM KaskK-
Ioro MHOKecTBa: & — A. Ecau A — Ipous3BOJIbHOE MHOKECTBO,
TO & 1 A Ha3BIBAIOTCA €I'0 HeCOOCMBEHHbLMU NOOMHONCECNBAMU;
ecau xKe A © B u CcyIleCTBYeT TAKOM 9JIeMeHT X € B, uto x ¢ A, TO
MHOJKECTBO A Hal3bIBaeTCA COOCMBEHHbLM NOOMHONCECMEOM
MHOKecTBa B.

Ecnu samambl gBa mMHOMKecTtBa A m B (puce. 1, a), To uepes
A U B obo3HauaeTcsa MHOMKECTBO, Ha3bIBAeMOe UX 006e0UHeHUeM
WU CYMMOIL U COCTOsAIIEe M3 BCEX TeX dJIEMEHTOB, KaKIbIi 13
KOTOPBIX IPUHALJIECKUT XOTA Obl OJHOMY M3 MHOMecTB A u B
(puc. 1, 6). Takum oO6pas3om, ecjii HEKOTOPBIA BJIEMEHT ITPWHA-
IIeKUT MHOKecTBY A U B, TO OH MPUHALJIEKUT JUO0 TOJBKO

Puec. 1
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MHOKecTBY A, aub0 TOJBKO MHOKeCTBY B, 1u00 000uMM STUM
MHOJKEeCTBaM.

Hnsa aro6oro MHOMKeCTBa A (HEIIyCTOr0 UJIX ITyCTOTr0) IT0JIaraeTcs
AU g=A.

Yepes A N B o6o3HaUaeTCs MHOKECTBO, COCTOSINee U3 BCEX
5JIeMEHTOB, KOTOPhbIEe OSJHOBPEMEHHO MPUHALIeKAT KaK MHOMKe-
CcTBY A, Tak u MHOKecTBY B (puc. 1, 8). Muo:xkectBo A N B HaA3bI-
BaeTrcs nepecewenuem mHoxecme A u B. Eciu A u B He uMeIoT
O0IIMX 3JIEMEHTOB (B YaCTHOCTU, OJHO M3 HUX HMJIU 00a ITyCTHI),
To mojyaraioT A N B = &. B sToMm ciiyuae MHOKecTBa A 1 B HaA3bI-
BAIOTCA Henepecekau,umucs.

OTMeTHM, UTO IIyCTOE MHOXXECTBO COBHIAJaeT caMO C COOOIi:
& = &, HO BMeCTe C TeM OHO He IIepeceKaeTcs caMo ¢ coboii: & N
Ng=ad.

Yepes A \ B ob6o3HauaeTcsa MHOMKECTBO, Ha3bIBaeMOe pa3HO-
cmbvio MHo)dcecme A u B u cocrosinee 13 BCeX 3JIeMEHTOB, KOTO-
pule IIPUHALIEKAT MHOMKECTBY A, HO He IIPUHALICKAT MHOMKe-
ctBy B (puc. 1, 2). ToBopaTr Takke, utro A \ B moayuaerca us
MHOKecTBa A svluumaHuem 13 HeTO MHOXKecTBa B.

Eciu B = A, To pasHocTh A\ B Ha3bIBaeTcsa 00NOJHEeHUeM
MHoMcecmaa B 0o mnoxcecmsea A niau gounonuenueMm B B A. Ilo
ompejeaeHnio, mojaraerca A\ A = &.

YITPAJKHEHHE 2. lokasats, uto AU B = (4 \ B) U (B \ A) U (AN B).

Ecan sajzaHa cucreMa MHOKecTB A, (TePMHHBI «MHOMe-
CTBO», «CHCTE€Ma», «COBOKYHHOCTb», «KJacc» OyAyT ymoTpeo-
JAThCA KAK CMHOHUMEI), T/le 3HaUeHUs O 00pa3yioT HEeKOTOPYIO

COBOKYIIHOCTH UHJEKCOB U, TO 06sedunenuem U A, MHOMcecmE
acy

A, Ha3bIBaeTCAa MHOYKECTBO, KaKIBIN 9JIeMEHT KOTOPOTO IIPUHA-
IJIEXKUT XOTA ObI OJHOMY M3 3aJaHHBIX MHOKECTB A, T. €. yCJIO-

BUe x € U A, PaBHOCHJBHO CJEAYIOIIEeMY: CYIeCTBYeT TaKoe
aEA

o €W, yTo x € A,.
ITepeceuenuem muoxucecme Ay, 0 € A, HA3BIBAETCA TAKOE MHO-

’KecTBO, ob0o3HauaeMoe uepes U Ag, YTO KaKABIN ero sJIeMeHT
acA

NPUHAJJIEKUT BCEM MHOXKecTBaM A,, T. e. yciaoBue x € U A,
acy

O3HaUaeT: IJd Bcex O € Y uMeeT MeCTo X € Ag.
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s mr060ii cucTeMbl MHOXKeCTB {A,}, A, © X, o € A, u m1060-
ro MHOKecTBa X CIIPaBeJINBEL CIEYIOIEe COOTHOIIIEHUA:

X\ U Ag= 0 (X \ A (1.1)
acw aewn
X\ N A= U (X\A. (1.2)
aew aecu
Horaskem, HaipuMmep, paBeHCTBO (1.1). Ecmm x € X \ U A,
aew
TO, B CHJIYy OIIPeJieJIEHUs PABHOCTH MHOMKeCTB, x € X mx ¢ U A,.
aew

B cBoio ouepenb, 9TO, COTJIaCHO OmpeneeHuI0 O0beIUHEHUS
MHOXK€eCTB, 9KBUBAJIEHTHO TOMY, 4TO X € X u JJid Bcex O € ¥ ume-
eT MeCTO COOTHOIlleHue x ¢ A,. 9To Ke, CHOBA II0 OIIpeJieIeHUI0
PasHOCTU MHOKECTB, PABHOCUJIBHO YTBEPIKIEHUIO, UTO AJIA BCEX
o € A umeem x € X \ A,. HaxoHen, mociefHee yTBep:KJeHUE,
IO OIpPENeJIeHUI0 IepeceueHrns: MHOMKECTB, O3HA4aeT, YTO

x€ N (X\Ay. Urak, yecnoBuaxe€e X \ U Ajmuxe N (X \
aew aEew aeu

\ A,) PKBUBaJIEHTHBI, II09TOMY BBIIOJIHAETCA paBeHcTBO (1.1).
PasenctBo (1.2) mokaswiBaeTcAa aHaysioruyHO. IlomoOHBIMU Ke
pacCysKIeHNAMHU NOKAa3bIBAETCA CIIPABEIJINBOCTD U CIEAYIOIINX
PaBeHCTB AJIs JII00ObIX MHOXKecTB A, B, C:

(AUB)NC=(ANC)U(BNC),
(ANB)UC=(AUC)N(BU Q).

B nyukTe 1.2 paccMOTpeHO HOHATHE (PYHKINH, & IyHKT 1.3
OyZeT MOCBAIIEH IMOHATUAM KOHEUHOTO MHOMKECTBA U IIOCJIEJO-
BareabHOCTU. IIyHKTEI 1 maparpadbsl Kypca, OTMEUEeHHbIE 3Be3-
IOUYKOM, HPU IIEPBOM UTEHHU MOYKHO ONYCTUTH U BEPHYTHCSI K
HUM JUIIb B CJIydyae BHYTpPeHHeH morpebHocTu. B wactHOCTH,
JUIA TOHMMAaHUA JaJbHENIIero MaTepuasa J0CTaTOUHO NMEIoIIe-
roca B Kypce dJIeMEHTapHOH MaTeMaTHUKH IIpPeACTaBJIEHUA O
GYHKIIMU KaK 00 OompenesieHHOM COOTBETCTBUU MEKIY dJIeMeH-
TaMH [OBYX MHOMKeCcTB. Ilpm 9TOM IIOHSATHE COOTBETCTBUA
cJIeyeT MOHMMATh KaK IePBUYHOE.

1.2*. ®yHKUMM

Byznem roBOpUTH, UTO YUCJAO INEMEHMOE8 MHOMcecmaea A pasHo
eduHuye, ecIV B HEM UMeeTCs 3JIeMeHT a € A U HeT Apyrux (uHa-
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Ye TOBOPS, €CJIU U3 MHOYKECTBA A BBIUECTh MHOXKECTBO, COCTOM-
1ee 13 9JIeMeHTa @, TO MOJYUUTCH IIYCTOe MHOKECTBO).

MuoxxecTBO A HasBIBAeTCA MHOMcecmeom u3 2 (08yx) age-
MeHmo8, eCJIV TOCJie BEIUNTAHUA M3 HETO MHOMKECTBa, COCTOS-
IIIer0 TOJBbKO 13 OJHOTr0 3JIeMeHTa a € A, T. €. MHOYKECTBa, YNCJIO
2JIEMEHTOB KOTOPOTO PaBHO 1, ocTameTcsi MHOKECTBO, UMCJIO
2JIEMEHTOB KOTOPOIO TaKyKe paBHO eguHUIle. HeTpyaHo
y0eIUTHCS, UTO 9TO OIIpeiesieHre He 3aBUCUT OT BhIOOpA YKasaH-
HOTO dJieMeHTa @ €A, T. K. eciua € Au b € A, mpuuem A\{a} co-
CTOUT M3 OHOTIO djeMeHTa b, To u MHOxKecTBO A\{b} TaKKe co-
CTOUT 13 OJHOTO dJieMeHTa (a UMeHHO 13 dJIeMeHTa a).

ITycTsb Temeps 3amansl MHOMKecTBa X = {x} u Y = {y}. MHoxKe-
CTBO, COCTOsAIIlee U3 ABYX 3JieMeHTOB X € X u y € Y, Ha3bIBaeTcs
napoti {x, y} 2J1eMeHTOB X, Y.

Ilapa Buna {x, {x, y}}, tne x € X, y € Y, {x, y} — mapa ae-
MEHTOB X, Y, Ha3bIBaeTCA YnopsAdoueHHoil napoil 3JIeMeHTOB X U
Y. OJIeMeHT X Ha3bIBaeTCs MEPBBIM 3JIEMEHTOM YIIOPALOUEHHO
mapsI {x, {x, y}}, a aJIeMeHT yy — BTOPBIM. YIOpAZOUEHHAs mapa
{x, {x, y}} obosHauaercs uepes (x, y). B nanpHelIemM Mo mapoi
OOBIYHO IIOHMMAETCA YIIOPALOUeHHAd [mapa.

MHOKeCcTBO BceX yIMOpPAAOUYEeHHBIX map (x, y), x € X, y €Y,

HasbIBaeTCs npousgedenuem muoxecme X u'Y u obosnavaercs
yeped X X Y. Ilpu sToM He IpenmoJaraercd, U4To 00s3aTeJIbHO
MHOKeCcTBO X OTJIMYHO OT MHOKeCTBa Y, T. €. BOBMOKEH U CJIy-
yaii, korgza X =Y.
OnpeaeAenue 1. Bearoe muoxncecmso = {(x, y)} ynopsadowennvLx
nap (x, y), x € X,y € Y makxoe, umo 0asa awodvtx nap (x',y')efu
(x", y") € f us ycanosusa y' # y" caedyem, umo x' = x", Hasviea-
emcs pyHKUUel ULU, YO MO XHece, 0MmoOpadceHUeM.

Hapsany ¢ rTepMuHaMy « PYHKIIUA» U «OTOOPasKeHHe» B OIpe-
OJEeJIeHHBbIX CUTyaIluAX yno'rpeﬁjmfo'r(:ﬂ M DaBHO3HAQYHBIE TeEP-
MUHBI «IIpeobpas3oBaHue», «MOPGU3IM», «COOTBETCTBUE» . DYHK-
uuu 0yzeM o0o3HauaTh pasjandyHbIMu OyKBamu: f, g, ..., F, G, ...
e O, 0, L

MHOX€eCTBO BCeX IIEPBBIX 3JIEMEHTOB YHOPAMLOYEHHBLIX IIap
(x, y) HeKOTOPOI QYHKIIMU [ HABBIBAIOT MHOHNCECEO0M 3A0AHUS
WU MHOMcecmeom (obracmuvio) onpedeseHus dTON PYHKIIUU U
0603HaualOT uepe3 Xy, a MHOMKECTBO BCEX BTODPBIX JJIEMEHTOB —

MHONHCECMBOM ee 3Ha4eHUll 1 0003HAYAIOT Yepes Y.
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OueBunuo, uTo X =X, Y=Y, CaMO0 MHOKECTBO YIIOPSAIO0-
ueHHbIX map f = {(x, y)}, paccMaTpuBaeMoe KaK MIOIMHOMKECTBO
npoussenerusa X X Y, HasbIBaeTcA epaurom Qpynrxyuu f.

dnemeHT x € X; HA3bIBAGTCS APZYMEeHMOM PYyHKYuUu [ nan
He3a6UCUuUMOll nepemerHoll, a 3JIeMeHT §y € Y — 3a8ucumoil nepe-
MEHHOIL.

Ecnu f= {(x, y)} ectb pyHKIUA (OTOOpPAKEHHE), TO MUIIYT
f: X s — Y 1 roBopsAT, 4TO f oToGpaskaeT MHOKECTBO X; B MHO-
secTBO Y. B cnyuae X = X, numrercs npocro f: X — Y.

Ecau f: X — Y — QyHKIUA, T. €. MHOXKECTBO YIIOPAIOUEH-
meix map f = {(x, y)}, x € X, y € Y, yA0OBIETBOPSIOIINX YCIOBUAM
ompenenenus 1, u (x, y) € f, To numryt y = f(x) (mHOTZA TTPOCTO
Y= fx) wnu f : x — y 1 TOBOPAT, UTO PYHKIUA [ CTABUT B COOT-
BETCTBUE 3JIEMEHTY X 2JeMeHT y (oTobOpaskeHme [ oToOpaskaer
3JIEMEHT X B BJIEMEHT YJ) UJIU, UTO TO JKe caMoe, dJIeMeHT [ COOT-
BETCTBYET JIEMEHTY X.

Hns napst (x, y), rae y = f(x), TOBOPAT TaKsKe, UTO 9JIEMEHT Y
ABJIAeTCA 3HAUeHMEeM (PYHKIUU [ B TOUKEe X MJIM 00pasoM dJe-
MeHTa X IPU oToOpakeHuu f.

Hapany c cumBosoM f(xy) a1 o60O3HauUeHHS 3HAUEHUS

bysrnEE f B TOYKe X, YHIOTPeOIAIOT TaKKe OOO3HAUEHUE
f (x )lx =X *

Wuorga camy (pyuriuio f obosHauawT cumMBosoMm f(x). O6o-
sHauenne QyHkmuu [ : X — Y u ee sHaueHuA B TouKe x € X of-
HUM U T€M Ke CUMBOJIOM f(Xx) He IPUBOAUT K HEJOPa3yMeHUIO,
TaK Kak B KaKJOM KOHKPETHOM cJyuae Bcerga sSCHO, O UeM
MMEHHO UJET pPeUb.

Ob6o3uauenue f(x) oO0bIuHO ymobHee 00O3HAUEHUA f:X — Y
Opu BblumciaeHusaXx. Hampumep, 3anuchk f(x) = x? sHAUmTENHHO
yao0Hee U IIPOIIle MCIIOJb30BaTh IPU aHAJUTUUYECKUX Ipeodpa-
30BAHUAX, YeM 3aIUCh [ : X +— x2.

IIpu samanHOM Yy € Y COBOKYIHOCTb BCeX TaKMX 3JIEMEHTOB
x € X, uro f(x) = y, Ha3BIBAIOT NPOOOPA3OM dJeMeHma Y u obo-

3HAYAIOT ffl(y). Takum o6pasom, fﬁl(y) ={x:x€X, f(x)=y}.
OuesunHo, ecnu y € Y\Y, TO f_l(y) =J.
IlycTes samano orobpaxkenue f: X — Y, T.e. oroOpaskenue

MHOkecTBa X B MHOMKecTBO Y. MHaue roBops, KayKIOMY 3JIe-
MeHTY X € X IOCTaBJIEH B COOTBETCTBUE, M IMPUTOM €UHCTBEH-
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HBIN, BJIEMEHT Yy € Y U KayKIbIN BJIeMEeHT Y € Yf — Y mocTaBiieH B
COOTBETCTBUE XOTsA ObI OMHOMY dJIeMeHTY X € X.

Eciu Y = X, To roBopsaT, uTo oTobOpaskeHue f oToOpasKaer
MHOKecTBO X B cels.

Eciun Y = Yf, T. €. MHOKeCTBO Y COBIIQJZaeT ¢ MHOXKECTBOM
3HaUeHUH PyHKIIUU f, TO TOBOPAT, UTO f oTOOpaskaeT MHOKECT-
Bo X Ha MHOKeCTBO Y WJIM UTO oTOOpaskeHue [ ABJIAETCS CIOPD-
eKTHUBHBIM OTOOpasKeHueM, Kopoue — cropsekyueii. Takum o00-
pasom, orobpaxkerue f: X — Y ecTh CIOPBEKI[U, €CJIU IJIs JIIO-
0oro syieMeHTa Yy € Y cyllecTByeT II0 KpaiiHell Mepe OJMH TaKOi
aneMeHT x € X, uro f(x) = y.

OueBugno, ecnu f: X — Y u Yf — MHOKECTBO 3HAUYeHUN
byurnuu f, o f: X — Y, ABIsAETCSA CIODBEKTUBHBIM OTOOpaKe-
HUEeM.

Eciu nmpu oro6paskenuu f : X — Y pasabIM X € X COOTBETCT-
BYIOT pasHbie y € Y, T. e. mpu X' # x" umeer mecto f(x') # f(x"),
TO oToOpakeHUe [ Ha3LIBAeTCA B3aMMHO OJHO3HAUYHBIM OTOOpA-
JKeHreM (B3aMMHO OJHO3HAYHBIM cOOTBeTcTBHEeM) X B Y, a TaK-
JKe 00HONUCMHbLM 0mobpaxcerHuem Niu uHserkyueit. Takum 00-
pasom, orobpaskenue f: X — Y oaHOJKUCTHO (MH'BEKTHUBHO) TOT-
Ja W TOJBKO TOTAAa, KOrJa Mpoodpas KaKIOoro sJieMeHTa U,
NPUHAJJIEKAIET0 MHOYKECTBY 3HaueHni GyHKOuu [ @ y € Yy, co-
CTOUT B TOUHOCTH M3 OJHOT'O 9JIEMEHTA.

Ecinu oroGpaskenue f: X — Y sABideTcsa OJHOBPEeMEHHO B3a-
VMHO OJHO3HAYHBIM 1 HA MHOXKECTBO Y, T. €. ABJIAeTCA OTHOBPEe-
MEeHHO MHBbeKIINell U CIOpheKIueli, TO OHO eCTECTBEHHO Ha3bIBa-
eTCsa 63aAUMHO 00HO3HAUHbLM 0MmobpaxcerHuem MHOKecTBa X HA
MHOJKEeCTBO Y WJH, UTO TO Ke, OUEKMUBHbLM 0moopaicerHuem
(6uekmueii) BY.

Taxum odbpaszom, orodpaskenue [ : X — Y ABJsgeTCS B3AXMHO
OTHO3HAUHBLIM OTOOpasKeHumeM MHO:KecTBa X Ha MHOMKECTBO Y
TOr[la U TOJIBKO TOTAa, Koraa fd Jiooeix X' € X ux" € X, x' # x",
cIpaBeAJnBO HepaBeHcTBO f(x') # f(x"), 1, KakoBo OLI HU OBLIIO
Yy €Y, cylecTByeT TaKkoit ajeMeHT x € X, uro f(x) = y.

BsaumHO omHO3HAUHOE OTOOpakeHMe MHOXKecTBa X Ha MHO-
JKecTBO Y YacTO HA3bIBAIOT TAKKe B3aMMHO OJHO3HAUYHBIM COOT-
BETCTBUEM 3JIEMEHTOB 9TUUX MHOJECTB.

Ecmf: X —>YuA< X, To MHOMXECTBO

S={y:yeY,y="_[(x), x €A},
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T. €. MHOKECTBO BCEX TeX I, B KAKABIN U3 KOTOPHIX IpU 0TOOpAa-
JKeHuu f orodpakaeTcsa XOTs ObI OAUH 3JI€MEHT 13 IIOAMHOMKEeCT-
Ba A MHOKecTBa X, Ha3bIBAIOT 00pA30M NOOMHOMecmea A u -
uryT S = f(A). B wactrHocTu, Bcerna umeem Y = f(X).
s obpasoB MHOKecTB A — X m B © X cmpaBeAJuBHI CJie-

IYIOIIUe JIETKO IIPOBepseMble COOTHOIITEHM S :

f(A U B) = f(A) U f(B),

f(AN B) = f(4) N f(B),

F\f(B) = f(A\B),

a ecau A < B, 1o f(A) < f(B).
Ecmnf: X —>YuBCcY, To MHOKECTBO

A={x:x€X, f(x) € B}

HAa3bIBAIOT NPoodpas3om mHoxdcecmsea B u nuimyr A = f 71(B). Ta-
KUM o0pasoMm, mpoobpas MHOKeCTBa B cocTout m3 Bcex Tex aJjie-
MeHTOB X € X, KOTOophble IMpu oToOpakeHUu [ 0TOGpaKalOTCAd B
2JIEMEHTHI U3 B mMju, UTO TO K€ camMoe, OH COCTOUT U3 BCEX IIPO-
06pa30B TOUEK Yy € B:

(B = U ().
U

[ mpoobpa3oB MHOKeCTB A — Y u B — Y cupaBeaIuBbI
cJIeYIONINE TaKsKe JIETKO JOKAa3bIBaeMbIe COOTHOIIIEHUA:

ffauB =r@@yur®),
ffanBy = nfr(B),
fH(A\B) = f (AN (B,

aecnu A< B, 1o f (4) = f L(B).

Ecin A = X, to pyuxnusa f : X — Y ecrecTBeHHBIM 00pasoM
opoXKIaeT PYHKITNIO, OIIpeleIeHHYI0 Ha MHOMKecTBe A, cTaBs-
IIYI0 B COOTBETCTBME KaKIOMYy dJeMeHTy X € A sjemeHT f(x).
9Ty QYHKIIMIO HA3BIBAIOT CYMeHUeM PYHKYUU [ HA MHOMKECTBO
A u uHOTZa 0603HAYAIOT uepes f| 4, uau mpocTo uepes f4. Takum
obpasom, [, orobpaskaer A B Y u Ay jroboro x € A umMeeT MeCTO
f4: x—f(x). Ectu MBEOKecTBO A He coBIafaeT ¢ MHOKeCTBOM X,
T. €. ABJAETCA COOCTBEHHBIM ITOJIMHOKECTBOM MHOKecTBa X, TO
cyxeHnue [, GyHKIUU [ Ha MHOXKeCTBO A MMeeT APYTryIo 06JacThb
ompenenenusi, uyeM (QYHKIUsS f, U, CIeIOBATEIbHO, ABJIAETCA
npyroii, uem f, pyuriueii. Hepenko cy:xeune pyurnun f : X —
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— Y Ha MHOecTBO A © X 0003HAUAIOT TEeM e CUMBOJIOM [ 1 Ha-
3BIBAIOT «(hyHKIIME [ Ha MHOKeCcTBe A».

Ecau gBe Gyukmuu f 1 g paccMaTpUBaOTCA HA OJHOM M TOM
JKe MHOKecTBe X, TOUHEe, €CJIM PACCMATPHUBAIOTCA CY KEHMS
dyurnuii f 1 & Ha OJHO U TO »Ke MHOXecTBO X, TO 3amuch f = g
Ha X osHauaeT, uTo f(x) = g(x) gaa xaxkgoro x € X. B aTom cay-
yae TOBOPSAT, UYTO QPYHKIUSA [ TOKIECTBEHHO paBHA QYHKIUU &
Ha MHO:KecTBe X.

HNuorga sHak «=» OyAeT yIoTpeOIAThCA MeXXK Ay CMBOJIaAMH,
0003HaYaIOIIMMU OAUH U TOT K€ 00beKT (00BbIYHO OAWH 13 YIIOT-
pebJIeHHBIX B 5TOM CJIyYae CHMBOJIOB COIEP:KUT 0ojee ImMOApoo-
HOe omnucanmue 00beKTa, YeM JPYroil CHMBOJI), HAIIPUMeD 3allCh
f(x) = f(x4, ... , x,) o3HAUaeT, 4TO X = (X1, ... , X,,), X TEM CAMBIM
sanucs f(x) u f(xy, ... , x,) o0003HaUAET OAHY U Ty Ke PYHKIUIO.

OrMmeTuM, UTO PYHKI[UMMU, ¥ KOTOPLIX BCEM 3JIEMEHTaM HEKO-
TOPOr0 MHOX{ECTBA COOTBETCTBYET ONUH UM TOT K€ DJIEMEHT, T. €.
GYHKIINN, V KOTOPBLIX IPM HN3MEHEHNHN 3HAUEHUs apryMeHTa
3HaueHNe (PYHKIUUN He MeHAeTCA, HasbIBAIOTCA NOCMOAHHbLMU
(Ha TaHHOM MHOKECTBe) UJIU KOHCMAHMAMU.

Wrak, eciu npu usMeHeHUN OTHOM ImepeMeHHOIi (apryMeHTa
dyHKRIIMM) Apyras IepeMeHHas, ABJASIoNadcAa GyHKIMEeHd mep-
BOii, He MeHsdeTcd (T. e. «He 3aBHCHUT» OT II€PBOM IMepeMeHHOIi),
TO 5TO YACTHBIA M B OIPEeAeJeHHOM CMbICJIE IPOCTEHIIINHA caydaii
GYHKIINOHAIBLHON 3aBUCUMOCTH.

Ecau f: X — Y m KaK bl BJIEMEHT Y € Y, npencrasasier co-
00 MHOKECTBO KaKHX-TO 9JIeMEHTOB Yy = {2}, mpuueMm cpenu
STUX MHOXKECTB {2} MMeeTCs MO KpaliHell Mepe OJHO HEIIyCTOe
MHOJKECTBO, COCTOsIIee He 13 OJHOT0 3JIEMEHTA, TO TaKasd PyHK-
us f Has3bIBaeTCA MHO203HAUHOU pyHKYueil. [Ipu aTOM siIeMeH-
THI Z MHOXKecTBa f(x) = {z} yacTo TaKk)Ke HA3LIBAIOT 3HAUCHUAMUI
dyurIuYu [ B TOUKE X.

Ecau kaxxmoe MHOKecTBO f(X) COCTOUT TOJIBKO U3 OJHOTO dJIe-
MEeHTa, TO PYHKIMIO f Ha3bIBAIOT TaKsKe 00H03HAYHOIl pyHKYyUell.

Eecmf: X—>Yug:Y — Z, ro pyuxknua F : X — Z, oupene-
JIeHHas Iig Kaxgoro x € X paseHctsoM F(x) = g(f(x)), HasbiBa-
eTca Komnosuyueil (nHOTIA cynepno3uyueil) GyHKIUH f 1 g uin
CNOMCHOU YHKYUell m 0003HaUaeTCsa uepes gof.

Taxum o6pasom, II0 OIpeaeJeHNI0 Iad Kaxaoro x € X

(goN(x) = g(f(x)).
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IIycrs 3amama pyarmua f: X —> Y u Yf — MHOJXKECTBO ee 3Ha-
yeHnit. COBOKYIIHOCTH BCEBOBMOYKHBIX YIOPAZOUEHHBIX AP BU-

ma (y, fil(y)), y € Y;, obpasyer QyHKIUIO, KOTOPas HA3bIBAETCS

obpamHoil pynryueil nia QyuKun f u obo3HauaeTcsa yepes f -1
ObpaTtHaa pyHKIUA [ ! craBur B cooTBeTcTBUE KaxJIoMy dJie-
MeHTy y € Y, ero mpoo6pas f _l(y), T. €. HEKOTOpOe MHOKECTBO
ayeMeHTOB. TeM caMbIM oOpaTHaA QYHKIINA ABJIAETCA, BOOOIIE
TOBOPS, MHOTO3HAUYHOM (pyHKIMeii. IIpu sToMm A 1000# TOUKU
x € X uMeeT MecTO BKJIOUeHuUe | _l(f(x)) 3 X, a I 1000 TOUKU
Yy € Y; — paBeHCTBO G ) =y.

-1
Orobpaskenus f u f = Ha3BLIBAIOTCA 83AUMHO 00PAMHBIMU.
Ecau orobpakenue f:X — Y oamoaucTHO (MHBEKTHUBHO),
TO oOpaTHOe oTOoOpajkeHue, ONpe/eleHHOe, KaK Bcerja Ha Y,

ABJIAETCA ONHO3HAUHOW (PyHKIMeW u oTobpaskaer Y, Ha X, T. e.

f -1, Y; — X. JleficTBUTEIBHO, B 3TOM CJly4ae IpooOpasbl BCex
TOUEeK Y € Yf COCTOSAT TOYHO 13 OTHOMN TOUKU X € X.

OueBUAHO, UTO AJIA MHBEKTHUBHOTO OTOOpaskeHUs oOpaTHOe
orobpa:kenue f 1 YIOBJETBOPSET CJIEAYIOIIUM YCJIOBUSAM: IITPU
a0oM x € X uMeeT MECTO PABEHCTBO fﬁl(f(x)) = X, a Ipu JIIoOOM
y € Y; — paBeHCTBO f(f_l(y)) =y. IIpu sToMm A1 3afaHHOTO UHB-
eKTUBHOTO OTOOparkeHUs [ KaKJoe M3 YKa3aHHBIX ABYX YCJO-
BUU OJHO3HAUHO OIpeeaseT oopaTHoe oTobpaskeHue f -1

1.3*. KOHEeYHbIe MHOXXeCTBA N HATYPAAbHbIE YUCAQ.
MNocAeAOBATEABHOCTU

B oIIpeneJIeHHOM CMBICJIEe HpOCTefIHIPIMH MHOMeCTBaMU ABJIAIOT-
CA TaK Ha3bIBaeMbl€ KOHEUYHBbIE€ MHOKEeCTBAa. OHpe,Z[eJII/IM 9TO IIO-
HATHEe.

B . 1.2 6sumn onpeneeHbl IOHATHA MHOMKECTB, COCTOSIITIX
u3 OOHOTO U JBYX dJjeMeHTOB. HalloMHMM 3TU ompenesieHusd,
CHAOAMB MX HEKOTOPBIMH KOoMMeHTapuamu. Ecau mHOMKecTBO X
COZIePIKUT HEKOTOPBIH 9JIEMEHT X 1 He CONePKUT HUKAKOr0 IPYyro-
ro, T. €. TIOCJIe BEIYUTAHUA 13 MHOKecTBa X MHOXKeCTBa, COCTOSA-
IIEero TOJBKO U3 3JIEMEHTA X, IOJYUYaeTCs IIyCTOe MHOKECTBO

X\{x} =2,
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TO MHOXXeCTBO X HA3bIBA€TCSA MHOKECTBOM, COCTOAIIMM M3 OJ-
HOro snaeMeHTa. TakuMm o0pasoM, IIOHATHE MHOMKECTBA, COCTOSA-
I[ero U3 OJHOI'0 3JIEMEHTA, PABHOCHUJIBHO MHMOHSITHIO SJIEMEHTA.
OueBUAHO, YTO ABAa MHOJKECTBA, COCTOAIIME M3 OJHOI'O 3JEMEeH-
Ta, MOM{HO OTOOPA3UTEL APYI HA APyra B3aNMHO OJHO3HAUHO.

ToBopAT, YUTO UMCIO 3JIEMEHTOB KAaMJIOTO MHOMECTBa, CO-
CTOSAIIEr0 13 OJHOI'0O 3JIeMeHTa, PABHO eUHUIE, 1 CJIOBO «eMIu-
HHUIa» 0003HAYAIOT CUMBOJIOM 1.

Ecam muoxxecTBo X 1ociie BLIYMTAHUA M3 HETro MHOYKeCTBAa,
COCTOSAIIIET0 M3 OJHOTO KaKOro-Jmbo sjaeMeHTa X € X, mpeBpa-
I1aeTcA B MHOKECTBO, COCTOSAIIlee TOJILKO M3 OLHOI'O 3JIEMEHTa
yeX, r.e. X\{x} = {y}, To MHOKeCcTBO X HA3BIBAETCS MHOMKECT-
BOM, COCTOAINUM M3 OBYX 3JeMEHTOB. JICHO, UTO Jir0ObIe ABa
MHOJKEeCTBAa, COCTOAIINE 13 IBYX 9JIEMEHTOB, TaKKe MOXKHO OTO-
0pas3uTh APYT HA APYyTa B3aMHO OJHO3HAUHO. ['0BOPAT, UTO UHC-
JIO 3JIEMEHTOB KaiKXJOT'0 MHOYKECTBA, COCTOSAILEr0 M3 ABYX JJIe-
MEHTOB, PABHO JBYM, 1 CJIOBO «IBa» 0003HAUYAIOT CUMBOJIOM 2.

Ecan muosxectso X 1ocJie BEIUNTAHUA M3 HEro MHOMKECTBA,
COCTOSAIIEr0 M3 OJHOIrO 3jemMeHTa X € X, IpeBpalaercsa B MHO-
JKeCTBO, COCTOSAII[ee U3 ABYX DJIEMEHTOB, TO MHOKeCTBO X HA3bI-
BalOT MHOKECTBOM, COCTOSIIIMM M3 TpPeX dJIEMEHTOB, MJIN MHO-
JKeCTBOM, UHCJIO 9JIeEMEHTOB KOTOPOTO PABHO TpPEeM, U CJIOBO
«TPpH» 0003HAYAIOT CMBOJIOM 3.

AmnajlornuHo, IOCJIEeLOBATEILHO OIPEAEIAITCA MHOXKECTBA,
coCcTosAINMe U3 YeThbIpeX, IATU, IIIeCTH U T. . 9JIeMEeHTOB, WJIH,
YTO TO YK€ caMoe, MHOMKECTBA, YMCJIO SJIeMEHTOB KOTOPBIX PABHO
yeTbIpeM, IIATH, IIecTH W T. . CloBa «UYeThIpe», <«IATh»,
«IIeCTb» U T. I. 0003HAUaIOTCA cuMBoJamu 4, 5, 6 u T. 1.

AJIeMeHThI MHOKEeCTBa

{1,2,3,4,5,6,...} (1.3)

Ha3bIBAIOTCA HAMYPAAbHbIMU Yucaamu. MHOMKECTBO BceX HATY-
PAJILHBIX YHCeJl 0003HaUaloT yepes N.

O0o3HaUMM Yepe3 71 IPOU3BOJLHO (PUKCHPOBAHHOE HATY-
pasibHOe uncyo: n € N, a HaTypaJbHOE YKCJIO, HeIOCPEACTBEHHO
caenymolmee 3a YucJaoM n B MHo:KecTBe (1.3), o60o3HAUMM uepes
n + 1. Yucao n 6yaeM Ha3LIBATh HPEAIIECTBYIONINM Uucay n + 1.
OueBUIHO, UTO BCAKOE HATypaJbHOE YUCJIO 7, Kpome 1, mmeer
IpeaIllecTByIoIiee, KoTopoe o0ymem obo3Hauats n — 1. Takum o00-
pasom, (n —1)+1=n.
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CoryiacHO omnpefiesIeHNIO HATypPaJbHBIX UKCEJN, KaKIoe HaTy-
pajbHOE YHMCJIO 7 IPEeJICTABUMO B BUE

n=C.(1+1)+1..+1)+1. (1.4)

(PaccmaTpuBas MHOKECTBA, COCTOSINNE U3 «OJUHAKOBBIX» dJIe-
MEHTOB, MOXHO CKas3aTh, UTO B (popMyJie B IPaBOii YaCTH CTOUT
MHOKECTBO U3 1 €IMHUIL, COeSUHEeHHBIX II0CJIeN0BATEJIbHO 3HA-
KOM «+».)

CoriacHO KOHCTPYKIIUHU, OIpeaeAaonieil HaTypaabHbIe UKC-
Ja, uncyo n + 1 € N xapakTepusyeTcs TeM CBOMCTBOM, UTO KaiK-
Jloe MHOK€eCTBO, COCTOosAIee u3 n + 1 sajieMeHTa, mocjae yaajleHus
JI000T0 M3 HHX IpeBpalljaeTcs B MHOYKECTBO, KOTOPOE COCTOUT
U3 N 3JIeMEeHTOB.

CorsacHo TOM Ke KOHCTPYKIIUU, JIOOble 1Ba MHOKeCTBa, CO-
croammue us n € N 2JeMeHTOB, oToOpasKaloTca APYyr Ha Apyra
B3aIMHO OJHO3HAUHO.

Ecin us 1ByxX HATypaJbHBIX YKMCEJI M W N YKUCJO M BCTpeda-
eTcs paHbIlle, UYeM 7 B psAle HATypaabHbIX unces (1.3), T. e. unc-
JI0O M CTOUT JIeBee UmcJjia 1, TO UHCJO M Ha3bIBAIOT MEHbULUM
yucaa n U OUINyT m < n Wik, 4TO TO Ke, UMCJO 1 Ha3BbIBAIOT
00avWuM YUuCAG M U IMUIILYT 1 > M.

Hampumep, n—1<n<n+1, n# 1. Jlng 100X AByX pas-
JIMYHBIX HATypPaJbHBIX YHCEJI M WU N MMeeT MeCTO TOYHO OJHO 13
cooTHOIeHUY m < n uau m > n. Ilpu stom ectu m <nun < p,
Tom<p,m,n,peN.

Ecau uncao m € N mensbIinie unucaa n € N, To B KaXJOM MHO-
JKeCTBe, COCTOAIIEeM M3 71 3JIEMEHTOB, NMEIOTCA MOJAMHOMKEeCTBa,
COCTOSIIME M3 M DJEMEHTOB. ITO CJedyeT U3 caMOil KOHCTPYK-
MU TOCJIeI0BATEIbHOTO0 OIIPeAe/IeHN HaTyPAIbHbBIX YKCeI.

MuosxecTBO HaTypaJbHBIX umces N o0jamaeT CaedyIOINM
3aMevaTeJbHBIM CBOMCTBOM.

Ecau muoxcecmseo M maxoso, umo:

1)M < N;

2)1eM,;

3)uz ne€M caedyem, umon+ 1€ M, mo

M=N. (1.5)

JleficTBUTEIBHO, COTJIACHO YCI0BUIO 2), uMeeM 1 € M, moaTomy,
COTJIacHO CBOUCTBY 3), u 2 € M; Torzaa, corjacHO TOMY Ke CBOIi-
cTBy 3), moanyuaeM 3 € M. Ho so6oe HaTypaJybHOe unciao n € N
moayudaerca u3 1 mocjaemoBaTeIbHBIM IIPUOaBIeHNEM K HeM TOMi
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ke 1, mostomy n € M, T.e. N = M, a Tak KakK o ycJioBuiO 1)
BBITTIOJIHsAETCs BKJIoueHue M — N, to M = N. rak, paBeHCTBO
(1.5) nokazaHo.

W3 Bcero ckasaHHOTO CJIEAYET, YTO MHOKECTBO HATYPATbHBIX
uyncena N obJyafaeT CIAeIyOIUMYA CBOMCTBAMM.

1°. Kaxcdomy anemenmy n € N nocmasnern 6 coomeemcni-
6ue MOYHO 00UH 3JleMeHMm ImMoz20 MHONIcecmea, 0603Ha4aemblil
yepes n + 1 u Ha3vigaemvlil demenmom, credyruium 3a 3Je-
MEeHmoMm n.

0 .
2", Raxcovtit anemenm u3 N moxncem caedosambv mMoJabKO 34
00HuUM anemenmom n € N.

0 . .
3. Cywecmayem eOuHCmMEeHHbLIL daeMeHm, 0003HALAeMbLIL
cumsonom 1, komopwtii He credyem HU 34 KAKUM 3JeMEHIOM.

0
4", Ecau muowmcecmeo M = N maxoso, umo 1 € M, u us
sxatovenus m € M cnedyem, umom + 1€ M, mo M = N.

CrupaseqyinBo u oO6paTHOE YTBEP:KIEHUE B TOM CMbICJIE, UTO

BCSKOE MHOJKECTBO, YAOBJIETBOPSIOIEE YCJIOBUAM 10—40, MO-
’KeT OBIThH B3aMHO OJHO3HAUHO OTOOpakeHo Ha MHOKecTBO N ¢
COXpaHeHNEeM COOTHOIIIEHUS «0O0JIbIIle — MEHBIIIE» .

ATO 00CTOATEJIBCTBO IIO3BOJIAET IMOJYUUTh aKCHOMaTHUYECKOe
oIpejeeHe MHOXKECTBA HATYPAJIbLHBIX YNCEJI: JOCTATOUHO IIPHU-

HATH YTBEPKIeHUA 1°—4° 3a akcuomn (oHU Ha3BIBAIOTCA aK-
cuoMaMu HeaHol).

TaxuMm 06pa3oM, aKCHOMaTUYECKOe OIIpeleIeHre MHOKEeCTBa
HATYPaAJbHBIX UKCEJI BBITJIAIUT CJAEAYIONTNM 00pa3om.
OnpeaeneHune 2. MHrosxcecmeo, yodosremeopawuiee YCao8uUiM

0 0
1"—4°, Ha3vi8aeMCS MHOHECTLEBOM HamypaJjbHblX HUcCeJl.

IIpu TakoM ompezeieHI CBOMCTBO 4° nagniBaercs arcuomoil
uHOYKUUU.

W3 moxasamnoro paseHcrtsa (1.5) ciemyeT Tak Has3bIBaeMbIi
IIPUHIIUII JOKA3aTeJIbCTBA MemMo00M MaAmeMamuieckoil uHOyKuyuu.

Ecnu umeemcsa MHOMcecmeo ymaepixucOeHuil, Kaxoomy u3
KOMOpPbLX NPUNUCAHO HamypaavHoe uucio (ezo Homep) n =
=1,2,...,u ecau 00ka3aHo, 4mMo:

1) cnpasednuso ymeepiucdenue ¢ Homepom 1;

! I. ITearo (1858—1932) — uranbaHCKUI MaTeMaTUK.
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2) uz cnpasedausocmu ymeepicoenus ¢ JA00bLM HOMEPOM
n € N caedyem cnpasedaugocmv ymeepiicoeHus ¢ Homepom n+ 1,
mo mem camviy 00KA3AHA CNPABEILUBOCTb 6CE€X PACCMAMPU-
saemvLx ymaepiucOeHUil, m. e. cnpagediu8ocms ymaeepircoenus ¢
npou3eonvHvim Homepom n € N.

IIpumep mOKasaTeIbCTBA, MPOBENEHHOTO METOJOM MaTeMa-
TUUYECKOM MHIYKINU, CM., HaIIpUMep, B II. 1.4 Teopemy 1.

IIpo mycToe MHOMKECTBO TOBOPAT, UTO UKCJIO €T0 3JIEMEHTOB PaB-
HO HYyJ10. CII0BO «HYJIL» 0003HauUaeTcsa cuMmBooM 0. MHOKecTBO Ha-

TYPaIBHBIX YKCE], K KOTOPOMY J00aBJIeH HYJIb, 0003HauaeTca N:

N, < N u (o). (1.6)

Hynp cumTaercss MEHBIIMM JIO0O0T0 HATYPAJbLHOI'O UYHCJIA:
O0<n,neN.

HarypaabHble yKcjia MOXKHO CKJIAABIBATL MEMKAY CO00i U ¢
HYyJIEM: Onepayus CJaoXceHus B MHO:XecTBe N ompenessgercsa C

TIIOMOIIBI0 OIepanuu o0beqUHEHUS MHOKecTB. Cymmoit m + n
yucea m € N u n € N Ha3bIBaeTCs UMCJIO 3JIEMEHTOB O0bequHe-
HUA IBYX HeIlepeceKaloIUXcsa MHOYKEeCTB, OJHO U3 KOTOPBIX CO-
IEePKUT M, a IPpyroe — 1 3JIeMeHTOB.

ITo ompeesieHMe He 3aBUCUT OT BBIOOpPA YKa3aHHBIX MHO-
’KecTB. JIerko BUJeTs, uTo B cayuaen = luucaom +n=m+ 18
CMbICJIe OIlepalliil CJIOMKEHHS COBIIAJAET CO CJAEeNVIOIIMM 3a M
YKCJIOM, 0003HAUEeHHBIM PaHbIIIe TeM Ke cuMBoJoM m + 1.

Taxske HemocpeICTBEHHO U3 OIpPeNeJeHUs BBITEKAIOT CJie-
IOYIOIIVe CBOMCTBA OIlePAllH CJIOKEHU B MHOXKeCTBe V.

0

1. n+0=n,neN,.

0

2°.3aK0OH KOMMYTAaTHUBHOCT H:

m+n=n+m, m, n€N,.
0
3.3aKOH aCCOIIUATUBHOCT U:
m+(m+p)=(m-+n)+p, m,n, pcN,.

Onepauuﬂ 8bliUMAaHUsA B MHOMKECTBe NO omnmpegesdaeTrca C
IIOMOIIIBIO OIl€paly BIYNTaHUA MHOMECTB.

1
Eciu m < n’, m, n € Ny, To pa3HOCTBIO M — 7 Ha3bIBaeTCH
YKCJIO BJIEMEHTOB MHOKECTBA, KOTOPOE IMMOJyUaeTcA M3 MHOMKe-

1
T. e. mtubo m = n, 1u6o m < n.

26



CTBa, COAEPIKAIIero 7 3JIeMEHTOB, C IIOMOINbI0 BBIUNTAHUS U3
HEro MHOXKECTBAa, COePIKaIIero m 3JIeMEeHTOB. ITO OlpeaesieHue
He 3aBHCHUT OT BbIOOpA paccMaTpPHUBAEMbIX MHOMKECTB, COIepIKa-
IUX 1 ¥ M 9JI€MEHTOB.

Omnepanusa BeIUMTAHUA B MHOXKecTBe N ABIIAeTCA 00paTHO

OJId onlepanuy CJIOKEeHNA: eCJIn

m+n=p, m, n€N,,
TO
n=p-m.

W3 ompepmeneHusa HATYPAJIBLHOTO YUCIA N CIAEAYET, YTO MHO-

skecTBo {1, 2, ..., n} cocrout us n sanemeHToB. [losToMy Kakz0E
MHOJKECTBO, COCTOsIIIlee M3 1 9JIEMEHTOB, B3BAUMHO OJHO3HAUHO
oTobparkaercs Ha MHOKecTBO {1, 2, ..., n}.
Onpeaenenue 3. Ecaiu 018 MHOMcecmaa cyujecmayem makxoe Ha-
mypanbHoe N, YMmo YUcJao ez0 INeMeHNMO06 PAGHO N, MO Mmakxoe
MHONHCECMBO HA3LLBAECMCA KOHEUHbIM (COCMOAWUM U3 N dJe-
MEHmMOo8).

Bcesikoe MHOXKECTBO, He SIBJISIIOINEeCs KOHEUHBIM, HAa3bIBAET-
ca Oecrkorneunvim. Ilpumepom 6€CKOHEUHOIO MHOYKECTBA ABJIAET-
csa MHOKecTBO N BceX HATYPAJIbHBIX YKUCEJI.

IIycToe MHOXX€ECTBO, II0 OMIpPEeAeIeHNI0, IIPUUNCISIeTCA K KO-
HEUYHBIM MHOKECTBAaM.

VIIPAJRHEHHE 3. [lokasaTh paBeHCTBO

m+n=(.((n+H+1)...+1)+1. (1.7)
n pas

BripaxxeHue «n pas» O3HAUAET 37eCh, UTO OepeTcs MHOMKECTBO U3 N
9JIEMEHTOB, Ka’KAbIli M3 KOTOPBIX o6Oo3HaueH 1, M Bce 95TH EIUHUIIHI
ocJIeIOBaTEeIbHO IPUOABIAOTCA K HATYPAJIbHOMY YUCIY M.
Onpeaenenune 4. IIycmv X — kKakoe-aubo mHOMcecme0 u N —
MHOMCeCMB0 HAMYPAAbHbLX Yuces. Beakxoe omobpascenue f: N —

— X (cm. m. 1.2') na3vi8aemcsa nocnedos8amenbHOCMbl0 31eMeH-
moe muoxcecmea X. dnemenm f(n) obo3navaemes wepes x, u Ha-

3vi8aemcs n-m waenom nocaedosameavocmu f: N — X, a cama
ama nocaedosamenbHOCMb 0603HALAeMCA Yepe3 {X,} Uil x,, n =

=1,2,...
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Kaxaplil aJIeMeHT X, IOCIeR0BaTEILHOCTH {X,} MPEICTABIA-
eT co00il yIopAZOUYeHHYIO ITapy, COCTOAINYI0 U3 uuciaa n € N u
COOTBETCTBYIOIEro eMy Ipu otobpaskenuu f : N — X sjmemeHTa
x MHOkecTBa X, T. e. x, = (n, x). Bropoii sjiemMeHT 9TOi Iaphl
Ha3BbIBAETCA 3HAYEHUEM IJleMeHma X, IOCJIeL0BATEIbHOCTH
{x,}, a IepBBIil — ero HoMmepoM.

MHOX€eCTBO 2JIEMEHTOB IIOCJIeLOBATEILHOCTH Bcerga 0ecKo-
HeuHo. [[Ba pasJMYHBLIX 3JIEMEHTAa II0CJIeLOBATEIHLHOCTH MOTYT
UMeTh OJHO U TO JKe 3HaueHue, HO 3aBeJJOMO OTJIMYAIOTCA HOMe-
paMu, KOTOPBIX OECKOHEYHOEe MHOKECTBO.

MHo:%¢ecTBO 3HAUECHUIT 5JIEMEHTOB IIOCJIeI0BATEILHOCTY (00BIU-
HO TOBOPAT KOpPOoUe: MHOYKECTBO 3HAUEHUH IOCJIeoBaTeJIbHOC-
TH) MOKeT OBITh KOHeuHbIM. Hampumep, ecau BceM n € N moc-
TaBJIEH B COOTBETCTBUE OAWH U TOT Ke 9JIeMeHT a € X, T. e. IIpu
Bcex n € N umMeeT MeCTO PaBeHCTBO f(1n) = a, TO MHOXeCTBO 3Ha-
JeHUI OCIe0BATEJbHOCTH X, =a, n =1, 2, ... , COCTOUT U3 OA-
Horo ayemeHTa a € X. Takme 1mocJiefoBaTeIbHOCTH HA3BIBAIOTCS
CMAYUOHAPHBLMU.

Ecmu ny < ny, ny € N, ny € N, T0O 4unen X,, TOCIe/0BATEeNb-
HOCTH {X,} Ha3bIBaeTCs UJIEHOM, IIPeAIIEeCTBYIONIUM WIeHY X,

a 4dJjeH xn2 — 4WJIeHOM, CJIeAYIOIIIMM 3a 4YJIeHOM an . B sTom

CMBICJIE UJIEHBI II0CJIeZ0BATEILHOCTHY BCET A YIIOPAJOUEHBI.

HNuorga B KauecTBe HOMEPOB OLIBAET YA00HO YIIOTPEOJIATH He
BCe HATypaJbHBIE UHCJA, a JIHUIIb HEKOTOphle u3 HuX. Hampwu-
Mep, HaTypaJibHbIe Uncja HaUnHaA ¢ HeKOTOPOT'0 HATyPaJIbHOT'O
umucaa ng: X,, 1= ng, ng+ l..., Wi OJHW YeTHBIE YHCJA: X,,
n=2, 4, .... Ciyuaercs, 4TO IJs HyMepaluud YIOTPeOIAIOTCS
He TOJIPKO HaTypaJbHBIE, HO U JAPYyTHe 4YuCJa, HAIPUMED X,,
n=0,1, 2, ... (3mech B KauecTBe eIlle OJHOTO HOoMepa J00aBjeH
HyJb). Bo Bcex aTuMX ciaydyasgx MOMKHO IIePeHyMepoBaTh 3aHOBO
X,, ACIOJB3YyA BCe HATypaJbHbIEe YUCJA M U TOJBKO uX. B mep-
BOM IIpHMepe CJIeflyeT IOJIOKUTh M = n — ng+ 1, Bo BTopoM —

pr— n —
m= 3, BTpeTbeM — m =n + 1. ITosToMy B MOMOGHBIX CAyUAAX
TaK/Ke FOBOPAT, 4TO X, 00pasyloT IIOCIeNoBaTEIbHOCTb, M, KO-

HEYHO, YKa3bIBaIOT, KaKHNe 3HAaUECHNUA IPUHMUMAIOT HOMeEpPAa 1.
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1.4. TpynnNUpOBKN SAE€MEHTOB KOHEYHOrO MHOXXEeCTBA

Ecnu 3amano kakoe-n1mb0 KOHEUHOe MHOYKECTBO, TO OBIBAeT IIO-
JIe3HBIM COCTaBUTH U3 €r0 3JIEMEHTOB HEKOTOPhIe TPYIIIEI, YI0B-
JIETBOPAIOIIIYE TeM WJIU UHBIM YCJIOBUAM, U U3YUUTH UX CBOUCT-
Ba, HAIIPUMED BBIACHUTH, CKOJBKO BCETO MOKHO COCTAaBUTH Ta-
Kux rpynn. PaccMoTpuM TPYIObI 3JIEMEHTOB, Ha3bIBaeMbIe
pasMelleHUusIMU, IepecTaHOBKAMU U COUeTaHUAMU.

IIycTs 3amaH0 MHOYKECTBO, COCTOAIIIEE U3 71 9JI€MEHTOB,

X1s Xgy eee 5 X,y (1.8)

" (PUKCUPOBAHO HEKOTOPOe HaTypaJibHOe YHucJo k < n. B main-
HelillleM B HACTOSINEM HYHKTe IIO[ SJIeMeHTAMHU Bcerga OyayT
noHMMAaThca saeMeHTHI (1.8), eciu, KOHEUHO, He OTOBOPEHO
4T0-JI1100 APYToe.

OnpeaeneHnue 5. I'pynnut asemenmos, cocmoawjue u3 k snemen-
moé 8 Kaxc0oil u omauyarnwuecs 0pyz om Opyza Aub0 camumu
anemenmam, AuU60 ux nopaoKom, HA3bL8AIOMCA PA3MeULeHUS-
MU U3 N 3NemMenHmos no k.

Hanpuwmep, rpyamns! {1, 2}, {2, 1}, {1, 3}, {3, 1}, {2, 3}, {3, 2}
00pasyoT BCEBO3MOYKHBIE pasMeIleHUs M3 TPeX HaTypPaIbHBIX
yuceJa 1, 2, 3 mo ABa 13 HUX.

Yucamo Bcex pasMeIneHUH M3 7 3JIEMEHTOB II0 kB 3JIeMeHTOB
o0o3HauaeTcA uepes Afl ,n=1,2,...,k=1,2,...,n.

AEMMA. Ecau k <n, mo

E+1
n

AP — A (- k). (1.9)

AOKa3aTeAbCTBO. I3 KasKa0oro pasMelleHns I0 k£ 3JIeMeH-
TOB U3 N, T. €. U3 KAXKI0MH YIIOPALOUEHHOI IPYINILI E 2JIeMEHTOB

{;)ci1 s Xy ees Xy }, moGaBiieHreM OHOIO 13 He BXOAAINNX B He-
rO JIeMeHTa X; (TakuX 5JIeMEeHTOB BCEro 71 — k) MOXKHO TOJIY-
YuTh n — k pasmeinenuii mo k£ + 1 31eMeHTOB BUIa {xi1 s Xy s ee

. Xy Xy }, IIpUYEeM TAKKUM CIIOCOOOM IIOJIy4aIOTCs BCE pasMe-

k
ITeHus 0 k£ + 1 9JIeMeHTOB U TOYHO II0 OJHOMY pasy. IlosTomy

Afn-r)y= a4tV
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TEOPEMA 1. Hmeem mecmo ¢opmyra

A" —nn-1)...(n-k+1),k=1,2, ..., n. (1.10)

n

AoKa3aTeAbcCcTBO. OueBUAHO, UTO
1

Al =n. (1.11)
Haiee,
A2 = A -Alm-1) = an-), (1.12)
(1.9) (1.11)
3 2+1 2
A2 = AP —A’m-2) = - 1)(n-2).
" a9 " n (7 )(1.12) n(n — 1)(n — 2)

Boobi1ie, ecan

A¥D 1) ... (n-E+2), (1.13)

TO

k
n

k
n

A A" 'n-(k-1) = nn-1)...(n-k+1),
(1.13)

1.9
T. e. umMeeT MecTo opmyaa (1.10). Teopema moxaszana. OueBu-
HO, UTO, COTJIACHO METOAYy MaTeMaTHuuecKOu MHAYKIINHU, JOCTAa-
TOYHO OBIJIO ITPOBEPUTH CIPaBeIJINBOCTL paBeHcTBa (1.11) u mo-
KasaTb, 4To u3 opmyJsl (1.13) BeiTekaer opmyia (1.10).
OnpeaeAeHue 6. ['pynnst, cocmosauiue u3 00H020 U MO020 e YUc-
2a 3JleMeHmo8 u omJauvarnuwuecs opyz om 0pyza moJavKo no-
pAOKOM 3NeMeHMO08, HA3bLEAIOMCS NepPecmaHO8KAMU.

TakuMm 00pa3oM, II€PEeCTAHOBKY — JTO pPasMeIlleHus u3 7N
3JIEMEHTOB IIO 71 9JIEMEHTOB B KaxKaoM, n =1, 2, ... .

Hanpuwmep, rpyans! {1, 2, 3}, {1, 3, 2}, {2, 1, 3}, {2, 3, 1},
{3, 1, 2} u {3, 2, 1} 06pa3yioT BCeBO3MOKHBIE IIEPECTAHOBKI U3
TIEPBBIX TPeX HATYypPaJbHBIX umces 1, 2, 3.

Yucio Bcex IepecTaHOBOK U3 71 3JIeMeHTOB o0o3HaudaeTcd P,,.

TEOPEMA 2. Hmeem mecmo ¢popmyra P, =1 - 2 - ... - n.

Jto cpasy caenyetr us GopmyJbl (1.10) npu k= n. IIpous-
BemeHue 1 + 2 - ... - n obosHauaerca n! (uuraercs: «d9H paKTo-
puaj»). B IpuHATHEIX 0003HAUEHUAX

P, =n! (1.14)

s ynobersa mostarator Py = 0! = 1.
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Onpeaenenue 7. I'pynnuvt, cocmoawue u3 k aniemenmos 6 Kaic-
0oil u omauvarnwuecs opyz om Opyza no kpailHeil mepe 00HUM
dNleMEeHMOM, HA3bLEAIOMCA COLeMAHUAMU.

Hanpuwmep, rpymmsr {1, 2}, {1, 3} u {2, 3} oOpasyioT Bce coue-
TaHUA U3 HATypaJbHLIX unces 1, 2, 3 1o ABa 13 HUX.

Yucsio Bcex coueTaHUil U3 7 DJIEMEHTOB IO k 2JIEMEHTOB B

k
KaaoM obosnauaerca C,, .

TEOPEMA 3. Umeem mecmo gpopmyra

k

k _An
C, = 5. (1.15)
m. e E_nn-1)..(n—k+1)
C, = Py . (1.16)
CAEACTBWE. Cnpasedausa gopmyna
k n!
C, = H(n =) (1.17)

AoKa3aTeAbCcTBO. Ecin B KaXIoM coueTaHUU U3 N DJIeMeH-

TOB 110 k (UX Bcero Cfl) caejaTh BCEBO3MOKHbBIE IIePECTAaHOBKU
€ro »JIeMeHTOB (Y4MCJIO TAKUX II€PeCTaHOBOK paBHO P,.), To moiy-
yaTcs pasMeIleHusa U3 7 9JIEMeHTOB 110 k, IpUYeM TaKUM CIIOCO-
0OM IIOJIyUYalOTCs BCE pa3sMeIeHUA U3 1 9JIEeMeHTOB II0 k, U IIpu-
TOM IO omgHOMY pasy. IloaTomy

n?
oTKyza u ciaenyet popmya (1.15). @opmyna (1.16) mosyuaercs
u3 popmy (1.10), (1.14), (1.15).

Ecnu yMHOMXUTSL YKUCINTEND U 3HAMEHATEIb APO0U, CTOAIIel
B mIpaBoii uactu popmyasl (1.16), Ha (n — k)!, To momyuuTcs dop-
myaa (1.17).
TEOPEMA 4. Hmeem mecmo ¢opmyara

k -k
c,=C"",k=0,1,2,...,n, (1.18)

20e €0 % 1.

AokaszaTeAbcTBO. @opmyay (1.18) jerko moJayuuTh HEIO-
CPeICTBEHHO 13 OIIPeJeIeHNs COUeTaAHNI: eCIN U3 1l 9JIEMEHTOB
BBIOpPATHL KaKyio-InO0 Tpymiy (coueTaHMe), COCTOAINyI0 13 kK
5JI€MEHTOB, TO OCTaHeTCs TPyIIa (coueTaHue) U3 n — k dIeMeH-
TOB, IIPUA 9TOM TAKUM CIIOCOOOM IIOJYUAIOTCS BCEe COUETAHUS U3 7
5JIEMEHTOB II0 1 — k 3JIeMeHTOB U 110 ofHOoMY pasy. IlosTomy uuc-
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o k
JIO COYeTaHnU U3 11 3JIEMEHTOB II0 k, T. €. Cn » PaBHO YHCJIy CO4Ue-

o n—k
TaHU U3 n saeMeHToBIONn — kK, T.e. C, .

dopmymna (1.18) caegyer cpasy u us pasernctna (1.17), B cu-
JIy KOTOPOI'o

E n! n—k _ n!
Cn T R(n-k)’ Cn (n— k)R’

k n—k
T.e.uncaa C, u C, = paBHBHI.
TEOPEMA 5. Hmeem mecmo ¢opmyaa

kE+1

k kE+1
Cn+1 :Cn + C

0 (1.19)
AokasaTteanbcTBO. Ilyers mam n + 1 saeMeHT, M3 KOTOPBIX
COCTaBJAIOTCA coueTaHuA 1o k + 1 snemeHTOB. 3adpuxcupyem

OOWH M3 93TUX 3JIEMEHTOB; TOoraga 4YMCJIO CO‘IeTaHHfI, B KOTODPEIE

k
BOIIIeJI BTOT BJIeMeHT, paBHO C, (TaK KakK eciu ero oTOPOCUTH B
KaXJOM TAKOM COUYETAHNM, TO IIOJYUYaTCs BCEBO3MOYKHBIE COUe-
TAHUS U3 7 DJIEMEHTOB II0 k 9JIEeMEeHTOB U II0 OJHOMY pasy), a

. E+1
4YHCJIO COYeTaHUli, B KOTOphle OH He BXOAUT, paBHO C, (u6o
OHU 00PAa3yIOT BCEBO3MOXKHBIE COUETAHMUSA 10 k£ + 1 2J1eMeHTOB us3
OCTABIIIUXCS 71 9JIEMEHTOB). OTO U JOKas3bIiBaeT opmyay (1.19).

3ameuaHnue. Yuciaa C]:l MOYKHO HAaXOJHUTL C IIOMOIIIBIO
cJIeNyIomeil TPeyroJbHOM Ta0JMuIbl, Ha3bIBAEMOU MpeyzosbHU-
wom I1 acrca.nﬂl, Tlle TIepBbIe U IIOCJeqHNEe YMCJia BO BCEX CTPOU-
KaxX paBHBI 1, 1 HAUMHAA C TPEThEN CTPOUKH KaXKJ0€ YMCJIO, OT-
JIMYHOE OT IIePBOTO U IIOCJIETHEr0, MOJyYaeTca CJA0KEeHNeM IBYX
OMMKaANIINX K HEMY YKCeJI IPeIIIecTBYIoIell CTPOUKN:

1 4 6 4 1

1....ct ¢t
A o/ N |

1 B. Hackans (1623—1662) — dpaHIy3CKUII MaTeMaTUK.
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0 n
W3 paserncts C, = C,, = 1 u dopmynasl (1.19) cienyer, uto B
n-f CTPOUKe 9TOI TAaOJUIILI CTOSAT YHCIIa

L,ch, .., ch et

n

1.5. AormnyeckKkme CMMBOAbDI

B maremaTmuecKmX pacCys;KIEHHAX YaCTO BCTPEUYAIOTCS BbIPa-
JKEHUS <«CYIIeCTBYeT 9JIEMEHT», O00JaJarollnuii HEeKOTOPLIMU
CBOMCTBAMM, U «JIIO0O0H 3JIEMEHT» CPeIU 3JIEMEHTOB, MMEIOIIIX
HEKOTOpoe CBOICTBO. BMecTo ciioBa «CyIIecTByeT» HUJIU PaBHO-
CUJILHOTO €MY CJIOBA «HAWAEeTCa» WHOTA IUIITYT CUMBOJ J, T. €.
mepeBepHyTyIo JaTuHcKyio OykBy E (ot amria. Existence — cy-
IIIeCTBOBAHUE), & BMECTO CJIOB «JIIO00M», «KAMKIBIN», «BCAKUA» —
cuMBoJI V, T. e. IIepeBepHyTOe JaTuHCKoe A (oT aurja. Any — Jio-
60i1). CumBoJI J Ha3BIBae€TCA CUMBOJIOM CYU,eCMB08AHUS, a CUM-
BOJI V — CHMBOJIOM 8CC00U,HOCTU.

Mpumepsl. 1. Onpenenenue obbesmHeHuda U A, MHO-
aewx

JKeCTB AO(’ o € 9, 3anuchIBaeTCA C MOMOIIBIO JOTUUECKOTO CUM-
BOJIa CynieCTBOBaHUA CJIeYIOIIINM 06pa30M:

U Ag={x:3Jacll, xcA,,
aeu

a ompejesieHnue IepecedeHud U A,, 3aIHCaHHOE C IIOMOIIBIO
aeA
CHMBOJIA BCEOOIITHOCTH, MMEEeT BU/I
U Ag={x:Vaecd, xcA,}.
aew
2. IIycts R — MHOMKECTBO MeHCTBUTENbLHBIX UMCEJ U IIYCTh
samana QyHKIug f: R — R, T.e. QyHKI[UA, oIpelejieHHAA Ha
MHOKeCTBe JefiCTBUTEIbHBIX UKCeJ U IPUHUMAIOIIasa nelicTBU-
TeJbHbIe 3HaueHusA. DYHKIUA [ HasbIBaeTCA YemHOl QYHKUU-
eil, ecau OJA Jo6oro x € R BbIMOMHAETCA PaBeHCTBO f(—x) =
= f(x). Hcmonba3ysa JIOTUYECKYI0 CUMBOJIUKY, 9TO YCJIOBUE MOK-
HO 3allucaTh Kopoue:

Vx€R: f(—x) = f(x).

3. ®yuknuda f : R — R HaspiBaeTca nepuoduyeckoil, eciu cy-
I1ecTByeT Takoe umcyao 1T > 0, uTo, KakoBo ObI HU ObLIO0 X € R, cpa-
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BeIuBO paBeHcTBO f(x + T) = f(x). Yorpebisas JIorMUYecKue CUM-
BOJIBI, 9TO OIpe/e/IeHIe MOKHO 3aIl1CATh CJIEeIYIOIM 00pa3oM:

@T>0)(VxeR): f(x+T)=f(x).

OOBIYHO JJIsT YAOOCTBA UTEHUSA YTBEPKICHII, 3alIMCAHHBIX C
IOMOIIbI0 HECKOJBbKMNX JIOTMYECKMX CHMBOJIOB, BC€, UTO OTHO-
CHUTCA K KaXJOMy M3 HHX OTAEJbHO, 3aKJIUaeTCA B KPYIJbIe
CKOOKU, KaK 9TO U cIeJIaHO B IIocjenHelt gopmyJie. [[BoeToune B
nomo0HBIX (hOPMYJIaX O3HAYAET «UMeeT MecTOo». dacTo momob-
HbIe BHIPAKEHUS 3aNUCHIBAIOT IJIsT KPaTKOCTU 6e3 CKOOOK (MBI
OyIeM IOCTYIIATh TaK Ke):

AdT>0 VxeR:f(x+T)=f(x).

4. Oyuknua f: R — R He ABJIseTCS YeTHOM, ec/i yCJIOBUE
f(—x) = f(x) He BeIMOMHAETCA I BceX X € R. OgqHaKo momo0HbIe
oTpuIaTeJbHbIe ()OPMYJUPOBKU HE OUeHBb yAOOHBI, KOTJa IIPHU-
XOIUTCS UX WCIIOJbh30BaTh, TAK KaK TPYAHO JeJaTh BHIBOJILI U3
TOTO, Uero Her. I'opaszmo ymoOHee MMETH AEJIO C IIO3UTUBHBIMU,
KaK UX Ha3bIBAIOT, YTBEP:KAECHUAMU, KOTOPHIE HE COIEPIKAT OTPU-
mauuii. B maHHOM cilyuae yTBep:KIeHHe, UTO PaBeHCTBO f(—x) =
= f(x) He BBITOJIHAETCA IJiA BceX X € R, paBHOCUJIBLHO yTBEPIKIe-
HUIO, UTO CYII[eCTBYyeT Takoe X € R, uro f(—x) # f(x), niu B cum-
BOJITYECKOI 3aII1ICU

dxeR: f(—x) # f(x).

5. ®yarnua f: R — R He sBIsdeTCA IEePUOLUUYECKOM, eCJIn
Jaioboe uncygao T > 0 He ABJIsETCA ee IePUOAOM, T. €. IJd JI00Tro
T > 0 paBenctBo f(x + T) = f(x) He IDOJKHO BBITIOJHATHCA IJISA
Bcex X € R, nau B mo3uTuBHON dopme: aias aroboro T > 0 Haii-
nercsa x € R, gis xoroporo f(x + T) # f(x). C moMoIiibio Jiornue-
CKHX CHMBOJIOB 9TO OIIpeAejieHNre 3alNChIBAETCA CJIETYIOIUM
obpasom:

VT>0 dxeR:f(x+T)#* f(x).

CpaBHUB 3aIIUCH C ITOMOIIBIO JIOTHUYECKUX CUMBOJIOB YTBEDK-
IeHni B mpuMepax 2 U 3 ¢ UX OTPUIlAaHWEM B Impumepax 4 u 5,
BHUJIVIM, YTO ITPY IIOCTPOEHUU OTPUIAHUNA CUMBOJIBI CYIIECTBOBA-
HUA U BCEOOIITHOCTU 3aMEHAIOT APYT Apyra. jgd Toro uyTobsl B
HEKOTOPOM MHOJKECTBE He CYIIeCTBOBAJI 3JIEMEHT, 00JIaZatoui
KaKNM-TO CBOMCTBOM, HaZ0, YTOOBI BCE BJIEMEHTHI He 00Jamaan
STUM CBOMCTBOM, T. €. B 9TOM CJIy4yae IPU OTPUILAHUU CHUMBOJI
CYIIIeCTBOBAHUA 1 MEepexOoqUT B CUMBOJ BceoOImHOCcTH V. Ecan
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JKe KaKMM-TO CBOMCTBOM 00JIaZjalOT He BCe dJIEMEHTHI paccMar-
pUBaeMoOro MHOXKECTBa, TO 9TO O3HAYAET, UTO B HEM CYIIeCTByeT
3JIEMEHT, He 00JIaJalonIuil JaHHBIM CBOMCTBOM: CIMBOJI BCEOOIII-
HOCTH 3aMEHUJICA CHUMBOJIOM CYII[eCTBOBAHMUSI.

CuMBOJ = o3HAUaeT «cJeayeT» (OAHO BbICKAa3bIBaHUE CJELY-
eT U3 APYroro), a CUMMBOJ < O3HaUaeT PaBHOCUJILHOCTH BBICKA-
3BIBAHUM, CTOAIINX 10 PA3HbIE OT HEro CTOPOHBI. 3HAUYOK def 03-
HAYaeT, 4To c)OPMYJIUPOBAHHOE YTBEP KAEHME CIIPABEAJINBO 110
omnpeneaennio (ot auri. definition — onpegenenne). Hampumep,

Ac Bl (Vxe€A=x€B), (gof)(x) def g(f(x)).

OnpeneseHne 4acTO MCIOJIb3yeMOr0 B MaTeMaTUKe CHMBOJIA
2 (rpeueckas sarjaBHas OyKBa «CUTMa») IJisI 0003HAUEHUS CYM-
MBI CJIaraeMbIX MOKHO 3aIlHCATh CAeAYIOMUM 00pa3oM:

kiak def a,tag+...+a,.

Kax mpasuiio, usjioskeHre MaTepuaa BeJeTCs B KJaccuue-
CKOM CTHJe 0e3 MCIIOJb30BAHHUA JOTMUYECKUX CHMBOJIOB. OHU
YIIOTPEOJIAIOTCS NI IapaljieIbHO C OCHOBHBIM TEKCTOM. ITO,
C OJHOII CTOPOHEBI, IIOMOXKET UNTATEJI0 MPUBLIKHYTh K UX IIPU-
MEHEeHUIO, YTO, HAIIPpUMe], II0Je3HO IPU KOHCIeKTUPOBAHNH, a C
Ipyroii — 6oJjiee KPaTKO U, CJIeIOBATEJIbHO, MHOTAA 00Jiee BhIpa-
3UTEJIbBHO PA3BbACHUTDb HYHYIO MBICJIb.

B manpHeleM KOHeI IPOBOAMMOTO AOKasaTeJbCcTBa chop-
MYJIUPOBAHHOTO YTBEP:KACHUA OyaeT OTMeUaThCcsAa CUMBOJIOM .

§2.

AeVCTBUTEABHbIE YNCAQ

2.1. CBONCTBO AENCTBUTEAbHbIX YNCEA

B siemeHnTapHO# MaTeMaTUKe M3yYalOTCA JeMCTBUTEILHEIE (Be-
miecTBeHHbIe) uncyaa. CHauajga B MpoIlecce cueTa BOSHUKAET TaK
Ha3LIBAEMBIN HaAMypaabHbiii psad uwmcen 1, 2, 3, ... , n, ....
B apudmernKe BBOAATCS AEHCTBUS CIOMKEHUA U YMHOMKEHIS
HaJ HATypaJbHBIMHU UHCJIaMM. UTO JKe KacaeTcs omeparuii BbI-
YUTAHUA U JeJIeHUdA, TO OHHU y:Ke OKa3bIBAIOTCA He Bcerja BO3-
MOKHBIMHI B MHOJKECTBE HATYPAJIbHBIX uncels. YTOOBI BCE UEThI-
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pe apudMeTHUecKHe oOIepaluy OBLIM BO3MOMKHBI AJA JII000I
mapsl urces (Kpome omeparuu AeJieHus Ha HYJIb, KOTOPOIl HeJlb-
3 TPUINCATH CMBICJIA), TPUXOAUTCA PACIIHUPUTH KJAacc pac-
cMaTpuBaeMbIX umces. K HEOOXOAUMOCTH TaKOTO PaCIINPEHUA
3amaca 4uces IIPUBOLAT TaKiKe IIOTPEOHOCTH H3MEPEHUS TeX
WV WHBIX TeOMeTPUUYecKuX U (pusuuecKux BeaudyuH. I[losTomy
BBOJSITCA YMCJIO HYJb U IeJble OMmpuuamesibHvle unucia (Buma
-1, -2, ..., —n, ...), a 3aTeM U payuoHasbHble (BuZa p/q, TIe
p, ¢ — nenasie, g = 0).

Ta Ke mOTPeOHOCTh M3MEPEeHUA BeJIUUYNH U IPOBeJeHUs Ta-
KUX oIlepaiuii, Kak u3BJieUeHNEe KOPHA, BEIUUCIEHNE Jorapud-
MOB, pellleHHe ajredpanyecKuX ypaBHEHUIl, IPUBOIUT K OAJb-
HeHIeMy pacIlipPeHnIo 3aIaca pacCMaTPUBAEMbIX UNCEJ: IOAB-
JAIOTCA UPPAYUOHAJbHbIE W, HAKOHEI, KOMNJACKCHble HUCAA.
Bce pamnmonanbuble M BCe MppPaAIMOHAJbHBIE UYHCIa 00pasyroT
MHOKECTBO BCEX MeHCTBUTEIbHBIX UUCE.

MHOKeCTBO BCeX MeHCTBUTENHHBIX UMCeJ, KaK MPUHATO, 0y-
nem obosHauaTh uepe3d R (ot sat. realus — gelicTBUTENbHBIN).
ITO MHOKECTBO 00pasyeT COBOKYITHOCTb, B KOTODPOU OIpejeie-
HBI B3aMMOCBSI3HBIE OIepPAIlNU CJIOMKEHHUA, YMHOMKEHUSI U CPaB-
HEHUS YKCeJI II0 BeJIMUYMHE U KOTOopas 00JaaeT OlpeaeIeHHOro
polia HempephIBHOCTHIO. HamoMHMM KpaTKO cBOIicTBA HeiicTBU-
TeJIbHBIX YlNCeJI, N3BECTHbIEC N3 3JIeMeHTapHOfI MaTeMaTukKu, n
JIOTIOJTHUM MX ONMHCAaHWEM HEeKOTOPHIX CBOMCTB, OOLIYHO He pac-
CMaTPUBaeMbIX TaM JOCTATOUYHO IIOJIHO.

I.Onepanmua cnoxennad. Hua moboit ymopAgoueH-
HOII TTaphl JeMCTBUTEJIbHBIX UKCEN @ U b ompeieieHo, U IPUTOM
eIMHCTBEHHBIM 00pa3oM, YUCJIO, Ha3bIBAEMOe UX CYMMOLL 1 000-
3Hauaemoe uepes a + b, Tak 4TO IIPU 9TOM MMEIOT MECTO CJIeIYIO-
I11e CBOMCTBA.

I,. Jna nwobotl napwt wucen a u b

a+b=>b+a.

9TO CBOICTBO HA3LIBAETCS NepemMecmumenbHblym UIN KOMMY-
mamueHbLM 3AKOHOM CLONCEHUS.
I,. [na niobvix wucen a, b u c

at+t®+c)=(a+b)+ec.
ITO CBOMCTBO HA3BIBAETCA COUEMAMEJNbHbLM WU ACCOUU-

amuBHblM 3AKOHOM CJOMNCEeHUSA.
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I;. Cywecmeyem wucno, o6osnavaemoe 0 u Has3vi6aemoe HY-
aem, maxoe, umo 0asa aA100020 YUCLA G

a+0=a.

I4. Jna awoboeo wucaa a cywecmeyem wucno, 0003Havaemoe
—a U HA3bl8aeMoe NPOMUEONONLONHbLM OAHHOMY, maKoe, ¥mo

a+(—a)=0.

II.Omepamusa yMHOMXKeHUu . Haa mob6oii ymopano-
YeHHOM Iaphbl YKMCeJ a4 U b ompenesieHo, U IPUTOM eIUHCTBEH-
HBIM 00pas3oM, YMCJI0, Ha3bIBaeMoe UX npousgedeHuem u o603Ha-
yaemoe ab (unu a ¢ b), TaKk UTO IIPU 3TOM MMEIOT MECTO CJIeayIo-
e CBOMCTBA.

I1;. Ina nwboit napvt wucen a u b

ab = ba.

ITO CBOIICTBO HA3BIBAETCA NnepemecmumeabHbvlm NIU KOMMYMma-
MUBHBILM 3AKOHOM YMHONCEHUS.
II,. Ina nwbvix wucen a, b, ¢

a(bc) = (ab)c.

9TO CBOICTBO HA3BLIBAETCA COYEMAMENbHbIM WUIU ACCOUUAMUE-
HbLM 3AKOHOM YMHONCCHUS.
II;. Cywecmeyem uucao, ob6os3nauaemoe 1 u Hasvi8aemoe

edurnuyeil, maxoe, ¥mo 0 A100020 LUCLA O
a-1l=a.
I1,. Jna awbozo wucaa a # 0 cywecmeyem uucnio, 0603Hauae-

1
Mmoe 1/a unu - U Hasvieaemoe obpamHuLm OAHHOMY, MaKoe, YMo

III.CBaA3p omepamnmui CAOXKEeHNUA M yMHOXe-
H U 4. []aa n0bsvix wucen a, b, ¢

(a +b)c=ac + be.
ITO CBOICTBO HA3BIBAETCS pacnpedeiumenbHvli U Oucmpuoy-
MUBHLIM 3AKOHOM YMHONEHUS OTHOCUTEIHHO CIOKEHN.

IV.VnopagoueHHOCTSb. [aa kKanwdozo uucaa a on-
pedenerno 00Ho u3 coomunowenuit a > 0 (a 6onvuwe Hyas), a =0

37



A B (a pasno nyaw) uau a< 0 (a meHnvwe
e HYasa) mak, wmo ycaosue a> 0 pasHo-
cuavHo yeaosuio —a < 0.
Puc. 2 IIpu smom ecau a> 0, b> 0, mo
umerm mecmo HepaseHcmaa:

IVi.a+b>0.

IV,.ab > 0.

CsoticTBo IV gaeT BO3MOYKHOCTH BBECTHU IIOHSTHE CPABHEHUS
WU, KaK UWHOTJA F'OBOPAT, CPABHEHUS 110 BeJIUUYNHE IS JIIOOBIX
JIBYX YUCEJI.

Yuciio b Ha3LIBAIOT YMCIOM, OCIBIIINM YNCIA 4, ¥ DUIIYyT b > a,
WUJIU, UTO TO K€ CaMoe, YNCJIO @ Ha3bIBAIOT MEHBIIIUM Yucja b u
aoumyT a < b, ecau b —a > 0.

Hanuuwme cpaBHeHUsT «0OOJIbIlIe» WU «MEHBIE» AJIA JIO00H
mapsl JeMCTBUTEIbHBIX UNCEJ Ha3bIBAETCA C80ilcmME0oM Ynopado-
YEeHHOCU MHONCEeCMBa 8cex 0ellcmeUumebHblX YUcCel.

HelicTBUTEIbHBIE UYKCJA O0JIAfAIOT eIle TAaK Ha3bIBAeMBIM
CBOICTBOM HEIIPEPLIBHOCTH.

V.CBoificTBO HenmpepbIBHOCTU. Kakosv. 66 HU Obl-
aAu Henycmoie mHoxiecmea A<= Ru B < R, y komopuvlx 0as 1io-
Ovlx 08yx anemeHmos a € A u b € B 8blnonHsemcs HepaseH-
cmeo a < b, cywecmasyem makxoe yucao o, ymo 0asa 8cex a € A
u b€ B umeem mecmo (puc. 2) coomHouleHue

asasb.

CBoiiCcTBO HEIPEPHLIBHOCTHU AeHICTBUTEIbHBIX UMCEJ CBA3AHO C
CaMbIM ITPOCTEHNIIINM MCIIOJb30BAHMEM MaTeMAaTUKM HA MPaKTHU-
Ke — c u3MepeHueM BeJuunH. [Ipu usmepennn Kaxkoi-aimbo du-
3UYECKON MU KaKOH-HUOYAb APYTOii IPUPOILI BEIUUNHEI YaCTO
HOJIyYaroT ¢ 0OJbITel UM MeHbBIITell TOYHOCTHIO ee MPUOIUIKEH-
Hble 3HaueHUA. Eciu B pe3yabTaTe SKCIEPUMEHTAJIbHOTO 13Me-
PeHUs JaHHOI BeJUUYNHBI IOJyUYaeTCs PAL YKUCces, JAloIuX 3Ha-
YyeHNe MCKOMOM BEJMUYMHBI C HEJOCTAaTKOM (OHH HI'PalOT POJIb
MHOKeCTBa A B IPUBEAEHHOU BbIIe (GOPMYJIUPOBKE CBOICTBA
HeIPEePLIBHOCTU) U ¢ U30LITKOM (MHOKecTBO B), TO CBOIICTBO He-
IPEPBIBHOCTU AENCTBUTEIbHBIX UKMCEJI BhIpaskaeT 00 beKTUBHYIO
YBEPEeHHOCTh B TOM, UTO M3MepseMas BeJIUYMHA MMeeT Oolpeje-
JIeHHOe 3HaYeHUe, PACIIOJIOKEeHHOEe MEXKY ee TPUOIMKEeHHBIMU
3HAUEHUSIMU, BLIYUCIEHHBIMHU C HEJTOCTATKOM U U30BITKOM.

W3 croticTB I—V neficTBUTENBHBIX UMCEJ BBITEKAIOT NPYTUe
MHOTOUYHUCJIEHHBIE UX CBOMCTBA, IIOITOMY MOJKHO CKas3aTh, UTO
IeHCTBUTENbHBbIE UYMCJIa IIPEACTABJSIOT Cc000# COBOKYHHOCTD
9JIEMEHTOB, 00JamaroIyio cBoictBamMu I—V.
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J1s1 BIyMYMBOTO UNTATEJIST 3aMETUM, UTO a b

. . -~
CCBLIKA B HauaJe maparpada Ha TO, UTO Jeii- 0 1
CTBHUTEJIbHBIE UMCJIA K X CBOMCTBA N3BECTHBI

U3 Kypca SJIEMEeHTApPHOM MaTeMAaTUKU, He IB- Puc. 3

Jasietca HeoOxomumoii. ChopMyaupoBaHHBIE

BBIIIIEe CBOMCTBA NeMCTBUTENIbHBIX YKCEJ MOXKHO B3ATH 34 MCXOJ-
Hoe onpenenernne. Cieayer TOIbKO UCKJIIOUUTh TPUBUAIBLHBIN CIIY-
Yyai: JIerKO IPOBEPUTh, UTO AJISI MHOXKECTBA, COCTOSAIIEr'0 TOJIBKO
M3 OJHOTO HYJIA, BBIIOJHSIOTCA Bece cBoiicTBa I—V (B TakoM MHO-
skectBe 0 = 1). MHOKeCTBO, B KOTOPOM MMEETCS XOTh OTUH dJIe-
MEHT, OTJIMYHBIN OT HYJIA, OyJeM 37ech IJIs1 KPAaTKOCTH HA3LIBATh
HETPUBUATILHBIM.

ITepedpasupys ckaszaHHOe, HOJYUNM CIEeAYIOIlee olIpeaee-

HUeE.
Onpeaenenue 1. HempusuaivHoe MHOMCECMB0 IJeMeHmos, 00-
aadawuwux ceoiicmeamu 1—V, naszvteaemcsa muoxcecmeom oeii-
cmeumenvublx yducen. Kaxcovlii snemenm 3mozo MHOYNCECMBa
Ha3bieaemcs 0eilcmaumesbHblM YUCJLOM.

ITocTpoenune Teopun meliCTBUTEIbHBIX YKCEJ, OCHOBLIBAIOIIIEE-
cdA Ha TAKOM UX OIPENeJIEeHUN, Ha3bIBAECTCA AKCUOMAMUYECKUM,
a cBoiictBa [—V — akxcuomamu OdeiicmaeumenbHulX YlucCel.

TeomeTpruecKr MHOKECTBO JeliCTBUTEIbHBIX UMCeJ 1300pa-
JKaeTcsa HaIpaBJIEHHOU (OPHMEHTHMPOBAHHON) IPSMOIi, a OTAeNb-
HBIe YHCJIa — TOYKAMM 3TOI mpsamoii. IIosToMy COBOKYIITHOCTH
IefCTBUTEJbHBLIX YMCEJI YaCcTO HAa3LIBAIOT UMCJIOBOM NPAMOI, a
TaKsKe UMCJIOBOM MJIU NeHCTBUTEJNHHOM OChIO, a OTJAeJbHbIE UMC-
Ja — ee Toukamu (puc. 3).

IIpu Takoil uHTepHpeTanuy AeiiCTBUTEJbHBIX UNCeJ MHOTAA
BMeCTO a MeHbIle b (a 6oJbie b) TOBOPAT, UTO TOUKA @ JIEIKUT
JeBee TOYKU b (UTO @ jeKuT npasee b).

B . 2.2 —2.6 6ygyr 6oJee geTAThHO IPOAHAIN3UPOBAHBI
cBoticTBa I—V meiicTBUTENILHBIX UMCEeJ 1 BBIBEJEHBI HEKOTOPLIE
ux ciaencTBusi. Kak 1 Bce NyHKTHI, OTMEeUEHHEIE 3BE3JOUKAMIH,
STU IIYHKTHI IIPU IEePBOM YTEHUU MOXKHO 0e3 CYIIeCTBEHHOTIO
yiiepba I yCBOEHHA Kypca MATeMaTHUECKOTO aHajii3a OIIycC-
TUTh. JIA MoOHUMaHUA AaJabHelIero marepuaia (B § 3 u ciaenyro-
IIIUX) BIIOJIHE IOCTATOYHO IIPEJCTABJIEHUS O OeHCTBUTEILHBIX
yucjaax, KOTopoe JaeTcs B Kypce 9JIeMeHTapHO MaTeMaTUKMU.

2.2*. CBONCTBA CAOXKEHUS U YMHOXKEHMS

PaccmoTpuM HeKOTOpBIE CBOMCTBA CIAOKEHUA 1 YMHOMKEHUS, KO-
Tophle BeITeKaioT u3 cBoiicTB I, IT u III. IIpesxae Bcero sameTum,
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YTO AJIS OTIEPAIINU CJIOYKEHUS CYIIeCTBYeT oOpaTHASA OIepaIusa —
BBIUMTAHUE; OIIPEJETIUM €€.

s a1060i1 ynopsimoueHHOM maphl urces a € R u b € R uucio
a + (—b) HaspIBaeTcA pasHocmuio unces a u b u 0603HAYAETC Ue-
pesa—b, T.e.

a-b%a+ (b 2.1
a+b=c, (2.2)

TO, MPUOABAAA K 00eM YacTsIM 3TOTO PaBeHCTBA YHUCJIO —b, IO-
ayudaeM (a + b) + (=b) = ¢ + (-=b). Orcrona, cOTJIaCHO aCCOITUATUB-
HOMY 3aKOHY I, 1 oIpeseeHNIO Pa3HOCTH, IMeeM
a+®+(Eb)=c-b,
HO b + (—b) = 0; ciemoBaTeabHO,
a=c-—b. (2.3)

Taxum o6pasom, mocje IpubdaBIeHNs K YUCIY a ducaa b uuc-
JI0 @ BOCCTaHABJIMBAETCS BEIUUTAHUEM U3 CYMMEI @ + b uucaa b,
IIO9TOMY oOIlepaliis BBIUMTAHUS W HasbIBaeTCA onepauyueil, 00-
PAMHOIL ONepayuu CAOHCCHUS.

HepefmeM Tellepb K CBOMCTBAM CJIOKEHUSA U VYMHOMXEeHUA
HeﬁCTBHTeJIBHBIX quceJ.

Ecanu

1°. Yucano, obradaouiee ceoiicmaom HYas, eOUHCMBEHHO.

JelicTBUTENIBLHO, TOIMYCTUM, UTO CYIIECTBYIOT ABa HyaA 0 u
0'; Torga, B cuiy I3: 0'+ 0= 0', 0 + 0' = 0. CorsracHo KOMMYyTa-
THBHOMY 3aKOHY l,, JleBble YacTu 9THUX PaBEHCTB PaBHBI, CJIE€0-
BaTeJIbHO, PaBHLI U IpaBbie, T. €. 0 = 0'. O

20, Yucno, npomueononoHHoe 0aHHOMY, eOUHCMBEHHO.

IlycTs uncaa b 1 ¢ TPOTUBOMNOJIOKHBI HEKOTOPOMY YWCIY @,
T.e.a+b=0wua+ c= 0. Torga u3 mepBoro paBeHCTBA UMeeM
(a@a+b)+c=0+c,r.e.(a+b)+c=c,orkyna(a+c)+b=c;HO
a + ¢ =0, ciemoBaresbHO, b =c. O

3°. s n106020 wucna a cnpa6edau6o pagerHcmaeo

—(-a) = a.

"3 paBenctsa a + (—a) = 0, onpeneaAoIero IpOTUBOIIOJIOMK-
HBIN BJIEMEHT, B CUJIY KOMMYTATHUBHOCTH CJIOJKEHUS, IMOJYUUM
(—a) + a = 0. 9to u o3Hauaer, uto a = —(—a). O

4°, s n106020 wucaa a cnpasedaiuso pageHcmao

a—a=0.
B camom gene,a —a=a + (—a)=0.0
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5°. s nbvlx wucen a u b umeem
—a—b=—(a+b),

m. e. YUCLO0, NPOMUBONONOHCHOE cCYymme 08YxX Hucesl, PAGHO CYM-
Me NPOMmUEONOLOHCHBLX UM HUCEL.
HewictButenpuo, a + b+ (—a—-b)=(@a@—-a)+(b—-5)=0.0

6°. Ypasuenue a + x = b umeem 6 R pewenue, u npumom
eduncmeenHoe: x = b — a.

B camom pmese, ecqu pellleHHe CYIIIECTBYEeT, TO, B CHJIY
dopmya (2.2)—(2.3), x= b — a. ITUM U JOKa3aHa eJUHCTBEH-
HOCTBH PeIlleHus ypaBHeHUA a + x = b. [lia cyniecTBoBaHUA pe-
HIeHUs JOCTATOYHO IIPOBEPUTH, UTO UMCIO X = b — a ABJAeTCH
peltieHVeM. JTO AeUCTBUTENHHO TaK:

at(b-a)=a+[b+(-a)]l=[a+(-a)]+b=0b.0O

s omepanuy YMHOMKEHUS TaKiKe CYIIecTByeT obpaTHas
olepalus; OHa HAa3bIBAEGTCA JeJIeHNeM U OIIPeIesIsAeTCs CIeYIo-
M 00pasom.

Jia nr000i ynopAamoueHHOM napsl uuces a u b, b = 0, uucyao

1
a * j Ha3BIBAETCH YACMHbLM OM OdeneHusa a Ha b 1 o003HauaeTcs

a
uepes ; , WK a/b,unmu a : b, T. e.

def

=a- -, bZz0.

(SRS
S =

a
3anuch YacTHOTO OT JAeJieHWs a Ha b B Buue 5 (unu a/b)

HA3BIBAETCS APOOBIO C UMCJINTEIEeM a Y 3HAMeHaTeeM b.
. . 0 A0
CBoiicTBa, aHAJOTrMYHLIE cBOMcTBAM 1 —6 [JIsI CJIOMKEeHUs,
CIPaBEIJINBLI U IJIA OIEPAIUN YMHOMKEHNUA:

0 .
7. Qucsno, obOnadawuiee cgolicmeamu eOUHUUbL, eOUH-
CMeEeHHO.

0
8". Hucao, obpamuoe OAHHOMY HUCLY, OMAULHOMY OM HY-
a5, eOUHCMBEHHO.

0
9. [Ina arb6020 wucaa a # 0 cnpagedau6o pagencmaeo

1

m=a.
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0
10°. Jasa arw6ozo wucaa a # 0 cnpasediuso pagencmao

2=1.
a

11°. Haa nobvix wucen a =0 u b# 0 umeem pagencmeo

1[% _ 1
a ab’
T. €. 4ucCJjo, O6paTHO€ IIPOM3BEAEHNIO YNCEJI, OTJIMYHBIX OT HY-

JIsi, PABHO IPOU3BEIEHUI0 OOPATHBIX UM UMCEJI.

0 .
12%. Ypasnenue ax =b, a # 0, umeem 8 mHoxiecmae deiicm-

b
BUMEJLbHbLX HUces U npumom e0uHCMmaB8eHHOoe peuienue x = (; .

. 0 0 .
CroiictBa 7" —12" nOKasbIBAIOTCA AHAJOTUYHO CBOICTBAM
0 A0
1"—6".
0 a c
13". Pasencmeo ~ = =,
b d
TOJILKO TOTZa, Korja ad = be.

b# 0, d# 0, cupaBeaanBo TOrga 1

CAEACTBUE (0OCHOBHOE CBOICTBO apoou). Kaxosvr Ob. HU ObLaU
dpoov a/b, b # 0, u yucno ¢ # 0, umeem mecmo pageHcmao
a ac

b bc®

HelicTBUTEIbHO, YMHOMKasA ob0e uacTu paBeHCTBa a/b = c/d
Ha bd ¥ MCIIOJNBL3Yys OIlpelesieHne AeJIeHNA, UMEeeM CJIeIYIOIIYIo
IIEIIOYKY S9KBUBAJIEHTHBIX PABEHCTB:

8 _Lelpd—Sdbeoa- sbd=—cidbead—ch.D

Bce paccmoTpeHHBIE CBOMCTBA 1°—-13° xacatorca TombkO
orepanuii CA0MKEHNA U YMHOMKEHUS. ITU OIllePaI[iy TO3BOJISIOT
OIlpeNeJIUTh HATypPaJIbHbBIE, IeJIble 1 PAIlMOHAIbHbBIE YKCJIA, OIIe-
paIuio BO3BEIEHUS B IEJIYIO CTEIEHb M OIEePAIlHI0 M3BJICUEHUA
kopHs. IIpogemaem aTo.

Yucio 1 + 1 obo3HauaeTcsa uepes 2, yucjo 2 + 1 — uepes 3 u
1. 1. Yucna 1, 2, 3, ... HA3BIBAIOTCA HAMYPAAbHLIMU YUCIAMU.
Wx obosHaueHre 1 Ha3BaHMWe COBIIAAAIOT C UHNCJIAMU 9JI€MEeHTOB B

* o
KOHEUHBLIX MHOKecTBaxX (cM. m. 1.3 ). 9To He ciayuaiiHo, IIO-
CKOJIBbKY, JIJIA TOTO YTOOBI MOJYYUTh HATYPAJIbHOE YKUCJIO 1L B HO-
BOM CMBICJIE, HAZ0 B3STh KOHEUHOE MHOYKECTBO €IUHUIl, UMCJIIO

*
5JIEMEHTOB KOTOpPOTo B II. 1.3 OBLIO 0003HAUYEHO TeM K€ CHMBO-
JIOM n, 1 cJOXXUTDL ux (cMm. (1.4)). IIpu sTOM OTHOIIIEHME ITOPAL-

42



Ka, BBeJeHHOEe B MHOKECTBe HaTypaJbHBIX uucesa (CM. II. 1.3*),
COBIIQJIaeT C TMOPAAKOM, UMEIOIIIUMCSA B 3TOM MHOKECTBE COTJIac-
HO YIOPSAAOYEHHOCTH MHOXKECTBa BCEX NENCTBUTEJbHBLIX UKCE]
(cM. cBoiicTBO IV B 1. 2.1), mpuueM HATYPAJIbHBLIM YHCJIOM, HEIIO-
CPeICTBEHHO CIeAYIOIINM 3a 1, ABjasercd n + 1. Kak yxe ormeua-
JIOCh, MHOK€ECTBO HATYPAJbHBIX YKCeJ obo3HauaeTcsa uepes N.

3aMeTuM, 4YTO, XOTA, KAaK 9TO OBLLIO JOKA3aHO BLIIIE, eIHI-
Ia eIUHCTBEeHHA, MOKHO paccMaTPUBATh HECKOJIbKO 9K3eMIIIA-
POB enmHUILI (KaK ¥ BOOOINE HECKOJbKO 9K3EeMILJISIPOB JII0O0TO
2JIeMeHTa HEKOTOPOr0 MHOJKECTBa) XOTA Obl AJSA TOTO, UTOOBI
MOKHO OBLJIO HanmcaTh BeIpaskeHnue 1 + 1.

Yucaa 0, =1, £2, ... HasbIBAOTCA Ueablmu yucaiamu. MuoO-
"KeCTBO ILeJILIX YMCceJ 00BIUYHO oOo3HauaeTcd uepes Z.

B manpHelimem OymeT moKasaHo (CM. CBOMCTBO 8% 5 m. 2.3*),
YTO U3 BCEX IEePEeUYMCJIEHHBIX B II. 2.1 CBOMCTB AeiiCTBUTEJIbHBIX
yucesa caexyet: 1 > 0.

Yucna Buga m/n, rme m u n — 1mejasie, a n = 0, Ha3LIBAIOTCS
PAUUOHANbHLIMU Yucaamu. MHOMXKECTBO BCeX pPallMOHAJIBLHBIX
yuces obo3HauaeTcA oObIYHO uepes Q. IleificTBUTEeIbHBIE UMCTIA,
He ABJIAMIIINECA PaIMOHAJIbHLIMU, HA3BIBAIOTCA UPPAUUOHALL-
Hbtmu. Ux MHOMKecTBO o0o3HauaeTca uepes I.

OTMeTHM Temepb HECKOJbKO CBOMCTB, KOTOPbIE CBA3LIBAIOT
OIlepaIlH CIOMKEHUSA U YMHOMXKEHNUA.

0
14", [[na n1ob6vix wucen a, b u ¢ umeem mecmo pagenHcmaeo
a(b—-c)=ab-ac.
B camowm nede,

ab-c)=ab-c)+ac—ac=a(b-c+c)—ac=ab—ac.O

0
15", [Jna a106020 wucaa a 6binOSHAEMCA PAGEHCME0
a-0=0.

HelicTBUTEBHO, BO3bMEM KaKoe-I1nbo uucyo b; rorga b — b =

. 0 . 0
= 0 (cmM. cBoiicTBO 4°). IToaTomy, coryiacHO CBOMCTBY 14, nmeeM

a*0=ab-b)=ab—-ab=0.0
. 0

U3 cBoiicTBa 14, MeKy IPOUYUM, BEITEKAET, UTO YTBEPIKIE-
Hue 1 # 0 npu BeInoTHEeHUU cBoicTB I—III sKBUBaJIEHTHO TOMY,
YTO CYIIIECTBYET XOTs OBbI OJJHO YKCJIO, OTJIMUHOE OT HyJIs. OueBu-

HO, IOCTATOYHO II0KAa3aTh, UTO €CJIU CyIIecTByeT uuciyo a = 0, To
1 # 0. ToxaxeM 9TO: IIyCTh cyinecTByeT a # 0; Torga m3 paBeH-

43



ctBaa * 1 =acnenyer, uro 1 # 0, TaKk Kak B IPOTUBHOM cJIy4ae,
. 0
COTJIACHO CBOMCTBY 157, mmesio 06 MecTo paBeHCTBO a = (.
0 N
16". Ecau ab =0, mo no kpaiineii mepe 00uH U3 COMHOMCU-

meaeil a u b pasen nyio.
IIycrs, manpumep, a # 0; Torga, yMHOKUB paBeHCTBO ab = 0

Ha %, TMOJTy YN M %(ab) = }l - 0, oTKyZa %a%b = 0, caenoBaTeb-
HO, b=0.0
17°. s awdvix wucen a u b umeem
(—a)b = —ab, (—a)(—b) = ab;

8 yacmHocmu, (—1)a = —a.
B camowm gete,

(—a)b=(—a)b+ab—ab=(—a+ a)b —ab=—ab.

Orcooga, B CUJIIy KOMMYTATUBHOCTH YMHOMKeHUA (MeHAA a u b
mecTtamm), umeeM a(—b) = — ab. cmmosb3ys 9To paBeHCTBO, IIOJIY-
yaem

(-a)(-b) = ~a(~b) = (~1)a(-b)] = (~1)(~ab) = ~(~ab) = ab. 0

W3 ceoiicts 1, II, III meiicTBUTEIHLHBIX YMCEJI U TIEPEUNCIEHHBIX
BBIIIIE UX CJIEACTBUI MOKHO IIOJYUUTH IIPABMIA apu(pMEeTHTIECKUX
JIeiicTBUIL ¢ Apobsamu, T. e. unciaamu suga a/b, b= 0,a € R, b € R.

0 .
18". Canooxcenue dpobeil npousgodumcs no npasury
4 ad + be
% o= ,b70,d#0.

HoxkasxeM CHpaBe,ZIJII/IBOCTB ATOTO paBeHCTBA. VcIoab3oBaB
ompeneseHue AeJeHUs, AUCTPUOYTUBHOCTD CJIOKEHUS OTHOCH-
TEJbHO YMHOMKEHUS U OCHOBHoe CBOf/iCTBO ,up061/1 TOJIyYUM

ad + be _ 41 _:_ be _u ¢
d —(d+bc)— ad +b bd+bd b+d'D

19°. Ymnoncernue dpobeil npouseoaumm no npasuny

a (o4
b d~bar0*0d*0

. 0
Wcnonn3oBaB onpeaeneHne ,Z[eJIeHI/IH u cBoiicTBO 11", mosmyumm

8¢ _ get — 1ogic_
bd ~ *bd (17 acbd o PREE T b a

20°. ObpamHuuvim daemenmom Opoou 5 ,az=0,b#0 asraem-

b a b
cs 0poov Som.e =1.

JTo cpa3y caeqyeT U3 IpaBuja YMHOMKEHU IPo0ei.
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21°. Ilenenue Opobeil npouszgodumces no npaguiy
a C

¢ _ad
F =32, b70,c720,d#0.

Hcnonb3oBas omnpeneseHne gejieHUsA, IIPEeabIAYIIee CBOHCTBO
¥ IPaBUJIO YMHOMKEHUS Apodeit, OymieM uMeTh
a ¢ a 1 a d ad

b'd b ¢ b ¢ be "

SN

IIycTs 3amaHbl AefiCTBUTEIBHOE UYHCJIO ¢ U HATYPAJIbHOE UIC-
g0 n. Yucao a, yMHOKeHHOe 7 pas3 Ha ce0s, HasbIBaeTcs n-i

cmenenvio 4ucia a 1 o603Havaercd uepes a. Takum o6pasom,

a” def 4 ... a.
-

n pas

0od

ef
ITo ompenenenuio mosaraercsa a = 1 u guaa jgwoboron € N

a—n dif l

n
a

BeiBegem Temeph M3 IMOJIYUYEHHBIX BBIIIIE CBOMCTB CJIOMKEHUS
M YMHOXKeHUA AeHCTBUTEJIBHBIX UMCesJ HpaBuja AelcTBUil co
CTeleHAMU.

0
22", Ecau m u n — yeJavle 4ucaa, npuiem 8 cayiae, Koz0a
m<0 uau n<O0, umeem mecmo a # 0, mo

m _n m-+n m\n mn
aa =a , (@) =a

Ecau m = 0 unu n = 0, To cmpaBeqInBOCTEL (hOPMYJI OUEBUIHA.
B ToMm ciyuae, Korma m W n — HaTypaJbHBIE YKCJIA, COTJIACHO
OIIpefieJIeHUIO CTeIleH!,

a™a"= a..a a..a =q"" "
-
m pas n pas

Ecmu m <0, n> 0 ua# 0, To, mosmarasd k = —m ¥ UCIOJb3Ys
OCHOBHOE CBOICTBO Apo0u (BO3BMOKHOCTH OJHOBPEMEHHOTO JeJie-
HUSA YNCJUTEJIS 1 3HAMeHaTeJ s JPpoOK Ha OLHO 1 TO JKe He paBHOe
HYJIIO YncyI0 0e3 HapyIleHusa PaBeHCTBA), IIPU k < n O0yJIeM UMeTh

n pas
/—H

m _n -k n_a _ Q..8  p-f m+n
ak a...a
-

k pas
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anpuk>n

Ecimm <0,n<0wua#0, ro, mosarass, k=-m, l = —n u uc-
. 0
HoJIb3ysl cBoiicTBO 117, mosyuaem

m

-k - 11 1 -
a"a" = gt = _ g kD

&1 k+1
aa a

m+n
a .

. 0
AmnanoruvuHo IpoBepAeTca U BTopad (hopMyJia cBolicTBa 22°. O

Jlerko nmokasars, uTo cBoiictBa I, I,, II;, II, u III pacupocrt-
PaHAKTCA 10 MHAYKIUM Ha J000e KOHEeYHOe YHCJIO UJEeHOB.
B kauecTBe IpuMepa MOKaMXeM, UTO [IJIA JIOOBIX YHCET A1, Ao, ... ,
a,(n=22)ub

(agtag+...+a)b=ab+tasb+..+a,b. (2.4)

B camowm mese, mpu n = 2 sTa popMyJia CIpaBeAJIMBa COTJIAC-
Ho cBoicTBy III.

IIycTe Temeps opmysa (2.4) cnpaBeanuBa npu n = k, moka-
JKeM, 4YTO OHa OyAeT cupaBeqiumBa u upu n= k+ 1. IIpumenus
cBoiicTBo I, ama k + 1 ciaraemsIx (cumTad, 4TO OHO yiKe JOKasa-
HO), 3areMm cBoiicTBO III 1 McIoIB30BaB MpPEAIIOIOKeHe MHIYK-
WU, TIOJYIUM

(a1+a2+...+ak+1)b=[(a1+...+ak)+ak+1]b=
=(;t..+ta)b+ta,, b=a;b+...+tab+a,, b

U3 popmyisl (2.4) B citydae a; = ag = ... = a, = 1 cienyer, 4To
nb=b+...+0b,
%/—J
n pas

T. €. YTO YMHOKEHNe YKCJIa Ha HATYyPaJIbHOE UKCJIO 71 CBOIUTCA K
CJIOYKEHUIO ATOT'0 UHCJa 11 pas.

3ameuanune. Ormerum, uro csoiictBa I—III m. 2.1 me
ONMCHIBAIOT IIOJIHOCTHIO JEeHCTBUTEJbHBIE UNCJIA B TOM CMBICJIE,
YTO CYIIECTBYIOT U JPYrue MHOXKECTBA, OTJINUYHLIE OT COBOKYII-
HOCTU [OeWCTBUTEJbHBIX UHCEJ, YAOBJIETBOPSAIOININE TeM JKe
cBorictBam I—III, ecim B HUX CJIOBO «YMCJIO» BCIOAY 3aMEHUTD
CJIOBOM «3JIEMEHT» paccMaTpUMBAeMOro MHOxKecTBa. VIMeHHO B
STOM CMBbICJIeé BCIOAY B OajJbHEHNINIeM IIOHNMAaeTCsS BbIpasKeHNe
«MHOKECTBO, YIOBJIETBOPAINee KaKNM-/I1160 13 cBoiicTs I—III».

46



ITpumepom MHOXKECTB, yAoOBJIeTBOPSOIMUX ycaoBuam I, II u
II1, aBasarOoTCA OOHM TOJBKO palUOHaJbHBIE UKCJA WJIU U3BECT-
HBIE U3 BJIeMEHTapHO! MaTeMaTUKU KOMILJIeKCHBIE YMCJa, a TaK-
sK€ COBOKYITHOCTEL PaIlMOHAJLHBIX (DYHKIIUMA, T. €. PDYHKI[UI BU-
na f(x) = % , rie P(x) 1 @(x) — MHOTOUJIEHEI.

JJIeMEeHTHI BCeX MEPEeUYUCIEeHHBIX MHOKECTB MOYKHO CKJIaIbI-
BaThb M YMHOMaTb, IIPHUYEM 9TH OIlepanunuun 6y,ILYT IIOJUUNHATHCA
ycaoBuam I, II u III. MuoKecTBa, yIOBJIETBOPAIOIIE 3TUM Tpe-
0OBaHUAM U COAEPIKaIliie XOTs ObI OAUH 9JIEMEHT, OTJIMYHBIN OT
HYJIS, Ha3bIBAIOTCA NOJAMU.

Takum oOpasoM, pallOHaJbHBLIE UHCIa, AeNCTBUTEJIbHBIE
YKCIa, KOMILIEKCHBIE UKCJIA U PalluOHaAIbHBIe QYHKITUY 00pasy-
IOT IIOJIA.

IIpoananusupyem Ternepb CBOMCTBA, BBIAEJIAIOIINE IIOJIe Aeli-
CTBUTEJIBHBIX UMICeJI CpeaHr BCeX APYIux IoJIeH. O,Z[HI/IM U3 TaKuUX
CBOMCTB ABJIAETCA CBONCTBO YIIOPALOUYEHHOCTH €T0 3JIEMEHTOB.

2.3*. CBOMCTBA YNOPSAOYEHHOCTH

BriBemem HEKOTOpbIE CJIEICTBUS 13 CBOWCTB YIOPSAIOUYEHHOCTHU
IV u croiicTB cioxxenusa u ymuokenud I, IT u II1.

IIpexk e Bcero HAIIOMHUM MOHSTHE CPABHEHUA II0 BeJIUUNHE
JUIST JIIOOBIX ABYX YMCEJI IIPU YCJIOBUM, UTO AJIS JIOOOI0 Yucjaa a
oIpezeeH0, MeHbIIIe JI1 OHO HYJA, PABHO JIX HYJIIO WJIN 00JbIIIe
ero, IMpuYeM HUKAKOe YMCJIO U IPOTHUBOMIOJIOMHOE €My He MOI'YT
OBITH OJHOBPEMEHHO 0O0JIbIIIe MU, COOTBETCTBEHHO, MEHbIIIE HY-
Jist (B 9TOM cOCTOsJI0 cBoiicTBO IV): unciio b HaswIBaeTCs UMCIOM,
GoJabIIuM Uucaa a: b > a, eciu b —a > 0.

CoorHortreHne a < b M1 paBHOCUJILHOE eMy b > a Ha3LIBAIOT-
cAa HepagseHcmaeamu (MHOTAA CTPOTUMU HEPABEHCTBaAMU).

3ameTuM, UTO cooTHOIIeHne a < b B cayuae a= Q0 uau b= 0
COBIaJlaeT C HCXOAHBIM cooTHoIeHueM IV. JleficTBUTEIBHO,
ecnu, Hampumep, b= 0 u a < 0 B mepBoHAUYaJIHLHOM CMBICJIE,
TO, coTJIacHO cBoiicTBY IV, nuMeer MecTo HepaBeHcTBO —a > 0. Ho
—a =0 —a, mosromy 0 — a > 0 u, ciegoBaTenbHo, a < 0 1 B cMbIC-
JIe mocJjenyoiero oupeaeaenus. OopatHo: ecau a < 0 B cMBICJIe
mocJeAyIOIIero omnpenenenus, T.e. 0 — a > 0, ciemoBaTelbHO,
—a > 0, To, corjacHo cBoiicTBY IV, 5TO PaBHOCHUJILHO YCJIOBUIO
a < 0 B mepBOHAYAJIBLHOM CMBICJIE.
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PaccmorpuMm Temeph OCHOBHBIE CBOMCTBA CPABHEHUSA YMCEJ
II0 BeJIMUNHE.

10.E0ﬂua>bub>c, mo a> c.

9TO CBOMCTBO HA3BIBAETCA TPAH3UTHUBHOCTHI YIO-
pPAIOUYEeHHOCTHU (CPaBHEHUS M0 BeJIUUYNHE) YKCce.

Ecau a > b u b > ¢, T0o, COrIacHO OIpPeeJeHNI0, 3TO O3HAYA-
eT,uTtoa — b> 0 u b — ¢ > 0. CKagpIiBasg 3T HepaBeHCTBA, CO-
riacHo IV, monygaem (@ —b)+(b—¢c)>0,T.e.a—c>0.310 1
O3HauaerT, 4To a > ¢. O

0
2. Ecau a > b, mo 0aa a100020 wucaa ¢ umeem a +c > b+ c.
B camom mese, HepaBeHCTBO a > b o3HauaeT, uTo a — b > 0.

Tax xax, cCOrJIacHO CBOMCTBY 5% w3 . 2.2*, a-b=a+c—-c—-b=
=(a+c)-(b+c), 0o (a+c)—(b+c)>0 wu, ciexoBaresnbHO,
a+c>b+c. 0O

CootHoiternne a < b unraerca: «a MeHbIle b». CooTHOIIIeHIIE
a = b uuraerca: «a paBHO b». CooTHoIIeHWEe a > b UMUTaeTCs:
«a 6oJibIre b».

Hannuwne TpaH3UTHUBHOIO OTHOIIEHUS IIOPAAKA «OOJbIIIE»,
«MEHBIIIe» MEMKIY JIIOOLIMHU IBYMS UMCJIAMU HA3LIBAETCA OOLIU-
HO C80IICME0M YNnopadoueHHOCMmU MHO}cecmea Oellcmaumesb-
HbLX YUcCe]l NIV OMHOULeHUeM nopadka.

3anuch a < b paBHO3HaAUHA 3anIucu b > a 1 03HAUAET, UTO JIH-
60 a = b, 1160 a < b. Hanpumep, MOKHO HamucaTthb 2 < 2, 2 < 5.
Koneuno, moxxuo Hamucars 0oJsiee TouHO: 2 = 2, 2 < 5, oIHAKO
HepaBeHcTBa 2 < 2 m 2 < 5 TaxkiKe BepHBI, TaK KaK O3HAYAIOT,
4TO «JBa He 0OJBIIE ABYX», COOTBETCTBEHHO UTO «JIBa He 0O0JIb-
e IATH» .

3°. s nobvix 08yx yucen a u b umeemcs 8 mowHocmu 00-
HO u3 mpex omHouweruil nopadka a > b, a="b uau a <b.

JleficTBUTEIBHO, IYCTh 3aJlaHbl ABA ymncia a u b. Iljisa nx pas-
HOCTHU a — b, coryiacHO cBoiicTBY IV, mMeeT MeCcTO TOUHO OJHO U3
cootHommenuina —b>0,a—b=0wuau 0 > a — b.

Ecau a — b > 0, 1o, 1o onpenesenuio, a > b. Ecama — b= 0,
TO, MpuOABUB K 00EMM YaCTAM PaBEHCTBA YUCJIO b, mosyuuM a = b.
Haxomner, ecau 0 > a — b, To, mpubaBuB II0CJIEI0BATEJIbHO K 00€-
uM yacTAM HepaBeHcTBa 0 > a — b uucia —a u b (cM. OIpeabIay-
Iree CBOMCTBO), moayuuM b — a > 0. 9To u o3Hauaet, uT0 b > a,
WU, UTO TO XKe, a < b. O
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4% Ecau a < b, mo —a > —b.

HeiicTBUTEIbHO, 13 @ < b B cWJTy ompefenenus umeeMm b — a > 0.
ITosTtomy —a=-a+b+ (-b)=(b—-a)+ (-b) >0+ (-b)=-b. O

5°. Ecaua<bu cs<d, moa+c<b+d, m. e moiHo npo-
u3800uMb NOUNEHHOE CAONCEHUE HepageHCcmaE 00H020 3HAKA.

. 0
B camowm gene, eciuz a < b u ¢ < d, To, COTJIACHO CBOMCTBY 2

9TOTO MyHKTa, a + c< b+ cuc+ b < d+ b, mosTomy, B CUIy

TPaH3UTUBHOCTHU YIIOPALOUYEHHOCTH, uMeeM a + ¢ <b + d. O

0

6. Eciua<buc=>d,moa-c<b-d, m. e HepaseHcmaa
NPOMUBONOJIONCHBLX 3HAKOE MONCHO 8bliUMAMb 8 YKA3AHHOM
cmbLegLe.

. . 0

HelicTBUTENbHO, U3 ¢ > d UMeeM, COTJIAaCHO CBOMCTBY 4 3ToO-
ro oyHkra, —¢ < —d. Cy1o:kuB HepaBeHcTtBa a < b u —¢ < —d, 10-
ayaumMma —c <b—d. O

0
7 .Ecaua<buc<0, moac> bc.

. 0
B camom gese, corsiacHo cBoiicTBY 4 aTOro myHkTra, —c > 0,
IosTOMYy, B cuiy cBoiicTBa IV,y, mmeem a(—c) < b(—c). Orcioza,

. 0 *

corJiacHo cBoiicTBy 17 m. 2.2 , monyuuM —ac < —bc u, cjiegosa-
. 0

TeJbHO (CM. CBOMCTBA 4 9TOTO IMIyHKTA), ac > be. O

. 0
W3 cBoiicTBa 7" ciaenyer, uto ecau b > 0, d > 0, To yciaoBue

a (&
5 < 7 PABHOCHIIBHO yCIIOBUIO ad < bc. B camom zmese, BTOpoe 13

HEPABEHCTB IIOJIyYaeTCsA M3 IIePBOTO YMHOXKEHMEeM 00emxX ero
yacTeii Ha bd, a IepBoe U3 BTOPOT0 — JejieHueM Ha bd.

Us cBoiictsa 7° (npu a # 0) u us coiictBa IV, BEITeKaeT mpa-
BUJIO 3HAKOB IIPU YMHOMKEHUH AEMCTBUTEIbHBIX UNCEJI: NPoU38e-
Oernue 08yx comHoxucumedaeil 00Hozo 3nakxa (1160 OJHOBPEMEHHO
MOJIOMKUTENbHBIX, JU00 ONHOBPEMEHHO OTPHUIIATENIbHBIX) 10JL0-
HUmMeabHo, a npoudgedenue 08Yx COMHONICUMeNell PA3HbLX 3HA-
K08 (OAWH W3 HUX IIOJIOMKUTEJIEH, APYroil — OTPHUIlATEJIeH) OM-
puuyamesnvbHo.

0
8". B ynopsadouenHom none 8cezda cnpagediuBo HepaseH-
cmeo 1> 0.
B camomMm jmere, Kak yixe OBLIO MMOKA3aHO (CM. 3aMeUaHue I1oC-

. 0 *
Je cBoiicTBa 14" B . 2.2 ), U3 yCJIOBUSA CYIIEeCTBOBAHUA dJIE€MEH-
Ta a # 0 (9TO yca0BUEe BXOJUT B OIpelelieHUe IIOJIf, CM. KOHeIL

n. 2.2') caenyet, uto 1 # 0. Ilokaskem, uro HepaBeHcTBO 1 < 0
HeBO3MO:KHO. [lomycTuM nmpoTuBHOE, TycTh 1 < 0. BosbMmeMm Ka-
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Koe-mubo a > 0. CoryiacHO oOIpeneeHUI0 eTWHUIILI, HNMeeM
a *+ 1= a. Ilo mpaBuay 3HAKOB IPOU3BEEHNE MOJOKUTEIHHOTO
Ypcja @ U OTPUILATEJBHOrO, IO IPEAIoJoMxKenno 1, aBiasercs
OTPHUIIATEJBHBIM YHCJIOM, T. €. @ < 0, 4TO IPOTUBOPEUUT YCJIO-
BUIO. O

HelicTBUTENIbHBIE UKMCJIA CHOBA HE SABJIAIOTCA €INHCTBEHHBIM
00'EKTOM, KOTOPHIN ymoBieTBopseT akcuomam I—IV. MHuoxke-
CTBa, AJA KOTOPBIX CIIPABEIJUBBI 3TH AKCHUOMbBI, HA3LIBAIOTCSA
ynopadowenHoimMu nonamu. IIpyMepoM ymopAagoUYeHHOIO II0JIA,
OTJIMYHOTO OT II0JIA AeHCTBUTENbHBIX UUCE]I, ABIAETCA II0Je pa-
MUOHANBHBIX unces. OMHAKO yoKe HU IM0Je KOMILJIEKCHBIX YKCeI,
HU II0JIe PAIMOHANBHBIX (DYHKIUN He ABJIAITCA YIOPAZOUYEH-
HBIM II0JIEM.

Bo BcAKOM yHOPAZOYEHHOM II0J€ MOYKHO BBECTH IIOHATHE a0-
COJIIOTHOI BeJIMUMHBI ero sjieMeHTOB. IIpu ee ompeneneHUu u
M3YUYEeHUN ee CBOMCTB AJIA eINH000pasus U3JI0KeHusa OyaemM Bce
BpeMsA T'OBOPUTH O UHMCJIAX, 4 He 00 9JeMeHTaxX IIPOM3BOJIHLHOIO
YHOPAZOUYEHHOTO MOJIA.

s mo6oro umcia a ymcio, obo3HauaeMoe |a| 1 ompegese-
Moe 1o (phopmyJie

a,ecaua =0,
jal = {—a, ecaza <0,
HaA3BIBAETCS AOCONIIOMHOU 8eUYUHON YUCIa G, WU, UTO TO K€,
ero mody.nem.
OTMeTUM PAJ CBOMCTB a0COIIOTHON BEJIMUNHEI.

1°. s 1100020 yucna a 8blNOJLHAOMCS COOMHOUEHUS
lal > 0, (2.5)
la| = |-al, (2.6)
. 2.7)

a<l|a,-a<|a

Ioxaxxem HepaseHcTBO (2.5). Eciu a > 0, To |a| = a > 0; ecnn
xea <0, ro|al=—a>0.

Ioxaxxem pasercTso (2.6). Eciu a > 0, To |a|=a u —a < 0,
IIOSTOMY, COTJIACHO OIIPeJeJeHHUI0 AabGCONIOTHOH BENUYUHBI U

o *
cBoiicTBY 8 u3 1. 2.2, moixyuuM |-a| = —(—a) = a = |a|. Eciu xe
a <0, To |a| = —a u —a > 0; aT0 O3HAUaeT, uTo |-a| = —a.
Hoxasxem HepaBeHcTBO (2.7). Ectu a > 0, 1o a = |a| u —a <

<0<a=|a|, . e.(2.7) Beimonuserca. Ecau ke a <0, Toa <0 <
< —a =lal, 7. e. (2.7) TaK:Ke BLIIONHAETCA.
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2°. s nbvix wucen a u b
la + b| < |a| + |8], (2.8)
la] = [8ll < la - b]. (2.9)
HoxrasxeM aTu HepaBeHcTBa. CoriyacHo (2.7), umeem:
a<la), —a<lal, b<p|, ~b < bl.

Orciofa, B CUJIY CBOMCTBA 5% w3 1. 2.3" u cBoiicra 5° us 1. 2.2*,
a+b<|al+ b, —(a + b) <|a| + |b].

Opnno u3 uucens a + b unu —(a + b) HeoTpHUIATEIBLHO U, CJIEeA0BA-
TeJIbHO, coBIazaer c |a + b|. HepasencTso (2.8) mokaszaHo.

Hepasenctso xe (2.9) asaserca ciaeactueM (2.8). B camom
meie,

lal = |b| = |(a = b) + b = |b| <|a — bl + [b] = |b| = |a - b];

aHAaJOTUYHO,
bl = lal < b — a| = |a - b].

CornacHo csoiictey 5° 1. 2.2°, |b| - |a| = —(|a| — [b]). OzHO us
yucei |a| — |b| u —(la| — |b]) coBmagaer c ||a| — |b|. Hepaserncrso (2.9)
TaKsKe JoKazaHo. O

0
3. Ina n100vLx wucen a u b 6vinonrnsemesa pagencmaeo
lab| = |al®].
JTo cpasy cienyeT U3 onpejeseHnA abCOMIOTHON BeJIUUYNHBI,

cotictea 17° 1. 2.2 npaBuJia 3HAKOB IPU YMHOXKEHUU.

Paccmorpum Tereph CBOMCTBO HEIPEPBIBHOCTH, KOTOPOE BhI-
IeJIsIEeT ToJie NeCTBUTEIbHBIX YMCEJ CPEN BCeX IIPOUUX YIOPSI-
JTOYEeHHBIX IOJIe.

2.4*. CBOMCTBO HEMPEPbIBHOCTU AENCTBUTEAbHBIX YNCEA

YnopsanmoueHHOe II0JIe, YAOBJIETBOPSIOIEee CBOMCTBY V, Ha3bIBa-
eTCs Henpepul8HulM YynopsdoueHHsvim nosem. Ilose parmmoHa b-
HBIX YHCeJl yKe He SABJSEeTCA HeIPEePHIBHBIM YIIOPSATOUeHHBIM
mojieM: B HEM MMEIOTCSI MHOKecTBa A m B, Is JT100BIX dJIeMeH-
TOB @ € A u b € B KOTOPBLIX BBIIOJHAETCSI HEpaBeHCTBO a < b,
BMeCTe C TeM He CYIIeCTBYeT TaKOro pallMoHaJLHOT'O YucJa T,
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YTOOBI AJIsI BceX b € B 1 a € A BBINOJHAJIOCH COOTHOIIIEHUE 4 <
< r < b. TuM cBoMcTBOM 00JIa7al0T, HAIPHUMED, MHOXKEeCTBO B,
KOTOpPO€ COCTOUT M3 BCEX IIOJIOMKUTEIbHBLIX PAIMOHAJILHBIX UM-

ceJ r, yIOBJIETBOPAIOININX HEPABEHCTBY 2> 2, ¥ MHOXKECTBO A,
B KOTOpPOE OTHECeHBI BCe OCTaJbHbIE PaIllMOHAJIbHBIE YHCJIA, TaK
KaK He CYIIeCTBYeT palnoHAJLHOTO YMCJia, KBagpaT KOTOPOTO
paBHAJICS ObI UKCTY 2.

B repMuHax ymnopAgoYeHHBIX IIOJIEH OIpeiesieHrne MHOMKEeCT-
Ba JEMCTBUTEJNBbHBIX YHCEJ MOYKHO C(OPMYJIHMPOBATH CJIEHYIO-
M 00pasoM.
OnpeaeneHue 2. Muoxcecmaom OelicmeumenbHblX YUcCes HA3bl-
saemcs HenpepvleHoe YnopsadoueHHoe noJe.

ITose panimoHa IbHBIX YMCEJ, KaK yiKe OTMeUaJsoch BbIIIe, He
o0JiafjlaeT CBOMICTBOM HENPEPBIBHOCTH, a IOJIe JeMCTBUTEIbLHBIX
uyncea — obOmamaer. IlosToMy 3aBeIOMO CYIIECTBYIOT IeHCTBU-
TeJIbHBIE YKCJA, He SABJIAIINNEcS paluoHAJIbHLIMHU, T. €. Cy-
MIECTBYIOT UpPaAIlMOHAJbHBIE Uncaa. TakuM o0pasoM, MHOMKECT-
BO IeNCTBUTENbHBIX YKCEJ SBJIAETCA PAcCIIpPeHeM MHOKeCTBa
pPannoOHAJIBHBIX YMCEJI B TOM CMBICJIE€, UTO MHOMECTBO paliu-
OHAJILHBIX UMCEJ ABJIAETCA COOCTBEHHBIM ITOJAMHOMKECTBOM MHO-
’KeCcTBa IelCTBUTENbHBIX uncesi. IIpu aTOM paciiupeHnn coxpa-
HSIOTCS CBOWCTBO YIOPSAOUYEHHOCTH W OIEPAIlUU CJIOMKEHUS U
ymuOxKeHusA. OKasniBaeTcs, UTO AefCTBUTEJIbHBIE UMCJIA, B OT-
JUYYe OT PAIlMOHAJbHEIX, YiKe HeJIb3s PACIINPUTE 10 00JIbIIETo
MHOKEeCTBa TaK, 4YTOObl COXPAHAJINCHL YKa3aHHBIE CBOMCTBA
(yIOpAMIOUYEeHHOCTD U ONEPAIlUU CJIOMKEHUSI U YMHOMKEHUA). ITO
CBO¥ICTBO HA3BIBAETCSA CBOMCTBOM NOJHOMbL 0ellcmeumesbHulx
yuces. OTHOCUTEJILHO UX YIOPAJOUEHHOCTH, CIOMKEHUSI U YMHO-

'Keuus. Ero qokasaTejqbcTBO OyIeT gaHO B II. 3.8 .

