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C/I0BO K YYHTENIAM MATEMATHHH, OH3IHHH,
ACTPOHOMHH H TEOQrPA®HH.

M3 ocHOB MaTeMaTHYeCKHX HayK, H3yuaeMblX B CpemHelt
HIKOJIe, KaK TOKAa3blBaeT ONEIT, HaubGoJiee IOBEPXHOCTHO H
BO MHOroM ¢HopMasbHO IPOBOJUTCS Y4YeHHE O KPYTOBBIX
GYHKUMAX, TPAaJHIMOHFO Ha3blBaeMoe TPHUroHoMeTpHeH. B Hefl
H3yyaloTcsl a6CTPAaKTHO CYLIeCTBEHHBIE CBOHCTBAa IepHOJH-
yeCKHUX KoJje6aTesbHBIX ABHXKEeHHH. TpHrOHOMETpHS JaeT He-
06X0UMBbIH METOJ pPa3BHTHS MHOTMX NOHSTHH H METOXH pe-
IIEHHs] peasibHbIX 3ajJjay, BO3HHKAIOWIMX B (DH3HKe, MeXaHH-
Ke, acTPOHOMHH, reolesnH, Kaprorpaduu M ApPYyrHX HayKax.

B npexnaraeMoM HamMu NOCOGHH yuuTesnb HaijeT Hedop-
MaJsibHOe, OJIH3KOe K IIKOJIe H3J0XKEHHE TEOPHH KDYrOBHIX
¢yHKIuE B OpraHUYecKOi CBSI3H C ee PasHOOOpPa3HBIMH NpH-
JIOXKEHHSIMH B Hayke H TeXHHKe. PexomeHJyeMblli HaMH Me-
TOJ| U3JI0XKEHHs yueOHOrO MaTepHasa IOJCKaXKeT YUHTeJIo
peasbHBIH NYTb TBOPYECKOrO IPEOJOJIEHHS TPaJHLIHOHHBIX
HEJIOCTaTKOB B LIKOJILHOM IPernoJaBaHHH TPHTOHOMETpHH.

Kuura cocrour us tpex uacrteii: I. Tpuronomerpus oct-
poro yraa; II. OcuoBHo# Kypc Tpuronomerpuu; III. Jonmoa-
HUTeJbHBIA Kypc TpuroHomerpuu. KaxJlas uwacTb COJEPHKHT
TO, YTO HYXKHO 3HAaTbh YYHTEJIO COOTBETCTBYIOUIHX LIKOJ H
KJ1aCCOB.

[. Yuureno BocbMHJIETHE! WIKOJBI HYXXHa TOJBKO TpH-
TOHOMETPHSI OCTPOro yria ¢ NoJo6paHHBIMH NpPaKTHYECKHMH
3aJiayaMy, KOTOpble CBSI3aHEBI, BO-NIEpPBLIX, C HEIOCPeJCTBEH-
HbIMH H3MEpEHHUSMU OTPE3KOB M aHAJIH30M TOYHOCTH HCIIOJIb-
30BaHHBIX JJ/I1 H3MEpDEHHH HHCTPYMEHTOB H, BO-BTOPHIX, C
KOCBEHHBIMH TDHFOHOMETPHYECKHMH HM3MEDEHHSMH HeJOCTYI-
HBIX PacCTOSIHHI H YIJIOB, HampuMep paguycoB 3emiH, JIyHbI
H pacCTOSIHMH JO NJIaHET C Y4eTOM TOYHOCTH BBIYHCJICHHH,
00yCJ/IOB/JIEHHOH CTeneHbI0 TOYHOCTH HENOCpPeJCTBEHHEIX H3-
MepeHHH.



Beck Kypc 3TOH yacTH TPHTOHOMETDHM pa3BHBaeTCsl BHa-
yajle Ha CO3JaHHHIX Ja60OpaTOPHBEIM NMyTeM ABY3HAuHBIX Tab-
JIHIAaX TPUIOHOMETPHYEeCKHX (GYHKUHMH, a 3aTeM Ha yMeJOM
HCTIOJIb30BAHUH YeThIPeX3HAUHBIX TalJUL C OKpYIJIEHHEM,
KOrja HYXHO, JO Tpex H JBYX 3HaKOB.

II. Yuurtenro cpeaHeil WIKOJB HyXe€H B CTapUIMX KJac-
cax OCHOBHOH KypC TpPH[OHOMETpHH, o6oOliamoumuil To, 4TO
yyamuecss MOJNYYUJIM TNPH H3YYeHHH TPUTOHOMETpPHH
OCTpPOro yrJa, H nepexonsslull B TPUTOHOMET-
puio n060ro AeHCTBUTEJNBHOrO0 YHCJaa, KoOTopas
pasBHBAeTCs Ha MOHATHAX YHCJIOBOH OCH H YHCJIOBOH OK Y-
HOCTH, CBSI3aHHOH C NpPSMOYTOJIbHOH CHCTeMOH KOOpJAHHAT.
B npepsaraemMoM moco6uM WIMPOKO HCIOJb3yeTcs Trpaduue-
CKasl TPHTOHOMETpHS, BBITEKAIOLLAsl eCTeCTBEHHO U3 JaHHBIX
onpeneneHUdl KpPYroBelX (YHKUMHA. 3f1ech Ke B OpraHHue-
CKOH CBSI3W C rpatMkKaMi BBOAATCS MOHATHA INepHOJa, 4Ya-
CTOTHl KoJsie6aHHs, aMIIMTYABl U cMmellleHusi ¢aspl. Bce 3To
paccMaTpuBaeTCsl Ha 3ajayax MeXaHHKH, 3JeKTPOTEXHHUKH,
OINITHKH, acTPOHOMHH H 1Ap. [laeTcsi MOBHIIIEHHAst W JOTHYe-
CKH OOOCHOBaHHAasl TeOpHsl B €IHHCTBE C MPAaKTHKOH, CHO-
co6CTBYyOIAsA BOCIHTAHHIO TBOPYECKOT'O MaTeMaTHYECKOTO
MBILIIEHHUS.

III. Yuuremo MaTeMaTHKH chenHajbHOH CpefHell MIKOJIEI,
HampuMep C MaTeMaTHYeCKHM YKJOHOM, a TaKXe YUHTeJIo
MaTeMaTHKH B KPYXKKOBBIX 3aHATHAX B JI060H cpejHei
IIKOJIE HYXeH JONOJHHTEeJNBbHBH KypC TPHTFOHO-
MeTpHH, NPeiCTaB/AOUHUA TpPETbI0O YacTb 3TOTO HOCO-
6us.

B 3To#l yacTi KHHTH H3JaraloTcsl 3JeMeHTH cepuyeckoi
TPUTOHOMETPHH, HMeloLlell B HAall BeK PAKETHOH TEXHHKH H
KPYrOCBETHBIX KOCMHYECKHX I10JIETOB 6OJbIIOE PAKTHYECKOE
1 o6pasoBaTe/ibHOE 3HayeHHe. 3JeChb XKe JaeTcs JajbHel-
mee 0606LIeHHe TPHTOHOMETPHH JEHCTBHTE/BHOTO YHCJA B
ee CBsI3H C anre6poil KOMIJIEKCHBIX YHCeJ H BBOAATCSH I10-
HATHS O KPYroBHX GYHKIHAX OT KOMIJEKC-
HOTO apryMeHTa, pacKphIBaIOlLKe CBA3b 3THX PYHKLHH C
IPYTHMH 3JeMeHTapHBIMH TPAHCLEHJEHTHHIMH (PYHKIHAMH.

B Tperbeli yacTu moco6usi (Kak M B MEPBEIX JBYX 4aCTAX)
oco6oe BHHMaHHE yJeJeHO aBTOpamMH MOACOPY H peLICHHIO
3a7ay, WIIOCTPHPYIOMMX Pa3sHOOOpa3Hble MPUJIOKEHHS KPy-
roBelx ¢yHKIUH B anrebpe, reoMeTpDHH, MeXaHHKe, acTpo-
HOMHH H FeOJe3dH, a TaKxKe B HCKYCCTBe BOXJEHHS MOp-
CKHX M BO3JYIUHBEIX Kopalusef.
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Bce Tpm uyactH KHHrH OGbejuHeHBl oOuiell uzpeelt pasBu-
THSA TOHATHS O KPYroBelX GyHKUHAX: 1) HauuHad oT ¢yH-
KIMH OCTPOro IJIOCKOTO yrJja, 2) mepexojas K (GYHKHUSIM
JMmoGOro YMCJOBOI'O apryMeHTa, ¥ B YaCTHOCTH JOGOro IJ0-
cKoro yrJa, u 3) 3akaHuuBas NMOHATHSAMH cdepuuyecKux yr-
JIOB U ChepHuYeCKHX TPEYroJbHHKOB C pPACKPLITHEM CBSI3H
MeXIy HX 3JeMeHTaMH.

B naHHOM nocoGuu yjieseHo oco6oe BHHMaHHE JIOTHYec-
KON CTOpOHEe pa3BHBaeMOr'o Kypca, HO MO XOJy H3JIOXKEHHS
JaroTCs KOHKPeTHBE HCTOpHYECKHe S5KCKYpCHI, MOBLILIAIONINe
MHTEpeC 4YUTaTess U NOJIe3HbIE YUYHTEJIO.






BBEJIEHHUE

OTMeTHM, YTO KaK B PYCCKOH, Tak U 3apybe:xkHOH MIKOJe
U JIATEpaType CJIOXKHUJHCh JBe CHCTEeMBl NpeNnojaBaHUsl TPUIrO-
HoMmeTpHHu: 1) cucreMa, uMmelowlas JeJyKTHBHBIH XapakrTep,
KOrja Kypc TPUIOHOMETpPHH HauHHAIOT C OOILero y4eHHs O
KPYTOBHIX (YHKLHSAX JI060ro IeHCTBHTEJNbHOrO apryMeHTa
(roHHOMeTpHH), a 3aKaHUHBAIOT pelleHHeM TPeYroJbHHKOB H
CBOJHMMBIX K HHM (DUTYp C YaCTHYHBIM HCIOJIb30BaHHEM Tab-
JIML KPYTOBHIX (YHKIMA OCTPOro yria, a rJaBHbEIM 06pasoM
¢ noMolblo Tabsui JgorapuMoB KpyroBelx (GyHKHHH; 2) cH-
cTeMa, MMewllas HHAYKTHBHBIE XapakTep, KOrja HHYMHAIOT
C TPHTOHOMETDHH OCTPOTO yrJa U ee IPHUMeHeHHs TPH PellieHHH
crepBa INpPSIMOYTOJbHBIX TPeyroJbHHKOB, a 3aTeM JIoOBIX
TPeyroJIbHHKOB H CBOJAHUMBEIX K HUM (DUr'yp Ha OCHOBE IOJIHOTO
HCI0JIb30BaHUsl TabJiull, KPYroBhIX (PyHKUHEH OCTpOro yrJja, a
3aKaHYUBAIOT 00006LleHHeM — KPYrOBHIMH (DYHKIHUAMH JIO-
6oro JeHCTBHTENBLHOTO aprymMeHTa ¢ YCTaHOBJIEHHEM CBOHCTB
9THX (QYHKLHH M HX TPUMEHeHHeM IPH U3YUeHHH Pa3/IMYHBIX
rapMOHHYECKHX [BHXXEHHH.

EcrecTBeHHO, BCTaeT BOMpOC: KaK CO3JaJHCh STH JIBE CH-
CTeMBl B TNpernojiaBaHUH TpUroHoMeTpuu? YTOGH! OTBETHUTH Ha
Hero, o6paTHMCSl K HCTOPHH TPHI'OHOMETPHH W K HCTODHH €€
npernoiaBaHus.

I

TpuronomeTpust B cBoeM pasBUTHH IpoOLIJa ABE CTadH.
[lepBoi#i cTapuell NOJOXKEHB Hayaja B aHTHYHOM
MHpE; B CBSI3H C 3a[IpOCAMH aCTPOHOMHH BO3HHK4eT YUEHHE O
B3aHMHOH CBSI3H KDYrOBEIX JYI M HX XOpJ H COCTaBJISIIOTCS
TabJHIbl XOpA uYepe3 KaxKiele moJarpagyca go 180° B Tpy-
Jax aJsieKcanjpuiickux yueHnlXx [unmapxa (II B. mo H. 3.)
u [lronemes (II B. H. 3.).



B manbHeiimeM noTpeGHOCTH reor padHu, reojie3nH, BOEH-
HOro JeJa crnoco6CTBOBAJIM PA3BHTHIO 3aUaTKOB HOBOTO IIpef-
Meta, 3aJjoxeHHoro I'mnnapxom u Ilronemeem. OcobeHHO ycH-
JIEHHO II1JI0 Pa3BUTHE TPUTOHOMETPHH B CpeJHEBEKOBOEe BpeMs,
B IIepBYI0 ouepefp Ha iworo-soctoke: B HMuauu (Apuabxara,
Bpamarynra, Bxackapa), ¥abekucraHe, AsepbafijpkaHe u
Tapxukucrane (Myxammen ceiH Gen-Mycwl, Hacupsnmus,
an-Kamm, an-Bupyhn), Apabun (Axman W6u-AGnannax, ag-
Baranu), a 3ateM u B EBpone (Ileilep6ax, Horaun Mrod-
Jep — PernomonTan, Konepuuk, Petnk). TBopeHus yueHbIX
5TOro nepHoja MPHBEJH K BLIJEJEHHIO HOBOTO X CaMOCTOS-
TeJILHOT'O NpexMeTa crnepBa B Asep6aiimkane HacupsanuHom
Tycu (1201—1274) B ero «TpakTaTe 0 MOJHOM YETHIPEXCTO-
POHHHKe», a To3zHee, B 1595 roxy u B EBpone B Tpyne Bapdo-
gomest Ilutuckyca «Triqonometria sive de Solutione triangu-
lorum fractorum libris et perstricuns» (B nepeBoze — «Tpu-
FOHOMETpHSA, HJM KpaTKufi 06G30pHBIH TPaKTaT O pelleHHH
TpPeyroJIbHHKOBY).

Wrak, Ha nepBOf CTaaMH TPUrOHOMETPHS CJIOKHJACH KaK
TEOPHsl BBIYHCJHTENbHOrO NpPHEMa peLIeHHS] TpPeyroJbHHKOB
H (uryp, cBOJUMBIX K HHM, NPHYEM pelleHHe NPOBOJHUJIOCH C
noMoLL b0 TabJIMI, CHHYCOB H TaHI'€HCOB, OCHOBOH /Il BBIYHC-
JIEHHsI KOTOpPHIX mocJyxuju Teopembl ITudaropa u Ilrtose-
Mes.

TpuroHoMeTpusi BO3HHKJIA Ha I'eOMETPHYECKHX OCHOBAX,
HMeJia reoMeTpPHYeCKHH $3bIK H NPHUMEHsJach K reoMeTpHue-
CKHM 3aJlayaM, KOTOpbIe BBIZEJISJHCh M3 KOHKPETHEIX 3ajau
€CTEeCTBO3HAHHS M TEXHHKH TOI'O BpeMeHH.

BTopas cTajusd, HauaJo KOTOPOH NOJOXKEHO B TPy-
nax ®pancya Buera (1540—1603), mosHOCTBIO pacKphLIBaeT-
cq B mKoJe akajeMuka Jleonapaa OSiinepa (1707—1783),
KOrjJia CO3JaeTcsl aHaJMTHYeCcKasli TEODHS TPUrOHOMETpHUec-
KHX (KPYroBbHIX) YHKIHH.

Drta cragus Obljla MOATOTOBJEHAa BCEM XOJOM Pa3BHTHSA
MEXaHHKH KoJieGaTe/bHBIX IBHXKEHHH, (HU3HKH 3BYKOBHIX,
CBETOBBIX H 3JIEKTPOMATHUTHLEIX BOJIH.

Tak, ecqn Ha nepBof cTaiuH pas3BUTHA TPHTOHOMETDHH
cooTHoieHHe sin%x 4+ cos?x ==1 Jumb BBHIPAXKaJo 3aBHCH-
MOCTb MeXJy IJOMajAsiMi KBaZpaToB, IOCTPOEHHHLIX Ha CTOPO-
HaX TEepPeMEeHHOr0 MPSMOYrOJIbLHOTO TPeyroJibHHKa C THIOoTe-
Hys30H, paBHOH 1, To Ha BTOPOH CTaJud 3TO COOTHOLIEHHE
OTpaxaeT TaKXe CJIOXKEHHEe IBYX KoJe6aTesbHBIX JBHMKEHHH
C IPOHMCXOAsIIEH NMPU 3TOM HHTepdepeHuued (cm. puc. 1).
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B sroTr nepuon panel o6OOlIEHHS MHOTMM TeOpeMaM TpH-
FOHOMETDHH, U B YaCTHOCTH BbIBeIEHbl COOTHOLUEHHS i
sin(e; 4+ a3 +... +a,), tgna, rie n — HaTypasbHOE YHCJIO,
H Ipyrue.

y=sin*x+cos2x=1

QyHKIUA Sinx B COS X paccMaTpUBAIOTCH TeNepb Kak
CYMMBI CTENEeHHBIX PSLOB!

. x3 x® X
SlnX=X—-3—| +5—l—-':”—+.u

£ xd x8
COSX=1——2—I-+T——61—+...

OnHOBpeMeHHO pa3BHBAaeTCsl y4yeHHe O TPHTOHOMETpHuec-
KHX (PYHKIMSX KOMIJIEKCHBIX 4YHCeJI.

B cBs3K ¢ OTKpEITHEM BeaukuM reoMeTpoM HukoJsaem
Heanosuuem Jlo6aueBCKMM HOBO# reOMeTpHH BBISICHSIETCS, UTO
TPUTOHOMETDHS COCTOMT M3 JBYX IDHHIHMIHAJIBLHO DasJMy-
HBIX YacTel:

a) nepBofi —TrOHHOMETDHH, UYacTH MaTeMaTHYECKOro
aHaJusa, e He3aBHCHMO OT I'eOMEeTpPHYECKHX cOoOpaxKeHUM
YHCTO AaHAJUTHUECKH pacKphIBaeTCs Y4YeHHe O TpaHCIEeH-
IEHTHBIX TPUrOHOMETPHYECKHX (DYHKIMAX C HX CBOHCTBAMH;

6) BTOpoli —cOoGCTBEeHHO TpDHFOHOMETpPHUH, TIle
COeJHHSIOTCS JIBé BETBH MaTeMaTHKH — MaTeMaTHUeCKHH
aHa/M3 W reOMeTpHsl TOrO HJIH HHOIO NMPOCTPAaHCTBA: B 4acT-
HOCTH, TPHTOHOMETDHSI €BKJHAOBA NPOCTPAHCTBA — YyUEHHe
00 aHaJUTHYECKOM peLIeHHH TpeYyroJbHHKOB H CBOIHMBIX
K HEM ¢(uryp, paccMaTpuBaeMbIX B €BKJHJOBOM IPOCTpPaH-
CTBe, U TPUrOHOMeTpHsl mpocTpaHcTBa JloGaueBckoro — yue-
HHe 00 aHAJUTHYECKOM pelIeHHH TPeyroJbHUKOB H (uryp,
CBOJIMMBIX K HHM, pacCMaTpuBaeMblX B npoctpancTse JloGa-
ueBCKOrO0.

[oHnoMeTpHsi He 3aBUCHT OT aKCHOMBI MapaJJjenbHbIX, a
TPUIOHOMETDHSI B COGCTBEHHOM CMBICJIE 3aBHCHT OT aKCHOMBI
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napajsienbibix. CooTHoueHue sin%x + cos?x =1 xapakre-
pu3yeT B 00lIeM BHJE OTePaLHU C COOTBETCTBYIOIUMH PSaMu
H TOJIBKO B €BKJIMJOBOM NPOCTPAHCTBE BHIPAXKAET COOTHOLIE-
HYe MeXIY NJIOLAa MU KBaApaTOB, NOCTPOEHHBIX Ha CTOPO-
HaX TIEPEMEHHOTO INPSIMOYTOJLHOI'O TpPeyroJbHHKA C TOCTO-
SIHHOl THUIIOTeHY30H, paBHOH eJuHHIE.

H3BecTHOE COOTHOLIEHHE MeXAY CTOPOHAMH U yTJIaMH Tpe-

b

a 4
- = — = — BOM IT1pO-
YrOJIbHHKA ——— B i BEPHO B €BKJIMJIO p
CTpaHCTBe, a B npocTpaHcTBe Jlo6aueBCKOrO HeBEpHO, B IOC-

JieJHEM HMeeTCs COOTHOLIEeHHEe 6oJiee 00IILErO XapakTrepa:

la Wb L
sin4d = sinB = sinC °

rae l,, l,, l,— DUHBL OKpYyXXHOCTEH ¢ pajumycaMH a, bHuc.

Daarojapsi CJI0XKHOMY XOAY PpAa3BUTHS TPHIOHOMETpPHH
CTaHOBUTCS Bce 6oJiee 3aTPYAHUTENbHOH ee CBS3b C COJepKa-
HHeM yueGHOrO NpeiMeTa TPHUIOHOMeTpuH. Ecju Ha mnepBoil
CTaJuM CBOEr0 PAa3BHUTHs TPUTOHOMETPUS MaJjO YeM OTJHYa-
Jach OT ee yueOHOI'O HpPEJMETa, TO BO BTOPYIO CTaJHIO Ta-
KOe Da3sJ/iMuHe CTAHOBUTCS BecbMa GOJIbLIMM H CYLLEeCTBEHHBIM.
B XVIII u oco6enHo B XX B. B cBsis3u ¢ OypHLIM pa3Bu-
THEM Ju(depeHIHasbHOrO HCUHCIEHHST BOSHHKAeT HOBBIH Npej-
MeT — MaTeMaTHUeCKH# aHaJ/u3, U TPHTOHOMETPHS CTaHOBUT-
Csl COCTaBHOH YacThblO 3TOTO NpeiMeTa, a yueOHBIH mpeameT
TPUTOHOMETDHH C €ro NepBOHAYaJbHOH TIeOMeTPHYECKOll oc-
HOBOH MpOJOJI2KAeT CYIIEeCTBOBATb CaMOCTOSITENBHO. B co-
JepKaHHH yueOHOrO MNpeIMeTa TPUFOHOMETPHH BO3HHKAIOT
JiBa HANpaBJ/leHHs: NpexHee — aHAJUTHYECKOE pelleHue Tpe-
YrOJIbHHKOB, U HOBOE — H3yUeHHe CBOHCTB TPHUIOHOMETpHUe-
CKHX (YHKIHH.

II

Bo3HHK BOmpoc MeTOJHYeCKOro XapakTepa: Kak MOCTpO-
HThb NPeNnojaBaHUe TPHIOHOMETDHH C YUETOM JIBYX €e Hampas-
JIEHHI?

Brnepsrie v cpaBHuTeNbHO paHo (cepeauna XIX B.) zan
Ha 3TOT BONPOC NPHHUHKINHAJBHO NPaBHJBHBIH OTBET, KaK HaM
npejcTaBiseTCs, Halll 3aMeyaTeJNbHBIH akajeMHK Muxaun
BacunweBnu Octporpazckuit. On npennoxua (1848) cucremy
HHIYKTHBHOTO XapaKTepa NpenojaBaHUs TPITOHOMETPHH TaK,
4TO
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a) cmepBa (B MJAJMIHX KJaccax) H3yyaercs TPUTOHOMET-
pHSl OCTPOrO yrya KaK ydYeHHe O BLIYMCJHUTEJIbHOM MpHeMe
pellieHHsl TPEYroJbHUKOB H (DUryp, CBOJUMEIX K HHM;

6) notoM (B cTapmux KJaccax) 06OOIIAIOTCS TOHATHSA
TPUTOHOMETPHH OCTPOrO yrJia, T. €. CTaBUTCS TEOPHS TPHro-
HOMeTpHUecKHX (yHKuu# Jo60ro neHCTBHUTEJNBHOIO apry-
MeHTa.

Ilpn xu3uu OcTporpajckoro ero cucremMa Oblla NPHHSATA
B KaJIeTCKHX Koprycax (THHa HallMX CYBOPOBCKHX YYHJIHIL),
HO B Ja/bHEeHIIeM He HAUJIOCh CMEeJbiX NpojoJiKaTesell ero
Jesa, yMelOmMX JIOMaThb OTXKHBAIOLUIHE TPAJHLHHU.

®. U. Cemamko, HanucaBIIHH TNepBOe H3JaHue yyeOHHKA
TpUroHoMeTpuu B Ayxe OcCTpOrpaickoro, B TpeThbeM H3JaHUH
(1886 r., mocne cvepty M. B. Octporpajckoro) oTcTynaer
OT HOBOH CHCTEMBI W BO3BpallaeTcss K CHCTeMe JelyKTHBHO-
ro xapakTtepa.

B manbHefimeM no6exjaeT NeJyKTHBHOE HAMpaBJjeHUE B
MeTOJiKe TpUroHOMeTpHH, U B KoHue XIX — nHauajse XX B.
B Hamell cTpaHe TMOSBJAIOTCS Y4eOHHKH TPUTOHOMETPHH
(Manununa, [lanomuukoBa, Pri6kuHa, 3/0TuaHCcKoOro U 1p.),
HaNHCaHHBIE MO CHCTeMe JeJYKTHBHOTO XapakTepa.

B ropael mosutuueckoro moabema (1905—1906) nepeno-
Bule megjaroru Poccun HacTofiuuBo cTaBsiT mnpobJjemMy O Ko-
peHHOM H3MeHeHHH XapaKTepa MpenojaBaHUs MaTeMaTHKH, H
B YAaCTHOCTH TPHUTOHOMETDHH; BBIXOLSIT HOBBIE IPOTrPAMMBL
JJ1s1 ONHOH M3 NPOTrpecCHBHLIX BeTBell cpefHefi o6uieo6paso-
BaTeJbHOH MIKOJBI — AJ1S peasibHBX YUHJIMIL, [Jie TPHTOHO-
MEeTpHs H3yudeTcs MO HHAYKTHBHOH CHCTeMe.

ITosiBnsiloTcs HOBBle YYeGHHKH M 3aJaYHHKH, COOTBETCT-
ByiomHe HoBbiM mporpammam (CieroBa, Bunnbuna, Mpoueka,
JIsmuna, Kusbpiomesckoro, [nasenana u ap.).

CoBeTckasi MEeTOJJHKa OCHOB MaTeMaTHYECKHX HayK CTPOUT
CBOIO CHCTEMY Ha HJee pa3BUTHS M Ha [MCHXOJOTHYECKUX
OCHOBaxX COOTBETCTBHS CHCTEMbI MPENOJaBaHHs BO3PACTHBLIM
0CcOOEHHOCTSIM yUaLHXCS.

K coxa/seHuio, BO MHOTHX MporpaMMmax IO MaTeMaTHKe
(c 1919 r. u nanee) Tepsisace Mepa B 3TOM BOIpOCe, Iepe-
OIlEHUBAJIHCh KOHLEHTPHYECKHe CHCTeMbl BO MHOTHX OTZHesax
/eMeHTapHOH MaTeMaTHKU (B H3y4YeHHM NeHCTBHH Haj 4HC-
JlaMH, B TIOCTAHOBKe YyuYeHHsl 00 ypaBHEHHSIX, B YUEHHH O
nJjomansix 1 o6beMax COOTBETCTBYIOMIHX (PUIYyp) U B 4aCTHO-
CTH B CHCTeMe NpenojaBaHHsl TPHTOHOMETpPHH.
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ABTOpH jJaHHOH paGoOTH CYHTAIOT, YTO HHAYKTHBHAS CH-
cTeMa B IpeNnofaBaHHH TPUrOHOMETPHH IIOYTH HeoGXonuMa
HJH BO BCSKOM CJydae KejaTelbHa, H HPHAEPKUBAIOTCH
STOH CHCTEMB! B IIOCTPOEHHH JAHHOTO Kypca TPHTOHOMETPHH.

1

[Ipu BeIGOpe MeTOja H3JOXKEHHS IpefMeTa TPHIOHOMET-
pPHHM aBTOPHl HCXOJMJ/H M3 €CTeCTBEHHOro mpolecca MO3Ha-
Hud, packpuiToro B. M. Jlenunbim: «OT HBOrO cosepuaHHs
K a6CTPakTHOMY MBILIJIEHHIO H OT HEro K NpPaKTHKe — TaKOB
JHaJleKTHUeCKHH NyTb NMO3HAHHS HCTHHBI, NO3HaHUS OOBEK-
THBHOH peasbHOCTH»!. B COOTBETCTBHH C 3THM KypC TpPHIOHO-
MEeTPHH Da3BHBAeTCs Ha lieslecooOpasHBIX 3ajadax, obecrneuu-
BaIOIUX €CTEeCTBEHHBbIH IlepeXoj OT HaGJII0JeHUs KU3HEHHBIX
SIBJIEHHH K JOCTYNHOH TEOPHH M OT Hee K IPHJIOKEHHSM.

Ilpunumas BO BHHMaHHe, 4YTO NpernojaBaHHe B Haulel
IIKOJIe JOJJKHO CTPOMTbCSI HA OCHOBE HJIEH Da3BUTHS Kak B
JIOTHYECKOM, TaK M HCTODHYECKOM ee IIOHHMAaHHH, aBTOPHI
CTPEMHJIUCb K TOMY, YTOOBl NMPHYYHTh ydamuxcs K o6oluie-
HHMAM TOJIyYeHHBIX 3HaHHH. M3soxeHHble B NepBoH wacTH
Kypca TOHSTHS TPHTOHOMETPHYECKHX (DYHKIMH OCTpPOro yrJa
o6061maTcs BO BTOPOH 4acTH B (YHKIHAX KPYrOBHIX OT
JIeHCTBHTENLHOTO apryMeHTa, KOTOpble B CBOIO OuYepelb IO-
Jy4aioT JajbHelillee 0606LIeHHE B KPYTrOBhIX (YHKUHAX OT
KOMIIJIEKCHOTO apryMeHTa B TpeTheHl uacTH Kypca. Usyuen-
Has B aJrebpe upcsoBas npsMas o6obuiaeTcsi Temepb B IO-
HATHH UHCJOBOH OKPYXKHOCTH, YTO NPHUBOJHT Y4YallUXCS
€CTeCTBEHHO, a He HCKYCCTBEHHO K KDYrOBbIM (YHKIHSM
JeHCTBHTE/bHOTO apryMeHTa, M3MEHSIOIIerocss B HHTepBaJe
(—o, o), B pacKpeIBaeT NPHYHHBI NEPHOAMYHOCTH STHX
¢yHkuui. ViMeHHO 3TO 06GCTOSITENLCTBO M NMOJCKAa3bIBaeT Ie-
JIecoOOpasHOCTL BBeJeHHS] TEPMHHA «KPYroBble (DYHKIHH»
BMECTO «TPHUTOHOMETpHYeCKHe (YHKLHH» IOCJe Nepexoia K
JeHCTBHTEIbHOMY apryMeHTy, TeM O0oJjiee, 4TO B BHICIUEH
LIKOJIe yYallHecsl BCTPETSATCS C JaJbHeHIIHMH 0600LeHHAMU
KPYroBbIX (YHKIHH IPH H3Y4YeHHH THNepOOJHYECKHX H 3J-
JIMIITHYECKHX (YHKIHMA.

IlpunaBas Gosbilloe 3HaYeHHE B M3JIOKEHHH HIEH Da3BH-
THS, aBTOPHl COUJH LeJecoo6pasHEIM NPHBECTH ABa JOKasa-

1 B. WM. JlenunH, $unocopckue teTpamu, ocnomutusgar, M., 1947,
crp. 146—147.

12



TeJIbCTBA OCHOBHOH TEOPEMH O CHHYCe H KOCHHYCE CYMMBbI
JIBYX apryMeHTOB: OZHO M3 HHX, OCHOBAaHHOE Ha TeOpeMe O
NPOEKIHH JIoMaHOH, 6oJiee KpaTKOe, a JPYyroe, B KOTOPOM
COBeplIaeTCsl NOCJe[OoBaTeNbHBIH NMepexo] OT OrPaHHYEHHBIX
3HAuUeHHH apryMeHTOB JO JIIOObIX 3HaueHHH, 6GoJsee JHOCTYII-
Hoe H Gojiee IIEHHOE AJIs1 pPasBHUTHs Yyuamuxcs. UTo ke Ka-
CaeTcsi MHOT'OUYHCJIEHHBIX HCTOPHUECKHX CIIPaBOK, BKparJeH-
HBEIX B H3JlaraeMblfi MaTepHaJ, TO OHH, 10 MHEHHIO aBTOpOB,
OyIyT OXHBJATb IpENojaBaHHE TPUrOHOMETPHH H IOMOTYT
yyamuMmMcsi BOCIIPHHATBH [poLlecC pa3BUTHS STOro Inpel-
MerTa.

B HacTosinieM nocoOHH aBTOPH! IpejJiaraioT HOBYIO KJjac-
CH(HKaLMI0 TPUTOHOMETPHUECKHX YpaBHeHHH, MoJjaras, 4To
OHa BHeceT OOJILLIYIO SICHOCTb B IPOLECC pellleHHs TaKHX
ypaBHeHUH H, ¢ Jpyro#i CTOPOHH, YOENHT yualluXcs B TOM,
u4TO Hellesiecoo6pa3HO NMEpeHOCHTb BecbMa YAOOHYIO KJacCH-
¢duxanuio anrebpanueckux YpaBHEHHH MO CTemeHsIM Ha TpH-
TOHOMETpPHUYECKHE ypPaBHEHHS.

ABTOpHl CUHTAIOT, YTO HAHWJYYLIHM MeCTOM JJIl BBEJCHHS
B LIKOJY CHCTEMATHYECKOr'0 YueHHs O MNpPUOJIMKEHHBIX H3-
MepeHHSX U BHIUHCJEHHUSX SBJSIOTCS Hauaja TPHTOHOMETDHH.
ITosTomy B camom Hauaje Kypca ofpaiieHO O0OJblIOe BHH-
MaHHe Ha TOYHOCTb KaK HENOCPeACTBEHHBIX, TaK H KOCBEHHBIX
W3MepeHHH; NpPH 5TOM IMpeAnoJaraeTcs, YTO BLIYHCJIEHHS C
npubJMKEHHBIMH ~ JIaHHBIMH ~ TIPOBOJSATCS IO  [paBHJaM
B. M. Bpapnuca, H3BeCTHBIM YualiuMCH.

OTMeTHM, YTO B CHCTEME HCYHCJIEHHS TOYHOCTH Mo Kphl-
aoBy—Dbpajucy uMeercsi onMH HeLOCTATOK, BHIABJSIOLIUHACS
npu pas3fpobsieHHH  NpPHOJHXKEHHHIX HMEHOBAaHHBIX YHCeJ.
Tak, 3,7 m = 370 ¢ = 3700 mm, HO NepBoe UHCJIO HMeeT
JIBAa 3HAuall¥X 3HaKa, BTOPOE — TPH, TPeThe — UYeThIpe: Npo-
H30ILJIO KaXKylleecs MOBHIIIEHHe TOYHOCTH. UToObl n3bexaTh
YKa3aHHOI'O0 HeJOCTaTKa, aBTOpPH B AAaHHOH KHHre NpHMeHS-
JIOT Takoe o6GosHauenue: 3,7 # = 370 c¢cm = 3700 mm, mnox-

yepKHBAas CHH3Y Te 3HAKH, 332 KOTOpble He PyYaloTCH.

IV

B kaxpoMm npeaMere OCHOB HayK MMEIOTCS TeHIEHIUH
VKpenJeHHsi HOBOH, 6oJiee ecTeCTBEHHO! TEDMHHOJIOIHH B3a-
MeH cTapoH, oT)KHBamwlleii. B IaHHOH KHUre aBTOpbI COUJIH
1leslec000pa3HLEIM BBeJEHHe CJIeAYIOIHX HOBBIX TEPMHHOB H
0603HaueHHH:

13



1) BMECTO MOHSATHS «TPHrOHOMETpHYecKas QYHKIUS JIo-
Goro yrJia HJH Ji1060# KpPyroBoH AYru» FOBOPUTCS O MOHS-
THH KPYTrOBOH (PYyHKLUHMH JEHCTBUTEJBHOIO YHCJAy,

2) BMECTO TepMHHA «IpHBEJleHHe TPHIOHOMETPHUYECKHX
(GyHKUHA» FOBOPHTCH O «CBeJEHHH KDPYTOBBIX (GYHKUHME JIO-
6oro aprymMeHTa K apryMeHTy OrpaHHYEHHOMY»,

3) BMECTO TepMHHA «TPHIOHOMETPHYECKHE pPaBEHCTBa»
ynoTpe6/isieTcsl TEPMHH «TPHTOHOMETPHUECKHE TOXKIECTBA»,
KOTOpble 3aMHChIBAIOTCS yYepe3 TPH YEPTOUKH (=).

B 3aksioueHHe cyMTaeM JOJIOM OTMETHTh, YTO HNpPHU NOJ-
6ope HEKOTOPLIX MaTepHaJIOB K TpeThed 4YacTH Hallero Io-
cobust OBJIH HCIIOJb30BAHBI CJEAYIOUHe PaGOTHL:

1. A. Agnep, Teopuss reoMeTpuyecKHX INOCTPOEHHI,
Ounecca, 1910.

2. M. K. Bentueas, Cdepuueckas TPHTOHOMETpHS,
leopmesucusmat, M., 1948.

3. b. A. BopoHuoB-BeabrsmuuoB, AcTpoHomus,
Yunearus, M., 1955.

4. I. Teccenbepr, Coepuueckasi TPHTOHOMETpHS, U3,
«Hayka u xusnb», 1923.

5. C. ' mazeHnan, Tpuronomerpus, u. 111, T3, M.—ITr.,
1923.

6. I1. Kpanu, Cdepuueckasi TpPUrOHOMETPHS,  H3[.
H. I1. JloperxuukoBa, Bepsun, 1923.

7. P. O. Kysomuu u . K. Pagneen, Asrebpa u
apudMeTHKa KOMIJIEKCHBIX uHces, Yumearus, M., 1939.

8. )X. Ceppe, Tpuronomerpus, 6-e usg., M., 1913.

9. XK. Ceppe, [lonosHeHHe K TEOpHH KPYTrOBHIX (YHK-
nuf, usn, Ilupoxkkosa, CII6., 1906.

10. H. H. Crenanos, Cdepuueckass TpPHrOHOMETpHS,
Focrexuspat, M., 1948.

11. Cratpa JI. P. «O6 ognHo#i ¢opmyse itnepa». C6.
«MaremaTHueckoe npocBeleHHe», BHI. 5, 1936.



Yacrs I

TPUTOHOMETPUA
OCTPOI'O YI'J1A



Boijaowmniica asepGaiinxanckuii ydenoiéi Myxammen H ac uw p 9 a-

auH Tycu (1201—1274), vanucaBwHii «TPakTaT O NOJHOM ueThipex-

CTOPOHHHMKE», TJe Ha reOMeTPHYeCKHX Ha4yajax pa3BHBaeTCs TPH T O-
HOMETpPHA.



TrJ1ABAI

MJIOCKHE ¥YIJIbl B UX KOCBEHHBIE U3MEPEHUS
YEPE3 YTJIOBbIE K039 ®HLUEHTDI

§ 1. 0 HEenocpeaACTBEHHOM U KOCBEHHOM H3MEPEHHUU BEJHYHUH

FeomeTrpnueckue BeJHYHMHBI (OTPE3KH, YIJbl, IJIOHLALH,
006beMbl) CIIepBa HayYHJIUCh U3MEPSTh HellocpeACTBeHHO. Tak,
yT0o6bl M3MEpHUTb OTPe30K, K HeMY MpPHKJAJbIBAlOT COOTBET-
CTBYIOILUM 06pa3oM H3MEpHTE/bHYIO JIEHTY (KaK 5To JeJfa-
eT, Hanpumep, MOPTHOH); 4TOOBI H3Me-
pUTb YroJ, Ha Hero HakJaiblBaloT
onpejieJleHHBIM 06pa3oM TPaHCHOPTHP
(xaKk 3TO JeJslaeT uyepTeKHHUK); 4TOOHI
H3MEpUTh MJoWmaje (Urypbl, Ha Hee
HaKJ/aJbBalOT MajeTKy W MOJCYMTHIBA-
I0T YHCJIO KBAaJPAaTHKOB, 3aKJ/IIOUEHHBIX
BHYTpHU ¢urypel (Tak, Hampumep, Io-
cTynawoT ¢ ¢urypamu Ha Ttonorpacdu-
UeCKHX KapTax).

[Ipuembl HemocpenCTBEHHOTO H3Me-
peHHs BeJHYHH M MpocTefimHe H3Me-
pUTEeJIbHBIE HHCTPYMEHTHl OBLIM H30- ¢
6peTeHnl ellle B riyOOKOi JpPeBHOCTH. Puc. 2.

Tak, HampuMep, rpagycoM Kak enH-

HULIEH Mepel yrJa M TPAHCHOPTHPOM I0JIb30OBAJHCh BaBH-
JIOHCKHE acTPOHOMHI (3Be3JJ0YeThl) 3a 2 THICAYH JeT 10
Haied 3psl.

TexHuka HenocpeJCTBEHHOrO H3MepEHHS BEJHYHH BecbMa
npocta W RocTynHa KaxjaoMy. OfHako B OKpy:KakolleH Hac
’KH3HH CYIIeCTByeT MHOI'O TAaKHX BeJHMYHH, HENOCpejCTBEH-
HOe H3MepeHHe KOTOPhIX CBA3aHO C OOJILIIHMH TPYAHOCTS-
MH, a HHOTJa M BOBCe HeBO3MOM(HO. Kak, Hampumep, usMe-
pUTbL BBHICOTY JAepeBa (He cpybas ero), I[WHPHHY HENpPOXo-
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nuMoro 60Ji0Ta, Yrosl ¢ HeJOCTYNHOH BepUIMHOH, paccTos-
HHe MeX]Iy MJaHeTaMM, JUaMeTphl MJaHeT, 06beM 60JIbIIOro
BOJOXPaHHU/HLLA, 3aNnachl HCKOMaeMbIX (HanpuMep, PYAbl HIH
KaMeHHOro yrJs) ©H T. .
OkasblBaeTcs, TaKHE BeJIHUHHEL
MOXKHO ONpeJesNHUTh KOCBEHHO,
T. €. 4epe3 H3MepeHHe HEeKO-
TOPbIX BCIOMOraTe/bHLIX BeJIH-
YUH U COOTBETCTBYIOILHE BbI-
uyncsenus. Tak, pns onpegeJe-
Hus wHpHHbl Gosota AB (cM.
puc. 2) BLI6UPAIOT HAa MECTHOC-
TH ToukKy C Tax, yTOOB MOXK-
HO OBLJIO MPOBELINTh U H3Me-
pute: 1) orpesok AC, 2) oTpe-
30k BC, 3) orpesok A,B;, rie
A, —cepenuna AC u B, —
cepenuHa BC. 3atem 10 H3BECTHOMY M3 reOMETPHH CBOHCTBY
CpejiHel JIMHHH B TpeyroJbHHKe HaxonsT AB = 2A,B,. Ilycts
AB; = 340 u, Torna AB =680 .

[ns onpenenenuss yrsia ¢ HeJOCTYNHOH BepIIMHOM, Ha-
npuMep, yria Mexay AByMms NpsMbIMH jgoporamu MN u PQ,
nepecekaloluMuCs B HeJo-
CTYNHOH I/ Hac MeCTHOC- g
tu! (cM. puc. 3), NpoBelH- A
BaloT npsamyo AB u usme- ~"/
psitor yrast NAB u QBA. S\%%\

Mycts = NAB=57°, =
2 QBA=285°, Torma no = =
TEeoOpeMe O CyMMe yIJIOB /
TPEYrO/IbHHKA HAXOAAT HC- /

KOMEIH yroJ:

x = 180°— (57°+85°)=38°. P, 4

Puc. 3.

OnHako H3yyeHHass BaMH YaCTb TIeOMeTPHH JajleKo He
BCerJa JaeT CPeiCTBAa KOCBEHHBIX H3MEPEHHH BeJHYMH Ha
OCHOBE BbIYHCJIEHHH.

ITycte TpeGyeTcs oOmpejesuTh PacCTOSHHS OT MYHKTOB
C u B no HejmocTynHoro Ham mnpexMmera A, Hampumep 3na-
HHsI, DAaCrOJIOXKEHHOTO 3a peKoi (pHC. 4), NpPH YCJOBHH,

1 MecTHoCTb, B KOTOpOii MmepeceKkaloTCsi JOPOrH, MOXET OKasaThCs
HSJIOCTYIHOR B CBfi3H C HaBOJHEHHEM, pa3pylleHHeM MOCTOB H T. I
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YTO JAHHBIH MPEIMET U3 STHX NYHKTOB BHJCH M PacCTOSHHE
mMexay C W B BO3MOXKHO H3MEPHTb.

VismepuB paccTosiHHe MexAy nyHktamu B u C u  yrisl,
obpasyemele npsiMoii BC ¥ HampaBieHHAMH H3 Touek B u C
Ha npeaMeT A, moayyum:

BC =~ 456 s, 3B=~82°30", 2C=~65°20".

Takum oGpasoM, TpeyroibHHK ABC BHoJiHE oOInpejeseH
CTOPOHOM H JABYMsl YrJaMH, OJHAaKO HaHTH B HEM CTOPOHEI
AB u AC BoluncsieHHeM Mbl Noxa He MoxeM. [eomerpus
JaeT B 3TOM CJjyyae JHIIb rpaduyecKHd MeTOJ|, 3aK/0Yaro-
muiics B CJeLYIOLIEM:

BoluepunBaloT Ha JucTe Oymaru 4,

tpeyrossHuk A,B,C, (puc. 5), nono6- A
Hell TpeyroasHuky ABC. Cropony B,;C,
MOXHO B3fTb IPOU3BOJIBHOM, a YIJbl
B, u C; J1oaxHB ObITh paBHBl COOT-
BercTBeHHO yrJaaM B u C. Ha pucys-
ke 5 cropona B, C;~2,28 cm, ciefoBa-
TeJIbHO, KOo3(bhHIHeHT nopobHs

BC 45600 cu

k= B,C, = 2,98 cn

~ 20000.

VsmMepuB apyrue CTOPOHBI TPEYroJbHH-
ka A;B,C,, nonyuaiot: A,B, = 3,85 c, Puc. 5.
A C, = 4,25 cm. YMHOXKHUB 5TH 4HCJA
Ha Koa(pduuueHT nmofo0HA, HAXOHAT
HCKOMBIE BEJIHYHHBI:

AB = k- AB, = 3,85 ¢x-20000 =~ 770 m,

AC = k- A\C; = 4,25 ¢xn-20000 ~ 850 x.

HMannbifi 3nech rpadguueckuil Metos obJsafaeT psiioMm Cy-
IeCTBEHHBIX HEJOCTAaTKOB, M3 KOTOPEIX OTMETHM JBa:

1) akkypaTHoe BbluepuHMBaHHe TpeyrosbHuka A,;B,C, u
nocsefyioliee H3MepeHHe ero CTOPOH CBSI3aHO C 3aTpaToi
6oJbIIIOr0 BpeMeHH M TPyAa M He BCerja BO3MOXKHO (B IIO-
JIEBBIX YCJIOBHAX, B yCJIOBHAX NJIaBaHHS Ha KopabJie U T. I.);

2) mpH TaKoOM ONpefesIeHHM PACCTOSHUS Hen36eXKHbl 3Ha-
YUTeJbHBIE MOrPeIlHOCTH, 3aBHCSUIHE HE TOJBKO OT HETOY-
HOCTH HM3MepHTeJ/IbHbIX HHCTPYMEHTOB H H3MEpeHHH Ha MecT-
HOCTH, HO H OT HETOYHOCTH 4YepTexka M YepTEeXKHbIX
HHCTPYMEHTOB, a TaKKe OT HeTOYHOCTH H3MepEHHEH, MPOH3-
BOZMMBIX Ha CaMOM yepTeXke MOCJe ero BHIMOJHEHHUS.
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B camom pese, BcAkasi JsuHefiHasi omu6GKa Ha yepTexe
BJeuer 3a co6oii B 20000 pas 66sburyio omubKy Ha MecT-
HocTH. Ecsiu, Hanpumep, NpH BbIYEPUHBAHHH TPEYroJbHHKA
A,B,C; u usmepenuu ero ctopoHnl A;C; ZONyCTH/H OLIUOGKY
TOJLKO B 3 MM, TO B pe3ysbTaTe Mbl MOJYYHM OTKJOHEHHE
oT uctuHHoro paccrosiuus AC, paBHoe 3 mm-20000=60 u.

A ecqu TNPHHATb BO BHHMaHHe BO3MOXKHOCTb H JIPYT'HX He-
TOYHOCTEH uepTeka, KOTODBEE K TOMY Ke Hejb3sl yYecTb, TO
CTAHOBHUTCSl OYEBHJHBIM, YTO I'€OMETPHYECKHM MOCTPOHUTEJb-
HBEIM METOJIOM MBI He TOJIbKO He HaliieM HCTHHHBIX pacCTOsIHUH,
HO H He CMOXKEeM OLEHHTb JONYyLIeHHble HaMH MOTPEIIHOCTH.

BoJsee Toro, B cayyasx, KOrja B YCJOBHH 3aJjaud HMe-
I0TCSI BecbMa MaJible YIJIBl, MOCTPOHTENbHBIH HpHeM Booflie
He MpPUMEHHM, TaK KaK NOCTPOeHHe TPeyroJibHHKa C YIJIOM,
MeHbIIHM 1°, yiKe NpakTHYeCKH HEBO3MOKHO. A MeXIy TeM
B 3ajlauax Ha OmpejeJieHHe [HAMETPOB IJIaHET W paccTos-
HUH Jo HeOeCHBIX CBEeTHJ (KOTOpHle Hasblie 6yAyT paccMmat-
PHBATbCS) MBI YacTO HMeeM [IeJIo C YrjaMH B HEeCKOJbKO
muHyT. Hanpumep, yron Bupumoctn JlyHel ¢ Hamedi niade-
Thl paBeH 0°31’.

Bo3HHKaeT HeOOXOAMMOCTL B OTKPHITHH OOLLEro BHIYHC-
JIUTENILHOTO INpHeMa HaXOXKJeHHs CTOPOH H YIJIOB J0GOH
Gurypbl no 3aJaHHBIM 3JeMeHTaM, BIIOJIHE OIpeJe/IsIOLHM
3Ty ¢urypy (HampHMep, TPeyroJIbHHK BIIOJIHE OIpelesiseTcs
3ajlaHieM TpeX ero He3aBHCHMEIX 3/1EMEHTOB, OCTaJbHEIE €ro
3JIEMEHTbl HaJ0 Hay4YHTbCS HaXOJUTb BEHIYHCJIEHHEM).

DTOT HOBBIH NpHeM 3apoxKJAaeTcs B FeOMETPHH, B YUEHHH
0 moxo0GHH TPeyroJbHHKOB,

HcTopuueckH OH BO3HHK B CBSI3H C PasBHTHEM aCTPOHO-
mun. TlepBBIMH TBOpLAMH STOrO NpHeMa ObIIH TrpedecKHe
mareMmatuky I'unnapx (II B. no H. 3.) u Ilrosemetit (II B. H. 3.).
Wx BuluncsauTesbHBlIE CcHOCOOBl pellieHUs 3ajad OblJIH yco-
BEPILIEHCTBOBAHbl HHJMHCKHM MaTeMaTHKOM DBpamarynroii B
VIII B., a 3aTeM y306eKcKUMH MaTeMaTHKaMH aJj-Kamu u
Yayr6ekom B XIII B.

HaxonJieHne M cHcTeMaTH3alysi BCeX BBIYHCJIHTEJbHBIX
IIPHEMOB pellIeHHs] FeOMeTPHYECKHX 3ajau NpPHUBEJH K BblJe-
JIEHHIO HOBOTO TpeJMeTa MaTeMaTHKH, KOTOPbIH Ha3BaJH B
KoHue XVI B. TpuroHoMeTpued# (T. e. TpPeyroJbHHKO-
H3MepeHHe, NOHMMas MOJ, 3THM KOCBEHHOe H3MepeHHe Ha
OCHOBE CBOHCTB TpPeYroJIbHHKA).

K nayueHuio ykasaHHBIX NMpPHEMOB M HayajaM NpeiMeTa
TPHTOHOMETPHH MBI H IPHCTYITHM.
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§ 2. O ToyHOCTH HEMOCpPeACTBEHHBIX W KOCBEHHBIX M3MepeHHH

HenocpezncTBeHHOE M3MepeHHe OTPe3KOB H YIVIOB, KaK H
JIPYTHX BeJHYHH, BO3MOXKHO TOJbKO NpPHOJHXKEHHO C COOT-
BETCTBYIOLLEH TOYHOCTbIO. TOYHOCTb HENOCpPeJCTBEHHBIX H3-
MepeHH#l OTpPe3KOB M YIJIOB KoJjebsercss oT 2-X xo 5—6 3Ha-
yamuXx UHQP M DOCTHraeT TOJBKO B HCKJOUYHTENbHO obCTa-
BJIEHHBIX YCJOBHAX 10 7—8 3Hauamux uudp.

CreneHb TOYHOCTH H3MepeHMil 3aBHCHT He TOJIbKO OT H3-
MepHTeJ/bHBIX NPHOOPOB W HaBbKAa MacTepa, NPOH3BOAALILe-
ro usMepeHHe, HO TakXe OT MaTepHa/a, H3 KOTOPOro H3ro-
TOBJIEHA H3MepsieMas JeTaJjb, H OT Lean HaMmeperus. [lpu-
BeleHHas1 TabJ/HLa, cOCTaBleHHAss HA KOHKPETHBIX NPHMepax,

Jaet 06 3TOM HEKOTOpOE InpelCTaBJIEHHE.

Puc. 6
Hs karoro | Kakumu name-
Ne | Llenu usmepe- | Marépuana ns- %1;1:310?:3;‘" Kto mame- Crenenb
HHS FOTOBJIEHA nponaBsoxuTes pseT TOYHOCTH
AeTant
H3MepeHle
I Axkypat- | W3 pepera| Kpouuup- | Toxape no| 3 3Hna-
HOe H3rOTOB- KyJIeM 1 Mac-| iepeBy yamux
JleHHe HOXeK mra6HoH 1 pol
L1 CTOJIOB MHJUIHMET PO-
BOH JIMHeHKOM
(pHc. 6)

I1 Hsroros- W3 cranu Ipegens- Tokape no| 4 3Ha-
JleHHe BaJsia HbIM KaJu6- | MeTasany 3— | yamux
AJ1S1 MallHHBI POM HJIH 4 paspsana | uudpel

IITaHreHIHP-
KyJieM (pHc.7)

111 Hsroros- W3 snekT- Mukpo- Tokape no| 5 3Ha-
JIEHHe KOJIeH-| POCTallH MeTpOoM MeTaany 8 | uwammux
yaToro BaJa | BhicuIero Ka-| (puc. 8) paspsana uudp
AN aspo- | yecTBa
njaHa

2]
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Puc. 7.

Puc. 8.

3emsieMep BeleT M3MepeHHs Ha MeCTHOCTH TaK¥e C pas-
JIMYHOH TOYHOCTBIO B 3aBHCHMOCTH OT H3MEDHTEJbHHIX MpH-
6opoB, HampHuMmep:

Orpesku
(paccrosi-
HHSA)

HameputesnsHok
JIEHTOH HJIH
Henbpio — ¢ 3 3Haua-
WHMH LH)paMH
(puc. 9)

JKeanamu — no-
BBILIEHHASA TOY-
HOCTb ¢ 4—5 3Ha-
yalmuMH U pamu

CnenuasbHoit
IPOBOJIOKOH € yye-
TOM ee TeMlepary-
pbl — C TOYHOCThIO
0 6—7 3Hayamux

undp (puc. 9a)

Yras

AcrponsiGueii —c
3—4 3HayalHMH
undpamu (puc. 10)

['onnomerpom —c
4—>5 3HavalHMH
uucdpamu (puc. 11)

Teononntom — ¢
5—6 sHayamuMH
nudpamu (puc. 12).
Hauppicinas  Tou-
HOCTb — 7 3Haya-

WHX uudp
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Puc. 9.
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Puc. 11,

[IxosbHEIE H3MEpPeHHs OTPe3KOB
U YIJIOB Ha MECTHOCTH M Ha yepTe-
J)Kax BeJyTCs B OCHOBHOM c 2—3
3HayalUMI LHPpaMH.