2.5%. CeyeHUs B MHOXXECTBE A€MNCTBUTEAbHbIX YUCEA

CBO¥ICTBO HEIIPEPHIBHOCTU AEHCTBUTEIBHBIX UMCEJI MOYKHO (hop-
MYJHUPOBATh B PAa3JIMYHBLIX TepMUHAX. PaccMoTpuM hopMyJIMpPOB-
Ky 9TOTO CBOICTBAa B TepMMHAX TaK HA3bIBAEMBIX CeUYeH U U
JIefcTBUTENbHBIX ynces. IIpesk/ie Bcero ompenenm aTo IOHATHE.
Onpeaenenue 3. /lea muoxcecmea A = R u B = R Ha3viaomces
cewenuem mHoxcecmaa Oelicmeumenvrovlx yucea R, ecau:

0
1) o6sedunenue muoxecmas A u B cocmasasem ace MHO}Ce-
cmaeo Odeiicmaeumenvhbix ywuces R, AU B=R;
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20) Kasxicdoe us muoxcecme A u B ne nycmo, A # 3, B # J;

0
3") kaxcdoe yucno MHOMecmea A MeHbuwe 1100020 uUCIA
MHoxcecmsa B: eciu a € A, b € B, mo a <b.

. 0 .
CsoiicTBo 1°) o3Hauaer, UYToO KamKaoe AeHCTBUTEIbLHOE YKCJIO
OpUHAIIECKUT IO KpaiHel Mepe OMHOMY 13 MHOXKecTB A u B.

. 0
W3 cBoiicTBa 3°) OUEeBUIHO CJaeayeT, UTO MHOKecTBa A u B He
nepecekaoTcs: A N B = . JlelicTBUTeIbHO, ecJIiu ObI HaIlleJCcs

ssmeMeHT X €EANB, T.e. x €A u x € B, To U3 cBOMCTBA 30) cJienmo-
BaJIo OBI, UTO X < X.

CeueHre MHOYKECTBA AeMCTBUTEIbHBIX UMCEJI, 00pasoBaHHOE
MHOKecTBaMu A u B, obosHauaerca uepes A|B. MuoxxecTtso A
HA3BIBAETCS HUMHUM, a MHOKECTBO B — gepxHuM KJaccoM
MTaHHOTO CeYeHM!s.

ITpocThie mpuMepsl ceUeHUI MOYKHO IOJIYUUTDH CJENYIOIIUM
obpasom. 3adpukcupyeM Kakoe-a1b6o umcyao d € R. OrHeceM cHa-
yajga K MHOMKECTBY A Bce umcya X < 0, a K MHOKeCcTBy B — Bce
ymesaa y > o:

def def
A= {x:x<a}, B= {y:y>a}. (2.10)
Tax ompeneneHHble MHOXKecTBa A m B 00pas3yioT ceueHue, UTO
yCTaHaBJIMWBAaETCA HEIOCPEICTBEHHON MIPOBEPKOU BBIIMOJHEHUA

ycJIoBUH 10), 20) u 30) ompeaeaeHud 3.

MoKHO IOCTYIUTh MHAUE: OTHECTH K MHOKECTBY A Bce UIC-
ga x <0, a K MHOXecTBYy B — Bce unucjaay = :

AL ix<a), BE :y>al (2.11)
CuoBa mMHOKecTBa A u B o0pasyioT ceuernne. B o6oux ciaydaax
(2.10) u (2.11) roBopAT, YTO CeUeHMNEe MPOU3BOAUTCA UHCIOM O,
u numryT o = A|B.
OTMeTHM ABa CBOMCTBA CEUEHUI, TPOU3BOAAIINXCA HEKOTO-
PBIM YHCJIOM.

1°. B cayuae (2.10) 6 xKaacce A ecmv HaubosbULEE YUCTO,
UM a8asemcs wucao 0, a 6 kaacce B Hem HaumeHvbULeZ0 YUCAA.

B cayuae (2.11) 8 kaacce A Hem HaubonvWeZ0, A 8 KAacce B
ecmbv HAuMeHbUlee YUCAO0, UM ABAAeMCS YUCA0 O.

Paccmorpum, Hanmpumep, mepsbiii cayuaii (2.10). To, uro o
ABJsETCA HaWOOJBIIMM YHCJIOM B KJjacce A, fACHO W3 IIEPBOIf
dopmyasl (2.10), 3amaronieir MHOXKeCTBO A.
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IToxaxem, uTo B MHOKecTBe B HeT HauMeHbIero uucJsaa. Ilo-
OYyCTUM HPOTHUBHOE: MYCcTh B B ecTh HamMmeHbIIee umcio. O60-
3HauuMm ero uepes . VI3 ycaosus B € B, B cury BTOPOIi (GopMyIbI
(2.10), cupaBenmuBBI HepaBeHCTBa O < [3, ciaemoBaresbHO, O +

+B

a .

+a<a+B,T.e.a< —5 » OTKy/la CHOBa, B CUJIy BTOPOU dop-
a+B

myabt (2.10), moryyaem, 4TO —5— €B. Amnasmoruyno us 0 < f3

umeeM 0 + B <P+, T. e. g J2r B - B, u Tak KaK [} — HauMeHbIIIee

a+
YyueJo B Kjaacce B, To TB € A. IlonyueHHOE TIPOTHUBOPEUNE JO-

Kas3blBaeT yTBepKAeHue. O

20, Qucno, npousdgodsaujee cevernue, eOUHCMBEHHO.

B camom mese, momycTuM, UTO CYIIECTBYET ceUeHUe, KOTOpoe
ompefiesigeTcs ABYyMsA pasHBIMHU uuciamu: O = A|B u B= AlB.
IIycts, Hanpumep, O < 3. Torma, Kak OBLJIO IOKA3aHO IIPU LOKA-
3aTeJIbCTBE IPEILIAYINEero CBOMNCTBA, CIPAaBeJINBbI HEPABEHCTBA

+ +
a< 12—[3 < 3. U3 HepaBeHcTBa O < GTB cJIenyeT, UTO KaK B CIIY-
yae (2.10), Tak u B carydae (2.11) umeeT MecTO ycI0OBHTE 0‘2L|3 € B.
+B

5 < B crenyer, uro g ; B € A.

ITO IPOTHUBOPEUUT TOMY, UTO MHOKecTBa A m B He IepeceKa-
oTcd. O

CBoIicTBO HENIPEePBIBHOCTY JefiCTBUTEIbHBIX UHCEJ COCTOUT B
TOM, UYTO HUKAKUX APYTUX CeueHUil AeliCTBUTEJNBHBIX dYHUCeJI,
KpPOMe TeX, KOTOPBIe IIPOU3BOJATCA HEKOTOPBIM YHCJIOM, He CY-
miectByeT. HMHaue roBoOps, HEIPEPBIBHOCTH JEMCTBUTEIbHBIX
4q1ces MOXKeT OBITh OIICAHA CJIeLYIOIIUM 00pa3oM.

V,. Ina kaxdozo ceuenus A|B muoxiecmsa Oeiicmeumes-

a
Anamornuno us HepaBeHCTBa

HblXx Hucen cyuecmesyem ducuio d, npousaoaﬂluee amo cevenue:
a=A|B.

JTo 4qucJjo, COorjaCHo AJOKa3aHHOMY BBIIIIE€, ABJIAETCA aunbo

HaubOJLIINM B HIUMXHEM KJacce, TOIZa B BepXHEM KJacce HeT

HaunMeHbIIIero 4ymcJjia, Janb0 HAaMMEHBIINM B BEpXHEM KJacce,
TOoraa B HUMKHEM HeT HamOOJIBIIIEro YKCIa.
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Taxkum o6pasom, ecau A|B ABJAETCA CeUCHU- A B
eM MHOKeCTBa JeiiCTBUTEJIbHBLIX YMCeJ, TO, CO-
ITJIaCHO CBOMCTBY MX HeINPepPBIBHOCTHU, chopMYy- 0)
JIUPOBAHHOMY B (popme V;, He MOMXKeT CIyUNUTHCA A B
TaK, YTO B KJacce A OyaeT HamnboOJIbIlIee YKMCJI0 1
OJHOBPEMEHHO B KJjiacce B OymeT HamMeHBbIIIee
yncyao (puc. 4, a). He MmoskeT Takxke OLITH W TO- Puc. 4
ro, 4TobObl B KJacce A He ObLIO HAMOOJILIIIETO
YKCJIa U OJHOBPEMEHHO B KJjacce B He ObLIO HAMMEHBIIIET'O YKC-
ga (puc. 4, 6). O6pa3HO roBOPA, HEIPEPLIBHOCTH IENCTBUTE/Ib-
HBIX YMCeJ 03HAUAEeT, UTO B UX MHOXKECTBE HEeT HU CKAUKOB, HU
npobeoB, KOpoue, HET IIYCTOT.

Ceuenne A|B reoMeTpuiyecKy 03HauaeT pasbueHue IUCI0BOI
OpAMOM Ha ABa Jyda, MMEIOIUX O0Illee HAUAJIO W UAYIIHUX B
IIPOTHUBOIIOJJIOMKHBIX HAaIIPaBJIEHUAX, IIPMYE€M OOMH N3 HHUX CO-
IEeP:KUT MX 00Iee Hauaao (3aMKHYTBIN JIy4d), a APYroM — HET
(OTKPBITHIN JIyY).

ChopMyIMpPOBaHHOE CBOMCTBO HEIIPEPBIBHOCTH IeHCTBUTE I b-
HBIX 4mcel] V, Tak 'Ke KaK U SKBUBaJIEHTHOE eMy CBOICTBO Vi,

Ha3bIBaeTCA NPUHUYUNOM Henpepvle6HOCMuU deiicmeumebHbLX

yucen no ﬂe@emunayl.

B manbHeieM MbI BCTPETUMCA C JPYTUMH IIOJXO0AaMU K II0-
HATUIO HENPEePLIBHOCTU MHOKECTBa [IeUCTBUTEJNBHBIX YUCeN
(em. m. 3.7).

ITokaxxkem, 4TO CBOICTBO V; PAaBHOCHUJIBHO CcBOHCTBY V. IlycTs

CHAUaJIa BBLIIIOJHEHO CBOMCTBO V ¥ 3aJaHO KaKoe-JI100 ceueHue

a)

A|B. B cuny Tpe6oBaHusA 3% omnpeneieHUN CeUeHUN JIsI JII0OBIX
a € A ub € B BLIIIOJTHAETCA HEPABEeHCTBO a < b, IIO3TOMY IIapa
MHOKecTB A 1 B ynoBIeTBOpAeT yCIOBUIO, CPOPMYJJINPOBAHHO-
My B cBoiicTBe V. CiiemoBaTebHO, COTJIACHO 3TOMY CBOMCTBY, CYy-
IIeCTBYeT TaKoe UIMCJIO O, UTO AJIid BceX a € A u b € B BHITIOJIHSIET-
cs coOoTHOIeHMe a < O < b. Yucyao O, corjgacHo IIepBOMY CBOII-
CTBY CeUEeHUH, IPUHALJICIKUT OGHOMY u3 KJjiaccoB A uau B. Ecianu
o €A, To gy Bcex a € A u b € B BBINIOJHAETCSA HEPABEHCTBO
a < a<b,T.e.ducyao O IPOU3BOAUT ceueHue A|B u apisgeTcs Ha-
nOOJIBLININM B HU)KHEM KJacce. AHAJIOrM4HO, ecau O € B, To uuc-
JI0 O TaK:Ke IIPOU3BOAUT cedeHre A|B 1 ABJIsSeTCA HAUMEeHbIIUM
B BepxHeM KJacce B.

lp. Henexunx (1831—1916) — HeMelKuit MaTeMaTHUK.
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IlycTs Tenepsb, Ha000POT, BEIIIOJIHEHO yCJIOBUe V| U 3aaHbI

IBa TAKMUX HEMyCThIXx MHO:KecTBa A — R u B < R, uTo mias
JI00BIX @ € A u b = R BuITIOJNIHSAETCA HepaBeHCTBO a < b. O6o3Ha-

yuM depes3 B Taxoe MHOKECTBO UMCEeJ, UTO, KAKOBO ObI HU ObI-
Jdob € B, nia 000ro a € A BBITIOJHAETCSA HEPABEHCTBO a < b

(uucio b , obsagaroiiee STUM CBONCTBOM, HA3BIBAETCA YUCJLOM,
ozpaHuyusaruum ceepxy muoxecmso A). OueBumgHO,

B<B. (2.12)

Yepes A 0603HAUUM BCe OCTAIbHbIE JeifICTBUTEIbHbIE UHCIA:
* *
A =R\B.

IToxaskem, uTO MHOKECTBA A'uB" 00pas3yIoT ceueHre B MHOMKe-
CTBe JefiCTBUTEJIbHBIX UNCEJ W UTO UMCJIO O, IIPOU3BOAAIIEE ITO
ceueHle, YAOBJIETBOPSAET YCIOBUIO, YKa3aHHOMY B (GOPMYJIHUPOB-
Ke cBoiicTBa V, I/ 3aJaHHBIX MHOXKeCcTB A u B.

* *
IIpe:xge Bcero mpoBepuM, YTO MHOKecTBa A u B ymoBier-
BOPAIOT BCEM VCJOBUAM, KOTOPHIM JOJIKHBI YAOBJIETBOPATH
MHOJKeCTBa, obpasyromiue ceueHue. [[eficTBUTETIbHO, B MHOMKE-

* *
cTBO A OTHECEeHBI BCe UlCJia, He IIoIaBIlre B MHOMKeCcTBO B , 110-
* *
aTOMy UX oObemuHeHne A U B saBjisdeTca MHOMKECTBOM BCeX
IelcTBUTEJIbHLIX unces R:

A"UB"=R. (2.13)

%
MuosxecTBO B 3aBejoMO He NYCTO B CHJY BKJIIOUEHUS
(2.12), Tak Kak, 1o yCJIOBUIO, MHOXKecTBO B He mycTo. Taxk,

B # . (2.14)

*
HoxaxeM, UTo 1 MHOKecTBO A He mycto. ITo ycioBuio, MHO-
JKecTBO A He IIyCcTO . ITO 03HAUAET, UTO CYIIECTBYET IO KpaliHei
mepe oxgHo umnciio a € A. Torma umueso a — 1 3aBegoMo He IIpuHa-

* o
IIeXKUT MHOXKecTBY B . [leticTBuTrenbHo, a — 1 < a, a Bce uucia
% % %
b u3 mMHOMKecTBa B yIOBJIeTBOPAIOT HepaBeHCTBY b = a. Ilo-

1 %*
3ameTuM, uTO He obOA3aTenbHO A = A . Boiee Toro, B ciyuae, Korga
MHOK€ECTBO A COCTOUT M3 OAHOI TOUKHU a € B (3TO JOyCTUMO), MHOKecTBa A

* *
u A Jaxke He IePECEKAIOTCs, TaK KaK B 3TOM ciyuae A = {a} =B<B.
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*
atromy @ — 1 € A, TTOCKOJIBKY K MHO- x

Y

ecTBy A OTHOCATCS Bce YmCiIa, He a ay
%

BoIlleAIIe B MHo)kecTBo B . Urak, Puc. 5

MHOKeCTBO A TakxKe He IIyCTO:

A"~ g, (2.15)
JokaxeM Telepb, YTO KaK0€ UKCJIO a” € A" menbre 060TO
uyncna b € B':
a <b'. (2.16)
HomycTM IPOTUBHOE: MYyCTh HAWAYTCA TaKWe Ymcjia a'eAn
b e B*, groa >b". Torma, B cuy ompeesieHus MHOMKeCTBa B*,
JL1s1 JII000TO @ € A BBITIOJIHAETCS HEPABEHCTBO @ < b*, a ciaemoBa-
TeJbHO, I HePABEHCTBO a < a’. 9ro 03Ha4aeT, 4To a’ € B". Taxum
o0pasoM, YHMCII0 a’ OTHOBPEMEHHO IPUHAAJIEKUT KaK MHOMKeCT-
BY A*, TaK ¥ MHOKECTBY B”. Bro HEBO3MOIKHO, TaK KaK K MHO-
JKEeCTBY A" GBLIM OTHECEHBI TOTBKO Te YucJia, KOTOphbIe HE COMED-
’KaTcA B MHOMecTBe B . IToryueHHOE MPOTUBOPEUNE TTOKA3BIBAET,

* * * *
YTO HEPABEHCTBO @ > b mipu ycaoBuu a €A, b € B HEBO3MOK-
HO, 4 TeM CaMbIM BLIIIOJIHAETCS HepaBeHCTBO (2.16).
Bremmonnenue ycmosuit (2.13)—(2.16) o3HauaeT, YTO MHOMKe-

ctBa A u B [eficTBUTEJbHO O0pas3yiOT ceueHle B MHOYKECTBe
IeHCTBUTENbLHBIX UMces (CM. ompeaeseHue 3).

E

IIycts O — umciio, TPOU3BOAAIIEE DTO ceueHme: O = A |B .

Takoe 4MCJIO O CYIIECTBYET B CUJIY IIPEAIIOJOKEHUS O BBIIOJI-

%
HeHUU cBoiicTBa V;. Ilokaskem, uto 0 € B . Ecau 651 3T0 OBLIO
He TaK, TO HaILJIOCh OBl TaKOe UUCJIO gy € A, UTO @y > 0. Bribe-

peM Kakoe-n1ub0 UYMCJIO X TaK, 4ToObl O < x < a, (puc.H),
a+a,

2
*
X € B, ciemoBaTelIbHO, JJIA JIIOO0Or0O @ € A HOJIYKHO BBIIOJHATHCS

- wy %
HaIpuMep, . W3 ycnoBuit x > 0 u 0 = A |B BBITEKaeT, uTo

HEepPaBeHCTBO X P a, TaK KaxK B CcOCTOUT TOJIBKO M3 TAKUX YHCEJI.
OI[HaKO 9TO HEPABEHCTBO HE BBIIIOJIHAETCA IIPH A = 4. Honyqu-

*
HOe IIPOTHUBOpeUre JOKA3bIBAeT, UTO O € B , 1 MO3TOMY YMCJO O
* *
ABJISIETCA HAMMEHBIIINM B BepXHeM KJiacce B ; Ho B = B, cjefno-
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BaTeJNbHO, AJA JI0ObIX b € B BBITIOJHAETCA HEPaBeHCTBO O < b.
*

Haxoner, B cuyry caMoro onpeziesieHus MHOXKecTBa B , u3 BKJIIO-

yeHUA O € B BBITEKAET, UTO AJIsI JII000TO Uncia a € A cupaBein-

BO HEPABEHCTBO a < .
Wrak, nis Bcex a € A, b € B uMeeT MeCTO HEPABEHCTBO @ < O <

< b. 9TO U 03HAUAET, UTO HAJIMUYME CBOMCTBA V" Beuer 3a coboii
Hajgu4ue cBoiicTBa V. O

AmnajioruuHo onpezenaeHunio 3 GopMyaupyeTcA OIpeeeHne
ceueHUs B MHOKECTBe PaIlMOHAJILHBIX umces Q. Besakoe metict-
BUTEJBbHOE UMCJIO IMMPOU3BOAUT TAKOE CeUeHUe, U MOKHO JOKa-
3aTh, UTO BCAKOE ceueHre B ) TPOU3BOAUTCS AEHCTBUTEIbHBIM
YHUCJIIOM.

2
VIIPAJKRHEHHE 1.1lycts B={x:x"> 2, x>0, x € Q} u A= Q\B. [loka-
3aTh, UTO MHOKeCTBa A 1 B 06pasyIioT ceueHure B MOJIe€ PAIMOHAIBHBIX YUCET
Q@ ¥ 9TO 9TO CeUeHUe He OIPelessieTCss HUKAKIM PAlOHAIbHBIM YHCIOM.

2.6%. PALMOHOABHbIE CTENEHU AENCTBUTEAbHbIX YACEA

Yucao b Takoe, uro b"” = a (ecanu 0HO, KOHEUHO, CYIIECTBYeET),
HA3BIBAETCSI KOPHeM N-M CTeleHUW U3 Yucja a U 0003HavaeTcs

wepes “/a , wmm a*’", 1. e. (Wa)" def 4.

OTMeTHUM, YTO B MHOKECTBE JTeHCTBUTENHHBIX YKUCEJ AJIs JIF000-
ro uuciya a = 0 u J100ro HaTypPaIbHOTO YKCJIA 11 BCeTa CYIIeCTBY-
et yuciyo b = 0, aBasiomieecsa KOpHEM 1-i CTEIIEeHU U3 d, T. €. Cy-

mecTByer "/a . Mbl He GyIeM IIOKa OCTAHABINBATBHCSA HA NOKA3a-
TeJIbCTBE 9TOI'0 BAXKHOI'0 YTBEPIKIEHUS, XOTSA €r0 MOXKHO OBLIO ObI
IIPOBECTH U 3/1eCh, HAIIPHMED Ha OCHOBE IIOHATHSA CEUEHM, a JOKa-
JKeM ero moa:ke (cM. mpumep B 1I. 7.2). KoHeuHO, B HEKOTOPBIX
cIydasiX KOPeHb MOXKEeT cylecTBoBaTh 1 Iuasa a < 0. Hampuwmep,

CYIIleCTBYeT 3/—8 = —2, HO y»Ke KOpPeHb ./—4 He CyIIeCTByeT B TOM
CMbICJIE, UTO He CYIIeCTBYeT AeHCTBUTEeJbHOro uncjiaa b = /—4 , Tax

2
KaK B IIPOTHMBHOM cJIyuae ObLIO ObI CIIPABEJIMBO PABEHCTBO b° =
= —4, KOTOpOe IPOTUBOPEUNT IIPABUIY 3HAKOB IIPU YMHOKEHI.

58



Ecima=>0,b= % n b > 0, To uncyo b Ha3BIBAETCA apume-
muueckum 3HA4eHuem KOPHS Nn-i CTeIeHU U3 Yucja a. B panab-
HeHIeM IIoJ KOPHEM M3 HeOTPUIATEJbHOTO AeHCTBUTEILHOTO
ypcjga OygeM IIOHMMATEL apudMeTHUYeCKoe 3HaueHle KOPHSA, ec-
JIVI He OTOBOPEHO UTOo-JIK100 APYTroe.

Chopmynupyem cBoiicTBa KOpHA. IlycTh n 1 m — HaTypasb-
Hble yucaa u a = 0, b 2 0; Torma cupaBenJIUBEI caenyoinue ¢op-
MYJIbI:

1. %fmfa = mnfa. 20. 2fa = ™fa™ .
3%, n/ab = 2/a "/b. 4°.n2=’V7a,b¢o.
/b

b
0 m m
5°. (%fa) ="a™.
Bce st (popmMysibl JOKa3bIBAIOTCA OAMHAKOBBIM ITPUEMOM.
HoxaxeMm, HaIpuMep, IEPBYIO U3 HUX.

IlycTs b = n/m/a . CormacHo onpenesieHNI0O KOPHS U CBOUCTBY
0 %
22° uz . 2.2, aro osmHauaer, uro b" = ™/a u uro b™" = a. Orcio-

IIa, B CHUJIy TOTO Ke OoIllpeleseHns KOPHA, CIeayeT, UTo b = mnfq

Taxkum 06pasom, umeeM %/™/a = b= "%/q . O

Eciu a < 0 u Bce KopHU, BXOAAIINE B DOPMYJIY 10, CYILIECTBY-
IOT, TO OHA TaKsKe CIpaBeIJINBa 1 IIPUBELEHHOE ee JOKA3aTeILCT-
BO coxpausdeT cuiay. Boobire, eciu a < 0 1 Bce KOPHU, BXOIAIIME
B Kakyoo-11ub6o u3 popmya 10—50, CYIIIECTBYIOT, TO OHU CIIPaBe[-
JINBBI IIPY COOTBETCTBYIOILEM BLIOOPE 3HAUEHUI KOPHEIA.

Nmesa moHATHe I€JO0UYMCIEHHOU CTEeIIeHW U KOPHSA, oIpene-
JIUM TIOHATHE paluoHaabHo# creneru. Ilyctba > 0ure @, . e.
r=m/n,meZ,ncZ,n#0.

def
CreneHb a’ ompezenseTcsa paBeHCTBOM a' = X/a™.
OTMeTUM OCHOBHBIE CBOWCTBA PAIlMOHAJNBHON CTEIeHH.
IIyctba>0,b>0,r; €Q, ry € Q; TOTHA:

0o - 0 1 T2 rytry
6.a " =~=. 7.a a”=a )

8% (@) =da'2. 9°. (ab) =a'V’.
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. 0 m
Hoxkaxxkem cBoiicTBo 6 . Eciu r = ~ » TAe m U n — IeJIble YHC-
aa, n#= 0, To

_m —_m 1 1 1
a—r=an=an=n/a-m=ni= =_m=_r°D
a” g™ nooa
a
0 o0 0 0
W3 dopmyn 77, 8 u 9 gokaxkem, Hampumep, dopmyay 7
m
(ocTasbHBIE [OKA3BIBAIOTCA aHAJIOrn4HO). Ecunu ry = I(—; s Ta= s

q#0,n#=0,p, q, m, n € Z, To, NCHOJIL30BaB OIlpeieJIeHNe Pa-
. . . 50 o0 . 0
IUOHAJNLHOM CTemeHu, CBOMCTBA KOpHeil 2°, 3~ u cBoiicTBO 22

*
us3 2.2 , IOJIydYuM

—_— il +
np+m n rytry
="a"™ " =q " =g =a .0

Us ceoitcrsa 9° cJaenyeT, UTo %g = a—r . HeficTBuTenbHO,
b
r
-1 -1 -r_a
2 @by =a'bY —a'b " = z.0

3amaua 1. JoxasaTs ¢ IOMOIIBIO CeUeHHH, YTO AJIA T060T0 Uncaa a > 0

U 110600 HATYPAIBHOTO Nl CYI{eCTBYET KOPeHb '4/a .

2.7. DopmyAa 6MHOMA HblOTOHA

MuorouneHsl, IpecTaBISgIONIe cO00I CYMMY ABYX ClIaraeMbIX,

Ha3bIBAIOTCSA ABYUYJeHaMU HUJIN OMHOMaMmu. BbeiBemeM (opmyiy

UL n-# cTeleHW OMHOMA X + 4, HA3BIBAEMYIO (hopMYyaoll OUHOMA

Hviomona':

(x+a)=x"+Cox" ta+Cix" 2P+ ...+C" Txa" +a"
(2.17)

C momor1rbio cuMBoJia 2 opmyaa (2.17) samuceiBaeTcs B BUIE

n < kE _n-k _Ek
(x+a)'= 2 C,x" "a". (2.18)
IIpuBegem nBa mOKasaTeJlbCTBA 3TOUM (POPMYJIBI: IEPBOE —
9BPUCTHUYECKOE, OHO IIO3BOJIUT OGJHOBPEMEHHO YCTAHOBUTDHL BHU[

1 . .
W. HeroTou (1643—1727) — anrauiickuii pusuK, MEeXaHUK, MaTeMaTUK
¥ TEOJIOT.
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dopmysl (2.18), BTOpoe, 60Jiee KOPOTKOe, OyIeT COCTOATE IPOC-
TO B IIPOBEPKE HaIMcaHHOi hopmyisl (2.18).

MepBOEe AOKQ3ATEAbCTBO. Beiuncaum mpousBefeHue n
OMHOMOB, BTOPBIE WIEHBI KOTOPHIX 0003HAUEHBI OYKBOH a4 ¢ pas-
JUYHBIMU UHICKCAMU:
(x+a))x+ay)...(x+a,). (2.19)
OueBUIHO, UTO B IPOU3BEAEHNH MMOJYUUTCA MHOT'OUJIEH CTe-
IIeHU 1 OTHOcHUTeabHO X. CocunuTaeM mocjieqoBaTeJ bHO Koadhdu-
IMUEeHThl Y PA3JINUYHBIX CTeIIeHEH X, HAaUMHAA ¢ HanbOOJIbITIEeH.

n
B npousBegenuu (x + aq), (x + ay), ..., (x + a,) wWieH ¢ x~ Mo-
JKET MOJYUYUTHCS TOJBKO B PE3yJIbTAaTe TePEMHOMKEHUS X-B, B35-

THIX U8 KaXKI0I CKOOKU; II09TOMY K0a(pUIIMeHT y X paBeH 1:

(x+a))(x+ay)...(x+a,)= i

Ynen ¢ x" ! IpY BBIYMCJIeHUU npousBenenud (2.19) moxker
MOJIYUYUTHCS TOJBKO B TOM CJyuae, KOra BO BCeX CKOOKax, Kpo-
Me OIHOI, BEIOpPaH X, a U3 OocTaBIlleilicsi — CBOOOIHBIN UJIeH, KO-
TOPBIM MO’KeT OBITB JII00O€ U3 a{, g, ... , 4,. IlosToMy KoadhDu-

IIMeHT B mpousBemenuu (2.19) mpu x" 1 paBeH a; +a, + ... a,:
1 2 n

(x+a))(x+ay)...(x+a,)=x"+ xn_l(al +as+t...+ta,)+....

-2
Yner ¢ x" ° MOMKeT MOJYYUTHCA TOJBKO €CJIM U3 BCEX COM-
HOKUTeJel nmpousBegenud (2.19), Kpome AByX, BHIOPaH UJieH X,
a B OCTaBIIIMXCA ABYX — CBOOOJHBIE UJIEHBI; ITO3TOMY KOa(hdhu-

—_ 2 o
IMeHT IpHu X"~ B mpousBegeHuu (2.19) ABIsAeTcA CyMMOii Bee-
BOBMOYKHBIX TPOU3BE/CHUE @; @; DABMUIHBIX @; U a; , TPH-

yeM MX BCeTJa MOYKHO PACIIOJOMKUTL B MOPAAKE BO3PACTAHUA
WHJEKCOB, T. €. TaK, 4TO0 i; <ig, i1, ig=1, 2, ..., n:

(xta)x+ay)...(x+ta,)=
=x"+x"" ' Za,+x""% 5 a,a, +...
i=1 iip=1 1 72

Hucno cnaraemelx B CymMmMe 2 4; @; DPaBHO UHCIY BCEBO3-
iy, ip=1
iy < iy

MOKHBIX BBIOODOB IIap Pa3JIMUHBIX YJIEHOB U3 A1, Ag, ... , A,

o A2
T. €. YUCJYy COUeTaHuunu Cn .
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-k
Boobme, wrer c x' ", k=1,2, ..., n— 1, MOXeT IIOJIyIUTb-
cs TOJIBKO €CJIM M3 BCeX COMHOMKUTeJsel mpousdBemeHus (2.19),
KpoMme k, BbIOpaH 4jeH X, & B OCTABIINXCA k£ — CBOOOJHBIE UJjIe-

-k
HEL. IlosTOMy KoaddUIueHT OpHu X B mpousBemenuu (2.19)
ABJSIETCA CYMMOI BCEBO3MOXKHBIX IIPOM3BEIEHUIT a; @, ...a;

Pas/INYHBIX 4; . CoMHOXKUTETN a; B ITHUX IIPOU3BEAECHUAX BCerla
] 7

MOKHO PACIIOJIOKUTD B IIOPAAKEe BO3PACTAHNAA UX MHICKCOB, T. €.
CUMTATD, UTO iy < iy < ... <ly, [; € {1,2,...,n},j=1,2, ..., k:

(x+a)(x+ay)..(x+a,)=x"+x"" 1k§1ai +

n-2 & n-k <
+x > a;a; +..+x 2 a;a; ..a; +...
i ip=1 ‘1 '2 iy, gy v ip=1 1 P2 E
ip <iy iy <ig <. <liy
Yucno ciraraeMblX B CyMMe, ABIA0OIIEHca KOaDOUITeHTOM
-k .
npu x" ", paBHO YHMCIy COUETAHWH W3 N DJIEMEHTOB IO k, T. e.

paBHO CI;.

Haxoner, cBo6omubIN uieH npousBenenus (2.19) moayuurcs
JIUIIIL B TOM CJy4Yae, KOrJa MepeMHOXKAI0TCA CBOOOIHbBIE UJIEHEI
KasKI0H u3 CKOOOK, T. €. CBOOOAHBIN ujeH mpousBeaeHus (2.19)
paBeH a,a,...a,. Urax,

iy, iy =
iy <liy

+ ...+ aqay...0,. (2.20)

(x+al)(x+az)...(x+an)=x”+xn_1i:Zlai+xn_2 > a; a; +

—k n
+ ..+ x" 2 a;a; ..aq
iy dgy o ip=1 1 2 k
i <lp <. <iy
Yucso craraeMbIX B KasKJIOHW M3 CYMM, HAaIlMCAHHBIX CO 3Ha-

1 2 k n-1
KOM 2, paBHO, cooTBeTcTBeHHo, C,, C,, ..., C, ,...C, ~,ay

IIePBOI'o 1 II0CJaeaHero cjiaaraeMoro aJjsa 3alimcu KOS(I)Q)I/IIII/IGHTQ_ 1

0 n
MOXKHO HCIOJIb30BaTh paseHcrsa C, = C, = 1. Ilosromy mpu

a;=ays=...=a,=aus dpopmysas! (2.20) nosryyum

0 _n 1 n-1
(x+a)'=C,x"+C,x" "a+

9 _ _
+Cx" 2P+ O R L Cla”,

T. e. popmyay (2.18).

BtTopoe AOKA3ATeAbCTBO IpoBeeM MEeTOAOM MaTeMaTH-

YeCcKON WMHAYKIUU (IJId HEero HAAO 3apaHee 3HATHL (hOpPMYJIy

(2.18), Torma Kak u IIpu IIePBOM AOKAa3aTeJIbLCTBE MBI ee HAIILIN).
IIpu n = 1 dpopmyna (2.18) oueBuaAHO BepHAa, TAK KaK B 3TOM

cJy4dae OHA UMeeT BUA X + a =X + Q.
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IIycts popmyna (2.18) BepHa mmpu HexoTopoMm n € N. JloKa-
JKeM, UTO TOTra OHA BepHa u mpu n + 1:

n+1 2 n-2 2

=x+a)(x+a) = (x”+Clx”71a+Cnx a“+...

+
(x+a) (2.17) n

_ 1 B
.+C]:Lx" ok + Ci+ TR L+ aYx+a) =
—x" T Clxa+ OO P A CE T I TR L xa
+x"a+Cix" aP Lt xR AT e

=" (CE + Y )x"a+ (CE + Chyx" NP

e (CET By R
Bcnomnus, uto Cﬁ+ 1y Ci = Cﬁi} (cm. (1.19)), monyuum

n+l _

(x +a) Sl xa

2 n+1l 2 E+1 n-k k+1 n+1
+C,,;x a+..+C,,1x “a +..+a 7,

T. e. hopmyay (2.17), B KoTopoii n 3ameHeHo Han + 1. O
3ameuanue. OTMeTHM IBa MHTEPECHBIX CBOWCTBA OWHO-
k
MHUAJIBHBIX Kod(pumnuenros C,, k=0, 1, ..., n: ux cymma pas-

Ha 2", mpudyeM cymMMa Koa(P@UIIEHTOB, CTOAINX HA YETHBIX
MecTax, paBHaA cyMMe KO3(p(PUIIUEHTOB, CTOAINNX HA HEUETHBIX
mecTax. [[eficTBUTENbHO, TOACTABUB B (hopMmyry OuHoma HrioTo-

Ha (2.18) x = a = 1, moxyuyum kioCi = 2", a moxcraBuB x = 1,
a=-1, umeem kg(—nkcﬁ ~0.

VIIPAJRHEHHE 2. [lokasars, 4TO

< m! nmy m

X1 .. X,

X+ xg+ . +x )= I "
( 1 2 n) my+..+m,=0 mql..m!

§3.
Y1CcAOBbIE MHOYKECTBO

3.1. PaclumpeHHas YNCAOBAs Nnpsamas

YacTo ObIBaeT yA00HO AOMOJHUTHL MHOYKECTBO JeMCTBUTEIbLHBIX
unces R snemenTaMu, 0003HAYaEeMBIMU Yepes +00 1 —O0 1 Ha3bI-
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BaeMbLIMU COOTBETCTBEHHO ILJIIOC M MUHYC OECKOHEUHOCTSIMMU,
cumTas IPu 3TOM, UTO, IIO OIIPeeIeHHIO,

—00 < 400,
(00) + (+00) = +00, (~00) + (~00) = ~00,
400 — (— oo) = 400, —CO— (+ oo) = —00,

(+00)(+ 00) = (~o0)(~ 20) = +00,
(+00)(~ ©0) = (~00)(+ 00) = —o0,

+ oo
Ho, mampumep, onmepamnun (+°) + (—00) uau T o Y¥Ke He ompe-

mesnennsl. Kpome Toro, aasa gmoboro a € R mo onpeneieHUIO II0Jia-
raeTcd BBIIIOJTHEHHBIM HEPaBeHCTBO —00 < a< +00 y cIIipaBenju-
BOCTbD CJIEAYIOITUX OIepPaIluii:
a+ (+90)=+00 + g =+00, —00 + g =q + (—00) = —00;

nassa >0

a(+o0) = (+00)a = +0, a(=0) = (-)a = ~0;
mnsga <0

a(+00) = (+00)a = —00, a(~00) = (~o0)a = +oo.

BeckomeunocTu +00 m —CO HA3LIBAIOT UHOTAA «0ECKOHEUHbL-
MU YUCAAMU» B OTJIMUME OT AEeHCTBUTEJIbHBIX Uuces a € R, KoTo-
pble Ha3bIBAIOTCA TaKIKe KOHEeUHbLMU YUCIAMU.

MuoKecTBO OelicTBUTEJIbHBIX umcesa R, OomolHeHHOe
3JeMeHTaMu +00 1 —00, HAa3bIBAETCS PACULUPEHHbLM MHOMCeCm-
gom OeiicmeumenbHblx uncesa (WJIKM PACIIMPEHHOH UMCJIO-
BOII IpAMOIi) U oBo3HauaeTcsa uyepe3 R. daeMeHTHI +00 y —00
HAa3bIBAIOTCA MHOTTa 0ECKOHEUHO yIaJeHHBIMU TOUKAMHU PACIIIN-
PEHHOII YMCJIOBOI IIPSMOM B IIPOTHBOIIOCTABJIEHIE TOUKAM UIC-
JoBo mpsamoit R, KOTOpble Ha3BIBAIOTCA TaKiKe U KOHEUHbLMU
moukamu.

B pannHeiineM Imoj UMCJIOM BCerga IIOHMMAETCA KOHEUHOe
MeMCTBUTEJIbLHOE YUCJO0, €CJIN He OTOBOPEHO UTO-JIM00 IPyTroe.

3.2. MpoMeXYTKN AENCTBUTEAbHBIX YACEA.
OKpecTHOCTH

Hanomuaum omnnpenaesieHnAaA HEKOTOPBIX OCHOBHBIX IIOAMHOMECTB ,ueﬁ—

CTBUTEJIbHELIX YICeJ, KOTOPhIE YacTo OYAYT BCTPEUATHLCS B HAJIb-
HerimmeMm. Ecau a < b, a € R, b € R, To MHOXecTBO {x : a < x < b}
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Ha3bIBAETCA OMPEe3K0M PACIINPEHHON YUCI0BOH IpAMOi R u 060-
3HayaeTrcd uepes [a, b], T. e.

def = -
[a,b] = {x:a<x<b},acR,bER.
B ciyuae a = b oTpesok [a, b] cocTouT M3 OOHOM TOUKU.
Eciu a < b, To MHOKeCTBO {x : @ < x < b} Ha3BLIBAETCS UHMED-
sasiom u obosHauaercs uepes (a, b), T. e.

(a, b) def {x:a<x<b}.
Wurepsau (a, b) Ha3bIBaeTCSa 6HYMpeHHOCMbI0 ompe3ka [a, b].
M=uoxxecTBa
[a, b) def {x:a<x<b}ul(a, b] def {x:a<x<b}

Ha3bIBAIOTCA NOJLYUHMEPEALAMU .

Orpesku [a, b], uurepBansl (a, b) u moayuHTEPBaAJIHI [@, b),
(a, b] Ha3BIBAIOTCA NpOMeENYMKAMU, TOUKU @ U b — UX KOHUQ-
MU: @ — JIEBBIM KOHIIOM, a b — IIpaBBIM, a TOUKH X TaKHe, 4TO
a<x<b, — UX BHYMPEHHUMU MOUKAMU.

Ecau a u b xoneunsl, T.e. a € R u b € R, To IPOMEXYTOK C
KOHIIaMHU @ U b Ha3bIBAETCA TAKIKe KOHEYHbLM NPOMEHCYMKOM, a
qucJg0 b — a — ero 0AUHOIL.

Eciu xors 661 ofHO U3 @ u b sBaAAeTCA OECKOHEUHBIM, TO IIPO-
MEKYTOK C KOHIIaMU a U b Ha3bIBaeTcsa 0eCKOHEUHbLM.

BamMmeuanue 1. IIpoMe:XyTKH BCeX THUIIOB PACHIMPEHHOI
YKCJIOBOI IPAMOM 001a7aI0T CIAEAYIOIINM CBOMCTBOM: eCl Moy-
kud € RuPB€R, a< B, npunadrexam HeKOmMopomy npome-
aymry ¢ konyamu a € R u b € R, mo u 6ecv ompesox [d, B]
npuUHAdIeH UM IMOMY NPOMEHYMKY.

s mpoMeKyTKa KaKI0ro THUIIA 3TO HEIOCPEACTBEHHO CJie-
IyeT 13 ero oIpeeeHns.

BakHbIM moHATHMEM /A JaJbHEHIIEro SABJISIETCA HMOHATHE
€-OKPECTHOCTHY TOUKY PACIITUPEHHON YUCJIOBOU IIPIMOIA.

B cayuae a € R, T.e. Korga a sBJAAETCA AeUCTBUTEJILHBIM
YUCJIOM, E-0KkpecmHocmuio Ul(a, 8)1, €> 0, yucaa a Ha3bpIBaAETCA
uHTepBaja (a — €, a + €):

Ua, e) & @-¢, a+e).

1
O6o3HaUeHNE OKPECTHOCTHA TOUKK CUMBOJIOM U IIPOMCXOAUT OT CJIOBA
Ungebung (HeM.) — OKPECTHOCTD.
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Ecam sxe a = +00, TO

U(—{—OO, 8) dif %’ +0oo

U(-o0, 8) €' [~oo, -

TakuM oOpasoM, BO BceX cJaydasiX, T.e. Korjga a — JIeliCTBU-
TeJIbHOE UMCJIO WJIN KOTJa @ — OJHA 13 6eCKOHEUHOCTell +00, —00,
Opy yMEHBINEHUMN YNCJIA € COOTBETCTBYIOINE E-OKPECTHOCTU
U(a, €) ymenbmarorca: ecau 0 < g, <¢g,, To U(a, &) < U(a, &,).

Wuorma ObiBaeT yma00HO TOMOJNHUTH MHOKECTBO [EHCT-
BUTEJLHLIX YMCEJ He ABYMs, a OJHOI 0OecKoHeuHOCThbIO (0e3
3HakKa) °©. Ee €-okpecTHOCTEL U(%0, €), € > 0, ompenenseTcsa pa-
BE€HCTBOM

’

| —

aecam a = —9, To

™ | =

L
[*

U(co,e) € Gr:xeR, x> 10U {ooh,
g g

WNuaue roeops, €-oxkpecTtHOCTh U(C0, €) cocTouT M3 ABYX Oec-

KOHEUHBIX MHTEPBAJIOB E—OO, —%B, %, +OOB 1 CaMOTO JJIEMEH-
Ta ©°, ITOT BJIEMEHT TaK:Ke HasbIBaeTcsA MHOTAa 0eCKOHEUHO
yIAJeHHON TOUYKOIl YMCJIOBOM mpAMoii. B oTinmume oT 6Gecko-
HEUHOCTEH €O 3HAKOM +00 M —0C0 GeCKOHEUHOCTh O° (6e3 3HaKa
He CBfA3aHA C AEWCTBUTEJbHBIMU YMCJIAMM OTHOIIIEHUWEM IIO-
pAnKa.

Bcesakas €-0KpecTHOCTh KOHEYHOM MM 0eCKOHEYHO YAaJIeHHO
TOUKY YMCJIOBOI MPAMOI Ha3bIBAETCS €e OKPeCMHOCMbi0 U YacTO
obosuauaercsa npocto uepes U(a). MHorma mel OygeM 0003HAUATD
OKPEeCTHOCTU U APYruMu OykBamu, Hampumep V, W.

Hepenko ObIiBaeT ynOOHBIM HAa3bIBAaTh OKpecTHOCTHIO U(a)
KOHEUHOII TOUKM 4 He TOJbKO HHTepBaj, IEHTPOM KOTOPOTO
ABJIAETCA TOYKA @, a BCAKUH ee cojep:KaIuii nHTerpaa. SicHo,
uyTo JirobasdA TaKasd OKPECTHOCTh TOUKHU COAEPIKUT ee E-OKPEeCT-
HOCTB ITpU HeKoTopoM € > 0.

Hapsay c ompefe/ieHHBIMU BBIIIE OKPECTHOCTSIMU OEeCKOHEeU-
HOCTEH B IIONOJIHEHUSIX MUMH MHOXKEeCTBa I,ZLeI‘/JICTBI/ITeJII:HI)IX quceJt
WHOT/IA PACCMATPUBAIOT I OKPECTHOCTHU OECKOHEUHOCTEHN OO, +00 1
—00 B caMOM MHOJKeCTBe HelCcTBUTEeNbHBIX umcein: U(C) N R,
U(H+2)N R u U(—oc) N R. Camu 6eCKOHEYHOCTU, KOHEUHO, YVKe He
MOMAamaloT B 3TU OKpecTHocTu. MBI OyZeM IpUAep:KUBATHCA IIep-
BOHAYAJIBLHO JAHHBIX OIpeAeeHnl (0TMeTUM, BIIPOUEM, UTO JOKA-
3pIBaeMas HIKe JeMMa CIpaBelidBa W B ciaydyae, KOTa B Heif
TIOJl OKPECTHOCTAMHU OECKOHEUHOCTEH MOHUMAIOT UX OKPECTHOCTU
B MHOKECTBe TeHICTBUTEJIbHBIX UKCEJ).
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CdhopmyaupyeM B Brje JIEMMBI O/T-

U%l.b*am U%.b*am

HO BasKHOE€ CBOMCTBO OKPECTHOCTEMH. 20 24

AEMMA. YV n106vix 08Yyx pas3auiHbLx et -t -

mouex paculuperHnoll 4ucao80il nps- a a) b

Moil (paculuperHoil ¢ nomoubio 08Yx

OeckOHeuHOCMeEl €O 3HAKOM UJU U(a; 1) UHoo; ﬁ%
a

npu nomouj moJavko 00HOlU 6ecko- - -
HeuHocmu 6e3 3HAKQA) CYULecmsyonm —e-—+——m————

Henepecexawujuecs 0OKpecmHocmu. a 6) b= o0
AoKasaTeAbcTBO. Paccmorpum
cHauvaJja cjaydail pacIIMpeHHOU dYuc- UHkoo; o 1+ IH U(b; 1)
JoBOII mpamoit R, mosryueHHOU mI0- B P
O0aBeHeM K MHOKECTBY IeliCTBU- - =
TeJIbHBIX unces] R IByx 6eCKOHEUHOC- a=-® 6)
Teil co 3HakoM. IlokarkeMm, 4TO 1A U(=c0; €) U(+00; €)
aobeix a € Ru b € R, a <b, cymecr- -7 T~ T~
ByloT Takue & >0 um & >0, uro a=-00 | 0 1 b=+4oo
U(a, &) NU(b, €,) = &. B camom gee, & ) ¢
eciu a u b — neficTBUTENILHBIE YUC-

b—a Puc. 6

Ja, TO MOXKHO B3ATH £ = €= —

(puc. 6, a). Eciu a — nmeiicTBUTEILHOE YHCJIO0, & b = +09, TO B Ka-
JecTBe YKa3aHHBIX £ > 0 u €, > 0 mogxoxAT, Hanpumep, &, =1u

1
la] +1

€9 = (puc. 6, 6). Eciu a = —00, b — melicTBUTeIbHOE UHCIIO,

1
TO MOYKHO B3ATh £ = 1 €y =1 (puc. 6, 8). Haxosnemn, eciiz a =

= —00, h = +00, TO IPHU MPOU3BOJIBbHOM £ > 0 okpecTHOCTH U(—9, €)
u U(+00, €) He mepecekatoTcs (puc. 6, 2). Ecau :Ke unciaoBas mps-
MadA R momoJiHeHa JUITL OJHOM OECKOHEYHOCTHIO O°, TO JOCTATOY-
HO paccMOTpPeTh JIUINb caydail a € R u b= 00 (Tak Kak ciydai
a € R u b € R paccMOTpPEH BLIIIIE), B KOTOPOM MOYKHO CHOBA (KakK 1

HpHaER,b=+OO)BsaTI>81=1,a82=M%.El

Bameuanue 2. B ciyuae a< b, a € R, b € R u ux
HellepeceKalomuxcsa okpectHocreir U(a, &) NU(b, &) = & nna
ar0061x x € U(a, €g)) uy € U(b, &,), 0ueBUHO, CIIPABEJINBO Hepa-
BEHCTBO X < Y.

Ero cnpaBemyimBocTh ycTaHABIMBAETCA HEIIOCPEACTBEHHON IIPO-
BEPKOI BO BCeX BOBMOKHBIX 37IeCh coIydaaX, T.e.nmpua € R, b€ R,
npua €R,b=+oo, mpua=-°,bc Runpua=-°0, b= +00,
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Jlerko ybenuThCs, UTO IIepeceueHre ABYX OKPEeCTHOCTeH Tou-
KM (KOHEUHOM 1 6eCKOHEUHO YIaJeHHOMN) ABISeTCI TaKKe OK-
PECTHOCTBIO 9TOM TOUKH.

3.3. OrpaHnYeHHble
M HEOrPaHNYEHHbIe MHOXXEeCTBA

BBenem pan Hy»KHBIX IJIS JaJbHEHIIETro IMOHATHUN WM U3YyUYNM He-
KOTOpEBIE CBOMCTBA UMCJJIOBBIX MHOXKECTB.

Onpeaenenvne 1. Ecau 0na nodmuoxcecmsa X OellcmaumesbHblLX
yucen cyuiecmeyem maxoe wucao b, umo OHO He MeHbUle KA
0oz0 wucaa x € X, m. e. 0aa a100020 x € X BulNOJAHACMC Hepa-
seHcmeo x < b, mo mHoxucecmso X HA3bL8AEMCS 0ZDAHUYLEHHBIM
ceepxy, a Hucio b — uucnom, 0z2paAHUHUBANOWUM CEEePXY MHO-
acecmao X.

C moMOIIbI0 JIOTHYECKUX CHMBOJIOB OIIpejelieHre OrpaHU-
YeHHOT'0O CBEPXY MHOKECTBA 3allMChIBAETCA B BUJE:

X orpaumnueno cBepxy @ dbERVxe X : x < b;
oTciona

X He orpaHmnyueHo cBepxy < VbeRIxeX : x> b,

T. . MHOKecTBO X He OrpaHMUYEHO CBEpPXYy, €cju, KAKOBO ObI HU
OBLIO uncyo b € R, HalineTca Takoe 4ucio X € X, 4to x > b.

MHuo:KecTBO, He ABJIAMOIIEECAd OTPAHUUYEHHBLIM CBEPXY MHO-
JKeCTBOM, Ha3bIBAETCS HE0ZPAHULCHHbIM CE8ePXY MHONCECME0M.

3aMeTHuM, UTO ecJI YMCJI0 b OTpaHMUYMBAET CBePXY MHOMKECTBO
X, 7. e. 1yia Bcex x € X BBINOJHSETCA HepaBeHCTBO x S bu b <b',
TO JJisI BceX X € X, OUeBUHO, MMEEeT MeCTO 1 HepaBeHCTBO X < b',
cJaeloBaTeIbHO, UMCJIO b' TaKiKe OrpaHMUYMBAET CBEPXY MHOMKe-
cTtBO X.

Ecam B mHOKecTBe X mmeeTcsa 4ncyo b, KOTOpoe He MeHbIIIe
Bcex apyrux ymces u3 X, T. e. b € X, u n1a Bcex x € X BBIIIOJIHS-
eTCcsI HepaBeHCTBO X < b, To uncjo b Ha3bIBaeTCs HAMOOJIBIINM
NI MAKCUMALbHbIM YUCAOM MHoNcecmaea X: b =max X.

OueBUAHO, UTO ecjii B MHOKecTBe X mMeeTcs HauOoJIbIlIee
YKCJIO, TO OHO €IUHCTBEHHO, 4 CAMO MHOKeCcTBO X B OTOM CJIydyae
OTPaHUYEHO CBEPXY STUM UHCJIOM.

OTMeTHUM ellle, YTO €CJI MHOXKeCcTBO X He OrpaHUYEHO CBep-
Xy, TO, COTJIACHO OIpeAeIeHnI0, 3TO 03HAUaeT, UTO JIJIA JIF00OTro
yucja b € R cyIiecTByeT o KpaliHel Mepe OOUH TaKOH 3JIeMEHT
x € X, uro x > b. Ob6paTuM BHUMaHUE Ha TO, YTO Ha CAMOM Je-
Jle TaKuX 3JIEMEeHTOB 0eCKOHEUHO MHOTO. [lelicTBUTENLHO, IO-
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IIYCTUM, YTO UX OKA3aJIOCh JIUIIb KOHEUHOE UMCJO: X1, ... , X,
n € N. nade roBopa, gnaBecex x € X ux#x,, k=1,2, ..., n,
clipaBe#InBO HepaBeHcTBO x < b. Torga sAcHo, uTro mna by =
=max {b, xq, ..., X,,} ¥ Bcex x € X Oy/JieT BbIIOJHATHCA HEPABEH-
CTBO X < by, T. e. BOIPEKU IIPEAIOJOXKEHNIO MHOXeCcTBO X OKa-
3aJ10Ch OTPAHNUYEeHHBIM.

AHaJIOTUYHO MHOYKECTBY, OTPaHUUYEHHOMY CBEepXYy, OIpele-

JISeTCsI MHOYKEeCTBO, OrPaHMYeHHOe CHU3Y.
Onpeaenenue 2. Ecau 0aa nodmuoxcecmsa X Oeilcmeumeliv-
HbLX YUcCes cyujecméyem makxoe Yucso @, Ymo OHO He 0oJvule
Kaxc0ozo wucaa x € X, m. e. 0aa n106020 x € X 8blnoaHAemMCA
HepaseHcmeo a < x, mo MHOoMecmeo X HA3bLBAEMCS 0ZPAHU-
YEeHHbLM CHU3Y, @ YUCAO @ — YUCAOM, 0ZPAHUYUBAIOULUM CHU3Y
2Mmo MHON}cecmao.

MHuOeCcTBO, He ABJIAIOIIEECA OIPAHNUYEHHLIM CHU3Y MHOMKe-
CTBOM, HA3LIBAETCS HEOZPAHUYEHHLIM CHU3Y MHONCECMBOM.

C mOMOIIBIO0 JOTMYECKUX CHMBOJIOB OIIpelesieHre OTpaHU-
YeHHOT'O CHM3y MHOXKeCTBa 3allnchbiBaeTcs B Buje: X orpaHUUe-
HO cHM3yY < da € RV x € X : x 2 a; orciona X He OrpaHNYEHO
cunsy @ VacRdx € X :x<a,T.e. MmHOKecTBO X He OrpaHu-
YeHO CHU3Y, eCJM, KaKOoBO ObI HM ObLIO YHCJO0 a € R, maligercs
TaKou sJeMeHT x € X, uTo x < a.

OueBUIHO, UTO €CJIN YKCJIO @ OTPAHUYNBAET CHHU3Y MHOMKECT-
Bo X, TO m Ji00oe uncyo a' < @ TakiKe OrpaHuYMBaeT CHU3Y 3TO
MHOKECTBO.

Ecau B MmHOMKecTBe X MMeeTCA UHCJIO @, KOTOPOe He 00JIbIIe
Bcex Apyrux umceys u3d X, T. €. a € X, u 1Jd BceX X € X BBIITOJIHS-
eTcs HePaBeHCTBO @ < X, TO YMCJIO G HA3bIBAETCSA HAMMEHBIIINM
WU MUHUMAJLbHUIM Yucaom mHoxcecmsa X : a = min X.

Eciu B mHOKeEcTBe X mMeeTcAa HamMeEHbIIIee YHCJIO, TO OHO
eIMHCTBEHHO, a CaMO MHOKecTBO X B 3TOM CJIyuyae OTPaHMUYEHO
CHU3Y 3THUM YHCJIOM.

OnpeaeneHue 3. M Hocecmeo, 0zpanHuieHHoe U c8epxXy U CHU3Y,
Ha3bl8AEMCS 02PAHULCHHBLM MHONCECTEOM.

Ipyrumu ciaoBamu, MHOXKecTBO X — R HaspIBaeTcs OTpaHU-
YeHHBIM, €CJIU CYIIIECTBYIOT TaKlue Yucaa a u b, 4To A JII000TO
x € X BBINIOJIHAETCSA HePaBEHCTBO a < X < b.

MHOKeCcTBO, He ABJAMOINEeCd OTPAHNUYEHHBLIM, HA3LIBAETCS
HeozpaHuueHHbiM. OUEeBUIHO, UTO HEOTPAaHUUYEHHOE MHOXKECTBO
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MOJKeT OBLITh HEeOTPAHWUYEHHBIM U CBEPXY U CHU3Y MU TOJBKO
CBEPXY WUJIU CHUAY.

VIIPA’)RHEHUE 1. JokasaTh, 4uT0O MHOXKecTBO X — R orpaHmueHo TOTAa U
TOJIBKO TOTZA, KOTJa CYIIeCTByeT Takoe umucyo a = 0, uTo ansa Bcex x € X BbI-
IoJTHSAeTCS HepaBeHcTBo x| < a.

IIpumepamMu OorpaHMUYEHHBIX MHOKECTB SABJISIOTCA OTPE30K
[1, 2], narepBan (0, 1), MHOXKeCTBO 3HaUEeHUN (PDYHKIIUU Sin X.
Beckoneunnrii maTepBaa (—5, +90), MHOKECTBO HATYPAJIbHBIX
uyncen 1, 2, 3, ... ABJAIOTCA MHOXXECTBAMM, OrPaHNUYECHHBIMU
CHM3Y, HO HEOTPaHMYEHHBIMH CBepxy. HaKomHer, MHOKeCTBO
BCeX IIeJIBIX YMCeJ, BCeX PAIlMOHAJNLHBIX UHCEJ CYTh MHOMKECT-
Ba, HEOrPAHNUYEHHBIE KAK CBEPXY, TAK U CHU3Y.

dopmasbHOE 0000IeHNe MOHATUN OrpaHMYEHHOTO CBEpXY,
OrPAaHNYEHHOr0 CHIU3Y U IIPOCTO OIPAHMUYEHHOI'0 MHOKECTBA HA
IIOAMHOXKECTBA PACIIMPEHHOTO MHOKeCcTBa R [eliCTBUTEeIbHBIX
yucea R (cM. 1. 2.5) He IPUBOAUT K COAEPIKATEJIbHBIM IIOHSITH-
AM, TaK KaK Bce IOIMHOKeCTBa PACIINPEHHOT0 MHOKeCTBa JIeli-
CTBUTEJbHLIX UNMCEJI OTPAHNYEHLI CBEPXY CUMBOJIOM +0° 1 CHU3Y
CHMBOJIOM —OO, a I03TOMY U IIPOCTO orpaHHYeHHl B R. OgHaKO
HOHATHE HaMOOJbINero (HanMEHBIIIEr0) dJIeMEeHTa MHOMKECTBa
SABJISETCS COIEPsKaTeJbHBIM U B 9TOM cJyudae. Ero ompeneeHnue
¢dopMaJIbHO COBIIAZAET C COOTBETCTBYIOIIUM OIpeJeeHreM IJIis
HOIMHOKECTB He PACHINMPEHHOT'0 MHOKEeCTBa JeMCTBUTEIbHBIX
Yuce:

KoHeuHoe uau Oeckoneurnoe wucao ¢ € X — R nasvieaemca
naubonvwum (Haumenvuium) 6 muoxcecmee X = R, ecau 0na
scex x € X s8vlnoJHaemcs HepageHcmao x < ¢ (coomeemcmaeeH-
HO X 2 C).

B pganbueiiiemM MbI BOCIOJIbB3YEMCS 9THUM IIOHATHEM.

3.4. BepXHSas 1 HU)KHSIS TPAHU YUCAOBBIX MHOXXECTB

Cpenm Bcex umceJs, OTPAaHWYUBAIOINUX CBepXY (CHUBY) HaHHOE
MHOKECTBO, HauMeHbIIlee (HamboJIbIllee) U3 HUX MMEET CIIEIH-
ajbHOE Ha3BaHUe.

Onpeaenenve 4. Haumenvuiee cpedu ecex uucen, 02panuyu8aio-
wux ceepxy muoxmcecmeo X < R, Has3vieaemca ezo 6epxHeil

zpanvio u obosnauaemces sup X uau sup {x}.
x0X

1 .
JlaT. supremum — HaUOOJBIITUH.
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OnpeaeneHnue 5. Hauboavuiee cpedu 6cex uucen, 0ZpaHUYUBAI0-
wux cHuly wmuoxucecmso X < R, Ha3vieaemcs ez20 HUMNCHell

1. )
epanvio u obosnavaemcsa inf X uau inf {x}.
x0X

WNuorpa BepxHIOW (HUKHIOI) I'PAaHb MHOKECTBA HAa3LIBAIOT
mouHoil epxHell (HUMCHell) zpaHblo DTOTO MHOMKECTBA.

OTMeTHM, UTO B CAeJaHHBIX OIpPeeIeHUIX He 00CcysKaaeTcsa
BOITPOC O TOM, CYIIIECTBYET UM HET HamMeHbIlee (HanboJibIliee)
YKUCJO CPEeAU BCEX UMCEJI, OrPAaHMUYUBAIOIIUX CBEPXY (CHU3Y)
JaHHOe MHOJKECTBO, — 9TO OyAeT CAeJaHO IIo3Ke. 3Jech JKe
JINIITH TOBOPUTCS, UTO €CJIM TaKOe UMCJIO CYIIeCTBYET, TO OHO Ha-
3bIBAaeTCA BepxHel (HM:KHel) PaHbI0 paccMaTpPUBaeMOIr'O0 MHO-
"KecTBa. I3 caMoro onpeneeHns: BepxHell (HUKHeil) rpaldu cJe-
IyeT, 4TO €CJIN Y TaHHOTO MHOKECTBA 9Ta I'PaHb CyIIeCTBYET, TO
OHA eIVWHCTBEHHA, TAK KaK BO BCAKOM MHOKECTBEe MaKCUMAJb-
Hoe (MUHUMAaJILHOE) YNCJI0 MOKET OBITH TOJIBKO OJHO.

IIpoananusupyem omupenenenusd 4 u 5. Ilycts B = sup X. 3to
O3HAUAeT, BO-IEPBBIX, UTO YHCJO [3 OrpaHMUYMBAET CBEPXY MHO-
JKecTBO X, T. €. OJA Kakaoro x € X cIupaBeAJNBO HepaBEHCTBO
x < [3; BO-BTOPBIX, UTO UKCJIO [3 ABJIAETCA HAUMEHBIINM CpPeau
BCEX UYMCeJ, OTPAHNYHNBAIOIINX CBEPXY MHOXKecTBO X, T. €., Ka-
KOBO ObI HU 6b1J10 umcyo [3' < [3, oHO yiKe He OrpaHUUYMBAET CBEP-
Xy MHOKeCTBO X, a 9TO 03HaUaeT, UTO B MHOKecTBe X HalgeTcs
TaKoe YUCJO0 X, 4TO X > [3'.

Taxkum odbpaszoM, B «apudMeTHUecKoi (popMe» ompeneseHne 4
MOJKHO 3aIT1CaTh B CJIeAYIOIIEM BUJE.

OnpeaeneHune 4'. ucso B Ha3vieaemcs 8epxHell zpDAHbLI0 MHONCE-
cmea X, ecau:

10)Vx6X1x<B;

2VR <BIxeX:x>p.

Ycmosue 20) MOJKHO IIepeIrcaTh CJaeIyIoIuM 00pas3om:
2Y)Vex>0dxeX:x>pP ¢

. o0
s Toro 4To6bl YOEIUTHCS B PABHOCUJIBHOCTU YCIOBUM 2™ U

2', moctaTouHo B3ATH [3' u [, cBA3amHbBIe paBeHCTBOM [3' = 3 — €,

13 KOTOPOT'O CJIEIYeT, UTO ycaoBue € > 0 9KBUBAJIEHTHO YCJIOBUIO

B <B.

1 . .
JIar. infimum — HaMMEHBIITNUIA.
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AmnanornuabIiM o6pasoM, ecau 0 = inf X, To, coraacuo ompe-
JIeJIEHUIO 5, BO-IIEPBBIX, UNCJIO0 O OTPAHNUYNBAET CHIU3Y MHOMKECT-
Bo X, a BO-BTOPBIX, JII00oe umcjo O' > O yKe He orpaHnunBa-
€T CHM3Y 5TO MHOXKECTBO, 100 YMCJO O ABJIAETCA HAMOOJLIINM
cpenu BceX TAKUX UHCeJ. ITO 03HAYAET, UTO JJIis JIroboro a' > o
Hamgerca Takoun x € X, uro x < d'. CiemoBaresbHO, OmpeneJe-
HUe 5 MOKHO ITepe)pa3upoBaTh CJAEIYIOIIM 00pa3oM.
Onpeaenenune 5'. Jucio O Ha3vi8aemcesa HUNCHE zpAHLI0 MHOMNCe-
cmea X, ecau:

lo)VxEX:x>0(;
20)Va’>aEIxeX:x<a'.

YcmoBue 20) 9KBUBAJIEHTHO YCJIOBUIO
2YWVWe>0dxeX :x<a+e.

s Toro YToOBI yOEeAUTHCA B 9KBUBAJIEHTHOCTU YCJIOBUI 20)
u 2'), J0CTaTOYHO B3ATH O' = O + €.

CroemaeM HeCKOJIBKO OUEBUAHBIX 3aMeuaHuii. Ecin Hemycroe
MHOecTBO X — R mMeeT BepXHIOIO rpaHb [3 € R (MMeeT HUMK-
HIOIO TpaHb O € R), To 0OHO OrpaHUYeHO cBepXy (CHMU3Y). ITO cJe-

IyeT 13 YCJIOBUS 1° ompenenenud 4' (ompenenenusd 5').

Ecau 3 = sup X (0 = inf X) u uucyo b (uucio a) orpaHNIUBaAET
cBepxy (cuHusy) mHOKecTBO X, TO B < b (COOTBETCTBEHHO a < ().
ITO caeayeT U3 TOTO, UTO BepXHAA (HUKHSAA) TPaHb MHOKECTBA
ABJIAEeTCA HAUMEHBINMUM (HAMOOJBIIINM) YNCJIOM CPEIN BCEX UU-
ceJl, OTPAaHMYUBAIOIINX CBePXY (CHU3Y) TaHHOEe MHOKECTBO.

Eciu B MHOKecTBe cyIIlecTByeT HambOoJblilee (HAaMMeHbIIIee)
YUCJIO, TO OHO SABJAETCA BepXHel (HUKHEH) IpaHbIO 9TOTO MHO-
sKecTBa. B wacTHOCTH, TaKasa CUTyaI[Usa UMeEeT MeCTO AJIA KOHEeU-
HBIX MHOMKECTB: JIfo00e KOHEeUHOe MHOYKECTBO UMCeJ MMeeT Ha-
ubosbIlllee M HaWMeHbIIIee YUCJa, a IIOTOMY HUKHIOIO U BepX-
HIOIO TpaHu. B IpuHITUIIE UX MOXKHO HAWTHU IPOCTHIM epebopom
BCeX YKCeJ M3 MaHHOTO MHOKECTBa, TaK KaK OHO KoHeuHo. Of-
HaKO0, BOOOIIle TOBOPS, TOJBKO B IIPUHITUIIE, a He Ha IIPaKTUKe:
ecau B JaHHOM KOHEUYHOM MHOJKECTBe, 3aJaHHOM KaKHMHU-TO
CBOUICTBAMHU €TI0 3JIEMEHTOB, OYIET «JOCTATOYHO MHOTO» 3JIEMEH-
TOB, TO IepedpaTh UX Bce OyaeT, BOBMOKHO, He O] CUJIY Jake
CBEPXMOIITHO COBPEMEHHOM BHIUMCINTELHON MallnHe.

IlpuBegem mpumMepbl, WJIIOCTPUPYIONINE IOHATHE BepXHeEN
U HUJKHEH rpaHell MHOMKeCTBa.
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MHOX€eCTBO BCeX IOJOMKUTENLHBIX NeHCTBUTEIbHBIX YKCEJ]
(o603HauUM ero uepes R, ) orpaHUYEeHO CHUBY YUCJIOM HYJIb, U100
g aoboro x € R, umeer mecto x > 0; 6oJee Toro, inf R, = 0.
MnosxecTtBo R, He orpaHUYeHO CBEPXY, TaK KaK HeT uucia, Ko-
TOpoe ObI OTPAHUYUBAJIO CBEPXY BCE IMOJOMKUTEIbHbBIE UNCIA.

Ecau X = [a, b] — oTpesok, To inf X = a, sup X = b. Ecau
X = (a, b) — unTepBad, to Takxke inf X = a, sup X = b. Ecau,
HaKOHeIl, MHOKecTBO X COCTOUT U3 ABYX Touek a u b, a < b, T. e.
X = {a} U {b}, To cuosa inf X = a, sup X = b. 9T npuMepsl mI0-
KasbIBalOT, B YaCTHOCTHU, UTO BePXHAA (HUIKHAA) IPaHb MHOMKe-
CTBa MOXKET KaK INPUHAAJIEKaTh CAMOMY MHOMKECTBY, TaK U He
OpUHAIIEKATb EMY.

Eciu & = A|B — ceuenue B 00/1aCTH JeHCTBUTEIHHBIX UUCEJT

(em. 1. 2.57), To
& =sup A =inf B. 3.1)
BrisicHUM Temepb BOIPOC: BCETZA JIM Y YMCJIOBOrO MHOXKECTBA
CYIIIECTBYET €r0 BepxXHAA (HUXKHsAA) rpaHb? Eciu MHOKeCTBO He
OrpaHUYEHO CBepXy (CHU3Y), TO He CYIIeCTBYET UNCeJ, KOTOPbhIe ObI
OTPAaHUYMBAJIU €T0 cBepxy (cHusy). CiemoBaTebHO, HE CYIIIECTBY-
eT cpely HUX W HauMeHbIero (mambosbinero). Takum oOpasom,
ecJIM MHOKECTBO He OTPaHMYEHO CBepXy (CHU3Y), TO Yy HEro Her
BepxHel (HuKHel) rpanu. B aToM caydae oTBeT Ha ITOCTABIEHHbIH
BOIIPOC ITOJIYUMJICSI COBCEM IIPOCTO. Eciu ixe MHOKeCTBO OTrpaHu-
YeHOo CBepXy (CHH3Y), TO OTBET JAETC CIAEIYIOIIEeH TeoOpeMO.
TEOPEMA 1. Bcsakoe ozpaHuieHHOe C8epxy Henycmoe 4ucJio80e
MHONCECMB0 UMeenm GePXHII 2PAHb, 4 B6CAKOe 02PAHUYEHHOe
CHU3Y Henycmoe YUCA080e MHOMHECMB0 UMeem HUNCHIOW ZPAHD.

AokaszaTteAabcTBO. Ilycth X — orpannueHHOe CBepXy He-
IIyCTOe YUCJIOBOEe MHOMKecTBo. O603HAUMM ueped Y MHOKECTBO
BCEX UMCeJI, OTPAaHNYUBAIOIINX CBepXy MHOKecTBo X. MHOKe-
cTBo X OrpaHMYeHO CBEPXY, IMO3TOMY MHOMKECTBO Y He IIYCTO.
Kawxnpiit smement y € Y orpaHnumnBaeT cBepxy MHOXXKeCTBO X,
T. €. I Jioboro sjemMeHTa X € X BBINOJHSETCA HEPABEHCTBO
X < Y. OJIEMEHTHL X U [ ABJIAIOTCA IIPOU3BOJIbHBIMU dJIEMEHTAMU
COOTBETCTBEHHO MHOKecTB X 1 Y, IOATOMY, B CUJIy CBOICTBA He-
IPEPBIBHOCTH JEMCTBUTEIbHBIX YKceJI (CM. cBoicTBO V B 1I. 2.1),
CYIIIECTBYET TaKoe YUCJIO [3, UTO MJis JIIOOBIX X € X u y € Y uMeer
MeCTO HepaBeHCTBO

x<PB<y. (3.2)



-X X BrimonHeHue HepaBeHCTBA X < [B

I Beex x € X 03HAUaeT, UTO YMCJIIO 3

OrPAaHUUYMBAET CBEPXY MHOMKecTBO X,

Puc. 7 a BBITIOJTHEHUE HepaBeHCTBA 3 < y Asd

Bcex Yy € Y, T. e. AJIA BCeX UMCeJ, Orpa-

HUUYMBAIOIIUX CBEPXY MHOXKeCTBO X, 03HAYAET, UTO YUCJIO [3 AB-

JSieTCsT HAMMEHBIIIUM CPeIUu BCeX TAKMX YHCes, T. €. BepxXHel
rpaHbio MHOMKecTBa X :

B=sup X. (3.3)

Wrak, cyniecTBoBaHWe BepXHEH T'paHM y OTPAHUUYEHHOTO
CBEpPXY HEIIyCTOI'0 MHOKECTBa JJ0Ka3aHo.

Ecam Tteneps Y — HemmycToe orpaHMYeHHOE CHU3Y YHCJIOBOE
MHOKECTBO, TO OTHECEM K MHOKecTBy X BCe UMCJa, OTPAaHUUM-
BaIlUe CHU3Y MHOXKecTBO Y. Jlajee, paccy:kjasd aHAJIOTUUYHO
paccMOTPeHHOMY CJIyyal0 BepxXHell I'paHU, JIETKO y0e:xkjaaeMcsd,
YTO, B CHJIy CBOMCTBA HEIIPEPBHIBHOCTU JEMCTBUTEJNLHBIX YMCEJI,
CYIIIECTBYET TaKoe UmcJjo O, 4TO AJA JI0bIXx X € X m y € Y BHI-
HOJIHSAETCA HePaBEeHCTBO

x<as<y. (3.4)

ITO, OUEeBUIHO, M O3HaUyaeT, uro 0 = inf Y. O

Bropouem, yTBep:kIeHNe O CYII[eCTBOBAHUY HUMKHEH I'paHU Y
OTrPAaHNYEHHOr0 CHI3Y HEIYCTOTO MHOKECTBA MOXKHO ITOJYUUTH
¥ U3 yKe JOKA3aHHOTO YTBEPKIeHUA O CYII[eCTBOBAHUY BepXHell
TpaHM Yy HEIYCTOTO OTPAaHUUYEHHOTO CBepXy MHOMKECTBA.
HocTaTouHO 3aMeTUTh, UTO ecau X — OTPaHNYEeHHOEe CHI3Y MHO-
sKeCTBO, TO MHOKecTBO —X Bcex umces —x, rae X € X, T. e. MHO-
JKeCTBO HA YMCJIOBOI IPSAMOI, CHMMETPUUYHOE C MHOKECTBOM
X OTHOCUTEJBbHO HYJSA, ABJISETCSI y:Ke OrpaHMUYeHHBIM CBep-
Xy MHOKECTBOM, M, HaoObopoT, ecaum X — OrpaHMYEHHOE CBep-
Xy MHOKECTBO, TO MHOKECTBO —X OTpaHUUYEHO CHU3Yy (puc. 7).
HelicTBUTEIBHO, €CJAN UYUCJI0 @ OTPAaHUUYMBAET CHU3Y MHOXKECTBO
X, TO uMCJI0 —a OTpPaHUYMBAET CBEepPXYy MHOXKecTBO —X, a eciu
Y1CJI0 b OTpaHUUYMBAET CBEPXY MHOMKECTBO X, TO UMCJIO —b OorpaHu-
YUBaeT CHuU3Yy MHOXKecTBO —X . OTciozia caeayer, 4To

sup(—X) = —-inf X, inf(—X) = -sup X. (3.5)

W3 cymrecTBoBaHUA BepXHEH I'PAaHU Y OTPAHUYEHHOT'O CBEPXY
HEIyCTOTO MHOXKeCTBa U KasKI0ro u3 paBeHCTB (3.5) ciexyer cy-
IIeCTBOBaHNE HUKHEH I'PaHM ¥ OTPAHNYEHHOT'0 CHU3Y HEIlyCTOTO
MHO’K€ECTBa.
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Teopema o cyIlecCTBOBaHWY BEPXHUX W HUMKHUX I'PaHEN IIpu-
HAJIEKUT K TaK Ha3bIBaeMBIM YHMCTBIM TEOPEMAaM CYIIECTBOBA-
HUSA: B Hell MTOKa3bIBaeTCsA, UTO IIPU OIPEeIeIeHHBIX YCIOBUAX Y
MHOKECTBA CYIIIECTBYET BepXHAA (HMKHsAA) rpaub. OgHAKO U3
paccy:KaeHuli, IPOBeJeHHBIX IIPU JOKA3aTeNILCTBE 3TON Teope-
MBI, He CJIeIyeT CIIoco0 HaXOKIEeHUS STUX I'PaHell B KOHKPETHOM
caydae. ITO sICHO M3 TOT0, UTO IIOCTPOEHNE MHOMKECTBa Y, C IIO-
MOIIIbI0 KOTOPOTO IIPOBOJAMJIOCH TOKA3aTEeJIBCTBO TEOPEMBI U KO-
TOPOE COCTOSAJIO M3 BCEX UMCEJI, OTPaHUYMBAIOIINX CBEPXY pac-
cMaTpruBaeMOe MHOMKECTBO, PABHOCUJIBHO OTHICKAHUIO BEPXHEN
rpaHu [3 9TOro MHOKecTBa. B felicTBUTENLHOCTH 3a4aua HaX0MK-
IeHnA BepxHel (HU:KHeH) rpaHu MHOKeCTBa, 3aJaHHOTO KaKU-
MH-JI100 CBOMME CBOMCTBAMM, MOYKET 0Ka3aThCA OUeHb TPYAHOI
3amauen.

Eciu MHOKeCTBO He OrpaHMYEHO CcBepxy (CHM3Y), TO, Kak
yoKe 0TMeYajioch, HUKAKO0e UMCJIO He MOJYKET ABJATHCA €TI0 BePX-
Hel (HuKHell) rpalbio, TaKk KaK BOOOIIe HeT UKces, KOTOPhIe ero
OrpaHUYUBAIOT cBepxy (cHuay). Iasa ymobGcTBa BBOAUTCS CJie-
IyIolllee OIpeneieHue.

Bepxnueil epanbvio He0zpAHUYEHHO20 C8EPXY YUCT08020 MHO-
Jcecmea Has3vléaemces +°, a HUNMCHell 2paHbl0 He0ZpaHULeHH020
CHU3Y HUCL08020 MHOMECMBA HA3bLEAEMC S —O,

ITo ompenesieHre eCTECTBEHHO, TaK KaK IIPY COTJIAIIIEHUAX , IIPU-
HATBIX OTHOCUTEJIBHO YIOTPEOJIeHUA CUMBOJIOB +0° 11 —00 B 1. 2.5,
oIIpesieJIeHHbIE TAKUM 00pa3oM OeCKOHEUHbIe TPAaH MHOYKECTB TaK-

0_ 50 TR
JKe YIOBJIETBOPSIOT YCJaoBUAM 1 u 2° ompenesenuii 4' u 5'.

Y 106CTBO 2Ke 9TOr0 OIpeaeIeHUs COCTOUT B TOM, UTO Telephb
Kaxcloe Henycmoe 4UUCL080€ MHONECMBO UMeem BepXHION
2paHb, NPUHAOLEHAUYIO DPACULUPEHHOMY MHOMcecmey Oeiicm-
sumeJsbHbLx yuces. Ilpyu aTOM eciiu 3aJaHHOE MHOXKECTBO Orpa-
HUYEHO CBEPXY, TO er0o BePXHAA I'PaHb K O H € U H a, €CJIU JKe OHO
He OrpaHMYeHo CBepXy, TO0 6eCKOH e Y Ha M paBHA +°°. AHa-
JIOTUYHOE YTBEeP:KIeHNe CIIPaBeIJINBO U /I HUMKHEeN rpaHu.

3.5". ApupmeTmyeckmne CBOMCTBA
BEPXHUX U HUXKHUX FPAHEN

PaCCMOTpI/IM yeTbIpe CBOICTBA BEPXHUX N HUKHUX I‘paHefI MHO-

JKeCTB, CBA3aHHBIE C apI/Iq)MeTI/I‘IeCKI/IMI/I orrepanmuAMM Hald YHC-
JIOBBIMU MHOM€EeCTBaMMU.
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IIpexxme Bcero ompeneuM TaKue OIepPaIiiu.

Apugpmemuuecrxoir cymmoit X;+ ...+ X, UHCIOBBIX MHO-
sxecTB X, ... , X, Ha3bIBaeTCA MHOKECTBO BCEX UHCEJ X, IIpeJ-
CTaBUMBIX B BUfle X =X + ... + x,, x; € Xy, ... , x, € X,.

Apugpmemuueckoii paznocmovio X — Y UUCIOBBIX MHOYKECTB
X u Y HaspIBaeTCA MHOKECTBO BCEX UUCEJ 2, IPEJCTABUMBIX B
Bugez=x—-y, xcX,ycY.

Cienyer, KOHEYHO, OTJIMYATH IOHATHE apuUdMeTHUeCcKOM
cyMMel X; + ... + X, u pasgocT X — Y OT HNOHATUA TEOPETHU-
KO-MHOKEeCTBEHHBIX CyMMBI (00beaunerHnus) X U ... U X, u pas-
"HocTu X\Y Tex :xe MHOKECTB.

ITpoussedenuem ANX uucna N Ha uucnosoe mHoxicecmso X
Ha3bIBAETCSI MHOYKECTBO BCeX uuces Buma Ax, x € X.

ITpouseedenuem XY 08yx uwucanosvix muoxcecms X u Y Ha-
3BIBAETCSA MHOYKECTBO UMCEJI 2, IPEICTABUMBIX B BUJE 2 = XY, X €
eX,yeyY.

ITepBoe cBOiicTBO.

sup(X; +...+X,)=sup X; +... +sup X,, (3.6)
inf(X;+...+X,)=inf X; + ... +inf X,. 3.7)
Brtopoe cBoOiicTBO.
sup(X -Y)=sup X —inf Y. (3.8)
Hoxrxaxxem nepsoe cBoiictBo. Eecrmx € X7 + ...+ X, T.e. x =
=x;+..tx,x€X, .., x,€X,,TOX, SsupX,, k=1, 2, ...
..., N, CJEIOBATEJBHO,
x=x;+..+x,<supX;+...+supX,. (3.9)
Ecin
y<supX;+..+supX,, (3.10)
TO AJid aoboro k=1, 2, ... , n HalifeTca TaKkoe YUCIIO Y, YTO

y,<supX,, k=1,2,...,n,y;+... Ty, =y. (3.11)

B camom gmene, eciu Bce BepxHue rpanu sup Xy, ... , sup X,
KOHEUHEI, TO MOYXHO B3STh

= X, — supX ;+...tsupX, —y.
Yp=sup X~ SRS S E Y
n

Torma y; +... + y, = y. Eciu e cpegu BepxXHHX I'paHeil
sup Xy, ..., sup X, wumeerca XOoTsa OBl oxHa paBHa#d +0,
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Hanpumep X, = +°0, TO B KaUueCcTBE Yy, ... , Y, _ 1 MOXKHO B3ATH
Jqro0ble unciaa y; <sup X;, i=1,2,...,n—-1, asay, — uucio
Yn=y—W1t...ty,_1-

Borom cnywae y, < +00 =sup X, u, oueBugHO, y; +... + y, =y,
T. €. CHOBA BBITIOJHAIOTCA ycaoBus (3.11).

13 nepasencts (3.11) cienyeT, 4TO CYIIEeCTBYIOT TaKue Xj €
€ X, 41O

yp<xpSssupX,, k=1,2,..,n.

Ilonarasa x = x; + ... + x,,, HoJIy4daeM

xeX;+...+X,, (3.12)
x=x;t..tx,>y; t...1ty,=2y.

Taxum o6pa3oM, BBIMOJHSIOTCSA 00a YCJIOBUA OIpPeaeeHINs
BepxHell rpaHu (cM. dopmyasl (3.9) u (3.12)), T.e. sup X; +
+ ... + sup X,, KefiCTBUTEJIBHO ABJIAETCA BepXHEH I'DAHBIO MHO-
xectBa X; + ...+ X,. 0O

Amnaysornuso gokasbsiBaeTca opmyaa (3.7).
HoxkaxxeM BTOpoe cBolcTBO. Ecmu z € X - Y, 1.e. z2=x— y,
xeX,ycY, ox<supX,y=>infY u, ciegoBareanuo,

z=x—-y<supX—-infY. (3.13)
Ecunu
z,<supX -—infY, (3.14)
TO HAUAYTCA TaKUe Ymcjia
z;<sup X, z3>infY, (3.15)

4uTo 2, — 29 > 2. Tarkue 2, u 2, CyIIECTBYIOT B CHJIy HEPABEHCTBA
(3.14) kKak B cayuae, Korga rpanu sup X, inf Y — Komeunsie,
TaK U B cJIiyuae, KOTJla OJHA M3 HUX UJIu 00e 6eCKOHEUHBIE.

W3 mepasencTs (3.15) ciengyer, UTO CYIIECTBYIOT TAKHe UMC-
maxcXnyecyY,ro

zi<x<supX, z;>y=inf?. (3.16)
Bpesynprate x —y€ X - Y u
X—y>z—29> 2. (3.17)

Taxum oOpa3oM, CHOBa BEIIOJHAIOTCA 00a yCJIOBUA OIIpee-
JneHusa BepxHeii rpanu (cMm. (3.13) u (3.17)), T.e. sup X —inf Y
NeliCTBATEIbHO ABJIAETCA BEpXHeH rpanbio MHOXKecTBa X — Y. O

Tperbe cBoicTBO. Ecaul >0, mo

supAX =Asup X, infAX =Ainf X, (3.18)
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a ecau <0, mo
supAX =Ainf X, infA X =Asup X. (3.19)

Hoxkaxkem mepsoe mu3 paseHcTB (3.18). IIyers A > 0. Ecian
yeAX, r.e. y € Ax, rae x € X u, ciaeoBaTeJSbHO, X < sup X, TO

y=Ax<Asup X.Eciuy <AsupX,T.e. % < sup X, To HalmeTCs
TaKoe x € X, 4TO X > % ", CJIeIOBATEJIbHO, Ax > ¥, rae Ax € AX.

Takum o6pasom, A sup X ABJIAETCS BepXHeil rPaHbi0 MHOMKECTBA
AX, T. e. mepBoe u3 paBeHcTB (3.18) moxasaHo. AHAJOTUYHO I0-
KasbIBaeTcsa U BTOPoe paBeHcTBO (3.18).

IIycts Temepb A < 0. Ecau y € AX, T.e. y = Ax, rae x € X u,
caenoBarenbHo, X 2 inf X, o Ax < Ainf X. Ecau y < A inf X,

T. €. % > inf X, To maiigerca Takoe x € X, uto x < %

Ax >y, rne Ax € AX. 9rto osmauaer, uro A inf X saBusercs
BepxHell rpambio MHOKecTBa AX. Ilepsoe pasenctso (3.19)
IOKa3aHo. AHaJOTMYHO [OOKAa3bIBAETCS M BTOpPOE PaBEHCTBO
(3.19). O

YerBepToe cBoiicTBO. Ecau 6ce yucaa, xodaujue 8
MmHoxucecmea X u'Y, HeompuyameabHovl, Mo

sup XY =sup X sup Y, inf XY =inf X infY. (3.20)

, TIOATOMY

JloKa3aTeJIbCTBO 3TOr0 CBOMCTBA ITPOBOAUTCA TEM JKe Me-
TOJOM, YTO U J[AOKAa3aTeJbCTBO IIPEABIAYIIIUX TpPeX CBOUCTB
BEePXHUX M HU)KHUX IpaHelli MHOMKECTB, U IPEeJOCTABJISIETCA Ul-
TaTeJio.

IToxasxkem Temmepb, UTO M3 TEOPEMbI O CYIIIECTBOBAHUU BEPX-
HUX 1 HI)KHUX I'PaHell BLITEKAIOT JBa BA’KHBIX CBOMCTBA JEMCT-
BUTEJILHLIX UHCEeJ, TaK HasblBaeMble NpUHIIUO Apxumena u
OPUHIUI BJI0KEHHBIX OTPE3KOB.

3.6. MpuHuun Apxnmeaa

ITpuunnun Apxumena OelCTBUTEJILHBIX YMCEJ COCTOUT B Clie-
IVIOIIIEM.

! Apxumen (287—212 fo H. 3.) — ApeBHETpPeUYeCKUIl MaTeMaTUK U MeXa-
HUK.
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TEOPEMA 2. Kakoso 6b. HU ObLno Oeil- na
cmeumeabHoe Hucio a, cyuiecmeyem 0 a

maxoe HAMYpaibHOe YUCAO N, HmMmo Puc. 8

n>a, m.e.

VacRdneN:n>a. (3.21)

AokaszateAbcTBO. Jomyctum, uTto nmpuHnun Apxmmena He
BBIMIOJIHAETCS. OTO 03HAYAET, UTO CYII[ECTBYET TaKOe YKUCJIO &, UTO
JUI BCeX HATYPaJIbHBIX N BBHITIOJHAETCSA HEPaBEHCTBO N < @, T. €.
dacRVneN:n< a.3dTo 03HAYAET, YTO YNCJIO 4 OTPAHUYNBAET
CBepXy MHOKECTBO HATYPAJbHBIX uuces. [[09TOMy MHOYKECTBO
HaATypaJbHBIX YKCEJ, KaK BCAKOE HEIYCTOEe OTPaHNUEHHOE CBEPXY
YHCJIOBOE MHOXKECTBO, cOrJiacHO Teopeme 1 m. 3.4 mMeeT KoHed-
HYIO BepxHI0Ii0 rpadb. O6o3Hauum ee yepes 3, B = sup N.

Tak xak 3 — 1 < [3, To, corslacHO CBOMCTBY 20 BepXHeM rpanu
B ompegesieHun 4 1. 3.4, CyIiecTBYeT TaKoe HAaTypaJbHOE YKCJIO
n,uron >3- 1. Ho trorga n + 1 > [3, npuuem, COrJIacHO OIIpeze-
JICHUIO HATypaJbHBIX uuceda, n + 1 € N. Hepaseuncreon +1 >
IIPOTUBOPEUYUT TOMY, UTO 3= sup N, TaKk KaK BepXHdAA IpaHb

MHOK€eCTBA OTPAHNYUBAET €T0 CBePXY (CM. CBOHICTBO 1° BepxXHeH
rpauu B onpefenenun 4' m. 3.4). [lonyuyeHHOe IPOTUBOPEUNE II0-
KasbIBaeT, YTO YKA3AHHOI'O YMCJIA 4 He CYIIeCTBYeT, T. €. IIPUH-
nun Apxumena cupaBeaanB. O

CAEACTBUE. Kakxosgvl 66t HU Obiau yucaa a u b, 0 <a <b, cy-
wecmeyem maxoe HAMYpaibHoOe YUCAO N, LMo

na > b. (3.22)

JelicTBUTENIHHO, COTJIACHO IPUHIIUITY ApXuMena, AJIa YNCIa
b
- CVYIIeCTBYeT TaKkoe HATyPaIbHOe 1, 4TO 1 > b/a. dTo umcio uc-

KOMOe, TaK KaK, YMHOKasd HEPaBeHCTBO 1 > b/a Ha IIOJIOMKU-
TeJIbHOE YICJO a, IIoJIiydaeM na > b.

ITo yTBep:KIeHUEe MMeeT IIPOCTOH T'eOMeTPUUYECKUH CMBICII:
€CJIU B3SATh ABa OTPEe3Ka COOTBETCTBEHHO AJuHbIa n b, 0 <a < b,
TO, TOCJIEJOBATEIBHO OTKJIAABIBAA Ha OOJBIIIEM OTPE3KE OT Of-
HOT'O M3 ero KOHITOB MEHBLIIIUH OTPEe30K, MBI Yepe3 KOHEeUHOe UIC-
JIO IIIaTOB BREIIEM 3a Ipejesbl 00JIbIIero orpeska (puc. 8).

Npumep. IIycts MmHEOKEecTBO X cOCTOUT M3 umcesa Buma 1/n,
n=1, 2, ....Hatigzem sup X n inf X.
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MuoxxectBo X nmMeeT HanboJIbIIIEE

—_——— yuciio 1, I03TOMY OHO U SBJISIETCS €T0
ajayas  a, £ b, bsb, b, BEPXHE TIDaHBIO: nsg% {1/n} = 1.
Puc. 9 s OThICKaHUA HUMKHEU I'PaHU MHO-

skecTBa X 3aMeTUM, YTO [JIsA JIIO0O-

ron=1, 2, ... cmpaBeaJauBo HepaBeHcTBO 1/n > 0, T. e. uncIO

HYJb OorpaHmumBaeT cHu3y MHo:KecTBo X. Ilokaskem, uTO OHO
HauboJIbIllee cpean BcexX Takux uwmces. Ilycts € > 0; Torma, co-
IVIACHO HPUHIUILY ApXHMeaa, CYII[eCTBYeT TaKoe HAaTypPaIbHOe 1,
uyro n > 1/€, nau, 4To TO Ke camoe, 1/n <€E. ATO HePaBEHCTBO
TOKAa3bIBAeT, UTO Jifoboe umcyo € > 0 y:ke He orpaHUYMBAET CHU-
3y MmHOKecTBO X, ubo 1/n € X npwu sqobom n =1, 2, .... Urax,
HYJIb — HamOOJIbIIlee M3 BCEeX UMCeJ, OTPAaHUUYMBAIONINX CHU3Y

mHuOskecTBo X, T. e. inf {1/n}=0.
nON

3.7. MpUHUUN BAOXKEHHbBIX OTPE3KOB

ITpexxne Bcero mosAcHUM, KakKas CUCTEMa OTPE3KOB HA3bIBAETCSH
BJIOYKEHHOI.
OnpeaeneHnue 6. Cucmema 4uUcCio8blX OMPE3K08

[a:, b4]; [ag, bs), ..., [a,, b,), ...a,€R, b, €R,n=1,2,...,
HA3blBAEMCA CUCMEMOLL BLOHEHHLLX 0MPe3K08, eCau
a1<a3<...5a,<...<bh, <...<by< by, (3.23)

m. e. ecau KaxObwiii caedyouwjuili ompesok [a, ;. 1, b, ;1] codep-
ascumesa 6 npedvldyuiem [a,, b,] (puc. 9):
[a:, 511> [ag, b5] 2 ... 2 [a,, 0,12 ....

TEOPEMA 3. /Ina 68cakoil cucmembl 8JOHEHHbLX OMPe3K08 CY-
wecmasyem xoms Obl. 00HO HYUCKO, KOMOpPOe NPUHADLeH UM
8cem ompe3dxam OAHHOU cucmembl.

9TO CBOMCTBO JEMCTBUTEJNLHLIX UMCEJ HAa3bIBAIOT TaKyKe He-
npepvLBHOCMbI0 MHOM3cecmea OelicmeumenbHblX YUcCes 8 CMbLC-
ze Kaumopa™.
AokasateabcTBO. IIycTh 3amaHa cucTeMa BJIOMKEHHBIX OT-
peskos [a,, b,], n =1, 2 ... . Obo3HauuM uepe3 A MHOKeCTBO
BCeX JIeBBIX KOHIIOB @, — OTPE3KOB 3TOI CHUCTEMEI, a uepe3d B —

Ir. KanuTop (1845—1918) — HeMenkuii MaTeMaTuK.
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MHOXKECTBO X IIPaBbIX KOHIOB b,. [lya n00b6IX HOMEPOB M U 1
BBIIIOJTHAETCA HePpaBE€HCTBO

<b (3.24)

a
B camom gene, eciiu n 2 m, To us HepaBeHCTB (3.23) caenyer,
uroa, <a,<b,,aectun<m,t0a, <b, <b,.

m n*

ITosTomy u3 HepaBeHcTB (3.24), B cuy cBO#icTBa HEIIPEPHIB-
HOCTU JENCTBUTEJbHBIX UMCEJI, CIeAYET, UTO CYIIECTBYET TaKoe
ymeso &, A KOTOPOTO IIPU BCeX HOMEPaX M M N BBHIIOJHAETCS
HepaBeHCTBO a,, < § < b,, B YaCTHOCTU HEPaBeHCTBO a, < { < b,
n=1, 2, .... 9To U 03HAYAET, UTO YUCJIO & IMPUHALICKAT BCEM
orpeskam [a,, b,]. O

IlpuBemem ycJyioBue, HIPU KOTOPOM IIepeceueHre CHUCTEMBI
BJIOJKEHHBIX OTPE3KOB COCTOUT TOJBKO U3 OAHOIN TOUKMH.
Onpeaenenve 7. Ilycmv 3adana cucmema ompesros [a,, b,],
a,€R,b,cR,n=1,2,.... Bydem zosopumv, wmo dauna b, — a,
0mpe3K08 3moil CucCmemvbl. CMPeMuUmcs K HYynio, ecau 0as Kadx-
0ozo uucaa € > 0 cywecmeyem maxoiL Homep Ng, ¥mMo 018 6cex
HOMEpOo8 N > N 6blNOJHAEMCA HEePAGEeHCME0

b,—a,<Et. (3.25)

B Kypce asremeHTapHON MaTeMaTUKYW BBOAUTCA MOHATHE TIPe-

neaa mocJsenoBaTenbHOCTU. CHOPMYIUPOBAHHOE OIIpeieseHue,

ecJII WCIIOJIB30BAaTh TEPMUH IIpejeJia, o3Hadaer, 4ro lim (b, —
n - o

—a,) = 0. B fanHOM Kypce Ipeznesy IOCJIeJ0OBAaTeJILHOCTU OyeT
MOCBJAINEH CJeayIomuii maparpad.

OTMeTHM, UTO TEPMHUH «HOMEP» SABJSIETCS CHUHOHMMOM Tep-
MHHa «HaTypajJbHOe YHCI0». IHAEeKC € y Uucia n, IOKa3bIBaeT,

YTO HTO YKCJIO BaBUCUT OT 3afaBaeMoro yucia € > 0.
TEOPEMA 4. /[na scakoit cucmemwt [a,, b,], n=1, 2, ..., e10-

HCCHHBLX OMPe3K08 ¢ OAUHAMU, CMPEMAUWUMUCS K HYJLIO, CY-
wecmeyem eduHcmeeHHas mouka §, npuHadierxau,as 6cem
ompeskam 0aHHOiU cucmembt (cM. puc. 9), npuuem

&= sup {a,} = inf {b,}. (3.26)
nlUON nlUON

AokaszaTteAbcTBO. Eciu Touku & u I npuHAAIEKAT BCEM OT-
pesKaM paccMaTpUBaeMOM CHCTEMEI, T. €.

¢ela,b,]l, n€la,.b,], n=1,2,...,
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TO AJIA BCeX HOMepOB N BBIIIOJIHAIOTCHA HepaBeHCTBa
In-¢&/<b,-a,

cJaemoBaTeJ bHO, B CUJIY ycaoBuii (3.25), pisa aroboro € > 0 copa-

BeJJINBO HEPaABEHCTBO
n—& <e. (3.27)

Tak KakK € — IPOU3BOJBHOE IIOJIOMKUTEIHHOE UNCJI0, TO HEPaBeH-
¢TBO (3.27) MOKeT UMeTh MeCTO TOJILKO Toraa, Korgaa & = (ecju

ObI & # I, TO, HAIIPUMED, IIPH € = % I — &| mepaBencTBoO (3.27) 6bI-

JIOo OBI IPOTHUBOPEUYNBO). ITO 03HAUAET, UTO CYII[eCTBYET eJUHCT-
BeHHOe YHCJIO &, IpUHAAJIeKalee BceM oTpeskaM [a,, b, ]:

a,<&<b,, n=1,2,... (3.28)

W3 3TUX HEPABEHCTB BUAHO, UTO YHCJO & OIPAHNUYMBAET CBEPXY
4ucia a, 1 CHU3y umucia b,, I09ToMy, B CIIY OIIpeJieJieHUA BepX-

Hel 1 HU:KHel rpaHell, cipaBelJInBbl HEPABEHCTBA

a,<supfa,)<&¢<inf{b }<b, n=1,2,.... (3.29)
n p n n

n*

Ecsu 611, HanmpuMep, OKasauioch, 4To sup {a,} < &, To sroboe
4mcJIo N raxoe, uro sup {a,} < n < &, B cury HepaseHcTBa (3.29),
s Bcex n =1, 2, ... yA0oBIETBOPAJIO GBI YCIOBHUIO @, <N < b,, T. €.
TakK:ke ObI IPUHA/JIEKAJIO BCEM OTpe3KaM [a,,, b,], ITO HEBOBMOXK-
HO, TaK Kak N # {. AHAJIOrMYHO JOKA3bIBAETCSA HEBO3MOMKHOCTE He-
paBencrsa § < inf {b,}. Tak, coorHomrenue (3.26) nokasano. O

OueHb YacToO B Pas3InYHBIX AOKAa3aTeJIbCTBaX IIPHMMEHAETCA
cieaymmiad KOHCTPYKIHNA IIOCTPOEHHUA CHCTEMBbI BJIOMKEHHBIX
OTPE3KOB C MJIMHAMU, CTPEMAIINMUCA K HYJIIO. Bepe’rca OTPE3OK

. a+b + b
[a, b] u TouKoOI aT IeJUTCA Ha JBa PaBHBIX OTPe3Ka [a; aT}

3 5 - Hanee BpiOMpaeTca OAWH U3 3TUX OT-

Pe3KoB (KaKkoil UMeHHO — 5TO 3aBUCUT OT YCJIOBUMN KOHKPETHOI
3asaun), obo3Hauaercsa uepes [a;, b;] u cHOBa cBoeil cepenHOI
JIleJINTCA Ha IBA PAaBHBIX OTPEe3Ka, OJWH U3 KOTOPHIX 0003HAYAET-
ca [ay, by] u T. 8. B pesysabTare nmoaydaerca CUCTEMa BJIOYKEH-
b—a

HBIX OTPE3KOB [a,, b,],n=1, 2, ..., c piunamu b, —a, = ——.
2

a+b b—a
I/I[ ;b} OJIUHBI ——
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ITokaxem, UTO 9TH JINHBI CTPEMATCA K HYJIIO.
HelicTBUTENBHO, AJIA BCAKOro € > (0, COTJIACHO IPUHIIUITY

. b—a
Apxumena, HalifleTcda TaKkoe HaTypajabHOE Ng, UTO Mg > — » HO
TOTZa U AJA BCeX n = ng OyJeT BHIIOJHATHCSA HEPaBEHCTBO N >
b—a b—a
> — W, ClefloBaTeJbHO, HEPABEHCTBO ~—— < €. 3ameuyas, 4YTO
n(n—-1)

2”=(1+1)"=1+n+T+...>n, (3.30)
moJydyaeM Ln < rlz man=1, 2, .... IlosTomy nasa Bcex n > n,
2
b—a b—a

CIIpaBeJINBO HEPaBEHCTBO < T< €. 9To M o3HauUaeT

cTpeMJIeHUe K HYJIIO JJIKH OTPe3KoB [a,, b,] Ipu Bo3pacTaHuu n.

3aMeTuM, UYTO IPUHIIAII BJIOXKEHHBIX OTPE3KOB SBJAETCS
CBOI./JICTBOM, IIPUCYIINMM HMMEHHO MHOMECTBY ﬂeﬁCTBI/ITeJIBHBIX
uypcea. Tak, mojie OAHNX TOJLKO PAIlOHAJbHEIX UKCEJ YoKe He
o0JsIaiaeT aHAJIOTUYHBIM CBOMICTBOM.

Hampumep, eciiu B3ATh IOCIEL0BATEILHOCTH « PAIINOHAIBHEIX
orpeskoB» [1; 2], [1,4; 1,5], [1,41; 1,42], [1,414; 1,415]1 v s
T. €. IIOCJENOBATEJbHOCTL MHOMKECTB pPaAIMOHAJLHEIX YNCeJ,
Jle)kalux Ha OTpesKax, KOHIBI a, u b,, n= 1, 2, ..
KOTOPBIX ABJAITCA SHAUYCHUAMN ﬁ , BBIUMICJIEHHBIMU COOTBET-
CTBEHHO C HEJOCTATKOM H ¢ U36BITKOM ¢ TouHOCThI0 1/10", n =0,
1, 2, ...2, TO, OUEBUHO, He CYIeCTBYeT HUKAKOT0 PallioHaJIbHO-
ro umcja, MIPUHALIeXKAIero BCEM 3TUM OTpe3KaM. B camom [e-
Jie, TAKUM YHCJIOM MOIJIO OBITH TOJILKO UKCJIO ﬁ (mouemy?), KO-
TOpOE, OJHAKO, He ABJIAETCS PAIlOHAJIbHBIM .

Mo:xHOo moxasaTh U 0OoJjiee TOuHOe yTBep:kAeHue. Haszosem
moJie apxumedossblm, eCiu IJisd Hero BBIMIOJHSIETCS IPUHITUI Ap-
XHMeJa, T. €. CIIPaBeIJINBO YTBep:KIeHNe TeopeMbl 2 u3 1. 3.6.
CBo#icTBO YHOPAMOUEHHOTO 0 (OIpeesieHre oA CM. B 3aMe-

%
YaHUM B KOHIIE II. 2.2 ), COCTOMAIIlee B TOM, UTO IJIA €r0 dJIeMeH-

1
B Tom ciyuae, Korja KOHIEBI OTpe3Ka [a, b] 3anucaHbl B BUAe HECATUU-
HOM apobu, 3amATad MeXKIy a U b 3aMeHsAeTCA TOUKOI C 3alIsITOM.

L .-0,1,2...

n

2 2 2
dro o3HauaeT, uTo a, <2< b, ub,—a,=

3
I0Ka3aTeIbCTBO NPPALNOHAIBHOCTH YHCIA /2 , OGBIUHO IPOBOJVIMOE B
9JIeMeHTapHOH MaTeMaTuKe, BOCIPOU3BeJeHO HUKe B II. 6.3.
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TOB BBIIOJIHSIETCA CBOMCTBO V m3 1. 2.1, HA3LIBAETCS Henpepvls-

Hocmbvio noas no [Jedexurndy (cM. Takske II. 2.5*), a CBOMCTBO
VIOPADOUEHHOI'0 II0JIs, BBIpPAsKaloIlleecsi B TOM, UTO KaKgas
cucTeMa ero BJIOXKEHHBIX OTPE3KOB HMMeeT HeIycToe Iepeceue-
HUE, — HenpepuLeHOCmMbI0 noas no Kanmopy.

A1 apXuMeIOBBIX YIOPAMOUEHHBIX MOJIell MOYKHO IIOKa-
3aTh, UTO UX HEIIPEPBLIBHOCTH 110 [leleKNHAY, HeIPePhIBHOCTD 110
KanTopy u cymiecTBoBanre KOHEUHOUN BepXHell IpaHu y KaxIo-
T'O HEIIYyCTOI'O O'PAHNYEHHOTI'O CBEPXY MHOXXeCTBa S9KBHBAJIEHTHBI
MexKIy coboii, T. e. U3 JII0O0TO M3 dTUX CBOINCTB, IPUHSITOTO 34
aKCHOMY, BBITEKAIOT OCTAJbHEIE IBa.

Bru1o mokasano, YTo 13 HEIIPEePHIBHOCTH 110 JleIeKMHAY CJIey-
eT CYIIeCTBOBaHME KOHEUHOM BepXHeil I'paHM y OTPaHUUYEHHOTO
CBepXy MHOJKECTBa, OTKYZa, B CBOIO oUepe.b, CaeayeT HellpephIB-
HOoCcTh o KauTopy. [I1s1 TOro uTo0bI 3aBEPIIUTH TOKA3ATEIHCTBO
YKa3aHHOM SKBUBAJIEHTHOCTU TPeX MOHATUHN HEIPEPHIBHOCTU ap-
XMMegOBBIX noneﬁ, OJOCTATOYHO IIOKa3aTh, UTO N3 HEIIPEPBIBHOCTN
no KanTopy ciegyeT HempepbIBHOCTL 1o lemexkuuny. Ilokasa-
TEeJIBCTBO STOTO YTBEPKAEHUA MOYKHO HAWITH, HATpUMeED, B KHUTe:
Kyodpsasues JI. J]. Marematuueckuii ananus. T. 1. M., 1973.

OTMeTHM ellle caenylolllee: MPU AOKa3aTelbCTBE yTBep:KIe-
HUS, YTO YIOPAMZOUYEHHOE II0Je, HempepbiBHOe o HemeKuHmgy,
ABJIsIeTCsA HeIpPepbIBHBIM U 110 KanTopy, TpeboBaHMe apxXuMemo-
BOCTHU IIOJISI MOYKHO OTOpPOCUTH. [[eficTBUTENBHO, B H. 3.6 OGBLIO
JIOKAa3aHo0, YTO U3 HeIPEePHIBHOCTH YIIOPALOUESHHOTO I0JIA 1Mo [e-
IeKUHIY, T. €. U3 HAJIUUYUA cBoiicTBa V, chopMyJTHPOBAHHOTO B
o. 2.1, cienyeT BHIIIOJHEHNE IIPUHITAIIA ApXUMea.

B nmanbmeiiniem ymopsimoueHHoe mo HemeKuHAy moJie Gymem
TIPOCTO AJIsI KPATKOCTU HA3HIBATH HENPEePbLEHbLM.

B saxrouenue odpaTuM BHMUMAaHME Ha TO, UTO YTBepPKIeHUeE,
aHAJIOTMYHOE TeopeMe 3, OKAa3bIBaeTCA YoKe HEeBEePHBIM JIS YKC-
JIOBBIX IPOMEXKYTKOB APYTMX THUIIOB, 4YeM OTpe3Kku. Hampumep,

CHCTeMa BJIOJKEHHBIX MHTEPBAJIOB %0, %%, n=1, 2, ... : KaKIbIi
HOCJIEAYIOLTNI HMHTEPBAJL COLEPIKUTCA B IPEABIAYIIEM, T. €.

r 1 1t 10,
0, =<f=fo,2hn=1,2,..,
umeet mmycroe nepeceuenre. Ho, KoOHeUHO, CYIIECTBYIOT U TaKlie
CHUCTEeMBbI BJIOKEHHBIX I/IHTepBaJIOB, KOTOpre UMEIOT HeIIYCTOG

ImepeceueHue.
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3.8". EAHCTBEHHOCTb HEenpepbIBHOIO YNOPSAOYEHHOrO MOAS

MHo:kecTBO IeHCTBUTENBHBIX YHCEJ SABJISIETCI B HEKOTOPOM
CMBICJIe €IWHCTBEHHBIM HENPEepPBIBHBIM YHOPSAAOUYEHHBIM IIO-
JIeM, TOYHee eIMHCTBEHHBIM C TOYHOCTBIO OO u30MOpdm3Ma.
PasbscHuM, UYTO 5TO O3HAUAET.

N
OBa monss P u P Ha3LIBAIOTCA U30MOP@PHLLMU, €CIIU CYIIECT-
BYET TAKOe B3aMMHO OJHO3HA4YHOe oToOpaxenue f mousa P Ha 110-

.
jge P, uro gisa a100bIX JBYX 2JIeMeHTOB X € P u y € P BBIIIOIHS-
IOTCSA YCJIOBUSA

f(x +y) = f(x) + (), fxy) = F(X)f ().

Orobpaskenue [ Ha3LIBAETCA B OTOM CJIy4ae U3OMOPPUIMOM
WJIU ©30MOP(MHBIM OTOOpaKeHueM.

Kopoue, nBa 1oy Ha3bIBAIOTCA M30MOP(HBIMHU, €CJU CY-
IIeCTBYeT B3aUMHO OJHO3HAUYHOE OTOOpasKeHUe OJHOTO U3 HUX
Ha apyroe (0MeKIIMsA), COXpaHAMOINEE CIOMKEHINEe WM YMHOMKeHUe
UX 9JI€MEHTOB.

*
Ecau monss P u P yuopsimoueHHEBIE U CYILECTBYET N30MOP(HOE

"
orobpasxerue f moia P Ha nmome P, coxpaHsAroIiee OTHOIIIEHNE II0-
pAIKa, T. e. TaKoe, YTO JJisi JIOObIX X € P u y € P, 1y KOTOPBIX

x <y, numeeT mecro coorHorenne f(x) < f(y), To monst P u P" na-
3BIBAIOTCA USOMOPPHUIMU YNOPAOOUEHHbLMU NOAIMU.

JloKaskeM, YUTO MHOKECTBO OeHCTBHUTEJbHBIX YHCEJ OIHO-
3HAYHO omIpesendaeTca cucremMoi akcuom [—V (cm. 1. 2.1) ¢ Tou-
HOCTBIO 0 IIPUPOILI DJIeMEHTOB.

TEOPEMA 5. Bce HenpepuviHble YnopsadoueHHble NOAL U30-
MOpPHBL medHcdy coboil.

AoKa3aTeAbCTBO. IlycTh gaHbBI ABa HEIPEPLIBHBIX YIIOPALO-
vennbix mons R u R Bynem mocaemoBaTeIbHO yCTAHABJINBATH
COOTBETCTBUE MEKIY MX djJeMeHTamMu X € R u x" € R". 910 coor-
BeTcTBUe obo3HauuM uepes f. B rKasxmom m3 moieii R u R ects
HYJb U eIuHHnIA, cooTBeTcTBeHHO O 1 B R 0°u1" 8 R". ocra-

% *
BUM B cooTBeTcTBHue HYyJI0 0 HYyJIb 0 , a emuaune 1 — eguaumny 1 :

£0) € 0", f(1) & 17, (3.31)
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AJIeMeHTy n = bﬁ bﬁmﬁé IIOCTaBUM B COOTBETCTBUE dJIe-

n pas
ment (LA AANT B = ATHE & d s raxmm 06-
n pas n pas
pasowm, dot
o0 = A5EE & eddo (3.32)

n pas
a pJIeMeHTy —n ajJeMeHT —f(n)

f(=n) = —f(n). (3.33)

YcraHoBIeHHOE COOTBeTCTBUE [ SABJIAETCA B3aMMHO OIHO-

3HAUYHBIM, IIPU 9TOM KaKIBIH II€JILIA 9JIEMEHT IOJIA R*, T. €. ero

HYJIb 0*, DJIeMEeHT BUIA n=1"+1"+ ... +1 wm —n*, OKa3bIBa-
eTcs, B cuay paBeHcTB (3.31)—(3.33), mocTaBIeHHBIM B COOT-
BETCTBME KAKOMY-TO IleJoMy sjeMeHTy moJs R. Takum obpa-
30M, oToOpaskeHmue f ycTaHaBJIMBAET B3aMMHO OJHO3HAYHOE CO-

%
OTBETCTBHE MEXAY MHOMeCTBaMHN Z u Z IIeJIbIX JJIEMEHTOB

o *
moseiir R u R . 9TO COOTBETCTBHE COXPAHAET OTHOIIEHNE IOPAL-
kKa: ecau 0 <m <n, To

f(m)_ \:II:II:I]I':II:II:II:IEI]'I:I < EIIDD]DDDDDD _f(n) (3 34)
m pas n pas

B cuny coorBercTBus (3.33), oTHOIIIEHNE TTOPAIKA COXPaHIETCA
¥ JJIA BCeX IIeJIBIX 3JIEMEHTOB JII00OTO 3HAKA.

CoxpaHAOTCA U ONEpalluy CJAOMKEHUSA M YMHOYKEHUA: IJIA
JI00BIX M € Z u n € Z UMeIOT MeCTO CJIeAyIOIe PaBeHCTBa:

f(m + n) = f(m) + f(n), (3.35)
f(mn) = f(m)f(n). (3.36)
HeticTrBuTensHo, ecaiu m > 0 u n > 0, To

+ 1" = 1"+ + 17
fom+n)= I mddo = dobeddot
m + n pas m pas

+ b dd o = fm) + f(n). (3.37)
n pas

Ecmmxkem <0uO<-m<n,To

fm+n)= 1'+..+1" =—@"+..+17 +
. n +.m =n — (—m) pa3s —m pas
+ 1 ﬂ;-l;;l: 1) =-f(-m) + f(n) 533) f(m) + f(n).  (3.38)

86



Cayuaii 0 < m < —n cBOAUTCS K IPEIBIAYIIIEMY:

fmtn) = ~fm=n) = ~(fC-m)+

333

+ f(=n)) 533) f(m) + f(n).

Haxomern, ectu m <0, n <0, To

fm+n) = —fcm=n) = ~(fem)+fn) = fm)+ fn).
) (3.33)

(3.33) (3.37
Eciu m = 0 unu n = 0, To cootrHotienus (3.35) u (3.36) oue-
BUHBI. [[J1sT foKasaTeabCcTBa cooTHOITeHU (3.36) 3ameTuM, 4TO

%
B moaaxXx R u R , kak u BooOIIle BO BCeX YIOPAMTOUEHHBIX ITOJISIX,
nMeeTCcd IIoHATUue a6COJIIOTHOﬁ BE€JINYNHBI 3JIEMEHTOB 1 OJId UX
VYMHOMXeHHUsA CIIpaBeaJINBbI COOTHOIIIEeHUA:

ecinx >0,y >0mumux<0,y<0, roxy = |xy|, (3.39)
ecim x>0,y <0mwmx <0,y >0, 10xy=—|xy. (3.40)

W3 pasencts (3.32) u (3.33) caemyeT, UTO AJIs KaKIOTO 1L € Z
nMeeT MeCTO PABEHCTBO

f(nl) = (). (3.41)
Ecam nna comHoKuTeneir m, n € Z mMeeT MECTO CJaydau
(3.39), To, B cuny (3.33), Takoi1 ;Ke caydail ©UMeeT MeCcTO U IJIis

comHoxkuTemnei f(m), f(n), mostomy

mn) = m|n|) = 1"+ ... + 17
f( )(3'39)76(' ” |) (3.32) I:II:II:II:II:II:II:I
|ml|n| pas
= B0bmdd?d Hotedd: (3.32)
|m| pas |n| pas ’

—f(|m|)f(|n|) |f( )f(n )| 539) f(m)f(n). (3.42)

Ecau :xe comHOMXKUTEIM M 1 n Pa3HOTO 3HAKA, TO, B cuay (3.32) u
(3.33), f(m) u f(n) Tak;Ke UMeIOT pa3HbIe 3HAKU; CJIeJ0OBATEIbHO,

fonn) = fmlal) = ~fmln) =
= —f(Im7f(n)) 511 —|f(m)f( ) 5.40) f(m)f(n).

WUrak, orobpaskenme f B3aMMHO OJHO3HAUHO OTOOpaKaeT

%
MHOKeCcTBO Z Ha Z , COXpaHdAeT OTHOIIIeHME IIOpAOAKa M oIlepa-
U CJIOKEeHUA 1 YMHOXEHHNA.
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IlocTaBuM gajiee Ka)KJIOMYy ParlMOHAJIBHOMY 3JE€MEHTY II0JIS

fm)

R, T. e. aﬂeMeHTanaa—,r,uemeZ neZ,n#0, snemenr ()

OJISA R , T. €. TIOJIOXKUM

g def 7im) 3.43
&0 = - (3.43)

Temneps (KaK 9TO JIETKO HPOBepUTH) [ oTOOpakaeT B3aMMHO
OZHO3HAUHO MoJie @ BCceX paIlMOHAJLHBIX 3JIEMEHTOB mossa R Ha

% *
mojie  Bcex palMOHAJNLHBIX 9JIEMEHTOB moJis R . 9To cooTBer-

- %*
CTBUE ABJSETCA N30MOP(PU3ZMOM YIOPATOUEHHBIX IoJeii Q u Q .
B camowm gese, ecan

o<ﬂ<§,m,n,p,qez,n>o,q>o, (3.44)

n
T0 mq < np, a torma, B cuny (3.34), f(mqg) < f(np), oTkyma

fim) _ f(p)
f(m)f(q) (3%6) f(n)f(p) u, ciemoBaresnnLHO, o) < TR e., co-

raacHo (3.43),
,%g < f%g. (3.45)

s pannoHaJbHBIX 3JIEMEHTOB C IIPOU3BOJIbHBIMU 3HAKAMU
COXpaHEeHUEe OTHOIIEHUA MOPAAKA IIPU OTOOpaKeHUU [ CieAyer
u3s (3.44)—(3.45) u Toro, UTO

DmD mmpg . fem)  _ —f(m)_  .onp
o fDnD(343) f(n) (3.33 f(n) o (8:40)

Hamee, mys q100bIX 7{ €EQu (—1 € Q umeem

FOR L PO_ pOmg * npn f(mg+np) _  [f(m)f(g) +(n)f(p) _
Ch 40 "0 ng Ugys f(ng) (3.35) f(n)f(q)
(3.36)
_ fm) , (p)
Fm) © f(9) (3.43) f +f515 (3.47)
¥, HAKOHeEIT,

FOR PO pOPO fmp) _  fm)f(p) _

th ¢ "lnqU (3.43) f(nq) (3.36) F(n)f(q)
_ f(m) f(p) - 020 (3.48)

f(n) (@) (3.43) fﬁlufﬂlu'
WppanuoHaibHble 3JI€MEHTBI, T. €. JJEMEHTHI, He SBJIAO-

Imuruecda panrOHaJIbHBIMM, OIIPEeAEeJIAITCA CEHEeHUAMU B obmacTax
panmnnoHaJBbHBIX 3JIEMEHTOB, IIDUYEM, B CUJIY I/IBOMOp(I)I/ISMa MeX-
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*
Iy MHOKecTBaMM @ 1  palMoHAJLHBIX 9JIEMEHTOB, MEXKAY UX
CEeUEeHUSIMU TaKyKe CYIIEeCTBYET B3aMMHO OJHO3HAYHOE COOTBET-

crBue: eciau A|B — ceuenue B @, To f(A)|f(B) — ceuenue B Q u
MBI TIOJIOYKUM

f(A|B) = f(A)|f(B). (3.49)
Temneps B3aMMHO OJHO3HAYHOE COOTBETCTBUE YCTAHOBJEHO

MekIay BceMu ajeMeHTamMu mojeir R m R . Iloxaskem, 4TO OHO
TaKiKe COXPaHAeT OTHOIIIeHNE TIOPSAAKA 1 ONePaIli CI0KeHNA U
YMHOKEHHUS 3JIEMEHTOB, T. €. BJIIeTCSa n3oMopdpu3MoM moJeil R

uR". s aToro samerum, 4to (cM. 1. 3.4)
A|B = sup A = inf B, f(A)|[f(B) = sup f(A4) = inf f(B). (3.50)

Ecnu ans 3agarnoro maOoMKecTtBa X < @ 0003HAUUTDL uepes A
MHOJKECTBO TAKWX PAIlMOHAJIBHBIX UUCEJ I', UTO AJSI KaKIOTO
r € A cymectByer x € X, IJd KOTOPOTO I < X, U IIOJOKUTH
B =Q\A, to MHOkecTBa A 1 B o6pasyior ceuenue A|B B moje Q u

sup X = sup A = A|B.

B cuny ke usomoppusma moseit Q u Q* nMeeM
sup f(X) = sup f(4) = f(A)|f(B) 519 f(AIB) = f(sup X).

ITomo6HBIM 2Ke 00pa3oM SOKAa3bIBAETCSA aHAJOTHYHOE COOTHO-
IIeHte AJIA HUKHUX rpaneii. CiemoBaTebHO, IMEIOT MECTO pa-
BEHCTBA

sup f(X) = f(sup X), inf f(X) = f(inf X), X = Q. (3.51)
ITycTs Teneps A|B u C|D — ceuenus B mose Q u
AB<CD, (3.52)
torga A < C u, ciemoBareabHo, f(A) < f(C), OTKy/aa BEITEKAET, UTO
fAIf(B) < f(C)|f(D). (3.93)
Hanee, nus mo0bix cevennit A|B u C|D nonsa Q umeem

fAB+CD) = f(supA+supC) = f(sup(A+C)) =
(8.50) (3.6) (3.51)

= sup f(A+C) =_sup(f(4)+f(C) =
(3.51) (3.47) (3.6)

= sup f(A) +sup f(C) = fAf(B)+ f(O)f(D).
(3.6) (3.50)
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Ananoruuno aus A|B > 0, C|D > 0 umeem

f(AlB . C|D) = f(@inf B - inf D) = f(inf BD) =
(3.50) (3.51)

e inf f(BD) 336 inf (f(B)f(D)) =

= inf f(B) inf f(D) 530) fQAIfB) - fC)f(D). (3.54)

CooTHoIlIeH1Ee
f(AIB - CID) = f(AIB)f(C|D)

ILJIsI IPOU3BOJIBHBIX CeUeHUU cienyer us gopmya (3.39), (3.40),
(3.54) u paBeHCcTBa

f(~(AB)) 530) f(=sup A) 5 f(inf (-A4)) 33 inf f(-4) =

(3.46)
= inf (-f(A)) = -sup f(A) = —(f(A)If(B)).
(3.46) (3.5) (3.50)

Nzomopopusm R u R’ ITokaszaH. O

B zaksoueHne HOKaKeM, UTO MHOMKECTBO NEeMCTBUTEIBHBIX
Ymces HEJb3sI PACIIUPUTH A0 OOJIBIIEr0 HENPePLIBHOTO YIOPs-
IOUEHHOTO II0JIA C COXPAHEHNEM COOTHOIIEHUS YIIOPSITOUEeHHOC-
TH W OomIepanuil CJOKEeHus W yMHOKeHus. IIpeaBapuTesbHO
chopMyaupyeM OTHO OIpefiesieHue.

ITogmuOXecTBO o P HasweiBaerca nodnosem noas P, ec-
JIA 9TO TOAMHOKECTBO CaMO SIBJAETCA IMOJIEM B CUJIY OIleparuu
CJIO}KEHUS ¥ YMHOMKeHUA sjieMeHToB nosa P . Ioamose moss Ha-
3bIBAeTCS COGCTBEHHBIM, €CJIM OHO HE COBIIAZAaeT CO BCEM I0JIEM.

Tloamosie yIIOpsiOYEHHOTO TOJSI C COOTHOIIIEHUEM YIIOPSAI0-
YEeHHOCTH, MIOPOIKIEHHBIM COOTHOIIIEHNEM YITOPAJ0OUEHHOCTH II0-
JIsi, Ha3bIBAETCA YNopsi0oueHHbLM NOONoaeM.

Hanpuwmep, moJie Bcex paliMOHAJIBHBIX YUCEJ ABJSIETCS COO-
CTBEHHBIM YIOPAMAOUYEHHBIM ITOAIIOJIEM IOJIA BCEX NEHCTBUTENb-
HBIX YUCEJ.

3amMeTuM, YTO HYJb U €IWHUIIA IOAIOJA HEKOTOPOTO IIOJIA
SIBJISIOTCA HYJIeM W efUHUIIEH MOoJIA.

%* %*
B camom gerne, nycts P — moxpmosne moana P ,a0u 0 — co-
%
OTBETCTBEHHO HyJaU MOAnoasd P u moas P . ObosHauum uyepes a

o *
SJIEMEHT, IPOTUBOIOJI0XKHEIHN s1emMeHTy 0 B mmose P :

0+a=0" (3.55)
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B mogmosne P umeer mecro paserctso 0 + 0 = 0. ITpubasum K
obeum ero yactam aaemenT a : 0 + (0 + a) = 0 + a, orciona, B cu-

* *
ay (3.55), monyuaem 0 + 0 = 0 . Ho sieBast yacTh 9TOTO pPaBEHCT-
* *
Ba, COIJIACHO omnpegenenuio Hyada 0 monsa P, paBHa HYJIIO; CJIe-
*
moBaTenbHO, 0 =0 .
Amnanoruuso, eciim 1 © 1 — COOTBETCTBEHHO eIMHUIIHI IIOJ-
%
nonsa P unosnss P, o us paBercrBa 1 - 1 =1, ymHOM»Kas ero Ha
,1 o * 71 %
sjaemeHT 1 ~, oOpaTHBIH B moge P siaemenry 1:1 - 1 ~ =1, mo-
* * * *
ayqaem1 - 1 =1 ,m01 - 1 =1, caregoBareanpto, 1 =1 .
TEOPEMA 6. He cyuwiecmayem Henpepvi8HO20 YnopsadoieHHOz0
noas, codepxcauiezo 8 cebe noJe deiilcm8uUmMeNbHbLX YUCe] 8 Ka-
yecmaee cO6CMBEHH020 YnopsadoieHH0z0 NOONoA.

CAEACTBUE. MHoxecmao OelicmeumenbHblX HUCes He US30-
MOPPHO HUKAKOIL c80ell COOCMBEHHOI LacCmU.

AokaszaTteAabcTBoO. Ilyers R — HeIIPpePbIBHOE YIOPSIA0UEH-
HOe IIoJie, cofep:kaliiee B cebe IoJie NeMCTBUTENbHBLIX umces R
KaK ymopsigoueHHoe moaioje. ITokaskeM, UTO 13 3TOrO CJEAYeT,
gro R* = R.

IIpu gokasaTelbCTBE TEOPEMBI 5 OLIJIO MOKA3aHO, UTO MEXK-
Iy OBYMS JIIOOBIMU YIIOPAJZOUYEHHBIMH IIOJISAMM, a CJIeLOBaTe Ib-

*
HO, B YaCTHOCTH, MeXAYy ImoasaMu R u R , MOXXHO YCTaHOBUTH
nsomopdusMm f, IPOJOJKUB COOTBETCTBYIOII[MM O0pPa3oM OTO-
OpasxkeHue

% %
f0)=0, f(1)=1 (3.56)
Ha Bce dJjieMeHThI moJid R, rae O u 1 — HyJb 1 eguHuIa 1049 R,
% % *
a0 ul — wynabu eguHUNA oA R .
CorJIacHO CKa3aHHOMY BBIIIE, U3 TOr0, 4TO moje R aBiasercs

* * *
nogmoseMm R , BeiTekaeT, uro0 =0 m 1 =1, u, caegoBaTeiabHo,
paBeHcTBa (3.56) mpeBpaIanTca B paBEHCTBA

f(0) =0, f(1) = 1. (3.57)
TToxaskeMm, YTO M3 9TUX COOTHOIIECHUI BBHITEKAET, UTO U IJIs
J00oro ssemenTa X € R numeeT MecTo paBeHCTBO

f(x) = x. (3.58)

B camowm geiie, ecau n — HaTypaJbHOE YKCJIO, TO U3 (POPMY.JI
(3.32) u (3.57) caenyer, 4TO

fmy=1+1+1+...+1=n. (3.59)
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Eciun n — menoe umucio, To us popmya (3.33) u (3.59) umeem
TaKKe

f(n) = n. (3.60)
I[af.[ee, ecIinm X = % — panuoHaJIbHOE YnCJIO, TO
mo _ [m) _m
Bce panroHaJIbBHBIE UMCJIa IIPDN 0T06pameHI/II/I f OCTaIOTCA Ha

MecTe, IO3TOMY JJIA JII000To ceueHusa A|B B 06J1aCTH palOHATb-
HBIX YHUCeJI uMeeM

fA)=A, f(B)=B (3.61)
H, cJIeJoBaTeIbHO,

f(AlB) 519 fAIf(B) 500) AlB. (3.62)

Kaxxmoe meficTBUTENIbHOE UMCJIO OHpeHesseT ABA CEUeHUS B
obJacTy parMoOHANBHBIX umces. [[as manHoro umesaa x € R ob6o-
3HaunM depes A|B ogHO U3 Takux cedenwnii: x = A|B. Torma 6y-
IeM UMeTh

f(x)=f(AIB) = AB=ux.
(3.62)

Hrak, paBercTso (3.58) mokazaHo AJIs BCeX JeMCTBUTENIbHBIX
quceJa X.

Orobpaxxenue f, Oyayuu nzomopduaMoM Iojei R u R*, AB-

3
JseTcs oTobpaskeHueM moJisd R Ha Bce mmojsie R , m03TOMY COOTHO-
mreune (3.58) osHauaeT, UTO [ ABISETCS TOMKAECTBEHHBIM OTO-

OpaskenueM moyisi R Hammonme R , T.e. R = R. O

§4.

[NpeAeA YNCAOBOM MOCAEAOBATEABHOCTU

4.1. OnpeaeAneHue npeaeAd
YUCAOBOM NOCAEAOBATEABHOCTU

OnHuM U3 BasKHEHIINX MOHATUN MaTeMaTHYeCKOro aHaJIn3a sB-
JseTcs MOoHATHe IIpeaesa. Mbl HaUHEM €ro M3ydeHUe ¢ Ipenaesia
OCJIeIOBATEJILHOCTU AeHCTBUTEJIbHBIX Unces (ompeesieHne IIo-

* o
caemoBaTeabHOCTH cM. B 1. 1.3 ). Ilox GecKoHeUHO ymasieHHOIT
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TOYKOM UMCJIOBOM HMpPAMOU OyAeM IMOHMMATh OLHY U3 OecKOoHeu-
HOCTel +00, —00 yjau o° (cM. m. 3.1).

Onpeaenenne 1. Touka a (KoHeuHas uau GecKOHEUHO YOaJeH-
Has) YUCN0B80lL NPAMOL HA3bleaemcs npedesom HeKomopoil wuc-
710801l nocnedosamenbHOCMU 0ellCmBUMeNbHbLX YUCea, eCau,
Karxosa Ob. HU ObllAd OKPECMHOCMb MOYKU A, OHA codepicum
8ce UJeHbl paccmampueaemoil. nocaedo8amenibHoCmu HAYUHAS
¢ HeKomopozo HoMepa.

9TOT HOMED 3aBUCUT, BOOOIIle TOBOPsS, OT BHIOOpPA OKPECTHOC-
TH TOUKHU @.

ChopmynupoBaHHOE YCIOBUE PABHOCWJIHLHO TOMY, YTO BHE
100011 OKPECTHOCTH TOUYKU @ HAXOAUTCA JIUIL KOHEUHOE MHO-
JKeCTBO UJIEHOB pacCMaTPUBaeMOM IOCJief0BaTeILHOCTH, B UaCT-
HOCTHM HU OJHOTO (T. €. IyCTOe MHOKECTBO, KOTOPOe IPUUUCIIA-
eTcsa K KOHEUHBIM MHOJKECTBaM).

BcmmoMHUB, UTO OKPECTHOCTH KOHEUYHBIX M 0ECKOHEUHO yHAa-
JIEHHBIX TOYEK UYHCJIOBOI IIPAMOM OIpeessaioTcs 3aJaHueM He-
Koroporo uucia € > 0 (cm. 0. 3.2), onpesesieHre Ipeesa mocae-
JIOBATeJbHOCTU AEHCTBUTENLHBIX UMCEJ MOKHO mepedpasupo-
BaTh CJIEeNVIOIIUM 00pa3oM.

Touka a (kKoHeuHas uau GecKOHeYHO YOaseHHas) LUCN080il
npamoil Hasvieaemcs npedesom nocredosamenvrocmu {x,}
delicmaumenbHblX ducen, ecau 0as a1000zo € > 0 cyuwecmayem
maxoil Homep Ng, 4mo 0 6cex HOMEepo8 NI > Ng YJeHbl X, CO-

Odepacamcsa 6 okpecmuocmu U(a; €):
x, € U(a; €).
Ecnu BeIONTHAETCA 9TO ycjaoBue, TO muimryT lim x, = a umnm
n - oo
X, — @ IPU n — ©° 1 TOBOPAT, UTO YJIEHBI IIOCJIEeJOBATEIbHOCTH
{x,} cTpemaTca K a.

C moMOIIbI0 JIOTUYECKNX CHMBOJIOB CYII[ECTBOBAHUA U BCe-
OOIITHOCTH OIIpefeJieHre IIpeesa 3alChIBAeTCA CIAETYIOIIIM 00-
pasom:

- 1 def ETRY . .
a= nlmooxn < dn,Vn>n,:x,€U(a;€)
(3mech U B JasibHeHIIIeM OYKBO# 7, OBITH MOMKET C TEM UJIA UHBIM
WHIEKCOM, Bcerjaa 0yaeM o003HauaTh HATYpaIbHOE UMCJIO, eCJIU
CIIeIIMAJLHO He OTOBOPEHO UTO-Iub0 Apyroe).
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Wnnexc € y HOMepa 1, IOAYEPKUBAET, YTO 3TOT HOMED 3aBU-
CHUT, BOOOIIle TOBOPS, OT BEIOpamHOro € > (0. 3Ta 3aBUCUMOCTD OT-
paskeHa, KOHEUYHO, y:Ke B caMoil (QOPMYJUPOBKE OIIpPeIesIeHUs
npejesa, IIO3TOMY €e MOMKHO M He OTPaKaTh B 3anucH (UTO OBLIO
cleJlaHO JIUINb AJIA OOJIbINIeH HarasgHocTH). [elicTBUTENbHO,
4acTo BMECTO Ny MUIIYT, HAIIpuMeDp, ng € N mau N € N.

Eciu mpenen mocaemoBaTelbHOCTU JNEWCTBUTENBHBIX UHCEJT
ABJISIETCA KOHEYHO TOYKOM YMCJIOBON IIPAMOM, T. €. YUCJIOM, TO
TOBOPSAT, UTO IIOCJIEIOBATEILHOCTh NMEeT KOHEUHbBIH IIpeae.
OnpeaeneHue 2. Ecaiu wucniosas nocnedosamesbHOCmbv umeem
KOHeUHbLll npedes, Mo OHA HA3bLBAEMC A CX00AULelics.

Ecnu ncmonb30BaTh JIOTUUECKHE CUMBOJIBI, TO 3TO OIIpeeie-
HIe MOJKHO 3aIicaTh CJAeAYOIN[UM 00pasoMm:

Ja€eRVe>03In,eNVn>n,:{x,—al<e.

ITocnedosamenvHocmb, He ABAANUWLAACA cxodaueiica, Ha-
3vi8aemcs pacxodsauieiics.

s ciayuasd KOHEUHOTO Ipefesia olmpenenenue 1 mpemesa
MOKHO Ieped)pasupoBaTh CIAELYIOIMM 00pa3oM.

Yucno a asasemca npedenom nocnedosamenvrocmu {x,}
delicmaumenvHulX Hucesr, ecau 0 A060z0 € > 0 cyuwecmsyem
maxoil Homep N, 1Mo 0L 6cex HOMePO8 N > Ny BbLNOJLHAENMC

Hepaserncmeo
lx, —a| <e. (4.1)

C IOMOIIBIO JIOTUUYECKUX CHMBOJIOB 3TO OIIpeje/ieHne 3alll-
CBIBAETCA CIEAYIOMUM 00Pa3oM:

. def
a= lim x, = Ve>03dn,Vn>n,:

n - oo

x,—al<e.
OueBUIHO, UTO HEPABEHCTBO (4.1) paBHOCUIBLHO HEPABEHCTBY
a—-e<x,<a+te¢e.
Ecau lim x, =au x, <a (COOTBETCTBEHHO X, > a) JJIs BCeX

n - oo

n=1, 2, ..., To TOBOPAT, YTO IIOCJIEJOBATEIbHOCTD {X,} CXOIUT-
cA K YHUCHY a cseéa (COOTBETCTBEHHO Cnpasa), U MHOTAA BMECTO
lim x, = a B aTOoM cayuae numyTt lim x, = a — 0 (coorBer-

n - oo n - o

ctBeHHO lim x, =a + 0).

n - oo
B toMm ciyuae, korga a = 0, BMecto 0 + 0 u 0 — O muIIyT CoOT-
BeTcTBeHHO npocto +0 u —0.
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Chopmyaupyem Ha s3BIKE € OIpenesieHre Ipeesia YNCI0BOM
IIOCJIeOBATEJLHOCTH B TOM CJIydYae, KOTZA STOT IIpeaes SABJISeT-
cs TOM MJIM MHOM O€CKOHEUHO yAAaJeHHON TOUKoii (1au, Kak ro-
BOPAT, paBeH OECKOHEYHOCTH ).

Hampumep, ©© dABIAETCSA IIPeIeOM II0CJIeL0BaATEIbHOCTH
{x,}, ecnu pna moboro € > 0 cylmecTByeT TaKoil HOMeD 7, YTO

JJIA BCceX HOMEPOB 7 > 1. BBINOJHAETCA BKJIIOUeHNE X, € U(0; €),
1
WJIM, YTO TO K€ caMoe, HepaBeHCTBo |x,| > . C mIoMOIIIbI0 JIOTH-

YeCKUX CHMBOJIOB 9TO YTBEPIKICHIE 3allMCLIBAETCS CJIEAYIOIIIM
obpasom:
def

limx, = < Ve>0dn,Vn>ng:

n - o

1
xn‘>g.

AHanoruyHo onpezesieHNe IIpeesa II0caeI0BaTeILHOCTH Iie-
pedpasupyeTca AJA caydasi, KOTJa STOT IIpeaes paBeH 0ecKo-
HEUHOCTH C OIIpeJeJIeHHBIM 3HaKoM. [l KpaTKOCTH OorpaHu-
YUMCS 3aIUCHI0 OTUX OIPEeNeJIEHNH TOJHKO ¢ IIOMOIIBIO JIOTHUYe-
CKUX CHMBOJIOB!:

. def 1
limx, =+ & Ve>03n,Vn>n.:x,> <3

n - oo €

. def 1
limx, =-c© < Ve>03dn,Vn>n,:x,<-3.

n - o €

OueBugHO, uTo ecamu lim x, = +°° mim lim x, = —°, To 1
n — oo n - oo

lim x, =oo.
n — oo
Onpeaenenue 3. ITocaedogamenvHocms, npedeiom KOmopoil s6-
asemcs 6eCKOHeuHOCMb, Ha3bl8aemcs 6eCKOHeuHO 00abULOIL.
ITorATHe KOHEUHOTO IIpejesa MOCJeI0BATEIbHOCTH CBA3aHO
B OIIpeZieIEHHOM CMBICJIE C BCTpeUaroIlelicsa Ha IpaKkTUKe 3aja-
yeil moJyueHus 3HaUeHUA HEKOTOPOU MHTepecyolleil Hac BeJu-
YMHBI ¢ Halepel 3aJaHHOM (PpUKCHUPOBAHHON TOUHOCTBIO € > 0.
IlocnemoBaTenbHble NPUOIMKEHHbIE 3HAUEHUS X, paccMaTpH-
BaeMOHM BEJIMUMHELI MOT'YT IIOJIyUaThCSA B pe3yJibTaTe IIPOBeAeHUA
KaKuX-JInb0 9KCIEPUMEHTOB WJM BBIUUCJIEHUA IO KaKUM-HU-
O0yIb PEKYPPEHTHBIM (popMyJiaM MJIN KaKUM-TO APYTUM IIyTEM.
Idra 3azada OygeT, 04eBUIHO, PellleHa, ec/iu HalileTcsa HOMeD I,
HauMHasg ¢ KOTOPOI'O BCce 3HAUEHUdA X, OyAYT OTKJIOHATHCI OT
TOYHOT'O 3HAUEHUS PACCMAaTPUBAEMON BeJIUUYNHBI B IPeJieiaxX 3a-
OaHHOU TouHOCTH. KOHEYHO, eciam yKasaHHOe 7, CYIeCTBYeT
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JIMIIE AJIS OQHOI'O JaHHOTro € > 0, 9TO elle He 03HAYAET, UTO IIO-
CJIeI0BATENIBHOCTh {X,} CXOAUTCA: B ONpEeNeJIeHUU IIpejesa IIo-
cJaeIoBaTeIbHOCTU TPebyeTcsi, YTOOBI COOTBETCTBYIOIIUIT HOMED
ng MOXKHO OBLIO ITOZ00OPaTh A Jiroboro € > 0.

B panbmeiiiieM Bcerga Iojn IpeaesioM IIOCIeZ0BATEeIbLHOCTU
OymeM MOHMMATh KOHEUYHBI W MpejgeJ, T.e. YUCIO, €CJH,
KOHEUYHO, He OI'OBOPEHO IPOTUBHOE.

g
NMpumepbsl 1. [locremoBaTeIbHOCTD % 0 CXOOUTCA U UMeeT
a

CBOUM IIpe/ieJIOM HyJb. B camMmom zmese, KaKoBO GbI HU OBLIO € > 0,
coriacHo mpuHIuIny Apxumena (cMm. 1. 3.6) meliCcTBUTEILHBIX

1
dmcesI, CYIIECTBYeT TaKOe HATYPAIbHOe UHCIO g, UTO 7y > .
1
IloaTomy piia Bcex n > n, BBINOJHSAETCA HepaBeHCTBO 0 < - <

1 . 1
< —~ <&, a BTO U 03HAYAET, UTO lim - = 0. IlociemoBareb-

€ n — o

o
HOCTb % 0 CXOAUTCS K HYJIO CIIpaBa.
a

O. n_ 0O o
2. IlociemoBaTeJbHOCTH [Bin 5 ' [ ABJIAETCA PACKOAAILEHCH.
0O 0
B camowm merne, KaxoBO ObI HM OBIJIO UMCJIO d, BHE €ro E-OKPecT-
HOCTHU, HanpuMep npu 0 < € < 1, 3aBeIOMO JIEKUT O€CKOHEUHOoe
YKCJIO YJIEHOB JAHHOM IIOCJIeL0BATEIbLHOCTU, U, 3HAUNT, OHO He
SABJISETCS ee IIPeHesIoM.
Tt

)
3. ITociiemoBaTeILHOCTD % sin 3

O
N[ CXOOUTCSA 1
0

. 1 .
lim = sin 'Eln=0.
n - oo

Jro caexyert (rmouemy?) us TOro, UToO

’lsingn’ <11/1 lim 1=0.
n 2 n n_.oon

Cxopsmiasicsa mocaeI0BaTeIbHOCTh % sin g né He SBJIAETCA II0-
CJIeTOBATeJIbHOCTBIO, CXOAAIIENCA K CBOEMY IIpeesy cjieBa UIu
cupaga.

4. TlocnemoBarenbHOCTh {n} pacxomurcs. lleificTBUTENBHO,
KaxKoBO ObI HU OBLIO YUCJIO @, AJA Joboro € > 0, B yacTHOCTHU
g € = 1, Halimercs, coOTJIacHO IPUHIIUITY ApXuMena, Takoe Ha-
TypaJbHOE Ny, UTO Ny > a + 1. CilefoBaTesbHO, U [JIs BCEX HATY-
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paibHBIX N > nyuMeeM n > a + 1. IlosToMy HEKaKoe YHUCIIO @ He

MOJKET SIBJISITHCS IIPENeIOM IIOCIeL0BATEILHOCTH {n}.

B mpumepax 2 u 4 npu AOKa3aTeIbCTBE PACXOIUMOCTHU IIO-

cJieoBaTeIbHOCTeH OBLJIO MCIIOJIB30BAHO NO3UMUBHOE onpedeJie-
Hue TOro 00CTOATENBCTBA, UTO HEKOTOPOE UHMCJIO @ He ABJSJIOCH
IpeesioM JaHHOU II0C/JIeL0BATeJILHOCTH.
OnpeaeneHve 4. Koneunas unu 0eckoHeuHO YoaseHHAs MOouiKa
a uucaosoil npamoit R ne asnsemes’ npedesom nocnedosamesv-
Hocmu x, €R,n=1, 2, ..., ecau cywecmeyem maxoe € >0, wmo
0ns 8CAK020 HAMYPAALHOZO N CYUecmayem maxKoe Hamypaib-
Hoe m > n, umo x,, ¢ U(a; €).

C IOMOIIIBIO JIOTMYECKUX CUMBOJIOB 3TO OIIpejesieHre 3alu-
CBIBaeTCA CJIEAYIOIIUM 00pa3oM:

limx,#a<=3e>0VneNIm>n:x,¢U(a;é¢).

n — oo

HamomHuM, uTOo npm (hopMyJIMPOBAHUU OTPUIAHUSA KaKO-
ro-JIu00 yTBEP:KIEHUS JOTUUECKNe CUMBOJILI CYIIIeCTBOBAHUS 3
¥ BceoOITHOCTH V MeHsIoTecA MecTaMu. VIMeHHO TaK WM TPOU3OIII-
JIO B TaHHOM cJy4Yae, B UeM JIeTKO yOeIuThCsl, CPABHUB 3aIINCh
onpenegenuii 1 u 4, 3alMcadHy0 C IIOMOMIILIO JIOTHUYECKUX CHM-
BOJIOB.

3aMmeTuM, UTO ompenesieHue 4 He ABISAETCA CAMOCTOATENb-
HBIM OIpeJieieHEM — OHO ABJISETCA JIOTUUYECKUM CJIe[[CTBUEM
onpenegeHus 1.
VIIPA)RHEHHUE 1. ChopMyIupoBaTh IO3UTUBHOE OIpPEJeJeHNe MOHATUI
pacxonameﬁca IIOCJIeJOBAaTEJIbHOCTH.
VIIPA)RHEHHE 2. [TokasaTb, 4TO ecau lim x, =a,To nlimooyx

n - co

n,| = |a|'

3agauga 2. [ToxazaTb, UTO MOCJIEI0BATENTHLHOCTD {X,} PACXOJAUTCA TOTAA
¥ TOJBHKO TOTZA, KOTJa CYIIECTBYeT Takoe umcJo € > 0, uTo, KaKOBO ObI HU
OBLIO IeHCTBUTEJHLHOE YKCJIO d M KaKOB ObI HU OBLI HOMED 1, HalgeTcs TaKoi
HOMeEp m > n, AJig KOTOPOTO BHITIOJHAETCA HePaBeHCTEO |x,, — a| > €.
VIIPA(RHEHHE 3. 3amucaThb NO3UTHBHOE OIpegeeHre pacXomAlneicsa
IIOC/IeOBATEJILHOCTH U YCJIOBUE 3aJauM 2 B JIOTMUECKHX CHMBOJIAX W CPaB-
HUTD UX.

B paccmoTpeHHBIX BBIIIIe IPUMEPaX CYIIECTBOBAHNE WUJIUA OT-
CyTCTBUE IIPeJeJIOB y MaHHBIX ITOCJeNoBaTelbHOCTell OBIIO Ho-

1 BILGCL qJacTulia «He» BXOOUT He B OIIpenesieHnue, a B olipegesisdeMoe IIOHA-

THE, UTO «HEe ABJIAETCA IIPeaeioM» . Camo omnnpeneyieHe HAYMHAaeTCA CO CJIOBa
«eCJIn».
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CTATOYHO OYEBULHBIM, a JOKA3aTeJbCTBA CBOAUJINCH K dJIE€MEH-
TapHOM IIPOBEPKe OoNpeeeHns IIpeaesa IoCcIeJOBATeILHOCTH.
B kauecTBe 0oJiee CJIOKHOrO HmpHMepa OTBICKAHUSA IpeneJa
HOCJIeJ0BATEILHOCTY PACCMOTPUM IIpeAes CPpeSHHX apudmeru-
YeCKUX UJICHOB 3aJaHHOM CXOISAINENCs IIOCIEeI0BATEeILHOCTH].

NMpumep 5. Ecau nocnedosamenvHocmev {x,} cxodumcs,

mo nocnedosamesbHOCMb CPEOHUX apUupMemuLecKux ee YieH08
Xt Xyt ... +x
1 2 n
Y, = - , n=1,2,...,

maxice cxo0umesa u npumoM Kk momy xe npedeny, wmo u cama
nocaedosamenvHocmy {x,}.

ITycrs lim x, = a.Ilpesxpme Bcero 3aMeTUM, 4TO JJIA JTIOOBIX

n - oo
HaTypPaJIbHBIX UHCeJI no un> no nmeeT MeCTO PaBeHCTBO
xy+ ..o+ X,

Yn—@=—, —  ~—a=
Xy +..+x, —nya (x, —a)+..+(x,—a)
_ ~ 0 + 0+1 ~ . (42)

Ecanu tenepsb 3agamo € > 0, To, COINIACHO ONpPeeJeHHrIO Ipe-
IeJa, CyIIeCTBYeT TAKOI HOMED I, YTO [JId BCEX I > N BBIIOJ-

HAeTCdA HepaBEeHCTBO

€
|xn—a| < 5 (4.3)
. 1
Yucno x4 + ... + x, — nga Guxkcuposaro, a lim = =0, mo-
nO n — oo n
9TOMY X+ .. +tx, —nya
. 1t n 0
lim 2 =0.
n - oo n

CiemoBaTesIbHO, CYIIeCTByeT TaKOi HOMeED Mg, YTO AJIA BCeX
n > mg BBIIIOJIHAETCSA HEPABEHCTBO

x1+...+xn0—n0a €

5 4.4)

n
Ilycrs n, = max {ngy, my}. Torpa nyusa Bcex HOMEPOB 1L > N B CUIIY
dopmyr (4.2)—(4.4) monyuum

Xyt .. t+x, —nga Xpy,, 4t tx,
‘yn_a‘< 1 ng 0 +| 0+1 | <
n n
g  M7Ngeg & | €
<t +—2-<:+:=csc

2 n o2 22 ¢
9To 1 o3HAuaerT, uro lim y,=a.0

n - o

98



VIIPA(IRHEHHE 4. [JoxasaTb: 1) yTo oTOpachlBaHUe MU 3aMeHa KOHEYHOI'O0
4HcJIa 5JIEMEeHTOB II0CJIe[0OBATEeJIbHOCTY He BJINUAET Ha ee CXOAUMOCTD, IIPIYEM B

ciay4dae CXO,E[HH.IEfICH II0CIe0oBaTEeJIbHOCTH He BJIMUAET U Ha BEJIMUYNHY IIpeaesia,

—ok -1,
{xknpnn E=1,2, ...,

2)ecmn lim x,=a, lim y,=anz,= y,apun = 2k
k - ’

n - o n —» oo

rou lim z,=a.
n - oo

Hapagy ¢ YKUCIOBBIMHU IIOCJEMOBATEIbHOCTAMHU B AAaHHOM
Kypce OyOyT BCTpPEUATHCSA IIOCJIELOBATEJHLHOCTH TOUEK PAaCIIU-
PEHHO# YMCJIOBOH IIPSAMOM, T. €. 3aHyMepPOBaHHbIe HATYPAJIbHBI-
MU YUCJIaMU COBOKYIIHOCTH {X,} 3JIEMEHTOB PACIINPEHHOI'0 MHO-

JKecTBa JiefCcTBUTENbHBIX unces R (cm. m. 3.1). Takum o6pasom,
9JIeMeHTaMH STUX II0CJIeq0BATEeIbHOCTel HAapALY C AeliCTBUTEIb-
HBIMU YUCJIAMU MOTYT OBITH 0ECKOHEUHO yaaJeHHbIe TOUKU +00
m —°0, J[na TaKMX IIOCJIEIOBATEJIbHOCTEN TaKiKe MOKHO BBECTH
HOHATHE Ipeaesia, aHAJOTMYHOe Ipeaesy YHMCJIOBBIX IIOCJIeI0Ba-
TeJbHOCTEN U cojepJKaliiee ero B cede KaK YaCTHBIN ciydaii.

OnpeaeAeHune 5. Touka a pacuiupernnoil wucio8oii npamoii R na-
3vi8aemcs npedesom nocaedosamesbHOCMU MOYeK IMOoil nps-
Moil, ecau, Kakoga 0b. HU Oblla OKPeCcmMHOCMb MOUKU A, OHA
codepxcum 6ce UJeHbl PACCMAmMpusaemoil. nocniedosamnesrbHoc-
mu HAYUHAS C HeKOMmOopozo HoMepa.

Orauune OT PAaCCMOTPEHHOIO BBIIIE CIydYas COCTOUT B TOM,
YTO 3/eCh UJIeHaMH II0CJeN0BaTeJIbHOCTH MOT'YT ObITH HE TOJIBKO
IeHfCcTBUTENbHBIE UMCIa, HO M OECKOHEUHOCTU C OIpeAesIeHHBIM
3HAKOM.

Koneuno, mouaTue mpegesia MOMKHO 0000IIUTHL W HaA caydaii
OCJIeI0BATEJILHOCTY TOUEK IIPAMOI, PACIINPEHHON ¢ IIOMOIMIILIO
TOJIBKO OJHOM 0ECKOHEUHO yIaJIeHHOU TOUKHN — OeCKOHEUHOCTH
0e3 3HaKa.

3ameuasnwue. [uaamoboit okpectuoctu U(a, €), € > 0, rae
a — 1m0 uncao: a € R, 1nbo ogHa n3 0eCKOHEUHOCTEe —00, 400
WJIN OO, CYIeCTBYeT TaKoe HATypaJbHOEe 7, UTO BBIIOJJHSIETCS

BKJIIOUEHIIE U%z, %EC U(a, €). YTo0OBI B 9TOM yOeaUTHLCSA, JOCTA-

1
TOYHO B3ATh Takoe n € N, uto - <E.
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IloaTomy, ecau mocaeno0BaTeIbHOCTD X, € R TaKkoBa, UTO A1

aioboro n= 1, 2, ... BEIIOJIHAETCA BKJIIOUEHHE X, € U%z, %%

(3mech a — aubO AeNCTBUTENbHOE YMCJO, JU0O OgHA 13 6ecKo-
HeYHOCTeH °, +00 mym —°), to lim x, = a. B camom zmene, nia

n - oo

Jnr060it okpectHOCTH U(@) CcyIecTByeT Takoe HaTypasJbHOE I,

qTOo UE&, niE < U(a); Torma Jjid BceX HOMEDPOB n > n, OyaeM
0

1 1
umets x, € Uth, =L =« ULy, —H = U(a). Dro u osuauaer, uro
n C nl C no[l

lim x,=a.
n - oo

B manpHeleM 1o mocJieqoBaTEJIbHOCTBIO BCerjga IIOHWMA-
eTcA YU CJIOoOBasA MOCIEeNOBAaTEeIbHOCTD, T.e. IIOCTe-
IOBaTEJIbHOCTD, dJIEMEHTaMU KOTOPOH ABJISIOTCA AelCTBUTENb-
HBIE UHCJIa, eCJU, KOHEUHO, CIIeNalIbLHO He OTOBOPEHO UTO-JI100
Ipyroe.

VIIPA)RHEHH/A. 5. IlpuBecTu IpuMep HEOTPAHUUYEHHOI ITOCJIE[OBATENb-
HOCTH, He ABJIAIOIEHCcA 6eCKOHEYHO GOIBIION.

6. Oorasars, wroecmu a, < b,,n=1,2,...,n lim a, =+o0, 10 lim b, =0,
n - oo n - oo

7. JokasaTh, YTO MOYJEHHOE TPOU3BeeHNEe 6ECKOHEUHO GOIBIION ITOCIe0Ba-
TEeJILHOCTH Ha II0CJIeJOBATEIbHOCTD, aGCOMIOTHAS BeJIUYNHA BCEX UJIEHOB KO-
TOPOI1 OrpaHUYeHa CHU3Y MOJOMKUTEJNHLHON ITOCTOAHHOM, ABIAETCA OeCKOHeu-
HO OO0JIBIIION IIOCJIe[OBATEIHHOCTHIO.

4.2. EAVVHCTBEHHOCTb NpeAeAd YUCAOBOM
NOCAEAOBATEABHOCTU

HokasxeM Ipeskjie BCero KOPPEKTHOCTD OIIpe/iesIeHUsA Ipejiesia B
TOM CMBICJIE, UTO €CJIN OH CYIIleCTBYeT, TO OH eUHCTBEH.
TEOPEMA 1. IlocedosamenvbHocmb mouex pacuLlupeHHOoll yuc-
JLOBOIL NPAMOIL MONCem uMemdv HA 3MOoil NPpaAMOil moabKo 00UH
npedeJ.

CAEACTBMUE. Qucaosaa nocnedosamenibHOCMb MONCEMm UMemb
moJabko 00uH npedes, KOHEYUHBLU UJLU OnpedeseHH0z0 3HAKA
OecKOHeUHbLl.

AOKA3ATEABCTBO TeOpeMbl JlomycTuM, 4TO yTBEp:KIeE-
H1e TeopeMbl HeCIIpaBeaJINBO. 3TO O3HadvaeT, 4TO CyIIeCcTByeT
IocJIefOBaTeJbHOCTL X, € R, n=1, 2, ... , y KOTOpO#l nMeeTcA
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II0 KpaiiHell Mepe ABa PasJIMUYHBIX mnpefena: a € Ru b € R. Bul-
b6epem €, > 0 u €, > 0 Tak, 4TOOBI £;-OKPECTHOCTb TOUKU @ He
IlepeceKatach C £5-OKPECTHOCTHIO TOYKH b. ITO Bcerja MOXKHO
cresaTh corsacHo Jjgemme 1. 3.2 (cMm. puc. 6, a, 0, 6, 2). B cuny
oIIpejlesleHUs IIpejesia, U3 ycaoBua lim x, = a ciaexyer, uTo

n - oo

CYIIleCTByeT TaKoi HoMeD nq € N, UTo AJA BCeX HOMEDOB 1 > nq,
n € N, uMeeT MecTo BKJIIOUeHUe x, € U(a, €;), a U3 ycI0BUA
lim x, = b ciexyer, 4TO cyllecTByeT Takoe ny € N, 4TO A1da

n - oo

BCEX N > Ny, n € N, cupaBeAanBo BKJIoueHue x, € U(b, &,).
CiefoBaTesbHO, eciau O0O3HAYUTHL uUepesd 7, HaubOOJIbIIWH U3

def
HOMEDPOB 1 W Ny} Ny = max {ny, Ny}, TO IIA J0O6OTO 1 > 1
ofHOBpeMeHHO Oyjgem umets X, € U(a, &) u x,, € U(b, &), T. e.
x, €U(a, €1)NU(b, €5). ITO IPOTUBOPEUUT YCIOBUIO

U(a’ 81) n U(b, s2) =g. U

CrencTBue SABJIAETCA UYACTHBIM CJAyUYaeM YTBEeP:KIEHUSA Teo-
PeMEI.

I eIWHCTBEHHOCTH OECKOHEUHOTo IIpeaeJsia MocJeaoBa-
TeJILHOCTH BJIeMEeHTOB U3 R CyIlleCTBeHHBIM SBJIAeTCA pac-
CMOTpPEHNe JINIIL OECKOHEUHOCTell OIIpeeIeHHOro 3HaKa, Tak
KaK ecJu II0CJIeLOBATEeIbLHOCTh MMEEeT CBOMM IIpPelesioM OecKo-
HEUHOCTbD C OIIpeeJIeHHBIM 3HaKOM, TO OJHOBPEMEHHO ee mpeje-
JIOM ABJsAeTcA U 0eCKOHEUHOCTh 0e3 sHaka. Hampumep, eciu

lim x, =+, To, KOHeuHO, 1 lim x, = ©0.
n - o n - oo
JloKkaxeM Ternepb HEKOTOPbhIE IIPOCTHIE CBOMICTBA KOHEUHBIX 1

0eCKOHEUYHBIX IIpeneJsioB.

4.3. MepexoA K NpeAeAy B HepOBEHCTBAX

ChopmynupyeMm 1 OKaKeM TPU YACTO HUCIIOJIb3yEeMbIX CBOMCTBA
IPeesIOB IIOCJIEJOBATEJIBHOCTEN TOUEK PACHINPEHHON YUCJI0BOM
MpPsAMO#, CBA3aHHLIE C PABEHCTBAMU U HepPaBEeHCTBAMU [JIS UJie-
HOB II0CJIeOBATEIbHOCTE.

I. Ecau 0na ecex n= 1, 2, ... umeem mecmo pageHcmeo
x,=a € R (m. e. nocredosamenvnocms {x,} cmayuonapha),
mo lim x, =a.

n - o
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U(a) KopoTko rosopsi, mpeaes mocTo-
. o o -
SHHOM pPaBeH CaAMOM 3TOU IIOCTOSH-
xn yn a Zn o
HOIA.
Puc. 10 AoKa3aTeAbcTBO. JelicTBHU-
TeJIBHO, B DTOM CJIy4ae IJIs JIF00OI
okpecrHocTH U(a) TOUKU @ B KauecTBe HOMePA N, YKA3aHHOTO B
ompefeseHUU 5, MOXKHO B3ATh, HAIIPUMED, Ny = 1, Tak Kak AJId

BCcexX HOMePOB 12 = 1, 2, ... UMeeT MeCTO BKJIIOUEeHUE
x,=acU(a). O
II. Ecnu
x,€R, y,€R, z,€R, x,<y,<z, n=1,2,..., (4.5
u
lim x, = lim z, =a€R, (4.6)
mo "o "o
lim y, =a. 4.7
n — oo

AOKA3ATEeAbCTBO. 3adUKCUPyeM IPOM3BOJBLHO OKpPECT-
"HOCTh U(a) Touku a. B cuny ycinosuii (4.6), cyIiecTByoT TaKoii
HOMEp 74, YTO JJIA BCeX HOMEPOB 7. > 7 BBIIOJHAETCSA BKJIIO-

yeHue

x, € U(a), (4.8)
U TaKOI HOMED Ny, YTO JJI BCeX HOMEDPOB 1 > Ny — BKJIIOYEHUE
z, € U(a). 4.9)

BospMeM B KauecTBe HOMepPA 1 HAUOOJIBIITNI U3 HOMEPOB 714
U Ny ng= max {n;; ny}. Toraa nma HOMepoB n > n, OJHOBpe-
MEHHO BBINOJIHAIOTCA BKJIOUeHusd (4.8) u (4.9); Torza (puc. 10),
B cuiry yciaoBud (4.5), Ans Bcex n > ny BBIIOJHAETCA BKJIOUE-
Hue Yy, € U(a), a 9TO U 03HAUaeT CIPaBeJJINBOCTh yTBEP:KAEHUA
(4.7). O

CAEACTBMUE Ecau x, <y,, x,€R,y,€R,n=1,2,...,u
lim x, = +oo, (4.10)
n —» oo

mo
lim y, =400, (4.11)
n —» oo

a ecru lim y, =-°, mo lim x, =-0o0,

n — oo n — oo
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Aokasateabctso. IIyers gy U(b)
BoInOJIHEeHO yciyioBue (4.10). Pac- -+ + » <+ »
CMOTPUM BCIIOMOTATEJILHYIO IIO- a Xn b Yn
CJIeNOBaTEJNBHOCTh 2, = 100, n =
=1, 2, ..., Torga, OYeBUIHO, AJS
mocJsiefioBaTesIbHOCTEH {X,,}, {Y,}, {2,} BRIDOMHAIOTCA yemoBus (4.5)
u (4.6) upu a = +0°, a M0ITOMY, B CHIY yTBep:KIeHud (4.7), ume-
eT MecTO u paBeHCTBO (4.11).

Puc. 11

Amnasornuso paccMarpuBaercs u ciaydai lim y, =-o0. O
III. Ecau x,€R,y,€R,n=1,2,...,u T
lim x, —a, limy, —b, (4.12)
npuuem e iﬁ N B
a<b,acR,beR, (4.13)

mo cyujecmeyem maroil Homep Ny, ¥mo 01 6cex HOMepos8 n > n
8bLNOJIHACMCA HePABeHCmaE0

Xy <Yy, (4.14)
AokaszaTteAabcTBO. IIyere U = U(a) u V = V(b) — KaKkue-Ju-
00 HellepeceKamneca OKPECTHOCTH TOUYEK a U b, Torma mu3 yCJio-

BUA a < b caenyer, UTO IJA J00LIX X € U u y € V BBITIOJHAETCA
HepaBeHCTBO (puc. 11)

x <y. (4.15)
B cuny ycinoBusa (4.12), cymiecTByeT Takoii HOMep ng, UTO

JJIsI BCeX HOMEPOB n > N BBIIIOJIHAIOTCA BKJIIOYEHUA

x,€U,y,€V, (4.16)

a IMo3TOMY, COTJIACHO HepaBeHCTBY (4.15), mmeioT mMecTo Hepa-
BeHCTBa (4.14). O

CAEACTBME 1. Ilycmo a, b, x, npunadnexcam R,n=1,2,....
Ecau lim x, = a u a < b (coomeemcmeenno a > b), mo cy-

n - o

wecmeyem makxoi. HOMep Ny, Ymo 014 6cex HOMepos N > n
8bINOJIHAEMCA HEePABEHCME0

x,<b (4.17)

(coomeemcmeenno Hepagencmeo x, > b).
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AokasatTeAbcTBO. IIyets a < b. PaccmoTpuM BcromMora-
TeJbHYIO IIOCJIefoBaTeJbHOCTh Y, = b, n= 1, 2, ...; Torga ana

mocJieoBaTesbHOCTEH {X,} U {y,} BBIIONHAIOTCA ycnoBud (4.12)

u (4.13), cremoBaTesbHO, 1 ycaoBue (4.14), KoTopoe B JaHHOM
cayuae ImpeBpalaeTcsa B HepaBeHCTBO (4.17).
AmnajiornuHo paccMaTpuBaeTtcsd caydaii a > b. O

CAEACTBME 2. Ecau lim x, =a, limy, =b, x,€R,y,€R,

n - oo n - oo
n=1,2,...,acR,bcRu dna scexn=1, 2, ... goinoanaemcs
Hepasercmaeo

X, <Y, (4.18)
mo
a<b. (4.19)

AoKasaTeAbcTBO. Ilyers BeimosHeHO yeaoBue (4.18). Ecan
OBl OKasaJjioch, UYTO a > b, TO, coraacuo csoiicTBy III pexnesnos,
HarmeJics ObI TaKOHM HOMeD 7y, YTO AJI BCeX HOMEPOB 1 > Ny BHI-

IIOJIHSJIOCH OBl HEPABEHCTBO X,, > Y, YTO IPOTUBOPEUUT YCIOBUIO
(4.18). CremoBaTesbHO, BHIIOJHAETCA HEPABEHCTBO (4.19). O

N3 crnencTBua 2 BBITEKaeT, B YaCTHOCTH, UTO ecjau x, < b,
n=1,2,...,u lim x, =a, To UMeeT MecTO HepaBeHCTBO a < b.
n —» oo

B camom fiesie, ey B3ATH BCIOMOT'aTeJIbHYIO CTAIIMOHAPHYIO
nocaenoBaTeNbHOCTh Y, = b, n=1, 2, ... , To JJud IocJerOBa-
reabHOCTEN {x,} u {y,} OYAYT BHINOJIHATHCA YCJIOBUA

crexcrBusa 2, r.e. limx, =a, x, € R,n=1,2,...,a€R, u

n - oo
Iois Bcex n= 1, 2, ... cupaBeJJuBbl HepaBeHCTBa X, < Y, = b.

ITosToMy, coryiacHo ciefcTBUIO 2, MMEEeT MECTO ¥ HepaBEeHCTBO
a<b.O
CrnexncTBue 2 03HAYAET, YTO €CJIH IIOCTIEA0BATEIBHOCTH {X,} U

{y,} nmeror npegenst lim x, =a, limy, =b,acR,beR, To

n —» oo n — oo
B HepaBeHCTBax X, < Y, U X, < Y, MOKHO IIePeXOAUTE K IIpeJe-

1y, IpUYeM Jake B IEePBOM CJIydae B pe3yJbTaTe MMOJydaeTcsd,
BOOOIIe TOBOPS, HECTPOTrOe HEPABEHCTBO

a= limx, < limy, =b.

n - oo n - oo
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OTMeTHM, YTO HAC B OCHOBHOM HMHTEPECYIOT UKCJIOBBIE IIOCIe-
noBaTeJabHOCTHA. Iloc/Ie[0BATEIBHOCTH e TOUEK PaCIINPEHHOMN
YMCJIOBOM IIPAMOM BBEAEHBI IPEXKJe BCEro IJsA OOJbIIEH KOM-
MAKTHOCTH WM3JIOMKEHUS: OHU II03BOJISAIOT He PACCMATPUBATEL OT-
IeJbHO CIy4ay KOHEUHBLIX M OIIPeJeJIEHHOI'0 3HaKa OecKoHed-
HBIX IIPeJeJIOB MociefoBaTeJbHOCTeH. B manpHelinem onpeaeie-
HUA U YTBEPXKAECHUS OYAYT B OCHOBHOM (DOPMYJIMPOBATHCA IJIA
YMCJIOBBIX IIOCJIEJOBATEIbHOCTEN, XOTA MHOI'ME U3 HUX 0e3 BCi-
KOr'o TpyZa o000IaloTcA Ha Caydail IIocJIefoBaTeIbLHOCTEH TO-
YeK PaCIIUPEHHON YNCJIOBOM IIPAMOI.

Bameuanue 1. [Iga Toro 4Tobbl UMCJIOBas IIOCJEIOBA-
TEJBHOCTH {X,} MMeJia CBOMM IIPEJEeJIOM YHCJIO &, He00XOJUMO,
YTOOBI IJISI JIIOOBIX ABYX umces € > 0 u ¢ > 0 cyIimecTBOBAJ TaKOi
HOMED N, YTO [JIs BCeX HOMEPOB 7l > 11 BHIIIOJIHAETCA HePaBeH-
CTBO |x, — a| < ¢€ m nOCTAaTOUHO, YTOOHI HAILIOCH TAKOE YUCJIO
c> 0, uro anma awo6oro €> 0 cyllecTBOBaJ TaKol HOMeD N,
YTO JJIA BCEX HOMEPOB 7l > I BBIIOJIHAJIOCH TO Ke HePaBEHCTBO
lx, — a| < ce.

O6a »oTuUX YTBEPIKIEHHUA CJIEAYIOT N3 TOro, YTO IIpU
urcupoBanroM ¢ > 0 Ipu IPOU3BOJILHOM € > 0 UMCIIO CE TaKMKe
SABJISIETCS IIPOM3BOJIbHBIM II0JIOMKUTEIbHBIM YHCJIOM.

Hanpuwmep, ecin lim x, = a, To a1a Bcakoro € > 0 cymect-

n - oo

ByeT TaKOW HOMED 7g, YTO AJIA BCEX HOMEPOB 7 > 7l BHIIIOJIHAET-
cs HepaBeHCTBO |xn —a|l<g/2.

Wuorma GbIBaeT IMOJE3HO PACCMOTPETH IIOCIEeN0BATEIbLHOCTD,
HOJIyUYaIoI[YIOCSa M3 AAHHOI IIOCJIe0BaTeIbLHOCTU IIepeHyMepa-
nueii BceX ee UJEHOB MM HEKOTOPOT0 OEeCKOHEUHOI'o IIOAMHO-
’KecTBa. B majbpHelIeM 1A TAKUX IOCJIeZ0oBaTeJIbHOCTE OyaeT
HEOJHOKPATHO HMCIO0Jb30BATHCS CAEAYIONIAd JeMMa.

ANEMMA. Ecau nocaedogamenvrnocms x, CR,n=1, 2, ..., ume-

em KOHeuHblll uau 6ecKoHeyHbulll npeden u {n,} — makxasa no-
c1ed08amMeabHOCIb HAMYPALbHBLY YUCEL, YMO

lim n, = +oo, (4.20)

k - o0
mo nocniedo8amesbHoCmb {xnk} umeem mom ixiece npeaeﬂ, ymo u

nocaedosamenvHocmy {x,}.
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B o6osHauenun X, UIeHA [OCIIE/I0BATEIHOCTH {xnk} HOMED
n, SIBJISIETCS HOMEPOM 3TOrO UJeHa B IOCJIeJOBATEIbLHOCTH {X,},
a HoOMep £ — ero HOMepOM B IIOCJIELOBATEILHOCTH {xnk |

AokasateAbcTBo. Ilycrs lim x, = a. 910 o3Hauaer, UTO

n - oo
11 110003 oKkpecTHOCTH U(A) TOUKH a CYII[eCTBYeT TaKOi HOMep
ngy, 9TO JJIA BCEX HOMEPOB 7 > 1 BHIIIOJHAETCA BKJIIOUEHNE X, €

€ U(a). B cuny BeinosHeHus ycaosud (4.20), nyia HoMepa ng cy-
IecTByeT TaKoii HoMep k(, UTO AJS BCeX HOMepOB k > Ek, cIpa-
BeJJINBBI HEPABEHCTBA Nj, > N U, CJIeJ0BaTeJIbHO, UMEET MeCTO

BKJIIOUEHNUE X, € U(a). 9ro u osHauaer, uro lim x, =a.0O

k - o

Sameqanne 2. Ecin lim x, = oo u limn, =+, To

n - o k - oo

WHOT[A O IIpejejie IOCIeIOBATEIbLHOCTHU {xnk} MOXKHO CKasaThb

GoJIbIlle, YeM TOJIBKO TO, 4YTO lim x, n, = OO MOKET OKasarhCd,

k - ©

gyro lim x, =+commm lim x, = -—oo. Hanpuwmep,

k - o0 k _ oo

lim (-n)" =00, a lim (—Zk)zk =400,
k-

n - oo

lim [~(2k - 1)]2k 1— —co.

OnpeaeAeHue 6. Homeaoeameﬂbuocmb {xnk}, Komopas cocmas-

JleHa U3 YleH08 nocnedogamenvbHocmu {x,} u 6 KOmopoi. nops-

0ok cnedosaHus ee aemeHmo8 cognadaem ¢ ux nopsadKom cie-
dosarus 6 ucxo0Hoil nocaedosamenvHocmu {x,}, Ha3bl8aemcs

nodnocnedosamenbHOCMbI0 IMOil nociedosamerbHoCmu.
TakuM o06pasoM, IIOCJIeZOBATEIHLHOCTD {xnk} SABJSIETCA IOJI-

IIOCJIEOBATEIHHOCTHIO IIOCIEL0BATEIBHOCTH {X,}, €CJIU YCJIOBHE
k < k' paBHOCHUJIBHO yCJIOBUIO N, <Ny, k, B'=1, 2, ....

Taxk, nocienoBareabHOCTh 1, 3, 5, ..., 2n + 1, ... apadercd,
a mocJenoBaTeabHoOCTh 2, 1, 3, 4, ..., n, ... He ABJIAETCA IOAIIOC-
JIeIOBATEJILHOCTLIO HATYPAJIbLHOrO paAxa umcesa 1, 2, ..., n, ....

B o6oux cayuasix sJeMeHTHI IIOCJeoBaTeIbHOCTell 00pasyioT
MMOAMHOYKECTBO MHOXKECTBA HATYPAaJbHBIX UHCEJI, HO B IIEPBOM

1
Hamomuuwm (cM. m. 1.1), 9TO caM0O MHOXKECTBO TaK)Ke CUUTAETCS CBOUM
IIOMHOKECTBOM.
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cayuae 4JeHbI IOCJIeI0BaTeIbHOCTH PACIOJIOMKEHEI B TOM Ke TI0-
PAIKe, 4TO M B HATYPAJLHOM PALE YKCEJ, a BO BTOPOM CJIydae
ATOT MOPSALOK HAPYIIIeH.

Ecian {xnk} — IOZIIOCJIeNOBATEILHOCTD OCJIeL0BATEIbHOCTH
{x,}, TO, oueBHAHO, N, > k, k=1, 2, ... , U, cJenoBaTeIbHO,

lim n, = +oco. Orcroza cieayer, B CUIy J€eMMBI, YTO €CJIH IIO-

k - o

cJIe;oBaTeJIbHOCTb NMEEeT KOHEUHBIN MK 0eCKOHEUHBIH mnpengeJa,
TO U JI00asa ee IIOAIIOCJIEeOBATEJIBHOCTE MMEET TOT e IIpeaeJI.

VIIPA)RHEHHE 8. Ilycts M3 4IEHOB ITOCJIEOBATEIbHOCTH HATYPAJBHBIX
uancen {n} o6pasoBaHa HOBas IOCIELOBATEILHOCTD 7l), TAK, YTO PA3HbIE UIEHBI

IOCJIEIOBATEILHOCTH {71} MIePeXOqAT B pasHble UJIeHbl HOBOM U KaXKIBIN UIeH
IIOCJIeNOBATEIBLHOCTH {7} IEePEeXOAUT B HEKOTOPHIA UJieH HOBO. ITO PaBHO-
CHJIBHO TOMY, UTO 3a/laHa OMeKIusA n'— n;, MHOXKeCTBA HATYPaIbHbIX uncea N

Ha cebs. JlokasaTs, 4TO B 9TOM caydae lim n, = .
k - o©

4.4. OrpOHNYEHHOCTb CXOASLLMXCS
NMOCAEAOBATEAbBHOCTEN

Crenyer pasnuyarh nocnedogamenbHocms {X,}, T. €. MHOXeCT-
BO 9JIEMEHTOB X, U MHOMECME0 3Haienull ee aaemenmos. Ilep-
BOE MHOJKECTBO Bcerjga 0eCKOHEUHO, TaK KaK COCTOUT M3 COBO-
KYITHOCTH 3JIEMEHTOB, OTJMYAIONINXCA 0 KpailHeld Mepe HOMe-
pamu n =1, 2, ... . Bropoe MHOXKECTBO COCTOUT M3 BCEX UMCEJI,
ABJAIONINXCS 3HAUCHUSIMU 5JIEMEHTOB TaHHOM ITOCJIeI0BATENb-
HOCTU, OHO MOKeT OBITh M KOHeUHbIM. Hampumep, cramuoHap-
Hasd IocjefoBaTeJbHOCTh X, = 1, n=1, 2, ... , Kak u BcAKad
IOCJIef0BATEIbHOCTh, COCTOUT M3 6€CKOHEUHOr0o UHrcja dJIeMeH-
TOB, & MHOKECTBO 3HAUEHUI ee 5JeMEeHTOB COCTOUT M3 OJHOT'O
yucaa 1.
Onpeaenenue 7. IlocnedosamenbHocmb HA3bLBAEMCA 0ZPAHU-
yenHol caepxy (CHU3Y), ecaU MHONEeCME0 3HAUEHULL ee d/leMeH-
moe ozpaHuyieHo ceepxy (CHU3Y).

B TepMuHax 3J1eMEHTOB IIOCJIEOBATEJIBHOCTU 3TO OIIpeneJie-
HUe MOXKeT OBITH mepedpasrupoBaHo CAEIYIOIIUM 00Pa3oM.
Onpeaenenue 7'. [Tocaedosamenvrnocmy {x,} Ha3vi6aemcsa ozpa-

HUYeHnHOll ceepxy (CHU3Y), ecau cyuiecmeyem makoe wucJao b,
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umo 0 ecex Homepog n =1, 2, ... 8bLNONIHACMCSA HEPABEHC-
60 x, < b (coomeemcmeenHo HepageHcme0 x,, 2 b).
OnpeaeAeHue 8. ITociedosamenibHOCMb, 02PAHUYCHHAS CBEPXY
U CHU3Y, HA3bl8ACMCS NPOCMO 02PAHUYEHHOLL.

OueBHAHO, UTO IOCJIELOBATEIHHOCTh {X,} OrpaHUYeHa TOTJa
U TOJIbKO TOTZa, KOTZA CYILIeCTBYyeT TaKoe YUCJIO0 b, UTO AJIA BCeX
HOMepoB 1 = 1, 2, ... BLITIOJIHAETCA HEPABEHCTEO |x,| < b.
Onpeaenenue 9. ITocnedogamenbHOCMb, He ABAANOULAACA 02DPA-
HUuYenHOU (céepxy, CHU3Y), HA3bVIEAEMCA HEOZPAHUYEHHOIL
(ceepxy, cHuU3Y).

o d. m O
Hampumep, mociiegoBaTe ibHOCTH %DI/I 0Sin 5 n 0 orpaHudye-
o 0o O
uul. ITocaenoBaTeIbHOCTE {1} He OrpaHNYeHa, TOUHee, OHA OI'pa-
HUYEeHa CHUu3y, HO He OrpaHNUYeHa CBepXy, a IocJenoBaTellb-
0 .o O o
HOCTB (1 Sin 5 1 [ ABJIAETCA HEOTPAHNUEHHOU KaK CBEPXY, TaK U
0 0
CHU3Y.
TEOPEMA 2. Ecau yucnosas nocnedosamenbHOCmMy umeem Ko-
HeuHbLil npedes, Mo OHA 0ZPAHUYCHA.

AokaszateabcTBo. Ilycrs maHa cxopdAmiasicsa IIOCJeROBa-
TeJBHOCTS {X,} 1 ycTh lim x, = a. Bosbmewm, Hanpumep, € = 1.

n —» o
CorsacHo OoIIpeneJsIeHuIO IIpeaeJia rmocjaeaqoBaTeJIbHOCT, CYIIIEeCT-
BYET Taroe nl, YTO AJIS BCeX n > nl BBIIIOJIHAETCA HEPABEHCTBO

lx, — a| < 1. Hycrs d — mamboawimee us uucen 1, |x; — al, ...

e s |xn1 —al. Torga gna scex n =1, 2, ... cipaBeIJINBO HepPaBeH-
ctBo |x, — a| < d, T. e. 1151 Bcex n
a—-d<x,<a-+td.

Imo u o3Havaem 0zpaHULEHHOCMb 3a0AHHOU nocaedosamennv-
Hocmu. O

4.5. MOHOTOHHbIE@ NOCAeAOBATEAbLHOCTU

Onpeaenenue 10. BepxHas (HUMCHASL) 2paHb MHOMCeCmEa 3HA-
YeHUll a/eMeHmo6 nocaefosamesbHOCMU {X,} Ha3vieaemcsa

sepxHell (HudxicHell) zpaHblo OAHHOU nocnedosamenbHOCMU U
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o0o3Havaemcs sup {x,} uau sup x, (coomeemcmeenHo
n=1,2,...

inf {x,} uau  inf x)).
n=1,2,...

Ecnu BepxHAA (HUKHAA) I'PAHD SBJISETCA YUCIOM, TO 3TO OII-
peznesieHre MOYKHO c()OPMYJIUPOBATH CIEAYIOIITUM 00pa3oM.
Onpeaenenue 11. Yucno a asasemcs gepxHeil (HuxcHell) epaHbI0
nocaedosamenvhocmu x,, n=1, 2, ..., ecau:

1) Ona 6cex n=1, 2, ... svinosnsemcsa HepaseHcmeo x, < a (He-
pasencmeo x, = a);
2) Ona awbozo €> 0 cywecmseyem makoi. HoOMep N, MO

X, >a— €(CoOTBEeTCTBEHHO X, < a + ).
€ €

AHAJIOrMYHO MOXKHO C(HOPMYJIMPOBATL OIPeHe/ieHNe BepX-
Hell (HUKHEl) IpaHu MOCJIeI0BaTEeIbHOCTHA B TOM CJIydYae, KOraa
yKasaHHasa rpaHb OeckoHeuHa. (CoenaiiTe 5T0.)

B KauecTBe npumMepoB orMeTuM, uto sup {1/n} =1, inf {1/n} =
=0, sup {n} = +o0, inf {n} = 1. Sgecb Besme n =1, 2, ... .
OnpeaeneHue 12. ITocaedosamenvrhocms {x,} Ha3bl8aemMcs 603-
pacmarwweil (yobviearwuieil) nocredosamesbHoCmbio, ecau 045
Kaxdozo n=1, 2, ... 6vlnoIHACMCA HEPABEHCME0 X, < X, | 1
(coomeemcmeeHHO HEPABEHCMBO X, 2 X,, 4 1)1.

Boapacraromiue 1 yObIBatOIye MOCIEI0BATEIbHOCTY Ha3bIBa-
IOTCS MOHOMOHHbLMU.

010
Hanpumep, mociaenoBaTelbHOCTD %D yObIBaeT, IOCJIeIoBa-
0O

. m_ 0
TeJIBHOCTH {1} BO3pacTaeT, a IOCJIeJ0BATEeJIbHOCTh [Bin 5 N0 He
g g
ABJIAETCA MOHOTOHHOM. 5
TEOPEMA 3 (teopema Berepwrpacca®). Becakasa sospacmanuias
yucnoeas nocnedogamenrvbHocmy {x,} umeem npeden, KOHeuU-
Hblil, eclU OHA 0ZpAHUYEHA Cc8epxXly, U 0eCKOHeYHbLll, PABHbLIL
+00, ecli OHA He 0ZPAHUYEHA C8epXY, Npuiem
lim x, =sup {x,}. 4.21)

n - o

1
Bospacraromiue (yobIBaroIme) mocjieg0BaTeIbHOCTH Ha3bIBAIOTCA TaKiKe
HeyOBIBAIOIIMMHU (HEeBO3PACTAIOIIIMU).

2 K. Bettepmrpacc (1815—1897) — HemerKuil MATEMATHE.
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UB) AHanozuyHo, 8cAKaAs YOblBAIOWASL HUC-
~—————®  j08aa nocniedo8amerbHOCMb {X,} ume-
em npedes, KOHEeYHbLil, ecaU Ima nocJe-

Puc. 12 dosamenibHOCMb 02PAHUYEHA CHU3Y, U
0eCKOHEUHbLIL, PABHLLIL —OO, ecau OHA

He 02paHUYeHa CHU3Y, npuiem
lim x, =inf {x,}. (4.22)

n — oo
AokaszaTteAbcTBoO. IlycTs mocienoBaTeIbHOCTS {X,} BO3pac-
Taer. JlokaskeMm paBeHcTBO (4.21). OcraibHble YTBEp:KISHI
TEeOPEeMBbI JJIA BO3PACTAIONINX ITOCJIeIOBATeIbHOCTEH CAEYIOT U3
Hero OYeBUIHBLIM 00pa30M.

ITycts B = sup {x,} (3HaueHue [ MOKeT GHITH KAK KOHEUHBIM,
Tak M OECKOHEUHBIM, PaBHBIM +00). Bo3dbMeM HpPOU3BOJILHYIO
oxkpectHocTh U(B) Touku [ u o6osHauum uepes 3’ ee JeBBII KO-
Herr, (puc. 12). OueBugso, ' < .

CoryacHo ompeeIeHUIO BepXHell IpaHu:

1) nns a060ro HOMepa n € N UMeeT MeCcTo HepaBeHCTBO

x, < B; (4.23)
2) cymecTByeT Takoi HOMED 7, UTO
Xno > 3. (4.24)

B cuny Bo3pacraHusa IocienoBaTeJbHOCTH {X,}, us (4.23) u
(4.24) cnenyer, 4TO [JIs BceX HOMEPOB 7l > N BBIIOJIHAETCA He-

PaBEHCTBO
< x. <x < 4.25
B @.24) "0 T (433 B, ( )
IIO9TOMY IIPHU 1 > nO HMeeT MeCTO BKJIIUeHue
€ U
n 435 B),

a 9TO W O3HAYaeT, 4YTO [3 ABJSETCA IMPeneioM IOCJef0BaTesb-
HOCTH {X,,}.

AmnajloruyHO paccMaTpUBaeTcsA cjayuail yObIBaloIeil IocJe-
goBaTeJbHOCTH. O

BamMmeuanue 1. Takum o6pasom, BcIKasd MOHOTOHHAS TIO-
cJIeI0BaTeJIbHOCTh UMEeT Ipeesl: KOHeUHbBIN, ecJii OHA OTpaHu-
yeHa, 1 0ECKOHEUHLIN, eCJIy OHA He orpaHuueHa. ITOT IIpeaeJt
paBeH +0°, ecJIy MOHOTOHHAsS IIOCJIEJOBATENLHOCTh He OTpaHuU-
YyeHa CBepXy, ¥ paBeH —O0, ecJIX OHA He OTrpaHUYeHa CHUIY.
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Bcakaa moamocaemoBaTebHOCTH MOHOTOHHOM IIOCJIEIOBA-
TEJLHOCTH TaK)Xe MOHOTOHHA, IIO3TOMY OHA, B CBOIO OUepe.b,
BCerjga MMeeT KOHEUHBLIN MK O0eCKOHEUHBIH IIpeaes, KOTOPBI,
OUYEeBHUIHO, COBIAJAET C IIPEINeIOM BCEH IIOCJIEJOBATEIbHOCTU
(cMm. memmy B 1. 4.3).

BrL10 mmOKasaHo, YTO ecJIM II0CJIeL0BATEILHOCTh CXOAUTCS, TO
OHa orpaHmueHa (Teopema 2), OTCIOZa, B YACTHOCTH, CJIE€IYET, UTO
€cJI BO3PACTAIOIIAA IIOCIeI0BATEILHOCTh CXOIUTCA, TO OHA Orpa-
HUYEeHA CBEPXY; C APYTroii CTOPOHBI, €CJI BO3PACTAIOIIAs OCJIE0-
BaTeJbHOCTHh OTPAaHMYEHA CBEPXY, TO OHA cXomuTcs (Teopema 3).
Takum o6pa3oM, CIIPaBeAJINBO CAEAYIOIIee YTBePIKIeHNe.

CAEACTBWE. [[na mozo umobb. 603pacmaiouias nocnedosa-
menvHOCMb CX00UNACHL, HE00X00uMO U 00CMAMOYHO, YmoObl
OHa Obla 02PAHUYEHA C8epXY.

AHanornuHoe yTBep)KJeHUe CIPaBeJJUBO U IJIA yOBIBaIO-
Ieii mocjie0BaTeIbHOCTH.

dameuanue 2. Ecmu {[a,, b,]} — cucrema BIOXKeHHBIX
OTPEe3KOB, II0 JJIMHEe CTPeMAIUXCcA K HyJII0, a { — TOYKa, IIpU-
HaJlJIe;Kalas BceM OTpe3KaM JaHHOI CHUCTeMBI, TO

&= lima,= limb,. (4.26)

n - oo b - ©
B camom pgene, B m. 3.7 GbLIO IOKasaHO, 4UTO = sup {a,} =
=inf {b,}. C gpyroii cCTOpOHBI, ITOCIEXOBATEIBHOCTS {a,}, COOT-
BeTCTBEeHHO {b,} Bodpacraer (yObIBaeT), OTKy/Aa B CUJIy PaBEHCTB
(4.21) u (4.22) u caenyer (4.26).

NMpumep. HucJo e.
IMycTs x, = E’1+%g,n=l,2,

ITokasxem, UTO 9Ta IIOCJEJOBATEJIbHOCTb cXoauTcA. [Ipume-
Haa popmyay 6uanoma HeloToHa, moayuaeM

n(n—1) 1 nn—1)(n-2) 1

e R R 5+ M gs =t
.+n(n—11)h.2..(.r.1;k+1) .ﬁ +”-+n(;1|é1)...’;1 nin .
ST S T T

L
(4.27)
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IIpu mepexome ot n K n + 1 B cymMe, CTOSINEH B IpaBoil yac-
Ty paBeHcTBa (4.27), 4MCa0 caraeMbIX, KOTOPBIE BCE IIOJIOKU-
TeJILHBI, BO3PACTAET W, KPOME TOT'0, KaKJ0€e cjlaraeMoe HauUnHaA
C TPeThero yBeJIMuuBaeTcd, TaK Kak

s s _ _ _
1—;<1—m,s—1,2,...,n 1,n=2,3, ...,

LIO3TOMY
x,<x,,1, n=1,2,...

anee, 3ameuas, uTo B (4.27) Kaxgad U3 CKOGOK BUAA %1 - %E

MeHbIIIe e[UHUIBI ¥ UTO

2" 1-1.2.2-...-2<1-2-383-...-n=nl,

\ J

n COMHOMKUTeJeln

1 1
c/IefioBaTeIbHO, S ——,amascex n=1,2,3, ..., umeem
: 2

1 1 1
xn<2+§+§+...+a

1

2nfl'

<2+i+la4 (4.28)

CymMma % + ? + ..ot o1 Etco'ropym JIETKO IIOLCYUTATH IIO

M3BECTHON M3 3JIEMEHTAPHOU MaTeMaTUKU (opMyJie I CyMMbI

2 . _ L
YJIEHOB I'eOMEeTPUUYECKON IIporpeccun: OHa paBHa 1 I mpu
aobom n =1, 2, ... MeHbIIIe eTUHUIILI, TOOTOMY OKOHUYATEJIbHO
HOJy4YUM
2<x,<x,,1<3. (4.29)

I/ITaK, II0CJIEJOBATE€JIBHOCTD {xn} BOo3pacCcTaeT M OrpaHHM4YeHa

CBepxy, a I03TOMY, COTJIaCHO TeopeMe 3, MMeeT Ipejes. ITOT
npenes u obo3HauaeTcs OYKBOii e.

Ilepexonma ¥ mpeneny B (4.29), moayuum 2 < e < 3. Bouee
TOYHBIMU OII€HKAMM! MOJKHO IOJYUUTh, UTO CIPaBEAJIUBO IIPU-
OJIMKeHHOe PAaBeHCTBO

e~ 2,718281828459045.
IMoxasbiBaeTCA TaKiKe, YTO YKCJIO € MPPAIMOHAIBLHO (CM.

*
n. 34.14 ) u, 6osee TOro, TPAHCIIEHAEHTHO, T. €. He SABJIAETCS
KOpPHEM HHKAKOro ajrebpandyecKoro ypaBHEHUS C IeJIBbIMU KO-
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s(ppunmerramu. Yucyio e B MaTeMaTHYeCKOM aHAJIM3e UT'DAET
ocobyio poab. OHO, B UaCTHOCTU, ABJAETCA OCHOBAHMEM HATY-
PaJIbHBIX JOTapuPMOB.

4.6. Teopema boabLOHO—BenepwTpacca

B 1. 4.4 6bL10 HOKAa3aHO, UTO BCSAKAsS CXOLAINAACSA IIOCTIeqOoBa-

TeJbHOCTL orpaHmuena. O6paTHoe yTBepsKJeHNe, KOHeUHo, He-
n

BepHO. Hanpumep, nociaegosarenbHocTs X, =(—1)", n=1, 2, ...,

orpammueHa u pacxogurca. OZHAKO OKa3LIBAETCA, UTO BCAKAS
OrpaHNYEHHAsI IIOCJIEJOBATEJLHOCTh COAEPIKUT CXOAAI[YIOCS
HOJIIOCJIEI0OBATEJIbHOCTE. JTO YTBEP KAECHNE HA3LIBAETCSA Teope-
Moit BOJILILaHo—BeI‘/’IepmTpacca1 WJIM CBOMCTBOM KOMHOAKTHOCTU
OrpaHHYeHHOMH IIOC/IeJOBATEILHOCTH.

TEOPEMA 4. 3 n1060ii 02pAHUYEHHOI NOCaAe008aAMesbHOCTU
MONHCHO 8bl0eNUMb CX00AUYIOCA NOONnoCcLedo8amebHOCMb, A U3
210001l HeozpaHUYeHHOU nocnredosamenbHOCmMu — OeCKOHeuHO
o6oavwyro nodnocnedo8amesbHOCMb, UMEOUWLY0 CE80UM npede-
J0M GeCKOHeYHOCMmb onpedeseHH0z0 3HAKA.
AokasaTteAbcTBO. IlycTs mocienoBaTeIbHOCT {X,} OTPaHU-
4JeHa, T. €. CYIIeCTBYeT TaKOU OTPe3oK [a, b], uto a < x, < b gna

Bcex n =1, 2, ... . Pagmenum oTpe3ok [a, b] Ha ABa paBHBIX OTpPE3-
Ka. ITo KpailiHei#l Mepe OAWH M3 IIOJYUYUBIIUXCS OTPE3KOB COAEp-
JKUT OECKOHEYHO MHOI'O 3JIeMEHTOB JAHHOI II0CJIeL0BATeILHOCTH.

O6osHauuM ero uepes [a;, b;]. IlycTs Xy, — KaKoli-1nbo us die-

HOB JaHHOU II0CJIeA0BATEJIbLHOCTH, JIeXKAIIUI Ha OTpe3Ke [a4, b;].
Pasgenum oTtpe3ok [aq, b;] Ha ABa paBHBIX OTpe3Ka; CHOBA

XOT#A ObI OWH U3 IOJYUYUBIINXCA OTPE3KOB COAEPIKUT 6ECKOHEeU-
HO MHOTO YJIEHOB HMCXOJHOH IIOCJIEJOBATEIbHOCTH; 0003HAUUM
ero uepes [ay, by]. B cuny Toro uro Ha orpeske [a,, by] OeckoHEU-

HO MHOTO UJIEHOB IIOCJIEJOBATEJbHOCTH {X,}, HalileTcA TaKoil ee
uNeH X, , 4To X, € [ay, by] 1 ny > ny. Ilpomosxasa sToT IpoO-
ecc, IMOJIYYMM II0CJIEe[0BATEeIbHOCTh OTPE3KOB [ay, b,], B KOTO-
PO¥ KaKObIN MOCJEeIYIONINHA ABJJIAETCA IIOJOBUHOM IpeabIayIle-
rO, U TIOC/IE/IOBATEIHOCTD TAKUX DIEMEHTOB X, JNaHHOH mocJe-

Ig. Boabiano (1781—1848) — wernickuii MaTeMaTHUK.
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JIOBATENIBHOCTH, UTO X, €la, b, E=1, 2, ... ,un, > n, upu
E" > E'. IlocmemoBaTeIbHOCTD {xnk} SIBJISETCS, B CUJIY IIOCTPOe-

HUSA, IOJIIOCIe0BaTeIbHOCTHIO IOCaefoBaTebHOCTH {X,}. ITo-

KaskeM, UTO 5Ta MOAIIOCIEeL0BATEJILHOCTD CXOAAIAACS.
IlocnemoBaTenbHOCTD OTPEBKOB [ay, b,], k=1, 2, ... , aBnder-

¢S IIOCJIEOBATEJILHOCTHIO BJIOKEHHBIX OTPE3KOB, 110 AJINHE CTpe-

b-—a
MAMUXCA K HYJIO0, TaK Kak b, — a, = ——~ — 0 mpu k£ — o0, Co-
2

IJIaCHO IIPUHITUIIY BJIOMKEHHBIX OTPE3KOB (cM. 1. 3.7), cyIecT-
ByeT eNWHCTBEHHAs TOUKA ¢, NPUHAAJIEXKAIIAd BCEM 3STUM
orpeskaM. Kak ObL10 mokasaHo (cMm. popmyay (4.26)) B zame-

yaHuu 2 K Teopeme 3, lim a, = lim b, =¢§, HO @), < X, < by,
k - oo k - o0

k=1, 2, ..., mostomy, cormacuo cBoiicTBy II (cm. 1. 4.3 cxozns-
IUXCA MOCAEL0BATEIBHOCTEH), IOCTIEA0BATEIbHOCTE {xnk} TaK-

xe cxopurca n lim x, = g.

k - o
IlycTs Teneps mocaenoBaTebHOCTS {X,} He orpaHudeHa. Tor-

Ia oHa Jubo0 He orpaHuvueHa CBepxy, Jubo He orpaHnyeHa CHU3Y,
ambo MMeeT MecTo U TO u Apyroe. IlycTs Ajsi ompemeeHHOCTH
IIOCJIeJOBATEJIbHOCTS {X,} He orpannueHa cBepxy. Torga cymecr-

ByeT Takoil Homep n; € N, 4To Xy, >1.

OueBupnHO, MOCJIELOBATENBHOCTD X, n =1+ 1, ny+ 2, ...,

TaK)Ke He OrpaHMYeHAa CBEPXY, TaK KaK MMOJydaeTcsd U3 JaHHOMK
HeOI'DaHUYEHHOI CBEPXY IIOCIe[oBaTeJbHOCTY X,, n =1, 2, ...,

orOpachlBaHNEM KOHEUHOro uucia ee uieHos. IlosTomy cyimect-
ByeT TaKoe 1y > 1y, Ng € N, 4TO Xp, > 2.

IIpomosxasa sTOT Impolecc, IOTydaeM IIOC/IeJOBAaTeIbHOCTh
TAKUX HOMEPOB 7, UTO 111 < Mg < .o <M < ... M X, > 1, Xy, >

> 2, ... X, > k ... . Orcioga ciexyer, 4To {xnk} — MOAIOCJIEeNO-

BaTEeJBbHOCTH IIOCTIESOBATENbLHOCTH {X,} M, COIJIACHO CJIeJCTBHUIO
cpoiicrea I m. 4.3, yTro lim x, =too. O

k - o

3amMeuanue. Bropoe yTBep:KIeHIE TeOPEMBI 4 MOKHO
YyTOUHUTH. B Jm0KasaTesbcTBe TeOpPeMbl 4 OBLIO ITOKa3aHO, YTO
ecJIf IIOCJIeJOBATEeILHOCTh He OTpaHMUYeHa CBEpPXY, TO Y Hee Cy-
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II[eCTBYEeT IOIIOCIeN0BATEILHOCTh, CTPpeMAIIasica K +00, AHa-
JIOTUYHO, €CJIM IOCIeLOBATEILHOCTE He OIPaHNYeHa CHU3Y, TO Y
Hee CYIIeCTBYeT HOAIOCJIeL0BATEIbHOCTD, CTPEMAIIAICT K —OO,
Onpeaenenue 13. IIpeden, KOHeuHbLiL ULU OonpedeseHH020 3HAKA
OecrkoHeunblit, nodnocnedosamenvHocmu O0aHHOU nocnedosa-
MmenbHOCMU HA3bLBACMCS ee YACTMUYHLLM NpedesoMm.

Teopema Bosbano— BeiiepiiTpacca (riepBas 4acTb TeopeMblI 4)
¥ ee aHAJOT [JIs HEOTPAHMUYEHHBIX IIOCJIeOBaTeNIbLHOCTEMH (BTO-
pas 4acTh TeOpPeMbI 4) TOKAa3bIBAIOT, UTO

ecaxkas nocaedosamenbHocmsb umeem xoms Obl. 00UH Hac-
MUYHBLI KOHEeUHbLL UaU OeCKOHEeUHbLIL npede, npuyem 3a6e00mo
KOHeYHbLll, eciu OAHHAS NOCAe008AMENbHOCTb 0ZDAHUYEHA.

TakuMm o0pasoM, KasKAas UYHCJIOBas IIOCJeI0BATEJIbHOCTD
{x,}, x,, € R, uMeeT X0OTsa ObI ONUH YaCTUYHBII IIPeJiesl B PACIIN-

PEHHOM MHOKECTBE IeNCTBUTEJbHBLIX YHCEJ, T. €. MHOMKECTBO
YaCTUYHBIX IIPefesioB B R s j1r000ii IIocIe0BaTeIbHOCTH BCeT-
Jla He IYCTO.

VIIPACIRHEHHA. 9. [lokasaTh, 4TO, AJA TOTO YTOOBI IIOCJIEIOBATEIbHOCTD
ObLIa CXOAIIeNCcs, He00OX0JUMO 1 JOCTATOYHO, YTOOBI OHA ObLjIa OrpaHUYEHA
¥ ©MeJia eUHCTBEHHBIN YaCTUYHBIN IIpee.

10. JokasaTph, 4TO BJIEMEHT @ (YMCJIO WMJIU OZHA M3 OECKOHEYHOCTell cO 3Ha-
KOM: +00 MM —O°) ABJAETCA YACTUUYHBLIM IIPEeNesiOM II0CJIeI0BATEeIbHOCTH
TOT/Aa U TOJBKO TOTZAA, KOTAA B JIIO0OI ero OKPECTHOCTH COAEePIKUTCA 0eCKo-
HEUYHO MHOTO YJIEHOB JaHHOM I10CJIeJOBATEJILHOCTH.

4.7. Kputepuin Koum cxoAUMocCTH
NOCA€AOBATEALHOCTU

Ho cux mop He OBLIO JaHO AJOCTATOUYHO OOIIETr0 KPUTEPHUsd, C IO-
MOII[bI0 KOTOPOT'O MOYKHO OBILIO ObI Y3HATh, CXOAUTCH JIN JAHHAS
mocjeoBaTeIbHOCTh. CaMo ompeesieHre CXOOAIIeics IoCIemo-
BaTeJIbHOCTH JIJISI 9TOT0 HeyA00HO, TaK KaK B HEro BXOIUT 3HaUe-
HUe mIpejeja, KOTOPOe MOXKET OBITh M HEeM3BEeCTHBIM. IlosTomy
JKeJjlaTeJIbHO MMETh TaKOU KPUTEePHU IJA OIIpefeJIeHusA CXOIM-
MOCTH M PAacCXOAMMOCTH TIOCJIeLOBATEJIbHOCTEeI, KOTOPhINI OCHO-
BBIBAJICA OBI TOJILKO HA CBOMCTBAX 3JIEMEHTOB JAHHOI IIOCJIENO-
BaTteabHOocTu. Ciemyioiias HUKe TeopeMa b 1 JaeT Kak pas IIo-
ITOOHBIII KpUTEePUii.
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Onpeaenenue 14. Bydem zosopumbv, wmo nocnedo8amesbHOCMb

{x,} y0osremeopsem ycaosuio Kowu', ecau dna nwobozo € > 0
cyuecmeyem makKoi. Homep Ng, Mo 0N 6cex HOMepos n u m,
y0081eMBOPAIOULUX YCOBUIO N > Ng, M > Ng, CNPABEOIUBO He-
pasencmaeo

lx, — x,,| <e. (4.30)

TlocnemoBaTensHOCTH, YAOBIETBOPSIOIME yeaouio Komu, Ha-
3BIBAIOTCA TaKiKe PYHOAMEHMALLHBLMU NOCe008AMELbHOCAMU.

C DOMOIIBIO JIOTUUECKUX CHMBOJIOB ycaoBue Kolru 3anucs-
BaeTcs CJeIYIOITUM 00pasoM:

Ve>0dn,e NVneNVmeN,n>n, m>ng:

x, — X, <E.

Ycaosue (4.30) Mo:KHO c(hOPMYyIUPOBATH U TAK:
O0ns awbozo € > 0 cywecmeyem maxoil Homep N, Ymo 0aa

8cex Homepos n > nge U 6cex yejvblx HeompuuameJbHblX p
x,| <& (4.31)

I Toro uToOLI yOeAUTHCA B PABHOCUJILHOCTH YCJIOBUIL
(4.30) 1 (4.31), moCcTATOYHO MOJIOKUTH P =N — M, €CAU N = M, U
p=m-—n,ecaum>n.

TEOPEMA 5 (kputepuit Kown). /Jns mozo umobvl nociedosameto-
Hocmb cxodunacv, Heobxodumo u docmamouHo, 4moOvl. OHA
ydosaemeopana ycrosuio Kowu.

AOKA3ATEABCTBO HeobxoaMmMocTu. Ilyers mocienmo-

BaTeJIbHOCTH {X,} cxoguTrca u lim x, = a. Sagagum € > 0; Tor-

n - oo

oa, COrJjiaCHO OIIpedeJIEHMIO IIpejeJsia IIoCJieJOoBaTeJIbHOCTHU, CYy-
IIEeCTBYET TaKOe Ng, YTO AJIA BCEX HOMEPOB 11 > N BBIIIOJIHAETCSA

|xn+p_

€
HepaBeHCTBO [x, — a| < 5.
IIycTs Temeps n > ng, U m > n,; TOTAA
|x_xm|=|(xn_a)+(a_xm)|<|xn_a’|+|xm_a|<% +§ =g,

T. €. BBIIIOJIHAETCA YCJIOBUE Komu.

AOKA3ATEABCTBO AOCTATOYHOCTWU. Ilycrh mocienmo-
BaTeJIbHOCTH YyAOBJIETBOPAET YCJIOBUIO ROH_[I/I, T. €. OJId BCAKO-
roe>0 CyIIEeCTBYeT TaKoe rg, 4TO €CJIN n > ngum > ng, TO

1 0. Komm (1798—1857) — paHIy3CKuit MATEMATHEK.
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|x, — x,| < € Bosbmem, Hampumep, € = 1; TOTAa CyIIECTByeT
TaKoe n,, YTO IPH 1 > Ny U M > 7, BLINOJHAETCA HEPABEHCTBO
lx, — x,/< 1. B uacrHoctu, ectu n>n; u m=n;+ 1, to
\xnl— X, <1,T. €. Xp 1~ 1<x,<x, 1+ 1lmpan>n,.
9TO 3HAUMUT, YTO IIOCJIEL0BATEeIBHOCTL X, n =ny +1,n; + 2, ...,
orpanudena. I[loaToMy, B CUJIy TeopeMbl 4, CYIIECTBYET ee CXO-

IAMIAACA IIOLIOCIEeL0BATEILHOCTD {xnk ).

IIycts lim X, =a. IToxaxxeM, UTO BCcs mJaHHAA IOCJIEIOBA-

k - o
TEeJBbHOCTb {xn} TaKMe CXOOUTCA U MMeeT IIpeaesioM YMCJIo d. 3a-

maguMm Hexkortopoe € > (0. Torma, Bo-TIepPBBIX, IO OIIPEEJIEHUIO
npefesa IOCIeNOBATEIbHOCTH, CYIIEeCTBYeT Takoe kg, 4TO AJdA

BCeX HOMEPOB k > k. WJIH, UTO TO Ke caMoe, COIJIACHO OIIpefeJe-

HUIO TOJIIOCTIeN0BATeJIbHOCTH, AJd BCEX N, > N, BBINOJIHAETCA
€

£
HEepaBeHCTBO |xnk —al<3.

Bo-BTOpPBIX, TaK KaK IOCIELOBATEIBHOCTD {X,} VIOBIETBODA-
et ycaoBuio Koy, To cyiiecTByer Takoe 1, 4TO A BCeX I > N,

€

¥ BCEX M > N BBINOJNHAIOTCA HEPABEHCTBA |x, — Xp| < 5.

IMomosxxum N, = max {n,, n, } u 3aduUKCUpyeM HEKOTOpOe
€
n;, > N,. Torga nasa Bcex n > N IOJIy4uM
|xn - (,ll = |(xn - xnk) + (xnk - a)| <

<|xn—xnk|+|xnk—a|<§+§=£,

a 9To U JOoKasbIBaeT, uro lim x, =a. O

n - oo

VIIPA)RHEHHZA. 11. ChopMynupoBaTh MO3UTUBHBIE HEOOXOAMMEIE U [O-
CTaTOUHLIE YCJIOBUs, SBISIOIIMeCa oTpulianueM kpurepus Komm, mis Toro
4TOOBI IIOCJIe[OBATEIHLHOCTE He NMeJIa IIpefeia.

12. TlokasaTh, 4TO, AJIA TOTO YTOOHI IOCIELOBATEIBHOCTH {X,} OBIIA CXOXA-
mieiica, Heo6XOAMMO 1 JOCTATOUYHO, YTOORI AJIA J060ro € > 0 cylmecTBOBaJIO

TaKoe rng € N, uro IJII BCeX n > N BBITIOJIHAJIOCH HEPABEHCTBO |xn - X, ‘ <E.
€
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3amaua 3. BLIACHUTH, BEITEKAET WU HET CXOAUMOCTH IIOCTef0BATE T b-
HOCTH {X,} M3 yCJIOBUS, UTO JJIs JIOGOr0 HATYPAIBHOrO P CYIIEeCTBYET Ipeelt

—x =

4.8. BeCKOHe4YHO MAAbIe MOCAEAOBATEAbHOCTHU

Hap mocieoBaTe IbHOCTSAMY MOXKHO IIPOU3BOAUTE apudMeTHuye-
CKHe OIEepAIUM CJIOXKEHUsA, BHIUMTAHUSA, YMHOMKEHUS U [eJie-
HusA. Oupenenum ux.

Onpeaenenue 15. Ilycmv 3a0anbl wuc08ble nociedo8amerbHOC-
mu {x,} u {y,}: cymmoii, pasnocmvio u npouszgederuem IMUx
nocaedosamenbrHocmeil HA3bl8AIOMCSL COOMBEMCMBEHHO NOCJe-
dosamenvnocmu {x, + y,}, {x, — y,} u {xy,}. Ecau y,# 0, n=
=1, 2, ..., mo yacmHubim om Oenenus nocredosamenvrHocmu {x,}
Ha nocaedosamenvhocmy {y,} Ha3vi8aemes nociedo8amenbHOCMb
{x,/y,}. Hakoney, npousgedenuem nocnedosamerbHOCmu {x,} Ha
YUCNO ¢ HA3bl8AemCcs Nocaed08aMeLbHOCLb {CX,,}.

Ecnu mocnenoBaTelbHOCTS {Y,} TaKOBa, YTO B Heil mMeeTcCA

JINIIh KOHEUHOE YICJIO 9JIEMEHTOB, PABHLIX HYJIO, T. €. CYIIeCT-
ByeT Takoe ng € N, 4To Ipu n = ng, n € N, BEINOJHAETCA HEpa-

BEHCTBO Y, # 0, TO MOKHO paccMaTpPUBATH II0CJIEJOBATEIHHOCTH
{x,/y,}, IOHUMaa IoJ Hell IIOCIeLOBATEIBLHOCTbH C HOMePaMHU
n 2 ny.

OnpeaeAenue 16. ITocaedosamenvrocmsy {0,} Ha3vieaemcs Oec-
KOHEeYHO Maaoll nocaedosamenvrhocmoio, ecau lim o, = 0.

n — oo
B 1. 3.1 y:xe ObLIM paccMOTPEHBI OECKOHEYHO MaJible IOCcJe-
1 . 7
n= r_z sin é
OTMeTUM HEeCKOJbKO CBOMCTB OECKOHEUHO MAaJIBIX UHCJIOBBLIX
IOCJeL0BATEJILHOCTEMH.
1. JIo6as xKoHeuHnas AuHellHAS KOMOUHAUUSL OeCKOHEYHO Ma-
JbLX ABJAemcs 6eCKOHeUHO MAJOiL.

1
OBATENIBHOCTH O, = —, O n,n=1,2, ....

AokazaTteAbcTBO. IlycTs UmMCIOBBEIE ITOCTIENOBATEILHOCTU
{a,} u {B,} — Geckoneuno masle, T. €.

lim a, = lim B, =0, (4.32)

n - o B oo
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a A 1 0 — Kakue-iubo0 gelicTBUTeNbHBIE umcaa. [lokaskem, 4TO
II0CJIeJOBATEIBHOCTD {AQ, + Uf3,} Tak:ke OecKOHEUHO Majasd. 3a-
IaguM IPOU3BOJIBHO € > (0 m Bo3bMeEM KaKoe-JIM0O YICJO C Ta-
Koe, 4TO

c >N+ |u

, (4.33)

Torga, corsacHo ompeneeHUIo Ipenesna, us (4.32) caexyeT, 4TO
CYII[eCTBYeT TaKOil HOMep 7, UYTO JJIs BCeX HOMEDPOB 7 > 1 BbI-

IIOJTHAIOTCA HEpaBEHCTBa

ol <2, B < 2, (4.34)
cjaenoBaTesIbHO, 1 HEPaBEHCTBO
Al + [yl
ety + | < Mol + B, 5 P <l

(4.34)
ITO U 03HAUAET, UTO

nh_.moo ()\an + UBn) =0,
T. €. YTO IIOCJIEROBaTEeNIbHOCTH {AO, + HUB,} — GecKoHeuHO Ma-
Jad.
CooTBeTCcTBYIOIllee YTBEPIKACHUE IJIA JII000M KOHEUHON JIu-
HEeMHOM KOMOMHAIMY OECKOHEYHO MAJILIX CJedyeT W3 JOKal3aH-
HOT'O METOJIOM MaTeMaTHUYeCKOH MHAYKINHU. [

3amaua 4. Onpejenus cyMMy 6eCKOHEUHOTO UMCJA 3aHYMEPOBAHHBIX
cjaraeMbIX (000OIIAOIYIO MOHATHE CYMMbI KOHEYHOTO YHMCJa CJlaraeMbIX), a
3aTeM CyMMY 6€CKOHEUHOTO YKCJa MOCJIeI0BaTeILHOCTEH, TOCTPOUTH IPUMeD
0EeCKOHEUYHOT0 Yyrcja 6eCKOHEUHO MaJIbIX IIOCJIef0BaTeIbHOCTEHM, cCyMMa KOTO-
PBIX He ABJsAeTCA OECKOHEYHO MAaJIOH IT0CIeJ0BATEIbHOCTHIO.

II. IIpoussedernue GeckOHEUHO MAJLOl NOCAEI08AMEALHOCU
HA 0ZPAHUYEHHYI0 NOCAeA08AMENLbHOCIb ABLACMCA OECKOHELHO
MAAO0IL NOCLe008AMENbHOCTLbIO.
AokasateAabcTBoO. Ilyers {0,} — GeckoHEYHO Majasa mocJIe-
IOBaTeJIbHOCTH, & {X,} — OrpaHWYEHHAs IOCIELOBATEJIHHOCTD,

T. €. CYIIleCTBYyeT Takoe umcyo b > 0, uTo aJad BCceX HOMEPOB
n=1, 2, ... BBIIOJHsETCS HEPABEHCTBO |x,| < b.

3aganum € > 0; B cuy ompeeeHnsI 0ECKOHEUHO MaJOil IOo-
CJIeZIOBATEILHOCTY, CYIIIECTBYeT TAKOW HOMED 7., YTO JJIA BCEX
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n > n, BBHIIOJIHAETCA HEPaBeHCTBO |d,| < - . [losToMy A Bcex

n > n, uMeeM
o0, = lagle,l < 5 - b=,

YTO M O3HAYAeT, YTO IIOCJIEeLO0BATEJBHOCTH {0,X,} OECKOHEYHO
maznada. O

CAEACTBMWE. IIpousseederue KOHeYH020 YUCAA GECKOHEYHO MAa-
JblX nocnedosamenbHocmell asasemcs 0eCKOHeuHO MAaJoil no-
c1e008amelbHOCMbIO.

ATo cpasy ciaeayeT o MHAYKIUYU u3 cBoiicTBa II, eciu 3ame-
TUTH, YTO OECKOHEUHO MaJias II0CJIeOBATEIbHOCTh, KaK U BCHA-
Kas IocJeI0oBaTeIbHOCTh, MMEIOIAas mpeaes, orpaHnuueHa (CM.
Teopemy 2 11. 4.4).

3amaua 5. Onpenenus mpoussefeHre 6eCKOHEUHOTO YMCIA 3aHYMepPO-
BaHHBIX COMHOMKHUTeJeH (060011arIee MOHATHE NPOU3BEAEHUS KOHEUHOTO
YucJia COMHOYKUTENIEH), a 3aTeM IPOU3BeieHNe 6ECKOHEUHOTO YK CJIA IOCTIEH0-
BATEJBHOCTE!, IOCTPOUTH IPUMEDP 0ECKOHEUHOTO UmMCcJa 0ECKOHEYHO MAJBIX
IIOCJIETOBATEILHOCTEN, TPOM3BEZeHIe KOTOPHIX HE SABJIAETCA 6ECKOHEUHO Ma-
JIOH IIOCJIeLOBATEIBHOCTLIO.

VIIPAJRHEHHE 13. JokasaTb, UTO, AJISI TOrO YTOOBI IIOCJIEJOBATEIbHOCTD
x, 70, n=1, 2, ... , 66112 66CKOHEUHO MaJIOll, HEOOXOAUMO U JOCTATOUHO,

1
YTOOBI IIOCJIEeL0BATEeILHOCTD s n=1, 2, ..., 0bL1a 0€CKOHEYHO OOJIBIIOMN.
n

4.9. CBOUCTBAO NPEAEAOB, CBSA3CHHbIE C ApUPMeTU4eCKUMHU
onepaumsiMm HOA NOCA€AOBATEAbHOCTAMU

AEMMA. [[na mozo wmoObL 4UCA0 A ABAALOCL NPedesoM YUCTO-
6oil nocaedosamenvrhocmu {x,}, Heobxo0umo u 0ocmamouHo,
ymobvL ee yaeHvl X, umeau 6ud x,=a+a,n=1, 2, ..., z0e
{a,} — 6eckoneuno manas nocaedosamenbHoCNLb.

B camom gese, mycTh 3aJaHbl KaKas-JambO0 MOCJEIOBATENb-

def
HOCTH {X,} ¥ UHCJIO a; IOJOXKUM O, = x,— a. Torga ycioBue

lim x,, = a, corjacHO oIpezeJIeHUIO IIpeJesa IOCIeL0BaATEb-

n - o

HOCTH, PABHOCHUJILHO CJIeAVIOIIeMY: AJIs JIIo0oro € > 0 cyImecTBy-
eT TaKoe ny € N, 4To 1jd BceX n > ny, n € N, BEIIOTHAETCA Hepa-
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BEHCTBO |x, — a| < €, T. e. HEPaBeHCTBO |0,| < €, a 3TO U PaBHO-

CHJIBHO TOMY, uTO lim a, =0.0

n — oo

ITa JieMMa IIOKa3LIBAaeT 0COOYI0 POJIb 0ECKOHEUHO MAJIBIX II0-
cJIeIoBaTeIbLHOCTE MPU M3YUEHUU HMOHATUA IIpeaesa, TaK Kak
ofIIee MOHATHE MpPeesia IOCJIeIOBATeILHOCTH C IIOMOIIBIO 3TOM
JIEMMbI CBOAUTCS K MOHSATHIO HYJIEBOTO Ipeneja. JTO 0OCTO-
ATENLCTBO Oajiee IMUPOKO HCIOJb3YeTCS MPU M3YUeHUHU Paga
CBOMICTB CXOISAIINXCS IIOCJIeLOBATEILHOCTEH].

JloKasxeM cBOUCTBa IIPeAEeJIOB TOCJIe0BATEJILHOCTEMH, CBsI-
3aHHBbI€e C HEKOTOPBIMM OIlepalludAMMK Hald YJE€HaMMN UYMCJIOBBIX
mocJieJoBaTeJILHOCTEH.

0
1. Ecau nocnedosamenvrocms {x,} cxodumcs, mo cxooum-

ca u nocaedosamenbHoCmb {|xn|}, npuuem ecau lim x, =a, mo

n - oo

lim |x,| =|a
n - oo

AokasateAbcTBO. Ecin lim x, = a, To ana xaxmgoro € > 0

n - o

CYIIECTBYET TAKON HOMED Ny, UTO AJs BCEX HOMEPOB 1 > N BbI-
IOJIHSETCA HEPAaBEeHCTBO |x, — a| < €, Ho ||x,|— |a|| < |x,— a
CieoBaTenbHO, IJA BCeX HOMEPOB 1 > 1, UMeeT MecTO Hepa-
O

BeHCTBO ||x,| — |a|| < €, a o0 1 0OBHAUAeT, wTOo lim |x,| =al.
n - oo

2°. Koneunas auneiinas KOMOUHAUUS CXO00AUWUXCA NOCTe-
dosamenvHocmell makdxie sA8asemcs cxodauieilcsa nocnedosa-
meJsbHOCMbI0, U ee npedes pasen Makoil xe JUuHelHol Komou-
Hayuu npedeno8 0AHHbLX nocaedosamesbHocmeil.

AokasaTteAbcTBO. Ilycth
lim x, =a€R, limy, =beR. (4.35)

n - o n - oo

Torga, B cuyy HeOOXOAUMOCTY YCJIOBUM JIeMMbI IJA CYIIIECTBO-
BaHUA KOHEUHOTO IIpefieia, YJeHBl IocaenoBaTeIbHOCTe {x,} 1

{y,} MO’KHO IpeCTaBUThH B BUZE

x,=a+t0,y,=b+pB,, n=1,2,..., (4.36)
rze {a,} u {B,} — GeckoHeYHO MaJbIe:
lima, = lim B, =0. (4.37)
n — oo n - oo
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IIycts Temeps A u |4 — Kakue-iubo0 uncia. Torga 4ieHsbl mMo-
cJefoBaTebHOCTH {AX, + Uy, } IpeACTaBUMEI B BH/E

Ax, + Wy, «36) (Aa + pb) + (Ao, + pB,), n=1,2,.., (4.38)

TZie TIOCJIe0BaTeJbHOCTh {Ad, + UB,}, B cuny GecKOHeUHOI Ma-
JIoCTH IIocjenoBaTeabHOCTed {0} 1 {B,}, Tak:Ke GECKOHEUHO Ma-

. 0 .
Jaas (cM. cBOHMCTBO 1~ 6ECKOHEUHO MAaJIbIX IIOCJIeJOBATEIbHOCTEeH
B 1. 4.8):
lim (Aa, + pB,) = 0. (4.39)
n - o (4.37)
ITosToMy, B CcHJIYy MOCTATOYHOCTH YCJOBUI JEeMMBI OJA CY-
IITeCTBOBAHUSA KOHEUHOTO IIpeesia, 13 paBeHCTB (4.38) caenyer,
YTO IIOCJIeOBATENIBHOCTH {AXx, + Hy,} UMeeT Ipejes, DPaBHBII
Aa + pb:

lim (Ax, + py,) =Aa + pb,
n — oo

T. e. (cM. (4.35))
lim (Ax, + py,) =A limx, +p limy,.
n - oo n —» oo n — oo
CooTBeTcTByIOIIee YTBEPIKIAEHNUEe MJIA JI000M KOHEUHOU JIu-
HeMHOM KOMOMHAIIMN CXOLAINMXCS IOCJeLoBaTelbHOCTel cJe-
IyeT M3 HOKAa3aHHOT0, eCJIM BOCIIOJb30BATHLCSI METOJOM MaTeMa-
TUYECKOU MHAYKINN. O

0
3". Ecau nocaedosamenvrhocmu {x,} u {y,} cxodamcs, mo
ux npouseedenue {x,y,} makxie cxodumcs u

lim x,y, = lim x, limy,,

n - o n —» oo n - oo
m. e. npeden npousdgedeHus Ccxo00AWUXCA NOCAe008AMeNLbHOC-
meil cyuecmeyem u pageH npousdgedeHuro npedenog OAHHBLX
nocaedosamenvrHocmeil.
AokasateabcTtBo. Ilyets lim x, =a, lim y, =b; Torna

n - o n - oo

x,=a-+0ad, y,=b+p, n=1,2, ...,

rge lim a, = lim (3, = 0; mosTomy

n- o n - o
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B cuny ceoiictB I u II GecKOHEUHO MAJBIX IIOCJIEIOBATENb-
HocTell (cM. 1. 4.8), lim (a,b + B,a + a,B,) = 0; mosTomy
n - oo
lim x,y, =ab= limx, limy,.O
n - o n - o n - o

CAEACTBME 1. Ecau nocaedosamenvrocmy {x,} cxodumecsa, mo
03 106020 4ucaa ¢ nocaedosamenvHocms {cx,} marie cxo-
dumcsa u

lim cx, =c lim x, ,

n - o n - oo
m. e. NOCMOAHHYIO MOHHO 8bLHOCUMb 3A4 SHAK npeaeﬂa.

. 0
910 yTBep:KIEHUWEe cpasy BBITEKAeT M3 CBOICTBa 3 , KOTAa
IIOCJIeJOBATEJbHOCTD {y,} CTalMOHapHadA: y, = ¢, n = 1, 2, ...

. 0
(a Taksxe u u3 ceoiicta 2, korga y,=0,n =1, 2, ...).

CAEACTBUE 2. Ecau {x,} — cxodawascs nocaedosamess-
HOCMb U B — HAMypaivHoe Yucio, mo

lim (x,)* = (lim x,)" .
n - oo

n - o

DTo yTBepIKIEHNE CIAeAYeT 10 MHAYKIMU U3 cBoicTBa 3°.
4°. Ecau nocaedosamenvrocmu {x,} u{y,} cxodamea, y, # 0,

. ¥, 0
n=1,2, .., u lim y,# 0, mo nocaedosamenvrocms 0
n —» oo n D
cxodumea u
lim x
lim =2 — 2=’
n oo Yn limy,’
n - o

m. e. npu cOeNAHHbLX NPeONOLOHEeHUAX npedes. LACMHO0Z0 CXO-

dawuxcsa nocaedosamenvHocmell cyujecmeyem U pagen wacm-

HoMYy om npedenog OaHHbLX nocaedosamevbHocmeil.

AoxkasateAbcTtso. Ilyeres limx, =a, limy, =b#0nu
n - oo n — oo

o oupeneaensnoctu b > 0. Torma
x,=a+ta, y,=b+pB, n=12,..,

rge lim a, = lim B, =0, a cornacuo ciexcTsuio 1 u3 cBoicT-

n - oo n - o

Ba III npexesoB mocaenoBaTeJbHOCTEH B II. 4.3, CyIllecTByeT Ta-
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KOM HOMED Ny, UYTO AJIA BCeX HOMEPOB 71 > N BBIIIOJIHAETCS Hepa-

b o b
BEHCTBO Y, > 5 > 0 (meficTBUTEILHO, 5 < b, 3mech UCIOIB3yeTCA

1 2
IIpeAIooKeHue, 4To b > 0); mosTOMy IIpU 1 > 1y UMeeM v <3
n
(y, # 0, mosTOMy Ha HEro MOXXHO JeJIUTh).

Hamee
ata, g

— 1
“ 576, b b+ py Tab ~ Bad): (4.40)

Ql&
s s
|
IR

1 1 < 2

b(b+B,) by, 2’

ng+1,ny,+ 2, ..., orpaaudena (oTciofa, KOHeUHO,

3mecs 0 < T. €. IIOCJIEZOBATEJIbHOCTH

1
b6+ B, "
cjaenyeT, 4TO 3Ta IIOCJIeJO0BaTEJIbHOCTh OI'PaHMYEHAa M IIPU BCEX
n=1,2,...).

COI‘JIaCHO CBOﬁCTBaM 6eCKOHe‘{HO MaJIBIX IIOCJIeJOBaTEeJIbHOC-
Tell, IOCJIeJOBATEIbHOCTD {0,b — [3,a} ABIAeTCA GECKOHEUHO Ma-

b+,
KoHeuHO MaJjias. B cuny aToro, us paBeuctsa (4.40) cienyer, 4To

O 1 O
JIOH, IIOATOMY U IIOCJIELOBATEJIbLHOCTD o b— [ a)gobec-
, % b %—)( 20— By )E

lim x,
lim =2 =% =1=2_
n oo Yp b lim y, °
n — o

AmnajiornuHo paccMaTpuBaeTcs cayuaii, korga b < 0. O
BamMmeuanwue 1. B ciyuae mociemoBaTenbHOCTel, UMEO-
X OeCKOHEUHBbIe IIpeAesbl, YTBEP)KICHUsS, AaHAJOIMUYHbIE

. 0 40
cBoiicTBaM 2 —4°, BOOOIIle TOBOPsi, HE MMEIOT MecTa. Hampu-

Mep, nyctb X, =n+1,y,=n,n=1, 2, ...; Torga
limx, = limy, =+~ u lim (x,-y,)=1.
n - oo n - o n - oo
Ecmmx,=2n,y,=n,n=1,2,..., 70
limx, = limy, =+ u lim (x,-y,)=+>.
n - o n - oo n - oo
_ . nm _ _
Ecnnmexn—n+s1n—2—,yn—n,n—1,2,...,To
lim x, = lim y, =+oo,
n — oo n —» oo
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in
2
HY KOHEYHOT0, HU GeCKOHEUHOr0 IIpe/ea.

OTu mpuUMephl IMOKA3BIBAIOT, UTO IPU OJUHAKOBBLIX IIPEAIO-
JIO}KEHUAX O IIOCJIeNOBaTeNbHOCTAX {X,} U {y,}, ©Melomux 6ecKo-

a mocJefoBaTeIbHOCTh X, — Y, = Sin ,n=1, 2, ..., He UMeeT

HEeUHbIe IIPefesbl, AJsA IocjefoBaTelbHOCTEH {X,— Y,} MOryT
BCTPETUTHLCSA caMble pa3HoOOpasHble ciayuau. Bmecre ¢ TeM OTAEb-

. 0 40 . .

HBIe 0000ITIeHnsa CBOMCTB 2 —4~ Ha cJydail IocjiefoBaTeJIbHOCTe

¢ 0ECKOHEUHBIMHU IIpeeaMy BCe-TaKu UMeloT MecTo. Hampumep,

ecmm lim x, =+ n lim y, = +°0 (wmm limooyn KOHEeUeH),
n -

n - oo n - oo

ro lim (x,+y,) =+, man eciz 0 > 0 u lim x, = +0, ToO

n - o n - oo

lim ax, = a lim x, = +0°° (pekoMeHJyeTCA JOKa3aTh CaMoO-

n - oo n - o
CTOATENHLHO), UTO OIPaBIbIBAET Ollepalluil, BBeIeHHbIe IJId Oec-
KOHEUHOCTeH +00 1 —o° B 1. 3.1.

SBameuanue 2. Eciu pasHocts {x, — y,} IocienoBaTesb-
Hocrelt {x,} u {y,} ABIAeTca GECKOHEYHO MAaJIOil, TO OHU OJHO-
BPEeMEHHO MMEIOT MJIM He MMEIOT KOHEYHBbIe IIPpeaeJibl, IIp1UYeM
€CJIM 3TU IPeeJibl CYIIeCTBYIOT, TO OHU PAaBHEIL.

B camom pgmene, mycts x,— Yy a, n= 1, 2, ..., rae

n— n

lim a, = 0. Ecnu cymecTByeT KOHeUHBIN npefen lim x, =a,

n - oo n - oo
TO CYIIIECTBYEeT U KOHEUHBIN IIpeae
limy, = lim (x,—-a,) = limx, — lima, =a.
n - oo n - o0 n —» oo n — oo
ITocnemoBarenbHOCTH {X,} U {y,} PABHOIIPABHBI, II09TOMY yT-
BepsKAeHMEe JOKA3aHO.
VIIPAJOKRHEHHA. 14. TokasaTs, 4TO e€CIy PasHOCTH {X, — y,} IOCJIenOBa-

TenabHOCTEH {Xx,} 1 {y,} ABAAeTcA GECKOHEUHO MaJIOil, TO OHU OJHOBPEMEHHO

UMEIOT UJIN He UMeIOT 0eCKOHEeUHbIE TPeAesibl, IPUUYEM €CJIU 9THU IPEAesIbl Cy-
IIECTBYIOT, TO OHU PABHHI.

15. [TokasaThb, 4TO €CJIU limooxn = 400, a IOCJIEeL0BATEILHOCTD {Y,} OrpaHu-
n -

4YyeHa, TO

lim (x, +y,) =+o°.
n - oo
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Mpumep 1. Ilyctea >0,x,>0u

def 1

Xn 2 n-— 1+

e D,n 1,2, ... (4.41)

Hoxaxem, uro lim x, = J&. Ilo mEAyKIIMK cpasdy SCHO,

n - o
uto x, > 0 gnaecex n=0, 1, 2, ... . Boiee Toro, mokasxem, 4To
>Ja,n=1,2,.... (4.42)

s sTOr0 mpemBapuTENLHO 3aMETHMM, YTO M3 OYEBUIHOTO Hepa-

BeHcTBA (f — 1)2 > 0 B cayuae t > 0 cienyer HepaBeHCTBO f + % > 2.

X
Hcnonas3ys 5To HepaBeHCTBO P ¢ = —

Ja
s olin s iy

, Bcuy (4.41) monyuaem

ITokaskeM Temeps, YTO IOCJIEAOBATEIBHOCTL X, N =1, 2, ...,
yobiBaetr. IIpuMeHsa HepaBeHCTBO (4.42), mosmyuaem

n=1,2, .. (4.43)

Urak, Ja <...< X,11S X, < .. < xq, rge 061 HU OBLIO pac-
IIOJIO}KEHO «HyJIeBoe mpubnu:keHume» x> 0, T.e. mocJsexnosa-
TeJBHOCTB {X,} OTPaHNYeHa CHU3Y ¥ MOHOTOHHO yOBIBa€eT, II03TO-
MYy, COTJIACHO TeopeMe 3, OHA MMeeT Ipee.

IIycte lim x, = x.Ilepexoxasa K nmpezesy B paBeHCTBe (4.41)

n - oo

1 2
opu n — 0, IMoJyyaeM PaBEHCTBO X = [x + ED, OTKyZa X" = a,

u Tak Kak X, > 0, To u x > 0, mosToMy x = JJa .

dopmyna (4.41) MOKeT CIYKUTH AJIA TPUOIUKEHHOTO BBI-
YyucJeHUA 3HaueHUH KBaJApPaTHOTO KOPHS U3 uucja a. Ee meii-
CTBUTEJbHO IIPUMEHSIOT C 3TOM IeJIbI0 HA IPAKTHUKE.
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Herpyauo moacuuTaTh M TOYHOCTH, C KOTOPOU n-e¢ mpubJIu-

sKeHUe, T. €. WIEeH X,, JaeT 3HaueHUe KOPHA Ja.
W3 pexryppenTHO# hopmyisl (4.41) nmeem

1
xn+1_“/c_l :gg’anF%E_«/a =

1 2 1
= -27;(36” —an«/a +a)= g;(xn— ﬁ)z,n=0,1,2,

ITpumensas HepaBeucTBO (4.42), oTCIOIa HAXOIUM

0<x,,,-+a < —(x Jay,n=1,2

ITonyuennas omeHka He coBceM yAo0HA Ha IPAKTUKeE, ITIOCKOJIb-
Ky MBI He 3HaeM 3HAUEHUS KOPHSA /& — MBI ero uieM. OfHAKO

BCerza MOXKHO HailTy IpUOIMIKEHHO Takoe ¢, uro 0 <c¢ < .Ja,
IIpuYeM MOXKHO BBIODATh U X = C, TOTAa U3 IOJIyUYeHHON OIleH-
Ku OyZeM uMeTh

0< Xp+1— '\/a lc(xn_N/a)za n=071929

nian
1 1 2
5 (®ni1 - Na)< 5o (x, = Ja)|[, n=0,1,2,

Orcrofa Mo MHAYKIITNN HAXOLUM

- Va)< [ @y - Ja)] <

< [B (s - Ja)ng <o <[ (%o - Ja)f". (4.44)

Ecuu BeIOpaTh HyJIeBoe NPUOIMKeHNe X TaK, UTOOI

|x0 ’\/a|<1,

def 1

TO 13 (4.44) MONYyUUTCHA, YTO

—le<2cq2 ,nh=1,2,

T. €. TIOCJIeTOBaTEeIbLHOCTE (4.41) cXoAUTCS K 3HAUEHUIO KOPHS
ropasno OBICTpee TeOMeTPUYECKOIl IIPOTPEcCUuU CO 3HaMeHaTe-
aem 0 <qg < 1.
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s muamocTpanuy TPUOJIMIKEHHOTO BBIUKMCIEHUSA KOPHA 1Mo (opmyiie
(4.41) npuBegeM pea3yJbTaThbl BHIYUCIEHUI ﬁ uHa OBM B ciyuae, Korza B Ka-

YecTBe HYJIEBOTO IPUOIMIKEeHUA X BBIOPAaHO X = 1:

x; =1,5000000000000000000000000000000000000000000000000000000000000,
x5 =1,416666666666666666666666666666666666666666666666666666666666,
x5 =1,41421568627450980392156862745098039215686274509803921568627,
x4~ 1,41421356237468991062629557889013491011655962211574404458490,

x5 =1,41421356237309504880168962350253024361498192577619742849828,
x¢ = 1,41421356237309504880168872420969807856967187537723400156101,
x7 =1,41421356237309504880168872420969807856967187537694807317667.

3mech MONMY:KUPHBIM IIPUGTOM BBIJEJEHBI UNCIA, ABJAIONINECA IIpa-

BIJIBHBIM IPUOIMKEHNEM /2 ¢ TOUHOCTBIO A0 Yncia 3HAYAINUX Hu(p, BXO-
IAIMUX B BBIZEJEHHOE YKUCIO0 (3TH MUPPLI CTAOMIN3UPYIOTCA B IIPOIIECCE BBI-
yuceHust). Yucyo IpaBUIbHBIX B 9TOM cMbIcie nmudp yaBauBaercs (KaK 9To
BUJHO 13 TaOJIUIIBI) IIPU IIepexofie K CIeAYIOIeMy IPUOIMIKeHNIO: B X UMe-

eTcda ogHa IpaBUiIbHaA mudpa, B xo — yxKe 3, B x3 — 6, B xy — 12, B x5 —
24, B xg — 48, a x; maer yiXe IpaBUIbHOE IPUOIHIKEHIE J2 ¢ 60 sHauamu-

M I_II/I(l)paMI/I, T. €. CO BCEMU MCIIOJIb30OBAHHBIMU Pa3pAgaMMU.

3aMeTuM, 4TO ecJiu uucjo a > 0 TakoBO, UTO KOPEeHb U3 HEero
BBIUHNCJIAETCA B KOHEYHOM BHJ€ B TOM CMBICJI€, UTO CYIIlECTBYyeET

TaKad KOHeUHas JecCATUYHasaA APo0b X, UTO x? = a, To 3Ta APo0L
MOKeT OBITh HalifleHa (BO BCAKOM cJyudae, MPUHINOUAILHO) C
HOMOIIIbI0 KJIACCUUECKOr0 MEeTOa M3BJeUeHUA KOPHS «CTOJIONM-
KoM». B ciyuae ke u3BJIeUeHHUS KOPHSA W3 DSTOTO YHCJIA C IIO-
Moibio opmy.st (4.41), ecan xy BBIOPAHO OTJIUYHBIM OT TOUHO-

ro 3HaYeHUsS KOPHA: Xg * Ja, T0 yKasaHHOe TOUHOE 3HAUEHIE
KODHSA He MOJIYYUTCS HY Ha KaKOM Iare. JTO CJIeAYyeT U3 TOTO,
4TO B CJIydae Xy 7 Ja mocrenoBarensHOCTS (4.41) cTporo yobI-
BaeT: x, 1 <x,n=1,2,....

IIpexxme uemM paccMaTpUBaATh JaJbHeHINe MPUMeEpPHI, JOKa-
JKeM cJieyiolliee mojie3Hoe HepaBeHCTBO.
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AEMM A (HepaseHCTBO BepHYAI\Vll). Iycmov o > 0, mozda 0ns ato-
0020 HAMYPALLHOZO N CNPABEONUBO HEPABEHCMB0

1+ a)">1+na. (4.45)
AoKkasaTeAbcTBo. ITo hopmyine 6unoma HrioToHa numeem
A+ay=1+na+22-Dg2y 4o,

2

Bce ciaraemble B ImpaBoil YacTH PaBEHCTBA IIOJIOKHUTEJIbHEI:
OTOPOCHUM BCe U3 HUX, KPpOMe IIEPBOTO M BTOPOIrO, B pe3yabTaTe
mpaBasi 4acTh MOJKET TOJBKO YMEHBIINUTHCSI M MBI IIOJIYYUM KC-
XO0JHOe HepaBeHCTBO (4.45). O

BepHeMmcsa K paccMOTpPeHHUIO IPUMEPOB.

Npume p 2. Eciup>1, 70 lim p"=+0c0,aecm0<p<1,

n — oo
to lim p" =0.

n — oo

IIycts cmauana p > 1; tormap =1 + a, rae o > 0, u, coryiacHo
HepaBeHcTBY Bepuyiau (cMm. (4.19)),

p"=0+a)">1+na>na.

Tak kax lim an=0a lim n=+4o,a>0,Tou lim p" =40, Ec-

n - o n — o n — o

JII/ITeHepI:0<p<1,T0q=% >1m

. n . 1 1
lim p” = lim = = —— =0,
n — oo n - oq hmq
n —» oo

u60, 1o JoKazaHHOMY, lim ¢" = +0o,

n — oo

NMpume p 3. aa moboro a > 0

lim a¥/" =1, (4.46)
n - o

lim a Y"=1. (4.47)
n - oo

lq. Bepuymnau (1654—1705) — miBeiiniapcKuii MmaTeMaTHK.
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def
IIycTs cmauana a > 1, Torga b L ’i/c_z > 1. B camom pee, co-

n
ITJIaCHO OIIpeJeJIeHuIo KOpHdA, b = a. Eciau b < 1, To, mepemuo-
3KUB 9TO HEPABEHCTBO 71 pa3, MbI IOJYIHUM, 4T0 a = b" < 1, HO 3TO
OPOTUBOPEUUT ycaoBUio a > 1. ITomoxxum

x, def ’k/?l -1.

CornaceHo ckasaHHOMY, x,> 0. M3 (4.48) cnexyer, uTo a =

(4.48)

=1+ xn)n. IIpumenuB HepaBeHCTBO BepHynu, moayuyum
a=1+x,)">1+nx,>nx,.

a .
CirenoBarensHo, 0 < x, < - » HODTOMY lim x, = 0; orkyza, co-

n - oo

raacHo (4.48),
lim %/a =1.

n - o

def 1
Ecau tenepp 0 <a <1, T0 b =2 1, u TaK KaK, B CHJIY JIO-

kasamsoro, lim %/b =1, To

n — oo
lim %/a = lim o/: = lim = - —1— —
n - o n o Nb n-wnb lim /b

n — oo

Ecina=1, Tto nfa = 1,n=1, 2, ..., u, ciegoBaTejibHO, TaK-

xKe lim’k/a =1.
n — oo

Taxkum obpasom, (4.46) qoxkasano npu Jgobom a > 0. Orcroma

cpagy caenyert (4.47):

. . 1 1
lim a7V/? = lim - = ——~ =1.0
n - oo nowa'm lim al'm®
n — o
all
NMpume p 4. lim = =0,a>0. (4.49)
n:
n — o
o 1
HelicTBUTENBHO, IYCTh Ny € N TaKOBO, UTO . < 5 Torga
0
1
IIPY BCEX N > N CIIPABEAJIVBO HEPABEHCTBO % < 5, IMOTOMY
n ny ny n-n
a _a _a a a _a_dg
n ng! 20

n! n—o!n0+1n0+2"'
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"0 "0

llm d'jL = 0, mosyuum

n_>oo

n—
3aMeTus, 4TO lim & Dl—%
n - o no: 2

no

an
— =0.
n

lim =

n —» o

PasenctBo (4.49) MoxHO HOKasaTh M mMHaUe. PaccMoTpum
n

a a
II0C/IeIOBATENbHOCTD X, = —7; TOTAA X,, 1= X, ——7 U Ipu

n + 1> g BBIIOTHAETCA HEPABEHCTBO X, |, ; < X,, T. €. HAUNHAA C
HEKOTOPOT0 HOMepa II0CJIeN0BaTeIbHOCTH {X,} yopIiBaeT. Kpome
TOTrO, IPU Bcex n € N UMeeT MeCTO HepaBeHCTBO X, > 0, moaromy
3Ta MOCJIEeNOBaTEIbHOCTh OTPAaHMUYEeHA CHU3Y U, CJIeA0BATEILHO,
nMeeT KoHeuHbIN npegen. IIyers x = lim x,. Ilepexonsa k mpe-

n - oo

a
fleTy IPH 1. — OO B PABEHCTBE X, | | = X, ~——7 , MOMYIUM

x= limx,,;= lim x, lim —+i—x-0 o0,
n - n - oo n - o

T. €. cHOBa umeeM (4.49).
Npume p 5. lim %/n! = +oo, (4.50)
n — oo

IIpu a060M a > 0 umeerT mMecTo paBeHCTBO (4.49), mosToMy
1 siroboro a > 0 cymiectByer Takoe n, € N, 4To AJs BCcex n > n,

BBIIIOJIHAETCA HEPABEHCTBO

T. e. IDU 1 > n, uMeeT MecTo 'x/n! > a, u Tak kKak a > 0 npous-
BOJIBHO, TO 3TO ¥ O3HAYAET CIIPaBeAJINBOCThL paBeHcTBa (4.50).

Mpume p 6. lim Er1+— +— +...+%E=e. (4.51)
n — o

Hamomuuwm (cM. 1. 4.5), YTO YUCIO e ABJIAETCA MPeneoM Io-
CJIeOBATEIbHOCTH

x =El+%gl,n=l,2,...,

n

lim x, =e, (4.52)

n - oo
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IIpUYeM B CHJIY CTPOI'OTO BO3PACTAHUA II0CIEL0BATEIBHOCTH {X ,}
nMeeT MeCTO HePaBeHCTBO

x, <e. (4.53)
Ilosoxxkum
Sn=1+i+%+ +%.
Brrmo mokazano (cMm. (4.28)), uto
x, <8, n=1,2,... (4.54)

C npyroii cTropoHsl, 3adpuKkcupoBaB B hopmyJie (4.27) mpous-
BoJIbHOE k > 1 u BBIOpaB n > k, 0TOPOCUM B ITPAaBOMA YacTH paBeH-
ctBa (4.27) Bce ciaraemble HaumHadA ¢ (kB + 2)-ro. B pesyabrare
MOJIyYM HEPaBeHCTBO

1 -1
e> e f g B33 h 28R -1R B 108

Ilepeiigs B TOM HepaBeHCTBE K IIPeAeay IPHU N — © U (PUK-
CHUPOBAaHHOM k ¥ 3aMEeTHB, UTO IpaBas 4yacThb UMeeT CBOUM IIpe-
IeJIOM Sj,, IIOTyInUM, B cuiy (4.52), HepaBeHCTBO

e=2s, k=1,2,... (4.55)

O6benunuB (4.54) u (4.55), momyuum
x,<s,<e, n=1,2,

Orcioma, cormacuo (4.52), HeOOCPeICTBEHHO CJEeAyeT, UTO
lim s, =e, T. e. paBeHCcTBO (4.51).

n - oo

Sameuanue. [[na npubInKeHHOTO BBIUYNCIEHUA YNCTIA €
dbopmyna e = %1 + %g He OuYeHb ynoOHa, TaK KaK IIPU Iepexoe

OT n K n + 1 IpuXoauTCA BCe BHIUKUCICHUSA TPOU3BOAUTE 3aHOBO.
IIpubnuxxennasa popmysna e = s, Oosee yno6HA IJIA UHCIOBBIX

pacueToB, n00 IIPHU IIepexole OT 1 K n + 1 Hamo K yiKe HalileHHO-

1
MYy 3HA4YEeHUIO S, HpI/I6aBI/ITL YHuCcJao m .

1
Sn+1= S T Ty
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T. €. IIPOJieJIaHHBIE IIPW HaXO0MXK- A
JeHNY 3HAUYEHUA S,, BBIUUCJICHUA L =
He mpomagamoT 3psa. Kpome To- Qg a ap+1
ro, B 9TOM CJy4Yae JIerKO ycCTa-
HOBUTH U OLIEHKY IIOTPEITHOCTH
IIpy 3aMeHe 4YucJa e Ha 3Haude-

HIe CYMMEHI §,,. (JTo OyAeT clesiaHo B II. 34.14*, npumep 4.)

VIIPA(KHEHHUE 16. llonosxum ay> 0, by > 0, a,= ,Ja, b, 1, b, =

_an—1+bn—1 -1.2 b
=5 n=12 ... Ioxasars, uTo mociexoBareiabHocTy {a,} u {b,}

by—a
<|0n0\’

2

CTPeMATCA K OZHOMY M TOMY iKe Ipefeay a u 4to 0 < a — a,

4.10. N3o06parkeHne AeNCTBUTEAbHbIX YNCEA
6eCKOHEeYHbIMUN AECATUYHBIMU APOBIMN

ITycTh 3agano Kakoe-aubo YUCIIO a, A oupeneaeHHoctu a = 0.
CoruracHo npuHIUIY ApXUMesa, CYIecTBYyeT IeJoe Y1CiIo Ny > a.

Cpenu yucen n=1, 2, ... , ny BO3bMeM HauMeHbIIlee, 00J1a1at0-
1ee CBOICTBOM 71 > a, 1 0003HA4YUM ero Oy + 1, Torga Oy < a <
<0+ 1.

Pasobsem orpesok I, =[0; 0y + 1] Ha fecATs paBHBIX OTPe3-

1
KOB, T.€. PAacCMOTPHUM OTpPe3KH [0(0, Oy Og, O + E}’ rme

Oy, 0j — JecATUYHadA ApoOb, IpudyeM O; 0003HaUaeT IMOPALKO-
BBIM HOMEP OTPEe3Ka, COAEPIKAIIEro YHCJIO @ 1 IIOIYUNBIIErocs P
pasbueHuu orpeska I, Ha JecATh PABHBIX OTPE3KOB IIPU IIOCJE-
IOBATeJILHOM MX HyMepaluu cjeBa Hampaso umciaamu 0, 1, 2, ...
..., 9. B KauecTBe pasgelnTeIbHOr0 3HAKA MEXKIY KOHIIAMIK
OTPEe3KOB OyAeM YIOTPeJIATh 3[eCh He 3aIlATYI0, Kak 00BIYHO, a
TOYKY C 3alATOM, YTOOBI OTJIMYATH STOT 3HAK OT 3aIATON B
JeCATUUYHON IPo0.

BosMoKHEBI B ciayuasi: 00 TOUKA @ He COBIALAET HU C Of-
HOU TOUKOH geneHud (puc. 13), 1160 TOUKa @ COBOAaIaeT C OLHOI
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dQ=a  ap+1 QW a0+l
Puc. 14 Puc. 15

u3 Touek meneHus (puc. 14, 15). B mepBoM ciyuae TouKa a Ipu-

HaJJIEXKUT TOJIBKO OJHOMY U3 3TUX 0Tpe3KoB. Ob6o3HauuMm ero I,
1

T.e. I; = [0(0, Oy; Og, O + F)} . Bo BTOpPOM CcIydae TOUKa a MO-

JKeT MIpUHAJIeKaTh IBYM coceqHUM oTpeskaMm (puc. 15). Torma

uepes [ = [0(0, Oy; Og, 07 + } 0003HAYUM TOT U3 HUX, JJIA KO-

1
10
TOPOT'0 TOUKA a SABJIAETCS JIEBBIM KOHIIOM. B 0boux ciyuasax a € 1.
Pasobbem oTpesok [, B CBOIO 04epeb, Ha 1eCATH PABHBIX OTPe3-

KOB U uepes [, = [0(0, 040y; Og, 040, + } 0003HAUYUM TOT U3

1
102
HOJIYUYUBIINXCSA OTPE3KOB, KOTOPBIHA COAEPIKUT @ U AJIA KOTOPOTO
TOYKA @ He SABJSETCS IPAaBBIM KOHIIOM. IIpOmOJIKUB 9TOT IIPO-
1ecc, MOJIyYNM CHUCTEMY BJIOMKEHHBIX OTPE3KOB
I,=la,,a,], n=0,1,2,...,
rae
_ 1
Qn = ao, (XIGZ... ’ an = ao, Gldz...dn + R
10
ad, —omuausnudpp0, 1, 2, ..., 9. Kam b1l u3 orpeskos I, co-
IEPKUT @, IIPUYEM g He SBJSETCSA ero IPaBLIM KOHIIOM,

acl,, a#a,, n=0,1,2,...;

OJIuHa oTpe3ka I, paBHa 10 " u, ciezoBaTeNbHO, CTPEMUTCA K
HYJIIO IPU 1 —> 00,

Koneunsle fecATu4HbIe JpoOU a, U a, HasbIBalOTCA decamuy-
HblMU OPOOAMU, NPUOAUNAUWUMU YUCAO G. Bojiee TOUHO, YUC-
JIO @, HA3bl8AeMCsa HUMCHUM 0ecAMULHbIM NPUOAUNCeHUEM TIO-
pALKa 1, a YUCJIO0 G, — 6EPXHUM 0eCAMULHbLM NPUOIUNCCHUECM

TOTO JKe MopaAnaKa uncaa a. OHu 006J1a7af0T CIeAYIONTNMU CBOHCT-
BaMU, HETIOCPEACTBEHHO BLITEKAIOITUMY 13 UX OIPeIeTeHUI:

a,<a<a,, (4.56)
a, <8, 10,4150y, (4.57)
a,-a,=10" (4.58)
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B Tom ciyuae, ecniu a < 0, moyaras b = —a, onmpenenasaeM

a, = _bn’ a, = _Qn’

npu sToM cBoiicTBa (4.56)—(4.58), oueBUIHO, COXPAHAIOTCA,
JIUIITH B HepaBeHCTBe (4.56) 3HaKU < 1 < ITOMEHAIOTCA MEeCTaMMU.

CaoiicTBo (4.57) o3Hauaer, 4TO OTpe3KH [a,, a,] obpasyior
BJIIOJKEHHYIO cucTeMy OTpe3koB. M3 cBoiictBa (4.58) cruenyer,
4TO AJIWHBI OTPEe3KOB [a,, a,] cTpemarca K Hymo. Hakowern,
(4.56) osHauaeT, UTO TOUKA a4 MPUHALIECKUT BCEM STHUM OTPE3-
KaM, II09TOMY, COTJIACHO 3ameuanuio 2 1. 4.5, oHa sABJseTCA
IIpefiesIoM UX KOHIIOB @, U 4,,.

Urak, B 4aCTHOCTH, JOKas3aHa cjaeyoIasa JjeMMa.

AEMMA 1. Kaxoso 6bL Hu ObLIO YUCIO G, NOCLeD08AMeNbHOCHLb
{a,} e03pacmaem, nocaedosamenvrnocms {a,} yovieaem u
lim g, = lim a,=a.

n - oo n - o

CAEACTBMWE. Beakoe OeiicmeumesibHoe YUCTAO ABAACMCSA npe-
desom nocaedosamenbHOCMU PAUUOHALbHBLYX YUCEL.

CiescTBHE JI€MMBL BRITEKaeT U3 TOTO, UTO @, ¥ @, CYTh Pamu-
OHAJILHBIE YKCJIA.