Tak, Hanpumep, x=5,6 M — wn-
pHHA KJjlacca, HU3MepeHHas H3MepH-
TeJIbHOH JIeHTOH; y=~21,3 cm — nu-
Ha OTpe3Kka Ha yepTexe, H3MepeH-
Hasd MaciitabHol JIHHEHKOH;
2=121°—yroJ, u3MepeHHEI I LIKOJIb-
HOH acTposisibuel, HIH SKJIUMETPOM.

Tak xak mnpouecc <KOCBEHHOTO
H3MepeHHsI» HeJOCTYNHBIX BeJIHUMH
HayHHaeTCs HenocpeiCTBEHHBEIM H3-
MepeHHeM HeKOTOpBIX BCIIOMOI'aTeJIb-
HBIX BEJHYHH H 3aBepIlaeTcs BHI-
YHCJIEHUSIMH, B KOTOPBIX HCIIOJb3Y-
I0TCS pe3yJ/bTaThl HemocpeJCTBEH-
HBIX M3MepeHHH, TO TOYHOCTb KOC-
BeHHbIX HM3MepeHHiH 3aBHCHUT OT TOU-
HOCTH BBIIOJIHEHHBIX H3MepeHUH.
Ecsin, Hanmpumep, pe3yJibTaThl Hemo-
CpeJCTBEHHBIX H3MepeHHi IJIHHBI H
IIHPHHBl KJACCHOH KOMHAThl BbIpa-
3uauch uyucaamMu 6,4 m u 8,7 m ¢
JByMS 3HayallUMH [udpaMu, TO yxe



HUKAKHMH BBIYHCJIEHHSIMH MBI He CMOXKeM HalTH nJouags no-
Ja 5TOf KOMHAaThl TOYHee, YeM C JABYMS 3HayamuMu uud-
pamu, T. e. S=56 M2,

B cOopunke MartemaTHyeckux Tabusun B. Bpanuca ume-
I0TCSI NpaBHJIa, KOTOPbIX CJeLyeT IPUIEP’KUBAThCS IIPH BHI-
YHCJIEHUSX, COJEpXKalluX pe3yJbTaThl KakKHX-IHO0 H3Mepe-
HHH, T. e. NpHO/IHKEHHBle JaHHHE.

[TpuBeneM npumep, B KOTOPOM HCHOJIb3YIOTCS IpaBHJa
Dpazauca npH «KOCBEHHOM H3MepeHHH» BLICOTHI (haGpHYHOH
TpyObl, Haxojsuielicss HAa POBHOH MecTHOCTH (pHc. 13).

I. HenocpencTBeHHBEe H3MepeHUS U IOJI-
roToBKka ¢opMysab pacuerTa.

A
F‘F\
~
~
~
| | ~
~
.
~ 3
& U ;2
4, 8 &
I I
Puc. 13.

1) bepyT ¢ coboii aBe nByXMeTpoBhie pefikH (2,00 m),
paszeJieHHble Ha CAHTHMETpPhl, H CTaBST UX BEepPTHKAJLHO B
Jqro0oM yao6HOM MecTe Tak, 4ToObl Tpy6a U obe pefikH Ha-
XOQU/JIUCh B OJQHOH MJOCKOCTH (KaK YKa3aHO Ha PHCYHKE).

2) Ha6moparesb, crosuuil y nepBoHd pefikKH, HaXOAUT
Ha He#l Touky C Tak, uto6el C, B u A Owim Ha OZHOH
npsAMOH, U oTMedaeT BbicOoTy 3To# Touku C,C = A m.

3) HamepsioT otpeskn A;B; =am u B,C, = bn.

4) U3 nopobus tpeyrosbuukos ACA, u BCB, mnoay-
YaloT:

Ady  AC — AA—A1As  ABa+-B,C
BB, = B,C BB—BB, B,C
HCHOJ’IbSyH 0603Ha'{eHHH, 34aIlUChIBAOT ypaBHEHHE:
x—h, _ atb
2,00—h b
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H3 KOTOPOTrO M NOJy4aloT (GOpMYJay /s BLIYHCJEHHS BHICO-
Thl TPYOBI:

x=2,004 - (2,00—h,).

I[I. BroiuucJsaeHue.

1) TlycTb pe3ynbTaTh H3MepeHHH OKa3aJ/aUCh CJeLY IOIHMU:
hy=120m, a=40,0 &, b = 1,6 u.

2) Haxopar x:

x ~2,00 + 220 (2,00 — 1,20) ~
=~ 2,004+ 25,0-0,80 =~ (mo I, Il u V npaeunaml)
=~ 2,00 + 20,0 = (mo II u V mnpaBunam)
=22 (m) (npumeuanne K V mpaBuiy)

§ 3. KocBeHHoe u3MepeHHe HeJOCTYNHBIX YIJIOB

Ecau yronm nsobpakeH Ha ueprexe, TO €ro Jerko Hs-
MEepHTb HENOCPeJCTBEHHO C NMOMOLLbI0 TpaHcnoprtupa. JHas
H3MepeHHs JOCTYNHBIX YIJIOB HAa MECTHOCTH YHOTpebJdioT
6osiee coBeplleHHble H3MEpHTeJbHbIE MNPHOODPHl, C KOTOPLIMH
Bbl YK€ YacTHYHO 3HAKOMHJHCb B NpeJllecTBYyIOLleM [apa-
rpade.

OnHaKo HenocpeJCTBEHHOe HM3MepeHHe YIrJOB Ha Mpak-
THKe 4YacTO CBsi3aHO C OOJBUIUMH TPYJLHOCTSMHM, a B
Tex CcJyyasix, KOrja BepLIMHA yrJaa HeJOCTYNHAa, Takoe H3-
MepeHHe BOOOILe HeBO3MOXKHO. TakK, HanmpHMep, HeJb3sl H3-
MEPHTBb yroJ, MOoJ KOTOPHIM NOJHUMAIOTCS B TOpPYy HJH
CIYCKAlOTCHA C TOpbl, YroJ MNojabeMa JIECTHHIBL, KpBILIY,
yroJl MexJay KBYMSI NMpPAMBIMH JOpOraMy, NepeceKalomuMHCs
B HEJOCTYNHOH HaM MeCTHOCTH, yroJ, NOL KOTOPbIM Halua
nJaHeTa BHJHA C JAPYrod NJaHeThl, M T. M.

Kak e HaxoIWTb BeJMYHHBLI TaKUX YIJIOB?

Oka3riBaeTcs, ye B JajleKOM MpOMJIOM JIIOAW HaulIH
crnoco6 onpefesieHHsl BeJHYHHBl YrJa, MPH KOTOPOM H3Me-
pseTcs He caM yroJ, a HEKOTOpble OTpe3KH, CBs3aHHbIE
onpejeseHHbIM 00pasoM C TakKuM YrJjoMm. DTOT crnocob Koc-
BEHHOIO M3MEPEeHHsl Yrja OCHOBAaH Ha [OHATHH YIJOBOrO
K03(HULHEHTa, K KOTOPOMY MHBl U NEepeXOAHM.

1 Cm. «IlpaBuna mopcuera uudp» B CGOPHHKE MaTeMaTHYeCKHX
ta6auu B. Bpanuca.
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§ 4. YraoBo#t Koa((puLUUeHT, WA TaHTEHC OCTPOro yraa

Ilycts man Jmo6oii octpelit yron MAN = A (puc. 14).
Bosbmem Ha ero cTopoHe AN mnpousBosbHO Toukn B, B,
B,, Bs,...,B,... 1 onyCTHM M3 HUX Ha JAPYryl0 CTOPOHY Iep-
nengukyaspel BC, B,C,, B,C,, ..., B,C,... IToayunm Gecko-
HEYHOe MHOXECTBO [OLOOHBIX MPSMOYTrOJIbHBIX TpPEYroJib-
HHKOB C OJHHM H TeM K€ OCTPHIM yrJjoM A.

TIOHATHO, YTO HH OJUH H3 KAaTETOB 3THX TPeyroJbHHKOB
He MOXKET XapaKTepH3OBaTh BEJHUHHY yriaa A, Tak Kak ¢
NepexofioM OT OJHOIO TPEYroJibHHKa K JIPYroMy KaTeThl H3-
MeHAl0TCs, a yronm A ocraeTcsi HeH3MEHHBIM. 10 Ke camoe
MOXKHO CKasaTb M O THIOTEHY3aX TPeyroJbHHKOB.

N

c ¢ G C, C,
Puc 14.

ITonpo6yeM B3ATb OTHOLIEHHE KAaTETOB B IOCTPOEHHBIX
HaMH TPeyro/bHHKaX. Tak Kak 3TH TpeyroJibHHKH M0JOGHH,
To 6yJeM HMeTb:

BC _ BiCi _ BsCy _ BiCs
AC — AC, — AC, T AG

3aMeuaeM, 4TO B KaXKJOM TpeyroJibHHKEe OTHOLIEHHE Ka-
TeTa, MPOTHBOJEXKAUIero yriay A, X KareTy, Npuiexauiemy
K yray A, oiHO H TO Xe. B Takom Xe OTHOIWEHHH OyAyT
HaXOJUTbCS KaTeThl B JI0OOM NPSMOYrOJIbHOM TPeyroJibHH-
Ke C yrJoM, paBHbIM A, Tak KakK TaKof TpeyrosibHHK Gy-
IeT NnojoGeH MOCTPOEHHBIM HaMH TPEYroJibHHKaM.

A uyro GyjeT NMpOHCXOAHTb C pacCMaTPHBAaeMbIMH HaMu
OTHOLUEHHSIMH KaTeTOB, €cJH yron A H3MeHNTb, HanpuMmep
YBEJINYHUBATh?

Ha pucynke 15 nokasaHo uameHenue yriaa MAN u or-
MEYEHO TPH 3HAYEHHS ero:

SIMAN < 3 MAN' < = MAN”,

= .ee
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TIpUY4eM TOCTPOEHBl MPSIMOYroJbHblE TpeyrosbHUKH ABC,
AB'C u AB"C c obuum xatetoM AC, nNpuJexalluM K pac-
CMaTpHBaeMEBIM YTJIaM.

Buaum, 4TO KaTeTsl, MpoTHBOJexaulke yray A, He pas-
Hbl, a uMeHHO: BC < B'C « B"C (KaTeThl yBEJHYMBAIOTCS).
., Pasgenum kaxpablii  uieH
/’V 5TOro HepaBeHcTBa Ha AC,
/ MOJTYYHM:

BC B"C _ B"C

Ac < ¢ < A

v T. €, C yBeJHYeHHEM OCTPOro

yrJaa yBeJMYHBAETCSI H OTHO-

IIeHHe KaTeTa, MPOTHBOJIEKa-

LIero 3TOMY YrJay, K mOpHJje-

a KalleMy KaTeTy; C YMeHblle-
Puc. 15. HHeM yrja YyKa3aHHOEe OTHO-

[IEHHe KaTeTOB yMeHbllaeTcs,

MpUYeM KaxKJIOMy YIJIy COOTBETCTBYET OMpejieJieHHOe OTHO-

IIeHHe KaTeTOB.

CrenoBatesbHO, BEJHYHHY J11060TO OCTPOrO yrija MOMKHO
XapaKkTepH30BaTh YHCJIOM, PaBHLIM OTHOIIEHHIO KaTeTOB CO-
OTBETCTBYIOHIETO NPSIMOYrOJIbHOrO TpeyrosbHHKa. [lelcTBH-
TeJIbHO, ecJsi JaH ocTpell yrosa A (puc. 14), To MOXHO B3fTh
Ha ero CTOPOHE MPOH3BOJBHYIO
TOUKY B, ONMyCTHTb U3 Hee Ha 8
JPYTyio CTOPOHY MepreHauKy- ¢
asap BC u B nosyyeHHOM Tpe- —_

yronpHuke ABC HaiTH OTHO-
BC _ m
IIEHHe KaTeToB = = —- .
O6paTHO, ecJii JIaHO YUCJIO A C

m

— PaBHOe OTHOLIEHHIO KaTe- Puc. 6.

Ta, NMPOTHBOJIEKALLETO HEKOTOPOMY HEH3BECTHOMY HaM yr-
Jy, K KaTeTy NpUJeXKalleMy, TO MOXKHO MOCTPOHTb H Cam

m 4
sToT yroJa. [lycTe, Hampumep, - =

[puMem 3a eJMHHLIY H3MePEHHS! MPOHM3BOJIBHBEI OTPE30K
E (puc. 16). [Toctpoum npsimofi yros c¢ BepmmHo#i C H Ha
ero CTOpPOHax OTJIOXKHM oTpe3kd: CB =4 ejuHunaMm usMe-
peuuss ¥ CA =7 ejuHuIaM H3MepeHHS.

ITpoBesem ayun AB u AC, noayuum uckKomslii yron CAB.
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[IpuHsiB 3a eJMHHIY H3MepDeHHS KaKoH-MH60 Apyrofi oTpe-
30K E’, Mpl noayuuad Obl APYrod NPAMOYTOJILHBIH Tpe-
yroabauk C’A’B’ (puc. 17); HO STOT TpeyroJbHHK GyJeT
nopo6en TpeyroibpHuky CAB (o BTOpPOMY NpPH3HaKy MOJO-
Gusi), mostoMy ero yroa C’A’B’ pasen yray CAB. Takum

B,

Puc. 17. Puc, 18.

m
00pasoM, AaHHOMY OTHOIIEHHIO —— COOTBETCTBYeT EJMHCT-
o m
BeHHBIAl yroa. Ho cTOMT /b H3MEHHTb OTHOLIEHHE ——,
m m
HanpuMep B3SITb — - > —= , H Cpa3y e H3MEHHTCA OTpe.

I[eJIHeMbIﬁ yroJi, a HMEHHO:
2CAB,> 2 CAB.

3T0 noKasaHO Ha PUCYHKe }w
18, rme yrom CAB cooTBeT-

CTBYET OTHOLUEHHUIO KaTeTOB 8 -

BC m 4 e

iac = ——T,ayro.nCABl /'/

COOTBETCTBYET OTHOILEHHIO Ka- e c

terop B8 — . _ & 7 77
e ono T Puc. 19,

CBs13b yri1a ¢ OTHOLIEHHEM
KaTeToB B  NpPSIMOYTOJILHOM
TPeYroJibHUKE MOJIOKeHa B OCHOBY KOCBEHHOrO H3MepeHHs
yrJjoB. Bnepsble Takoit MeTox OBl HCNOJB30BaH apaGCKH-
MH acTpoHOMaMH-MaTeMaTHKaMu aJ-Barann (850—929) (Bar-
nag «Kuura o 3Besgax») u AGy-nb-Bepa (940—998) mas
?npe,ne.neﬂuﬂ yrJI0BOH BBICOTHI COJIHIA O TEHH OT LlecTa
puc. 19).
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3uas BequunHy wecta BC=m W [JJUHY €ro TeHH

BC m
AC =1, OHH HaXOJUJH OTHOIIEHHE KaTeTOB €=

NpSIMOYroJIbHOM TpeyrosbHuke ABC, a mo OTHOLIEHHIO Ka-
TETOB Omnpefe/sju BejuuuHy yraa A. OTHouweHHe KaTera,
TNPOTHBOJIEKAILEr0 HCKOMOMY YIJy, K KaTeTy [MpHJexalie-
My oHH HasbiBanmu Umbra versa (Tenb) [AGy-ib-Bedal.
Ilosnnee B XVI B. eBponeiinsl [®unxk (1561—1656) «Ieo-
metpus Kpyra»,Konenraren, 1583] craiu HasbiBaTh 3TO OT-
HOLIEHHE TMO-JaThiHH TaHT e HCO M.

Urak, maneencom ocmpozo yzia 8 npamoy20i6HOM Mmpe-
Y20/bHUKE HA3bIBAIOM OMHOULEHUE KAMEma, npomueoAexca-
weeo amMomy yery, K Kamemy npuiescaujemy, UTO COKpa-
meHHo co BpemeH JKupapa (1590—1633, Huznepnanms)
3aNHCHIBAIOT TaK:

tgA = 5’% .
Hanpumep, ecou npoTuBOJeKamiuit KaTeT BC = 15 cn,
a npunexamuii AC=20 cm, 10 tg A= - = 0,75.

W3 Bcero ckasaHHOrO BHIIIE MOXKHO c;:[e.na'rb cJaenyto-
i€ BEIBOJHIL:

1. Jliobok paHHBIE OCT-
pEIfl yroJ BIOJIHE oOmpeje-
JIeT eJUHCTBEHHOEe I0JIo-
XKUTEJbHOE YHCJO, SBJISIO-
eecss TAHTEHCOM  3TOro
yrJja.

2. [IByM HepaBHBEIM OCT-
pHIM yrJiaM COOTBETCTBYIOT
HepaBHble MX  TaHIEHCHI,
npuyeM GOJbLIEMY YTy CO-
oTBeTCTBYyeT OOJbIIHK TaH-
TeHC.

1. Jlio6oe maHHOEe MOJIOMKH-
TeJbHOE YHCJO  OmNpeiessier
€JHMHCTBEHHBIH OCTPBIH yrod,
npuyeM JAaHHOE YHCJO SIBJSA-
eTCs TaHreHCOM 3TOro yrJa.

2. JIByM HepaBHEIM IIOJIO-
KHUTEJbHBIM YHCJIAM, paccMaT-
pHBaeMbIM KaK TaHTEHCHl yr-
JIOB, COOTBETCTBYIOT HepaBHbLIE
OCTpHle YrJibl, NpHYeM GOJlb-
IIeMy YHCJYy COOTBETCTBYET H
GOJIbIIHH YTOJI.

Hano 3aMeTuTb, 4YTO B CTpOHTeJIbHOﬁ TE€XHHKE 4acTo
BMECTO BEJIMYHHLI YrJa JaeTcsd TaHreHC yrJa.

Hanpuwmep,

npu nocTpoiike jgomMa (pHC.

20) wmactepy

OOBIYHO BMECTO BEJIHUHHEI yrJja cCkaTa KpbIIIH JalT OTHO-

[IeHHe HOJIHH JIBYX CTPOIIHJI,

TaHreHc atoro yria. Ha pucynke 20 tg x = ac
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Yroa ckarta KpbIIIH H3MEHSIETCSI B 3aBHCHUMOCTH OT KpO-
BE€JIbHOT'O MaTtepuaJa. On OGoJbllle JJisT COJIOMEHHBIX KpbIL,
MeHbllle JJis JEPEBAHHBIX, €Lle MEHbIIe AJd KEJE3HbIX.

Puc. 20. Puc. 21.

B crpoutesbHOM JeJie TaHreHC yrJja ckarta:
1) past conomenHbix kpwin (puc. 21) usmensercsa ot 1,0
1o 1,6; .

2) 1A AepeBSHHBIX KpbILI
(puc. 22) uamensietrcss or 0,50
zo 1,0

3) Aas  KeJIe3HBIX  KPBILI
(puc. 23) usmensercs or 0,14
zo 0,30.

Urak, pas onpeaeneHus Puc. 22.
BEJIHYHHBI yTJa HEeT HeoOXonu-
MOCTH B HENOCPEJCTBEHHOM €ro H3MEpeHHH, JOCTATOYHO
3HAaTb TAHMEHC 3TOTO yIJa, T. €. OTHOLIEHHE NPOTHBOJIEKaA-
ero eMy KaTeTa K KaTeTy npusexauieMy. I[lostoMy Ha

LJLJI_}LJ,

%

£ £ Qoo
Puc. 23, Puc. 24.

NpaKTHKe B CJyyae, KOrjJa HeNoCpPeJCTBEHHO HU3MEDHTb YIoJi

TPYLHO HJIH BOBCE HEBO3MOXKHO, HAaXOJAT ero TaHreHC.
[Tycts, Hanmpumep, Tpe6GyeTcss HaHTH yroJ Crnycka yJu-

ubl, Ha KOTOPOH HaxoxuTcs lwKosa (cM. puc. 24). Hameps-
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eM IJMHY (yHIaMeHTa MIKOJbl M ero BBICOTY B Hauasle W B
KOHIIe 3[aHHs, IOJydYaeM

AB=1, AC=h, BD=h,.

Haxomum TaHreHc HCKOMOro yrja H3 [PsSIMOYrOJIbHOTO
TpeyroJsbhuka CED:

3Has TaHreHc yrsaa D, MOXKHO NOCTPOMTh CaM YroJ Ha
OyMare, a 3ateM, ecJiH NOTpeGyeTcs H3MepHTb €ro TPaHCIOop-
THPOM, W BBIPA3UTb B Trpafycax.

IIpexnosioxkuM, 4TO pe3yJ bTaThl H3MepeHHs (yHIaMeHTa
oKasasuch caenywoouumu: [ =~ 8,0 s, hy = 70 cm, hy = 30 cm:
Torga tgD = 7—%&)@ - 10 _ 0,050.

[Moctpous npsimoyroJbHeill TpeyroabHuk C'D'E’ ¢ KaTte-
tami 1,0 ¥ 20 exuuun, moayuum Ha Gymare yroa D', pas-

HBIl HCKOMOMY (puc. 25).
o MOMOLIbI0  TPaHC-
7/ o
" ¢ Toprupa Haxonum D' =~ 3
Puc. 9. C TOYHOCTHIO JO OJHOM
3Havaule# nudpe, a He
JBYX, Tak Kak Ha OObIY-
HOM IIKOJIbHOM TDPAHCTOPTHPE HET JecATKOB MHHYT.

PasyMeercsi, MocTpoeHHE Yriia ¢ nocJejpyomuM H3Mepe-
HHEM TPaHCIIOPTHPOM MOXKHO He JesaTh, eCJu Mbl HMeeM
TOJ pyKaMu TaOJmily, CONEPXKallyio TAHTEHCH BCEX YIJIOB.
[To Tako# Tabmumue Mbl cpasy HaXOIMM yroJ, TaHTEHC Ko-
Toporo paseH 0,050, mpuyeM C TOYHOCTHIO O ABYX 3Haya-
WHX nudp, ecan Tabsiuua TaHreHCOB OyleT AOCTATOYHOH
TOYHOCTH.

IT0 00CTOATENBLCTBO ObIJIO YYTEHO JIOABMH e€lle B IJy-
6okoii npeBHOCTH. [lepBble TaGmuubl TAHTEHCOB OHLIH CO-
CTaBJIeHbl BblYMCJeHHeM B Barpage B X B. acTpoHOMamu-Ma-
TeMaTHKaMu aj-Batanu u A6y-ib-Beda. Ilepeiizem u mb K
COCTaBJIEHHIO TaKOH TabsMUBl B CJEAYIOUIEM naparpage.

Ynpascnenus.

1, HaiiTh TaHreHCH OCTPHIX YrJIOB OPSIMOYrOJNLHOrO TpeyroJibHHKA
ABC, y xoroporo kater AC = 15,8 cm u xater BC =7,2 cnm.
2. HaliTu TaHreHCH yrJioB, 06pa3OBaHHLIX:
a) ZMaroHaJbl0 KJAcCHOH IOCKH C ee KpasMHj
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6) JIYaroHaJsiblo NpAMOYroJbHHMKa C €ero CTOPOHaMH, €CJH OJHa

CTOPOHA NpsSMOYroJibHHKa B 1—2— pasa GoJblue Jpyroi.

3. Tloctpouth yrom A, 80° 750 700,
ecn ] ; J |
a) g A=0,75 / ! J -
6) tgA=14,2; ! /
B) tg A =0,08. 65°

4. Onpefenure yroJ noxs-
eMa yJHLE, Ha KOTOPOH BEHI
JKHBeTe,

5. Onpeneaurte  nogbeM
napajHofl H «uepHOH» JIeCTHH-
1Bl B IIKOJE, 60°

6. Omnpenenure yroJ, nog
KOTOPBIM BBl YBHMJHTE BepX-
HIOIO TOuKy TeJerpajHOro
cron6a BeicoTOH H M, eciau
6yaere CTOATL B ORHOH ro- 55¢
PH3OHTAJNBHOH MJIOCKOCTH C
OCHOBaHHEM cTosI6a Ha pac-
CcTOSIHHH [ M OT Hero, a Ball

poct A m. 50°
PaccmoTpHTe ciepyroline
cayuan: H=10m uh=1,2 u;
1=5,0m5 1513 30 x; 100 m. 45°
§ 5. CocraBienue “0*
IABY3Ha4HOH TaGaHLbI 350
TAKT€HCOB OCTPBIX YIJIOB
U MOJIb30BAHHE €10 30¢
CymecTBy0T pasJ/ui- 2°
HEIE TIPUEMBl BRIYHCJIEHUH 20¢
TQHI'€HCOB YIJIOB, C KO- 150
TODPBIMH MBI I03HAKOMHUM- 10¢
csl B jasbHefumieM, B Ha- 50
cToflllee BpeMsl BBl Mo- 0
JKeTe HaXOAUTh TAHTEHCH /4 c
YIJIOB SKCIIEPUMEHTAJIBHO Puc. 26.

C TOYHOCTBIO JO JBYX
3HavalMxX UMpp NyTeM IOCTPOEHHH M H3MepeHHIL.
BospmuTte pasrpaduieHHBIH B KJeTKy JaucT 6yMaru (a eue
Jydile JHCT MHJJIMMeTpoBofi GyMaru), OTMETbTE Ha 3TOM
Jucre 6ykBofi C BeplIHHY KaKoro-HWGYAb OJZHOTO H3 nps-
MBIX yIJIOB, O00pa30BaHHHIX JHHUSMH rpadeHus (puc. 26).
Ha ropusoHTa/bHOH CTOpOHE yria OTJOXKHTE OTPe3oK
CA =20 xnetkaMm 1 B Touke A TOCTpPOHTE C MOMOLIbIO
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TpaHcmopTtupa yraei: 5°, 10°, 15°, 20°,..., 75°, 80°. Cropo-
HBl 3THX YTJIOB IepeceKkaloTcsl C APyrodf CTOPOHOH MPsIMOro
yraa C. B pesysbrate o06pasyloTcsl NPSMOYTOJbHBE Tpe-
YroJLHUKH C YKa3aHHBIMH OCTPBIMH yrJjaMu. BeJjuunHa Ka-
XKIOT0 KaTeTa y 3THX TPEYroJbHHKOB JIETKO BHIpa)KaeTcsi B
MHJJIUMETPaX, TaK KaK H3BECTHO, UTO y KJETOK rpaeHHs
cTopoHa paBHa 5 ma. CiepoBaresibHO, NMpeaCcTaBJSETCS BO3-
MOXKHBIM Telepb BHIYMCJHTbH C JBYMs 3HayalluMH LHbpaMH
TaHTeHCH YIJIOB 3THX TPeyroJbHHKOB (KpoMe tg 5°, ompene-
JeHHoro ¢ 1 3Haugamefi nHgpo#).

Tax, HanmpuMmep, y TpeyrosbHHKa ¢ yraoM 20° mpOTHBO-
Jexamuii kateT =~ 36 mm, a npunexamui Kater = 100 mn,

caefoBatesnsHo, 1g20° =~ —13% = 0,36.

AHanornyHEIM 06p330M HaliJleM TaHreHCHl OCTaJbHbIX
yrJjoB H pacIllOoJIoXHM HX B CJEAYIOULYIO TaéJIPII.ly:

A | 5° | 100 | 15° | 20° | 925° | 30° | 35° | 40°

tg A ‘0,09(0,18 0,27‘0,36 0,47 I 0,568 | 0,70 10,84

A 45° | 50° | 85° | 60° | 65° | 70° | 75° | 80°

tgA | 1,0 1,2|1,4|1,7 2,1 | 2713757

KoneuHo, HeO6XOZHUMO HUMETb TaGJHLY TAHTEHCOB C GOJIb-
med TouHocThio. Kaxk 3To crenars?

Hcnosb3ys HEKOTOpHIE TeOpeMBI T€OMETPHH, MOXHO Haii-
TH TOUHble 3HAueHHsl TaHreHcoB yrioB B 45°, 30° u 60°.
ViaBecTHO, 4TO B NPSIMOYTOJILHOM TPEyTrOJNbHHKE C YIJIOM B
45° xaTeTHl PaBHBHL, CJeJOBAaTENBHO, HX OTHOIIEHHE paBHO 1,
a notomy tg 45° = 1.

ILnst BelyMc/IeHHsT TaHreHcoB yrioB B 30° u 60° MOXKHO
HCIONb30BaTh H3BECTHYIO W3 reoMeTpuu Teopemy Iluo a-
ropal, BeIpa)kawulylocs pPaBeHCTBOM:

c? = q? 4 b2, (0))]

1 OTKpEITHE 3TOH TeopeMHl JOJIrOe BpeMs NPUNHCHIBANH I'DEUECKOMY
MateMatuky Ilugdaropy, xusmemy B VI B. o H. 5., mostomy ee
Ha3biBaJH TeopeMmMoi I[ludaropa. Huue ycranosneno, urto gnau-
HyI0 Teopemy npumeHsin 3a 1500 ser mo Iludaropa B apeBHem Basu-
JIOHE, OJHAKO Ha3BaHHE TeOPeMHl B yYeOHHKAX [OKAa COXPAHSETCH NpPexs-
Hee,
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raie @ ¥ b—xkaTeThl, a C-—TUIOTEHY3a IpPSIMOYTOJbHOIO
TpeyrossHuka ABC (puc. 27).

[Tycte B Tpeyroseruke ABC yrona A= 30°, Torza mno
H3BECTHOH TeopeMe NPOTHBOJIEXKAUHH KaTeT paBeH MOJIOBH-
He THIOTEHY3H 3TOr0 TPEYroJbHHKA, T. e, a=—;—c.

IlogcraBus 3T0 3HaueHue karteTa B dopMmyay (1), moay-
yaeM:

1

o b= otkyna b= <

5 -
HMcnombays nosyueHHble pe3ysbTaThl M ONpejeJeHHe TaH-
reHca, HaxOJuM:

tg30° =2 V2 _ L _ 05774 ...
V3

P 2

Hpyroi ocTpslil yros B RaHHOM TpeyrosbHuKe B = 60°,
cjefoBatesibHO, tg 60° = 012/3 : -%- =13 =1,732...

CpaBHuBasl MoOJyuYeHHbIE 8
TOYUHHIE 3HAUEHH TaHTeH-
coB yrJoe B 45°, 30° u 60°
C TeMHU 3HAUEHHSMH, KOTO-
pble MBI HaLIH TOCTPOEHHEM a
M BLIYHCJ/IEHHEM, BUJMM, UTO
nepBble JBa 3HAaKa Yy HHX
COBIIAJAIOT, CJeJoBaTesp- 4 5 A
HO, COCTaBJIEHHbIE HaMH

Puc. 27.
TabJHIpl HUMEIOT JBy3Hay-
HYIO TOYHOCTb.

CyurecTByioT crmocoGsl BbIYHCJAEHHH TaHTE€HCOB JIIOOBIX
YIJIOB ¢ JI000H CTeNmeHbI0 TOYHOCTH, HO OHH TpeGyIOT He-
KOTOPbIX JONMOJHUTEJNbHEIX 3HAHHH, KOTOPbIE. BRI IPHOGpETETE
BO BTOPOH YacTH Kypca TPHTOHOMETDHH.

Ha crpannne 96 naercss Tabsania TaHTeHCOB TpeX3HAu-
HOH TOYHOCTH, NPHYEM YIJbl B Hell H3MEHAIOTCS uepes 1°.
[To Tabuuie TaHreHCOB yrja MOXKHO ellle pa3 yOequTbCcs B
TOM, 4TO C YBEJHYEHHEM OCTPOro yrila PacTeT H €ro TaHTeHC, U
06paTHO, OJHAKO NpPSIMOI MPOIOPLHOHANbHOH 3aBHCHMOCTH
MEXIy YIJIOM H ero TaHreHCOM HeT.

B camom nesie, BO3bMEM TaHIEHCHl JBYX KakuX-HUGYIb
yIJIOB, HampHMep:

tg 30° =—]£33— u tg60° =13,

35



BHIMM, UTO C yBeJHYeHHMeM yrja B zaBa pasa (60°:30°) ero
TaHreHC BO3POC B TPH pasa (V§ : ]%3— = 3) .

IMokaxeM, Kak IpuUMeHsieTcs TalbJuia TaHTeHCOB IPH pe-
[IEHHH 3aJjay Ha OIpeJieJieHHe YIJIOB.

Mpumep 1. KakoBa yrjioBast BEICOTa COJIHIIA B TO Bpe-
Ms, 1) Korja [AJIHHAa TODU3OHTAJBLHOH TEHH OT CTOSAILILETrO
yeJIOBEKa paBHa MOJIOBHHE €ro pocTa; 2) Korja OHa BJIBOE
GoJsiblile €ro pocTa, NpHYEM H3MepeHHs! NpPOBeJeHB H3MepH-
TeJbHOH JIEHTOH C 2 3HaAyYallUMH LH(paMH.

Pemenune. O603HAUNM HCKOMBle YIJIBI Hepe3 X; U X,, a
POCT yeJIOBeKa yepes A, Toria B IepBOM CJyuae JJHHA TeHH paB-

1
Ha 5 h, a Bo BropoM—2£.
ITo OonpeJeJsJIeHUuI0 TaHreHca HMeeM:

h . — h —
T = 2,0; tg 4, = o = 0,50.

2

ITo Tabauue Haxomum: X; =~ 63°, x, =~ 27°,

IMpumep 2. IMaccaxkupckuil camosieT, HaxOASLIHACA Hax
nyukToM A Ha BeicoTe A =~ 400 M, Hauasj mpH3eMJeHHE Ha
aspoJIpoM, pacroJIoXKeHHbIl B 2,5 kM OT myHKTa A.

Kak Besnux 6ynet B cpex-
/’fr HeM yroJl NpuU3eMJeHHus ca-

tgxl =

=T MoJjieTa?
- ]
s = ', Pemenue. Ilpexmno-
y o JIOXKHM, UTO TOYKa IPHU3EM-
Puc. 28. JieHus camogieta B (puc. 28)

HaXOIUTCS Ha OJHOH TOpH-
30HTaJbHOH mIocKocTH ¢ nyHkToM A. M3 npsmoyroJeHOro
TpeyronsHuka ABC HaxoJAuM TaHTEHC HCKOMOTro yraa B:

AC 400

ITo Ta6auue TaHTeHCOB Haxogum B = 9°.

Ynpaxcrenus.

1, OnpefesuTe NPH NOMOIIM TeHH OT IUECTA YIJIOBYIO BEICOTY COJH-
ua samell mectHoctd B 9,12 u 15 yacoB Aus.

2, [luprHa KaXAoH CTYNEHbKH KaMEHHO! JAOMOBOH JIECTHHIBI paBHa
32 cm, a Bbicota 14 cm. Onpenenntsh yroa moibeMmMa JIECTHHLEL.

CocTaBbTe W PEILHTE TaKyl0 Ke 3ajayy, HCNOAb3ys pa3Mepel CTy-
NeHeK JIECTHHLB B BalleM JOMe.
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8. Ilnarona/s npsIMOyrolbHHKa o6pasyeT ¢ ero CTOPOHOH yroJa B
27°, HaiiTu oTHoOWIEHHE CTOPOH MPSMOYrOJbHAKA.

4. TMpoduns kaHaBel HMeeT QOPMY PaBHOGOYHOH TpamelHH, Yy KO-
Topoil HHXHee ocHOoBaHWe paBHo 0,70 s, BepxHee — 1,50 # u BricoTa
—1,00 ». Boipasuth B rpagycax KPyTH3HY CTEHOK KaHaBHI.

5. WsBecTHO, uTO rpadHkoM GYHKUHH y = kx sBJsieTCS mpsMas,
NpoXojsilas yepe3 Haya/loO KOODAWHAT, NMPHYEM YHCJO K HA3HBAIOT yr-
JIOBBIM KO3((UIIHEHTOM MNPSIMON.

Hoxaxure, yTo yrjoBofi kKoahdHUHEHT NPSIMOH paBeH TaHIeHCY yr-
Jla Hak/oHa mpsamoff K ocu aGcumcc. (Bssarb cayuwalt, korpa & > 0.)

§ 6. Yernipexsnaunble TaGaMupl TAHT€HCOB OCTPHIX YIVIOB
M MOJb30BaHHE UMHU

Brile MBI NOJIL30BA/IMCh M JBY3HAUHBLIMH TaGJHIAMU
TaHT'eHCOB C IIAaroM B 5° 4 TpPeX3HaYHBIMH C miaroM B 1°,
T. €. TaKUMH TabJuLaMH, B KOTODHIX JaHbl TAHTEHCH! YIJIOB
uepe3 5° uan uepe3 1°. CyuiecTBYIOT TaGJHLbI X C MEHBIIUM
miaroM. Tak, B cO0pHHKe MateMaTHueckux Tabmaun Bpaxuca
uMeeTcst Tabauia TaHreHcoB ¢ marom B 0°,067, kopoue — 67,
IpHYeM 3HayeHHe TAHTeHCOB B Hell JaHbl BHauaJje C YeThip-
Ms LeCATHYHbIMH 3HaKaMH, a B JajbHeHIIeM C 4eThIpbMs
3HaAyalUMH IHppamu. DTa TabjHua [O3BOJSET pellaTh 3a-
Iaud c GoJbliefl TOYHOCTBIO, YeM Ta, C KOTOPOH pelIajuch
3ajayy B IpejuIecTBYIOUKX naparpadax. Ilpu uteHuu Tab-
JIMIIBl TAHTEHCOB Pas3JIMyaioT ABa BHZAA 3ajay: NPSIMYI0 3a-
Jauy, Korja no JaHHOMY YTIJIy HaXOJHUTCS €ro TaHTeHC, H
o6paTHyl0 3ajauy, KOrja Ino JaHHOMY TaHTeHCY yria
HaXOJIHUTCS caM Yrod.

Npamas 3agava. dau yron A. Hafitu tg A. 3gecs Bos-
MOKHBI TPH cJayyasl.

I cayuai: gaunblfi yroa A BeIpakeH LEJbIM YHCJIOM
rpagycoB. B atom ciayuae u3 BceH TabJIMIBI HCHOJB3YIOTCS
TOJIbKO [Ba IEepPBLIX CToJ0IA: B IIEPBOM CTOJIOLE YHTaeM
IaHHBIH yron A, a BO BTOpPOM — €ro TaHIeHC, HampHMep,
o A=17°, naxomzum tg A =~ 0,3057.

Takue Tabnuupl, B KOTOPHIX 3HAUeHHE YIJa YUTAETCA B
OJHOM CTOJIOLE, Ha3bBAOT TabJHUAMH C OJHHM BXOJOM.
CrepoBaTesbHO, B paccMaTpPHBaeMOM caydae (KaK U B Ipel-
LIECTBYIOIMUX Maparpadax) Mbl HCIOJb30BaJH TOJbKO OJHH
BXOJ B Ta6JuIy.

Il cnyvya#i: paHHBIA yrosl COZEPXHUT LEJOe YHUCJIO Ipa-

! TaGauuer Bpapuca.

37



IYCOB W ellle LieJioe YHCJO MMHHYT, KPaTHOEe IUeCTH, HampH-
Mep, 17°24'.

Uro6bl NIpoYecTb JAHHBIH yroJ B Ta6Jimie, Hafl0 HCIOJb-
30BaTh yXe JBa BXOJa B Hee: IleJ0e 4yHCJO rpanycos (17°)
yMTaeM, KaK X paHblle B IEPBOM CTOJGIE, & YHCJIO MHUHYT
(24') umem cBepXy B OJHOM K3 CJEJYIOIIUX HeCSITH CTOJO-
noB,conepxkamux 0/, 6’, 12/, 18, 24’, 30/, 36/, 42/, 48,
54’, 3nauenne TaHrenca yrJaa 17°24’ uutaeM Ha nepeceue-
HHH CTPOKH, HauuMHalomeHdca ZaHHBIM YHcJIOM rpanycos (17°),
H crosbua ¢ JaHHBIM YHCJOM MHHYT (24'),

Takum nytem Haxozum tg17°24" = 0,3134.

IIl cayuai: JaHHBIH Yroal CONEPHKHUT LEJOE UHCJIO
rpajycoB H LieJioe, HO He KPaTHOe IIECTH YHCJIO MHHYT, Ha-
npumep 17°267,

bBepem Gimxalmufi K JaHHOMY YroJi, colep:Kam Uil Kpat-
HOe IIecTH yucao MHHYT. Has 17°26” Ttakum yriaom Gyner
17°24’. Kak u mpexje, HCIOJNB3Yys JiBa BXoja B TabJaumy,
HaxoJuM

tg 17°24 ~ 0,3134.

B Toifi ke cTpoke, rie Mbl NIPOYJIH B3HaueHHEe TaHTeHca
«6JiMKafIero yraas, B IOCJAeIHUX Tpex cTonbuax JHaioTcs
nonpaBkud Ha 17, 2’ m 3'. B3sThil HaMu Gamxaiiui Tab-
JIHYHBIH yrosl OTJIHYaeTcs OT JAHHOro Ha 2/, mosToMy Io-
npaBky GepeM B cToJ6le ¢ MeTKOH 2/, oHa paBHa 6 exu-
HHUIAM IOCJeJHero TalJHYHOro paspsja.

Tak Kak c Bo3pacTaHHeM yrja pacTeT M €ro TaHreHC,
TO TONpaBKy CJeiyeT npu6aBUTb K HaHJIeHHOMY 3Ha4YeHHIO
tg 17°24’, u torma mosyunm tg17°26” = 0,3134 + 0,0006 =
= 0,3140. 3xeck X JBYM OCHOBHHIM BXOjAaM B TalJsuuy Jo-
6aBuJICS TPeTHH — BXOJ NOIPaBOK.

OGpatHas 3apmauya. [an tg A. Hafitu yron A.

31ech MOXKHO pasjMyaTh TakkKe TPH CJydas:

I cayuaii: naHHOe 3HaueHHe TAHI'EHCA COJEPIKHUTCS B
TabJnie W HaxomuTcd B cTonbme ¢ MeTKoi cBepxy 0', Ha-
npumep, tg 4 =0,4877.

Yucao 0,4877 HaxonuM Ha IepeceyeHHUH CTPOKH C MeT-
Koil 26° cBepxy H crosbua ¢ Merkoit 0’ cBepxy; NPHIIOMH-
Hasl pelleHHe NpsAMOH 3anauH, HejaeM BLIBOJ, YTO HCKOMEBIH
yroa A = 26°0".

I cnyuaii: naHHOe 3HaueHHe TaHreHCa TaK¥Xke cojep-
JKHTCH B Tab/Hu1e, HO HAXOJUTCS HE B IIEPBOM, 8 B KaKOM-HH-
6ynp apyrom crosbue. Tak, nanpumep, tg A = 2,703 mbl Ha-
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XOIHM Ha nepeceueHHH cToJibua ¢ MeTKoil cBepxy 42’ m
CTPOKH ¢ MeTKoH cJsieBa 69°; ommpasce Ha pelieHHE IPSMOH
3ajjayy, sakjaiouaeM, uyto yroa A = 69°42’,

[Il cnyuaf: naHHOe 3HAueHHe TaHTeHCa OTCYTCTBYET
B Tabauue. Hanpumep, tg A= 1,2017.

Haxoaum Guoukaiiiiee TabnHyHOE 3HaueHHe TaHIreHca:
B HalleM cJydYae Takoe B3HaueHHe BhIpaXKaeTcs YHCJIOM
1,2002, pacmoJsioKeHHHIM Ha TepeceueHHH CTPoKH ¢ 50°
cjeBa u cronbua c 12’ cBepxy, cJhaegoBatenbHo, 1,2002 =
~ tg 50°12’.

Haxopum pasHunmy mexXJy RaHHBIM 3HaueHHeM TaHTeHca
H HafijeHHbIM GJikalmum TabJMuHBIM. Y Hac OHa oKaaa-
Jack paBHOH 15 gnecsaTuTBICSIYHBIM. B TOH e cTpoke B
cTo/0aX MONMPaBOK BCTpeuaworcss uumenaa: 7, 14 u 22; us
Hux Ommkafimee xk 15 6yzer 14. Tak xaxk 14 npuHapJe:xuT
croq0ny ¢ MeTkoi 2’, TO 3akJjoyaeM, 4TO M Ha YHCJIO 15
GyJeT NMPUXOAMTLCS IIONpaBKa OKOJIO 2/, KOTOPYIO cJjejyeT
npubaButh K yray 50°12°. Mrax, nosayuaem:

50°12"
+ 2
A=50°14"

MozkeT cayuutbes, yTo Ommxkalimee TalGJMuHOe 3Hade-
HHE TaHreHca okaxeTcs OGoJiblile NaHHOTO 3HAueHMd, TOrAa
yLJIOBYIO TONPAaBKy CJeJyeT BBIYMTaTh, TaK KaK C YMeHb-
[IeHHEM TaHreHca yroJ yO6bIBaeT.

[Ipumep: tgA=0,8627; naiiru A.

Bauxaiimee TabanuHoe 3Hauenue TaHrenca 0,8632, T. e.
Ha 5 JeCATHTHICAYHLIX GOJblle JAHHOTrO 3HaueHHd. B Hamedl
CTPOKEe Ha 5 JeCSATHTHICSAYHBIX NPUXOJMTCS INomnpaska B 1'.
Kpome Toro, Tabuuua Ham mokasaJja, uto 0,8632~tg 40°48'.
CnepoBaTeJbHO, HalieM HCKOMbIH yroJ:

40°48’
- I
A=40°47"
MNpaumeuaHnue. Ecan AaHo 3HaueHue TaHreHCa C GOJBIIHM YHCJIOM

JeCATHUHBIX 3HAKOB, TO €ro MpeABapHTE]bHO Hafl0 OKPYIJHTb, COXpa-
HHB JIHLIb CTO/IbKO 3HAKOB, CKOJIbKO CONEPXHT TabJHlua.

Ynpaxcnenus.
1. Haiitu no Ta6auue Bpaguca ranrescm caefymoowux yraos: 63°,
74°127, 4°45’.
2. C nomowbio TOi XKe Tabjuusl Halith yroa A, eciu:
a) tg A=0,7186,
6) tg A =1,4638,
B) tg A = 3,291753.
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3. B npsamoyroibHOfi cucTeMe KOODPAMHAT AaHH ABe Touk: A(1,000;
2,000) u B(2,500; 5,750). Kakue yraul o6pasyer npsmas AB c ocsaMH
KOODAHHAT?

4, B touke O (puc. 29) nmpHJIONKEHB! J[Be B3aMMHO-IEPIEHAHKYJIAP-
Hele cuipl P =~ 8,90 k2 u Q = 5,20 xe. Onpefenuth paBHOAEHCTBYIOILYIO
STHX CHJI R M yrael o u B8, KoTophle OHa 0Gpa3yeT C COCTABJAIOMIHMH
CHJIAMH.

5. Ha pucyske 30 uso6paxe-
Hbl JIaMIBl, YCTaHOBJEHHblE Ha
SCKaJaTopax METPOIOJHTeHa, H
MOACTAaBKY IJIs JIAMI, HMelollHe
B npoduse GopMy MpPAMOYTOJb-
HBIX TpeyroJbHHKOB. OmnpefenuTe
yros moAbeMa 3CKajiaTopa, ecjH
BePTHKAJbHEIH KaTeT TPEyroJb-
HHKa (BBICOTa MOJCTAaBKH) paBeH

Puc. 29. Puc. 30.

100 mm, a ropusoHTasbHEIH (A/HHA NOACTaBKH) — 173 mm.
6. B 800 » ot MecTa moameMa caMoseTa BlepelH PACIOJIOKEHE! fe-

peBbs BhICOTOH A0 20 #. IToj KaKHM yrioM RO/KEeH NOLHMMAThCA Ca-

MoJieT, 4TOOBl He 3afieTh JLePeBheB?P
7. Ha pucynke 31 naHa yacTh Tomorpaduueckofi KapThl ¢ H306pa-
JXeHHeM BO3BhleHHOCTH. Macwra6 xaptei: B 1 ¢ 100 x. Onpenennts
CPERHIOI KPYTH3HY CKJ/IOHOB BO3BBILIEHHOC-

TH B Da3JHYHBIX ee MeCTaX H HanpaBJje-

HHSIX, €CJIH M3BECTHO, YTO T'OPH3O0HTAJIH

8 nposenentr uepes 5,0 # no Beicore. ITocTpo-
HTb NpoduJb penbeda M306paxKeHHOH uac-

TH NoBepxHOCTH oT A 1o B.

8. Ha xenesHOROpOXKHON JIMHHH JO-
nycKaercsi npefenbHbll YKJIOH B 10 ThICSY-
HBIX. DTO 3HAUUT, yTO Ha Kaxjisle 1000 m
NYTH [0 FOPH30HTAJBHOMY PaCCTOSIHHIO BO3-
MOXeH NOABeM IYTH B ropy He G6oJiblue
yeM Ha 10 m. BripasuTb BeJHUMHY npejienb-
HOro yKJOHa NyTH B rpajycax.

9. [Ipa Bana, pacloJIoXeHHEIE NMOJ NPSMHIM YIJOM ADYP K APYyry,
COelMHEHEl TNpPH TOMOIIM KOHHYECKHX 3y6uaThiX KoJeC (LIeCTePeHOK)
(puc. 32). Ilox KakuM yr/OM HaKJOHEHH 3yOLbl IIECTEPEHOK K OCAM Ba-
JIOB, €CJH OJiHa IlecTepeHKa HMeeT 25 3y6umoB, a gpyras 43?

10. Ha TokapHBIX CTaHKax HepefiKO NPOM3BOAST OGTOUKY jeranelt
«Ha KOHYC» B CBSI3H C YeM B TeXHHKe CYIeCTByeT OCOGhli TepMHH «KO-

>

Puc. 31.
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HYCHOCTb», MOJ KOTOPHIM TOHHMAOT BeJHUHHY OTHowenus EF :AF
(puc. 33), T. e. OTHOIIEHHe Da3HOCTH DaAHYCOB OCHOBAaHHH KOHyca K
IJIMHE ero ocH. DTO OTHOIIEHHe HHOTJa BHIPAXKaloT B MPOLEHTaX.
TToKaxHTe, YTO BEJHYHHA KOHYCHOCTH
paBHA TAaHTEHCY yIJa, COCTAaBJIeHHOro oG-
pasyloliefi ¢ oCbl0 KOHYyca.
! Hanumute $opmyay AJs ONpeieNeHUs
A KOHYCHOCTH M yrJa Mexny obpasyiouledi H
1 OCbI0 KOHyCa, y KOTOPOro AHaMeTphl OCHO-

\ / ¢
4/ / P

Puc. 32. Puc. 33.

Bauuit D ¥ d, a piauHa ocu /. Tlpumenute sty dopMyny IJas KOHYCOB,
pa3Mepel KOTOPEIX B MHJIIHMETpPax 3ajaHbl Clefyomed TaGH4KOl:

D 50 75 75 30 80

d 25 25 50 20 50

l 50 75 75 80 150

11. Yron mexny o6pasyiomMMH y BepLIHHH KOHyca paBeH 14°107.
Onpefe/uTs KOHYCHOCTb B MPOLEHTaX,

12. B JlecHOM [esie BMECTO «KOHYCHOCTH GpeBHa» ynoTpeGJIsioT Tep-
MHH «cGer GpeBHa». HauGosee NeHHpM cuntaeTcs Jec C HeGOJBLIMM
«c6eroM», TaK Kak B CTDOMTeJbHOH TexHMKE B OOJBINHHCTBE CJy4aeB
NPHXOAHTCS YHHUYTOXATh KOHYCHOCT, GpeBHa ero o06paGoTko#l RO LH-
JIMHJPHUECKOH (OPMEL.

Haiitu «cGer» u «yroa cGe-
ra» y GpeBHa jaauHoli =12 mc —

AHaMeTpaMHU OCHoBaHH# D== 45 cm (
u d=30 cm.

13. Bo3bmeM Kpyraml#fi nps-
MOH UMJIMHADP C JHaMeTpoM d. /"T
Haueprum Ha Gymare mnpamoy-

-

roJibHb Tpeyroabiuk ABC Tak,
uyTo6e onuH ero Karter AC pas- ! ¢ nd
HSUICS IJIMHE OK PY2KHOCTH OCHOBa- ~—d—
HHS (MOTEpEeYHOr0 CeyeHHd) LH- Puc. 34

41



JuHApa, T. e. wd, a Apyrofi kater BC MOXKHO B3SThb IPOH3BOJBHOH
nausel b (puc. 34). 3artem Bripexxem TpeyroasHuk ABC u  o6ep-
HeM BOKpYP UHJHHAPA Tak, 4YToGH ero kKarter AC pacrojOXHJICA MO
OKPYIKHOCTH OCHOBaHHsSI uuiuHipa. HakoHen, HauepTMM Ha NOBEPXHOC-
TH UWJHHLDA Ty JHHHIO, [0 KOTOPOH pacnosioXXuTcsi runotenysa AB
TPeyroJbHHKa. OTY JIMHHIO HasblBaloT BHHTOBOMH JHHMeH, TouHee:
ofHUM 060OpPOTOM BHHTOBOMN JHHHHM. [lepemelnias COOTBETCT-
ByIOUIMM 06pasoM TpeyroJsHHK ABC MO NMOBEPXHOCTH LHMJHHIpPA W TMOB-
TOpSAsi YKa3aHHBIH Mpollecc 06epThIBAHHA €ro BOKPYr UWJHHApAa C BhI-
yepyHBaHHEM JIHHHH paCHOJIOXKEHHS] THIOTEHY3bl, MOXKHO MPOLOIKHTh
BHHTOBYIO JIMHHIO TaK, 4YTO OHa
o6pa3yeT Ha NOBEPXHOCTH LMJIHH-
Jpa jBa, TPH H T. A. oGopoTa.

¥Yroa « tpeyrombHuka ABC,
npunexamui x katery AC, Ha-
3bIBAIOT YTFJOM MNOABeMa
BHHTOBOH JHHHH. [loHATHO, uTO
3a OLMH 0GODOT BHHTOBAs JIHHHS
MOZHHMAeTCs Ha BLICOTY /i, paB-
Hylo katery BC. OTpe3ok A Ha-
3LIBAIOT W AarOM BHHTOBOH
anuuuu. Hcnonbays onpenese-
HHE TaHreHca yrja, MOMCHO BEHI-
Pa3HTh 3aBHCHMOCTb MeXAYy AHa-
MEeTpPOM HMJIHHIpA, WaroM BHHTO-
BOH JIHHHH M YIJIOM ee MOABbeMa
dopmy.roii:

h
tga=—77. *

B TexHnHueckol mpakTuKe Je-

Puc. 35. JI2I0T HA LHIMHADE N0 HAnpasJie-

HHIO BUHTOBOI JIHHHH BHIEMKY Tpe-

yroJIbHOH H NPSAMOYTOJIbHOH (pop-

MBI, TIOJIyuast IPH 5TOM TaK Ha3blBAeMEIfl B H HT C TPEyroJIbHOI HIIH NPAMO-

yrosbHol Hapeskoil (puc. 35). Macrepy-ToKapio, 3aHHMAMIIeEMYyCa Ha-

De3Koli BHHTOB, YacTO MPUXONHTCA NOMB30BaThCs (opmy.siof (¥) Auast

onpejleieHHs LIara BHHTA, BHEIIHEro H BHYTPEHHOrO JHAMETPa HAPE3KH

W yraa noibeMa Hapesku. [lpu onpejeeHud yria mnojabema Hj_pBBKH

9

6epyT OOBIUHO TaK Ha3blBaeMblil CpefHHI IMaMeTp BHHTA d= =172 D) =,
rie Dy u Dy — BHYTDEHHH} W BHeWHHH AMAMETPhl HAPe3KH.