IIycts Teneps cHOBa a = 0 u a, = Oy, 0;0,...0,. ITocraBuM
B COOTBETCTBME UMCJIYy G OECKOHEUHYIO MOeCATHUYHYIO APo0bL

Og, 0105...0,,... . [loguepkHEeM, 4TO 3mech O ABJIAETCA HEOTPU-
naTeabHBIM IeJIBIM UMCIOM, & O,, n= 1, 2, ... , — ogHON u3
mudp 0, 1, 2, ..., 9. Hucyio a aBiasgeTcAa eqUHCTBEHHBIM UHCJIOM,

IpuHaJJIeKalluM BceM otpeskam I, n =1, 2, ..., mosToMy npu
YKa3aHHOM COOTBETCTBUM Pa3HBIM YMCJIaM COOTBETCTBYIOT pPas-
HBIe JeCATUYHBIE ApO0OH, T. €. OTJINUAIOIHecA X0Td ObI OJHUM 0,
(k=0,1,2,...).

3amMeTuM pgajiee, UTO HPU TAKOM IIOCTPOEHUM HE MOKET IIO-
JYUYUTBCA APOOhL C IIEPUOIOM, COCTOAINUM 13 ONHOI mudpsl 9.
HeiicTBUTENIBHO, IIYCTh YHCIY @ COOTBETCTBYET CJIEAYIOIIA

IpoOb: O, O;...0 o 9...9..., rae B cay4ae ng # 0 BeIIOJIHAETCHA

n

HepaBeHCTBO O, 7 9. Torza, cornacHo mMoCTpoeHuUIo,

ac [ao, Oy er Oy 9eee 95 Qg O - cxno}
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IJIsI BCeX N > 1, TAe N — YHUCJIO JeCATUYHBIX 3HAKOB IIOCJIe 3a-

nAToi B Apobu; Oy, 04, ... A, 9 ... 9. Orciona ciexnyer, 4To a AB-

o
JIAeTcs IPaBbIM KOHIIOM BCEX OTPE3KOB I, n > ng, 94TO IPOTHUBO-
PeUYuT BBIOOPY STUX OTPE3KOB.

TaxkuM 06pa3oM, B CUJIYy YCTAHOBJIEHHOTO COOTBETCTBUS KaiK-
oMy neiicTBUTeIbHOMY uucay a = 0 cOOTBETCTBYeT HEKOTOpas
OecKoHeuHas AecATHYHAs Apo0b, He HMelollas IIepuoaa, Co-
crodAmiero ua3 oxuoi nmudpsl 9. Takue mecaTuyHble IPOOU Ha3BI-
BAIOTCA 0ONYCMUMbLMU.

Hakonen, kaxgas OecKoHeyHasd AONYCTHUMAd AECATUUHAS
OpoOb Oy, Oy, Og ... O, ... B pe3yJbTaTe ONNCAHHOI'O COOTBETCT-
BUS OKAa3bIBAETCSA IIOCTABJIEHHON B COOTBETCTBHE HEKOTOPOMY
YUCIy @, & UMEHHO TOMY €IMHCTBEHHOMY YUCJIY, KOTOPOE IIPU-
HAAJEeKUT BCEM OTpe3KaM:

[0(0, O ... O, O, Op.vs O, + Lﬂ} , n=1,2,....
10

ITO COOTBETCTBUE MOYKHO PACIPOCTPAHUTE W HA OTPUIATEIbLHEIE
qucia: ecau yuciay a > 0 cooTBeTcTBYeT APOOH O, O ... O
TO YKCJIYy —a IIOCTABUM B COOTBETCTBHE APOOBL —O(, O ... O
KOTOPYIO TaK:Ke 0yIeM HasbIBATh JOIIYCTHUMOIM.

ITonyueHHBIE PE3yJAbTATBEI MOXKHO C(POPMYJIHPOBATH B BHIE
CJIeIVIOIIE TeOPeMHEI.
TEOPEMA 6. Mexwcdy mHoMcecmaom acex OeilcmaumesbHbLX
yucen U MHOMcecmeom donycmumvlx OecamuyiHvlx Opobeil
cywecmayem 83aUMHO 00HO3HAYHOE coomeemcmeue; npuiem
ecau NpPu 3MOM COOMBEMCMEUU HUCAY 4 COOmeemcmayem
O0pobv 0, 0{05 ... A, ... , MO

n e

noeee

lim *ag, a0, ... 0, =a.

n - oo

Becroneunas gecatuuyHas gpobs ta,, d;0,...0,... , COOTBET-

CTBYIOIIIAsA YUCJIY d, HA3bIBAETCS €Tr0 0ecAmuyHOoll 3anucvio U 1c-
MOJIb3YeTCsA AJIs ero 0003HAUEeHUA; II09TOMY ITHUIIIYT

a==1dy, 0;0g... 0, ... .

Ecau Oecxoneunas gecATUYHAs APOOb MMeeT IIEPUOJT, CO-
CcTOAMUI TOJBKO U3 HyJel: Og, 0;0, ... 0,0 0 ... 0 ... , mpuuem

a, # 0, To roBopAT, UTO 3Ta APOOL UMeeT 71 BHAYAIUX Hudp mnoc-
Jie 3aIATOH; MPW 3TOM OOBIYHO HYJb B IIepHojJe He IIHIIEeTCHd,
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T. €. YKa3aHHOE YHCJIO 3alMChIBAeTCA KOHEUHOU OeCATUYHON
Opo0bIo Oy, 0;05...0, (MMEHHO TaKas 3allUCh U yHoTrpebJAiach
BBIIIIE).

BamMmeuanue 1. JI000ii OeCKOHEUHOI HeCATUUYHON APOOU
Og, 0405 ... O, ... (He 00a3aTeJIBHO AOIYCTUMOII) MOXKHO TaKKe
€CTeCTBeHHBIM O0PAa30M IIOCTABUTH B COOTBETCTBUE €NUHCTBEH-
HOe IeMCTBUTEJLHOE YKNCJIO0, IIPUHALIeKAIllee BCeM OTPEe3KaM:

. 1
|:a0, Gl’ cee 9 Gn, ao, (11, coe 9 (Xn + _n} .
10
OI[HaKO IIoJyuyuBIIeeCd IIPU 9TOM COOTBETCTBHE YiKe He
ABJIAETCA B3AaWMMHO OJHO3HAUYHB M! IMEIOTCA Pa3HbIE
0eCKOHEUHbIE TeCATUYHBIE ,ZLpO6I/I, KOTOPBIM COOTBETCTBYET OJHO
U TO JKe JAefiCTBUTeJbHOe Uncio. VIMeHHO Apo0saM BUAA

Og, 0;05... 0, 99...9... 1 4y, 0;05... (0, +1)00...0... (0, #9)

COOTBETCTBYET OJHO U TO K€ UMCJIO. B onMCcaHHON BBIIIEe KOHCT-
PYKIIIMI COOTBETCTBUA ,E[BﬁCTBPITGJIbHLIX quceJl u 6eCROHequIX
JEeCATUYHBIX /:(po6e1'71 MBI IIOJIYUYMNJIN 6]:)1 He TOJIBKO IOOIIyCTHMBbIE
JecATUYHBIe IPO0M, ecjii Obl OTKA3aJNChL OT YCJIOBUSA KaXKIbIi
pas BBIOMpATh TaKoil OTPe3oK I,, UTO UMCJIO @ He ABJAETCA ero
IPaBBIM KOHITOM.

Wcnonbays sanuch AeiiCTBUTEJIbHBIX YKCEJ, C IIOMOIIbIO Oec-
KOHEUHBIX JeCATUUYHBIX APO0eil MOKHO HMOJYUYUTh IIPABUJIO AJIS
WX CPaBHEHUS II0 BeJIMUMHE 1 IIpaBuja apupmMeTniecKux aeiict-
BUM Hag HUMHU. V1 TO ¥ Ipyroe CBOAUTCA K aHAJOTUYHBIM Oomepa-
MUAM HaJI COOTBETCTBYIOIIMMU UX OEeCATUUHBLIMHU IIPUOJIMIKE-
HUAMHU U, OBITH MOIKET, HpeaeabHOMYy mepexony. Chopmyaupy-
eM 9TH Pe3yJbTATEI B BUIE JIEMM.

AEMMA 2. ITycmv a u b — Odeiicmeumenvuvle yucaa. Tozda
a<b e mom u monvko 8 mom cayiae, kozda cyuiecmsyem
maxoe HamypaavHoe N, ¥mo 014 6cex n > Ny umeem Mecmo

Hepaserncmeo
<b

Qn zn*

AokasateAabcTBO. Ilyectba <b. U3 lim a,=a, lim b,=0b,

n - oo n - oo
coryiacHo cBoicTBy III mpemesoB 1mocsiemoBaTeJbHOCTEH (CM.
m. 4.3), cpasy cienyeT cyllecTBOBaHHe TpeGyeMoro Homepa n,
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T. €. TAKOTO, YTO AJIA BCEX HOMEPOB 1l > N BHINOJHAETCA Hepa-
BEHCTBO @, < b,.

ObparHO: ecau ykasaHHBIII HOMeD iy CYIIleCTBYeT, TO cayydaii
a > b HEeBO3MOKeH B CUJY TOJBKO UTO AOoKazaHHoTo. HeBo3aMmo-
JKeH U cayuaii a = b, TaKk KakK Torga Obl, B CHJIY OJHO3HAUHOCTH
3alMCH YHCEeJ C IIOMOIIBI0 JONYCTUMbBIX MECATUYHBIX Apobeii,
s Bcex n =1, 2, ... umeso 661 MecTo paBeHCTBO a, = b,,. Cieno-
BaTeJbHO, @ < b. O
ANEMMA 3.ITycmv a u b — dsa OelicmeumenvHvlx Lucaa, mozoa

nl{mw(gn +b,)=a+b, nl{mm(gn -b)=a-b,

11lim a,b,= ab,

n - oo

anpub#0

lim =

n- o =n

|w|=m

a
b -

Bce yTBepikIeHUA 9TOH JIeMMbI HEIIOCPEACTBEHHO CJIEAYIOT
u3 JeMMbI 1 1 CBOUCTB IIpeeJsioB, CBA3AHHBIX C apudMeTHUde-
CKUMH JAeNCTBUAMHU HAJ IOocIeqoBaTeIbHOCTAMY (cM. II. 4.9).

BamMmeuanue 2. U3 meMMbI 3 clIegyeT, UTO, IJIS TOTO UTO-
OBl IIPOMBBECTH C 3aJaHHOM CTEeeHbI0 TOUHOCTH KaKoe-JIn0o
apuMeTHUeCKoe AeficTBUe HaJl YHNCIaMU, 3allICAHHLIMU B BUE
JOMYCTUMBIX MECATHYHBIX Apo0eii, Hago B3SATh C JOCTATOUYHOI
TOUYHOCTBIO KOHEUHbIE JeCATUYHbIEC IPUOINIKEeHNA 1 BBIIIOJHUTD
COOTBETCTBYIOIME AelicTBUA. IIpy 5TOM IpPHU CIOMKEHUM, BLIUML-
TaHUU U YMHOKEHUHU B Pe3yJIbTaTe MOJyYaeTcs: CHOBa KOHeUHAaA
IecaTUYHaAsA Apobb. B cayuae ke mesieHMsA yacTHOE ABYX KOHeU-
HBIX JEeCATHUYHBIX ApoOeii OymeT, BOoOIe roBOPsa, 0ECKOHEUHOI
IeCATUYHOHN ApoObio, IpHUUeM, KaK 3TO U3BECTHO U3 dJIeMeHTap-
HOM MaTeMaTHKU, IepuoguuecKoil. OgHAKO M B 9TOM CJIydae
MOXKHO C JIFO00I CTEeIleHbI0 TOUHOCTU IIOJYUYUTH Pe3yJbTaT, BbI-
Pa'KeHHBIM KOHEUHOM AecATUYHON apoObio. Hampumep, ecau
(a,/b,), ABIAeTCA HUKHUM JeCATHYHBIM NPHUOJHMKEHHEM IIO-
pAAKAa 7 AJIA YACTHOTO E;—j—” E, TO

-n

(4.59)



W, cJemoBaTeJbHO, uacTHoe a/b, b # 0, MOXHO ¢ JI000# cTe-
II€HBIO TOYHOCTH BHIPA3SUTDH C IIOMOIIBI0 KOHEUHBIX JeCATUYHELIX

a
Gei [z [,
Ipobeii Buaa (5. O

I mokasaTeabcTBa paBeHCTBA (4.59) mosmoxum

a, =

\vlzla

3
S
.o

B CIJIy JeMM&I 3, uMeeM (cM. jeMMmy B 1. 4.9) lim a, = 0. Te-

n - o

nepb, UCIoab3ys (4.56) u (4.58), monryuaem

a, _a _ 4, _n [ﬁ’ 20 —
Elz_n% b [Eb_m Q}Jrfbn }’D< o %

U, mockoapKy lim ol a, [— 0, paBeHcTBO (4.59) morazano. O
0"

n - o

3ameuanue 3. B pesyiabTaTe yKasaHHBIX BBIIIE BLIYNC-
JeHUN ¢ HUKHUMU JeCATUUYHBIMU IPUOINIKEHUAMU IIOPALKA 1
B ciyd4ae CJIOXeHud a, + b,, BeluuTaHUA a, — b, U HereHuUA

(a,/b,) MBI CHOBA IOJTYyYHM KOHEUHBIE JeCATUYHBIE JPOOU C He
=" n

0oJsiee ueM n 3HadvamuMu udpamMu mociae 3ansaToi. Ilpu ymHO-

SKeHUHU Ke a, b, mosydaeTcd, BooOIIe roBOps, AeCcATUIHAA APOOb

¢ 2n sHavamuMmu nudpamu mnocie sanaroir. Eciam (a,b,) &asB-
- ' n

JSeTCA HUMXHUM OeCATUYHBIM HPUOJIMMKEeHNeM IPOMU3BeIeHMs
a,b,, To ananormuno (4.59) foxkaspIBaeTCA, UTO

lim (a )
n - o

TakuMm o0pasoM, IPU IPUOIMKEHHBIX BBEIUMCICHUAX CYyMM
a + b, pasHocTel a — b, mpousBegenuii ab u yacTHLIX a/b, b # 0,
COOTBETCTBEHHO 10 (DOPMYJIaM

a,+ Qn’ a, - Qn’ (Qngn)n u (Qn/gn)n’

B pesyJbTaTe YKasaHHBIX AeMCTBUI HAJ KOHEUHBIMHU JeCATHY-
HBIMHU gpobamu a, u b,, nMeomuMu He 6oJiee YeM 71 3HAYAIIIAX
nu@p mocJe 3aATONH, HOJYYAlOTCA CHOBA AeCATHUYHBIE APO0HU C
He 0oJiee UueM 1 3HAYAINMME [MU(pPaAMHU IIOCJe 3alATOM, IPU 3TOM
pes3yJbTaT MOXKeT ObITh IIOJyUeH C Jifo00ii 3aJaHHOUN CTeIeHbIO
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TOUYHOCTU. VIMEHHO TaKMM 00pa30oM UM BBHITIOJIHAIOT OOBIYHO JIeli-
CTBUA C YHCJIAMU Ha MpPaKTUKe.

Bameuanue 4. OTMeTM, UTO IPU IIOCTPOEHUU CIOCODOa
3alMCU JEeHCTBUTEJIBHBIX UHCEJ IIOCJIeIOBATEIBLHOCTAMU UMD
3a OCHOBY ObLI0 B3sATO umcio 10 (oTpe3Ku ImocJie[oBaTeJIbHO Je-
JUJINUCHh HA JecsaTh paBHBIX uacTeii). Bmecto umcima 10 MoKHO
B3ATH JI000Oe HAaTypaJbHOE dYHcjao n. IIpu HMCIoJIb30BAHUU
OBICTPOZEHICTBYIOIUX BHIUMCIUTEIBHBIX MAIIINH YaCTO YIOTPEO-
JsgeTcsA TaK HasblBaeMas ABOMUYHAS CHCTEMAa 3aIllCHU YUCEJI, CO-
OTBETCTBYIOINAsS caydao n = 2. IIpu 3anucu uuciia B JBOUUHOMN
crcTeMe yJacTBYIOT TOJMbKO aABe 1mudpbl: 0 u 1. Hanpumep, uuc-
a0 14,625 B ngBomunoit cucreme umeer Bua 1110,101. lefict-

BUTEJBbHO, 3aMeTUB, uTo 14 = 2% 4+ 22, 0,5 = 2_1, 0,125 = 2_3,
MOJIyYUM

14,625=1-22+1-22+1-2'+0-2°+1-2'40-22+1.273,

a u@dpHI B JBOMUYHON CHCTEME 3alNCH YKCJIA ABJISIOTCA COOTBET-
CTBYIOIIIMMU KO3(p(PUIIMEeHTaMU er0 Pa3JIOKEHUA M0 CTEeIeHAM
yucaa 2.

Amnaysornuso TeopeMe 6 JOKa3bIBAETCS, UTO MEXKAY BCEMU Jeki-
CTBUTEJIBHBIMU 4YNUCJIaMHU U BCEMU 6ECKOH8‘-IHBIMI/I ABOMYHBIMI
IPo0sMU, He UMEIOIMMHU IIePUoa, COCTOAIIETr0 TOJIbKO U3 OJHUX
eIHUII, CYIIIeCTBYeT B3aMHO OJHO3HAUHOE COOTBETCTBHE.

YT0o0BI 5TO AOKA3aTh, HAAO IIOCJEAOBATEJILHO HAEIUTH OTPE3KU
[n,n+1],n=0,x1, X2, ..., He Ha AecATH YacTeii, KaK 3TO MbI Jie-
JIAJIY IIPU JOKAa3aTeIbCTBE TeOpeMbl 6, a Ha [Ba PaBHBLIX OTPE3Ka.

SamMeuanue 5. [Ipu usIoKeHnN TeOPUN AEHCTBUTEILHBIX
YKceJa MOYKHO PACCYKIATh U B O0OPATHOM IOPAJKE: OIPeIeInuTh
IeHCTBUTENbHBbIE UYKCJIA KaK 0eCKOHeUHbIe AOIYyCTUMbIe Iecsd-
TUYHBIE APOOU UM, UCIIOJb3Ys 9Ty 3alNCh, BBECTU B HUX COOTBET-
CTBYIOIIITIM 00pPa30M COOTHOIIIEHNE IIOPAAKAa U apupMeTUIecKue
IeCTBUS.

CyIIIecTBYIOT 1 IPYTHe CIOCOObI IIOCTPOSHUS TeHCTBUTEIbHBIX
Yurcesl, KOTOPhbIe UCXOLAT U3 IPYI'UX KOHKPETHBIX 00BEKTOB, Of-
HAKO BCE OHU IIPUBOLAT K COBOKYIIHOCTSM 3JI€MEHTOB, YIOBJIET-

Bopsomux coiictBam I—V m. 2.1. Hamomuum (cMm. 1I. 3.8X), qTO
cBorictBa I—V OZHO3HAYHO OIIPENEeJAIOT COBOKYIIHOCTH 3JIEMEH-
TOB, 00JIAMAIOIIIUX STUMU cBoicTBaMu. OMHO3HAUYHO B TOM CMBIC-
Jie, UTO JII0ObIe IBEe COBOKYIHOCTH, IJIA SJI€MEHTOB KOTODPBIX BbI-
MmoJHeHbI ycaoBud I—V, m30MOP(PHBI OTHOCUTEJIBLHO OIlepaliuii
CJI0KEHUSs, YMHOMKEH!A 1 CBOMCTBA YIOPALOUEHHOCTH. 31eCh MbI
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BCTpEUAEMCs C XapaKTepPHOM UYepToi MaTeMaTHYeCKUX MEeTO0B
WICCJIEOBAHUSA, AJIs KOTOPBIX COBEPIIIEHHO 0e3pasinyHa IIpuposa
SJIEMEHTOB, 8 BAKHBI JINIIIb «KOJUYECTBEHHBIE CBASU» MEXKIY HU-
MU, KOTOPBIE B TAHHOM CJIy4yae BbhIpaskaroTcsa cBoiictBamu [—V.

4.11%. CYyeTHble U HeCYeTHbIe MHOXXECTBA

BosHuKaer ecTecTBEeHHBIM BOIIPOC: BCe JU OECKOHEUHELIE MHO-
JKECTBa COZEP KaT OJMHAKOBOE UMCJIO DJIEMEHTOB WU 0ecKo-
HeuHOCTH ObIBaioT pasHuIMu? IIpeskae BCero oxKasnIBaeTCs He-
HOHATHBIM, UTO BOOOIIle O3HAUAET TEPMUH «OSUHAKOBOE UMCJIO
9JIEMEHTOB» [Jis OeCKOHEUHBIX MHOKecTB. CpaBHeHHe O6ecKo-
HEYHBIX MHOJKECTB II0 KOJIMUYECTBY COAEPKAIUXCS B HUX JJIe-
MEHTOB, UJIN, KaK IIPUHATO 'OBOPUTH, II0 X MOII[HOCTH, VI00HO
BBINIOJIHATEL C IIOMOIILIO MOHATUA B3aXMMHO OSHO3HAYHOI'O COOT-

BETCTBUA MEXKIY 3JIeMEeHTaM1 MHOYKECTB (CM. II. 1.2*).
Onpeaenenue 17. [[6a mHONMecmEa HA3bLEAIOMCA PABHOMOULHbL-
MU, ecau mexH 0y ux 3jeMeHmamu MOHCHO YCMAHOBUMb 83AUM-
HO 00HO3HAYHOE coomeemcmaue.

C sToli TOUKU 3peHusd HaTypajabHble uuciaa 1, 2, ..., n, ... 00-
pasyioT MHOMECTBO, PABHOMOII[HOE MHOYKECTBY UETHBIX UMCEJ
2,4, ...,2n, ..., X0TA Ha IePBbIH B3TJIAM IIOCIEIHUX KaKeTcsd B
nBa pasa meHblne. TpebyemMoe B3aMMHO OJHO3HAYHOE COOTBETCT-
BU€ IIOJIYYAETCs, €CJAU HATYPAJIbHOMY UMCJIY 7 HOCTABUTEL B CO-
oTBeTcTBUe uucyo 2n, n=1, 2, ....

YeTHBIE UMCIa COCTABIAIT YACTh MHOYKECTBA HATYPATLHBIX
YKces, OMHAKO 5T MHOYKeCTBAa PABHOMOIIHEI, CJIeL0BATEeILHO, B
cayuae 0ECKOHEUHBIX MHOYKECTB YacTh MOXKeT OLITh paBHA B Ha-
IIeM CMBICJIE IeJIoMY!

OnpeaeneHue 18. M Hox#cecma0, pagHOMOULHOE MHOMECMEY 8cex
HAMYPAAbHLLX YUCe, HA3bLBACMCS CLEeMHbLM.

Taxum obpaszom, ecau X CUETHO, TO MeXKAY MHOKecTBOM X U
MHOYXECTBOM HATYPAJIbHBIX YMCEJ MOYKHO YCTAHOBUTH B3AMMHO
OJHO3HAUHOE COOTBETCTBUE, UM, KAK TOBOPAT, MOXXHO 3aHyMe-
pOBAaTh 3JIeMEeHThI MHOMKecTBa X, HOHUMAs IO HOMEPOM KaXKI0-
ro saemenTa x € X COOTBETCTBYIOIEe eMy IPU YKAa3aHHOM COOT-
BETCTBUU HATYPAaJIbHOE UHCJIO.

CueTHble MHOJYKECTBA SIBJSIIOTCS B OIPENEJEHHOM CMBICTe
OpOCTEHIINMY OeCKOHEUHBIMKM MHOKecTBaMu. VIMeHHO, cipa-
BeJJINBA CAEAYIOMas JeMMa.
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AEMMA 1. JItob6oe bGeckoHeuHOe MHOMNCeCmeE0 codepicum cyem-
HOe nodMHON}cecmao.

AOKas3aTeAbCTBO. [elicTBuTeNbHO, MycTh X — OECKOHEU-
HOe MHOKecTBO. Bo3bMeM Kakoii-In00 ero sjJeMeHT um 0003Ha-
9uM ero x;. B cuay Toro, uto X — GecKOHEYHOe MHOYKECTBO, B
HEeM 3aBeJJOMO MMEETCS XOTsS OLI OAUMH JJeMEHT, OTJIUUYHBLIHA OT
aJIeMeHTa X;. BribepeM Kakoii-imb0 U3 TAKUX 3JIE€MEHTOB U 000-
3HAUUM €eTo Xq.

IIycTs B MHOXXecTBe X ysKe BBIODAHBI BJIEMEHTHI X1, ... , X,,.
Tax kak X — 0ecKOHEUHOe MHOJKECTBO, TO B HEeM 3aBEJJOMO €CThb
elle U APyrue 9JeMeHThl; BbIOepeM KaKoi-JI100 M3 OCTABIINXCS
2JIEMEHTOB 1 0003HAYUM ero 4depes X, , ; U T. 4. B pesyubrare
MBI IIOJIYYNUIN 3JIeMeHTH X, € X, n=1, 2, ... , KoTopble 00pasy-
IOT CUETHOE IIOJIMHOMKECTBO MHOKecTBa X.

AEMMA 2. JT1060e Oeckoneuroe no0MHONICECMB0 CUenmH0z0 MHO-
Jcecmea cuemHo.
AokaszaTteAbcTBO. IIycts X — cueTHOE MHOKECTBO, €ro dJIe-

MEHTBI MOTYT GBITH IIEPEHYMEPOBAHBI: X = {A1, Ay, .. » Gy «oefe
IIycts Y — GeckoHeuHOE IOAMHOMKECTBO MHOKecTBa X . O603Ha-
4uM 4epe3 b; IepBBIN BCTPETUBIIUICA B PALE A1, A9y oo » Ay -o

aJIEMEHT MHOKeCTBa Y, T. €. TOT U3 3JIeMeHTOB a,, € X, KOTOPHIH

NIIPUHAAJIEKUAT MHOXKECTBY Y U MMeeT HAaUMEHBIINII HOMED 1!

by = a, . Yepes b, 0603HAUUM TOT U3 BJIEMEHTOB d,, KOTOPHIA
0

OPUHALICIKUT MHOMKECTBY Y M MMeeT HAaMEHBIIINI HOMeD cpeau
HOMEPOB 1 > ny U T. I. RabIil aJIeMeHT MHOXKEeCTBa Y UMeeTCs B
pane a, @y, ... , Ay, ... , IOITOMY Uepe3 KaK0e-TO KOHEYHOe UHCJIO
maroB oH OyJeT o003HaueH uepes b,,, U TaK KaK MHOXKeCTBO Y Oec-
KOHEYHO, TO MHAEKC /m HmpuMer Jioboe 3Hauenwue 1, 2, 3, ... . Ta-
KM 00pasoM, BCe JIEMEHTHI MHOKECTBa Y OKAMKYTCsS 3aHyMepo-
BAHHBIMHI HATYPAJbHBIMU uncaaMu m = 1, 2, ... . ITo 1 03HaAUaeT,
YTO MHOXKECTBO Y SBJIAETCS CUCTHBIM MHOXKECTBOM. [
Crenymolilasgi TeopeMa JaeT HWHTEPECHLIN IPUMEpP CUETHOTO
MHOKeCTBA.
TEOPEMA 7. MHOM#ecm60 6cex PAUUOHANLbHLLX HUCES CYEeNMHO.
AOKO3aTeAbCTBO. PacmonoXuMm panuoHAJbHBIE UYNCJIA B
TAOJIUIY CIEAYIOIUM CIIOCOO0M. B IIepBYIO CTPOUKY IIOMECTHM
BCe IleJible Ulcjia B MOPsAAKe BO3pacTaHUA UX abCOJIIOTHOI Beau-
YWHBI ¥ TaK, YTO 32 KaKIBIM HATYPAJbHBIM UHCJIOM IIOCTABJIEHO
€My IPOTHUBOIOJIOMKHOE:

0,1,-1,2,...,n,-n,...,n €N.
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Bo BTOpPYIO CTPOUKY IIOMECTHM BCE HECOKPATHUMbIE PAIMOHAJb-
HbBIE Apo0u co 3HaAMeHaTeJIeM 2, YIOPSAAOoUeHHbIe II0 UX a0COJIOT-
HOIl BeJIMYMHE, IIPUYEM CHOBA 33 KAMKIBIM IIOJOMKUTEJIbHBIM
YHCJIOM IIOCTABUM €My IIPOTHUBOIIOJIOKHOE:

1 1 3 3 5 5

> Ty 2y 2
Boobiie, B n-10 CTPOUKY IIOMECTUM BCe HECOKpaTHUMbIe paliu-
OHAJILHBIE IPOOYU CO 3HAMEHATeJIeM 7, YIIOPAJOUYeHHBIe II0 uX ao-
COJIIOTHO# BeJIMYMHE, U TaK, YTO 34 KAKIBIM IOJIOKUTEIbHBIM
YKUCJIOM CJeAyeT eMy HPOTHUBOIIOJO:KHOe. B pesyabTaTe mOJy-

4yuM Ta0JIUIY ¢ 0ECKOHEUHBIM UKMCJIOM CTPOK U CTOJIOIOB:
0o -1 1 2 -2...

i1 38 3 5
2 2 2 2 27"
i1 2z 2 4
3 3 3 3 3"
1 1

OueBUIHO, YTO KaKI0€ PAIMOHAJIBHOE UKCJIO IIOMAJaeT Ha
KaKoe-TO MeCTO B 3TOU TabJnIie.

3amymMepyeM Telepb 3J€MEHTHI IIOJYUYNBIIeNca TabJIUIIbI CO-
IJIACHO CJIEAYIOIel cxeMe (B KPY»KOUKaX CTOAT HOMEpPa COOTBET-
CTBYIOIIIMX DJIEMEHTOB, CTPEJKM! YKAa3hIBAIOT HAIPABJIEHHE HY-
Mepaluu):

B pesyabTare Bce panoHAJIbHEIE UNCIA OKA3BIBAIOTCA 3aHyMe-
POBAHHBIMHU, T. €. MHOKECTBO @ parmoHaIbLHBIX YKUCEJ CUeTHO. [

BosHukaeT ecTeCTBEHHBIN BOIIPOC: a CYIIIECTBYIOT JU 6eCKo-
HEeUHbIe MHOKeCTBa, He ABJAMoNIMecsd cueTHBIMU? OKasbIBaeT-
cdA, UTO Ja, CYIIEeCTBYIOT, I OHM HA3BLIBAIOTCSA, €CTECTBEHHO, He-
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CUemHbLMU MHONecmeamu. BaXHBIN TpuMep HECUETHBIX MHO-
JKeCTB YCTaHABJIMBAETCS CJIEAYIONIeH HUMKE TEOPEMOTA.
TEOPEMA 8 (treopema Kantopa). M Hoxcecmao 8cex Oeiicmaumelib-
HbLX YUceJ HeCuemHo.

AokasatTeAabcTBO. JomycTuM IpPOTHUBHOE: IYCTh YIAJIOCh

3aHYMePOBATh BCEe JEHCTBUTENBHBIE UHCHA: X1, X9y vev 5 Xppp oo}
3aIMIIeM UX C IIOMOIILIO JOIYCTUMBIX JECATUYHEBIX IPO0eii:
(1) (1) (1) (1)
x1=GO ,Gl az cee (Xm oo g
(2) (2) (2) (2)
x2=a0 ) (Xl (]2 o Gm oo o
(4.60)
n n n n
x, = 0((0), O((I)cx(z) C((m) cees
31ech O((,Z), n=1,2,...,m=1, 2, ..., o003HauaeT ogHy u3 Iudp
0,1,2,...,9,a 0((3), n=1, 2, ..., — Ilejioe 4NUCJIO C TeM WUJIU
WHBIM 3HaKoM. Bribepem mudpy o,, n=1, 2, ... , TaK, 4TOOBI
a, # 0((,’:) nd, # 9. Torga agpo6s 0, 010, ... O, ... ABIAETCA AOIyC-

TuMO#1, HO yuciaa a =0, 0,05 ... O, ... 32aB€IOMO HET CPEIU UICET

x,, n=1,..,2,...,TaKk Kak JecaTnu4Has Apoos 0, 0, ... ... a, ...

XOTsI ObI OTHUM JEeCATUYHBLIM 3HAKOM OTJIMYAETCS OT KasKAoi m3
IecaTudyHbIX apobeit (4.60). IlomyueHHOe IpoTUBOpEUNe U AOKA-
3bIBaeT TeopeMy. U

CAEACTBWE 1. MHroxecmao OelicmeumenvHbvlx Uducen, oopa-
3yruwux 10001l uUHmMepeaL, HeCLemHo.

AokaszaTteAbcTBO. ITokaskeMm, uTo, 60Jiee TOTO, MHOMKECTBO
e CTBUTEIBHBIX YKCEJ JIO0T0 MHTepBaja PaBHOMOIITHO MHO-
JKEeCTBY BCeX IﬂeI./JICTBI/ITeJIBHbIX quceJI.

B camomMm nese, mpeskae Bcero Jiro60i MHTepPBAJ PABHOMOIIEH
uaTepBaay (-1, +1). BsauMHO 0fHO3HAYHOE COOTBETCTBUE MEXK-
ny uHTepBajoMm (a, b) u mutepBasom (—1, +1) MoXKHO ycTaHO-

BUTH, HAIPUMEP, C MOMOINBIO JIMHEHHOTO OTOOpaKeHUA X =

_ Zt_b—_aa‘ 0 Benma <t <b, 10-1<x<+1. Uarepsan (-1, +1)

B3aMMHO OJTHO3HAUHO C ITIOMOIIHI0 OTOOpaKeH! A

f(x) =1 _xm, -1<x<1,

oTo0paskaeTcss Ha BCIO JeUCTBUTEJLHYIO OChb (IIPOBEPHTE 3TO).
Taxum o6pa3oM oKasbIBaeTCs, UYTO MHTEPBAJI (a, b) paBHOMOIIEH
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Puc. 16 Puc. 17

Bceil meiicTBUTEJIBbHOUN OCU U, CJIeIOBATEIbHO, SBJISIETCA Hecuer-
HBIM MHOKecTBOM. [

BsaumHO OofHO3HAUHOE COOTBETCTBUE MEKAY WHTEPBAJIOM U
BCell MPAMOI MOKHO HATJIAIHO OCYINECTBUTH I'eOMETPUUYECKUM
MEeTOJIOM: CHauaJja CIIPOeIIPYeM OTKPBITYIO IMOJYyOKPY:KHOCTD,
T. €. HOJIYOKPYKHOCTH 0€3 KOHIIEBBIX TOUEK, C IIOMOIIHIO ITapaJi-
JIeJIbHOU IPOoeKIIuY Ha nHTepBaJ (puc. 16) u TeM caMbIM yCTaHO-
BUM MEXKJIY WX TOYKAMU B3aMMHO OJJHO3HAUHOE COOTBETCTBUE.
3aTeM ¢ TOMOIIBIO IEHTPAJILHON TPOEKIIUY U3 IEeHTPa MOJYOK-
PYsKHOCTU CIPOEIpyeM ee Ha Ipamyto (puc. 17). 9ta mpoeKIius
TaKKe yCTaHaBJIMBAET B3AMMHO OJHO3HAYHOE COOTBETCTBUE, HO
Ha 3TOT pas MeXAY MOJYOKPYKHOCTHIO 1 BCell IPAMOI.

CAEACTBWUE 2. Ha nto6om unmepgaJie umeomcs uppayuonaiy-
Hble Yucaa.

AOKA3ATeAbCTBO. [leficTBUTEIBHO, €Cu ObI Ha HEKOTOPOM
WHTepBaJje He 0Ka3aJIoCh NPPaIMOHAIBHOTO UMCJIa, TO 9TO O3HAYA-
JIO ObI, UTO BCE TOUKM STOTO MHTEPBAJIA SABJISIOTCS PAIlMOHAIbHBI-
MU UYWCJIAMH, T.€. IOAMHOMKECTBOM CUETHOTO MHOMKECTBa parlu-
OHAJBHBIX UWCEJ, U, 3HAUUT, 00pa3yioT KOHEUHOe, WU CUETHOe,
MHOKEeCTBO (CM. JIeMMY 2), UTO IIPOTUBOPEUUT caencTBuio 1. O
Sameuanue. B m. 4.10 goxkasaHo, 4To AelCTBUTEJIbHOE
YHCJIO €CTh IIpees MOCJeq0BaTEeIbHOCTH PAIMOHAIBHBIX UMCE
(HampuMep, CBOMX BEePXHUX HECATHUYHBIX IpuOam:Kenunii). OT-
ciofla cpasy CJIeyeT, UTO BCAKUIN WHTEPBAJ COAEPKUT OeCKo-
HEeUYHO MHOTO PaIlMOHAJbHBIX Urces. B camoM mese, IycTh 3amaH
unrepsai (a, b). Beibepem xakoe-n1u6o uucio ¢ € (a, b), Hanpu-
mep & = asz . IlycTe pnsa oupenenennoctu & > 0. Torpa ecaiu g o
n=1, 2, ..., — BepxHHe JeCATUYHLIC IPUOIMKEHUI IJId &, TO
W3 opefesIeHUA BEPXHUX NeCATUYHBIX Tpubmmkennii (cm. . 4.10)

cjaenyer, 4To Cpeau 4YuceJt En nuMeeTcsi 0€CKOHEUHO MHOTO pas-
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JIMYHBIX MeX Iy co6oii u uto lim &, = &. Uurepsau (a, b) aBisa-

n —» o0
€TCA OKPECTHOCTBIO BLI6paHHOfI TOYKHN E, II09TOMY, COTJIaCHO OII-
pengesieHnI0 IIpenesia IIoCJaeJOoBaTeJIbHOCTU, IIOUYTHM BCe€ Dpallu-

OHAJBbHBIE uMcaa §, COJAep:KaTcA B 9TOM HHTepBajne. MHaue
ToBOps, HalifleTcs TaKO HOMep I, UTO AJIA BCceX HOMEDPOB 7l > N

OyZeT BBIIOJHATHCA HepaBeHCTBO @ < &, < b, T.e. & ,, n=ny+ 1,
ng+ 2, ..., — NCKOMBIEe PAIlMOHAJbHBIE YHNCIIA.

Taxum obpasoM, Ha JIOOOM HMHTepBaJie UKMCJIOBOII OCU COLep-
JKaTcd KakK palMoHAJNbHbIE, TAK 1 MPPAIlMOHAJIbHEIE UKNCJIA. ITO
CBOMCTBO KPATKO BBIPAYKAIOT, 'OBOPS, UTO «PAIlMOHAJbHBLIE U
HppaIoOHAJILHBIE UICJIa 00pa3yioT BCIOAY ILJIOTHBIE ITOAMHOMKE-
CTBa MHOKeCTBa I[efICTBHTeJIBHI)IX quceJa».

VIIPACRHEHHE 17. [lokasaTh, YTO MHOK€CTBA TOUEK MHTepBaJa, OTpe3Ka
U IIOJIYUHTEepPBaJa PABHOMOIIHEL.

MeTon, KOTOPHIM ObLIa JOKa3aHa CUETHOCTb PAIlMOHATIbHBIX
quceJ, IO3BOJAET JOKA3aTh CIefYIOIee IPeaoXKeHne.
TEOPEMA 9.Cymma KOHEUHO20 UAU CHEMHO020 MHONCeCmea He-
nYycmovlX KOHEYHbLX UJU CHeMHbLX MHONCECME ABALeMCA KOHeY-
HblM ULU CHEMHbLM MHONCECMBEOM.

AokasateAnbcTBO. O6o3Hauum duepes N,

HOMEPOB PAIlMOHAJBHBIX UYKCEJ, MOMABIIUX B N-I0 CTPOKY HpU
HyMepaIluy PaluoHAJbLHBIX UKCes, N300paKeHHO Ha cXeMe Ha

MHOMEeCTBO

00
c. 143. Torma N = 0 U 1 N, aBiserca IpeAcTaBJIeHHeM MHOMe-

CTBa HATypPaJbHBIX YMCEJ B BUAe OOLEIMHEHUS CUETHOT'O MHO-
JKecTBa IIOIIapHO He IIePEeCceKaIoINXC I CUeTHBIX MHOYKECTB.

Ecm X,, n=1, 2, ..., — KOHeUHbIe UJIU CUETHbIE MHOYKECT-
Ba, TO MHOKECTBa

n—-1
Y]_ =X1, Yz =X2\X1, cee o Yann\kLile, eee

IIOIIaPHO HE IIePeCeKarTCA 1

X d=ef

ne

(o] [00)
Uu X = U Y
n=1""

n=1

Kasxnoe ms MHOMKecTB X, KOHEYHO MM CYETHO, CJIeNOBa-
TeJIbHO, 1 KaXJ0€ MHOKEeCTBO Yn KOHEUHO mjanu cueTHo. IlosTo-
My IJs Kasgkgoro n = 1, 2, ... cyIlIecTByeT B3BaMHO OJHO3HAUYHOE
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COOTBETCTBHE MeXAY dJeMeHTaMi MHOXKecTBa Y, U HEKOTOPBIM
nogmHoxxecTBoM A, = N,. B cuiry e Toro, 4To MHOKecTBa Y,

IIOIIAPHO HeEe IIePEeCEeKarTCd, 93TO COOTBETCTBHE IIOPOXIaeT B3a-
HMMHO OJHO3HAUYHOE COOTBETCTBHE MEXAYy MHOXeCTBaMU

00 (2]
= U U  N.
X= U Y, u UACN

(o]
CoriaacHo JjeMme 2, MHOXecTBO U 1 A, KOHEYHO WJU CUeT-
n=

HO, KaK IOAMHOKECTBO CUETHOTO MHOKecTBa. CiemoBaTeabHO,
KOHEUYHO MJIM CUETHO MHOKecTBO X . O

W3 9T0i1 TeopeMbI BLITEKAET CJIeAyIolee YTBEPKIeHUE.
TEOPEMA 10. MHox#ecm80o 6cex KOHEUHbLX NOOMHONECma
CUemHO0oz0 MHOMCECMEa CUenHo.

CAEACTBUWE. MHO}#eCmE0 6CEB803MONCHBLX KOHEUHBLX pasme-
WeHUll U3 aJemMenmos CHemHozo MHONeCmea A8ALemcs cuem-
HbLM.

AokaszaTeAbcTBO. Ilyers X — cueTHOe MHOKECTBO U
X1s X9y eee 5 X — Bce ero aneMeHThl. OueBUAHO, YTO MHOMKE-
CTBO BCE€X €r0 IIOAMHOJKECTB, COCTOAIINX K3 OJHOTO dJIEMEHTA:
{x1}, {xa}s -, {x,}, ... , ABIAETCA cUeTHBIM MHOKecTBOM. IIycTh

ne e

yoKe JOKAa3aHO, UTO MHOXKECTBO BCEX IIOJMHOKECTB MHOKECTBa
X, cocTosAllee U3 m s3JeMeHTOB, m = 1, cueTHOo. O603HAUNM STH

IOJMHOYKECTBa X(':) ,n=1,2,....Ecuu gpis raxgoron =1, 2, ...

m
K MHOJKECTBY X(n) IooUepesHO A00aBJATL II0 OAHOMY HE IIPH-

HagjexameMy eMy 9JIEeMEHTY MHOMXeCTBa X, TO IIOJIYUYUTCSA
CUEeTHOE€ MHOMEeCTBO MHOMeCTB, KOTODPLbIE 6y11eM o003HavYaTh

uepes X(nm,i , k=1, 2, .... COBOKYIIHOCTE BCE€X MHOKECTB X(nm,l ,

n=1,2,...,k=1, 2, ..., cocTaBisgeT COBOKYIHOCTL BCEX IIOJ-
MHOKECTB MHOKecTBa X, COCTOAINMNX U3 m + 1 3JIeMeHTOB. ITUX
MHOKEeCTB TP (PUKCUPOBAaHHOM . = 1, 2, ... CUeTHOE MHOKEeCT-
Bo (MHAeKC k mpuHUMAaeT 3HaueHus 1, 2, ...), cjemoBaTesJbHO,
BCEro CYETHOE MHOMKECTBO CUETHBIX MHOMKECTB, O0'heJuHEHIe
KOTOPBIX, COTJIACHO Teopeme 9, Takike ABJSIETCS CUETHBIM MHO-
JKeCTBOM.

Nrak, gns moboro m= 1, 2, ... MHOXECTBO BCeX IIOJMHO-
JKeCTB MHOKecTBa X, COCTOAINMX W3 M 3JIEMEHTOB, CUETHO, a
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TOTZA, COTJIACHO TOH Ke Teopeme 9, CUETHO M MHOXKECTBO BCEX
KOHEUYHBIX IMOAMHOKeCcTB MHOokecTBa X. O

Aokaxem caepcTBMme. YToObl MOJIYUYUTHL BCEBO3MOXKHBIE
KOHEUHbIE pa3dMeIlleHnusa 13 DJIEMEHTOB JaHHOT'O MHOXKECTBA, Ha-
JI0 BO BCEX €ro KOHEUHLIX ITOAMHOKECTBaX CHeJIaTh BCEBO3MOK-
HbIe IIEPEeCTAHOBKHU BJIEMEHTOB, KOTOPBHIX IJISA KaKIOr0 TAKOTO
HOAMHOKEeCTBa KOHeUHOe MHOKecTBO. Eciii ncxo1Hoe MHOMKECT-
B0 X OBLJIO CUETHBIM, TO, coryiacHo Teopeme 10, MHOKECTBO Bcex
ero KOHEYHBIX IIOAMHOXKECTB CUETHO, a II0ATOMY MHOMKECTBO
BCceX KOHEUHBIX pa3MeIleHu U3 9JIEMeHTOB MHOKecTBa X SIBJISA-
eTCsA CUeTHON CYMMOU KOHEUHBIX MHOJYKECTB U, CJIeJOBATEJIbHO,
OymeTr cueTHBIM. [

C momorrpio TeopeMbl 10 Jierko ycTaHaBJINBAETCA CUETHOCTD
MHOKECTBa BCeX ajiredpanuecKuX YMceJI, T. €. JeMCTBUTEIbHBIX
Yuces, ABJIAIOIIUXCA KOPHIMU MHOTOYJIEHOB C IEJIBIMU KO3(-
puIueHTaMM.

TEOPEMA 11 (teopema Kantopa). M Hoxcecmeo cex anzebpauue-
CKUX YuceJ C4emHo.

AOKA3aTeAbCTBO. Kaasiii MHOTOUJIEH C IIEJIBIMHU K03(du-
IMUEeHTaMU 3aJaeTcsd HaO0OPOM CBOMX KO3(p(HUIIMEHTOB, T.e€. B
JaHHOM CJIydyae KOHE€YHBbIM MHOMECTBOM HAaTypaJIbHBIX 4YMCeJI,
B3ATHIX B OIIpEeNeJeHHOM HOpPAIKE, T. €. HEKOTOPHIM KOHEUHBIM
pasmellleHeM HaTypaJbHBIX uuceiy. CoryiacHO CJIeACTBUIO M3
TeopeMbl 10, TaKMX MHOTOUJIEHOB BCETO JIUIIL CUETHOE MHOYKe-
ctBo. Ho KaKabIli MHOTOUJIEH MMEET JINIIL KOHeUHOe MHOMKEeCT-
BO JIEMICTBUTEJbHBIX KOPHEM: MX YMCJIO He IIPeBLIIIAeT CTEelleHN!
mHOTOuJIeHa. CiemoBaTesIbHO, MHOXKECTBO BCeX TaKUX KOpPHei
He OoJiee ueM cUeTHO (MHOKeCTBa KOPHEH pasiIWUYHBIX MHOTO-
YJeHOB MOTYT MMETh HEIIyCTOe IlepeceueHue, II0ATOMY HeJIb3d
elfe YyTBeP:KIaTh CUETHOCTH BCET'0 pacCMaTPHUBAEMOT'0 MHOKECT-
Ba KopHeli). OmHaKo KasKaoe HATypaJIbHOE UHCJIO ABJISAETCS aJi-
redpanyecKuM — OHO ABJISETCS KOpHeM ypaBHeHud x — n = 0.
ITosToMy anrebpamuecKue dYmcJa AeHCTBUTEJIBHO COCTABJIAIOT
CUYeTHOEe MHOKeCTBO. [

B reopeme 10 He ciyuaiiHO paccMaTpUBAJINCh HE BCE, a TOJb-
KO KOHEYHBbIe TOIMHOKECTBAa CUETHOT'O MHOKecTBa. I[1d Bcex
MOAMHOMKECTB CIIPaBedJINBO IPYTroe YTBep:KIeHIe.
TEOPEMA 12. Muojxcecmao 8cex noOMHONCECME CUeMH020 MHO-
Jcecmea HecuemHo.
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AokaszateabcTBo. IIyers X = {xq, X9, ... , X,,, ...} — CUET-
HOe MHOXecTBO. IlocTaBUM B COOTBETCTBUE KaagoMy ero Imon-
MHOkecTBY E pyHKIIUIO X5, OIIpeleIeHHYIO Ha MHOYKECTBe HATY-
PaJbHBIX UKCeJ U 3aJlaBaeMyI0 CIeIYIOITUM 00pasoM:

_{ 1,ecnu x, € E,
Xe(M) =1 0, econ x, ¢ E (4.61)

(byHKIIUA Xz HasbIBaeTCcA Xxapakmepucmuueckoil. @yrKruyuei
muoxcecmsea E). ITo coorBeTcTBHE ABIAETCS B3aMMHO OIHO-
3HAUHBIM MEKIY MHOMKECTBOM BCeX IIOJMHOMKECTB MHOKecTBa X
¥ MHOKECTBOM BceX (DYHKIIHII, OHpeAesIeHHBIX Ha MHOKECTBe
HATypaJbHBLIX ynrcesa N ¥ MPUHUMAOIUX TOJbKO 3HaueHus 0 u
1. Kamnmoit pyakmum (4.61) mocTaBUM B COOTBETCTBUE EHCTBU-
TeJIbHOE UHNCJIO, JBOUUHAS 3allNCh KOTOPOTO NMEeT B

0,8, €9 v 5 €y vnn s (4.62)

raeg,=1,ecau Xz(n)=1,u¢, =0, ectu Xz(n) = 0. IT0 cooTBeET-
CTBUE SIBJISIETCA B3aMMHO OJHO3HAUYHBLIM COOTBETCTBUEM MEXKIY
MHOKEeCTBOM BcexX (QYHKIUH (4.61) 1 MHOKecTBOM OecKOHeu-
HBIX TBOWYHBIX Apobeii Buma (4.62). ITocienHee MHOMKECTBO CO-
IEePKUT IOIMHOXKECTBO BCEBO3BMOKHBIX Apobeii Buma (4.62), He
UMENIINX B Imepuoge 1. 9To MOAMHOMKECTBO HaXOAUTCA BO B3a-
MMHO OJHO3HAYHOM COOTBETCTBHUU C HECUETHHBIM MHOXKECTBOM
Bcex OelCTBUTENBHBIX umces moayuHTepBasaa [0, 1). ITostomy
MHOKECTBO IBOWYHBIX Apobeir (4.62), KaKk BCAKOE MHOKECTBO,
colep:xalliee HeCUeTHOe IIOAMHOXKECTBO, TaKiKe SABJISIETCS He-
cuerHbIM. CJieZ[0BATEIbHO, HECUETHBLIM ABJAETCS WM MHOMKECTBO
BCeX MMOAMHOKECTB CUeTHOT0 MHOKecTBa. [

3amaua 6. Jloxasars, uTO AJIA JTIO60T0 MHOMKECTBA HE CYIIECTBYeT B3a-
VMHO OJHO3HAUHOTO COOTBETCTBHUA MEKJY BCEMU €r0o 3JeMeHTAMU W BCEMU
€ro ImMOAMHOMKEeCTBAMMU.

4.12%. BepXHUI N HYOKHUI NpeAEAbl
NOCA€AOBATEABHOCTU

B 11. 4.6 ObL1I0 MOKA3aHO, UTO JIIOOAA YMCJIOBASA IIOCJIELOBATEb-
HOCTh BCerj[ia MMeeT II0 KpallHell Mepe OquH YaCTUUYHLINA Ipene,
KOHEUHLIN naIu OecKoHeuHbIl. Hanbonbnuii 1 HauMeHbINNH 13
HUX (H1UXKe OyJeT IIOKa3aHo, UTO OHU BCerja CYIIeCTBYIOT) urpa-
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0T 0cO0yIO POJIb B TEOPUU IIOCTIeOoBATEeIbHOCTel. 3mech MOHs-
THUA «HaAuOOJBINMUII» M «HAUMEHBIIUH» ITOHUMAIOTCSI B CMBICJIE
PACIIMPEHHOI0 MHOKEeCTBa [JeWCTBUTENbHBIX umcenl R (cMm.
o. 3.1), T. e., B YaCTHOCTU, HAMOOJBLIINM (HAMMEHBIIINM) 3JIe-
MeHTOM MHOxecTBa X < R Moxxer okasaTbca +0° (COOTBeT-
CTBEHHO —O°). 9TO UMeeT MeCTO Torha, Korga +o0 € X (-0 € X).
B manmom cayuae sTo 6ymeT 03HAUATh, UYTO 6€CKOHEUHOCTEH COOT-
BETCTBYIOIETO 3HaKa ABJIAETCS YACTUUHBIM IIPEJEeJIOM paccMar-
pUBaeMoii II0CJIeJOBATEIbHOCTHU.

He BcsaKoe MHOKeCTBO Ha PaCIIMPEHHON YMCJIOBOM IIPAMOM
nuMeeT HAMOOJbININH (HAaMMEeHbINNH) saeMeHT. OTHAKO eCJI 3TO
MHOKECTBO ABJIAETCSI MHOKECTBOM YaCTUYHBIX IIPeNesioB HEKO-
TOPOIi TOCTIeIOBATEIbHOCTH, TO, KaK 3TO OyAeT MoKa3aHo HUXKe,
B HEM Bcerja CYIIeCTBYIOT HauWOOJIBIINI M HAaWMEHBINIUI dJie-
MEHTHI.

Onpeaenenue 19. Hauboavwiuii wacmuyHulit npedes nocaedosa-
meavrhocmu {x,} Ha3vieaemcsa ee 6epXHUM npedesom U 0003HA-
yaemcsa lim X,, @ HAQUMEHbWUI Yacmuunblil npeder — HUMNC-

n - oo
Hum npedenom u oboznavaemes lim x .
n — oo

TEOPEMA 13.V ato60ii nocaedosamenvnocmu {x,} cyuecmeyem
KaK HAUGOAbUWLULL, MAK U HAUMEHbW UL YacmuiHblil npede.

AOKA3ATeAbCTBO. [lokakeM CyIIeCTBOBaHME HAMOOJIBIIIETO
YaCTUYHOTO Ipefesa. [1a 3afaHHOI IOCIEIOBATEIBHOCTH {X,}
BO3MOXKHBI [Ba cJy4das: JuOO OoHa OorpaHMYeHa CBepxy, JIHOO
Her. Ecam oHa He orpammueHa CBEPXY, TO IIOJOXKHUTEIbHAS
0ECKOHEUHOCTh +00 ABJAETCS €€ YaCTUUYHBIM IpenesioM U, oue-
BUJHO, HaMboNbImNUM, T. €. lim x = oo,
n o oo

Ecnu xe mocisiejoBaTeIbHOCTD {X,} OrpaHHYeHa CBEPXY, TO
CHOBA BO3MOJXKHBI ABa cjayuas: JuOO MHOMKECTBO e€e KOHEUHBIX
mpeneaoB, KOTOpoe MbI 0003HAUNM uepes A, He IIyCTO, JIUOO OHO
nycto. PaccmoTpum cHauajia mepBbIE cayuaii. M3 orpanu-
YEeHHOCTHU CBePXY AAaHHOI IIOCJIef0BATEJbHOCTH {X,} ClemyeT U
OTrPAaHNYEHHOCTh CBEPXY HEIYCTOTO0 MHOXKeCTBa A ee KOHEUHBIX
YACTUYHBIX IIpefesioB. B cumay sTOro, MHOXKEeCTBO A wmMeer
KOHEUHYIO BEPXHIOIO r'paHb. [loKaxkeM, uTo b = sup A ABJIseTCS
YaCTUYHBIM TpeNesoM, T.e. 4To b € A. JleficTBUTENHHO, €CJIU
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O6p1 b ¢ A, To cyIecTBOBaJO ObI Takoe € > 0, UTO B mMHTepBaJje
(b— &, b+ £) comep:kasioch OBl JUIIMh KOHEUHOE YMCJIO UJIEHOB
II0CJIeJOBATEIBHOCTH {X,} (B YaCTHOCTU, HU OJHOTO) U IIO3TOMY
(mouemy?) B 9TOM MHTepBaJie He OLLI0 ObI HI OJHOTO dJIeMeHTa A,
YTO IPOTHUBOPEUYUT YCIOBUIO b = sup A.

Taxkum o6pasom, b € A u, ciiefoBaTeJIbHO, ABJIAETCA HA0OIb-
LM BJIEMEHTOM MHOMKeCTBa A, mosrtomy b = 1ir£10xn.

n -

B ocraBmiemca ciayuae, T. e. KOT/a IIOCJIEJOBATEIBHOCTD {X,}
orpaHMYeHA CBEPXY 1 MHOKECTBO €€ KOHEUHBIX YACTUUHBIX IIpe-
nenoB A mycro, To lim x, = —00 (moKaskuTe 5TO), T. €. B BTOM

n - o

cjiyuae MHOXKECTBO €€ YaCTHUUYHBIX ITPEEeJOB COCTOUT 13 OJHOTO
9JIeMeHTa —O°, KOTOPBIN TeM CAMbBIM SBJIAETCS U HAaMOOJIBIIINM B
BTOM MHOJKECTBe, T. e. 3fech lim x, = lim x, =—%.
n - oo n -
Anajornuso ajs 1000 II0C/Ie0BATEIbHOCTH JOKA3bIBAETCS
U CYIIIeCTBOBAHIE HAMMEHBIIEro (KOHEUHOTO NI 6ECKOHEUHOTO)
YacTUYHOTO npegesaa. O

n n

()", 1+

YIIPA’KHEHHE 18. Ilycts x, = — 5

,n=1, 2, .... Haiitu

lim x nliT%ox”’ inf {x,}, sup {x,}.
n - oo -

TEOPEMA 14. [[ns mozo y¥mobbL 4ucsio a 6bL10 8epXHUM npede-
n0M nocredosamenvrocmu {x,}, Heo0xo0umo u Gocmamouno

8vinoiHeHue 0 a60zo yucaa € > 0 cosoxynHocmu caedyio-
wux 08yx ycaosuil.

1. Cywecmeyem Homep n, maxoil, ¥mo 0AA 6cex HOMEPO8 N > I,
cnpaeediu6o HepaseHcmeo x, < a + E.

2. Ina nwbozo Homepa n, cyujecmeyem Homep n' (3asucaujuil
om € u om ng) makou, umo n' > ngu x, > a — €.

Ycanosue 1 o3HavaeT, uTO Ipu J0O0M puUKcHpPoOBaHHOM € > 0
B IIOCJIEJOBATEJIBHOCTH {X,} CYII[ECTBYET JIUIIb KOHEYHOE UHCJIIO

4JIeHOB X, TaKUX, YTO X, > @ + € (UX HoMepa He OOJbIIe ng).

VYcmoBue ke 2 o3HAYAET, UTO IIPU JIOOOM (PUKCUPOBAHHOM
€ > 0 B II0CJIEfOBATEIBHOCTH {X,} CyIleCcTByeT 6ECKOHEUHO MHOI'O

YJIEHOB X, TAKUX, UTO X, >a-—E.
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AOKQ3ATeAbCTBO Heo6xoaUMOCTH. Ilyers a = lim x,

n — oo
u € > 0 ¢pukcupoBano. Eciiu 661 Ha mosrynHTEpPBaJie [a + €, +00)
OKaBaJIoch 0ECKOHEYHO MHOTO YJIEHOB II0CJI€L0BAaTEIbHOCTH {X,,},

TO HAIJIACh OBl IOJIOCIENOBATEIBHOCTD {X,}, 9JIEMEHTHI KOTO-
poii mMpuHAAJEKAT 3TOMY IOJYHMHTEePBaJIy U KOTOpas MMeeT KO-
HEeUHBIII nanu OeCKOHeUHBIN mnpenmea. O6o3HaumM ero uepes b.
OueBugHoO, b > a + € > a, 4TO IPOTUBOPEUUT TOMY, UTO @ — Ha-
uOOJIBIINI YaCTUYHBIN IIPeae IOCIeJoBaTeIbHOCTHU. ¥ cjaoBue 1
ITOKa3aHo.

Jlajsiee, BepXHUM Openes ABJIAETCA M YaCTUUYHBIM ITPEeJIOM,
cJaeloBaTeJabHO, CYIIEeCTBYEeT MOAIOCJIeI0BATEeIbHOCTD {xnk} Ta-
Kad, 4To lim X, = a. IlouTn; Bce uJeHBI IOCJIEAOBATEIIHLHOCTHI

n - oo

{xnk} 0oJbIlle @ — € U, CIEAOBATEILHO, CYIEeCTBYeT 6€CKOHEeUHO

MHOTO 4JIEHOB JaHHOH IIOCJIE0BATEIBHOCTH {X, }, GOJIBIINX, YeM
a — €. YcioBue 2 TaKKe JOKa3aHo.

AOKA3ATEABCTBO AOCTATOYHOCTW. Ilycrh umcio a
ynoBJjerBopseT ycaoBuaMm 1 u 2. IlokakeM, UTO Torma a SABJIf-
eTcs YacTUYHBIM mpenenoM. Bosbmem €= 1/k, k=1, 2, ....
[l KasKIoro HATYpaJbHOTO K CYIIecTByeT HOMED 1, TaKOH,

uTo X, > @ - 1/k (cormacuHo ycioBuio 2) u X, < a+ 1/k
(cormacHo ycaoBuio 1). Tak Kak ama Jgob6oro kB MHOMKECTBO
3JIEMEHTOB X, JaHHOI IIOCJIeAOBAaTEJbHOCTH, AJIA KOTOPBIX BHI-
HMOJIHAIOTCS HepaBeHcTBa a — 1/k <x, <a + 1/k 6eckoHEUHO, TO
HOMepa 1, MOXKHO IIocjaegoBareabHo (B =1, 2, ...) BBIOpaTh Tak,
YTOOBI Ny, < n,, TpU kiy < ky. B pesynbTaTe MBI IOJIYyYUM

IIoAIIOC/JIe10BaATEJIbHOCTD {xnk} I[aHHOfI II0CJjIe10BaTeJIbHOCTU

1 .
{x,}. I3 HepaBeHCTBA |a — xnk| < 3 CJIeAyer, 4ro lim X, =a
n - oo

T. €. UTO @ ABJAETCA YACTUUYHBLIM IIPeaesioOM IOCJIeI0BATEIbHOC-
TH {X,}.

IToxaskeMm Temepb, UTO UKCJIO @ ABJAETCA HAMOOJIBIINM YaC-
TUYHBIM IpefeaoM. [leficTBUTENIBHO, eCau ObI HAIIIEJICA YaCTUY-
HBIH Ipejes b mocyiefoBaTeJbHOCTH {X,} Takoii, uTo b > a, TO,
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BbIOpaB € > 0 Tak, uTo a + € < b, MOJIyYUM, UTO HA IPOMEKYTKE
(a +€, +0°0) O6ymeT HaXOOUTHCA OECKOHEYHO MHOTO UJEHOB
IIOCJIef0BATEIbHOCTH {X,} (2 MMEHHO IIOYTH BCe UJEHBI IIOA-

IMOCJIeIOBATEILHOCTH, CXOAMAINeHcsa K b). 9TO IPOTUBOPEUUT
ycyoBuio 1. O

VIIPAJRHEHHA. 19. JokasaTh, 4YTO, JJIA TOTO UTOOBI ITOCJIEI0BATEIbHOCTD
uMeJia npeges (KOHEeUHBIN niu 0eCKOHEUHBIH, PABHBIN OJHOMY M3 CHMBOJIOB

+00 ymu —00), HeoOXOAUMO U JOCTATOYHO, 4TOOLI lim x, = lim x, .

_, 00
n n - oo

20. lokazats, 4YTO

A Ty < i, o lim g

21. lokasaTs, 4YTO

lim x, = inf{ sup x,}= lim { sup x,},
n- n m>n n-° m>n
lim x, = sup{ inf x,}= lim { inf x,}.
n - oo n m>n n- m>n

§5.

[NpeAeA N HEMPEPDLIBHOCTb QYHKLLMN

5.1. AencrtBuTeAbHble PYyHKLMUN

IIpu m3ydyeHHMHM TpOIlECCOB peasbHOTO Mupa (pusmuecKux, Xu-
MHYECKUX, OMOJOTUYECKUX, SKOHOMUUECKNX U BCEBO3MOKHBIX
IPYTUX) MBI IIOCTOAHHO BCTPEUAEMCSA C XapPaKTEPUIYIONIUME UX
BeJIMUYMHAMM, MEHAKIIMMNCA B TeUYeHUE pPacCMaTPUBAEMBIX
nporieccoB. IIpum sToM yacTo GBIBaeT, UTO M3MEHEHUIO OTHOM
BEJIMYUHEI COIYTCTBYET M M3MeHEeHUe APYroil miu gaske, 6ojee
TOTO, U3MEHeHNe ONHON BeJIWUUHBI SABJIAETCA IMPUUYUHON H3Me-
HeHUuA Apyroi. BsauMocBs3HbIE U3BMEHEHU S YNCIOBLIX XapaKTe-
PHCTUK pacCMATPUBAEMBIX BEJUUUH IIPUBOIAT K UX (PYHKIUO-
HaJIbHOM 3aBUCUMOCTUA B COOTBETCTBYIOIUX MATEMaTUUYECKUX
mogenax. IlosTomy moHATHME GYHKIIMU ABJAAETCA OJHUM U3 Ca-
MBIX BaKHBIX IIOHATHUHN B MaTeMaTUKe U ee IPUJIOKEHUAX.

B manHOM Kypce MaTeMaTHUYeCKOTr0O aHaIu3a OyAyT cHauaja
M3yYyaTbCs TOJBKO AeHCTBUTENbHBbIE (DYHKIIUU OJHOTO IEUCT-
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BUTEJBHOTO apryMeHTa, T. e. @yHKIuu f: X > R, rme X < R u
X # . HesaBucuMbIe U 3aBUCUMEIE IIepeMeHHbIe Ha3bIBaIOTCA B
aTOM cayuae OdeiicmeumenvHbvlmu (8eujecmaeHHblMU) TIepeMeH-
HBIMMHA. BaTeM IIOABATCA (I)YHRIII/II/I MHOT'MX II€epeMEeHHBIX, T. €.
byHKIIMHK, OIIpe e IeHHbIe HA HEKOTOPOM MHOXKECTBE dJIEMEHTOB,
KasKIbIH M3 KOTOPBIX IIPEACTABIAET CO00M YIOPAIOUEHHYIO CO-
BOKYIHOCTE unceJ. ByayT Tak:ke usyuarbcs GYHKIINN, IPUHU-
Marolue KOMILJIEKCHBIe 3HAUeHUsd, QYHKIIUN, apTyMeHTaMu KO-
TOPBIX ABJIAIOTCA KOMILJIEKCHBIE UKCJIa, U Apyrue GyHKIuu 60-
Jee oOIIIel TPUPOILI.

OrMeTuM, uTO QYHKIIUM, IIPUHUMAIOIINE YKCJIOBLIEe 3HaUe-
HUA (ZefCTBUTENbHBIE UM KOMILJIEKCHBIE) HA3hIBAIOTCA YUCJLO-
8blLMU U CKALSIPHbLMU.

Hapg dyHKIUMAMU, TPUHUMAIOIIMMU YKUCJIOBbLIe 3HAUYEHUS,
MOXKHO IIPOM3BOAUTH Pa3JIMUYHBIE apu(pMeTHUeCKHe OIepalluu.
Ecnu manbl 1Be uncioBble GDYHKIIUY [ U g, OIpeaeieHHbIe Ha Of-
HOM U TOM ’Ke MHOoxKecTBe X, a ¢ — HeKOTopoe uucjo (Ui, Kak
YacTO TOBOPAT, MOCTOAHHOE), TO GYHKIIUA cf ompemenseTcsa KaK
GYHKINA, IPUHUMAIONAA B KaXKAoli Touke x € X 3HaueHUe
cf(x); dyurnua f+ g — Kaxk (PYHKIUS, OIPUHUMAOIIAS B
Kaskmoi Touke x € X smauenue f(x) + g(x); f¢ — KaK QyHKIIUI,
B KAXKIOH TOUKe IpUHUMAapINaa sHauenue f(x)g(x); HaKoHeI,
/€ — Kaxk QyHKIUA, B KasKaol Touke x € X paBHasa f(x)/g(x)
(4TO0, KOHEUHO, MMeeT CMbICJI JHUIIEL Ipu g(x) # 0).

YucnoBasa ¢pyuKIua f, ompemeseHHas Ha MHO:KecTBe X, Ha-
3bIBaeTCA OTPAaHUYEHHOHN cBepxy (CHUBY), eCcJau MHOKECTBO ee
3HAUEHUN OrpaHnYeHo cBepxy (cHu3y). MHaue roBops, QyHKIIUI
{ orpanuueHa cBepxy (CHM3Y), €CJIU CYIIECTBYeT TaKas IOCTO-
AHHAA M, 4TO s KaxKaoro X € X BBINIOJHAETCA HEPaBEHCTBO
f(x) < M (coorBercTBeHHO f(x) = M).

dyurnusa f, orpannyenHas Ha MHo)KecTBe X KaK CBeEpXy,
TaK ¥ CHU3Y, HA3BIBAETCS IIPOCTO 02PAHUYEHHOI Ha 9TOM MHO-
skectBe. OueBUAHO, YTO QPYHKIUA [ orpaHMUYEHA HA MHOMKECT-
Be X B TOM U TOJIBKO TOM CJIy4Yae, €CJU CYIIEeCTBYeT TAKOe UIC-
Jgo M > 0, uro gasa Kaxkaoro X € X BBINOJHSETCSI HEPABEHCTBO
If(0)| < M.

Bepxuss (HUKHss) rPaHb MHOKECTBA 3HAUEHUN Y; UMCJIO-
BOIl GyHKIUU y = f(x), oupeneseHHON HA MHOXKecTBe X, Ha3bI-
BaeTrcs sepxHell (HuxcHeill) zpanvio GyHKIuu f 1 0603HAYAETCA

supf, supf, sup f(x)(@nff, inf f, inf f(x)).
X xO0X X xOX
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BoJee mogpo6HO 3TO 03HAUAET, 4TO, HAIpUMep, A = sup f, ec-
JIY, BO-TIEPBBIX, IJIA KaKAOTO X € X BBIMOJHIETCA HePaBEHCTBO
f(x) < A, u, BO-BTOPBIX, IJdA J0Goro A' < A cylecTByeT Taxkoe
xy € X, uro f(x)) > N'. Iugexc \' y sanemeHTa MHOXKecTBa X IIO-
KasbIBaeT, YTO OH 3aBMCHUT OT BbIOOpa uucya A'.

B mpuBemeHHOM OIpeAesieHNM BepxXHAA (HUIKHASA) TI'paHb
(GYHKIIUM MOKeT ObITh KaK KOHEUHOIT, Tak U OeCKOHEUHOI.

CorstacHo pesyJsabraram I. 3.4, QyHKIIUA f orpaHUYeHa CBEPXY
(cHMBY) HA MHOKecTBe X TOTZA U TOJBKO TOT/A, KOTIa OHA UMe-
€T Ha BTOM MHOKECTBE KOHEUHYIO BEPXHIOI (HUIKHIOIO) IPaHb.

VIIPA)RHEHHA. 1. IokasaTb, uTo ecau QYHKIUA [ He OrpaHnYeHa CBEPXY
(cHusy) Ha oTpeske [a, b], TO cymecTByeT TaKasd IOCIELOBATEIBHOCTb TOUYEK X, €

€la, b],n=1, 2, ...,urto lim f(xn) = 400 (COOTBETCTBEHHO lim f(xn) = —00),
n - oo n — oo

2. [lokasaTh, uTo ecau (PyHKIMA He OTpaHMUEeHA HA OTPe3Ke, TO CYIIeCTBYeT
TOUYKA 3TOr'0 OTPE3Ka, B KaXKJ0OI OKPECTHOCTH KOTOPOIl (GYHKI[UA HE OTPaAHU-
yena. CIpaBesInBO JIX 9TO YTBEPKAeHNe IJIA HHTepBaga?

3. IlocTpouTs mpuMep PYHKINU, ONPEIeJIeHHON Ha OTpe3Ke 1 HeOrpaHUYEeH-
HOM HaA HeM.

Bynem rosopuTh, 4TO ynMcaoBasaA PyHKIuA f, ompemeaeHHAas
Ha MHOXXecTBe X, IPDNHUMAaET B TOUKe X, € X Haubonbulee 3HA-
yenue (Raumernvuee), ecnu f(x) < f(x,) (coorBeTcTBeHHO f(X) >
2 f(xg)) ona kaxpon Touku x € X. B aToM ciyuae 6yzem nucaThb
f(xg) = m)?x f unu f(xy) = max f (coorBeTcTBeHHO f(x() = m}%n f

unu f(x) = min f).

HawubGonbiiee (HauMeHbIlee) sHaUeHNe (HDYHKITUY Ha3bIBAET-
cAd TaKiKe ee MAKCUMANbHuIM (MUHUMAJLbHLIM) 3HAYEHUEM.
MakcuMmanabHbIe U MUHUMAaJbHbIE 3HAUEHUSA HA3BIBAIOTCA 9KC-
mpemanivHulMU.

OueBuznHO, uTO ecam PyHKIUSA f IPUHUMaET B TOUKe X, Ha-
nbosiblllee (HauUMeHbIIlee) 3HaUeHHe, To f(x,) = sup f (coorser-
CTBeHHO f(x,) = inf f).

OTMeTHM ellle, YTO €CJM 3aJaHbl MHOKecTBa X, Y M COOT-
BeTCTBUE f, CTaBAIIEe B COOTBETCTBUE KAKIOMY dJIEMEHTY MHOKe-
ctBa X eIVWHCTBEHHBIN 3JIEMEHT MHOMKECTBA Y, TO 3TUM (DYHKI[US
f, omipeneseHHass Ha MHOXKecTBe X U C MHOXKECTBOM 3HAUEHUI, CO-
JepsKalmMcs B MHOYKECTBe Y, IIOJTHOCTBIO oIpejesieHa. B uact-
HOCTH, 0e3pasIuyHO, Kakoili OYKBOH 0003HAUUTH apryMeHT U
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KaKoui — 3HaueHuWe (pyHKIuu. Tak, IIpW 3aJaHHOM YKasaHHOM
coorBercTBUU [ 3amucu y = f(x), x€X, y€Y uv={(u), ucX,
v €Y, obosrauaroT oxHO 1 TO ke. Hanpuwmep, y = log, x, x > 0,
u x =log, y, y > 0 obo3HaUaOT OJHY U Ty Ke (PYHKIUIO.

CroenmaeM B 3aKJIIOUEHUE ellle OAHO 3aMeuaHue. B ciydae OK-
PECTHOCTH TOUYKHU HAPAAY C BhIpaKeHUEM «(DYHKIIUS OIpeee-
Ha HA OKPECTHOCTHU» WCIOJb3yeTCA TePMUH «(PYHKIIUS OIpese-
JeHa B OKPECTHOCTH». B TOMOOHBIX BBIPAKEHUSIX IIPEAJIOTH «B»
U «Ha» UMEIOT OAUHAKOBBIN CMBICJI.

5.2. Cnoco6bl 30AQHUS YHKUUN

B sT011 r1aBe m3ydarmTcA TOJIBKO AeHCTBUTENbHBIE (PYHKIIUY OJ-
HOH JeliCTBUTEJILHOM IIepeMeHHOH, T. e. Takue (PyHKIHUH f, UTO
fi: X—R, X <R, X#@. IlooToMy 0CTAaHOBUMCS 3J€Ch TOJLKO
Ha cmoco0ax 3aJaHusa TaKUX PYHKIIUA.

Ilpexxne Bcero (QyHKIIMM MOTyT 3aJaBaThbCAd C IIOMOIIBIO
dopMys: aHAaITUTHUUYECKUN cmocob. [[yud 3Toro ucnosrnb-
3yeTcs HeKOTOPBIN 3alac U3yUYeHHBIX M CHeI[MaJbHO 0003HAUeH-
HBIX (QYHKIUWH, ajredpanyecKue AeWCTBUA W IIPEAEJbHBIN IIe-

pexon. Hanpumep, y=ax + b, y = ax2, y=sinx,y= 41— x? ,

y=1+ Jlg cos 2T1ix.

IIpu sTom Bcerma mon (pyHKIMelH, 3aJaHHON HEKOTOPOU (op-
MYJIOi, IOHHMMAaeTcsi (PYHKIIMA, OIpemesieHHAas Ha MHOMKECTBe
BCEX TeX MeNCTBUTEIbHBIX YHUCEN, A KOTOPBIX, BO-IIEPBHIX, YKAa-
3aHHadA (hopMyJia UMEeT CMBICJ 1, BO-BTOPBIX, B IIPOIlECCE ITPOBE-
IeHUsI BceX HeOOXOAMMBIX BBIUKCJIEHUH IO 3TOU (hopMyJie HOJIy-
YAIOTCS TOJBKO NeHCTBUTEIbHBIE YKCJIAa, IPUYEM OKOHUYATEIbHBIH
Pes3yJIbTAT BEIUUCICHUH IJIA JAaHHOTO YKCJIa X U3 00JIacTH ompee-

JIeHUA paccMaTpuBaeModl (DYHKIIUU SABJIAETCA ee 3HAYeHUeM B
x + |x]|

/ 2
1-x
asasierca nuTepsai (—1, 1), XoTa sTa QYHKIINA IPUHUMAET JIeli-
CTBUTEJbHbIE 3HAUEHUA U Ha moynpaMon x < —1 (mpu Bcex x < 0

Touke x. Tak, obysacTeio cyiecTBoBaHuA PyHKIIUT f(x) =

/ 2

OHA paBHA HYJIO, HO HOpu X < —1 3HaueHHe KOPHA A1 — x
SIBJISIETCSI CYIIIECTBEHHO KOMILICKCHBIM YKCJIOM).

OTMeTI/IM, YTO IIPHM TaKOM OIIpeaeJIeHNNn I[eﬁCTBPITeJIBHBIe

dyarnuu f(x) = x u f(x) = (J/x )2 MMeIOT pasHble 00JIaCTH OIIpe-
IeJIEHUs: TIepBasd ollpejeieHa Ha MHOMKECTBE BCeX AeHCTBUTEIb-
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HBIX YUCEeJ, a BTopas — TOJbKO Ha MHOKECTBE BCE€X HEOTPUIIA-
TEJbHBIX.

Wuorgma (GyHKIIMA 3amaeTcA C IIOMOIIBI0 HECKOJIBbKUX (op-
MYyJI, HaIIpUEMep

2% gumasx>0,
flx)=+<0 ms x =0, (5.1)
x—1 gna x <O0.

DOYHKINA MOYKET ObITh 3aJaHa TAKKe IIPOCTO C IIOMOII[bIO OIII-
CaHMs COOTBETCTBUsI. IloCTABMM B COOTBETCTBHE KAMKIOMY UHCIIY
x> 0 umcio 1, uncay 0 — uncio 0, a Kaxxgomy x < 0 — umcio —1.
B pesyabTaTe mosyurM (PyHKI[HIO, OIpeaeeHHYI0 Ha BCeil Ymco-
BOIf OCU ¥ IMPUHUMAIONIYIO Tpu 3HaueHus: 1, 0 u —1. Ora pyHK-
I[1sI IMeeT CIIeI[aIbHoe o6o3HAUeHVE sign x 1 MoXKeT OBITEL 3a-
II1CaHAa C IIOMOIIBIO HECKOJIbKUX (hOPMYJI:

1 gnax>0,

sing x =<0 mmax=0, (5.2)
-1 gna x <O0.

Jpyroii npuMep: KaKJI0OMy PalliOHAJIIBHOMY YHCJIY IOCTaBUM
B COOTBETCTBUE YUCJIO 1, a KaXKIOMY UPPAIMOHATIBHOMY — YMCJIO
"y b. IlonyuyenHaa GyHKIIUA Has3bIBaeTcd QyrKyueil /] upuxﬂez.

OTMeTHM, UYTO BCAKad (popMyJia ABJISAETCSI CHMBOJHNUYECKOI
3aIMChi0 HEKOTOPOT'O OIIMICAHHOI'O paHee COOTBETCTBUSA, TaK UTO,
B KOHIIe KOHIIOB, HET IPUHITUIINAIBHOTO Pa3INUNA MEKIY 3aa-
HUeM (QYHKIUU C IIOMOIIBIO (GJOPMYJIBI MU C IIOMOIIIBIO OIIHCA-
HUSA COOTBETCTBUA; 3TO Pa3jnUNe YNCTO BHEIITHee.

CrnenyeT Tak:ke UMETb B BUNY, UTO BCSAKaA BHOBb OIIPEJIeJIeH-
Had GYHKIIUA, €CJIU JJid Hee BBECTH CIIeIMaJIbHOe 0003HAUeHME,
MOJKET CJYKUTh A OImpeAeNeHUA APYrux QPYHKIUHA C 1O-
MoIIbI0 (hopMyJI, BKJIIOUAIOIIUX 3TOT HOBBIYM CUMBOJI.

Eciu peub umer o gefiCTBUTENbHBIX (QYHKIIUAX OJHOTO JEi-
CTBUTEJBHOTO apryMeHTa, TO JJIs HarJIAIHOTO IIPeJCTaBIeHUA O
xapakTepe GYHKIIMOHAIbHON 3aBUCUMOCTU YaCTO CTPOATCA I'pa-
buKM QYHKIIUHA HA KOOPAMHATHOM TMJIOCKOCTH (KOODPAMHATHOI
Ha3BIBAETCS IIJIOCKOCTh, HA KOTOPOH 3aaHa MPAMOYTOJIbHA Jie-
KapToBa cucTeMa KOOpPAUHAT).

1A
Signum (y1aT.) o3HAUAET «3HAK».

2. Hupuxie (1805—1859) — Hemenkuii MmaTeMaTHK.
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YA YA YA
y=2°
1 ] -—— . . . o Je o ° . .
- - ———— — ——
0 1 x 0__11 ¥  —4-3-2-10 1 2 38 4%
y=x-1
Puc. 18 Puc. 19 Puc. 20

W3 oGmriero ompenpenenuss rpadpura GyHKmum (cMm. II. 1.2*)
caenyert, uro rpaduk GyHrmuu y = f(x) (x u y — uucia, x € X)
mpeacTaBisgeT co00i MHOKecTBO Touek (x, f(x)), x € X, HA Koop-
IUHATHON IJIOCKOCTU IIEPEMEHHBIX X 1 J.

Tak, rpadur pyuxnuu (5.1) umeer Bum, n300pakeHHBIA HaA
pucyHke 18, rpapur pyurmuum sign x (cMm. dopmyasr (5.2)) —

Ha pucyHKe 19, a rpadpuk dpyarouu y = 1 + ./1g cos 2Tx cocTo-
HUT N3 OTAEJIBHBIX TOUEK, COOTBETCTBYIOIIINX I[€JbIM 3HAUYEHUAM
aprymenTa x = 0, £ 1, £2, ... , TaK KaK IPU OCTAJIbHBLIX 3HAUe-
HUAX apryMeHTa BbIpakKeHue moj 3HaKOM paJuKaja IPUHUMAET
orpuIaresbHble 3HaUeHuA (puc. 20).

MmuoxxectBo Touek {(x, y): x € X, y > f(x)} HaspIBaeTcs
Hadzpagurom mauHoOM dyHKIUM f, a MHOMKeCTBO {(x, y): x € X,
y < f(x)} — ee nodzpagurom.

I'padpuueckoe msobpaskeHre (PYHKIIUU TaKKe MOMKET CJIY-
JKUTh AJA 3amanus GQYHKIIMOHAJLHON s3aBucuMmocTu. IIpasna,
9TO 3amaHuWe OyaeT IPUOIMKEHHO, IIOTOMY YTO HM3MepeHM’e OT-
PE3KOB IIPaKTUUYECKU MOYKHO HPOU3BOAUTH JIUIIL C OIpPeIesIeH-
HOUM cTeleHbIO TouHOCTH. IIpuMepamMu rpadmuecKoro 3amaHus
(GYHKIUIT, BCTPEUaIOIIMMUCS Ha IPAKTHUKE, MOT'YT CJYKUTh, Ha-
mpuMep, HOKasaHus ociuaaorpada.

DYHKIMIO MOKHO 3aJaTh €Ille C TOMOII b0 TabJuauil,
T. e. IJIs HEKOTOPBIX 3HAUEHUI MePeMEeHHON X yKasaTb COOT-
BETCTBYIOIINE 3HAUEHUS ITepeMeHHOoH y. [JlaHHbIe TabJIUI] MOTYT
ObITH IIOJYUEHBI KaK HEIIOCPeICTBEHHO M3 OIbITa, TaK U C IIO-
MOIIIBIO TeX WJIN MHBIX MaTeMaTUUecKux pacueToB. IlpuMmepamu
TAKOro 3aJaHus PYHKIUN ABJIAIOTCA JorapuMuuecKue Tadbam-
bl TpuroHoMmerpuueckux (yariuii. Camo coboii pasymeercHd,
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uyTo (DYHKIIUS, 3aJaHHasA ¢ IIOMOIIbI0 TAOJIUIBI, OIIpeaeseHa Ha
KOHEYHOM MHOJXECTBE TOUEK.

Haxowmen, npu npoBeieHNN YHUCJIOBLIX PACUETOB HA KOMIIbIO-
Tepax (PYHKIHK 3aJAIOTCA C IOMOINBIO IIPOrpaMM IJs UX BbI-
YNCJEHUA IPU HYKHBIX 3HAUCHUAX apryMeHTa WK TpedyeMble
3HaueHUsT (PYHKIIMU B T'OTOBOM BHUE 3aKJANBIBAIOTCA TEM WJIU
WHBIM CIIOCOOOM B IIaMATL KOMIIbIOTEPA.

Paccmorpum GoJiee Togpo0HO HEKOTOPhIE CIIeIaIbHbIE aHa-
JUTUYECKUE CIIOCOObI 3afaHusa QPYHKIIUU.

Heasuble ¢yHEKIUU IIycTh 1aHO ypaBHEHIE BUIA

F(x, y) =0, (5.3)

T. €. 3afaHa GpyHKIUA F(x, y) AByX HeHCTBUTEJIbHBIX ITePEMEH-
HBIX X U I, 1 pacCCMaTPUBAIOTCA TOJbKO TaKue Mapwl X, Y (ecau
OHU CYIIECTBYIOT), AJI KOTOPBIX BHIMOJIHAETCA ycaoBue (5.3).

IlycTs cymiecTByer Takoe MHOKeCTBO X, UTO AJIS KaXKIOTO
Xo € X cymiecTByeT II0 KpaliHell Mepe OJHO UHCJIO Y, YAOBJIETBO-
psaoliee ypaBHeHHUIO F(x(, y)= 0. Ob6o3HaUUM OJHO M3 TAKUX
4quces 4epes Y, U IIOCTABUM €ro B COOTBETCTBHE YHUCILY X € X.
B pesyabraTe moayuum QyHKIUIO f, oIpeaeleHHYI0 HAa MHOMKe-
crBe X u Takyio, 9T0 F(x(, f(x)) = 0 nnsa Bcex xy € X. B saTom
caydyae TOBOPAT, UTO PYHKIUA [ 3amaeTcsa HESIBHO YPaBHEHUEM
(5.3). OgHo u TO Ke ypaBHeHUE (5.3) 3agaeT, BOOOIIlE TOBOPA, HE
OIHY, a HEKOTOPOe MHOKECTBO (PYHKITUI.

dyuKIUYU, HeIBHO 3aJaBaeMble ypaBHeHuAMU Buga (5.3),
HA3BIBAIOTCA HEABHbIMU QYHKUUAMU B OTIWYNE OT PYHKITHIM,
3amaBaeMbIX (hOpMyJIOii, pa3dpeIeHHON OTHOCUTEJIbHO IIePpeMeH-
HOM y, T. e. hopmymoii Buaa y = f(x).

TepMuH «HeABHAs QYHKIHA» OTpPaskaeT He XxapaxTep PYHK-
IMOHAJBHOM 3aBUCUMOCTH, a JIUINL CIIOC00 ee 3amauusa. Ogua u
Ta Ke QPYHKIUS MOKET ObITh 3aJaHA KAK SABHO, TAK W HESBHO.

Hanpuwmep, pyaroun fi(x) = ~/1 — X% u fa(x) =—n1-— x* MOTYT

OBLITH 3aJaHBl TAKJKE M HESIBHLIM 00pasoM C IIOMOIIBIO ypPaBHE-

Hus x> + yz — 1= 0 B TOM CMBICJIE, UTO OHH BXOIAT B COBOKYII-
HOCTb QYHKIIUI, 3aJaBaeMbIX dTUM YpPaBHEHIEM.

Cnoxuble QYHKIIHU U HamoMHHUM, UTO eciu 3aJaHbI
dyarnunm y = f(x) u z = F(y), npuuem obJsacThk 3afaHuA HYyHK-
muu F comep XUt o6JacTb 3HAUEHUN PYHKIUY f, TO KAKIOMY X
3 00JIacTH onpefeaeHnsa QYHKIINYT  eCTeCTBEHHLIM 00pa3oM Co-
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OTBETCTBYET 2 Takoe, uto 2 = F(y), rae y = f(x). Ora pyHKIINA,
ompepeasemMas cooTBeTcTBueM z = F[f(x)], HaspIBaeTcs, KaK us-
BECTHO, CJIOMCHOU QYHKYUell Uau Komnosuyueil (cynepnosuyu-
eii) pyurmuu f u F u obo3Hauaercs uepes Fof, T. e.

def
(Fof)(x) = F(f(x)).

CinoxHada QYHKIIUA OTpaskaeT He XapaxkTep (PYyHKIIMOHAJb-
HOI 3aBHCHUMOCTH, a JIUIIH CIIOCO0 ee 3aJaHusA: MOMKET CIYUNUTh-
cs, UTO OfHA U Ta Ke QYHKIIUA MOMKET ObITh 3aJaHa KaK C IIO-
MOIIIBI0O KOMITIO3UIINYA KaKUX-JIN00 (PYHKIINMA, TaK 1 0e3 UX IIOMO-

.2
mu. Hampumep, croxHas pyaknusa z =27, y = log, (1 + sin” x),
3aJlaHHAas C IIOMOINBIO CYIEepPIO3UIINil IMOKAasaTeJbHON U Jiora-
pudMHUUecKoi PYHKIUH, MOKeT ObITh 3a7jaHa 1 6e3 9TOi KOMIIO-
.2
sunuu: 2 = 1 + sin” x.

ITogo6HBIM 06pa30M MOYKHO pacCMaTPUBATh CJIOKHBIE (PYHK-

IUHU, ABJAIONINECS KOMIIO3UIUeH Oosiee ueM IBYX (PYyHKIUH, Ha-
1

%—BMOHQHO paccmaTpuBaTh
\x

KaK KOMIIOSUITUIO CAeAYIOmuX GyHKITHAI]:

npumep GyHKIUO w = sin lg %1 +

w=sinv, v=Igu, u=1+z2, 2=$, y:ﬁ,

5.3. dAemMmeHTapHble QYHKUUU U UX KAACCUdumkaums

4 a
(I)YHKIII/II/I: IIOCTOsAAHHAA Yy = €, ¢ — KOHCTaHTa, CTeIIeHHaA § = X ,

nokasaTeabHas y = a* (a > 0), jsorapubmuueckas y = log, x
(a> 0, a # 1), TpuroHoMeTprYecKue y = sin x, y = cos x, Yy =
= tg x, y = ctg x u obpaTHLIe TPUTOHOMETPUUECKUE J = arcsin x,
Yy = arccos x, y = arctg x, y = arcctg x — Ha3bIBAIOTCA OCHOBHbL-
MU IJLeMEHMAPHBIMU QYHKYUAMU.

Beakasa ¢pyHrkyusa, komopas modxem Ovblmb A6HbLM 00pA30M
3a0ana ¢ nomouybio Gopmynvt, codepicauieili AUULL KOHEUHOe
YUCNO apu@memuuecKux Onepayuil U KoMno3uyuil OCHOBHbLX
3JeMEHMAPHbLX PYHKUULL, HA3bLBAECMCS IJeMEeHMAPHOU PYHK-
uueil.

ITox oGsacTbio CYIIIeCTBOBAHUS 3JIEMEHTAPHOM (GQYHKIIUU B
COOTBETCTBUU C OOLTUM corJallleHreM O (DYHKIIUSAX, 3aJaHHBIX
dopmymamu (cM. 1. 5.2), 0OBLIYHO IMOHMMAIOT MHOKECTBO BCeX
JNeMCTBUTEJIbHBIX UMCEJ X, IJI KOTOPBIX, BO-IIEPBBIX, (hopMyJia,
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3amalasa paccMaTpUBaeMyIO 3JIeMeHTapHYI0 (QYHKIINIO, TMeeT
CMBICTI U, BO-BTOPBIX, B IIPOIlECCe IIPOBEJEHUA BCeX HEOOXOau-
MBIX BBIYMCJIEHU IT0 3TOH (hOpMYyJIie IOJYUaI0TCA TOJIBKO AeHCT-
BUTeJIbHBIE UHNCJIA.

Brimre paccmoTrpeHHble (DYHKIINMHM, 3ajlaBaeMble (hopMyaamMu

y=ax + b, y=ax2,y= A/1—x2,y=1+ J1g cos 2Tx , y =

= sin In El + %LE, y = Xt ol (3ameTmM, uTO |X| = A/x72 —
Ax N

sJeMeHTapHass (BDYHKIUA), ABIAIOTCA 3JIEMEHTAPHBIMU (PYyHK-
IAAMU.

deMeHTapHBIE (PYHKIIMK OOBLIUHO JeJST Ha CJeAYIoIue
KJIACCHI.

l.MEoroudeHGH (I0OJUHOMBI). K MHOrOUIeHAM OTHO-
caATcss PYHKIINY, KOTOPbIe MOTYT OBITh 3aMaHbl (DOPMYyJIaMHU BHUAA

n
_ k
y=P,(x)=ag+a;x+..+a,x"= 2 ayx".
k=0
Ywucna ay, ay, ... , @, HA3BIBAIOTCA KO3QPUYUEHMAMU MHOZ0-
ynena P,(x).
Ecim a,# 0, To 4mcyio n HasbIBaeTCA CmeneHvio OAHHOZO

MHOzOuleHa. MHOTOUJIeHBI IIePBOIi CTEIeHN HAa3hIBAIOTCS TaKKe
JAUHEUHbIMU QYHKYuamu. MHOrousIeH, y KOTOPOro Bce Koaddu-
IIMEeHTHI PABHBI HYJIIO, HA3BIBAETCA HYLCE8bLM MHOZOYJCHOM.

CremreHb MHOTOUJIEHOB 00JIaZlaeT TeM CBOMCTBOM, UTO IIPHU IIe-
PEMHOXEHHNHN HEHYJIEBBIX MHOI'OYJIEHOB CTEII€HBb IIPOM3BEOEHUA
paBHa cCyMMe CTeIlleHeN COMHOKuUTeei. UYToObl 3TO CBOMCTBO CO-
XPaHAJIOCh U IPU YMHOMKEHNN Ha HYJIEBOM MHOTOUJIEH, CTeIlleHb
HYJIeBOTO MHOTOUJIeHA IPUHUMAIOT PABHOM MUHYC 6€CKOHEUHOC-
™M —O° U IJis JI000T0 AefiCTBUTEJBHOrO UMcJja X II0 OIpeeJie-
HUIO cunTaoT (cM. 1. 3.1), 4YTo ero cymma ¢ —°° paBHa —09: —00 +
+ x = —00, 1 yro (—°°) + (—°0) = —00, B pesyabTaTe 3TUX COIJa-
IIeHuii CTeleHb IIPOU3BedeHNs MHOTOUJEHOB, M3 KOTOPBIX IIO
KpaiiHeli Mepe OIMH HYJIEBOM, OKa3bIBAETCs PABHON —O°, T. e.
CyMMe cTelleHell COMHOMKUTeeN.

2.PanmuvoHanabHbie QpYyHKINUYU (PalliOHAJDbHEIE
I p o 6 u). K aTomy Kyaccy oTHOCATCS QYHKIITUY, KOTOPHIE MOTYT
OBITH 3aJaHbI B BULE



rae P(x) n Q(x) — MHOTrOUJIeHBI, npuueM @(X) HeHyJIeBOH MHO-
TOYJIeH.

3aMeTuM, UTO KJIacC MHOTOUYJIEHOB COAEPKUTCSA B KJacce pa-
MUOHAJIBHBLIX QYHKITU.

3. UppanmuoHanbHble GYHKIHUU. HWppanmuoHaib-
HOI Ha3bIBaeTCSa (PYHKITNS, He ABJIAIOIAACSI PaIlMOHAJILHOM, KO-
TOpas MOJKET OBITH 3aJJaHa C TOMOIIHI0 KOMIIO3UIIUI KOHEUHOTO
Yycia paloOHAIbLHBIX (DYHKIINM, CTeIeHHEIX (GYHKIUHA C palu-
OHAJIBHBIMMY IIOKa3aTeJIAMM 1 YeThbIpeX apI/I(I)MeTI/I‘:IeCKI/IX ,ueﬁc'r—

puii. Hanpumep, QpyHKIUA y = 5A/(x - 1)/(x2 + Jx) sBnsercs
VPPaANOHAJIBHON (PYyHKITUEH.

4. TpaHcumeHTeHTHBIEe QY HKIUU. IIeMeHTaAPHBIE
GyHKIIUM, He ABIAIOINNECT HU PAIMOHAJBHBIMH, HU UPpAIU-
OHAJILHBIMU, HABBIBAIOTCA TPAHCIIEHAEHTHLIMY 3JIeMEHTAPHBIMU
dyHKIuAME. MOXXHO IIOKa3aTh, UTO BCe IIPAMbIe M OOpaTHBIE
TPUTOHOMETPUUYEeCKNe (PYHKIIMYU W ITOKasaTeJdbHas 1 Jiorapud-
MuuecKasa GYHKIIUY ABIIIOTCA TPAHCIEHAEHTHRIMY QYHKITUAMH.

B marHOM Kypce aHaim3a M3ydalOTCsI B OCHOBHOM JEeMCTBU-
TeJbHbIe (DYHKIIUU OT OJHOTO MW HECKOJBKHUX AeHCTBUTENb-
HBIX apT'yMEHTOB, IIO3TOMY BMECTO «IENCTBUTEIbHAA QYHKIIUA»
OymeM TOBOPUTH M IHCATDH IPOCTO «PYHKIUA». B Tex caydadax,
Korga OyayT paccMaTpUBATBhCSA QPYHKIIMU APYTOM IIPUPOILI, 9TO
OyIeT cIennaJibHO OTOBaPUBATHCA UJIN ACHO U3 KOHTEKCTA.

5.4. NepBoe onpeaeAeHue npeaeAd QyHKLUN

Ilepeiinem Tereps K M3yUYEeHUIO OJHOT'O M3 CAMBIX OCHOBHBIX IIO-
HATUH MaTeMaTHYeCKOIr'o aHaJn3a — IIOHATHIO mpenea PYyHK-
nuu. Ilog «ToukaMu» OygeM MOHHMMATH JM0O KOHEUHBIE TOUKH,
Janbo O0ecKOHeUHO yaaJieHHbIe, T. €. JIM0O JelCTBUTEJIbHbIE UNC-
Ja, 1100 omHy n3 6eCKOHEeUHOCTEH 00, +00 mnam —°. Jlagum cHa-
yaja omnpefeaenne mnpeneaa pyaxuun f: X — R, X < R B Tep-
MHHAaX IPeaesoB II0CJaeL0BaTeIbHOCTEN. ITO OIIpee/ieHre YacTo

. 1
Ha3BLIBAIOT OIIpejieieHneM Ipenesia PyHKuu 1o I'efine .
Onpeaenenne 1. Touka a Ha3vieaemcs npedesom d)é/mcuuu
f: X — R e moukxe xy (uru, umo mo e, npu x — Xy ), eCau

IT. Teitne (1821—1881) — memenkuii MaTeMaTHUK.

2
3amnuch «IIPU X — Xp» YUTAETCA: «IIPU X, CTPEMSAIIEMCA K Xy» .
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oas n1060il nocaedosameavhocmu x, € X, n=1, 2, ..., umer-
weil ceoum npedesrom mouvKy Xg, M. e. makKoil, wmo

lim x, = x, (5.4)

n - oo
nocaedosamenviocmy {f(x,)} umeem ceoum npedenrom moury a,

m. e.
lim f(x,) =a. (5.5)

B Tom cryuae, Korza a siBasieTcA mpeneaoM GyHKIUYT f B TOU-
Ke X, TUIIYT

lim f(x) =a nmu f(x) — a opu x — x,
X - xo

a eclId X — YHCJIO: Xy € R, TO MHOTZA IUITYT TaKKe
lim x) =a.
,dim ()

B cumBosmueckoii (hpopMe ompesesieHre mpenea PyHKIIUY 3aIIu-
ChIBaeTCsA CJAeAYIOITUM 00pas3oM:

. def
Jim 7lx) =a =

(}éf {(Vx,eX,n=1,2,..., xl{mmxn =X9= nl{mmf(xn) = a}.
IloguepkHeM, uTO B omlpefiesieHUN 1 Xy 1 @ MOTYT OBITH Kak
NefiCTBUTEIbHLEIMY YNCIAMU, TAK 1 OECKOHEUHOCTAMMU: OO, +00 1
—oo, Eciu xliqrr}c()f(x) = @ u a — [eHCTBUTEJHLHOE YUCJIO, TO

TOBOPAT, YTO B TOUYKe X, GYHKOUA [ WMeeT KOHeYHBI I
npene s (paBHBIA a).

Omnpenenenne npegesna npu 3aganaoi pyakmun f : X — R co-
IepiKaTesIbHO, KOHEUHO, TOJIBKO TOTa, KOTAA [JId TOUKU X Aeli-
CTBUTEJLHO CYIIECTBYIOT IIOCJIEJOBATEIbHOCTH TOYeK X, € X,
n=1, 2, ..., UMeIoIIie CBOUM IIpeaesioM (KOHeUHLIM U 0ecKo-
HEYHBIM) TOUKY X' nl{mmxn = Xq.

Onpeaenenve 2. IIycmv X < R. Touka x,, 04 Komopoil cy-

wecmeyem nocaedogamenvrocms x, € X, n=1, 2, ... , umeio-
wasa ceoum npedesom MouKy X,
nlhmooxn = X, (5.6)

Ha3bl8aemcs Mmoukoil NPUKOCHOBEHUA MHOM}Necmaa X.
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Ecnu Touka IPHUKOCHOBEHUSA X MHOKecTBa X ABJIAETCA OJ-
HOI M3 0ECKOHEUHOCTEeH ©°, +00 mjm —©°, TO OHa HA3LIBAeTCH
TaKKe U 6eCKOHeyHOo yoaneHHoll moukoil npukocHogeHus. Oue-
BUJHO, 9YTO €CJIM X( = O°© — GeCKOHeYHO yJajJeHHas TOYKa IIPU-
KOCHOBEHUSA MHOKecTBa X, TO OHO He OTPaHNYEHO, eCJIH Xy = +0O
(x¢ = —0) aBigeTcsa OECKOHEUHO yAAJeHHON TOYKOU IIPUKOCHO-
BeHUA MHOKecTBa X, TO OHO He OTPaHUYEHO CBepXy (CHU3Y).

OueBugHO, 4TO JI06As TOUKA X, NPUHAAJIEKAIasd CaMOMY
MHOXKeCcTBY X, ABJIAETCA €r0o TOUKONM NPUKOCHOBEHWS, TaK KaK
cTaloHapHasA IOCIefoBaTeJbHOCTh X, = Xo € X, n=1, 2, ...,

VIOBJIETBOPAET YCAOBUAM onpefenenus 2: lim x, = xyu x, € X,

n - oo

n=1, 2, .... Ho, 6e3ycyioBHO, Y MHOKECTB MOTYT CyIIIeCTBOBATbH U
KOHEUYHbI€ TOUKU IIPDUMKOCHOBEHN A, HE IIPDMHAAJIeKalllie 9TUM MHO-
skectBaM. TakK, HATPUMED, TOUKU X = 4@ ¥ X = b SABJIAIOTCS TOUYKAMU
OPUKOCHOBEHUS MHTepBaja (a, b) 1 He comep:KaTcs B HeM.

VITIPA’cRHEHHE 4. [lokas3aTs, 4YTO €CJIM TOUKA X( ABJIAETCA TOUKOI IPUKOC-
HoBeHUA MHOKecTBa X 1 X © Y ©— R, To TOUKa X ABJAETCA U TOUKOH IIpH-

KOCHOBEHUA MHOKeCTBa Y.

3ameuanue 1. Herpysuo ybeguTbcs, UTO HeEKoTopas
TOUKA SABJSIETCS TOYKOM MPUKOCHOBEHUS TaHHOTO MHOKECTBa
TOTZla ¥ TOJIBKO TOTIA, KOTAa Ji00as ee OKPECTHOCTD IIepeceKaeT-
Cs C 9TUM MHOYKECTBOM.

HelicTBUTENIBHO, €CIIU X; — TOYKA NPUKOCHOBEHUA MHOMe-
cTBa X, TO CYyII[eCTBYeT TaKas MOCJef0BATeJIbHOCTh X, € X, n =

=1, 2, ...,uro lim x, = x, u, ciegoBaTeIbHO, B JIOOYIO OK-

n - o

PECTHOCTb TOUYKHU X IIOIIaAyT BCE€ 4YJIEHBbI 9TON ImocJjiegoBaTeJib-

HOCTU HauMHAadA ¢ HEKOTOPOro HoMepa (a OHU ABJIAIOTCA TOUYKAMU
mMHOKecTBa X).
Hao6opor, eciu B 11060if OKPECTHOCTU TOYKU X, MMEIOTCHA

TOUKM MHOKecTBa X, TO, BBIGpaB AJIA KA 00 HATypaJIbBHOI'O 1
RaKYIO-JII/I6O TOYKY B HEIIYyCTOM IIO YCJIOBUIO II€epeCeueHUudd

XN UExO, %E’ u 0003HAuUMB ee Yepes X, T. €.

anXﬂUExO,%E’,n=1,2,...,
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IOJYYMM TAKyIO IIOCIEeNOBATEJBHOCTh {X,}, U4TO X, — X, (cM.
sameuanne 1 Bum.4.2)u x, € X, n=1, 2, ... . 9T0 u 03Hauaer,
4TO X( ABJAETCA TOUKOM NPUKOCHOBEHU MHOXKecTBa X. [

Hnsa mo6oro HemycToro MHOKecTBa X < R ero BepxHAS
rpaub 3 = sup X u HUKHAA rpadb O = inf X aBag0TCA €ro Tou-
KaM¥ OPUKOCHOBEHUS (OHU MOTYT OBITh KOHEUHBIMU UJIU 6ECKO-
HEUYHBIMM). OITO cpasy cJaeayeT, B CHJIYy JeMMbI 1, wu3
ompeneaennsd 4 BepxHeil rpaHu U OIIpelesieHuA 5 HUKHeill rpa-
HU MHOJKECTBAa, TaK KaK B 9TUX OIIpeNeIeHuaAX Tpedyercs, uTo-
OBl B JIT0O00M OKPECTHOCTY COOTBETCTBYIOIEHN I'paHU MHOMKECTBA
HaxoAuJach ero Touka (1 gaske ¢ OOJHOU CTOPOHBI OT PacCMaTpPHU-
BaeMoOM I'paHM).

W3 ompenenenus 1 mpenena GyHKIIUNY HETIOCPEICTBEHHO CJie-
IYeT, YTO B TOUKE IIPUKOCHOBEHUA CBOETO MHOKECTBA OIIpeeie-
HUA QYHKIINA He MOYKEeT UMeTh IBYX PAa3JINUYHbBIX IPEJeJioB, T. €.
yKasaHHOe OIllpeieieHre OJHO3HAYHO.

Hanee 13 onpeneneHus npenesia QyHKIINN CIeLyeT, YTO 3HA-
YeHUA, KOTOPbIe IPUHUMAET (QYHKIIUA B TOUKAX, JIEJKAIIIUX BHE
J1000¥ GUKCHPOBAHHON OKPECTHOCTH TOUKH X, He BIHUAIOT HU
Ha CYIIleCTBOBaHMe, HU Ha 3HaUeHUe Ipefesia GYHKIINN B TOUKE
xo. OOpasHO roBOps, CYIIECTBYeT MU HeT Ipefes MYHKIUHU B
IaHHOU TOUKe X, a eCJIU CyIlecTByeT, TO KaKOBO ero 3HaueHUe,
TOJIHOCTBIO OmpejiesideTcA 3SHAUeHNAMU (PYHKIIMM Ha mepecede-
Huu U(xy) N X mro60ii okpectHOCTU U(X() TOUKU X (ABIIAIONIEI-
cA TOUKOUM IMTPUKOCHOBEHMA MHOKecTBa X) ¢ CAMHUM 3THUM MHO-
JKEeCTBOM.

HeiicTBuTebHO, KakoBa Obl HU OblIa OKpecTHOCTb U(xy) u
KakoBa Obl HU OBbLIa IocJefoBaTelbHOCTh X, € X, n=1, 2, ...,

lim x, = x,, HaligeTca Takoil HOMep N, UTO IPU 1. > ny, n €N,
n - oo

OyzeT nMeTh MecTO BKJIOUeHUe X, € U(xy) N X, a KOHeUHOE YuC-
J0 4wieHoB f(xq), f(xg), «.. » f(xno) mocJsiegoBarenbHocTH {f(x,)}

He BJIUSAET HU Ha CYIIeCTBOBaHUE ee Ipefesia, HA Ha ero 3Haue-
HUE, €CJIA OH CYII[eCTBYET.

CBoiicTBa (BYHKIIMM, KOTOPBHIE 3aBUCAT JHIIb OT 3HAUEHUH
GYHKIIIT B JIOOBIX OKPECTHOCTSX paccMaTpuBaeMoOil TOUKH,
TOYHEEe T'OBOPSA, KOTOPHIEe He MEHAIOTCSA IIPU IePexolie K CysKe-
HUI0O (DYHKIUU Ha IepeceueHVe ee MHOXKeCTBa OIIPeJeJIeHUs C
1000 OKPECTHOCTHIO TOUKM, HA3LIBAIOTCA JOKAJbHbIMU CBOll-
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YA cmeamu QYHKyuU 8 OaAHHOI Mmoy-
Ke. VI3 ckasaHHOTO CJIEmyeT, UTO

P {\ /\ KaK CylleCTBOBaHUWe IIpelesa B
0 TOUYKe, TaK U €ro 3HaUeHUe, ecju
\/ U \/ OH CylIecTByeT, HABJIAITCA JIO-
KaJIbHBIMU CcBOMCTBAMU (PYyHKIUU

B OTOH TOUKe.

]Y

Puc. 21 NMpumepsl 1. IIycrs
2x” tx -1
x—1

f(x) =

MmuosxectBo X, Ha KOTOpPOM ompeneseHa QyHKOuA (5.7), moiy-
YyaeTcs M3 MHOKECTBA BCeX NeMCTBUTEJLHBIX unces R ynaneHu-
em u3 mero exuuuibli: X = R\{1}. Boiacuum, cyIecTByeT WJIun
HeT npeges pyarnuu f (5.7) B rouke x, = 0.

BospMeMm KaKylo-1ub0 IIOclIefoBaTelIbHOCTh X, € X, n=

(5.7

=1, 2, ..., Takyto, uto lim x, = 0. Torga Ha ocHOBaHUU Te-

n - o

opeM 1. 4.9 monyuaeM

. 2 1
1 -1
. ) in +x,-1 27(111_1me”) e

lim f(x,) = lim = - =1.
n . oo n . co x,—1 lim x,-1

n —» o

Takum o06pasoM, CYIIECTBYET limoof(xn) = 1, a Tak Kak
OH He 3aBHCHUT OT BbIOOpa HOCHGI[OBZ’;GJII:HOCTH x,— 0, x,€X,
n=1, 2, ..., To cymecryer u npexea lim f(x) = 1.

n - oo

2. PaccmoTrpum (puc. 21) GyHKITHUIO
f(x) = sin . (5.8)

Omna omnpenesnena Ha muHoKectBe X = R\{0}. CHOBa BBIACHUM,
CYIIeCTBYyeT WIK HeT y (yHKIuU f npesnesa B Touke Xy = 0. Boss-

MeM aBe II0CJIeJ0BaTeJIbHOCTHU
' 1

x=—1 ux =—-s— n=1,2,....
n Tn n /24 2nn’ >
3 P : I P T
OueBUIHO, UTO nhrrioxn = nhnioxn =0, x,#0, x, #0 (ycno-

Bue x # 0 B jJamHOM ciydae o3HauaeT, 4To x € X), f(x,)=

=sinmn = 0, f(x, ) =sin [D'él + 2Tln:%= 1,n=1, 2, .... ITosromy
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lim f(x ) =0wu lim f(x )= 1, a 9TO 0O3HAUAET, YTO MpeneJia
n- n -

(byHRunH (5.8) mpu x — 0 He cymIeCcTByeT.
3. Ilycts
f(x) = x° + x+1 )
-2
Haiigem npenen sToit GyHKIINHT HpI/I x — 00, Ee o0jacTbio ompe-
JNeJIeHus ABIAeTcsa MHOKecTBo X = R\{ J2, -2 }. B3aB Kakyio-

Janbo mociaenoBaTenbHoOCTs X, € X, n=1, 2, ..., lim x, = oo,

n - o

OymeM UMeThb

2
x,tx,+1

lim f(x,) = lim ——— =
n - o n - xn—z
1 1
—- 4 = 1 1
I+5% 3% 1+1lim —+1lim =3
. xn n — oo xn nSoo Xg
= lim > = T =1.
n - 1——2 1—211m—2
naooxn
n
x2+x+1

Orcioga ciaenyer, uTo lim 3 =1.

n-o x" -2

VIIPACRHEHHE 5. Jloka3aTb, 4TO IIpefe 11m

n- x"+1

He CyIIecTBYyeT, a

mpeneasl  lim CYIIIECTBYIOT, U HAWTH UX.

n—'+OOJ7 nafooji

IIpu paccMoTpeHUU TPEAENOB MYHKIMU YACTO MPUXOAUTCS
UMeTh JIeJIO ¢ IpefesiaMyU CYsKeHUl QyHKIUI Ha TOM UJIU WHOM
MHOJKECTBe, T.e. C IpefejraMy (QYHKIUWHI: HOTYyYAIOIUXCA U3
ITaHHBIX (DYHKIIUHA, pacCCMOTPEeHNEM MX He Ha BCeM MHOKecTBe,
Ha KOTOPOM OHMU 3a/laHbI, a HA KAKOM-TO COJIePsKaIl[eMCcsa B HEM.
Onpeaenenune 3. I[Tycmov f: X — R. IIpeden 6 mouke x, cyixe-
Hua fgp: E = R, E = X, ¢gynryuu f na muoxecmeo E nHasviea-
emcs npedenom pynryuu f no mroxecmey E 6 amoii moukxe u
obo3nauwaemcsa uepes

lim f(x) .
X - xo
Taxum obpasom, vHE
lim f(x) € lim f(x), (5.9)
X - xo X - xo

xOE
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T. e. Ipeaes GYHKIINN 0 MHOKecTBY E — X He ABJIAeTCSI HOBLIM
HOHATHEM II0 CPABHEHUIO C IpefesioM (PpYHKIUU — 3TO IPOCTO
mpezes B CMBICIIe onipeneseHusa 1 QyHKIuY, SBaA0INeiicsa cyxKe-
HHEeM JaHHOM Ha HeKOTOpoe MHOKeCTBO E.

WNuorga npu obosHaueHUU IIpejesia Io MHOXKeCcTBY E BmecTo
yKasaHmua, uto X € E, ynmorpebnATca AJA KPaTKOCTU ApPyrue
0003HaUeHNA, CMBICJ KOTOPBLIX ObIBAeT siceH m3 KoHTeKcra. Ha-

npumep, upu E = X \{x,} nuiryr lim  f(x).

X - Xg X # X
IlorAaTue npenena GYHKINU 10 MHOKECTBY B TOUKE X COZEP-
JKaTeJIbHO TOJILKO [JIA TaKOro MHOMKecTBa E, IJd KOTOporo Touxka
X ABJIAETCA eT0 TOYKOI IIPUKOCHOBEHUS (B 9TOM cJIydae OHA AB-
JSeTCSA, OUeBUAHO, U TOUKON IPUKOCHOBEHUS MHOKecTBa X).
Y1noTpedsaasa TepMHUHOJOTHUIO OIpeAeseHnsd 3, MOMKHO CKa-
3aTh, UTO Ipeaes GPYHKIWHU B CMbICJE oIpeneieHuA 1 ABIAeTCS
ee IpeJieJIoM B TOUKE X II0 BCEMY MHOXKeCTBY onpejeseHus X
dbyurnun f:
lim f(x) = lim f(x).
X — xO X - xo
xO0X
B Tom cinyuae, eciu GpyuKIua [ 3amaHa HEKOTOpPOil (opmy-

Jo#, mox lim f(x) mommMaeTcs mpenes 3TOM PYHKIIUHU B TOUKE
X - xO

Xy IO BCeMy MHOKeCTBY 3HaueHui X, A8 KOTOPBIX yKasaHHAA
dopmyia MMeeT CMBICJ 1 IJIsI KOTOPBIX B IIPOIleCCe IIPOBEIEHU S
BCeX BBIUMCJIEHHU 0 3TO# (hopMYyJie HOIYUAIOTCA TOJLKO AeiicT-
BUTeJbHEIE unciaa (cM. m. 5.2).

NMpumep 4. Ilycts f — ysEmua Hupuxie (cMm. 1. 5.2),

T. e. pyHKIIUA, paBHas 1 Ha MHOKecTBe Q BCceX PalMOHAIbHBIX
ypcea W HYJII0 Ha MHOMecCTBe I BCceX MPPAIMOHAJIBHBIX UMCEJI.
Torga B Touke x, = 0 ee mpejes 10 MHOYKECTBY PaIlMOHAIbHBIX
yuces paBeH 1:

limf(x) =1,

x -0

x0Q
a I10 MHOYXECTBY NUPPAIlOHAJbHEIX UHNCEJ — HYJIIO:

lim f(x) =0.

x>0

xOI
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ITo Bcemy Ke MHOXKECTBY HEeHCTBUTEJIb- yA
HBIX umceJ (T. e. II0 MHOXKECTBY oIIpejeJie-
Hua pyHKIuN [upuxie) mpenes ee B TOUKe
xo=0 He cymecTByeT, Tak KaK yxKe Cy-
IIeCTBOBaHUE WJIM HET Ipejesia MociefoBa-
renbHOCTH {f(x,)} mIpu n — OO 3aBUCUT B
ITaHHOM cJiyuae OT BbIOOpa MOCJIeloBaTeNb-
HOCTH {X,}, CTpeMAIIelica K HYJIIO.

OrMeTUM cJIefyIoIlee IIPOCTOE YTBEPIK-
IeHue.

AEMMA 1. Ecau f: X — R, E = X, xy — moika npurxocHoge-

A
A

rY

Puc. 22

Husa muoxcecmsea E u cywecmayem npeden lim f(x) @yrrxyuu
X — xO

f 8 mouke xy (m. e. npeden no mnoxmecmey X), mo 6 amoi Mmoyu-

Ke cywecmaeyem u npeden pynrkyuu f no mroxecmsy E u sna-
yenus 060ux npedenog pasHbuL:

lim f(x) = lim f(x). (56.10)
X - xo X — xO
xUOE
Aokas3aTeAnbcTBO. Eciu gasa 00 mocaesoBaTeIbHOCTHI
x,€X,n=1, 2, .. limx, = x, Bce mocnen0BaTeIbHOCTHI

n - o

{f(x,)} nMerOT OLUH U TOT 2Ke IIPEZe a, TO ITO 3aBEAOMO BEPHO I
nns Jiroboil mociegoBaTresbHOCcTH X, € E, n= 1, 2, ... ,

lim x, =x,, Tak kak E = X. O
naxO

OTMeTHM OOWH UYaCTO BCTPEUAIOIUIICSA cJydal IIpegesia
GYHKIINE B TOUKe, KOTJa Ipenes OepeTcdA IO IIPOKOJIOTOH OK-
pecTHOCTHU (0OHAa ompejesieHa HUKe) 9TOM TOUKMW WJIM IO IIepece-
YEHUIO0 MPOKOJOTON OKPECTHOCTH C MHOMKECTBOM OIIpele/IeHUs
paccMaTpuBaeMoil DYHKITHH.

Onpeaenenune 4. [Ipokosomoii 0KpecmHOCMbI0 MOYKU Xy HA3bL-

eaemcsa MHOIMHCecmeo, noJjyiaruieecs y@aﬂeuuem mouKu xXog u3
ee OkpecmHocmu.

o
IIpokosioTas OKPeCTHOCTE TOUKU X 0003HauaeTcs yepes U(xy):

Ulxe) & Ulxeg)\{xy)- (5.11)

B YaCTHOCTHU, IIPOKOJIOTAsA €-OKPECTHOCTH TOUKMN xO o0o3HaUaeT
U(xg, €).
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Npumep 5. Paccmorpum dyrKIUO f(X) = |sign x| (ompene-
JeHue QYHKIMUM Sign x c¢M B 1. 5.2). Ee rpaduk usobpakeH Ha
pucynke 22. Kaxkosa O0nl Hu Oblia okpecTHOCTh Hyasa U(0), y
aTOl PyHKIUU B TOuKe X, = 0, 0OUEeBUAHO, CYIIECTBYeT IIpees

o npokoJioToii okpectHoctu U(0):

lim |signx|=1.
X —
x 0T(0)
BwmecTe ¢ Tem mpenen lim0 |signx| mo Bcell oKpecTHOCTH
x -
x0U(0)
U(0) B Touke x, = 0 y pyHKIUH [sing x| HE cymmecTByeT, Tak Kak,
HaIpUMep, AJIA IOCTIeT0BATeIbHOCTHI
1 , ecau n = 2k,
xX,=1n k=1,2,...,
O,ecimn=2k—-1,

umeeM lim x, = 0 (u, cremoBaTesbHO, BCe ee UIeHbl HAUMHAA C

n oo
HEKOTOPOro OYAyT Jie:kaTh B 3agaHHou okpectHocTu U(0)), a mo-
CJIeJOBATEJILHOCTS [sign x,| He MMeeT mpesesa (Ha YeTHBIX MeC-
Tax y Hee CTOAT eIUHUIIBI, a Ha HeUeTHBIX — HYJIN).

PaccmoTrpenHble IpuMepsl 4 U 5 IMOKa3LIBAIOT, B YACTHOCTH,
YTO OJHA 1 Ta Ke QYHKIIUSI MOMKET II0 OMJHOMY MHOKECTBY UMETh
mpezes B HEKOTOPOU TOUKe, a II0 JPYyroMy He MMETh IIpejresia B
TOH ’Ke TOUKe UJIX UMEeThb, HO APYTO.

BamMmeuanue 2.Ecau pyurnuu f u g onpeneaeHsl B HEKO-
TOpoit okpecTHOCTH U(X() TOUKH X, KPOME, OBITH MOXKET, CAMOM

TOUKU X, U IPU KAKAOM X, IPUHAJJIeXAallleM IIPOKOJOTO! OK-
pectrocTu U(xy): x € U(x(), OHU IPUHUMAIOT pPaBHble 3HAUEHUS
f(x) = g(x), To TOrma MX HpemeJibl IO IIPOKOJIOTOH OKPECTHOCTU
U(x(y) oiHOBpEMEHHO CYIIeCTBYIOT UJIU HET, a €CIU CYyIIeCTBYIOT,

TO PaBHBI MEXK Iy cO0O0ii:

lim f(x)= lim g&(x),
X = xO X = xO
x0U(xy) x 0 U(xq)
ub0 B UX OIIpeAeIeHNH YUaCTBYIOT TOJLKO 3HaAUeHUA QPYHKIIUI B

o
TOUKaXx MIPOKOJIOoTOoN oKkpecTHOCTH U(X().
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Ha sTom IIPOCTOM 3aMedYaHMUN OCHOBAaHO npasuJjio packKpbl-

. 0
mus neonpedejenHocmeil uda g € NOMOULLI0 COKPAUWEHUS OPO-
oeil. IlogacuauM ero Ha mpuMepe.

NMpumep 6. Haiigem

lim (2x2 +x—1)x
X0 (56.12)
x"—x
IloBTOpSAS paccyXAeHnus, AHAJOIMYHEIE TeM, C IIOMOILLI0 KOTO-
PBIX OBLT BREIUMCJIEH IPeses B mpuMepe 1, IpuXoauM K BhIpaske-

0
HUIO (—) , T. €. K HeOoIIpeaeJIeHHOCTH, M TeéM CaMbIM He II0JIydaeM

OTBeTa HM Ha BOIPOC O CYyIIecTBOBaHWHU mpenesa (5.12), Hu Ha

BOIIPOC O ero 3HaUueHUU, ecju OH cylnecTByeT. IloaTomy paccmor-

puM QyHKITHUIO

2x° +x -1
x—1

f(x) =

MOJIyYaroyocsa us QyHKIuu

2

2 —
g(x) = (2x -iZ-x 1)x

’
X — X

cTOAIIeH o 3HAKOM IIpefiesia B BhIpaskeHuu (5.12), cokparieHu-
eM IIpaBoii YacTyW paBeHCTBa Ha X. PYHKINMU [ 1 g COBIALAIOT B

o
npokosoroit okpectroctu U(0, 1) = (—1,1)\{0} Tourku x, = 0 u mo-
9TOMY, COIJIACHO CHEJIAHHOMY BBIIIE 3aMEYaHUIO, OJHOBPEMEHHO

NMEIOT MJIN HET IIpeaeJibl B 9TOM TOUKE IIO YRaBaHHOﬁ HpOROJIOTOfI
OKPECTHOCTHU, ITpNYEM B CJIydae CYIIIECTBOBAaHUA I3TUX IIPpEeOEJIOB

oHu paBHBI. B mpumepe ke 1 66110 MOKasaHo, uro lim f(x) =1 mo
x -
Bceli obsacTu omnpeneaeHusa pyHKIUNU [, cJaeLoBaTeJbHO, 1 IIO ee

HOAMHOYKECTBY lj’(O, 1). Takum o6pas3om,

limg(x) = Ilim gx)= lim f(x)= lim f(x)=1
x -0 X~ xo X - X x -0
x 0U(0,1) x 0U(0,1)

(mepBOE PABEHCTBO CIIPABEJIUBO B CUJIy TOTO, UTO IIPEIeJ sSIBJIA-
eTCs JIOKAJbHBIM CBOMCTBOM (DYHKIIMI). ITH PACCYKICHUS SB-
JISIOTCA 000CHOBAHMEM BBLIUMCJIEHUM, KOTOPbIe B OOBIYHO YIIOT-
pebisgeMoii 3amIC UMEIOT CIeIYIOITUH BU:

2 2
lim 2x"+x-1)x _ lim 2x"+x -1 —1.

x -0 x2—1 x -0 x-1
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BamMmeuanue 3. HacTHBRIM cJiydyaeM mOpefeia (PYyHKIIUU
(KkoHeyHOTO MJIM GECKOHEUHOTO) SBJAETCA IIpeaes IOocaenoBa-
TeJbHOCTH (KOHEUHBIN 1IN 6ecKOHeUuHbIi). [leficTBUTEIbHO, TIO-
cilefoBaTeJbHOCTL X, € R, n=1, 2, ... , aBngerca QyHKIHEH,
oIpemeeHHOII Ha MHOMKeCTBe HaTypaJdbHBIX umcein: f: N — R,
npuueM f(n) =x,, n=1, 2, ... . [lanHOe paHbIIe OIIpe/eIeHNe IIpe-

Jena ImocjexoBaTenbHocTH lim x, (cM. ompeneneHue 1l B

n - oo

1. 4.1) u opeeieHne ee Ipenesa KaK YacTHOI'O CJIydas OIpee-
JeHusa npegesaa Gyaxnuu lim f(n) (cm. ompemenenue 1 sToro

n - oo
MIYHKTA) PABHOCUJIBLHLI B CHJIy TOTO, UTO €CJAU IIOCJIEHOBATENhb-
HOCTb {X,} ©MeeT Ipeesi (KOHEUHBI NI 6ECKOHEUHBIIT) B CMBIC-

Jge ompegenenuda 1 m. 4.1, To npu Jg060M BBIOGOpPE IIOCJIEIOBA-
TeJIBHOCTY HATYPAJBHBIX dncen {n,} Takoi, uro lim n, = +oo,

n - oo
IOCJIe[OBATEILHOCTE {xnk} MMeeT TOT ke Ipefesl, 4YTO U IIoce-
IOBaTEIbHOCTH {X,} (cM. jeMMy B 1. 4.3), Kak 9T0 u Tpedyercs B
ompeneaennn 1.

5.5. HenpepbiBHbIEe YHKLUU

IIpu paccmorpennu npenena pysrnuu f : X — R npu x — x Mo-
JKeT OKasaThCd, UTo X € X (Torzga X, ABJAETCA YHUCIOM: X, € R)
nnu, Haobopor, uto x, ¢ X. Cayuait x, € X mpejcrasisaer oco-
ObIil MHTEepec, TaK KaK IMIPUBOAUT K BasKHOMY HOHATHUIO HeIlpe-
prIBHOM QyHKIIUU. Ero nsyuenme HauHEM C JOKA3aTeJILCTBA CJIe-
IYIOIIe JIeMMBbI.

AEMMA 2. [Tycmov f: X — R u x, € X. Tozda, 014 mozo wmoOut
pyrryua f umena npeden 6 moukre x,, Heobxodumo u docma-
mouHo, ¥moowvL

lim f(x) = f(xg). (5.13)

X — JCO
AoKkasaTeabcTBO. [locrarounocTs yciaoBusa (5.13) mua cy-
IIIeCTBOBaHUA Ipefiesa GyHKIUY [ B TOUKE X OYEBUAHA: 3TO YCJIO-

BUe Ja’Ke CUJIbHee, TaK KaK OHO YTBEP:KIAaeT He TOJbKO CYIIecT-
BOBaHUe IIpejielia, HO U OIIpefiesIdeT ero 3HaueHue, paBHoe f(xy).
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JoxaxeM HeOOXOAUMOCTEL ycaoBusa (5.13) g cylecTBOBa-
HUuA npefena GyHKIUY [ B TOUKe X,. IIycTh y QyHKIUY f B TOUKE

X( CYIIIeCTBYeT IIpeJeJsI, PaBHbIN a:
lim f(x) = a. (5.14)
X - xO

CorstacHo OIIpeJeJIEeHUIO IIpeaesia, 3TO O3HadvaeT, YTO OJIA Jr0007

nocyefoBaresbHocT X, € X, n=1, 2, ..., lim x, = x,, cupa-

n — o

BeOJINBO PaBE€HCTBO
lim f(x,) = a. (5.15)
n - oo

B uacTHOCTH, IOCKOJBKY X € X, 9TO PABEHCTBO CIIPABEAJINBO U

JUISI CTAIIIOHAPHOM II0C/Ie[0BATEILHOCTH, COCTABJIEHHOMN 13 OJHOM
TOUKH X, T. €. AJId MOCIeL0BAaTeJbHOCTH X, = Xg, =1, 2, ... .

B sTom cayuae (5.15) umeer Bun
lim f(x,) =a. (5.16)
n - oo

C Ipyroii CTOPOHBI, TAK KaK IpeJeJ IOCTOSHHOII paBeH ca-
MO 3TOH IIOCTOAHHOM, TO

Tim f(xg) = /(xo). (5.17)

Cpasuus (5.16) u (5.17), noxyuum f(x,) = a. O
OmnpeneauM Tenephb MOHATHE (PYHKIINN, HEIIPEPBIBHOI B JaH-
HOI TOUKe.

Onpeaenernue 5. Dyuryusa f: X — R Has3vieaemcs Henpepvl8HOl
6 mouke xy € X, ecnu

lim f(x) = f(xg). (5.18)
X - JCO
Ycaosue (5.18) osmauaer, UTO B cJydyae HEIPEPLIBHOCTU
(bysKIINYN B TOUKe X Ipeze f B 9TOH TOUKe HAXOAMUTCA 110 OUeHb
IPOCTOMY IIPABUJIY: CJIEAYeT BLIUNCIUTD 3HaUeHNe caMoil (PyHK-
nuu f B TOUKe X.
Cormacuo memme 2, ycaoBue (5.18) paBHOCHJIIBHO TOMY, UTO
dynrnusa f : X — R uMeer nIpefies B TOUKE Xy U 4TO X € X. Camo
coboil pasymeeTcd, UTO B TOM cJy4yae, Korma s (GyHKIIUU

f: X — R upemen lim f(x) paBen ommoii m3 GecKoHeUHOCTE
X - xO

00, +00 pgjam —°°, 3aBeJoMO Xy ¢ X. B mporuBHOM ciydae A
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CTAIIOHAPHON II0CIeR0BaTeIbHOCTH X, = X, N =1, 2, ... , UMe-

g0 661 MecTo lim f(x,) = lim f(x,) = f(xy), u Tak Kak, 1o yc-
n — oo

n - o

JIOBHUIO, (I)YHKIII/IJI f IIPMHUMAaET TOJIBKO YMCJIOBblE€ 3HAYEHUA, TO

BOIPEKH IPEIINOJOKeHuo mpefesa lim f(x) O6bl1 ObI KoHeu-
X - xo

HbIM. VI3 CKa3aHHOTO CJeayeT, B YACTHOCTU, UTO €CJU Y PYyHK-
Y B HEKOTOPOU TOYKE CYIIECTBYeT OeCKOHEUHBIH IIPeiesI, TO B
Hell QyHKIIMA 3aBeOMO He ABJIAETCA HEIIPEPLIBHOM.

OTMeTHUM ellfe, UTO B OIIPeJleIEHUN 5 TOUKA X, B KOTOPOl OII-
penendeTcA MOHATHE HEIIPEPBIBHOCTU (DYHKIIUU, TPUHAIJIEKUAT
YKCJIOBOI mpAMOi R, T. e. He ABJIsgeTCS 0€CKOHEUHO yIaIeHHOH
TOYKOI.

s mpoBeeHUA aHaIM3a MOHATUS HEIPEPLIBHOCTH (PYHK-

MU B TOUYKE JaJuM OIIpejleJIeHUA MU30JUPOBAHHBIX U IIpeelib-
HBIX TOUEK MHOJKECTB.
Onpeaenenne 6. Tourka x, € X Ha3vieaemcsa U30AUPOBAHHOIL
moukoii mHoxcecmea X < R, ecau cywecmayem OKpecmHOCMb
U(xy) amoit mouxu, nepecewenue U(xy) N X rwomopoil ¢ mHodice-
cmeom X cocmoum moabKo U3 00HOU MOUKU X:

U(xo) nNX= {xo}. (5.19)

Bce TouKum MHOMKeCTBa HATypaJbHBIX uncea N M30JIUPOBAa-

HBI, a MHOXKECTBO () BceX paIrnoHaJbHBIX UKMCEJ BOBCEe He MMeeT
N30JIMPOBaHHBIX TOUEK.
Onpeaenenne 7. Toura xy € R nasvieaemca npedenbHoll MouKoOil
muoxcecmea X < R, ecau 6 110001l ee oxkpecmHocmu cyuie-
cmayem OMJAUYHAS OM Hee MOUKaA, NPUHAONEHAULAs MHOMNCe-
cmay X.

Hnaue roBopda, mouka x, Hasviéaemcsa npedesbHoll MOLKOU
MmHoxHcecmea X, ecniu B8CAKASA ee NPOKOJLOMASA OKPECMHOCMb
umeem ¢ 3MUM MHONCECTNBOM Henycmoe nepeceuenue: 01 Jio-

o
0ot npoxoaomoit oxpecmuocmu U(x,) 6vinonnsemcs ycaogue

Uxg) N X # 2.

IIpemenbHas TOUKa MHOMKECTBA MOMKET KaK IPUHAAJIEKATh
caMoOMy MHOKECTBY, TaK U He IpUHaAIeKaTh. Hampumep, Kax-
Ias TOUKa OoTpesKa [a, b] aBaseTca mpeaebHON TOUKOM WHTEP-
BaJia (a, b). IIpu sToM TOUKY a u b He IpUHALJIEKAT YKAa3aHHOMY
MHTEPBaJy, a BCe OCTAJbHEIE COMEPKATCI B HEM.
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Eciu Touka mpuHaII€KUT MHOKECTBY, TO, B CIIIY OIIpeaese-
Huii 6 u 7, oHa SABJIJETCA €ro M30JHUPOBAHHOII TOUKOI TOorga u
TOJIBKO TOTZIa, KOTIAa He SIBJIIETCA €ro IIPeIeJbHON TOUKOMN.

Bcakas Touka NIPUKOCHOBEHU X MHOMKECTBA ABJIAETCS JIU-
00 M30JIMPOBAHHOM TOUKOII 9TOT'0 MHOYKECTBA, 100 ero mpeeib-
HOII TOUKOM, TaK KakK JuOO B JII00OH OKPECTHOCTU COIMEPIKUTCS
TOYKa MHOKECTBa, OTJHYHAA OT X, (TOorzma x, — IpejeibHad),
aubo y X CyIlIecTByeT OKPeCTHOCTb, He CoJep:Kalllasd He COBIIa-
JAIOIINX C X TOYeK MHOXKECTBA, ! TOTAA, B Pe3yJIbTAaTe TOTO UTO
B 9TOIl OKPECTHOCTU BCe-TaKM CYIIeCTBYeT TOUKA MHOXKECTBa
(IIOCKOJIBKY TOYKA X II0 YCJIOBUIO ABJIAETCA €TI0 TOYKOMH IIPHKOC-
HOBEHUA), 9TOI TOUKOIl OKAas3bIBAeTCA X,; CJIEeAOBATEJBHO, BO-
IIePBBIX, X, IPUHAAJIEKUT PacCMaTpPUBAEMOMY MHOXKECTBY, a
BO-BTOPBIX, ABJIAETCA €ro U30JIMPOBAHHON TOUKOM.

CupaBeayinBo cienyiolee IpeaaosKeHue.

AEMMA 3. Bcakasa QyHKUUS HenpepuléHa 8 Kaxic0oil U30AUpo-
BAHHOIL MOYKe MHONMECma8a c80ez0 onpedeseHus.

AokaszateAbcTBO. IlycTs Xy — M30IMPOBAHHAA TOUKA MHO-
sKectBa ompemenenus X ¢yaxmuu f. Torma, corsacHo
ompejeJieHnIo 6, cymiecTByeT okpecTHOCTh U(xy) TOUKHU X, IIe-
peceueHre KOTOPOU ¢ MHOKeCcTBOM X COCTOUT 13 €INHCTBEHHOI
TOYKHU Xy, T. €. U(xg) N X = {x,}. KakoBa 65! Hu GbliIa IOCIEA0BA-

TeabHOCTh X, € X, n=1, 2, ..., lim x, = x(, A1 yKasaHHO’

n - oo
OKPECTHOCTH, B CUJIY OIIpeZleIeHUs IIpeesa mocjefoBaTeIbHOC-
TH, CyILIeCTBYeT TaKOil HOMep N, UTO AJS BCeX HOMEDPOB 7 > N

BBINIOJIHAETCA BKJIIOUeHUe x, € U(xgy) u, cienoBaTeslbHO, BKJIO-
yenue x, € U(xy) N X. Ho U(xy) N X = {x,}, mosTOMY [JIs1 BCEX
n> n, UMeeM X, = X,. OTO O3HAUaeT, 4TO HaUWHAdA C HOMepa
no+ 1 mocnemoBaresbHOCTH {f(X,)} CTaHOBUTCA CTaIMOHAD-
HoOMt: f(x,) = f(x¢) mpu n > ny. IlosTomy cyIecTByeT Ipefesn
lim f(x,) = f(x(), 4TO, B CHIy IPOM3BOJIBLHOIO BEIOOPA IIOCJIENO-

n - oo

BaTeapHocTH X, € X, n=1, 2, ..., lim x, = x(, o3HauaeT BHI-

n — oo
nonHenue ycaoBus (5.18), T. e. HempepbIBHOCTL (MYHKIUU f B
TOUKe X(. U

HenpepbIBHOCTh (PYHKIIMYU B M30JMPOBAHHOM TOYKE O3HAYA-
eT, YTO B MaTeMaTuKe OUCKPemHOoe ABJLACMCS LACMHLM CAYLA-
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em HenpepvléHozo. Hampumep, QyHKIUS, OUpeAeeHHAA JIUIITh
Ha OJHOI TOUKe, MJIM Ha ABYX TOUKAaX, M1, 0ojiee 0010, Ha JIIO-
00M KOHEUYHOM MHOKECTBE TOUEK, SBJIAETCA HerrpepbiBHOI. He-
MPEePLIBHOI ABJIAETCA U djieMeHTapHada ¢yHKIua f(x)= 1+

+ ./1g cos 21x (cMm. 1. 5.2), onpemesieHHAS TOJBKO IJIA IIEJIOUNC-
JIeHHBIX 3HaUeHUI aprymMeHTra X, T.e. aada x = 0, *1, £2, ... , B
KOTOPBIX OHa paBHA 1 (B OCTAJNBHBIX TOUKAX BBLIPAKEHIE IIOJ
3HAKOM KOPHSA OTPUIIATEJIHHO U II09TOMY (DYHKIIUS He oIpeese-
Ha). I'pauK 2TOM (QYHKIIUU COCTOUT U3 OTAEJIHHBIX MB30JIUPO-
BaHHbIX TOouek (0, 1), (1, 1), (-1, 1), (2, 1), (-2, 1)... (cm.
puc. 20).

W3 nemMmbl 3 ciiemyeT, UTO BOIIPOC O Ipenese PYHKIIUU B 130-
JIMPOBAHHON TOUYKE MHOKECTBA €e OIPeesIeHUs PEeIIaeTCs COB-
ceM IIPOCTO: OH BCeTZa CyIecTByeT U paseH f(x,). [IosTomy mo-
HATHe Ipegesaa QyHKIUY (B YaCTHOCTH, €e HeIPepPbIBHOCTD) CO-
Iep:KaTeNbHbl JIUINL [OJIA IIpeJeJbHBIX TOUEeK MHOMKECTBa
onpenesieHNA QyHKIIUN.

VIIPA)RHEHHUE 6. Jokasats, uto pyuHKnua f : X — R HempepbIBHA B IIpe-
JeJIbHOI TouKe Xy € X MHOXecTBa X TOIJA U TOJIBKO TOTAa, KOTJa

lim f(x) = f(xq).

X - Xg
x € XNU(xp)

ITogo6HO TOMy, KaK pacCMaTpUBAJICA Ipenes] (PYHKIUUA II0
KaROMy-JII/I6O MHOMECTBY, IIDUHaOJIeKAIlleMy ee OGJIaCTI/I OoIIpe-
JIleJIeHUs, MOXKHO, B YaCTHOCTH, PACCMOTPETh U HEIIPEPHIBHOCTD
(PYHKIIUY IO COOTBETCTBYIOIIIEMY MHOKECTBY.

Onpeaenenune 8. [Tycmo f: X = Ru xy € E = X. Pynryua [ Ha-
3vleaemca HenpepvieHOil 8 mouke x, no mHoxecmsy E, ecau
lim f(x) = f(x)-
X - X
xUOE

WNuaue roBops, GyHKIUA [ Has3vleaemcs HENpepvl8HOll 8

mouke xy € E no mnomcecmey E, ecau 6 amoil mouke Henpe-

PblEHO cydxceHue [ amoil pyHKYyuU Ha MHOKNecmee E:

lim fgp(x) = fg(x).

xaxo
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Hanpumep, pyuxinusa dupuxie f (cMm. npumep 4 B 1. 5.4) He-
npephsIBHA B TOUKe Xy = 0 110 MHOXeCTBY @ BceX PaIlMOHAJIbHBIX

yuceJ, TaxKk Kaxk

lim f(x) = 1= f(0),
x -0
x0Q
U He SABJIIETCA B HeU HEIIPepPbhIBHOUM II0 MHOKECTBY BCEX JIEHCT-
BUTeJIbHBIX YNCeJ, TAK KaK IpejeJ B ToUKe Xy = ( 10 MHOXKeCT-
BY BCeX AeHCTBUTEJIBHBIX unces y GyHKIuY J{upuxJie mpocTo He
cymiectByer. OueBuaHO, uyTo QyHKIUA [upuxie He SBIIETCA
HeINpephIBHOM HU B KAKOM TOUKe YUCJIOBOM OCH.
IIpo dpysrnuio f: X — R, HempepbIBHYIO B TOUKe X € X B
CMBICJIEe OTIPENIEJIEHUA 5, MOMKHO CKa3aTh, YTO OHA HEIPEPHIBHA B
9TO¥ TOUKE II0 MHOXKeCcTBY X.

5.6. YcAOBUE CYLLECTBOBAHUS NMpeAeAd QYHKLUU

CoryiacuHo ompenesenuio npenena, pyaxmud f: X — R umeer
Ipefies] B TOUKe X(, €CIU, KaKoBa Obl HU OblLIa IIOCJIefOBaTehb-
HOCTb X, — Xg, X, € X, n=1, 2, ... , I0OCJIeL0BaTEJIHLHOCTb COOT-
BETCTBYIOINUX 3HaUeHUH QyHKIUU {f(x,)} nMeeT npenesn (KoHeU-
HBIA UJaM OECKOHEUHBII), U 9TU IIPeeJibl He 3aBUCAT OT BhIOOpa
YKa3aHHBIX IIOCJIeOBAaTeJIbHOCTEH {X,}, T.e. Bce IOCJEJOBAa-
TesbHOCTH {f(X,)} UMeIOT, U IPU TOM OAWH M TOT XKe, IpeJes a:

lim f(x,) = a.9T0 3HaUeHUe a U ABIAETCA NIpeJeoM QYHKIUN
n - o

f B TouKe X.

ITokaskem, UTO eciy HPEAHOJIOMKUTH HECKOJIBbKO MeEHbIIe, a
MMEHHO TOJILKO CYIIIECTBOBAHIE KOHEUHOT'O MU OIPEeIeIEHHOr0
3HaKa 0ECKOHEUHOTO IIpefiesia y KasKkJIol paccMaTpUBaeMOM IO-
cienoBaTesbHOCTH {f(x,)}, TO y’Ke U3 OJHOTO BTOTO CIEAYET, UTO
BCE OTHU MpeJeJibl COBIANAIOT U TeM caMbIM (GYHKIUA [ B 3TOM
cliydae uMeeT IIpefie]l B TOUKE X.

AEMMA 4./Tna mozo umobst pynrkyus f : X — R umena xouey-
HbLil uaW onpedesleHH020 3HAKA OeCKOHeuHbLil npedes 8 mouke
Xg, A8aANWelCA MOUKOU NPUKOCHOBEHUA MHONMcecmea X, HeoD-
xo0umo u docmamouno, ¥moovl 045 A00i nociedo8amesbHoOC-
mu x, — x9, X, €X,n=1, 2, ..., nociedosamenbHocmsb coOm-
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semcmayowux s3navenuil Qynryuu {f(x,)} umena koweuwwLil
unu onpedeseHH020 3HAKA OecKOHeuHbLilL npede..

CAEACTBUE. Jna mozo umobvt yuryus f: X — R umena
KOHeuHbLl npedes 8 MmouKe X, A6aa0uLelica MoLKoil NPUKOCHO-
8eHua mMHoxcecmsa X, HeoObxo0umo u docmamourno, 4mobvl 015
a10000 nocredogamenvHocmu x, — xg, X, €X,n=1, 2, ..., no-
caedosamenbHOCMb COOMBEMCMBYOWUX 3HAYUCHUL QYHKUUU
{f(x,)} 6vLra cxodaweiica.

AOKOA3ATEABCTBO AeMMbl. HeobxomumocTs chopMyIHIpO-
BaHHOTO B YCJIOBHUAX JIEMMBI YCJIOBUA AJS CYIIECTBOBAHUSA IIPE-
nena GyHKIUY f IPU X — X COAEPKUTCA B CAMOM OIIpefieIeHUN
aTOoro moHATHA (cM. ompeneneHuwe 1 B 1. 5.4), B KOTOPOM VT-

BepsKJaeTcA CyIeCTBOBaHMe Ipenena lim f(x,) nmxa Bcex pac-
n - oo

CMaTPUBaeMBIX IIOCIEL0BATEIHHOCTEH {X,,}.

JloxkaeM TOCTATOYHOCTh YKA3aHHOTO B JIEMMe YCJIOBUSA JIJIs
cylllecTBOBaHUS mpefesa pyurmuu. Ilyers f : X — R u ansa Jio-
00if IIoCIe0BaTENIBHOCTH X, —> Xg, X, € X, n=1, 2, ... , mocJe-

moBaTeJIbHOCTH {f(x,)} uMeeT Ipefes (KOHEUHBIN WJIHM OIpeJe-
JIEHHOT'O 3HaKa 0eCKOHEUHBITT).
PaccmoTpuM kakue-1u60 ABe I0CIeJ0BATeNbHOCTA X, — Xg U

x! —xg, x;,, €X, x, €X,n=1, 2, .... Torna mocaenoBareabHOCTb

x ,ecium=2n-1,
Xp =12 . n=1,2,...,
x),ecau m=2n,

TaKk)Ke MMeeT CBOMM IIpefesioM (KOHEUHBIM WJIN OeCKOHEUHBIM)
TOUKY Xo ¥ X, € X, m=1, 2, ... . ITosToMy, coryiacHO czeJyiaH-

HOMY IIPeAIIOJIO}KEHMIO, CYIIeCTBYyIOT mpefeabl lim f(x; ),
n - oo

lim f(x!)u lim f(x,), npuuem nocienosarenbHocTH {f( X))} U
m — o0

n - oo

{f(x,)} aBIAIOTCA MOAIIOCIEROBATEIBLHOCTAMHU IIOCIELOBATEIb-
Hocru {f(x,,)}, u6o mocienoBaTesbHOCTH { X} U { X} ABIAOTCA

IIO/IIOCJIE[OBATEIHHOCTSAMH IIOCIEL0BATEILHOCTH {X,,}.

BcrmomHUM Temeph, UTO ecyii Y HEKOTOPOU HOCJen0BaTelhb-
HOCTU mMeeTcA mpejes (KOHEUHBIH MM GeCKOHEUHBIN), TO JIo-
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0as ee IOAIIOCTIENOBATEILHOCTH WHMEET TOT JKe Ipeaea (cM.
. 4.3). ITosTomy

lim f(x,)= lim f(x,), lim f(x})= lim f(x,),

OTKYyIa
lim f(x,)= lim f(x}).
n - oo n — oo

Takum o6pasoM, Ipefessl ocaenoBaTeabHoCTe {f(x,)}, rae
X, > X9, X, €X,n=1, 2, ..., He 3aBUCAT OT BbIOOpA IIOCJIEZIOBA-
TesbHOCTEH {x,}. OG03HaUaa oOIee 3HAUEHUE IIPEJesIOB IIOCJIe-
noBatenbHOCTEH {f(x,)} uepes a OymeM MMeTb, COTJIACHO OIpeze-
geuwuio 1 m. 5.4, uro lim f(x) = a.

X — xO

VYTBep:KIoeHNEe CJEACTBUA HEIOCPEACTBEHHO CJIEJyeT U3
JeMMbI 4 (HAaIOMHUM, YTO TEPMUH <«CXOAAIIAACA IIOCJIeOBAa-
TeJLHOCTL» YIIOTPebJisgeTcA TOJbKO AJA IMOCJefoBaTelbHOCTel,
VIMEIOINX KOHeUHBIH mpees). O

5.7. Bropoe onpeaeAeHue npeaend yHKUUU

Cy1ecTByeT Apyroe olpejejeHue Ipefnesia (PyHKIUM, He UC-
OJIB3YIolllee MOHATHE Ipefesa I0oCJeoBaTeIbHOCTH, a (hopMy-
JUpyeMoe B TePpMUHAX OKPECTHOCTell M Ha3hbIBAEMOE OIpejesie-
HueM npegesa ¢pyuxmuu mo Komim. 9To ompegelieHne paBHO-
CUJBHO ompenesieHuio 1 B . 5.4.

OnpeaeneHune 9. Touxa a Hasvieaemcs npedenom QYHKyuUu f:
X — R npu x — xy (uru, wmo mo ixe, 8 mouke Xx,), ecau 0ana
ato6oil okpecmuocmu U(a) mouku a cyuecmsyem maras Ok-
pecmuocmb U(xy) mouru x,, ¥mo

f(X N U(xy)) = Ula). (5.20)

IIpenen ¢pyukmnuu no Komu takske 6ymeM o0o3HauaTh uepes

lim f(x). 9To ecTecTBeHHO, TaK KaK MOHATHUE IIpeaesa (QyHK-
X - xO

nuu no Koiu, Kak 9To ObIJIO OTMEUEHO BEIIIe M OyAeT BCKOpe
IOKAa3aHo0, SKBUBAJIEHTHO paHee JAHHOMY B II. 5.4 ompeaeIeHuo
npengena PyHKIUN.
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Pucyuok 23 wuiamrocTpupyeT oIlpe-
JesieHue 9 B ciydae, Korjga Xo U @ —
IOeMCTBUTEJIbHLIE UMCJIa, & MHOXKECTBO
X saBisercaA IIPOKOJIOTOM OKPECTHO-
CTBIO TOYKH X.

HUcnonb3ysa jorudecKue CHUMBOJIBI,
ompezesenre 9 MOMKHO 3aIIACATE B CJIe-
IYIOIEeM BHUIE:

X9 =0 xy X9+ 0 X

. def
Puc. 23 lim f(x) —a

X - xo
def V U(a) 3 U(xg): (X NU(xp)) = U(a).

PacmudposriBas moapobHee BKJoueHme (5.20), ompenese-
HUe 9 MOKHO c)OPMYJIUPOBATE CIAETYIOIUM 00PasoM.

Touka a Ha3vieaemcsa npedeaom Qynruyuu f: X — R npu
x — xq, ecau 0as awooit okpecmrocmu U(a) mouku a cyuecm-
syem makxasa oxkpecmHocmd U(xy) mouku xy, ¥mo 0ns A000i
moukKu

x € X NU(xp) (5.21)
B8blNOJHAEMCA BKJIOUEeHUe
f(x) € U(a). (5.22)

Wcnonb3ys JIorndyecKre CHUMBOJIBI, DTO OIpeAeJieHIe MOMKHO
3aIMcaTh CJAeAYIOIIM 00pa3oM:

lim f(x) =a def
def £ %o
S VU(a)AU(xg) Vx € XNU(xp): f(x) € U(a). (5.23)
BcecnomuHas onpemeaeHnss OKPeCTHOCTell KOHEUHBIX 1 0eCcKo-
HEUYHO YyJaJIeHHBIX TOUeK, oIpeaeseHre 9 MOKHO B KaKIOM
KOHKPETHOM cJiyuae meped)pasupoBaTh B TEPMUHAX HEPABEHCTB.
ChopmyaupyeMm cHauaja B TAaKOM BHUe OlpeleseHrne KOHEUHOTO
npenesia B KOHEUHON TOUKe.

Yucao a Hasvieaemces npedesom Qyrrkyuu f 6 mouke xy € R,

1
ecau Oas a6ozo € > 0 cywecmseyem maxoe 0> 07, umo dasa
6cex x, ydosaemaopanuux ycaosuam |x — xo <, x € X, 6vt-
noaunsemecs wepagerncmeo |f(x) — a| < €.

1 Wuorga ourryT O = &(€) > 0, 4TOOBI IOAUEPKHYTh, YTO BEIOOP O 3aBUCHT OT E.
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B JjlornuecKux CHMMBOJIAX 3TO ONIpeejieHHe BBIIVIALUT CJie-
IYIOIHM 00pa3oM:

lim f(x) =a€R(}:e>f
x—»xo

def

S Ve>030>0VxeX,|x—xy<d:

f(x) - a| <e.

B gactHOCTH, eciiu byHKIUA f HeIIpephIBHA B TOUKe X5 € X — R
u a = f(xy) (B aTOM cIydae Xy U @ ABIAIOTCA YUCIAMU), TO OIpe-
JIeJieHIe HeIIPEePLIBHOCTY B CUMBOJIMYECKOM 3alICy UMEeT BIJ
lim f(x) = f(xo) =

x-.xO

©Ve>030>0VxeX,|x—xy <o

f(x) = f(xg)| < €.

IIpuBemem mpumep ompeneeHUA OECKOHEUHBIX TPENeOB B

TEepMHHaX HEPaBEeHCTB. HaanMep, 3anuch lim f(x) = —00 nid
X —» +00

¢yurkmun f : X — R osHauaer, 4To A4 Jioooro € > 0 cyIjecTByer
Takoe O > 0, UTO AJIs BCeX X, VAOBIETBOPAIOIINX YCIOBUIO X > O,
x € X, BBINIOJIHAETCA HepaBeHCTBO f(x) < —€.

C IOMOIIBIO JIOTMYECKUX CHMBOJIOB 3TO OIIpejesieHne 3alll-
CBIBAETCS CJIEAYIOIIM 00pPa3oM:

Jim f(x) =-0 & ve>035>0VreX, x> f(x) < ¢

X — xO

W3 crkasaHHOTO CJIEyEeT, UTO MOTYT BCTPEUATHCA Pa3IUUHbIE
COYEeTaHUs ITepexofa K IpeNeJbHLIM 3HAUeHUAM (KaK KOHEUHBIM,
TaK M 0ECKOHEUHBIM) 3aBHCUMBIX M HE3aBUCHUMBIX II€PEMEHHBIX.
DopMyIMPOBKA OIpe/esIeHns peaeia GYHKIINY IS KaXKI0Tr0 OT-
JIeJIHOTO CcJIydas B TEDMUHAX HEPaBEHCTB, WU, KaK ellle WHOTAA
TOBOPAT, HA «SI3BIKe € M O», XOTA YACTO U yA00HEee B KOHKPETHBIX
CUTyaIluAaX, Xy:Ke IpucIocobiieHa K PeIleHnio O0IIX BOIIPOCOB,
yeM ompejieseHue mpeaena GYHKIMKA B TEPMUHAX OKPECTHOCTE,
TaK KaK TpeGyeT IPOBEIEeHUA CIEIUATBHBIX JOKa3aTeJIbCTB OT-
JIeJIBHO JIJIA KasKAOTO CIydas B COOTBETCTBUU C NaHHOU (GopMmy-
JIUPOBKOM ompenenenus. [losTomy ymo0Hee MCIOIb30BaTh OIpe-
nesienue 9, oXBaThIBAIOIee BCe KOHKPETHBIE CAYYau.

Ilepeiimem Temephr K CpPaBHEHUIO OIIPedeJIEHUWU IIpejesia
dyuruu oo Iefine (onpenenenue 1) u mo Koru (onpenenenue 9).
TEOPEMA 1. Onpedenenus 1 u 9 npedena Qynrkyuu 6 mouke
NPUKOCHOBEHUS MHONcecmea onpedeseHus (QYHKUUU IKEUBQA-
JIeHMHDbL.
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AOKA3aTeAbCTBO. JloKakeM cHauajia, YTO €CJIU (PYHKIIUA
WMeeT B HEKOTOPOU TOUKe Ipejes B CMBICIe olpeaenenusa 1, To
OHA MMeEeT TOT K€ CAMBIM Ipemes B 3TON TOUYKE WM B CMBICJIE
oupegesenud 9. Ilycts f: X — R, x, — TOUKa IPUKOCHOBEHUSA

mHOkectBa X u lim f(x) = a B cmbicse onpeznenenus 1. IToka-
X - xo

JKeM, 4TO TOI/Aa BBIIOJIHSETCS M YCJIOBME B IIPaBoil yacTu (hop-
myasl (5.23).
HomycTuM, 4TO 3TO HE TaK, T. €. UTO

U(a) YV U(xg) 3 x € X N U(xy): f(x) ¢ U(a), (5.24)

WJIN, HaUe TOBOPA, HAWeTCA Takasd OKpecTHOCTh U(a) TOuKkH a,
4TO B J1000# oKpecTHOCTU U(X[) TOUKH X, CYyLIIECTBYyeT TOUKa

x € X, sHaueHnue GpyHKIuHU f(x) B KOTOPOH He HPUHAMJIEKUT K
okpectHoctu U(a). B uacTHOCTH, YKa3aHHBIE TOUKU X HAUIYTCS

o 1
B Kask10i1 okpectHoctu U By, 1. O6osHaunm ux uepes x,, T. e.
0 »0O n

x, € XN U5k, 10, (5.25)
fix,))¢U(a),n=1,2,.... (5.26)
W3 ycinosus (5.25) ciemyer, uto
limooxn =X (5.27)
(cm. 3ameuanue 1 B 1I. 472;. ITockonbKy xlinjlc f(x) = a B cmbICHE
-0

onpejesieHud 1, To 1A JI000H IOCIEZOBATEIBHOCTH X, — X,

n=1, 2, ..., umeer Mecto paBeHcTBo lim f(x,) = a. CormacuHo
n - o

oIpeeIeHUI0 Ipefesia MocaeI0BaTeILHOCTH, 9TO O3HAYaeT, UTO
Ias1 10001 okpectHocTu U(a), B YaCTHOCTH W JJisl BBIOpaHHOI
BBIIIIE, CYIIIECTBYeT TaKOIl HOMED N, UTO JJIs BCceX HOMEPOB 1l > N
nMeeT MeCcTO

f(x,) € U(a). (5.28)

Ito mpoTuBopeunT ycaoBuio (5.26). IlonryueHnHOE TpOTUBOpPEUHE
IOKAa3bIBaeT cAeIanHOe YTBepKAeHue. O

Temepb JOKaXeM, UYTO ecJU (PYHKIIMA MMeeT B HEKOTOPOIi
TOUKe IIpeiel B CMbICJIE oIpefesJeHus 9, TO OHA WMeeT B 9TOH
TOUKE TOT K€ CaMBIi Impefes 1 B cMuIcie onpenenennda 1. Ilycrs
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lim f(x) = a B cwmbicie ompefesnenus 9 mpegena GYHKIUHU,
X - xO

f: X — R, xy — ToOuKa IPUKOCHOBEHUA MHOKecTBa X, U IIyCTh
X, > XX, €X,n=1,2,... (5.29)

IToxkaxxem, uTo TOTHA
lim f(x,) =a, (56.30)
n - oo

T. €. TOYKA @ ABJSAETCA U TpeJesoM (QYyHKIuM f B CMBICTE
onpenegenus 1.

3agaauM IIPOU3BOJILHYIO OKPECTHOCTL U(a) TOUKU a U BbIOe-
peM Ajs Hee OKPecTHOCTH U(Xy) TOUKU X(, YAOBJIETBOPAIOIIYIO
yeaoBuam (5.21)—(5.22). Oaa aroit okpecrHocTu U(xy), B Uy
ycaoBus (5.29), HalifeTca TaKkoil HoMep ng, UTO IJA BCeX HOMe-
pPOB n > ng OyJeT BRINOJHATHCA BKIoueHUe x, € X N U(xy). Ho
rorga, B cuiy (5.22), umeeM f(x,) € U(a). 9To u o3Ha4YaeT BHI-
noJHeHue ycaoBud (5.30). O

IIpenen dyHKIIMM, KaK 9TO OBIJIO OTMEUYEHO B 1. 5.4, ABIAET-
cA JOKAJbHBIM CBOMCTBOM (PYHKIIMH B TOM CMBICJIE, UTO €T0 CY-
mecTBOBaHUe A QYHKIIMYU B JaHHOM TOUYKe (a ecau OH CYIIeCT-
BYET, TO U €ro 3HAUEHUEe) He 3aBUCUT OT CYKeHUdA PyHKIUU Ha
IepecedyeHme J000i1 OKPECTHOCTH TOUYKHU X C MHOKECTBOM OIIpe-
NeJeHUsT 3aJJaHHOM (DYHKIIMH. JTO XOPOIIO TaK:Ke BUIHO W U3
ompenenenusa 9: ecau 3aJaTh IPOU3BOJIBHYI0 OKPECTHOCTH
Uy(xp) TOUKU Xy 1 JOOABUTH B OoIpejeieHre 9 NOMOIHUTEIbHOE
yCJIOBHE, COCTOAIIEE B TOM, UTO Bce okpecTHOCTU U(X(), CymiecT-
BOBaHME KOTOPBHIX TaM YTBEP:KIAETCs, MOJMKHBI KpPOME BCEro
IIPOUero cojep:kaThbca B okpecTHOCTH Uy(x():

U(xg) = Ugy(xp),

TO MOJIYYUTCA ONpenesieHre, PAaBHOCUJIbHOE MCXOmHOMY. lleii-
CTBUTEJNHHO, ecaiu ycaoBue (5.23) BBITIOTHAETCA AJA HEKOTOPOI
oxpectHOCTU U(X() TOUKH X, TO OHO BBIIIOJIHAETCA U AJA JI060H
coiepsKalIeca B Hell OKPEeCTHOCTU 3TOM TOUKH.

B zakiouenre OTMETHM, YTO IO IpeaesioM (DYHKIIUM B JaH-
HOM TOUKe OOBIYHO IMOHNMAaeTCA KOHEUHBIN IIpeaes, eCJau He Oro-

BOPEHO uTo-1ub0 mpyroe, a uepes lim f(x), Korma Huuero He
X — xO

CKa3aHO O MHOKeCTBe, II0 KOTOPOMY 6€peTCH InpengeJa, obosHaua-
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eTcA KOHEUHBIN NiIu OeCKOHEUHBIN IIpefiesI B TOUKE X II0 BCeMY
MHOKECTBY omnpeneaeHus: GyHKIuU f.

VIIPA(RHEHHE 7. [lokasaTb, 4To ecau P(x) — MHOrouseH crenesu n = 1,
To lim P(x) =oc0, lim P(x) = oo,

X - —00 X — +00

Omnpenenenne mnpegena GyHKIUK B TOUKe 0e3 TPyAa MOMKHO
0000IITUTh ¥ Ha (PYHKIUK, ¥ KOTOPBIX KAaK MHOKECTBa MX 3HaUe-
HUIi, TAaK 1 MHOXKECTBA UX OIIpeleIeHNI IPUHALIeKAT PaCIINpPeH-
HOMY MHOKECTBY JeHCTBUTEJbHBIX uncesJ R = R U {+00} U {—oo},
T. e. Ha pyHKnuu Buga f: X — R, X — R. Yurarenb B caydae
He00XO0IUMOCTH CAMOCTOATENIbHO chOPMYIUPYET COOTBETCTBYIO-
e oupeaeIeHns.

5.8. MpeaeA OYHKUMU NO O6bEAUHEHUIO MHOXXECTB

JlokaskeM ellle OJHO ITPOCTOE, HO TOJIe3HOe IJA HAaJIbHEMIIIEro
CBOMCTBO IpeesioB (ZYyHKIIWM IT0 MHOMKECTBAM.

ANEMMAS. IIyemv f: X >R, X, <X, X, X, X, # 3, Xy 7 I,
U MOYKa X, ABAAEMCA MOUKOU NPUKOCHOBEHUS MHONCECME
X uX,.

Toz0a eciu 6 mouke xy QYHKYUA [ umeem pasHvie npede-
abL (KOHeuHble uau OeckoHeuHbvle) no mHoucecmeam X, u X,
mo oHa umeem 8 amoil mouke mom e npedes U no ux odse-
JuHeHuIo.

AokasateAabcTBO. Ecan

lim f(x) = lim f(x) =a, (5.31)
*0X° +0X0

TO IJIA 10007 oKkpecTHOCTH U(a) TOUKYU @ CYIIECTBYET TaKas OK-
pectHOCTh U(X() TOUKH X, 4TO 00pasbl ee mepeceueHuit X; N

NU(xg) 1 Xy NU(xy) c MEOKecTBaMHU X | U Xy COEPKATCA B OK-
pectHoctu U(a), a Torga u obpas ux obwenuHeHuda (X; U X,) N
N U(xy) Takske cofep:uTca B okpecTHocTH U(a). ITO U 03HaAUA-
er, uTo

lim f(x) =a.0

X — JCO
x0X X,
NMpumep. Eciu {x,} — Taxkada mociegoBaTeJIbHOCTb, YTO
lim x5, = lim x5, ; = a u a — nub0 AeHicTBUTENIBHOE ULC-
k - o0 k - o0
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Jo, Jubo omHa mu3 OeCKOHEUHOoCTell 00, +00 mjum —O°, TO u
lim x, = a. 9ro cpasy ciaeAyeT U3 JeMMEI 5, €CITU PACCMOTPETh

n - o

dyurnuo f(n) = x,, n € N, n nonoxurs X, = {2k}, X, = {2k — 1},
k=1,2,....

5.9. OAHOCTOPOHHME NpeAeAbl
1 OAHOCTOPOHHSS HENPEepPbIBHOCTb

ITpu usyuennm (GpyHKIIMI MHOTAA OKal3bIBaeTCs IOJE3HBIM pac-
CMOTPETE IpeAebl UX CYKeHNnI Ha MHOMKECTBaX, COOTBETCTBYIO-
X YACTHOMY CJIYYaio, KOTJa 9TH MHOYKeCTBA ABJIAIOTCS YaCTsI-
MU MHOKECTB OIIPeJeJIeHUS JaHHBIX (PYHKIIUHA, JIeMKAIIUMU II0
OJHY CTOPOHY OT TOUKH, B KOTOPOM paccMaTpHBaeTCS IIpejel.
Takue mnpenesbl HA3BIBAIOTCA OOHOCMOPOHHUMU npedesamu.
ITO MOHATHE COJAEeP KaTeJbHO JUIIL TOTJa, KOTga JeiCTBUTE Ib-
HO CYIIIECTBYIOT YKas3aHHBbIe MHOMKECTBa, KaK C OSHOM, TaK M C
IPYroii CTOPOHEI OT TOUKHU X, B KOTOPOII paccMaTpUBaeTcs IIpe-
neji. B Tom ciydae, eciim TOUKa X ABJIAETCA OJHOH 13 OecKoHeU-
HOCTEH ©0, +00 myam —O°, 3TO 3aBeJJOMO HeBO3MO:KHO. IloaTomMy B
HACTOSAIIEM ITYHKTE B JajbHeNeM 6yaeM BcerJa Ipeanoararh,
4TO X — HeWCTBUTeJbHOE UHCI0: Xy € R. BemeMm aia ymnpoire-
HUSA 3aIllICU HEKOTOpbIe 0003HAUEHI .

Huia Beaxkoro MHOMKecTBa X & R 1 A1 TOUKU X € R mosmoxum

X(xp) det {x:xcX, x<xy,

X-(xp) det {x:xecX, x> xy.

Nraue rosopda, MHOkeCTBO X (x(), COOTBeTCTBEHHO X (),
ABJSIETCA IIepeceyeHreM MHOKecTBa X C 3aMKHYTBIM JIYYOM
YHCJIOBOU OCH, BEPIIMHOM KOTOPOTO ABJIAETCA TOUKA X M KOTO-
PBIii HAITpaBJieH B (OTPHUIIATEIBHOM) HOJIOKUTEILHOM HallpaBJIe-
HUMU.

Onpeaenenune 10. ITycmov f: X — R u xy € R. Touka a Hasviea-
emcsa npedenom QyHKUuu f creea, coomaemcmeeHHo Cnpasa,
npu x — Xxg, eCAU OHA A8aiemcs npedesom npu x — Xy QYHK-
yuu f no mroaucecmey X (xy), m. e.

lim f(x)=a,

X — xO
x 0X(xq)
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coomeemcemaenno no muoxecmay X-(x,), m. e.

lim f(x)=a.
X - X
x0Xo(xq)
Hna mpenmesioB ciaeBa u cupaBa GYHKIUM f IO MHOMKECTBY
X\{xy} umeroTca crmenuasbHble 0003HAUEHUA: IIPEEJI cIeBa 000-

sHauaercd f(xo —0)miau  lim f(x), a mpexmes cupaBa — f(x, + 0)
x - x5—-0

wain lim  f(x). Takum oGpasom,

X - xg +
. def .
flxg—0)= lim f(x) = lim f(x), (56.32)
x - x9-0 X - X
x 0 X < (xg)\{xo}
flxg+0)= lm f(x) = lim fx).  (5.33)
) +0 X - X,

x O X< (x9)\{x}

Ecau xy = 0, To BmecTro 0 + 0 (Bmecro 0 — 0) B ciryuae npege-
JIOB (DYHKIINI, KaK M B cjJyudae IIpeAesioB IIoceqoBaTelbHOCTel
(cM. 1. 4.1), mumryTt apocto +0 (coorBercTBeHHO —0).

Ilpemensr cieBa m cIpaBa HA3LIBAIOTCA OO0HOCMOPOHHUMU
npedenamu. Ecnu e Touka x, ABJIAETCA BepxXxHel I'PaHBIO JJIA

MHOKecTBa X (X)\{xo} u HmxHei#l rpanbio Axa X-(xy)\{xo}
(X — MHOKeCTBO oIpeaejeHnusa QyHKIUA f):

xo = sup (X<(xo)\{xo}) = inf (X=(x0)\{x0}),

TO OOBIYHBIN Ipefes GYHKIUY [ IPpU X — X Ha3bIBAETCA TAKIKe
u ee 08YCMOPOHHUM npedesoM.

IIpu ompezeleHUY OSHOCTOPOHHUX IPEIEJIOB YA00HO UCIOJIb-
30BaTh IIOHATHUE <«OJHOCTOPOHHUX OKPECTHOCTEH» TOUKHU: IIe-
peceuerusa U(xy) N{x : x = 0} u U(xy) N{x : x < 0}, roe U(xy) —
HEKOTOpas OKPECTHOCTh TOYKU X, HABBIBAIOTCSA ee OJHOCTO-
POHHUMY OKPECTHOCTAMM (COOTBETCTBEHHO IIPABOCTOPOHHEN U
JieBoCcTOpoHHeit). SIcHO, UTO ompesesieHre OJHOCTOPOHHETO IIpe-
Jesia QYHKIIUY MOJYUUTCS U3 ONpeesieHnA npeneia GyHKIUM,
€CJIi B HeM OKPECTHOCTb TOYKH X 3aMEeHUTH Ha €€ COOTBETCTBY-

IOIIYI0 OJHOCTOPOHHIOIO OKpecTHOCTh. OTMEeTHM, 4TO Iepecede-
HuA U(xg) N {x : x > xo} 1 U(xy) N{xy: x < x¢}, roe U(xg) —
HEKOTOpasA IPOKOJIOTasd OKPECTHOCTb TOUKHU X, HABHIBAIOTCA ee
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TTPOKOJIOTHIMHU OJHOCTOPOHHUMYM OKPECTHOCTAMU (COOTBETCTBEH-
HO IPaBOCTOPOHHEN 1 JIEBOCTOPOHHEI).

B KauecTBe mpuMepa OJHOCTOPOHHUX IIPENEJIOB PACCMOTPUM
dyaKIMIO ¥y = sign x (cM. mpumep B 1. 5.2 u puc. 19). Ilycts

x,>0, x,<0,n=1,2,...,u limx,= lim x/, =0. Torga

n - o n - o

lim signx, = lim 1=1,

n - o n - o

lim sign x), = lim (-1)=-1.

n - o n — oo

Ito o3HaUaeT, uTo lim signx=1wm lim signx=-1.
x->+0 x-—0
Ilonarue npenena ciesa (cipaBa) IPpU X — X, KaK 1 BOOOIIE

HOHATHE IIPeJieia B TOUKE, COMIEPKATEIBHO TOJBKO TOTIa, KOraa
TOUKa X ABJIAETCA TOUKOU NPUKOCHOBEHUS MHOXKECTBA, IO KO-
TopoMy OepeTcs Ipefies, B JaHHOM ciaydae MHOKecTBa X (xg)
(mHOXKEcTBa X (xp)). Rakaoe u3 9TUX MHOMKECTB JIEXKUT 11O OJ-
HY CTOPOHY OT TOUKH X, [IO9TOMY OHA ABJIAETCA UX TOUKOU IIPU-
KOCHOBEHHS TOTZa U TOJBbKO TOrAa, Korjga xy = sup X< (xg) u, co-
OTBeTCTBEHHO, X, = inf X (x).

TEOPEMA 2. @yurkyua f: X — R umeem npeden 6 mouke x,=
= sup X(xg) = inf X.(x), X (x9) = T, Xo(x9) * T, 6 mom u
MmoJbKO MOM cayiae, Koz0a 8 amoii mouke y QyHrkuyuu f cy-
wecmaywom npedenvl KAK cle6a, MAK U Cnpaéa u OHU DABHbL.

B smom caydae ux 0611466 3HAYeHue U AseJaAemcs npe@eﬂom
(pyl-muuu 8 MoukKe XxX.

CAEACTBUE. [Jna mozo umobv. y ¢yuryuu f: X — R cy-
u,ecmeosas 6 mouke x, 08YycmoporHHUlL npedes no MHOIECMEY

X\{xo}, HeoOxo0umo u docmamouno, umobsvL cyw,ecmeosanu u
Ovtau pasHvl medxncdy coboii o0nocmopornrue npedenvt f(xg— 0) u

f(xg + 0).

AOKA3ATEABCTBO TeopeMb. B camom pgene, IIycThb
f:X—R, xy=sup Xc (xg) =inf X, (xp)um lim f(x)=a,rT.e€.

X - Xy
y GyHKIUH f cyiecTByeT npeges (1o MHOKecTBY X) B TOUKE X.

Ho Torga B 9TOU TOUKE TOT Ke IIpenes CymeCcTBYEeT Uy ee CyiKe-
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YA HUA II0 JII000MY MHOXKecTBY (cM. JeMmy 1
31 — B II. 5.4), B UaCTHOCTH U II0 MHOXKECTBAM
X< (x9) 1 X5 (x(), T.e. CylIecTBYIOT 00a
OJHOCTOPOHHUX IIpejejia IPU X — Xy U
ettt OHU PaBHBI a:

Ly lim  f(x)= lim  f(x) = a. (5.34)
X - Xg X - Xo
Puc. 24 x 0 X (xg) x 0 X (x)

IIycts, HAOGOpOT, B TouKe X, = sup X (xg) = inf X (x,) BBI-
noJyHAeTcA ycaosue (5.34). Torga tax kak X = X (xg) U Xo(x),

TO COIJIACHO JIeMMe 5, cyIlecTByer mpefesn lim f(x) = a.
X - xO
xOX
s Toro uTobbl yO6eAUThCS B CIIPABENJIUBOCTHU CJIEACTBUA,

JOCTATOYHO IIPUMEHUTH TeopeMy 2 K CYKeHUuio QOYHKIUU
f: X — R na mHO)ecTBO X \{x,}. O

Ecnu oquH 13 OGHOCTOPOHHUX IIpeiesoB GYHKINYU B HEKOTO-
pOIi TOUKe COBIAZAeT cO 3HAUeHMeM (PYHKIIMU B 3TOH TOUYKE, TO
Takad (QyHKIUA HaA3BIBAETCA O00HOCMOPOHHE HEnpepvléHOl 6
paccmampueaemoii mouxe. CHOpMyIUpyeM 3TO OUIpeJesIeHue
6oJiee IOIPOOHO.
Onpeaenenne 11. Pyuruusa f: X — R Ha3vieaemcs Henpepvl8HOUL
cleea, COOMBemcmeeHHo cnpasea, 6 mouke x, € X, ecau

xlirr}c . f(x) = f(x(), coomeemcmeenno ecau xh}r}c . f(x) = f(x).
x 0 X (xg) x 0 Xo(xg)

NMpumep. Paccmorpum QYyHKIIUIO, ONPEeeJIEHHYI0O Ha Bcel
YKCJIOBOM OCH U PABHYIO JJIS KaKJIOTO NEHCTBUTEIHHOTO YMUCIA
X HanOOJIBIIIEMY IIeJIOMY YHCJY, MEHBIIIEMY UJIN PABHOMY X. JTa
GYHKIIUA MMeeT cueruagbHOe 00o3HaueHUe y = [x], uuTaercs:
«Y ABJETCA IeJION YacThIO YUCJa X» WJIU <Y paBHO entier x» .

Taxkum obpasom,

[x]=n€Z, n<x, an+1>x.

Tpadur pyarmum [x] nusobpakeH Ha pucyHke 24. OYHKIIUS
[x] B mesmouncaIeHHBIX TOYKAX X = n, n =0, £1, +2, ... , yucio-
BOU IPSIMOM HeIpephIBHA CIIPaBa M pa3pbIBHA cjieBa. Bo Bcex Ke
IPYTUX TOYKAX OHa HeIpephbIBHA KaK cIpaBa, Tak u cjeBa. Ta-
KHM 00pasoM, B UaCTHOCTH, (PpyHKIMA [x] HempepbIBHA cIpaBa
BO BCeX TOUKaX YMCJIOBOU OCU.

! entier (bpaHII.) — IEIBI.
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3amMeuanue. Eciu gna pyarmnuu f : X — R cyliecTByerT

KOHeUuHBI mpemea lim f(x) = a, mpuuem ajsa Bcex x € X BHI-
x - X

moJHsAeTcsA HepaBeHCTBO f(x) < a (EepaBeHcTBO f(x) > a), To mu-

myT lim f(x)=a — 0 (coorBercTBenHo lim f(x)=a + 0). IIpu
X - X X - X

atoM ecau a = 0, To Taxkixe BMecTo 0 + 0 m 0 — O THUIITyT IIPOCTO
+0 u —0.

5.10. CBomcTBA NPpeAeAoB PYHKLMA

Bce pyuHrImuu, paccMarpuBaeMble B 3TOM IIYHKTE, OIIPEIeJIeHbBI
Ha HeKoTopoM MHO:KecTBe X & R, 1 Bce UX IIpefesbl 6epyTes 1Mo
MHOeCcTBYy X B HEKOTOPOII TOUKE X(, KOTOPAd ABJIAETCA TOUKOU

OPUKOCHOBEHUS (KOHEUHOH MIM 0eCKOHEUHO yAaJeHHOI) MHO-
sxkectBa X. HanmomMHUM, 4TO eciam Xy — AeliCTBUTEJbHOE UUCJIO:

Xy € R, T0O Xy — 00BIYHAA TOUKA IPUKOCHOBEHUA MHOKecTBa X.
Ecsm xy = 00, To MHOKecTBO X He OTPAaHUYEHO, a eClId Xy = +0,
HUJIU Xy = —O°, TO MHOKeCTBO X He OIDaHNUEHO CBEPXY, COOTBET-
CTBEHHO CHU3Y.

1°. Ecau ¢pynryua f : X — R umeem 6 moukxe xy KOHe4HbLil
npeden, mo cywecmeyem makas okpecmuocmd U(xy) mouru
Xg, ¥mo @ynryua [ ozpanuvena Ha nepecevernuu U(xy) N X
amoil oxkpecmHOCmMU ¢ MHOx¥cecmeom onpedenenus X QYHK-
yuu f.
CAEACTBUE. @ynryua [ : X — R, Henpepvienas 6 moure xy€ X,

02paHUYeHA HA NepeceieHUU HeKOomopoil OKpeCmHOCmU Imoil
mouku ¢ mHoxcecmeom X.

AokasateabcTtBo. IIyers lim f(x) = a — KoHeuHBII IIpe-

X - X,

IeJi, TOrJa, COIJIACHO onpenaeaeHuio 9 us o. 5.7, aada aroboro € > 0,
B YaCTHOCTHU JJdA € =1, cymiecTByeT Takasd oxpecTHOCcTb U(x)
TOUKU X, 4TO f(X N U(xy)) = U(a, 1), 1. e. gaa Bcex x € X N U(x,)
BeIIIONIHAETCS BRJIoueHue f(x) € U(a, 1). uaue rosops, ajs
Bcex x € X NU(x,) cipaBennnBo HepaBeHCTBO @ — 1 < f(x) <a + 1,
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a BTO O3HAYaeT OTPAaHMYEHHOCTh (YHKIUHU [ Ha IlepecedyeHun
XNU(xg). O

CiecTBYME HEIIOCPEACTBEHHO BBITEKAeT U3 HOKA3aHHOIO YT-
BEPIKIEHN, TaK KAaK HEIIPEPBIBHOCTL MYHKIIUY B TOUKE ABJIAET-
CsI YACTHBIM CJIyYaeM CYIIeCTBOBAHUA Y Hee B TOUKe KOHEUHOTO
npejeJia.

0 .

2", Ecau pynryusa f : X — R umeem 6 mouke x, He pagHblil HY-

10 KOHeunblil npeden lim f(x)=a # 0, mo daa 106020 wucaa c,
X - xo
0 < c<|al, cywecmeyem maras oxpecmnocmo U(x,) mouku x,

umo 014 8cex mouexk x u3 obaacmu onpedenenus X QyHK-
yuu f, npunadnexcauux oxkpecmnocmu U(xgy), m. e. 0aa 6cex

x € U(xg) N X, gvinoansaiomesa Hepasencmaa f(x) > c, ecau a>0u
f(x) <—c, eciu a <O0. (5.36)

CAEACTBUE (1eMMa O coxpaHeHMHM 3HakKa). Ecau ¢yuxuyus
f: X — R nenpepvigna 6 mouke xy € X u f(xy) > 0 (coomeem-
cmeenrno f(xy) < 0), mo cywecmeyem marxas OKpeCmMHOCMb
U(xy) mouru xgy, wmo 0aa ecex movex x € X NU(x,) 6bLnoans-
emcsa Hepagencmaso f(x) > 0 (coomeemcmaenno f(x) < 0).

AOKO3ATEALCTBO CBOMNCTBA 20, IlycTs cHauana a > 0 u
0< ¢ < a. Broibepem €>0 Tax, urodbl ¢ <a— €&, TOTAa
ctU(a; €)= (a—-¢, a+¢). Hna okpectanoctu U(a; €) cyIiecTBy-
eT TaKas OKpecTHOCTb U(x,) TOUKHU X(, UTO AJIA 1000 TOUKU
x € U(xg) N X mmeer mecTO BRJIOUeHUE f(x) € (a — €, a +€) u,
cJaemoBaTeabHO, f(x) > a — € > c.

Ananornuno, ecima<0u0<e¢ < —a, T. e. a <—¢, TO BbIOe-
peMm € > 0 Tak, utobbi @ + € < —c, Tormac ¢ U(a; €)= (a — €, a + €).
s okpectrHocTu U(a; €) cyliecTByeT Takasa oKpecTHOCTD U(x()
TOUKHU X(, UTO AJA Jiobok Touku x € U(xy) N X mmeer mecTo
BKJIoueHue f(x) € (a — €, a + €), MO3TOMY M HepaBeHCTBO f(x) <
<a+e<-—c.

CiemcTBre HEMOCPEACTBEHHO BBITEKAeT U3 HEPaBEHCTB
(56.36). O

SameuaHue. Eciu B Touke xy y dyaxknun f: X — R cy-
IecTByeT OECKOHEUHBIN IIpeaes, PaBHBIN 00, +00 mam —CO, TO
OIJas1 a0 60ro0 ¢ >0 uMeerT MECTO YTBEPKAEHNE, AHAJOTUUHOE
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. 0
CBOMCTBY 2 . OTO HEIOCPEJCTBEHHO CJIeIyeT M3 OIpeAesieHuA
0ecKOHEeUYHOro Ipenena (GpyHKIIUU, c)OPMYJIUPOBAHHOTO B Tep-

MHUHAaX HepaBeHCTB. A umenuo: lim f(x) = o© (cooTBeTCTBEHHO
X - X,

+00 mam —O°) o3HAUAaeT, YTO IJsS Jioooro ¢ > 0 cyImecTByeT Ta-
Kas OKpecTHOCTBb U(x,) ToukH X, 4To Aad Bcex x € X N U(xg)
BBHITIOJTHAETCA HepaBeHCTBO |f(x)| > ¢ (COOTBeTCTBEHHO HepaBeH-
cTBO f(x) > ¢ unu f(x) < — c).

3°. Ecau f(x) =c — nocmoannasa, x € X, mo lim f(x)=c.
X - xo

4°. Ecau f(x) 2 a, x € X, u cywecmeyem KOHEUHbBLI ULU ON-

pedenennozo 3naka 6eckoneyruvlit npeden lim f(x), mo
x - xq

lim f(x) > a. (5.37)

x - X9
0
5°. Ecau ¢(x) < f(x) < YP(x), x € X, u cywecmsyrwom KoHeu-
Hble UJAU onpedesleHH0z0 3HAKA OeCKOHeyHble npedesivl

lim ¢(x)= lim Y(x)=a, mo
X - Xq X - Xo

lim f(x)=a. (5.38)

0 .
6. Eciu cywecmsyiom KoHeuHbvle npedenvt lim f(x) u
x - X

lim g(x), mo cywecmayiom u KoHeuHble npedeavt lim [f(x) +
X - Xy X - Xg

+ g(x)], lim f(x)g(x), a ecau lim g(x)# 0, mo u npeden

X - xO X - xo
: f(x)
lim ==, npuuem
x - xp 8% P
lim [f(x) + g(x)]= lim f(x)+ lim g(x), (5.39)
X - xO X - .X'O X - XO
lim f(x)g(x)= lim f(x) lim g(x), (5.40)
X - xo X - xO X - xO
lim f(x)
. f(_xl _ X=X
e 80 T g (-4
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CAEACTBMUE 1. Ecau cyuwecmayem KoHeyHbwlil npeden lim f(x),
X - Xg

mo 0as 1106020 wucna x € R cywecmsyem u npeden lim cf(x),
x - X
npuuem

lim cf(x)=c lim f(x). (5.42)
X - Xo X - Xy

B cayuae ¢ # 0 pasencmeo (5.42) cnpasedaueo u 0ns beckoHneu-
Hblx npedenog onpedesenHoz0 3HAKA.

CAEACTBUE 2. Ecau ¢pynkuyuu f u g Henpepvi8HbL 8 MOUYKe
xo € X, mo @¢ynryuu cf (¢ — nocmoannas), f+ g, g, a ecau,

Kpome moeo, g(xy) # 0, mo u pynryua g]: makxice HenpepvieHa

6 MouKe Xx.

3aMeTuM, YTO IPU IPENOTI0KEHNAX, B KOTOPHIX cHOpMYJIH-

X
poBaHBI yTBep:KAeHUe 6 U ciaencTBUe 2 M3 HEr0, YaCTHOE % ,
KOHEYHO, MOYKeT OBITh He OIIpelesieHO Ha BCeM MCXOJHOM MHO-

skecTBe X, TaK KaK Ha HEM MOTYT CYII[eCTBOBAaTh TOUKU X, B KO-
. 0
TopeIX g(x)= 0. OgHaKO, COIJIaCHO CBOMCTBY 2, M3 YCJIOBUSI

lim g(x)# 0 ciexgyer, UTO CYIIECTBYEeT TaKasi OKPECTHOCTH
X - X

U(x,) TOuku: x,, Ha IepeceueHN KOTOPOH ¢ MHOKecTBOM X BBI-
noJsiHsAeTcAa HepaBeHCTBO g(x) # 0 u, ciemoBaTeabHO, Ha 9TOM IIe-

peceueHn yiKe OIIPeJejIeHO UYacTHOe é%. B dopmyne (5.41)
IIOJ IIPeJesIOM IIOAPa3yMeBaeTCs IIpelesl CYMKeHHsa (PYyHKINU

X
% Ha MHO:KecTBO U(xy) N X. B cuay Toro uro npenen QyHK-
UMW B TOYKE ABJAETCA JIOKAJbHBIM CBOMCTBOM (cM. 1. 5.4 u
o. 5.7), 9TOT IIpeaes He 3aBUCUT OT BLIOOpA YKA3aHHOUN OKpecT-

HoctH U(xg).

Caoiicrea 3°—6° MOTYT OBITh JOKAa3aHbl OJUHAKOBBIM METO-
JIOM, OCHOBAHHBIM Ha COOTBETCTBYIOIIIMX CBOMCTBAX IMIPEIEIOB
mocJiemoBaTeabHOCTEH (cM. . 4.9).

HoxrazxeM, Hampumep, ¢opmyay (5.40). ITycts a = lim f(x),

x - Xo

b= lim g(x). Torma, coraacuo oupenenenuio 1 mpenpena PyHK-
X - xo
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nuu (cM. I. 5.4), 4ua 1000 IociaenoBaTeNbHOCTH X, € X, n =

=1,2,..., lim x, = x(, cipaBeAJINBLI pABEHCTBA
n - o«
a= lim f(x,), b= lim g(x,).
n - o n —» oo

ITosToMy, BCIOMHUB, YTO IIpefes IPOU3BeIeHNs CXOMAINX-
cA TIOCJIeJOBATEJIbHOCTEHM CYINEeCTBYeT WM pPaBeH IIPOU3BEIeHUIO0
ux npeneyoB (cM. 1. 4.9), moJaydYnM, YTO CYIIeCcTBYeT IIpeneJt

lim f(x,)g(x,) = ab. (5.43)

n — oo

ITOT IIpefes He 3aBUCUT OT BBIOOpPA YKA3aHHOM IIOCJIeL0BaTEeIb-
HOCTH {X,}: OH Bcerza paBeH ab, II09TOMY, COTJIACHO TOMY K€

ompezeaenunio 1, rokazanHoe paBeHcTBO (5.43) u o3HaUaeT, YTo

lim f(x)g(x)=ab= lim f(x) lim g(x).O
x - X x - Xg x - Xg
CraencrBue 1 (B cuiy cBOMCTBaA 30) IpeAcTaBJsgeT coboi yacT-
HBIH caydait popmyasl (5.40). CiemcTtBue 2 HemocpeaCTBEHHO

. 0
BBITEKAeT U3 CBOIiCTBA 6, ITOCKOJIBKY HEIIPEPHIBHOCTD (DYHKIIUU
B TOUKe 03HAYAET CYIIIeCTBOBAHIE y Hee B 9TOM TOUKEe KOHEYHOTO
mpenesia, PaBHOTO 3HAUEHMWIO (DYHKIIMU B 3TOM ToukKe. Hampu-
mep,

lim f(x)g(x)= lim f(x) lim g(x)=f(xy)g(xy), (5.44)

X - xg x - X x - X

Tak Kak mpegensl lim f(x) m lim g(x), B cuay HempepbIBHOC-
x - X x - X

T GYHKOUH [ U & B TOUKe X, PAaBHBI COOTBETCTBEHHO f(x,) U
g(x). BeimonHenue paBeHcTBa (5.44) m o3HauaeT HeIPePHIB-
HOCTb IIPOU3BEIeHUA fg B TOUKe X(.

OTMeTruM, YTO IIPUBEJEHHOE [JOKAa3aTeJbCTBO CJEINCTBUS 2
MOKHO OBLIO OBI M He IIPOBOAUTH, TAK KaK HEMPEepPbIBHOCTD
GYHKIINK B TOUKe o3Ha4aeT (cM. II. 5.5), UTO 9Ta TOUKA IIpUHA-
IUIEXKUAT MHOKECTBY 3aJaHuA QYHKIIUYA 1 UTO Y GYHKIMUA B 5TOMN
TOUKEe CYIIeCTBYeT IIpeles IO YKasaHHOMY MHOKecTBy. Ilo-
CKOJBKY GYHKIIUY f U g 3aaHbI B TOUKE X, OUEBUIHO, U (PYHK-

i £(x) + g(x), f()g(x), a mpn glxg) # 0 u dymerma [ saa-

. . 0
HBI B 9TOH TouKe. B cusy cBoiicTBa 6 y mepeuyuceHHBIX QYHK-
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Ouil CyIIecTBYIOT IIpefiesibl B TOUKe X, IPHHALJIEeKAIlell B

JaHHOM CJIyyae WX MHOJKECTBY 3aJaHWsA, UTO M O3HAYAET UX
HETIPEePLIBHOCTL B 9TO# Touke. VMHaue roBOpA, YTBEp:KIeHUE

0
CJIEICTBUA 2 YTBEPKIeHUA 6 SABJIAETCA MIPOCTO YACTHBIM CJIY-
YyaeM 9TOr'0 YTBEPIKIEeHUSA, KOTa TOUKA, B KOTOPOI paccMaTpu-
BaeTcsA Ipenes, IPUHALIEKUT 00aCTH 3aJaHuA QYHKITHMA.

5.11. BeCKOHEYHO MAAble
n 6eCKOHeYyHO 6oAbLUMe PYHKLUN

Bce paccmaTpuBaembie B 3TOM DYHKTe QYHKIIMU OyaeM Hpenno-
JaraThb oIpe/leJIeHHBIMY Ha MHOXKecTBe X — R u paccMaTpuBaTh
UX KOHEUHbIe M OeCKOHEUHBbIe Ipeesbl IPU CTPEMJIEHUN apry-
MeHTa K KOHEeUHOH MM K 0eCKOHEUHO yAaJleHHOU TOUKe X).

Onpeaenenue 12. Dyuryua a: X — R Has3vieaemca 0ecCKOHeUHO
MANOU NPpU X — X, €CAU
lim a(x)=0. (5.45)
x - X0

BeckoHeuHOo Masnble QYHKIUM UTPAIOT O0COOYIO POJb cpeau
BceX (pYHKIIMI, MMEIOIINX TIpeAes, CBA3aHHYIO, B YaCTHOCTH, C
TeM, UTO 0o0Illee MOHATHE KOHEUHOTO Ipeesia MOYKeT OLITh CBe-
IeHO K IOHATHIO OeckoHeuHO MaJoii. ChopMyaupyeM STO yT-
Bep:KJeHNe B BUJE JIEMMHBI.
AEMMA 6. Koneunuwtii npeden lim f(x) cywecmsyem u pasen

X - X

a mozda u moavko mozda, kozda f(x)= a+ d(x), x € X, z0e
0 = 0(x) — OecKOHewHO MANRASL NPU X — X.

AokasaTeAabcTBO. Eciim lim f(x) = a, To, momoxkuB a(x) =
xAxO

= f(x) — a, x € X, mony4yum, 4TO

lim a(x)= lim f(x)—a=a—-a=0.
x—»xo x—»xo

Hao6opor, ecau f(x) =a + d(x), x € Xu lim a(x)=0, To
X - Xo
lim f(x)=a+ lim a(x)=a.0O
x - Xg x - Xg
TEOPEMA 3. Cymma u npousgederHue KOHEYHO020 iucaa 0ecko-
HEeYHO MAAbLX NPU X — X, @ MAKICEe U npoussedenue 6ecKoHeu-
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HO Mauoll npu x — Xy HA 02PAHUYEeHHYI0 Ha X QYHKYUI A6
tomesa 0eCKOHeYHO MAAbLMU NPU X — X.

AokasaTteAbcTBO. To, uTO cymMMa u Ipou3BeIeHNE KOHEU-
HOTO0 urcja 0eCKOHEUHO MAJbIX ABISAIOTCA OECKOHEUHO MAJIBIMU,
HEeIIOCPEeACTBEeHHO CJeqyeT 13 CBOMCTBA CYMMEI U ITPOU3BENeHU S
npeneaoB QYHKIUHA (cM. cBoicTBO 6 B 1. 5.10) B TOM uacTHOM
cayuae, KOT[a 9TH Ipeaesbl PaBHBI HYJIIO.
HokaxkeM T1ocjeqHee yTBep:KIeHMe TeopeMbl. IlycThb
lim a(x)= 0 u f(x) — orpannuyenHas PyHKIUA, T. €. CYII[ECT-
X - X
ByeT Takas nmocTtosaHHad b > 0, uTo ayia Bcex X € X BBITIOJHAETCS
HepaBeHCTBO |f(x)| < b. Ecm x, € X, n=1, 2, ... , — Takas no-
CJIeZI0BaTeJbHOCTb, UTO lim x, = x,, TO, COIJIaCHO oIpejeJIe-

n —» o

Huio 1 npegesna pyrkmun (cMm. 1. 5.4), umeem lim a(x,) = 0.
n — o

Ins Bcex n =1, 2, ... BBIIOJHAETCA HepaBeHCTBO |f(x,)| < b, T. e.

mocsenoBaTeabHOCTS {f(x,)} orpanmuena. Ho nponssesnenue Gec-

KOHEUHO MAaJIOM IIOCJIeLOBATEIbHOCTH, B NAaHHOM CJIy4ae IIo-

ciepoBaTenbHOCTH {0(X,)}, HA OTPAHUYEHHYIO IIOCJIELOBATENb-

HOCTb, B JaHHOM cJy4ae Ha {f(x,)}, ABisgeTca 6€CKOHEUHO MaJIoi

. 0
HOCJIeIOBATEIbHOCTBIO (CM. CBOMCTBO 2° B 1. 4.8), mosaTomy
lim f(x,) a(x,) = 0. Tak kKak 9TO BepHO AJIA JIIO00H yKasaHHON
n —» o
II0CJIEJOBATEIBHOCTH {X,}, TO COTJIACHO TOMY K€ OIpeLesIeHUI0
npenena GyHKIuu moayuuM lim f(x) a(x) = 0, a a3To u o3Ha-
X - xO
yaeT, uTo GyHKIUA f(x) O(x) sBasgercd OGeCKOHEUHO MaJoi
mpu x — Xg. O
Hapsany ¢ 6eCKOHEYHO MAJILIMU B aHAJIKN3€ YaCTO BCTPEUAOT-
cs 6eckoHeuHO Ooabinue QyHKuu. Oupenennm nx.
Onpeaenenue 13. Dynryusa f: X — R Ha3vieaemcsa 6eCKOHeYHO
0onvbWoll npu x — Xxg, €CAU
lim f(x) = oo. (5.46)
X - xo
Me:xay 6ecKOHEUHO OOJBIIMMUN M 0€CKOHEUHO MAJLIMHU CY-
IIECTBYeT TecHas CBA3b. VIMEHHO BeawuuHa, obpaTHas OecKo-
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HeYHO 00JILINON, ABIsSeTcs 0eCKOHeUHO MaJIoi, u HaobopoT. Bo-
Jlee TOYHO, CIIPaBeAJINBO, HATIPUMeE], CJAeAYyIoINee yTBep:KIeHUe.
AEMMA 7. Ecau ¢ynryusa f: X — R OeckonHeuHOo 00ablias npu

1 .
X — Xg, MO (pyl-muuﬂ ? Aeasemces 6eCKOHeYHO Magoil npu x — Xgp.

AokasaTeAabcTBO. IlycTs Ipon3BoIbLHO (PUKCHUPOBAHO € > 0.

Torga, corsiacHo ycjoBuio lim f(x) = ©0, cylecTByeT Takas
X - xo

okpecTHOCTb U(x() TOUKHU X(, YTO AJA Beex Touek x € U(xy) N X

1
BEHITIOJTHAETCA HepaBeHCTBO |f(x)| > <, CIIEJOBATENBHO, U Hepa-

. 1
BEHCTBO ‘L’ < €. A sT0O 1 0O3Hauaer, yTo lim —— =0, T. e.yTO
f(x) X - X, f(x)

byHKIIUA IBAseTcA OeCKOHEUHO MaJoii. O
3ameuanue 1. Kak Bcerga, Korga peub UJIeT O YaCTHOM

(I)YHK]_II/Iﬁ CO 3HaMeHaTeJIeM, IIpegejl KOTOPOro OTJIN4YeH OT HY-

1
Jsi, 3Iech IIOA 5 — IIOHMMAaeTcs, BOOOIe TOBOpPsA, YACTHOE OT

f(x)
nesnenus 1 Ha cyskeHne GyHKIuu [ Ha nepeceuerne U(xy) N X
Takoil okpecTHOoCcTU U(X,) TOUKU X; C MHOXKECTBOM OIIpejeJe-
Hua X GyHEROUY f, 94TO 14 BeexX Touek x € U(xy) N X dyrrnusa f
He paBHa HYyJaio. CyllecTBOBaHMe YKAa3aHHON OKPECTHOCTH
U(x) cienyer us cBoiicTBa 20 npenesnoB GyHKIUHA (cM. m. 5.10).

Buopouem, oHO eie pas mjasa ciaydad OeCKOHEUHO OOJIBIION
(pYHKIMHK OBLJIO IIOJYUYEHO B IPOIecce JOKAa3aTeJIbCTBA JeMMBI 7:

1
OUYeBUJHO, UYTO U3 YCJIOBUS |f(x)|>g, €>0, cuxemyer, UYTO

f(x) = 0.
3ameuanue 2. Eciu, Hao6opoT, 0(x) — OECKOHEUHO Ma-
Jad Ipu X — X, PYHKIUA, TO MOXKET CIYIUTHCA, YTO OOpaTHAA

BeJIMYMHAa HE 6y,11e’1‘ oIIpenesieHa Ha MHOMKeCTBe, AJIAd KOTO-

1
a(x)
pOro TOUKa X ABJIAETCA TOUKOI NPUKOCHOBEHUA (HaIpuMep,
3TO 3aBeoMO uMeeT MecTo npu O(x) = 0 Ha X), ¥ TOATOMY TOHSA-

THe mpeneaa lim npu x € X 6yner 6eccomepakarennuo. On-

1

R TE)

HaKo ecau X, — Takoe IIOAMHOXKECTBO MHOKecTBa X, Ha KOTO-
poMm a(x) # 0: Xy = {x: x € X, a(x) # 0}, u ecau x, ABJIAETCA TOU-
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KOl IIPUKOCHOBeHUsA MHOxKecTBa X, TO (QYHKIuUA ——

onpezeneHa Ha X U Ha 5TOM MHOKecTBe lim ﬁ = 00,
*OX

HO B 3TOM CMBEICJIe TOBOPAT, UTO (PpYyHKI[UA, oOpaTHAA OeCKOHeU-
HO MaJIO, SIBJIsIeTCS OECKOHEYHO OOJIBIIION.

To obcToATEeNILCTBO, UTO (PYHKIIUSA, oOpaTHAss OECKOHEUHO
MaJIoi, SABJAEeTCA 0eCKOHEUHO 00JIBINONH, 1 HA000POT, AejIaeT ec-
TECTBEHHBLIMHU CJIELYIOIE CUMBOJINYECKHE O003HAUECHN S, YACTO
YIIOTPEeOJaAONIeCs AJIs COKpAaIlleHns 3alluc: AJIsd JI00ro uuc-
aa a > 0 oumryr:

- 0. (5.47)

BamMmeuanue 3. HabGeckoneuno 6oibinme QYHKIIUU CBOM-
CTBa KOHEUHBIX ITPeJeJIOB, CBABAHHBIE C apU(PMEeTUUeCKUMH Aeli-

. 0

CTBUAMH HaJ mIpenesamMu (cM. cBoiicTBo 6 B 1. 5.10), Hemmocpe-
CTBEHHO He mnepeHocATcsa. OMHAKO HEKOTOPHIE AHAJIOTUYN UMEIOT
MecCToO.

Haopumep, eciu  lim f(x) = +oo, lim g(x)= +°°, 10 u
X - xg X - Xg

lim [f(x)+ g(x)] = +°°. OmHAKO O CYyIIIeCTBOBAHUHU KaKOT0-JI100
X - Xy

npefena lim [f(x) — g(x)] smecw, BooOIIe TroBOPA, yKe HUUETO
x - xo

VTBepKJaTh Helb3sA. MOXHO MOKa3aTh, UTO «IIO3UTHUBHBIE» YT-

BepXKJeHNI 0 6eCKOHEUHBIX IIpejielaX UMeIOT MeCTO B CIydasx,

IS KOTOpBIX (popmynaamu (5.47) u B 1. 3.1 ObLIM OIpemeeHbl

HEKOTOpBIe «apudMeTHUIecKre oIepanun» ¢ 6eCKOHEUHOCTAMMU.

5.12. PasAnyHble $OpMbI 3ANMUCU
HenpepbIBHOCTN QYHKLUN B TOYKE

¥YciioBue HEIPEePBIBHOCTH B TOUKeE X (cM. (5.18))

lim f(x) = f(x)

x - X,

dyuKIUY f, 3aJaHHON Ha MHOMKecTBe X, MOKHO IIOHUMATh KaK
B CMBICJIE OIpefesieHuA mpefena Gpynknuu mo I'eiie (cM. ompe-

197



YA menenue 1 B 1. 5.4), Tak U B CMbIC-

f(xg) +€1¢ Jge ompexnenenusa mo Komwm (cm.

A(xo) ompenenenve 9 B n. 5.7). B mep-

i BOM CJIy4ae 9TO O3HAYAET, UTO AJIA
fxp)—€7 JII000 IMocJIefoBaTeIbHOCTA

x,€X,n=1,2,...,
lim x, = x, (5.48)

n - o

BBITIOJTHAETCA YCJIOBUE
lim f(x,) = f(xq). (5.49)

n — o
Bo BTOpPOM ciyuae sTO 03HauaeT, UTO AJIis Jrob6oro € > 0 cyimecT-
ByeT Takoe 0 > 0, 4To [JIg BCeX TOUEK X, YAOBJIETBOPAIOIIUX yC-

JIOBHIO
lx — x| <8, x € X, (5.50)

BBITTIONTHAETCA (puc. 25) HepaBeHCTBO
If(x) = f(axg) < €. (5.51)

ITousaTue HempepuIBHOCTU (PYHKINM, CHOPMYIHPOBAHHOE B
TepMUHAX IocjiefoBaTebHocTeil (onpenenaennue (5.48)—(5.49)),
oTpaskaeT co00M CUTYAIlNI0, YACTO BCTPEUAIOIIYIOCS Ha IPAKTH-
Ke IPU KOCBEHHOM BBIUMCJIEHUU KaKOI-I160 BEJIMUNHEI I, T. €.
BBIUHCJIEHUU €€ C IIOMOIIbIO N3MepPeHsa HeKOTOPOro mapaMeTpa
X, OT KOTOPOTO 3Ta BeJIWUYMHA HEIPEPHIBHO 3aBUCUT, Y = f(x).
HNMmenHO 3HaHUe HeNPePBIBHOCTH MYHKIUU Yy = f(Xx) B TOUKe X
IaeT O0BbEeKTUBHYIO YBEPEHHOCTh B TOM, UTO YeM TOUHee OYyIyT
IIOCJIEIOBATEILHO II0Jy4YaThcA (B pe3yJbTaTe dKCIEPHMEHTOB,
U3MepeHUH UM pacyeToB) 8HA4YEHUd X, n =1, 2, ... , npuban-
JKalolue 3HAYeHUe X,, TeEM TOYHee OYAYyT U COOTBETCTBYIOIIHE
npubnuKeHHble 3HAYEHUd Y, = f(x,) BeIuInHbI y, = f(x).

Onpegenenne (5.50)—(5.51) menpeprsiBHOCTH (QYyHKIUU [ B
TOUYKe Xy MOKHO ellle epedpasupoBaTh Tak: QyHKIUA [ Helpe-
PBIBHA B TOUKeE X, €CJIM, KaKoBa Obl HU Obl1a 3aZlaHHAasA CTelleHb
TouHOCTH € > 0 AJA 3HaUeHUH (PYHKIUU f, CYIIeCTByeT TaKas
crenedb TouHOCTH O = O(€) > 0 oA apryMeHnTa, YTO KOJb CKOPO
MBI BIOepeM 3HaueHNe apryMeHTa X, PaBHOE X C TOYHOCTBIO L0
0, T. e. ymosJyeTBopAwInee ycaosuio (5.50), 1 BospMeM 3HaUYeHNe
dbysrnuu f(x), To momyuumm 3HaueHue f(x,) ¢ 3ajaHHOU cTe-
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HeHbI0 TOUHOCTU, T.e€. OyZeT BBIIOJHEHO HepaBeHCTBO (5.51).
9TO BBICKA3LIBAHUE SIBJISIETCH, KOHEUYHO, mepedpasupoBKOil Om-
penenernusa (5.50)—(5.51), paszbACHAOINEH WHTYUTUBHOE IIPE-
CTaBJIeHUE O HeITPePLIBHOIN QYHKIIUH.

Tak Kaxk HeIpPepBIBHOCTL (DYHKIMU B TOUKE ABJIAETCS YACT-
HBIM CJIy4aeM CYIIIeCTBOBAHUA Ipenesia GYHKIIUU, TO OUpeaeie-
HIe HeIPePhIBHOCTU (PYHKIIUY B TOUKE MOKHO JaTh B TEPMUHAX
OKPECTHOCTEH, HaJl0 JIUITh K ycaoBuio (5.20) nob6aBuTh TpeGoBa-
Hue X, € X. Takum o6pasom, GpyHKIUA f, OIpeneIeHHAs HA MHO-
skecTBe X, HEIIPEPHIBHA B TOUKE X, €CJIN JJIA JIFOO0H OKPECTHOC-
tu U(y,) Touku y, = f(x() cyliecTByeT Takas okpecTHOCTb U(x,)
TOYKH X, UTO BHINIOJHAETCSA BKIIOUEHNE

fU(xg) N X) = U(yy), x¢€X. (5.52)

Haxkonen, nmepeHocsa nocTogHHYIO f(xy) B paBeHcTBe (5.18) B

JIEBYIO 4aCTh, BHOCSA ee IIOJ 3HAK Ipefesia UM 3aMeudas, 4YTo 000-
3HaUEHUE X — X, IpU Ipejese GYHKINHU PABHOCHUJIBLHO 0003HA-

4eHUIo X — Xy — 0 (c™. 1. 5.4), momyuum
lim  [/(x) - f(xq)] = 0. (5.53)
x—x5-0
PasnocTs x — X HasbIBaeTCA Npupau,eHuem apzymeHma u
obosHauaerca yepes Ax, a pasHocTh f(x)— f(xy) — npupauwe-
Huem @Qyrrkyuu Yy = f(x), COOTBETCTBYIOIUM [JaHHOMY IIDPHU-
pamrenuio aprymenTra Ax, m obosHauaercsa depes Ay. Taxum
obpasom,

Ax =x—x9, Dy = f(xg+ Ax) — f(xg), x0€X, x€X. (5.54)
B sTux o6o3HaueHUAX paBeHCTBO (5.53) MpUHUMAaET BU/T

lim Ay =0, (5.55)
Ax - 0
T. €. HEIIPEPLIBHOCTD (PYHKIINY B TOUKE 03HAUYAET, UTO OeCKOHEeU-
HO MaJIOMy HIPUPAIIeHnI0 apryMeHTa COOTBETCTBYEeT 0ECKOHEUHO
MaJioe IIpupailieHne QyHKINNU.
Wuorma GbIBaeT IMOJE3HBIM YCJIOBHE HENPEPBHIBHOCTU (PYHK-
U1 B TOUKE, OCHOBAHHOE Ha PACCMOTPEHWH mIpeneia PYHKIIUN
IO IPOKOJIOTOH OKPECTHOCTH.
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AEMMA 3. Ecau cyuwecmeyem npede
lim f(x)=a (5.56)

X - xo
x € U(xg) N X
u Qyuryusa f onpedesnena 6 mouke xy, mo f Henpepvi8HA 6 MOU-

Ke xy mozda u moavko mozoa, xozda f(xy) = a.

AoKasaTeAbCcTBO. Eciu (pyHKIUA f HempephlBHA B TOUKeE
Xy, T.e€. BBIIOJHAETCA ycjoBue (5.13), To B cUly OUeBUAHOIO

o
BratoueHUs U(xy) N X < X u TOrO, 4TO U3 CYIEeCTBOBAaHUA IIpe-

Jesia 10 MHOMKECTBY CJIeZyeT CYII[eCTBOBAaHMe IIpejesia U II0 Jo-
60My IOAMHOKECTBY, UMeeM
lim f(x) = f(xp). (5.57)
X —>°x0
x €U(xg) N X
N3 (5.56) u (5.57) cremyer, uro f(xy) = a.
IIycTb Teneps, HA060POT, BHINIOJHAETCA yCIOBHE f(xy) = a u,
cJIeIOBATEJIbHO,

lim f(x) = fxo).

x *oxO (5.56

x € U(xg) N X
Orcioma umeeM, uTo AJaA J060it okpectHOCcTH U(f(x()) TOUKH
f(x,) cymecTByeT Takasa okpecTHOCTD U(X;) TOUKH X, ITO

f(U(x0) N X) = U(f(xo))- (5.58)
Ho, oueBuzno, f(xy) € U(f(xy)), mosTOMY B JIeBOH YacTU BKJIIOUE-

Hua (5.58) MOKHO IPOKOJIOTYIO OKpecTHOCTB U(x,) 3aMeHHUTH
00BIYHOII OKpecTHOCTBIO U(x():
f(U(xo) N X) = U(f(x0))-

9To 1 03HAUAaeT, uTO GYHKIUA [ HeIpepPhIBHA B TOYKeE X(. [

NMpume pbl. 1. Dyurmusa f(x) = ¢, TAe ¢ — MMOCTOSTHHAA, HE-
IpepbIBHA HA BCEH YMCIOBOM IIPAMOIA.

B camom geute, s sroboro x, € R nmeeT MeCcTO paBeHCTBO

lim f(x)= lim ¢ = c={f(xp). O
X - X 1 X - X,
2. dyuknuda f(x) = - HeTpephIBHA B Kas ol Touke xo # 0.

B camowm pede,

1 1 Axy

Ay = f(xg + Ax) — f(xg) = x+Ax x_o Z_(x0+Ax)x0’

200



OTKyJa Ipu X, * 0 umeem

A lim Ax 0
lim Ay =— lim =4 S—— -9 _o.
Ax 0 Y Ax 0 (xg + Dx)x, Aleo(x0 + Ax)x, xg

Jro, cormacHo (5.52), M o3HAUaeT HENPEPBLIBHOCTL (QYHKIIUU
1
f(x) = S B TOUKe Xg # 0.0

3. ®yaknusa f(x) = sign x| (cM. puc. 22) He ABIAeTCA HeIpe-
PBIBHOH B TouKe X = 0, Tak Kak IpejeJi aTol PyHKI UK (110 Beeil

YHCJIOBON OcH) B TOUKe X, = 0 He cymecTByeT (cM. IpuMep 5 B
1. 5.4).
VIIPAIRHEHHA. 8. BRIACHATE, C KAKOH CTEIIEHbIO TOUHOCTH JOCTATOUYHO 3a-
LaTh BHAUEHUS apryMeHTa (DyHKIUM X° B JAHHON TOUKe X, YTOOBI IOTYUUTD
3HaueHNe QYHKIUY C 33JaHHOM CTEeHBI0 TOUHOCTH € > 0.
9. BEIACHUTS, ABJIAETCA JIU QYHKIINA
1
x cos o mpu x = 0,
flx) =

0 npu x =0,

HeIIpepLIBHOM B Touke x = 0.

Ho cux mmop B KauecTBe IPUMEPOB PYHKIINI, OnpeaeeHHbIX
Ha OTPe3Kax M MMEIOIUX Pa3phIBLI, Mbl PACCMATPUBAIN (PYHK-
UM, ¥ KOTOPBIX NMEJIOCH 00 KOHeUHOe MHOYKECTBO TOUEK pas-
pbIBa (HampuMep, QyHKIINA iy = sign x nuMeer Ha orpeske [—1, 1]
OIHY TOUKY paspbiBa X = (), 1100 MHOXKECTBO TOUEK pas3pbIBa
coBmazayio co BceM orpes3kom (pyarmma Hupuxie). IIpusegem
Temepb IpUMep PYHKIUM, UMeIoeli 0eCKOHEeUHOe MHOMKECTBO
TOUEeK pas3pbiBa, He COBHIAAAIoIllee CO BCEM OTPE3KOM, Ha KOTO-
poM 3azaHa PyHKIUA.

1 .
NMpumep 4. Ilycts Gyuknus [ paBHA Pl S N, B KaxO0M
He PaBHOM HYJIIO PalMOHAJBHON TOUKE I' = ’—r'f (m # 0) orpeska

mnm
[0, 1], rme -, — HeCOKpaTHMas paluoHalbHAsA Ipo0b, U paBHA

HYJIIO0 BO BCEX OCTAJBbHBIX TOUKAaX OTPe3Ka, T. €. B HyJie U B Uppa-
IMUOHAJBHBIX TOUKaX. ITa QYHKIUA HasbIiBaeTca QyHkyueil Pu-

manal. Oyuxnua [ paspblBHA B KaXKION PAIlMOHAJIBHON TOUKE
r# 0, Tak Kax JIJd JI00H TaKoil TOUKH CYIIeCTBYeT II0CJIeL0BAa-
TeJBHOCTh MPPanMoOHAJBHBIX uucen ¢,, n= 1, 2, ... , ctpema-
muxesd K r, AJA KOTOPBIX, COTJIACHO OMmpeleeHui0 (QyHKIUU

!'B. Puman (1826—1866) — HeMenKMii MaTEMaTHK.
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Pumana, f(§,)= 0 u, ciremoBarensHo, lim f(§,)= 0# f(r),

n - o

lim ¢, = r, 1. e. dyEKnuA Prumana paspblBHA BO BCeX paIiu-
n - o

OHAJBLHBIX TOuKax 1 7= 0.

ITokakem, 4TO B KasKAOH MPPAIMOHAJIBHON TOUKE W B HYyJe
dyurnua Pumana menpepseiBaa. Ilyers uncio & aubo HYIb, 1100
UppannoHaJIbHO. 3aJaAuM ITPOMU3BOJIbHO € > 0 u BEIOEpeM HATy-

1
pajabHOe 1 TaK, YTOOBI - <& O6osHaunM uepes O PACCTOSIHMIE OT

. 1 2 -1
TOYKHU § IO OAMKAMIIero m3 dmcell e e R 1 (m=
=1, 2, ..., n). OueBugno, 0 > 0, Tak Kak ¢ He paBHO HUA OSHOMY

13 YKa3aHHBIX YLces I UX KOHeUHoe MHOKecTBo. IIycTs |x — §| <

< 0 U X — pPanMOHAJIBLHOE UHNCJIO, T. €. BEIPAMKAETCA HECOKPATUMO
parroHaJIbHOI APOOBIO X = ‘é ; TOTZA, COTVIACHO BBIOOPY O, MMeeT

MecTo HepaBeHCTBO ¢ > n, moaromy |f(x) — f(§)| = é < ’ll < g, ubo

f(¢) = 0. Ecau xe |x — & < & u x — mppanuoHaILHOE YUCJIO, TO
f(x) =0 u |[f(x) — f(§)| = 0 < €. DTo M 03HAUAET HENPEPBLIBHOCTD
¢dyurnun Pumana B Touke . O

5.13. Knaccudumkaums toyek paspbisd GyHKLMU

Onpeaenenue 14. ITycmbv yurkyusa f onpedenena 6 HeKomopoil
OKpecCmHOCU MOYKU Xy, Kpome, Obtmb MOJNCenm, camoil amoi
mouku.

Toukxa x, Has3biBaemcsa MO4KOil paspviéa Qyrryuu f, ecau
pynryua f ne onpedeniena 6 mouke Xy UAU ecau OHA onpedeie-
Ha 8 3moil mouKe, HO He ABAAeMmCsa 8 Hell HeNnPepvLeHOoll.
VIIPA)RHEHHE 10. ChopMyInpOBaTh B «IIO3UTUBHOM» CMBICJIE OIIpEeeJIe-
HUe TOUKU paspbliBa QYHKIIUU.

O6pasHo roBop#A, TOUKA X ABJIAETCA TOUKOH paspriBa PyHK-
LUN, eCIU X, ABJSAETCA 3HaAUeHUEM apryMeHTa, IIPU KOTOPOM
IIPOUCXOAUT «Pa3pulB rpadpura GyHKIAN» .

Onpeaenenue 15. Ecaiu x, — mouka pa3pviéa Qyrnryuu f u cy-

1
wecmeyrom KoHeuHble 00HOCmoOpoHHUe npedeavt f(xy— 0)=

! HanmomHuM, uTo ogHOCTOpOHHME Ipefes! f(xg — 0) u f(x, + 0) 6epyrca
II0 MHOJKECTBY, He COJepiKalIlleMy caMy TOUKY Xg.
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= lim f(x) u f(xo+0)= lim f(x), mo mouxa xy Ha3bL-
x - x9—0 x - x5+0

saemcs Mo4Koil pa3pvléa nepgozo poda.
Besnmuuna f(x, + 0) — f(x, — 0) HaseIBaeTca ckaukom QYHK-

yuu f B Touke xy. Ecau ckauok GpyHKIUU f B TOuKe pasphlBa X
paBeH HYJIIO, T. €. f(xg+ 0)= f(xy,— 0), To x, HasbIBaeTCA MOU-
KOil ycmpaHumMozo pa3puléad.

Ilocnemuuit TepMuH OmpaBIaH TeM, UTO €CJAN B 3TOM CJydae
mepeonpeeuTh UM JOOIpeneauTsb (ecau GyHKIUA f Oblaa He
oIpejiesieHa B TOUKe X() GYHKIIUIO f, IOJIOKUB

f(xg) = f(xg = 0) = f(xo + 0), (5.59)

TO IIOJYINM HEeIIPEPHIBHYIO B TOUKe X QYHKIINIO.

HeticTBUTEIBHO, MIOKAXKEM, UTO ecu Aa pyurnun f : X — R
BBINIOJIHEHO yciaoBue (5.59), To oHa HeIpephIBHA B TOUKe X. Ilo-

moxxuM X = X\{x,} u X, = {x,}. B cuny reopems 2 1. 5.9, us
paseHcTBa f(xy + 0) = f(xy — 0) cexyer, 4To B TOUKe X CYIIECT-
ByeT npenen GpyHKIUU [ 110 MHOXKeCTBY X, IpUYeM, COIJIACHO
yeiioBuio (5.59), oH paBeH f(x,):
lim f(x) = f(xg).
x - X,
x 0X,
C npyroii cTopoHSbl, npenen GyHKIUY f IpU X — X IO OJHO-

TOUYEUYHOMY MHOXKecTBY X, = {X,}, OueBUAHO, paBeH f(x() (Ipe-
JIeJI TTIOCTOSTHHOM paBeH caMOM 3TOM IMTOCTOAHHOI):

lim f(x)= f(xg).

X - Xp

x 0X,
ITosromy, B cuity JIeMMBL 5 1I. 5.8, pu x — x y GyHKIUM f Cy-
1ecTByeT U IIpefes, paBHbIH f(x(), 1o MHOkecTBY X = X U X,

lim f(x) = f(xg).

X - X,

9To 1 03HAUaeT HEeIIPEePBIBHOCTL DYHKIUY f B TOUKE X(. O
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Touka paspbiBa (pyHKIIMU, HE SB-
JSIIOIeicsa ee TOUKOM pasphiBa MEPBO-
T'0 pojia, Ha3bIBAETCA MOYKOU paspul-
8a 6mopozo poda.

OueBUIHO, UTO B TOYKAX paspbiBa

x . .
0 BTOPOTO Pojia 10 KpaiiHeii Mepe OAUH U3
npenesoB  lim  f(x) mwaum  lim  f(x)
x - xy— 0 X - X9+
He CYIIeCTBYeT. 3[ech IIOJ IIPenesioM,
KaK O0OBIUHO, IIOHMMAETCA JINIIh KOHEeU-
Puc. 26

HBIU IIpeeJ.

VIIPA)RHEHHUE 11.ChopMyInpoOBaTh B «IIO3UTUBHOM» CMBICJIE OIIpegeJIe-
HHUE TOYKU Pa3phIBa BTOPOTO POZa.

®dyuxnuu sign x (cM. puc. 19) u |sign x| (cm. puc. 22) umeroT
B TouKe X, = 0 paspbIiB epBOro poja, IpuueM y |sign x| aTo yer-

PaHUMBIHN pa3priB, a PYHKIITUU % (puc. 26) u sin % ( cm. puc. 21)

B ToOuKe X = 0 UMeIoT paspsIB BTOPOTO POAa.

5.14. NMpeAeAbl MOHOTOHHbIX PYHKLMN

Onpeaenerue 16. Pyuruyus f : X > R, X < R, Ha3bieaemcsa 603-
pacmarweil (yoviearoweit) Ha mHoxicecmee X, ecau 0ns8 A0ObLX
marxux mouex x1 € X u x5 € X, umo x; < x5, 8bLNOJLHACMCA He-

pasencmeo f(xy) < f(xy) (coomeemcmeenno HepaseHcmeE0

f(x1) 2 f(x2)).

Boapacrartomiue (yobiBatorue) (yHKIIUM HA3BIBAIOTCA HMHOT-
Ila Heyovlearowumu (Hegospacmaru,umu).

Eciun pyHKIMA saBasgercsa BodpacTramlreiil (yOnIBaroleii) Ha
MHOKecTBe X, TO TOBOPSAT TaKsKe, UYTO OHA Bo3pacTaeT (yObIBaeT)
Ha 3TOM MHOXKECTBeE.

Ecnu pyurmnusa f Bospacraer (yObIBaeT) Ha MHOKecTBe X, TO
dyHKIUA —f, moayuaroiasaca u3 f n3MeHeHeM 3HaKa Y BCeX ee

3HAUYEHUH, T. €. (—f)(x) det —f(x), x € X, aBndercsa yObIBaIOIIEHN

(Bospacratoreii) Ha X QYHKIUEH.
Bospacraromue u yoObIBamolue Ha MHOKecTBe X (PYHKIIUUN
HAa3LIBAIOTCA MOHOMOHHbLMU Ha 3TOM MHOMECTBe.
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TEOPEMA 4. IIycmov yuryusa f : X — R 6o3pacmaem HA MHO-
acecmee X, a =inf X, B=sup X, npuvem o ¢ X, B ¢ X; mozoa
Yy Qyurxyuu f 6 mouke O cyuwecmeyem npeden cnpasa u

lim f(x) = inf f(X), a 6 mouke B — npeden cnesa u
lim f(x) = sup f(X).
x - B x0X

Taxkum o6pa3oM, eciu B YCJIOBUAX TeopeMbl (pyHKIHA f orpa-
HUYEHAa CBEepXY, TO B TOUKe 3 y Hee CyIIeCTBYeT KOHEUHLIN Ipee
cjeBa, a ecau f He orpaHHUYeHa cBepxy, To lim f(x) = +oo,

X -

Amnanoruuso, ecau QyHKIUA [ orpaHUYeHa CHU3Y, TO B TOU-
Ke 0 y Hee CYIIeCTBYeT KOHEUHBLIH IIpeaes cipaBa, a ecau [ He
orpammyeHa cHusy, To lim f(x) = —oo.

X - a

ITomo6GHBIE YTBEeP:KACHUA CIIPABEeAJUBLI U s yOLIBAIOIITUX
GYHKIUII; UX MOYKHO MOJYYUTh, Hepeigda oT (GPyHKIuu [ K
dbyarIUT —f.

CAEACTBME. Ecau ¢ynkyusa f monomouna Ha mHoxcecmse X,

f f
xo € R, mnoxncecmea X _(xg) de {x:xeX, x<xg u X.(xp) de

def .
= {x:x€X, x> xy} He nycmbL, a X, ABAAEMCS MOYKOU NPU-

KOCHOBEHUA Kax 0020 U3 HUX, MO 6 MOUKe X, CYu,ecmeyiom Ko-
HeuHble 00HOCMOPOHHUE npedenvl
f(xg—0)= sup f(x) u f(xg+0)= inf f(x), (5.60)
X _(x9 X . (%9

npuuem 8 cayyae go3pacmarnuieil QYHKUUU

fxo — 0) < f(xg + 0), (5.61)
a 8 cayuae yovieawuieil QYHKYUU
f(xg—0) = f(xq + 0). (5.62)

AoKasaTeAbCTBO TeopeMmbl IIyers b = sup f(x) < +oo u
X

B=sup X, B ¢ X. 3agagum Ipons3BOJLHO OKpecTHOCTE U(b) Tou-
Ku b, 1 mycTh N — ee JeBbIl KoHel. OueBuaHO, N < b u mosTOMY,
B CHJIy OIIpe/ie/IeHIUs BepXHel rpaHu (PYHKIIMU, CYIIeCTBYeT Ta-
Kag Touka & € X, uTo

(&) >n, (5.63)

mpuueM, B cuy yeaoBuii § € X, B=sup X u B ¢ X, umeem & < 3.
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O6osuaunm uepes U(P) oKpecTHOCTH
TOYKHU [3, AJIsT KOTOPOit & ABIsieTCA Jie-
BBIM KOHIIOM (T. €. ecyiu 3 — pelicTBuU-
TeJbHOE UKCJIO, TO JeBBIM KOHIIOM HH-
repBasa UB, €)= B—¢, B+ ¢€), €=
=pB-¢&, aecau = +9°, TO JIEBBIM
KOHIIOM OEeCKOHEUHOTO ITOJIYHHTEepBa-
aa (&, +o°]). Torga mjs a000i TOUKH

x € XNUP) (5.64)

umeer MecTo (puc. 27) HepaBEeHCTBO

¢ < x, a caemoBaTeJbHO, B CHJY BO3-
pacraunusa Gpyuruuu f, u mepasencTBo f(§) < f(x). ITosTromy mis
BCEX X, YAOBJIETBOPAIOMINX yCJI0BUIO (5.64), umeem

n < f(x)<supf(x)=>=. (5.65)
X

(5.63)

BcmomuHasA, YTO TOUKA N ABJIAETCA JIEBHIM KOHIIOM OKPECT-
Hoctu U(b) Touru b, us (5.65) monyuum BrItouenue f(x) € U(b).
Taxum obpaszoMm, 4is J060i okpecTHocTH U(b) TOUKHU b cyIiecT-
ByeT Takasa okpecTHOCTh U(f) Touku B, uTo KakK ToJIbKO X € X N
NU(B), To BeinosHsAeTCA BKIOUeHue f(x) € U(b). To u o3Havaer,

uyro lim f(x) = b = sup f(x).
n-p X

Amnajornuso mokasbiBaeTcsd, uTo lim f(x) = inf f(x). O
n - a X

AOKO3ATEABCTBO CAeACTBUS. IlycTh Oyisi ompemesieHHOC-
T GYHKIUA Bo3pacTaeT Ha MHOKecTBe X U X( ABJIAETCA TOUKOM

NIPUKOCHOBEHNA HEIIyCThIX MHOMKeCTB X _ (xg) u X . (xy). Torma
KaKoBBI ObI HU 6bLIn Touky X' € X _ (%) u x" € X . (x,), cpaBes-

JauBo HepaBeHCTBO f(x') < f(x"). IlosToMmy QPyHKIUA [ orpaHnueHa
cBepxy Ha MHOKecTBe X _ (X,) uncioM f(x") u orpanuueHa CHU3Y
Ha MHOxKecTBe X - (x() uuciaom f(x'). CiemoBaresbHO,
sup f(x) < f(x"), _inf f(x) > f(x"). (5.66)
< (xo) X (%)

B uacTHOCTH, YKa3aHHbIE BepXHUE U HIKHNE I'PAHU KOHEUHbI,
nopuueM IiepBoe M3 HepaBeHCTB (5.66) crmpaBemnBo A JIFOOOI
rouru x" € X . (x(), I09TOMY, TI€pei/iAd B €ro MPaBoil YacTH K HUK-
Hell rpaHu 3HaueHUH GyHKIUN Ha MHOXKecTBe X -, (X(), IOIyduM

sup f(x)< inf f(x). (5.67)

X - (xp) X (%)
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gA LY

0 a

- o -

<Y

<Y
S

a

Puc. 28 Puc. 29

ITuM 3aBepIIaeTcsA NOKA3aTeJbCTBO CJIEACTBUS, TAK KakK, CO-
rJIacHo TeopeMe 4, npegensl caesa f(x, — 0) u cupasa f(x,+ 0)
CYILIECTBYIOT, IIPUUYEM

f(xg—0)= sup f(x), f(xog+0)= inf f(x),
X _(xg - (xg)
mosTOMY HepaBeHcTBa (5.61) coBmamaroT ¢ HepaBeHcTBOM (5.67). O
Bameuanue 1. B Treopeme 4 myiss BospacTaroliein QpyHk-
muu f: X — R paccmoTpeHnbl ciayuau, Korga inf X = o ¢ X u
sup X = 3 ¢ X. Ecnu ke, manpumep, O € X, To, Kak U IJIA IIPO-
M3BOJIbHOI (HEeMOHOTOHHOI) (PYHKIIMH, 37eCh BO3MOIKHBI JBa
cayudas: mpemea lim f(x) cymiectByert, Torma GyHKIUA [ ABIS-
x - a
xO0X
eTcAa HEINpPepbIBHON B TOuKe O (puc. 28) mam He CYIIECTBYET

(puc. 29). AHajloruyHasa CUTyaIlus HMEeT MeCTO U IJIA TOUKH [3.
SamMmeuanue 2. 3 sieMeHTapHON MaTeMaTHUKHW W3BECT-
HO, 4TO (DYHKIIUA

f(r)=a’, a>0, (5.68)

rie r — panuoHaJbHOE YKCJO0, I' € , MOHOTOHHA Ha MHOYKECTBe

BCeX pallMOHAJILHEIX ymces @ (cM. TakiKe II. 2.6ﬁ). Hna xammoro
JNEeMCTBUTEILHOIO YMCJIA X MHOYKECTBA PAIIOHAIBHBIX YHCe ' < X,
r>x He OYyCThl M X ABJAETCA HX TOUYKOM NPUKOCHOBEHNI.
ITosToMy, coryIacHO CII€ICTBUIO TEOpeMbI 4, IJIs JII00Oro AeiicTBU-

. r . r
TEeJIbBHOT'O YMCJia X CYIIECTBYIOT IIPpeaeJibl lim 0 a n lln_li_ 0 a,
r—-Xx-— r-Xx

r € @ (T0 MHOXKeCTBY PaIlMOHAJIBHBIX Urces] @, TaK KaK IIOKa y Hac
TIoKasaTesJbHasA (GDYHKIUA OIpe/iesieHa TOJTBKO JIA PAIlMOHATBHBIX
moKasaTeJiei).

B uwacTHOCTH, YKa3aHHBIE IIpeNesbl CyIlecTBYIOT niaa x = 0.
CoryiacHO ompefieIeHUIO IIpeesia, UX 3HaUeHUsA PaBHBI COOTBET-

o r
CTBEHHO 3HAUEHUAM IIPEAeJIOB IIOCJIeNOBaTEJILHOCTEUW a " IIpu
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JIIOOBIX IIOCJIEeROBATEIbHOCTAX aprymesra r, <0 u r,> 0, crtpe-
MAIuXCA K HyJIO, ', € @, n=1, 2, ... . B wacTHOCTH, MOKHO

1 1
B3ATH ', = — - W I'y = —, NI KOTOPBIX 9TU IPe/esIbl ObLIU yiKe

BbIumcJieHbI (cM. mpumep 3 B 1. 4.9). Torga mosyuum limoar =
r - —
1

=1,lim g = lim a" =1, T. e. 0JHOCTOPOHHHUE IIPE-
r - +0 n - oo

S

= lim a
n - oo
mensl B Touke r= 0 (QyHKIUEM @', r € Q, paBHBI, U, CJIeZOBa-

TeJIbHO, COIJIaCHO CJIeACTBHUIO U3 TE€OPEMBbI 2 m5.9, CyILIIEeCTBY-

€T IBYCTOPOHHUU IIpe el loim Oar = 1. On coBmajgaer co 3Ha-
r-0,r#

0 r
yenueMm a = 1 pyHKnuu a npu r = 0, a mostomy (cM. JjeMMy 3
B 1. 5.12) oHa HellpepbIBHA B HY.JIE
lin%ar=a0=1, reQ, acR, a>0. (5.69)
ro
ITo paBeHCTBO OyAEeT CYIIeCTBeHHO MCIOJbL30BAHO B I. 7.2 mpu

oIIpejieJIeHY ITOKA3aTeJIbHOH (DYHKIINY @ [JI JI060T0 geiicTBH-
TeJIBHOTO umeja X, a > 0.

JlaHHBIN IpUMep IMOKA3bIBAET, UTO IIOHATHE Ipeesa II0 MHO-
JKeCTBAM BCTPEUAETCA YI3KE B CAMBIX IIPOCTEHMIIINX CUTYAI[UAX.

3ameuanue 3. I3 Teopemsl 4 ciaenyer, 4YTO BCAKAs MO-
HOTOHHAsA Ha KOHeUHOM (0eCKOHEUHOM) HHTepBae (PYHKIIUS
MOJKeT UMeTh TOJIbKO TOUKM Pa3phbiBa IIEPBOTO POjia, IPUUeM UX
MHOKEeCTBO He 0ojiee ueM CUeTHO (T. €. KOHeUHO UJIN CUETHO).

B camom gene, mycThb AJA OINpeAeJeHHOCTH (PYHKIUSA
f : (a, b) — R BospacraeT Ha unTepBaie (a, b), —0°0 < g < b < +00,
IIpe:xme Bcero, corsiacHO CJaeACTBUIO U3 TeopeMbl 4, QyHKIUA f
B KaKJAOU TOuKe X,y € (@, b) uMeeT KOHeUHble IIpeJieJibl cjeBa
f(xo — 0) u cupaBa f(xy+ 0), a ciexoBaTenbHO, MOXKET HNMETHb
TOJLKO Pas3pbIBbI IEePBOr0o poja (ompelesieHNe TOUKU pas3phIBa
epBOTO poja cM. B . 5.13), Ipu 5TOM y Hee He MOKeT OBITh TO-
4eK yCTPaHMMOI'0 pasphiBa. JleliCTBUTENIBHO, €CIU X € (a, b), TO

nyis Bcex X' € (a, xo) u x" € (xg, b), B cusry BospactaHusa QyHK-
nuu f, cupaBeInBO HEPABEHCTBO

f(x') < flaxg) < f(x"),

OTKyZIa
sup f(x) < f(xg) < inf f(x).

(d, xO) (ar xO)
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3zmecs (a, xg) ={x € (a, b): x < xy}, a (xg, b) ={x € (a, b): x> xy},
mosToMy, corJiacHo (5.60), moayueHHOe HEPABEHCTBO MOMKHO 3a-
mucaTh B BUE

f(xg = 0) < f(xg) < f(g + 0). (5.70)

Ecnu x;, — TOYKa yCTPaHMMOTO Pas3phIBa, T. €. UMEET MeCTO
HepaBeHCTBO f(xy— 0) = f(xy + 0), To, B cuy (5.70), BBIIONHA-
erca ycaoBue f(xg— 0) = f(xg) = f(xog+ 0), uTo 0o3HaAuUaer (cM.
1. 5.9) HenpepbIBHOCTL (PYHKIMY f B TOuKe X(. Tak, ecau x, —
TouKa paspsiBa pyrrnuu f, To f(xy — 0) < f(xy + 0).

ComocraBuM KaXAOU TOUKe pa3pblBa X (MYHKIUU [ MHTED-
Bax (f(xq — 0), f(xy + 0)) u mOKakeM, YTO 3TH MHTEPBAJILI He IIe-
pecekaiorcs. B camom mese, eciu x; U Xy — JBe TOUKU PasphIBa
dyurnuu f u, Hanpumep, x; < Xy, TO f(x; + 0) < f(xy — 0). Ho-
KaxeM 9T0. B cuiy Bospactanusa GyHKIUY f, 11 JIO0BIX TOUEK
x' m x" Takux, 4To x; < x' < x" < Xy, CIPABEAINBO HEPABEHCTBO
f(x") < f(x"). Ilepeiigs B 3TOM HEpaBEHCTBE K IIPefey mIpu x' —
— x; + 0, monyuum f(x; + 0) < f(x"). Yerpemnss sgecs x" K xq
ciesa: x" — x4 — 0, 6ygem umets f(x; + 0) < f(x5 — 0), T. €. mpa-
BBIl KoHen uHTepBaaa (f(x; — 0), f(x; + 0)) He Gosblie JeBOTO
koHna mHTepBasa (f(xy— 0), f(xy+ 0)). Orcroma, oueBUIHO, U
cJIeyeT, UTO YKAa3aHHbIE MHTEDPBAJILI He IIePeceKaroTcs.

Wrak, ToukaMm paspbiBa MOHOTOHHOUN GyuKIuu f : (a, b) — R
MOYKHO IIOCTABUTH BO B3aMMHO OJHO3HAYHOE COOTBETCTBUE He-
KOTOPYIO CHCTEMY IIOIIAPHO He MMePeceKaroluxcid WHTEePBAJOB.
B kaxkmom TaKkoM MHTEpPBaJie BEIOEPEM II0 OSHOMY PaIMOHAJILHO-
MYy uMcJIy (TAKHUe YHCjIa BCerja CyIeCTBYIOT, IIOCKOJIbKY MHOMKE-
CTBO PAIlMOHAJIbHBIX YKCEJ BCIOAY IIJIOTHO HA YMCJI0BOIT ocu (CM.

3aMeYaHue B II. 4.11*)). B pesyisbraTe mosiyduM B3aMMHO OIHO-
3HAYHOE COOTBETCTBUE MEXKIY MHTEePBAJaMMU yKa3saHHON CHUCTe-
MbI 1 MHOKECTBOM BBIOPAHHBIX PAIIMOHAJIBHBIX UMCEJI, a CJIem0-
BaTeJNbHO, U MEXKAY TOUYKAMU PaspbiBa QYHKIIMU M HEKOTOPHIM
TIOAMHOYKECTBOM MHOYKECTBA PaIlMoOHANbHBIX uyucesa. Ho Bcakoe
TIOAMHOKECTBO CUETHOI'0 MHOYKEeCTBa (KaKUM fABJIAETCA MHOMKe-

N
CTBO palMoOHAJNbHBIX ymces (cM. 1. 4.11 )) 1ub6o KoHeUuHO, 16O
CUeTHO, CJIefO0BaTeJbHO, KOHEUHO JI00 CUeTHO MHOXKECTBO TO-
YyeK paspblBa MOHOTOHHOM QyHKIIMH. [
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5.15. Kputepun Kowm
CYLLLeCTBOBOHUS NpeAeAd PYyHKLUN

B macTosIemM MyHKTe 10 AaHAJOTUU CO CJIyUaeM IIOCJIeI0BATEb-
HOCTell OyAeT IIOJYyUYeHO HeoOXOAMMOe M JOCTATOYHOE YCJIOBIE
TOr0, 4TO (PYHKIIMA MMEeT KOHEUHLIH Ipeaes B JaHHON TOYKE
X, IPUYEM 9TO ycyoBue GyneT chopMyJIHMPOBAHO TOJBKO B Tep-

MHHaxX 3HAUEHUH caMoi (PYHKIIUM, CJIeJOoBaTeJbHO, 3HAUEHIe
YKas3aHHOIO Ipeeja B 9TOM YCJIOBUU He YUACTBYET.
Kax u paHbIlle, moJ TOUKOI X, MOHUMAaeTcA JIOO JeiicTBU-

TeJIbHOE YMCJIO, J10O0 O4HA N3 0EeCKOHEUHOCTEH 0, +00 pjam —00,
a X, ABJAETCA TOYKOI IPUKOCHOBEHUS MHOJKECTBA OIIpejeJie-

HUA paccMaTpuBaeMoi (DYHKITUU.

TEOPEMA 5 (kputepuin Kowm). [[as mozo umobbt. QyHrkuus f:
X — R umena 6 mouke x, KOHeuHbLl npedes, Heobx00umo u 0o-

cmamoyno, umobs. 0as awb6ozo €> 0 cywecmeosanra maras
oxkpecmuocmbv U(xy) mourku xg, umo daa nwbvix x' € U(xg) N X

u x" € U(xg) N X 8vinoananocy 6v. Hepagerncmeo

If(x") = f(x")| <.
AokaszaTtenbctBoHeobxoanMoCcTU Ilyers f: X —Ru

lim f(x) = a € R. 9T0 o3Hauaer, 4To AJis Joboro € > 0 cyriect-
X - X,

ByeT TaKad OKPeCTHOCTh U(xy) TOUKHU X, UTO JJIA KaKIOro
x € U(xy) N X cupaBeAJnBO HEPABEHCTBO

If(x) — a| < g (5.71)

Iycrs x' € U(xp) N X u x" € U(xy) N X; Torga, B cuy (5.71), Oy-
JIleM UMeThb

") = 1) = 17Ge") = al + [~ )] <
<) -al+la-f) < § + 5 =& 0

AOKO3ATEeAbCTBO AOCTATOYHOCTU. Ilyers (pyHKITA
f: X — R TakoBa, 4TO AJis J060ro € > 0 cyIllecTByeT TaKas OK-
pectHOCTB U(X() TOUKHU X, UTO JJIA BCEX

x' eU(xg)NX, x"eU(xy) NX, (5.72)
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BBITIOJIHAETCSA HEPABEHCTBO
If(x") — f(x")| <e. (5.73)
ITokaskem, UTO OTCIOZA CIIEAYET CyIleCTBOBaHME ¥ QYHKIIUY |
KOHEYHOT'0 IIpejieia B TOUKe X,. BodbMeM KaKy0-1100 IocaIeno-
BaTeJbHOCTB X, € X, n=1, 2, ...,
lim x, = x, (5.74)
n —» o

M TIPOUBBOJILHO 3amamauM € > 0. [y aToro €, COTJIACHO CAeJaH-
HOMY IIPEeAIIOJOKEHUIO, CYIIeCTBYeT OKpecTHOCTb U(xy) TOUKH

X(, YAOBJETBOPAIOIIaaA ycaoBuaM (5.72)—(5.73). B cuiy xe yc-
jgosud (5.74), nnaa sroit okpectHOoCcTU U(X() CyIlleCTByeT TakKoe
ny € N, 9ro npu Bcex n > ng, n € N, umeer mecrto x, € U(xg), a
Tak Kak x, € X, Tox, € U(xg) N X, n=ny+1, ng+ 2, ... . Orcro-
Ia, IpuHUMAas Bo BHuUMauue (5.72)—(5.73), momyuaem, uTo A5
BCEX N > Ny U BCEX M > N BBIIOJHAETCSA HEPABEHCTBO

|f(xn) - f(xm)’ <Eg,

T. €. YHUCJIOBAdA IIOCJIEJOBATEIbHOCTE {f(X,)} yIOBIETBOPAET yC-
JIOBAAM KpuTepus Koy I8 YMCIOBLIX IIOCJIEA0BATEILHOCTEH
(cM. 1. 4.7) u, ciemoBaTeIbHO, CXOIAUTCS.
Taxkum obpasoMm, AJaA KasK[oil mociiefoBaTeJbHOCTH X, € X,
n=1,2,.., lim x, = x,, nociexgoBarensHoCcTs {f(x,)} cxoaUT-
n - o

ca. Orcoga, Kak usBecTHo (cM. JeMMmy 4 B 1. 5.6), cienyer cy-

IIecTBOBaHMEe KOHEUHOro mpeAeaa lim f(x). O
X - JCO

B Tom cayuae, Korja X, ABJIAETCA YUCJIOM, ycioBue Kormm
MOKHO ChOPMYTUPOBATH CJEAYIOIINM 00PA3OM:

ona nwbozo € > 0 cywecmayem maxoe 0> 0, umo 0as aio-
ovix x' € X u x" € X, ydosaemaoparowux ycaosuam |x' — xo| <9,
|x" — xg| < 8, 8bLnOAHACMCA HepasencmE0

f(x") = f(x)| <e.

IIpu x, = o ycnoBuro Koty MoKHO IPUAATH CIeAYIOIMIN BIA:

ona nibozo € > 0 cywecmsyem maxoe 0> 0, umo dasa aw-
obix x' € X u x" € X, ydosremeopawwux ycrosuam |x'|> 9,
|x"| > 8, ebinoarnsemea nepasencmeo |f(x") — f(x')| < €.
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Hna caydas ofHOCTOPOHHUX IIpenesoB ycyioBue Komy mox-
HO mepedpas3upoBaTh 0€3 TePMUHA «OKPECTHOCTH» CJEIYIOIUM
obpasom:

O0as w0020 € > 0 cywecmeyem marxoe N (N < x4, Kozda pac-

cmampusaemcs npeden caesa, ul > x,, kozda npedes cnpasa),
ymo 0aa nwobvix x' € X u x" € X, y0osemaoparowux yciosui
n<ux'<xy N<x"<x, uru coomeemcmeenno x, < x' < n,
xo < x" <N, svinoansemes nepasencmeo |f(x") — f(x')| < e.
OTMeTuM, UTO BCe TH KPHUTEPUHU CYINECTBOBAHUSA IIpefesa
(OYHKIMM, OTHOCAIIMECA K PASHBIM CJIyYasiM U UMEIOIHe PDAasHyI0
(bopMyIMpPOBKY, OJarofapsi yAayHO BHIOPAHHON TEePMUHOJJIOTUU
(LOHATHIO OKPECTHOCTH) MOJYUNIU €INHOE JOKA3aTeIbCTBO.

5.16. NMpeaAeA u HenpepbIBHOCTb KOMNO3NLMn GyHKLUN

PaccmoTpum BOIIpoc O CyIeCTBOBAHNN KOHEUHBLIX 1 0€CKOHEU-
HBIX IIpeNesOB KOMHOO3UIIMIT (PYHKIMWH, Kakaad U3 KOTOPBIX
WMeeT COOTBETCTBYIOIIUH ITPeIe.

Eciuf: X — R, g: Y — R u Beinoaneno ycaosue f(X) =Y,
TO Ha MHOKecTBe X oIlpefesieHa KOMIO3UIUs gof pyuriuii f u g
WJIu, Kak TOBOPAT, ciaoxkHas dyHknua gf(x)]. Paccmarpusae-
Mble HuKe mpegeabl lim f(x) m lim g(y) MmoryT OBITH KOHEU-

X - Xo Yy-Yo

HBIMU UK 6eCKOHEUHBIMHU, & X U Yy — KOHEUHBIMHU MU GECKO-
HEYHO yIaJeHHBIMU TOUYKAMU IPUKOCHOBEHUS (cM. 1. 5.4) coorT-
BeTcTBeHHO MHOKecTB X u f(X).
TEOPEMA 6. IIycmv f: X >R, 8:Y — R, f(X) =Y u cywecm-
8yilom KOHeuHble UAU DecKOHeuHble npedeibl

lim f(x) =y, (5.75)
X - Xo
lim g(y); (5.76)
Y -Yo

mozda npu x — xq cywecmeyem u npedea (Koneurnwviil uau Gec-
KOHeuHbLil) caoxcHoil pynryuu glf(x)], npuizem
lim g[f(x)]= lim g(y).
X = Xo Y- Yo
CAEACTBUE. Ecauf: X —~R,g:Y — R, f(X) =Y u ¢pynruyua f
HenpepvleHa 6 mouke xy € X, a PYHKYU & HenpepbleHa 6 MouKe
Yo = f(xg), mo caoxcnas pynryus glf(x)] Henpepviena 6 mouke x.
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Kopoue (HO MeHee TOYHO), HeIpe- X Y 7

ppIBHasA (YHKIUA OT HeIpepHIBHOU A
(GOYHKIIUM HeIIpepLIBHA. \1

AOKA3ATEABCTBO TEOpPEMDI b,

O6osnaunm 3HaueHue npexesa (5.76) Wixo) Vo) Tu(x,)
uepes zo: lim g(y) = 2y (29 — umeno x>
Y~ Yo o 0
anbo oxHa m3 0eCKOHEUHOCTel) — | /
/

30M okpecTHOCTBb U = U(z,) TOUKH 2.

3auKCUpPyeM HOPOU3BOJBHBIM 0O0Opa- / \
/

Torza, COrIacHO OIPeAeIeHN’IO IIpee-

Jla, CYILIECTBYyeT TaKas OKPECTHOCTH Puc.30
V =V(y,) TOuKH Yy, 9TO ecau

Yy €Y NV(yo), (5.77)
TO

g(y) € U(z)- (5.78)

Hanee, nna nmoxydeHHOI okpecTHOcTH V(y,), B cCUIy cylle-
cTBoBaHUA npegesna (5.75), HalijeTca Takad OKPECTHOCTL W =
= W(x,), uTo ecnu

x € X NW(xy), (5.79)

f(x) € V(o)

TO

a Tak Kak f(x) €Y, To
f(x) €Y N V(y,). (5.80)
W3 Brinomaenus ycaosuii (5.79)—(5.80), B cuay (5.77)—(5.78),

npu y = f(x) uMeeM: ecji BBITIOJHEHO BKJoueHume (5.79), To
(puc. 30)

glf(x)] € U(zp)-

Tak xak oxkpecTHOCTBb U(2,) TOUKH 2, ObljIa IPOM3BOJIbHA, TO
9TO O3HAYaeT, UTo IPHU X — X vy yrknun gf(x)] cymecrayer npe-
JleJI, PaBHBIM 2.

lim g[f(x)]=2o= lim g(y). O
X - Xp Y -Yo
VTBepikIeHre CIAeICTBUS SABJIAETCA YACTHBIM CIyUaeM Teope-

MBI, KOTZA Yo = lim f(x)= f(xy) m lim g(y) = g(y,) (upu atux
X = X9 Y - Yo
NIPEATIONIOKEHUAX TOUYKYU X( U Y, IPUHAIIEKAT COOTBETCTBEHHO
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MHOKecTBaM X U Y, IOATOMY SIBJISIOTCA MX TOUKAMU IIPUKOCHO-
BeHUA):
lim g[f(x)]= lim g(y) = &(yo) = & [f(x0)]-
X — Xo Y- Yo
SamMmeuvanue 1. Eciuf: X — R, g: X — R, cyliecTByer
openen (5.75) m MHOMKeCTBO Y COMEP:KUT HEKOTOPYIO OKpPEecT-
HOoCTb V(y() TOUKH Y:

V(yo =Y, (5.81)

TO, B CUJIY CYIIleCTBOBaHUA mpenesa (5.75), HalimeTca Takas OK-
pectHOCT W = W(x() TOUKM X, uTO f(X N W) = V(y,), 1, caexno-
BaTeJIbHO, A cyKeHud fy GyHKnuu [ Ha MHOKecTBe X N W BHI-
THOJIHEHO BKJIIOUEHUE

foXNW) =Y. (5.82)

Taxkum o0pasoM, ecyiu IepefTu K cy:keHuIo f QyHKIuU f, TO
IpU YKa3aHHOM JOIIOJHUTEILHOM IpeAmnoao:keHuu (5.81) B yeo-
BUAX TEOPEeMbI 6 MOXKHO He TPe0OBATh CYII[€CTBOBAHUSA KOMIIO-
sunuy GyHKOuUi g u fj, T. e. BeIIOIHeHUA ycaoBud f(X) = Y —
B YKa3aHHOM BBIIII€ CMBICJIE OHO BBIIIOJIHAETCA aBTOMAaTHU4YECKH,
a UMEHHO MMeeT MeCTO BKJoueHue (5.82) 1 mosTOMy CyIIIeCTBY-
eT KOMIIO3UIUA gof.

SaMeuaHue 2. YTBep:KIeHUE CIEICTBUSA TEOPEMBI 7 MOK-
HO 3amucaTh B Buje (GOpMYJIbl
lim g[f(x)]=g[ lim f(x)], (5.83)
x - xg x - Xg
13 KOTOPOIi BUIHO, UTO, 00PA3HO rOBOPS, Onepayus npedesbHozo
nepexoda nepecmaHo80YHA C Onepayueil 83amus HenpepvleHoil
PYHKUUU.

B camowm gmese, seBas yacThb paBemcTsa (5.83), B cuy Hempe-
peiBHOCTH DyHKIIME g [f(x)] B TOuKe X (CM. ciencTBUE TEOPEMEI 6),
paBsHa g[(f(xq)]. OToMy ke 3HaueHHIO g[f(xy)] PaBHa 1 npaBad
YacTh PABEHCTBA, HO Y:Ke B CUJIy HeIpephIBHOCTU QYHKIUU [ B
TOH Ke TOUKe X.

Sameuanue 3.J[okazaHHYIO B TeopeMe 6 opmyTy

lim g[f(x)]= lim g(y), (5.84)

X — Xg Y - Yy
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roe Yo= lim f(x), MokHO paccMarpuBaTh KakK npPaAsU.JO
x - X

3aMeHb. NepemeHH020 045 BblUUCACHUS Npedenos CJIONCHbLLY
QyHKYULL.