PemnTe ciefyonine 3alaul:

1) Cpenuuii nuamerp BuHTA d = 24,6 mm, war BuHTa h=2,8 mum;
Ha#TH yros mogbeMa HapesKH,

2) Bes napeska BuHTa COCTOMT H3 12 HuTeli (060pOTOB), AJHMHA Ha-
pesanHol yacTH BHHTA paBHa 36,1 ma, BHEWHHA IHaMeTp HapesKH
D, = 25,5 mm, BuyTpenuuii— Dy = 21,3 ma. Onpeneguts yroi nopsb-
ena HapesKH.



rm14ABA 11

HEJAOCTYIHbIE OTPE3KH
H UX KOCBEHHOE HM3MEPEHUE
YEPE3 TAHTEHCbI COOTBETCTBYIOLUX YIJIOB

§ 7 Onpepenenne paccTosiHUSI MeXAY ABYMs NyHKTaMH,
KOrja OJiUH W3 HHUX HeJOCTYNeH

Mamepenue pacCTOSIHHSI MeXJAYy TOYKAaMH OCYILECTBJISIET-
csl MacuiTaGHO# JmHelKoH. C NOMOLIbI0 PYJIETKH HJIH Mep-
HOH IeNnHu NPOM3BOAAT H3MepeHHe PacCTOSHHH Ha MECTHOCTH
MeXAy /MmoObIMH JOCTYNHBIMH NyHKTaMH A u B, eciu Bos-
MOXKHO NpoBellHBaHHe npsamoil AB (puc. 36).

Ho xak e onpefe/uTh pacCTOSTHHE MeXAY NyHKTaMH,
pasjieleHHbIMH  HENPEOJOJUMbIM NpPEeNsATCTBUEM, HalpUMep
peKo#i, Jsecom, Topofi X T. Mm.?
Kak ysnaTb paccTosiHHE O Npex-
MeTa, HeZOCTYIHOro HaM, Halpu- s
Mep 10 JIyHBl MM JO JIETALIETO ]l ﬂ L

camosiera? Kak Hafith paccrosi-
HHEe MEXJY TaKHMH NpeLMeTaMH, al -~
K KOTOpPHIM BOBCE HEBO3MOXKHO

MOJOHTH, KaK HalpuMep paccTos-

HHEe Me/ly OCTPOBaMHU HJIH MeXKIY Puc. 36.

IByMs HeOeCHBIMH CBETHJIAMH?

Kak onpeje/suth pasMepnl JETSAILEro camoJiera?
PasyMeeTcsi, HeNoOCpeJCTBEHHOE H3MEPEHHE B 3THX CJy-

yagX HEBO3MOXHO. Bo Bcex mojoGHBIX CJaydasix mpuéerarot

K KOCBEHHOMY OIpEJe/NEHHI0O pPacCTOSHHH, OCHOBAHHOMY Ha

HCII0/Ib30BAHMM HM3BECTHOrO HaM IIOHATHS TaHIeHca yrJa.
B camom jeJie, BepHEMCs elle pa3 K ONpeJeJseHHIO TaH-

renca yraa. Eciu B mnpsMoyrosbHOM TpeyroabHuke ABC

0603HauuThL runoteHysy AB uepes ¢, a KaTeThl, Jexaihe
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npoTuB yrjoB A u B, cooTBeTCTBEHHO yepe3 a M b (puc. 37),
TO IO ONpeJieJIeHHIO TaHreHca OyleM HMeTh:

b
tgA=%; (1) tgB =—- @)
W3 stux PaBEHCTB IOJIy4aeM CJICACTBHA:
a=>btg A4, 3)
b .
a= 1B’ 4)

HJIH CJIOBAMH: 80 8CAKOM NPAMOY2S0NbHOM MPey20ibHUKe At0-
6ol xKamem pagen Opy2omy Kamemy, YMHONEHHOMY HQA
g MAHEEHC yeaq, npomusosescauiezo nep-
oMYy Kamemy, usu OefeHHOMY HQA
maneenc yeaq, npuiescauwjeco K nep-
a  gomy Kamemy.

Hrak, dopmyasr (3) u (4) pawor Bo3-
C MOXHOCTb OnpefensiThb KaTeT IIPsIMO-
Puc. 37 YrOJIBHOTO TPeYroJIbHUKA, €CJIH H3BeC-
TeH ero OCTPHIH yroJ ¥ IPyro#l Karer.
Ha stoM u ocHoBaH cmoco6 KocCBeH-

HOrO H3MEPEHHS HEeJOCTYNHBIX PacCTOSHHH.

IloxaxeM ero Ha KOHKPETHBHIX IpHMepax.

Cnepsa paccMOTpHM cJly4yaH, Korjja OIpeJelsieTcsi pac-
CTOfIHME MEXIY NYHKTaMH{, OAMH H3 KOTOPHIX HeJOCTyIeH.

INpumep 1. [onycTuMm, uTO
TpeOyeTcsl ONpelesUTh BBICOTY
(haOpuyHOH LHUNMHIDPHYECKOH TPY-
Obl, PacroJioXKeHHOH Ha FOPH3O0H-
Ta/lbHOH MJOmlajKe TaK, YTO K
OCHOBAHHIO TPYOGBHl BO3MOXKHO
nojpoitu (puc. 38).

Ha nexoTopoM paccrosnuu
AC = b (m) oT ocHOBaHusA TpPYyOHI
yctanosuM yraomep AE u ompe- Puc. 38.

JeJUM YroJ « MeXJAy TOpH3OH-
Ta/bl0 U HalpaBJeHHEM Ha BepXHIOI TOYKy B TpyOwl. [lpu-
MeHHUB K IpSMOyroJibHOMy TpeyroabHuky ABC caencteue (3),

HaXxOJIUM:
BC = AC - tgo.

Yurs BricoTy yraomepa AE =Hh m, mosyuaeM dopmyty
IJIs1 OTpeJieeHUsT BBICOTHI TPYyOBI:

BD = h+btga.
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[lycts pesysbTaTel H3MEPEHHS! TAKOBBI:
b=40m, h=15m u a=31%
TOrza
BD =~ 1,5+40-tg31° ~ 26 u.
Mpumep 2. TpebyeTcss y3HaTh, Kakoi AJIMHEL MOCT Hago
NOCTPOUThL Yepe3 DPEKy, €CJH KpaiHHe ero yCTOM 3alpoeKTH-
poBaTh B Toukax A W B, OTMeueHHHIX Ha Geperax pexH

(puc. 39). IIna aroro Ha Gepery pekd OoT TOYKH A OT/IOKHU-
qu oTpesok AC = 40,0 » B HampaB/eHHH, NepHeHJUKYJIsAD-

8

| \\Ja

It S

i LN

| S

| ~

' e

| ~

¢ —— L

¢ K=, - — - ——- == 4 - -——~
Pue. 40,

HOM K AB, u B Touke C C MOMOLIbIO yrJoMepa ONpeJeJH/IH
yron ACB, kotopeiii okasancsi paBHeM 81930,

W3 npsmoyrosbHoro tpeyrossuuxka ABC no dopmyae (3)
HallJIH HCKOMYIO JJIMHY MOCTa

AB = AC - tg ACB ~ 40,0 - tg81°30" =~ 268 (#).

Ynpascnenusn

1. B noagess npu BeicoTe cosnHua B 28° daGpuyHaa TpySa paet
FOPH30HTA/NbHYIO TeHb AJMHHOH B 76 M. OnpesesuTh BHICOTY TPYGHL

2. Qonapp Masika (puc. 40) HaxomuTcs Ha BhicoTe BC ~ 68 x Han
ypoBHeM Mopsi. M3 Hero BuIeH KopaGme A MOA YIrJIOM NOHHXKEHHS
DBA = a =~ 1°30’. Haiitu paccTosiHHe OT XopalJs 10 Maska,

3. Yroa oTkoca MeJIKOro mecka paseH a == 31°. Kakoil BEICOTHI MOX-
HO HAChIaTh Kyuy [€CKa, ecJu JHaMeTp OCHOBaHHs paBeH 3,5 x?

4. lokasaTb, 4TO MPOH3BEJEHHE TAHI'€HCOB OCTPHIX YIJIOB BO BCAKOM
NPSMOYTONLHOM TPEYTrONbHHKE paBHO 1

5. Hanucats ¢opMyJy, BhipaXKalolyi0 3aBHCHMOCTh Mexay tgA n
tg (90° — A), rme A — npou3BOJBHEIE OCTPEI yroJ.

Y xkaszanue. Ecin OXHH H3 OCTPHIX YIVIOB NPSMOYTOJBHOTO Tpe-
yronsHuka paBeH A, TO Zpyroil ero ocTpulii yroa pased 90°— A.
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§ 8. Onpepenenue pacCTOAHMA MeXLy ABYMSI MYHKTaMH,
K KOTOpPBbIM HEBO3MOXHO MOXOHTH

Mpumep 1. Ilycts TpeGyercss onpelenuTb, Ha KaKOH Bbl-
coTe JIETHUT caMoJieT. [l 3TOro 3apaHee BHIBOZAT Heo0Xo0-
numyio qopmysy. CresaTh 3TO MOXKHO CJEAYIOMIHM 06pas3oM:
JBa HabyofaTe/d yCTaHAB/IMBAIOT B FOPH3OHTAJBHOM IJIOC-
KOCTH yrJiomepHbie npubopsl AA; u BB; Tak, uToGbl mJoC-
KocTh AA,BB, nepecekaJsia Tpaccy noseta camosiera (puc. 41).
B TOT MOMEHT, KOrja camoJieT IIepeceKkaeT IJOCKOCTh
H3MepUTeJbHBIX Npu6GopoB AA;BB,, Habmojpatenb Haxogs-
muiics y npubopa AA;, HaeT CHTHaJ, 1O KOTOPOMY OXHO-
BpeMeHHO Ha mnpubopax A u B ¢ukcupyoTcst yriel o U 8.
3areM H3MepSIIOT PACCTOSIHHE MeX]Y YTJIOMEPHBIMH NpHOO-
paMu AB =a meTpoB H BhlcOTy npu6opoB AA, = BB, =h
METpOB, IIOCJIe 4Yero IEepeXOXSiIT K CJEAYIOMHM pacyeTaM.

U3 npsMOyronsHHIX Tpe-

*f; yroqeHuKoB CDB u CDA
TR~ no c¢opmyse (3) (ctp. 44)
i‘ NI~ TOJIYYatoT!

~
: .
|

CD=DB-tgd (¥
CD=DA - tga, (*%

Puc. 41. OTKyZAa
DB - tg3=DA - tga.

Ho DA=DB+ BA=DB + a, nosromy nocnejisee pa-
BEHCTBO IEPEMUIIETCS TakK:

DB . tgB = (DB + a)tga,

OTKyJa

. atga
DB =—gp—wga -

IloxcraBus 3nauenne DB B paBencTso (*), mogydaioT
__atgatg} wk
TakuM o6pasoM, HCKOMas BRICOTA IIOJIeTa CaMOJIeTa
_ __atga-.tgd
CDI—CD-l—DDI——Tgﬁ_—-—TgT +h,
Tak Kak
DD, = BB, = AA,=h.
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IlpuMeHHM BBIBEJIEHHYIO (OPMYJy [/l KOHKDETHOIO
caydyast NpOBeJeHHBIX HaOMOJEHHH M COOTBETCTBYIOLLHX
HU3MepeHHH.

[TycTh pesynbTaThl H3MepeHHS OKa3asuChb CJEIYIOLIHMH:

h=150m a=935x a=39° B=44°

TOorjga caMoJieT HaXOJHUTCs Ha BBICOTE

93,5 . tg 30° . tg 44°
R —1g3 T 1,50 = 470 (m).

Mpumep 2. C Gepera Mopst BUAHBI jBa mpeameta A u B,
Haxojpsmuecs Ha ocrpoBe (puc. 42). Kax ompenenuth pac-
CTOSIHHE MEeXJIy 3THMH IIpeJMeTaMH, He COBepliasi MOe3IKH
Ha OCTpPOB? IDTO MOXKHO CJeJiaTh
caenyiommM o6pasom!: 43 Toukd C
(cMm. puc. 42) npoBemuM Ha Gepery
MOpsl B NeprneHIuKyJsipioM kK AC
HanpasJ/eHud npsmyo CM u Ha Hell
C TOMOILIBIO yrJoMepa Ha#aeMm TOY-
Ky D Tak, 4to6ul yronm CDB 6ol
npsiMbiMl,

3atem usMepuM yrisl CDA =a
u DCB =, a Takxe IJHHY OTpe3-
ka CD = a(n).

Ecu  MBICIEHHO — IpoBecTH
AE | CD, To0 o6pasyercs npsMo-
yroJbHBIE TpeyroneHuk ABE, wu3
KoToporo mo Teopeme [lucaropa mosyuaem:

AB =V AE* + BE?,
rie AE=CD=a u BE = BD-—AC.
M3 npsiMoyrosbHBIX TpeyrobHAKOB ACD u BCD HaxonuM:
BD=atgB, AC=atga,

caenoBatesbHo, BE =a(tgB—tga).
[MoncraBuB 3unauenue AE u BE B paBeHCTBO (*), moayuum
topMmyJy IJis1 ONpeJeseHust HCKOMOTO DacCTOSIHHA:

AB=aV T+ (tgf — tg )

CDl =

1 BuiGop Tako# Touku D NpH HaJHYHH NPeNATCTBHH Ha MECTHOCTH
MOKET GbiTh 3aTPYAHHTEJbHHIM, TOrAa AAHHYIO 3ajayy pewarT APYrHM
nyTeM, C KOTOPLIM MLl No3Hakovumcsa B § 13.
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[TpexnosoxuM, 4To (aKTHYECKHe H3MEPEHHS JaJju cJe-
Lylolue pe3yabTathl: a =~ 270 #, a =~ 58° u B =~ 74°, Torna

AB =270/ T+ (tg 74° — 1g 58°)% =~ 576 (%) =~ 580 (x).

Ynpaxcrenus.

1. U3 okHa, Haxofsllerocs Ha BhICOTe A ==12,5 # Haj ypoBHeM
peKH, Gepera peKH BUAHH MOX YIJIaMH TNOHMMEHHA a; =~ 13°30" U a, ==

=~ 5°30" (puc. 43). O6a yrya HaxoAaTcs B ONHOH MJOCKOCTH, MepneH-

IMKYJAPHOH K HanpasjeHuio pekd., OMNpele/HTb IIMPHUHY peKH B Habuio-
ZlaeMOM MecTe.

Puc. 43.

2, U3 HexoTOpOro mYyHKTa, JeXallero B OXHOH rOPU30HTAJBLHOMH
[JIOCKOCTH C OCHOBaHHEM HOBOro 3JjaHHss MOCKOBCKOI'O YHHBEPCHTETa,
camasi BepXHfs TOYKa STOro 3JaHHs BHAHA Moj yraoM B 35°00” K ropu-
30HTYy. M3 apyroro myHKTa, pacloJIOXX€HHOro B TOH XK€ FOpPH30HTaJbHOH
IJIOCKOCTH, HO Ha 184 m GumKe K 3JaHHIO BepXHssl TOYKa IOCJIELHEro
BHAHA moj yrJom B 56°307.

Onpefe/uTs BHICOTY HOBOI'O 3LaHHS YHHBEPCHTETa,

3. Ompepenute BLICOTY JepeBbeB, paCTyLIMX Ha WIKOJBLHOM JIBOpeE,
BLICOTY IIKOJILHOrO 3J@aHHsi M DAa3JHMYHEIX 3STaxel ero, AJs yero mpef-
BApHUTENBbHO NMpOAeJaliTe HeOGXOAHMEIE JOCTYTHbIE H3MEPEHHS C MOMOILLbIO
IUKOJIbHEIX H3MepHTEeJNbHBIX NMPHUGOPOB.

4, CoctaBbTe caMu 3ajayy, B KOTOpOH TpeGyercst OonmpelesuTh Bbi-
COTY noAbeMa CTpaTocTaTa; HojGepuTe peaJibHEIE YHCJOBBIE NaHHBIE K
Hell M paccuHTaiiTe OTBET.

5. Onuiute crnocoG ompefeseHHs BBICOTHI TOPHl NMPH YCJIOBHH, YTO
y ee MOLHOXHs HMeeTcsi TOPH30OHTaJbHas ILIOIAJKa, Ha KOTOpOH BO3-
MOXHO IIpOBElIHBAHHME TpsSMOll B HanpaBJeHWH Ha BepmuuHy ropel. Co-
craBbTe GOpMYyJay AJA pelueHHs 3ajaud B ofllleM BHIe, a 3aTeM nonGe-
puTe peaJlbHEIE YHMCJIOBBlE AAaHHBIE H pacCuHTaiiTe OTBET,



r1ABA NI

®YHKUHUHU OCTPOro ¥YIJIA — TAHTEHC, CHHYC
U KOCHHYC U HX TNPAKTHYECKOE TIIPUMEHEHME

§ 9. Yro Takoe dyHkuus?

Ecnu Ham cKaxyT, 4TO «JBOe MOLILIH, FPHBEHHUK HalLIH,
a nATepo MOHAYT, CKOJNbKO HaHAyT?P», TO HAAO OTBETHTh,
yTO HalifleHHas CyMMa JeHer He 3aBHCHT OT YHCJia Hallej-
HIUX ee JIOJel;

€CJIH CKaXyT «CerofHslIHeH HOYbIO CBOHUM IEHHEM TDH
netyxa pas6yIMJ/H NATh YeJOBEK, CKOJIBKO NETYXOB pasbynar
CeMb 4YeJIOBEKP», TO HaJ0 OTBETHUTb, UTO 3JeCh ABE BEJIHYH-
Hbl He HaXOJSATCS B 3aBHCHMOCTH OJHAa OT JIpYToH.

Hrak, moryt ObITh JBe BEJHUYHHBl, KOTOPHE H3MEHSIOTCS
HEe3aBHCHMO OJIHa OT JpYro#.

Ecsu usBecTHO, 4TO a k2 ToBapa cToAT b py6., TO 2a ke
TOr0 3Xe ToBapa OYAYT CTOMTb BZBOe 0oJbllle, TaK Kak
MEeKJy CTOMMOCTBIO M KOJIHYECTBOM TOBapa CYLIECTBYET
onpejesleHHass 3aBUCHMOCTb, a MMEHHO: IpsiMasl NMpONOPIHO-
HaJIbHOCTb.

Ecsin u3BeCTHO, 4TO a 4YeJIOBEK MOT'YT BHIPBITh KaHaBY
B b nHeH, TO 2a 4esJOBeK MOI'YT BHIPHITb TY K€ KaHaBy B

b o o o
5 AHEH, TaK KakK MexXJy UYHCJOM JIIOJEH M YHUCJOM JHEH,

NoTpeOHLIX Ha BLINOJHEHHe HaMeyeHHOH paboTHl, CyLIeCTBYET
onpejie/ieHHass 3aBHCHMOCTb, a HMeHHO: ofpaTHasi mporop-
LHOHAJILHOCTb.

Ecsm ycraHOBJIEHO, YTO CTajbHOH KYyOHK C peGpoM a mm
BeCHT b e, TO KyOuK c pe6poM B 2a MM, H3TOTOBJIEHHBIH H3
TOH e cTaju, Gyger BecuTb 23 -be, T.e. 8 be, Tak Kak
MEeXAy BecoM KyOuKa u ero peGpoM CyILeCTBYET 3aBUCHMOCTb,
nponopuuoHasbHas KyOy pebpa.
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IIpsiMast IpONOPLHOHA/IBHOCTb, 06paTHAs NIPONOPLUHOHAb-
HOCTb, NpPONOPHHOHAJBHOCTb KyOy U Jpyrue GoJiee CJIOXKHBHIE
3aBHCHMOCTH — CYTb YacTHbIE CJy4yad B3aHMO3aBHCHMBIX Be-
JMYMH; BMECTO BhIpaKeHUS «BeJHUHHA, 3aBHCHMAas OT HaH-
HOH BEJIMYUHBI» TOBOPAT Kopoue «(yHKuHs OT JaHHOH
BEJIHUHHELY,

«DyHKIMS» — CJIOBO JIATHHCKOE, B IepeBOZe Ha PYCCKHUH
fI3BIK O3Hayamllee «OTNpaBJeHHE, CBs3b»., Blepsoe
5TO CJIOBO BBeJl B MaTeMaTHKy BeJIHKMH HeMeUKHH yuyeHbIH-
matematuk . Jle#i6uun (1646—1716).

TouHoe ompezesneHHe NOHATHS (GYHKUUM B MaTeMaTHKe
6rio gano B XIX B. cnepBa B Poccuu BesiKHM reoMeTpoM
Huxonaem HMBanoBuuem JloGaueBckum (1792—1856), a satem
B [epmanns TajlaHTMMBEIM MareMaTuxoM JlexeH-upuxJe
(1805—1859). D10 onpezeseHye (GyHKIUHM MOXKHO IepelaTh
TaK: ecAu UMEImCS 08e BeAUHUHbL U U3BECMHO, 4MO KQJiC-
Jomy 3HAUeHUIO Nepeoll U3 HUX Coomeenmcmeyen onpedesernoe
3Ha4eHle 8MOPOL, MO 8MOPYIO U3 MUX BeAUHUH HA3bLEAION
Pyrryuell nepsoil.

Hanpuwmep:
I BennunHa I1 Bennuuna 1 Bennuuna 11 Besnunua
AnKHa pebpa Ky6a obbeMm Ky6a OoCTpbIf yros faHCeHC yraa
(x) (x°) (4) (tg 4)
1 cm 1 cmd 30° 123
2 cm 8 cm? 45° 3
3 cm 27 cmd 60° Vs

Taxum obpasom, o6beM Kyba Tak e, Kak H ero BeC, ecThb
byHKUMSA AMHHBL pebpa Ky6Ga, TaHTeHC OCTPOro yrJja ecTh
(yHKIUS 3TOrO yraa.

§ 10. Cunyc octporo yraa

B nmpeXnfymiux rsaBax Mbl pacKphIIH 3aBUCHMOCTb MEX-
Iy OCTpbIM YIJIOM NpPSIMOYTOJLHOTO TPeYroJbHHKA M OTHO-
IIEHHEM KATeTOB M [OKa3aju Ha pAasJHYHBIX [PUMEPAX,
K4K 3Ta 3aBHCHMOCTb HCIIOJb3yETCs NPH BRINOJHEHHH KOCBEH-
HBIX H3MEpeHHH YIJIOB H OTPEe3KOB.
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EcTecTBeHHO NMOCTaBHTH Temepb BONpPOC, HE CyLIECTBYET
JH B NPSIMOYTOJIbHOM TPEYroJIbHHKE aHaJsIoTHYHasi (YHKIHO-
HaJlbHasi 3aBHCHMOCTb MeXJY OCTPEIM YIJIOM H OTHOIIEHHEM
KaTeTa K THIOTEHY3e.

TpuronomeTpusi faeT NOJIOXKHTEJLHBIH OTBET: Takasd 3a-
BHCHMOCTb CYIIECTBYeT, H OHAa TaKXe€ MOKeT ObiThb HCIIOJIb-
30BaHa Kak 3((eKTHBHOE CPEACTBO [/ KOCBEHHOrO H3Me-
pEHHSI OTPe3KOB M YIJIOB.

Uro6bl BHIICHHTH 3TO, BEpPHEMCS CHOBa K pHCYHKY 14
(cTp. 27), Ha XOTOpPOM H306pae€HO MHOXECTBO MNOJOOHBIX
NpsAMOYroJibHBIX TpeyroaeHukoB ABC, AB,C,, AB,C,, ...,
.., AB,C,, ... C OZHHM H TeM e OCTPHIM yrjoM A.

Bo Bcex 3THX TpeyrosbHHKax B CHJIYy HX NOJOOUS OTHO-
IIeHHe KaTeTa, NpPOTHBOJEXKamero yray A, K TCHIoTeHy3e
HMeeT OJHY H Ty Ke Be-

JHYHHY: 8
BC — BiCy _ ByCy
AB T TAB, T 4B, —
BnCp
" e s e ABn . e 0
Ho cTout ToabKO H3- A 4 A ¢
MeHHTBb yrosa A, U cpasy Puc. 44,

’Ke H3MEHHTCS BeJIHYHHA
yKa3aHHBIX OTHOIIEHHH.

B camoM jese, paccMOTpHM H300pa:KeHHble Ha DHCYHKe
44 npsimoyrosibHele TpeyrogpHuku ABC, ABC un A,BC c
o6uruM KateToM BC, HO HepaBHBIMH NPOTHBOJEKALUIUMU 3TOMY
KaTeTy OCTPHIMH YTJ/1aMu;

2 BAC < 2 BA,C < 5 BAC. *

OTMmeTHM, UTO:

1. BC = BC = BC (coBnaBwue KaTeThl TpeX TpeyroJk-
HHKOB),

2. AB> A,B> A,B (1o CBOHCTBY HAaKJOHHBHIX, MpO-
BeJeHHBIX K ofHo# npsMolt AC u3 oAHOH TOukM B).

PasjiesuM [o4YJIEHHO COOTHOmeHHe | Ha 2, HOJIydYHM
HepaBeHCTBO

3. B < A B <5 A B
(13 IBYX J1pobell C MOJIOXKHTEJbHBIMH YJeHAMH H PABHBIMU
YUC/HTEIAMH GOJIBIIE Ta, Y KOTOPOH MeHbllle 3HAMEHATeJb).
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ComnocraB/iis 9TO HepaBeHCTBO C HepaBeHCTBOM (*), BH-
IHM, YTO C yBeJHYeHHEM yrja B NPSIMOYTOJLHOM TpeyroJib-
HHKE yBe/HMYHBAeTCS H OTHOLIEHHe NPOTHBOJEXKALIEro KaTeTa
K THIOTeHy3e, H HAo60pOT, C YyMeHBUIEHHEM 3TOro yrJa
paccMaTpHUBaeMOe OTHOLIEHHe YMEeHbIIaeTcs.

CrnenyeT 3aMeTHTh, YTO yKa3aHHAs CBSI3b B IPSIMOYrOJib-
HOM TpEyroJbHHKE MeXJy OCTPHIM YIJIOM H OTHOLIECHHEM
NPOTHBOJIEKAILEI0 €My KaTeTa K THIOTeHyse Gblja OTKphITa
H NpaKTHYeCKH HCIOJb30BaHA eule B V B, MHAYCCKHM MaTe-
MaTukoM Apua6xara (476 r. H. 3.).

OTHOLIEHHIO TPOTHBOJIEXKAILEr0 KaTeTa K THIIOTeHy3e OH
Zan ocoboe HasBaHue ardhajya — apaxxua (mosyxopza),
KoTopoe eBponeHunl nepeBesd B XII B.

8 ha nammuckmi ssmk crosom «CHHYCY.
. Wrak, namum onpezesenue,
a Onpenenenne. Bo 68cakom npamo-
Y20MbHOM Mpey20ibHUKe OMmHOUleHUe
A 7 C Kamema, npomugosexcauee0 AaHHOMY

yery, K eunomexyse HA3bI6AIOM CUHY-
CoM 3Mmozo yaaa.

DT0 KOpOTKO SamHCHIBAIOT Tak
(cM. puc. 46):

— =sin4, ()

rie sHak sin fBJsieTCS COKpalleHHeM cJoBa sinus.

Mpumep 1. B Tak Ha3biBaeMOM eTHIIETCKOM TPeyTroOJIbHHKE
KaTeT a == 3 eJuHHIAM, KaTeT b =4 eJUHHIAM, THNOTEHy3a
c=>5 eguHHLAM.

O6Go3HayuM YTJBl, JeXallie NpoTHB KaTeToB a u b, co-
OTBeTCTBeHHO OykBamu A M B, Torga mno JaHHOMY Ompefe-
JIEHHIO CHHYyca OyJeM HMMeTb:

sinA=-:—=O,6; sinB=%=0,8.
Mpumep 2. Boime B § 65 (cTp. 35) MBI ycTaHOBHJH, UTO
B NPSIMOYTOJIbHOM TpPEYroJIbHHKE C THIOTEeHY30H ¢ H OCTPLHIM
yraom A = 30° mpoTuBOJIEKAIIHHE STOMY yIJy KaTeT a = —;-c,

cV3

a npa.nex&am,uﬁ b= 5 CcJIeI0BaTeJIbHO, 110 OIpeAE/ICHHIO
CHHyCa HMeeM:

Puc. 45.

1
¢

sin 30°= = 1 =0,5.

4
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3aMeTHB, UTO JPYroH OCTPbIH yroJ B TaKOM TpEyroJb-
HUKe B = 60°, Haxomuw;

¥z
sin60° = —— — V3 < 0,8660.

M3 ompezenenu#t cuHyca OCTPOro yrsa M IpOBeJieHHBIX
BBILIE PAcCyX/EHHH MOXKHO cJiesaTh CJeAYIOLIHe BBIBOZBL:

1) cuHyc BCAKOrO OCTpOro yrja MeHbIle eAHHHLBI, TaK
KaK BO BCSKOM IPSIMOYTOJbHOM TPEYroJIbHHKE KaTeT MeHb-
Ilie TUIOTEeHY3Hl;

2) paBHBHle OCTpLIe YIJbl HMEIOT paBHLIE CHHYCHI; 6OJb-
nieMy OCTPOMy yTIJly COOTBETCTBYeT OGOJBIUME CHHYC, T. €.
C yBeJMUEHHEM OCTpOr'o yrIJa YBeJHYMBAeTCAd M ero CHHyc.

Cnepyer, OfHaKO, 3aMeTHTB, YTO NPSAMOH NPOMOPLHOHAJBHOH 3aBU-
CHMOCTH MEXAy YrJoM H ero cuHycoMm Her. ComocTaBjiss, HamnpHMep,
sHaueHHs cuHycoB yrsioB B 30° u 60°, 3ameuaeM, uto 30°:60°=1:2=

— i o, © o 1, V§= Y= 1. =057
=0,5, a sin 30°; sin 60 - 1:Y3= 1:1,732,,.=057...
puzuM, uto 0,6+ 0,57...;

3) BesMYHHA OCTPOrO YIJIa BIOJIHE OIPENE/SeTCS €ro
CHHYCOM; €CJIM 3aJaH CHHYC YIJia, TO MOXHO NOCTPOHTH H
caM yro..

[Tycth, manpumep, naaH sin A = 7?— .

Ias moctpoenus yria A Bo3bMeM IPOH3BOJBHEI NMpsAMOH
yron MCN (puc. 46), OT/IOXKHM Ha OXHOH H3 €ro CTOPOH
OT BepLIHHBE OTpe3oK CB =3 emuHHIAM (IIPOH3BOJIBHOTO
Maciura6a); U3 TOYKM B onuuieM ayry paguycoM R =4 enu-
HULaM (Toro xe Macmiraba) JO mNepeceueHuss B Touke A ¢
Zpyrofi cropoHo#t yraa. IlpoBogum mnpsmyio AB, noayuaem
uckoMelfl yroa A. [leficTBUTeJbHO, IO ONpeJEJeHHIO CHHYCa

HMeeM:
3

SinA=—§%—=—a—.

[TocTpotite camu yroa A, eciu gaH sin A=0,7,

4) cuHyCc ocTporo yrJja ecTb (YHKIMA 3Toro yrJja.
B camom pene, ocTpeift yros A u €ro CHHyc CyThb [Be BeJH-
YHHEBL, K KOTOPEIM NOAXOZMT onpezeseHue pyHkuuu (ctp. 50),
TaK KaK KaxJOMy 3Ha4eHHIO BeJHYHHEI yria A cOOTBETCTBYET
onpefiejieHHoe 3HaueHue sin A. UToOwl HafiTH 5TO 3HaueHue
CHHYyCa, JOCTaTOYHO MOCTPOHTH NPSMOYTOJNBHBIA TpeyrosbHHK
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c yrjom A, W B3ATb B HeM OTHOLIEHHE KaTeTa, JIeKallero
npoTHB yraa A, K THNoTeHyae.

IMycts, HanpuMep, AaH octpuilt yroa MAN = A (puc. 47).
Uro6el HaUTH CHHYC 3TOro yrJa, BO3bMEM Ha €ro CTOpOHe
AM npou3BOJILHYIO TOUKY B H ONYCTHM H3 Hee Ha APYyTyio

cTopoHy nepnejuky/sp BC, Torja orHouweHue = = sind.

N
8 M
B
M 7 c A c w
Puc. 46. Puc. 47.

Ecim oxkaxercs, Hanpumep, BC = 17 mm, AB =20 mm, TO
OyZaeM HMeThb:

. 17
sin A = 50 = 0,85.

Tenepp MOXHO 6blIO GBI MEPElTH K PELICHHIO Pa3JIMUHBIX
NpakTHYeCKHX 3ajad ¢ nomoubio cuHyca. OjHaKo mpejBa-
PHTEJBHO MBI PACCMOTPHM ellle OAHY (QYHKIHIO OCTPOro YrJa,
yacTo ynorpebsiseMyi0 Ha NpaKTHKE.

§ 11. Kocusyc ocrporo yriaa

B npepbinymeM naparpage MBI YCTAHOBHJH 3aBHCHMOCTH
B. IPSIMOYT'OJIbHOM TpPEeYyroJIbHHKE MeXJy OCTPEIM yIJIOM H
OTHOLIEHHEM NPOTHBOJEXallero eMy KareTa K THIO-
TeHy3e.

HeckosbKO HHas 3aBHCHMOCTb HMEET MECTO B IIPSIMO-
yrOJIbHOM TpeyroJibHHKe MeXJy OCTPhIM YIJIOM H OTHOIUIEHHEM
npujexamero (K HeMy) KaTeTa K rumotenyse. Mayue-
HHe 5TOH# 3aBHCUMOCTH HayHeM TaKXe C pacCMOTPEHHsS pH-
cyHka 14 (ctp. 27), Ha KOTOpOM H300paKeHBl MpPSMOYTOJb-
Hele TpeyroJabhukd ABC, AB,C,, AB,C,, ..., C OJIHHM U TeM
xKe OCTPuiM yraoMm A.
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Tak Kak 5TH TPeyroJIbHHKH MOAOGHLI, TO B KaXJIOM H3
HHX OTHOIIEHHE KaTeTa, HpHJEXKallero K yray A, K rumo-
TeHy3e HMeeT OJHY M Ty JKe BeJHYHHY:

AC ACy AC, AC,

AB T 4B, ~ AB, """~ "aB, *°
Ho cToHT TO/MBKO H3MEHHTH yron A, u cpasy ke usme-
HUTCSl BeJIHYHHA 3THX OTHOLIEHHH.
B camom zeJse, paccmoTpuM H300paxkeHHBIE Ha PHCYHKe 15
{cTp. 28) mpsiMoyrosbHble TpeyrosabHuku ACB, ACB’ u ACB”
c obmuM KateroM AC, npusexaliuM K HEPaBHBIM OCTpPBHIM

yrJaam:
JCAB < 2 CAB' < 5 CAB". *)

OTMeTHM, UTO:

1. AC = AC = AC (coBnaBiHe KaTeThl TPeX TPEyroJb-
HHKOB).

2. AB< AB’ < AB" (1o cBOfICTBY HaKJIOHHBIX, [IPOBEEH-
HEIX U3 ofHOH Touku A K ojnuoit npsmolt CB”). Paspenum
nouJsieHHo (1) ma (2), nosy4mM cJ/eAyloilee HepaBeHCTBO:

AC o
3. —E > A5 > AB” (13 1nByX zpoGefl C NOJOKHTEJb-

HBIMH YJIEHAMH M PaBHBIMH YHCJIHTE/ISIMH Ta GoJiblle, y KOTO-
poit 3HaMeHaTe/b MEHbIe).

ComocraBasifi 3TO HEPaBEHCTBO C HepaBeHCTBOM (*), mpu-
XOJIUM K BBIBOAY, YTO C YyBEJHYEHHEM yrJa B NPSIMOYIOJb-
HOM TpeyroJbHHKe OTHOLIEHHe K THIOTeHy3e KarTeTa, MpH-
JIeXKalero K paccMaTpPHBaeMOMy YIJy, YMeHblIaeTcs, H
Hao060pOT, C yMeHbIIEHHeM 3TOr0 yrJja paccMaTpHBaeMoe
OTHOILIEHHe yBe/HYHBaeTCs.

Onpenenetne. Bo 6caKom npamoy20a6HOM MPeY20AbHUK?
OMHOUleHUe Kamema, npuisexcaujeco K 0Cmpomy yery, K
2uUnomery3e Ha36/6QI0M KOCUHYCOM M020 Yaaa.

OTo NMpUHATO 3aNmHCHIBAaTH KOpoue Tak (CM. puc. 45):

— =cos 4, (6)
Tlle 3HAaK COS SIBJISIETCS COKpalleHHeM cJjoBa cosinust.

Mpumep 1. Kak y:xe roBopHJIOCH, B €THIETCKOM TPeyroJib-
HUKE THIOTEHy3a ¢ =15 eJuHHIAM, KaTeT @ =3 eJuHHUAM
u KateT b =4 ejuHHLAM.

1 CtoBo cosinus caMo MpeACTaB/feT COKpAlleHHYIO 3alHCh ABYX CJIOB;
complementi (komnieMeHTH—ZONONHUTENBHBIE) U sinus. [IpHunHa Tako-
ro Ha3BaHMs O6bsACHEHA B cJjelyloileM naparpade.
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Ecnu x katety a npusnexur yroa B, a K kartery b—
yroa A, 1o 6yneM HMeETb:

b 4 . a3
cosA=—c—=T=O,8, cosB—-c——T—O,G.
Mpumep 2. Brime (B § 5) MBI ycTaHOBH/IM, YTO B NPSIMO-
YrOJIEHOM TpPeyrOJIbHUKE C FHIOTEHY30# ¢ H OCTPHIM YIJIOM
A =30°, mpuiexauwuii K 3TOMy YIJay KaTter b=%§,

a npOTHBOJIe}Kam,I/Iﬁ a=‘;—c. CJIeﬂ,OBaTeJ'IBHO, anMeHHB K
5TOMY TpPEyrOJIEHHKY ONpeje/eHHe KOCHHYca, GyJeM HMeThb:
1 _
— V3
g ¢} T
08 30° = — Y2 _0,8660;

c

V3 onpeje/ieHHst KOCHHyCa OCTPOr0 YIJa U ITPOBEJEHHBIX
BHIIIE PACCYKJEHHH MOXHO CJeNaTh CJELyIOLIHe BHIBOJBL:

1) KOCHHyC BCSIKOFO OCTPOrO yIJia MeHbIle eHHHIBI, TaK
Kak BO BCSIKOM IPSIMOYTOJILHOM TpEyroJNbHHKE KaTeT MeHb-
llle THIOTEHY3HI;

2) paBHBE OCTphle YIJIbl HMEIOT PaBHEIE KOCHHYCHI; 60Jb-
LIEMY OCTPOMY YIJy COOTBETCTBYET MEHBLUHH KOCHHYC, T. €.
C yBeJHYEHHEM OCTPOrO Yrja ero KOCHHYC YMeHbIUaeTcs.

Cregyer Takxke 3aMeTHTb, YTO MEXAY YrJOM H ero KOCHHYCOM HeT
06paTHOH NPOMOPLUHOHANLHON 3aBHCHMOCTH. Hanpumep,

cos30°:c0560°=.123_=%.=1/3-31=l,73...;

30°:60°=1:2=0,5,

CreoBaTesbHO, yroJ BO3poC B 2 pasa, a KOCHHYC YMEHbIIHJICH
TOJBLKO B OTHOwWeHuHu 1,73...}

3) BeqMyMHA OCTPOro yrJia BIIOJHE ONpefiensieTcs ero
KOCHHYCOM; €CJI¥ 3aJaH KOCHHYC yrIJa, TO MOXHO NOCTDOHTb
H caM yrod.

[Moctpoiite camu yroa A, ecsm, Hanpumep, cos A = 0,35;

4) KOCHHyC OCTpOro yrja ecTb (yHKIuS 3TOro yrJa.

B camom zeuse, ocTpblif yronm A H ero KOCHHyC CyTb [Be
BEJIMYHHBI, K KOTOPHIM NOAXOJHUT onpefeseHHe (QyHKIUH, TaK
KaK Ka)XJIOMy 3HAUeHHIO BeJHYHHBl A COOTBETCTBYET OIpe-
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neneHHoe 3Hauenue cos A. Uto6bl HafiTH 3TO 3HayeHHE
KOCHHyCa, JOCTaTOYHO NOCTPOHTh MPSIMOYTOJIbHBLA TpPeyroJib-
HUK C yrJioM A, KaK 9To Mbl JeJaju JJisi cuHyca (CM. puc. 47),
M B3sTh B HeM OTHOIIEHHME NpHJjexauiero K yray A karera
K runoteHyse. Torja noJiyyum:

AC
A8 = cos A.

Ecou, nanpumep, AC = 11 mm u AB =20 mm, TO

11
cos A= -0 = 0,55.

Pemnm caepyomyio sajauy:

JlecTHuna njuHod [ = 7,5 m IpucTaBjJeHa K CTeHe Tak,
YTO ee HUXKHHE KOHEI[ yJajeH OT CTEHbl Ha pacCTOsiHHE
a =~ 2,5 m. Kako#t yros o6pasyer JieCTHHLIA
C IJIOCKOCTBIO ToJia? 18

Pemenue. OG03HAUUM HCKOMBIH YroJ I~
yepes A, Torja rno onpefiesieHHIO KOCHHYca
6yzeM HMeThb:

a 2,6 1
cosA=T =75 =7
CTpouM IpSIMOYTOJIBHBIL TPeyroJIbHHK A ¢
ABC c runotenysofi AB =3 enuHHLaM Puc. 48.

1pOK3BOJIbHOrO MaciuTaba u kateToM AC = 1
Toro ke Macmraba (puc. 48). Yron A u 6yJeT HCKOMBIM.
Hamepus ero tpaHcrmopTHpoM, moayyaem A =~ 71°.

§ 12. MNocTpoenne u ureHHe TaGJHLB CHHYCOB
H KOCHHYCOB OCTPBIX YIJIOB

B npexpeinymem naparpade GblIO NMOKasaHO, KaK IOCTpoe-
HHeM HalTH yroJ, ec/JH H3BeCTEH €ro CHHYC WJH KOCHHYC.

OjHaKo HHKAaKHX NOCTPOEHHH IPOM3BOJHTHL He NOTpe6o-
Bajioch Obl, ecau Obl y Hac Oblia TabJHLa CHHYCOB HJIM
KOCHHYCOB OCTPHIX YIVIOB.

ITepBrie Takue TabuuIE! OBITH COCTaBJEHH! emle B V B. H. 3.
HHJycCKUM acTpoHoMoM Apua6xata, a B IX B. B mepepa6oTaH-
HOM BHJe Takas TabsuIa BHILJA H3-OJ INepa Yy36eKCKoro
Bhlfamomerocss MarematHka Myxammega Gen-Mychl  u3
Xopesma.
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Tabnumy CHHYCOB M KOCHHYCOB JBY3HAa4HOH TOYHOCTH
BBl MOMKETe COCTEBHTh CaMH NyTeM aKKypaTHOro IOCTpoe-
HHSl W H3MEeDEeHHS NMPAMOYTOJIBHEIX TPEYrOoJIbHUKOB C Pa3JjHy-
HBIMH OCTDBIMH YIJIaMH, T. €. TaK e, KaK Mbl COCTaBJISJH
TabJuiy TaHreHcos (cM. § 6).

C GoJiee coBepiIeHHBIME BBIYHCJ/IHTENbHBIME METOJaMH CO-
CTaBJeHHS TaKMX TabJHI[ MBI NO3HAKOMHUMCSI B JasbHeHIIeM.

Cnegyer 3aMeTHTb, OJHAKO, 4TO MEXKIy CHHYCOM H KOCH-
HYCOM OCTPHIX YIJIOB CYILECTBYeT TaKas 3aBHCHMOCTb, KO-
Topas H30aB/isieT Hac OT HEOOGXOAMMOCTH COCTaBJIEHHs JABYX
OTZeNbHBIX TalJ/Hl, TaK KakK Ta6/HIia CHHYCOB MOXKET CJy-
XKHTb OJHOBPEMEHHO H TalJHIEH KOCHHYCOB.

B camom jene, mo ompeZesieHHIO CHHyca H KOCHHYcCa
ocTprix yrioB A u B BnpsMoyrosbHoM TpeyrosbHuke ABC
(cMm. c1p.52, puc. 45) MOXKHO 3amucaThb:

cosA=—b—, sinB=i,
[4 4

otkyaa cos A=sinB. Ho B =90° — A, caejposaTeJibHO,
cos A =sin(90° — A),

T. €. KOCHHYC Ji:o00r0 OCTPOTO yrJjia paBeH CHHyCY JONOJ-
HHUTEJbHOTO yraa, u HaoGopor. Hampumep:

cos 60° = sin 30°,
c0s27° = sin 63°.

DTO COOTHOILIEHIE U TOCYKUIO OCHOBaHHEM 06pa3oBaHHUs
CJI0BA COSinuUs — KOCHHYC, COCTOSILIEr0 H3 JBYX CJIOB: COMml-
plementi — ponosHenue sinus (compl. sinus—cosinus—cos),
T. €. JONOJHUTENbHbI CHHYC (CHHyC YIJa, JONOJIHSIOMErO
no 90°).

Ha crpanune 95 aToli KHUrH JaHa Tpex3HauHas TabJuua
CHHYCOB OCTpBIX YIVIOB C wiarom B 1°, kotopas sBJsercs
OLHOBPEMEHHO ¥ Talskuefl KOCHHYCOB OCTPbIX YTJIOB,

Kaxpnas cTpoka sToil TabJiuubl CONEPIKHT JABa yrJa, Jo-
MOJIHAOMHEX Apyr Zpyra Ro 90°, a MeXJy HUMH YHCJO,
KOTOpOE $fIBJISIETCH CHHYCOM yIJa, HaneyaTaHHOro cJeBa, H
KOCHHYCOM yIJa, HarneyaTaHHOrO crnpaBa. Takoe pacnoJoxe-
HHe BO3MOXKHO GJjarofjapss TOMYy, YTO Y JIONOJHHTEJNbHBIX
yIJOB CHHYC M KOCHHYC HMeeT OJHO M TO e 3HayeHHe.

Hanpumep, B 14-i cTpoke uuraeM csieBa 14°, B cepelu-
He 0,242, a cnpaBa 76°, cienoBaTeJbHO,

sin 14° = 0,242 =~ cos 76°.
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YTo6el HE cmyTaTh, 4TO uHcjo 0,242 saBaserca sin14° m
cos76°, a He Hao60pPOT, MHUWYT cBepxy TaGJHIElI CJOBO
«CHHYCHI», @ CHH3Y — (KOCHHYCBEI» H IIOMHSIT, YTO HaJIHCh
«CHHYCBI» OTHOCHTCSI TOJbBKO K yriaMm JieBoro crosbua, a
«KOCHHYCHI»—K yIJlaM NpPaBoro croJbia.

Uernipex3HayHas TabJuIa CHHYCOB YIJIOB C IiaroM B 67,
ABJAIONIAACA OJHOBPEMEHHO M TabsuileH KOCHHYCOB YTJIOB,
uMeercss B c60pHHKe MateMmatuueckux tabuun B. Dpaguca.
DT1a TtabsaMua YyCTPOEHa Y YHUTAETCHd TOYHO TaK XKe, KaK H
yeThlpeX3HayHaa TabJMIla TaHreHCOB, oOmNHcaHHas B § 5,
O3TOMY Ha ee OOBSICHEHHH MBI 3]IeChb He OCTaHaBJIHBaeMcH.

Ynpasxcnenus.

1. He monb3ysce Ta6muuefi, maliTH CHHyC M KOCHHYC yria B 45°,
2. KaTter nmpsMOyrosbHOrO TpeyroibHHKA OTHOCHTCS K THNOTEHy3e,
kak 1 K 2,4. Halitu cHHyCBHl W KOCHHYCH OCTpHIX YIJIOB TpPEYroJIbHHKA.

3. Ilpoekuust oTpeska Ha HpsAMYIO paBHA i~ AVHHBI OTpesKa. Yemy

paBeH KOCHHYC yrJa, o6pa3OBaHHOrO OTPE3KOM € MpSMOI?
Haiitn ator yrom: 1) mocTpoeHHeM; 2) ¢ MOMOIIBIO TaGJHLUEl HJIs
n=2, 3, 4, 10.
4. Hafitu no TaGauue: sin 12°42’, sin 0°83’, cos 45°18", cos 10°27.
5. Hafitn mo ta6aunue yrom A, ecau:

1) sin A=0,2504; 3) cos A = 0,9033;
2) sin A =0,7590; 4) cos A =0,0042;
§) sin 4 = 0,3000.

6. JlokasaTb, 4TO CyMMa CHHYCOB (KOCHHYCOB) ABYX OCTPEIX YTJIOB
BCSIKOTO MPSIMOYTOJILHOrO TPEYroJbHHKA GOJIbllle €QHHHUB, HO MeHble
IBYX.

Y 7. OTKOC HaCHIMH MOJIOTHA KeJjesHolt moporu 15,2 m, a BeicoTa Ha-
cenn 9,3 m. Kaxoii yros coctaBiisieT OTKOC C FTOPH3OHTAJBbHON MJIOCKOCTBIO?

8. Katep, jenaoomuil B cpepHeM 15 xm B uac, JOJXKeH nepecedsb
peKy mo NepneHAHKYJsSPHOMY K GeperaMm HampabJeHuio. Kaxoe nampas-
JIeHHe HaJo NPHAATh KOPNYCy KaTepa, €cJH CKOPOCTb TeueHHS BOLBI B
pexe paBHa 2,5 m B CeKyHRY?

9. Ins yno6eTBa 3arpys-

KM CHJIOCHOH GamrHu (puc. 49)
K ee BepXHeH YacTH Ha BBICO-
Ty 3,7 M YCTPOHWJNH HaKJIOH-
HBI MoOxBe3n AJHHOH 21 M,

Haifitu yron noabemMa 3TOro 75 77 d
nosmesna.
10. K crene Hago npmie- Puc. 49.

JIaTh MOJIKY A/ KHUT HA KPOH-
wrefinax (moanopax). Kaxo#i nJuHBEl clefyeT B3saTb noamopy a (puc. 50),
yro0bl €e HAaKJOH K CTeHe Obl paBeH 40°, ecaH IUHPHHA MOJKH
b= 17,5 cm?
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4 11. Tenerpadrsiit cTon6 BricoTOH 9,0 A
HaJ0 3aKpENHTb KeJe3HBIM TPOCOM, ofpa-
3YIOWIUM C MOBEPXHOCTBIO T'PYHTa Yros B
50°. Kako#l a/iuHEI Hajo B3ATb TPOC, €CJH
OH MpHKpem/seTcs K CToJA6y Ha paccTosi-

HHUH §— BBICOTHI CTOJI6a, CYHUTas OT MOBepX-

HOCTH 3eMJu? [loBepXHOCTb I'PyHTa TOpH-
30HTaJIbHA.

12. Brosb »e/e3HOZ0pPOXKHOrO MOJOTHA
CTaBATCA yKasaTesJH yKjaoHa. Ha pucyhke
51 usobpaxkeH TakoH yKasaTesb C ABYMs
ypcsaamu 6 u 850. IMepBoe uHc/IO MOKa3biBa-
€T, 4TO YrOJ YKJOHa NMyTH (yrosl MeXJ

Pre. 50. Puc. 8. piockoctsio mosotra I'Op(I}IISOHTaJIbHOI)?;

mJIoCKoCThi0) uMmeeT TaHrenc 0,006, a BTo-

poe YHCJIO JaeT B MeTpax MJMHY YyyacTKa HYTH C TaKUM YKJIOHOM.

Brlpasuth naHHbIE YKJIOH B rpagycax. OnpefefHTb, Ha Kakylo BEICOTY
nojHsJcs noesj, npowegwui 730 4 MO HAaHHOMY y4YacCTKy MyTH.

§ 13. IlpumeHenne cuHyca M KOCHHyca NpH KOCBEHHBIX
H3MepeHHAX HeJOCTYNHBIX YrJOB H PacCTOSHHMI

B03MOXHOCTb KOCBEHHBEIX H3MepeHHH YIVIOB U OTPE3KOB
C TIOMOLIBI CHHYCAa H KOCHHYCa YyCMaTpHBaeTCs B CAMHX
onpeJie/ieHUSX 3THX (YHKUHMH.

B camom pnene, HCKOMEIE OCTpHIE yron A NpHHAIJERKUT
HeKoTOpOMY TpeyronbHuKy ABC (puc. 45), y xoroporo
MOKHO H3MEpHTb THIOTEHY3Y' @ M OIMH H3 KaTeTOB @ HJH

b, To Mo ompeleNeHHI0 CHHYcAa W KOCHHYyca Haljem:
a

sinA= — wum cosA=—2—. (5; 6)

3Hasi cHHYC HJIM KOCHHYC yraa A, Mbl MoxeM mo TabJHue
HalTH H caM YroJ.

EciM e MCKOMBIMH SIBJISIIOTCS KAaTeThl NPSMOYroJbHOTO
TpeyronbHuka ABC, HelocTymHble AJl HENOCPeJCTBEHHOIO
H3MEpEHHs], a THIOTEHY3y TPeyroJbHUKAa H OJMH M3 OCTPHIX

! Yyraresp He JOJKeH 3a6bIBaTh, YTO 3JeChb [OBOPUTCA O BO3MOXK-
HOCTH H3MepeHusi CTOPOH He TOro TPeYroJbHHKAa, KOTOPHIH H306paxeH
Ha DHCYHKe 45 (Ha pHCyHKe I[epejaHa JHUIb YCJIOBHAs MOJE/b-CXeMa
TPEYroJqbHHKA, KOTOpas IIOMOraeT HaM BBISICHHTb YCJIOBHE 3aJauH), a
TAKOrO TPEyroJibHHKa, KOTOPBI MO YCJOBHIO 3ajauH HaXOAHTCH, HampH-
Mep, rie-To Ha MECTHOCTH TaK, YTO HEeKOTOphle ero CTOPOHBl H YIJIbl
[efCTBHTEJBHO He MOTyT ObITb H3MepeHBl HJH TaKOe H3MEpeHHE CBs3aHO
¢ GOJIbIIUMH 3aTPyAHEHHSAMH.
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YIVIOB MOXKHO H3MEpPHTb, TO Ha OCHOBAaHHH TeX XKe (opMy.
(5) u (6) mosmyumm:
a=csinA u b=ccosA. (7; 8)

OT1H ¢opMysBEl TaK YaCTO YMOTPeO/SIOTCS HAa NpAaKTHKE,
YTO HX MOJIe3HO 3alOMHHTb. UHTAIOTCS OHH TaK: 8 NpAMO-
yeoabHom mpeyzoavbHuke 060l Kamem pasen eunomexyse,
YMHONCEHHOL HA CUHYC NPOMUBONLHCAULLR0 eMY Yead UAU HA
KOCURYC npuiexcau,eeo yeiq.

HakoHern, ec/ BO3MOXKHO HENOCPeACTBEHHOE H3MepeHHe
OCTPOro yrJja MpPsIMOYTOJBHOTO TPEYroJbHHKA H OLHOrO H3
KaTeToB, TO THNOTEHY3y MOXHO HaHTH BBIYHCJEHHEM, HC-
no/ab3ys Te ke (opmyJan (7; 8), H3 KOTOPHIX MOJIyuyaeM:

b

= —l—
¢ cos A’

SinA HIH C=

PaccMoTpuM HeCKOJIBKO NPUMEpOoB, I'Ie KOCBEHHLIE H3Me-
PeHHsI HeIOCTYIHBIX YIJIOB H PacCTOSTHUH OCYIIECTBJISIOTCS
C TNOMOIIBIO CHHYCa H KOCHHYcCa.

1. Ha pucynke b2 uso6paxeHrl JBe mpsiMble goporun MN
u PQ, mepecekaioumipecs rjie-To 3a JIeCOM B HeJOCTYIHOM
o151 Hac nyHkTe X. Tpe6yeTcss ompelesiuTh PacCTOSIHHE OT
HEKOTOporo nyHkra A, pacmnoJioxeHHOro Ha gopore MN, no
NyHKTa X, a TakXKe HaHTH YroJ, mojJ KOTOPBIM IlepeceKaroT-
csl JIOpOTH.

PemieHue JaHHOH 3aJayd MOXKHO IIPOBECTH CJIEJIYIOLIHM
o6pa3oM.

Bribepem Ha gopore PQ Touky B Tak, YTOGH BO3MOKHO
OblJI0 M3MEPUTb paccTosiHue OT A 10 B u onmpeiesuTb yribl
BAN u ABQ.