Yuorpebasasa obo3HAUeHNME KOMIIOSMIIMM (PYHKIUMA gof, pa-
BeHcTBO (5.84) MOKHO 3amucaTh B BUE

lim (gof)(x) = lim g(y).

x-»xo Y - Yo

BamMmeuanue 4. Ilyectb f: X >R, 8: Y >R, f(X)=Yu
lim f(x)=y,. B aTom ciyuae, corsiacHo TeopeMe 6, 13 CyIIecT-
X - X,
BOBaHUA TIpesesia (KOHEYHOTO iu 0ECKOHEYHOT'0) B IPaBOM yac-
TU paBeHCTBA (5.84) caexyeT CyIecTBOBaHME COOTBETCTBYIOIIE-
o TIpezesa B JIEBOM YaCTH W PABEHCTBO 3TWX IIpenesioB. Eciu,
Kpome Toro, oroopaskenue f: X — Y ABasgeTcsa B3aMMHO OJHO-
3HAUHBIM OTOOpasKeHmeM MHOKecTBa X Ha MHOJMXECTBO Y
(T. e. Ha Y cyllleCcTByeT OAHO3HAUHAA oOpaTHaaA PyHKIUA [ _1) u
eciun lim f _1(y) = X, TO 1 Hao0OpOT, U3 CYIeCTBOBAaHUA KO-
Y -Yo
HEUHOr'o uau OeCKOHEUHOTO IIpejesia B JEeBOM UacTU pPaBeHCTBA
(5.84) cimemyeT cyllleCTBOBAHME COOTBETCTBYIOIIETO IIpeaeia B
IpPaBO¥ YaCTU STOTO PaBEHCTBA.
TakuM o0pa3oM, npu cOeNAHHbLX NPedLoHeHUAX npeden
(koneunwvlit unu 6eckoneunstit) lim glf(x)] cywecmseyem moe-
X - Xg
da u moavko mozda, kozda cyuecmeyem (KOHeuHbLil uau Oec-

KOHeuHbLll) npeden lim g(y), npuvem 6 cayvae ux cyuiecmeo-
Y -1Yo
8AHUSL OHU PABHDL.
ATO yTBEP:KAEHNEe CJeAyeT M3 TeOpeMbI 6, ecau ee IIpuMe-
-1 R
HUTh K Kommosumuu (gof)ef ~ dyurmuit f - u gof. CoraacHo

TeopeMe 6, M3 CYIIECTBOBAHUA IpenejoB lim f_l(y)= Xo U
Y -Yo
lim (gef)(x) cnenyer, UTO CyIIIeCTBYET IIpenea
X - xo
lim ((gof)of )= lim (g°N(x),
Y -Yo X = Xo
HO (gOf)Of_1 = gO(fOf_1)= g. TeM caMBIM CyIIleCTBYeT IIpejeJl
lim g(y), mpuuem lim g(y) = lim (g°f)(x).

Y -Yo Y -Yo X - Xp
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§6.

CBOVICTBA HEMPEPDLIBHBIX QYHKLMIA
HQ MPOMEXYTKOX

6.1. OrpAHNYEHHOCTb HenpepbIBHbIX QYHKLUUNA.
AOCTMXXMMOCTb 3KCTPEMOAbHbIX 3HOYEHUIA

B macrosmem maparpage OymeT m3ydeH pAl BasKHBIX, HAXOMA-
IIUX MHOTOUYMNCJIEeHHBIE IIPUMEHEHUs CBOMCTB HENPEPHLIBHBIX
byHRIIMII.

Onpeaenenne 1. Dynryusa f: X — R, X < R, nHa3vi8aemcs He-
npepvléHoil Ha MHONMcecmee X, eCU OHA HEnpepbvL6HAa No MHO-
aecmey X 6 kaxncdoii ezo mouke (CM. ompemeseHuUsA S U 8 B
. 5.5).

Ba)XHBIM KJIaCCOM HEIPEPBLIBHBIX QYHKIIUH ABJIAETCS KJace
(GyHKIMT, HeOPEePBIBHBIX HA MPOMEXKYTKaX ymcjioBoi ocu. Hau-
HeM ero usyueHue ¢ GyHKIIUI, HEITPEPLIBHBIX Ha oTpe3kax. Ec-
au pyHKIuA f HempepbiBHA Ha oTpeske [a, b], To ee HelpepbIB-
HOCTBH B TOUKE X = @ O3HAUaeT HEIIPEePLIBHOCTH CIIPaBa, a ee He-
MIPEePLIBHOCTL B TOUKE X = b — HEIPEepPHIBHOCTL CJIEBA B 9TUX
TOUYKAX.

Haubonvwum m)?x f (raumenvuwium m}%n f) sHauenuem (pyHK-

muu f: X — R HaswIiBaeTcsa HamboJIbIillee (HanmMeHbIIee) 3HAUE-
HUe MHOKeCTBa BcexX ee sHaueHHH (cM. 1. 3.3). OueBUIHO, YTO
ecnu y QyHKIIUHU f CyIllecTByeT HauboJibIiliee (HanMeHbIIee) 3Ha-
YeHHEe, TO OHO ABJSAETCSA €e BepxHeHd (HUMKHEH) rpaHbio (cM.

m. 5.1) sup f(coorBercrBernuo inf f).
X X

TEOPEMA 1 (teopema Bertepwtpacca). Henpepvienas Ha ompes-
Ke QYHKYUA 02PDAHUYEeHA U NPUHUMAem HA Hem HauboJvulee U
HaumeHnbvUlee 3HaAYeHUe.

AokasaTteAbcTBO. IlyeTts GyHKIMA f HeIpepbIBHA HA OTPE3-

Ke [a, b] u myctb M = sup f(x); KaKk U BCcSKad BEPXHAS
as<x<b

rpaHb HEIyCTOTO MHOMKecTBa uucea, M MoKeT OBITH JubO KO-

HEeYHOIi, 100 6eCKOHeUHOoM, paBHOM +00, ITokaxkem, uro M < +00

U UTO CYII[eCTBYET TaKad ToUKa X € [a, b], uro f(xy) = M.
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Bribepem Kaky0-1100 IIOCIE[0BATEIBHOCTD TAKUX YHCETI d,,,
n=1,2,...,4ro

lima,=M,a,<M,n=1,2,.... (6.1)
n — o
CorJiacHoO oIpeeIeHNI0 BepXHeil rpa’Hn GYHKIIUN, I KaXJ0ro
a,,n=1,2,..., cymecrByer Takad Touka x, € [a, b], aTo
f(x,)>a,, n=1,2,.... (6.2)

C apyroii CTOPOHBI, HOCKOJBKY M — BepXHAS rpaHb QYHKIUNI
f, 075 Bcex Touek x € [a, b] cupaBenIrBO HePaBEHCTBO

f(x) < M. (6.3)

ITocnegoBaresbHOCTH {X,} orpaHudYeHa: a < x, < b, n=

=1, 2, ..., moatomy mo Teopeme Boabitano—BeiiepiTpacca (cm.
o. 4.6) U3 Hee MOYKHO BBIAEJUTL CXOIAINYIOCS IIOAIIOCJIENOBA-

TEeJIBLHOCTD {xnk}

lim X, = %o (6.4)

k - o

Tak Kak a < x,,

k <b,k=1,2,..,r0 (nouemy?) ua < x, < b,
T. €. Xo — TOYKa oTpeska [a, b].

W3 nepaseHctB (6.2) u (6.3) cimexyer, uTO AJiA Bcex k=
=1, 2, ... cIpaBeJINBLI HEPaBEHCTBA

an, <f(xnk)<M. (6.5)
IIpenes BcAKOI MOAIIOCIEIOBATEIBHOCTH IIOCIEN0BATEILHOCTH,
uMeIloIell KOHEeUHBIH MM OeCKOHEUHBIN Hpefes, PaBeH Hpeneay

BCel IIoCJIeNoBaTeIbHOCTH; ImosTomy u3 (6.1) mmeem lim an, =
k - o

= M. Ilepexons B (6.5) k mpemeny mipu k — ©°, mosydaem
lim f(xnk) =M. (6.6)
k > o

C npyroii CTOpOHBI, B CHJIy HeIpepbIBHOCTH (QYHKIUU f HaA OT-
peske [a, b] oHa HeIIpepPBIBHA B TOUKE X 9TOI'0 OTPEe3Ka U, CJIeH0-

BaTeJbHO, us (6.4) caemgyer, UTO
klim f(xnk) = f(x0). (6.7)
13 dpopmy (6.6) u (6.7) umeem M = f(x,).
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Taxkum 00pasoM, TOKa3aHO, UTO BEPXHAS rpadb M QYHKIIUU
f coBnanaer co 3HaYeHNEeM (PYHKIIUU B TOUKE X U, CJIeOBATEb-
HO, KoHeuHa. TeM caMbIM (QYHKIUS [ orpaHUYeHa CBEPXY U ee
BepXHAA I'PaHb JOCTUTAETCA B TOUKeE X € [a, b].

AHaJOrMYHO JOKa3bIBAETCs, UTO HEIpephIBHAA HA OTpe3Ke
(GyHKIIMA OrpaHNYeHA CHU3Y U JOCTUTAaeT Ha HEM CBOEH HUMKHEMH
rpaHu. O

Teopema, anajoruuHasa Teopeme 1, HecIrpaBeJIuBa IJsI IIPO-
ME)KYTKOB, He SIBJISIONIUXCS OTPEe3KaMU; B 9TOM JIETKO yOeIUTh-
cdA, TIOCTPOUB COOTBETCTBYIOINIMEe mpuMmephbl. Hampumep, GyHK-
nus y = 1/x HempephIBHA B KaKIo# Touke mHTepBajia (0, 1) u
BMeECTe C TeM He OrpaHuyYeHa Ha HeM; QYHKIUA i = X HeIpepPhIB-
Ha Ha BCel YMCJIOBO OCH U He OrpaHWYeHa Ha Hel.

OrMeTuM eilrie, 4TO ecau (PyHKIIUS [ HellpepbIBHA HEe Ha OT-
peske, a Ha IPOMEXKYTKe APYroro THUIA U AaKe, KpoMe TOro, Or-
panuueHa Ha HeM, OHa, BOOOIIle TOBOPsS, He MMeeT HanbOO bIIIero
U HauMeHbIlero 3sHaueHusa. Hanpumep, QyHKIIUA y = X Ha WUH-
tepBajie (0, 1) u y = arctg x Ha Bcell UMCIOBOM IPAMOM, XOTHA
OHY HEIPEPHIBHEI (HEIIPEPHIBHOCTh QYHKIMU Yy = arctg x Oyzer
MOKasaHa B II. 7.3) ¥ OTpaHMYEHBI HA YKA3aHHBIX ITPOMEKYTKAX,
He JOCTUTAIOT CBOMX BEPXHUX U HUNHUX I‘paHeﬁ.

VIIPAJKHEHHA. 1. Ilyers pyHKIu [ onpesesieHa U HeIIpepbIBHA HA OTPEes-
Ke [a, b] u f(x) > O gua Bcex x € [a, b]. Torga cymectByet Takoe ¢ > 0, 4To
f(x) > ¢ nna Becex x € [a, b].

2. [lokasaTh, 4To GYHKIUA [, HEIIPePhIBHAA HA KOHEYHOM U OECKOHEUHOM
nonyuHrepBane [a, b), a< b < +°°, m uMernomas KOHEUYHBLIH IIpenes

lim f(x), orpanuuena ua [a, b).
x-b-0

6.2. NpoMeXXyTOoYHble 3HOYEeHUS HenpepbIBHbIX PYHKLMA

TEOPEM A 2 (teopema boabyaHo—Kown). Ecaiu pynryus f Henpe-
puviena Ha ompeske [a, b] u f(a) = A, f(b) = B, mo 01 1106020
C, sarxniouennozo mexncdy A u B, cyuwecmsyem makas mouka,
¢ €[a, b], umo f(&) =C.

WNHaue roBOpPA, HenpepvieHAs HA ompesKe QYHKYUSL, NPUHU-
Mas Kaxue-aubo 08a 3HAYeHUSL, nPpUHUMaem u a060e Jexcauiee
Menc0y HUMU 3HAYeHUe.
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AokasateAbcTtBo. Ilycts pna om- f(x)
penenennoctu f(a)= A< B= f(b) mu A< |

< C < B. Pazgenmum otpesok [a, b] Touroit a b
X Ha IBa PaABHBIX II0 AJIMHE OTPE3Ka; TOr- / ‘
na aubo f(xg)= C wu, 3HAYUT, HCKOMAH

TOuKa & = x, HaiigeHa, aubo f(xy) # C u Puc. 31

TOTZIa HA KOHIIAX OJHOTO M3 ITOJYUEeHHBIX

OTPe3KOB (DYyHKIUA [ MPpUHUMAaET 3HAUEHU, JeyKalllue 1Mo pas-
HBIe CTOPOHBI OT unucya C, TouHee — Ha JIeBOM KOHIle 3HaUeHUe,
meHbIiee C, Ha IpaBOM — OoJIbIIIee.

OGo3HauuM 9TOT OTPE3OK [ay, b;] 1 paszenuM ero cHOBa Ha
JlBa PaBHBIX II0 AJIUHE OTpe3Ka u T. A. B pesynbrare 6o uepes
KOHEYHOe YMCJIO IIaroB MPUAeM K MCKOMOM TOUuKe §, B KOTOPOit
(&) = C, nmub0 MOJIyYMM IIOCJIEJOBATEJIbHOCTH BJIOMKEHHBIX OT-
peskoB [a,, b,], I0 AINHe CTpeMAMIUXCA K HYJIIO U TAKUX, YTO

f(a,) <C <{(b,). (6.8)

Ilycts § — obmiaa Touka Bcex OTpesKos [a,, b,], n=1, 2, ...

(cm. m. 3.7). Kak usBecrno (cm. (4.26)), & = lim a,= lim b,.
n —» o n — o
ITosTomy, B cusy HempepbIBHOCTH PYHKITUY f,
f(€) = lim f(a,) = lim f(b,). (6.9)
n — o n — o

W3 (6.8) ke momyuum (cMm. 11. 3.3)
lim f(a,) < C < lim f(b,). (6.10)
n — o n — o

W3 (6.9) u (6.10) caenyer, uto f(§) = C. O

CAEACTBWE 1. Ecau yHKUUA Henpepvl8HA HA ompe3ke U HA
€20 KOHUAX NpuHuMaem 3HAYEHUS pPAa3Hoz0 3HAKA, MO HA
amom ompe3ke cyuiecmayem xoms 6vl 00HA MOYKQA, 8 KOMOPOil
QyHKyus obpawaemcs 8 HYb.

ITo clencTBUE — YACTHBIN cayuail TeopeMsl (puc. 31).

CAEACTBMUE 2. [Tlycmv Qyuxyua [ HenpepviéHa HA ompe3ke
[a, bl u M =sup f, m =inf f. Toz0a Qpynrxyusa f npunHumaem ace
3HauweHus u3 ompesdxka [m, M] u moavko amu 3HAYEHUA.
151 moKasaTeJIbCTBA CIEACTBUSA 3aMEeTHM, uUTo ecau M = sup f,
[a, b]

m= inf f, To m < f(x) < M u, corjacuo teopeme 1, CyIiecTBy-
[a, b]
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10T Takue TOuKu O € [a, b] u B €[a, b], uro f(a) = m, f(B) = M.
Temepsh paccMaTpuBaeMoe CJIeICTBHE HEIIOCPeACTBeHHO BbITEKa-
eT U3 TeopeMbl 2, IPUMEHEHHON K oTpe3Ky [A, (], eciu a < f3,
WU COOTBETCTBEHHO K 0Tpe3Ky [[B, a], ecau B < a.

TakuM 00pasoM, MHOMHECMB0 8CeX 3HAUEHUN PYHKUUU, 3a-
O0aHHOIl U Henpepvl8HOlL HA HEKOMOpoM ompe3ske, npedcmaens-
em cob0il makie ompesokx.

OTMeTHM, YTO CBOMCTBO HENPEPHIBHBIX (DYHKIUH IPUHU-
MaTh BCE IIPOMEKYTOUHBIe 3HAUEHUA CIIPABEIJIUBO IS JIIOO0TO
OpOMeEKyTKa (KOHEeUHOTOo MM OecKoHeuHOro). MiMeHHO: eciu
HeIpepbIBHAA HA HEKOTOPOM IIPOMEXKYTKe (GDYHKIUS IPUHU-
MaeT B IBYX €ro TOYKax a u b, mpuueM a < b, 1Ba KaKUX-TO
3HAUEeHUA, TO OHA IPUHUMAET U Ji00oe mMpoMe:KyTouHoe. B ca-
MOM JeJie, COTJIaCHO TeopeMe 2, paccMaTpuBaeMasa (QPyHKIIUS
3aBeIOMO IPUHMMAET YKa3aHHOe 3HaueHNe B HeKOTOPOIl TOUKe
orpeska [a, b], KOTODPHIH ABJIAETCA YACTHIO MCXOIHOTO IIPOME-
JKYTKA.

3ameuanue. Kak B Teopeme 1, Tak u B Teopeme 2 OBLIO
IOKa3aHO CYIIIeCTBOBaHUWE TOUKM HA TaHHOM OTpe3Ke, B KOTO-
poii 3HaueHHe paccMaTPUBAEMOU HENPEPLIBHON (PYyHKIUU 00-
JagaeT oIpeAeeHHLIM CBOHCTBOM (B IIepBOil TeopeMe B 3TOI
TOYKEe [TOCTHraeTcd SKCTPeMaJbHOe 3HaUeHUe, BO BTOPOM —
NIpUHUMAETCS 3aJaHHOe IIPOMEKyTouHoe 3HaueHme). OmHAKO
MeKIy MeToJaMu, MPUMEHEeHHBIMHU IJA AOKa3aTeJbCTBa 3TUX
VTBEp:KIEeHNI, MMeeTcAa NPUHIUINAJIbHOEe pasanuyue. MeTon
JIOKAa3aTeJbCTBA TeOPEMEBI 2 TaeT BOBMOMKHOCTD He TOJBKO JOKa-
3aTh B O0IIEeM cJyuae CyIleCTBOBaHME yKasaHHOHM TOUKMU, HO U
(akTHUecKu HaAWTHU ee c JIOO0M 3aJaHHON CTENEeHbIO TOUHOCTH
IUIST KasKIOM KOHKPETHON (QYHKIMHU: HYJKHO PasiejuTh OTpe-
30K, HA KOTOPOM MIIEeTCA TOUYKA, AOCTATOUHOE UMCJO Pas IIo-
ImojaM, BbIOMpas Ka'KIbId pas MOJIOBUHY COTJIACHO ITPABUJIY,
YVKa3aHHOMY IIPpM JOKas3aTeJbCTBE; KOHIILI IIOJYUYHBIIETOCS
oTpeska U OyAyT NPUOJIMIKEHHLIMM 3HAUEHUSIMHU YKas3aHHOM
TOYKH.

MeTo ke MOKasaTesbCTBA TeOpeMbI 1 He IMO3BOJAET YKa-
3aTh CI0OCO0, C IOMOIIBI0 KOTOPOTO MJIs KasKIOH HeIpephIB-
HOIT Ha oTpe3Ke QYHKIUYU MOYKHO OBIIO ObI HAWTH TOYKH, B KO-
TOPBIX OHA IPUHUMAaET SKCTPeMajbHble 3HaueHUs. ITO obyc-
JIOBJIEHO TeM, YTO [JOKAa3aTeJbCTBO STOH TeopeMbl OCHOBAHO
Ha Teopeme Boisbiano—BeiliepiTpacca, yrBep:KIaioIeil JINIIb
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BO3B3MOMM HOCTDH BBIJJIEHIS U3 KAXKI0N OTrpaHUYEHHON 1O0-
CJIeIoBaTEJIbHOCTH CXOASINEHcs moaIocaeoBaTeabaocT. KoH-
KPEeTHOTO MeToJa, WJM, KaK dTO IPHUHITO TOBOPUTH, aJZ20-
pumma, IS BBIAEJEHUS U3 JIO00M OrpaHMYeHHOI IocJeno-
BATEJbHOCTU CXOIAINIEHCA MOAIOCTEeT0OBATEIbHOCTH, HE CYIIe-
CTBYET.

3aMeTuM elre, YTO IIPU MCIOJH30BAHUU KAaKOT0-JI100 ajaro-
puTMa Ha MPaKTHUKe Ba'KHO, KaK ObICTPO OH IIPUBOAUT K IEJIH.
C 9TO¥f TOYKM 3pEeHUsS IPU IPUOIHKEHHOM peIleHn’ ypaBHe-
HuA f(x) = 0 06BIYHO MIPUMEHAETCS He METOJ II0CJIeI0BaTEIbHO-
T'o JeJIeHUs OTPe3Ka MOoIloJaM, a APyrue ajJTOpPUTMbI, GbICTpee
mpuBoAAIue K 1eau (cM. § 62 Bo BTopoM ToMe).

3agaua 7. JloxasaTs, 9TO meproOAIYecKasa HelpephIBHAS HA BCEl YHCJIO-
BOU ocu GYHKIUA, OTIMYHAS OT IOCTOAHHOI, MMeET HAUMEHBIIUI IEePHOZ.
IIpuBecTy mpumep mepUOAMUECKOI (DYHKIINY, OIPEEIEHHOM Ha BCEH UMCIOBOH
OCH ¥ OTJIMYHOM OT ITIOCTOSHHOM, KOTOpasA He NMeeT HaUMeHBIIIero IIePHofa.

6.3. O6paTtHble PYHKLUN

OnpeaeAeHue 2. Dynryusa f, onpedereHHas HA YUCTOBOM
MmHoxMcecmaee X, Ha3vl8aemcs cmpozo gospacmarnuieii (cmpozo
yovieatouieil), ecau 0aa awo0vix 08yx yucen x1 € X u x5 € X ma-
Kux, wmo x; < Xy, 6vinoansemcsa Hepaserncmeo f(xq) < f(xg)
(coomeemcmeenno f(x1) > f(xy)).

DPYyHKYUSL, CmMPo2o 803pacmanwas uau cmpozo YovLeaio-
was, Ha3vl8aemces cmpozo MOHOMOHHOIL.

Ecin ¢yuKIuA ABASETCS CTPOTO Bo3pacraloleil (CTporo
yOnIBaroIeii) Ha MHOKecTBe X, TO OymeM TaKiKke TOBOPUTh, UTO
OHAa CTPOro BoadpacTaeT (CTPOro yOLIBAET) HA 9TOM MHOXKECTBE.

OueBHUAHO, UTO CTPOr0 MOHOTOHHAs (Bo3pacraroias, yObI-
BamoIras) QyHKIIUS ABJISETCS WM IPOCTO MOHOTOHHOU (COOTBeET-
CTBEHHO BoapacTaiolleii, yObIBarolleil) (pyHKIHell B CMbICJIe
onpenesenus 16 us o. 5.14.

AEMMA 1. ITycmv ¢pyuryusa f cmpozo os3pacmaem (ybvreaem)
Ha Hexomopom mroxdcecmee X — R u nycmv Y — MHOMceCcmeE0

o -1 w
ee snauenuil. Tozda obpamuas pyuxyua f = (cm. u. 1.2') aeas-
emcsa 00HO3HAYUHOI cmpozo 8o3pacmaruweil (cmpozo ybviearo-
weil) pyuryueil Ha mHoxicecmse Y.
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AoKkasaTeAbcTBO. IlyeTh ans ompeneseHHOCTH GyHKIUA |
CcTporo Bo3pacTaeT Ha MHo:KecTBe X. Jloka)keM, UTO obpaTHasd
GYHKIUA OMHO3HAUHA.

Homyctum mportuBHOoe. IIycTh cyiiecTByeT Takas Touka y € Y,

-1 L,
YTO MHOKECTBO [ ~(¥) COAEPIKUT MO KpaiiHel Mepe /[Be pas3jinu-
HBIX TOUKU X U Xq:

-1 -1
x1€f (y) m xp€f (y), x17# xy,
", CJIeL0BaTeIbHO,

f(x1) = f(xo). (6.11)

J[lna ABYX UMCeN X U Xy, X1 7 X9 CIIPABEIJINBO OAHO U3 JBYX He-
PaBEHCTB: X; < X WU X, > Xy; B IEPBOM CJIy4ae, B CUJIY CTPOTO-
ro Bo3pacranud pysHrnuu f, umeeMm f(x;) < f(xy), a Bo Bropom
f(x1) > f(x5), T. e. B 06oux caydasax paBeHCTBO (6.11) He BBINOJI-

HAeTcA. TakuMm o6pasoM, AJIA KaXKAOr0 y € Y MHOXKeCTBO f _l(y)

. -1
COCTOUT B TOUHOCTH W3 OSHOM TOUKHU, T. €. QYHKIUSI [ = OJHO-
3HAYHA.

HokasxeM Temepb, UTO PYHKITUA f_l CTPOTO BO3pacTaeT Ha
mHOKecTBe Y. IlycTh
Y1 <Yz Y1€Y, yey (6.12)

U IOYCTh X = fﬁl(yl), Xy = fﬁl(yz). CrnenoBaresbHO, Y1 = f(x1),
Yo = f(x). [lya g100BIX ABYX UHCET X U Xy CIIPABEAJINBO OTHO U3
TPeX COOTHOIIIeHU: JMb0 X > Xg, IUOO X; = Xy, IUO0 X1 < X,.
Ecam x{ > x5 unu x; = Xy, TO COOTBETCTBEHHO OBLIO OBI Y > Yq
(B cuny cTpororo Bo3pacranud GyHKIUH f) UIu Yy; = Y (B cuiy
OTHO3HAUHOCTH), YTO IIPOTUBOPEUMJO ObI HepaBeHCTBY (6.12).
Taxkum obpasom, u3 HepaBeHcTBa (6.12) cremyer, uTo X; < X9, @

9TO W 03HAUAET CTPOroe Bo3pacTaHue QyHKIIUU f71 Ha MHOXKECT-
BeY.

B cayuae crporo yOnIBaloiieii Ha MHOMKecTBe (GpyHKIuu f
MOKas3aTelIbCTBO MOXKHO Ju0OO IIPOBECTH aHAJOTHMUYHBIM oOpa-
30M, 60O CBECTH K YK€ PAacCCMOTPEHHOMY CJIydalo paccMOTpe-
HreMm GyHKIuu —f, 100 Korga PyHKIUA f cTporo yoObIBaeT Ha
MHOKecTBe X, QYHKIIUA —f CTPOro BO3pacTaeT Ha STOM MHO-
JKecTBe. O
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YA YA
1(®) f(a)

fla) | f(b)

Puc. 32

TEOPEMA 3. [Iycmv ¢pynryusa f onpedenena, cmpozo 60o3pac-
maem (cmpozo ybvieaem) u HenpepvléHa HA ompe3ke [a, b];

mozda obpamuas QYHKUUS f_1 onpedenena, 00HO3HAYHA,
cmpozo 8o3pacmaem (cmpozo ybvi8aem) U HenpepvléHa HA Om-
peske ¢ konuamu 6 moukax f(a) u f(b) (puc. 32).

AokasateAabcTBO. [IpoBegem 10Ka3aTEIBCTBO TEOPEMBI JJIS
cTporo Bospacrawinux pyuxnuii. IIyers ¢ = f(a), d = f(b).
ITokaxxem, uTO 00JACTHIO OIpeAesieHusA OOPATHOH (MDYHKIIUU

f_l ABJIAETCA CETMEHT [¢, d], miu, 4To TO XKe, [c, d] — MHOKecCT-
Bo sHaueHUM pyuxnuu f. B camom gmeise, 13 Bo3pacTanusa QyHK-
uuu f caenyet, uto f(a) < f(x) < f(b), T. e. uto f(x) € [c, d] nna mto-
6oro x € [a, b]. C gpyroii cTOPOHBI, KAaKOBO ObI HU OBLTIO Y € [¢, d],
T. e. f(a) < y < f(b), cormacHo TeopeMe 2, CYIIECTBYET TaKas TOU-
Ka x € [a, b], uto f(x) = y. Takum obpasom, Bce 3HAUCHUS 3aJaH-
HOM (pyHKIUU [ Ie:KaT Ha oTpesKe [¢, d], ¥ KaKIas TOUKa 9TOTO
OTPe3Ka SABJAETCS 3HAUYeHHeM (PYHKIUU [ B HEKOTOPOI TOUYKeE.
ITO U 0O3HAYAET, UTO OTPE3OK [c, d] ABaAsAETCA MHOKECTBOM 3HA-
yeHnin pyurmuu f. OTMETHM, YTO 9TO YTBEP;KAEHME CJIeIyeT
TaKsKe U 13 CJAeACTBUS 2 TeOpPeMbl 2, eCJIu 3aMeTUTh, UTO B JaH-
HOM cJIyuae
¢ = min f(x), d= max f(x).
[a, b] [a, b]

B cuny nemmel, pyuriua f -1 OINHO3HAUHAS M CTPOro Bo3pac-

TaeT Ha oTpeske [¢, d].

ITokaxkem, HakoHeIl, 4YTO (GyHKIUA | 1 HelpephIBHA Ha
[c, d]. IIycrs yg € [c, d] 1 x5 = fﬁl(yo). Ilycts ¢ < yo < d, T. e.
Yo — BHYTDEHHAS TOUKa OTpe3Ka [¢, d], Torga, B CLIy CTPOroro

-1
Bodpacranuda QyHKnuu f -, ma < xy < b. 3adpukcupyem HEKOTO-
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poe € > 0. He orpanuumBasa 00-
ITHOCTH JAJBHEHUIIINX paccyKie-
HUM, MOXKHO cUUTATh (Touemy?),
YTO € TAKOBO, UTO
asxyg—€<xy<
<xy,+EeE<b. (6.13)

IIycrs y; = f(xg — €), Yo = f(xy +
+¢€). Torma us yciaoBus (6.13), B
CHJIy CTpOroro Bo3pacTauus f,
cJenyer, 9To ¢ S Yy <Y <Yz < d.

Bossmem & > 0 Tak, 94To6BI y; < Yo — 0 <y + O < y, (puc. 33).
Ecnu Teneps BBIGPATh Yy TAaKUM, UTO Yo — 0 < y < Yy, + O, TO, TeM
boxee, y; <y <Yy, U, CIEJOBATEIHHO, B CUJIy CTPOTOI'O BO3PACTa-

-1
HUA QyHKIUU f , CIpaBeJInBO HEPABEHCTBO

xo—e=1 W) <f '@ <f 'y =x+e.

Takum obpasom, miaa € > 0 ykasaHo takoe 0> 0, uro 1id
Bcex Y € (Yo — O, Yo + O) BEIIONHAETCA HEPABEHCTBO

') - o)l <,

-1
T. e. GyHKIUA [ ~ HelpepbIBHA B TOUKe Y . Eciu remeps yy = ¢
U Yo = d, TO aHAJOTUYHBIMY PACCYKJEHUAMH JOKa3bIBaeTCH,

yT0 PYHKIIUA ffl HeIIpephIBHA CIIPaBa B TOUKe ¢ U HeIIpephIBHA
caeBa B TouKe d. TeopeMma JJisi CTPOTO BO3pacTaOMINX QYHKITAH
MTOKas3aHa.

Hamomuum, uto pyuKIiua [ cTporo yobIBaeT TOTga 1 TOJIBKO
TOoTZa, Korjma (hyHKIIUA —f CTPOTO BO3PACTAET, ITI09TOMY CIIpaBe-
JUBOCTH TEOPEMBI JIJIsI CTPOT0 YOBIBAIOIMINX (DYHKIIUI caeqyeT u3
paccMOTpeHHOro caydada. O

PaccmorpuMm Temeph (GYHKIMH, OIpeleieHHbIe Ha HHTEp-
BaJIe.

TEOPEMA 4. ITycmv ¢yuryusa f onpedenena, cmpozo 803pac-
maem (cmpozo ybvieaem) U Henpepvl6HA Ha unmepsae (a, b)
(koHeunoM uau 6eCKOHEYHOM) U NYCMmb

c= lim f(x),d= Ilim 0f(oc).

x->a+0 x - b-
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-1
Tozd0a obpamnas ¢ynrkuyus f = onpedenena, 00HO3HAYHA,

cmpozo so3pacmaem (cmpozo ybvieaem) U HeNnpepviéHA HA UH-

mepagane (KOHeuHOM UaU GeCKOHeYHOM) ¢ KOHUamMu ¢ u d.

IIpu sTom B cayuae @ = —O° 1moj mpeaeaoM lim f(x) mo-
X > —o+0

HuMaeTcd npegen lim f(x), a B ciyuae b = +00 mop mpeaeioM
X —» — ©

lim f(x) — opemen lim f(x).
X - +o0—-0 X - +

AoKkasaTeAbcTBO. Ilyers ais onpeneseHHOCTH GYHKIUA |
cTporo Bo3pacTaeT Ha mHTepBaje (a, b). IlokakeM, UTO B 3TOM
caydyae MHOXKECTBOM ee 3HAUeHUU sBaAeTcA wmHTEpBaa (¢, d).
HeiicTBUTENIBHO, COTJACHO TeopeMe O IIpefesiax MOHOTOHHBIX
dyurnuii (cMm. 1. 5.14), umeem ¢ = inf f, d = sup f u, caeno-

(a, b) (a, b)
BaTeJbHO, IJA JIo6oro X € (a, b) cupaBeIIuBO HepaBEHCTBO
¢ < f(x) < d. Boxee Toro, mjis Bcex X € (@, b) BHITIOJHAIOTCA eIlfe
HepaBeHcTBa f(x) # ¢, f(x) # d. B camom gese, ecau ObI, HAIPH-
Mep, CYIIIeCTBOBAJIO TaAKOe Xg, UTO a < Xy < b u f(xy) = ¢ (310,
OUYEeBUHO, BO3MOXKHO TOJILKO TOT/Ia, KOTJa HUKHAA I'PAHb C KO-
He4YHa), TO IpU a < X < X BBIIIOJHAJIOCH OB HEPaBeHCTBO f(x) <
< f(x¢) = ¢, uTo IpoTUBOpPEuUnIO OBI TOMY, uTO ¢ = inf f. UTax,
(a,b)

Ias1 Bcex X € (a, b) BHIIOJHSAIOTCA HepaBeHcTBa ¢ < f(x) < d.
C nmpyroii ctopousl, ¢ = inf f, d = supf, mosTomy mjsa J000TO
(a, b) (a, b)

Y, ¢ <y <d, cymiecTByIOT Takue x; € (a, b) u x4 € (a, b), uTo y; =

= f(x1) 1 Y3 = f(x3) yIOBIETBOPAIOT HEPABEHCTBAM

c<y;<y<yz<d.

1
OTcioza cienyer, 9To X1 < Xy , M MOCKOJBKY f(x1) = Y1 # f(xg) =
= Yy, TO, B CHJIy TeopeMbl Bosbriano—Komu o mpoMesKyTOUHBIX

3HAUYCHMAX HEIPEPBIBHBLIX (DYHKIIMI, CYIECTBYET TAaKas TOUKA
x € [x1, x5], uT0 f(x) = y. Takum obpasom, Aad 000 TOUKU

y € (¢, d) cymecTByeT Takas Touka x € (a, b), uro f(x) =y.

1 .
Cnyugait x; > X, HEBOSMOXK€H, TaK KaK Torja Obl B CHJIy BO3DACTaHUA
(GyHKIVY f BEIIOJIHAJIOCH HEPABEHCTBO Y, = Y.
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yA YA
d =f(b)

RY

<Y
(=)

Puc. 34

Tem caMbIM TOKa3aHO, UTO AeHACTBUTEJIHLHO MHOMKECTBOM 3HAa-
yeHUN QyHKIUU f, 1IN, UTO TO Ke, MHOKECTBOM OIIpeae/IeHus

. -1
obpatHoli ¢yuKIuu [ , aBasgercda uuTepBanx (¢, d). To, uto

dbysaKIUA f - OJHO3HAYHA M CTPOT'0 BO3pacTaeT B mHTepBaJe (¢, d),
ciexyetr u3 yseMMbl. Ee HeIpeprIBHOCTE B TOUKE X, X < X < Xg,
cJeayeT U3 TOr0, YTO OHA B CHJIY TEOPeMbI 3 HelpephIBHA HA OT-
peske [x;, x5] < (a, b).

Kax u BrbIIlle, TeopeMa [OJA CTPOro yOBIBAIOIIEeH (DYHKIIUU
cJeyeT M3 y:Ke JOKa3aHHOUM TeopeMbI O CTPOTO Bo3pacTaroleit
(GyHKIIUY ¢ TOMOIILI0 paccMoTpenusa GyHKiuu —f. O

SaMeuvaHUe. AHaJOTMYHO [OOKA3bIBAETCS, UTO €CJU
(GYHKIIMA CTPOTO BO3pacTaeT W HeIPephbIBHA HA IIOJYyWHTEpPBaJe
[a, b), —o°© < a < b < +°0, unu Ha (a, b], —° < a < b < +00, 170 06-
paTHad QYHKIUA OIpeaeseHa, CTPOTO BO3PACTAET U HeIpPephIB-

Ha Ha moJyuHTepsaJie [c, d), rae ¢ = f(a), d= lim f(x), coor-
x - b-
BeTcTBeHHO Ha (¢, d], tme c = lim f(x), d = f(b) (puc. 34).
x->a+0

Crayuaii cTporo yOBIBalOIllel Ha MHOJYUHTEpBaJie (MYHKIIUU
f(x) MOXHO cBecTU K cJIydaio CTPOTO Bo3pacTaroleil GbyHKIIUHU,
paccmoTpeB (pyHKITHIO —f(X).

Mpumep. IIpu 1:060M LEIOM IOJOMKUTEILHOM 7. CTEIIEHHAA

(dYHKIUA y = X" CTPOro BO3pacTaeT U HellpepPHIBHA HA MOJOMKU-
TeJbHOU moayocu x = 0.
HeiictBuTensHo, ecnu 0 < x; < Xy, TO, IEPEMHOKAA NI Pa3 9TU

n n
HepaBeHCTBA, HMOIYy4YHUM X; < X5, T.e. 4TO QyHKIUA y=x",
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n=1, 2, ..., cTpPOro MOHOTOHHO Bo3dpacTaeT. [[J11 JOKa3aTeIbCT-
Ba HENIPEPHIBHOCTU PDYHKIUHU Y = x" sameTnM, uTO PYHKIIUA y=
= f(x) = x HenpepBIBHA B J1000I1 TouKe X € R. [lelicTBuTEIbHO, B
BTOM cIydae Yo = f(xy) = xy, moaToMy Ay =y — yo = X — x5 = Ax.
CiemoBaTesibHO, ecau 3agamo € > 0, To, B3AB O = €, MOJYyYHUM,
yT0 U3 ycaosusa |Ax| < & ciaenyer |Ay| = |Ax| < &= €. D10 u o3Ha-
JaeT HEIIPEPBIBHOCTHh (YHKIMU Y = X B TOUKe X = Xy. PyHKIUA

e y= x" ABIAETCA IPOU3BEJeHHUEM 7l ONMHAKOBBIX (DYHKITHIT
f(x) = x u moromy (cMm. . 5.10) TaxkKe HeIpepPLIBHA BO BCEX TOU-
Kax x € R.

s TOr'0O, YTO lim x= +00, O0OuUeBUAHO, CJeAyeT, YTO
X —» + o0

lim x"= 400, n=1, 2, .... Kpome Toro, B HyJe QPyHKIUA
X - + o0

y = x" obpamaerca B Hyab. I109TOMY, COIJIACHO 3aMeYAHHIO K
TeopeMe 4, MHOXKECTBOM 3HAUEHUH CTeIeHHOH QYHKIUHT y = x'
npu x 2> 0 ABIAeTCA HeOTpUIlaTeabHas moayocsk y = 0.

O6paTHO# (pyHKIMeH 1A QYHKIUN § = X ABJIAETCA KOPeHb
n-ii creneHu ’k/?/ ,n=1, 2, .... Cornacuo Teopeme 4 1 fOKa3aH-

o ro n o
HBIM CBOHCTBAaM CTEII€EHHOU (I)YHI-C]_II/II/I Y= X , KOpeHb n-u creiie-

HU ’k/?/ ,n=1,2, ..., oupenejeH OJs JIOOOT0 HEOTPUIIATEJIHHOTO
qucua y.

Taxum o6pa3oM, U3 JOKa3aHHBLIX TEOPEM CJIeIyeT, B YUaCTHOC-
TH, CYuL,ecmeosanue u eOUHCMBEEeHHOCMb NOJLOHUMENbHO20 KOpP-
HA n-il cmenenu u3 A00020 NOJONHCUMESbHOZ0 YUCLA.

3ameuanue. I3 pacCMOTPEHHOr0 IpuMepa eire pas cJie-
IyeT, YTO JI000I IPOMEKYTOK CONEP;KUT UPPAI[MOHAIbHbBIE UKC-
Ja (cM. ciaencTBUe 2 U3 TeOpeMEI 8 B 1II. 4.11*). ITokaskem cuaua-

JIa, YTO YUCJO /2 (CyIIlecTBOBaHNe KOTOPOT'O BLITEKAaeT M3 pac-
CMOTPEHHOTO BEIIIIE IIPHMepa) SBIAETCA UPPAIlOHATbHEIM.
JomycTrM HPOTHBHOE: IYCTh CYIIECTBYET MPPAIMOHAJILHOE
YHCJIO, PABHOE KBAAPATHOMY KOPHIO 13 ABYX. SalIUIIIEM 9TO UKC-
JIO B BUJe HeCOKpaTUMoOi npobu p/q (p 1 ¢ — B3aMMHO IIPOCTHIE

2 2
HaTypaJIbHBIE U1CJIa): ﬁ =p/q. Torma p” = 2¢” u, caegoBaTesb-
HO, YUCJIO p menutcsa Ha 2. [elicTBurenbHO, ecjau Obl p OBLIO

HEYeTHBIM, T.e. p= 2k + 1, B € N, To uucJo p2 = (2k + 1)2 =
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— 4k% + 2k + 1 TaxsKe GbLIO GBI HEUETHBIM H pPaBeHCTBO p2 = 2&°
He umesio 0b1 Mecta. Utak, p = 2k, HO TOTZAA 4k% = 2q2, W

q2 = 2k2, Orciona, KaK U BBIIIE, CJIEAYET, UYTO ¢ — YETHOE UUCJIO.
YeTHOCTb YKCEJ P U ¢ TPOTUBOPEUUT IIPEIOJIOKEHUIO O HECOK-
paTtumocTu apobu p/q.

W3 goxasaHHOI0, OYEBUIHO, CIAEAYET, UTO BCAKOE YMCJIO BU-

ma2
ma — = (m u n — HaTypaJibHbBIE) TaK)Ke mppalnoHaIbHo. B ca-

mai2
MOM Jejie, ecJiu ObI OHO OBLIO PAIMOHATLHBIM TJ = § , TO ﬂ

n
0Ka3aJI0Ch OBl PALMOHAIBHBIM UHCIOM: /2 = m—}; . Orcioza, B

CBOIO OUepenb, CIeAYeT, UTO BCAKUI MHTEPBAJ COAEPIKUT Uppa-

mA/2

nuoHaJbHOe ymcyo (cpaBHHUTE ¢ 1. 4.11 ), u npuToM Buga —

m u n — meisle.
HelicTBurenbHo, mycth 0 < a < b. BeibepeM HaTypaJbHOE 1

2

TaK, YTOOBI - < b — a, a 3aTeM HaTypaJIibHOE M TaK, YTOOLI
m—1)J2 mai2
% < a < T[ .

m./2

Torma a < - < b. Ecau e a < b < 0, To, B cCUIy JOKa3aHHOTO,
CYII[ECTBYIOT TaKMe IleJIbie M 1 1, 4TO
ma2
0<-b< T[ < -a;

m./2

MOdTOMY @ < —— = < b.

B cayuae a < 0 < b, corimacHo JOKa3saHHOMY, CYIIIECTBYIOT Ta-

ma/2
Rneueﬂmemnn,q'roa<0<—n[- <b.O

6.4. PaBHOMEpPHAS HEMPEpPbIBHOCTb.
MoAYAb HenpepbIBHOCTU

Ecinu pyuknus f HempepbIBHA HA OTPE3Ke, TO 3TO 03HAUAET, UTO
IJIis JII000M TOYKHM X 9TOrO OTPe3Ka M JJsdA Joboro umciaa € > 0
Haliferca Takoe uucyo O > 0 (3aBucdlllee OT TOYKHU X U YHUCa £),
YTO AJIS BCeX TOUEK X' OTpes3Ka, AJIA KOTOPBIX

e’ — x| <, (6.13)
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BBIIIOJIHAETCA HEPABEHCTBO
If(x") = f(x)| <e. (6.14)

Ecnu uyuciio & MOKHO BBIOpATh He 3aBUCAIIUM OT TOUKHU X,

TakK, 4YTOOBI IIPU BLINOJIHEHUU yCJIO0BUA (6.13) BBIMTOJIHAIOCH yC-
noBue (6.14), To QyHKIIMA f Ha3LIBAeTCS PAaBHOMEPHO HeIpe-
peiBHOI. ChopMyaupyeM ompeieeHre 9TOT0 BasKHOTO MOHATHA
6oJiee IOIPOOHO.
OnpeaeAeHue 3. Pyuryua f, 3adannas Ha ompeske [a, b],
Ha3bl8aemcs PABHOMEPHO HENPEepul8HOll HA HeM, ecau 0N Jio-
6020 € > 0 cywecmayem marxoe &> 0, umo 015 A100bLX 08YX MO-
yex x € [a, bl u x' € [a, b] makxux, umo |x' — x| < 8, gbLnornsemea
nepasencmeo |f(x') — f(x)| < €.

B cumBosimueckoii 3ammcu ompefesieHNe HeIpPepbIBHOCTHU
(OYHKIIMY HA OTPE3KE BBHITVISAUT CIELYIOIIUM 00pa3oM:

VaVe>038>0Vx, |x—x<d:|f(x)—f(x)<e,
a oIpejieJieHIIe PABHOMEPHO HeIIpepPHIBHOCTH TaK:
Ve>033>0Vax, x,|x —x <8 |f(x) - f(x)|<e. (6.15)

3mech TOUKU X M X' [PUHALJIEXKAT OTPE3KY, Ha KOTOPOM pac-
cmarpuBaeTcsa GYHKIUA f.

fAcHo, uTO BCAKAsA PABHOMEPHO HeIPephbIBHASA HA OTPE3Ke
(yHKIIUA HempephbIiBHA HA HEM: eCJI B OIpeIeeHUN PaBHOMED-
HOII HeIPEePBIBHOCTH 3a(pMKCUPOBATH TOUKY X, TO IIOJYUYUTCS OII-
pelieJieHre HeTIPEPHLIBHOCTH B 9TOI TOUKE.

NMpume pbl. 1. Dyurmnus f(x) = x paBHOMEPHO HeIlpepbIBHA
Ha Bcell YMCcJI0BOi ocu, TaK KakK, ecau 3amaHo € > 0, TocTaToOuHO
B3ATH & = €; Torja ecau |x — x'| < 8, To, B CUJIy paBeHCTB f(x) = X,
f(x') = x', momyumm |f(x) — f(x')| <.

2. ®yukmnu4a f(x) = sin 3_16 , X # 0, Oyayun HelIpepLIBHOI HA CBO-

eii obJiacTu ompenesieHnsd, T. €. Ha YMCJIOBOM OCcH, 13 KOTOPOIi yIa-
JeHa Touka x = 0, He OyJeT Ha Heil paBHOMEPHO HelIpephLIBHA.

B camom pmene, ecam B3ATh, HAIIpUMeEpP, € = 1, To IIpu JOO0OM

CKOJIb yrogHo MaJyioM O > 0 HafigyTcsa TOUKM X W X', HAIpUMeEpP
i 1 . 1

TOURM BUAA X = 1o~ om % ¥ = 32 + 2mn

6oJIbIIIOe HATYpPaJbHOE UHMCJI0) TaKue, uTo |x — x'| < &, a BMecTe ¢
teMm |f(x) — f(x')| > 1.

(n — mocTaToOUYHO
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3. dyarmua f(x) = x? me pPaBHOMEPHO HempepbIBHA Ha BCel
yurcaoBoii ocu R. ITo caenyeTr U3 TOT'O, UTO JJISA JIO00T0 (PUKCH-
poBauHOrO I # 0 UMeeT MecToO PAaBEHCTBO

lim [f(x + k) - f(x)] = lim [(x + k)% — x°] =

X — 00 X —» 00

— lim (2xh + h%) = co.
X — 00
ITosTomy ecnu 3amamo € > 0, To, KaKoBO ObI Hu 6bLIO O > 0, 3a-
durcuposas h # 0, || < 8, MOKHO TaK BEIGPATH X, UTO OyAeT BhI-
HOJIHATHCA HepaBeHCTBO |f(x + k) — f(x)| > «.
TEOPEMA 5 (KaHtopa). Pynkuyus, Henpepvl6HAA HA ompe3ke,
PABHOMEDPHO Henpepbl8HA HA HeM.

AoKas3aTeAbcTBO. [lokaxkemM TeopeMy OT HmpOoTUBHOTO. [lo-
OyCTUM, UTO Ha HEKOTOPOM OTpesKe [a, b] cymiecTByeT Hempe-
pBLIBHAS, OMHAKO He PABHOMEPHO HEeIPePLIBHAS HA HEM (PDYHKI[USA
f. 9ro ozHauaet (cM. (6.15)), uTo cymiecTByer Takoe £, > 0, uTo
1t troboro O > 0 HaliayTca Takue TOUKHU x € [a, bl u x' € [a, b],
uro |x' — x| < &, HO |[f(x') — f(x) > €,. B uacrroctu, maa &= 1/n

HalyTCA TaKue TOYKM, 0003HAUUM UX X, U X, 9TO
ey -z, < 1, (6.16)

HO

7Gxy = FCx,)| > . (6.17)
W3 mocienoBaTesbHOCTH TOYEK {X,} B CHJIy CBOICTBA KOM-

makTHoCcTu (cM. Teopemy 4 B m. 4.6) MOKHO BBIJEJIUTHL CXO-
OAITYIOCA IIOAIIOCJIEN0BATEIBLHOCTD {xnk}. O6o3HauuM ee IIpe-

Tes X'
lim x, =x,. (6.18)
ko o k
ITockoabKy a < X, <b,k=1,2,...,1700 < x5 < b (c™m. 1. 4.3).
®yHKIUA [ HeIpepHIBHA B TOUKE X, [IO9TOMY
klirrzo f(x,,) 618 f(xp). (6.19)

ITopmoce[0BATEIBLHOCTD {x,’lk} IIOCJIeIOBATEIBHOCTH {X,} TaKiKe
CXOAUTCA K TOUKe X, 160 IIpu k£ — 0,

_x0| — 0.

1
s, =0l < Jxs, = 0, |+, — 0l (S o L, ]

(6.16) Ny iy,
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ITosTomy
klim f(x,’lk) = f(xq)- (6.20)

N3 (6.19) u (6.20) caexyeT, uTO
Tim [fx},) = 6, )] = Fxo) = F(x0) = 0,

a 9TO MPOTUBOPEUYUT YyCJIOBUIO, UYTO IIPU BCEX k= 1, 2, ... BBIIIOJI-
HAEeTCA HEPaBE€HCTBO

) = i) 2 e >0,

ITosnyuennoe mpoTuBOopeure fOKa3bIBaeT TeopeMy. O

YcioBue paBHOMEPHOUM HEMPEPBIBHOCTU MOMKHO chopMyaIm-
pOBaTh B TepMUHAX TaK Ha3bIBaeMbIX KoJebaHWII (PYHKIIUU Ha
OTpe3Kax.
OnpeaeneHue 4. [Tycmv Qpynkyus f sadana Ha ompeske
[a, b]. Tozda seaununa

W(f; [a, b)) = sup |f(x") — f(x)| (6.21)
x,x' O[a, b]

Ha3bvleaemcs kKonebanuem Qynkyuu f na ompeske [a, b].

W3 aByx smauenwuit f(x') — f(x) u f(x) — f(x') ogHO 3aBemoMO
HEOTPUIlATeJHLHO U, CJIeOBATEJIHLHO, HE MEHBIIIEe BTOPOTO, TI09TO-
MYy BeJIMUMHA BePXHEUW rpaHu B MpaBoOM yacTu paBeHcTBa (6.21)
He U3MEHUTCS, eCIU BMeCTO abCOMIOTHOM BenuuHs! |f(x') — f(x)|
paszoctu f(x') — f(x) mocTaBUTL caMy 3Ty PA3HOCTD:

w(f; [a, b) = sup  [f(x) - f(x)].
x,x' 0[a, b]

CuopaBeyIinBO ciIenyIoIee YTBEPIKIEHUE.

I Toro uTob6bl GyHKIMUA f OblJIa PABHOMEPHO HeIpephIBHA
Ha oTpesKe [a, b], He0O6XOAMMO U AOCTATOUHO, UTOOBI AJIA JIO0O-
ro € > 0 cymrecTBoBao Takoe 0 > 0, 4ToO KaKoB Obl HU GBLI OTPE-
30K [x, x'] = [a, b] naunb! MenbItei 0: 0 < x' — x < &, BBINOJHSA-

JI0Ch HEPABEHCTBO
o(f; [x, x']) <e. (6.22)

JleficTBUTEIBHO, TIOCKOJIBKY X, X' € [x, x'], m3 HepaBeHCTBa
(6.22) carenmyer, uto |f(x') — f(x)| < €, mMOaTOMY BBIIOIHSAETCH YT-
Bep:kaenue (6.15).

O6parHoO, ecau cIpaBeAJuBO yTBep:xKAeHume (6.15), To muaa
Jgwoboro € > 0 maiigerca Takoe O > 0, 4TO A JIIOOBIX JBYX TOUEK
x u x' orpeska [a, b], yAOBIETBOPAIIINX yCIOBUIO |x' — x| < J,
HMeeT MecTO HepaBeHCTBO [f(x') — f(x)| < /2.
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IIycrs pus onpenenenroctr x < x'. s Mr00BIX JBYX TOYEK &
u N orpeska [x, x'], OUEBUAHO, BBHIIOJHAETCS HEPABEHCTBO
0<|n- & < x'— x <, cnegosarenbHO, U HepaBeHCTBO [f(N) —
— f(&)| < €/2. IosTomy musa mo6oro orpesxa [x, x'] Takoro, uTo
0<x'—x <90, umeem

of; [, XD = sup | [f00) - O < 5 <eO
&, n0[x, x']

YacTo OKa3bIBaeTCA YAOOHBIM €Ille OJUH MOAXO0M K MOHATUIO
DPaBHOMEDHOM HENPEPHIBHOCTU, & UMEHHO TIONXO0[, CBA3AHHBIH C
MOHATHEM MOAYJIS HEIPEPBIBHOCTYU (DYHKIIVN.
OnpeaeneHue 5 Modyrem nenpepvienocmu wW(0; ) pynryuu
f, onpedenennoii Ha ompeske [a, b], Ha3vl8aemcs PYHKUUS

w(d; f) = su;T lf(x") — f(x")|, x', x" €[a, b]. (6.23)

WNnorza myia xpaTkocTu BMecTo 6X0; f) OyaeM MucaTh IMPOCTO
w(0). Kak u B ciayuae onpegesieHusa Konebanua pyuxnun (6.21),
oo 3HAKOM BepxHell rpaHuM B mpaBoii uacTu paBeHcTBa (6.23)
MOKHO He IIHCATh 3HaK aOCOJIOTHOM BeJIWUYUHBLI PasHOCTHU
[f(x") — f(x')|, a 6paTh camy pasHOCTH — 3HAuUeHHe BepXHeil rpa-
HU IIPU 9TOM He U3MEHUTC:

w(d; f) = s [f(x") = f(x")], x', x" €[a, b].

<o
OueBuJHO, YTO (.0(6) > 0. Hanee, ecau 0 < ; < &y, TO

{y:y=1&") -1 <) =
H{y 1y =1f(x") — f(x'), |x" — x'| < &},

n

OTKYyzIa

sup [f(x") - f(x)]< su [f(x") = f(x)], ', x" € [a, b],
|x" - x| < 3, [x" — x| < B,
T. e. W(0;) < W(dy). ATO O3HAYAET, YTO MOAYJb HEIPEPHIBHOCTHU
ABJISIETCA Bo3pacTaloieil PyHKITHen.

Mpumepsl 1. Halinem X(0) misa GyHKIUU y = xz, —00 <

<x <400,
s mro6oro 6 > 0 1 IPOUSBOJIBLHOTO (PDMKCHUPOBAHHOTO X IMeeM
2 2
2
wd; x)= sup (x" —-x'" )=
[x" —x'|<

> x2 = (x9 — 8)% = 2xyd — &% (6.24)
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9TO HepaBEHCTBO BEPHO JJIA BCEX X, U yA
Tak Kak IIpU JI00M (PUKCHPOBAHHOM O w(6){

nmeeM lim (2xy0 — 62) =+00, TOMWM3 [ T~
X9 » +

|
(6.24) monyuaem :
|
|

w(0; x2) = 400, —00 < x < 400,
Haiinem Temeph MOAyJabh HENPEPHIB- o a 1- 6 1>x

HOCTU (QYHKIUU Y = x? mHa OTpe3Ke
[0, 1]. UHTYUTUBHO SCHO, UTO TaK Kak
MOJYJIb HEIPepPBIBHOCTH GX0) OMUCHIBA-
€T, COIJIaCHO OIIpefiesIeHUI0, HauOOoJIbIINI POCT (hYHKIIUYM HA OT-
pesKe IJIUHBI O, TO, YTOOBI MOJYYUTH MOAYJh HEIPEPHIBHOCTU
(GyHKIIMK, B TaHHOM CJy4Yae CcJeIyeT B3sATb oTpe3ok [1 — O, 1],

Puc. 35

Ha KOoTopoM pyHKIUA f(x) = xz, 0 < x < 1, pacrer HaunboJiee ObI-
CTPO: MOAYJb HEIpepLIBHOCTHU coBIazaeT (puc. 35) ¢ mpupaiie-
HueM (YHKIIMKA Ha 3TOM oTpeske 6X0) = f(1) - f(1 -3 =1-(1 —
- 8)2=25- &

AHalIuTHYeCK: 3TO IHpOBepseTcs CJIeAYIOIUM o0pasoM.
IIyects 0 < x" —0< x' < x" <1 mu, cregoBarensHo, 0 < x" —x' < 9,
TOr[4a, B CUJIy HepaBeHCTBA
"2 (x" - 8% =2x"8- 8 < 25— &,

2 2
x""—x'"" < «x

TMOJIYUUM

w(3; x2)=| sup (2" -x'?)<25-8, (6.25)
X

-x'|<3
HO ecsm B3aATL X' =1 -9, x" =1, To

co(é;xz)=| sup (¢ —x'?)>1-(1-8)°=25-&. (6.26)

x"-x|<8
W3 omenox (6.25) u (6.26) caexyer, uto Ha orpeske [0, 1]
umeeM w(0; xz) - 25- &%

1 .
2. PaccmorpuM QyHKIIUIO Yy = Sin X # 0. C omHOU CTOPOHBI,

. .1 .
Q)%%; sm%EZ sup ’sm — —sin 1<
|x"—x’\<6 X x'
< sup Hsin i‘ + ‘sin ‘l‘;g < sup 2=2.
|x" - x'[<3 x x' |x" - x'|< 3
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C npyroii cTOpOHEI, BEIOpaB X, 1/ T4 21 D, x, = I/EETH—
+ 2T u 3aUKCUPOBAB N TaK, UTO |xn| < g e (-2) , ¥ TIO3TOMY
lxh — x| < x| +|x0| < 3, Gymem umers
ooEB s1n31- s1n%—s1ni,—1+1—2
¥ [ x

n n

W3 moyueHHBIX OIEHOK CJIEAYET, UTO (A)EQS; sin %1-5 E = 2.

3. Paccmorpum yHKIIUIO Iy = i Ha uHTepBaJe (0, 1).
IIpu sr060m purcupoBanuom 0, 0 < 0 < 1, umeem
w%.}l_D_ sup ol _alr_ sup ol _ %%

X0 |y —xl<slx X[ p<x<«s+80K '
S U U
T xy xg+d  xo(xg+90)

— +oo mpu x, — +0.

Taxum o6paszom, coEB = +00,

B tepmunmax Mo,uyna HENPEePLIBHOCTU (PYHKIIUU ee PaBHO-
MepHas HEIIPEePhIBHOCTL MOMKET OBITH OITMCAHA CJEMYIOIIUM 00-
pasoMm.

TEOPEMA 6. /[na mozo umobv. onpedeleHHAs HA ompe3ke
QYHKYUA OblLIA PABHOMEPHO HENnpepvl8HA HA HeM, Heobxo0umo
u docmamouHo, wmoowt

lim w(d; f) = 0. (6.27)
6-0

AokasateAbcTBO. Ilycth QpyHKIUA [ paBHOMEPHO HeIpe-
pBIBHA Ha oTpeske [a, b], T.e. BeImosmHAeTcA ycyoBue (6.15),
rorga aia Jroboro € > 0 cymiectByer Takoe O, > 0, uTO ecum
x' €[a, b], x" €[a, b], |x" — x| <&, To |[f(x") — f(x")| < % Orciona
ciIenyer, 4To Jiid jaoboro 0, 0 < & < d;, BEIIOJHAETCA HEPaBeH-
CTBO
n 8
oo(6;f)=‘ su;T If(x") — f(x")| < 5 <& x', x"€[a, b],

T.e. ecqiu 0 < O< 58, o W(d; f)< €. OTO M o3HAUAET, UTO

limuw(d; f)=0.Heob6xomgumocTh ycaoBus (6.27) nokasana.

—

JloKkaxkeM ero JOCTAaTOYHOCTD JJIA PAaBHOMEPHOH He-
npepbIBHOCTU. BrimosrHeHue ycaoBud (6.27) odHayaeT, 4TO JJIs
so6oro € > 0 cymectByer Takoe O, > 0, uro ecau 0 < d < &, TO
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w(9; f) < €. Bribepem Kakxoe-inbo um3 ykasamabix 0. Torma mpu
|x" — x'| <8, x' €[a, b], x" € [a, b] umeem (cM. (6.23)):

f(x") = f(x") < X3; f) <,
T. e. QyHKIIUA f paBHOMEPHO HeIpephbiBHA Ha oTpesKe [a, b]. O

VIIPA’)RHEHHWE. HeupeprsiBHasA Ha oTpeske [a, b] QyHKIuA f(x) HaskIBaeT-
cA KYCOUHO-UHElHOL, eCIN CYIIleCTBYeT Takoe pa3dueHue orpeska [a, b] Ha
KOHeUHOe UHCJIO0 OTPe3KoB [x; _ 1, x;],

a=xg<x;<.<x;<.<x, 1<x,=b,
uro pyHKIuA f(x) TnHeiiHA Ha KaskAoM oTpeske [x; 1, x;],i=1, 2, ..., n.

IokasaTh, UTO BCAKAasdA HEIpephIBHASA Ha oTpeske [a, b] dyuknua F(x) mo-
JKeT OBITH C JII000U CTeIeHbIO0 TOUHOCTU alllIPOKCUMUPOBAaHA KYCOUHO-JTUHEH-
HOII YHKIHEH, T. e. AJs Jioboro € > 0 cyliecTByeT TaKasd KyCOUHO-JIHHEMH-
Hasa GyHKRIUA f(x), uTOo MidA Bcex x € [a, b] BhINOJHSETCS HEPaBEHCTBO
|[F(x) - f(x)| <.

§7.

HenpepblBHOCTb 9AEMEHTAPHBIX GYHKLNIA

7.1. MHOro4YA€eHb! U PAUUOHAAbHbIE PYHKLUMU

TEOPEMA 1. JI060il MHOz0uNleH HenpepvléeH 8 Kaxdoll mouke
YUCL0B0IL OCU.

B camom gene, GyHKIIUA Y = ¢, Tie ¢ — IIOCTOSTHHAA, Helpe-
pBIBHA Ha Bcell umucyoBoil ocu R. 9To mokasamo B mpumepe 1
m. 5.12.

dyHKNUA BHUAA Y= X  TaKKe HeNpephIBHA IPH KA KIOM
durcupoBanuoMm n € N B Ji000i Touke x € R. 9To moxkasaHo B
. 6.3 (cM. IpuBeAeHHBIA TaM IPUMED).

Bceakwuii sxe MHOrOuJIeH nostydaercsa us GyHKIUM BUja y = ¢

ny=x" c IOMOIIBIO UX CIOKEHIA U YMHOKEHNIA, a IOITOMY AB-
JISeTCs HeIIPepPLIBHOII (PYHKIMEN B KayKIOM TOUKE UMCJIOBOM
ocu R (cm. 1. 5.10). O

P(x)
—— (P(x) u
Q(x) (P(x)

Q(x) — MHOZOUNEHbL) HEeNnpepvlBHA B0 B8CeX MOUKAX HUCI0801L

TEOPEMA 2. Beakasa paAuuoOHaLbHAL QYHKUUA
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ocu R, 8 xomopvix ee 3nHamenamenv Q(x) He obpawaemcs 8
HYJb.

9TO HEMOCPEACTBEHHO CIEAYET M3 TOT'0, YTO MHOTOUWIEHBI P(x)
¥ @Q(x) HEIIPEPhIBHLI B KAXKI0M TOUuKe X € R U yacTHOe HelrpephIB-
HBIX QYHKIIUH TaKKe HeIPephIBHO BO BCEX TOUYKAX YMCJIOBOM OCH,
B KOTOPBIX JIEeJINTeJIb He o0palfaeTca B HyJIb (cM. 1. 5.10).

9Ty TeopeMy yAOOHO MCIIOJIb30BATh IPU HAXOKIECHUU IIpee-
JOB pamnuoHaJbHBIX GQyHKIuiA. Ilycts Tpebyerca wHauTu

P(x)

lim Ok JlJIst 3TOTrO HYKHO CHaJaJia, ecjiu, KOHEeUHO, 3TO BO3-
X - Xo
P(x)

MOJKHO, COKPATUTH IPO0H Q(x) H& MHOKHTENH (x — x¢)" c Ha-
MOOJBIITIM BO3MOXKHBIM ITOKasaTeneM n > 1. Eciu moayuwms-
1(x)

P
MIyIOCsA PAI[MOHAJBHYIO IPO0L 0003HAUNTH 9.’ To (cM. 1. 5.4)
1

lim B&) Py(x)

con e T T e

Ecim Q(xy) # 0, To, B cuy TeopeMsl 2, 3TOT IIpefie]l PaBeH

Pq(xg)
Ql(xo) , eca 2Ke @;(xg) = 0 (u, smauwmr, P,(xy) # 0, u60 B IPOTHUB-
1(Xg
Pq(x)
HOM cJyuae Apo0Ob Q,(x) MOXHO OBLIO OB COKPATUTH HA X — X;),
1
TO 9TOT Ipees paBeH o°,
Z
. - 3x+ ) -
NMpumepsl. 1. lim % = 1 x+§ =_%
x -1 x" -1 x> 1 x
2
2. lim x—3x—;2 = lim x_? = 00,
x-1 (x-1) x 1%

7.2. MokasareAbHas, Aorapudmmyeckas
M cTeneHHas GyHKummn

BhLIACHUM Temepbh, YTO MOHMMAETCA IIOJ CTEeIIeHbIO a4, KOTAA @ U
X — JeMcTBUTEJbHBIE umcaa, a > 0. Hampumep, uTo o3Hauaer

2
BBIpasKeHUe T[[ ?

IIpexxne Bcero HAIIOMHUM CBOICTBA CTelleHU a , The a > 0,
r — pamnmoHaJIbHOe YUCJ0: = p/q, p u ¢ — 1enwle, ¢ = 0 (cm.

m. 2.6).
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0 51 )
1°. IIyecmo ry <ry. Ecaua>1, moa <a ,aecaua<l,

1 o
mo a >a .

0 N Ty rytry
2°.a +a”"=a .

.
0 Ty, 2 rTg
3.(a’) =a ".
3nech Besle r, 'y U 'y — paljoHaJIbHbIe yncaa. BenomauM,
0 _ o 0 r -r__ 0_
yro a = 1. I3 cBoiicTBa 2~ ciaexnyetr,utoa a =a = 1, oTKyza

a"=21. (7.1)

. 0
Hanee, us cBoiicrBa 1 u u3 (7.1) BLEITEKAET, UTO

a >0 (7.2)
JUULA JTI0O00TO partmoHasbHoro 1. JleficTBurenbHo, ecnmur>0ua > 1,

TO, B CUJIY 10, a>a’=1>0. Orcioga, coraacHo (7.1), umeem

a"==L >0, (7.3)

a
AHaJIOTUYHO JOKasbIBaeTCcsA HepaBeHCTBO a > 0 mpu a < 1.
OrmMmeTum elre, 4TO AJs JOOBIX a > 0, b > 0 u r € @ umeeT MecTO
PaBeHCTBO

(ab) = a'd". (7.4)

OnpesenuM Temeph CTeTIeHb @ JIA JI060T0 TeHCTBUTEILHOIO
xma>0.
Onpeaenenue 1. ITycmo a > 0, x — npoussonvbHoe delicmaumesv-
Hoe yucao, Q — MHONMCeCmE0 8cex PAUUOHALbHBLX duces. Ilo-
JLOHCUM
a*= lim d'. (7.5)
r— xg, rd@
9To ompeeieHNe UMeeT CMBIC, TAK KaK KasK/aasi TOUKa Yuc-
JIOBOM OCHU ABJIAETCS TOUKON NMPUKOCHOBEHWSA MHOYKECTBA BCeX
parnroHaJIbHBIX uucea (cM. ciaencTBue u3 jeMMbl 1 B 1. 4.10).
OHO KOPPEKTHO B TOM CMBICJIE, UTO YKA3aHHBIN IIPEesI CYIIecT-
ByeT, KaK 9TO JOKasaHO HUKe, AJA JIIO00TO AeHCTBUTEIHLHOTO
yucaa x € R. Ilpu mokasaTeabcTBe OyeM MCIIOJIb30BATH OIIpe-
neidenue mpengena GyHKmum no [eiine (cM. ompenenenue 1 B
. 5.4).
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IIyctba >0, x€R,r,€Q,n=1,2,...,u lim r, = x. Iloka-

n - o
r
JKeM, 4TO IIoCgIefOoBaTeJIbHOCTD {a n} YAOBJIETBOPAET YCJIOBUAM
KpHTepHHIﬂHHH(CM.H.4.7)H,3HaqHT,ﬂBHHETCHCXOHHHwﬁCﬂ.
,uJIﬂ 3TOoro HeO6XO,III/IMO OII€EHUTH PA3HOCTH

r r r r.—r
la" —a™|=a"la” ™ -1, neN,meN. (7.6)
ITocnemoBaTe bHOCTD {r,} CXOAUTCA U, CIELOBATEIbHO, OTPAHU-

yeHa (cM. 1. 3.4), IO03TOMY CYIIIECTBYeT TaKoe Uucjao A, KoTopoe
0e3 orpaHuuYeHUA OOIHOCTA MOXKHO CUHTATH PAIlMOHAIbHBIM

-A
(mouemy?), uro —A <r, <A. Orcioga B ciydae a > 1 umeem a =~ <

r A -A T A
<a"<a”, aBcayuae a <1 — cooTBeTcTBeHHO @ ~ > a " > a’,
n=1, 2, ..., mosTomMy Ipu JioooMm a > 0 cyIIecTByeT TaKoe YuC-
Jo B, uro

r
a"<B, n=1,2, ... (7.7)

A -A
B=a mpua>1uB=a" upua<1),T.e. mociegoBaTeb-

R
HOCTB {a "} OTpaHMYEHA CBEePXY 4HUCJIOM B.

Hamee, corsacHo sameuanuio 2 m. 5.14 (cm. popmyay (5.69))
lim = 1. ITosTomy ajss ao6oro puKcUpoBaHHOTO € > 0 cyImecT-

r-20
nel

ByeT Taxkoe O = O(€) > 0, uTO I BCeX PAIMOHAJBHBIX I, VIOB-
JIeTBOPAIOIIUX YCIOBUIO || < 8, BLITIOJIHEHO HePABEHCTBO

la” - 1] < %. (7.8)

W3 cxonuMoCTH Ke I0CIeN0BaTeIbHOCTH {r,}, B CUJIy KPUTe-

pusa Komu (ecm. 1. 3.7), caenyer, uTo s HaigeaHoro 0 > 0 cy-
II[eCTBYeT TAKOH HOMED Ng, YTO AJIA BCEX N > Ng U M > Ng BBIIIOJI-

HsAETCS HePaBeHCTBO |r, — r,,| < O u, 3Hauur, B cuuy (7.8), Hepa-

BEHCTBO
r,.—r

n m &
la 1)< L. (7.9)
U3 (7.6), (7.7) u (7.9) BBITEKaeT, YTO IJA BCEX N > Ng U M > N
r r
CIIpaBeIJIMBO HEPAaBeHCTBO |a  — a | < €, OTKy[a, B CIIy KpPHUTe-

r
pusa Ko, ciemyer, 4To IoCJIeL0BaTeIbLHOCTD {a "} CXOTUTCA.
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Wrak, agns mo60i mocaen0BaTeIbHOCTY PAIlOHAIbHEBIX UH-

.
cenr,,n=1,2,.., limr,= x, mocrenoBaTeJbHOCTH G " exo-

n —» o

nurcsa. Orcioga, coraacHo JiemMe 4 u3 II. 5.6, HeImocpeaCTBEHHO
clenyer cyimecrtBoBaHMe mpegena (7.5) dyHKmuu a’, r € @, B

tTouke x € R. KoppeKTHOCTD OIpe/iesieHus a” JOKa3aHa.
Omnpenenenne 1 ecTeCTBEHHO B TOM CMBICJIE, UTO B TOM CJIY-

x
yae, Korma X dABJIAETCA PallMOHAJBbHBIM YMCJIOM I, CTEIIEHBb a4

COBIIaZaeT CO 3HaUeHMeM a B paHee M3BECTHOM CMbIcie. B ca-
MOM JeJjie, eCJI X = I' — palluoHaJIbHOe YKCJIO0, TO B KauecTBe IIo-
clleoBaTeJIbHOCTH PalliOHAJIbHBIX Unucenr,, n=1, 2, ..., cxo-
sAmenca K YUCIy X = 1, MOKHO B3ATb r, =1, n=1, 2, ... . Tor-
Jla, cOTJIacHO omnpeaeeHunio 1,

.

a*= lima" = lima =d. (7.10)
n —» o n — oo

OnpeaeneHue 2. I[Tycmsv 3adano Hexomopoe yucao a > 0. Pyuk-

uusa a*, onpedenennas 0as eécex x € R, nasvieaemca nokasa-

meJabHOU QYHKYUE ¢ OCHOBAHUEM Q.

B cayuae a = e pyHKIIUA e* obo3HaUaeTCa TaKKe exp X U Ha-
3bIBAETCS IKCNOHEHMOIL.

Corsacuo onpegenernnio 1, 1¥ = 1 nia Bcex mefiCTBUTENIBHBIX
x. ITosTomy caydait a = 1 He mpeAcTaBdgeT UHTEPECA U B AAJb-
HeiirieM MbI He Oy/ZleM ero paccMaTpPUBATh.

TEOPEMA 3. [Toxazamenvrnas ¢pyurxyua a (a > 0) o6radaem
caedyowumu ceolicmaamu.

1°. IIpu a > 1 ona cmpozo 8o3pacmaem, a npu a <1 — cmpozo
ybvieaem Ha 8ceil 1UCA060il OCU.

Ilna nobvix delicmaeumenvtublx X U Y cnpagediusgsl caedyoujue
pasencmea:

0 +
2°.a"a"=a""".
0
3". (@)’ =a".
0 . .
4", Pynkyua a* HenpepvLEHA HA 6Cell YUCLOB0IL OCU.

0 .
5 . Mnosxcecmeom 3navenuii pynryuu a, a> 0, a# 1, asra-
emces MHONCECMB0 8CeX NOJLONCUMELbHbLX LUCeL.
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AOKA3ATEABCTBO CBOMCTBA 19, Ilycte nns ompenmeseH-
HOCTH @ > 1 u x < y. CyiiecTByIOT (moueMy?) TaKkue parmoHaIb-
Hele uncaa r' ur", uro x < r' <r" < y. BelbepeM KaKkue-a1160 110-

CJIeJ0BATeIbHOCTY PAIMOHAIBHBIX YuCeJ {7, } u { I, } TaK, 4TOOBI

limr, =x, lim r) =ywuuroberr, <r' <r" < r, nuaaBcex n =
n —» oo n — oo
=1,2,....Torma

1 "

, r

<a"; (7.11)

r 1
an<ar<ar

Hmepeiifsa K Ipefesy IpHU 1 — OO, HOJIYIUM
a*<a <a <d'.

X
Taxum 06pasoM, eciu x <y, To a* < a’, 4To 1 03HAUAET CTPO-

roe Bo3pacTanue (GOyHKIUT a” opu a > 1.
Cayuaii a < 1 paccMaTpuBaeTcsa aHAJOTUUYHBIM o6pa3oM. O

Aokasateabcteo csoinctea 2 Iyers {r!} u {r"} — ra-

KHe II0CJIel0BaTeIbHOCTH PalMOHAJBHBIX UMCeN, YTo lim r; =
n — oo
=X, r, =yu, 3Hauur, lim (r, + r;)=x+y (cm. 0. 3.9). Tor-
n — oo
Ila, B CUJIY OITpe/leIeHus IT0Ka3aTeJIbHON QyHKIINY,
ro+r r.oor
lima” "= lima"a"=

n — oo n - o

+
a* Y=

' "

. rn . rﬂ
= lima lima =a
n — oo n - o

*a¥. O

IIpeskne uyeM MePEXOqUTh K [JOKA3aTEJIbCTBY CJETYIOITUX

. . 0
CBOICTB, 3aMETHUM, UTO M3 CBOIMCTBA 2" CJENYET, UTO AJS JII0O0TO
IEeNCTBUTEJIILHOTO X CIIPAaBEIJINBO PABEHCTBO a‘a = ao =1, mo-
sTomy a ~ =1/a”.

y . 0

AokasateAabcTBo cBoncTea 4°. (CsoiicTBo 3~ Oyzmer

o 0
AOKa3aHO IIoCJie JOKa3aTeJIbCTBa CBOMCTBA 4 ) Hpem,&e BCero
OTMETHUM, 4YTO

im a*=1. (7.12)
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o o X

IeficTBUTENBHO, B CITY AOKA3aHHON MOHOTOHHOCTH (PYKHIIUY A,
. 0

a > 0 (cBoiictBo 1°), CYIIECTBYIOT OJHOCTOPOHHUE IIPEAEJIbI

lim ¢ u lim a*. Paccy:xzas aHAJIOTHUYHO [OKAa3aTebCTBY
x - —0 x - +0
dopmyasr  (5.69) (TombKO He TIpedmoJaras, UTO X —

paloHAJILHOE UHCJIO, a PACCMATPUBAA JIIOObIE AeliCTBUTENbHBIE
YucIa), IoJaydaeM

lim o= lim 4 =1-= lim  4"= lim %
x - —0 r--0,rgd@ r-+0,rdQ x - +0
OTCIOZIA U CJIenyeT paBeHCTBO (7.12).

ITycTts Temeps x € R, x puKcupoBaHo, y =a" u

+A A A
Ay=a" " —a"=a"a"" —a*=a"(@" -1).

Torna, B cuiy (7.12), lim @®* = 1 u mostomy
Ax - 0
lim Ay =a* lim (@™ -1)=0,

a 9TO M O3HAYaeT HEIIPEPHhIBHOCTH (I)YHK.HI/II/I ax B TOuKe Xx. O

AokasaTeabcTso ceonctea 3% IIycTh cHavama y = p —
ImeJjyioe IIOJIOMKHTEJIbHOE  UYMCIIO; Torga IIpUMEHUB p pas

. 0
CBOMICTBO 2, MOJYUYUM

P pas
(—Aﬁ
p
(@) =a“a"..a° =a* " T =g, (7.13)
\ﬁ—)
P pas
IIycrts, manee, y = 1/q, roe q — 11eJi0€ MOJOMKUTEIHLHOE UHC-

/q

1/q _ x/q x
a’’, T.e.d4To @' ABJIAETCA KOPHEM

X

Jo. IToxkaxem, uro (a™)
o X

g-1i crenieHu u3 yucya @ . s 3TOro, COTJIACHO OIPEAeIeHUIO

KOPHSA, HAJ0 J0KasaTh, 4To (a*/ ‘l)q = a“; 5TO ciefyeT U3 paBeH-
ctBa (7.13).

IIycts Teneps y = p/q, p U ¢ — HaTypaJbHBIE, TOTZA, COTJIAC-
HO y2XKe JOKa3aHHOMY,

(ax)p/q = [(@®)"] 1/q _ (axp)l/q — g"P/1

Ecnu xxe y = —p/q, T0

(ax)—p/q= 1 _ 1 — g ¥4
x\P/q axp/q :

(a”)
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Haxomnern, oueBugHO, YTO (ax)o =1=4° Takum obpasom mo-
Kas3aHo, UTO AJIS JII0OOTO AeHCTBUTEJbHOrO X M JII0OOrO paru-
OHAJBLHOI'O I

@) =a". (7.14)

IIycrs Temephb 3agaHO eIlje OJHO OefCTBUTEJNbHOE UYHCIO Y.
PaccMOTpPUM NPOMBBOJIBHYIO IIOCJIEJOBATEIbHOCTb {r,} palu-
OHAJIBHBIX YHCEJ, cXohsamyioca K y. Torga, B cuny (7.14), nnsa
Bcex n =1, 2, ... OyaeM UMeThb

r, xr

(@) =a " (7.15)

ITockonbky lim xr, = xy, TO, COrJIacHO NOKA3aHHOI BBIIIIE
n —» o
HeIIPepHIBHOCTH (PYHKIUNU a”, IMeeM

xXr
lima "=a"v. (7.16)

n — oo

C npyroii CTOPOHEIL, B CIJIY OIIpeIe/IeHNs IIOKAa3aTeJbHON (hYHKIUH,

r
lim (a®) " = (a“). (7.17)
n - o
ITepexoma x mpemeny B paBeHcTBe (7.15) mpu n — ©°, us
(7.16) u (7.17) monyuuM paccMaTpuBaeMoOe CBOMCTBO IJIS JIIO-
Opix X,y €R. O

. 0 0
3aMeTuM, UTO 13 CBOUCTB 2° 1 3~ CJEeAyeT, UTO

E%Ef=i a>0,x€R.

x b
HeiicTBUTENBHO,

i -@hr-a-

S =

AOKA3ATEABLCTBO CBOMNCTBA 59, IlycTs cHOBa OJ1a o1I-
penmenernHocTy a > 1. I[1a Toro 4ToOBI JOKA3aTh, UTO MHOKECT-

BOM 3HAueHWH (PYHKIUU a® ABIAETCA MHOKECTBO BCEX IOJIO-
JKUTEJBHBIX UMCeJI, T. €. 0eCKOHeuHbIH nHTepBas (0, +°), B cu-
Jy ee HENpPepLIBHOCTH M CTPOTOT0 BO3pacTaHUA Ha Bcel
YHCJIOBOM OCH, corJyiacHO Teopeme 4 1. 6.3, ZOCTATOUYHO HOKa-
3aTh, UTO

lim a*=+co, lim a*=0. (7.18)

X —» + oo X — — 0o
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X
B cusny MOHOTOHHOCTM (QGYHKIIMH a , Ipenesbl (KOHEUHBIE

niu 6eckoHeuHsle) lim a*m lim a” cymecTsyror, ciemoBare-
X - + o X — —o0o
JILHO, OCTATOYHO OKA3aTh, UTO

'

. xn . xn
lima " =+4+00, lima =0

n — oo n — oo
I KaKUX-Jub0 IIPOM3BOJLHBLIX (PMKCHPOBAHHBIX IIOCJIENOBa-
TeJBHOCTER X, — +00 U x, = —O0, HapuMep [JA IOocJef0Ba-
TeJbHOCTEH X, =n,x", =-n,n=1,2,....

ITo mpexmonoxkenuto, a > 1, r.e. a= 1+ a, rme a > 0. Ilo-

9TOMY, COTJIACHO HepaBeHCTBY Bepuyiau (cMm. Jemmy B 1. 4.9),

a"= (1+ a)*> no, mw Tak kKak limna= 400, To m

n - o
lim a" = +co. Orcrona

n —» oo

lima "= 1 _ 0.

. n
n - o lim a
n - o

Tem cambIM paBeHCTBO (7.18) ipu a > 1 moxasawmo.
Eciurenepp 0 <a<1l,T0b=1/a>1mn

lim ¢*= lim %g=;x=0,
X > 4+ X > + o lim b
X - +oo
. x 1
lim a = ——— =+00. 0
X —» — lim b
X — —00

Bameuanue 1. MHOXecTBO Bcex 3BHAUEHHH (PYHKIUU a”,
a >0, a #0, cocTaBiIsieT MHOXKECTBO BCEX IIOJIOMKUTEIbLHBIX Ieli-
CTBUTEJbHLIX UMCEJ, IO3TOMY, B UYACTHOCTH, IIPHU JiI0OoM X € R

nMeeT MeCTO HepaBE€HCTBO ax > 0.

3amMmeuanue 2. Ecaiua> 0, b> 0, To nisa sgo6oro x € R
CIIpaBeJINBO PABEHCTBO

(ab)* = a™b".
HeiictBuTenbHo, ecaur, —> X, r,€Q,n=1,2, ..., 10
r r r
(ab)* = lim (ab) " = lima "b" =
n — © n —» o
. T . Tn X%
= lim a lim b " =ab".0

n —» o n - o
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VIIPA)RHEHUE. Ilycts a > 0, b > 0. [lokasaTs, uTo AJ1s J0060T0 X € R nMme-

x
€T MeCTO PaBEHCTBO gg = a—x .
b

Bameuanue 3. Ecau r — panuoHaJbHOe uucyo u r > 0,
to 0" = 0, u, cilegoBaTeNBHO, NI JO60TO TefiICTBUTEIHHOTO UICIa

x > 0 cyimecTByeT mpeznes | 0" = 0. ITosTomy mpu x > 0

im
r-x,rd@
ompeneneHue (7.5) MOKHO pacmpocTpaHUTh M Ha caydaut a = 0,
IpHuYeM GyZeT HMeTh MecTo paBeHCTBO 07 = 0, x > 0.

OTMeTI/IM, yTO B 00JacTu lIefICTBPITeJIbHI;IX quceJ BO3BeJeE-

HUIO HYJS B HEIOJIOXKHUTEeIbHYIO cremeHb: 0%, x < 0 — Hennsa
MIPUIIACATh CMBICJIA.

Ilycts @ — mosoKuTesbHOE UMCJIO, He paBHOe eauHuie. V3
SJIEMEHTAPHOM MaTeMaTUKU M3BECTHO, UTO OIepalus, oOpaTHas
BO3BEIECHUIO B CTEIICHb 1 CTABSAIIAS B COOTBETCTBIE JAHHOMY UIC-

Iy X > 0 Takoe u1co Y, 4TO a’ = X (eCJII/I, KOHEUYHO, YKa3aHHOe Y

CYIIIECTBYET), HA3bIBAETCH JIOTapU(MMUPOBAHUEM II0 OCHOBAHUIO d.
Yucsio y HA3BIBAETCA J02APU@MOM UUCIA X TI0 OCHOBAHUIO @ U
obosHauaercsa yepes log, x. Takum oOpasoM, 110 OIIpesieJIeHNUIO,
log, x
a =x (a>0,a#1). (7.19)
OnpeaeneHue 3. Pynkyusi, cmasauias 6 coomeemcmaeue Kaic-
OJomy uucay x eezo nozapupm log, x no ocrosanuio a (a> 0,

a # 1), ecau amom nozapudm cyuwecmeyem, Ha3vl8aemcsa 102a-
pupmureckoil pynryueil y =log, x.

Jlorapudmuueckas GpyHKIUA m0 ocHoBaHUIO 10 0603HaUaeT-

csd CUMBOJIOM lg, a Mo ocHOBaHMUIO ¢ — CHUMBOJIOM In; In x HasbI-
BaeTcsa HAMypaJibHblm JorapudMoM Uucaa X.
TEOPEMA 4. @ynrkyua y =log, x, a >0, a # 1, onpedenena na
mHoMcecmae 6cex x> 0 u sasasemcsa HA IMOM MHOMCeCmMaEe
cmpozo MOHOMOHHOIUL (603pacmaruieil npu a > 1 u yobwvrearuieil
npu a < 1) HenpepvieHoll PyHKkyueil. OHa umeem caedywuiue
ceoiicmea:

1°. log, x1x5 =log, x; +log, x5, x; >0, x5>0.

2°. log, x*=alog, x, x>0, a € R.
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AOKa3aTeAbCcTBO. MHOKeCTBOM 3HAUYeHHWil (PYHKIUU a,
a>0,a#1, apagercs MHOMECTBO BCEX IIOJOMKUTEIbHBIX YHCEeJI
(0, +00), MOITOMY BTO K€ MHOYKECTBO SIBJISETCA ¥ MHOKECTBOM
ompeneeHuA 0o0paTHOH (GPYHKIIUM, KOTOPOH B MaHHOM CJydae
apngerca pyHrnud log, x (cm. (7.19)). 9tum, B yacTHOCTH, KO-
Kas3aHO CYyII[ecTBOBaHMe Jorapudma JH00Tr0 IIOJ0MKUTEIbHOTO
yucyaa. OcTajibHble YTBEPIKICHUA TeOPeMbl 4 HeIloCpPeACTBEHHO
caenqyIioT 13 TeopeMsbl 4 1. 6.3 1 TeopeMbl 3 HACTOAIIETro Iapar-
pada.

Hanpumep, nokaem, Kak CBOMCTBO 1° BBITeKaeT U3 cBojicTE
IOKAa3aTeJbHOU (PYyHKIINM, YKasaHHBIX B TeopeMme 3. Ilomoxkum
y; = log, x;, y, = log, x,. CornacHo onpenesenuto gorapudma,

9 Yo " 0
9TO O3HAYaeT, UTO X; = a@ , X9 = a . Orcioga (cM. cBOICTBO 2
MOKAa3aTeJbHON (ZYHKITUU B TeopeMe 3) uMeeM

Yy Vs Y1t Y,
xlxz =a a = a )

H, cJeL0BaTeJbHO, CHOBA, COIJIACHO OIIPeIeJIeHMIO Jorapudma,
log, x1x9 =y, + y,=1log, x; +log, x,. O

OnpeaeneHune 4. ITycmv 3adano OelicmeumenbHo Hucso 0.

a
Ddynryua x , onpedenennas das ecex x > 0, Ha3vieaemces cme-
neHHoOll yrKyueil c nokazamenem d.

TEOPEMA 5. CmeneHHas QYHKUUA x%, x>0, HenpepvleHa,
cmpozo o3pacmaem npu A > 0 u cmpoezo yovieaem npu o < 0.

HeficTBUTENILHO, M3 ONpeNeJeHUs Jiorapmpma wuMeeM X =

In x olnx

a a
=e , 4 IIO9TOMY X = e , T.€. X €eCTh KOMIIOSHUIIUA IIOKa-

3aTeJbHOH (DYHKINU e M JIorapu(MUUecKoil (PYHKIIIU, YMHO-
JKEHHO! Ha IOCTOSAHHYIO: U = O In x. ITokasaresbHas u Jiora-
pudmMuueckas (GYHKIIUM HEIPEPbIBHBI (CM. TeopeMbl 3 u 4),
O3TOMY, B CHJIy TEOPEMBI O HEIPEPHIBHOCTY KOMIIO3UIIUU He-

IPEPLIBHBIX (DYHKOMH (cM. 1. 5.2), QYHKIUA X TaksKe HeIpe-
PBIBHA.

dyurnua Inx crporo Bospacraer, IMO3TOMY (QYHKIIUSI

[of oln x
x =e cTporo BoadpacTtaer npu O > 0 u cTporo yosIBaeT mpu

a<0.0
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a
IIpu paccmoTpeHNU GQYHKIUU X IPEANOJIArajioch, YTO X >

a
> 0. B Touke x = 0 QyHKIIUS X oOIIpejeseHa He IJIs BCceX 3HaAUe-

Huii mnokasatead O. Ecam o >0, To cylecTByeT IIpejel

. o . ol :
lim x“= lim e""*=0, rak kak lim ln x = —co. ITo om-

x> +0 x> +0 x> +0

penenenuio mosaramor (cM. sameuanume 3) 0= 0, a > 0. Ipu

a

sToM onpeznenennu (7.20) PyHKIIUSI X OKa3bIBAETCA HEIIPEPHIB-
HOI cupaBa B Touke x = 0 mpu aro6om o > 0:

. (of a

lim x"=0=0". (7.20)
x - +0
a o

DYHKIIMA X MOKET OKas3aThCs OIpPelesIeHHON IIPU HEeKOTO-

tn +1/(2n-1
pBIx O # 0 i mrs x < 0, mampumep, x- ", x* /@D ne N,

CremeHHas (PYHKIIAA X HeIpepHIBHA BO BCEX TOUKAX, B KO-
TOPBLIX OHA OIlpefesieHa. JTO CJeAyeT M3 TOT0, YTO €CJU OHa
ompeneneHa mpu x <0, ToO ABIgETCA YETHOW WM HeUETHON
dyuxknueii. Eciu ke ueTHas uJAM HeueTHas (GYHKIUA He-
npepbiBHa 1mpu Xx >0, To oHa HempepbiBHAa um npu x <0
(mouemy?). Ecau ke B Touke x = 0 ueTHas nian HedeTHAA PYHK-
IIUA HelIpepbIBHA CIpaBa M paBHAa HYJIIO, TO OHA IIPOCTO HeIpe-
PBIBHA B 3TO# TOUKe (mouemy?). ITOT caydail UMeeT MeCTO P
a > 0 (cm. (7.20)).

7.3. TpuroHomeTpuyeckume
M O6paTHbIe TPUrOHOMETPUYeCcKkmne GyHKLMU

IlepeiizeM K BOIpOCY O HEIPEPBLIBHOCTU TPUTOHOMETPUUECKUX
dyurnuii. IIpu sTom He OyAeM TPUBOAUTH CTPOTUX AHAJIUTH-
YeCKHX OIpefesieHuil 9Tux (PYHKIUI (Kak 9TO ObLIO CHOEeJIaHO
BBIIIIEe B CJIy4Yae MMOKAa3aTeJbHON (PYHKIIMHM), a HCIIOJb3yeM HX
reoMeTpuUecKoe oOIpesieieHre, U3BECTHOE U3 dJIeMEeHTapHOU Ma-
TeMaTUKU. BCcogy B HaJbHEHIIIEM X — OeMCTBUTEJIbLHOE YMCJIIO,
a mojx sin x, cos x, tg x, ctg x 6ygem mompasymMeBaTh 3HaAUEHUE
COOTBETCTBYIOINE!l TPUTOHOMETPHUUECKON (DYHKIINU yrJja, pajau-
aHHaA Mepa KOTOPOTO PaBHA X.

AEMMA. IIpu ntobom OeiicmeumenbHoOM X CNpasedauso Hepa-
8EeHCMB0

|sin x| < |x
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AOKA3AaTeAbCTBO. PaccMoTpuM OK- A
DPYSKHOCTh paguyca R ¢ IEHTPOM B TOYKeE
O. Ilycrs pagumyc OB obOpasyer yroa x, B

0<x< 2 ¢ paguycom OA, a paguyc OB, R

cumMeTpuueH paguycy OB OTHOCUTEIb-
HO OA (puc. 36).

OnyctuM u3 TOUYKM B mepueHgu-
Kynap BC uma paguyc OA. Torma BC =
= Rsin x u, tak kak BC = CB;, umeeM

Puc. 36

BB; = 2R sin x. Kax msBecTtHO, gauHa nyru BAB; paBHa 2Rx.

HauHa oTpeska, COeJMHAIOIIETO ABE TOUKU, He TIPEBBIIIAET AJIN-
HBI Oy OKPYKHOCTU, COEIMHSIOINEIH Te »Ke TOUKMH, 3HAUHUT,

2R sin x < 2Rx, T. e. sin x < x.

I I
Ecau temeps ~3 Sx<0,T00<-—-x< 3 » U IIO9TOMY, B CHIIY

IOKa3aHHOro, Sin (—x) < —x, HO B JAaHHOM cJiy4dae sin (—x)=
= |sin x| u —x = |x|, cnenoBaTennbHo, |sin x| < |x|. Takum o6pasom,

ecin |x| < g, to [sin x| < |x|. Ecau e |x| > ’§l’ TO
lsin x| <1 < '5‘ <|x. O

TEOPEMA 6. Pyrnkyuu y = sin x, Yy = COS X Henpepui6Hb. HA
gcell 4ucn0860il ocu.

CAEACTBUE. Pyrnkyuu y=tg x u y = ctg x Henpepwviénvl npu
6cex X, npu Komopwvix cos x (coomeemcmeeHHO sin x) He obpa-
warnmces 6 Hyab.

AokasateAbcTBo. Tak Kak |sin o| < 1, |cos a| < 1 mpu mo-
Dx

60M O 1, B CILITY JIeMMBI, |sin )

| < %|Ax|, TO
sin (x + Ax) — sin x| < 2 ‘sin Az—x Hcos b+ A—zx H < |ax],

A4 T Ax[
lcos (x + Ax) — cos x| < 2 ‘sm > ‘ ‘sm e+ [‘ < |Ax].

Orcrooga caenyer, uto npum Ax — 0 JeBble YacTM HepPaBEHCTBa
TaKiKe CTPeMATCA K HYJI. OTO U O3HAYAET HEIPEePhIBHOCTD
GyHKIUH sin x u cos x.

sin x
COos X
TOPBIX 3HAMEHATEeJU He o0palaioTca B HyJIb, CJAeAyeT U3 Helpe-

COS X
HenpeprsiBHOCTE tg x = uctg x = sin x B TOYKax, B KO-
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PBIBHOCTH Sin X ¥ COS X ¥ TE€OPEMBI O YaCTHOM HeIPePBIBHBIX
dyuKI®HI (cM. 1. 5.10). O

TEOPEMA 7. Kaxcdas u3 o00pamubvix MPUZOHOMEMPUYECKUX
@yrkryuil arcsin x, arccos x, arctg x u arcctg x nenpepviéna 6
obracmu cgoezo onpedeseHUA.

Ito cpasy caenyer u3 TeopemM 3 u 4 B §6 u um3 mHempe-
PBIBHOCTM U1 CTPOTOM MOHOTOHHOCTM QMYHKIIUHM sinx Ha
oTtpeske [—T/2, /2], cos x Ha orpeske [0, T7, tg x Ha uHTEpPBa-
ae (—1/2, 11/2) u ctg x ma nuarepsae (0, ).

7.4. HenpepblBHOCTb SAEMEHTAPHbIX QYHKLUN

HenpepsIBHOCTL OCHOBHBIX 3JIeMEeHTApPHBIX (DYHKIIUH, JOKa3aH-
Had B 9TOM Iaparpade, I03BOJSET JOKAa3aTh TEOPEMY U O HelIpe-
PBIBHOCTU IPOU3BOJILHBIX 3JIEMEHTaPHBIX (QhYHKI[UIMA.

TEOPEMA 8. Bcakasa snemeHmapHas QYHKUUA HENPEepvl6HA 60
6cex mouKax ce6oezo MHoOJ)cecmea onpedenenus.

AokasateanbcTBO. CorsacHo ompeaesieHUIO, BCAKAA dJe-
MeHTapHasa QYHKIUSI I0JYyYaeTCs U3 OCHOBHBIX 3JIEMEHTAPHBIX
(GYHKIUI ¢ TOMOIIBI0 KOHEYHOTO YMcJia apu()MeTUIEeCKUX OIe-
panuii u KoMno3umnuut (cMm. 1. 5.3), T03TOMY €e HelIPEePhIBHOCTD
Ha MHOKECTBE OIIPeJieJIeHUsI cPasy CJeqyeT U3 HeIpPePLIBHOCTHU
OCHOBHBIX 9JIEMEHTAPHBIX QYHKIIMI HA MHOYKECTBaX UX Ompeje-
JeHusa (TeopeMbl 1—7), 13 CBOMCTB IpeneIoB PyHKINI, CBA3aH-
HBIX ¢ apu(MeTUUYECKUMU HeNCTBUAMM Haj (PyHKIuAMU (CM.
n. 5.10), ¥ HeOpepLIBHOCTY KOMMIO3UIINY HEIIPEPBhIBHBIX (PYHK-
mui (em. o. 5.16). O

§8.
CpaBHeHVE GYyHKLMIA. BelYMCAEHME NPEAEAOB

8.1. HekoTopble 3ameyaTeAbHble NPeAeAb!

B 9TOM IyHKTE BHIUMCIAIOTCSA HIpetesibl, KOTOPble HEOAHOKPATHO
OyIoyT BCTpeUyaThCA B JaIbHEHIIIeM.

AEMMA 1. _
lim 8% — 1. (8.1)

x -0
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AOKa3aTeAbCTBO. PaccMmorpum Kpyr
paguyca R c meuTpom B Touke O. Ilycth
paguyc OB obpasyetr yroa x, 0 < x <
< 1/2, ¢ paguycom OA. CoefuHUM TOU-
K1 A 1 B oTpe3koM 1 BOCCTAaBUM 13 TOU-
KU A mepuneHIuUKYJIAp K pazuycy OA mo
nepeceuenus B Touke C ¢ IPOJOIMKEHNEM
pazuyca OB (puc. 37). Torma miomiann

Q

\J

Tpeyroabuuka AOB pasHa %Rz sin x,
miomanbk cekropa AOB paBHaA %sz, a Puc. 37

mwiromianab TpeyroabHuka AOC paBHa %Rz tg x. TpeyroabHUK

AOB sBusercsa 4yacTbio ceKTopa AOB, KOTOpBIii, B CBOIO OuUe-
penn, ABJIAeTCA YacThio TpeyroabHuka AOC; mosToMy

1,52 . 1,2 1,2

§R sin x < ER x < ER tg x,
OoTKyza sin x < x < tg x, ciaegoBaTeybHO,

.x < 1
sin X COs X

WU, 3aMeHAS BeJIMUYNHBI UM O0PATHBIMH,

sImX 9. (8.2)

cos x <

o sin x
3aMeTuM, UTO B CUJIY YeTHOCTU (PYHKITHIL COS X U —  Hepa-

BeHCTBO (8.2) cupaBenyneo u npu —T/2 < x < 0.
Tak Kak GyHKIIUA cos X HenpepwsiBHA u cos 0 = 1, To u3 (8.2)
upu x — 0 crexgyer (cm. 1. 5.10) paBeucTso (8.1). O

CAEACTBUE 1.

lim BX -1, (8.3)
X — O x
B camowm geute,
lim tgx _ lim 2% lim =
x>0 % x -0 x - 0C0S¥

CAEACTBWUE 2.
i arcsin x __
m T =1.

(8.4)

x -0

DyHKIUA Iy = Sin X CTPOro MOHOTOHHA U HeIpepPhIBHA HA OT-

peske [-T/2, T/2], mosTomy obOpaTHad PYHKIMA X = arcsin y

TaKsKe CTPOTO MOHOTOHHA M HeIpepbIiBHA Ha oTpeske [—1; 1].
Tak xaxk sin 0 = 0, To

limy= limsinx=0 u lim x= lim arcsin x = 0.
x -0 x -0 y-0 x>0
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Yr0o6bI BEIYNCIUTE IIpenea (8.4), IpuMeHNM IIPABUJIO 3aMe-
HBI EePeMEeHHOTO MJA HpPeJeiOB HelIPepPbIBHBIX (MYHKIIUHA (CM.
Teopemy 6 B . 5.16). ITosoxkuB x = sin y, nmeem

lim arcsin x _ li arcsin (siny) _ 1. /]

x o0 x _yﬁo siny y_'osiny_
CAEACTBME 3.
lim ZSEX _ ¢ (8.5)

x -0
ITO PABEHCTBO MOJIYUAETCS AaHAJOTUYHO IIpenbiayirnemy us (8.3).
AEMMA 2. L
lim (1+ x)" =e. (8.6)

x -0

Panee (cM. 1. 4.5) OBLTIO JOKAa3aHO, YTO

o [ 10—
nh_,nio i1+ 30 =6 (8.7)
roe n=1, 2, .... Orcoga, B cuy JeMMbI 1I. 4.3, ciaeqyer, UTO

IJa 000 ITOCIeNOBATEJIBHOCTH {1} HATYPAJIbHBIX UYNCEJ Ta-
KOM, UTO

lim nj, = +oo, (8.8)
nMeeM foe 1
im [1+1&0° =
klirrcl)o i1 +}‘kD =e. (8.9)

ITycTs Temephb IOCIENOBATENBHOCTD {X,} Takasd, 4To lim x, =

k- o

=40, rT.e.

lim x, =0 u x, > 0. (8.10)

k - o
. l/xk
IToxkaxkem, uto lim (1 + x,) = e. IIpu sTom 06e3 orpanu-
k - o

YeHUA OOITHOCTH MOXKHO CUMTAaTh, uTo X, <1, k=1, 2, ... (moue-

my?). [las BcAKoro x, HaiieTcsa Takoe HaTypaJIbHOE Ny, UTO

1 1 1
n,+1>— >n;,u, cregosarensuo, — 7 < X, S —, IPUYEM B
k k k

cuiy (8.10), lim n, = +oo. [losTromy nMeeM
k

o1 1 Ve g Lptt
R e R L R R s A CR E)

250



3ameuas, 4T0, coriacHo (8.9),

lim [1 + ]—dlk

k_,oo +1|:|
dlk+1 . 1 dlk+1
- lim%+nk+1D _,}T‘m%*nkﬂm .
= - = =
k > o s O
1—i_nk+1 khflm +nk%—lEI
u
k . 1 fe 1
lim [1 +]—'jl = lim [1 +]—dl lim [1 L=,
k~>°° }1k|:l kﬁoo[ th kﬁoo }LkD

U epexonsa K mpeneny B (8.11) mpu £ — 00, moayuum

1/x
lim (1+ x,) " =e. (8.12)

k - o
Tak Kak {x,} — IpPOUBBOJbHAS IOCIEOBATEIHHOCTH, YJOBJIET-
BopsAmomiaa yeaosuaM (8.10), To Tem caMbIM T0Ka3aHO0, UTO
1
lim (14 x)Y*= (8.13)
x -0
IIycts Temepb IOCIELOBATENBHOCTb {X,} Takas, dYTO
lim x, = -0, . e.

k> o

lim x;, =0, x,<0. (8.14)

k> o

Ilonosxkum y, = —x,, Torga y, > 0u lim y, = 0, npuyem 6e3 or-
k

- 00
paHnYeHus OOIIHOCTH MOYKHO CUHTATh, uTo Yy, <1, k=1, 2,
Torma

1/x . -1/y /Yp
lim (1+x,) = lim (1- y,) k=1m1%gﬁg _

k - o - ® k - o
y, A/u . /2, +1
= lim E1+1]—_ky% = lim (1+ z,) B
ko o k k- o
rae
Y .
2, =71= k>01/1 lim z, =0,

k - o

¥, B CUJIY YiKe JOKasaHHOTO paBeHcTBa (8.13),

. 1/xk . l/zk .
lim (1 + x,,) lim (1 + z,) lim (1 +2z,) =e.
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Ho {x,} — npousBosbHAaA IIOCIELOBATEILHOCTD, YAOBIETBOPAIO-
miaa yeaopusM (8.14), mostomy

im (1+x) " =e. (8.15)

Taxum obpaszom, pyHKIud (1 + x)l/x, x # 0, umeer B Touke 0

TIpenesibl CJIeBa U CIpaBa, PaBHBLIE OJHOMY U TOMY Ke UHCJIY e.
ITosTomy cylilecTByeT 1 ee ABYCTOpPOHHUII mpemen mpu x — 0,
Tak:Ke pPaBHBIHN e (cM. 1. 5.9).

CAEACTBWUE 1.

lim Bl L g a1, (8.16)
x50 x Ina
u, 8 YacmHocmu, npu a = e
lim 202 _ 4
x -0
B camom gesie, IPpUHSAB BO BHHMAaHNE HEIIPEPBIBHOCTH JIOra-
pudmMuueckoi pyuriuu (cM. Teopemy 4 us § 7), Teopemy o mpe-
nejie KoMros3unuy GyHKIui (cM. o. 5.16) u paBeucTso (8.6), mo-
JIy4uM

lOga(l +x) i . l/x_
Jim ———— = Jl_{nologa A+x)y'" =
_ : 1/x _ _ 1
= log, thno(l +x)'" =log, e= Ve
CAEACTBWUE 2. .
lim &= —Ina. (8.17)

B uacTHOCTH, IIPU @ = ¢ UMEEeT MECTO PABEHCTBO

¥ -1

lim &— =1. (8.18)

x>0

®yaknusa y = a* — 1 cTporo MOHOTOHHA U HelpephIBHA Ha
In(1+y)
Ina
TaKKe CTPOr'0 MOHOTOHHA U HemnpepbiBHa npu y > —1. [Ipu x =0
uMeeM Tak:ke u y = 0, moaTomy o6osHaueHuss x — 0 u y — 0 sk-
BUBAJIEHTHBI (cM. 3amMeuaHue 4 B 1. 5.16). Bocmonbsyemes miis
BbIUKCJIeHUA npenena (8.17) mpaBuioM 3aMeHBI IEPEMEHHOTO.

BCell UMCJIOBOII ocH, IOITOMY oOpaTHadA (GYHKIUA X =

+
ITomoxxus x = ln(llTy) , TOJIYUYUM
a -1 ylna 1
lim = lim —+—— =lna ———— =Ina.
.0 X y_'oln(l-i-y) lim In(1 + y)
y-0 y
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8.2. CpaBHeHue pyHKLUMN

Kak MbI yixe sHaeM, cyMMa, PasHOCTh U IIPOU3BeeHIIe OeCKOHeu-
HO MAaJIbIX QYHKITUH ABJISIOTCA TaK:Ke OECKOHEUHO MaJILIMU (hYHK-
IUAMU; 9TOT0 HEeJIb3sI, BOOOIIe TOBOPS, CKa3aTh 00 UX YACTHOM: Je-
JIeHre OJHOII 0eCKOHEUHO MAJION HAa APYrYyI0 MOMKET IPHUBECTH K
PasHOOOPAa3HBIM CIyYasIM, KaK 3TO IIOKA3LIBAIOT IPUBEIeHHbIE HI-
JKe IPUMephl 6eCKOHEUHO MaIbIX ipu X — 0 dyuKImii a(x) u B(x).
Ilycts, HapuUMED, 0(x) = x u B(x) = xz; TOTZA

lim BX) — lim x =0, lim ax) _ pim L = 00,

xHOa(x) x -0 xHOB(x) x-0%
Ecau xe a(x) = x, B(x) = 2x, To xlimo% = 2, a ecyqu 0(x) =
= x, B(x) = x sin 1 , TO Ipemea lim Blx) He CYIIleCTBYET.

x x = 00(x)

Bce paccmaTpuBaembie B aToM maparpade GyHKIIUN IPEIIIo-
JararoTcs oupeneeHHBIMY Ha HEKOTOpoM MHOKecTBe X — R, mon
Xy IOHHMaeTcA b0 4ucio xy € R, mubo ogHa us 6ecKoHeUHOCTeH
00, +00 pau —°. B ToM ciyudae, Korga Xy — 4HUCIO, X ABJIAETCA
TOUKOII IIPUKOCHOBEHUS MHOMKecTBa X, IpPUYEM COIEpPyKaTelb-
HBIM ABJIAETCH JIUINH TOT CJIydall, KOTa X, — IpeJesbHasd TOUKA
mHO:KecTBa X. IIpu aToM BO3MOMKHO, UTO Xy € X u 4TO X, ¢ X.
ITocnennee 3aBemoMO HMMeeT MECTO, €CJIM paccMaTpuUBaeMasi
(GyHKIIUA NMeeT B TOUKe X, KaKOH-1100 OeCKOHEUHBIH IIpegeJl.
Ecum :xe Touka X ABIAETCA OGHOU 13 6ECKOHEYHOCTEH o0, 100,
—00, TO MHOKeCTBO X IpeAHoJiaraeTcsa HeorpaHUUYeHHEBIM, COOT-
BETCTBEHHO HEOTPAHUUYEHHBLIM CBEPXY UJIU CHU3Y.

PaccmoTpum Bompoc cpaBHeHuA (PYHKIUHA B OKPECTHOCTHU
TOYKM, B YACTHOCTU CPaBHEHUE OECKOHEUHO MAJILIX U OEeCKOHeu-
HO OOJBIINX PYHKIUI; 5T COAYUAN ABJISIOTCA OCHOBHBIMIU.
Onpeaenenne 1. Ecau onsa @ynkuyuii f: X > Ru g:X — R
cyuiecmsyem maxas nocmosanHas c¢ > 0, umo 8 Hexomopoil
OKpecmHOCmU MOUKU Xy 0 6cex modek x € X 6blnoaHnAemcs

Hepasencmeo
()| < clg(x), (8.19)

mo QyHKyulo f HA3bL8AIOM 0ZPAHUYLEHHOI NO CPABHEHUIO C PYHK-
yueil g 6 OKpeCmHOCMuU MOYKU Xy U 6 IMOM CAYYaAe NUWYmM

f(x) = O(g(x)), x = x

(«f(x) ects O GourbIiOe OT g(X), IPH X, CTPEMAIIEMCH K Xo»).
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IloguepKkHEM, UTO 3allICh X — X, HMeeT 3[ech APYroi, ueM
O0OBIYHO, CMBICJI: OHA TOJHKO YKa3biBaeT HA TO, UTO pacCMATPHU-
BaeMoOe CBOMCTBO MMeeT MEeCTO JIUIIIL B HEKOTOPOI OKPECTHOCTH
TOYKH X(; HU O KAKOM IIpejiesie 3/leCh peun HeT.

AEMMA 3. Ecau f(x) = d(x)g(x), x € X, u cywecmasyem KoHey-
HbLil npeden
lim ¢(x) =k,

X - X,

f(x) = O(g(x)), x — x,.
AOKA3ATeAbCTBO. 3 cyliecTBOBaHNA KOHEUHOTO Ipeaesia

lim ¢(x) = k& (cM. cBoiicTBO 1° npengesoB GpyHKiuii B 1. 5.10)
X - xO

clleflyeT CyllleCTBOBaHMEe TaKoil oKpecTHocTu U(xy) TOYKH X,
uro (pyHKIuaA ¢ orpanmuenHa Ha X N U(xy), T. e. ©MeeTcA TaKas
nocrosaHHad ¢ > 0, uro aa4a Bcex x € X N U(xy) BBINIOJIHAETCA He-

paserctBo |p(x) < ¢, ciremoBaTeNbHO, W HepaBeHCTBO |f(x) =
= b (x)|lg(x)| < clg(x)|. Do, cormacHo onpexmenenuio 1, u ozHaUa-
er, uro f(x) = O(g(x)), x = xo. O

1 _ 0l H <L
NMpumepsl 1. i O[xztnpn x — 0, TOCKOJIBKY oS 2
npu |x| < 1.
1
2. ﬁ = OE{%E npu x — ©, mak kax 3 < H npu |x| > 1.
3anuch

f(x) =0(1), x = x,,

o3HauaeT, uT0 (QYHKIuA [ OorpaHrdYeHa B HEKOTOPOM OKpecT-

tg 2
HOCTH TOYKHU X, HaIpumep LR Lo O() mpu x — 0, ubo
. tg 2x tg 2x
lim =— = 2 u, sHauUT, PyHKIUI ~ OTDaHHYeHa B OKpecT-
X - 0

"HocTu Touku X = 0.

Onpeaenenune 2. Ecau ¢pyuryuu f(x) u g(x) maxue, umo f= O(g)
u g = O(f) npu x — xy, mo oHU Ha3bl8aOMCA PYHKYUAMU 00HO-
20 nopadka npu x — Xy; 9mo 3anucvieaemca 6 sude f(x) X g(x),
x = xg.

254



ITo moHATHe HanboJee colep:KaTeJJbHO B TOM caydae, Korga
byuRIUN f 1 & ABIAAIOTCA 160 6eCKOHEUHO MAJbIMU, J1U00 Gec-
KOHEYHO 0OJIBIINMU IpU X — Xo. Hanpumep, GyHKOIUN O = X U

.1
B=x E2 + sin EB ABAA0TCA Ipu X — 0 0eCKOHEUHO MaJIBIMU O -
HOTI'0 IIOPAILKA, HOCKOJIBKY
1

<1,

1
sin —‘ < 3.
x

o

T E‘=‘2+sinl‘<2+
‘2+sin3—6’ 2 - o x

. 1‘
sin —
X
AEMMA 4. Ecau cywecmeyem KoHeuHbill npeden lim é{% =
X - Xp
=k #0, mo f(x) X g(x), x = x.

AoKkasateabcTBO. IIpu x — x, onpejesieH Ipefiea Apodu

% , I09TOMY CYIIIECTBYET TaKasd OKPecTHOCTDb U(x,) TOUKH X,

uTo AnA Bcex Touek X € X N U(x,) BBIIOJHAETCA HEPaBEHCTBO

f(x)

g(x)”

=0(x)g(x) m lim ¢(x)= k. CaemoBarennHO, 1Mo Jemme 3, f(x) =
X - xO

g(x)# 0. Hna stux x moyoxum ¢(x)= Torma f(x)=

= 0(g(x)), x = x,.

W3 ycaoBusa xlirr}c . % # 0 caemyet, UTO CyIIIeCTBYeT U TaKad
oxpecTHOCTB U(x() TOUKH X, 4TO A7 Bcex x € X N U(x) BIIIOT-
HSeTCsa HepaBeHCTBO % # 0 (cM. cBOICTBO 20 mpeneaoB PyHK-
nuit B u. 5.10), a caemoBaTeabHO, 1 HepaBeHCTBO f(x) = 0. [ns

x € X N U(xy) nmonoxxum Y(x) = %; rorga g(x) = Y(x)f(x)
1

u lim Y(x)= 5 ITosTomy cHOBa, coryiacHO Jemme 3, g(x) =
X - xO

O(f(x)), x = x4. O

B xauecTBe mpumepa BodbMeM QyHKIUU f(x) = 3x% u g(x)=
.2 . g(x) 1,.  sin x?
=sin x°. Umeem lim == = ;1
x -0 f(x) 3 x2
My, cOTJIacHO JeMMe 4, PYHKITUK 3x% u sin x* OJHOTO HMOPALKA
mpu x — 0.

= % (cMm. (8.1)), moaTo-

3aMeuanue. Ormerum, uto ycaoBue (8.19) paBHOCHIBHO
CJIeNYIOIIEeMY: CYIIEeCTBYeT TaKas OorpaHndYeHHas (QYHKIUSI §:
X — R, 4TO B HEKOTOPOI OKPECTHOCTU TOUKH X AJId BCcexX X € X

BBIMOJIHAETCA paBeHcTBo f(x) = ¢(x)g(x).
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JefcTBUTENILHO, IPY BEBIIOJHEHUN STOrO YCJIOBHUSA W3 Orpa-
HUYEHHOCTH (PYHKIINY () HeIIOCPEICTBEHHO CJIeIyeT HEPABEHCTBO
(8.19). HaobopoT, eciiu B HEKOTOPON OKPECTHOCTU TOYKH X BBI-

noJiHeHo ycyaosue (8.19), To, moaarasa

@, ecau g(x) # 0,
d(x) = { )
0, ecuau g(x)=0,

moay4uaem, 9To f(x) = ¢(x)g(x) u pyurnua ¢, oueBUIHO, Orpa-
HuueHa (mjas Touek x € X paccMaTprBaeMOM OKPECTHOCTH TOY-
KU Xg).
Onpeaenenue 3. Pynrkyuu f: X > Ru g: X — R Ha3veaomes
IKBUBANEHMHBIMU NPU X — X, eCAU cyujecmeyem marKas
pynrxuyua ¢ : X — R, umo 8 HekomopoilL okpecmHOCMU MOYKU
Xo 0na 6cex mouek x € X 6blNOAHAECMCA DABEHCNE0

= d(x)g(x) (8.20)
u
lim ¢(x) = 1. (8.21)

Cpasy 3ameTum, UTO CyIeCTBOBaHUE mIpenesia y GyHKIUU B
TaHHOM TOYKE ABJAETCSA JOKAJIbHBIM CBOMCTBOM (BYHKIIUHU, IIO-
AaTOMY 3HauUeHus QYHKIUYU ¢ BHE YKA3aHHOI B ONpeeIeHUN OK-
PECTHOCTHU He UT'PAIOT POJIN.

Ecau BuImosmeno csoiicTBo (8.21), To HaligeTcsa TaKas OK-
pectHOCTB U = U(x() TOUKH X, uTo Ipu x € X N U BHINOJIHAETCA

HepaBeucTBo ¢(x)# 0 (cM. CBOMCTBO 20 npenesaoB MPYHKIUHA B
. 5.10). ITonarasa Y(x) = ﬁ , x € XNU, BUAUM, 4TO YCIOBUS

(8.20) u (8.21) paBHOCUIBLHBI YCJIOBUIM

8(x) = W(x)f(x), x € XNU, (8.20")
lim y(x) =1. (8.21')

TakuMm obpa3oM, eciau PYHKIUU f U & SKBUBAJEHTHBHI IPU
X — X, TO 1 GYHKIUU g U [ TaKKe SKBUBAJEHTHBI IIPU X — X,
T. €., KaK TOBOPAT, 9KBUBAJEHTHOCTb ABYX (DYHKIIMI 00JaaeT
CBOMCTBOM CUMMETPUYHOCTH.

OTMeTHM, UTO CBOMCTBO YHKIIUH OBITH GYHKIIMAMU OJHOTO
mopsAAKa TaK:Ke SABJIAETCA CUMMETPUUYHBIM CBOMCTBOM, a CBO-
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CTBO OJHOI QYHKIINYU OBITH «O OOJBIINM» OTHOCUTEJIBHO APYTOii
yoKe He CHMMETPUYHO.

®yurnuu f(x) u g(x), SKBUBaJIEHTHbIE IPU X — X, Ha3bIBa-
I0TCA TaKMKe ACUMNMOMUYECKU DABHbLMU IPU X — Xo. Acumn-
momuueckoe paseHcmeo (SKBUBAJIEHTHOCTH) (hyHKIIUI 0003HA-
YyaeTcsAa CUMBOJIOM ~:

f(x) ~ g(x) mpu x — x,. (8.22)

W3 ckasaHHOTO BHIIIE CIEAYeT, YTO €CJu [ ~ g IPU X — X, TO
ug~ fuopu x — x,.

OTMeTHM, UTO €CJIA B YCJIOBUAX OIpeAeeHnsa 3 GyHKIuu f u
g, a CIeJ0BaTeJbHO, U PYHKIIUA §, OIPe/iesIeHBI B TOUKE X, T. €.
xo € X, To ipefe (8.21) 6epeTcsa npu x — X II0 MHOK€eCTBY, CO-
IeprKalneMy TOUKY X, I09TOMY (PYHKIUA ¢ HelmpephIBHA B TOU-
Ke X; Torga us ycjosud (8.21) ciaenyer, 4To

d(xp) = 1.
: 2
NMpumepsl 1. T ~ x” mpu x — 0. [leficTBUTEIBHO, IIO-
X
1
sgaras ¢(x) = 1 » ToJIy4aem
+x
2 2 1
7 = 0(x)x” m lim ¢(x) = lim s = 1.
1+x x -0 x->01+x
6 5 o
2. 7 ~ X mpu x — °0. B camom pexnte, ecau ¢(x) = —; , TO
1+x 1+x
£° 2 o
7 =0(x)x” u lim ¢(x) = lim ;= 1.
1+x X - © x >00l+x

Ilycts cymecTByeT Takasa npokosiorad okpecTHOCTh U = U (x)

TOUKH X, 4TO JJA Bcex X € X N U BHINOJHAIOTCA HEPaBeHCTBA

f(x) # 0 u g(x) # 0 u x, € X. Torga ycnosusa (8.20) u (8.21) pas-

HOCHUJILHEI COOTHOIIIeHMI0 lim ==
x - xg g(x)
x0XNU

OTHOIIIEHUIO lim g(x) =1.
x > X f(x)

x0XNU

= 1 u, caemoBaTeJabHO, CO-
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JlefiCTBUTEJIBHO, SCHO, UTO 3TU COOTHOIIEHUS IIPU CJeJIaH-
HBIX IIPEAIIOJ0KEeHUAX 0 HeoOpallleHnu B HYJIb QYHKIUHA f u g

Ha MHOXecTBe X N U m xy ¢ X cpasy BBITEKAlOT U3 YCJIOBUI
(8.20) u (8.21). Haob6opoT, eciiit OHU BBITTOJHEHBI, TO JOCTATOY-

HO HOJIOKUTH P(x) = é% ,xeXnN [}(xo) u ¢(xy) = 1, Torga, oue-
BUAHO, IJs PYHKIUU ¢ BEIDOIHAIOTCA yeaosus (8.20) u (8.21).
Ecinn
f~gug~hnpux— xg, (8.23)
TO
f~ hopu x — x,. (8.24)

B camom mene, us ycimosuii (8.23) ciemyer, UTO CYIIECTBYIOT
tTakue oKpecTHOCTs U = U(x,) Touku xo u GyHKIuu ¢: X N U —
— Ru: XNU — R, uro gna Bcex x € X N U umeloT MecTo pa-

BEHCTBa
f(x) = d(x)g(x), g(x) = P(x)h(x)
n
lim ¢(x)= lim Q(x)=1,
IIO3TOMY o o

f(x) = ¢(x)P(x)h(x),

rae lim ¢(x)P(x) =1, T. e. BEITOJHAETCS ACUMIITOTUUYECKOE Pa-
X - Xp

BeHCTBO (8.24).

W3 pesynbTaros 1. 8.1 caexyet, uto npu x — 0 cupasemiusa
cJIeyIolas 9KBUBAJIEHTHOCTb 0€CKOHEUHO MaJIbIX:

x ~sin x ~ tg x ~ arcsin x ~ arctg x ~In (1 + x) ~ " — 1.

W3 oT0ii 9KBUBAJIEHTHOCTH CJAEAYIOT U 0ojiee 0O0IIie COOTHO-
mIeHudA, KOTopble chOPMYJIUPYEM B BUJe OTeJIbHOMU JIeMMBbI.
AEMMA 5. Ecau ¢pyurxyua u(x) maxosa, wumo

lim u(x)=0, (8.25)
X - Xg
mo npu x — x,

u(x) ~ sin u(x) ~ tg u(x) ~ arcsin u(x) ~
~ arctg u(x) ~ In [1 + u(x)] ~ "™ — 1. (8.26)
AokaszaTeAbcTBO. [lokaxkem, HaTpuMep, UTO

sin u(x) ~ u(x) opu x — x,, (8.27)
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rae u: X > R u lim u(x)= 0. Onpenenum nasa Bcex x € X
X — xo

dyurmuio ¢: X — R craexyomium o0pasom:

sin u(x) =
o(x) = ) ecau u(x) # 0, (8.28)
1, ecau u(x) =0,
U IIOKaXXeM, UTO
lim ¢(x)=1. (8.29)
X - xO

Jlis aTOTO pasobbeM MHOXKecTBO X Ha JBa IOJMHOKECTBA:
Xi={xeX:ux)#0}uX,={xcX:u(x)=0} (8.30)
IIycTts cHauana mMHOMecTBa X u X, He IIyCTHI, & X ABJIAETCA

KOHEUHOII 11 0eCKOHEUHO yAAaJeHHOM TOUKOI IPUKOCHOBEHMUS
sin u(x)
u(x)
X 1 110 TeopeMe O IIpefiesie CIOXKHON GyHKIMU (CM. TeopeMmy 6 B

o. 5.16) umeem

KaXJ0ro n3 Hux. (I-’YHRIII/IH orrpenesieHa Ha MHOMXeCTBe

lim ¢(x)= lim S2ED) _ gy SR _ g
x - Xg x - X u(x) w0
x 0X, x0X,

3,116‘01: OBLIIO MCIIOJIBL30BAHO elre OaHO CBOMCTBO IIpeaejyioB

dyHKImit: ecou QYHKIUA [B JAHHOM CIyduae %‘E “MeeT Ipe-
Ies IPU U — Uy 110 HEKOTOPOMY MHOYKECTBY, TO OHA, COIJIACHO
JemMe 1 1. 5.4, uMeeT TOT Ke Ipeles IIPU U — U, IO JIOOOMY
IMOAMHOKECTBY 3TOI'0 MHOXKECTBA (B pacCMaTPHUBAEMOM CJIydae
[0 HOAMHOXKECTBY UYHCJIOBOHM OCH, COCTOSIIEMY M3 MHOYKECTBa
3HaUeHUH QyHKIUYU u(X), OTIUYHBIX OT HYJIS).

Ha muo)kecTBe ke X, pyHKIUA ¢ TOKIECTBEHHO paBHa 1,

TIO3TOMY
lim ¢(x)= lim 1=1.
x - xq x - X
x 0X, x 0X,

TaxuM o0paszoM, Ha KasKJoM u3 MHOKecTB X; U X, QyHK-
nua ¢ mpm x — Xy UMeeT OAWH U TOT Ke IIpejeJ, PaBHBIN 1,
aTak kak X = X; U Xy, TO TOT ’Ke IIpefies IPU X — X, OHA UMe-

eT U IO BCEMY MHOKecTBYy (cM. JeMMy 5 B 1. 5.8), T. e. B pac-
CMOTPEHHOM cJiydae paBeHCTBO (8.29) nokasaHo.
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Ecau e ogHO M3 MHOXKecTB X; nianu X, OKayKeTCA IIyCTHIM
HUJIX TOUKA X He ABJIAETCSA TOUYKOI IPUKOCHOBEHUA (KOHEYHOH
nin OeCKOHEUHO yAajeHHOI) OJHOTO M3 HHUX, TO PABEHCTBO
(8.29) rakixke OyaeT MMeTh MECTO, TaK KaK B 9THUX CJOydasix
npenes GyHKIUU ¢ Opu X — X, IO MHOKecTBY X CBeleTca K
nIpefeay IO OZHOMY U3 MHOXXKecTB X; uau X,, AJIA KOTODBIX,
KaK ysKe YCTaHOBJIEHO, pacCMaTpUBAaeMbIH IIpeles PaBeH enu-
HUIIE.

Wrak, paserctso (8.29) mokasaHo, a Tak Kak us (8.28) cie-
nyer, 4To 4aa Bcex x € X N U(x,) uMeeT MeCTO COOTHOIIEHHE
sin u(x) = ¢ (x)u(x), To HOKa3aHA U CIPABEIJINBOCTh ACUMIITOTH-
yecKoro paBencTna (8.27).

AHAJOrMYHO NOKA3BLIBAIOTCS U OCTAJbHBIE ACUMITOTUYECKHE
dopmyasl (8.26). O
Onpeaenenne 4. Pyuryua 0: X — R Has3vieaemcsa 0eCKOHEUHO
manoit npu x — x, no cpasnenur ¢ Qynryueii f: X — R,
ecau cywecmeyem makxaa Qyurkyua € X — R, umo 6 Heko-
mopoil OKpecmHOCMU MOYKU X, 014 6cex x € X 6blNOAHAEMCS
paserHcmao

a(x) = &(x)f(x) (8.31)
u
lim &(x) = 0. (8.32)

Kak u Ay sKBUBaJIEHTHBIX (PYHKIINI, B CUJIY JIOKAJIbHOCTH
CBOMCTBA CYIIIeCTBOBAHUA IIpejiesa QYHKIUYA B TOUKe, 3HAUCHU
dyaKIIUN £(X) BHEe YKa3aHHOUN B OoIpeJeleHUU OKPECTHOCTU He-
CYIIIECTBEHHBI 1 B CJIyuae HEOOXOAUMOCTH MOT'YT OBITH BHIOPAHBI
IPOU3BOJBHO.