[Tycts okasamoce AB = [ (m), & BAN =au <y ABQ = §.
Mckomblli yros mnepeceyeHuss pgopor 0003HauMM uyepes X.
ITpumenuB K TpeyrosbHuky ABX TeopeMy O CyMMe YIJIOB,
MOJTyYHM:

%= 180° — (a + B).

3mech MoxeT OBITb TPH CJyyas:

1) a« 4§ > 90°, Torga yros x — octpuiit (puc. 52 u 52,a);

2) e+ B=90° Torza yroa x—mpamol (puc. 52, 6);

3) a4 B <90° Torpa yroa x— Tyno# (puc. 53 u 53, a).

B KaxJIoM M3 3THX cJayuaeB B TpeyrojpHuke ABX mnpo-
BeJleM MEBICJIEHHO BhicOTy AC u3 BepuinHbl A.
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Puc. 52.
X

[s]

Puc. 52, 6.

Puc. 53, a.

ITpz sToM B mepBoMm cuayuae
(puc. 52, a) BBIEENHTCH NPSMO-
YToJIbHBI TpeyroJbHHK ABC, u3
KOTOpPOrO IO ONpejeNeHHIO0 CH-
Hyca HMeeM:

i}% = sin B, otkyna AC =
= AB .sin B = Isin 8.

W3 npsmoyrosbHOrO  Tpe-
yrojbHuka ACX umeeM:

AC .
ax = §inx, OTKyJa UCKOMOE pac-
CTOsIHHE

_ AC Isin3

“Sinx _ Sio[180° — («a F )"
[lycts, Hanpumep, neficTBu-
TeJIbHBle H3MepeHHs JaJlH:

I = 1,24 kn, o ~83°00" u
g =~ 55°30°, Torpa

x =~ 180° — (83°00" +
-+ 55°30") = 41°30';
AC =~ 1,24.sin 55°30" =~
~ 1,022 = 1,02 (km).
AX ~ —222 154
~ —smarzo ~ Lo (en).

Bo BTOpoM ciyuae yros x =
= 90°, cnenoBaTesbHO, Touka C
coBnajaer ¢ Toukoi X (puc. 52,6),
a MmosToMy

AX = AC = Isin§.

B TperbeMm cJjyuae, Koraa
yroa x> 90° (puc. 53 u 53, a), B
NPSIMOYTOJILHOM  TPEeYTOJIbHUKE
ACX octpriit yrom AXC 6yper
paBeH 180°—x, Kak CMexXHBHIl C
yraom AXB, nostomy

AC " ° .
ax = Sin (180 ——A,).




Ho 180° — x = a + 8, caenoBaressHo, —%C? = sin (a + B).

AC Isin8
Omyra AX = Gtrs = TG+a
Tak, npu | = 1,24 xm, o =20°10" u £ = 61°30’
umMeeM: x =~ 180° — (20°10" 4 61°30") = 98°20" > 90°, caejo-
BaTeJILHO,

1,24.sin 61°30’
AX = sin 81°407
[Ipuveuanune. MoxeT CAYYHTBCS, UYTO MECTHOCTb

Mexkay poporamu MN u PQ Hempoxoauma (Hampumep, 3a6o-
JIOYeHa) W, CJeJOBaTesbHO, paccTosiHue AB Heslb3as H3Me-

=~ 1,10 (xm).

X

Puc. 54. Puc. 54, a.

putb. Ecou npu 3ToM nmyHKT A BO3MOXHO BHIETb XOTS OB
U3 JAByX MecT B u B; Ha jopore PQ u MOXHO TeM HJH
MHbBIM TYyTeM TPOHTH B NYHKT A AJs H3MepeHHs yrja
BAN =, TO 3ajaua MoxkeT OBITh pellleHAa M NIPH TakHX yc-
JIOBUSX. A HMMEHHO: H3MepsAIOT paccTosiHue BB, = a (puc. 54)
u yrael ABQ =B u AB,Q = B,.

[To atum paHHBEIM HaxoIsT BhicoTy AC B TpeyroJbHHKE
ABX (puc. 54, a) (cMm. dopMyJy, ONYYEHHYIO NIPH PellIeHHH
aHasoruyHO# 3ajaun 1 B § 8):

AC — atedteh
tgd—tgh
Janee 3apmauya pelraercs, Kak B [PeJUIECTBYIOMIHX
cayyasx.
2. Eme B III B. 10 H. 3. rpeuecKWii MareMaTHK U acT-
poHoM Apucrapx Camocckuil BbICKa3aJ THIOTE3Y, YTO 3eM-
Js uMeer ¢opmy wmapa. OcHOBEIBasicb Ha 3TOH rumoTese,
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rpeueckuit yueHwHi#i Opatocdern (276—196 rr. pgo H. 3.)
Hames paguyc 3emud, paBHbH 50-10% crajgusm (Mepa IJuHBI
B npeBHel ['penun).

Paguyc 3emsn MOXHO HafiTH CJELYIOUIUM HyTeM.

C ropsl AB BbICOTO! A M ONpeleNsiioT YroJl MOHHKEHHUS ro-
pusonta MAK = o (puc. 55), rne MA — nepneHIUKYyJIsp K OT-

BecHol yuuuy. AO u AK —uHuUSA ro-

— PU30HTA, T. €. KacaTe/JbHas K KPyry,
TNpeCTAaBJ/ISIONIEMY CeUeHHEe 3eMHOTO

[1apa IIJIOCKOCTBIO MO OTBECHOH JiH-

e\%" wun AO. Tpeyrombauk AKO mps-
G\ MoyrosbHHH, Tak Kak OK | AK xak
7  pajuyc Kpyra, NnpoBeJeHHHIH B TOY-
Ky Kacanusl, (OG6o3HauumM pajuyc
3eMHOro I1apa uepe3 R, Torja ru-

Puc. 55. notenysa OA=R-+h U3 Tpe-

yrosisHHKa AKO Haxompum:
%%— = cos KOA.

Ho karer OK = R, & KOA = = MAK xak yrib co
B3aHMHOINEPIEHAMKYAAPHEIME  CTOPOHAMH, CJeJlOBATENbHO,
IIOJIy4eHHOE PaBEHCTBO MOXKHO 3alHCh TaK:

R hcosa
Ry = 084 oTKyZa R = T—cosa
Tak, c rop mobepexxbss UepHoro mMopst y I'arp ¢ BEICOTH
Haj ypoBHeM Mopsi, paBHOH 1,8 KM, H3MEpHJH yroJ NOHH-
JKEHHSI TOPH30HTA ¢ =~ 1°24’ u Hamm:
R~ 1,8.cos1°24”  1,8.0,9997  0,59998 0,6
= T T—cosl’2¢’ 0,0003 ~ 70,0001 ~ 0,0001

= 6000 xm = 6-10% xKm.

BoJiee TouHBle H3MepeHHS MOKa3aJH, YTO pajguyc 3eMJH
HEOJHHAKOB BCIOAY: TakK, pajuyc akeaTtopa 6378 km, a Hau-
MeHbIIHH paguyc mepupuaHa 6357 km; 9TO INOKasHIBaerT,
yto 3emss He BnosiHe Iuap, ee ¢opMa Gauke K opme
gnnnnconaa. [Ipu BLIUMCJEHHSX NPUHHMAIOT CPeHHI pajuyc

eMJIH

~ 6379 KM .

6378 + 6357
Reper = ——5——

3. 3Has pajuyc 3eMHOro wiapa, MOXHO OIpPELEJHTh pac-
CTOSIHHE OT 3eMJH [0 APYTHX IJaHeT, U B YaCTHOCTH AO
CNyTHHKA Halllefl nJaHeThl — JIyHBIL
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Has sTOoro OTMEualT Ha
3eMHOM MepUAHaHe, MJI0CKOCTb
KOTOPOTO  MPOXOIHT  HYepe3
uentp Jlyun L (puc. 56), nBa
nyskTta K; u K,, U3 KOTOpHIX
opHoBpeMeHHO JlyHa BHIHA Ha
FOPH30HTE, a 3aTeM OIpefed-
IOT LIHPOTY KaKAOTO H3 3THX
IIYHKTOB.

[Iupora nyukta K (puc. 57)
paBHa ayre MepuinaHa AK My (4TO
TO JKe caMoe) LEHTPaJbHOMY YIJy
AOK = ¢°, KOTOpHIH CTATHBAeT 3Ty
IYry H H3MepsieTCst OLHHM H TeM XKe
c Helt yucjom rpafycoB. B cesepHoM
MOJYIIADHH STOT YIOJ OKas3hiBAeTCS
paBHBIM BhlcoTe IlosIipHOH 3Be3fbl
Haj rOpPM3OHTOM, T. e. yriay MKP,
rie MK — nuHHs ropusoHTta (Kaca-
TesqbHast B Touke K), a KP — Ha-
npassenne Ha IlossgpHylo 3Be3fy P.
B camom gene, TlonsipHas 3esna P
HAXOAHTCHA TMOYTH Ha MPOJO/IKEHHH
3emHOlf ocH ON, ciefoBaTeNbHO, B
CHJIy ee upe3BhIYaHHO GOJbIIOH OTAA-
JIEHHOCTH! MOXHO CYHTaTh, YTO Ha-
npaBJieHHs Ha Hee H3 LeHTpa 3eM-
au O H H3 TOUKH K TNapajiesbHb
mexpy co6oit. Ho OP L 0OA u MK 1L
10K, caenoratensio, < AOK =
=J3MKP, KaK ocTpEIe yIJIbl CO B3aHM~
HO MNepIEeHAHKY/ISIPHEIMH CTOPOHAMH.

Ha pucyHke 58 BufHO, Kak npak-
THYECKH C IIOMOILIbIO  IIKOJBHOrO
TPAHCIIOPTHPA NPOM3BOJMTCS ONpeje-
JIeHHe BLICOTHI [losIsipHOf 3Be3fnl,
T. €, UIHPOTH AAHHOrO MecTa.

OnpefesuB IMIHPOTHL @; H
@, Tex Mect K; u K, B Ko-
TOpHIX Habuoganun JIlyHy Ha
FOPH30HTe, JIETKO HaHTH LieH-
tpasmbHEIE yroa K,0K, oH
u3Mepsiercsi cymMmoit ayr AK;
1 AK,, a mOTOMy paBeH CyM-
Me LIHPOT @, @y (CM. pHC. 56).

1 Jlyu cera ot IlossipHo#l 3Be3-

ABl NOXOAMT 1O Hac 3a 4,2 roza co
ckopocThio 300-10% km B ceKyHAyY.

PP
Q)t
k3
[
Ls)
: |
QS
: |
g !
S
=
< !
NI,

Puc. 58.



@akTHUECKME H3MEpPEeHHSl NTOKA3bIBAIOT, 4YTO CyMMa LIH-
poT mnyHKTOB HabsogeHuss K; u K, paBHa oKoJso 178°6’
cjenoBaresbHo, 5 K,0K, =~ 178°¢'.

Tax kax u3 nyHkroB K; u K, Jlyma BHAHA Ha ropu-
30HTe, TO npsmble KL u K,L sABIs0TCS KacaTeJbHBIMH K
MEpHAHAHHOMY Kpyry, a notoMy tpeyrosiuku OK,L n OK,L
UMeloT npu BepmnHax K; u K, npsMble yrael. [Hmotenysa
OL y >TuX TpeyroJbHHKOB ofwas, a xaretsl OK; n OK,
paBHBL MexJy cobofl Kak paguychl 3eMHOrQ Iuapa, CJelo-
BaTe/bHO, PaBHH U CaMH TpeyroJbHHKH, a mosToMy 3 K,0L =
= J K,0L = 89°%'.

0K,

Ho B tpeyrosbhuke OK,L oTHOWweHHe -5 = cos 89°F,

cJIeJoBaTe/bHO, HCKOMOE DacCTOsSIHHE MeXAYy LEeHTPaMH 3eM-
au u JlyHnl

OK, 6370 6370
cos 89°3” T "cos89°3” ~  0,0166

OL — =~ 384-10% (km).

4, 3Hasa paccTosiHME 10 KakoH-HHOYIb IJIaHeThHl, MOXKHO

HafTH auaMeTp 3ToH nsaHeThl. [Jisi 3TOro JIOCTAaTOYHO OIl-

pelesuTb YroJ BHIHMOCTH

_____ JAaHHOH IJIaHeTH ¢ 3eMJiH.

—————— Q Hanpumep, u3mepenus

NOKa3kIBaIT, uTo JIyHa Buj-

#, "7 Ha c 3eMJH IOI YIJOM

Puc. 59. M;KM, = 0°31" (puc. 59),

rie K — IyHKT, B KOTOpOM

IIPOH3BOJIMJIOCE  HabJioe-

Hue; M,L = LM, — paguycul JIyHbl, npoBeieHHEIE B TOY-

KM KacaHHs. Tak Kak NpsMOYroJibHble TPeyroJbHHKH KM,L
u KM,L pagHEB, TO

2 MKL = = MKL =~ 15'30" .

W3 tpeyrosmbuuka KM,L umeem:

Tl ————

ML

KL
Ho paccrosune KL = OL = 384.10°% (km), cnexoBarte/b-
Ho, pazuyc JIyHnl ML =~ 384.10%.sin 15'30"” =~ 178-10 (kn).
AHa/lOrHYHO HaXONSATCH PACCTOSIHHS OT LEHTpa J3eMJH

no uentpo Cosnua, Mapca, IOmurtepa ¥ T. 4., a Takxe
paguycel CosiHIa M TNJIaHeT.
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Ynpascnenun.

1. Ha kakyio BBICOTYy Hajo MOAHATbCA HaXx Mocksolf, uToSHl 6bLI
BHJEH B NMOA30PHYI0 Tpy6y ropon KaJHHHH, 3Hasi, 4TO pacCTOsHHE OT
Mocksel 10 Kanununa 160 xam.

2. Hailltu pauny napajuiesedl 3eMHOro iiapa JAJisi pasjiHYHBIX [UH-
poT ¢, Hanmpumep, AnsA ¢ = 60° — wupora JlenuHrpana, Asas ¢ = 56°—
wupota MockBEl, M ¢ = 66°30” — I[ToaspHEIl KPYr, a TakkKe IJHHY
napajJiesin, COOTBETCTBYIOLLeH Ballefi MECTHOCTH.

3. Onpegenurte nuamerp CosHua, BHAMMOrO € 3eMaH NOA  YIJIOM
a == 31’, ecau H3BeCTHO, 4TO paccTosiH¥e oT 3eMau no CoJHua paBHO
149-108 xm.

4, Jlns onpejle/ieHHs] HampaB/eHHs CKOPOCTH BeTpa B BePXHHX CJIO-
X aTMocdepsl € a’poipoMa MYCTHJAM IUAp-MHJAOT juamerpom 1,5 .
Ha kakoM HaHMeHblLieM PacCTOSTHWHM OT HaG6JIOZAaTeJIs Wap CTaHeT HEeBHAH-
MBIM nJ}i[l)HeBOOpy)KeHHOFO rnasa, ecjH MNpefelbHEIH Yrojg BHAMMOCTH
paBeH 177

5. IoxsecHast KanaTHasi ropas fopora uMeer B AauHy 3380 # npH
cpenHeM noxbeMe B 29°, OmpefennTh pasHHLY BHICOT HaX YPOBHEM MODA
y Hauaja M KOHUA JAOpOTH.

6. IlonepeyHoe ceueHHe »eJNE3HOAOPOKHOH HACHIIH HMeeT (opmy
paBHOGOYHO! TpameluH, Y KOTOpO#l BepxHee OCHOBaHHe paBHO 2,9 i,
60koBasi cTOpoHa paBHa 8,0 # M HakJIOHEHAa K OCHOBaHHIO IIOL YIJIOM
B 42°. OnpefenuTh BLICOTY HACHLINH H ee IIMPHHY Y NOLHOXKHS.

7. INpsiMoyrosbHOEe 8[aHHe, H3MepeHHs KOToporo paBHel 20 # 1 25 #,
TpebyeTcss MOKDHTh Kphimed ¢ HakJoHoM 40°. OmnpenejuTb BeJMUHHY
MOBEPXHOCTH STOH KDHIIHM B KBajpaTHHIX MeTpax, eCcJH H3BECTHO, UTO
Kpasi KpBILH OTCTYyNaloT OT CTEH Ha MOJIMETpa.

8. Ile nmpsMble NOporu nepecekaiorcst nox yrom B 47°. Ha oanoit u3

3THX Aopor B 6“2—' KM OT NE€pPeKpecTKa HaXONHUTCA IYHKT, H3 KOTOPOro

XOTAT NMPOJIOXHTb KpaTyaliunéi nyTe Ko Apyro#i moporu. Kako#t pajauuy
6yzmeT 3TOT MYThb?

9. Iliis H3roTOBJIEHHS KphILI-
KH UMJHHADa NapoBOi MalIHHEI
H3 JIICTOBOrO XKejle3a BblYepuuBa- A
IOT Ha JINCTE XKesMesa JIBE KOH- |
LeHTPHYECKHe OKDYXKHOCTH; MO |
BHeIIHell M3 OTHX OKpyXHOCTeH |
BHIDE3LIBAIOT (C MOMOLILIO aBTO- |
reHa) KpbILIKY, a Ha BHyTpeHHeH C
OKDYXXHOCTH JeJaloT Pa3MeTKY Puc. 60.
N5 BEICBEP/IMBAaHHS OTBepCTHH,
BLIYHC/IHB [1pPEeABAaPHTENbHO pac-
CTOSIHHS MEX Y LleHTPaMH OTBepC- D
thit. Clenali Te Takue BEIYHCJ/IEHHS
MpHU YCJOBHH, YTO JHAMETD BHYT- [» 3
peHHel OKpYXHOCTH paBeH 180 mm
¥ Ha Hell Hal0 OTMETHTb LEHTPHI
Jis1 5 oTBepCTHH Ha OQHMHAKOBBIX
PacCTOSIHHAX. A

10. W3 kpyrJoro (LHINHADH- \
YeCKOro) :KeJe3HOro mpyTa jHa- Puc. 61.
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meTpom B 2,0 giofima 2ealoT Bbld pe3epoBaTh [ paBHILHYI0 BOCBMHYTOJbHYIO
npuaMy HauGoJbluero ceueHus. OnpeleNHTh pas3Mepbl IIONIEPeYHOro ceye-
HHsS NDH3MBI M NPOIEHT XKese3a, YXOASLIEro B CTPYXKKY.

11. Bouka ¢ kepocuHoM BecoM B 140 k2 JpomxHa ObITE ylepiKaHa
Ha IJIOCKOCTH, HaKJOHEHHOH K rOPH3OHTaJbHOH IJIOCKOCTH TOJ YTJIOM
14°30” (puc. 60). Kakylo cuny Hazo NpHJOXKHTH K GOuKe IO Hampasie-
HHIO HaKJOHHOH MJIOCKOCTH, 4TOGH yZAepxaTh Gouky? (CHay TpeHHs He
YYHTHIBATD.)

Ykazanne. Cuny OP =~ 140 k2 Hafo pasjoKUTb HAa JBE COCTAaB-
JISIOILHE CHJIBI, OfHA M3 KOTOPHIX HalpaBJjeHa MepleHAHKYJ/SPHO mJoc-
KocTH AB, a Apyras napaJuiefbHa 3TOH IJOCKOCTH. [loc/elHsisi U3 3THX
COCTaBJISIIOIHX OyZeT paBHA HCKOMOIi cHJe.

12. ITpocrefimuii cnoco6 NpoeKTHPOBaHHA MaHCapAHOH KpOBJH CO-
CTOHT B CJefyloumieM: Ha oTpeske AB, wn3o6paxaliomeM [UHPHHY mepe-
KpHITHST (pHC. 61), OIMMCHIBAIOT MONYOKDYKHOCThb, AENAT ee Ha YeThipe
paBHBIe HacTH M TOYKH JeneHust C, D U E COeNHHSIOT NPAMBIMH JIHHHS-
MH, KaK IOKa3aHO Ha pucyHke. Kakyio JmuHy OyARyT HMeTb CKathl
kpoBau AC u CD u «3aTskka» CE M KakOBH yIJIBl HaKJ/JOHa KpOBJH,
ecJIH WIKpPHHA nepekphitus AB =~ 11,5 m?



r1ABA Iv
TEOMETPHYECKHME 3AJAYH U METOAbI UX PELIEHUA

§ 14. pacduyecknii ¥ BbLIYUCAUTEJbHBIA MeTONBI pelIeHUS
reoMeTpPUYeCKHX 3aja4 M MX JOCTOMHCTBA W HeNOCTaTKH

B Hauasne xHuru Ml yxe obpaumaju BHHMaHHE Ha HeJo-
CTaTKH rpajuueckoro MeToJa pelleHHS TeOMETPHUECKHX
3aJay U JOCTOMHCTBA BBIUHCJHMTEJbHOrO MeToza. Ilas cpae-
HHUTE/NbHOH OLEHKH 3THX METOJOB DPAacCMOTPHM ellle OZHY
3ajjauy, BCTpeyalollyocs B 3aBOJCKON NPaKTHKe NMPH OGTOUKe
LUJIUHIPHYECKUX BaJIOB «HA KOHYCY.

[TycTe TpebyeTcst OGTOYMTH «HA KOHYC» KOHEW [HJHHJ-
puyeckoro Basa jguametpoM D =~ 154,2 mm (puc. 62) rtaK,
uTOGEl YroJl YKJOHa KOHyca a =
~ 8°30’, a gauHa o6ToukH H =~

~270,0 mn. "

Uro0Hl yCTaHOBHTL BaJj Ha TO- . —
KapHOM CTaHKe I yKa3aHHOH 00- R S
paboTKH, HaJO0 3HaTh, KakoH AHU- l ___393_———'-
ametp d 6yZeT UMeTb KOHeI BaJa [
nocJe ero o6touku. Haiitu stoT pua-

Puc. 62

MeTp MOXKHO rpabdyecKHUM HJH BH-
YUCJIUTE/BbHBIM METOJOM.
[pajpuueckuit MmeTo[

1) Bri6paB mnoaxoismui MacwTab, Hanpumep -%—,

CTpPOMM Ha JucTe Oymaru (Jydire MMJEMETPOBOH) oceBoe
ceyeHne oO6TauHBaeMOH 4YacTH BaJja. DTO OyJeT IPSMOYroJb-
Huk ABCE (puc. 63) co cTopoHaMu:

AB = H’ =~ 270,0- —— = 27,00 (#x).
BC = D' =~ 154,2-—— = 15,42 (un).
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2) 3aTeM C NOMOLIbIO TPAHCIOPTHpa CTPouM =X BAB, =
= 2 CEC, = 8°30; ¢durypa AB,C,E npezctasaseT usobpa-
*eHHe TpexHell YacTH BaJja, rocye ee 00TOYKH oTpe3ok B,C;
u3obpaKaeT UCKOMBIH AHaMeTp.

3) Uamepsiem otpesok B,C,, noayyaeM: B,Cy=d'=7,5 nn,
cJe0BaTeNbHO, MCKOMBlE nuametp d =~ 7,5 mm-10=75 mm.

JIOCTOMHCTBOM 3TOrO NpHeMa SIBJSIETCS TO, YTO AJA pe-
[IeHHS 3ajaud He NoTpeGOBajuCh HUKakue (opMyJbl H BhI-
YHCJIEHHs, NPHYEM B IpOliecce pellleHHss CXeMaTHYeCKH BOC-
npoussopunack opMa HCKOMOH JeTajH; HeHLOCTaTKOM fBJISI-
eTCsl TO, YTO Pe3y/bTaT pelleHHs MOJyYeH C NOHHXKEHHOH
TOYHOCTBIO, TaK Kak INOCTPOeHHe (DUrypsl U HOCJ/eAYyIollee
H3MepeHHe HCKOMOrO OTpe3Ka BejeTcsi MpPUOJIMIKEHHO, NpH-
yeM CTeNeHb TOYHOCTH He BIIOJIHE H3BECTHa; KpoMe
TOro, MNPH MaJblX YrJaXx KOHYCHOCTH TOYHOCTh pelie-

HHUS CHJIBHO INOHHXKaeTcsl. B Hekoro-

i 1® pHix cayuasx rpaduueckoe pelleHHe
6 3agau mouTH HeBo3aMOXKHO. Tak, Ha-

IpUMep, B PaCCMOTPEHHEIX HaMH paHee

& 3ajayax Ha OTHICKAHHME pajHyCOB 3eM-

£ ¢ gu u JlyHsl ¥ paccrosiHusl Jo JIyHEI
Puc. 63. VIl B COOTBETCTBYIOUIHX TPEYTOJb-

HMKaX CTOJIb MaJbl, YTO HX IOCTpOe-
HHE 3aTPYIHUTEJbHO Jame C TOYHOCTBIO OJHOTO 3HAKa.
BruuncnutenbHH# nDpUEeM pelmIeHHS TOH
XXe 3ajayH
1) Ucnoswsysi pucyHoK 62, BHIpaxKaeM 3aBHCHMOCTb
MeXJy HaHHEIMH M HCKOMBIM:

D—d
tg a = —SF
OTKyJa moJjyyaeM ¢opMysay JIJsi OIpefeseHUss HCKOMOro
Juamerpa:
d=D—2H-tgo.

2) TloacTaBuB uMC/IOBbIE NaHHbE, HAXOXHM:
d =~ 154,2 — 2-270,0-1g8°30" = 154,2 — 540,0-0,1495=~
~ 1542 — 80,73 = 73,5 (mm).

JIOCTOMHCTBOM 3TOr0 IpHeMa fABJSETCS: a) OOLLHOCTh
pellleHus 3ajiayd (BbIBeleHHasl (opMyJia INPHUTOJHA AJIS JIIO-
ObIX KOHKDETHBIX 3HAaYeHHH, BXOASIIUX B Hee BeJHUYHH D,
H u «); 6) u3BecTHa TOYHOCTH pe3ysbTaTa (B PacCMOTPEH-
HOM TpHMepe OHAa TpPeX3HayHas); B) TOYHOCTb OTBETA 3aBH-
CHT TOJILKO OT TOYHOCTH JaHHBIX.
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K HepocTaTKaM BBIYMCJ/IMTENBLHOTO NpHeMa CJefyeT OTHe-
CTH: a) He06XOAUMOCTb BEIBOJA DOPMY.JIbI, BhIpaxKamoule HeKo-
MOe yepe3 JaHHbIE BEJNHYHMHE; 6) HEOOXOZUMOCTb BBINOJIHE-
HHS BBIUHCJIEHHH MO YCTAHOBJEHHOH (opMmyse (IpHYeM B
HEKOTOPBIX CJ/ydasix TO M JApyroe Tpe6yeT MHOro BpEMEeHH
U yCHJHH).

§ 15. TpeyroibHHK Kax 3JeMeHT JM000d NpsiIMOJNHHEIH i
uryps

B reomerpuu ocoGeHHO 6oJibllloe BHHMaHHE YJeaseTcs
TpeyroJabHUKY. [Tofpo6HO H3yuaioTcs BHABI TPEYTOJbHHKOB,
IpU3HAKH paBeHCTBA M NOJOOMS, 3aBHCHMOCTb MeXIy pas-
JIMYHEIMH 3JIEMEHTaMH TpeyroJbHHKa. PaccMoTpeHHBlE HaMH
onpeleseHHss TPUIOHOMETPHUECKHX ¢YHKUMH (TaHTeHca, CH-
Hyca M KOCHHYyCa) M HX IpPHJOKEHHS Tak¥Ke CBS3aHE C
TPeyroJIbHUKaMH.

UeMm ke 3T0 0ObACHUTH? Belp B NMpaKTHUECKOH KHU3HH
MBI PeIKO BCTpeyaeMcsl C IIpeAMeTaMH, HMEIOIIUMH (opmy
TpEYroJibHUKA.

Kak xuMHMK u3yyaeT B MepBYIO OYepelb SJEMEHTH], a
3aTeM CJIOXKHBIEe BelllecTBa, Kak OHOJIOT CIepBa H3ydyaeT
KUBYIO KJeTKY, a IIOTOM CJIOKHBEIE OPraHU3MBl, TaK H Ma-
TeMaTHK B FeOMeTpHH H3yuaeT B MEPBYI ouepeab HpocTei-
IIHe 3JeMEHTH reOMeTPHUYECKHX (QHTyp — TOUKH, OTpe3KH U
TPeyro/MbHUKH, U3 KOTOPHIX COCTOSIT BCE TeOMeTpHUYeCKHe
¢urypsl.

Cpepu mpocTefilinX reoMeTpHuecKHX o6pa3oB TpPeyroJb-
HUK HrpaeT UCKJ/IOYHTENbHYIO POJib HOTOMY, 4YTO BCsKas
CJIOXKHAs NpsSMOJIMHEHHass reoMeTpuueckas (uUrypa Moxer
GBITH pa3/oXKeHa Ha TPeyroJbHHKH, a yMesi HaXOZHUThb YrJo-
Bhle U JHHeHHEIe 3/eMeHThl TPeyroJIbHUKOB, MOXKHO HaUTH
H BCe 3JIEMEHTH CJOXKHOH (urypel. IMeHHO Tak MBI IOCTY-
naju NpH H3yYeHHH MNapaJjJejiorpaMma, TpalelHy, Jo6oro
yeTHIpeX YTOJNIBHUKA HJIH MHOroyroJbHHKa. IloaToMy HcTOpH-
YeCKH U CO34a/0Ch ClelHaJbHOe YYeHHe O TPeyroJbHHKax—
TpeyroJbHHKO-M3MepeHHEe HIH MO-JaThiHH — T P H-
FOHOMETpHS.

A Tak XaK BCSIKHH TpeyrosbHHK MOXKeT ObITh pPas3GuT
ONHOH M3 BEICOT Ha [iBa MNpPSIMOYTOJbHBEIX TpeYroJIbHUKA,
3JIEMEHTEL KOTOPBIX HAX0ASITCH B 60JIee IPOCTOH 3aBHCHMOCTH,
TO HCXOAHBIM 3JIEMEHTOM NpPH H3YYEeHHH NPSIMOJUHEHHBIX
(Uryp MOXKHO CUHTATh HPSIMOYTOJIbHBIH TPeyroJibHHUK.
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CnenyeT OTMETHTb, YTO B CTPOMTEJBHOH M TEeXHHUYECKOMH
NpaKTHKE ILIHPOKO HMCIO/b3YyeTCss ellle OJHAa OCOOEHHOCThb
TPeyrosibHUKa — }KECTKOCTb ero ¢opmbl. CTep:KHeBble Liap-
HUpDHBIE YeThIPeXyTOJIbHHUKH ¥ MHOTOYTOJIbHHKH JIETKO Aedop-
MHDPYIOTCSI, a TPeyroJbHHKH Tako# nedopMalHH He Mojja-
10Tcs. BoT noueMy npu cOOpYXE€HHH MOCTOBBIX apoK H Iie-
PEeKpHITHI Haj 3[aHHSIMH [eJal0T MHOTOYHCJ/EHHBLIE YKOCH,
pasbuBaroliye BCI0O KOHCTPYKLHIO Ha CeTb TpPeYyroJbHHKOB.
2DT0 0COGEHHO BHAHO B KOHCTPYKIHH HOABEMHBIX KPaHOB H
OMOPHEIX MAuT 3JEKTPOCETH BLICOKHX HalpsiKeHHH.

§ 16. BbluucauTeJbHBbIl TPUTOHOMETPHYECKHH MeTOx
pelLieHHs] MPAMOYroJbHBIX TPeYroJbHHKOB

«PelInTh TpPEeyroJbHUK» — 3TO 3HAYHT 110 H3BECTHBHIM
aJIeMEHTaM TpeyroJibHHKa HaHTH BCe ero OCHOBHBIE 3JieMeH-
THl, T. €. CTOPOHBI H YTJIHL.
W3 reomeTpuu H3BECTHO, YTO TPEYrOJbHHK BIIOJIHE OII-
pefensieTcs 3aJjlaHMeM TpeX ero OCHOBHBIX HE3aBHCHMEIX
ajeMeHTOB. Tak Kak B mps-
MOYTOJIEHOM TpeYyTroJIbHUKe
OfHH  3JeMeHT (mpaMoii
yroJ) y:Ke H3BeCTeH, TO JJIsl

< €ro penieHHss JOCTaTOYHO
3HaTh elle [Ba KaKUX-HH-
OyZAb He3aBHUCHMBIX 3JeMeH-
Ta.

8

b
Puc. 64.

3ajauu Ha pelleHue npsi-
MOYTOJIbHEIX  TPEYTOJIbHH-
KOB MOXKHO pa30uThb Ha cJre-
AyIOUmHe THIbL:

I. VsBecTHBl CTOPOHA M OCTpHIE Yrou:

a) KaTeT M OCTPHIH yroJ;
6) rUmoTeHy3a M OCTPBIH YroJ.

II. V3BecTHB JBe CTOpPOHBI:

a) JiBa Karera,
6) KaTeT M I'HIIOTEHy3a.

B xaxpo#i 3anaue tpe6GyeTcsi BBHIYMCJIMTL HEH3BECTHLIE
OCHOBHBIE 3JIEMEHTBl — CTOPOHBI H YTJIBL.

Ipu pemenuu ykasaHHBIX 3afau GyleM I[OJb30BAThCS
NpHHATHIME HaMH paHee (cM. § 7) o6o3HaueHUsMH @, b—
KaTeThl, A, B — NpOTHBOJIEXKALUIHE UM YIJIbl, ¢ — CHIOTEHY-
3a u C—mpsamoit yroa (puc. 64).
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Ilns yno6cTBa mpHBeXeM 3IeCh CBOAKY BCEX BHIBEJEH-
HBIX BbIlle (OPMYJI, BBIPAKAIOUIHX 3aBUCHMOCTH MEXAY OC-

HOBHBIMHM 3JE€MEHTAMH B IIPSIMOYTOJIbHOM TpPEYrOJIbHUKE:

a® + b = ¢t

a b

tgAd = - tgB=—
a=>btg4, b_ath
b .
a= g b tgA '
sinA—-i, sinB=-f—;

c c
cosA=L, cosB=i;

c c

a=csinAd, b=csinB;
a=ccosB, b=ccosA;
A+ B =90°.

ITepexonum X pelieHuIo 3ajad.
I. a) Ussectnrl: A, a; Tpebyercsi Hafitu: B, b, c.
Pemenue. 1) ITo dopmyse (9): B = 90° — 4;
2) no ¢opmyse (3): b = a-tg B;
3) no dopmyse (5): ¢ = 2

sind

(1)
(2)
(3)
(4)

(5)

(6)

@)
(8)
©)

4) mpaBHJBHOCTb DAacyeTOB MOXKHO IIPOBEpHTb MpPHUMEHe-

HHeM K pe3yJbTaTaM BhIUHCJeHHH dopMmyarl (1).
Yucaosoit mpumep. a =~ 3,71, A =~ 19°30’.
Pemenue. 1) B = 90° — 19°30’ = 70°30’;
2) b =~ 3,71-tg70°30" =~ 3,71-2,824 =~ 10,5;

3,71 3,71
8) ¢~ —griwse ~ o.5ms ~ L]
IIpoBepka. a? + b% = 3,712 4+ 10,52 = 124,1;

c=Va+b =V124,1 = 11,1.

CorrezoBaTesibHO, MepBBle TPH UH(PEI B pe3y/bTaTdX BHI-
UHCJEeHHH HajeXHble, a OoJblliee YHCJIO BepHBIX 3HAYaULHX
nudp NOJYUYHTH HEeBO3MOXKHO, TaK Kak JaHHoe a = 3,71

CONEpKHUT JIMIb TPH 3HAYauUIUX LHQPHL.
I. 6) Ussecturl: A, c; tpebyercs Ha#itu B, a, b.
Pewenue. 1) ITo ¢opmyre (9): B = 90° — 4;
2) no popmynam (7) u (8): a = ¢-sin A4, b =c-cos A.
IIposepka pesysbtatoB no ¢opmyme (1).
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Yucaosoit npumep. A =~ 32°20', ¢ = 18,2.
Pewmenune. 1) B =90°— 32°20" = 57°40’;
2) a =~ 18,2-5in32°20" =~ 18,2-0,5349 =~ 9,74;

b =~ 18,2-cos 32°20" = 18,2-0,8450 = 15,4.
[TpoBepka. a2+ b2 =~ 9,742 + 15,42 = 332,1;

c=YVa+b =)3321 = 182

II. a) UssecTHnl: a, b; Tpebyercs maiitu: A, B, c.
Pemenue.
1) Ilo dopmyae (2) Haxomum tg A = —Z—, a 3ateM
no tabsuue HaxonuM yroJa A;
2) mo ¢opmyse (9) HaxozuMm: B = 90° — A4;
3) mo dopmyse (1): ¢ = V a® + b2,
4) nns npoBepkH BosbMeM Gopmyay (8) a = c¢-cos B,
TaK KaK OHa COJEPKHT HCKOMble BEJHYHHHl H TIpPH BBIYHC-
JIEHHsIX He ynorpe6Jsjack B AaHHOH 3anaue.
YucJaoBoii mpumep. a =~ 23,5, b = 40,2.
PeweHnue.
23,5

DtgA=—~5 02 =~ 0,5846; no Tabnuue HaXOJHUM YroJ
A =~ 30°18' =~ 30°20’;

2) B = 90° — 30°18" = 59°42" ~ 59°40’;

yc=Va+b =) 2352+ 40,2 =~ 46,5.

Mposepra. a=46,5-cos59°42" =~ 46,5.0,5045~23,5.
II. 6) VisBecTHnl: a, c; TpeGyercst Haltu: A, B, b.
Pewenue.

1) Tlo ¢opmyae (5): sin A = —‘Z— , & 3areM mo Tab-
JMIEe HaxoguM yroa A;

2) mo ¢opmyJae (9): B = 90° — 4;

3) no dopmyse (7): b = c-sin B;

4) A5 TPOBEPKH BBIYHCJEHHH MOXKHO B35iTb (hopMy-

ay (3) betg A
a=~o- ,

TaK KaK OHa COJEepXKHT HCKOMble BEJHYHHBl M IIPH BBIYHC-
JEHHAX B 3ajaue He ynorpebJsijach.
Yucaosoii npumep. a = 6,35, ¢ = 8,92.
. 6,35
Pewenue: 1)sind = 50 = 0,7119; no rabauue

HaxoauM yroa A = 45°24" =~ 45°20°;
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2) B = 90° — 45°24" = 44°36’ =~ 44°40’
3) b =~ 8,92.sin44°36" = 8,92.0,7022 =~ 6,26.
[IpoBepka. a=6,26- tg 45°04" ~ 6,26-1,0141 =~ 6,35.

Ynpasicnenusn

1. HaliT Hen3BeCTHble CTODOHHI H YIVIbl B [1PSIMOYTOJBHEIX TpeyroJbe
HHKaX, eCJH [aHbl

1. a = 12,0, A = 53°20". 5. a = 20, b = 2I.

2. b= 3,9 A= 64° 6. a =~ 88,0, b =~ 105.
3.c =25, A= 37I° 7 a = 56, ¢ = 65.

4. ¢ = 241, C = 29°50". 8. b=~ 2,8, c = 2,93

2. OcHoBaHHe paanoﬁenpeﬂuoro TpeyrosibHHKa paBHO 25 cm, BEICO-
Ta Ha GOKOBYIO CTOPOHY — 21 cM. I-Fawm GOKOBYIO CTODOHY H Yyro.a
npH BepIIHHE.

3. CropoHa pom6a a =~ 64,5 ca, yroan a = 28°30". Onpenenauts ero
JiHaroHaJH.

4. B kpyre paguyca R =~ 225 m nana xopja [ =~ 325 m. Kak
BEJIHK COOTBETCTBYIOIUHH 3TOH XOpAe LEeHTpaibHBIH yroa a?

5. Onpefe/iuTh Yros « MeXJAY KacaTeJbHEIMH K Kpyry paguyca
R =~ 15 cm, npoBefleHHEIMH H3 TOYKH P, ylajeHHOH OT LUeHTpa Ha
paccTosiEHH 33 cM.

§ 17. Peinenue m00BIX TPeyroJbHHKOB 4epe3 CBeldéHHe
K PeLIEHHI0 MPSMOYTOJBHBIX TPEYroJbHHKOB

Ecou B Tpeyrombuuke ABC (puc. 65, a, 6) mnpoBecTH
BicOTy AD, TO 06pasyioTcsi ABa MpPSMOYTOJLHBIX Tpe-
yroabHuka ABD u ACD. OkxaseiBaeTcsi, pelleHHe TPeyroJb-

A

S ]
Fm———————x1
|
|
|

a) 0d)
Puc. 65.

Huka ABC Bcerja BO3MOXHO CBECTH K «COBME@CTHOMY» pe-
IIEHHI0 STHX JBYX MOPSAMOYTOJIbHBIX TPEYTOJIbHHKOB. Mul
HOKaXXeM, KaK 5TO JeJjiaeTcsi Ha psiie NPHMepOB, OXBAaThl-
BAIOIIHX BCe YeThipe OCHOBHHIX THMNA 3aJay Ha pelleHHe
TpeyroJbHUKOB JI0OOro BHAA, & HMEHHO:
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1. Pemenune TpeyroJbHHKa IO CTOPOHE H ABYM yTJaM.

II. Pemenue TpeyroJbHHKa MO JBYM CTOPOHAaM H yT-
Jy MeXIy HHMH.

III. Pemenune TpeyronpHHKa IO JBYM CTOPOHAaM H
yray, JexalleMy IPOTHB OJHOH H3 3THX CTOPOH.

IV. Pemenune TpeyroJbHuka 1o TpeM CTOPOHAM.

YToObl COKpaTHTb 3amuch, G6yjaeM B JaJjbHeiieM o06o-

3HaudTh yrJel tpeyrosbHuka ABC 6yksamu A, B u C, a
NpPOTHUBOJIEKAIHE MM CTOPOHH GyKBamMu a, b 4 c.

Sagauu | THRDa
Mpumep. Haue: A = 103°00°, B =~ 54°30’, a =~ 28,5.

Hatita: C, b, c.
Pemenue. M3obpasum 0T pykH KakoH-HHGYIb Tpe-
yrombHEK ABC ¢ tyneiM yriom npu BepiunHe A (puc. 66).
W3 reoMeTpud H3BECTHO, YTO
¢ 2 A4+ 3B+ 2C = 180°, caenosa-
TesbHO, S C = 180°— (3 A+ 2B)=
~180° — (103°00" + 54°30") = 22°30".
s onpeneneHusi CTOPOH b u ¢
npoBefieM B TpeyroJibHuKe ABC BEICOTY
CD us BepuiuHpl C; ee ocHoBaHHe D
ynmajeT Ha NPOROJKeHHe CTOpOHH AB
3a BepuwHHy yrJaa A, Tak kak yroa A

TyINoH.
CropoHa b CJyXUT THIOTEHY30H
NpsIMOYToJIbHOrO TpeyroabHuKa ACD,

Puc. 66.

CJIeIOBaTEJNBHO, b = AC=mD— .

Ho CD ecTtb KaTeT npsiMOyroJsibHOro TpeyroJssHuka CBD,
B KOTODOM M3BeCTHa THIOTEHY3a @ M OCTpefi yroa B, mo-
stoMy CD = a.sin B =~ 28,5-sin 54°30" =~ 28,5.0,814]1 =~
~ 23,20.

Yron CAD = 180° — A = 180° — 103°00" = 77°00’,

23,20 23,20

cJIeloBaTeJbHO, b = ST < 09 23,8.

Cropona ¢ = AB = DB — DA.

Ho DB — karetr TtpeyrosbHuka DBC, DA — xater Tpe-
yronbauka CAD, ciepoBaTesbHO,

DB = a-cos B, DA = b-cos (180° — A);
¢=a-cos B—b-cos (180° — A) = 28,5-cos 54°30" —
— 23,8-cos 77°00" =~ 16,55 — 5,35 =~ 11,2.
Urak, C = 22°30", b =~ 23,8, ¢ = 11,2.
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Sagauum II Ttuna

Npumep. [aHbt crTopoHs a = 510, b = 317 wu yroa
mexkny HumuH C =~ 76°20’; nHaiite yrael A, B u cTOpOHY c.
Pemenne. Crenaem oT pykKd HaGpOCOK HCKOMOTO
tTpeyrosbHuka ABC u mpoBeneM B HeM BeicoTy AD (puc. 67).
Touka D Gyner HaxoiuTbcsa MeXAy B
u C, tak kKax yroJ C octpuiii ua > b.
B npsIMOYroJIbHOM TpPeyroJibHHKe

ABD umeem: tg B = ED

Ho AD = b.sinC =317 -sin 76°20’ =
=~ 317 - 0,9716 =~ 308,0; BD=BC —

— DC =a —b . cosC = 510 —
—317-cos 76°20' ~510 — 74,9 ~435,1, Puc. 67.
308,0

cjenoBaressHo, tg B = @I~ 0,7081, otkyna mno Tab-
JHIaM Haxoaum yroa B =~ 35°18" = 35°20".

Yron A = 180°— (B + C)=~180° — (35°20"+ 76°20) =
~ 68°20".

Hckomas cTopoHa ¢ sIBNsieTCs THIOTEHY30H TpeyroJib-
, Huka ABD, mosTomy

b AD 308,0
Poo= sinB_ ~ “sin3eels ~
308,0
=~ SEn = 533.
Hrak A=~68°20, B~35°20',
~ 533.

3apnava. Ha ctpouressctre
3eJIe3HOH Jopork nmoTpe6oBanock

il e TNIPOJIOKHUTE Ha yuacTke AB (puc.

y. //V/I/////./.};}, TN 68) tonHens. Il onpenesenus
o P IS IJIMHEL M HalpaBJeHHs TOHHeNs
2= Gelid U3MEpeHbl PAaCCTOSIHHUS OT
/ Touek A u B 0 HEKOTOpO# TOY-
Puc. 68. ku C (U3 KOTOPOH BHJHBI TOYKH

A u B), a takxe yroa ACB.
Pesy/sbTaThl M3MepeHHsi OKasajuch chaenyomumu: AC =
~ 320 m, BC = 400 m, yron ACB =~ 110°20’. Haiitu pau-
HY M HampaBjeHHe TOHHEJS. o
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Pemenue. M3obpasum orT pyku TpeyroabHur ABC
¢ tyneiM yraom C (puc. 69) u Gyzem cuMTaTth, YTO OH IMO-
J106eH TOMY TPeyroJbHHKY, BepuiHHEI KoToporo A, B u C
pacroJioKeHsl Ha MecTHOCTH (puc. 68), Toraa mo yCJOBHIO
3ajaut B TpeyrosbHuke ABC cTopoHa a =~ 400 &, b = 320 u
u yroa Mexay Humu C = 110°20".

ITposenem B Tpeyrosbuuke ABC Beicoty AD u3 Bepuu-
Hel A; Touka D Gynert JiexkaTb Ha MPOJOJIKEHHH CTOPOHHl BC,
Tak Kak yroa C Tymoii.

B npsamoyrosbHOM TpeyroJbHuke ADB nmeeM:

AD _ AD
DB ~ DC +CB *

tgB =

W3 npsMoyroJibHOro Tpe-
yrosbHuka ADC Haxongum:

AD = DC-sin ACD =
= b-sin (180° — C)=~320X
Xsin 69°4(_)’z320- 0,9377 =
Puc. 69. ~ 300,1 ;
DC = AC-cos ACD =
=b-¢0s (180°—C) = 320 - cos 69°40" = 320-0,3464~110,8 .

300,1  _ 300,1
110,84+ 400 > T 510,8

OTKyJa no tabsune HaxoiuMm = yroa B = 30°27'.
W3 npsamoyrosbHoro tpeyrogshuka ADB umeewm:

CiegoBatensHo, tg B= ~ (,5875,

4B — _AD 30,1 300, 1

smBE- ~ sin30ow < o067 = 093

Yron A = 180° — (B + C) =~ 180° — (30°27" +
+110°20") =~ 39°13'".

HMrak, mocne HeoGXOAMMEIX OKpyr/eHHH uMmeeM: -AB =~
~ 593 », A = 39°10", B ~ 30°30".

3nas yrasl A u B, npoBemmnad npsmyio u3 Touek A u B
Jo Hadana M u KoHHa N TOHHeJ s W H3MepHJIH OTpeskH AM
u BN; okasanoce: AM =~ 38 m, BN = 76 m, cjaefnoBaTtesb-
HO, JauHa ToHHens MN = AB — (AM + NB) = 593 —
— 114 = 479 (m).
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Sagaun IIl Tuna

3apaya. V3BecTHBl ABe CTOPOHH TPEyroJibHMKa M YroJ,
Jexkalluil NPOTHB OJHON M3 HHX, Hamnpumep, a, b u A4,
Tpebyercss Haftu yrael B u C ¥ CTOpOHY c.

PerteHnio 3aa4yud IaHHOTO THNA INPEAIIECTBYEeT OOBIYHO
HeboJibllloe HccnefoBaHue. [IpoBeseM ero B ofmieM BHAE C
TeM, YTOOBl BBIBOJB! HCIIO/Nb30BaTh B JajbHEHIIEM BO BCeX
KOHKDETHBIX CJydasx.

Kaxk u3BeCTHO M3 reomMeTpuH, YTOGHI NMOCTPOHTH Tpe-
yroasHuk ABC mno aBym ctopoHaMm @, b m yray A, oTkja-
IbIBAIOT Ha CTOpPOHE 3TOro yraa otpeaok AC = b (puc. 70),
a 3areM 43 ToukH C Kak M3 IEHTPa ONHUCHIBAIOT OKPY¥XK-
HOCTb panuycoM a. IIpi 3ToM MOKeT GHIThb YeThlpe CJydas:

1) OKpy:KHOCTb He Iie-
peceueT APYro# CTOPOHEHI
yraa A, u Torga sajgaua
He 6yJIeT HMETb pellleHHs];

2) OKpY:KHOCTb KOC-
HeTcs JPYrod CTOPOHHLI
yrama A B Touke D, u
Torga tpeyroasHuk ACD
6ymeT HCKOMBIM; B HeM
yroni D 6yner npsaMeIM, Puc. 70.

Tak Kak paguyc CD ok-
PYKHOCTH NepHeHIUKY./IspeH KacarteabHol AD;

3) OKpYKHOCTb MepecedyeT IPYryio CTOpoHy yraa A B
IBYX Toukax B, u B,, TOrja HCKOMBEIX TPEYrO/bHMUKOB OKa-
xkercsd gea: ACB;, u ACB,, npuuem yroa AB,C = 180° —
— 2 AB,C, kopoue: = B, = 180°— 2 B;;

4) OKpyXKHOCThH TepeceyeT APYryil0 CcTOpoHy yrjaa A B
onHofi Touke B, TOorjga MCKOMEIM OyJeT OAHH TPeyroJbHHK
ACB.

[TockoIbKy B TPUTOHOMETDHH pellleHHe TDPEeYroJbHHKOB
NIPOBOJUTCS BBLIYUCJHTEJLHBIM METOAOM, TO BO3HHUKAaeT BOI-
poc: HeJsb3s JIM TOJBKO Ha OCHOBAHHH YHCJOBHIX JaHHBIX,
He BBIMOJIHSSI yKa3aHHBIX IOCTPOEHHH, oOmpefensTb, C Ka-
KHM K3 3THX YETHIpEX CJy4YaeB IIPUXOJUTCS HMETb JeJo?

Oxka3splBaeTcs, 5TO BO3MOXHO M BecbMa IpocTo. B ca-
MoM gneJsie, 3ameTuB, uTo npH A < 90° nepnenpukynasp CD=
==b.sin A, ¥ yuTss HeoOXOJUMble YCJIOBHS NepecedeHHs] OK-
DY2KHOCTH C JIY4OM, NMPHXOIHM K CJEeJYIOLIeMY BBIBOAY:

1) cayua#t, eciu a < CD, T. e. a < bsin A (peweHuii HeT);
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2) cayua#t, ecmu a=CD, 1. e. a=0bsinA (uckomsiit
TPEYroJIbHUK MPSMOYTOJIbHBIH);

3) cayuait, ecmi AC>a>CD, 1. e. b>a>bsin A
(mBa pereHus);

4) cnyuaii, ecmt a > AC, T. e. a>b (0IHO pelleHHe).

OueBuzHo, mpu A > 90° GymeT HMETb MECTO TOJILKO YeT-
BepTHIl cayyal, TaK Kak IPOTHB TYIOrO yrja BCErja JIeXHUT
6oJspli1ast CTOPOHA.

YcTaHOBUB IO JAHHBEIM 3aJauu (IO ee pelleHHs), C Ka-
KMM M3 YKa3aHHBIX CJy4YaeB INPUXOIUTCS HMETh JeJo, Iie-
DPEXOJAT K CaMOMY peLIeHHIO.

Mpumep 1. dano: a = 19,1, b = 28,2, A=~ 31°17’.

Ha#tu: B, C, c.

Pemenue. 1) OnpenensieM, KakoMy CJy4am COOTBET-

CTBYIOT JaHHBIE:

CD =bsin A = 28,2-sin 31°17" = 14,64,
cJeloBaTeNbHO, b > a>> bsin A, 4TO COOTBETCTBYET BTO-
poMy cJ/ydalo, KOrja sajaua MMeeT [Ba PelleHHs: TPeyroJib-
HUK ACB, c octpbiM yrioMm B; u tpeyrosbHuk ACB, ¢ Ty-
neiM yriaom B, = 180° — B,.

2) Haxopum mepBoe peinerue. M3 mpsMOyroJibHOToO Tpe-
yronbHuka CDB, (puc. 70) umeem:

. CcD b.sin A 14,64
sin B, =CB = P ~ o1 ~ 0,7665,

oTKyJa mo TabJuue HaxozuMm yroa B; =~ 50°03’.
=2 ACB, = 180° — (A + B,) =~ 180° — (31°17" + 50°03) =
~ 98°40".

CropoHa
AB,=AD -+ DB, =b cos A+ acosB, =
~28,2 - cos 31°17" 4 19,1 -cos 50°03" =~ 36,4.

3) Haxomum BTOpoe pemenue. Tpeyronvuuk CB,B, pas-
HoGexnpenuslit (puc. 70), nostomy yroa AB,C = B, = 180°—

— B, = 180° — 50°03" = 129°57".

Yron ACB, = 180° — (A+B,) =~ 180° —(31°17"4+129°57") =~
~ 18°46'".
Cropona AB,= AD— DB, =b-cos A—a-cos B; =~

=~ 28,2.cos 31°17" — 19,1.cos 50°03" =~ 11,8.
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Hrak, mocse HeOGXOZMMEIX OKPYIVIEHHH IIOJy4aeM cJe-
Ayloillhe OTBETHI:

B, = 50°O(_)’, C, = 98°40", AB, =~ 36,4;
B, = 130°, C, = 18°59’, AB, = 11,8.
Bagauu IV tuna

MNpumep. IaHbl CTOPOHEI TpeyroJbHHKa: a = 12,0 cu,
b ~10,3 cm u ¢ = 15,0 cmu; Haiitu ero yrawt A, B u C.

Pemenue. CrenaeM oT pykH HaGpOCOK HCKOMOTO Tpe-
yrospHuka ABC u mpoBeneM B
HeM BhicoTy CD u3 BepumHe C,
Jexaniefi mpoTuB 6oJibliel CTO-
poHH! (puc. 71).

OGosHaunm oTpe3ok AD ye-
pes x, Torga BD = ¢ — x, cos A=

X c—
= HcosB = ax . (M

[as ompezneseHdss x HpuMe-
HuM Teopemy Ilucdaropa B mps-
MOYTOJIBbHEIX TpeyronsHukax ACD
d BCD, mosyuuM CHCTEMY ypaBHEHHH:

CD? = b — x%
CD? = a® — (c — x)?,
OTKyJa b> —x*=a>—(c—x)?
HJH 2cx = b? 4+ ¢ —a?, x=ﬁ%ﬂ—.

IToncTaBuB BhIpaxKeHHe X B PaBEHCTBO (*) W HCHOJB3YS
YMCJIOBLIE JAHHBIE, MOJydaeM:

B*4c2—a 10,88 415,00 —12,0°  187,1

cos A= ——r = 2.10,3-15,0 =~ =090~ 0,6006;
_@4e—b  12,0415,00—10,3
cosB=—r— =" momo _~ %300

I/ICHOJ'II:BYH Ta6J’II/H.[bI KOCHHYCOB, HaXOJIHUM:
A =~ 53°05 ~ 53°00', B~43°07' ~43°10".
Hakonen, C=180°— (A+B) ~180°—(53°05'+-43°07") ~
~ 83°48' ~ 83°50.