Ecnu pynknusa o ABisgeTcd 6€CKOHEUHO MaJIOH IIPU X — X,

IO CpaBHEHUIO ¢ PYHKIMEN f, TO IUIITYT
a(x) = o(f(x)), x — xg

(uuTaerca: «0(x) ecThb 0 Mayoe OT f(x) IPH X — Xg»).

B cuny sToro ompenenenus, HaIpuMep, 3anuch «d(x) = o(1),
X — Xo» O3HA4YaeT IPOCTO, YTO PyHKIHA O ABIAeTCA OeCKOHEU-
HO MaJIoll IpU X — X,.

OTMeTHM, UTO €CJU B YCJIOBUMU OIpenesieHusd 4 OECKOHEUHO
MaJjoi (pyHKIIMY 0 CPaBHEHUIO ¢ APYTo¥ GyHKIIUU O u f, a cie-
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IoBaTeNbHO, 1 QYHKRIUA £(X) OIIpeJiesIeHbl B TOUKE X, T. €. X( €
€ X, To upege (8.32) 6epercsa npu X — Xy 10 MHOXKECTBY, CO-
IepsKalieMy TOUKY Xo. IloaTomMy B aTOM ciayuae QyHKIUA £(x)
ABJIAETCA HeIIPEPBIBHOM B TOUKE X U, CJI€J0BATEIbHO, COIJIACHO
(8.33), umeeT MecTO paBeHCTBO £(xy) = 0. JTOT PhaKT MBI HEOJ-
HOKPATHO Oy/eM MCIIOJb30BAThH B JAJbHEHIIIeM.

Ecnu cymiecTByeT Takas IpokoJsoTasa okpecTHOCTE U = U(x,)

TOUKH X, YTO JJIA BCeX ToUeK x € X N U Bemonasercs HepaBeH-
ctBoO f(x) # 0, a B ciryuae x, € X, kpoMe TOrO, 0(x() = 0, TO yCIIO-
Bus (8.31)—(8.32) paBHOCUJIBHEI YCIOBUIO
: afx) _
xlirr;co o) 0. (8.33)
x0XNU
B camowm gese, mpu caeJaHHOM IIPEAIIOJOMKEHNN O HepaBeH-
crBe HyaI0 QyHkiuu f ycaosue (8.33) cpasy caenyer us (8.31)—
(8.32). HaoboporT, eciu BuImoiHeHO (8.33), TO JOCTATOUHO II0JIO-
JKUTH
e(x) = 5, x € XU,
a ecnu xy € X, 1o emie &(xy) = 0, 4TOOBI OBIIN BBHINIOJIHEHBI YCJIO-
Bus (8.31)—(8.32).
B Tom cayuae, Korzga f(x) cama sABJIseTca 6eCKOHEUHO MaJIoi
Ipu X — X, TOBOPAT, UYTO QyHKIUA O = o(f) npum x — X ecThb
OeCcKOHEeUHO MaJjias 0oJiee BLICOKOTIO Imopsaka, yem f. Ilpu srom

ectu O ¥ (f(x))"), x — Xy, TO OeCKOHEYHO Masad O Ha3bIBaeTCHd
0ECKOHEUYHO MAaJIOH IMOPAAKA Il OTHOCUTENHLHO 6ECKOHEUHO MAJIOH
f,n=1,2,...
3 .2
Hanpuwmep, x° = o(sin x°) mpu x — 0, Tak Kak

2
X

3

. X . .
lim 5 = lim x lim
x - 0sin x x -0 sin x

5 =0-1=0.

3 .
Beckoneuno majas O(x) = x° ABIAeTcsI OECKOHEUHO MaJoit
0osee BBICOKOTO IIOPAAKA, uYeM OeckoHeuHo Majgad f(x)=

.2
=sin x°, x — 0.

4

Beckoneuno manas O(x)= 1/x saBasgerca O0eCKOHEUHO Ma-
JIOM YeTBEPTOr0 MOPANKA OTHOCHUTEJHLHO OECKOHEUHO MAaJIoii
f(x) =1/x mpu x — oo,
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KoHeuH0, CHMBOJI «0 Majoe» MOYKHO IIPUMEHATH HE TOJBKO K
2

0eCKOHEeUYHO MaJILIM: HalrpuMep, X = o(x”) mpu x — 0,

OrmeTum, 4To ecau f = o(g) npu x — Xy, TO U IOJABHO f =
= 0(g) npu x — xy. B camom gmene, nycTs f = €g, TI€ xlin}c e=0.

- 40

Torzma ¢pyHKIIUA € = £(X) OrpaHMYeHA Ha IIepeceueHu MHOMKECT-
Ba X c HeKOTOpoil okpecTHOCTBIO U(x,) TouKku X (cM. 1. 5.10):
le(x)| < ¢ u, cnegoBarensHo, |f(x)| < clg(x)| nasa Bcex x € X N U(xyp).
A or0 1 03HaugaerT, uro f = O(g), x — x.

CobGepeM BMecTe BBeleHHbIE B 9TOM IIYHKTE OCHOBHbBIE IOHS-
tuda. IIycrs 3agaunl pyarnuu f: X — R u g: X — R u cylecTBy-
er Takada QyHEIua ¢: X — R, uTo 1A BceX TOUeK MHOKecTBa X,
JerKaIlliX B HeKoTopol okpecTHocTu U = U(x,) TOUKH X, BHI-

moJiHsAeTca paBeHcTBo f(x) = ¢(x)g(x), Torma:
eciu pyurmusa ¢(x) orpammuena Ha U, 1o f(x) = O(g(x)),
X = X3
ecau xlirr}C d(x) =1, To f(x) ~ 8(x), x = x¢;
- 0

ecan xl{n}c d(x) =0, To f(x) = o(g(x)), x = x.

VIIPAJKHEHHE. Ilycts = 0(0(2) mpu x — Xg, lim o= 0. [lokasaTs, 4TO
X - xg
B BTOM ciydae 3 = o(0) Ipu x — x.

OTMeTHM, UTO B YACTHOM CJIy4Yae MHOMKEeCTBO X MOJKET OBLITH
MHOXKECTBOM HATyPaJbHBIX 4ucesJ N, U TOrZa IPHU Xy = +0° MBI

IIOJIyYUM IOHATHUA [IOCJIEJOBATEIbHOCTH {X,}, OTPAHUYEHHOMH 110
CPaBHEHHUIO C IIOCJIeL0BATEIbHOCTHIO {Y,,}:

x, =0(y,), n— >,

IIOCJIEI0BATEIBHOCTH {X,} OXHOTO MOPALKA C IIOCIEeJOBATEIHHO-
c1510 {y,)

Xp X Yps N9,
IIOCJIEJOBATEIbHOCTH {X,}, ACHMIITOTHYECKN DaBHOH (SPKBHUBA-
JICHTHOW) II0CJIEZOBATEIBHOCTH {Y,,},

Xp ~ Yp, N0,
¥ IIOCJIEJOBATEIBHOCTH {X,}, GECKOHEUHO MaJIOil 10 CPABHEHMUIO C
II0CJIeJOBATEIBHOCTDIO {Y, ),

x, =o0(y,), n— o0,
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IIpu uCHIoNB30BAHUY PABEHCTB ¢ cuMBoyiamMu O U 0 ciaefyer
HNMETb B BHUAY, UYTO OHMN HE€ ABJAIOTCA paBE€HCTBaMM B OGLIT-IHOM
cMBICJIe 3TOro ciaoBa. Tak, ecau 0 = o(f) mpu x — x4, Oy = o(P)
IPU X — X, TO OBLJIO OBI OIIUOKOI CeaTh OTCIO A BaKJIIOUeHHUE,
4YTOo 0l; = Oy, KK 9TO OBLIO GBI B cIyuae oObIYHBIX paBeHCTB. Ha-

opuMep, X = o(x) u X = o(x) mpu x — 0, HO x? # x5,

Amnanoruuso, ecau f + O(f) = g + O(f) npu x — x,, TO OBLIO
OBI OIIMOKOI ceJiaTh 3aKJIo4YeHune, 4yto f = g.

Heso B ToM, uTo oxmH u TOT 3Ke cuMBOJI O(f) unu o(f) moxer
0003HavYaTh pasdHble KOHKPeTHLIE QYHKIUN. ITO 06CTOATEIHCTBO
CBsA3aHO C TeM, UTO Impu omnpeneaennu cuMBoaoB O(f) u o(f) Mbl
IO CYIIIECTBY BBEJIU IleJIble KJacChl (YHKIIUIH, 00JaZaI0NINX OII-
peIeeHHLIMU CBOMcTBaMU (Kjgacc YHKIIUI, OTPAHUYEHHBLIX B
HEKOTOPOH OKPECTHOCTH TOUKU X II0 CPAaBHEHUIO ¢ (GyHKIUeH f,
¥ KJacc GYHKIINI, 6eCKOHEUYHO MAJbIX II0 CpaBHEHUIO ¢ f(x) mpu
X — X,), ¥ 061710 OBI IpaBUIIbHee mucaTh He O = O(f) u o = o(f), a
cootBeTcTBEeHHO O € O(f) 1 A € o(f). OmHAaKO 5TO IpUBEJIO OHI K CYy-
II[eCTBeHHOMY YCJIOMKHEHUIO BIUYNCICHUH 10 (popMyaaM, B KOTO-
pBIX BcTpeuaroTcsa cuMBOJBI O u o. IlosToMy MBI COXpaHUM
npeskHioo 3anuck O = O(f) u d = o(f), HO OyaeM Bcerga YHUTATH
STU PABEHCTBA, B COOTBETCTBUU C IPUBEJIEHHBIMHU BLIIIIE OIIpee-
JIEHUSIMH, TOJBKO B OJHY CTOPOHY: CJIeBa HAIIPaBo (ec/iu, KOHeU-
HO, He OTOBOPEeHO uTo-1ub0o Apyroe). Hampumep, 3anuch:

a =O(f)’ x_)x()a

03HAYAET, YTO PYHKIIUA O ABJIAETCSI OECKOHEUHO MAaJIOH II0 CpaB-
HeHUIO ¢ (pyHKnuel f npu x — X, HO OTHIOAb He TO, YTO BCAKAA
0eCKOHEeUHO MaJiasd II0 CPaBHEHUIO ¢ f PYyHKIUA paBHa d.
B kauecTBe mpuMepa HCIIOJb30BAHUA 3THUX CHUMBOJIOB JOKAa-
JKeM PaBEeHCTBO
o(cf) = o(f), (8.34)
e ¢ — IOCTOSHHAA.
CorsacHO cKasaHHOMY, HAJO IOKasaThb, uUToO ecau g = o(cf),
0 g= o(f). HelictBurenbuo, ecau g = o(cf), To g = &ecf, rme
lim &(x)= 0. Ilomoxxum €, = cg; Torga g = &,f, rae, 0O4YeBUIHO,
x - xg
lim &(x) =0 u, suauur, g = o(f). O
X - X,
B sakJoueHne oTMeTHM, UTO CKasaHHOEe 00 MCIIOJIb30BAHUU
CUMBOJIOB 0 U O He HUCKJIIUYaeT, KOHeYHO, TOr'0, UTO OTAEJILHLIe
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(hopMyJIBI C STUMK CUMBOJIAMU MOT'YT OKa3aThCs CIIPABEIJINBbI-
MU He TOJBKO IIPYM UTEHWU CJIeBA HAIIPABO, HO U CIPaBa HAJIEBO;
Tak, popmysaa (8.34) npu ¢ # 0 BepHa U IPpU YTEHUHU CIIpaBa Ha-
JIEeBO.

8.3. SKBUBAAEHTHblIE PYHKLMUN

Ecin ¢pyurmusa f(x) samenserca ¢pyurmuei g(x), To pasHOCTb
f(x) — g(x) HasBIBaeTCA AOCONIOMHOIL NOZPEULHOCMbIO, a OTHOIIIE-
e f(x) — g(x)
f(x)
3aMmeHbl. Ecoiu usyuaerca nosegenue GyHKIUHU f(x) mpu x — x,
TO YacTO Ilejiecoo0pasHO 3aMeHUTh ee (DyHKIMEd g(x) Taxoii,
yro: 1) pyHKIUA g(X) B OIpeeieHHOM CMLICJIe Oojiee mpocTasd,
yem GyurIiua f(x); 2) abcogaoTHAA MOTPEITHOCTL CTPEMUTCA K
HYJIIO IPU X — Xt

H — OMHOCUMENbHOU noezpeulHocmvr creJaHHOMN

Jim. [7(x) ~ g(2)] = 0.

B sTom cayuae roBopAT, uTO g(x) IPUOIMIKAET UIU AIIIIPOK-
cuMupyer GYHKIUIO f(x) BOJIHBU TOUKU X, TaKUM CBOHCTBOM
o0JIafaoT, HallpuMep, Bce 0eCKOHEYHO MaJIble IIPU X — X QYHK-
muu fug.

Husxe Oymer mokasaHoO, YTO cpeau HUX JINIIHL Te, KOTOPBIE
SKBUBAJIEHTHBI MeXKIY co00ii: g(x) ~ f(x), x — x(, obragamoT TeM

CBOIICTBOM, UTO He TOJBKO a0COJIIOTHAS ITOIPeIIHOCTD f(x) — g(x),

f(x) — 8(x) .
HO ¥ OTHOCHTeNbHAA —— ;=" CTPEMUTCS K HYJIIO IIDH X — xgt
lim [ =gx) _

x5 xg f(x) :
B sToMm cmbIcTe (DyHKIIMM, S9KBUBaJIEHTHBIE 3aJaHHOM, IIPU-
OJIMIKAIOT ee JyUllle, UeM APyrue QyHKIInN.

1
Hanpumep, pyHKINHT X, 3%, 2x, 10x aBiasaoTca 0€ECKOHEYHO

MmanbiMu npu X — 0, Tak ’Xe Kak u sin x, a 1oaToMy abCOII0THEIE
IOTPEeUTHOCTH IIPU 3aMeHe Sin X Ka'KJOoll M3 HUX CTPEMATCA K
gyaio upu x — 0:

. . . . 1
lim (sinx —x)= lim (sinx - 5x)=
x -0 x>0 2
= lim (sin x — 2x) = lim (sin x — 10x) = 0.
Ho nums oxgHA 13 BCeX MEePEUUCIeHHBIX GYHKIUI, a UMEHHO

g(x) = x, obyamaeT TeM CBOMCTBOM, UTO OTHOCUTEJIbHAA MOTPEIII-
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HOCTH IIPU 3aMeHe sin x 9Toi pyHKIuel 6yAeT CTpeMUThCA K HY-
a0 ipu x — 0:

lim =2—= = lim [1 -L2—[=0.
x50 sinx x50l $in x [

CrpeMmiieHrEe OTHOCUTEJIbHOU MOTPEITHOCTU r(x)f(;x{)g(x) K HY-

JIIO TIPU X — X MOKHO 3aIICATh, UCTIONb3YS CUMBOJ «0 MAJIOe»:
f(x) — 8(x) = o(f(x)), x — x,.

ChopmyupyeM BbICKa3aHHOE XapaKTepPUCTUUYECKOe CBOMCT-
BO DKBHBAJIEHTHLIX (PYHKIIUI B BUJ€ TEOPEMHEI.
TEOPEMA 1. [[ns mozo umobst pyukuyuu f: X > Ru g: X — R
OvLaU 9K6UBAJIEHMHBL NPU X — X, HE00x00umo u 0ocmamoiro,

YmobbL NPU X — X bLNOJHALOCL YCLOBUE
f(x) = g(x) = o(g(x)), x = x,. (8.39)

AoKasaTeAbcTBO. Popmyrna (8.35) aBiaseTcsa MPOCTO APY-
ro#i samuchio onpenenenusa 3. IlelictBurenbHo, ycaosue (8.21):
lim ¢(x) =1 paBHOCHMIABHO ycaoBui ¢(x)=1+¢&(x), rae
X - xO
xlin}c &(x) = 0. ITosTOMy ycooBUe
- 40
@) = 0(x)g(x), lim 6(x) =1,
PaBHOCUJIBHO YCJIOBUIO
fx) = (1 + e(x))g(x) = g(x) + e(x)g(x), M e(x) =0,
T. e. ycJaoBumo f(x) = g(x) + o(g(x)), x = x4. O
_1 do ,
NMpumep 1 ctgx = > togmx 0.
JelicTBUTENIBHO, B CUJIy TEOPEMBI 1, TOCTATOYHO ITOKA3aTh,
uro ctg x ~ ;lc , x — 0. 970 Ke cpasy ciaenyer us paBeHcTBa (8.3):

. tg x . x_
1 ¢ = lim =1.
P S VE R

B ToM ciyuae, Korga CyIiecTByeT TaKas IIPOKOJIOTAS OKPECT-
o
HocTb U(x() TOUuKH X, uTO pyHKnuu f: X — R, g: X — R He 006-

pamaiorca B HyJb Ha ImepeceueHum X N [j’(xo) u x9¢X,

TeopemMa 1, oueBUIHO, PAaBHOCUJIbHA YTBEP:KAEHUIO, UTO (HYHK-
nuu f ¥ g 9KBUBAJEHTHBI IIDU X — X TOI'AA U TOJBKO TOTa, KOT-
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f(x) —g(x) [

f(x) [I/IJII/I, B CUJIy CUM-

METPHUYHOCTH IIOHATHUA 9KBHMBaAJEHTHOCTHU Q)YHK.]_II/II;'I, OTHOIIIEe-

W % CTPEMUTCSA K HYJIIO IIPU X — X.
g(x)

CAEACTBMUE. IIycmb lim o ¢ # 0. Toz0a g ~ cf u g(x)=
X - Xo

= cf(x) + o(f(x)) npu x — x,.

OJa OTHOCHUTEJIbHadA IIOT'PDEIITHOCTHb

AoKaszaTeAbcTso. Bemn lim €% —¢ =0, o 11m g(x) _

X - %o f(x) Cf (x)
=1, u nmosaTomy g ~ cf npu x — x,. Orcrozna 1o Teopeme 1 nMeeM
8(x) = cf(x) + o(cf(x)), orkyma (cMm. KoHers, 1. 8.2) g(x) = cf(x) +
+ o(f(x)), x = x4. O
TEOPEMA 2. ITycmv Qyuryuu f, f1, g€ &1 3a0aHb. HA MHOMCe-
cmee X u f(x) ~ f1(x), g(x) ~ g,(x) npu x — x,. Tozda ecau cy-
wecmayem

. fl(x)
xliII}C 7’ (8.36)
mo cyuwecmayem u lim % , npuiem
X -
lim £ _ 0 (8.37)

xaxg() xaxogl(x).

AOKA3ATeAbCTBO. YenoBua f ~ fiu g~ g, x = %, x € X,
03HA4aloT, UTO CYIIeCTBYIOT Takas okpecTHocTh U = U(x,) TOU-
KU X, U Takue QyHKIUU ¢ u |, onpeeleHHbIe Ha IIepeCeUeHUN
XNU, uro

f(x) = ¢(x)f1(x), g(x) = P(x)gy(x), x € XN,

lim ¢(x)= lim Y(x)=1.

X — Xg X - Xg

() g Q) (x)
xli“j% 5@ M e )

IToaTomy

T o 5w 0 6@
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T. €. UMeeT MecTO paBeHCTBO (8.37). K sToMy MOKHO JUIIE J00Aa-
BUTH, UTO U3 CYII[eCTBOBaHWsA mpemena lim Y(x) = 1 cimexmyer,
x - X
uT0 OKpecTHOCTh U = U(x,) MOKHO BBIOpPaTh TaKUM 00Opa3oM,
uTo 1 Beex Touek X € X N U Oymer BLIMOJIHATHCS HEPABEHCTBO
Y(x) # 0, a m3 cymiecTBoBaHUA MO MHOMKecTBy X mpezmesa
. (%)
lim 2(@) caenyeT, UTO OKpecTHOCTh U MoKeT OBITH BBIOpaHA
X - X

elle 1 Tak, 4To JJdA BecexX X € X N U OyaeT BLIIOIHATLCA HepaBeH-
cTBo g(x) # 0, TaKk Kak YacTHOe é% IOJKHO OBITHL OIIpeieJie-
HO Ha mepeceueHun X N U mHOKecTBa X C HEKOTOPO OKpECT-
HocThIO U Touku x. IlosTOMy BCe HanmcaHHBIE BBIIIE BbIpasKe-
HUA UMEIOT CMBbICJ. [

0O06e yactu paseHcTBa (8.37) paBHOIPABHLI, ITOITOMY U3 JIO-
Ka3aHHOU TeOPEMEI CJEyeT, UTO IIPeIes, CTOANINNA B JIEBOH Uac-
TH, CYIIECTBYeT TOTAa M TOJBKO TOT[a, KOTZa CYIeCTBYeT IIpe-
JIeJl B IpaBoil YacTu, IPUUEM B CIydae UX CYII[eCTBOBAHUSA OHU
COBIIAZAIOT. ATO JejIaeT OUeHb YAOOHLIM IIPUMEHEHIe TeOPEMBI 2
Ha IpaKTHKe: ee MOYKHO MCIIOJIb30BAaTh AJIS BEIUHCJICHUS IIpefe-
JIOB, He 3Has 3apaHee, CYyIeCTBYeT MJIN HET paccMaTpPHUBaeMbIi
apezeJ.

8.4. MeToA BblAeAeHUS TAGBHOM YACTU QYHKLUN
M ero NpuMeHeHue K BbIMUCASHUIO NPEeAEAOB

IIycrs samausl Gyarnuu 0: X — R u B: X — R. Ecau pyarnus B
UL BceX x € X mpeAcTaBUMA B BUIE
B(x) = a(x) + o(a(x)), x = x,

TO PYHKIUA O HA3BIBAETCS 2/1AB8HOU uacmvio QyHKIuU [ mpu
x = x.

NMpumepsl. 1. T'naBHaa vyacts GpyHKIUM sin x opu x — 0
paBHa x, 160 sin x = x + o(x) upu x — 0.

2. Eciu Py(x) = a,x" + ... + a;x + ay, a, # 0, To GyHKIUA
anx" ABJISIeTCA TJIaBHOM YacThi0 MHOTouwiIeHa P, (x) mpu x — ©,

Tak Kak P,(x) = a,x" + o(x") mpu x — oo,
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Ecnu sagana @pyarnus 3: X — R, To ee riaBHas 4acTh IPHU
X — Xy He oIIpeJiejiAeTCsA OJHO3HAUHO: COIJIacHO TeopeMe 1, jio-

06aa QpyHKIUA O, SKBUBAJIEHTHAA [3 Ipu X — X, ABJIAETCA ee
TJIaBHOM 49aCThIO IIPU X — X.

Hamnpuwmep, nycts = x + x2 + x3. Tax KaK, C OTHOU CTOPO-
HBI, x2+x3=o(x) npu x —> 0, ToB=x+o(x) mpux — 0, ac
IPYToii CTOPOHBI, X = o(x + xz) npu x — 0, mosTomMy

B=x+x2+o(x+x2)np1/1x—>0.

B nmepBom cayuae riaBHOU 4acTbi0 MOMKHO CUMTATh O = X, BO

BTOpOM O = x + x%. OnHaKO ecim sajaBaThCs oIpeieJIeHHBIM
BUJIOM I'JIABHOM YaCTH, TO IIPU €T'0 Pa3YMHOM BBIOOPE MOIKHO JI0-
OUTHCA TOTO, YTO IJIaBHAA YACTh YKA3aHHOTO BUjJa OyJeT ompe-
JleleHa OJHO3HAUHO.
B wacTHOCTH, cIIpaBeIMBa CIeLYIOIIAA JeMMa.

AEMMA 5. ITycmv X = R, xo € R u xy, — npedeavrnas moura
muoxcecmea X. Ecau ¢pynxuyusa B: X — R o6radaem npu x —
— X eAa8HOl wacmuio euda A(x — xo)k, A#0, 20e Auk — no-

cmosHHble, MO cpedu 6Cex zLA6HbLX Yacmell makKkozo euda oHa
onpedensemcsa eOUHCMBEHHBLM 00PA30M.

HelicTBUTENBHO, IYCTh IPU X — X,
B(x) = A(x — x0)* + o((x — x)*), A # 0,
B(x) = Ay(x — x5)" + o((x — x0)"), A; # 0.

Torma B(x) ~ A(x — xo)k u B(x) ~ Aj(x — xo)k1 mpu x — X, x € X.
ITosTomy A(x — xo)k ~A;(x - xo)k‘, x—xg, x€X, T. €.

k
. A(x — x) A . k—k
1= lim —Osz lim (x — xg) ',
x-»onl(x—xO)1 1x - x

4YTO CIIPaBEeAJINBO JIUIIb B caydyae A=A, uk=Fk. O

ITonsaTue raaBHOI YacTy (PYHKIIMU IIOJIE3HO IIPU U3YUEHUU
0EeCKOHEUHO MAJBLIX UM 0ECKOHEUHO OOJIBIIIUX U C YyCIeXOM IHC-
MOJIb3yeTCA MPHU PeIlleHnU PasHOOOpa3HBIX 3alau MaTeMaTuue-
cKoro a"aiausa. JJOBOJBHO YacTO yhaeTcd 0OECKOHEUHO MAaJIYIO
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CJIOYKHOTO aHAJUTUYECKOI'0 BIAA 3aMEHNTh B OKPECTHOCTY JaH-
HOM TOUKM C TOUHOCTBIO 0 OECKOHEUHO MAJBIX 00Jiee BLICOKOTO
nopsangka 0OoJiee mpocToii (B KAKOM-TO CMBICJIe) (PyHKIIHEH.
Hampumep, ecau [(x) ymaercs mpencTtaBuTh B Buie [(x)=

=A(x — xo)k +o((x — xo)k), TO 9TO 03HAYAET, UTO C TOUHOCTHIO 0

k
0eCKOHEYHO MaJIbIX 0oJiee BBICOKOTO IIOPANKA, 4eM (X — X()
Ipu X — X, OeckoHeuHO Masasa B(x) BefeT ce6A B OKPECTHOCTHU

TOYKHU X KaK CTemeHHAd QyHKuusa A(x — xo)k.
ITokaxkem Ha mpuMepax, KaKk MeTOJ BbIJeJeHWsS TIJIaBHOI
yacTy OECKOHEUYHO MAJIBIX IPUMEHSETCA K BBIUNMCJIEHUIO IIpeje-
g0B QyHKIUi. [Ipu sTom OymeM IITHPOKO MCHOJL30BATH MOJY-
YeHHBIE COOTHOIIIEHUA SKBUBaJIeHTHOCTH (8.26).
IIycts Tpebyercsa HaliTu mpezen (a 3HAYUT, U HOKA3aTh, UTO
OH CYIIIECTBYET)
lim In(1+ x + xz) + arcsin 3x — 5x°

x -0 sin 2x+tg2x+(ex— 1)5

Wcnonb3ysa moxasaHHYIO BhIIIE (cM. cooTHOIIeHUA (8.26)) 9K-
BuBasieHTHOCTS In (1 + ) ~ v npu u — 0, umeem In (1 + x + xz) ~
~ x+ x° opu x — 0, mostomy (cM. Teopemy 1) In (1 + x + x2) =

—x+x2+ o(x + xz). Opnako o(x + xz) = o(x) (mouemy?) u X =
= o(x) ipu x — 0, ciemoBaTeJIbHO,

1n(1+x+x2)=x+o(x)npnx—>0.
Hamee, arcsin 3x ~ 3x, mosToMy

arcsin 3x = 3x + o(3x) = 3x + o(x).

3
OueBUAHO TaKKe, UTO 5x° = o(x). I3 acCMMITOTUUECKOTO pa-
BeHCTBA Sin 2x ~ 2x moJsiyyaem

sin 2x = 2x + o(2x) = 2x + o(x),
us tg2 x ~ x° O0ynmeM UMeTh
tg2 x=x2+ o(xz) = o(x),
aus (" — 1)° ~ x°, ananoruuno,

(€ - 1)° = x° + o(x°) = o(x).
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Bce aTu coorHomienus BoeimoaHsoTea mpu x — 0. Temeps
nuMeeM
In(1+x+ xz) + arcsin 3x — 5x° =
=x + o(x) + 3x + o(x) — o(x) = 4x + o(x),

sin 2x + tg? x + (¢ — 1)° = 2x + o(x) + o(x) = 2x + o(x),
OBTOMY

.. In(1 +x+x2) + arcsin 3x — 5x° 4. 4x +o(x)
lim = lim ;=—/——=

x_'02x+o(x)'

5
x-0 sin2x+tg2x+(ex—1)

Ho 4x + o(x) ~ 4x, a 2x + o(x) ~ 2x npu x — 0 u, 3HAYUT, IO
Teopeme 2,

li 4dx +o(x) _

4x
2x +o(x) 2.

llmg—

x -0 x -0

Taxkum 06pa3oM, ICKOMBII IIpPeiesI CYII[eCTBYeT 1 PaBeH 2.

IIpu BBIUMC/IEHMM IIPENEOB (PDYHKIIMI C IIOMOIILI0 METOLA
BBIJIEJIEHIA IJIABHOM YaCTU CJIeAyeT MMETh B BUIY, UTO B CJIyYa-
AX, He PACCMOTPEHHLIX B II. 8.3, BOOOIIEe TOBOPS, HEeJIb3A 6eCKOo-
HEeYHO MaJible 3aMEHATHh UM 3KBUBAJIEHTHBIMMUA. TaR, Hamnapumep,
sSin X — X

3 OBLIIO OBI

IIPX OTBICKAHHNM IIpeJesia BBIPaAKEHUA lim
x -0 X

OmINOKOM 3aMEeHHUTh (PYHKI[MIO Sin X 5KBUBAJEHTHON el IIpu
x — 0 ¢pyurnueir x. EcTecTBeHHBIA METOJ PEIIeHUSA MOJOOHBIX
3amau Oyzmer maH B 1. 13.4.

Tlns OTHICKAHUA IpefesoB Bhipaskenuit Bua u(x)’™ mese-

co00pa3Ho HaAXOAUTh Ipees ux JJorapudmos. Pacecmorpum mo-
1/
mobueiii npumep. Haiimem mpegmesn lim cos 2x. U3 pasen-

x -0
CTBa

2
1/x” _ Incos'’*
cos 2x= e 2x (8.38)

BHUIHO, YTO JOCTATOUHO BLEIUHCJIUTE IIPEIEJI

2 . 2
. 1/ . 1 2 1 .. In(1 - 2
limIn cos™’* 2x = lim sz =3 lim w
x -0 x -0 x x>0 x

A Tak Kak

In (1 — sin? 2x) ~ —sin® 2x ~ —(2x)% = —4x%,
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TO OTCIOZIA, COTJIACHO TeopeMe 2 9Toro naparpada, uMmeem

.2 2
% lim B —sin 22) s;n 2x) =—% lim 4—x2- =-2;
x -0 x x -0 x
TakuM 00pasom,
2
lim In cos™* 2x =-2.

x -0
B cuny HempepbIBHOCTM MOKasaTelbHOU (GyHKIUU, u3 (8.38)

nmMeemM
2
1/x
lim lncos 2x

2

. 1/x x -0

lim cos 2x = e

x -0

Crmoco0 BBIUMCJIEHUST IIPEeNesioB C IIOMOIIBLIO BBIAEJIeHUS
TJIaBHOM YacTu QPYHKIIUU ABJSETCA OUEeHb YAOOHBIM, IPOCTHIM
U BMECTe C TeM BecbMa o0IuM MeTomoM. HekoTopoe 3aTpyn-
HeHUe B ero IpUMeHeHWUN CBA3aHO IIOKa C TeM, UTO elle HeT
JOCTATOYHO OOIIero ciocoba BbIJeJeHNs TIJaBHOM YacTHu
dyurmun. 910 3aTpygHeHHe OyIeT yCTPaHEeHO B JajbHeHIem

(cm. § 13).

= 1/e2.

§9.
[Npon3BOAHOS U ANGPEPEHLIMAA

9.1. OnpeaeAeHue NMPOU3BOAHOMN

Onpeaenenue 1. I[Tycmv Qpynkyus y = f(x) onpedenena 8 Heko-
mopoil okpecmHocmu mouku xy € R u nycmv x — npous3eov-
f(x) — f(xg)

X — JCO
umeem npedes npu x — Xq, MO Imom npedes HA3bLEAEMCA NPO-
u3600H0U QYHKYUU [ 6 MOUKe Xy UAU, YMO MO He, NPU X = X,
u obosnavaemcesa f'(xg):

Has mouka amoil OKpecmHoOCcmu. Ecau omHuowenue

, o T(x) = 1(xg)
f'(x) = xlifrgcoT%‘- (9.1)
Ecisn BBecTu ob6o3HaueHMEe X — Xy = Ax, TO onpeznenerue (9.1)

3aliunieTcd B BHUe
. fxg + Ax) — f(xq)
"(xg) = lim .
F( o) Ax - 0 Ax

-
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ITonaraa f(xy + Ax) — f(xy) = Ay, onyckaa o6o3HauUeHUS ap-

TyMeHTa 1 0003HaYas MPOMBBOIHYIO IIPOCTO Uepes y', moayuaeM
elrfe OJHY 3aluCh OTIPeleIeHNA TPOU3BOTHOI:

. A
y'= lim ZE'
Ax - 0°%
Ecnu pnAa HEKOTOPOro 3HAUEHUA X CYIIECTBYIOT IIPeJeJIb
. A . A . A
lim E‘Ii =00, uau lim A—‘Ii =400, mau lim A—‘Ii = —00, TO Tro-
Ax - 05% Ax - 05% Ax - 05%

BOPAT, YTO IIPU X = X CYIIECTBYET OECKOHEYHAA NPOU3E00HAS
WA COOTBETCTBEHHO 0ECKOHEYHAs Npou3soidHas onpedenenmo-
20 3HAKQ, paBHAS +0° UIU —OO,

B nmanbHelieM 1moJ BbIpaskeHUeM «(QYHKIIUA MMeeT IIPOouU3-
BOAHYIO» OyJeM IOHMMATH BCerjla HaJMuue KOHEUYHOI IIPOM3-
BOJHOM, €CJIX He OTOBOPEHO IIPOTUBHOE.

Brenem ans ymobeTBa cienyroiiee onpenenerue. Ilepeceue-
HIle OKPECTHOCTHU TOYKH X, € R ¢ myuoM x 2 x( (x < x() HazoBeM
npasocmoporHtell (1e60CmMopoxHeil) OKPeCmHOCMbI0 TOUKH X.
Onpeaenenune 2. Ecau @Qyurkyus f onpedenenHa 8 HeKomopoi
npasocmoporHell (1e60CMOPOHHEll) OKPeCMHOCMU MOYKU Xy U
cyuiecmeyem KOHEUHbLL UAU OeckoHeuHbvlil (onpedeseHH0z0
3HaKa) npeden

lim f(x0+Ax)—f(x0)[ lim f(x0+Ax)_f(xo)D
A% & +0 Ax [qu—o Ax r

mo OH HA3bL8AEMC s COOMBEMCMBEEHHO KOHEYHOU ULU OecKOoHeY-
HOll npaeoil (1e6oil) npoussodroil Pynkyuu f 6 mouke xqy u 000-
snawaemcesa fi(xg) (uau fL(xq)).

Ilpasas u Jaesas npou3odHble HA3LLEAIOMCL MAKI}Ce
npasocmoporHeil, COOMEEMCMBEHHO Je80CMOPOHHell, a U ma u
Opyzas — 00HOCMOPOHHUMU NPOU3BOOHbLMU.

W3 Teopembl 00 OTHOCTOPOHHUX IIpeaeaax (cM. . 5.9) caeny-
eT, uTo PyHKIua f(x), oupeaesieHHass B HEKOTOPOI OKPECTHOCTU
TOUKHU X, IUMeeT IIPOU3BOJHYIO f'(X() TorAa 1 TOIBKO TOTa, KOT-
ma fl(xg) 1 fi(xg) cymectByioT u f'(xq) = f1(x(). B aTOM ciyuae
f'(xg) = FL(x0) = ().

Ecau pyurmusa f(x) ompeeneHa Ha HEKOTOPOM IIPOMEIKYTKeE
M B KaXXI0Il ero TOUKe CYIIeCTBYeT IIPOM3BOAHAS (IIpUUEM IO
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OPOU3BOJTHONA B KOHIIE STOT'O IIPOMEKYTKA, KOTOPLIN IIPUHAIIE-
JKUT IIPOMEKYTKY, €CTeCTBEHHO, IOHHMAeTCsS COOTBETCTBYIO-
mas OJHOCTOPOHHAS MPOW3BOAHASA), TO OHA, OUEBUIHO, TaKIKe
ABJAeTCA PYHKIIVel, OIpeleeHHON Ha JaHHOM IPOMEXKYTKE;
ee obosrauaT yepes f'(x). Ecim y = f(x), To B7mecTo f'(x() nm-

myT TaKkxe y'| , _ e

Brluncienue IpPou3BOAHOM OT (PYHKIIMY HasbIBaeTcsa dugge-
PeHUUPOBAHUEM.

NMpumepsl. 1.y = ¢ (c — nocroaHHAA).

. A
Tak kak Ay=c—c=0, 10 lim 2 — 0 u, rTakum oGpasom,

Ax - OAx
c'=0.

2.y =sin x. Umeem

Ay = sin (x + Ax) — sin x = 2 cos Ex+%%sin %x,

[I0ATOMY
. A ) ) in (Ax/2
lim A_y = lim cos Ex+%% lim SmA(—x2/2 = COS X.
Ax - 08X Ax L0 px -0 (Bx/2)

Taxum obpasom, (sin x)’' = cos x.

3. y = cos x. Tak Kak

Ay = cos (x + Ax) — cos (x) = -2 sin Ex +%E sin %,

TO OyZmeM UMeTh

. A . . . in (Ax/2 .
lim A_y =— lim sin Ex+%% lim %/—) = —sin x.
px - 0B%  ax o px -0 (Bx/2)
Taxkum obpasom, (cos x)' = —sin x.

x+Ax _ x

4.y=a".Umeem Ay =a a* = a*(a™ - 1), mosTomy

Ay _ axaux -1
Ax Ax
OTKyJa, B cuiy hopmyJisl (8.17), mosyuaem
Nx

lim %‘4=ax lim A_1=ax1na.
Ax » 05% Ax -0 B¥
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Taxum obpasom,
@) =a"lna,
B 4aCTHOCTH,
("' =eé".

ITocnentee paBeHCTBO IIOKAa3bIBAET, UTO UMCJIO € 00IagaeT 3a-
MeYaTeJbHBIM CBOMCTBOM: NOKA3amMelbHaAs QYHKUUL C OCHOBA-
HUeM e umeem NPou3Bo0HYI0, COBNAIAIOWYI0 ¢ caAMOl GYHKUU-
eil. ATUM U 00'BbACHSIETCS TO 00CTOATEJILCTBO, YTO B MaTeMaTude-
CKOM aHaJIM3e B KAaueCcTBe OCHOBAHMA CTEIIeHW M OCHOBAHUS
Jorapu()MOB HCIIOJb3yeTCSA IIPEMMYINEeCTBEHHO YHCJIO0 e. ITO
OueHb YA00HO, TAK KAaK YIPOIINAeT BEIUNCICHNSI.

5.y =x", n — HaTypanabHOe uncyio. Mcnoab3ys IpaBuIo BO3-
BelleHIsI OMHOMA B CTEIleHb, HaXOAMM

Ay =(x+Ax)"—x"=nx" " 'Ax + %xn_zsz + ...+ Ax",

orkyza npu Ax # 0 umeem

JAY -1 nn—-1 -1 -1
BY _ -tz n-Iay 4+ Ax L
Ax 2
Tax xax npu Ax — 0 Bce ciaraemsle IIPaBOM YACTH, COAEPIKA-
e MHOMKHUTENIL AX B CTEHEeHUN C HATYPAJILHBIM IIOKa3aTejeM,

A -1
CTPEMATCA K HYJIO, TO A11m0 A—ch =nx"" ", TakuM 06pasom,
X —
-1
") =nx""".

B pgannueiiem OymeT mOKa3aHo, UTO 3Ta (popMyJia cIpaBeIIi-
Ba U TOTZA, KOT/IA 11 — ITPOMU3BOJILHOE JeHCTBUTEIBHOE UNCJIO.

9.2. AuddpepeHUNaA PyHKLMH

Onpeaenerue 3. Dynkyus y = f(x), onpedenrennas 8 HeKomopoi
oxkpecmuocmu U(x,) mouku xy, € R, nasvieaemcsa dudppeperyu-
pyemoil npu x = x,, eCaU ee NPUpPauLeHue 8 Imoil mouwke, m. e.

Ay = f(xg + Ax) = f(xg), x9+ Ax € U(xy),

npedcmasumo 6 ude
Ay =A Ax + o(Ax), Ax — 0, 9.2)
20e A — nocmosHHAA .

1 .
IIpu GUKCHEPOBAHHOI TOUKE X IIOCTOSAHHAA A €CTh HEKOTOPOE YUCJIO, He

3aBucdiree oT Ax; KOHEYHO, IIPN M3MEHEHUU TOUYKH X UYUCJIO A, B006H_Ie Tro-
BOpA, MEHAETCA.
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JIuneiinasa pyurmus A Ax (oT nmepemeHHOM AXx) HA3BLIBAETCS
ouppepenyuanom Qynryuu f B TOuKe Xy 1 obosHauaerca df(x,)
niu, Kopoue, dy.

Taxum o6pasom,

dy=A Ax

Ay =dy + o(Ax), Ax — 0.

dyurnua Ax ompeneiaeHa I BcexX 3HaueHuit Ax, B yact-

Hoctu U ayist Ax = 0, a pyarmusa o(Ax) = Ay —A Ax oupeneie-
9.2)

Ha B HEKOTOPOU oKpecTHOCTH TouKu Ax = 0, B TOM YmucJje U B ca-
MOII 5TOH TOUKe, I'/ie OHa paBHA HYJIO:
0(0) = (Ay—AAx)|r,—_o=0.
(9.2)

ITosTOoMy, corylacHO OIpeneeHUI0 CUMBOJIA «0 MAaJjoe», Cy-
mecTByeT Takas pyHrunua £(Ax), TakyKe OlIpeneIeHHAs Ha BCel
yKasaHHOMi oKkpectHocTu Touku Ax = 0 (a ciemosaTesbHO, B ca-
MO 5TOMH TOUKe), uTO s Bcex Ax = 0 13 3TOli OKPECTHOCTHU BhI-
MOJIHsIeTCA PABEHCTBO

o(Ax) = e(Ax)Ax (9.3)
n
lim g(Ax)=0. 9.4)
Ax - 0

IIpenes GepeTcs 10 BCell OKPECTHOCTH, IIO9TOMY OTCIOZA CJIe-
ayeT, 4TO
€0)=0 (9.5)

(ecu TOUKa, B KOTOPOI OepeTcs npeaes GYHKIIUY, TPUHALICKUT
MHOJKECTBY, II0 KOTOpPOMY OepeTcsA IIpemesl W STOT IIpemes
CYIIIeCTBYET, TO (hYHKIINA HeIIpPePhIBHA B 9TOI TOUKeE, CM. II. 5.5).

3ametrum, uto aubdepernnuan dy = A Ax, Kak U BcAKad
JuHelHasaA (PYHKIUsS, OIpegesieH IJsd J0oro sHauenumsa Ax:
—00 < Ax < +00, B TO BpeMd Kak npupamenue Ay = f(x, + Ax) —
— f(xy), ecTeCTBEHHO, MOKHO PACCMaTPUBATH TOJIBKO JJIA TAKUX
Ax, BJ1a KOTOPBIX Xy + AX IPUHAAIEKUT 00JIaCTU OIpefeeHN

dbyurnun f.
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Ecmm A # 0, 1.e. eciu dy Z 0, To nuddepeHIIPYEMOCTH
(DyHKIUU B TOUKE X O3HAYAET, YTO C TOUHOCTHIO 0 OECKOHEUHO
MaJbIX 0OJiee BHICOKOI'O IIOPANKA, UeM IIpupallleHne apryMeHTa
Ax, npupaiienaue QyHKIuU Ay ABIsSeTCA JUHEHHON QyHKIIHIen
ot Ax. Vcronb3ysi TepMUHOJIOTUIO II. 8.4, MOXKHO CKas3aTb, UTO
rjIaBHAA 4acThb npupameHna QyHKnuu Ay B TOUKe X ABJIAETCA
JINHEHOM (PYHKI[Mell OTHOCUTENHLHO AX; IPU 5TOM IpUPAIleHre
Ay u puddepernuan dy — SKBUBAJIEHTHLIe 0ECKOHEYHO MaJible
mpu Ax — 0 (cm. 1. 8.3).

Ecau :xe A= 0, 1. e. dy =0, To Ay = o(Ax) mpu Ax — 0. Ta-
KuM obpasoMm, mpu A = 0 mpuparierue Ay ABiasgeTca 66CKOHEUHO
MAaJIoi 6oJiee BBICOKOTO mopsaaKa, uem Ax, korga Ax — 0.

A Oosbiieii cuMMeTpuu 3anucu AuddepeHnuanta mpupa-
meare Ax 0003HaualOT dX W HaA3BIBAIOT ero Jduggepenyuaiom
He3asucumozo nepemennozo. Takum obGpaszom, auddepeHITIaT
MOXKHO 3amucarh B Buze dy = Adx.

Npumep. Haiinem quddepennuan GyHKIUNT y = x5
B stom ciryuae

Ay = (x + Ax)® — 2® = 3x%Ax + 3x(Ax)? + (Ax)>.
IIpu Ax — O riaBHAA JUHEHHAd YAaCTh BHIPAMKEHUS, CTOSIIETO
cipaBa, paBHa 3x2Ax; moaTomy dy = 3x2dx.
IIycrs f(xg) = yo. lloncraBus B (9.2) sravenua Ay = f(x) — yo,
Ax = x — x¢, dy = A(x — x), TOIyIUM

f(x) =y + A(x — x0) + o(x — xg), x = x,.

Hrak, ecnu dyrrnud f(x) nuddepeHnupyemMa B TOUKe X, TO

C TOYHOCTBIO 0 O0ECKOHEUHO MaJbIX 00Jiee BHICOKOI'O IIOPAIKA,
4eM X — X, BOJIMBY X OHA PaBHA JUHEHHON (DyHKIIUM; NHAUE I'O-

BOpA, B 9TOM ciiydae (DyHKIUA [ B OKPECTHOCTU TOUKU X BeHeT
cebdA «IIOYTH KaK JuHelHasa GyHKROUA» Y, + A(x — x(), IpuueM

MOT'PEITHOCTE IIpU 3aMeHe GYHKIIUU [ 3TOM JMHENHON GHYHKIIU-
eif TeM MeHbIIle, UeM MeHBbIIIe Pa3HOCTh X — X, 1, 00JIee TOro, OT-

HOIIIeHUEe JTOI IIOTPEeIrHoCT K pasHOCTHU X — X, T. €. OTHOCH-
TeJIbHadA IIOIPEIIHOCTb, CTPEMUTCA K HYJIIO IIPU X — X(.

276



Eciu pyuxnusa f nuddepeHiiupyemMa B KaKION TOUKe HEKO-
TOPOTO MHTepBaja, To ee nupdepeHnman Apagercsa GHyHKIUEH
JIBYX IIEPEMEHHBIX — TOYKHU X U IIepeMeHHOH dx:

dy = A(x)dx.
BeisicHuM Temeph CBA3SL MeXAY AUMPEPEHIIUPYEMOCTHIO B
TOUYKE UV CYIIIECTBOBAHMEM ITPOM3BOIHOM B TOM Ke TOUKE.

TEOPEMA 1. [[ns mozo umobvr pynryus f 6vina ouggepenyu-
pyemoil 6 HeKOMOpoi moukxe x,, Heo0xo0umo u 0ocmamouro,

ymoOvlL OHA UMEeAA 8 ITOil MouKe NPOU3B0OHYI0; NPU SMOM
dy = f'(xq)dx.

AOKA3ATEABCTBO HEOBXOAUMOCTW. Ilyers pyurius f
nuddepeHTIEPYyEeMa B TOUKe Xy, T. €. Ay =A Ax + o(Ax), Ax —

— 0. Torga

—A+ lim 289 _
Ax - 0 Ax

ITosromy nmpousBogHasd f'(x,) cymecrByeT u paBHa A. Orcrona
dy = f'(xo)dx.

AOKA3ATEABCTBO AOCTATOYHOCTMW Ilyers cyiiecTByeT
, . Ay
npousBomHada f'(xy), T. e. cymiecTByer npefea lim Ar = f'(xp)-
Ax - 0
Torga A
A2 =f'(x) + &(Ax), Ax #0,

roae lim &(Ax) = 0 u, cremoBarenbHo, aad Ax # 0 cupaBeqInBoO
Ax - 0

Ax#0

DPaBEHCTBO
Ay = f'(xg) Ax + e(Ax) Ax.

ITonaras sgecs €(0) = 0, mosryuaem, UYTO B HEKOTOPOI OKpPECT-
HOCTU TOYKHU X IMeeT MECTO PaBEHCTBO
Ay = f'(xg) Ax + o(Ax), Ax — 0,
T. e. paBeHCTBO (9.2) npu A = f'(xy). Takum obpasom, bysrIug f

ruddepeHIupyeMa B TOUKe X. O

IToguepxuem, uTo B Teopeme 1 peub UAeT 0 KOHEUHOU IPOU3-
BOJHOM.
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Taxkum obpasom, TuhpepeHIUPYEMOCTHDH QPYHKIIUA
f(x) B Touke X) PaBHOCHJbHA CYIN[€eCTBOBAHUI B

9TOM TOUKEe KOHEUYHON Npou3BOZHOU f'(xg).

W3 gorkaszanHOTO cienyer, 4To KoadduinmueHT A B onpenee-
Hun auddepernuanaa (cm. (9.2)) ompenesieH OTHO3HAUYHO, a
umeHHO A = f'(x(); Tem cambIM u aupdepernuan GyHEKIuN B
TaHHOU TOYKE OIpeeJieH OAHO3HAYHO. ITO, BITPOUYEM, BHITEKAET
TaK:Ke U3 JeMMHBI I1. 8.4 0 eIMHCTBEHHOCTH TJIABHOM YacTU BHUJA
A(x — xo)k OeckoHeuHO MaJION GYHKIUU IPU X — X.
ay
a .
001 pobb, YNCINTEIb KOTOPOH — AuddepeHIIaAT QYHKIIUN, a
3HaMeHaTeJ b — AuddepeHIAN apryMeHTa.

dopmyany (9.2) nna wmpupallleHuss (GYHKIIUH, COIJIACHO
TeopeMe 1 u popmyie (9.3), MOKHO 3amIucaTh B BUE

Ay = f'(x9) Ax + e(Ax) Ax, (9.6)

B cuny Teopemsr 1, y' = IIpaBas uacTsb IpeaCcTaBISET CO-

TIe BbIIOJIHAETCA yeaoBue (9.4), ciemoBaTenbHO, U yeaosue (9.5):
lim g(Ax)=0, €0)=0, (9.7)
Ax - 0
T. e. £(Ax) — HempepsIBHAS B HYyJIe PYHKI[USI.
®opmyna dy = f'(xg)dx mosBonser HaxoAUTh AuddepeH-
muajgbl PYHKI[UI, ecJI M3BEeCTHBI MX Ipom3BogHbie. Tak, Ha-
IIpUMeEp, MUCIIOJNb3ySA IIPON3BOAHLBIE, HAWeHHbIE B 1. 9.1, moay-
JyaeM:
dc =0 (c — nocrosauHnasna), dcosx = —sin x dx,
dsin x =cos x dx, da*=a"Ina dx,
B wactHocTH de” = e* dx,
n n-1
dx" =nx dx (n — HaTypaJIbHOE YHCJIO).
B zakiaiouenune BBISICHUM CBs3b MeXIy OuGPepPeHIIIPyeMo-
CThIO U HEIPEPHIBHOCTHIO B TaHHOM TOUKeE.

TEOPEMA 2. Ecau ¢yurkuyusa [ OuggeperHyupyema 6 Herxomo-
poil mouKe, Mo OHA U HENPepvL6HA 6 IMOil mouke.

CAEACTBMUE. Ecau ¢yHKUUA 8 HeKOomopoil moyke umeem npo-
U3600HY10, MO OHA HENpepvl8HA 8 IMOoil mouke.

AokasaTteAbcTBO. Ilyers pyaKmua f guddepernupyema B
TOYKeE X, T. €. B 9To# Touke Ay = A Ax + o(Ax) npu Ax — 0.
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Torna
lim Ay=A lim Ax+ lim o(Ax)=0,
Ax - 0 Ax - 0 Ax -5 0
YTO ¥ O3HAYAET HEeIIPEPLIBHOCTH QYHKIUY [ IpU X = X(. O

CiencTBue HeIIOCPEICTBEHHO BEITeKaeT u3 TeopeM 1 u 2. O0-
paTuM BHUMAaHUWE Ha TO, UTO ecju (PyHKIMA MMeeT B TOUKe Oec-
KOHEYHYIO IPOU3BOAHYIO, TO OHA MOXKET OBITH PAa3PBLIBHOI B 9TOH
TOUKe.

VIIPACVKRHEHHE 1. IloctpouTh npumMep (GyHKIIUN, UMEOIIEH B HEKOTOPOI
TOUKe 6ECKOHEUHYIO IPOM3BOAHYIO 1 PA3PHIBHYIO B 3TOM TOUKe.

3aMeTHM, UTO YTBEPIKAEHIe, o0paTHOe TeopeMe 2, HeBEpPHO,
T. €. U3 HeIPEPBIBHOCTY PYHKIUY [ B JAHHON TOUKE HE CJIemyeT
ee 1uddepeHIInPyeMOCTh UK, YTO PABHOCUIBLHO (cM. Teopemy 1),
CYII[EeCTBOBAHNE IIPOU3BOLHON’ B 5TOM TOUKE.

IIpuBemem mpuMepsl, IMOATBEPKAAIOIIIE 9TO.

Npumepsbl. 1. Dyaxnus f(x) = |x|, oueBuaHO, HempepLIBHA
B Touke X = 0 (KaK ¥ BO BCeX IPYTUX), HO He UMeeT B 3TOH TOUKe
IPOU3BOSHOM’.

B camom gene, mpu x > 0 umeeM y = |x| = x, mosTomy Ad
rouku Xy = 0 mosmyuum Ay = Ax. CremoBaresbHO,

f0)= lim 2 =1.
Ax -

OAx B
Amanoruuno, npu x < 0 umeem y = |x| = —x, mosromy Ajs
Touku X, = 0 B sToM ciayuae momyuum Ay = —Ax. Cuenosa-
TeJILHO,

(0= lim 3¢ —-1.
Ax - 0

TeM caMbIM JOKa3aHO, uTo GyHKIUSA f(x) = |x| He uMeeT mpu
x = 0 Tpou3BOMHOM, OJHAKO B 9TOM TOUKE CYIIEeCTBYIOT KaK Jie-
Basd, TaK U IIpaBas IPOU3BOJHEIE.

OTMeTuM elre, uTo mpu x > 0 uMeeT MecTo paBeHcTBO (|x)' =
=x'=1, anpu x < 0 coorBercTBenHO (|x])' = (—x') = —1, mosTO-
My aiasd goboro x # 0 cipaBeaauBa opmysa

|x|" = sign x.
Crenyoluii IpuMep TOKAa3bIBAET, UTO Y (MYHKIIUU B TOUKE

HeIIPePLIBHOCTH MOJKET He ObITh HMKAKOUW OJHOCTOPOHHEI IIpo-
M3BOIHOM.
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YA 2. ITycts (puc. 38)

f(x) = xsini npu x # 0,
0 mpu x = 0.

i

Torga B Touke x = 0 umeem Ay =
= Ax sinALx, orrkyna |Ay| < |Ax|, un

moatomy lim Ay = 0, T.e. paccmar-
Ax - 0
Puc. 38 puBaemMasa QPYHKIWA HelIpepbIiBHA IPU

A .1
x= 0. Bmecre ¢ Tem £ = sin —, u
Ax Ax

1
TakK KaK (I)YHK]_II/IH Sin ; He uMeeT B Touke X = 0 IIpegeJsia Hu cJjie-

Ba, HU cmpaBa (cM. mpumep 2 B 1. 5.4), To y pyuriuu f(x) e cy-
IIeCTBYeT OJHOCTOPOHHUX MIPOU3BOAHBIX Ipu X = 0.

VIIPAJIRHEHHA. 2. BBectu mnoHATHe AuUdepeHIIupyeMocT (GYHKIUU
cmpaga (cjieBa) B JaHHOI TOUKe U JOKa3aTb, uTo AudGepeHIupyeMoCcTh CIIpa-
Ba (cieBa) B MaHHON TOYKe 9KBUBAJEHTHA CYIIECTBOBAHUIO B 9TON TOUKe
KOHEYHOI MPOM3BOAHOM cIipaBa (cJieBa).

3. [lokasaTh, 4TO ecau QYHKIUA UMeeT B HEKOTOPOM TOYKE JIEBOCTOPOHHIOIO
(IPaBOCTOPOHHIOIO) MPOU3BOAHYIO, TO B ATOM TOUKe (PYHKI[MS HEIpephIBHA
cyeBa (cupasa).

Ecnu dpyuKIua f MeeT TPON3BOAHYIO B KaXK/I0M TOUKE HEKO-
TOpOTo IpoMeKyTKa (quddepeHIEpyeMa B KaXKI0 TOUKEe 3TOTO
IPOMEIKYTKA), TO TOBOPAT, UTO GYHKIIUA [ umeem npou3gooHyio
WUJIU YTO OHA Ju@epeHyupyema Ha YKa3aHHOM npoMexdcymre.

9.3. TeoMeTpU4YECKUN CMbICA
NPou3BoAHON U AP PepeHLUana

IlonaTua npousBogHON U auddepeHnrasa GyHKIUU B JaHHONR
TOUKE CBA3AHBI C IOHATHEM KacaTeJIbHOU K rpauKy (OYHKIINY B
9TO#l TouKe. UTOOBI BBLIACHUTL OTY CBA3b, ONPEIEJIUM IIpPerKie
BCETo KacaTeJbHYIO.

IIycTes dyurmus y = f(x) oupeneneHa Ha mHTEepBaje (a, b) u
HeIIpepBIBHA B TOUKe X € (a, b). IlycTs yo = f(xq), My = (x¢, Yo),
xo + Ax €(a, b), Ay = f(xy+ Ax) — f(xg),

M = (xq+ Ax, yo + Ay).
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YA i
Yo+ Ly
M
Yo+ Dxr - - - - -~ AV Yo
My, S
Yo| 7] hx
1] - -
0 Xoxo+Ax x 0 X
Puc. 39 Puc. 40

IIposenem cexryiyio M M (puc. 39). OHa uMeeT ypaBHeHUe
Yy = k(Ax)(x — x¢) + Yo, (9.8)
rae
k(Ax) = F2. (9.9)

IMokaskem, uto mpu Ax — 0 paccroanue |M M| ot Touxku M,

I0 TOuKu M cTpeMHuTCA K HYJIO (B 9TOM CJIyuae TOBOPAT, UTO
Touka M crpemurca K touke M, u numyt M — M,). [eiicTBu-

TeJIbHO, B CIJIy HENIPEePBIBHOCTU (DYHKIUU f, IPU X = Xy IMeeM
AlimOAy = 0. CnegoBarenbno, nipu Ax — 0
X —

IMoM| = Jbx® + Dy® — 0.

Onpeaenenne 4. Ecau  cywecmeyem  KOHeuHbllL  npeden
AlimOk(Ax) = kg, Mo npamas, YypasrneHue KoOmopoi
X -

Yy =Fko(x —x4) + Yo (9.10)

noayiaemca u3 ypasnenusa y = k(Ax)(x — x9) + yo npu Ax — 0
(puc. 39), nasvieaemcsa (HAKJLOHHOI) KacameavbHoll K zpapury
dyrryuu f 6 moure (xy, Yo)-

Ecau lim k(Ax)= o©, mo npamas (puc.40), ypasneHue
Ax - 0
Komopoii
x = x (9.11)
nonyuaemcsa npu Ax — 0 u3 ypasnenus cexyuweil, 3anucarnHozo

8 suole =x— X9t % , Ha3bleaemcs (6epmMUKAAbHOLL)

_v
k(Ax)
KacamenvHoll K epaQury Qyuryuu f 6 mouke (xg, Yo)-
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IIpsamere (9.10) B cayuae KoHeuHoro npezmesna lim k(Ax) u
Ax - 0

(9.11) B cayuae, Korma STOT Ipenes OecKoHeueH, Ha3bIBAIOTCSA
npedeavHuvimu nonoxcenusmu npamoil (9.8). B cuny sroro, nan-
HOe BHIIIEe OIpefejieHre KacaTeJbHOU K rpad@uky GYHKIIUU
MOXKHO TepedpasmupoBaTh CAELYIONINM 06pa3om.

IIpedenvroe nonoxcenue cexyujeic MyM npu Ax — 0, uau,
umo mo e, npu M — M,, Ha3vieaemcsa KacamenvHoll K 2pa-
dpury dpynryuu f 6 mouxe M.

3amMeTuM Temepb, UTO, B cUJIy paBeHcTBa (9.9), cyiiecTBoBa-

. . Ay
HUe KOHEUHOIro IIpejeia Allm k(Ax)= lim A OBHAYAET Cy-
x - 0 Ax - 0
IecTBOBaHNe KOHEUHOM IIpom3BOjgHOU f'(x,) = k. CienoBares-
HO, ecsu y QyHKIUY [ B TOUKE X, CYIIECTBYyeT KOHEUHAs IIPOU3-
BOJHAsA, TO ypaBHEHUE KacaTeJbHOU K rpaduky (QYHKIUU B
Touke (xq, f(xy)) UMeeT BUA

y = 1'(xe)(x — x0) + Yo, (9.12)
rae yo = f(xg). Ecnu oxe Ajlcimoﬁ—;yc =00, 1. e. f'(x() = ©°, TO, B CU-

ay (9.9), lim k(Ax)= oo u, caremoBarennno (cm. (9.11)), ypas-
A 0

X —
HeHUe KacaTeJIbHOI UMeeT BUJ X = X.

Kak m3BecTHO 13 aHAJIUTHUUYECKOI IeOMeTpPUU, KO3(PPUIIIEHT
f'(xo) B ypaBHeHuu (9.12) paBen Tanrency yria (cMm. puc. 39), Ko-
TOPBLIN paccMaTpuBaeMas IpsaMas o0pasyeT C MOJOMKUTEIbLHBIM
HanpasieHueM ocu Ox: f'(xy) = tg O, T. e. pousBogHAA QYHKIIUNI
B HEKOTOPOI TOUKE paBHA TaHTEHCY yIJia MEXKIy KacaTeJIbHOU B
COOTBETCTBYMOIIEl TouKe rpaduKka QYHKIINN U OChIo abcIuce.

IIepBoe ciaraemoe B mIpaBoif yactu ypaBHeHus (9.12), T.e.
Beipaskenue f'(xg)(x — xg) = f'(xg) Ax, Ax = x — x,, ABIAETCA
nuddepernuanom dy pyExknuu f B Touke x,. CiaemoBaTesbHO, B
cuay paseHctsa (9.12),

Y—Yo~= dya
rIe y — TeKyllad opAuHara KacarejabHOI. Takum obGpasom,
nuddepeninan GyHKIIMY B JaHHOW TOYKe PaBeH HMPUPAIeHUIO
OpAMHATBEI KacaTeJbHOM B COOTBETCTBYIOIIEH TOouKe rpaduka
QPYHKIIUU.
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YA YA YA N \

f U A Y

0 Xo

X

X Tx “x

0 Xo 0 X0 0 Xo

Puc. 41 Puc. 42 Puc. 43 Puc. 44

SameuaHUue. Ecau B Touke X CyllecTByeT OeCKOHEUHBIMH

mpexen lim 2—3% = 00, TO MOJXKET OKa3aThCs, UYTO OH OyIeT pas-
Ax - 0

HBIM +00 myim —°°. B sTOM cirydae mpu x = X CyIlleCcTByeT GecKo-

HEeUYHAas IPOM3BOJHAA I = +00 mim y' = —00 u rpaduk GyHKIUU

Yy = f(x) B OKPECTHOCTU TOUKHU X UMeeT BUJ, CXeMaTuIeCKU U30-

OpasKeHHBIN Ha pucyHKax 41 u 42.

o . A
BoaMoxkeH TaxkyKe 1 ciayuail, KOrza Ipeges hm0 A—Z = 00 He
Ax -

ABJsIeTCA O0ECKOHEUHOCTHIO OIpPemeIeHHOro 3HaKa M, cJaemoBa-
TeJbLHO, B 3TOI TOUKE He CYIIeCTBYeT HU KOHEUHOU, HU 0ecKo-
HEYHOM oIIpefieIEHHOI'0 3HAKa IIPOM3BOAHOM, a iumb f'(x,) = 0.

ITO MOKeT, HaIllpuMep, CIAYIUTBHCHA, €CJIN B TOUKE X CYIIEeCTBY-

IOT OJHOCTOPOHHVE OeCKOHEUHbIe IIPOU3BOAHLIE PA3HOI0 3HAKA.
Torza B OKPeCTHOCTH TOUKHU X, I'PapuK (PyHKIUN HMeeT BUI,

cxeMaTHUecKU MOKAa3aHHBIN Ha PUCYHKax 43 u 44.

NMpumep. Haiizem KacaTeabHYIO K 1apadoJie y = x% B TouKe
¢ koopaunaramu (1, 1).

Corsacuo 1. 9.1 (cm. mpumep 5), y' = 2x, moaromy y'l, _; = 2.
B cuny popmyasr (9.12), uckomas KacaTeJabHas MMEET ypaBHe-
Huey=2(x—-1)+ 1, t.e.y=2x—1.

Ecnn dysrnua f guddepennupyema B TOUKe X, TO, IIOJ-
craBaas B popmyny (9.5) A = f'(x,) (cm. Teopemy 1 HacToAmErO
naparpada), umeem

f(x) = yo + f'(xo)(x — xg) + o(x — x¢), x = X
U, 3HA4UT, corIacHO (9.12) (Y. = ' (x)(x — xg) + Yo), DOIyInM

f(JC) T Yxac = O(x - xO)’ X = Xgp-
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Taxkum oOpazoM, HAKJIOHHAS KacaTelbHasd K rpapuKy QyHK-
nuu obJamaeT TeM CBOMCTBOM, UTO PA3HOCTEL OPAMHAT rpaduka u
9TOM KacaTeJbHOU eCTh BeJIUUnHa 0eCKOHEeUHO MaJjiad 6oJiee BbI-
COKOT0 IOPALKA IIPU X — X II0 CPABHEHUIO C IIPUpAaIleHreM ap-
TyMeHTa.

O6paTHO: ecJIu CYIIIeCTBYeT HeBePTUKAJIbHAA IpaMasd

Yup = A(x = x0) + Yo, (9.13)
IIpoxoAAlas uepes TOUKY (Xq, Yo) U TaKad, UTO
f(x) - Yup = o(x — x¢), X = X, (9.14)

TO 3Ta IpAMasA ABJIAETCA KacaTeJbHON K rpadpury (QyHKIUU B
TouKe (X(, Yo). JeHACTBUTENBHO, B 3TOM CJIydae

f(x) — [A(x — xg) + yol = o(x — x¢),
Ay = f(x) — yo = A(x — x) + o(x — xg), X = x¢;

clefoBaTesbHO, OyHKIUA [ quddepeHEpyemMa B TOUKe X, (CM.
(9.2)) u A = f'(xq) (cM. Teopemy 1), T. e. yKazaHHaA IPAMas COB-
magaert ¢ KacateabHoi (9.12).

Takum o6pasom, ycrogue (9.14) neobxodumo u docmamouro
0as mozo, umobsvt npamas (9.13) aseasnace HAKJIOHHOU Kaca-
menvroll K 2padury Qyrryuu f(x) 6 mouke (xy, yy). Orcrona, B
YaCTHOCTH, CJIEIYeT, YTO OHA €IMHCTBEHHA (IIOCcjelHee BHITEKA-
eT, HallpuMep, U3 TOro, uto guddepennuans QPyHKIUNA €SUHCT-
BeH, WJIN U3 TOTO, YTO KacaTeJbHad K rpapuKy QyHKIIUM B JaH-
HOM TOUKe eIUHCTBEHHA).

9.4. ®U3n4yeCcKum CMbICA NPONIBOAHOM
n anddepeHuUnana

IIycres dyurmua f(x) ompenesieHa B HEKOTOPOl OKPECTHOCTH
TOYKHU X(. Bocmosbdyemcsa, KaKk U BBIIIE, 0003HaUeHNAMU Ax =

=x— %y, Ay = f(xy+ Axg) — f(x). IIycTs n7151 OIpEneeHHOCTH

Ay o
Ax > 0. OrHoIIleHMe A—x , PaBHO€ M3MEHEHUIO IIePpEeMEHHOU [y Ha

oTpeske [x(, Xy + Ax], OTHECEHHOMY K eUHNIle U3MePeHUs IIe-
PEMEeHHOM X, eCTeCTBeHHO HAa3BATh 3HAYCHUEeM CpedHell CKOpoc-
mu usmeHenusa Yy Ha OTpesKe [x,, X, + Ax] oTHOCHTEIBHO X.

IIpu crpemienuu Ax K HYJIIO, T. €. IPU CTATUBAHUU OTPE3Ka
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A
[xg, x¢ + Ax] K TOuKe x, OTHOIIIEHHE A_a'yc oIpejesisaeT 3HAUEHMe

cpefHell CKOPOCTH H3MEHEHUSA IIePEeMEHHOH Y OTHOCUTEJIBHO
epeMeHHOH X BO BCe MEHBIIIEM U MEHBIIIEM OTPe3Ke, COLeprKa-
IeM TOYKY X,. Bce ckasaHHOe, KOHEUHO, CIPABEAJINBO U IIPU
Ax <0 gna orpeska [xg + Ax, x].

IIpemen lim % , €CJIM OH CYIIIEeCTBYET, T. €. IPOU3BOIHYIO

Ax - 0

f'(x(), ecTecTBEHHO ITOTOMY Ha3BaTh CKOPOCMbI0 NU3MEHEHU I1e-
pPeMeHHOI y OTHOCUTEJILHO IIePeMeHHOH X B TOUKE X.

3aMeTHUM, UTO €CIH B TOUKe X, CYIIeCTByeT IIPOU3BOAHASA
f'(xy), TO, paccmarpuBas Ipejiesl CPeIHUX CKOpPOCTell n3MeHe-
HUS Y OTHOCUTEJIBHO X Ha OTpesKax [xy — Ax, xo + Ax] (Ax > 0),
coZlep:KaIlX TOYKY X, BHYTPH ce0A B KadecTBe IeHTPA, IIpU
CTATUBAHUU UX K TOUKe X( (mpu Ax — 0) MBI IOTy4YuM B IIpeje-
Jle TO JKe 3HaueHUe CKOPOCTHU M3MEeHEHUS ) OTHOCUTEJbHO X B
TOUKe X, U T. €. ['(xy). HelicTBuTeNbHO, BHAUEHUE CPEJHEH CKO-
pocTU M3MEeHeHUs IIePeMeHHOH Y OTHOCHUTEJIBHO X Ha OTpe3Ke
f(xg + Ax) = f(xg — Ox)

2Ax

JIeHUA M3MeHeHUs (PYHKIMU Ha MJIWHY OTpes3Ka, Ha KOTOPOM

IPOU3OIILIIO 9TO U3BMEHEHNE); OTCIoa
flxg + Ax) — f(xy — Ax) _

[xo — Ax, x¢ + Ax] paBHO (uacTHOMY OT [Zie-

o 20x
1 . fxg + Ax) = f(xq) . flxg — Bx) = f(xg)q
B Z[Aalcnjlo Ax i Aalcnjlo —Ax } A

I/IHTepeCHO 3aMeTUuThH, gTo Pa3HOCTHOE OTHOIIIEeHUuEe
f(x +Ax) — f(x — Ax)
20x

yeHMe IIPOM3BOAHOI ' B TOUKe X, ueM

B M3BECTHOM CMBICJIE JIyUIlle IIPHUOIMKaeT 3Ha-

f(x + Ax) — f(x)
e (cM. . 62.6).

Ha muTepupeTanuu mponsBOAHON KaK CKOPOCTU MU3MEHEHUS
OTHOI BEJIMUMHBI OTHOCUTEJBHOM APYTrOi 1 OCHOBAHO IIPMMEHe-
HUEe TPOUBBOIHON K UBYUEHUIO PUBUUECKUX ABJIEHUHN.

ITpumenenue ke nuddepeHnmaga OCHOBAaHO Ha TOM, UTO 3a-
MeHa OpupaleHusa QyHKIUN ee Aud@depeHIIAIOM HTO3BOJIAET
3aMeHUTh JI00yI0 AuddepeHIUpyeMyl0 B TOUKe X, (ODYHKIIUIO
JUHEeHHOW (PYHKIHEH B JOCTATOUHO MaJIOM OKPECTHOCTH TOUYKU
Xy, T. €. CIATaTh, UTO IIPOIlECC M3MEHEHUA 3aBUCUMOCTHU Iiepe-
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MEHHOUM «B MaJIOM» IIPDOMCXOAUT JI-
HEIMHO OTHOCUTEJILHO apryMmenTa. MHa-
Ye TOBOPs, MOYKHO CUNUTATh, UTO M3Me-
HeHVe (YHKIUMW NOPAMO IIPOMIOPIIHU-
OHAJIbHO M3MEHEHUIO apryMeHTa WJIH,
KaK I'OBOPAT, YIIOMAHYTHIH ITPOITECC «B
MaJIOM» ITPOUCXOAUT paBHOMEPHO. 11o-
Puc. 45 JydJaroniasca IIpU TaKol 3aMeHe IIo-
TPEITHOCTL OKAa3bIBaeTCsI OEeCKOHEUHO

MaJIoi 60J1ee BRICOKOTO IIOPSIKA, YeM IIpUpAaIeHre apryMeHTa.

NMpumepsl. 1. Ilycts s = s(t) — 3aKOH JBUXKEHUA MaTepU-

QJIbHOH TOUKU' (puc. 45); s — mIMHA TYyTH, OTCUUTHIBAEMAasd
BJOJb TPAaeKTOPHHU OT HEKOTOPOH HauaiabHOU Touku M; t — Bpe-
md. IIycts M — mos0:KeHre TOUKM B MOMEHT BpemeHnu ¢, a M' —
B MoMeHT ¢t + At u As — pauna myta ot M go M', t. e. As = s(t +
+ At) — s(t).

As
OTHolIeHUE AL Ha3bIBaeTCA B MEXaHMWKe UMCJIOBBIM 3Haue-

HHEeM CpeJHell CKOPOCTH ABW)KEeHUus Ha ydacTke or M mo M',

. As
a lim A; — U — UMCIIOBBIM 3HAYEeHWEM CKOPOCTH B TOUYKe M
Ax - 0

W1 YUCJIOBBIM 3HAUEHUEM MZHOBEHHOIL CKopocmu B MOMEHT

ds
BpeMeHH t; TaKUM 00pas3om, U = 9

ITo ompenmenenuio puddepeniiuana, ds = vdt; ciegoBaTelb-
HO, Aud@epeHIal IIyTA PaBeH PacCTOAHUIO, KOTOPOe MIPOIlaa
OBbI TOUKA 32 IIPOMEKYTOK BpeMeHH OT MOMeHTa t 1o t + At, ecyn
OBl OHA ABUTAJIACH PABHOMEPHO CO CKOPOCTHIO, PABHOM MTHOBEH-
HOM CKOpOCTH (B CMBICJIE €€ UMCJIOBOT'0 3HAUEHMSI) TOUKU B MO-
MeHT f. Bennunna e AS mefiCTBUTEJIBHOIO IIE€PEMEIeHNs TOU-
Ku paBHa As = ds + o(At).

MpbI BUAMM TaKUM 00pPasoM, UTO C TOUKM 3PEHUSA MEXaHUKU
sameHa As Ha ds o3HAYaeT, YTO MBI CUMTaeM ABHKEHIe Ha pac-
cMaTPHUBAaeMOM YYACTKE PABHOMEPHBLIM (B CMBLICJE UICJIOBOTO

2
3HaYeHnuA CKOPOCTH )

! He cJIefyeT IIyTaTh 3aKOH JBUYKEHUA TOUKY C YPABHEHUEM €€ TPAeKTOPUH,
KOTOpOe uMeeT BUA r = r(t), rae r — paguyc-BeKTOp JBUKYIIEHCA TOUKY.

2 CrenyeT UMeTh B BHUIY, UYTO CKOPOCTH — BEKTOD U IIOITOMY XapaKTepu-
3yeTcsa He TOJIBKO 3HAUEHUEM, HO U HallPaBJICHUEM.

286



2. Ilycte ¢ =¢q(t) — KOJIHUIECTBO mx) Am
DJIEKTPUYECTBA, MPOTEKAIOIlee uYepes .
IOIlepevHOe CeueHNne IPOBOSHUKA f — O x x+thx !
BpeMA; Af — HEKOTOPHINI MPOMEIKYTOK Puc. 46
Bpemenu; Aq = q(t + At) — q(t) — Konu-

YEeCTBO 9JIEKTPUUECTBA, IPOTEKAIOINee Yepes YKA3aHHOe CeueHUe
3a MPOMEKYTOK BpeMeHU oT MmoMeHTa ¢ 10 momeHTa ¢t + At. Torma

L

<Y

A . .
Z% Ha3bIBaeTCA cpedHell Cu/oll MoKa 3a MPOMeKYTOK BPeMeHH
. . Ag .
At u obosnauaercs I, a mpegen lim I, = lim = — cuzoil
At -0 At~ 0Bt

moxa 6 OaHHLIL MOMeHm 8peMeHU t NI MZHOB8EHHOU CUuoll
d
moka u obosHauaerca I. Takum obpasom, I = d—? . Muddepentiman

dgq = IAt paBeH KOJHUYECTBY DJIEKTPUUECTBA, IPOTEKIIEr0 yepes
MOIIepeUHOe CeUYeHNe IIPOBOJHUKA 3a IIPOMEKYTOK BpemeHu Af,
ecJIi cuJia TOKa ObLiIa ObI IIOCTOAHHOM 1 PaBHOI CuJe TOKa B MO-
meHT t. Kak Bcerga, Aq — dq = o(At), At — 0.

3. IIycTh maH HEOTHOPOIHBIH c'repmeHb1 IJIUHBI | U TYyCTH
m = m(x) — Macca cTepKHs IJIUHB X, 0 < x < [, oTMepaeMoit
oT oxHoro (puKcupoBaHHOro KoHIa (puc.46). Torma Am =
=m(x + Ax) — m(x) — Macca 4acTH CTep:KHsA, OTPAaHUUYEHHOI
TOYKAMM, PACIOJIOKEHHBLIMU COOTBETCTBEHHO HA PACCTOSHUU X

Am
u x+ Ax oT yKasamHOro KOHIIa. BeanmuwHa A, HasblBaercd

cpednell JUHEIHOI NAOMHOCNbIO CTEPIKHS Ha YKa3aHHOM yJacT-

. .. bm
Ke 1 0003HaUaeTcs Pep- 11penen Ahmopcp = AhmOE Ha3bIBAET-
X — X —

cs JUHEUHOU NJ0MHOCMbI0 CTeP)KHA B JaHHOI TOUKe 1 0003Ha-
dm
a‘ .

Ecian niaorHOCTH P IIOCTOSAHHA, TO CTEPXKEHD ABJIAETCA OJHO-
POOSHBIM.

,D;JIH IIPOM3BOJIBHOI'O, B006H_Ie ToBOpPA, HEOJHOPOIAHOTIO
crep:kHa nuddepennuan dm = P Ax paBeH Macce OJHOPOIHOI'O
CTePKHA MJINHBI AX ¢ TOCTOAHHOM IIJIOTHOCTBHIO P, PABHOM ILJIOT-
HOCTH pacCcMaTpmBaeMOI'o CTEPKHA B I[aHHOfI TOUYKe.

vaercd pP. Takum obpasom, p =

1
Crep:xeHb Ha3bIBA€TCA OSHOPOIHBIM, €CJIU JBA JIOOBIX €ro y4yacTKa Ofu-
HAKOBOI IJWHBI UMEIOT OAUHAKOBYIO MAcCy, U HEOJHOPOAHLIM — B ITPOTUB-
HOM cJIyuae.
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Kak moxaseIiBaeT sTOT IIPpUMEP, UHTEPIPETUPYSA IIPOMU3BOJI-
HYIO KaK CKOPOCTh, MBI JOJLKHBI IOHHMATE 3TO B IITMPOKOM CMBIC-
Je cioBa. Hampumep, IIJIOTHOCTE CTEPHKHSA TOXKE «CKOPOCTh», a
VIMEHHO CKOPOCTh U3MEHEHUA MACChl C U3MEHEeHUEM [IJINHEIL.

9.5. MpABUAQ BbIMUCAEHUS MPOUNIBOAHBIX, CBSI3OHHbIE
Cc apudmMeTU4eCKMMUN AENCTBUIMUN HOA PYHKLUIMU

ITonyunm Teneps GopMyabI AJIA IIPOUSBOAHBIX CYMMBbI, IIPOM3BE-

JeHUA U YaCTHOTO (MYHKITMIMA.

TEOPEMA 3.IIycmov Qyuryua y; = f1(x) u yy = fo(x) onpedee-

HblL 8 OKpecmHocmu moykKu X, € R u umeiom 6 camoii mouke x,,

npous3godrnvie, mozda u ux cymma fi(x) + fa(x), npouseedenue
(x)

1
fz(x)

f1(x)f5(x), a ecau fo(x) # 0, mo u wacmuoe umenom 8 mou-

Ke X npou3eolHnble, npuiem

W1ty =y + Yz, (9.15)

(Y1Y2)' = Y1Y2 T Y12, (9.16)

EZ_;H': M (9.17)
Yo

(B popmynax (9.15), (9.16) u (9.17) x = x;).

CAEACTBWE 1. Ecau ¢ynruyus y = f(x) umeem npou3eodnymn &
mouke xo u ¢ € R, mo ¢yrnrxyua cf(x) marxxice umeem 6 samoil

moukxe npou3soorHy, npuiem
(cy) =cy' (x=xg). (9.18)
CAEACTBME 2. Ecau Qgyuryuu y, = f(x), k=1, 2, ..., n, umne-

nom 8 moukKke X np0u3606Hbt€, mo caxas ux JUuHelHas Komou-
HAyusa makxdjce umeem 6 Imoil mouke npoussoanyro, npuivem

(coy1 + .oty =cryy +.o ey, c,€R,E=1,2,...,n.

AOKA3AaTeAbCTBO TeopeMbl. Ilyers pyrrnuu y; = f(x)
u Yy, = [yo(x) oupenenernsl B okpectHOcTH U(x,) TOUKH X,
x0+ Ax € U(xo) n Ayl = fl(x0+ Ax)_ fl(xo), Ayzz f2(x0+
+ Ax) — fo(xp). daa mpocrorsl 3anucu 6yfeM MHOTAA OIIyCKAaTh

obo3HaUeHNEe apTryMeHTa, pacCMaTPUBAA IIPU 9TOM HPUPATIIeHUA
(yHKIUMI TOTBKO B TOUKE X).
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Ecm y =y, +y,, TO
Ay = (y1 + Ayy T ys + Ays) — (1 T y2) = Ay, + Ay,

orkyza npu Ax # 0 moaydmm

by _ By vy

Ax Ax Ax *
ITepexonsa smech K mpemeny npu Ax — 0 u 3amedvasi, YTO B CHU-
JIy CYII[eCTBOBAHMA IIPOU3BOAHBIX (DYHKIUH Y; U Yy B TOUKE X
mpefes IIPaBOWl YacTH 3TOTO PaBEHCTBA CYIIECTBYET W PaBeH
Yy + Y5, IOJIYyUNM, 4TO CYI[ECTBYET U IIPeJes ero JeBoi 4acTu,

T. €. CYILIeCTBYeT IMPOM3BOAHAA Yy', mpuueM y' = y; + y,, T.e.
dopmya (9.15) noxazama.

Ecau y = y,y9, TO aHAJOTUYHBIM 00pasoM OyeM IocJjefoBa-
TeJIbHO UMETh

Ay = (y; + Ay)Ws + Ays) — Y1y =
=Ay; * Y2ty - Ays+ Ay; - Ay,

by _ A i
Ax_Axy2+y1 x +AxAy2'

W3 cymecTBoBaHUA IPOU3BOJSHOM f5H(x,) cilenyeT HelpephIB-

HOCTh (pyHKHUM f, B TOouKe X,: lim Ay, = 0; kpome Toro,
Ax - 0

m%= ’ lim%= 5. IlosToMy, mepeiifsa K mpenesa

_,OAx yl, Ax OAx y2' Y’ p 'u p a y

—

li
Ax
npu Ax — 0, 13 TOJTyYeHHOTI'0 PAaBEHCTBA UMeeM

Y' =YYz + y1Y3,

T. e. popmyJia (9.16) noxkasana.

Yy
Haxkouwnern, ecau y = y—l u fo(xg) # 0, TO
2

By Dy
Ag= i v bt u By oy AxY2 YViax
y y2+Ay2 Yo (y2+Ay2)y2 > NAx (y2+Ay2)y2 ’

Orcioma mpu Ax — 0, BCOOMHUB CHOBa, UTO U3 CYII[eCTBOBAHUA
MIPOM3BOAHOM cJiefyeT HeIpepbIBHOCTb (GYHKIIUM, U, CJIemoBa-
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Y1 Yy~ V1Y
TenbHO, lim Ay, = 0, monyuum y' = —————, T. e. popmy-
Ax - 0 Yo
aa (9.17) rakeke moxkasaHa.

CrnencrBue 1 cpasy BbITekaerT u3 (9.16), eciu BCIIOMHUTb,
uyro ¢' = 0 (cm. mpumep 1 B . 9.1), a cieacTBue 2 cpasdy moJayua-
ercs us3 popmya (9.15) u (9.18) meTomoMm MaTeMaTHUECKOU MH-
OyKuuu. O

SameuaHue. Ucnoassdysa cBolicTBa OECKOHEUHBIX IIpe-
IeJIOB, OTHOCANIIMEeCcd K apuMeTmuecKMM HAeHCTBUAM HaLI
dyurmnuamu (cM. 1. 5.10), MOKHO YCTaHOBUTH U COOTBETCTBYIO-
Iue cBolicTBa 0eCKOHEUHBIX NPOMB3BOAHBIX. Hampumep, ecau

CyIllecTByeT KOHeUHad IpousBomHadA Yyj(x,) U OecKoHeuHad

(ompejesleHHOTO 3HAKa) MPOU3BOAHAA Y,(Xp), TO y (PyHKIUHI

f
y(x) de y1(x) + ys(x) B TOuKe X, cylecTByeT OeCKOHeUYHAs
IIpou3BOJHAA TOTO Ke 3HakKa. Hampumep, ecau y,(xy) = +°,

To y'(xy) = +o0. IeiictBurensHo, Ay = Ay; + Ay,. Ilosromy,

. . By A
€CJIM CYIIeCTBYeT KOHEUHLIN mpegen lim A—l ,a lim Ai
Ax - 0 5% Ax - 0 B¥
= 100, T0
A . .
lim A_y = lim IS%_ JA—D lim A—l + lim _A_z = 400,
Ax - 0 Ax - x Ax 05 Ax 05

T. e. y'(xg) = +0.

Mpumepsl. 1. IIycrs y = ¢* sin x — 2x% cos x; B cuiy dop-
mya (9.15), (9.16) u (9.18), umeem

= (€" sin x)' — 2(x% cos x)' =
— % sin x + € cos x — 2(2x cos x — x° sin x).

2. ITycts y = tg x; Tak Kak tgx = :g;’;, TO 1O (hopmyJe
(9.17) monyuaem

sinx) _ cosxcosx—sinx (—sinx) _ _1

y = [éos xU

2 2
COs X COs X
Taxkum obpasom,

(tg x)' =

Cos Xx
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3. Anayoruuno, ajuda y = ctg x

r_gosxf _ (—sinx)sinx—-cosxcosx _ 1

y i 2 2
[sin x0 sin"x sin"x

(ctg x)' = ——5.
sSin x

CsoticTBa (9.15)—(9.18) nepenocsarcsa u Ha gudGepeHITnaabl
dyuarnuii. IIpu Tex Ke OIPeaIIoIoKeHUAX OTHOCUTEJIbHO nudde-
PEHITUPYEMOCTH B TOUKE X, IMeeM:

d(yy + yg) = dyy + dyy; d(y1y3) = y2dy; + y1dys;
dy; —y,d
d(cy) = cdy; dgj’—lg _ L2 %y
2 y2
Brruucaum, Hanpumep, Auddepernuan IPOU3BeeHUA Y = Y1Yo:

dy = y'dx = (y1y3)'dx = y1ysdx + y1ysdx = ysdy; + y1dys,

TakK Kak y;dx = dy;, ysdx = dy,.

Amnanoruuso JOKAa3bIBAIOTCA N OCTAJIBHBIE (bOpMy.HI:I.

9.6. Mpoun3BoAHAS 06PATHON QYHKLUMN

TEOPEMA 4. [Iycmv ¢pyuryus y = f(x) HenpepvieHa u cmpozo
MOHOMOHHA 6 HEKOMOpOil OKDeCmHOCMU MOYKU Xy U NYcmb
af(xg)

dx
Has QyHKyus x =f _l(y) umeem npou3eoonHyr 6 mouke yo, = f(xy),
npuuem

npu x = x, cyuecmeayem npou3eoonas # 0; mozda oopam-

df_l(yo) _ 1
By i)’ ©-20)
dx

m. e. npou3sodras o6pamHuoil PYHKYUU PABHA 006PAMHOL 8eu-
YuHe npou3eodHoll 0AHHOI PYHKUUU.

AOKA3ATeAbCTBO. 3apuKcupyeM KaKyi0-TO OKPECTHOCTh TOY-
KU X, Ha KOTOPO#l (DyHKIUA f OIpezesieHa, HEIIPpEePhIBHA U CTPOTO
MOHOTOHHA, 1 OyeM paccCMaTPUBATh [ TOJIBKO B 3TOM OKPECTHOCTHU.
Torma, Kak goxasaHo pauee (cM. 1. 6.3), oOpaTHas GYHKIINA OIIpe-
JeJieHa U HelpepblBHA Ha HEKOTOPOM MHTEpBAaje, COAepKallleM
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TOUKY Y, ¥ ABJAIOIEMCA 00pasoM

YKa3aHHOH BBINIeé OKPECTHOCTH TOU-
KU Xg. lloaTomy ecmm Ax = x — x,

Ay =y —yg y = f(x), To Ax — 0 paB-

HocuabHO Ay — 0 B TOM CMBICJIE, UTO

AlimOAy = 0 (mna ¢yurnuum f) u
X —

YA

Ry

lim Ax =0 (gaa pyHKIumn f_l).
Ay -0

Puc. 47

Has mo6b1x Ax # 0, Ay # 0 ume-
Ax 1

_— e d -
eM Ay~ Bhy/bx IIpu Ax — 0 (unu, 4TO TO K€, B CUJIy CKa3aHHO
ro BelmIe, npu Ay — 0) mpeznes mpaBoil YacTu CyIIECTBYET, 3HA-
YUT, CYIIECTBYET U IIPEJeJI JIEBOU YaCcTHu, IPUUEM

lim &% — 1im & - 1 -1
Dy - 0D A LolY gy, Qv df(x)
Ax - 0 Ax dx
-1 -1
. Ax _ df (yo) df " (y) 1
Ho lim N = gy HooTOMY — =7 .a
Ay - 08Y Y Yy 1(xg)
dx
IToit TeopeMe MOKHO IATh HATJISIHYIO TeOMETPUUECKYIO MH-
df(xg)
Tepuperanuio (puc. 47). Kak ussectHo, o - tg a, rme o —

dx
3HaueHUe yrJja, 00pasyeMoro KacaTeabHoli rpaduka GyHKIuu f
B TOUKe (X, Yo) C IOJIOKUTEJIbHBIM HanpasieHueMm ocu Ox, a

af ' (y,)
dy
KacaTeJbHOI ¢ ocbio Oy.
OueBunno, 3 = T/2 — A, MOTOMY

= tg [, rae B — sHaueHue yria, o06pPa3oBAHHOTO TOM Ke

di” W) _, gol 1 1 _ 1
dy gP= Cte B T 4 ted  df(xy)
ctg 0o~ am v

VIIPA’)RHEHHA. 4. [lokasats, 4TO ecau QyHKIUA Yy = f(x) HeIpeprIBHA U
CTPOro MOHOTOHHA B HEKOTOPOY OKPECTHOCTH TOUKHU X U €CIU B HTOU TOUKE

df(xo) -1
CYIIECTBYeT NPOM3BOAHAL M ——— = 0, To obparHaa Qyuknusa f (y) umeer

B TOYKe Yo = f(x;) GECKOHEUHYIO IIPOMBBOJHYIO; CJIEJOBATEIbHO, €CIU CUH-

1
TaTh YCIOBHO, UTO o = oo, To popmy.ia (9.20) cipaBeniuBa 1 B 9TOM CJIydae.
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5. ChopmynupyiiTe U JOKAKUTE aHAJIOT TEOPEMBI 3 [JIsI OZHOCTOPOHHUX IIPO-
U3BOAHBIX (KOHEUHBIX 1 6€CKOHEUHBIX).

NMpumepsl 1. y = arcsin x, x = sin y, —g Sy< g, -1<
< x < 1. IIpumensasa gpopmyay (9.20), moayuaem
by _ (arcsin x)' = L __L
dx dx cosy "’
dy
Tak Kak —g Sy< g, TO cos y > 0, moaTomy cos Yy = /1 — sinzy =
=1 - x2. Taxum obpasowm, (arcsin x)' = 1 =

1-x
2. y=arccosx, x=cosy, O0<y<m —-1<x< 1. Agamoruu-
HO IPEeJBIAYIIeMY IPUMePy UMeeM:

g:(arccosx)’:i:- 1 = — 1 = — 1
dx dx siny «/l—cos2 «/l—xz,
dy y
' 1
T. e. (arccos x)' = .
2
1-x

3.y=arctgx,x=tgy,—g<y<E,—OO<x<+OO.I/IMeeM:

dy , 1 2 1 1
=< =(arctg x)' = — =cos" y= = ;
dx dy 1+ tgzy 1+«
dx
uTakK, (arctg x)' = 5 .
1+x
4. y=arctgx,x=ctgy, 0 <y <T, —00 < x <00, B arom ciryuae
dy , 1 .2 1 1
—= = (arcctg x)' = —— = —sin" y = — =-
dx dx 1+ ctgzy 1+ 22
dy
. 1
T. e. (arcctg x)' = — 5 .
1+x

5.Ecimuy=log, x,x=a’,a>0,a#1,x>0,—00 <y <400,

o d 1 1 1
ay _ [ - =
dx (IOga x) dx dlna xlna’
dy
T. €
(loga x)' = xlna;
B YaCTHOCTHU, IIpu a = e umeeM (In x)' = i .
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9.7. NpounssoaAHas n AuddepeHUUaA
CAOXXHOM QYHKLUUMN

TEOPEMA 5. [Tycmb Qynkyusa y = f(x) umeem npouszsodnyio &
mouke xy, @ QyHkyua z = F(y) umeem npous3sodnymo 6 mouke

Yo = f(xg). Tozda caoxncnas @yrryus P(x)= F[f(x)] maroce
umeem npou3o0HYI0 NPU X = X, NPULEM

P'(x0) = F'(yo)f'(xq)- (9.21)

Ecinu croxuyio pyakmuio © 0603HAUYNTL cuMBoJoM @ = Fof
(cM. 1. 5.2), To hopmyay (9.21) MOKHO 3amucaTh B BUIE

(Fef) (xo) = F'(f(x0))f " (xp)-

CrenmyeT o0paTHUTh BHUMAHNE Ha TO, YTO YTBEeP;KIEHNE O Cy-
IIeCTBOBAHUM B TOYKE X, IPOU3BOLHOU CJIOXKHOU (MYHKIUHN

F[f(x)] comep:KuT mpeamooKeHre 0 TOM, YTO paccMaTpuBaeMas
ca0KHAA PYHKIMA NUMeeT CMBICJ, T. €. OlIpeeieHa B HeKOTOPOit
OKPECTHOCTU TOYKHU X).

Onyckasd 3HaueHUe apryMeHTa W HCIIOJb3ys 3alluCh IIPOU3-
BOJHOM ¢ ITOMOIIbIO (P PEepeHIInaIoB, paBeHCTBO (9.21) MOXKHO
IepenucaTsb B BULE

dz _ dzdy

dx dydx’
AokaszaTteAabcTBo. IIpexae Bcero, B CuIy camMoro olpezesie-
HUA OPOU3BOAHON, (pyHKIUA F ompenejieHa B HEKOTOPOUN OK-
pectHOCTU V(Y()) TOUKH Y, & TAK KAK U3 CYI[eCTBOBAHUA IIPOU3-

BOJHOH f'(x() cienyeT HeIpepHIBHOCTh GyHKIUHA f, TO JJIA YKa-
3aHHOU OKpecTHOCTH V(y,) CyIIecTByeT TaKas OKPECTHOCTh
U(xy) Touxu x,, uro f(U(xy)) = V(yy), u, clemoBaTeabHO, AJIA
Bcex x € U(xy) umeer cmbIca cioxHaa Qyrrnua F(f(x)).
ITomo:xuMm, Kak Bcerga, Ax =x — xg, Ay =y — yo, Az =F(y) —
— F(yy). @Pyaknusa F umMeeT B TOUKe Y, IPOU3BOSHYIO U II03TOMY

nuddepeHIInpyeMa B 9Toi TouKe (cM. 1. 9.2). ITo 03HauaeT, YTo
ee npuparienue Az npu Bcex Ay, IpUHAIIEKAITNX HEKOTOPOI
okpectHocTu TouKu Ay = 0 (B Tom umcie u npu Ay = 0), npen-
ctaBuMO (cM. popmyasl (9.6) u (9.7)) B Buzge

Az =F'(yo) Ay + e(Ay) Ay, (9.22)
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rae &(Ay) — HempepbIBHAA B HyJIe QYHKIIUA U

lim g(Ay)=0.
Paspenus o6e uactu paBercrsa (9.22) ma Ax # 0, mosyuum
A , A A
© =F'yo)p +e(Ay)LL. (9.23)

Pyarnuda y = f(x) uMeeT IPOM3BOJHYIO B TOUKE X, T. €. CY-
II[eCTBYET IIpeIesa
. A '
AglcnleA—fc = (o). (9.24)
N3 cymecTBoBaHUA IPOU3BOAHOM f'(X() cllefyeT HEIPePHIBHOCTH
dbysrnun y = f(x) B TOuKe X:
lim Ay =0.
Ax - 0
IIpu Ax = 0 umeem Ay = 0. CremoBareabHo, Ipupaiesue Ay,
paccmaTpuBaemMoe KaK (QYyHKIuA AX, HeIpepblBHO B TOYKe
Ax = 0. ITosToMy, corjIacHO IIPaBUJY 3aMEHBI IePEeMEeHHLIX B
IpeneSbHBIX COOTHOIIEHHUSX, COAEPsKAIUX HeIpPepPLIBHBIE
dyurnuum (cMm. 1. 5.16),
lim g(Ay)=0. (9.25)
Ax - 0
Temeps us (9.23), nepexons k mpexeny npu Ax — 0 B cuny
(9.24) u (9.25), monyuum popmyay (9.21). O
BamMmeuanue 1. Popmyaa (9.21) nyisg TpousBOSHOI CIOMK-
HOI (DYHKIMM CIIPABENJIMBA X B TOM CJIy4yae, KOTAA IIOJ IIPOM3-
BOJAHBLIMY IMOHHMAIOTCA COOTBETCTBYIOINE OJHOCTOPOHHUE IIPO-
M3BOAHBIE, €CJIM TOJbKO IPEeIBApPUTEJIbHO MOTPEOOBATH, UTOOBI
ciaoxKkHaA (GYHKIHA, KOoTopas HeoOXoaumma IJs OIpeaesIeHUs
paccMaTpuBaeMoO# OJHOCTOPOHHEM (MM ABYCTOPOHHEMH) Ipoums-
BOJHOM, cTosAIler B JeBoir uyactu Gopmyasl (9.21), mmena
CMBIC.JI.

CAEACTBUE (MHBAapMAHTHOCTh (POpMBI mepBoro mud@epeHIiu-
aJla OTHOCUTEJNBHO MPeoOpasoBaHUA HE3aBUCUMOM ITIEPEMEHHOM):
dz =F'(yg)dy = ®'(xy)dx. (9.26)

B sroit hopmyne dy = f'(x)dx aBaserca nuddepeHIIaIOM

dbyurnuu, a dx — auddepeHIInaIoM He3aBUCUMOUN IepeMeH-
HOH.
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Taxkum o6pasom, guddepeHnal QyHKIIUT UMeeT OJUH U TOT
sKe BHUJ: IIPOU3BeAeHNe IIPOU3BOSHOMN II0 HEKOTOPOH IepeMeHHOMI
Ha «auddepeHIIag 3TONU ITIEPEMEHHON» — HE3aBUCUMO OT TOTO,
ABJIAETCA 9Ta IIEpeMeHHasA, B CBOIO ouepenb, GYHKIIMEHA nian He-
3aBUCHUMOII IIePEMEeHHOM.

Hoxaxxem aTo. CorsnacHo ¢gopmyie (9.6), dz = ®'(xy)dx, oT-
ciona, mpuMeHuB Gopmyay (9.21) myisa mTpPOM3BOIHOU CJIOMKHOM
dbysxknuu, noayuuMm dz = F'(y,)f'(x¢)dx, BHO f'(x9)dx = dy, mo-
aromy dz = F'(yg)dy. O

Popmyny (9.26) MOKHO MHTEPHPETHUPOBATL M HECKOJIBKO
WHaYe, eCJIU BCIOMHUTD, 4T0 Aud@epeHuaaiom QGyHKIUA B TOU-
Ke aABJAeTcA (GYHKIMA, JUHEHHAA OTHOCUTENBbHO audepeH-
nmuaJia HesaBucuMoi nmepemenHoi. Coryacuo (9.21), nudpdepen-
nuan ¢yHrnuu P(x) = F(f(x)) nmeer Bug d® = F'(y)f'(xy)dx,
T. €. ABJISIETCS Pe3yJIbTATOM IMOACTAHOBKU JHUHEWHON (PpYyHKIIUU
dy = f'(xy)dx, c momomibi0o KOTOpOIl 3azaH guddepernuan df
(rme y = f(x)), B muHeiiHYI0 QyHKIUIO d2 = F'(y,)dYy, 3amaronyio
nuddepennuan dF (roe z = F(y)). Uuaue roBops, auddepeHIiu-
an xommosuriuu ® = Fof aBiaserca KoMmmosuiiueinn muddepeH-
nuajios dF u df:

d(Feof) = dFeodf.

OTmMeTHM, UTO TeopeMa 5 MO0 MHAYKIIUU PACIPOCTPAHAETCS
Ha CYNepIIO3UIHNI0 JI00r0 KOHeUHOoro unciaa Qyukinui. Hampu-
Mep, A caoskHOoM dyHKmuu Bupa z(y(x(y))) B cayuae gudde-
pernupyemoctu QyHRIUHA 2(y), y(x) u x(t) B COOTBETCTBYIOIIUX
TOUKaxX uMeeT MecTo opmyJia

dz _ dz dy dx
dt  dy dx dt "

s obosHaueHUS IIPOM3BOMHOM 2z CJIOXKHON (PYHKIIUU 2 =
= 2(y), y = y(x) ynorpebagamoT TaKk:Ke HUKHUN MHIAEKC X WU Y,
YKasbIBAIOMINI, O KaKOll M3 IEePEeMeHHBIX OepeTcs MPOU3BOJ-
Had, T. e. OUIIYT 2, WK 21;. YHacTo AJ1A TPOCTOTHI IIITPUX OMYyC-
KaloT, T. €. BMECTO 2, IHIIYT IPOCTO Z,. B aTux o003HaUeHUAX

dbopmyna (9.21) umeer Bupg z, = 2yl

NMpumepsl. 1. Ilycts y = x%, x> 0, Haiigem le. Nmeem

o u du u
x" =e", rre u = a In x. 3ameuas, uro -~ = -, HoxyuaeM

dx
dx’ _ de" _ de" du alnxd _ a1
dx dx du dx :

a
=e'= =e¢ ox
X

]
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CiiemoBaTeJIbHO,

(%) =oax® 1.
Hamnpuwmep,
2 '
eciny =x, T0 Y' = 2x;
ecan y = 1y , TO y'=(—1)x_2=—i2;

X

112 1
2 2./x :

Ecnu pynrnua y = x® ompegesiena mpu x < 0, To Ipu ITUX
-1

1/2
ecmny = Jx =x%, T0 y'=

(of
3HAUYEHUAX X OHA TaKiKe MMeeT IIPOU3BOAHYIO IJ' = Ox

2. ITycts y = In |x|, x # 0; Torga npu x > 0 uMeeM

I I 1
y'=(nx) =1,
ampux <0
P = Ly =1
y' =[n ()] = = (-2) = 1.
Taxkum obpasomM, A Becex x # 0 cupaseginBa popmyaa

1
<

(n|«)’ = 9.27)

Orcioma, mo mpaBwiay AuddepeHIITPOBaHUA CI0MKHON QYHKIINH,
I 000 GyHKIIUY U(X) B TOUKAX X, B KOTOPBIX CYIIECTBYET
mpousBogHas u'(x), a u(x) # 0, uMeeT MeCTO COOTHOIIIEHIE

, u'(x
(In |u(x)))’ = ﬁ (9.28)
SamMmeuanue 2. Popmya (9.27) MoKeT OBITh ITOJYUEHA U
cpasy 1A Becex x = 0 us popmyasl guddepeHIIUPOBAHUS CI0MK-
HBIX (PYHKIUI, ecou BCIOMHUTH, uTO Ipu X = 0 cupaBemainBo
paBeHCTBO |x|' = sign x (cM. mpumep 1 B Korne 1. 9.2). leitcTBu-
TeJNbHO, MOJIOMAKUB U = |x|, 1/a Beex x # 0 moTydum

dinjx| _ dinudu _ 1 sion x = signx _ 1
dx du dx u g | x| x°

3. Haiimem mpous3BOIHYIO QYHKITUT

, X#a, x#—a.

=L x—a
Y™ 2 ln‘x—#a
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B cuny ¢popmynst (9.28) umeem

r_ lxtamp-—afj_ 1l xtaxta—-(x—-a) _ 1
2ax-allx+al 2ax-a (x+a)? x2_g2°

4. Haiizem mpousBoguyio GyHKIuE y = Injx + Jx2 + Al
AHaJIOTHYHO IIpeABIAYIeMY IIPUMePY IIOTYINM

= x+ Jx2+A) =
y x+sz—+( ) =

C x L 1

1
—l = .
x4+ Jx2+ AL Jx2+ Al Jx2+ A4

5. Ilycty y = In? arcsin ch, x > 1. Haiimem mpousBOAHYIO U

nuddepeHIIIag 3TOM DYHKITNN:

y' = (ln2 arcsin 1/x) = 2 In arcsin i(ln arcsin 1/x)' =
= 2 In arcsin 1__ L (arcsin 1/x)' =
x arcsin 1/x
In arcsin 1/x 1 do_ 2lnarcsin 1/x

arcsin 1/x /1—1/x2 Oc O || /22 — 1 aresin l/x.

Orciona auddepeHIITaa HAXOAUTCA HEMOCPeNCTBEeHHO II0 (op-
myse dy = y'dx; omHaKO ecau ObI MBI eIlle He MMEJU I'OTOBOTO
BBIPAYKEHUA [IJIs IPOU3BOAHOI, TO AuPPepeHInal MOMKHO ObLIO
ObI HAWTH U HEIIOCPEACTBEHHO, HCIIOJb3Yysd eI0 NHBAPUAHTHOCTD
OTHOCHUTEJILHO BBIOOPA IIePEeMEeHHbBIX

d(ln2 arcsin 1/x) = 2 In arcsin 1/xd(In arcsin 1/x) =

1 1
= 2 In arcsin =

S roen 17x 1/xd(arcsin 1/x)=

__2lnarcsin 1/x 1 IZI_[ — 2lnarcsin 1/x

= = dx.
arcsin 1/x / 1/x2 Elx[ |x| /%2 — 1 arcsin 1/x

6. BI)IBe,lIeM C IIOMOIIIBIO TE€OPEMBI 5 elje OAHY 4YacToO IIpHMe-

HAemyio popmyay. Ilyers y = u’, rme u = u(x) > 0, v = v(x). IIpex-

_ vlnu dy
CTaBUM JAHHYIO (DYHKIUIO B BUIE J = € ¥ BHIYHCIIUM —°:
Inu
dy _de”™" _ olmud vrdv vdup _
= di "€ (vlnu)—u[dxlnqu el =
— vy v-1du
=u 7 Inu + vu Ix (9.29)
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TakuMm 00pasoM, IPOM3BOAHAA (PYHKIUA u’ paBHA CyMMe
IBYX cjlaTaeMbIX, 13 KOTOPBIX IIEPBOE COBHAAET C IPOU3BOTHOI

v
U B IIPEeaIIoJIOEeHnMn, YTO U — IIOCTOAHHAA, a BTOPOoe — C IIPO-

13BOAHOM 1’ B IPEAIOI0KEeHNN, UTO U — IIOCTOSHHAA.

C momoInsio npasuia uPPepeHIuPOBAHNA CIOMKHON (PYHK-
YU MOKHO HaXOAUTH U NPOU3B800Hble PYHKUULL, 3A0AHHbLX He-
SABHO.

7. Ilycte guddepennupyemad QyHKua y = y(x) 3ajaHa He-
aBHO ypaBHeHHeM F(x, y) = 0 (cm. 1. 5.2). (Bompoc o ToM, Kak
YCTaHOBUTD, UTO JAHHOE YpPaBHEHUE Ha CaMOM JfeJjie OIIpeaeisier
HEKOTOPYI0 (GYHKIINIO, U ABJAETCS J1 OHa nuddepeHIInpyeMoii,
OyzeT paccMOTpeH B gajsbHelireM.) udhhepeHIIPY A TOMXK IECTBO
F(x, y(x)) Z 0 Kak cI0KHYIO QYHKIINIO, MOXXHO BBIUYNCJIUTD IIPO-

d
M3BOIHYIO d_gyc .

B kauectse IIpumMepa BBIUYKNCJIKNM IIPOM3BOOHYIO HesSBHOM

. 2 2 2
dyurnuu y(x), sagaBaemMoil ypaBHenuem x° + y° = a°. B mau-
HOM KOHKPETHOM cJydae CYIIeCTBOBaHME TaKoll (PYHKINU He

[ 2 2
BBI3bIBa€T COMHEHUA, HAIIPDUMEDP 3TO [y = A/A@ — X , a TaKXe Y =

= —A/az - x2 . IIpoguddepernupyemMm ypaBHEHUE x2 + y2 = az,

cumraa y GpyHKIUEeHR ot x. B pesyabprare nosyuum 2x + 2yy' = 0;

, x
orcrozay’ =—7.

C momoOHBIMU BamadyaM¥ IPUXOAUTCA CTAJIKUBATLCA B I'eO-
metpuu. IlycTh, Hampumep, TpedyeTcs HAWTH KacaTeJbHYIO K

2 2 .
OKpYysKHOCTU X~ + Yy~ = 25 B Touke (3, 4). YriaoBoii Koadhduiiu-
eHT k KacaTeJIbHOU paBeH IIPOM3BONHON; kK = y', u, 3HAUUT, B

x o 3
JaHHOM cJayuae k = R [ paccMaTpuBaeMoil TOUKU k = wE
IO9TOMY YPaBHEHHNE MCKOMOM KacaTeJbHOM MOKHO 3alHncaTh B
3(x —3
Bngey—4=—(—42,'r. e.3x+4y—25=0.

IIpumenum meton auddepeHTIMPOBAHNA HEIBHBIX (DYHKITUNA
K BBIBOAY (hOPMYJI, IOJNYUEHHBIX PaHee JPYTUM IIyTeM.

8. PaccmorpuM cHoBa QyHKIuI0 y = u'. Jlorapudmupys, mo-
JyuaeM ee HeABHOe 3amaHue In y = v In u. [luddepennupys obe

1%
YacTU 5TOTO ypaBHEHUA, UMeeM %/— =v'Ilnu+ o u' (BeIpasKeHME
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(Iny)' = % Ha3bIBAETCS JI02APUPMULECKOL nPpou3Bo0HOll MYHK-

muu y(x)) umu y' = y(v' lnu + gu'); mozcTaBaad y = u’, IPUXO-
IUM cHOBa K (phopmye (9.29).

Paccmotpum emie pyHkmuio y = arcsin x. OHa HesIBHO 3aja-
eTcsa ypaBHeHueM X = sin y. Quddepennupysa obe dyactu mo Xx,
nonyuaeM 1 = y' cos y, oTKyza

y' = 1 _ 1 _ 1
b
cosy Jl—sinzy «/l—x2
T. €. TO Ke, UTO 1 B II. 9.6.

9. B ciyuae, Korga GyHKIIUA 3ajaHa He OGHOI ()OPMYJIOii, a
HECKOJIBKMMH, IIPOM3BOAHYIO IIPDHUXOAUTCA HNHOI'OJA BBIYMCJIIATH
HEIIOCPEeICTBEHHO, UCXOA M3 ONpeleJIeHrA ITpousBoaHoi. Haiti-
IeM, HallpUMepP, IPOU3BOAHYIO PYHKIIIN

x?sin L npu x # 0,
f(x) = x
0 npu x = 0.
ITpu x # 0 mpousBoAHAS CYIIECTBYET U BEIUHUCJISIETCSA IO (pop-

myJaaMm auddepermupoBanusa: f'(x) = 2x sin i — cos ;lc B Touke

ke x = 0 Tpou3BOAHAS HAXOAUTCA HETTOCPEICTBEHHO, NCXOIA U3
ommpeneaeHNA:
f'(0)= lim %’1@ — lim x sin £ =0.
x -0 x -0 x

Taxkum obpaszom, ¢pyurnud f(x) auddepernupyema Ha Bceit
YHMCJIOBOM OCH.

3amMeuanue. Ucnmonb3dysa TeopeMy 5, MOXKHO BCE€ TIOJIY-
yeHHBIE (GOPMYJIBI IJIA IPOU3BOIHBIX OCHOBHBIX 3JIEMEHTAPHBIX
dyurnui 3anucath B 6oJiee o0IeM Buae: ecau u = u(x) — aud-
Qepermpyemasa GyHKIUA, TO:

(sin u)' = u' cos u; () =e"u';
(cos u)' = —u' sin u; (Inu)' = u; (u > 0);
(tgu)' = u2 ; (arcsin u)' = .

cos“u J1—u?

ul
ctgu) =- ; arccos u)' = ———;
( g ) Sinzu, ( ) m’
(ua)'=0(ua_1u'(u>0); (arctg u)' = — 55
1+u
Uy u_ ' u’

a) =au'lna; r u)' =-— .
(a”) (arcctg u) T8
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W3 mpuBeneHHBIX GOPMYJI BUAHO (IIPU U = X), UTO IPOU3BOJ-
HbIe OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIINI ABJISIOTCA dJIEMEHTap-
HBIMU QYHKIIUAMU.

IlonyuyenHBIE Ke B COBOKYITHOCTU (POPMYJIBI JAIOT BO3MOXK-
HOCTH BBIUMCJIUTH IIPOMU3BOAHYI0 U AudPepeHItnaa Joboi dJie-
MEeHTapHOU QYHKIIUU B CJydae, €CJU 3Ta MPOU3BOAHAA CYIIECT-
BYET.

CrnemyeT uMeTh B BUAY, OJHAKO, UTO HE BCAKAaA dJIeMeHTap-
Hasa (PYHKIUA MMeeT ITPON3BOJHBIE BO BCEX TOUKAX CBOEH objac-
TU olpenesieHus. Ilpumepom asiemeHTapHOU, nuddepeHIIIpYye-

Moii He BO BCex TOUKax (QDYHKIMM sABIdeTcA QyHKIUA |x| = J/x2,
OHA, KaK MBI 3HAaeM, He MMeeT IPOM3BOJHOH B Touke x = 0
(cM. . 9.2).

VITPAIRHEHHA. 6. MoXHO U ITOKa3aTbh (POpMYy.ay Z’z_x = @ Jx TPH dy #

dz
# (0, IpOCTO YMHOKUB U Pas3AesiuB 7x B dy? MoxHO My HeT ZOKasaThb (op-

dx 1
MYy d_y = d_y npu dx # 0, pasmeauB YMCAUTENb U 3HaMeHATeJb Ipo0u

dx

adx
- 9
dy Ha dx?

7. BBISICHUTD, ABJIAETCA I PYHKITAS

xsin 1 apu x = 0,
fx) = *
0 apu x =0

HenpepsIBHOU B Touke y = (. VIMeeT i 0Ha IPOUBBOAHYIO B 3TOH Touke? By-
ZIeT JI1 OHA MMEeTh B Hell OAHOCTOPOHHUE ITPOU3BOJHbIE?

9.8. Tmnep6oAnyeckne pyHKLMN U NX NPOU3BOAHBIE

efte T ef-e "
OnpeaeAenue 5. Pynryuu 5 " HA3bl6AIOMCA CO-

0MBeMCMmMEeHHO 2UNePOOAUYeCKUM KOCUHYCOM U zunepbosuie-
CKUM CuHycom u o6o3nayarmcsch x u sh x:

e +e ¥ ef—e T
— =ch x, — = sh x.
CropaBemyuBa opmya
ch?x —sh®x=1. (9.29)
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He#icTBUTENBHO,
2 2 _rite ' _g-e '
ch"x—shx=g——7 ~ g5 —p =

= i(ezx+2+e72x—ezx+2—e72x)=1.

CropaBegyinBa TaKkke popmyJia
sh2x =2 sh x ch x;

B CaMOM feJie,
ex+e—xex_e—x er_e—Zx
2shxchx=2 5 5 = 5 = sh 2x.

AT GOPMYJILI HAIIOMUHAIOT COOTHOIIEHUI MEXKIY OOBLIUHBIMU
(KaK MX MHOTIA HA3LIBAIOT, KPYTOBBIMH) CUHYCOM W KOCHHYCOM.
Has sh x u ch x uMeeTca 1 psAx APYTUX COOTHOIIIEHN, AHAJIOTHY-
HBIX COOTBETCTBYIOIIMM (PopMyJaMm [Jif Sin X u COoS X. OTUM u
o0bscHsIeTCA HaszBauue GpyHKuii sh x u ch x. Cioso e «rumep-
0OJIMYECKUIT» CBA3AHO C TEM OOCTOATENHLCTBOM, UTO (DOPMYJIbI

x=acht, y=asht (9.30)

mapaMeTpUYecKM 3aJal0T BeTBb I'MIIep00JIbI, IOLO0OHO TOMY KakK
dopMyIbI .

x=acost, y=asint (9.31)
mapaMeTPUUYecKHU 3a7al0T OKPYKHOCTh. B caMoM feJie, ecoi BO3-

BecTH B KBazpatT paBeHcTsa (9.30), BbIUYECTb OJHO M3 APYTOTO U

. 2 2 2
BOCIIOJIB30BaThCcA (hopmysoit (9.29), To monyuum x° — Yy~ = a°,
T. €. ypaBHEeHIEe PABHOOOUHOM rumepOoIb.

Amnanoruuno, u3 coorHoenuit (9.31) BriTeKaer, 4YTo X U Y

2 2 2

YZOBJIETBOPAIOT ypaBHEHUIO X + Yy~ = a”, T. e. yPaBHEHUIO OK-
PYSKHOCTH.

Haiinem mpousBomHbIe TUIEPOOJTUYECKUX CUHYCA U KOCUHY-

ca. 3ameuas, uTo (—e ) = —e , UMeeM
, Q.’C + - X [’ x_ _—Xx
(chx)' =0 ze =< ze = sh x,
0 L
R e L e
(shx)—% 5 E_ 5 =ch x.

Taxum o6pazom,
(ch x)' =sh x, (sh x)' = ch x.
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sh x ch x
YacTHbBIE oh x nu hz’ 10 AHAJIOTUU C OOBIYHBIMY CUHYCAMU 1

KOCHHYyCaMHM, HAa3bIBAIOT COOTBETCTBEHHO eunepéoﬂultecrcum
maHeeHcom N zunepéoﬂuuecrcum KOmaHzeHcoM 1 0003HAUAIOT

shx ch x
ch x =thx, sin x

= cth x.

dyuKIuu, odpaTHbIe rumepbosnuecKkoMy cuHycy sh x u ru-
nmepbosnuecKoMy KocuHycy ch x, 0603HAUYAIOTCS COOTBETCTBEH-
HO Areash x, Areach x (uuraercs: «apeacuHyC, apeaKOCHUHYC»;
area (Jar.) — maomanb, Mepa). IloaBieHme 31ech ILIOIIAAU
CBS3AHO C TeM, UTO obpaTHBIe runepbosnueckre GyHKIIUU CBA-
3aHBI C BBIPAKEHUWEM MJid TJIomiaZiell CeKTOPOB T'HUIIePOOJIBI
(cm. m. 32.1).

O6parusie runepbonnueckue Gyuxiuu Areash x u Areach x
BBIpAYKAIOTCA udepe3 Jiorapu(Mbl MPPAUOHAJILHBIX (DYHKIIUHN.
IToxaskem aTo.

s maxoxgenus: GyHKIIUM, o0paTHOM sh x, mepemnuiiiem pa-

e tre

BEHCTBO Y = 3

B BUjiE
X —2ye"—1=0

1 peIIruM IIOJIYUYMBIIIEeeCA KBagpPaTHOE€ OTHOCUTEJIbHO ex YpaBHE-

Hre. OT6POCHB OTPHUIATEIbHBIH KOPeHb (¢° He ObIBaeT OTpHIA-

TEJIbHBIM), TOJYUUM
e“=y+Jy2+1.

x=Areashy=1n(y + Jy2 +1).

®yurnua Areash y ofHO3ZHAUHO oIlpefesieHa Ha BCell YMCJIOBOI
ocH.
AmnajgoruyHo A y = ch x mosydaercsa KBagpaTHOe OTHOCHU-

Orcroza

TeJIbHO €* ypaBHeHHe
¥ —2ye" +1=0,

=yt Jy?-1
U, CJIeL0BATeNbHO,

x=Areachy=1In(y £ Jy?2-1).

dyuknua Areach y onpenenena ans Bcex y 2 1 1 AByX3HaU-
Ha (KpoMme 3HaueHUA y = 1).

OTKYyIa
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VIIPAJKRHEHHE 8. BoiuucauTh npousBoguble Gpyaknuii th x u cth x. Ilo-
crpouts rpaburu GyHKnuit y = ch x, y = sh x, y = th x, y = cth x. Haitru
IPOMU3BOAHBIE UX O0PATHBIX (DYHKIUH.

§10.

[MpounsBoAHbIE N AUPDEPEHLNAADI
BbICLLUMX MOPSIAKOB

10.1. Npoun3BOAHbIE BbICLUMX NMOPSIAKOB

Onpeaenenue 1. I[Iycmv Qyuryua f(x), onpedesennHas Ha UH-
mepsase (a, b), umeem 8 kaxdoit mouxke x € (a, b) npousgod-
Hymwo f'(x) u nycmov x4 € (a, b). Ecau npu x = xq y npou3godrnoil
f'(x) pynryuu f(x) cywecmasyem npou3gooHas, mo OHA HA3bl-
saemcsa 8mopoil npous3eodHoil (uau npou3sodHoil 8mopozo no-

padxa) ¢yuryuu f u obosnawaemesa f'"(xq) uru f(z)(xo).

Taxum obpasom, f"(xq) = [f'(x)']], - x, WM, €CITH OTMYCTHUTD

o0o3HaUueHMe aprymMeHnTa, y'' = (y')'. AHAJIOTUYHO OIpeAeIAeTCs
Opou3BOAHASL y(") nwboro nopaaka n=1, 2, ...: ec
AU cyuwecmayem npou3eoiHas y("_ 1 nopadxa n— 1 (npu amom
nod npou3sodHoll HYNE6020 nopadka noopadymesaemcs cama
QyHKyua y(0)= Y, a nod npoussoOHoill nepeozo nopadka — y'),

mo, no onpedenenuro, y(n) _ [y(n— 1)],_

Bcnmomunas omnpemesene mpousBoaHOI (cM. 1. 9.1), onpenese-
HUe n-i IPONSBOJHON B TOUKE X MOYKHO 3aIINICaTh B BHUJE IIpesieia:
n—-1 n—-1
17 g+ 8x) = 17 Vi)
Ax ’

f™(xp) = lim n=1,2, ...

Ax - 0
OTMeTHM, UTO 13 IPEAIIONOMKEHN, UTO PYHKIINUA [ MMeeT B TOU-
Ke X, IPOM3BOAHYIO IIOPAAKA N, CHELYEeT, B CUIY OIpeJeJeHUs
IocJegHelH, YTO B HEKOTOPOHM OKPECTHOCTH TOUKYU Xy Y QYHKIIUH
{ cyiiecTByeT mpomsBOAHAA HOpAAKa n — 1, a ciemoBaTeJbHO,
npu n > 1 u Bce Ipou3BOHLIE 00Jiee HU3KOro mopsaakak <n—1,
B YAaCTHOCTU caMa (PYHKI[US OIpejesieHa B HEKOTOPO OKpPecCT-
HOCTH TOYKU X(. IIpu 9TOM BCce IPOMBBOAHEIE, TOPALOK KOTOPBIX

MEHBbIIIEe 7 — 1, HEIIPDEPBIBHBI B YKaBaHHOﬁ OKPECTHOCTH, IIO-
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CKOJIBKY BO BCEX €e TOYKAX OHM MMEIT MIPOM3BOAHYIO (CM.
TeopeMbl 1 u 2 B 11. 9.2).

Bcee craszamHoOe 37eCh €CTECTBEHHBIM O0pPa30M IIEPEHOCUTCHA U
Ha TaK Ha3bIBa€MbI€ OOHOCTOPOHHIME IIPOM3BOOHBIEC BBICIIIET'O IIO-
pAIKa, KOTOPhIE UATATEL 0e3 TPY/Aa OIPESEeIUT CAMOCTOSITEILHO.
OnpeaeneHue 2. DyHkyua HA3bLBACMCA L PA3 HenpepbLeHo Jup-
gepeHyupyemoii. Ha HEKOMOPOM NPOMeN}CYMmKe, eCau 60 BCex
MmouKax 2Mmozo NPoMeIymra OHA UMeem HenpepbieHble NPOU3-
800HbLe 00 nopadka n sxawyumenvrHo (n=0,1, 2, ...).

IIpu sToM Ha KakoM-jInbO KOHIIE PACCMATPUBAEMOI0 IIPOMe-
JKYTKa B TOM cJydae, KOTJa 3TOT KOHeI IPUHAAJIEKUT IpoMe-
JKYTKY, TOJ TPOMBBOAHBIMMU, KaK OOBIUHO, ITOHHUMAIOTCSA COOT-
BETCTBYIOIE OZHOCTOPOHHUE IIPOU3BOSHEIE.

I Toro uToObI (pyHKIIMA OBLIA 1 pa3 HempephsIBHO mudde-
peHIIIpyeMoli Ha HEKOTOPOM IIPOMEXKYTKe, TOCTATOYHO, UTOOBI
OHa HMeJa Ha HeM HENPEePLIBHYIO IIPOM3BOLHYIO HOPAAKA Il.
HelicTBUTENHLHO, COIJIACHO OIIPeJleIeHUI0, CYIIleCTBOBaHME IIPO-
U3BOJHON IOpAAKa n Ha paccMaTpUBaeMOM IIPOMEKYTKe IIpef-
mmojaraeT CyIlecTBOBaHMNe Ha HeM IIPOM3BOAHON mopsanka n — 1
W, TIOCKOJbKY M3 CYIIeCTBOBAHUS ITPOM3BOTHON KaKOU-JI100
(YHKIIVY B HEKOTOPOII TOUKeE cJIelyeT, KaK 9TO yiKe OTMedasIoch
BBIIIE, HENIPEPHIBHOCTh (DYHKIIMM B 3TOU TOUYKEe, IPOU3BOMHAS
nopAgKa n — 1 HempepbIBHA HAa JAaHHOM ITPOMEKYTKe. AHaJo-
TUYHO, B cjaydae n > 1 IOKa3bpIBaeTCA HEIPEPHIBHOCTH HA pac-
cMaTpruBaeMOM IPOMEKYTKEe IPOU3BOAHON TOpAAKa IL — 2 U T. [I.

Mpumepsl. 1. y=x°, y' = 3x%, y"' = 6x, y¥ =6, y¥= P =

=...=0.

2.y=a",y' =a"lna,y" =a" In® a, y(3) = 4" In® a. Boobme,
110 MEAYKIAHN JETKO yeTaHoBHUTh, uto y'™ = a* In" a. B wactHoC-
ma, () =¢*,n=0,1,....

3. y = sin x. Beruucaasa nmocienoBaTeIbHO IPOU3BOLHEIE, IIO-

ayauM y' = cos X, y'' = —sin x, y(3) = —CcoSs X, y(4) = sin x, majee
IPOW3BOAHLIE TOBTOPSIOTCA B TOM :Ke IMopanke. UYToObI 3amu-
caTh MMOJIYUYeHHbBIN Pe3yJabTAT B BUAE OJHOUN (hOPMYJILI, 3aMETHUM,
uTOo cos O = sin (A + T/2), moaTomy y' = cos x = sin (x + 1/2),

i

"o_ C 2L=gqin L e
Y cos (X + 5 s1n[x+22[n'r./:x.
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ITo nupykIun; (sin x)(n) =sin (x + n1/2) nng aoboron =1, 2, ...
4. y = cos x. 3ameuas, 4To —sin 0 = cos (0 + T/2), aHaIOTUY-
HO IPeAbIAYyIeMy IIPUMEPY HOJYUUM

(cos x)™ = cos Ex+ ngg, n=1,2,....

10.2. MNpoun3BOAHbIE BbICLUUX NOPSIAKOB CYMMbI
M npousseAeHUs PyHKLUUN

TEOPEMA 1. IIycmov @pynryuu y, = f1(x) u ys = fo(x) umerom
npous3godHnvie n-zo nopadka 6 mouke xg; mozda QYHKYUU
Yy + Yo = F1(0) + Fo(2) w yyyp = F1(x)f5(x) marsce unerom npous-
6800HbLE N-20 NOPAOKA 6 MOUKe Xg, NPUYeM

W1 +y)™ =" +yd", (10.1)

1 -1 1
W)™ =y ys + oyl Yy +

+ ey PP+ ) = 2 o, 0.2)
20e, Kakx 00bluHO, Cﬁ — YUCA0 COYemaHuil u3 n 3jiemeHmos no
k(k=0,1,2,...,n).