81



3apaya. TexHuKy Hazo OblIO NPOBEPHTb TOUHOCTb KJai-
KH yrsia B JOMe MeXJIy ABYMSI CTEHaMH.

Y6equBILIMCh C NOMOIIbIO OTBeCa H YPOBHSA, 4YTO pebpo
yrsa HaXOJMTCSl B BEDPTHKAJbHOM IIOJIOXKEHHH, a IJIOCKOCTb
no/jia B FOPU30HTAJNBHOM, TEXHHK OTMETHJ Ha KaxKJOH CcTe-
He y camoro mosia ToukH A u B (puc. 72) Ha pacCTOSIHUH
1,50 m ot pe6pa yrsia u uaMepua pacctosiine ot A go B,
OHO 0Ka3aJioCb paBHLIM 2,18 .

3aTeM BBIUMCJEHHEM OH HalleJs, YTO yroJ MeXJy CTeHa-
Mu jgoma paBeH 93°10°. Kak xe pewus 3afauy TEXHHK?

Pemenue. B Tpeyrosbuuke ABC
H3BECTHHl TPH CTOPOHEI, HO 3TOT Tpe-
YTOJNLHHK paBHOOeIpeHHbIH, C/efoBa-
TeJIbHO, HEeT He0OXOIMMOCTH NTOBTOPSITh
obuuii xoj pemenus 3agauu 11 Tuna

C

%

A
] ]

Puc. 72 Puc. 73.

B camoM fese, cienaeM OT DYKH DHCYHOK paBHOGeIpeH-
Horo TpeyroJbHHka ABC u nposejeM B HeM BricoTy CD
(puc. 73), Toraa uckomslit yron ACB =2 DCB.

1
DB TAB 1,09

5~ 1:50 =~ (,7267.

CB

ITo Tabauue HaxomuM:
= DCB =~ 46°36'.

CaenoBatenbHo, =X ACB =~ 93°12" =~ 55"1(_)’.

HpOBepre TaKHM 2Ke IYyTeM TOYHOCTb KJaJKH YrJa
MeXJy CTeHaMH B BalleM JOMeE.

Ho sin DCB =

YnpascHenus.

1. Hafity HensBecTHrle CTOPOHE H YIJbl B TPeyroJbHHKe, €CJH
IaHbl:
1. a= 13, A=54°, B =67°.

2. b=81,7,B=~ 410", C = 110°40".
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3. a=650, b~433, C=31°30".
4. a=20,0, b=13,0, A=67°20".
5. a= 37,0, b= 13,0, ¢ =40,0.

2. Jlas ompefiesleHHs! BeJIHYHHB! yIJa Ha MECTHOCTH Ha €ro CTOpo-
Hax OT BEpLIMHBI OTJIOXKHJHM Lenbio mo 10 #, a 3aTeM H3MepHJH pac-
CTOSIHME MeXJy NOJY4YeHHBIMH TOYKAMH, KOTOpOE OKas3ajoCh DABHBIM
16,5 #. Kak e HamIu BeMUYHHY yrJa?

3. Tlox kakuM yrJoM BHAEH NpsAMOJIHHeHHBH Kpa#i jeca AB~1240 x
u3 nyukta C, yjaneHHoro oT A Ha pacctosHue 1600 # u ot B Ha
1170 n?

4, Ilaubl ABe CTOPOHH TPeYroJbHHKA a, b u yroa mexnay Humu C;
LlOKasaTb, 4TO IVIOIAAbL TpPeyroJbHHKA

1
§= 5 ab sin C, ecau C < 90°.

1
S=-5" ab sin (180°— C), ecam C > 90°.

5. Hcrnosbayst opMyasl mpeAbiAyineli 3ajaun, BHIYHCJAHTH IO AAb
TpeyroJibHUKa, y KOTOpOro fABe CTOPOHHI paBHul 4,7 dm u 6,1 Om, a
yroJi, 3aKJIOUeHHbIH MeXAY HUMH, paBeH 49°

§ 18. BpiuncautenpHbIli TPHrOHOMETpPUUECKHIH MeTON pellieHUs
MHOT'OYTOJIbHUKOB Yepe3 CBeléHHe K pelleHHI0 TPEYroJbHUKOB

1. Onpengenenne pacCTOAHUSA MeX]Jy
HeJOCTYNHBIMH NYHKTaMH B ob6uieM cayuae

Janneiii Hamu Bhlue (§ 8, mpu-
Mep 2) cnocof pemleHHs noxo6-
HOH 3aJlauu MOXKeT OKasaThCs 3a-
TPYJAHUTEJBHBIM HJH BOBCE He-
TIpHEMJIEMBIM, €CJIH Ha MECTHOCTH
6YAyT NpelsiTCTBUS, HE O3BOJIS-
IollFe MPOBEIUUTh HPAMYIO Tpe-
6yemoro (mpu sToM cmocofe pe-
IIEeHHs) HalpaBJeHHs.

B Takom ciyuae Jsis OTHICKa-
HHSl DPacCTOSHHS MeXZy HeJo-
CTYNHLIMH BeplunHam# A u B BHI-
6upaloT Ha MeCTHOCTH Jio6ble JiBe Puc. 74.
zoctynusle Toukn C u D Tak,
4TOObl BO3MOXKHO OBIJIO H3MEPUTH
MeXJy HuMH paccrostHue CD u 4TOOBI M3 3THX TOYEK MOXK-
HO OBLTO BuJETb BepwMHB A u B (puc. 74).
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Tako#t oTpesok CD HaswiBaioT 6asucoM. C momomibio
yrjomepa HaxoIsAT YIJbL:
2 ACB=C,, 2 BCD=C,, 5 ADB=D, v & ADC = D,.

B tpeyronbsnikax ACD u BCD usBecTHbl: cropoHa CD=
=a ¥ npujexkamipe K Heil yranl'. MoXHO, C/eL0BaTeNbHO,
BeluncuTh JyuHbl AC u BC (3ajgaum | Tuna).

Teneps B TpeyroibHuke ABC u3BecTHHI JB€ CTOPOHBI H
yroa C;, MeX]Jy HHMH 3aKJ/JIOYeHHGIH, cJeJoBaTe/]bHO, MOXK-
HO BBIYHC/INTH TPeThIO CTOPOHY AB, T. . HCKOMOe paccTos-
HHe (3ajava tuna II).

[Tpomenafite caMu HeoGXOZMMBIE BBIYHCJIEHHS, HCIOJb3YS
CJe[yIOIHe pe3yJbTaThl H3MepeHHH:

CD =~ 120 u, C, = 34°, C, = 71°, D, ~ 50°, D, ~ 26°.

2. MeTopx TpPHAaHTyJALHUH NPHU ChbeMKeE
N1aHOB U ONpeJeJeHUH JaJeKHX
paccTOodHHH

Eciu pgBa nynkta A u B Haxopstcsd Ha GOJBIIOM pac-
CTOSIHHH APYT OT Jpyra, TO ONPEJEeNHTb 5TO pacCTOSHHE
YKa3aHHBIM BhIlle cIOCOOOM yiKe HeBO3MOXKHO, TaK Kak Ha
MECTHOCTH He Halijercs
TaKkoro (Iomyckalomiero
uaMepeHue) Oasuca CD,
13 KOHIIOB KOTOPOr'O BHJ-
HBl o6a nyHkTa A ¥ B.

B aToM cjayuae BIGH-
paoT Ha MECTHOCTH (pHC.

75) HeKOTOpOe  YHCJIO

puc. 15 ronex G DLVE G

K Ttak, uto6bl o6pasoBajiack CeTb TpPeyroJbHUKOB ACD,

CDE, DEF,..., HKB, ypoBnerBopfilomiasi cCJelyIOLIHM
YCJIOBHSIM:

1) BO3MOXKHO H3MEpHTb C JOCTATOYHOM TOYHOCTBIO XOTS

6bl OZHY H3 CTOPOH KakKoro-HHGyIb S 3THX TPEYrOJIbHHKOB;

2) B 11060M TPeYroJibHHKe M3 KaXJOH ero BepIIHHBE MOX-
HO BHJIETb JiBe JPYyTHE €ro BepILHHEL.

[TycTs okasajiock BO3MOXKHBIM M3MEPHTb CTOpoHy CE B

1 Mul npepnosiaraem, uto Toukd A4, B, C, D Jnexat B OAHOH mJoO-
CKOCTH; €CJIM XK€ 3TO He TaK, TO norpebyercs m3MepeHue W yrios ACD
u BDC.
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tTpeyronbHuke CED. Torna uamepsiior npuiexamue x CE
YIJIBL 3TOTO TPEYTOJNbHHKA H HaXoJAAT ero cropoHsl CD H
ED Briuncaenuem (§ 17, 3apauu | Tunma). 3aTeM H3MepsOT
yrael B TpeyroasHukax CDA u EDF, npujexamue K CTO-
poaM CD u ED, u HaXoIsiT BBIYUCJIEHHEM CTODOHBI 3STHX
tpeyroabHukoB AC u EF (sapaum | Ttuna). [dajee, uaMepHB
B Tpeyrosbhuke EFG yribl, mpujexauipe X cTopoHe EF,
HaxonAT ero croporsl EG u FG. Tak, mepexoist mocneio-
BaTeJbHO OT OZHOTO TPeyTOJbHHKA K JIPYTOMY, «CMEXHOMY
C HHM», HAxXoJAT BLIYHCJEHHEM BCe OTPE3KH JOMaHOH
ACEGKB, coepunsiomielt nyuktet 4 u B. Tlocse srtoro pac-
CMaTPHBAIOT BCIOMOTraTesbHble TpeyrombHukH ACE, AEG,
AGK u AKB. B mepBoM U3 3THX TPEYTrOJbLHHKOB H3BECTHEHI
nse cropoHsl AC u CE u yroa mexny Humu ACE, paBHBHIH
cymMe m3BecTHHIX yraoB ACD u ECD!; ucnonb3yst TH JaH-
Hble, HaXOJST BBIUHCJEHHEM TPEThI0 CTOPOHY TpeyroJbHH-
ka AE u ero yron AEC (§ 17, samauu II Tuna). 3artewm me-
PeXOAfIT K CJeYIOIeMy BCHOMOTaTeJbHOMY TpPEeYTrOJbHHKY
AEG, B KoTOpOM TakiKe H3BecTHHl jaBe cropoHbl AE u EG
u yroa mexnay Humu AEG, HaxoiaT B HeM CcTopoHy AG u
yroa AGE. AHajoruysbiM o6pa3oM B CJe[YIOLIEM BCIIOMO-
rateJibHOM TpeyrosabHuke AGK HaxopsaT ctopoHy AK u yroa
AKG u, HakoHen, B TNOCJeIHEM H3 B5THX TPEYTOJbHUKOB
AKB onpepensiior ctopoHy AB, T. e. HCKOMOE pacCCTOSHHE
mexay nyHktamd A u B.

Wamepenre paccTOsIHHH TaKuM MeTOJOM Ha3bIBAeTCS T P H-
aHTyJsinuel. BrnepBole TpHAHTYJsAIMS B I'PaHIHO3HEIX
mMacmtabax Oblla NpoBefeHa JJsi onpezeseHus ayru [la-
PHIKCKOI'O MepHIHaHa Mexay mnapaJjuiesaMd [[IOHKepKa u
Bapcesonw? (puc. 76).

Bce Heo6xopuMble H3MepeHHS W BHIUMCJIEHHS OBIIH Ha-
yaTel B 1780 r. xpynmHefimmumu MaTemaTHKaMu [lapHKckoi
akajleMUH Hayk M IpojoJiKajuch oxkosjo 20 ser. OpHa co-
POKaMHJIJIMOHHAS YacTb AJMHBI [lapuiKCKOro MepujHaHa CHa-
yaja U OblJa Ha3BaHa MeTPOM H NOJIOXKEHAa B OCHOBY MeT-
puueckofl jgecsaTHuHOH cucTeMbl. OTMETHM, YTO NPH peLIeHHH
TPEYrOJIbHHUKOB GBIIH Cle/aHbl COOTBETCTBYIOLUIHE IIOIPAaB-

! Mer pemaem 3ajauy B MpeJNOJIOXKEHHH, 4YTO BhIGpaHHBIE HAMH Ha
mectHocTH Toukd C, D, E, F, G, H, K pacnoJioxkeH: B OZHOH ropu-
30HTaNILHON MJIOCKOCTH, B NPOTHBHOM CJyuae pellleHHe 3afaud Gylner Go-
Jiee CJIOXKHBIM.

2 Ha pucynke 76 n3oGpakeHa CeTb 3TOH TPHAHIyJALHH Ha ydacTKe
ot Hwonkepka no Ilapuxa.

85



P'A_Q qaalmm 5

L
o Hondschaome
» 5 ;
{ s
sWoarmhowdh -
£
“objanhin don Chats
: .
somell, | o fNese TN

! A

o j'i'%

ei.,r‘

A _,?q.u;i\“"
. Javel

Meaux

Batle Asese

Puc 76.

86

£ \ s
Flashin ¥ gy tifle
: S i
40
- .

—‘ _’ E;n.m.\vtr\m 2
'_ o Fant e

KH Ha KpHBHU3HY IIOBepX-
HOCTH 3eMsin (cepuueckue

TPeyroJibHHKH).
B Poccuu B eme Gonee
rpaHHO3HBIX pasmepax

BIlepBble Oblaa IpOBeJieHa
TPHAHTYJSLHSA H3BECTHBIM
actpoHomom B. f1. Crpyse
(1793—1864) B PunAAHIAHH
u B Ilpubantuiickux ryGep-
HUSX. FI3MepeHHas Ipy 3TOM
Iyra MepHJHaHa COCTaBHJ/a
25°20’. B TpHaHryJ/IsILHOH-
HyI0 ceTb BouLIO 258 Tpe-
YrOJILHHKOB, [J151 KOTOPBIX
B pasHBIX NYHKTaX O6blJIO
usmepero 10 6asucoB (M-
Hue Gas3uCHble OTpe3KH $B-
JISJIACh KOHTPOJIbHBIMH OT-
pesKaMH), H Taxxe IpH
pellleHHH  TPeyroJIbHHKOB
ObLIH  clieIaHBl [ONIPAaBKH
Ha KpHBH3HY IOBEpXHOCTH
3eMJH.

3. HaBuraunuouHtme
3ajadHu

a) Kanurany kopabas X
(puc. 77) Hapmo ompexesHUTh
paccTosiHHe 10 raBaHH A.
C sToil Hesbl0 OH IHeJseH-
ryer (ompezessieT) ¢ HOMO-
b0 0cO60ro paguoannapa-
Ta HalpaBJ/IeHHs Ha raBaHb
A ¥ Ha CHUTHa/IBHYIO CTaH-
nuio C, OTHOCHTEJbHOE MOo-
JIOXKEHHEe KOTODHIX eMy H3-
BECTHO IO KaprTe.

PesyJ/bTaThl IejieHroBa-
HHS OKas3blBalOTCH CJefylo-
LI HMH:

g AXC = X, = 25°,6,

I CXN=X,~148°2,



rie SN — HanpaBJeHHe II0 MepHIHaHy K CEBEPHOMY
noJiocy.
Kapra nokasweiBaet, uto AC =/ =~ 31,0 &,

= ACN = C = 167°8.

3aTteM I/l ONpele/ieHHs] HCKOMOI'O pPacCTOSIHHS IIPOH3-
BOAATCS COOTBETCTBYIOUIME pacyeThl!, OCHOBaHHBIE Ha pe-

IWeHHH TpeyroJbHuKa ACX.
B rtpeyrosmbuuke ACX H3BECTHBI

N o
cropoHa AC =1 u Bce yrael. [eficT-
putesanbHo, XN || CN, cienoBaTeJbHO,

X

|

\

%o S XCA=C—(180° —X,) ~ 136°,

A=180°— (X, + 136°) =~ 18° 4.
R

|

|
|
\
|
|

!

U I>—————— >

A a
Puc.. 77. Puc. 78.

Wsobpasum ot pyku TpeyrossHuk ACX (puac. 78) u mpo-
BefeM B HeM CB | AX, torpa AX = AB + BX.

Ho AB =lcos A, BX,= BC BC =1sin 4, caepoBa-

tg X’
TeJIbHO, p
Isin A sin
AX =1lcos A+ X = [ (cosA + W)
[TogcTaBuB naHHBIE, MOJydaeM:
AX =~ 31,0 (cos 18°,4 - %21:—0”;-) =~ 49,8 (km).

1 CiefyeT 3aMeTHTb, YTO B COBPEMEHHHIX YCJOBHAX TEXHHKa paiHo-
JIOKallMH yuuia Tak Aaseko BIepej, YTO pacCTosHHe OT Kopabas [0 ra-
BaHH MOXCHO ONpeAesaTb (C HeKOTOPOH TOYHOCTbIO) M 6€3 CHrHaJ/bHOH
CTaHUHH, MPH 3TOM BCe HEOOXOLHMble PACYEThl BLINOJHAIOTCS aBTOMAaTH-
YeCcKH M MOYTH MIHOBEHHO.
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6) [dnsa ompejeseHHs MecTa HaXOXKJEHHS, Kypca H CKO-
pocTH Kopabnst X, Ha HEro ONpeje/H/IH HalpaBJeHHEe C IO0-
MOIILbIO PafHOIe/IEHIaTOPOB OJHOBPEMEHHO M3 [IBYX HYHK-
ToB A u B, 3aTeM TO XKe camoe CJe/ajH elie pa3 CIycTH
t = 30 muHyT (puc. 79). PesyabraThl mepBoro HabJIIOLEHHUS
0Ka3aJIiCh CJIeAYIOIIMHE:

= BAX, = A, ~ 85°30/,

2 ABX, = B, ~ 46°12’.
Pe3y.l'leaTbI BTOpPOTro HaéJ'IIOIleHPIH cjefyouiue:

2 BAX, = A, ~ 62°0,

= ABX, = B, ~ 60°18’.

3aTeM INIpOM3BeJH pacye-
THI, yuTa,4T0 AB=1~59,5 km.
DTO MOMKHO CcjeJiaThb CJle-
AyomuM o6pasom.
Pemras tpeyrossaux ABX,
0 CTOPOHe [ M NpHJekKalL|M
K He#t yriaam A, u B, (cMm.
§17,1),natinem AX, =57,5 km.
3arteM pelraeM aHaJOruy-
HBIM IIyTeM  TPEYTrOJIbHHK
ABX, o cropore [wu mpure-
KauluM K Helt yraam A, u B,,
gaxogum: AX, =~ 61,1 ku.
Pue. 79. Haxkonen, pemaem Tpe-
yrombHHk  AX,X, 1o aByM
ctoponam AX; u AX, u yray mexay mumun X, AX,= A, —
—A, =23°30" (cm. § 17, n. II), Haxomum:
XX, =244 km u = AX X, = 70°0".

B 3ak/oueHHe ONpejesisieM CKOPOCTb Kopabiis:

_ X1X2 — 24,4 KM
Tt 7T 0,5 4ac

Ha mpakTHKe CBOeBpeMeHHO JeJIaloTCs MOINpaBKH Ha coe-
PHYHOCTb paccMaTpHBaeMEIX TPeyTOJbHHKOB.

v ~ 48,8 km/1ac =~ 49 km/uac.

4. 3ajauu U3 3eMJeMEepPHOH NMPakKTHKH

a) Uepe3 paHHyio Touky C HaJ0 NPOBEMIHTb MPSAMYIO,
napaJJyieslbHyI0 HeJOCTYIHOH NpsAMOH, Ha KOTOPOH BHIHEI
nBe Touku A u B (puc. 80).
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Pemenue. 1) Mamepsiem CD = (6asuc).
2) Hamepsiem yrawi: & ACD = C;, =¥ ACB = C,,

2 ADC =D, u 2 BDC =D,

3) Pemaem tpeyrossHuk ACD mo ctopoHe ! m mpuie-
xauuM K He#l yraam C; u D, (cM. § 17,1), naxomum AC.

4) AnajoruyHo  pelliaeM
TpeyrossHuK BCD, Haxopum
B

5) PemtaeM  TpeyroJibHHK
ABC mno aBym cropoHaMm AC u
BC u yray mexny Humu C,,
HaxoguMm = CAB = A.

6) Crpoum yron ACX =
= 180° — A, nosyyaeM HCKO-
Moe HampaBJseHue CX, mapaJ-
JeJbHOoe mpsmol AB.

6) Uepes Touxky C Hajo npo-
BELIUTh IepHeHAHKYJISApP K He-
JOCTYNHOH MpsIMOH, HAa KOTO-
poii BHIHB IBe ToukH A u B
(puc.81).

Pewenue. IlepBrie nate
1aroB Te e, 4YTO M B Ipe-
OB yniell 3ajaue.

3arem crpouMm I ACF =
= 90° — A, nostyuaeM HCKOMOE
HanpaBjenue CF, nepneHpu-
KyJisipHOe IpsiMod AB.

B) HMameputr paccrosHue
ot Touku C 1o HejocTynHOMH
npsMOH, Ha KOTOPOH BUJIHEI
nBe Toukn A u B (puc. 81).

Pemenue. TloBropsiem
waru 1, 2, 3, 4, 5 B pereHuu
3ajauy a). 3areM H3 NpsMoO-
yroJibHOro TpeyrosbHuka ACF
HaXOJHM HCKOMOE paccTos-
Hue: CF = AC-sin A.

Puc. 82.

r) Uepes pannylo Touky G HajO MPOBEIIUTH MPAMYIO,
KoTopasi NPOXOAUT uepe3 Touky C INepeceuyeHHs ABYX Nps-
Mbix AD w BF, nosaras, yto M3 NyHKTa G He BHJHO TOUY-

ku C (puc. 82).
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Pemenue. 1) IIpoeemnBaeM uepes Touky G NPOH3BOJIb-
Hywo npsmyio AB.

2) UamepsieM AB=1[, I DAB=0 u & FBA=§.

3) Pemaem tpeyrosbuuk ABC mno cropcHe AB = [ unpu-
JexauluM K Heft yriam A u B, naxogum AC.

4) Usmepsiem AG = p.

5) Pemaem tpeyrosmbHuk ACG no psym ctopoHaM AG u
AC wu yray mexjy HHMH o, HaxoguMm yroan AGC, onpeze-
JNA0WHA HCKOMOe HampaBjeHue u3 G Ha C.

YnpasicHenus no scem paszdesam Knuzu

1. Knun B omnupaercs uieKko#t Ha KauH A ¢ yraom a (puc. 83) u
MOXeT ABHMraThCA B BePTHKA/JIbHOM HanpaB/ieHHH. Ha ckosbko mnonniMer-
cs KJHH B KBepxy, ec/i KJHH A NOABHHYTb BJIEBO Ha a cmM?

AN

|

Puc. 83. Puc. 84.

2. )KenesHomopoxHnifi muar6aym AB=~8,0 » Bpamaertcs BOKpPYT
ocn B (puc. 84). Haiitn dopmyay, KOTOpPOH BhHIpaXKaeTcsl 3aKOH H3MeHe-
HHf PacCTOSIHMA KOHUA A mJar6ayMa oT MOBePXHOCTH 3eMJH MNpH ero
NOJAHATHH, €CJHH BLICOTa OMOPHHIX CTONGOB
BE u CD paBua 1,5 m. Hccnegorats 1mo-
Jy4eHHYIO (opMy.ty.

8. Illap ckaTbiBaeTcs M0 HAaKJOHHOM
IJIOCKOCTH C YIVIOM HakJoHa a == 25° 3a 8
CeKYHJ.

HaiiTh 1/HHY HaK/JOHHOH IJIOCKOCTH H
1 CKOPOCTb Ilapa B KOHIe CIyCKa.

! 4, Ilap, ckaThBaloOWHHCA MO HAKJOH-
I HO IJIOCKOCTH AJHHOM B 125 &, Ro/KeH mpH-
! of6pecTH B KOHIe JBHXEHHS CKOPOCTb

42 m/cek.

4 Kakum pomkeH G6HITb Yrosa HakJOHa
NJIOCKOCTH?

Puc. 85. 5. Uro6sl momacTs co cTaHuMH A Ha

3aBoj B, Hajo mnpoexaTh 3,5 KM mpoce-
JIOUHO TpsAMOH zoporoit mo iocce MN, KoTopoe ¢ Heli BCTpeuaer-
ca nox yrjaom 69°, a saTem, mpoexaB fasee mo mocce 1,8 xm, csep-
HYTb HA MPOCE/JOYHYI MPAMYIO JOPOry, BCTPeualollyio Iocce ¢ APYyroi
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CTOPOHH ToA yrJoM B 37° (cM. puc. 85), u mo Helf exaTh eme 5,0 xu.
Kakas skoHoMHsi B nyTH GyZeT INocJe CTPOUTENbCTBA MPSIMOE XOPOrH OT
CTaHLUMH JO 3aBOAa?

6. B 8 yac. u3 raBaHu Bblilen napoxod mo Kypcy 10°CB; uepes
mosiyaca OH M3MEHWJ HanpaBieHHe Ha 12° BocToyHee M, mpoias etie 3/4
yaca, B3sJ CBOH MocTOsiHHBIH Kypc — 72°CB.

Us Ttoii e raBaHu B 9 uac. BhIIUEJ KaTep H, ABHrasCb MNO MNpPSMO-
nuHeiHomy nyTH, B 10 wac. 30 MuH. JorHanm mapoxox. OnpelennTh Kypc
H CpeJHIOI0 CKOPOCTb KaTepa, ecsld Mapoxoj liesl C MOCTOSHHOH CKOpo-
ctbio 30 xm/uac.

Yxaszanue K pemweHnto. Kypcom Kkopabas HasweBalor yroda
MEXAy MepHAHAHOM W HanpaBleHHeM ABHXKeHHs KopaGjs, OTCYHThIBae-
MBIt TIO yacoBoii crpeske oT MepuanaHa, Kypc 10° CB osHauaer, uTO
Kopa6Jib MeT Ha CeBepo-BOCTOK moA yruoM B 10° Kk mMepHAnany.

Ha pucynke 86 paHa cxema ABHXKeHHs KopaGJas M Katepa. [aBaHp
oGo3HaueHa 6ykpoii O, a HampaBJieHHe MepHIHaHa yKasaHo ctpejoit SN.

. c
s i
Ea |
b/ A 1w
i
0 :D
d
S
Puc. 86. Puc. 87.
(0)))
Xon peuleHHst 3ajaum: tg x = D¢ TAe X —Kypc Katepa;
OD = 0A-sin 10° 4 AB-sin 22° 4 BC-sin 72°%
DC = OA-cos 10° 4-AB-cos 22° 4 BC-cos 72°.
ocC CD
CxopocTh KaTepa v = 5. The t= 1,5; OC = oy HT I

7. Ha pucynke 87 musofpaxeHa uyacTb TOmoOrpaduyeckoli KapThl C
macwta6oM 1 cm = 100 # H paccTOSHHAMHU MeXIY FOPH3OHTAJISAMH B 5 M.
Hafitn feficTBHTe/IbHOE paccTosiHHe (T €. HAa MECTHOCTH) B MeTpax H
KDYTH3HY CKJIOHOB B rpajgycax Mexay nyHktamu: A u B, Cu D, E u
F, K n L. KakuM oTpesKoM H306pasHTCsl Ha 3TOfl kapTe yyacToK mps-
MoJiuHe#iHoro nytH B 170 x# mo ckaty ¢ ykJoHoM B 23°?

8. TpeGyeTcsa yCTPOHTb KaHaTHYIO Nepefayy rpy3oB MeXAy MNYHK-
TaMH A u B, pacno/io:KeHHRIMH MO pa3Hble CTOPOHH pekH. [las ompe-
IeneHus pacctosuus AB BIoJb Gepera oTMepuiH 6asuc AC JJIMHOH B
200 # u uamepuan yrael BAC u BCA, KOTOpHE OKasalHChb pPaBHEIMH
cooTBeTcTBEHHO 74°30” u 44°15’. Haiimute anuny AB

9. UTo6bl OmpefieMTh pacCTOsSIHME MEXAY AByMsl NyHKTaMH A u B,
pasjJie/leHHbBIMH KpaeM Jeca, BhIGpaJH BHe Jeca TouKy C H H3MEpHJH
AC =340 m, BC=~460 » u yron ACB = 116°, Halinure pauny AB.
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10. Ha Teso gmefictByioT moi yriaom o = 52° gBe cuibl P; =25 ke
H Py = 48 xe. OnpejenuTh BeJHYHHY M Hampap/jeHHe pe3yJbTHpYIoLied
CHJIBI.

11. Cuny P =840 k2 Hajo pa3joKuTb Ha ABe Cuabl P, = 734 kz n
Py, = 550 xe. Ilon kakuMm yrjaoM K cuie P [O/KHB AEHCTBOBATh CHJIBI
Py u Py?

12. B ropHoM jeJie BCTpeualOTCA 3ajaul CAEAYIOMEro THMA: C Of-
HOl M TOH Ke CTeHB WIAXTH Ha OJHHAKOBOH BbiCOTe MPOGHTHl ABa LITpe-

Ka, BXOXBI KOTODBIX OTHAEJIEHH!

350 Ipyr ot gpyra Ha 4 m (pHC.
88). IlepBHii WTPEK HMeeT
] - e naudy 350 m M HanpasieH
NSO ———-———"" nepneHAHKYyJspHO cTeHe. [au-
&~ Ha BTOPOTO LITPeKa paBHa

Puc. 88. Puc. 89.

280 #, u oH HanpaBieH moj yruoM 125° k creHe maxTe. KoHunmbl 3THX
IUTPEKOB JNOJIKHBl GLITh COEAHHEHH TPeTbHM mTpekoM. Tpefyercs om-
pele/uTh IJHHY 3TOrO CBS3BIBAIOLIErO LITPEKa.

13. Ins onmpefeseHust pacctosinusi Mexay JIyHoR m 3emJselt acrpo-
HoM Jlanaua Habaionan B 1752 r. JIyHy OZHOBpeMEHHO H3 JBYX NYyHK-
TOB, PacCHOJIOKEHHBIX IOYTH Ha OJHOM MepuiHaHe, M3 Depauna, nexa-

mero Ha 52°317 c. w., u Kefintayna nexa-
D mero Ha 33°56” 0. w. IIpu stoM 6HLIO ycTa-

HOBJIEHO, 4TO B Depumne yrosn Mexjy Hanpas-

JIGHHEM B 3eHHT H HanpaBJIeHHEM Ha OTpeJlesIeH-

Hyio Touky JIyHb paBeH 32°3’ a Takof xe
¢ yron B Keiintayne pasen 55°40" Haiinure uc-

KOMOE pacCTOsSIHHEe, HCIOJIB3Ysl 3TH JaHHHIE H

BeIMUHHY Dajuyca 3eMHoro mapa R == 6370 ku.

14, Ecay Ha ropH3OHTA/NBHON NOBEPXHOC-

TH 3eMJH [PeNnoJaraioT pacCalHTh AepeBbs

5 Ha pacctosiuun a = 4,5 m (puc. 89) TO Ha
KaKOM DAacCTOSIHMH OJHY OT JApYyroii clexyer

90. KOMaTh SIMKH IJIS MOCajJKH JepeBbeB MO CKJO-
HY x?gswa. HMEIOLIEMY HaKJOB K CODH30HTY
a2

15. Uro6H BEIMMJIMTL M3 WHAHHIPHYECKOro (6e3 KOHYyCHOCTH) GpeBHa
NPSIMOYTOJIbHYIO GaJIKy HaHGOJbIIEro COMPOTHBJEHHs, MPOM3BOAAT pas-
METKY CJEAYIOLIHM 00pa3oM: C NOMOLIbIO LEHTDOMCKaTeJsi MNPOBOAST Ha
topue GpesHa puamerp AC (puc. 90), HesAT erd Ha TPH paBHHIE 4acTH,
u3 Touek aenenuss E u F nposoasar nepneniukyaspsl EB # FD K nua-
Merpy AC H TOUKH MepeceuyeHHs NEPNeHAHKYJ/SPOB C OKPYKHOCTbIO COe-
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AHHSIOT NPsAMHIMH JuHUAMH AB, BC, CD u DA. B TeopuM cONpOTHB-
JIeHHS] MaTepHaJioB IOKa3blBaeTCHA, YTO Takas Gajika, MOCTaB/JeHHas Ha
pe6po AB, oTiHuaeTcss HaHGOJBIIMM CONPOTHBJEHHEM.

Onpejiesinte pa3Mepel momepeyHoro cedeHus ABCD Ganku Han60Jb-
ILEro COMpPOTHBJIEHHSI, KOTOPYIO MOXKHO BBIMHJIHTb M3 LMJIHHIPHYECKOTO
6peBHa ¢ puameTpoMm D = 260 mm. Brruucaute yriel, KoTophie 06pasyiorT
CTOPOHBI CeyeHHst ¢ AHaroHambio AC.

16. Uro6hbl ompejie/MTh MJIOLIAAL Y4acTKa 3eMJH, HMelomlero Gpopmy
natuyroibHuKa A;A;AgA4As, BHIGpaaH Ha yuacTKe HEKOTOpylo TOuky M,
H3MEPHJIH PacCTOSIHHS OT TOYKH M [0 BepuUIMH yuacTKa H yrabl, obpa-
30BaHHble HaNpaB/eHHSMH H3 TOYKH M Ha BepIUHHBEI y4yacTKa.

Pe3yJbTaThl H3MepeHHsl OKa3aJHCh CJENYIOLIHMH:

AM =340 1, AM =~ 420 m, AgM =280 n, AM =310 n,
A5M =~ 290 M, 2 AIMA2 = 600,
5 AMAy = 470, 3 AgMAy =~ 1939, 3 AMA, =59 1 3 AMA=TI®,

Haiity nuomans storo yuactka.

Ykxasaunue. [lpu onpefenenny miomanefi TpeyrolbHHKOB, Ha KO-
TOpHIE pa3JjiaraeTcsi JaHHBIH MHOTOYTOJBHHK, MOXHO BOCHOJb30BAaThCH
cdopmysamu, BeIBefeHHBIMH B § 18, ynpaxueHue 4.

17. IBe Toukn A u B, paccTosiHHe MeX1y KOTOpbIMH paBHO 15,0 ca,
yZAasneHbl OT MJOCKOro 3epkajaa coorBeTcTBeHHO Ha 5,0 cm u 7,0 cm.
OnpefenuTs yrosm majeHus Jjyua, HAywero or A H OTGPOLIEGHHOrO 3ep-
KaJoM B HampaBJeHHH K B.



3AKJIIOYEHUE

V3yunB HOBHIH BBIYMCJIMTE/bHBIH INpHEM pelIeHHs Tpe-
VTrOJILHUKOB U (DUTYp, CBOAMMBIX K HHM, OCHOBaHHBIH Ha
TEOPHH TPUIOHOMETPUYECKHX (YHKLHH OCTPOro yraa, MOXK-
HO /i1 CKas3aTh, YTO BBl 3HAaeTe TpUroHomerpuio. Her, Hesb-
3s. Bamy H3yueHa JHMIIb Haua/JbHAas CTajUsi STOrO Mpex-
MeTa, B KOTOpOil OH HaxozuJ/cs npumepHo Jo XVI Bexa.

|z

e S :
W\ L/ =

Puc. 91. Puc. 92.

CoBpeMeHHble HHXKEHEDH M TEeXHHMKH, CO3Jaioliue pas-
JIUYHble MAallMHBl H MeXaHH3Mbl, B KOTOPbIX IPOHCXOJHT
npeo6pa3oBaHHe KPYrOBLIX [IBHKEHHH B NpAMOJMHEHHbE H
obpaTHO (Ha pucyHkax 91 u 92 m3obpaxeHbl MOJENH MpO-
CTeflINX MeXaHH3MOB, NPEBPAllAIOMUX KPYrOBhHIE [BHIKEHHUS
B NpSMOJIMHEHHbIE), JOJIKHE 3HATh TEOPHIO TPHCOHOMET PH-
uyecKHX (YHKUMHA J0GbIX YrJIOB M JYT, MeHbUIHX H GOJib-
mmx 90°, 180° u 360°, MmOJIOKUTENBHBIX H OTPHUATENbHBIX.
Takas Teopuss TPUrOHOMETpHUecKuX (PYHKUHH Oblja pasBu-
Ta B Tpylax meTepbyprckoro akajemuka Jleonapza 3Siinepa
(1707 — 1783) u m3JjoxkeHa B LOCTYNHOH ¢opMe 1jd yua-
muxcs npogeccopoM M. E. TINosoBunbiM (1756 — 1790), mnue-
MSIHHHKOM 3HaMeHHUTOro akajemmka Muxauna BacusbeBuua
JlomoHocoBa. Takyio TeOpHIO TPUTOHOMETPHUECKHX (DYHKIUH
C pa3/HYHbLIMH ee TNpHJOXKEHHMH HalleTe BO BTOPOH H
TpeThell yacTax JaHHOH KHuru. OHa BOODYXKHT Bac elle
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6oJiee 3()peKTHBHBIMH BBIYHCJHTEBHBIMH NpPHEMaMH DEIIeHHs
CaMBIX pas3JHYHBIX 3aJay IO TeoMeTpuH H aJjre6pe, (H3HKe
U MeXaHUKe, TeOJle3MH H aCTPOHOMHMH, TeXHHKe M HaBUTALHH,
B ugacTtHOCTH, AN MHOTHX pelleHHBIX 3ajjay Bbl Ha#jere
6o.1ee KpaTKHe W HauboJsiee yJIOOHLIe pellleHHS.

Tadanua Tpex3Ha4yHbIX NMPUOJHIKEHHBIX 3HAYEHHH CHHYCOB M KOCHHYCOB
yrJos C UiaromM B OAMH rpajayc

A sinA B A sinA B A sin4 B

0° 0,000 90° || 30° 0,500 60° | 60° 0,866 | 30°
1° 0,017 89° | 31° |0,515| 59° | 61° 0,875 | 29°
2° 0,035 88° | 32° 10,530| 58° | 62° 0,883 | 28°
3° 0,052 87° | 33° [0,545| 57° | 63° 0,891 | 27°
4° 0,070 86° || 34° 0,559 56° || 64° 0,899 | 26°

5° 0,087 85° | 35° |0,574| 55° | 65° 0,906 | 25°
6° 0,105 84° || 36° ]0,588| 54° | 66° 0,914 | 24°
7° 0,122 83° || 37° 0,602 53° | 67° 0,921 | 23
8° 0,139 82° || 38° [0,616| 52° || 68° 0,927 | 22°
9° 0,156 81° | 39° [0,629| 51° | 69° 0,934 | 21°

10° 0,174 80° |f 40° {0,643 | 50° | 70° 0,940 | 20°
11° 0,191 79° | 41° [0,656| 49° | 71° 0,946 | 19°
12° 0,208 78° || 42° (0,669 | 48° || 72° 0,951 | 18
13° 0,225 77° || 43° |0,682] 47° | 73° 0,956 | I7°
14° 0,242 76° || 44° |0,695| 46° || 74° 0,961 | 16°

15° 0,259 75° || 45° |0,707| 45° || 75° 0,966 | 15°
16° 0,276 74° || 46° 0,719 44° | 76° 0,970 | 14°
17° 0,292 73° || 47° 10,731 43° || 77° 0,974 | 13°
18° 0,309 72° || 48° 10,743 | 42° || 78° 0,978 | 12°
19° 0,326 71° | 49° 10,755 41° | 79° 0,982 | 1I°

20° 0,342 70° |[ 50° |0,766| 40° | 80° 0,985 | 10°
21° 0,358 69° | 51° (0,777 39° | 81° 0,988 9°
22° 0,375 68° || 52° 10,788 38° | 82° 0,990 8°
23° 0,391 67° |t 53° [0,799| 37° | 83° 0,993 7°
24° 0,407 66° || 564° 0,809 | 36° | 84° 0,995 6°

25° 0,423 65° |f 55° {0,819| 35° | 85° 0,996 5°
26° 0,438 64° || 56° 0,829 34° | 86° 0,998 4°
27° 0,454 63° | 57° {0,839 33° | 87° 0,999 3°
28° 0,469 62° | 58° [0,848| 32° || 88° 0,999 2°
29° 0,485 61° || 59° 10,857 31° | 89° {,000 1°
30° 0,500 60° || 60° 10,866 | 30° | 90° 1,000 0°

A cosB B A cosB B A cosB B
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Ta6auua Tpex3HauHbLIX NPUGIMKEHHBIX 3HAYEHMH TAHreHCOB yraos

C maroM B OfMH rpaayc

A tgA A tgA A tgA A tgA A tgA
0° 0,000 20° 0,364 40° |0,839| 60° 1,73 || 80° 5,67
1° 0,017 21° 0,384} 41° |0,869| 61° 1,80 || 81° 6,31
2° 0,035 22° 10,404 42° |0,900( 62° 1,88 || 82° 7,12
3° 0,052 23° (0,424 43° |0,933| 63° 1,96 || 83° 8,14
4° 0,070 24° |0,445| 44° |0,966] 64° 2,05 || 84° 9,51
5° 0,087} 25° 10,466 45° |1,000| 65° 2,14 || 85° 11,4
6° 0,105( 26° [0,488 46° |1,04 || 66° 2,25 || 86° 14,3
7° 0,123 27° 10,510 47° |[1,07 || 67° 2,36 || 87° 19,1
8° 0,141} 28> |0,532| 48° |1,11 || 68° 2,48 || 88° 28,6
9° 0,158] 29° |0,554| 49° |1,15 | 69° 2,60 || 89° 57,3

10° 0,176 30° 0,577} 50° |1,19 || 70° 2,75

11° 10,194 31° |0,601}f 51° 1,23 || 71° 2,90

12° 10,213] 32° |0,625] 52° 1,28 || 72° 3,08

13° 10,231 33° (0,649} 53° [1,33 | 73° 3,27

14° 0,249 34° |0,675]| 54° 1,38 || 74° 3,49

15° 0,268 35° |0,700( 55° |1,43 |f 75° 3,73

16° 0,287 36° |0,727|| 56° |1,48 || 76° 4,01

17° 0,306 37° |0,754|| 57° |1,54 || 77° 4,33

18° 0,325( 38° 0,781 58° (1,60 || 78° 4,70

19° 0,344 39° |0,810( 59° |1,66 || 79° 5,14
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r1ABA 1

OBOBIIEHUE MOHATHSA YIJIA W KPYTOBOW JVIA.
HYUCJI0BASI OKPY)KHOCTb

§ 1. Heo6xonumocTb 0GOGLIEHHS] MOHATUSI yria W Kpyrosod
AYTd MOpH U3y4eHHH BpaUlaTeJbHbIX NBUXKEHUH

[loHsTHS yrsa u KpyroBOoH AyrH, JaHHbIE B [eOMETDHHY,
OKa3LIBAIOTCS HEJNOCTAaTOYHBIMHA NPU H3YyYeHHH BpallaTte/b-
HBIX H KPYroBHIX JABHXKeHHH. B caMom Jene, paccMOTpHUM

CAEAYIOMYI0  HPaKTHYECKYIO
3ajauy. \
MaxoBuK jusenn Aesaer .
40 o6oporoB B MHHYTY. Kakoii
yroa onuwer ero crnuna OA
(puc. 1) B Teuenue ¢ cek.? Ka-
KYyI0 Iyry OIHLIET KOHel CIIH-
nsl A 3a 310 BpeMsi? Kakoe
noJsioxkeHue safimer cnuma OA

yepes [ = L ocex?

2
Pewenne. Hckomeiii
360°-40-¢
yron (myra) ¢ = —g— = " o 1
= 240°¢. s
BesnuuHa yrJa (Ayrd) Belpasusack QyHKLHeH BpeMeHH h
p = 240°¢

C BO3pacTaHHeM ! yBeJHuYHBaeTca yroa (Ayra) ¢, 4TO [O-
KasaHo B TalJHie:
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¢ 0 1_;_ 1 2 5 10 60

] 0° 120° 240° 480° 1200° 2400° | 14 400°

B reomerpun yesom rnaseiarom ueypy, 06pasosanHyo
0syma aydamu, umeouumy obujee Ha4aao, Kpyeogoh dAyeoli
HQA36IBAIOM 4ACMb OKPYNCHOCMU, 02PAHUYEHHOU 08YMS MoH-
kamu. IIpn Takux onpele/eHUsAX BeJHYHHBI YIVIOB U AYyT
MOTYT HU3MEeHSTbCH TOJbKO B mpeiesnax or 0 go 360°. Cie-
Jl0BaTe/bHO, BCTaeT He06XOJHMOCTb OOOOLIUTEH OI pejliesIeHHe
yrJa H KpPyroBoil AYTH TaK, YTOOHl HX BEJNHUHHBI He ObIIM
OrpaHHYEHHI.

Urobbl OTBETHTh H2 BTOPOH BONpOC 3aZaud O I[OJOXKE-

1
uuu cnunpsl OA uyepe3 ¢ = —- CeK., HaJO 3HaThb HalpasJe-

2
HYe BpauieHHs MaxOBHKa.

Ecnu HampaB/eHHe BpallleHHS MaXOBHKa COBIAJaeT C
HamnpaBJIeHHEM BpalleHHs 4acoBod cTpejiku, To cnuua OA
omumer yrosa B 120° u 3aiimer moJsoxenue OM,;, npu mpo-
THBOIIOJIOXHOM BpalleHUH MaxoBuKa cruna OA omumier Tak-
)e yroa B 120°, Ho saiiMeT nosoxkeHue OM,.

Taxkum ofpa3oM, IOJHBIH OTBET Ha BTOPOH BOIpoC 3a-
naud TpeOyeT yKasaHHS BEJIHUYHHBI yTJa, OINHCAHHOTO CIIH-
nefl, ¥ HanpaBJeHHsl IBHIKEHHS CIHLIBl. TO XKe caMoe MOXK-
HO clelsaTb H O KPYroBo#l Jyre, ONUCHIBAEMOH KOHIIOM CIIH-
sl OA.

§ 2. OGoGuenHbli yroa u oGolueHHas Kpyroas ayra

B cooTBeTcTBHM ¢ BHIBOJAMH IIpefbAyllero mnaparpada
o6HapyIKUBaeTCs Iejecoo6pasHoCTh B CJELYIOLIEM OIpeje-
JIEHUH:

Cosokynnocme 08yx Ay4ell ¢ oOUWuUM HAYQAOM HA3LIBAIOM
0000UieHHbIM UM HANPABACHHBIM Y2AOM, eCAU YKA3AH nops-
00K, 6 KOMOpOM pACCMAMPUBAIOMCA MUy AydU, U 3a0aH0
8paLeHUe, NPU KOMOPOM nepebll Ay nepexodum 80 6mopod;
obujee Hauaro aydeli, B0KPYa KOMOPO2O COBEPULACHICA 8pa-
wieHUe, HA3b616AOM 8eplUUHOl 0000UeHH020 Yeaa, @ camu Ay-
4l — e2o0 CopoHamu'.

1 BpauleHHe Ha MJOCKOCTH ONpefesseTcs 3ajaHHeM TOYKHM, BOKDYP

KOTOpOIl COBeplIaeTcss NOBOPOT, HAaNpaB/leHHEM [OBOPOTA H BEJHYHHOH
yrJaa [oBoporTa.
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[Tpu sanucu o6GoOwmIeHHOro yrsa Ha [EPBOM MeCTe CTa-
BUTCA OYKBa, COOTBETCTBYloLlas MepBomMy Jyuy. Hampumep,
3anucH 0606ieHHbIX yraoB AOM wu (h; k) nokasblBaioT, 4TO
NepBLIMM CTOPOHAMH SABJSAIOTCS COOTBETCTBeHHO Jyun OA
u h. UreHne usobpaxeHHOro o0600UIEHHOrO yryia TakXe Ha-
YHHAEeTCA C ero NepBOd CTOPOHHL.

[Tepeyio cTOpOHY 06GOGIIEHHOrO yrsa HasbiBalOT HHOrJA
HauaJbHOMN CTOPOHOH, a BTOpylO—KOHeuHOI Takue
Ha3BaHUS yKa3BIBAalOT, 4TO 0606meHHbIH yroa AOM Mmoxer
ObITh NOJyYeH KHHeMaTHYeCKHM BpalileHHeMm Jsyda OA BOKpyr
Toukn O OT ero HauajbHOro moJsoxeHuss OA [0 KOHEYHO-
ro OM.

Ha nsockocty BpalleHHe Jyya BOKpYr €ro HayaJja BO3-
MOXKHO B JBYX HampapseHusiX. OZHO M3 3THX HamnpapJ/eHuH
COBNAJdeT C HampaBJieHHeM BpalleHHs CTpPEeJKH 4acos, II0-
JIOXKEHHBIX Ha IJIOCKOCcTh mudepbiaToM K HabuiogaTelo, a
Ipyroe — NpOTHBOIOJIOXKHO HANpaBJ/IeHUIO BPaIleHHsT 4acoBoH
CTpeJIKH; pajy KpPaTKOCTH B IIepBOM CJ/iyyae I'OBOPAT O Bpa-
UIEHHH IO YacOBOH CTpeJsiKe, a BO BTOPOM — IIPOTHB YacOBOH
CTpeJIKH.

O6o0LIeHHEIl  yroJl Ha3bBAlOT M OJOMKHTEJJbHBELM,
€cJi Tepexo] OT ero MepBoH CTOPOHBI KO BTOPOH coOBep-
[aeTcs BpalleHHeM [EePBOTO JydYa MPOTHB YacCOBOH CTpeJIKH,
U OTpHLATEJbHBIM, eC/JH TaKoil MepexoJ, COBEpIIAETCS
BpalleHHeM [epBOro Jiyua IO 4acoBOH CTpeJiKe.

Takoe corsawenue nmeer cpolo Heropuio. Kax H3BecTHO, MexaHHue-
cKMe M COJIHEeuHble (TeHeBble) uackl YCTPOEHB TaK, 4YTO HX CTPEJIKH
BPALIAIOTCS «TIO COJIHUY», T. € B TOM )K€ HampaB/ieHHH, B KaKOM Mkl
BuauM Kaxyuleecss HaMm aBHxeHne Counua Boxpyp 3emsn Ho ¢ oTKpei-
tueM [{omepuukom (1473—1543) HCTHHHOrO (MOJIOXKHTE/LHOIO) HBHMKEHHSI
3eman Bokpyr CoJiHLa, BHAHMOE HaMH (T. €. Kaxylleecs) [BHXKeHHE
Cosuua BOKPYr 3emsH  sBasieTC (HKTHBHBIM  (OTPHLATENbHBIM) H
KomepHux ero oTpHIaJ, MNOITOMY H CYHTAIOT HanpaeJeHHE Bpalle-
HHSl <TI0 4acOBOH CTpesiKe» HJIH (MO COJMHLUY» OTPHLUATENbHBIM, 4 OpPOTH-
BOIIOJIO}KHOE Hal paBJieHHe — MOJIOKHTEbHBIM.

BosBpamasce K 3ajaye 0 BpalleHHH MaxoBHKa (cM. § 1,

1
puc. 1), MoxKeM Temepb cKasaTb, YTO 3a BpeMms = 5~ CeK.
cuna OA omumer JAOM; = — 120°, eciu MaXoBHK Bpa-

maeTcs MO 4acoBo# crpesxke, wmd AOM, = + 120°, ecau
MAaxOBHK Bpaulaercss B [MPOTHUBOIOJIOXKHOM HaIIpaBJIeHHHI.

! TlonsiTHO, uTO AJs1 HabJojaTes, HaxoAdAllerocst Mo APYryio CTo-
poHy maxosHka, yroa AOM,; oxaxercs pasHbiM - 120°, a yron AOMy—
paBHpiM — 120°, mosToMy InpH HCCJENOBAHHH JAHHOTO BONpOCA HAago
BbIGpaTk ONpejeJIeHHOe MOJIOKCHHE ANA HaGaojaTed.
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[TousTro, yto 3a 10 cek. BpauleHHs MaXOBHKa IO 4acOBOH
CTpesIKe Ta e CIHIa omuueT yroa B—2400°, a mpu mpo-
THBOINOJIOXKHOM HAINlpaBJEHHH BpalleHHs OMNHMIIET YroJ B
-+ 2400°.

UToOBl COXpPAHUJIOCH H3BECTHOE B [EOMETPHH COOTBETCT-
BHE MEXJIy IEHTPAJbHEIMH YIJaMH U CTSATHBAIOMIUMH HX 1y-
ramg, ueJjiecoo6pasHo JaTh CJeAYyloliee onpezesneHHe 0600-
[IIeHHOH KpyroBOoH XyTH:

O60buyennol Kpyeosoll Oyzoli Haseleaemcsa ueypa, onu-
colgaemMasn MOUKOL, cosepuiaroujell Kpyz080e O8usceHue ¢ YKa-
BaHUEM HANPABACHUS OBUNEHU MOYKU, & MAKICE ee HA4ANbHO20
U KOHeuH020 noaoxcerus. HauaabHoe U KOHEUHOE INOJIOMEHHE
TOYKH, ONKMCHIBAIOMIEH [yry, HasblBalOT COOTBETCTBEHHO H a-
yaJoM M KOHIOM JYyTH.

Ilyry HasblBaloOT OTpHILATEJbHOH, €cau Iepexo]
OT ee Hauaja K KOHIY COBIAJaeT C HalpaBJeHHEM JBHKE-
HHS YaCOBOH CTPeJIKH, U NMOJOXHUTEJJbHOH, ecJau TakoH
TIepexo]i NPOTHBOINOJIOXKEH HANpPAaBJEHHIO [BHXKEHHS 4YacoBOH
CTPEJIKH.

3anuceBaioT 0006LIEHHYI0 Ayry ABYMs O6YKBamH, 0603-
HayaloUMH ee HayaJo H KOHel, NpHYeM Ha IepPBOM MeCTe
numyT GYKBY, O3HAYAIOMYI0 Hayajo JYrd, a Ha BTOPOM —
ee xoHeu. Tak v AM wumeer Hayaso B TouKe A H KoHen
B Touke M. Ha pucynke 1 BrijeneHwl gBe ayru AM, =
=+ 120° u AM,; = — 120°.

[osnesno 3ameTuth, uTO NpH o6pasoBanuu yriaa AOM Bpa-
meHueM Jyda OA Bce TOYKM STOrO Jyda ONHUCHIBAIOT 0606-
LIEHHblE KPYroBble Iyru!, KOTOPLIE H3MEPSAIOTCSH TEM K€ UHC-
JoM rpafycoB, uto u yroa AOM. Hauano mo6o#i u3 3THX
Iyr JIEXKHT Ha HavasbHOH cTopoHe yria AOM, a Konel —
Ha BTOpOH CTOPOHe yrJa.

Tak, Hampumep, NpH BpallleHHH MaXOBHKa «IIO 4aCOBOH
cTpeske» (cM. 3agauy § 1, puc. 1) 3a 2 cek. cmuua OA
omumer 0600meHHbH yroa B— 480° u 3afiMeT moJIOXKEHHE
OM,;, a ee Touka A, coBepuasi NPy 3TOM KDYroBOE IBHKe-
HHe, omuuler obobuieHHYl0 Ayry B—480° c¢ HauajoMm A u
KOHIOM M.

Ynpascuenus.

1. Ilpy saMblKaHMH JBEepPHOrO 3aMKa MOBEPHYJIM KJIOY «IIO0 9aCOBOH
CTpeJiKe» Ha Ios-o60poTa. BeipasuTe B rpajycax AyrH, OMHCaHHBEIE NpH
5TOM PAa3/IMYHBIMH TOYKaMH [MOBEPXHOCTH KJoua

1 B paspHeiien 6yneM ynoTpedJiaTe CJIOBO «Ayra» 6e3 AOMNOJHEHHS
Kpyrosas.
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2. Ha Kakoif yros Hajo MOBEPHYTb MHHYTHYIO CTPeJKYy, 4TOGHI me-
peBeCTH yachl Ha3ah Ha 2 waca 40 mMHHYT?

3. Ilpn OTBHHUMBAHHH rafiki raeuHblf K/JOY MQBEPHYJH (IIPOTHB
4acoBoli CTpesKH» Ha ueTBEPTb oBopoTa. Bripasuts B rpagycax BeJHuHRy
yrJja, Ha KOTOPHIH NMOBEPHYJIH TaeuHbIH KJI0Y.

4. [Tpn 3aKpEITHH BOJONDPOBOAHOrO KpaHa IOBEPHYJH BEHTHMb «I10

yacoBOH CTpeske» Ha 3 v o6opota. Bripasuts yroJj nosopora BeHTH-

Js B rpagycax.

5. Bexpo B KoJIOALE MOAHHMAeTcs Ha 2 M, €CJHH DYKOSITKY BOpOTa
MOBEPHYTb Ha MATb MOJMHBIX 0GOPOTOB MO yacoBoii cTpeske. Ha kakoit
yroJ Hajio MOBEPHYTb PYKOATKY BOPOTa, 4TOOH BeApo: 1) mopHA/IoCch Ha
1,5 #? 2) onyctustock Ha 3 m?

Bepremcs ewmle pa3 K 3ajaye O BpalleHMH MaXOBHKa
(cm. § 1). Ha pucynke 1 uso6paxken yron AOM, = -+ 120°;
nocraBuM cebe BOMPOC: HET JIM JAPYruX OCOOLIEHHBIX YIJIOB
c Toit e HayaJpHOH cropoHOl OA M TOH XKe KOHEUHOM
croporoit OM,?

OTBeT sceH! TakKHe YIJBl CYLIECTBYIOT, NpHuYeM HX Gec-
KOHEYHOE MHOXEeCTBO M BeJMYHHA KaXJOro M3 HHX OTJIH-
YaeTCs OT BEJIHUYMHE! BBIJEJEHHOTO cTpesikoil yraa AOM,=
= -4 120° wumcaoM KpaTHBIM 360°, Tak Kak IpH KaxJIoM
obopore MaxoBuka cmuma OA onwmceiBaer yroa B 360° a
MMEHHO, eCJH MaXOBHK BpallaeTcs INPOTHB YacCOBOH CTpeJ-
KH, TO

3a t=-%— cek. cnuna OA onuwer yron AOM,=+120°%

3a f=2cek. cmuna OA omumer yron (AOM,),=
= -+ 120° 4- 360°;

sa t=4,5cek. cnuua OA omumer yron (AOM,), =
= -4 120° 4 360° - 2;

sa f=6 cek. cmmua OA onumer yron (AOM,),=
=4 120°4-360°-3 u 1. 1.

Ecan ke MaxoBHK BpaljaeTcsi [0 4YacoOBOH CTpesike, TO
nepBuii pa3 B mosoxenue OM, cnuma OA mpuzer uepes
1 cex. u onuier npu 5ToM yroa AOM, = — 240°. 3a 2,5 cexk.
OHa omuileT oTpuuaTenpHbll yroa (AOM,); =— 240° — 360°,
3a 4 ceK. OHa onuueT oTpunarteasHeil yroa (AOM,) =
= —240°—360° .24 1. 1.

Wrak, cymecTByeT GeCKOHEUHOE MHOXKECTBO YIVIOB ¢ 06-
meHd HauaJbHOH CTOpOHOH M OOIIeH KOHEYHOH CTOPOHOH.
BcTaer Bompoc: Hesb3sl JIH BCE TaKHe YIJIbl 3alHCHIBATh Of-
HoH dopmymoii? OrBeT gajuM B ofuleM BHZe.
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[Tycte OA — HauajsbHasi cTOpOHa BCeX TAaKUX YIJIOB, a
OM — ux ofwas KoHeuHas ctopoHa (puc. 2). Crauana pac-
CMOTpHM Yriibl, ofpasoBaHHble BpaiieHueM Jgayda OA nporus
yacoBofl cTpeJkH. HanMeHbmm u3 Takex yrios OygeT TOT,
KoTophlil ofpasyercsi npu nepBom coBnajgeHuu ayda OA c
ayuom OM; o6osnaunm ero uepe3d (AOM), u mycTb OH pa-
BeH ¢°. lloHsTHO, uTO Bpamiawuwluiics B yKa3aHHOM Hanpa.-
JIEHUH Jlyd MOXKeT NPUHATH B noJoxkenue OM, onucas j060H
U3 CJeJyoHUX yrJjoB:

(AOM), = a° + 360°;

(AOM), = a° + 360° -

(AOM); = a° +360 3

(AOM), =0’ -I— 360°
rjge n-— nio6oe HaTypasJbHOE YHCIIO.

Ecnu nyu u3 cBoero ucxopuoro
nosoxenuss OA HauHeT BpalleHHE
N0 4acoBOH CTpeJKe, TO MePBLI pas
OH mpujJeT B nojoxenue OM, onu-

+ caB orpuuarte/eHbd yroa (AOM), =
Al = — (360° — 0°)=0"—360° s3aTeM
~\ 0 A Takoe INoJioXeHHe OH OyJeT NpHHH-
MaTb uepes Kax b nonxslil o6opor,
Pue. 2. npu 5TOM 00pasyloTcs Cjaefyoliye
orpnuaTeanme YTJIBL
(AOM); = a® —360° - 2 = a® + 360° (—2);

(AOM), ;= a® —360° - 3 =0’ 4 360° (—3);
(AOM),,, =a°— 360° =a° 4 360° (--m)
HerpynHo BuJeTh, 4TO BCe MOJOXKHUTEJbHBIE M OTpHLA-
TesbHEIE YIJIB ¢ ofuwed HauanbHOH cTopoHol OA u ofuielt
BTOpOH cTOpoHOK OM MOXHO 3amucaTb OJHOH (OPMYJOil:

AOM = a°® 4 360° . &, 9]
rje k— moboe pesnoe 4HC/I0, B 4acTHOCTH k= (.

™M

§ 3. Apupmernueckue omepauuu Haja 0Go6LIeHHBIMHU
AyraMuM U yriaamu

Onpenenenne. Cymmori 0syx uau HeckoabKux 0606ierHblx
y2A08, PACRONONEHHbIX & OOHOL NAOCKOCMU MAK, 4mo emo-
pas cmopoHa nepeozo Yaaa coénadaem ¢ HA4AALHOL CMOpo-
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HOL 8MOP0O20, 8MOPAS CMOPOHA 8MOPO20 yeaa cosnadaem ¢
HauaabHol Cmoporol mpemee2o . m. 0., HA36BAM mMakoll
yeon, y Komopoeo HAuQAbHOU CMOPOHOL CAYMCUM Ha1aivHaA
GIMOPOHA Nepsoeo Yyaia, a 6mopol CMOPOHOL — 8nlOpas Cmo-
POHA nocAedHe20 yaaa;, KOpoye:

4,04, + 54,04, + 2A0A, +... + 24,04, =
= 3A,04,.

Ha pucynke 3 nepeja cuydaif, Korga ompejesseTcs
CyMMa TpeX YTJIOB:

234,04, + 34,04, + 34,04, = 34,04,

st COXDaHEHHs OTMEUEHHOrO PAHEE COOTBETCTBHS MeX-
Ly BeqMYHHON OGOGLLEHHOA LYIH M meHTpaJbHEIM YIJIOM,
CTHTUBAIOUIUMCS 3TOH Ayrol, mneJe-
coo6pa3Ho JaTh aHAJIOTHYHOE OIpe-
JeJieHHe H /sl CYyMMBl 0606lieH-
HHIX OyT1 eymmold 0eyx uiu Hee-
Koabkux 0000wierHblx OYe OOHOL U
moi dce OKPYHCHOCMU, PACRONONCEH-
Holx max, 4mo Kowey nepsotl Oyau
cognadaem @ Ha4aiom 6mopoil, Ko-
Hey emopol gosnadaem ¢ HaAwaa0M
mmpemeoell u m. 0., 6ydem Hasei8ame
maky 0yzy, y KOMOPOL HAuaioMm
CAYHCUM HAYAA0 nepsoti Oy2u, 0 KOH-
YOoM—KOHeY, nocaedrel dyau; Kopoye!

CAA, + A, + CAA . VA A, =UAA,

Puc. 3.

Ha pucysnke 3 umeeT mecTo caydail ClOXKEHHS] TpeX AYr:
VA A+ A A VA A = VA,

Ecau nanHble 060GUI€HHBIE YrJbl  PacCHOJIOXKEHBl Ha
JIOCKOCTH TPOH3BOJILHO, TO AJIS OTHICKAHHSA MX CYMMEbl Ge-
pyT Kakywo-Hub6ynp Touxky O H CTPOST yrJibl C BepUIMHOH B
9TOH TOYKE, paBHble JaHHLEIM H PAaCIOJIOKEHHLIE B TaKOH
MocJie JOBATEILHOCTH, K KOTOpOH NMPHMEHHMO IAHHOE BBILIE
onpenesieHHe cyMMmbl yrjoB. CyMMOl JaHHBIX YIJIOB Hasbl-
BAlOT B 3TOM CJy4ae CyYMMy TOCTPOEHHBIX YKas3aHHBIM 00-
pasoM paBHbIX HM YIJIOB.

105



Ha pucynke 4 mepenaH cuayyail CJIOXKeHHsS JBYX NPOH3-
BOJIbHO PacCIOJIOXKEHHEIX yrioB: <& ABC u S DEF; =& A,04, =
= J ABC; = A,04; = = DEF, crnepoBaTenkHO,

2 ABC + 3 DEF = 2 A,04, + = 4,04, = = A,04,

AHnajsoruyHeIM 06pa3soM HaxOASIT CYMMy IPOH3BOJIBHO
PacIoOJ/IOKEHHBIX AYr OLHOH OKPYKHOCTH.

Herpynuo nokasaTe, yTo cymMMa HamnpaB/eHHBIX Ayr (yr-
JIOB) 06G/1afaeT MepPeMECTHTE/bHBIM H COYeTaTeJbHHIM CBOM-
CTBOM:

wVAB+vuDC=wCD+ v AB.

v AB+ (v CD+ v EF)= (v AB+ w CD) + U EF.

PasHocTe 0GOGILIEHHEIX IYr M YIJIOB OIpeNessieTcsl Tak
e, KaK ¥ pasHOCTb JeHCTBUTEJbHBLIX UYHCeJ. BrIuuC/IeHHe

Puc. 4.

Pa3HOCTH CBOAMTCS K CJOXKEHMIO 3aMEHOH BBIUHTaEeMOH ny-
ru (yrJia) NPOTHBONOJNIOXKHOH JAyroff  (IPOTHBOIIOJIONKHEIM

YTJIOM):
VAB— U CD=uwAB+u DC.
JlelicTBUTENBHO,
(v AB+ v DC)+ v CD=v AB+ (wDC + v CD)=\AB,
Tak Kak v DC -+ wCD=uwDD=0.

§ 4. PasauuHbie Mepbl YIJOB U AYr H BbijejeHHe
HauGoJsiee yHOGHOU pajguaHHOW Mepsbi

CyuecTBYIOT pa3/IMYHble CHCTEMBI H3MEPeHHH KPYroBHIX
Iyr ¥ yrJoB B 3aBHCHMOCTH OT BHJA NPAaKTHUKH:

a) IlpakTuK-MeXaHUK 4allle H3MepsieT YIJbl, o6pasyio-
IMecs INIPH BpallaTe/bHEIX JBHXKEHHUAX, 4epe3 uucjo o6opo-
TOB B | MHHYTY uaH 1 CeKyHAYy; TaKk rOBOPST, 4YTO BaJ pac-
cuutad Ha 7000 o60pOTOB B MHHYTY.
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6) AcTpoHOM 3Ke YacTO H3MepseT YIJbl, 0Opasyioliuecs
Npd BpalleHHH 3eMJH BOKPYT OCH, B YacOBHIX €JHHHIAX;
Tak Kak 3a 24 uaca 3emJis moBopauuBaeTcs Ha 360°, To 3a
1% (1. e. 3a 1 uac) ona moBepHeTcs Ha 15°, Tak roeopAr,
yto jgosrora r. MockBel 273028/, uto pasno 37°37’.

B) 3emsieMep Bcerja H3MepsieT YIJbl B TPaiyCHBEIX elH-

1 o
HHOax, T. €. 90 AoJied NpAMOro yrJa.

CyutecTByeT pasHOBHAHOCTb TPajyCHOH Mepkl, rpajoBas
Mepa, YCTaHOBJIEHHas OIHOBPEMEHHO C METPHYECKOH CHCTe-

Mmoii mep Bo ®Ppanuun (1799). I'pagom HasbiBaercs ﬁ,&onﬂ
psIMOro yria.

IF'pagycHas I'papgoBas
o 1 1

1°= 55 d 18"= 75 d
= -6% e 18 =0,01 - 1&’
R 1Y=0,01-1".
V=1

BBepeHue 3Tolf CHCTEMEI B IPAKTHKY 3HAYMTEJBHO YIIPOC-
THJIO Obl BCEe pacyeThl, HO 3aMEHHUTb BCe HHCTPYMEHTHI, CBS-
3aHHbIe C H3MepeHHeM YIJIOB (4achl, XPOHOMETPEHI, acTpoJf-
OuM, TeOJOJIUTHI M Np.), Ha HOBBlE eJHHHIBI O0Ka3aJoch
BecbMa IOPOTMM H CJIOKHBIM JeJIoM, MoyeMy IOKa H OCTaB-
JeHa cTapas BaBUMJIOHCKas TpajycHasi CHCTeMa H3MepeHHs
IyT W YIJOB.

r) Ho namGosiee yno6HO# Mepoii H3MepeHHs AT H YIJIOB,
CBSI3aHHBIX C BpallaTeJbHEIMH [BHKEHHSMH, OKas3aJjach Me-
pa pajzuaHHas (pajguycHasi), KOTopas BIepBHE B CKPHITOM
BUIe MosiBUJach B Tpynax Apxumena (287—212 r. o H. 3.
Cupakysel B CHuuauy), MeJleHHO pa3BHUBajach B TPyZAax
matemaTukoB XV—XVI BB. u odopmuiack B TpyZax reHH-
eB — Hriotona (1643—1727) u Jlefi6nuna (1646—1716), a
BOLIJA B HAyKy uepe3 3aMmeyaTesbHble TPYAbl HALIETo me-
TepOyprckoro axajgemuka JleoHappa Diiynepa (1707—1783).

Onpenenenne. Paduannod mepo o0606ujenHod Oyeu Ha-
3bl8aemcs omuoulenue daunor amoil Oyeu K Oauxe ee paduye
ca, 63AmMoe CO 3HAKOM NAKOC, ecau O0yaa NOAOHUMEAbHAS, U
CO 3HAKOM MUHyYcC, ecau O0yea ompuyamenoHas. Ecan RauHa
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noJjioxuTenabHoll \w AM = [, a giuHa eepazuyca paBHa R, To
panuanHas Mepa \w AM

@)

a=-L.
R

Tax, ecsau amuna nyru [ = 17 cm, a paguyc ayra R=5 cm,
TO ee pajuaHHasi Mepa

3Has, yTo AJMHa mosyokpy:HoctH ABC paBHa =R, Ha-
XOJUM ee pajMaHHYIO Mepy a = % == = 3,1415...

ITonoxus B dopmyne (2) /=R, noayuum a =1, cJueno-
BaTeJIbHO, eQuxuyell 6 paduaruol cucmeme usmeperus Oye

Puc. 5. Puc. 6.

cayocum noaoxumensHas Oyea, OAUHA KOmMOPoU pasHa ee
paduycy. Takyo Ayry HasblBalOT LYyTFOBHIM PafHaHOM.

Ilogo6HO TOMYy Kak B rpajycHOll CHCTeMe H3MepeHHS AyT
H yrJoB 3a eAHHHIY H3MEepEeHUSs YrJoB OBl NPUHAT LEHT-
pasibHBIH yroJ, omHpawooiuiics Ha Ayry B 1°, Tak u 6 pa-
OuaHHOU cucmeme 30 eOUHUYY U3MEPEHUR Y2/08 eCrecmeeH-
HO NPUHAMb YEHMPpasbHslul Y204, coomeemcemeayrouull dyeoso-
MY paduary, m. e. ONUPAIOUWULICS HO NOA0HUMEbHY dyey,
dauna xomopou pasna ee paduycy. Tako# yrons HasbBalOT
yraoBHM pajuaiHoM Ha pucynke 5 usoGpaxkena gyra
AM =1 pazuaHy, cjaefoBaTe/JbHO, ONHpAIOUKHCST Ha 3Ty
Ayry ueHTpanbHuIfi yron AOM Ttakxe paBeH | pazuany.
SIcHO, uTo BcfiKas Kpyroeasi JAyra ¥ ONHUpaloIluiics Ha Hee
LEeHTpaJbHBIH yroJ NMpH BHIOpAaHHBIX HAaMH €MHHIAX H3Mepe-
Hug OyAyT UMeTb OJHY M Ty Xe pajHaHHYIO Mepy. Dra Me-
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pa He 3aBHCHT OT AJIMHBI pajfyca; OHa MPSAMO MPONOPLHO-
HaJbHa IPajycHOH Mepe AYTH HJM yraa.

B camom gene, Bo3bMeM Mpou3BOJbHBIE yroa AOM u
OMHIIEM M3 €ro BepHIMHBI Pas3/HYHBIMH pajguycamu R u R,
ayru AM u A M, (puc. 6). Ecsm rpanycuas mepa JAOM =
= @° TO MO H3BECTHOH TeOpeMe reOMeTPHH NJHHE Ayr AM
1 A;M, BeIpassiTCsS UHCJIAMH:

. 2’RR1 . T Rl
o =T P Mh= g =Tz " @

Takum oGpasom, ayru AM u A; M, HUMEIOT ORHY H Ty
e DajHaHHYI0 Mepy, IPOMOPIHOHAJBHYIO rPaJyCHOR Mepe
ONHUPAIOLIErocss Ha HUX LEHTPAJbHOTO yria;

a=a=—~ @=4
1 180 (P P,
T

rae k= 85— KO03(h(HIHEHT NPONOPLUOHAILHOCTH.
[Tonyuennyio Hamu GopmyJay

a-=1_’8°0 . 9, 3)

B KOTOpPOH ¢ —rpajycHas Mepa yraa (Iyrd) # @ — pajuaH-
Has Mepa yrJa (Lyrd), MOJIe3HO 3aNOMHHTh, TaK KaK OHa
JaeT BO3MOXKHOCTb INepPeXOJHTb OT IpaiycHOH MepHl K pa-
JIuaHHO! U o6paTHO.
Tak, HanpuMep, IOJOXKHUB B 3TOH ¢opmyte ¢ =1, Hali-
IEM pajuaHHYIO Mepy Ayru (yrjaa) B 1°:
3,1415925 . . .

T
o= l=—m —= 0,01745329 ... = 0,0175.

[MosioxuB B dopmyde (3) a = 1, HafileM rpagycHyw Me-
py Ayru (yrsia) B 1 papuas:

ki
l= 180 -9,
180° 1800
=  3,1415925.,.
= 57°,2958... = 57°18’.
[Tonbaysick opmydoft (3), 1erko cocTaBuTb TabJaHILYy AJist
nepexoja OT TpajycHOH Mepnl yrJa (4yrH) K pajuaHHOHN H
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ob6patHo. Takaa Tabsauuma uMeeTcss B 4eTbIPEX3HAUHBIX MarTe:-
Matuyeckux Tabiuuax bpaamca. 3pech Mbl jaem TaGaMiy
TOJMILKO [JJIs1 TaKHX YrJOB W JYr, KOTOpbIE BCTPEYaIOTCS
BeCbMa 4acTo.

¢° ‘360" 270°({180°|90° | 60° | 45°| 30°| 18°|15° [ 10°| I° | &°
P 3 7 7 = T zln| ®|=|r9
Tl rn 7 | = | =2 = 2] =2 2 ==L
paznan ) 5|3 |7|% |10 712 |18 (180|180

[Npumeuanne, [aa o603HaueHHs rpajycHO Mepel yrJioB H AYT,
KaK H3BECTHO ymoTPeGJsoTcs ocobble 3HaukKH Tak, HampHMep, 3amuchk

v AM = 73°48725"
o3HayaeT u4to v AM cogepxur 73 rpasgyca, 48 MuHYT H 25 cekyHA.
arcx®

o

0°10°20° 30° 40° 50° 60° 70° 80°90°100°110° X
Puc. 7.

s o603HaueHUs pajHaHHON MeDH HHKaKHX 3HaKoB He BseqH. Ecum
Zyra a colepkut 3,5 paguaHa, TO MHWYT: o= 3,5 paiHan, A WHOrAa
BOBCE CJIOBO «paiMaH» OMycKaloT. Tak, 3amuck

v AB =14

o3Hauaer, 4T0 v AB =4 paguasam, T. e. WJIHHa Ayry GOJibLie AJIHHEI
ee pajauyca B 4 pa3sa.

VHoraa 3ammcHBalOT TaK: arc x°=a, rfle arc coKpalieHHas [epe
faya JaTHHCKOrO CJOBa apka (arca) Ayra,

Ddyukuus y = arc x° MOXeT gblTb nepejaHa:

. o ®wX° _ mXx |

a) onepaTHBHO: arc x T80° T80

6) Ta6G/JHYHO, KaK MOKa3aHO BhHILLE;

B) rpaduueckn (puc 7).

[IpakTHyecKH NepeBOJA M3 OAHOM eJHHHLB B APYryI0 XOPOWO OCY-
(LeCTBJIATL TPAHCTIOPTHPOM C ABYMS CABOGHHEIMH IWKa/JaMH — rpaLyCHOH
¥ pajHaHHOH, KaK NOKa3aHO Ha DHCyHKe 8
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Ynpascnenus.

1. BripasuTb B pajiHaHaX BeJIMUMHY YIJa [PAaBHJABHOTO f-YrOJbHHKA
(n=31 4v 5) 6: 7: 8, 9)

2, Brlpasuth B rpajycax H pajHaHax BeJHUHHY YrJsa, OIHCAaHHOT'O
MHHYTHOH CTpeJIKOH yacoB B TeueHHe 7 CYTOK (HeLeH).

3. Toukamu Ay, A,, As, ..., Ajs, OKPYXKHOCTb pasiesnena Ha 12 pas-
HbIX uacTed. BrIpasuTe B rpajycax M B pajuHaHax CJeAyiollde CyMMEl
Jyr H YIJIOB:

a) v A1A4 —l‘ v A4A5 + (% A5A7;

6) v Azds + v AzA;;

B) < A0A5+4 J A304; + = 4,044

I‘) = A4OA2 + = Aaer;

1) < A04, + 2 A,04,;

e) v A7A9 + v AlAg —l— v AzAl.

HEH
=522

~ N O 0o

10 0 10 30 50 70 90

Puc. 8.

4. MaxoBHK NapoBoH MaluuHEI MMeeT B puamerpe 1,5 # u penaer 80
060pOTOB B MHHYTYy, Bpalllascb IPOTHB YacOBOH CTpEe/IKM O OTHOLIEHHIO
K HabJ/01aTedo;

a) BBIPAa3UTb B DAaJHAHHOH Mepe YIJIOBYIO CKOPOCTb MaXOBHKA;

6) BbIDasHTb B pajMaHaX, a 3aTeM B MeTpax Ayry, ONHCaHHYyIO 3a
¢ ceKyHJ TOYKOH, B3TOH Ha 060Je MaXOBHKaA;

B) HalTH JIHHEHHYIO CKODOCTb STOH TOUYKH.

5. HaroroBbTe ceGe W3 MJIOTHOrO KapTOHA TPAHCNOPTHP C pajuaHHON
WKaJoH (RO AecATHX JoJsei).

§ 5. YucaoBas OKpyXKHOCTh

B ausrefpe uacTo noJb3yHOTCA YHCJAOBOH OCbIO, T. €.
npsAMOH, Ha KOTOPOH OTMeuaeTcsl HauaJsbHasi Touka O, enu-
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muna macwitaba OF, nosoxuTenbHOe HampasJjeHue (puc. 9)
U KaxkIOMYy IeHCTBHTEJbHOMY YHCJIY 2z CTABHTCH B COOTBeET-
CTBHE OmIpefie/eHHass Touka M, caywxamias KOHLOM OTpe3Ka
OM =z epuHHU, TnpuueM oTpe3ok OM oTkIajbiBaeTcs OT
Toyk# O B TOJIOXKHTENLHOM HampaB/jeHHH npy 2z >0 H B
[IPOTHBOINOJIOKHOM HanpasJeruy npu z < 0. Havanpnas tou-
ka O cooTBeTcTByeT Hymw. YHCIO z HasplBalOT KOO AH-
HaTo# Toukn M u numyTt M(2). Kaxpgas Touka 4yHcCJIO-
BOil OCH HMEET OMpEeJEeJIEHHYI0 H TOJBKO O JHY KOOpAHHATY.
Wayuenne ¢yHKUMH, BBIPAXKAIOMUX 3aKOHBl KPYrOBBHIX
IBUXKeHHH, o6JieruaeTcsl YCTAHOBJEHHEM COOTBETCTBHS MeX-
0 £ r Iy JLeHCTBHUTENbHbIMH UHC-

: JlaMi ¥ TOYKaMH OKpPYKHOC-

! i ta. s ocymlecTBJeHHs

TaKoOro COOTBETCTBHSI OTMe-
Yal0T Ha OKPYXHOCTH Ha-
yajbHyo Touky A (puc. 10),
BLIOHPAIOT IOJIOKUTEJLHOE
HanpaBJeHHe OT TOuKH A
M0 OKPYXHOCTH (IPOTHBO-
[IOJIOXKHOE  HanpaBJ/IeHHIO
JBUXKEHHS YacoBOH cCTpeJ-
KH) W eIMHMLY MacmTaba,
IpHYeM 3a eJJMHHLY MacliTa-
6a Bcerza OepyT paiuyc
okpyxHocta R. Ilo anaio-
FMH C 4YHCJOBOH mNpsMO#H
[IPUIIHCHIBAIOT J€HCTBHTEJIb-
HOE UYHCJIO 2 TaKOH TOUKe
M OKpyXHOCTH, KOTOpas
IBSETCS KOHUOM AyrH AM =z pajuaH; 3TO YHCJO Ha3bl-
BalOT KPYroBOH KOOpAMHATOH ToukH M W numyt M (2).
HeTpyznHo mousiTe, YTO TakuM NyTeM BCAKOMY JefCTBH-
TeJBHOMY 4HCJy OyIeT NOoCTaBjieHa B COOTBETCTBHE OIpele-
JIeHHas TOYKa OKpY:XKHOCTH. Tak, uuciy O 6yZeT COOTBETCT-
BOBaTb CaMa Haua/ibHas Touyka A, uyuncay 1 6yneT cooTser-
CTBOBaTb Touka E—xoren ayru AE=1 paauany, uuciay 2 Gy-
IeT COOTBETCTBOBATb TOuKa F—kKouel Ayru AF =2 pajuaHam,
yucay 7,3 GyAeT COOTBETCTBOBaTh TOUKA, CJYKamasi KOHLOM
ayrd B 7,3 pazuaHa (NpH YCJOBHH, YTO HA4ajJoOM AYTH €B-
asiercss A). Pasymeercs, BCSKOMY OTpPHLATE/bHOMY YHCJY
OyZeT COOTBETCTBOBATb TOYKA, CJyXKallas KOHIOM OTpHIa-
tesqbHOR nyru. Hanpumep umesy 2 = — 2 OyZeT COOTBETCT-

Puc. 10.
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BoBaTh TOuKa F’—KOHel oTpuuatesbHolt nayru AF =
= — 2 pajHaHaM.

Mraxk, ™Mbl Haud crnoco6 YCTaHOBJEHHS COOTBETCTBHS
MEeXJAy UHCJaMH H TOYKaMH OKpy:KHocTH. [lo aHaJsorum c
upcJIoBOii mpsMOH (ochlo) OyZeM Has3blBaTb TAKYIO OKPYXK-
HOCTb B JaJjbHefillleM 4HCJ/JAO0BOH OKpyXHoOCThw. OnHa-
KO cJjieflyeT 3aMeTHTb, YTO [OJIHOH aHa/IOTHH MeXJy YHCJIO-
BOH OKDYKHOCTBIO M YHCJIOBOH npsMol HeT. B camom jee,
Ha 4YHCJIOBOH MpAMOH OCyUlecTBJEHO B3aUMHO OJHO3HAYHOE
COOTBETCTBHE MEXKAY YHCJIaMH H TOYKAaMH: KaKJOMy YHCJY
2 COOTBETCTBYeT OfHa Touka M — koHeu otpeska OM, pas-
HOro z efuHHIAM Maciutaba, H, o6paTHO, KaxJoH Touke M
COOTBETCTBYET €IMHCTBEHHOE YHCJIO 2, PaBHOE IJHHE OTpes-
kKa OM, B3ATOH CO 3HAKOM -+ HJIH — B 3aBHCHMOCTH OT IIO-
JIOXKEHHs] TOYKH OTHOCHTeJbHO Hauajaa O.

Ha uucsioBOfi OKPYKHOCTH Takxe KaxKJAOMY YHCJy 2 CO-
OTBETCTBYeT eIMHCTBEHHas Touka M — KOHel Ayru AM=z
paiuaH, HO o6paTHOe COOTBETCTBHE HE ONHO3HAUHO: KaxaoH
Toyke M YHCJIOBOH OKDYA<HOCTH COOTBETCTBYeT GeCKOHeuHoe
MHOKECTBO JIeACTBHTE/IbHBIX UHCe/], a HMMEHHO — BeJIMYHHEI
BceX Iyr, y KOTOPHIX HauajloM sBJseTcsl Touka A, a KoH-
oM — M. [IBe M3 3THX Ayr, HauUMeHblUHe MO AJHHE, COCTaB-
JISIOT eyl OKDYKHOCTb, NpHYEM OLHA Ayra MOJOXHTe/lb-
Has, a Apyrasi oTpunaressHas. [lycTs mosoxutesnsHas jpyra
paBHa a pajMaHd, TOrha OTpULAaTe/bHas Ayra, OYEBHIHO,
paBHa — (2r —a) uau (a — 2w) paguaHaM. Bce ocTaJbHEIe
Iyrd ¢ TeM ke HayajoM A u KoHuOM M GyAyT OT/IHYATBCS
OT pacCMOTPEHHBIX Jyr I[IeJIBIM YHCJOM OKPYIKHOCTeH, I03-
TOMY HX BeJIMUHHbl BLIPA3fATCAd YHCJIAMH:

a+2x, a+2«x-2, a+2x-3,..., a+2x-n,...}
2)a—2r-2=a+2x(—2), a—2x-3=a+2x(—23),
a—2x - 4=a + 2% (—4),..., a—2x - m=a + 2= (—m) ,....

HeTpyaHo BHmeTh, uTO BeJMuMHBI BCEX TaKMX AYT BO3MOXK-
HO 3amnucaTb OJHOH (opMy.ioii:

Z=a+2ﬂ/€, rue k=0il‘ j:2, eve o (4)

WMrak, xaxaofi Touke M Ha YMCJIOBOH OKPY*KHOCTH CO-
OTBETCTByeT OECKOHEYHOE MHOXKECTBO 4YHCE/, 3aNMHCaHHHIX
paBeHCTBOM (4); MHaye roBopsl, Touka Ml YHUCJIOBOH OKpYyK-
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HOCTH HMeeT 6eCKOHEeYHOe MHOXKECTBO KPYrOBBIX KOOPAHHAT
BHJA
2=a-+2=k (k— moboe uesoe 4YUCJO),

rje a— HauMeHblllasi HeOoTpHIlaTeJbHass KOOpJAMHATa, T. €.
BeJIMYMHA HauMeHblleH W3 BCeX HEOTPHIATEJbHBIX AYT, HMe-
IOUIHX Hauajso B Touke A U KoHel B Touke M.

DTa 0co0eHHOCTh YHCJIOBOH OKPYKHOCTH BecbMa HarJsji-
HO WJIJIIOCTPUPYETCS CJEAYIOUWHM 06pasoM.

Bo3bMeM YHCJIOBYIO OChb C HauajbHOH Touko# A u exnu-
Huuefl macwmraba AE (puc. 11), npoBeseM OKPYXHOCTb pa-
muycom R = AE =1, kacawomyiocs ocu B Touke A. Tlpen-
cTaBHB ceb6e 4YMCJIOBYIO OChb B BMJe TOHuYafeHd HepacTsXKH-
MOH HHTH GyJeM MEIC/IEHHO HaMaThiBaTb ee MOJIOXKUTENbHBIH
JIyd Ha OKDPYXKHOCTb HPOTHUB YacOBOH CTPeJKH.

Mia,a+2ma+27m 2,0+2m3, - )

8 ——o8
3
— . 4ALE B M A S s
73 -2 -1 0 1712 @ 3T 4 3ns 62
2 2
Puc. 11.

Torma otpesok ocu or 0 1o 2 0O6OBbeT Kak pas BCIO
OKDYXHOCTb, TaK Kak ee JAnauHa npu R =1 paBHa 2n. Touku
5TOr0 OTpe3Ka COBMECTSATCH C TOYKAMH OKPYKHOCTHU H TaKUM
nyTeM KaxJoH TOUKe OKDYMKHOCTH IIOCTaBHTCS B COOTBET-
CTBHE IO OJHOMy 4Hcay 2 u3 npomexyTtka 0<z< 2w,
$lcHo, uTo Touke M OyneT COOTBETCTBOBaTb TaKOe YHCJIO
2= a, KOTOpHIM BhIpa)<aeTcs pajuaHHas Mmepa ayra AM.

Bropofi pa3 Okpy:KHOCTb O00OBbEeTCS TOH HacTblo Jy4a
AE, Ha KoTOpoll u300paKeHbl 4HCJa OT 2% N0 4w, NpPH 5TOM
KaXKJOH TOYKe OKDYXXHOCTH IIOCTaBHTCH B COOTBETCTBHE elle
IO OJHOMY uHcJy, OosbllleMy Ha 2% NPUIHCAHHOIO IpH INep-
BoM ofopote. B uwacTHocTH, TOuke N MNpUNHUIIETCS YHCJO
a -+ 2x.

Tperu#i pas okpyXHOCTb 06OBbeTCS TOH YacTblO Jyua
AE, Ha KoTOpo#l uzoOpaeHn! yucsaa oT 4= o 6x u Kaxao#
TOYKE OKDYXXHOCTH IIOCTABHTCSI B COOTBETCTBHE eile OJHO
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yucjo, GoJsblilee Ha 2w YHCJa MPHIHCAHHOTO B MpelblLyLiHH
pa3. Touke M npunumercs 4ucjao a -+ 2= - 3.

[Tpojoskas MbICJEHHO NpoLecc HamaThiBaHusa Jyda AE
6eCKOHEUYHO, Mbl MMOCTaBHM B COOTBETCTBHE KaxKAoH Touke M
OKDYKHOCTH OeCKOHeUHOe MHOXECTBO HeOoTpHLUaTe/JbHbIX YH-
ceJl BHfA:

a=a+2x-n (n=0,1, 2,...),

rle a — pajuaHHas Mepa HaWMeHbllefl H3 HEOTPULATEJbHBIX
nyr AM, umeromux Hauano B Touke A U KoHel B Touke M.

Ianee npoBeleM MBICJEHHO TaKOH Ke MpOLECC «HaBH-
BaHUS» Ha OKPYIKHOCTb OTPHLATENBHOTO Jyda YHCJOBOH OCH
no yacoBo#l cTpeske. Ilpy 3TOM KaxKa0OH TOYKe OKPYXKHOCTH
IpUnuilercs eie GeCKOHEYHOe MHOXKECTBO OTPHLATesNbHBIX
yyceJ, BhIpAXKalOHX pajHaHHble Mepbl OTPHUATEJbHBIX AYT
c HayaqoM B Touke A m KoHumoM M. OueBuzpHO, Touke M
NpUOHLIYTCS NPH TOM YHCJa:

—@2r—a)=a—2%, a—2x+2, a—2x-3,...
uJaIn
a+2x(—1), a+2«(—2), a+2x(—3),...,

KOTOpbEIe MOXKHO 3amucaTb OAHOH ¢opmyJioi:
Zp=a+2n(—m) (m=1, 2, 3,...).

B pesyJbTaTe TakuxX oNepalHil BCe TOYKH UHCJIOBOK OCH
COBMECTATCA C TOYKaMH OKDYXKHOCTH TakK, 4YTO KaxJo# Tod-
Ke M 3ToH OKPyXKHOCTH OyJeT IOCTaBJeHO B COOTBETCTBHE
GecKOHeYHOe MHOXKECTBO 4HCeJ BHAA

z=a+2rxk (k=0 =1, £2,..)

rie a— pajuaHHas Mepa HauMeHblIeH M3 HeOTPHIATeNbHbIX
Iyr ¢ Havasom A u KoHmom M. K Takomy e BLIBOAY MBI

MPHUILJIN BBIIIE HHBIM NIYTEM.

K ycTaHOB/JIEHHOMY HaMH COOTBETCTBHIO MEXAY TOYKAMH OKDPYKHOC
TR A TOYKAMH YHCJIOBOH OCH MOMHO MPMATH H ADYFHM NMyTeM. A HMeH-
HO, MpeACTaBHM ceGe MBICIEHHO, YTO OKDYKHOCTb, H306paKeHHas Ha
pucynke 11, kaTHTCS MO YHC/IOBOH OcH 6e3 CKOJIbXKEHHS «BIPaBO» H OpH
STOM Ha Hell «OTHeYaTHIBAIOTCA» TOYKH OCH BMeCTe C H306paKEeHHBIMH B
HHX YHCJIaMH,

Tax kax AJHHA OKPYyXKHOCTH paBHa 2n (R =1), To nepBri 06OpOT
OKPY’KHOCTh CHeJlaeT Ha orpeske ocH oT O xo 2w, BTOpOH OGOPOT Ha
oTpe3ke 0T 2= 10 4w, TpeTHH — Ha oTpe3ke OT 4n o 6m u T. A.

[lpn mnepBomM 060pOTe TOYKH OKPYXKHOCTH BCTYNAT BO B3AHMHO
OLHO3HaYHOE COOTBETCTBHE C 4HC/IaMH npoMexyTka [0; 2m), mpu BTOpOM
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ofopoTe Te e TOYKH BCTYNAT BO B3aHMHO OJIHO3HAUHOE COOTBETCTBHE
C upcaaMH NpoMexyTKa [2%m; 4w), npH TpeTbeM 0GOPOTE — C YHCJIAMH
npomexyTtka [4=; 67) u T. I.

Takum o6pasomM, mocje 7 0GOPOTOB OKPYIKHOCTH KaJOH ee TOuke
GyleT MOCTaBJEHO B COOTBETCTBHE 7 pa3/IMYHBEIX JeHCTBHTEJbHBIX UHCE
u3 npomexytkos [0; 2x), [2m; 4=), [4=; 6m), ..., [2(n—1)=, 2nm),
NpHYeM, eCJaH NMpH MepBOM 0GOpPOTe KaKas-HHOYAb Touka M OKpPYKHOCTH
BCTYMHUT B COOTBETCTBHE C YHMCJOM @, TO NP BTOPOM 06OpOTe eH mocra-
BHTCS B COOTBETCTBHE BTOPOE UHMCJIO a - 2%, NpH TpeTheM 060poTe —
TpeTbe YHCJIO a - 2w+ 2, TNpPH YeTBePTOM 06OPOTe — HETBEPTOE UHCJIO
a-+2=-3 1 1. 4. Bce 3TH uyMcsa MOXKHO 3anucaTh OXHOH opMyJIoH

a+2x-n, rae n=0,1,2, 3,....

TToBTOPHB MEICJIEHHO TaKOH Ke NpouecC KaueHHs OKPYKHOCTH «BJe-
BO» OT TOYKH O, Mbl MOCTaBHM B COOTBETCTBHE KaX{[OH ee Touke Gecko-
HEYHOe MHOXECTBO YHCeJ BHAA

a+2n -k,

e k=0, —1, —2, —3, .

Ha HepBbe/'I B3rJsgg MOXeET IoKa3aThCd BeCbMa Heynoé-
HBIM yCTaHOBJIeHHbe;I HaMH BHJ COOTBETCTBHSA MexXny )1e1'71-
CTBHTECJIbHBIMHA YHCJaMH U TOYKAMHU OKPYXKHOCTH, OLHAKO B
,llaJIbHeﬁLUeM BEBI an;mTe, 4YTO HMEHHO TaKoOe COOTBETCTBUE
Jle/J1aeT YHCJIOBYI0 OKPYIKHOCTH 3(D(heKTHBHBIM CPEICTBOM MpH
nsyqeﬂnn KPYyTroBbIX prHKHHﬁ, K KOTOPBIM MBI Tenepb H 1e-
pexonuM.

MNpumeuanune. B panbHeffllemM NnpH oOnpefeNeHHH H H3YYeHUH
KpPYroBbiX GYHKUHH Mbl Bcerja GyHeM HMeTb JeJI0 C YHCJOBOH OKPYK-
HOCTBIO, PafHyC KOTODOH NMPHHAT 3a eAMHHIY, OTHECEHHOH K OcsAM Ips-
MOYTOJIEHBIX KOODAMHAT, TaK 4TO ce ILEHTP COBMajaeT C HayajoM KOOp-
IOMHAT, a HayaJbHass TOuKa A JIEKHT Ha IOJIOXKHTENBHOM Jyue OCH ad-
cuuce (cm. puc. 16, crp. 122). ITostoMy pagu KpaTKOCTH, rOBOps O
YHCNOBOH OKPYXHOCTH, GyieM BCeria MMeTb B BHAY, 4TO OHa
OTHeCEHa yKa3aHHBIM 3JeChb CIocoGOM K OCSM KOOPAHHAT.

Ynpasicnenusn.,
1. OT™MeTHTL Ha uHMC/OBOH mnpsAMOM M Ha UYHCJIOBOH OKDYXKHOCTH
T~ T o
TOUKH, COOTBETCTBylOUHe uncntam: — =, 0, -, g ..., 0Opa

sylouyM GeCKOHEUHYI0 apH(PMETHYECKYIO [1POTPEeCCHIO.

CKo/MIbKO TaKHX Touek GyAeT Ha uHCJOBOH OKPYKHOCTH H CKOJBKO
Ha OCH?

2. YKaXHuTe Ha YHCJOBOH OCH M HA& YHCJIOBOH OKDYXKHOCTH TOUKH,
COOTBETCTBYIOLIHE YHCIAM:

2=nk u zl=_’2_‘.(2k+1) (=0, 1, =2, ..).

CKOJIbKO TaKHX TOYEK Ha 9HCJOBOM OKPYXKHOCTH H CKOJIBKO Ha ocH?
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3. Kak pacroJsoxaTcss Ha UHCJOBOH OKPYKHOCTH TOYKH, COOTBET-
CTBYIOI[HE YHCJIAM;

2 2 2 27
a, a+—::—v a+-71t—°2: a+’Tﬂ'3: o a0y a+—%(n—l)?

4. Uucio a=0,73 sasasercs Kpyroeoil KoopauHaToil TOukH M Ha
4HCJIOBOH OKDPYXHOCTH,

Hanncats Bce KpyroBele KOOpAMHATH TOYKH M.

5. 3uas, yto —1,5 ecTb OAHAa M3 KPYrOBHIX KOODAMHAT TOYKH M
Ha 4HCJIOBO OKPYXXHOCTH, HalflTH BCe KDYroBhle KOODJAMHATHl 3TOH
TOYKH,

6. Ha uucioBofi ocH (Ha 4HCJIOBOH OKPYKHOCTH) OTMeHeHa TOYKa
M (2). OTmeTbTe Ha OCH (Ha YHCJOBOH OKDYXKHOCTH) TOYKH, COOTBET-

T T

CTBYIOIKE yHCiIaM z2+a H z—a (a=1, 2, 5 7™ 2w).

7. Kak wu3MeHHTCA IMOJIOXKeHHe TOukKH M (2) Ha uuciI0BOH OCH (Ha
YKCJIOBOH OKPYXXHOCTH), €CJIH ee KOOPAUHATY 2
a) yBeJIHYHTb Ha @,

6) yMeHLIIHTH Ha a (a=1, 2, % T, 411:).

8. Haiiti reoMerpHyecKoe MeCTO TOYeK Ha YMC/IOBOH OCH (Ha YHC-
JIOBOH OKPYIKHOCTH), COOTBETCTBYIOLIMX TeM YHCJAaM 2, KOTOpHE YAOB-
JIETBOPAIOT HEPABEHCTBY

—0 1= = =
—a<z<+aa—,.6,4. 2 |-

9. Kakyw. Ayry 4HCJIOBOH OKDYXKHOCTH ONHCHIBaeT Toyka M (2),
€CJIH ee KOOpAHMHATA 2 H3MEHSETCH HelpepRIBHO:

a) or 0 go =; 6) ot 0 ;o ——;-; B) oT 0 1o — 40m; 1‘)0-1*—‘12i J0 T;

LIS T e p
) OT 2 o 0; e)o*r—2 pie] 2

10. Haiitu xpyroshle KOOPAMHATH TOYEK, B KOTOPHX HHCJOBAs
OKDPYXHOCTh NMepeceKkaeTCss C OCAMH KOOPAHHAT,

11. HaliTH KpyroBkle KOODAMHATH TOUYeK, B KOTOPHIX YHCJIOBAs
OKPYXHOCTb MepecekaeTcss GHCCEKTPHCaMH KOOPAHHATHEIX YIVIOB.

PaccmoTpuM, Kakoe 1oJioKeHHe OTHOCHTENBHO ocH Ox 3a-
HHMAIOT TOYKM YHCJIOBOH OKpyxHocTH M (2) u M’ (—2).

OkasbiBaeTcsl, 5TH TOYKH CHMMETPHYHBl OTHOCHTE/LHO
ocu Ox.

JleficTBHTE/IbHO, pa3fe/uM 2z Ha 2m, IOJYYHM:

z=2nk+a, rae 0 |a| <2 (%)
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Uncsa 2z ¥ a u3obpakaioTcs, Kak M3BECTHO, Ha YHCJIOBOH
OKDYIKHOCTH OIHOH TO4YKOIl; 0603HaunM ee uepe3 M (puc. 12).

YMHOKHB 06e uyacTu paBeHcTBa (*) Ha — 1, moJyuum:

—2 = —2rk + (— a).

Kak BuauM, unc/ia —z B —a TakKe H306pakaloTcsl Ha OK-
PYIKHOCTH OIHOH TOYKOH; oGo3HauuM ee uepes M’. IlpoBenem
xopny MM’. Touka A gemut \w MM’ nonosaM, cjeoBaTelb-
Ho, puameTp AA’ pasgenut xopay MM’ nomosam u Gyger
nepneHJUKYJApeH 3Tol Xople (Teopema reomerpuu). Ho 3to

y
y Bl Mz
M
1z) y
AV 4 P'olf x A
A P X 0 A -X P X
X -y
-y
Mt-z) Mizzm) (g7
Puc. 12. Puc. 13.

U 3HA4YUT, YTO TOYKH M uw M’ CHMMETPHUHBI OTHOCHTEJb-
HO Ox.

BrificHuM, Kakoe NoJIOXKeHHe OTHOCHTEJILHO Ocel Koop-
JMHAT 3aHMMAlOT Ha YHUCJIOBOH OKPYXKHOCTH TOukM M (z) u
M’ (= + 2).

[Tokaykem, 9TO 3TH TOYUKM CHMMETPHYHE OTHOCHTEJHHO
HayaJa KOOpAMHAT.

HefictBurenbro, ayru AM =z paguan u AM =z +n=
pajyaH OT/IMYAIOTCS MOJYOKPYXKHOCTBIO, C/leJ0BaTeNbHO, OHHU
OKaHYMBAIOTCS B TOYKAX AHAMETPANbHO IPOTHBONOJOXKHBIX,
T. €. CHMMETPHYHBLIX OTHOCHTEJbHO LIeHTPa YHCJOBOH OKPyXK-
HocTu (puc. 13).

Hafinem ycJ/ioBHE, KOTOPOMY YJIOBJIETBOPSIIOT YHCJIA, COOT-
BETCTBYIOLIHE TOYKAM IEPBOH 4YeTBEPTH UYHCJOBOH OKpY-
HOCTH.

Toykamu nepBofi YeTBEPTH YMUCJIOBOH OKPYMKHOCTH H300-
paxarTCsl YHCJA 2, YAOBJETBOPSIOLIHE YCJOBHIO!

2k <2< —’2‘-+2uk (=0, £1, £2, ...). (*%
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HeficTBuTeNIbHO, 0G03HAUHM UYepe3 @ HAUMEHBINYIO He-
OTPULIATE/NBHYIO KOODAUHATY IIPOM3BOJILHON TOYKH NEepBOH
UETBEPTH OKPYKHOCTH, TOrja OyHeM HMETb;

T

0<a<—§—.

Ipu6aBue K KaxJ0i YacTH 3TOrO COOTHOIIEHHA MO 2xk,
MOAYYUM:

2nk<a+2ﬂk<—;—+2ﬂk.

Ho ecqu a — KoopiuHaTa HEKOTOPOH TOUKH, TO 2=a + 2rnk
(mpu k=0, =1, +2, ...) Bolpaxaer J6yi0 KOOpIHHATY
9TOH TOYKH, CJeJOBaTeNbHO, COOTHoLleHHe (**) ecTb wuc-
KOMoe.

Hafinute ycsoBus, KOTOPHIM YJOBJIETBOPSIOT 4YHCJA, CO-
OTBETCTBYIOLIHE:

a) ToukaM 1] ueTBepTH YHCJIOBOH OKpYIKHOCTH;

6) toukam IIl ueTBepTH YHC/IOBOH OKPYIKHOCTH;

B) Toukam IV ueTBepTH 4YMCJIOBOH OKPYKHOCTH.



rm1ABA I
KPYTOBbIE ®YHKUHUHU AEWUCTBHUTEJIbHOIO YHUCJIA

§ 6. Ipocreiiine nepuopuueckue npouecch

KaxpoMmy mpuxozusioch Ha6miofaTh 3a JBHMKEHHEM pas-
JHYHBIX YacTelf BCEBO3MOXKHLIX MAUIHH M CTAHKOB.

XapakTepHO# OCOGEHHOCTHIO YaCTO BCTPEYAIOLIUXCS IBH-
KeHHH SBJSETCA HX IOBTOPSEMOCTb Uepe3 OIMH H TOT XKe
IpOMEXYTOK BpeMeHH. Takue [BHKEHHS Ha3HIBAIOT M€ p H-
OZHYECKHMHU.

Knananel mapopacnpefesMTeNbHOrO MeXaHH3Ma [apoBofi
MallKHHE MEePHOZMUYECKH OTKPHLIBAIOTCS H 3aKpHIBAIOTCSH, MOP-
IeHb MAalMHB, MOJZOGHO MAasSTHHKY 4YacoB, NMEPHOLMYECKH IO-
BTODPSET CBOE€ NPSMOJHHENHOE IBHXKEHHEe OT OXHOI'0 CBOEro
KpaliHero noJioXeHHus K APYyroMy H o6paTHO, MaXOBHK H KO-
JIEHYaThlll BaJl COBEpLIAIOT NOBTOPSIOLIHECS KPYroBble JIBH-
KEeHUd H T. [.

Ho He To/MBKO MexaHHYeCKHE [BHXKEHHS MOT'YT HMETh
nepHoJuuecKuil xapakrep. Takum cBoficTBOM 006/1aJjal0T MHO-
rHe CBETOBble, 3BYKOBble M 3JIEKTPOMarHUTHBIE SIBJIEHHUS,
a Tak¥ke UeJblfl psia ABJeHUMH, HaOmoJaeMblX HaMH B caMo#
npupojie (IBH)KEeHHe IJIaHET, CMeHa JHS M HOYH, CMeHa Bpe-
MeH rojia, NPWJHBBE H OTJHBEL Ha MOpSIX U T. IL.) U B opra-
HH3Me uesoBeka (paboTa cepiua u KpoBooOpauieHwHs).

[Tepronnyeckue mpouecchl W SIBAEHUS H3ydaloTcs (GH3H-
KaMH, MeXaHHKaMH, acTPOHOMaMH, MaTeMaTHKaMHh U IpPYTHMH
yueHbIMH. 3aKOHOMEPHOCTH TeX HJH HHBIX MePHOJHYECKHUX
IBJICHHI! YUeHBIE 3aMUCHIBAIOT B BHJe (PYHKIHY, a 3aTeM, HC-
caelyst 5TH (PyHKLHH, pacKphlBalOT BHYTPEHHEe COjiep:KaHHe

L Bosee noapoGHOe M TOYHOE OfpejelieHHe [epPHOLHYECKHX MpO-
ueccos Gyuet paHo Iajee, B paase [V, § 15,
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TaKUX ABJEHHH M YKasbIBAIOT NYTH NPAaKTHYECKOTO HCIOJb-
30BaHHS UX Ha 6Jaro uesjoBeka.

Paccmorpum GoJiee noApo6HO KaKOH-HHOYJIb H3 NEepHOAH-
4eCKHX MNPOLECCOB, BCTPEHAIOUIHXCH B TEXHHYECKOH MpPaKTH-
Ke. BosbMeM, Hanpumep, mpocTefMHH MeXaHH3M, B KOTOPOM
KpPYroBoe JBHXKEHHe INpeoOpasyeTcs B IpsmosuHefiHoe. Ha
npuHuune paboThl TAKOrO MeXaHH3Ma YCTPOEHO MHOI'O MallHH
u craHkoB. Ha pucynxe 14 usobpakeHa ero cxema.

HacaxeHHoe Ha ock O KoJieco K coeJIHHEHO TOCPELCTBOM
«<nampua» M c pamgoit N. Ilpu BpameHuu Koseca BOKpYT
ero ocu nasnen M cosep-

IIaeT KPYroBoe JBHIKE- y
Hue, yBJeKass 3a coOoH

paMKy; nocyeHAd CKOJb- £
3UT BZLOJb HaNpaB/AIO-
mux ee craHud F u co-
BepuaeT koJebaTeJbHOE
NepHOJHUECKOe  JBHXKe-
Hue. Ecsm pamky N co-
eIMHHTb  IOCPeJCTBOM
wToka £ ¢ xakoH-HuGy Ib
JeTasnblo  (Hampumep, C
NOpLIHEM Hacoca), TO Mo-
ciaefHas OyneT coBep-
[IaTh TaKoe ke JBHKe-
HHE, KOTOpoe JeJsaeT
paMkKa.

HOna BoisgcHeHus 3a-
KOHa JBHXEHUS paMKU
IIOCTPOHM OCH KOODJAH- Puc, 14.

HaT, KaK 3TO CjeJlaHoO Ha

PHCYHKe, NpHYeM 3a eJQUHHIYy H3MEpeHHs MpPHMEM pajH
NpOCTOTH pajuyc Koseca R. Ha6mojenne HauneMm c TOro
MOMeHTa, Korja mnajenm M HaxojuTcsa Ha ocu abcuucc B
Touke A.

[lyctb KOJleco BpauiaeTcsi pPaBHOMEPHO IPOTHB 4acOBOH
CTPeJKH, Jenasgs B | ceK. mosHbH 06OpOT, TOrja yrJoaas
CKOPOCTb BpalleHHs w = 27 paj/ceK H, Clef0oBaTe/NbHO, TNa-
nen M onpwer 8a ¢ cek. pyry AM =2zt pajuan. 3a nep-
BYI0 4eTBEpPTb CEKYHJHl maJsiell M ONHUIET NePBY0 YeTBEpPThb
OKDY’KHOCTH, 8 paMka N «HOJHHMeTCs BBEPX» Ha paccTOSHHeE
OB = R. Bo BTopylo ueTBepTh CeKyHIbl naseun M onuuer
BTOPYIO YeTBepTb OKPYKHOCTH, a paMKa BO3BPaTHTCH B CBOe
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npexuee nonoxenune AA’. lanee nasen M ONMUCHIBAET TPEThIO
YeTBEPTh OKPYKHOCTH, a paMKa N CKOJb3HT «BHH3» JO
KpaiHero HHXHEro noJioxkeHus B’. B caefylouiyio ueTBepTh
CeKYHJIBl Najen A ONHUIIET MOCJeJHIOW YETBEPTh OKPYHKHO-
GTH M BO3BPATHUTCS B CBOE HCXOIHOe moJsioxkeHHe A H pam-
Ka N Takxke NpHJET B CBOe NepBOHaua/bHOe noJjoxeHue AA’,
Takum 06pasoM, B TeueHHe NepBOH CeKyHIpl najen M omu-
IIeT TMOJIHYI0 OKPYXKHOCTb, & paMKa N COBEpLIHT IOJHOE
KosieGaHne, NPOHAS [IBaXKIbl DPAaCCTOSIHHE MEXJY CBOHMH
KpalHUMH nosoxeHuamMu B u B’. [lasee npouecc ABHXKeHHS
paMKu GyIeT nepHOAUYECKH
/ TNOBTOPATLCS Yepes KaxmAyIo
CEeKYHJY.