Dopmyay (10.2) 00BLIUHO HABBIBAIOT (POPMYJIOH JIeI‘/’I6H1/I11a1,
ee CUMBOJIMYECKM MOKHO 3aIlCaTh B CJAeAYIOIeM YIOOHOM IJIis
3allOMUHAHUA BUIE:

(ylyz)(n) =+ yz){n}-

Nupexc {n} osuauaer, uTo Boipaskenue (y; + yz){”} 3amuchIBaeTCs
nomxobmo bmaomy HeioToHa, T. €. B BUJle CYMMBI C TEMHU »Ke K0ad-
dunmenTaM, YTO 1 B OMHOMHUAJIBHOI (POpMyJie, TOJBKO CTeIe-
HU QyHKIUN Yy U Y, 3aMEHAIOTCA UX IPOU3BOAHBIMU COOTBETCT-
Byiotiero mopagka (cm. (10.2)).

®opmyast (10.1) u (10.2) roxkasbIBalOTCA II0 MHAYKIIUHU. [Tpu
n=1, T.e. 114 TPOU3BOJHBIX IIEPBOT0O MOPAJAKA, OHU OBLIN JIO-
KasaHsbl B . 9.5. ITycTh Temeps 9Ty (hOPMYJILI BePHBI AJIA ITPOU3-
BOAHBIX N-TO MOpAAKa. [JokaskeM MX CIpaBeIIUBOCTH IJIA IIPO-
M3BOAHBIX MOpAAKa n + 1.

Ir. Jleit6uu1 (1664—1716) — Hemenkuii pusocod U MaTeMaTHUK.
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B ciyuae cymmBbl QyHKIIUIT TMeeM
1 '
(Y1 + yz)‘” =l + yz)"”] =

dopmya (10.2) JToKasaHa.
B cayuae mpousBemeHUs (PYHKIUHA BBIKJIAIKU HECKOJBKO

CJIOXKHee: ,
(y1y2)(n U= [yy)™1 = [’éo Ciygn ) k)y(zk) } =
_ C [y (n +1- k)y(zk) " y(ln - k)y(zk +1) 1=
kZO Ck (n +1- k)y(k) n kéo Cz (1n - k)y(zk +1) _ y(ln + 1)y(20) n

Lok (n+l1-k) k"' bk (n-k) (E+1) 0) (n+1)
+.2,Coyy ys +.Z Coyy' "y + Y1 Yy .

k=0

37ecb MBI BOCIIOJIb30BAJHUCHL TE€M, YTO Cg = C, = 1. Teneps
M3MEeHUM WHAEKC CyYMMUPOBAHUA BO BTOPOM CyMMe, ITOJIOMKUB
k = p — 1; Torma HOBBLIM MHAEKC CYMMUPOBAHUA p OyIeT MEHATD-
ca or 1 mo n. Ilocse 9TOro B MOJMIyYEeHHBIX CYMMaX O0BEeIUHUM
IIOIIapHO cJIaraeMble, COZepJKallyie IIPOM3BONHbBIE OLUHAKOBBIX
nopsaakoB. O6o3Havuass oOIIUI MHAEKC CYMMUPOBAHUS Yepes p,
oymeM MMeTh

1 +1) (0
a2 =y Ve +
3 -1 +1- 0 +1
+ 2(Ch Oy TP Ty .
Orcioza, 3ameTus, uro C + Cﬁ =CP, muro C =C), i } =1
IOJy4YUM
()" "V =
+1) (0 +1- 0) (n+1
=y T+ B ek TPy Y =
n+1
S KA (ARt O

CAEACTBWE. Ecaiu ¢ — nocmosaHnHas, a y = f(x) — pyurxyus,
umenw,as npou3eoonyr n-20 nopadka 6 mouke X,, Mo QYHK-

yusa cf(x) maxxce umeem npou3gooHyw nopadxka n npu x = xg,

npuiem
(ey)™ = cy™. (10.3)
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HeiictBuTenbHo, ecan B dopmyrae (10.2) momoxurs y; = c,
Yo=Y, To noayuurca dopmyna (10.3). Bupouem, oHa ciexnyer
OUYeBUIHBIM 00pa30M W W3 N-KPaTHOTO MPUMEHEHUs (OPMYJIbI
(9.18) x byurnuu cy.

3 . .

Paccmorpum mpumep. Ilyets y = x” sin x. Haligem c¢ mo-

Mok (hopmyssl JlefiOHUIIA TPOU3BOTHYIO y(m).

(x3 sin x)(lo) = x% sin Ex + 105% +10 - 3x%sin Ex + 95% +
. . in L LN . . in L L
+10 - 9 - 3xsin [x+82D+10 9 - 8sin [x+725

= —x%sin x + 30 x% cos x + 270 x sin x — 720 cos x.

10.3. NNpoun3BoAHbI€ BbICLUMX MOPAAKOB OT CAOXHbBIX PYHKLMA,
OT O6PATHBIX PYHKLMIA U OT QYHKLUNA,
30ACQHHBIX MAPOMETPUYECKU

ITycmov Qpynryus y = y(x) umeem emopyio npousgoo0Hyn 6 mou-
Ke xg, a 2= 2(y) — emopyr npous3godrnyw 6 moike Y, = y(xy).
Toz0a caoxcnas gynryusa 2[y(x)] umeem npu x = x, 6mopyio
npousgoorny, npuiem

T — n 12 I n
Zex = 2yy Yy 2y Yy (10.4)
JleICTBUTEJIBHO, IIOCKOJIBKY CYIIIECTBYIOT IITPOM3BOJHBIE
yY'(xg) 1 2"(yp), cymecTByIOT Takke y'(xg) u 2'(yy). Cremosa-
TeJIbHO, PyHKIMM y(x) u 2(y) HEeIPEepHIBHLI COOTBETCTBEHHO B
TOUKaxX Xy U Y. 1109TOMYy B HEKOTOPOII OKPECTHOCTU TOUKHU X
ompeneseHa caokHad GyHKnuA 2z = 2[y(x)]. Auddepenmnupys ee
U OIIyCKas AJIA IIPOCTOTHI 0003HauUeHNe apryMeHTa, UMeeM 2, =
= z; Y..; subdepeHIUpPyA ellle pas 0 X, MOJYIUM

2he = (2 )\ Y+ 2y e = 25y U+ 2y e D

AHaJIOTUYHBIM 00Pa30M BBIUUCJIAIOTCSA, IIPU COOTBETCTBYIO-
IIUX TIPEANOJOKEeHUAX, U NPOU3BOOHbLE BblCUUX NOPAOK08
CAONHCHOU QYHKYUU. ITOT METOJ MO3BOJIAET TAKKe JOKA3bIBATh
CYIlleCTBOBAaHWE M HAXOAUTH IPOM3BOJHBIE BBICIINX IOPALKOB
oT oOpaTHON QYHKITUH.

ITycmov gynkryusa y = y(x) HenpepvieHA U CMPO20 MOHONMOH-
HA 6 HeKomopoil okpecmHocmu mouku x (cMm. . 9.6) u nycmo
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npu x= x, cywecmeyiom npou3eoOnvie y' u y', npuuem
y'(xg) # 0; moeda u obpamnas Qyuryus x = x(y) umeem emo-
Py npous3godrnyr 6 mouke Yy = y(xy), npuvem OHA MOHiem
Obimb Bblpaicena uepes 3HAYEHUSL NPOuU3BoOHbLX Y' u y'" Qynk-
yuu y(x) npu x = x,.

B camom gesie, omyckasi, KaKk ¥ BEIIIe, 0003HAUEHUS apry-
MeHTa, coryacHo Teopeme 4 § 9 (cm. m. 9.6), umeem x, = 1/y,.
Brruncnas npousBogHYIO IO Yy OT 00enxX YacTell ¥ MPUMEHAA K

IPaBoOM YacTH IpaBuao AU(PGEepeHIINMPOBAHUA CJIOMKHON (PyHK-
UK, IoJIydaeM

" AN 10 .. Yxx 1 Yrx
x" =(x') =EUx = - = = —EE
vy yly nyljx y ylf y", y,3

AHaJIOI‘I/I‘IHO IIPN COOTBETCTBYIOIINX IIPEAIIOJNOKEHUAX BBI-
YUCHSAIOT U NPOU3BOOHbLE BbLCULUX NOPAOK08 048 00pamHoil
QyHKUUU.

ITomo6HBIM 2Ke 00pasoM MOXKHO IIOCTYIIATh UM B CJIydae Tak
HA3bIBAEMOT'0 ITapaMeTPUUECKOT0 3afaHus QYHKIIUU.
Onpeaenenue 3. I[Iycmov Qyurkyuu x = x(t) u y = y(t) onpedene-
HbL 8 HEKOMOPOU OKpecmHOCmMU MOYKU ty U 00HA U3 HUX, HA-
npumep x = x(t), HenpepvL6HA U CMPOZO MOHOMOHHA 6 YKA3AH-
HOll oxkpecmHocmu; mozda cyuiecmaeyem oopamuas x(t) GyHk-
yusa t = t(x), u 6 HeKOomopoilL oxpecmHOCMU MOYKU Xo= X(t()
umeem cmwvlca Komnosuyus y(t(x)). dma pyHxyus y om x u Ha-
3vl8aemcs napamempuiecKu 3a0anHOl Gopmyramu x = x(t),
y = y(t) pynryueil.

BriBemem (opmyasl anasa auddepeHIINpOBaHUA HapaMeTpPHu-
YeCcKU 3aJaHHBIX QYHKITUI.

Ecau Qynryuu x(t) u y(t) umerom 6 mouke t, npousgoo-
Hule u ecau x'(tg) # 0, mo napamempuuecku 3a0anHas QYHK-
yua y(t(x)) marxxce umeem 6 moure xy,= x(t;) npousgodnyio,
npuuem

)
L =T (10.5)

B camom gesie, mo nmpaBuay auddepeHIUPOBAHUA CIOMKHOMN
dyHKRIIMT nMeeM (onycKada 0003HAUEeHE apTyMeHTA)

vy, =y, t,; (10.6)
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y 10 IIpaBuiy ke auddepeHIpoBa-
HUuA 00paTHO PYHKIINU
t,= 2. (10.7)
t
W3 popmyn (10.6) u (10.7) u ciexyer
dopmyaa (10.5).
Ecau, kpome mozo, cyuiecmay-
rom xi, (tg) u y;, (29), mo cywecmsy-

Ry

Puc. 48

em u y,, (xq9), npuvem

y' o =(y.) = £t oY X T Yie*n
xx x/x Che Ealc [lxé[t[ x x,t?,
AHAJIOTUYHO BBIYMCISIOTCSI NPOU3600HbLE 60Jee 8blLCOK020 NO-
padka napamempuiecku 3a0aHHbLX QYHKUUIL.

PaccmoTrpuM B KauecTBe IpUMepa TapaMeTPUUYeCKU 3aTaH-

HYIO0 QYHKITHAIO
x=a(t—sint), y=a(l —cost), (a#0,—00 <t <+00), (10.8)
Ee rpadpur msobpasken Ha pucyHKe 48. IlycTh mya ompene-

aenHoctu a > 0; Torma pyHknua x(¢) = a(t — sin ¢) cTporo Bo3-
pacraer. [eiicTBuTenbHO, mycTh At > 0; Torma, 3ameuas, UTO

O<siné2E <%E,nMeeM
x(t + At) — x(t) = a{At — [sin (t + At) —sin t]} =
=a[At—2cos i+ %Esin%}>aEAt_2 o1 - %’Ezo’

YTO M 03HAYAET CTPOTO MOHOTOHHOE Bo3pacraunme QyHKIUU Xx(t).
B cuny sToro, cyiecTByeT ofHO3HaUHas oOpaTHas GYHKIUA t =
_ T _ .2t r . [
= t(x). Manee, x; =a(l —cost)=2asin" 5 20, y, =asintu x;

obOparaeTcsa B HYJIb TOJBKO B TOUKax Buma t = 2kT, k=0, = 1,
* 2, .... IlosTomy ecau t # 2T, TO, COIJIACHO HpaBumIy Audde-
peHInupoBanusa PYHKIINN, 3aJaHHOI IIapaMeTPpUUYeCKy, ITMeeM

' _y_;c_ _ sint _ t,
Ye = %y o1 g
2sin” 5
2
- o _ ol ___1 1 -1
Yux [Q:thQC [DCthx; . 2l .21 . 4t’
2sin 2 2a sin 3 4a sin 3
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10.4. AndPepeHUMaAbI BbICLLUNX MOPSIAKOB

B nacroamem nynkre nia ygooctBa OygeM MHOTAA BMECTO CUM-
Bosia puddepeHnupopanus d mucatb 0yKBY O, T. €. BMecTo dy,
dx nucarsb Oy, Ox.

IIycTes pyrrnua y = f(x) auddepennupyeMa Ha HEKOTOPOM
uHTepBaJe (a, b). Kaxk ussecTHo, ee nuddepeHIImAal

dy = f'(x)dx,

KOTOpPBII HasbIBaeTCA TaKiKe ee MepBhIM AuddepeHIinaaoM, 3aBu-
CHUT OT ABYX IlepeMeHHbIX: X u dx. IlycTs dyHKIuA f'(x), B CBOIO
odepens, ruddepeHIEPyeMa B HEKOTOPOH TOUKe X € (a, b). Torma
nuddepeHIai B 3Toil Touke GyHKIUU dy, paccCMaTpUBaeMoil KaK
(YHKIIMA TOJBKO OT X (T. €. IPU HEKOTOPOM (hMKCUPOBAHHOM dX),
ecJIu 1J1 ero 0003HAUEHMST UCITOJIB30BATh CUMBOJI O, UMEET B/

(dy) = J[f'(x)dx], _ xy = [F(x)dx], _ x Sx = f""(x)dxdx.

Onpeaenenve 4. 3uavenue duppepenyuana ddy), m. e. duppe-
peHnyuana om nepeozo Ouggeperyuana, 6 HeKOMOpPoOl mouke
Xo npu dx = dx Ha3vieaemcs 6mopvim OuPGepenyuanrom PYHK-

uyuu f 8 amoil mouke u 0603Ha1ta€m6‘ﬂ uepes dzy, m. e.
d%y = f"(xp)dx>. (10.9)

(Yepes dx® u 6000we uwepes dx", n € N, o6o3nauaemcsa (dx)z,
coomeemcmeenno (dx)", a ne d(x").)

2
3amMeTuM, 4YTO, B CUJIY 3TOrO ompenesenusd, d x = 0, Tak Kak
IpHU BREIUKCJICHUY TU(HEPEHIINATIOB MbI CUNTAeM MpUPAIlleHueM
dx = AXx IIOCTOAHHBIM.

ITomo6HBIM Ke 0o0pa3oM B TOM cJydae, KOTZa IIPOM3BOIHAS
—_ 1)

(n — 1)-ro mopsamka y(n , suddepeHIEpyemMa B TOUKe X WJIH,

YTO HKBUBAJEHTHO, KOTJ]a IIPU X = X CYIeCTBYEeT IIPOU3BOJHASA

n-ro mMopAgKa y(”), ompeneasierca Juggeperyuan n-zo nopadxa

d"y dyrrnum y = f(x) B Touke x, Kak qmuddepennuan &(d" 1y) oT

nuddepernuana (n — 1)-ro mopanka d” 1y, B KOoTOpoM Ox = dx:
d"y = &d" " "Y)lsx g

IToxkaxxem, uTo cripaBeauBa hopMyaa

dy=y"dx", n=1,2, .... (10.10)
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Ee mokxasarenncTBO IIpoBeaeM 1o MHAYKIUU. Haan=1un= 2
oHa mokasama. IlycThb 9Ta hopMysia BepHa A TuddepeHIInagioB
nopaagkan — 1:

dnfly _ y(nfl)dxnflo
Torma, coryiacHO TaHHOMY BBIIIIE OIIPEeIeHUIO, OIS BEIUNCICHUS

muddepeHIIaNa 1-To TOpAIKa d(n)y HEeo0XOAMMO BLIUKUCIUTH CHA-

-1
yasa auddepeHnra (M ero 0603HAYNM CUMBOJIOM O) oT d" ' y:

é(dn - ly) _ 6(y(n - l)dx(n - 1)) _ (y(n - l)dxn - 1),6x _ y(n)axdxn - 1’
a 3aTeM MOJIOKUTH Ox = dx:
d"y =8d" 'Yls, - g = y™dx". O
W3 popmynsr (10.10) crexyer, uTo
ym==<y, (10.11)
dx

IIpuBegeM HEKOTOPHIE CBOMCTBA AU((PEPEeHINATIOB BHICIINX
MOPATKOB:

1°, d"(y, +yp) =d"y; + d"y,.

2°. d"(cy) = cd"y, ¢ — nocrosHHA.

0 ,n s kg, n—k ; k
3°.d" (y1ys) = kgo C,dy, "dy,, uau, ecau ucnonb3oeamo
CUMBOAUYECKYIO 3ANUCD,

d"(y1y5) = (dy, + dy)™,

20e evipaxcenue (dy, + dyy)"’ 3anucvieaemces no anasozuu ¢ Ou-

HOMUAAbLHOU opmynoli Hvtomona, m. e. a8asemcs cymmoii suda
kB n—k &
Cpd” "y1d7Ys;

. 0
npu smom O0as a000I QYHKUUU U cuumaemcs, 4ymo d u=
— 07,0 __
=u dx =u.

9TH CBOMCTBA HEIIOCPEICTBEHHO CJEAYIOT U3 COOTBETCTBYIO-
mux (QopMysa AJsS TPOMBBOJAHBIX N-T0 HMOpaaKa (cM. GopMysab
(10.1), (10.2), (10.3) m (10.10)).

Sameuasnue. Popmyis (10.10) u (10.11) cupaBeaauBHI,
BOOOIIIe TOBOPSA, IpHu 72 > 1 (B oTauume oT caydad n = 1) TOJIbKO
TOTZA, KOTJla X ABJAEeTCA He3aBUCUMBIM IIepeMeHHBIM. B ciayuae

I[I/I(l)(bepeHIlI/IaJIOB BBICIIINUX ITOPAAKOB IIO 3aBUCHMMBIM II€pPEMEH-
HBIM O€eJI0 00CTOHUT CJIOKHEE.
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IIyceTs 2 = 2(y), y = y(x), uMeeT cMbIca cynepano3uiiud z[y(x)]
u dyurmuu 2(y) u y(x) mBaxxabl guddepennupyembr. Torga
dz = 2y dy. JuddepeHIIUPy ellle pas 1 He mpuberas IJs Ipo-
CTOTBHI K CUMBOJY O, T. €. cuuTad 3anuck d(dz) paBHOCUIBHON 3a-
aucu 5(d2)|5x: 4 (TAK Bcerja U IOCTYNAalOT Ha IPaKTHUKe), IPU-
ueM 31ech mox O(dz) nonnmaercsa quddepeHIIual mo x ot GyHK-

nun dz = 2, (y)dy = z, [y(x)]y, (x)dx, nonydaem
d’z = d(dz) = d(z,dy) = d(z, )dy + 2, d(dy) =

_ " 2 12 2

= z,,dy" +2z,dy (10.12)
(MBI HaIUCAIU dzfy = z;ydy Ha ocHoBaHUU (GopmyJbl (9.26),
T. €. ICIIOJIb30BaB MHBAPUAHTHOCTD IIePBOTro AuddepeHIaa).

CpasuuBaa ¢opmyasl (10.9) u (10.12), Bugmm, 4TO OHH OT-

JIMYAIOTCS BTOPHIM UJIEHOM, 1 TaK KaK, BO0OOIIle roBOPs, dzy #0,
TO CYIIECTBEHHO pas3jnuHBI. PasmenuB obe uvacTu paBeHCTBA
(10.12) na dxz, noayyum (GopMyJay BTOPON TPOU3BOAHOU IJIA
CJIOXKHON (DYHKIIUU

n — n I2 I n

Rxx — Zyy Yy + Zyyxx’

Koropas ObLia moayueHa paHee (cM. (10.4)) npyrum nyrem.

ITomo6GHBIM 2Ke 00pa3oM MOTYT OBITH BBIUMCJIEHBI N depeH-
IUAaJIbl ¥ TPOMB3BOAHBIE BBICIINX MOPAIKOB CIOMKHON QYHKITUN.

§11.

TeopeMmsbl O cpeaHeMm
AN AN depeHUMpPYEeMbIX QYHKLNIA

11.1. Teopema ®epma

B TepMmHax mpom3BOAHBLIX OKA3bIBaeTCs YAOOHBIM ONMCHIBATD
pasiuuHble cBolicTBa (hyHKImMii. IIpeskae Bcero ykaskeM xXapak-
TEePUCTUYECKOE CBONCTBO TOUEK, B KOTOPHIX (DYHKIIUA TPUHU-
MaetT HaI/I60JII>H_Iee NnJIN HanMEeHbIIlee 3HaYeHue. HaHOMHI/IM, qTo
ecau QyHKIOUS [ ompenesieHa HAa HEKOTOPOM MHOMKeCTBe X, TO
TOBOPAT, YTO OHA IPUHUMAET B TOUKe X HamboJblllee (HAUMEHb-
I1ee) 3HaUeHUEe HA MHOXKecTBe X, eCcJIU AJs1 BceX ToueK X € X BBI-
ToJIHAeTCA HepaBeHCTBO f(x) < f(x,) (HepaBeHCTBO f(x) = f(x()).
Ecmu pna Bcex x € X U x # X BBIIOJHAETCA HEPaBEeHCTBO
f(x) < f(xy) (mepaBeHCTBO f(x) > f(x()), TO TOBOPAT, UTO B TOUKE X
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byuKIUA f IPpUHUMaeT CTPOro HanuboJbIllee (HaMMeHbIIlee) 3Ha-
yeHUe Ha MHOKecTBe X .

TouKM, B KOTOPBIX (QYHKIINA IPUHUMAET 3HAUEHUS (CTPOTO-
ro) MaKCUMyMa WM MUHUMYMa, HasbIBalOTCA moukamu (CTpo-
TOT0) IKCMpPemMyma.

TEOPEMA 1 (d)epmal). Ecau ¢pynrxyus onpedesrena 8 HeKoOmopoil
OKpecCmHOCMU MOYKU, NPUHUMAem 8 Imoil moyke HauboJbvliee
(Haumenbvlwee) 3HAYCHUE U UMeem 6 Hell KOHeYHYI0 UAU onpede-
JIEHHO020 3HAKA 0eCKOHEUHYI NpPou3so0HYyl0, Mo ama npous3eood-
Has PasHa HYJIO.

AokasaTeAbcTBO. Ilyers (pyHKIMA [ ompenesieHAa B OK-
pectHocTH U(X() TOUKHU X, U NIPUHUMAaeET JJIA OIpeJeJeHHOCTH
Ipu X = X HauOoJIbIllee 3HAUeHUe, T. e. AJId Bcex x € U(x) BHI-
IoJIHAeTCA HepaBeHCTBO f(x) < f(x(). Torma ecau x < x,

f(x) ~ F(xg)

0, (11.1)
x—xo
a ecau x > xg, TO ; )
)~ 1) (11.2)
x—xO

IIo ycnoBuiO TeOpeMbI CYIIECTBYeT KOHEUHBIN WJIMU OIpeje-
JIEHHOT'O 3HaKa 0eCKOHEUHBIH IIpeies

f(x) = f(xq)
m —— ol

X — Xy

li
X - Xg
mosToMmy B HepaBeHcTBax (11.1) m (11.2) MokHO mepeliTu
K IIpefiesly Ipu X — X, (cM. cBoiicTBo 40 mpenesoB GyHKIU
B 1. 5.10). B pesynbrare mosyduM coOTBeTCTBEHHO f'(xy) = 0
u f'(xy) < 0. CirenoBarensHo, f'(xy) = 0. O
Sameuanue 1. PopmynaupoBka Teopembl Pepma ¢ mep-
BOTO B3IJISIZIa MOXKET IIOKAa3aThCsd HEeeCTeCTBEHHOM: B IIpeJIo-
JIOJKEeHUAX TOBOPUTCA O CYIIECTBOBAHUU 0ECKOHEUHBIX ITPOU3-
BOJHBIX, 8 B YTBEPIKIEHUN — O PABEHCTBE HYJIIO IIPOU3BOLHOI.
Ognaxo Ha camMoM jJeje (hopMyJIMPOBKA TEOPEeMBI BIIOJIHE KOp-
PeKTHa: a priori mpeamoaraeTcs, 4TO B TOUKe CYIIIeCTBYET IIPo-
u3BoAHAaA (KOHeUHAsT MU OIpeaeIeHHOro 3HaKa 0eCKOHeUHAas)
U TOKAa3bIBaeTCHA, UTO IMPU BBLIMOJHEHUU AOIIOJHUTEJIbHOTO yC-
JIOBUA O NOCTHKEHUU B pacCMaTPMBaeMOIl TOUKe HambOJIbIIe-
ro (HamMeHBIIET0) 3HAUEHUA yKasaHHAas IPOUM3BOJHAS pPaBHA
HyJs10. lHaue roBops, HJOKa3bIBaeTCs, UTO B TOUKE, B KOTOPOI

f'(xO),

. Depma (1601—1665) — ppaHIy3cKUil MaTeMaTUK.
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OpuHUMaeTcsa HamboJbIllee UJIM HAUMeEHbIllee B HEKOTOPOH ee
OKPECTHOCTH 3HaueHMe (PYHKIMH, He MOYKET CYIIeCTBOBATH HU
KOHeUHas, HU paBHAasA HYJII0 IPOM3BOAHAA PYHKIINY, HUA OIIpe/e-
JIEHHOTrO 3HaKa 0OecKkoHeuHas ImpousBogHasa. IlosTomy B TOuKe, B
KOTOPOM JOoCTHUraeTcs HamboJIbIllee MIM HaWMeHbIIIee B €€ OK-
pecTHOCTHU 3HAUeHre (PYHKIINY, BO3MOKHEI CIIeAYIOIINe CIyUan:
B 9TOM TOUKe CYII[eCTBYeT KOHeUHAas, pPaBHAs HYJIO IIPOU3BO/I-
Has, CYIIeCTBYeT 3HAKOHEOIIpeAeIeHHAA 0eCKOHEeUHAA IIPOU3BOI-
Has, He CYINeCcTByeT HUKAaKOW ITPOM3BOAHOW HUW KOHEUHOI, HU
O6eckoHeuHoii. [IpumMepom (pyHKIINU, OIS KOTOPOU OCYIIECTBJIS-

. . 2
erca npu x = 0 mepBbIil caydail, ABideTca GQyHKIuUA f1(x) = x°,

BTOPOH ciryuaii: fo(x) = ?i/x_2 , Tpetuii: f3(x) = |x|. Bee ot dhyHK-
muy IpuHUMaloT npu X = 0 HauMeHbIllee 3HaUeHUe, TaKKe paB-
HOe HYJIO, IPOM3BOJHAsA IIepBOil U3 HUX paBHa HyJI0: f1(0) =0,
BTOpOIi 6ECKOHEUHOCTHU HeoIpefeseHHOro 3Haka: f5(0) =0, ay
TpeThbell Ipou3BogHAA B Touke X = 0 He cyliecTByer.

T'eoMeTpuyeckasa MHTEpPIpeTANIUA TeOpeMbl PepMa COCTOUT B
TOM, YTO €CJIU IIPU X = X, fuddepeHnupyemas GyHKIUA [ Ipu-
HUMaeT HamboJblnee (HaMMeHbIIIee) 3SHAUeHNe Ha HEKOTOPOH OK-
PeCTHOCTH TOYKHU X, TO KacaTeJbHad K rpadpury QpyHKIuu B
Touke (xq, f(xy)) napamreasHa ocu Ox (puc. 49).

SamMmeuanue 2. Ecin pyHruus f npuHuMaer HaAnbOJb-
Ilee (HauMeHblIIee) 3HaUeHNe [IPU X = X, II0 CPaBHEHUIO C ee 3Ha-
YeHUAMH B TOUKAX, JIEXKAIUX II0 OLHY CTOPOHY OT TOUKH X, U
UMeeT B Xy COOTBETCTBYIOIIYI0 OJHOCTOPOHHIOI NPOU3BOAHYIO,
TO 9Ta IPOUB3BOAHAS MOKeT ObITh He paBHa HyJa 0. Tak, Hampu-
Mep, GpyHKIua f(x) = x, paccmarpuBaeMasa Ha orpeske [0, 1],
npunuMaeT npu x = 0 MUHEHMAaJIbHOE, a mpu X = 1 — Makcu-
MaJbHOe 3HaueHWe, OJHAKO KaK B TOH, TAK U B APYIOfl TOUKe
OpousBogHAS paBHA equHHuIle (puc. 50).
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11.2. Teopemsbl PoAAs, AarpaHika 1 Kowm
O CpeAHUX 3HOYEHUSX

TEOPEMA 2 (teopema Poans’). Iycmv pynryuasa f:
1) Henpepviena Ha ompeske [a, b];
2) umeem 6 kKaxuc0oii mouke unmepsaa (a, b) KoHeuHny0 uUaU
onpedenenn0z0 3HAKA 0eCKOHEeUHYI0 NPOU3EO0HYI0;
3) npuHuMmaem pasHble 3HAYEHUS HA KOHUAX OMpesKa, m. e.
f(a) = 1(b).

Tozda cywecmsyem xoms 6b. 00Ha makas mouka &, a <& <b,
ymo f'(§) = 0.

T'eomeTpuueckuii cMbICJT TeopeMbl POJLJIS COCTOUT B TOM, UTO
Ha rpaduKe GYHKIINU, YIOBIETBOPAIONIEH YCIOBUAM TEOPEMBI
Ponns, umeerca mo Kpalineil Mepe ofHa TOUKa, B KOTOPOI Kaca-
TeJbHaA ropu3oHTaJbHA (puc. 51).

AOKA3aTeAbCTBO. Ecam ajas 000 TOUKM X MHTepBaJa
(a, b) BeimoaHsieTcss paBeHCTBO f(x) = f(a) = f(b), To byurmua f
SABJIAETCS IIOCTOSTHHOM HA 9TOM HMHTEPBAJIe W IIOITOMY AJIS JIiO-
601t Touru § € (a, b) BeimonHsiercsa yeaosue f'(§) = 0.

Ilycrs cymecTByeT Touka x, € (a, b), nna xoropoi f(x,) #
# f(a), nanpumep, f(x,) > f(a). Cormacuo Teopeme Beitepmirpac-
ca 0 TOCTHKMMOCTH HEeITPepPLIBHOI Ha oTpe3Ke QyHKIIHel cBOUX
HaMOOJBIIIeT0 M HaWMEHbIero 3HaueHuWil (cM. Teopemy 1 B
m. 6.1), cymecTByeT Takas Touka & € [a, b], B KOTOPO PyHKIIUA
f npuHUMaeT HanboJbIlllee 3HaueHue. Torga

@) = f(xo) > f(a) = f(b).

ITosTomy & # a u & # b, T. e. TouKa & NPUHALJIEKNAT NHTEPBAIY
(a, b) u pyuKIUa { IpuHUMAET B Hell HamboJblllee 3HAUYCHUE.
CrnemoBaTesbHO, corjacHO Teopeme @Depma (cm. Teopemy 1 B
m. 11.1) BemmoJsasaercs paseucTso f'(§) = 0. O
y 3aMeTuM, UTO BCe IIPEAIOCHLIKU
__ /_, _ ,:; TeopeMbl Pojis cyimecTBeHHBI. UTOOBI
B 9TOM yOeauThCs, TOCTATOYHO IIPUBEC-
TH TpuUMepbl GYHKIIUH, MJId KOTOPBIX
»  BBITIOJIHAJINWCH OBI IBA M3 TPeX YCJIOBU
TEOPEMBbI, TPEThe Ke He BBIMOJHAIOCH
Puc. 51 OBl ¥ Y KOTOPBIX HE CYII[eCTBYET TOUKH ¢

M. Posms (1652—1719) — ppaHIy3CKUI MaTeMaTUK.
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Puc. 52 Puc. 53

rakoii, uro f'(§) = 0. (Ilpu 3ToM, B CHIy YCIOBUA 3, B KOTOPOM
TOBOPUTCA O 3HAUYEHUAX (I)YHKI_U/II/I B KOHIIE€BBIX TOUKAaX IIPpOMeE-
JKYTKAa, clIefyeT paccMaTpWBaTh JHUIIL (PYHKIIUU, OIpeaeJeH-
HbIe Ha OTPe3Kax.)

dyurnua f(x), onpemenenHas Ha orpeske [0, 1] u paBuas x,
ecin 0 < x<1,u 0, eciu x = 1, yIoBIEeTBOPAET YCJIOBUAM 2 1 3,
HO He yIOoBJeTBopsAeT ycaoBuio 1 (puc. 52).

®yuxnusa f(x) = |x|, x € [-1; 1] ynosnersopser ycaousawm 1
¥ 3, HO He yIOBJIETBOPSET ycaoBuio 2 (puc. 53).

Haxowmen, ¢pyuxnua f(x)= x, x € [0; 1] ymoBiaeTBopsieT
ycaoBusAM 1 u 2, HO He yIOBJIeTBOPAET yeaoBuio 3 (cm. puc. 50).

JJis Bcex 3TMX (PyHKIIUU He CYIIECTBYET TOUKU, B KOTOPOM
WX IIPOM3BOIHAA oOpaIagach Obl B HYJIb.

O6paTuM BHMMaHMUE Ha TO, UTO IO YCJIOBUAM TeopeMbl Posis
oTpe3oK [a, b] MOXKeT colep:KaTh TOYKHM, B KOTOPBIX (DYHKIIUA
nMeeT OIIPeIeIEHHOr0 3HAKAa 0ECKOHEUHYIO IPOU3BOAHYIO, T. €.

. A . A
B KOTOPBIX lim A_y_ =+ocouau lim A_y = —00, 910 TpeboBaHUE
Ax - 05% Ax - 0°%
. A
HeJb3sl 0CJIa0UTh, 3aMEHUB ero ycjaoBueM lim A—Z = oo, Ha-

Ax - 0

npumep, auasa pysrnuu f(x) = J|x|, -1 < x < 1, He cymecTByeT
Touku & € [-1, +1], B KOTOPOI IPOU3BOAHAA 9TON (PYHKIUK 00-

paiajack Obl B HyJb. BMecTe ¢ TeM pyHKIUA f(x) = m YIOOB-
JIETBOPAET BCEM YCJOBUAM TeopeMbl PoJsna Ha orpeske [—1, 1],
3a UCKJIUYEHUEM TOTO, YTO B ToOUKe X = 0 aTa QyHKIIUA HE UMEET
HY KOHEUYHOM, HU ONpeJeIeHHOT0 3HaKa OeCKOHEUHOH IpPoums-
BoaHOI (puc. 54).

. . Ay
B camom gmene, mis sroil Toukm lim Ae = OO IIDUYEM ITOT
Ax - 0

IIpeges He ABJIAEeTCA 0EeCKOHEUYHOCTHIO OoIIpeneJIeHHOI'O 3HaKa.
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y IIpumepom (pyHKIIUM, YIOBIETBO-
T/\ psmomieir Teopeme Posida u nmeroei

i | 0 1 9% B HEKOTOPON TOYKEe OIpEeAeJIeHHOTO
M 3HaKa OECKOHEUHYI0 IIPOM3BOIHYIO,

ABJISAETCA PYHKIIUA

All—(x—1)2,0<x<2,
flay=4 " =
A1 —-(x+1),-2<x<0.

Ira GyHKIIMA HEIpepbIBHA Ha oTpedKe [—2, 2], nuddepeHupy-
eMa BO BcexX TOUuKax mHTepBaja (—2, 2), Kkpome Touku x = 0, B
Koropoi f'(0) = +o° u f(—2) = f(2) (puc. 55). B cormacuu c Teo-
pemoii Posia y Hee uMeeTcss TOUKa (Jake OBe), B KOTOPOH IIPo-
usBogHasA paBHa HyJO (x = = 1). 'padpuxom sTol PYyHKIIUN AB-
JISIOTCA IBe TIOJYOKPYsKHOCTH, conpskernubie B Touke (0; 0).

ITOT mpUMeEDP IMOKAa3LIBaeT I1eJIecO00Pa3HOCTh PACCMOTPEHMA
B JaHHOM cJy4yae He TOJbKO (PYHKIUWH, MMEIONNX KOHEUHBIe
TPOU3BOAHBIE, HO M PYHKITUIH C OIIPeAeIeHHOTO 3HaKa OeCKoHey-
HBIMHY ITPOU3BOTHBIMHU.

3aMeTuM, YTO IIOCTPOEHUWEM COOTBETCTBYIOIIUX ITPHUMEPOB
(ecnu, KOHEUHO, 9TO yAaeTcs CAelaTh) U IIPOBEPAIOT OOBIYHO B
MaTeMaTHUKe CYIIeCTBEHHOCTh TeX WU WHBIX yCJIOBUHN JOKa3bl-
BaeMBbIX TEOPEM.

B manbueiinmem MbI He 6yeM IPOBEPATH HEOOXOAMMOCTD yC-
JIOBUH TeopeM, MPENOCTABJIAA 3TO AeJaTh UUTATEJI0 II0 Mepe
BHYTPEHHEH MOTPeOHOCTH.

W3 Teopemsul Posna ciaenyeT, uTo econ (DYHKIIMA HEIIPEPBIBHA
Ha HeKOTOPOM OTpe3Ke, o0palliaeTcs: B HYJIb HA ero KOHIaxX W Jud-
depeHIITUPpYyeMa BO BCEX €r0 BHYTPEHHUX TOUKAaX, TO CYIIeCTBYeT
€ro BHYTPEHHASA TOYKa, B KOTOPOI IIPOM3BOAHAA OOpaliaeTcs B
Hyab. Kopoue roBopsi, mexcdy 0symsa Hyaamu Oupgeperyupyemotii
QyHKyUuU 68cez0a nexcum xoms Obl 00UH HYAb ee NPOU3BOOHOIL.
VIIPAJKHEHHA. 1. JokasaTh, uTo eciau GYHKIUA [ YIOBIETBOPSET yCJIO-
BuAM TeopeMbl Poisna Ha orpeske [a, b] u He ABIAETCA IOCTOAHHON, TO HA
STOM OTPe3Ke CYII[eCTBYIOT TaKue TOUKH &; U &y, uTo f'(§1) > 0 u f'(§y) <O.

2. IlpuBectu npumep QYyHKINU, HEIPEePHIBHON Ha oTpesKe [a, b], uMmeroIeit
MPOM3BOAHYIO B KAXKJ0M TOUuKe nHTEepBaia (a, b), HO He UMeIOIIeil IPOU3BO/I-
HOIT (OJHOCTOPOHHEIT) B TOUKE a.

TEOPEMA 3 (teopema /\Clrde)Kdl). Ecnu ¢yurxyusa f Henpepwvis-
Ha Ha ompe3ke [a, b] u 8 kaxdoii mouxe unmepsara (a, b)

L9K.-JT. Jlarpamx (1736—1813) — (paHIly3CKU MaTeMaTUK U MeXaHUK.
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umeem KOHEYHYIO uau onpede- YA B
JeHH020 3HAKA 0eCKOHeUHYIO
npou3éoony, mo 6 IMOM UH-
mepsaJie cyuiecmayem no Kpaii- f(b)~f(a)
Hell mepe o0Ha makas moyka &,

umo i, b-a

f(b) = f(a) = '(E)(b — a). (11.3) ‘
Jdra TeopeMa ABIIETCA, OUEBUJ-
HO, 000011IeHIIeM TeopeMbl PoJris. Puc. 56

AokaszateabcTBO. Pac-
CMOTPUM BCIIOMOTATENbHYIO (PYHKITIIO
F(x) = f(x) — A\x (11.4)
¥ OIIpeieJIUM YUCJIO A Tak, urobsr F(a) = F(b), T. e. uTo0sI f(a) —
—Aa = f(b) — Ab. 3TO PAaBHOCUJIBLHO TOMY, UTO
_ [(b) — f(a)
A= . - (11.5)
Jia pysKIiuu F BBITIOJTHAIOTCA BCE YCJIOBUA TeopeMbl PoJis.
HeiicTBuTenbHO, QYHKIIUA f(X) HempephIBHA Ha oTpesKe [a, b],
a GpyHKIUA Ax, Oyayun JUHENHOM, HelIpephIBHA Ha BCEH UMCJIO-
BOI ocu; moaTomy 1 pyHKIuA F(x) = f(x) — Ax TaKkKe HelpepbIB-
Ha Ha oTpeske [a, b]. Pyurnua f uMeeT B KayKI0 TOUKEe UHTEP-
Baja (a, b) KOHEUHYIO WJIM OIIPeeJJeHHOTO 3HaKa OECKOHEUHYIO
MIPOM3BOAHYIO, a (DYHKIUSI AX — KOHEUHYIO NIPOM3BOSHYIO BO
BCceX TOUKAaX YHCJOBOHM OCH, IMO3TOMY UX pasHocTh F(x) Takke
uMeeT BCIOAY B mHTepBaJie (@, b) KOHeUHYIO NI OIpeaeeHHOTO
3HaKa OECKOHEUHYIO IIPOM3BOAHYIO (cM. 3amMeuanme B 1I. 9.5).
Hakowmern, Ha KoHiax orpeska [a, b], B cuay BweIOOpPa A (cMm.
(11.5)), pyurnusa F npuHUMaeT OfMHAKOBbIe 3HaueHus. IloaTo-
My CYIIeCTByeT XOTs Obl ofHa Takas Touka & (a < & < b), uro
F'(¢§) = 0. U3 (11.4) moayuaem F'(x) = f'(x) — A, moaromy f'(§) —
— A = 0. ITogcrasus coga A us (11.5), moayuyum

=129 o (11.6)

T'eomeTpuueckuii cMbIca TeopeMbl JlarpaHKa COCTOUT B CJIe-
nytomem. IIyets A = (a, f(a)), B= (b, f(b)) — KOHIBI IpaduKa
dyurmnuu f, AB — xopjaa, coequHAIasa Touku A u B (puc. 56).

(o) — f(a)
b-a
ot AB u oceio Ox, T. e.

f(6) ~ f(a) _
»—a  — 8B

Torxma oTHOIIEHUE paBHO TaHTeHCY yrja [ Me:KIy Xop-
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a mpousBoguas f'(¢), kak ussecTHo (cM. 1. 9.3), paBHA TAHIeHCY
yriia O MeXXAy KacaTeabHOoH K rpadury ¢pyurmun f B Touke (&, f(€))
¥ IIOJIOKUTENBHBIM HampasiaeHnuem ocu Ox, T.e. f'(§) = tg a. Ilo-
aTomy paBeHCTBO (11.6) Mo:keT OBITH IleperrcaHo B Buuae tg d =
= tg B. Takum obpasom, Teopema Jlarpam:xa TOKa3bIBaeT, YTO B WH-
TepBaie (a, b) MOMKHA HAWTHCH TOUKA & (MOKeT ObITh, 1 He OJHA:
Ha PHCYHEKe 56 yCJIOBHIO TEOPEMEI YAOBIECTBOPAOT TouKu &' u §''),
B KOTOPOM KacarejbHasd K rpad)uKy HapaJuiesabHa xopae AB.

Teopema Jlarpan:xka HalgeT pPAL Ba'KHBIX IPUJIOKEHUN B
JTaJIbHEeHIIIeM.

IIpusemem apyrume dopmsbl 3amucu dopmyasl (11.3). Ilyers
a<£<b1/1§:—z = 0. Torza

E=a+0(b—-a),0<0<1. (11.7)

Haob6opor, ecau & Beipaskaerca ¢opmysioin (11.7), To, Kax
JIETKO BUAETH, a < § < b. Takum o6pasom, B Buge (11.7) moryr
OBITH IIPEACTaBJCHLI BCe TOUKU MHTepBaja (a, b) 1 TOIbBKO OHH.
ITosTomy dopmysia (11.3) MoskeT OLITH 3aIlCaHA B BULE

f(b) —f(a)=f'(a+6(b—-a))(b—a), 0<B6<1. (11.8)

ITonosxum Temepsb a = x, b — a = Ax u, 3gauur, b = x + Ax;
torga (11.8) MoXKHO mIepenucaTsh B BUe

flx+Ax)—f(x)=f'(x+08 Ax) Ax, 0<B<1. (11.9)

@Dopmyay (11.9), a Taxkike KasKAyI0 13 PaBHO3HAUYHBIX el (op-
My (11.3) u (11.8) HasBIBAIOT GopMY0li KOHEUHBLX npupauie-
Huil Jlazpanxia MU IpoCTO PopMYLoil KOHEULHbLX NPUPAULEHUTL
B OTJIn4ue OT HpI/I6JII/I}KeHHOI‘O paBeHCTBa

f(x + Ax) — f(x) = f'(x) Ax, (11.10)

KOTOpOe MHOT/Ia Ha3bIBAIOT QOPMYA0L OeCKOHEYHO MAAbLX NpU-
pawenuii. OHa BpIpaXKaeT TOT (haKT, YTO JieBasd U MpaBasd 4acTuU
npubausxkerHoro paBeHcTBa (11.10) paBHBI MeXAy co00# mJiA
nuddepeHITIPYyeMOii B TOUKe X QYHKIIUH f «C TOUHOCTHIO 10 Gec-
KOHEUYHO MaJIbIX 00Jiee BLICOKOTO MOPAAKA, UeM IIpupaienue Ax
apu Ax — 0».

Bameuanue. Popmyna Jlarparmxka (11.3) moxkeT OBITH
npeicTaBJieHA B BUE

f(a) = f(b) = f'(€)(a — b),

320



rae a < b. Orcioga caenyet, uto popmyaa (11.3) cupaBeniusa He
TOJBLKO IPK a < b, HO U AJdA a > b, IpUYEeM U B 3TOM cJydae § =
=a+0(b-a),0<08<1(Bmecbb—-a<0,&—a<0).

OTMeTUM TPHU CJAEACTBUS U3 TeOpeMbI Jlarpam:ka, mojie3HbIe
IJIA JaabHeHIero.
CAEACTBUE 1. Ecau ¢yukyusa f Henpepbl6HA HA HEKOMOPOM
npomexcymie (KoHeuHOM USU OeCKOHEYHOM) U 60 BCex e20
BHYMPEHHUX MOYKAX UMeem NPou3eo0HYy0, pAGHYI0 HYLIO, MO
QYHKYUSA NOCMOAHHA HA IMOM NpoMelcymkre.

AokaszateabcTBo. Ilyers pyHKIINA f HempepbIBHA Ha IIPO-
MeXXYTKe ¢ KOHIaMu a u b, — 0 < g < b + 00, u nudpPpepeHIupy-
eMa B ero BHYTPEHHUX TOUKaxXx. BribepeM Ha 5TOM IIPOMEKYTKe
IIPOUBBOJIBHO TOUKM X U Xy TaK, UTO X < Xg; TOTZA, OUEBUIHO,
dbyurnUa f aBideTcs HeIPePBIBHOM Ha OoTpesKe [x1, X5] u qudde-
peHIIUPyeMoil Ha MHTepBaJe (X, Xy). IlosaTomy, 1o Teopeme Jlar-

paHiKa,

f(xg) = f(xq) = I'(€)(xg — x1), xq <& < x,. (11.11)
ITo ycnosuto f'(x) = 0 Ha (x;, X3), B yacrHOCTH f'({) = 0, TaK Kax
¢ € (%1, x9). Takum obpaszom, us popmynst (11.11) cregyer, uTo
f(x1) = f(x3), a IOCKOJIBKY X; U X5 — IIPOM3BOJIEHBIE TOUYKU
paccMaTpuBaeMoOTo ITPOMEKYTKa, TO 9TO U O3HaUaeT, uTo QyHK-
U [ MOCTOSTHHA Ha 9TOM HPOMEXKYTKe. [

CrnencrBue 1 nMeeT HATJIAAHYIO MEXaHUYECKYIO MHTEPIIPETAa-
muio: ecau GyHKIUA y = f(x) ABIAETCS 3aKOHOM JBUKEHUA Ma-
TepuaJbHON TOYKHU II0 IPSAMOI, X — BpeMsd, y — paccTosaHue (co
3HAKOM) OT HayaJjia OTcueTa Ha IpAMOi, To yeaoBue f'(x) = 0 nns
Bcex x € (a, b) o3HaAUaeT, UYTO CKOPOCTh PacCMaTPHUBAEMOI TOUKH
B TeueHNe BpeMeHHOro narepsaja (a, b) Bce BpeMs paBHA HYJIIO,
T. €. TOUKA HEIMOABUKHA, HO TOT/JA 3a ATO BpeMsdA MOJIOKeHUe
TOYKM, 4 IIOTOMY U IPOUAEHHBIN €0 IyTh He U3MEeHATCI. ITO U
o3HAYaer, uTo PyHKIUA f(x) mocTOAHHA HAa WHTEepBase (a, b).
CAEACTBMWE 2. Ecau ¢ynkyusa f u g Henpepbvl6HbL HA HEKOMO-
poM npomexdymre U 60 8Cex €20 BHYMPEHHUX MOYKAX UMerm
Ppasrvle npou3ooHbLe

f'(x) = g'(x),

mo amu QYHKYUU OMAULAIOMCA HA PACCMAMPUBAEMOM NPOMe-
HYmKe LUWb HA NOCMOAHHYIO:

f(x)=g(x)+C, (11.12)
20e C — Koncmauma.
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HelicTBUTENbHO, QyHKIUA F = f — g yI0OBIETBOPSET YCIOBU-
aM caencTBud 1, T. e. F HempephIBHA HA 3aJaHHOM IIPOMEKYTKeE
u F' = 0 Bo Bcex BHYTPEHHUX ero Toukax. [loaromy F = C, T. e.
nMeeT MecTo paBeHcTBo (11.12). O

CAEACTBMUE 3. ITycmv pynruyusa d(x):
1) HenpepviérHa Ha noayunmepsae [a, b);
2) dugpepenyupyema 6o 6cex moukax unmepsana (a, b);
3) y npoussoduoil ¢'(x) cyuwecmsyem kKoHeuHbLil npedes cnpasa
6 MoyKe x = a.

Tozda 6 amoii mouke y pynruyuu dO(x) cywecmayem npaso-
cmopoHnHnasa npousseodnas ¢’ (a) u

¢ ()= lim 0¢’(X)-

X -a-+
IIycts B TOuKe X = @ y mpousBOAHOM ('(x) cyIliecTByeT Ko-
HeuHbIN npenesn cipaBau  lim  ¢'(x) = A. IIpuMeHuB K GyHK-
x->a+0
nuu ¢(x) Teopemy Jlarpan:ka Ha orpeske [a, x], roe a < x < b,
O0ymeM MMeThb

0(x) —¢(a) =0'E)x —a),a <& <x,
¢(x) —¢(a) _ ¢'(E)°

X —a

OTKYyJa

Touka & saBasieTca PYHKIMEH TOUKY X U IPUTOM, BOOODII[E I'0-
BOpsi, MHOrosHauuoii: &= &(x). BniGepem IpPOM3BOJIBHO AJIsA
Kaxxgoro x € (a, b) ogHo Kaxkoe-1nbo 3HaueHue &; TOraa moIydnM
onHO3HAUHYI0 QYHKINIO &(x) (KaK rOBOPAT, OAHO3HAUHYIO BETBb
MHorosHauHoM pyukmun). Tak Kak a < &(x) < x, To

lim &(x)=a.
x->a+0

IIpuMeHUB HPABUJIO 3aMeHbl IIEPEeMEHHOI'0 AJIA IIPeesioB
dyHKIUI (cM. 1. 5.16), mosyduM, 4TO CYIecTBYeT Ipenea

lim ¢'(§) =4,
x->a+0
cJIeTOBaTeJbHO, CYIIIECTBYET U IIpeIes

() = 9(a) _ 4

X —a

lim
x->a+0
9TO U 03HAYaeT, YTO IIPABOCTOPOHHAA IpousBoiHasa ¢ (a)

cyIecTByeT u paBHa A. O
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VYTBep:KIeHUe, aHAJIOTUUYHOE CJIEeICTBUIO 4, MMeeT MeCTO U
IJIs JIEBOCTOPOHHUX HPOM3BOAHBIX, OTKYJa CJAeAYyeT, UTO (PyHK-
s, ABJISIOAACA IIPOU3BOAHON HEKOTOpPOoii PYHKINM, HEe MO-
JKeT IMeTh YCTPAaHNMBIX TOUEK pa3phIBa.

VIIPA)RHEHHE 3. Ilycts GyHKIUA [ HempepbIBHA HA uHTEepBaje (a, b) u
nuddepeHnpyeMa BO BCeX TOUKAX HTOTO MHTEpBajia, KpoMe, OBITH MOXKET,

HEKOTOpOil Toukm X, € (a, b). Ilycts cymecTByroT lim f'(x) u
x > x50

lim f'(x), mprueM OHU He paBHBI MeKIY co6oii. [[oKa3aTh, YTO IPU STUX
x->x9t+0
TIPeJII0JIOKEeHUAX IPOu3BogHAA ['(Xy) HE CYIIeCTBYeT.

B kauecTBe HemocpenCTBEHHOTO IIPUMEHEHUA TeOpeMbI Jlar-
paH)Ka IOJYyUYMM C ee IIOMOIIbI0 JJOCTAaTOUHOE yCJIOBUE DPaBHO-
MepHOI HenpepbIBHOCTY AuddhepeHInPyeMbIX (QyHKITUH.
AEMMA 1. Ecau @yuruusa f(x) onpedenena u umeem o0zpaHu-
YEeHHYI0 NPOU3600HYI HaA Hekomopom umnmepsane (a, b), mo
OHA PABHOMEPHO HENpepbLeHA HA 3MOM UHmMepaaJie.

HeiicTBuTensHO, ecau |[f'(x)| < ¢ (¢ — mocroannas) Ha (a, b),
TO C NOMOIIbI0 (DOPMYJIBI KOHEUHBLIX npupareHuit Jlarpansxa
(cM. 1. 11.2) mosryuum

[y = fCo)| = If'(E)x" — )| < clx’ — ],

a<x<b,a<x'<b,a<&<b. (19.23)

IMoaromy a1 € > 0 FOCTATOUHO B3ATH & = £/c; TorAa ecnu [x' — x| <,
a<x<b,a<x'<b, 10, B cuny (19.23), cipaBeanuBo Hepa-
BeHCTBO [f(x') — f(x)| < €, 4TO U O3HAUAET PABHOMEPHYIO HeIpe-
priBHOCTE pyHKIUY f Ha (a, b). O

AHaJIOrnuHbBIA Pe3yJbTAT MMEET MECTO IJIS JIOO0ro IIpome-
JKYTKa, KOHEUHOTr0 U1 OECKOHEYHOT0.

B Teopemax Posta u Jlarpan:ka (a Tax:ke U B caenyIoIeil Hu-
ske Teopeme Koliri) peus uaeT o CyIeCTBOBAHUU HEKOTOPOM TOY-
Ku ¢, a < & < b; ee MOKHO HA3BATDH «CPEIHEI TOUKON», IJI KOTO-
poii BLIMOJHAETCSA TO MW NHOE PABEHCTBO. OTUM U 00'BSICHSIETCS
Ha3BaHMe «TeOpPeMbI O CpeJHeM» IJId 3TO¥ rpymnnsl Teopem. Io-
KakeM mocJiefHee HysKHOe HaM yTBepiKIeHue 9TOr0 TUIA.
TEOPEMA 4 (teopema Koum). ITycme ¢pyrkyuu f u g:

1) Henpepvi8HbL HA ompe3ke [a, b];
2) umerom npoussoduvie 8 Kaxcdoii mouke unmepsana (a, b);
3) g' # 0 60 6cex moukax uumepsana (a, b).
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Tozda cywecmaeyem makxas mouka &, a <& <b, umo

F6) — f(a) _ F'(E)
20)—ga) g (11.13)

3aMeTHM, UTO M3 YCJIOBUM TEOPEMBI CJeAyeT, 4To (hopMyJia
(11.13) umeer cmbica, T.e. g(a) # g(b). B camom mese, eciu
g(a) = g(b), To PpyHKIIUA & YAOBIETBOPAJA OBl YCIOBUAM TEeOpe-
Mbl PoJlis u, 3HAUNUT, HAILIach OLI Takasa Touka &, uro g'(§) = 0,
a <& < b, 4TO IPOTUBOPEUMIIO OBI YCIOBUIO 3.

AOKA3aTeAbCTBO. PaccMoTpuM BCIIOMOraTeJIbHYIO (DYHKITHIO
F(x) = f(x) — Ag(x), (11.14)

rie 4mcJo A BeiOepeM TakuMm obpasom, uTobwl F(a) = F(b), T. e.
uTo0sI f(a) — Ag(a) = f(b) — Ag(b). [Iast 5TOro HYKHO B3ATH

_ (b))~ f(a)

A=t (11.15)
dyarua F ymoBiaeTBOpseT BCeM YCJIOBUSIM TeopeMbl Ponis,
cJIe0BaTeJIbHO, CYIIeCTBYeT Takada Touka &, a < &< b, uro
F'(§)=0.Ho us (11.14) F'(x) = f'(x) — Ag'(x), mosTomy

'@) —Aeg'(§) =0,

OTKYyZa CJenyeT, UTO

—

_ ')
)\_g’(E . (11.16)
Cpasuaus (11.15) u (11.16), moxyuum dopmyay (11.13), 06s1uHO
Ha3BbIBAEMYIO PopMYa0il KOoHeuHblx npupauienuit Kowu. O
OrMmeTM, uTO (popMyJsa KOHEUHBIX IIpHpaIlleHuil Jlarpam;xa
ABJIAETCA YACTHBIM caydaeM (hpopMyJIbI KOHEUHBIX IpUpPAIeHUH
Komu, B KoTopoit g(x) = x. MbI mIpuBen He3aBUCHUMbIE JOKasa-
TeJIbCTBA 3TUX (POPMYJI, BO-IIEPBBIX, U3-3a TOW BaXKHOUM POJIT, KO-
TOpyio urpaet ¢opmy.Ja Jlarpamka, a BO-BTOPBIX, UTOOBI MMEThH
BO3MOXKHOCTD, MCHOJIBE3YA OTHY U TY K€ ueio (IOCTPOeHUA BCIO-
MoTraTeJbHOI (GYHKIIUU, YIOBJIETBOPSIOIIE YCIOBUAM TEeOPEeMbI
Pousnst), npuMeHUTD ee IBa*KABI B JOKA3aTeIbCTBAX, IIPUUEM CHA-
yaJia, IJs 60JIbINel HarJIagHOCTH, B 0ojee IPOCTOM CIyUae.
dopmyaa Komwu (11.13), Tak Ke xak u opmyia Jlarpam:xa
(11.3), cupaBeasuBa He TOJLKO ecau a < b, HO u ecau a > b.
Berimie 6v110 MOKasamo (cM. 1. 6.2), YTO BCSKaA HEIIPEePhIB-
Has Ha OTpe3Ke QYHKIUA, MPUHUMAA KaKkue-inbO nBa 3HaAUe-
HUs, TPUHUMAET U JII000e MpoMe:KyTouHoe 3Hauenne. OKasbIiBa-

~
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eTcs, UTO TeM 2Ke CBOMCTBOM 00JIaal0T IIPOU3BOIHbIE (DYHKITII,
XOTS OHU MOTYT OBITh Y PA3PBIBHLIMU QYHKITUAMH.

DyHKIUA, Y KOTOPO TPOM3BOAHAS Pa3pbIBHA, IIPUBEeHA B
npumepe 9 m. 9.7:

2 .. 1
x“sin = mpux #0,
f(x)={ x P
mpu x = 0.

OHa nMeeT IPOU3BOAHYIO BO BCeX TOUKAX UMCJIOBOM OCH:
.1 1

, 2x sin = —cos = mpu x =0,
f'(x)= x x

npu x = 0,

paspuiBHYIO B Touke x = 0.

TEOPEMAS (Aapﬁyl). Ecau ¢ynruyus JOuggepenyupyema 6
Kaxncdoii. mouke ompe3xa, mo npou3sodnHas amoil QYHKUUU,
npuHumas kKaxkue-iu6o 08a 3HAYeHUs, NPUHUMAem U Ji000e
npomeHymouroe.

AoKka3aTeAbCcTBO. PaccmorpuM cHayajia ciaydail, Korza
dyurIuAa f UMeeT B Ka:KI0M TOUKe OTpesKa [a, b] mpousBogHyIO,
OPUHUMAIOIIYI0 HAa KOHIAX OTPe3Ka 3HAaUeHHsA PasHOro 3HaKa.
3Iech, KaK BCeraa, pa3 He OTOBOPEHO UTO-/11100 Apyroe, IO IPo-
M3BOAHON MOHMMAETCA KOHeUHAas IPOM3BOAHAS, a Ha KOHIAX OT-
pesKa paccMaTPHUBAIOTCA OJHOCTOPOHHIE IPOU3BOSHEIE.
IlycTs, HATPUMED,
f'(a) >0, f'(b) <O.
W3 ycinoBus
. a+h)-f(a
fl@)= lim HefP=1@) - g
h-+0
cJIeyeT, uTo cylecTByer Takoe 0 > 0, uto myst Bcex h, 0 < h <9,

f(a+h) - f(a)

> > 0, a Tak Kak k> 0, TO

BBIIIOJIHAETCA YyCJIOBHE

f(a) < f(a + h).
AHaJIOTMYHO U3 YCIOBUA
f'(b)= lim flb+h) =) _
h——-0 h
cJIef[yeT, IYTO B HEKOTOPOH OKPECTHOCTH TOUYKU X = b BBILIOJTIHA-

f(b+h) = f(b)
h

eTcsl HepaBeHCTBO <0, rme h < 0, u, ciegoBaTeb-

Ho, f(b) < f(b + h).

Ir. Hap6y (1842—1917) — ppaHIy3cKUl MaTeMaTUK.
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Taxkum obpazoM, pyHKIIUA f 3aBeOMO He IPUHUMAET CBOETO
HauOoJIBIIIero 3HAUYeHMsI B TOUKaX X = a 1 X = b. OgHaKko PyHK-
nus f, Oynyuu nuddepeHiiupyemoii Ha oTpeske [a, b], ABasgercs
¥ HeIIPepPHIBHOUW Ha HEM, II0ATOMY COTJIacHO Teopeme Beiteprit-
pacca (cMm. Teopemy 1 B 1. 6.1) mIpuHMIMaeT B HEKOTOPOII TOUKe
¢ € [a, b] cBoe mamboJbiiee 3sHauenue. COrjlacHO JOKA3aHHOMY
¢ #auél #b, cremoBarenbHo, ¢ € (a, b). Torma, coraacHo Teope-
me Pepma (cm. Teopemy 1 B 1. 11.1), umeem f'(§) = 0.

AmnajoruuyHo paccMarpuBaeTca ciayudai, worma f'(a) <O,
f'(b) > 0.

Ecau temepr QyHKNUuA [ auddepeHiiupyeMa Ha OTpPesKe
[a, b], f'(a) <c < f'(b), To pyurmua F(x) = f(x) — cx Takxke gud-
depennupyema Ha 3TOM OTpesdke, F'(x) = f'(x) — ¢ u, ciaemona-
TeJbHO, F'(a) = f'(a) — ¢ < 0, F'(b) = f'(b) — ¢ > 0. ITosTomy 1o
JOKA3aHHOMY BLIIIE CYIECTBYeT Takas Touka & € (a, b), uro
F'(§) = 0, uro paBHOCHJIBLHO TOMY, uTO ['(§) = C.

Amnanoruuno paccMmarpuBaetcd cayuaii f'(a) > ¢ > f'(b). O

VIIPA’)RHEHUA. 4. Ilyers f(x) = x% sin i npu x # 0, f(0) = 0. IIpumeHUM K
aroit hyHkiuu Ha otpeske [0, x] bopmyay Jlarpamska:

20l _logginl = 1g
x”sin - EZEst €oS g%,

rae 0 < & < x. CokpaTum 06e YacTH PaBEHCTBA Ha X mpu X = 0:
1 .1 1
xsin = =2&sin £ —cos $.
x € 13 g
Ilepexona k npepeny npu x — 0 (mpu sTom, oueBugHO, & — 0), MOIyUYaeM
. 1
lim cos = 0,
&-0
TaK Kak JBa APYTHUX cJaraeMblX, OUeBUAHO, CTPEMATCA K HYJI0. BMecTe ¢ TeM

1
npenes GYHKIUU COS § TIDH CTPEMJIEHHH apryMeHTa K HyJIio He cyiecTByer!

T'ne omubka?

5. [Tlokasats, uTo ecau QyHKNIuA suddepeHIIpyeMa Ha HHTEPBAJIE U €€ IPO-
U3BOAHAA IPUHUMAaeT 3Ha4eHUs Pa3HBIX 3HAKOB, TO CYIIleCTByeT TOUKA, B KO-
TOpOI Ipou3BoAHAA obpalaeTcsa B HYJIb.

6. [lokasatb, 4TO ecau QyHKIUA guddepeHIEpyeMa Ha UHTepPBaJje U ee Ipo-
u3BOAHAA He oOpalliaeTcsa Ha HEM B HYJIb, TO GYHKIIUA CTPOTO MOHOTOHHA.

3amaua 8. IokasaThb, YTO MHOTOUJIEH

1 " -”

2"l ax"

P,(x) =

326



. 1
(HaswIBaeMblil MHOTOWIeHOM JlesxaHapa ) umeer Ha uHTepBase (—1, 1) n pas-
JINUHBIX JeHCTBUTEIbHBIX KOPHEH.

3amaua 9. [JoxaszaTs, YTO MHOTOUJIEH
2

_ n xtd% *
H,(x)=(1)"¢ —

dx"

. 2
(Ha3pIBaeMbBII MHOTOUJIEHOM UYeOhImeBa—OpMUTA ) HMEET 7 Pa3JIUUHBIX

IefCTBUTENbHBIX KODHEH, JeKalux Ha uHTepBaje (— J2n+1, J2n+1 ),
n=1,2,....

§12.

PacKkpbiTe HeoNpPeASASHHOCTEN
MO NPABUAY AOMUTAAS

Bo mHOrumx cayuasx oTeickaHue mpenesia GyHKIIUU, 3aJaHHON
aHAJIUTUYECKU, IIPU CTPEMJIEHUN apTyMeHTa K HeKOTOPOH TOU-
Ke (Umcay MaIM K OOHOI M3 0EeCKOHEUHOCTeH 00, +00 Mjam —o9),
BBIIOJIHAEMOEe (hopMaIBbHON ITOACTAHOBKOW COOTBETCTBYIOIIETO

3HAUEeHUSA BMECTO apryMeHTa B (DOpMYyJy, 3aJaf0MIyI0 paccMar-
00

puBaeMyio (QYHKIIUIO, IPUBOAUT K BBHIPAXKEHUSAM BHUIA 0 =’

0 [’}
unu 1 . OHU HaA3BIBAIOTCS Heonpede-

JeHHOCMAMU, TaK KaK II0 HUIM HeJIb3sA CYAUTh O TOM, CYIIIECTBY-
eT WJIM HEeT YKa3aHHBIA IIpelies, HE TOBOPA YiKe 0 HAaXOXKIeHUU
ero sHaveHus (ecJu OH CyIecTByeT). B aToMm ciayduae BuIUmCIIE-
HUe IIpejesia Ha3LIBAETCS TaKiKe pacKpbimuem HeonpedejeH-
Hocmu.

Hapsagy ¢ OCHOBHBIM HIPHMEMOM HAaXOMKIEHUSA IIPEZesIOB
(GYHKIIMY — METOJOM BBIJeJIeHUA I'JIaBHOU YaCTH — CYIIeCTBY-
IOT U JOpyTrue CIOCOOBI OTBhICKAHUS HpenesioB. Hexoropblie u3
HUX, HOcAIMe o0Illee Ha3BaHUE npasul JI onumaJm3, MBI U3JI0-
KM B 9TOM maparpade.

0
0-00, co— o0, 07, o

TA. M. Jlekauap (17562—1833) — dpanmyscKuit MaTeMaTUK.

211. JI. Yebrimes (1821—1894) — pycckuii mMaTreMaTUK U MeXaHUK;
III. 9pmur (1822—1894) — ppanIyscKuil MaTeMaTUK.

3. Jonurans (1661—1704) — dpaHIy3CKUil MaTeMaTHK.
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12.1. Heonpe AeAeHHOCTU BUAQ g

TEOPEMA 1. [Iycmdv yrruuu f(x) u g(x), onpedenenHvie HA
ompeske [a, b], makxosvl, umo:
1) f(a) = g(a) = 0;
2) cywecmayom npousgoduvie (npasocmopornnue) f'(a) u g'(a),
npuuem g'(a) # 0.

Tozda cywecmayem npeden

li f(x) _ 1'(a)
A RO

Aoka3aTeAbcCcTBO. IIpuMmeHUM MeTOJ BBIAEJIEHUA TJIaBHOU
yactu. B cuiy yenoBus 2, umeeMm (cM. 1. 9.2)

f(x) = f(a) + f'(a)(x — a) + o(x — a),
g(x) = g(a) + g'(a)(x — a) + o(x — a).
Orcioza, COTJIacHO YCIOBUIO 1, IOJYUYUM, UTO
f(x) =f'(a)(x — a) + o(x — a),
g(x) = g'(a)(x — a) + o(x — a),

IIO9TOMY ( )
, ox—a
fw) o PO )
lim == = lim — =
xaa+0g(x) xaa+0g'(a)+o—(x a) g'(a)
X —a

B Teopeme 1 mpeamosiarajoch CyIjeCTBOBaHMNE IPOU3BOAHBIX
B TOUKe a. [JoKka)xeM Temnepb TeopeMy, OJIU3KYIO IO COAEPIKaHUIO
K IpeabIayIneii, B KOTOPOi, OAHAKO, He OyIeT mpeAIoararbCs
cylllecTBOBaHMe Npous3BOAHEIX f'(a) u g'(a).
TEOPEMA 2. I[Tycmov ¢pyuryuu f(x) u g(x):
1) dugpgpepenyupyemvr na unmepsae (a, b);
2) lim f(x)= lim g(x)=0;

x ->a+0 x->at
3) g'(x) # 0 dna scex x € (a, b);
4) cywecmeyem KOHEUHbLI UAU OECKOHEYHbLIL, PABHBLIL +° unu

_ . f'(x)
00, npeden i llf;n+0g'(x) .

im %) _ iy L)
Toz0a cywecmayem npede . llznﬂ)g(x) . 112n+0g,(x) .

AOKA3ATeAbCTBO. B cuny yecaoBuii TeopemMbl, QyHKIIUU [ 1
g He oIpelesieHbl B TOUKE a; JOOIPeJeInM UX, IMOJ0XKUB f(a) =
= g(a) = 0. Teneps f 1 g HeIPEPLIBHEI B TOUKE @ U YAOBJIETBOPS-
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0T ycaoBusaM TeopeMbl Koiti o cpegem suaueHuu (cm. m. 11.2)
Ha JIo0oM oTpeske [a, x], rae a < x < b. I[loaTomy AJia KamKI0TO
x, a < x < b, cymecrByeT Takoe & = &(x) € (a, x), uTO

f(x) _ f(x)=f(a) _ ['(%)
g(x)  g(x)—gla) g'(8)° (12.1)

mpuuem lim &(x) = a.
x->a+0

I : ['(x) _

03TOMY, €CJIU cyIllecTByeT lim 5 =
x-a+08 (x)

3aMeHbI IePeMeHHOTO0 IJIsd IpefesioB QYHKIUI caeayer, YTo Cy-

im L&)
IIeCTBYEeT U N 112n+ G

lim Ix) _ i L@ _ k. O
x4a+0g(x) x—-a+08
Teopembl 1 1 2 ocTaroTCAa BEPHBIMU C €CTECTBEHHLIMU BHUO-
U3MEHEHUSIMHU KaK B CJIydyae JIEBOCTOPOHHETO, TaK U [BYCTOPOH-
Hero IpejeJa.
TEOPEMA 3.IIycmv ¢pyuruyuu f u g:
1) dugpgpepernyupyemor npu x > c;
2) lim f(x)=0, lim g(x)=0;
X —» + o X - + o
3) g'(x) #0 0aa scex x > c;
4) cywecmeyem KOHeUHbLIL UAU OeCKOHEUHbLil, pABHbLIL +O0 unu

_ : f'(x)
00, npeden ) luilw 7@

k, TO U3 mpaBuUJIa

= k. Tenteps u3 (12.1) moryuaem

. flx) o '(x)
Toz0a cywecmayem u npeden i llrilw a0 lrfw F(x)

AoKa3aTeAbCTBO. be3 orpannueHuss OOIIHOCTH MOXKHO
CUUTaTh, uTo ¢ > 0 (ecau ¢ < 0, To B KauecTBe HOBOTO 3HAUEHUS C
BO3bMEM, HAIIpuUMep, ¢ = 1).

Brimostaum 3amMeHy mepemeHHOTo X = 1/t. @yarnuu §(t) =
=f1/t)u Y(t) = g (1/t) onpenenenn Ha uunrepsaie (0, 1/c); ec-
au x — +o0, to t — +0 u Haobopor. Ha uutepnaie (0, 1/c) cy-
ITeCTBYIOT IPOU3BOAHEIE

V=B m v --eH5;,
rme IMITPUXOM 0603Ha‘{eHbI IIPOM3BOJHBIEC (I)YHRI_II/Iﬁ f n g II0 IIep-
BOHAYAJIBHOMY apryMeHTY.
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W3 cra3aHHOTO M YCJOBHU TEOPEMBI CJEAYeT, UTO (PYyHKIUU
¢O(t) u Y(¢) yonoaerBopsior Ha untepsase (0, 1/c) yeaosusam 1), 2)
u 3) TeopeMmsl 2. ITokaxkeM elife, UTO U3 CYIECTBOBAHUIS IIPeaeia
f'(x)

lim 7(x)’ KOTOPEBIII 0003HAUYMM uepe3 k, caeayeT CyIIeCTBOBa-
X - + o0
. ‘(¢
HUe mpegena  lim % ¥ PABEHCTBO €ero k, T. €. UTO BBIIOJIHA-
x - +0

eTcs u ycioBue 4) TeopeMsbl 2. JleficTBUTEIHLHO, UCIOJIb3YA TOJY-
YeHHBIEe BRIPAMKEHUS IJIs IIPOU3BOAHEIX ¢'(¢) u Y'(¢), Haxoqum
. : . "(1/1) . (%)
lim &8 — gy LOZD gy LG g
LoV (@) T8/ T, 8(x)
Teneps u3 TeopeMbl 2, npuMeHeHHONH K QyHKIuAM §(t) u Y(7),
o(t)

cirenyer, uro lim —= = k. Ho
Jenyer, uT )

o) _ fst) _ f(x)
gz  g(1/t) g(x)’
rae x = 1/t, moatromy
. x . "(t
lim [x) _ 1 —¢,()=k.D
to 8 W (®)
Jra TeopeMa ocTaeTcA BEPHOU C COOTBETCTBYIOIIMM BUIOMU3-
MEeHeHHNeM U Ipu X — —O0,
IIpasunom JlonuTaisa Ha3bIBAeTCS HAXO0MKIEHUE IIpeaeJia OT-
HoOIIeHu# (YHKIIUH 10 (hopMmyJie
. x . "(x
lim 265 = lim 763,
X - a X - a
rie a — KOHeuHas nian 6eCKOHEUHO yoajlleHHas TOUKa UKMCJI0BOI
ocu, a pyHKIUY f 1 g 3aJaHbI BO BCeX TOYKAX HEKOTOPOI ee IBY-
CTOPOHHEN WJIM OIHOCTOPOHHEH OKPEeCTHOCTU, KpoMe CcaMoOH
STOU TOYKH.

B ciiyuae KoHEeUHO# TOYKY @ TIPABUJIOM JIOMUTAIS HABBIBAETCA
TaKsKe 1 HaXOMKJeHue IIpeeia OTHOIIIeHUH (hYHKI[ 1o hopMyie
. f(x) _ f'(a)

m o) = g(a)
X - a

12.2. HeonpeAeAeHHOCTU BUAQ Z‘—;

TEOPEMA 4. ITycmov pynryuu f(x) u g(x):
1) duggepernyupyemvr Ha unmepsane (a, b);

2) . llglmf(x) =0, llglnmg(x) = 00;
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3) g'(x) # 0 ra (a, b);
4) cywecmayem KOHeUHbLI UAU OeCKOHEUHbLil, PABHbLIL +O° unu

—00, npeden  lim M .
x-a+08 (x)
Tozda cyuecmsyem u npede
lim &) gy L)
x>a+08(x) xla+08(x)
AokasaTeAabcTBO. IIycTh cylecTByeT KOHEUHBIN nau Gec-
KOHEUHBIH IIpejeJ

e
G AmaG ke (12.3)

HOK&DKGM, YTO IIPU BBIIIOJIHEHNM OCTaAJIbHBIX YCJIOBI/Iﬁ TeoOpeMbI
nmMeeT MECTO paBEeHCTBO

L)
i 5 - 24

Ecnu a < x < x5 < b, To Ha orpeske [x, xy] GyHKIUN f U g
VIOBJIETBOPAIOT YCJOBUAM TeopeMmbl Komm (cMm. Teopemy 4 B
m. 11.2), mosToMy cyuiecTByeT Takasa Touka & = &(x, X), 4TO

f(x) —f(xg) (&)
g(x) —g(xg)  g'(8)’
Hanee, B cuay (12.2), cymecTByer Takas To4ka x; = x1(xq),

x <& < x,. (12.5)

a <xq<Xg, 4YTO IPU BCEX X € (a, xl) BEIIIOJIHAIOTCA HEPaABEHCTBA

f(x) # 0, g(x) # 0, f(x) # f(x) (12.6)

¥, CJeIOBaTeJbHO, MOYKHO BBITIOJHATEL AeseHue Ha f(x), g(x) u
1- f(xo) ( 1- g(xo) -
F(x) (@ Tanwme M Ha Z(x) ’ HOCKOJIBKY, B CHIY yCIOBHIA

TeopeMsl, g(x) #= g(xy), cM. Teopemy 4 B 1. 11.2). [lna aTUX 3HaA-
yennii x us (12.5) BEITeKaeT paBEHCTBO

1 f(xo)
f(x) f(x) _ f(§)
g(x)  glxg) g'(8)°

-~ g(x)
OTKyZa
1 g(xq)
flx) _ ') 8(x)
20 T F® g 12.7)
)
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'(€)

B mpaBoii uacTu paBeHCTBA IIEPBBIA COMHOMKUTEIH g(¢) cTpeMur-

cA K kupu x, — a + 0, Tak Kak a < { < x, & BTOPOIi, B CUJIY yCJIO-
Bud (12.2), crpemurca k 1 npu x — a + 0 1 pUKCEPOBAHHOM X

3 g(x())
: g(x) _
) l12n+0 i Fxg) 1. (12.8)
f(x)

HemocpencrBenHo mepeiiTu K mpegeny B paBencTBe (12.7)
HeJb3d, ITIOCKOJBbKY YKasaHHbIe BBIIIE IPeJebHbIE TEPEXObI B
COMHOKUTENIAX B MHPaBOM YaCTH PaBEHCTBA ITPOUCXONAT IIPU
PasHBIX YCJIOBUAX: IPU X, — a + 0 u Ipu GUKCEPOBAHHOM X,
HO Xx — a + 0. OgHaKo eciiu 3aJaTh TPOU3BOJHLHO OKPECTHOCTD
U(k) npenena k, To, B cuay ycaosus (12.3), MoKHO cHauaJja 3a-
(uKcupoBaTh TOUKY X CTOJb OJU3KO K TOUKE @&, UTO OTHOIIIeHHE

% IIOIIaJeT B 3Ty OKPECTHOCTH, u60 a < § < x,. CoryacHo xe

ycaoBuio (12.8), nyia Bcex TOUEK X, OCTATOYHO OJIUBKUX K @, OT-
X

HOIIIeHU’e % (cm. (12.7)) Tak:ke OymeT MIpUHALIEKATH YKA3aH-

HOI okpecTtHOCTH U(k), a 9TO 03HAUAET CIPaBeIINBOCTDL YTBEPIK-

nenns (12.4). Cob6cTBeHHO TOBOpPSA, TEOpeMa AOKA3aHA U MOYKHO

IIOCTaBUTH 3HAK [.

OngHAKO IJIA MOJHOTHI M3J0MKEHHUA CHeiaeM HEeKOTOphIe I0-
MMOJTHUTEJIbHbIE PA3hsICHEHNA, KOTOPbIe KA b, KTO JOCTATOY-
HO XOPOIITO OBJIaeJ IIPEIIIIeCTBYIOIINM MaTepuaioM, JIETKO MO-
JKeT IPOBECTU CAMOCTOSTEIbHO.

IlycTs cmauama k — KOHEUHBIH IIpefes. 3aJaguM IIPOU3-
BoJIbHO £> 0 m Tak 3auKcupyeM X, 4TOOBI KpOMe YCJIOBUH

(12.6) pna Bcex x, a < x < X, BBIIIOJIHAJIOCH HEPABEHCTBO

['(x) — k‘ <z, 12.9
g'(x) 3 (12:9)
(9T0 Bo3MOKHO B cuiy ycaoBus (12.3).) Takum obpasom, ecau

IIOJIOKHUTDH

a(x) Lt % —k, (12.10)

Tonpu a < x < X BBIIIOJIHAETCSA HEPaBEHCTBO

o) < 5. (12.11)
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Ecan

1 g(xo)
def
Bx) = f((xx)) 1, (12.12)
- f(x)
TO, corJyiacuo (12.8),
lim P(x)=0, (12.13)

x->a+0

II03TOMY CYILIECTBYET TaKoOe X1, a < X; < X(, UTO AJId BCeX TOUEK
x € (a, x{) ©IMeIOT MeCTO HepaBeHCTBa

Bx) < 1, IB(x)| < ms. (12.14)
B cuy dopmya (12.7), (12.10), (12.12) umeen

flx) _
IS = (e + a@)1 + By,

TI09TOMY

I — k=@ + kB + @B, a<E&<x,

rae npu a < x < X1 ©MeeM

(&) + EB(x) + a(€)B(x)| <

|F|
<la@|+ [KlBe) + @Bl < 5+ smrnet s <&

(12.14)
a 9TO U 0O3HAUYAET CIIPABEINBOCTh paBeHCcTBA (12.4).
Tak pacKpbIBalOTCA Ha «A3bIKe HEPABEHCTB» ClleJIaHHBIE BbI-
Ille BICKa3bIBaHUA O BHIOOPE AOCTATOUHO OJIM3KUX BHAUEHUH X
U X K TOUKe a, 00ecIeunBalonuX HYKHYI0 0JM30CTh OTHOIIIEHU S

f(x)

K uucay k.

g(x) y

PaccmorpuM Temeph ciyuaii 0ecKkoHeuHOro mpegesa. IlycTs

11m g Ex)) = +o0o, Torga B HEKOTOPOH OKPECTHOCTH TOUKA a

- a+0

umeeM ['(x) # 0 (mouemy?) u, ciaemoBaTeJabHO, lim g’ﬂ =0.
x->a+0 f'(x)
ITosTomy, corimacHo JOKasaHHOMY BBIIIE, lim 8(x) _ 0, or-
x-a+0 f(x)
Kyza ciaenqyer, uTo
lim fx) _
x-a+08 (x)
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Ho my:xHO moKazaTh 60Jiee CUIBLHOE YTBEPIKIeHNE, & UMEHHO UTO
ATOT TIpees paBeH +00. [TokaxeM 3TO.

3agaguM IIPou3BOJIbHO uucyao ¢ > 0. s yeaoBus (12.3) opu
k = 400 caenyer, 4TO CyIlleCTBYeT Takoe X € (a, b), 11a KOTOpO-
ro Ipu Bcex X € (a, x;), KpoMe ycjaosuii (12.6), 6yzeT BBIIOJ-
HSTBCS eIlle HePABEeHCTBO

'(x)
S > 2e (12.15)

B cuny ke ycimoBusa (12.8) uiau paBHOCUJIIBHOTO €MY YCJIOBUS

(12.13), cymecTByeT Takoe X, @ < X; < Xy, 4YTO IJIA BCeX X,
a < x < X, BEIIIOJIHSETCS HEPABEHCTBO

1+p(x)> 5. (12.16)
Temneps 4J1a Beex X € (a, X;) ©MeeM (BCIIOMHUM, 4TO a < § < X;)
g(xo)
fx) _ f’(E) i) 1@ L1
€ azn £, 1) anip £@ETPON 0 2e g =e
1- f(x) (12.16)

. X o
ITO 03HAYaeT, 4To lim Ix) _ +o0o, Canyuaii k = —0° cBOOUTCA

x ->a+ Og(x)
K cayuaro k = +00 gameHoH pyHKIUY f(x) Ha QyHKIUIO —f(X).

Teopema 4 BMecTe C ee HOKa3aTeJIbCTBOM OCTaeTCsS B CHUJIE C
€CTeCTBeHHBIMY BUJOU3MEHEeHUAMU n npu x —> a — 0, x > +oo u
X — —00, a TaKJKe B cJydae IBYCTOPOHHUX IIPEEJIOB.

Mo:xHO TOKa3aTh, YTO IPU BLINOJHEHUHU ycJoBuii 1), 2) u 3),
BXOAAIMUX B JOOyio u3 TeopeMm 2, 3 uau 4, He MOMKET CY-
I[eCTBOBATh Ipedea  lim M = 00

x-a+08 (x)
HOTO M3 JBYX «3HAKOOIIPEJeJeHHBIX» OECKOHEUHBIX ITPEesioB
lim I(x) _ = +0o0 unu  lim [lx) _
xaa+0g() xaa+0g()
Henue 2 B 1. 12.3). Takum o6pasomM, pacCMOTPEHBI BCE CaAyUYaUd

0e3 cyIlecTBOBAHUA OfI-

—00 (cM. majiee yopak-

- 0
HEeOoIIpeaeJIEeHHOCTE BUaa gt

Inx
a b

NMpumepsl 1. Haiinem lim
X > +too X
' 1 ' - . 1/ . 1
(Inx)' = =, (%) = ax® 'y lim .= lim — =0,
X o 1 o]
X - + oo 0x X » + o0 X

a > 0. 3ameuasi, 4TO
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mosyJaeM
. Inx
lim ™ 0.
X >+ oo X
ITo 03HAUAET, UTO HpU X — +00 PyHKIUs In x pacTeT mesn-
JIeHHee, UeM JIf00as IMOJ0KUTeIbHAA CTeleHb IIePeMeHHO’ X.
Wuoorma mpasmio Jlomurand OPUXOAUTCA IPUMEHATH He-
CKOJIBKO pas.

n

o . X
2. Haigem lim =, rme n — HaTypasJbHOE 4ucio U a > 1.
X > tooa
Nmeem
xn (xn), nxn—l
lim = = lim = lim —— =...=
x X\, x
x> +owa x> +o(a’) x - +o alna
li n! 12.1
= m — = 0. ( . 7)

x >+oa’lna

n
TakuM 06pa3oM, Ipu X — +00 jri06ast CTeeHb X PAacTeT Me/I-
JIeHHee, YeM IIOKa3aTeIbHad QyHKIuA a*, a > 1.

3. CrenyeT uMeTh B BUIY, UTO BBIUMCJIECHUA IO mpaBuay Jlo-
IUTaJIA ONPABAAHBLI TOJBKO B TOM CJIyuae, KOTJa B Pe3yJbTaTre
nojydaeTcsd KOHEUHBIN uiu OecKOHeuHEIH nipenen. Tak, mampu-
Mep, OBLI0 OBI OITHMOKOM HAIKMCATD

.. x-—sinx .. (x—sin x)'
lim ot sinx = lim (x T sinx)’
x o X Tsinx x b o (% T+ sin x)
TaK KaK IIpeaeJj
. (x — sin x)' . 1 —cos x
lim ——% = lim ——=

x + sin x)’ 1+ cosx
— 00 (o]

X X -

He CYII[eCTBYeT.
B camowm zese, 6epsa mocse[oBaTeIbHOCTH X', = 2T — +0 1

I
x, = 5 + 2Tin — +00 mpu n — 0, MoJIyuYaeM
1 - cos x' 1 —cos x"
" =O, lim T_:l_

7o o cos x",

lim_—,— =1.
n_'oo1+cosxn

(o]
Bmecre ¢ Tem 3agaHHas B 9TOM CJIydae HEOLPEAEJIeHHOCTh ~ MO-
JKeT OBITh PacKpPhITa 3JIeMEeHTaPHO:

1 sin x
. x — sin x . x
11m+—.= lim ——— =1.
x o wX Tsinx x-»oo1+smx
x
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VIIPAJRHEHHE 1. Tlycrs f(x) = x” sin 1, g(x) = sin x. Haiitn lim é% u
x -0

AOKa3aTb, 4YTO B 3TOM CJiy4yae IIpaBUJIO Jlonuransa HeIIpuMeHUMO.

4. MosxeT CIyuyuThCs, YTO IIpUMEeHeHUe mpaBuiia Jlomurasasa
He YIPOIaeT 3a7avyy OTBHICKaHUA mpenena ¢GyHrmuu. Hampu-
Mep, IpUMeHUB npaBujo Jlomuransa nasa BBIYMCIEHUS IIpeaesia

lim X - , TIOJLYIHM
X — +0o 1+

x x' N1 +x2

lim = lim —&—= lim XX |
x"+ooA/1+x2 x—’+oo(«/1+x2)’ x - oo ¥
T. €. IOJNIy4YnJIcA Tpenes Apodu, oOpaTHOUM maHHOM, T. e. 3amaua
ocrajach Toi »Ke. Bmecre ¢ TeM 3aJaHHBIN Ipees JerKo Haxo-
IUTCS DJIeMEHTaPHO:

im f - lim —— -=1.
X — +00 /1 + x2 X —» +00 1+1/x2

0 0 00
5. Heonpenenenroctu 07, ©©° uym 1 MOYKHO PACKDPBITh, IIPET-
BapUTEJILHO MIPOJOTapu(pMUPOBaB COOTBETCTBYIOIINE (DYHKIIUN.

Hampumep, uTobs! HaiitTt lim x”, ciemyer HaiiTu Ipege:

x - +0
. . 1 . 1/ .
lim xInx= Ilim 11;_x=_1 x2=— lim x=0.
x - +0 x - +01/% 1/x x - +0

ITosToMmy, B cmy HEIPEPHIBHOCTH MOKAa3aTEJIbHON (WYHKIIUN,
. . 1
lim x*= lim ¢ "*=1.
x > +0 x - +0
Heomnpenenennoctu Buga 0 + 00 1 00 — 00 ¢jielyeT IPUBECTHU

0 00
K BUAY o WIH . IIpu sToM, KaK u Bcerga mpu IMPUMEHEHUU

npasuiaa JlomuTans, IO XOAY BBIUMCJIECHUHM PEKOMEHIYeTCs
YIPOIIATh HOJYYaoIecsa BrIpakeHusa. [IoACHUM 3TO HA IPHU-
Mepe.
.2 2 2
6. lim BL — ctg? x0= lim SR XX cos x
x - 0%2 u x -0 xzsinzx
3aMeTHM, UTO

2x — x

2

2cos

2

2x _ sin x + xcos x . sin x — xcos x

sin

x2sin2x sin x x2sin x
IIpemgesn mepBOTO COMHOMKUTEJIS IPABOM YaCTU HAXOAUTCSA HEIIO-
CpeCTBEHHO:

. i + :
ljm SILX T XCOSX _ 1oy [1 + =X cos 0= 2,
x50 sin x -0l sin x L
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a IIpejieJI BTOPOTO — C IIOMOIILIO TpaBuJ Jlonurass:

. sin x — xcos x . xsin x
lim T S 1 - B =
x>0 x4sin x x - 02x sin x + x%cos x
. 1 1
= lim — =3
x-02+ — cos X
sin x
Takum obpasom, lim ol _ ctg2 x0= 2.
e C™3

12.3. O606WweHne NPABUACQ AOMUTAAS

VCcoBepIIEHCTBOBAB JOKA3ATEJILCTBO TEOPEeMbI 4, MOYKHO IIOKAa-
3aTh CIPaBeAJINBOCTD IIpaBuJja Jlonurassa nmpu 6ojee ciaabbIX Or-
paHmuYeHHsX. PaccMOTpuUM [Jisd pasHOOOpasusi ciaydaii, Koraa
aprymMesT crpeMutca K +0°, [IpuBeeHHOe HUMKE U3JI0MKEHUE J0-
KasaTeJIbCTBA TeopeMbl b nmpuHamiIexkuT B. A. XogaKkoBy.
TEOPEMA 5. ITycmov pynryuu f(x) u g(x):

1) duggpepenyupyemor npu x > a;

2)g'(x) #0 npu x> a; (12.18)
3) lim g(x) = oo; (12.19)
X — +00

4) cywecmeyem KOHEUHbBLIL ULU OnpedesieHH020 3HAKA 0ecKo-

HeuHbLil npedenr lim —f',(x) = k.
x & Foog'(x)
Tozda

lim &) —p, (12.20)

Kak m BbIIIIE, MOXXHO TTOKas3aTh, 4TO u3 ycjoBui (12.18)—

. f(x) _
(12.20) caexmyer, uTO ecau xljr—rkloo 7(x) o0

lim L& = foo qmgo lim L) =

k = 00 paccMmaTpuBaTh He HAJIO.

, TO Jubo

—oo, ITloaTomy ciayuaii

AokasaTeAabcTBO. 1) IIyeTs cuauana k # £ 00, 3apukcupy-
eM IIpousBoJbHO £ > (0. BribepeM Takoe X, > @, YTOOBI IJIs BCeX

X > X BBINIOJIHAJINCH HEPaBeHCTBA g(x) a 2¢1 0

(12.21)
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Corznacuo Teopeme Komm, Ana KaIoro x > x, CyIIeCTBYeT
rakoe ¢ = &(x, xg) > X, UTO

fxe) = L8 [(x) — g(xg)] + Faxo)-

g'(¢)
Orcroza
f(x) _ 1€ 1 _ I'(8)
) TR E® R w00 g e
ITonoxus
def _ @)
@ € o) - e
O0ymeM MMeThb
fx) ') -
k| <|LAS) — E| + a(x). 12.22
‘g(@ ‘ ’g’(z) ‘ ) ( )
B cuny ycaoBua (12.21), orHolieHnue % OTrpaHUYEHO IIPHU
x > xo. CnegoBarenpro, lim o(x) = 0. Ilosaromy Halinerca
X - + oo (12.19)

TaKoe X; > Xp, UTO MJIS BCEX X > X1 6y,ue'1‘ BBIIIOJTHATBHCA Hepa-
BEHCTBO

a(x) < § (12.23)

1, TAaKUM o6pa30M, upu x > X1 BEPHO HEPaBEHCTBO

I(x) — L@ -kl +ax) < £+%=¢
g(x) ‘ 12.22) g (%) ‘ ( )(12.21) 2 2
(12.23)
a 9TO W 03HAYaeT, ‘{TO lim Hx) _ = k.
Th o 8(%)
2) Ecinn, Haan/IMep,
f'(x) _
lleg( 2) = +o00, (12.24)

TO AJa J0oro ¢ > 0 cyliecTByeT Takoe X, > @, YTO AJA BCEX
X > X BBIIIOJIHAIOTCA HepaBeHCTBa g(x) = 0 u
'(x) >3
c. 12.25
7(x) ( )
Corsnacuo teopeme Komm, npu sobom x > x, IMeeT MeCTO
PaBEeHCTBO

flx) _ (&) 1_g(xo) f(xg)
g(x) g(E)[ g(x)} g(x)’
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rae & = &(xg, X) > xy. B cuiy ycnosua (12.19), cymecrsyer Ta-
KOe X > X, 4TO JIJI BCEX X > X BBIIOJHAIOTCA HEPaBEHCTBA

_ gﬂ 2 f(x)

1 R <ec, 12.26
5 T3 50 (12:26)
cJIeToBaTeJbHO, M HEPABEHCTBO
[x) 3c - 2 _ c=c.
g(x) (12.25) 3
(12.26)
IJTO 1 03HAUaeT, yTo lim Hx) _ +o00
x o+ o0 8(%)
YTBepiKIeHNEe TeOpeMbl IJd k = —O0 cjenyeT U3 caydasa k =

= +00, Hmamo Jaullb f(x) 3ameHUTH Ha —f(x). O
VIIPA)RHEHHE 2. [lokasaTs, uTo ecau QyHruu f(x) u g(x) nuddepeHiu-

pyembl Ha unTepBaie (a, b), g'(x) # 0 ma (a, b), m lim :_;J,(% = 00, 70 U060
X - + o

lim M = +o00, qubo lim M = —00,
x—>+oog(x) x_.+oog(x)

Yraszanue. Ilose3sHo BOCIONB30BATHCA YIpPaKHEHUAMHU D u 6 B
m. 11.2.

§ 13.

dopmyaa Tennopa

13.1. BbiBOA dOpMYyAbI Tenaopa

Ecau pyaxnusa y = f(x) umeeT B TOUKe X IPOU3BOAHYIO, TO IIPHU-
0
patenue 3Toi GYHKIIUYU MOKHO HIPEACTABUTEH B BUE

Ay=A Ax + o (Ax), Ax — 0,
rae Ax=x—xy, Ay={(x) Yo, Yo=1(xo) m A=['(xg), T.€.
f(x) =y + A(x — xg) + o(x — xp), x = x,.
WNuaue ropops, cyiiecTByeT JuHeiHAA QYHKITASA

Pi(x)=yy+ A(x — xp) (13.1)
TaKas, 4To
f(x) = Py(x) + o(x = x¢), X = X,
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npuyeM
Py(x) = yo = f(xg), Pi(xg) =A=71"(xp).

ITocTaBum GoJsee obmryro 3azauy. IlycTs QyHKIUS [ uMeeT n
NIPOU3BONHBIX B TOUKe X. TpebyeTca BBIACHUTD, CYIIECTBYET JIN
MHorouJieH P,(x) cTelleHHu He BBIIIIE NI TAKOi, YTO

f(x) = P,(x) + o((x — x0)"), x — x¢, (13.2)

n
F(xg) = P (), F'(x0) = Pl(x)s +-n » ™) = PO (x). (13.3)

Bymem wuckarh 5TOT MHOTOYJIEH, IO aHajoruu ¢ (popmysioi
(13.1), B Bume

P (x) = Ay + Ay (x — xg) + Ag(x — %)% + ... + A, (x — x)".

Sameuas, uro P,(x,) = A, us nepsoro yciaosusa (13.3), T. e.
yeaoBus f(xg) = P,(xg), umeem Ay = f(xy). Haiee,
P! (x) =A; + 24,(x — Xg) + ... + A, (x — x0)" 1,

orcroga P (xg) =A;, m Tak Kak P, (xq) 153 f'(xg), TO
A; = f'(xp). 3arem HaiifleM BTOPYIO IPOM3BOAHYIO MHOIOUYJEHA

P, (x):
Pr(x)=2-1"Ay+...+n(n-1DA(x—x))" 2

f"(xo)
2!

Orcroza u us ycaosusa f''(x,) P (xy) mosryuum A, =

(1?3)
¥ BOOOIIIe

f(k)(xo)
Ap= = >

k=0,1,2,...,n.
B cuy camoro moctpoenus, A5 MHOTOUYJIEHA
P, (x) = f(x0) + ' (xp)(x — x0) + ...
f(k)(x()) f(”)(xo)
T (2= xg)"
BBITIOJTHEeHBI Bee cooTHoIeHuA (13.3). IIpoBepum, yaoBiaeTBODA-

eT Jii oH ycJyoBuio (13.2).
Ilycts

(x — xo)k +...+

r(x) € fx) - P (x).
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Kax y:xxe ormeuasiock BowImie (cM. m. 10.1), 13 cyIecTBoBa-
HUA y GyHKOUY [ IPOU3BOLHOM IOPAAKA 7l B TOUKE X( CIEAYeT,
COrJIACHO OITPEeeIEHNIO 9TOM MPOMU3BOLHOM, UTO ¥ PyHKIUHU f B
HEKOTOPOII OKPECTHOCTH TOUYKHU X, CYIIECTBYeT IIPOU3BOAHAA
nopagka n — 1, ciemosaTesbHO, M BCe IPOM3BOAHLIE GoJiee HU-
3Koro mopsaznka. Ilpu 9ToM, HOCKOJIBKY (PYHKIIUA, UMEIOIad B
HEeKOTOPOIi TOUKe IPOU3BOIHYIO, HEIIPePhIBHA B 9TOU TOUKE, BCE
nmpousBOgHbIe QGYHKIUY [ 10 MOPAAKA n — 1 BKIIOUNTEIHLHO He-
IIPePBLIBHEI B TOUKeE X. [loaTomy y dyHKIIMU 1, (X) TaKXKe B TOU-
K€ X CYIIeCTBYIOT IIDOM3BOAHLIE O IIOPAJKA 1, & B HEKOTOPOH
OKPECTHOCTU 9TOM TOUKHU BCe MPOM3BOAHBIE A0 HmOpAAKa n — 1
BKJIIOUUTEJIHHO U OHU HEIIPEPHIBHEI B TOUKE X).

W3 ycnosusa (13.3) caexgyer, 4To

ro(xo) = 1 (xg) = ... = 1 (20) = 0. (18.4)
B cuny cBoiicTB IPOU3BOAHBIX (PYHKIUU 7, (X), JJIA PACKDHI-
r,(x)

TUA HEOIIPe e IeHHOCTHI

(x — xq)
npaBuio Jlomuransa, a UMeHHO, cHadyasa n — 1 pas Teopemy 2 us
§ 12, a sarem Teopemy 1 us Toro ke maparpada. B pesyiabrate
TOJIYYUM

~ IPU X — Xy MOYKHO IIPUMEHUTH

. r,(xg) . r, (x)
lim —— = lim ———— =...
x - xo (x = x) x - xg n(x — xq)

_ (n)
A ) ()

=0,

.= lim
o X - Xo
T. €. IeCTBUTEJILHO

r.(x) = o((x — x)"), x — xq.

nl(x-x,  nl

Wrak, nokasana cienymolinasa O4eHb Ba)KHAA TeopeMa.
TEOPEMA 1. IIycmv @yuruusa f(x), onpedesennas Ha urnmep-
sazne (a, b), umeem 6 moure x, € (a, b) npousseodnwvie 0o nopsad-
Ka n exnoyumenvro. Tozda npu x — x

/()
f(2) = Fxg) + —32=(x — %) + ..
et n!xo (xx = xp)" + o(x — x0)"), (13.5)
uJau
n f(k)(xo)

fx) = 2, = (x = x0)* + ol(x — x)").
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Jra TeopeMa OCTaeTCs CIPABEAJMBONM BMECTe C ee JOoKa-
3aTeJbCTBOM U AJA GYHKIuH f, OHpeAesieHHON Ha OTpesKe
[a, b] pu x € [a, b], ecnu pua xy= a u x, = b Moj NPOU3BOJ-
HBIMU TOHMMATh COOTBETCTBYIOII[ME€ OJHOCTOPOHHUE ITPOU3BO/I-
HEBIE.

dopmysa (13.5) HaseiBaeTca Gopmyaoi Teimopa1 n-zo no-
padka ¢ ocmamournvim YieHom 6 opme Ileano.

Muorounen

Po(x) = fxtg) + —2 (x = x) + .. + = (x = xp)"  (13.6)

HasbIBaeTCsA MHozouseHom Teiinopa cmenenu n, a QyHKIIUA
Fa(x) = f(x) — P,(x) (13.7)

— 0CMAamMouUHbLM YAeHOM Nn-20 nopadxka Gopmyav. Teiinopa.
Kax mokasaHo, ocTaTO4YHBI useH r,(x) ABIAeTcA 6ECKOHEYHO

MaJIBIM IIPU X — X 060Jlee BBICOKOTO IOPAAKA, UeM BCe UJIEeHBI
muorouwiaeHa Teiimopa (13.6).
IIpusemem apyroii Bug 3anucu popmyJisl (13.5). ITomoxus
x—x9=Ax, Ay ={f(xy+ Ax) — f(xq),

MOJTyYUM
f(k)( )

Ay = k; 20} Ax* + o(Ax), Ax— 0. (13.5")

Ecau B dopmyse (13.5) xo= 0, To momydaeTrcda HacTHBII

Buz dopmyinsl Teiinopa, HasbIBaeMblIil 0OBIYHO popmynoit Mak-

2
Jopena’”:

flx)= 2 (O) < + o(x"), x — 0. (13.8)

HoxasanHasa TeopeMa II03BOJIAET JI00YI0 (GDYHKIIUIO, YAOB-
JIETBOPAIONIYIO YCJIOBUAM 5TOU TeOpeMbI, 3aMEHUTh B OKPECT-
HOCTH HEKOTOPOM TOYKM MHOTOUJIEHOM C TOUHOCTBIO 0 OecKo-
HEUYHO MaJIbIX 00Jiee BBICOKOTO IIOPAAKA, YeM UJIeHBI MHOTOUJIe-
Ha. TakumM MHOTOWJIEHOM SABJIsIeTcA MHorodyeH Teiiopa.
BenuuuHa morpemniHoCcTH onpeneseTca MPU 9TOM OCTATOYHBIM
YJIEHOM.

IB. Teitmop (1685—1731) — anrauiicKkuii MaTeMaTHK.

2K. Magxiopen (1698—1746) — mioTIaHACKUE MaTeMaTUK.

342



dopmysa Teiimopa ¢ octaTouHbIM ueHOM B (hopme Ileano nma-
eT OOIIMI MeTOoJ BbIZeJeHUS IJIAaBHOI YacTu (PYHKIIUU B OKPECT-
HOCTH JaHHOI Touku. Ha s3ToM 06CTOATEIHLCTBE M OCHOBAHBLI MHO-
rOYMCJIEHHBIE M Pa3sHOoOOpas3Hble MPUIoKeHuA Gopmysl (13.5) B
PasJIMYHLIX BOIPOCAX aHAJIM3A.

OTMeTHM II0JIe3HOE CJIeCTBIE U3 TeopeMsl 1.

CAEACTBMUE. I[Tycmb pyuryusa f(x) onpedenena Ha unmepsaJie
(a, b), u nycmv 8 mouke x oHa umeem npPoussodHvle 00 NOpsod-
xa n + 1 exaouumenvro. Tozoa

f(k)( I (xo) b n+1
f) =2, s (x = xp) + 0@ —x)" " x — xp. (18.9)

I[eﬁCTBHTeJILHO, B CUJIy TeOpeMBI 1, Ipu x — x

"“f( (xo) k n+1
fx) = 2, =5 (x = x0)" + o((x = x9)" ")

U, IIOCKOJIBKY IIPHU X — X

(13.10)

f(n+1)(x0) 1 L1 .
T - )" ol )" T = 0 - xp)" Y,

u3 ¢opmyasl (13.10) mHemocpeacTBEHHO cJeayeT Qopmyia
(13.9). O

VIIPAJKRHEHHE 1. JokasaTb, uTo ecau QyHKIMA f(x) B HEKOTOPO OKpecT-
HOCTH TOYKH X IMeeT IPOUSBOSHYIO IOPAJKA 11, TO, KAKOBBI ObI HU OBLIN TOU-
Ka X 9TO# oKkpecTHOCTH U (pyHKIIMA Y(t), HempephIBHAA HA OTPe3Ke ¢ KOHIIAMU
B TOYKAaX X( U X, IMeIolllasd He PaBHYIO HYJIIO IIPOU3BOJHYIO BHYTPU 9TOTO OT-

pesKa, HalileTca TaKkad TOUKaA &, JeKalnas MeKAY Xy X X, ITO JJId OCTATOUHO-
ro uyneHa r, _ (x) dopmyisl Teitnopa pynrnuu f(x) umeer Mecro popmyia

() — Wirg) [ .
r,—1(x) = —-w-(g-o———i%( —&)" L n=1,2,...

HOJIY‘II/ITL OTCIOZIA CJIeAYIoIle BUABI 3alIICH OCTATOYHOI'O YJjIeHa:

(n)
r,_1(x)= —f——(l—)ll— (x — xo)’(x — &)" 7, p > 0 (hopma Inémmnbxa—Poma);
r,_1(x)= ﬁ—) (x — x0)" (bopma Jlarpansxa);

f(n) +0(x — _
ro_q1(x) = W (1-6)" " '(x - x)", 0 < 6 < 1 (popma Komm).

1 0. Mnémunsx (1823—1901) — memenkuit marematuk; 9. Pomr (1820—
1883) — (ppaHIly3CKUIl aCTPOHOM U1 MaTeMaTUK.
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Ykasauwue. PaCCMOTPETB BCIIOMOTaTeJIbHYI0 (DYHKITUIO
n—1

() = f(x) - go%(x — )

u npuMeHUTh K GyHriuam ¢ u | reopemy Komu o cpeguem sunavenuu. s
BbIBOJla ocTaToyHOoro ujgeHa B Buze lllmémmabxa—Pomra mosmoxkuts Y(t) =

= (x - t).

13.2. MHOrouyAeH TeMAopa KAK MHOrOYAEH HaOUAYYLLEero
NPUGANKEeHN GYHKLUN B OKPECTHOCTU ACHHOM TOYKU

3aMeTHuM IIpeJBaPUTENIbLHO, YTO, OUEBUHO, BCAKNI MHOTOUJIECH
S k
P, (x)= kgoakx (13.11)
MO’KeT OBITH IIPeICTABJICH IJIA JI000TO X B BUJE
S E
P (x) = 2 Ay(x — xo)". (18.12)
B camom gmesne, gocraTouHo B (13.11) monokuts x = x5+ h

U pas3JIoKUTh NPaByl0 HacThb IO cTemeHAM h; Torma P, (x)=

=Ayg+Ah+ ...+ AR", rne h = x — x,, T. e. Ioay4naIaCcCh Gop-
myaa (13.12).

HokakeM Temepb eIMHCTBEHHOCTH MHOTOUJIEHA, 00Jagao-
miero cBoiicTBoM (13.2).
TEOPEMA 2. [Tycmb @yuruyus f duppepernuyupyema do nopso-
KQ n 8KJLI0YUMENbHO 8 MOYKe Xy, U NYCmb

f(x) = P(x) + o((x — x0)"), x — xq, (13.13)

n
k .
2de P, (x)= kgoak(x — Xy) — HeKomopuililL MHOZOYJIEH CMeneru,
MmeHvuLell unu pagnoil n. Tozda
(k)

_ f (xo)
R
m. e. P,(x) asasemca muozownenom Teiinopa.

a, E=0,1,...,n, (13.14)

Nuaue roBopsi, HUKAKOW MHOTOUYJIEH CTeleH!, MeHbIIei
UJU PABHOU N, OTJMUYHBINA OT MHOTOWIeHa Teijopa mopsanka n,
HEe MOMKeT IpuOJIMKaTh NAHHYIO (PYHKIIMIO C TOYHOCTBIO [0

o((x — xo)") opu X — Xo (a moaTomMy u ¢ 60Jiee BBICOKOM TOYHO-

cTbio o((x — xy)")m > n, MOCKONbKY IIPU M > N MMeeT MeCTO CO-
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orromenue o((x — x)") = o((x — x4)", x — Xy, — HAIOMHHUM, UTO
nomo0HbBIe (POPMYJIbl UNTAIOTCS TOJBKO clieBa Hampaso). Takum
obpasom, mHOrousieH Teiilopa ABIAETCS eJUHCTBEHHBIM MHOTO-
wyJIeHOM, obJiamatoruM cBoiicTBoM (13.13), Bce ocTambHBIE MHO-
TOUJIEHBI TOM »Ke CTeIlleHM WJIM MEHbINell «XyyKe HPUOJIMIKAIOT»
dysrnuio f npu x — x,. IMeHHO B 3TOM CMBICJIe 11 TOBOPAT, UTO
mHOTOUJNeH Teiisiopa sBJIAETCA MHOTOUJIEHOM HAWJIYYIIIEro IpHU-
OJIMKeHUs paccMaTpUBaeMoil (GYHKIIMY B OKPECTHOCTHU JaHHOI
TOUKHU X IPU X — X.

AoKkasaTeAbcTBO. U3 dopmyn (13.5) u (13.13) caemyer, uTo

fk(xo)
E!

n
2
k=0

n

= 2 ay(x — xo)" + o((x — x0)"), x — xo,

(x — x0)" + o((x — xg)") =

OTKyZa, Iepeiia K Npelesly IPU X — Xg, MOXYIUM ag = f(x().
Orb6pacwiBad cjeBa U CIIpaBa 3TOT UJE€H, COKPAIad OCTaBIINeCs
B 00eMX YaCTAX BhIPAKEHHUA Ha MHOXKUTEJNb X — X, (X # X,) 1 3a-
Meuas, 9YTO

of(x — xq)") = &(x)(x — x¢)",

rge lim g(x) = 0, ciemoBaTenbHO, IPU X — X UMeeT MECTO pa-

X — xo

BE€HCTBO

o((x = x0)") -1 -1

— . ) —xg)" T =o((x —x0)" ),

0
x#*x9, n=1,2,..,
IIOJIYYUM
v ) (xg) k-1 1
_ e
2 (2 x0)" T ol — xg)" ) =

S E-1 n-1
= 2 au(x = x)" " +o((x —x0)" ), x = x,.
Ilepexonsa cHOBa K Ipemesy IPU X — X, HaxoguM a; = f'(x).
TIpomosskasi 3TOT IPOIIECC, MOJyUaeM
k
_ f( )(xo)
4= Th

EnuHcTBeHHOCTH mpeacTtaBieHus ¢Gyuxiuu B Buze (13.13)
MOJKeT OBITh MHOT/A MCIO0JIb30BaHA JJIA €€ PasJoKeHua 1o (op-
myJae Teitnopa. IMeHHO: ecaiu yaaeTca KaKUM-JI100 KOCBEHHBIM

,k=0,1,2,...,n.0
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oyTeM DOoJyYuTh npeacrasiaenue (13.13), To, B cuay TeopeMsl 2,
MOJKHO YTBEPIKIATh, UTO 3TO M €CTh PA3JIOKeHHe II0 (popmyJie
Teitnopa (13.5), T. e. YTo Ko3(P(PpUIIMEHTH HAWNJEHHOIO0 MHOTO-
yjieHa BeIpasKaroTcd mo popmyaam (13.14).

Tax, Hanpumep, cootHomienue (13.12) mpexacrasiser coboii
pasio:kenue muorouwseHa (13.11) mo popmyie Teiismopa, npuuem
B 9TOM cJiyuae r,(x) = 0, mosToMy, B CHJIy eIUHCTBEHHOCTH MHO-
roujieHa, yaoBJeTBopsioliero yeaosuio (13.13), koahppuiineHTs!
mHorougeHa (13.12) umeroT Busm

(k)
P, (x)
A=
Taxkum obpasom,
(k)
2 P, 7(xg)
P(x)= 2 2= (x - xp)". (13.15)

OrMeTHUM, UTO U3 TOTO, uTO MHOTOouwIeH (13.12) coBmazaer co
cBouM MHorounenoMm Teiiaopa (13.15), B cuny efMHCTBEHHOCTH
npexacraBiaeHud GyHknuu B Bune (13.13), caenyer, 4To ecau aBa
MHOTOYJIEHA IPUHUMAIOT OMHAKOBbIE 3HAUYCHUSI HA KaKOM-HU-
Oynb MHTEepBaJie YMCJIO0BOII OCH, TO BCe MX KOI(PPUIIMEHTHI OIM-
HaKOBBHI.

IlycTs Tpebyercsa pasioskuThb mo (gopmysae Teiiaopa QyHK-

1
muio f(x) = {— B OKDECTHOCTH TOUKH X = 0. 3ameuas, 4TO

1 o
m €CTh H€ YTO MHOEe, KaK CyMMa 0eCKOHEeUHOM reomMmeTrpuye-

. 1 2

ckoft mporpecenn 7 = 1+ x+x"+ ...+ x"+ ..., [x<1,m
+1 +2 £

" AL Tx,|x|<1,nonyq1/IM

+x 1

TIOJIOXKUB 7,(X) = X

1 n
T = ltx+..+x" +r(x),

rae r,(x) = o(x" * 1) U, 3HAUUT, I,(x) = o(x™) mpu x — 0. Takum
obpasom, IpeacTaBIeHIIe

ﬁ =1+x+...+x"+o(xn)=kgoxk+o(xn),x—>0,

1 o
¥ eCTh PasioXKeHue PyHKIuU ;— 10 popmye Teitnopa B OK-
PECTHOCTHU HYJI.
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13.3. DopmyAbl Tenaopa
AASl OCHOBHbIX 3A€MEHTAPHbIX QYHKLUN

1. f(x) = sin x. Pyurnua sin x obJyagaeT IIPOU3BOIHLIMU BCEX
nopankos. Halinem niia mee dpopmyary Teitnopa npu x, = 0, T. e.
dopmyny Maxaopena (13.8). Beiio gqokasano (cm. m. 10.1), uro

(sin x)(m) = sin Elx + mg%, TIO3TOMY

B 0 naa m =2k,
_4(—1)k s m=2k +

u, coraacHo dopmye (13.5),

f"™(0) = sin ZF

2 1,#=0,1,2,..., (13.16)

. x3 x5 x7 n xszrl 2n + 2
s1nx=x—§+5—ﬁ+...+(—1)ero(x )s
npux —>0,n=0,1, 2, ..., niu, Kopoue,
n 28+ 1
sin x = kgo(_l)k(;le)! + o(x*" " %) mpum x — 0.

2n + 2
"9,

Mgz 3anucanu 30eCb OCTaTOUHBLIN UJIeH B BUIE o(x a He B

2n+ 1 .
Buge o(x“" " '), Tak Kak CJIeIYIOINH 3a IIOCIeTHUM BBIINCAH-

HBIM cJaraeMbIM uJieH MHorouseHa Teiimopa, B cuay (13.16),
paBeH HYJIIO.
2. f(x) = cos x. Kak usBectHo (cm. m. 10.1),

(m)e N _ L mmn
777 (x) = cos X+ 5 0
IIO9TOMY
0 mass m=2k+1
(m) — mi _ ’ =
£7(0) = cos 3 {(_1)1?, s m = 2k, k=0,1,2, ...,
u
T A nx" 2n+1
COSX=1—§+Z—E+...+(—1) (Zn)!+o(x ),
opu x — 0, uaum, Kopoue,
n Zk
cos x = kgo(—l)k(;ck)! +o(x® Y

npux —0,n=0,1, 2, ....

3. f(x) = ¢*. Tax xax ()™ =¢*, 1o f(0)=1,n=0, 1, ...,

cjaegoBaTeJsibHO,
4 3 n

ex=1+x+%+%+...+%+o(xn), (13.17)
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npux —~0,n=0,1, 2, ..., uiu, Kopoue,
ok
X n
e =k§0F + o(x™) mpu x — 0.
Orciofa, 3aMeHUB X Uepes —X, IMOJIYUIM

n k
-x _ _1\EX_ n
e —kZO( 1) 2 +o(x") (13.18)
npux —~>0,n=0,1, 2, ....

X - X X - X

e —e e +e
4.sh x = —3 — H chx= — - CJ/I0OXUB U BBIUTHA

(13.17)u (13.18), upux —0,n =0, 1, 2, ... Oygem uMeTh

n 2k +1 n 2k

_ X 2n+2 _ X 2n+1
= 2o o D) cha= 2w +o(x™ ).

sh x

B cuny eguHCTBEHHOCTH IIpecTaBIeHUS (GYHKIIUY B YKA3AH-
HOM Buze (cMm. m. 13.2), mosyuyeHHBIE COOTHOIIEHUSA SIBJIAIOTCS
dopmynamu Teitnopa gias pyurimii sh x u ch x.

5.f(x)=(@1 + x)a, rae 0 — HeKoTopoe (PUKCUPOBAHHOE UUC-
a0, a x > —1. Tak xax

fPe)=a@-1)...(0-n+ 1A +x)°"",
TO

fP0)=a(@-1)...(a-n+1),

cjaenoBaTeIbHO,

L+ =1+ax+ 20 Dy2y

4 a@-1)(a-2) 13),(“ RS G ) EEE Rk Tt VLY
: n:

opu x — 0, uau, Kopoue,

(1+x)a=1+k§1a(a_1)"}%(!0(_k+1)xk+o(xn)

npux —0,n=1, 2, .... (13.19)

Eciu o = n — meorpumnarenabHoe mesuoe (n =0, 1, 2, ...), TO

dyarnua f(x) = (1 + x)" ABIAeTCA MHOTOUJIEHOM CTEIeHU 7, U
MMeeT MECTO TOMKECTBO

f(x) = @u(x) + o((x — x)"), x — o,
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rae @,(x) = (1 + x)" — mHOTOWNMEH cTenernu n u o((x — x4)") = 0
Iloaromy, B cuiry TeopeMsl 2, MHOTOWIEH @, (x) ABJIAETCA MHOTO-
unenom Teitnopa dpyrknuu (1 + x)" u, coramacuo (13.19),

(1+x)n= i n(n—1). k(|n—k+1) E kgocixk.

Tem cambpIM ellle pas fgoxasama gopmyaa oumoma HbioToHa
(em. m. 2.7).
6. f(x) =In (1 + x). JIerko BuAETDb, UTO

f)= s =1+ 07, @) = -1+ 2)°
u, Boobme, fP(x)= (1) k-1 + 0" k=1, 2,

Hosromy FP0)= (-1 " '&-1), k=1, 2, ... , u, rax xax
f(0) = 0, To
2 n
In(1+x)=x-% +..+(1)"" ' +o(x")

npux — 0,n=1, 2, ..., uiu, Kopoue,
n k
In(1+x)= k;(—nk*l% +o(x")mpux —0,n=1,2, ....
Bameuanue 1. B cuny cieacTBusi TeopeMbl 1, mOJTyUeH-

HbIe (POPMYJIBI MOYKHO 3alMcaTh, NCIOJAb3yA cuMBOJI O (O 60Jb-
1I10€), CJIEeAYIOIUM 00pa3oM:

x2k+1
sin x = Z( 1) m +O(x2n+3),

cos x = Z( 1)F (2k)' ey
e —kzo’]; +0o(x"h,
th_kio% +O(x2”+3),
chx—kio(Zk), +0®*?), n=0,1,2,

a(a—-1)...(a—k+1) k
k!

(1+x)°‘=1+k§1 +o@"th,

In(1+x)= 2D 1Z +0a"" ), n=1,2, ..,

IpU X — X
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Taxas 3anuch popmya Teirsopa B HEKOTOPHIX BOIIPOCax OKa-
3bIBaeTcA OoJiee yIOOHOM, UeM MX 3aIllMCh C CHUMBOJIOM O (0 Ma-
JIeHBbKOE).

Bameuanue 2. VI3 molIyuYeHHBIX PAa3JIOKEHUHN dJIeMEH-
TapHbIX (QyHKIUNA 1o ¢Gopmyae Teiisopa B OKPEeCTHOCTU HYJIA
MOJKHO C IIOMOIITBIO IMHEHON 3aMeHbI IEPEMEHHOTO IMOJIyYaTh U
UX Pas3jIOyKeHNsI B OKPECTHOCTH JII000M TOUKM, IPUHALIeKaIei
ux obJlacTu onpenesieHUA.

Hanpumep, pasjaosKuM ¢ IOMOIIBIO 9TOTO MeToa Mo (hopMmy-
ae Teitnopa ¢ ocrtarouHbIM uieHoM B (opme Ileano pyHKITHIO

f(x) = 3/x B oxpectHOCTH TOUKH Xy = 1. Ilomoskus x= 1+ t u
npuMeHUB popmyay (13.19), monyuum

Y=+ =1+ e+ iR 21l gL 2%t3+
n

< HR

...Dl—n+1
1

11

*315
(il _ i
N3 [ +o(t
104 5]

-1+ P @ - D+

=1+ < 5 (x 1) - 3152
L (DD (5n - 6)(
n!5"
nopu x — 1 (mam, 4To TO Ke camoe, mpu ¢ — 0). ITo 1 ecTh UCKO-
MoOe PasIoKeHue.

BamMmeuanue 3. KomOuHUpysa yKasamHbIe BBIIIE PasJio-
JKeHUs (PYHKIIUI, MOYKHO BBIIEJSATEH IVIABHYIO YacThb (cM. I. 8.4)
Pa3IMYHBIX BJIEMEHTapHBIX (QYHKIIUH B OKPECTHOCTAX TEX TO-
YeK, IPU CTPEMJIEHUU apryMeHTa K KOTODPBIM (PYHKIIUSA CTpe-
MUTCA K HYJIIO UK K 66CKOHEUHOCTH, — 9TH CJIyUaud BCTPEUAIOT-
csa HamuboJee JacTo.

B KauecTBe mpmMepa BBIAEJUM TIJIABHYIO 4YacTh (QYHKIIAU

-1)"+o((x - 1)")

ctg x mpu x — 0 mo mopsAgKa O(x3):

2
1-L +oih
Ccos X 2
ctg x = = = 3 =

sin x
x — % + O(x5)

=1[1—x; + 0] [1—%2 +O(x4)}71=
?15[1‘_ +O(x )} [1+’“—2 -0 + 0% +0(x)EfD} =

gy x o _
—;[”_‘_“)( )}————x+0(x), x — 0.
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31ech OLLIN MCIIOJIB30BAHEI PasiiokeHus mo opmyie Teiiaopa:

KOCHHYyCa
xZ 4
cosx=1- 5 +0(x), x— 0,
cuHyca
x3 5
sinx=x— 3 +0(x%), x— 0,
ouHOMA

(1+w)=1+au+0®w?

Z
npna=—lnu=—% +O(x4), x — 0.

13.4. Bbl4yCAEHME NPeAEeAoB
¢ nomoLubio popmyAbl Tenaopa
(MeToA BblAEAEHUS TACBHON YOCTH)

dopmyaa Teitaopa gaeT mpocToe 1 BechbMa 00IIee MPAaBUJIO IJIA BbI-
JeJieHns TJIaBHOM YacTu (DYHKIINK. B pe3yabTare 9TOr0 MeTO[, BbI-
YHCJIEeHUA TpenesoB (OYHKIUII C IIOMOINBIO BbIAEICHUS IJIaBHOM
YacTU IProOpeTaeT 3aKOHUEHHBIA aJITOPUTMUUECKUI XapaKTep.

. 0
PaccmoTpuM cHayajsia ciaydaill HeOIpeneJeHHOCTH BHIA - .

0
IIycts Tpebyercss HaiiTu mpemen lim ;((—z%, rae lim f(x)=
X — JCO X — XO

= lim g(x)=0.B sTom cayuae peKOMeHAyeTCA Pa3J0KUTD 10
X - X
0

dopmyne Teitnopa pyHKnHY f 1 & B OKPECTHOCTH TOUKHU X (ec-
Jil, KOHEYHO, 3TO BOBMOJKHO), OTPAHUUYUBIIINCH B 9TOM Pa3JIOKe-

HUM JIUIIb IePBLIMYM He PABHBIMU HYJIO YIeHAMH, T. €. B3ATh
PAa3JIoKeHUs B BUE

f(x) = a(x — x0)" + o((x — x)"), a # 0,

g(x) = b(x — x¢)" + o((x — x9)™), b # 0,
TOrZa . .
lim flx) _ lim a(x —xy) +o((x—x4)") _

2oy 8 g bx — )™ + o((x — x)™)

0, ectun > m,

. - a
lim (x—xg)" " =47, ecmmn=m,

X - Xg

a
b
0, eca n < m.
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YacTo 6bIBaeT ymoOHO IJA pasjoskeHUs GyHKIuil f u g mo
dopmyse Teitsopa MCIOIBL30BATh TOTOBLINT Ha0Op Pal3OKeHU
sJIeMeHTapHBIX (PYyHKIUI, momydeHHBIN B 1. 13.3. Ilas arToro
cirenyeT B ciaydae X, = 0 mpeABapuUTEJNbHO BHIIOJHUTH 3aMeHY

IIepeMeHHOoro ¢t = x — Xgy TOTHA X — X 6y,ue'r COOTBETCTBOBATH

t — 0. Ciyuaii x — ©° 3aMeHOII mepeMeHHOro x = 1/t cBoguTcsa
K cayuaio t — 0.

0
Ecam umeercsa HeOoIIpeneJIeHHOCTh BHUOa = T. €. Tpe6yeTCH

Hafitz lim [(x) rae lim f(x)= lim g(x) = o0, To ee JIerKo

b
xaxog(x) X - Xg X - X,
0

IPUBECTM K DACCMOTPEHHOMY CJIy4aio o npeoOpasoBaHUEM
flx) _ 1/g(x)
&(x) 1/f(x) "

ITomo6HO BBIUMCIEHUIO TPENeOB ¢ IMOMOINLI0 mpasuia Jlo-
nuTand, Ipu IPMMEeHEeHU MeTO4a BhIAEJICHUA I‘JI&BHOfI JacTHa K
PAcCKPBITHIO HeompeaeaenHocTei Buga 0 + 00 11 00 — 00 ux caeny-

0
eT mIpeo0pasoBaTh K HEOIPeIeIeHHOCTH BUAA 0 Haxowuern, guasa

. 0 0 oo
PACKpBITUA HeolpegeaeHHocTel Buga 07, 0" m 1 yKaszaHHBIM

MEeTOZOM HeOoOXOAWMO IIPeIBAPUTENHLHO IPOoJIorapuGMUPOBATH
paccmarpuBaeMble (GyHKImuHU. IlocMoTpuM Ha mpuMepax, Kak
npumMmenserca (opmyaa Teitsopa K BBEIYHCIEHUIO IIPeNesioB
dyurnuii. Ilycts TpebyeTcsa HalTH

e —e T —2x

lim -
X —Ssln x

x - xg
3ameTusB, uTo (cMm. 1. 13.3)
e =1+x+x%/2+x%/3+ o(x>),
er=1-x+x2/2-x%/3 + o(x>),

sinx =x— x3/3! + o(x3),

IIOJIYUUM
lim ex—eix—2x=
—— x —sin x
3 3 3
. + .
— lim X8 Fox) _ 1 278 _ o

x»0x3/6+o(x3) x40x3/6
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PaccMoTpuM Heompe e IeHHOCTD BILA 0O — 0O:

ol 1 sinzx — x2
lim - = lim ———
x -0 [&2 sin2x|:|

.2
x -0 x sin x

2

[x—x3/6+o(x3)]2—x —x4/3+0(x4) _

= lim

x>0 x2[x+o(x)]2 x_,0x2[x2+o(x2)]
4 4 4
EET -x /3+to(x) _ ;. -x /3 1
x-0 x +o(x) x>0 x

B kauecTBe 1mociemHero ImpmMepa 