[ToHsiTHO, uTO B KaxABLH
MOMEHT BpEMeHH ¢ paccTos-
HHe paMKH OT OcH abcrucc
6yzeT paBHO pAacCTOSHHIO
namua M or sTOH ocCH,
T. e. OpAuHaTe TOYKU M.
310 06CTOSTENBCTBO IOKa-
3bIBaeT, YTO 3aKOH JIBHKe-
HHS DAaMKH TOT e, 4TO H
3aKOH H3MEHEHHUS OpPJHHAThI
Toukd M, coBepiaomeft

Puc. 15. paBHOMEpPHOE JIBHIKEHHE 10
OKpPYKHOCTH pajuyca R,
NIPH YCJIOBHH, YTO 3Ta OKPYMKHOCTb OTHeCEeHa K IPAMOYroJb-
HBIM OCSIM KOODJHHAT TaK, TaK II0OKa3aHO Ha CXeMe MeXaHH3-
Ma (puc. 12). Ilpunomunas, yTo TakUM HMEHHO NTyTeM CBsidaHa
C OCAMH KOODAMHAT 4YHCJIOBasi OKpPY:KHOCTb (rsiaBa 1, § 4),
MOXKHO CUHTAaTb, YTO TOYKa M IBHIKETCs 110 YHCJIOBOH OKPY K-
HOCTH, ONHCHIBasi ee B TeyeHHwe | cek. (puc. 18).

O6o3sHaunm uepe3 M’ npoexuuio Toukd M Ha ock Oy (T. e.
OCHOBaHHE IepIeHAUKYJspa, ONMYLIeHHOro s TOuKH M Ha
ock Oy). SIcHO, yTO NMpU ABHMKEHHH TOUKH M IO OKDPYIKHOCTH
ee mpoekuust M’ 6ynper cosepwatTe Ha oci Oy TOYHO TaKoe
ke Kosie6aTesbHOe JBHKEHHE, KaKoe cOBepllaeT paMmKa N
pacCMOTPEHHOro HaMH MeXaHHu3Ma. A HMEHHO, MoKa Touka M
OIHIIET IOJHYI OKPYXKHOCThb, ABHrasicb M3 CBOEro HadaJb-
HOT'O T0JI0XKeHHsT A IPOTHB YacoBO# CTPesKH, ee npoekuus M’
Ha OCb OpJAMHAT NPOHIET OT LEHTPa OKPYMKHOCTH O BepX-
Hero KOHHA JAuaMerpa B’B, 3aTeM H3MeHHT B Touke B Ha-
npaBJjeHHe IBHXKEHHS1 Ha NPOTHBOIOJIOXKHOE, INpoHZeT j0
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HHUKHEro KoHua guamerpa B’'B ¥ oTTyia CHOBa BO3BPATHTCH
B LIeHTP okpyxHOcTH. [lasee, Touka M OyJneT NOBTOPAThH
CBOE JIBUXKEHHME IO OKPYKHOCTH, a ee mpoekiuus M’ Gygper
MOBTOPSITh yKa3aHHOEe Bblllle JBHXKEeHHE N0 Juametpy BB’

Bcesikoe JBHKeHHe, NOJOGHOE TOMY, KOTOpPOE COBEpILIAET
Touka M’, B Qu3uKe Ha3bIBaeTcsl IPOCTHIM TFapMOHH-
YeCKHM KoJebaHUEM.

VayueHne mpocThlX IapMOHHUECKUX Kojie6aHUH UMeeT HC-
KJIOYHTEbHO BaXKHOe 3HaueHHe, TaK KaK IO 3aKOHaM TaKHX
Kos1e0aHHHA COBEPIIAIOTCA J[BHXKEHHMA MHOTHX JeTaJjied pas-
JIMYHBHIX MEXaHH3MOB, MAIlHH H CTAHKOB, a TaKxkKe MpOTeKa-
IOT MHOTHE fBJIeHHS B 006JIaCTH 3JIEKTPHYECTBA, CBETa U 3BY-
Ka. boJsiee Toro, B HayaJse mnpom-
JIOTO CTOJIETHS (paHIy3CKHH Ma-
tematik Pypre (1768—1830) no-
KasaJl, YTO 3aKOHbl BCSKHX MHepHu-
0JMYECKHX NPOIECCOB MOTYT GBITh

y
BbIpaKeHbl 4€pPe3 3aKOHLI TPOCThIX AE A

5 Miz)

rapMOHHYECKHX KoJie6aHHH.
Takum o6pasom, mocTaBJieH-
Has HaMH Bhllle 3af7aya H3yyeHHs
OJHOTO M3 NPOCTeHIIHX MEeXaHH3- ;
MOB IIpHBeJia Hac K He0OXOLHMOC- 8
TH OTbICKAHHS U U3y4YeHHS (yHK- Puc. 16.
[L{H, BEIpaxKaloliuX 3aKOHLBI IIpoC-
ThIX FapMOHHYeCKHX KoseGaHHH. Takue (YHKLMH Ha3bIBAIOT
KDYrOBBIMH HJIH TPHTOHOMETpPHUYECKHMH, Tak
KaK OHH BBIpa)KaloT M3MeHeHHe KOOpAMHAT TOUKHM M, coep-
[armnel KpyroBoe IBHXKEHHE.
[lepefinem Temepb K ONpEJEJIEHHIO H JETANbHOMY H3yuye-
HHIO KDYTOBBIX (DYHKIHH.

§ 7. OnpeneneHue KpyroBbiX (TPUTOHOMETpPHHECKHX)
¢y HKLMi

Bospbmem kakoe-HHOyIb NPOH3BOJBbHOE AeHCTBUTEJBHOE
uucsio z. Ha umcsoBoéi oxkpyxkuocty O(R) (puc. 16) atomy
yucJy COOTBeTCTByeT Touka M (2) Tak, uto ayra AM =z
pajpuas. ITocTpouM npsiIMOYroJibHEIE KOOPAMHATE TOUKH M (2):
PM=y u OP =x u uafiileM HX OTHOIIEHUS K paZHyCy OK-

PM oP x
PYXHOCTH! —— = 42 H — = —. MoxHo CKa3aTb, 4TO
R R R R
L
YUCJaY 2 COOTBETCTBYIOT OIpeLeJeHHbi€ OTHOLICHHA £ H%.
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IlpencraBuM ce6e Temepb, YTO YHCJIO 2 H3MeHseTcs. Slc-
HO, YTO IpH 3TOM OyJeT MeHAThCA MHOoJIoKeHHe TOUKH M (2)
Ha YHCJIOBOH OKPYXKHOCTH, a CJelOBaTesbHO, OyAyT HaMe-
HATbCA M NPSAMOYTOJIbHbIE KOOPAHMHATHI 3TOH TOYKH y=PM

X
u x =0P, a Takxe HX OTHOUIEHHS K DajHyCy —1‘%— " =
TakuM nmyTeM Mbl OGHapy:KHBaeM TPH IepeMeHHble BeJIHYH-

X
HBI 2, -1‘%- )44 ?' H3 KOTOpPLIX IIOCJIegHHE J[Be HaXOIAATCHd B

3aBHCHMOCTH OT HepBOﬁ, a HMEHHO: KaxJOMy 3Ha4YeHUIo
BE€JIMYHUHBI 2 COOTBETCTBYIOT BIIOJIHE ONpeJie/IEHHbEIe 3HAYECHUA

BEJIMYUH % u -%. B Takux ciayuasix rOBOPST, YTO OTHO-
meHus -4 u 7‘;— ABJIAIOTCA (QYHKOUAMH BEJHUYHHBl 2 H
MHMIYT!

-%— ecTb (yHKUHUA 2, %- ecTb (PYHKIHSA 2,
Kopoye: % = f(2) Kopoue: % = @ (2),

rpe 6ykBamMu f 4 ¢ 0603HA4aIOTCH YCJIOBHO COBOKYMHOCTH
Tex onepanufi, KOTopele HeoO6XOJUMO BBINOJHUTb, YTOGEH I1O-
JIYYUTh yKa3aHHble OTHOLUEHHS.

IlepByto u3 stux ¢yuknuit B XII Beke crajm HasblBaTh
cuHycoM, a ErTopylo—kKocHHycoM. B XVIII Beke
3HaMeHUTHIH reTepOyprekuil akageMuk JleoHapn Diijep BBea
IJs1 HHX CJIejyiollHe KpaTKHe o603HayeHMs:

Y —sinz u = =cosz.
R R

Onpe,u,e.nel-me CHHyCca H KOCHHyCa

Curnycom delicmaumenpro2o 4ucaa z, Komopomy coomeem-
cmeyem Ha uuca080l okpyscHocmu mouka M (z). naseiaemcs
ommuoweHue opduramel Imotl mo4Kky K paduycy OKpYICHOCMLL,
m. e. 4ucao —z—

Kocunycom Oeticmeumenbroco 4u6aa 2, KOmopomy coom-
semcmeyem Ha 4uca080ll okpyocrHocmu mouka M (z), Hasbl-
saemca omuoulerue abcyuccel 3mot mo4Ku & paouycy ok-

X
pyacrocmu, m. e. HUCA0 —R-.
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Ilpumeuanue. Eciam pagnyc uucioBoii okpyxkHOoCTH R =1,
TO J[aHHblE ONpejeJieHHs NPHBOAAT HAC K CJEJLYyIOUHM COOTHOLIEHHAM

. Y X
sinz=-—"=y, cosz=—r=z,

T. €. YHCJIeHHO Sin 2 u cos 2 paBHBl COOTBETCTBEHHO OpAHHATE H a6e-
uucce ToukH M (2).
BLISICHEM CMBICJI JaHHBIX OIpefie/ieHMH Ha MpHMepax.

o 3
Mpumep 1. Ilycth maHO JeHCTBHTENbHOE YHCJO 2 =

Kak Ha#iTH CHMHYC H KOCHHYC 3TOro uucJja?
3
Pemenue. Yucay —~® COOTBETCTBYET Ha YHCJIOBOMH

OKpyHOCTH Touka B’ (pmc. 17),

y y Kotopo#t oppauHaTta y= OB'=
8 = — R u abcuucca x =0, cJje-
JOBaTe/bHO, IO JaHHOMY BHIIIE
M, M(Z) ONpelesieHHio mOMyuaeM:
Al 14 sin S x= —R
A 0 P X 2 R
cos > = S 0.
2 R
BI
Mpumep 2. Haifitu sin z u
Puc. 17. ©

€0S2, ecJyd 2 = -

Pemenue. OT/NOXHM Ha YHCJIOBOH OKPYXKHOCTH AYyTY
T w
AM = ~ PajuaH, T. e. 30°, moJy4yaeM TOUYKY M(?),co-

™
OTBETCTBYIOULYIO NAHHOMY UYHUCJY 3 (puc. 17). Onyckaem

u3 TOuKH M nepnenpuky.asp MP Ha ocb Ox, mosyuaem
NPSMOYTOJIbHbIE KOOPJAMHATHI TOUKH M:

y=PM un x=0P;
O OompejeJ/ieHHI0 (YHKIUHA Sinz U COS2Z HMEeeM:

6 R R 6 R R

[Tposoaum pamgmyc OM, nosydyuMm MPSIMOYTOJBHBIE Tpe-
yromeHuK POM ¢ yriom POM = % paxuan uau 30°. Ilo us-
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BECTHOH TeopeMe TeOMETPUH B TAaKOM TPeyroJIbHHKe KaTeT
PM, nexawmuit npotus yraa B 30°, paBeH IOJIOBHHE THIIO-
TeHy3sl OM, T. e.

1
PM = —R,
2
. T
CNefoBaTeNbHO, SiN — = ——— = — .
[To teopeme [ludaropa naxomum apyroii karert:

0P =)/ OM — PM? = -R_QV_?-,

1
- > R V_B- V3_
CJIENOBATEJBHO, COS — = R =—.
Mpumep 3. Haiitu sinz u cosz, ecau z= — 3,7.
Pemenue. C nomoupio TpaHCIOPTHPA C paJHaHHOMN
KaJ/J0# CTPOMM Ha YHCJIOBOH OKpY:KHocTH nyry AM,=-—3,7
paguaH (puc. 17), nonyyaeM Touky M,;, COOTBETCTBYIOULYIO
yhcay 2 = — 3,7. ViamepeHuem Haxo[uM OpAHHATY TOUKH M;:
y=P,M, = 0,53 R, caegoBaTeLHO,

0,563 R

sin(—3,7) =~ =0,53.

WamepeHnem naxomuM abcuuccy Toukd M, :
x=0P; = —0,85 R, cJjeJloBaTe/LHO,

cos(—3,7) = —08BR _ 0,85.

JlaHHoe BhILlle Oompejie/IeHHe CHHYCA II03BOJISIET BHIPA3UTD
(byHKIMe! 3aKOH ABUXKEHHS paMKi MeXaHH3Ma, PacCMOTpeH-
HOro Hami B mpeiwiayuiem naparpade. [lo ycsaosuro nasen
M Ha KoJece sTOro MexaHusma (cM. puc. 14) cosepuiaer
KPYroBOe JIBHIKEHHE CO CKOPOCTBIO ® paji/cek, cjeloBaTelb
HO, B TeueHHe ! ceK. OH onuumer ayry AM =z = of pa-
AMaH.

[To onpenesieHuio cuHyca AeHCTBUTE/NbHOro 4ucsaa z Oy-

IeM HuMeThb: sinz = —PE—’ oTkysa PM = Rsin z= Rsinwl.

126



B uactHocTH, Korga o =1 pap/cek u R =1, noayuaem
PM=y=sint.

OueBujgHO, apryMeHTOM 3TOH (DYHKUHH LeJecoo6pa3HO CUH-
TaTb BpeMs f. B Kaxaplf MOMEHT BpPeMeHH { OTKJIOHeHUe
paMKH OT ee HCXOJHOro, T. €. CpeiHero, noJsoxenuss AA’
paBHO sin £.

®yHKUMK Sin 2 U COS 2 ABJSIOTCS OCHOBHBIMH KDPYTOBBIMH
¢yHkuusamu. Kpome HHX, HMeOTCSI H Jpyrue Kpyrosble
(yHKUMH: TAHTEHC, KOTaHTFeHC, CeKaHC H Koce-
KaHC, KOTOpble TaK¥Xe BBIPaXKaloT 3aKOHbl HEKOTOPHIX INe-
pHOZHYEeCKHX npomeccoB. [lanum ompejeseHHe TaHreHca U
KOTaHreHca.

Taneencom Qelicmeumenvroeo 4ucia z, KOMOPOMY Ha 4u-
cr080t OKkpysxcHocmu coomeemcemeyem mouxa M (z), Hasol-
sarom ommouleHue opOuramor mouku M & ee abcyucce.

Kparkas samuce: tgz = —i- . (6)

Komaneencom Oelicmeumensrozo 4ucia z, KOmopomy Ha
4ucA080U OKpyscHocmU coomeemcmeyem mo4xa M (z), Hasel-
earom omroulenue abcyuccol mouky M x ee opOuname.

Kpatkas sanuce: ctgz= —;— . 7

Jlerko ycmoTpeTh, uTOo GyHKuUHs tgz ompeXeseHa Ans
o T
BCeX JeHCTBHUTEJIbHBIX YHCEJ 2 = -+ 7-1—21:13, a ¢yHKUuA

ctg 2z — aasa uucen 2z == wk (k — ueJsoe YHCJIO).

B camom gese, mo ompepesiennio tgz = i, a ctgz=
X

X
= -, Tle X H y—OpPAMOYroJibHble KOODIHHATHl TOYKH
¥
M (2). Ho otnomenue - ne cymectsyer npu x =0, a oT1-
X

X
HOIIEHHe -— He cymlecTByeT npu y =0, cJeloBaTesLHO,

tgz He cymlecTByeT I/ TeX YHCes 2, KOTOpble H306paxka-
I0TCS Ha YHCJOBOH OKPYXHOCTH B Toukax B u B’ (puc. 16),
uMeromux abeuuccy x =0, a ctgz He cyumecTByeT AJs Tex
YHCeJ 2, KOTOpHle M300paxaloTCs Ha YHCJOBOH OKPYXKHOCTH
B Toukax A u A’, umeromux opauHaty y = 0. 3aMeTHuB, 4TO

k14
B TOuKax B u B’ usobpaxkaiorcs uucaa 2= + - + 2nk,
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a B Toukax A u A'—uncna z=n=k (§ 5), ybexnaemcs B
CIpaBe/i/INBOCTH CKA3aHHOrO.

[TokaxkeM Ha TNpHUMepax, KaK HAXOIHTb 3HAUYEHHS TaH-
reHca W KOTAHT'€HCa, IMOJIb3YSCh HX ONpeleNeHHsMH.

IMpumep 1. Halitn tg2z u ctgz, ecin z= —:—

Pemenune. B npumepe 2 (cTp. 125) Mbl y:Ke Haulin Ha
YHCJOBOH OKDYIKHOCTH TOYKY M (—g—) (puc. 17), coorser-

™
CTBYIOILYIO YHCIY 2 = —6—, U OonpeleJuJaxd MNPAMOYroOJbHBEIE

KOOpAHHAThI STOH TOUKH:
x=0P=—RV3 uy=PM=—R.

ITo OIlpeJeJICHUIO TaHreHca u KOTaHreHca noJydaem:

X —_— )
° —RrVE V3
] —_—
—RV3 _
6 Y LR
2
Hpumep 2. Habity tgz u ctgz qas 2= —3,7.

Pemenue. B npumepe 3 (ctp. 126) MBI y3Ke OTMETHJIH
Ha YHCJOBOH OKPYXKHOCTH TOYKY M, (— 3,7), COOTBETCTBY-
IOy yueay 2 = — 3,7, W HallI¥ NPSMOYroJbHble KOOPAH-
HaTel 3T0# ToukH: x ~ —0,85 R u y = 0,53 R. Hcnosbays
5TH [aHHbIE H ONpejesieHHe TaHTeHCa W KOTAaHTeHca, MOoJy-
yaem:

,53
tg(——3,7)=%z:%§-8—%z—0,62; ctg(—37) ==~
~=08BR _ 156

0,53R "

Mpumep 3. Hafith tgz u ctgz mpu z=-—’2‘-.

Pewenne. Ynucay z= —'2‘— Ha YHCJIOBOH OKPYHOCTH
cooTBeTcTByeT Touka B (puc. 16), y woropoii abemicca
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x=0, a opauHata y = R. [lo onpegenenuio tg z = % a

X
ctng .Ho B JaHHOM cJlydae OTHOLIEHHE % He cyuiecT-

T
ByeT, II03TOMy He CymniecTByeT H tg - (uTO BrMOJIHE COOT-

X
BETCTBYET obsacTH onpejeJieHus TaHl”CHca); OTHOLUEHHE -y— =

0
=% = 0, caegomaTteJibHO,
ctg = =0.
g 2

Mpumep 4. Hafitu tgz u ctgz npn z= 3.

Pewenune. Uucny z=3x Ha YHuCJOBOH OKPYKHOCTH
coorBercTByeT Touka A’ (puc. 16), y koropoii abcuucca x=
= —R, a opauHata y =0. BupuMm, 4TO B JAaHHOM cJ/y4ae
OTHOIIIEHHEe —)y‘— =—%= 0, cnenoBatessHO, tg 3w = 0; oTHO-

LIeHHe —;- He CylLecTByeT, TO3TOMY He cymlecTByeT H ctg 3w,

4YTO COOTBETCTBYET yCTaHOBJ!eHHOI:I Bbllle 06/1aCTH onpenpe-
JIEHHA KOTaHIreHca.

[anum onpefesieHHe CeKaHCa H KOCEKaHCa.

Cexancom (Kocexancom) OeilicmeumesbHo20 4UCAQ 2, KOMOPOMY Ha
4uca0800 OKpyYscHOCMU coomsemcmayem mouka M (z), Haswiéaemcs omse
Howerue paduyca smod ok pyxcrocmu K abeyucce (opduname) mouku M (2).

Kpartkas 3amuce:

R ®)

Jlerko ycMoTpeTh, 4TO (YHKLHA S€Cz omnpeiesneHa s BCeX Aeit-
T
CTBHUTE/IbHBIX YHCEN 2 # == 'E‘—I-Q‘Kk. a (QYHKUHS COSeCz— AJs uHCced

2z = nk (B — 1esoe 4KC/IO), T. e. aHAJOIHYHO COOTBETCTBEHHO (YHKUHAM
tgz u ctga.

ITokaxkeM Ha npuMepax, KaK HaXOAHTb 3HAueHHE CeKaHca M Koce-
KaHca, MOJB3YACh HX OMpeeNeHHAMH.

7
Mpumep 1. HalfiTu secz u cosecz, ecan z = ik

129



Pewenue. K3 npsMoyrosbHOro paBHOOEAPEHHOrO TpPeyroJbHHKaE
noJiyuaem:

x4+ y? = R?, TaK KaK x =y, 10 24 = R® V
[ R R = R —
_———=— = ' wrr—1 —_——= = 2
Orkyaa sec == V2 =V2, cosec =7 V =V
7
Mpumep 2. Halith secz u cosecz, ecau z=—é—n.

7
Pewenne. OTMeTHM, 4YTO TOYKa 2= -é-n naxoxutes B [11 gert-

BEPTH OKDYXKHOCTH, FAe X H Y HMEKT OTPHUATEJbHBIE 3HAYEHHA. K]
COOTBETCTBYIOLLEro IMPAMOYrOJIbBHOrO  TpeyrosbHHKa HaxoAHM |X|=

1
=—%—Rl/3— H|y|=— R, a notomy

sec 7 R R 2
-_—T —_= e
X 1 a
° —+RrRVZ V3
cosec—w-—-—@-—--———ﬂ-———— 2
6 ¥ 1 -
"‘Q—R

OTMeTHM, 4TO M3 TPeX 4YHCE] X, y, R, CBS3aHHHIX ¢ TOU-
Ko M (z) Ha OKPYKHOCTH, MOXHO o0pa3oBaTb LIecTb pas-
MelleHu#, Mo 1ABa, a umeHHo: 1) (y, R); 2) (x, R); 3) (4, x);
4) (x, y); 5) (R, x); 6) (R, y), NIO3TOMY M KpPYrOBHIX (YHK-

Jigzdz noJay4aeTcss TOJIBKO [MeCTb, a8 HMEHHO: 1) sinz = —% ,

2) cosz—-— 3) tgz—— 4) ctgz—— 5) secz =§

n 6) cosecz = L
Y

Briparouuiica apaGekuit acTporoM anb-Batanu (850—929)
oOHapyXHJ, 4TO YeThblpe MOCJeJHHE H3 STHX (YHKUHH BbI-
pa)kalTcs uepe3 IepBoie JBe. B camom gede,

s
—i—-_R_._. sinz
tgz= x —.ﬁ_ = cosz ?
R
-~
R cos 2
Ctgz_—_z— sinz ?
R
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_i_ cosz
R
osecz= =L ]
cosecz = —1—— sz *
R
Kopoue:
tgz= 02 (Z#%quﬂk); ©)
ctgz= = (25 mk); ©, a)
1
sec2 = —— (z#%+ﬂk); ©, b)
— l —
cosecz = —— (2 = =k), 9, ¢

rge k=0, +1, +2, ...

OTH (OPMYJIEI MO3BOJSIOT BHYHUCIMTH 3HAYEHHS TaHTeH-
ca, KOTaHTeHCa, CEeKaHCa H KOCEKaHCa, €CJH Y¥Ke H3BECTHH
COOTBETCTBYIOLLME 3HAUEHHS] CHHYca H KOCHHYyca.

Tak, HampuMep, Bbllle MBI HAllIH, HCIOJb3Ysl TEOPEME

P 1 T V3
FEOMETpHH, UTO $in— = —-, a C0S - = ———, CJe/l0Ba-
TeJbHO, 1Mo dopmynam (9, a, b, ¢) moayuaem:
L y3
2 { T 2 P
10’ -lt- == e— = H Ct = e = 3 .
& g .3—. V? $ g 6 __l_ V ’
2 2
T 1 2 1
seC— = —— = H cosec— = — =2,
6 3 V3 L
92 2
Ynpaocnenus.

1. HauepTuTte Ha MH/IIMMETPOBOH HJIM Ha OGEIUHOH GyMare, pasrpad-
JIEHHO! B KJIETKY, OKPY’KHOCTb papHycoM 5 miu 10 cx, mnposeaute ocH
KOODAHHAT TaK, YTOOBI 3Ta OKPYMKHOCTb CTaJa YHCJOBOH, H C MOMOIUBIO
nocsieiHed 3amoJIHHTe CJAeAYIOULYI0 TaGJHLY:
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2 o% Z—"l % —;123 m%s 62n78—%—-§-—1—2,5
sinz
Ccos 2
tgz
ctgz

2. Hailith 3HaueHust sinz u cosz npuw: a) z2==n(2k41); 6) z=

=2nk;, B) 2= —;— (2k 4- 1) (k— npoH3BOJILHOE LiEJIOE YHCJIO).

. Halitu 3navenus tgz u cigz npu 2= i—:- ~+ 2k (k — uenoe).

3

4. TIpH KakHX 3HaYeHHsAX aprymeHta z QyHKuust sinz = 1?
5. Ilpu KakuX 3HauUeHHSX aprymeHta z QyHKUHS cosz = O?
6. Ilpu Kakux 3HaYeHHSAX apryMmeHTta 2z ¢yukuus tgz=0?
7. Ilpyu xakux 3HaueHHAX aprymenTta z QyHkuus ctgz = 0?
8. Jloka3aTb HepaBEeHCTBO:

sinz4-cosz> 1, ecin 0 < 2 <-;—.

9. Onpepenuts 3uak: 1) sin4; 2) cos 5; 3) tg 5; 4) ctg 8; 5) sin(—3);
6) sin 1.cos (—1); 7) sin 2-cos 2.

10. Haiitu npu6iuxeHHO (MOCTpPOEHHEM):

1) sin 13 2) cos (—3,4).

§ 8. Kpyrosoie ¢yHKuuu Jgw06oro gefcTBUTENBHOTO
Yhcjia Kak 0000leHHe TPUrOHOMETPHUECKUX (yHKLuA
OCTpOro yrJa

B omnpeneneHusiX KpyroBblX GYHKIUEH, JaHHBIX B MPEJb-
LyuleM mnaparpage, apryMeHTOM S§BJSIeTCS YHCJO 2, BhIpa-
Karwomee mepy nyru AM, a ciaepoBaTesbHO, B Mepy yraa
AOM, onuparomerocs Ha 3Ty ayry (puc. 18). drto obcros-
TeJIbCTBO HO3BOJISIET HCTOJIKOBEIBATH apr'yMeHT 2 Y KPYrOBHIX
(yHKUHE Kak AyTy WJAM YroJ B z pajuaH, uTO ObIBaeT He-
06XOJMMO INpH peIeHHH pa3JjHYHbIX NpPAaKTHYECKHX 3ajau.

Tak, Hanpumep, Bblpaxkas 3aKOH I'apMOHHYECKOTO [BH-
JKeHHsl paMKH (YyHKUMeH y = sinz, Mbl HCXOIHJH M3 TOTO,
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UTO YHMCJIOM z = w! pajHaH onpeaensniack Mepa ayru AM,
onucaHHOH nasbueM M 3a f cexyHnA, uiau mepa yriaa AOM,
Ha KOTOpHIH MOBEpHYJIOCh KOJIECO MeXaHM3Ma 3a f CeKYHA.

Mrak, 6yzeM B JajpHeHiieM B cjayyae HaJoGHOCTH YH-
TaTh GYHKIME sinz, cosz, tgz, ctgz Tak: cuHyc ayru uam
yraa B 2z pajHaH, KOCHHYC JIyrH HJH yrjia B 2 pajuaH
HT. [

OpnHako NpH 3TOM BO3HHKAeT 3aKOHHBIH BOIPOC: HE BCTY-
UM JIH Mbl B IPOTHBOpEYHE C TEMH OIpeJe/IeHHSIMH CHHYCA,
KOCHHYCa, TaHFeHCa H KOTaHreHca, KOTOphle OblIH JaHBEl B
IIepBOH YacTH 3TOH KHHTH.

OxasblBaeTcsi, TaKUX NPOTHBOpedHH He OYyJeT, Tak Kak
H3yUYeHHble HaMH (GYHKUHH OCTpPBIX YIJIOB NpPEJCTAaBJSIOT
YacTHBIE CJyYau KpPYroBbIX (YHK-

IIUH, KOrja apryMeHT HOCJeLHHX J

H3MeHsleTcss B HHTepBaje oT O M
T

Bo —-.

B camom peJsie, nycTh HaM JaH
ocTphlii yros B 2z pajuad. IToct- 5
pOMM Ha WYHCJIOBOH OKDPYIKHOCTH
paBHblf emy yron AOM u mpo-

BeseM MP nepneHpukyaspHo OA

(puc. 18), mosyuum npsMOyroJib-

HBl TpeyrosmbHuK POM c rumo-

TeHy3ofi OM =R u kareramu

PM u OP. Tlo onpejeseHuio TpH- Puc. 18,
FOHOMETPHYECKHX (YHKIUH OCT-

poro yrja HaXoXHM:

sin AOM = —1%4—, cos AOM =

0F
R
tg Aom = 22 tg AoM = 22 )
= —, C —_ —
g opP g PM
Ho ecau yron AOM =z pajguaH, TO U CTATHBAWOIlas €r0
nyra AM =z paguad. Otcioga cjcnyer, 4To Touke M co-
OTBETCTBYeT HA YHCJIOBOH OKpy:xKHOCTH uMc/0 2. [lo ompege-
JIEHHIO KPYroBbIX (DYHKIMH HMeeM:

: PM oP ] PM
inz=——_; cosz=—:, tgg =% = ——
s R R g x op '’
OP
toz = 2 = 2, ok
ctgz = — M (**)
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Conocrasasis paBeHcTBa (*) m (**), nmoayyaem:

sin AOM =sinz;

tg AOM =tgz;

cos AOM = cos z;

ctg AOM =ctgz;

y CJIeIoBaTEJMbHO, KPYTrOBEIE CI)YHK-
7 B x UMM JeHCTBHUTEJbHOrO YHCJA SIB-
32 3 JAsiI0TCsl 0600UIeHHAMH TPHTOHO-
i } METpHYECKHX (YHKIUH OCTPOro
l | yraa.
c f I A
I 0 { X Ynpasxcuenus.
|
! | 1. Hafttu sHaueHMS  KPYroBHIX
7 7 dyukuull sinz ¥ cosz pas Ayr
340 395 wn
2 =—— (n — NpOH3BOJIbHOE  leJioe
Puc. 19.
4uCJIo).
Vkasanuue Pasgeium n uva 6, noayuuM n=6%k-4r, rae r=0;
1; 2; 3; 4; 5. Pemenye Lesiecoo6pasHo pacrlosioXHTh Tak (pHe. 19):
Touku Ha
n 2 YHCJIOBOH sin z cos 2
OKPYKHOCTH
6k40 042=k A 0 1
m 1: V3 l
6 1 — 2=k —_ —_— -_—
B+ g T2° 3 2 2
x x Vs 1
62 — 242 — 2 L= -
+ g 2tk 3 2 2
6k 3 % .3 4 2nk c 0 —1
w T Vg_ 1
6k-J-4 — ™ — .4 R AN
+ 3 4+ 2wk 3 2 2
T ] ‘/3— 1
615 — .54 2=k — .5 _—— —
B 3 °T 3 2 2
2, Jau yron ABC c HayannbHOii cTOpoHO# BA ¥ BTOPOH CTOPOHOMH

BC (puc. 20, a, 6). Hafitu ciuyc m KocHHYC 3TOro yrJaa,
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Ykasanue. 1-fi crnocoS: Ha uHC/OBOH OKPYKHOCTH NOCTPOUTH
=2 AOM= & ABC (puc. 20, a) u nposecth MP 1 Ox, Toraa sinABC=

Py =2ABC
=— cos = .

oM '’ oM

2-ff cnoco6: u3 BepIIMHE B AaHHOrO yrja omucaTb OKPYIKHOCTB
paauycoM R =1 u clenaTb ee YHCJOBOH, NpPHHAB HAyaJbHYI0 CTOPOHY

o=
()
P

aj
Puc. 20.

yraa BA 3a nosoxutenpHEIH Jyu ocu abcumce (puc. 20, 6), OTMeTHTH
Touky M, B KoTopoil ctopoHa BC nepecekaeT OKDYXXHOCTb, H NPOBECTH
MP 1 AB, Ttorpa

3 PM BP
sin 2 ABC = B , cos & ABC = TR

3. MaxoBuK JBuraTesis BHYTPEHHEro CropaHHs BpAIlaeTCs PaBHO-
MepHO, coBepumas n 0GOPOTOB B CeKYHAY. Brlpasutbh ¢ynxuued mnepe-
MeHHOe paccTosiHHe ToukM M, B3sTOH Ha oGole MaxoBHKa, OT IJIOCKO-
CTH T0Ja MAalHHHOTO OTAeJIeHHs
NpH YCJNOBHH, 4YTO 3Ta INIOCKOCTB /
napaJjJiesbHa OCH BpAllleHHs H OTCTO-

HT OT Hee Ha DACCTOSIHHH @ METDOB.

Ykasanue. Paccmorpum ce- M
yeHHe MaxOBHKa IIJIOCKOCTBIO, Nep- ]
TNeHHK yJIiPHO! OCH BpalleHHs H Npo- EP 4
xonsimeli uyepes Touky M. B stoM o

=
|

CeueHHH MAaXOBHK H306pasHTCs CXe-
MaTHYeCKH OKpyXHocthio O (R), a
nJIOCKOCT nosla — mnpsamolt  LL’
(puc. 21). Uepes Touky O npoBoguM
OCH KOODJAMHAaT TaK, 4TOGbl OCb
abeuuce 612 napajviesbHa NPSAMOH
LL’. Otcuer BpeMeHH HauHeM C MO- ,
MeHTa, Korga Touka M HaxomuTcs WMW L
Ha TI0JIOXKHTEJILHOM JIyde OCcH abciuec. T

[IpeanosoxuM, 4TO MO OTHOLIE-
HHIO K HaM MaxOBHK BpallaeTcs npo- Puc. 21,
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THB uwacoBolt cTpeskH. 3a ! cekyHA paguyc OM onumer yron AOM =
=z = 2ant paznan. Hckomoe paccrosiHue S = MM = M,P 4+ PM.
Tlo ycaosuio M P =a Tlo onpejesieHHI0 CHHYCa HMeeM:

sin & AOM = , 0TKyaa PM = R sin AOM==R sin 2rnt. Cre-

JOBaTeNbHO, HCKOMas QyHKuHs S = a -4 R sin 2znt.
Eciu ock BpalleHHs JEXHT B MJOCKOCTH nota, T0 a=0u S =
= R sin 2=nt.

§ 9. HesaBucumocTb KpyroBbix (yHKUMH OT JJIHHEI
pajzuyca YHCJIOBOH OKpYXHOCTH

Ilpu omnpenesnenun KpyroBeX GYHKUMA MBI He HaKJapl-
BaJ HHKaKUX OrpPaHHYEHMH Ha BeJHYHHY pajuyca 4HC-
JIOBOH OKpYXHOCTH. EcTeCTBEHHO BO3HHMKaeT BONPOC, 3aBH-

)/ 9
Mz y
M,(2)

Puc. 22,

CAT JIi 3HAaUeHHS KPYTOBBIX QYHKIHI OT BeJMYHMHH pajHyca
OKPY#KHOCTH, Ha KOTOPOH onpejeseHbl 3TH GyHKUHH? OTBET
IaeT cJjejylollas Teopema:

Snauenus Kpyeosoix (yHKyul He 3asucam om OAuHbL
paduyca 4uca080ll OKPYIHHOCMU.

HokasatenbcTBO. Bo3bMeM jBe YHCJIOBEIE OKPYXK-
HocTH O (R) 1 O, (r) ¢ pasimmuHbIME paguycamu R ur (puc. 22)
M HafileM C HX IOMOIIbIO KPYroBhle YHKIMH [1POU3BOJILHO-
ro JIeHCTBHTEABLHOrO YHCJIA 2:

sinz=_P/_M_) COSZ=-9£, tgz=_€.ﬁ_/_l_.,
R R opr

oP o
ctgz=-m- (Ha mepBOH OKpPY2KHOCTH);
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(sinz2);, =

k]

0Py
r

P;Ml

(tg2)y=——, (ctg2), =

I_],eH'rpaJleble YTJIBL AOM u AOM, paBHBE, Tak Kak
ouu craruBaoTcs ayrami AM u A M,, UMeOWUMH ONHY H
Ty Ke paJMaHHYIO Mepy, PaBHYIO Z pajuaH, C/eJOBaTe/bHO,
npsiMmoyroJibHble TpeyroabHHKH OMP n O, M,P, nojoGHEL
M3 nono6usi 3THX TPEeyTOJILHHKOB CJElYeT:

[PM| _ | PiMi|  |OP| _ |OPy| [PM| _ |PiMy|  [OP| __ 104P;|
R r " R r " 10P|  |0Py " |PM| IPIMJI

Ho us pasenctBa yrioB AOM wu A,0,M, crexyer, uto
Touku M u M, HaxoIATCs B OLHOMMEHHBIX UETBEPTHAX OK-
pyxHocTell, a nosTomMy otpesku PM u P M, a takxke OP
# O,P, uMelOT COOTBETCTBEHHO OJHMHAKOBBIE B3HAKH; 3TO
06CTOATENLCTBO JaeT BO3MOXKHOCTb MepedTH OT aGCoIOTHHIX
3HAUEHHH K CaMHM 3HAueHHsIM (ONYCTHTb B IPEIbIAYILHX
paBeHCTBaX 3HaKH aOCO/IIOTHBIX BENHYMH) M MOJYYHTb PaBeH-
cTBa:

PM _ PMy OP _ Oy PM _ PiMi  OP _ 0P
R r R ) 0P PM PM;
roKasbiBalomue, 4to sinz = (sinz),, cosz = (cosz),, tgz=
= (tg2),, ctgz =(ctg2).

Yto n TpeboBajioCh J0KAa3aTh.

(Ha BTOPOH OKPYIKHOCTH).

§ 10. HenpepoiBHOCTb KpyroBuix ¢(yHKUHH
1. MoxATHe 0 HenpephIBHOCTH (DYHKLHH
PaccmoTpum cJenyioliie IBe (PYHKIIHH:

[lepBasi (yHKUMS BBIPAXKAET YHCJIO KPYXKKOB /M OJNHHA-
KOBOrO JHaMeTpa d, KOTOpble MOXKHO BHIPE3aTh M3 KBajapaT-

mRORG®) 88

x<d x=d dex<2d x=2d @ 2d<x<3d x=3d
Puc. 23.

HOrO JIHCTA JKECTH [PH YCJOBHH, YTO CTOPOHA KBajpaTa X —
BeJMUHHA nepeMeHHas (Ha puc. 23 H300pa<eHbl KBaAPaThl
MpH HEKOTOPHIX 3HAYEHHAX X).
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Bropass ¢yHKuHs BEIpaxkaeT mjoulaib KBajgpara S c Ie-
peMeHHOH cTOpoHOH X, T. e. S = x2,

CocTaBHM TaGMHUEL 3THX GYHKUMH:

I. x m 11. X S
b B o o

o<r<u |
ueify | v | g
e 1 “191
o PR

ITocTpoum rpaduku naHHbiX QyHKuHH, momoxus d = I.

BuzauMm, uto rpaduxk mnepBoil ¢yHKuMH (puc. 24) HMeeT
pa3pbiBbl B TOYKax x=1,2,3, ..., a BO BCEX OCTaJbHBIX
TOUKax, ylosJjeTBopsitomux ycjaoBuio 0 < x <1, wn 1<
<x<2 nwm2<x<3uT. A, pa3pHiBOB HeT.

m S
971 — 9
Do
|
ot
;|
.
| b
L
4t r—{y 41
Pl
lll
Pt
I
o=
L] ’
- X e
ol 1 2 3 4 ol 7 2 3 X
Puc. 24. Puc. 25.

['padukom BTOpol QyHKuMH (puc. 25) sBJsETCH JHHHS
HenpepriBHas, 6e3 pas3phIBOB.

MoxHO cKasaTb, UYTO BTOpas (YHKIUS HENpephiBHA B
Kax<lofi TOuKe, a NepBasi HenpephlBHA TOJLKO BHYTPH NPO-
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MexyTKoB 0< x< 1, 1<x<2, 2<x<3 u 1. o, aB
KOHIIaX 5THX NIPOMEXYTKOB, T. €. B Toukax x=1,2,3 u
T. 4., OHa HMEeT pa3phIBbl HelpephHIBHOCTH.

Doslee aKKypaTHO NOHSITHE HENPEPLIBHOCTH (PYHKIHH
onpepeJsfeTcs TakK:

@ynkuus y = f(x) HasbplBaeTCs HeENpPEPLIBHOH B TOUKe
X = X;, €CJIH BBHINOJIHAIOTCH /iBa YCJOBHS:

1) npu x = x; QyHKIMSA ompejiesieHa, T. €. HMeeT AeHcT-
BHUTeJIbHOE 3HaueHHe y = f(x;) (cMoTpu rpaduk QyHKIUH Ha
puc. 26);

2) npH JOCTaTOYHO MaJjioM IO abCOJIOTHOMY 3HaueHHIO
H3MeHEeHHH apryMeHTa OT X; JHO X, QYHKuus H3MeHAeTCH
Ha BEJHUYMHY, MEHbUIyIO N0 ab-
COJIIOTHOMY 3HaueHHI0 Jo6oro
3aJJaHHOTO IIOJIOKHTEJbHOTO UHC-
Ja ..

[TpuHuMas Bo BHHMaHHe, YTO
H3MEHeHHe aprymMeHTa OoT X; 1O
X, N0 a6CoJIIOTHOMY 3HAuyeHHIO
paBHO |x,— X, (cM. puc. 26),
a COOTBETCTBYyIOLlee H3MEHEHHe
GyHKuuE 1o aGCoMOTHOMY 3Ha- X X, o
YEHHI0 DPaBHO |y, —y,|, HIH L_a_J
IF (x2) — f(x,)l, BTOpOE ycioBHE
HeIpepeIBHOCTH MOXKHO 3aluCaTh Puc. 26.

U TaK:

IJ1s JIo6Oro 3aZaHHOTO IOJIOXHTEJIBHOTO UHC/A & MOXK-
HO moxo6paTh Takoe JOCTATOYHO MaJioe I[OJIOXKHTEJbHOE
YKCJO O, 4TO IpPH BCAKOM 3HAueHMH apryMeHTa X,, YJAOB-
JIETBOPSIIOILEM YCJIOBHIO

[ X, — x| <3,
6yﬂ,eT BBIIIOJIHATBHCSI COOTHOLIEeHHEe

[ () — [ (x)] <e.

Eciu B HeKOTOpPOH TOUKe AJA PYHKLHH He BBHIOJNHSETCH
X0Tsd OBl OZHO H3 YKa3aHHBIX JBYX YCJOBHH HeNpephIBHO-
CTH, TO T'OBOPSIT, UTO B 3TOH TOYKE (PYHKUHS TEPHNHUT P a3-
PBHIB HENpepHBHOCTH.

[ToxaxeM, HanmpuMmep, YTO TNepBas H3 3aJaHHBIX BhILIE

o 1
(yHKUHMH HenpepbiBHa B TOUKE X, = 17, a B TOUKe x =2

OHa TepIHUT pas3phiB.
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1
HelcTBuTeIBHO, B TOuKe X, = 1—2— sTa GYHKIHSA HMeeT

YHCJIOBOE 3HAueHWe m, = 1, cJeJoBaTe/LHO, BHINOJHEHO
IIepBOE YCJIOBHE HEMNPEPLHIBHOCTH; BTOPOE YCJIOBHE HelpephIB-

HOCTH BLIIIOJIHAETCA NPH 8=—2-, TaK KaK IpH H3MEHEHUH

apryMeHTa x 1o a6COJIIOTHOMY 3HAueHHIO MeHbllle, YeM Ha
;—, ¢yHKIHuSA coxpaHseT CBOe 3HaueHue, paBHoe 1, H,
cJle]oBaTe/IbHO, ee H3MeHeHHe paBHO m;, —m=1—1=0, a
HYJIb MeHbllle JIIOGOr0 IMOJIOKHTEJLHOIO YHCJ/A .

B Touke x=2 »3Ta xKe (QyHKIUS TEPHHT pa3phiB, Tax
KaK He BBINOJIHAETCS BTOPOE YCJOBHE HempepbiBHOCTH. [lef-
CTBHTE/bHO, Ha KakKyio OB MaJiylo BeJUUYUHY MBI He YBeJH-
YUK apryMeHT B TOuKe x = 2, (QYyHKIHS cpa3y Bo3pacTaeT
Ha 4 exnuHunbl (He MeHbluel); Hesb3si, Hanpumep, CcJeJaTh
TaK, 4ToObl H3MeHeHHe (YHKIHMH ClipaBa OT TOYKH X =2
6b1s10 MeHbie e =0,1.

Bropas u3 xaHHBIX Bblmle ¢GyHKIUA S = x? HempepbiBHA
B J1060H TOYKe H, B YaCTHOCTH, B TOuYKe x; = 2. B camom
Jene, NMPH X, =2 OHa HMeET YHCJOBOE 3HaueHue S;=x2 =4,
CJIeZI0BaTe/IbHO, BHITIOJIHEHO IIePBOE yCJIOBHE HENPEPEIBHOCTH.
ITycts Tenepb 3ajjaHO Kakoe-HHOYAb (CKOJIb YrOJHO MaJioe)
MOJIOXKHUTENbHOE 4uCJ0 &, [lokaxeM, 4TO IpPHU BCSIKOM H3Me-
HEHHH apryMeHTa OT X, =2 JO X, He IpeBHILAIONEeM MO

€
abCoJ/IIOTHOMY 3HAYEHHIO 8=E’ usMeHeHHe ¢yHKuHH S

6yner mo aGCOMIIOTHOMY 3HAUEHHIO MEHBILIE €, T. €. BHINOJ-
HHTCA U BTOPOE YCJIOBHE HeIllpepHIBHOCTH.
JelicTBUTEMbHO,

1S, — Sy | = | 4% — 4|=|(2 & 8)2 — 4 = | & 43 + 82| <43+02,

Ho eciu B3sath 8 <1 H MeHblue %, T0 45 + 3248 + 3. 1=
=53 =5. % =e W, CJeJOBaTeNBHO, |S, — S, | <e.

Kopoue: npu BCSIKOM X,, YAOBJIETBOPSIOULEM YCJOBHIO | X,—
—2|< —;—, BHINOJIHSIETCS] HepaBeHCTBO | x2, —4|<e

IlepefineM Temepp K BBISICHEHHIO BONpOCAa O HeNpephIB-
HOGTH KPYTOBBHIX (DYHKLHH.
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{1. HenpepblBHOCTh CHHyca M KoCHHycA

®yuknus y = sinz HenmpepelBHAa B KaxJo# Touke. B ca-
MOM JeJie, NPH BCSIKOM JEeHCTBHTEJbHOM 3HaueHHH apryMeH-
Ta z =2z, OHa HMEeT ONpeJle/leHHOe UHCJIOBOe 3HaueHHE Yy,

paBHOe OpJAHHATe TOYKH
M, (z;) (puc. 27), caejosa-
TeJIbHO, TIePBOe YCJIOBHE He-
NPePLIBHOCTH  BBINOJIHEHO.
Ecau aprymMeHT 2z H3MeHS-
eTcsi OT 2, A0 HEKOTOPOTo
HOBOT'O 3HAUEHHS 25, TO SiN 2
u3MeHsieTcsl OT Yy, = P M,
1O Yy=PyM,. Ho | yy—y, |=
=| P,M,—P M, |=| NM,|<
< xopant M;M,, a xopiaa
M; M, MeHbule JJIMHBL AYTH
MM, = |z, —2z,|, oTKyza
MO0 TPaH3UTHBHOCTH |y, —
—y,| <|25—2;| n, crepo-
BaTeJbHO, AJd Jioboro 3a-
JIaHHOTO TOJIOXKHTENbHOTO

ypcja ¢ OyfeT CNpaBeAJIHBO HEPABEHCTBO

s\
My(z 4]
——
N Mi(z,)
2 Y
A

ol B A X

Puc. 27.

Y — 11| <,

ecau |z,—2z|<3=e, a 3TO 3HAYHT, YTO BLINOJHSAETCH H
BTOPOE YCJIOBHE HENpPEPHIBHOCTH.

Y

8
M,
4 ! A
pPX0 X
MI

8’ i

Puc. 28.

AnasnoruuHeiM 06pa3oMm Ao-
KashlBaeTcsl  HEIPepLIBHOCThb
(OYHKIUH X = COS 2 IIPH BESIKOM
3HaueHHH apryMeHTa 2.

W3 HenpephIBHOCTH CHHYyCA
H KOCHHYcCa CJlelyeT HellpepEIB-
HOCTb H HX I'paUKOB, KOTOpble
6yLyT NOCTPOEHH JaJiee.

I11. UHTepBaabl HenpephIBHOCTH
TaHreHca M KOTaHreHca

[TpeaBapuTesbHO NOKaXKeEM,
YTO 3HAQUYEeHHs TaHTeHCa MOXK-
HO Bblpa)aTb OTPe3KaMH Kaca-
TeJbHOH K YHCJIOBOH OKpYyX-

HOCTH, TpoBeleHHOH B Touke A (puc. 28), a uMeHHO: ec.iu
YHCJY z#%—l— wk(k=0,+1,+2,...) coOTBeTCTByeT Ha
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YHCJIOBOH OKPYMKHOCTH Touka M (z), To mnpsmas OM orce-
KaeT Ha KacaTesJbHOH, NPOBeJEeHHOH K OKPYXKHOCTH B TOUKE
A, orpesok AT =tgz'.

Jns JoKasaTelbCTBA 3TOTO YTBEPIKAEHHSA PacCMOTPHM
npsiMoyrosbEele TpeyroabHEKH OPM u OAT. W3 nopobus
STHX TPEYroJIbHUKOB IOJyYaeM paBeHCTBO

PM __ AT *)
opr 04’

CrpaBejIHBOE M B TOM CJydae, KOr'fa BXOLAILINE B HEro
oTpeskH GepyTcs C COOTBETCTBYIOLUIHMH 3HaKaMH. Tak, Ha
HameM pHCYHKe PM = y — noJoXKHuTeJbHAS OpAUHATA TOYKH
M, OP = x — orpunaresnsHas ac6uucca Touku M, OA = R —
papuyc uuciaoBoH okpyxHocTH, AT — opaunara ToukH T—
orpunarensHa. CrejoBaTesibHO, 00e YacTH paBeHcTBa (¥)
OTpHILATEJLHEIE,

PeKOMeHyeTCs] CaMHM ydauluMcs yOeIHTLCS B TOM, 4TO
yKa3aHHOe COBNajieHHe 3HAaKOB Oy/ieT HMeTb MECTO U B JpYy-
TMX YETBEPTAX UYHCJIOBOH OKPYIKHOCTH.

Hrak, umeeMm:

tgz =21 (10)

win tgz= AT npu R=1.

OTMeTHM, YTO JaHHOE [O0Ka3aTeJbCTBO He HMEET CHJIbI
I/ uKceJ 2, u3obpaxaiomuxcs B Toukax A u A, Tak Kak
paccMaTpHBaeMble IIPH JOKAa3aTe/bCTBE TPEYTONbHHKH B 3THX
TOYKax He cymecTByloT. Ho Ansi Takux unces crnpapepu-
BOCTb TeOpeMbl OGHapy:KHBaeTcsi HenocpeicTBeHHO. Tak,
HampHuMep, eclH z usobpaxaercs B Touke A’, To mo ompege-
JIEHHIO TaHTeHca HMeeMm: tgz = ——(;7=0, HO M opjuHaTa
tToukn A’, B KOTOpO# mepecekaeT kacaTeJpHylo npsmas OA,
TakxKe pasHa 0.

AHaNOTHYHEIM TNyTeM MOXKHO JOKasaTb, YTO 3HAUEHHS
KOTaHI'eHCa MOXKHO BbIpaXKaThb OTpe3KaMH KacaTeJbHOH K

1 CaMO CJIOBO TaHTEHC B nepesoje € JIaTHHCKOro oO3Hauaet
KacaTeJuabHad.
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YHCJIOBOH OKDPYIKHOCTH, NPOBeJeHHOH B Touke B (puc. 29),
a UMeHHO:

ctgz=—= —-=—‘i—;—<—, oTKkyza npu R=1 ctgz= BK.

[lepefizeM X Bonpocy O HempepblBHOCTH (YHKIHH tgz.
Tak kak dyHkuus tgz He omnpefeseHa (M, Cjel0OBaTeJb-
HO, He HMeeT YHUCJIOBBIX 3HaYeHUH) y

T
npU 2 = 5 ~+ =k, T. €. B TOYKax K 8

B u B’ 4uc/OBOH OKpYXKHOCTH M
(puc. 30), TO MOXKHO yTBEpKAATh, 4 !y 4
YTO B 3THX TOUKAX TAHMEHC HMe- P X0 X
eT pa3pblB HENpephlBHOCTH (He
BBIIIOJIHEHO NepPBOE YCJIOBHE He-
NpepLIBHOCTH (DYHKLKH). g’
Bo Bcex oCTasbHBIX TOYKAaxX
¢byHKuus {gz HempephiBHa. Puc 29,
JleficTBHTENBHO, BCSIKOMY UYHC-

ay 21#=12°-+nk (=0, £ 1, =

+ 2, ...) Ha YHUCJIOBOH OKpY:KHO-
CTH COOTBETCTBYeT Touka M,(z;)
(puc. 30) u Ha KacareabHOH
K OKDYXHOCTH COOTBETCTBYET

;
orpesok AT, =1tgz, T. e. cy- A'ﬁ Ay
\F

2

@

(IeCTBYyeT ONpeleseHHOe YHCJIO-
BOe 3HaueHnue tgz;, ciaenoBaresib-
HO, MEepBOE€ YCJOBHE HelpephiB-
HOCTH BBIIIOJIHEHO.

[Tyctb 3ajaHo CKOJB YyrogHo
MaJioe II0JIOXKHTEJIbHOE YHCJIO €.
OtaoxuMm Ha KacarenbHoli AT,
orpeskn T,C u T,D, paBHble e.
3atem nposefleM mnpsamble OC u OD # OTMETHM TOUYKH HX
nepeceyeuss C; 1 D; ¢ TOH MOJyOKPY¥KHOCTBIO, Ha KOTO-
po#i pacmosioxkeHa Touka M, (2;). O6o3HauuB yepe3 8 Hau-
MeHbIIylo H3 pyr C;M, u M,D,, 3ameuaeM, 4TO BCAKOE YHC-
JIO 25, YAOBJIETBODSIOLLEE YCJOBHIO

[2,—2,|<3,

u300pa3uTCa Ha OKPYMKHOCTH TOYKOH M,(2,) BHYTpU AYyTH
C,MD,, a npamas OAM, nepecedeT KacaTeJbHYIO B TOUYKe
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T, mMexnay toukaMn C H D U MOITOMY BHIMOJHATCA HEpa-
BEHCTBO.

| AT, — AT, | <,
T. €.

’tgzz—tgzll <3.

A 3TO 3HauWT, YTO BBINOJIHEHO YCJOBHE HENpPEPHIBHOCTH
TaHreHca. AHa/JOrHYHO JOKasbiBaeTcs, 4To (yHKuHA cigz
TEpPIHUT paspLIB HENpephiBHOCTH B Toukax z=rk(k=0,%
+1, =2, ...), rle oHa He oOnNpejeseHa; BO BCeX OCTaJbHBIX
TOUKaXx 3Ta (QYHKIKS HemnpephiBHA.



rTABA Il

3AKOHOMEPHOCTb U3MEHEHHS KPYTrOBbIX
®YHKUHUHA C UBSMEHEHHEM HX APFTYMEHTOB

§ 11. XapakrepucTHKa M3MeHeHHs CHHYyca

UsMenenue Bcsikoll ¢yHKIMH HanboJsiee HArasggHO mepe-
gaercs ua ee rpaduke. UTOOH HOCTPOUTH rpaduk QyHKIHH
y =sinz, BHIMOJHHUM cJleflylOilHe ONepalHH:

Puc. 3l1.

1. Tposegem ocu koopauHat Oz u Oy, a 3aTeM MOCTPOUM
YHCJIOBYIO OKPYKHOCTb pajuycoMm R =1 c uentpom C Ha
ocu Oz Tak, Kak 3TO cJesaHO Ha pHc. 31, a UMeHHO, YTOGHI
ock abcumcc uHMC/A0BOM OKPYXKHOCTH Jexana Ha ocu Oz,
ock opauHat Cy Gbisia napassiensHa ocH Oy, a HauasbHas
TOYKa OKpyxHOCTH A, coBmasa c Toukod O.

2. OKpYyXHOCTb pasJie/iiM Ha n DaBHLIX YacTeH, Hanpu-
Mep Ha 12, ¥ mOCTPOMM OPAMHATHEI TOYEK JeJIeHHS, KOTOPHI-
MH BBIPa)<alOTCs, KaK H3BECTHO, CHHYChl COOTBETCTBYIOLIHX
yuces; OyieM HMeTh:
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a) Touku gZene- | Ay | 4 A, A, A | An | A
HHSA
6) X KpyroBhle 1 11 1 5 |1 i
goopausatsiz | 0 | BT [ BT | 2T 3T || %
B) OpAHHATH TO- 0 PxA[ P2A2 CAa ‘e P2A10 PIA“ 0
qeK JeJIeHHus,
BbIpaXkaiomue
3HaYyeHHs T = T 5n 1=
sinz sin 0 sing sin-s—. sin; smg sm—g-sin?n

3. Ha ocn 0z ormernm:

0 | A | A | 4 A | Au |4
a) TOUKH C KO-
OpAHHAaTAMH
2 o | 2 2] = Sola |,
6 3 9 . 3 m 6 T 17
6) oTpesku mnep-
MeHAUKY S~ , . , . :
poB,  BHIpa- 0 AL A | AA | AAy | .. . |Awed Aud, | 0

¥KawlUlHe 3Ha-
yeHHs sin z

B) KoHuel 9THX [0=A4;| 4, A 4 | | Ay A Ay
OTpe3KoB 1
JaloT  TOHKH
HCKOMOro
rpaguka

4, CoeZnHHM 5TH TOYKH MOCJ/eJIOBATE/NbHO MJIABHOH /-
HUell OT PYKH HJIH C MOMOWLBIO JeKaJ, NOJYYHM KPHBYIO,
KoTopass OyAeT CJyXKHTb C HEKOTOPOH TOYHOCTbIO HCKOMEIM
rpaguKoM.

1 Takue TOoukH c abcuuccaMu 2z 1eecoo6pa3Ho MOCTPOHTb TaK: CHa
yasa OTJIOXKHTh Ha ocH Oz OTpe3oK AJHHOH 2% =~ 6,28 epunuu, a 3atem
pasjennTb ero Ha 12 paBublX uacTei
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Ecsn ykasaHHEIe onepauuu OCYLWECTBUTh I/l BCEX TOYEK
OKPYXHOCTH H COOTBETCTBYyulero otpe3ka 0 z< 2= ocH
0z, TO MONY4YHTCS HeNpepblBHAasi KpHBAsi — reoMeTpHYECKOe
MeCTO KOHIIOB OpIHHAT y = sinz—rpaduk cuHyca B Ipo-

MexyTke [0; 2x].

UTo e MBI BHIEM Ha rpadguKe M Ha YHCJOBOH OKPYHK-

HOCTH?

Ha yucnosoi
OKPYKHOCTH:

1. Tloka z BospacTaer

3
or 0 o ~ » TOUKa M(z) onu-
CHIBae€T MEPBYI0 YeTBepTh
YHCJOBOA OKDYMHOCTH, a

ee OpAHHaTa Yy =sinz Bo3-
pactaer ot 0 go 1.

2. Jlanblue z Bo3pacTaeT
oT % Jo w, Touka M(2)

OMHCEHIBAET BTOPYIO YeTBEPTh
YHCJIOBOH OKDYIKHOCTH, a
ee opAuHaTa y =sinz y6hl-
Baet ot | go O.

3. C BospacTaHueM z OT

3
i (o) ;ﬁ Touka M (z) onu-
ChIBa€T TpeThI0 UETBEpPTh
YHCJIOBOH OKDYXKHOCTH, a

ee opAuHaTa Yy = sinz yO6kl-
Baer ot 0 mo —I.

4, Tloka z Bo3pacraer
oT %n o 2w, touka M (2)

Ha rpaduxe:

1. Tloka z Bospacraer oT
T .
0 mo 5 rpaguk sinz maasHO

NOJHUMaeTcsl BBEPX OT OCH
0z po mpsMoii, mapaJsenbHOH
ocu Oz U OTCTOAIIEH OT Hee
Ha paccTtossHuHE R =1, cJe-
JloBaTesbHO, Sinz B TpoMe-

=
KyTKe [O; —2——] BO3pacTaeT oT
0 mo 1.
2. lanbwe 2z BO3pacTaer
T
oT 0 Jo =, a rpajpuk omnyc-
Kaetcss onaTe pgo ocu Oz,
c/eJioBaTeNbHO, Sinz B mpo-
k]
MeXyTKe [3; ﬁ] yOEIBaeT OT
1 no 0.
3. C BospacTanueM 2z OT
3 .
= IO —2-7: rpaguk sinz mnpo-
JOJIKaeT ONyCcKaThCH HHKe
ocu Oz 1o napajjend K 3ToH

OCH, OTCTOSIIlEX OT Hee Ha
paccTosiHUH —1, cJjejioBaTelib-

; 3
HO, SINzB I'[pOMe}KYTKe[ﬂ; ; 1':]

y6uiBaer oT 0 mo —I1.

4. [loka z BospacTaer OT
3 .
-2—7r Jo 2w, rpadpuk sin z
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ONHKCHIBAET NOCJEHIO YeT-
BEPTb YHCJOBOH OKPYKHO-
CTH M BO3BpalllaeTcs CHOBa
B CBOE MHCXOJHOE TIO0JOXKe-
a ee OpAMHaTa Y=

HUe,

CHOBa

= sinz Bo3pacTaer oT —I

no 0.

NoAHUMAETCH
1o ocu Oz H, cJeJOBaTeJLHO,

. 3
sinz B MpPOMEXYyTKe [3 =, 2.':]

BBepX

Bo3pactaer ot —1 jo 0.

IoxBeleM HTOrM HAMHX HAG/IOAEHHH B ciefyiouied TabJHLe:

I uetBepte | Il uersepts | I1I uetBepTh | [V ueTBepTh
= T 3 3
zBoapactaer | oT 0 f0 5 |oT g Ao oT® oS T ot 5 ™ A0 2%
sin z BO3pacTaeT | yGBIBaeT y6bIBaeT BO3pacTaer
orO0Omol |or]l go O or0 g0 —1 | or —1 100

Hrak, noka aprymeHT z usMeHsiercst oT 0 10 2w, (pyHK-
nua sinz HaMmeHsercs cHayaJga oT O jgo 1, 3atrem ot 1 mo
—1 u, HakoHen, oT —1 cHoBa g0 0 ¥ NPOXOAUT HBaXKJIbI
yepe3 KaxJoe H3 yHucesa oTpe3ka oT —I1 mo +1.

[Tpu panbHefimeM H3MeHEHHH 2z OT 2% O 4w Touka M(z2)
ONHLIET ellle pa3 YHCJIOBYI0 OKDYXHOCTb, a ee OpAMHATA
Yy =sinz elle pa3 MNOBTOPUT B NpeXHeM NOpPAJKe BeChb LIUKJ

y=sinz
1
P
—Zn/-!'\n T2 -2,0 ! bs ! 3 374
Z N T N [on N
> SNl - 2 | i
Pue. 32.

cBoero uaMmeHenuss or 0 go 1, sarem or 1 go —1 H, Hako-
Hel, or —1 xo 0. §lcHo, yTo Tekymas Touka M’ rpaduka
sinz omumeT NpH 3ToM B INpoMexyTke ocu Oz OT 2= Jo
47 TOYHO TaKkyl0 Xe KDHBYIO, KaK B npoMexyTke oT 0 zo
2=. To xe camoe OyjgeT HMeTb MecTO C H3MEHEHHeM rpa-
(uKa naHHOH (QYHKIMH B TNpPOMEKYTKax H3MEHeHHS apry-
MeHTa z oT 4= jgo 6w, oT 6= g0 8= u T. ..

OTC}O}la BBITEKAa€T BO3MOXKHOCTb TIOCTPOEHHUSA

BCEro

rpadvka GYHKUMH SinZ MyTeM NapaJlieJbHOrO NepeHoca yiKe
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fIOCTPOEHHON €ro 4YacTH BJOJb OCH abcuuce Ha OTpesKH,
KpaTHble 2=. TakuM nepeHocoM Ha pHCyHKe 32 pacrnpocTpaHeH
rpaduk cuHyca c mpomexyrtka [0; 2=] BmpaBO Ha mpome-
KYTKH [2w; 4%] K [4w; 6=] H BJEBO Ha NpPOMEXKYTKH [—2r;
0] u [—4=; —2=x]. YKasaHHBIH CIOCOG «pacnpOCTPAHEHHA»
rpaduka ¢ npomexyTka [0; 2=] Ha Bcio 06/1acTh H3MEHEHUS
aprymMeHTa INpaKTHYeCKH JIyYlle BCEro OCYIIEeCTBJSTb C IIO-
MOILLBI0 TOTOBOro ma6joHa Kpusodl. Habop Takux ma6io-
HOB, a TaKXe JIeKaJo ¢ KOHTYpaMH yacTed pasJ/IMYHBIX rpa-
¢uKOB naHbl Ha crtp. 479—480.

Hrak, rpapuxkoM ¢yHKIMH sinz okasaJjach 6ecKOHeuHast
HerpepeiBHAS! TepHOAMYECKH BOJHOOOpasHas KpHBas, pac-
MOJIOKEHHAss MeXAy ABYMS NPSIMBIMH, [apaJsijleJbHbIMH OCH
abcuucC W OTCTOSIIMMH OT Hee Ha DacCTOSIHHH DPaBHOM lj
3Ty KPHBYIO Ha3blBaloT CHHYCOHJOIL

y X=cosz

A, r(_-'ﬁ_%:{’_rw | tpieiyiepleplslyejupugeptasibapedtout) >

CI/IHyCOI/IAa JaeT HarJgaJHOoe IpelCTaBJ/IEHHE O Xapak-
Tepe H3MeHeHHsI (QYHKIHMHM Sinz NpH H3MEHEHHH apryMeHTa z.
Ynpaoscnenun

1. Onpegxenuts 3HaKH pasHocTeli: 1) sin 137° —sin 154°% 2)sin 1,2r —
—sin 1,43x; 3) sin 5— sin 6.

2. TIpn KakHX 3HaueHHAX 2z Ha orpe3ake oT O JO 2w BHIpaxeHHe

V_é. +sinz uMeer heficTBUTENbHOEe 3HAYeHHeE?

§ 12. XapakrepncTnka W3MEHEHHsl KOCHHYyca

Ipadur GYHKIUH x = cOSZ CTPOMTCHA TaK e, Kak H
rpaduk cuHyca, NMpHYeM /5 YCKOPEHHS TIOCTPOEHHS MOXKHO

1 HenpepeigHocTs KpHBOH rpaduKa cieiyeT H3 HeNpepHBHOCTH CH-
Hyca, ycrtaHosJ/eHHOil B § 10.
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HCIIO/Ib30BATh M TPEXKHHH YepTeX; y HAc OH NOBTOPEH 34-
HOBO Ha pHUCYHKe 33 c TOH JHiIb pasHHLEH, YTO OChb OpAH-

HaT oGosHayeHa yepe3 Ox.

1. Ha uHc/I0BOH OKPYIKHOCTH OTMeuaeM:

a) TOYKH H HX
KpyroBble
KOOPJHHATHI

4

4

Ay

Aa LECENY

o |a

wla

z
2

2=

6) abeuycchl
TOYEeK, BEI-
paxarouie
3HayeHue
cos z

co=1

CP,

CP,

Cp,

f

Cco

cos 0

5%
cos—

1=
cos —

cos 2w

OTMeuaeM:

a) TOUKHC KO-
OpAHHATaMH
21

45

T
2

11
-

27

6) B 3THX TOY-
Kax BocCTa-
BHM IlepleH-
JUHKYJISIPE K
ocu 0z H Ha
HHX OTJIO-
KHM OTpes-
KH, BhHIpa-
XKarolHe
3HayeHus
cos z

ANy

AV,

NA

.

AIONIO

All Nll

A12N12

B) KOHIBI 3THX
OTpe3KoB
AAOT TOYKH
HCKOMOT'0
rpaguka

Ny

My

N,

4

NlO

Nll

Ny

3. DTH TOYUKH CPEIHHHM MNOCJe/lOBaTe/NbHO IJIABHOH JIHHHEH OT PYKH
HJM 110 JIleKasny, IOJNYYHM KpPHBYIO, KOoTOpas Oy[eT CJIYXHTb C HEKOTO-
POt TOYHOCTBIO HCKOMEIM rpapukoM. Ecau Obl yka3zaHHble MOCTPOEHHs

1 CMoTpHTe MpHMeuaHue Ha cTp. 146.
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OCYUIECTBHTb A5 BCEX TOUEK OKDPYXKHOCTH H COOTBETCTBYIOLIEro OTpesKa
0 <2< 2r ocu Oz, TO NMONy4yHsnach 6bl HenpepuiBHAS JHHHA! — reomet-
pHYECKOe MECTO KOHLUOB OPJAMHAT X = COS Zz— rpapuk KOCHHyca B IIpO-

mexytke [0; 2x].

Yrto e MBl BHJAMM Ha YHCJIOBOH OKPYXHOCTH H Ha

rpacduke.
Ha uuncaosoit
OKPYXHOCTH:
1. Iloka 2 Bo3pacraer oT
0 o -2— , Touka M (2) onu-
ChIBaeT INEPBYI0 YeTBEPThb
YHCJIOBOH OKDPYIKHOCTH, a

ee afcuucca x = cosz yOhl-
BaeT ot 1 j0 O,

2. C BospacTaHHEM 2 OT
%z[o wn Touka M (z) onmu-

CLIBA€T BTOPYIO YeTBEPTb
YHCJOBOH OKPYXKHOCTH, a
ee afcnucca x = cos 2 yObl-
Baet ot 0 go —I.

3. C BospacTaHHeM z OT
3
= IO  w TOuKa M(z) omu-

CHIBAET TPEThIO YETBEPTh
YHCJIOBOH OKPYKHOCTH, a
ee abcuycca X = COSZ BO3-
pactraer or —1 go O.

Ha rpaduxe:

1. INoka apry™MeHT 2z mpo-

™
Geraer 3Hauenue oT 0 7o -

rpaduK QYHKLHUH COSZ IMJaBHO
ONyCKaeTcsi J0 ocH abcruce
OT CBOEr0 BEPXHEro M0JloXKe-
HUSL B TOuKe N, oTcTosuiel
OT OcH afCcuUCC Ha paccTosi-
HHH 1; csepoBaTe/sbHO, COS 2

B IIPOMEXYTKe [O; _"2‘_] yObIBaeT

or I mo 0.
2. C u3MeHeHHeM apryMeH-

T
Ta 2 OF 5 Jo w rpacduxk omyc-
KaeTrcsi HuxKe ocu Oz 1o nps-
MOH, mapanJesbHOH 8TOH ocH

M OTCTOfllell OT Hee Ha pac-
cTosiHuM —1; cosz B npome-

™~
KYTKe [3; 7:] y6riBaer ot 0
jo —1.
3. C u3MeHeHHEM aprymeH-
Ta 2 OT =« JO —32—‘:1 rpaduk nop-

HUMaeTcss BBEpX OT CBOEro
KpalHero HHXKHEro MoJoxe-
HUA Jo ocu abcuucc, cJaeno-
BaTe/bHO, (YHKIUS COSZ B

NpoMeXKyTKe [‘R; %w] BO3pac-

taetT ot —1 pgo O.

! HenpeprBHOCTE JIHHUM SIBJISETCA CJEJCTBHEM HeNpPepLIBHOCTH KO-

cuHyca, yctanos/ennoii B § 10.
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4. C Bo3pacTaHHeM z OT 4, C usMeHEHHEM gpryMeH-

= Jo 2= Touka M (z) onu- | Ta 2z oT —g—n Jo 2= rpadux

2o | w

CHIBAET YETBEPTYIO UeTBepTh
YHCJIOBOH OKPYXHOCTH H
NPHXOIUT B TepBOHAaYaJ/b-
HOe cBoe noJoxkenue A, a
afciucca 3TOH TOUKH X =
= cosz Bo3pactaer ot 0
o 1.

NoJHUMAaeTCsl BBEPX OT OCH
a6cuuMcC ¥ CHOBa JOCTHraer
CBOETO BEpXHEro KpaHlHero mo-
JIOXKEHHUs;, (QYHKIHA COSZ B

npoMexyTKe [—Z— I, 21:] BO3-

pacraer ot 0 mol.

[Togsenen utorn Hawux HabaoleHuil B cielyiollelt Tabauue:

I uetBeptb | 1] uetBepTh ' [11 gerepTs | [V ueTBepTH

™

or 0... no— 0T ®... 10

Z BO3pacTtaet

2

..Aow

SR

o | w

= |0T —R..002%
2 v

Cos 2

y6niBaeT
orl 1o 0

yObIBaET
or 0 go —1

BO3pacTaer
ot —1 100

BO3pacTaer
or 0 nmo 1

Ilpu pasbHefilieM Bo3pacTaHHH 2z OT 2% JO 4=, a 3aTem
oT 4= 70 6z u T. A. Touka M (2) OyzeT cHOBa H CHOBa
OIUCHIBATbL YHCJOBYIO OKPYMXHOCTb, a ee abCIHCCa X = COSZ
6yneT MepHOJHYECKH MOBTOPSITh BeCh MPEXHHUH LHUKJ CBOErO
uaMeHeHHus ot 1 go —! u, obpatHo, ot —I zmo 1.

X=c052

b9/ ] 4 m an

NS NS

Puc, 34.

Ha rpaduke 310 06CTOATENLCTBO OTPA3HTCA B TOM, UTO
KpHBasi COS2 B NPOMEXKYTKax OT 2r 1o 4w, oT 4w jo 6x
H T. 4. GyfieT MMeTh TOYUHO TaKylo xke GopMy, KaKk H B IIpo-
mexkyTke ot 0 go 2n. Orciojia cJieliyeT BbIBOJ, O BO3MOX-
HOCTH MOCTpOeHHs Bcero rpaduka ¢QYHKIHH COSZ MyTeEM
napaJiiebHoro CiBHra (¢ MOMOLIBK 11aGJIOHA) BAOJb OCH
abcuyuce Ha OTpPe3KH, KpaTHble 2w, y¥Ke NOCTPOEHHOH HaMu
yacTd rpapuka B npomexyrtke oT 0 1o 2= (puc. 34).

TTocKoJIBKY apryMeHT KOCHHYCa MOMKET H3MEHSITbCS OT
—oo JO oo, TO BeCb Ipapuk (QYyHKUHH COS2Z NpeiCTaBUT
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GeCKOHeUHYI0 BOJIHOOOPa3HYI0 HENpepLIBHYIO KDPHBYIO, IIPO-
CTHpAIOILYyIOCS BJOJb OCH abCiucc MeXAY NMpSIMBIMH, NapaJ-
JIEJbHBIMH 3TOH OCH M OTCTOAIIMMH OT Hee Ha pacCTOSHHH
paBHOM 1. DTy KpHBYIO Ha3bIBal0T KOCHHYCOH 10 ; OHa
JlaeT HarJsjHOe NpeiCTaBJeHHe 00 H3MEHEeHMH CO0S Zz INpH
HU3MeHEHHH apryMeHTa z.

Ynpascrernus.

T

1. Onpenennts 3HaKH pasHocTel: 1) COST2— -—cos%; 2) cos 2 —

—cos 3.
2. Ilpu KakuX 3HaueHHssx z Ha orpeske oT 0 no 2= passocTe 1—

— 2cos z: 1) nosmoxkurensHa? 2) orpuuartenbHa? 3) paeHa 07
3. [ (z) = sin z — cos z; Rokasate, uto f (1) > 0.

§ 13. XapakrepucTHKa H3MeHEHHS TaHreHca

[TocTpoum rpaduk ¢yHKuuH y = igz.

y=192
T N
Yy
8|Aim/ |1,
Ay }f_ 3
[ L) _ﬂ Z —E
A éA 4 7-Z /[ 2 b 2 27
cL\\}if : ]|7 o z 2
AL
8 T,
T,
Puc. 35.

T U
[locTpoerne HayHeM c HHTepBaJa -5 <z <L I Yuc-

Jla 3TOrO HHTepBaja H306paKaloTCs Ha YHCJIOBOH OKPYXKHO-
ctu crnpaBa oT ocH Cy, a Ha ocu Oz — BHYTPH OTpe3Ka

[— -’21, 1;—] (puc. 35). (ITpogomxenue TekcTa cM. Ha cTp. 155.)

153



231 = A uxead
-10 WHXOI'LO XHH BH
wodouadau  WIHHSIrAL
-rredeu u 130 ¥ KIdBI
-Anrraudau  WHegRLD

L) iy oIy ce CNAS LHA vy -0d XedhoL XHLE 4 (9
alml e.m_l ﬁh .- u|¢|| =h| Buwl_l. Z >dhOL 1920HTIge (B
I g ! I I g
swuodroon zp udo ey (g

Wy — 0Ly — gry — By = Ty — HOH

z &W— ,:xm &N _.wm\ &mﬂ -qIraLBIBY BH 903€3d LO

00 <8 Aﬂ.lv Bl = Ag ||vw~ s ”Aa — lvmw HAB - I.Vmu HAHI vay HOHHI'Y BOLotewediqg
e S I I I S If9dHh XHULE 9OHIIHRL (g

4 gl g . 4 € 4! 2 1LeH
x T x < ® T al_. - * T * g | -uwdoox smeoukdx xu (9
g="9y ny LU .- gy 3% L% uihoL (e

IWIBhINIO HIJOHKAdHO Hosooun BEY ([




[TpoBoaHM KacaTeJbHYI K OKDYXKHOCTH B Touke A, 3aTeM
JIeJIUM TIOJYOKPYXKHOCTh B’AB Ha npou3BOJIbHOE YHCJO paB-
HBIX YacTed H uYepe3 TOYKM JeJIEHHS TPOBOJHM JY4H H3
IIEHTpPa OKPYKHOCTH IO NepecedeHus ¢ KacareqbHOH. Ecin
pagmyc OKpyxHOCTH R =1, TO HOJyYeHHble NPH 3TOM OT-
pe3KH KacaTesbHOH BBIPA3siT 3HAUEHHS TaHTeHca JJIs YHCed,
COOTBETCTBYIOLIHX TOYKaM JejeHusi. Ha pucyHke mosyox-
pyxHocTe B’AB pasgeneHa Ha 12 paBHbix yacTe#f. (Cm. Tab-
Jqumy Ha crp. 154, KoTopas MpPOZOJIKAET TEKCT.)

Ecuu 6t cZesiaTe TakoH napaJiiesibHbIH epeHoc IS KaX-
Jo# Tekymiell TOYKH M OKPYKHOCTH, TO MOJy4YHsH Obl KpH-
BYI0 — FeOMETPHYECKOEe MECTO TOYeK KOHIIOB OpAHHAT Yy =
= t{g2z; B HameM ke MOCTPOEHHH MOJNyYHTCH 12 TOYek, Je-
JKalllux Ha Hefl. DTH TOYKH IOCJEJOBATENbHO COEAUHHM OT
PYKH (MM 1O JeKaJay), INOJydeHHas Kpupas M OyHeT cay-
KHTh C HEKOTODOH TOYHOCTHIO OJHOH H3 BeTBeH rpaduka

™ k1
TaHreHCa B NMPOMEKYTKE — — <z<L =

Yro e Mbl BHJMM Ha YHCJOBOH OKPYXHOCTH H Ha
rpauke taHrescar

Ha yucnoBoi Ha rpaduxke

OKDYXHOCTH:
1. Tloka z Bo3pacTaer ot
—% Lo 0, TeKymas Touka

M (z) onuchiBaer IV uer-
BEPTh YHCJOBOH OKpPYyXKHO-
cti ot B’ po A, a Touxa
T nepeceueHust npsimod CM
C KacaTeJhHOH OITHCBHIBAET
OTpHHATEJBHBIH JIyY HA 5TOH
KacaTeJIbHOH, NepeMeliasch
H3 OTpHLATeJbHOH 6ecKo-
HEUHOCTH BBEpPX JO TOUKH
A; criemoBaTesIbHO, OpJHHA-
ta stofi Toukn AT =tgz
H3MEHSETCS OT OTpULIATEJb-
HOH 6eCKOHEeYHOCTH, MpPOX0-
Jisl yepe3 BCe OTpHIATeJb-
Hble YHCJOBHIE 3HAUEHHS,
H JIOCTHraeT HyJs B TOY-
ke A.

TaHreHca:
1. Tloka aprymeHT 2 mpo-

19
6eraer 3HauyeHHSI OT —3 IO

0, rpadpux tgz mnomHHMaeTcs
BBepX H3 OTpHUaTesbHOH Gec-
KOHEYHOCTH K HYJIO, T. €.
tgz BospacTaeT OT OTpHLa-
TeJIbHOH GecKOHEeYHOCTH [0
HyJI.
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2. [Toxa z Bo3spacTaeT ot
0 mo —2- touka M (z) onu-

coiBaeT I yeTBepTH OKpYXK-
HocTH, a Touka T, B KOTO-
poli mepecekaeTrcsl mnpsMas
CM c KacaTe/IbHOH, OIIHCHI-
BaeT IOJIOXKUTEJbHBIH Jy4
Ha 3TOH KacateJsbHOH, JBH-
rasicb OT TOYkH A BBepx
HEOTPaHHUYEHHO,  CJieJ0Ba-
TeJILHO, OPAHHATA 9TOH TOU-
ku AT =tgz Bospacraer
IpU 3TOM OT HYyJd, yXO4s
B 6eCKOHEYHOCTb.

3. Hrak, moka aprymeHt
2z npobexXHUT Bce 3HauyeHHs
B HHTepBaJje (-———;—; —;—),
ul
2
Touka M (2) onuier npaBylo
nonyoxkpyxHocts B'AB, a
toyka T (mepeceueHue mps-
Mot CM c xacaTesbHOH)
OMHUIIeT BCI0 KacaTeJbHYIO,
nepeMelasicb CHH3Y BBepX,
cJe0BaTeJIbHO, OpJHHATa
atoft Toukn AT =tgz Oy-
JeT TpHHHMAaTb MpPH 3T0M
BCEBO3MOXKHbIE  JeHCTBH-
TeJbHEIE 3HAYEHHs, mepe-
XOASl M3 OTpHIATeNbHOH
0eCKOHEYHOCTH B MNOJIOXKH-
TeJIbHYI0 6eCKOHEYHOCTh Ye-
pe3 Bce OTpHIIaTeJIbHbIE UHC-
JAa, HyJb H BCe IOJIOXKH-
TeJbHblE 4HCJA.

T
Bo3pacrasd oOT -—--2- J0

2. Tloka aprymeHT 2z mpo-
GeraeT cBOoH 3HaueHuss or 0

10 —‘;l, KpuBas-rpadux tgz

NOLHUMaeTCsl BBEPX OT OCH
Oz HeorpaHWYeHHO H NpPHOIH-
XKaeTcss Kak YrofHo OJIH3KO
K NpsSMOH, nepneHJHKYAsSpPHOH
och Oz u mnpoxopsuledl yepes

Toqug. CaieoBaTesibHO, B

NpoMeXyTKe (O; %) tgz He-

OrpaHHYEHHO BO3pacTaer oOT
HYJd, YXOAS B 6eCKOHEUHOCTb.

3. Tloka aprymeHt 2z mpo-
GeraeT Bce 3HAYeHHs B IpoO-
MeXyTKe (—%; —’25), TeKy-
mass Touka N rpaduka tgz
onuieT 6eCKOHEYHYI0 KPHBYIO,
NOJHUMAIOILYIOCS CHH3Y BBEpX,
NPOXOASILYI0 Yepe3 HauaJjo
KOOpJHHAT H Kak YrOJLHO
6/1HM3KO NPHOMHKAILYIOCA K
nepneHAuKyJaspaMm Ha oce Oz

7 ™
B TOUKax -5 7§ rh Caejio-
BaTeJbHO, B  NPOMEXYTKe
T 1
(-—-2—; -2-) ¢yHxuusa tgz Bos-

pacTtaet, npoberasi BCEBO3MOXK-
Hble 3HaueHHs OT OTpHLATE/b-
HOH 6eCKOHEYHOCTH JO IHOJO-
KUTEJbHOH GECKOHEYHOCTH.

Jlerko 3ameTuTh, 4TO NMPH H3MEHEHUH 2z B HHTepBajie OT
T 3 %
—:2-110 5 © TouKa M (z) onuuer JieByIO NMOJOBHHY YHCJOBOH

okpy:xKHocTH BA’B’ (6e3 ee koHUOB B u B’), u mnpu atom
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tTouka T, B KoTopoit mpsimMass CM mnepecekaeT KacaTesbHYIo,
ellle pa3 ONMHIIET KacaTeJbHYIO CHH3y BBEpX, a NMOTOMY Op-
nuHata 31oH TOoukH AT =1tgz onsitb npoGeXUT Bce BO3-
MOXKHBIE JEfCTBHTEJbHblE 3HAUeHHs OT OTpHUATesbHOH Gec-
KOHEUHOCTH JO MOJOXKHTeNbHON GeckoHeunoctH. OTciona

cjenyetT, yto rpaduK TaHreHca B HHTepBaJe -2; <z <L % w

6yneT moBTOpeHHeM TOH GeCKOHeYHON KPHBOH, KOTOpas mo-
CTPOEHa HaMH B HHTepBaJe

T T
—‘2—<2< —2—.

Hrak, moka touka M (2) omuchlBaeT NOJIHYIO YHCJIOBYIO
OKpY¥HOCTb, JABHTasiCb IPOTHB YaCOBOH CTPEJKH, (BYHKUHS
tgz gBaXkAbl NOBTOpSIET IOJHBIH ILHKJ CBOEr0 H3MEHEHHS
OT OTpHLATEJbHOH OGECKOHEYHOCTH, YXOASl B IMOJOXKHUTEJb-
Hylo OecKOHe4HOCTb. B MomeHTH, kKorga M (z) 3aHHMaer
nosoxenus: B u B’, npamass CM He mepecekaeT KacaTetib-
HOH, caepoBaTe/ibHO, tgz He CYIIECTBYeT IJsI YHCEN 2 =

i
= ¢—2-+2-::k, COOTBeTCTBYIOUHX ToukaM B u B’. Ilpu me-
pexome M(z) uepes Touku B u B’ TaHreHC Pe3KO MeHseT

CBOE 3HAUEHHE OT MOJIOKHUTEJNLHON GECKOHEUHOCTH K OTpH-
LaTeJNbHOH 6eCKOHe'-IHOCTH, UYTO HarJsifHO NPEeACTaBJIEHO Ha

rpaduxe (puc. 35) B Toukax % u —2—7:.

IToansift rpaduk ¢yHKUMH tg2z HA3BLIBAOT TaHrCEeHCO-
HJOH; OH COCTOHT M3 OGECKOHEUHOrO MHOMKECTBA OJHHAKO-
Boix BerBed. Ha pucyHke 35 u30o6pakeHa yacTb TaHIEHCO-
HIbl, COCTOSIIAsl H3 TpeX TaKHX BeTBell.

[TogBeneM HTOrM HAIUMX HAaGMOXEHHH B caenyloulefi Tab/uue:

[ uersepts | Il yetmeptn | III yeTepts | IV yerBepts
T b 3 3
zpospactaer| otr0go— | oT —pow |OT®A0—n |OT— = 4O2%
2 2 2 2
or 0 B mo- | u3 orpuua- | or 0 B mo- U3 OTpHLA-
tg 2 JIOXKHTEIB- TeJIbHOII JIOIKHTEb- TeJbHOH
Hyl0 OecKo- GecKoHey- Hyl0 Gecko- 6ecKoHey-
BO3pacTaeT
HEYHOCTh HoctH 100 HeYHOCThb HoctH 2o O
(+) (=) (+) (=)
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Kcratu, oTMeTHM, 4TO Ha rpadHke BHIHO, KaK GBICTPO H3MeHAeTCs
k(7
T4HreHC, KOTZA apryMeHT MPHOJHKAeTCs K -5; BOT MoyeMy B Tabuu-

laX TaHreHCOB, HayuHas ¢ 73° no 81°, npuwsoch BHECTH pacu/eHeHHe
CTpPOK, a gaidee oT 81° xo 89°59’ mocTpoHTb TaGMHLUEI uepe3 CTyHeHb B
17 Ge3 roToBeIX NONPABOK.

Ynpaxcnenus.
1. Onpenenuts 3HaK pasHocrefit 1) fg 150° —tg 123°% 2) tg3,5—
—1g 3,6, 3) tg5—tgh.
2. Ilpu KakHX 3HaueHHAX z B NpoMexyTKe oT 0 JO 2% BhIpaxKeHHe
— tgz npuHHMaeT fefCTBHTE/BHHIE 3HAUEHHS?

§ 14. XapakTepucTnka H3MeHEHHS KOTaHreHca

IMoctpoum rpaduk ctgz. [TocTpoenne HauHeM C HHTepBa-
jga 0 <z < He COfepiKallero TakKHX 4HCeJ, IJs KOTO-
pHIX JaHHas GYHKIHUA He OmpejeJeHa.

[TpoBozuM KacaTe/bHYIO K YHCJIOBOH OKPYIKHOCTH pajuy-
ca R=1 B touke B (puc. 36), 3aTeM JZeJUM BEpPXHIOW [O-
JIOBHHY OKDYXKHOCTH Ha 12 paBHBIX yacTeHl M 4yepe3 TOUKH
JeJleHHsl TPOBOJUM JIYUH H3 LEHT-
pa OKPYXXHOCTH [0 IepeceyeHHs

y

ls u C KacaTeJsbHOMl; B pe3yJbTaTe [0~
XA JydaeM Ha KacaTe/IbHOH OTpe3KH,
= 7 . BhIpaXKAIOUHe 3HaYeHUS DYHKIMH

ctgz pnsa uuces, u306paxKeHHBIX
B TOYKax JeseHus. IDTH OTpes-
KH OTKJIaJblBaeM Ha IepHeHIu-
y=clyz Kynaspax K ocu 0z, NpOBeJeHHBIX
B TOYKaX, JeJSIHX OTPE30K OCH
oT 0 no = Ha 12 paBHBIX uacrTeli;
KOHUBl ~ OTPE3KOB  COEAHHSIEM
nJaBHOH JIMHMEH, MoJydYaeM C
HEKOTOPOH CTeneHbl0 TOYHOCTH

“ o rpaduk ¢ynkuuu ctg z B mHTEp-
T 7 N2 Base (0; =).
)

A3MeHeHHeM KOTaHTeHca Ha Yuc-
JIOBOH OKPYKHOCTH H Ha rpaduke.

[Toka z mnpoGeraer Bce 3Ha-
yeHus B HHTepBaJe (0; w), BO3-
pacras oT 0 po =, Touka M (2)
Pue. 36 ONMUCHIBAET BEPXHIOI [OJIOBHHY

4 I l : [lposesiem HaGmojeHHe 3a
|
|
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YHCJIOBOH OKpYIKHOCTH (6e3 ee koHuoB A u A’), a Touka
K, B xotopoii sayu CM nepecekaeT KacaTeJbHY0, IpoO-
GeraeT mo BceH KacaTe/bHOH cmpaBa HaJjieBo, CJeHOBa-
TesIbHO, abcuucca 3Tol Toukh BK, paBHas ctgz, yO6niBaeT
OpH 3TOM, mpoberas BCe MHOXKECTBO JEHCTBHTE/bHBIX UHCEJ
OT - o0 0 — oo,

To xe camoe MBI BHAMM Ha rpadHKe KoTaHreHca. Iloka
aprymenT z npoGeraeT Bce 3HauyeHus B uHTepBasne (0; =),
TeKyllas TO4Ka rpaduka 3ToH (YHKUHH OMHCHIBaeT OecKo-
HEUHYI0 KPHBYIO, ONYCKAIOILYIOCS CBEPXY BHH3 H KaK YrOAHO
6sm3ko npubJauKamwoulyiocs cJjeBa K ocu Oy, cnpaBa —K
npsaMoil, mapaJiieJbHOR 3TOH OCH M IpOXOjsiiel yepe3 TOY-
Ky .

ITpu mamenennmun 2z oT = 1o 2% Touka M(z) omuier
HHXKHIOIO TIOJIOBHHY 4HCJIOBOH OKDYXKHOCTH, a Touka K, B
KoTopoii npamas CM mepeceKkaeT KacaTesbHYIO, IPOGEKHT
CHOBa BCIO 3Ty KacaTeJbHYIO ClpaBa HaJieBo, I0sToMy ac-
nucca 3Toli Toukn BK = ctgz eme pas mpoiiser uepe3 Bce
BO3MOXKHbIE JeHCTBHTe/bHble 3HAUEHHS OT IOJIOXKHTeNbHOH
6eCKOHEYHOCTH 10 OTpHuAaTe/bHOH GecKOHeWHOCTH. [ToHAT-
HO, YTO rpadHKOM KOTaHreHca B HHTepBane ®< z < 2rn Oy-
JleT Takas e KpHBas, Kax W B HHTepBaje 0 < z< .

Hrak, noka M (z) OonuCEHIBaeT MOJHYIO UHCJOBYIO OK-
Py KHOCTb, JABHTasChb NMPOTHB 4YacoBOH CTpesKH, ctgz aBaxk-
Jbl TIOBTOPHT MOJIHBIH IHUKJ CBOEro H3MEHEHHS OT -+ o« JO
— oo, MO3TOMY rpacuK 3ToH (QyHKUHH B HpomexyTke oT 0
0 2% COCTOMT M3 ABYX OJMHAKOBbIX OECKOHEUHBIX BeTBeH.
[Tosnbifi rpacduk KOTaHreHca COCTOMT H3 OGecKOHeYHOro
MHOXeCTBa OTJAeJ/IbHbIX BeTBeil W HasbiBaeTcss KOTAaHT e H-
COHJOH.

OTMeTHM, YTO 3aKOHOMEPHOCTb H3MEHeHHSI KPYFOBHIX QYHKUHA nefi-
CTBHTEJNLHOrO apryMeHTa BhmepBble Gbla yCTaHOBJEHA meTeplyprekuM
akageMukoM JleoHapzoM DitlepoM B ero sameyaresibHOM paGote «Baege-
HHE B aHaJNH3 GECKOHEYHO MaJbiXy,

Ynpascnenus.

1. Onpegennts 3Hakd pasHocTedi: a) ctg —;—;——dg T“O-; 6) ctg 100° —
— ctg 115°% B) ctg5— ctgb.

T
2, Ilpu KakHX 3HauyeHHAX z Ha orpeske oT 0 :0 5 ctgz> tgz?
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3. BbiesqHMTh Ha YHC/NOBOH OKDYKHOCTH H Ha rpaduKax Kpyrosblx
GyHKUHA MPOMEXKYTKH, B KOTODHIX BHINOJHAIOTCSH COOTHOLIEHHS:

3 1
a) |sinz| > -VT; 6) lcosz| < 5 B) letgzl < V33
. 1 V3
r) sinz < o5 o) cosz < 5 e) tgz> 1
K) sinz > cos z 3) tgz> cigz u) sinz> tga.

4 Haufitn nanGosbliee W HauMeHblIee 3HaueHHe GYHKLH

a) 142sinz 6) 1—3 cosz; B) 4sin(z—1)—9,



r'J1ABA IV

OCHOBHBIE CBOMCTBA KPYI'OBbIX ®YHKLIMH,
BbIPAYXAEMbBIE B COOTBETCTBY IOLIIUX
TPUTOHOMETPHYECKHUX TOXXIECTBAX

§ 15. Tepuoauueckue yHKIUH U UX rpaduku

Ecusin HeKoTOpOe siBJIeHHe WM NIpOLecC MOBTOPSIETCS pery-
JISIPHO Yepe3 OJMH U TOT e IPOMEKYTOK BpeMeHH, TO ero Ha-
3bIBAOT MepPHO AU YeCcK UM, DyHKUHH, BEIPAXKAIOULHE 3aKO-
Hbl NEpHOJMYECKHX IIpoleccoB, 006/1afjaloT OCOOBIMH TOJIBKO

N~

6)
Puc. 37.

MM TNPHCYUIHMH CBOHCTBAMH: OHH IIOBTOPSIIOT CBOH 3Hauye-
HUS 4epe3 OJMH M TOT e [POMeXYTOK H3MeHEeHHS apry-
MeHTa.

PaccmoTpuM, Hampumep, 1npoiuecc H3MeHeHHS JJIMHBI
xopAbl AM, coenuHsOue#l HENMOABHXKHYIO TOYKY OKpYX-
HoctH A ¢ moasuxHO# Touko# M (puc. 37, @) mpu ycio-
BHH, 4TO ToYykKa M coBepiiaeT paBHOMEpPHOe JBHXKEHHe
10 OKPYIXHOCTH, IpoGerasi ee B TeueHue | cek.

IToHsITHO, YTO mepHoAMUECKOe KPYrOBOE JBHKEHHE TOU-
Kd M Gyner conpoBOXKJaThCS NEPHOJAHYECKHM H3MEHEHHEM
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Inaunel xopabl AM. Tlpepmosiokum, uTO B Hayase JBHIKe-
Hust Touka M 3aHuMaer nosoxenue A. Torza B TeyeHue
OJHOH CEeKyHJbl OHa ONHMIIET IOJHYI OKPYXKHOCTb H Bep-
HeTCsl B CBOE HCXOJHOe moJoxenue A, a xopna AM cosep-
LIMT NOJIHBIH XOJ CBOEro H3MeHEHHs, CHauaja Bo3pacTras
ot 0 1o 2 enunuy (pazuyc R =1), a 3aTrem yObiBas oT 2
enuHun o 0. Takoil mpouecc ABH:KeHHS TOUKH M u H3Mme-
HeHHusl IJHHBl XOpAb AM OynerT HMOBTOPATHCS KAXKAYIO Clle-
LYIOLULYI0 CeKyHAY.

O6o3HayuMm uyepe3 ! BpeMsl, IpOTeKlllee OT HAayasaa JBH-
KeHHs1 Touku M, a uepe3 y — nauHy Xxopasl AM. SlcHo,
YTO C H3MeHeHHeM BpeMeHH ! OyJeT H3MeHSTbCS I0JIO-
JKeHHe TOYKM M Ha OKPyKHOCTH U JJIHHA Xopisl AM =y,
II03TOMY MOXKHO CKa3aTb, YTO IepeMeHHas BeJHYHHa Yy $B-
JgsieTcsi (pyHKUHeH BpeMeHH f, YTO KOPOTKO 3alHCHIBAIOT
Tak: y=f(?).

HeTpymHO mOHSIT, 4TO JaHHAss QYHKIHS TOBTOPSET
CBOM 3HaueHHWs IIPH yBeJHUEeHHH apryMeHta { Ha 1, 2, 3
HT A, T.e f(O)=Ffl+1)=ft+2)=fCt+3)=...
H T. L., IpH J0O0OM 3HAueHHH f.

LelicTBHTeNBHO, €C/IH CIyCTs #; CEeK. OT HauaJja JBHKe-
Hus Touka M okasajack B mosoxeHuun B (puc. 37, a), TO
f(¢) = AB. flcHo, uto nanmbuie Touka M GypeT NpoAoJ-
JKaTh CBOE JBHXKEHHe 10 OKPYXKHOCTH H DOBHO UYepe3 OJHY
CeKyHJIy ONSITh OKaxeTcs B NOJIOXKeHHH B (Tak Kak B Te-
YyeHHe CEeKyHJbl OHa ONMCHIBAET I[IOJHYI OKDPYXKHOCTB), a
noromy f (¢, 4 1)=AB. CnycTta eme OJAHYy CEKyHAy TOY-
kKa M cHoBa mpujeT B noJsioxkeHue B u ¢yHKuMs euie pas
NoBTOpHT cBoe 3HaueHue: f(f,+2)=AB u r. 5. Takum
o6pasoM, I0Jy4yaeTcs, 4TO

ft)=Fft.+1)=f({t,+2)=...=AB.

ITono6HEIM CcBOHCTBOM 06/1aZal0T TOJBKO TaKHe (yHKIHH,
KOTOphle BbIPAXKalOT 3aKOHEI NEPHOJMYECKHX SIBJEHHH, 103-
TOMy TakKuM ¢yHKUMAM Janud ocofoe Ha3BaHMe — I e HO-
IuYecKHe GYHKIHU.

YTOYHHM 3TO ONMpejeJieHHE.

Dynxyus [ (2) Hasvieaemes nepuodueckol, ecau oHa He
U3MEeHsen C60e20 3HAUEHUsS Om NnpubasieHus K ee apeymeH-
my HEKOmMOpOo20 4UCAQ Q, OMAUYH020 OM HYAf, M. e. Npu
8CeX 3HAYEHUAX QAPSYMEHMA 2 BbINOAHAEMCA PABEHCMEBO:

f(@)=F(+a), rae as0. (11)
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Crenyer 3aMeTHTb, YTO YHCJO @ JIJis JAHHOrO IepPHOJH-
YECKOTO $IBJICHHS M NEePHOJHYECKOH (pYHKUUH ONpejeJIseTcs
HeoJHO3HayHO. Tak, MJIs PacCMOTPEHHOH Bhillle NEPUOIH-
ueckoit ¢yHKuuu f(f) umcao a=1, 2, 3 u 1. 1. Ho mpu
H3yYeHHUH BCAKOro INEepHOJHYECKOro sIBJEeHHs OhIBaeT BaXK-
HO YCTAHOBHTb HaHMeHbllee II0JIOKHUTEJbHOE 3HAYEHHE a,
IIpH KOTOPOM BhINOJIHSIeTCSl paBeHCTBO (11); Takoe 3Haue-
HHMe @ Ha3blBalOT MEPHOJOM (yHKIHH.

Uraxk, nepuodom nepuoduueckoli ¢ynxyuu Hasbieaemcs
HaumeHbulee NOAONCUMENbHOE YUCAO, OM NPUOABAEHUS KOMO-
poeo K apeymenmy 3Ha4eHue QYHKYUU He USMEHAEMCA.

OueBupHo, nepuoioM GyHKUUM f(f) sABASETCH YHCJIO
a=1.

CylLecTBYIOT NepPHOJUYECKHE SBJEHHS C DPa3JIMYHBIMH
nepuojaMu. Tak, HampuMmep, Hama 3eMJjs NpH  o6palleHHH
Bokpyr CoJsiHIIa NepHOJMYECKH BO3BpallaeTcs B KaxJoe
CBOE IIOJIOXKEHHe uepe3 oji, ABa roja, TPH roja 4 T. X.,
II09TOMY TOBOPSAT, YTO IepHoj obpalleHuss 3eMJH paBeH
1 rony. Komera I'ansies;, coBepiuaioniasi nepHojHueckoe ABH-
JKeHHe IO CBOeH opbuTe, NOSBJSETCS Y Hac yepes Kaxkible
76 set, mosToMy ee mepuoj obpamieHus @ = 76.

[ToBTOpsieMOCTp 3HaueHHH neprHojUyecKol (QYHKUMH de-
pe3 NpOMeXyTKH, PaBHble IEpHONy, BecbMa HarJsJHO Ie-
penaeTcss Ha rpabduke (QyHKLIHH.

Ha pucyske 37, 6 usobpaxkeH rpapuk pacCMOTPEHHOMH
HaMH NepuojuyecKod GyHKuuH y = f(f) ¢ mepuoioM a =
=1 cek. JIlna mocTpoeHHs 3Toro rpajuka OTMETHJHM Ha
ocu Of TOYKHM, COOTBETCTBYIOIIME 3HAYyeHHSIM apryMeHTa

1 2 3 4 5 1
t=0, S°' 6’66 6 I’IT’IT u T. A, H Ha
neprneHuxyJaspax K ocd Of, MpOBeJeHHHX B STHX TOYKaX,
OTJIOXKHJIM OTPe3KH, paBHee xopuam AM, AM,, AM,,
AMgs u T. 5., AJUHBI KOTOPBIX paBHBEI COOTBETCTBYIOLLHM
3HayeHusM OyHKUHH y = f(f), a wumeHHo: AM,= f(0),

AM, = f(—é—), AM, = f (%) u T. A [IlomyueHHBIE TaKuM
nyteM Touku N, Ny, N, u T. . COEIHMHMJM IJIaBHOH JiH-
HHel, KOTopasi M CJyXKHT C HEKOTOPOH TOYHOCTBIO HCKO-
MbeiM rpadukoM. Ha pucynke 37, 6 usobpaxkeHa yacTb rpa-
¢duka byHKIUM y = f(f), COOTBETCTBYWOLIAs INPOMEXKYTKY
BpEMEHH

0< 1 <2 4(cex.).
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Ha orpeske 0<¢<(1, paBHOM mepuopy QYyHKIUHH f@),
MBI BHMM KPHBYIO, XapaKTEepH3YIOULyi0 IOJHBIH XOX H3Me-
HeHus xopiast AM.

Ha otpeske 1 <<f<2 rpadpuk ¢yHKUMH TpeiCcTaBJeH
TOYHO TAKOH e KPHBOH, Kak M Ha oTpeske 0 <Cf<C1. 310

M TOHSITHO, MOCKOJIbKY (PyHK-
y uMs 31eCb IIOBTOPSIeT CBOH
3HAYeHHS:

f(&)=f(¢t+ 1) npu BcAKOM £.

Slcwo, urto rpaduk (yHK-
nuu B npoMexyTtke 1<Cf<C2
; : MOXKHO Obljo ObI  IOJYYHTH
0 1 2 3 X napaiie/bHEIM  CMelEeHHEM
Puc. 38. BroJb ocu Of ToH yacTd rpa-
(vka, KOTOpasi COOTBETCTBYET

H3MeHeHHI0 GQYHKUMHM B npomexytke 0<Cf<C1.

TakuM mapajiesbHEIM CMeIleHHeM 4acTH TIpaduka, co-
OTBETCTBYIOULEH OZHOMY IepHOAY (YHKIMH, MOXKHO pac-
HIpOCTPaHATh IpadHK INepHOAHYECKOH (yHKUMH KaK YroJHO
Jajneko BjoJb ocu Of.

Ynpaxcrenusn.

1. Ha pucynke 38 uzoGpaxena uactb rpauka nepHojnueckoll pyH-
Kuun y = F (x) c nepuogom a = 3. Iloctpouts rpadux srtofi GyHKUHH B
npomexyTtke [— 3; 9].

y
e8¢ _____ Fa__ K
2-
1
4
ol 1 2345678901 12131m715:¢

Puc. 39.

2. Ha pucynke 39 n3o6paxceHa uactb rpapuka OyHKuuH y = g(f),
BhIpa)kalolllel 3aKOH JBHXEHHS HEKOTOPOH TOYKH Ha MNpPAMOH JIHHHH
(Ha ocu Oy). Kak uszobpasurcs Bech IpadHK 3TOH (YHKUHM B I peino-
JIOXXEHHHM, YTO OHa NepHOJHuecKas ¢ mepHoioM a < 87 KaxoB mnepuon
¢ynxkuun? KakoBa cKOPOCTb ABH)KEHHS TOUKH B Da3/MyHBE IPOMEXYTKH
BpeMenu {? Haiith, moab3ysch rpaduxkom, 3HaueHHe GyHKuuH Yy = g(f)
npu ¢t =1, 2, 3, 4, 3, 6, 245, 584. Ilpn KakuHxX 3HaueHHAX ! DYHK-
uusg g (¢) =0, 1, 2, 3?
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§ 16. IlepuoguuHOCTH U MepHOIbl KPYroBbix (yHKLMIL.
IIpuBOAUMOCTD aprymMeHTOB KpyroBbiX ¢yHKUui
K aprymeHtam npomexyTtkoB [0; 2x] u [0; =]

H3BecTHO, uTO (DYHKIHUM Sinz H COSZ BHIPAXKAIOT H3Me-
HeHHe NPSMOYTOJbHBIX KOOpIHHAT TOYKM M (2), coBepaio-
el NnepuoJHYecKOe JBHXKEHHE IO YHCJOBOH OKPYKHOCTH,
II03TOMY €CTeCTBEHHO OXHJaTb, YTO 3TH GYHKUMH OyAyT
nepuoguueckuMy. Ilepemetiasicb MO YHCJIOBOH OKPYXKHOCTH,
Touka M (2) Bo3Bpamiaercss B J000e CBOe IIpexKHee HOJIO-
JKeHHe IpH yBeJHYEHHH HJIH YMeHblLICHHH ee KPyroBOH Koop-
JUHATHl 2z Ha YMCJO, KpaTHoe 2w, cJiefoBaTe/ibHO, Jiobas
KpyroBasi GyHkuus OyJeT NOBTOPSTb CBOM 3HAuUeHHUSI IpH
YBeJIMYEHHH HJIM YMeHbLIEHHH ee apryMeHTa Z Ha YHCJa,
KpaTHble 2%; KOpode: IPH BCHKOM z OYAYT BLINOJHATHCS
paBeHCTBa:

sin z = sin (z + 2w&);

cos z = cos (z + 2xk), (12)
tgz = tg (2 4 2=k),

ctgz = ctg (z + 2nk),

rje k— NpoH3BOJILHOE LeJIoe YHCJIO.

CrpaBe/IMBOCTb 3THX TOXKAECTBEHHBIX PAaBEHCTB CJIERY-
eT TakKiKe M3 TOTO, 4YTO 4MCJA Z U 2+ 27wk (T. e. 2z % 2w,
2% 2w-2, 2z 2x-3...) u306paxarnTcs Ha YUCJIOBOH OKpYK-
HOCTH OJHOH M TOH ke Toykofi M (puc. 16), a motomy no
ONpeJieJIeHHI0O KPYroBulX (GyHKuu#A npu R =1 umeem:

OP =x=cosz=cos(z + 2r)=co0s (2 = 2%-2) =
=cos(z £ 2r-3)=...
PM=y=sinz=sin(z + 2r) =sin(z +27.2)=
=sin(z & 2=-3) =...

L = tgz=tg(z = 2n)=tg (z:2n-2) = tg(z £ 2x-3) = ...

% =ctgz=ctg (z = 2r) = ctg (z+2r-2)=ctg (2= 2x . 3)=...

YcTaHOB/IeHHBIE HaMH COOTHOLIEHHS (12) MOXHO Bhbipa-
3UTh KOpOYe OJJHHM COOTHOILUIEHHEM:

T (2)=T (24 2=k),

rie T — 3Hak m060it U3 KPYroBbIX (QYHKIHMH, a &2 — npous-
BOJIbHOE L€JI0€ YHCJIO.
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Wrak, Mbl y6ejuauch B TOM, UYTO KpYroBble (YHKIHH
ABJSIOTCS TEpPHOJUYeCKUMH. BBLISICHEM Temepb, Kakoi xe
NepuoJ, MMeeT KaxkJas M3 5THX (yHKLHH.

Teopema. Pyuxyuu sinz u cosz umewom nepuod, pas-
Hotld 27, a Qynkyuu tgz u ctgz umerom nepuod, pasoil =.

JlokaxeM cnpaBefJIUBOCTb TEOPEMBl JJIs1 CHHYCA H TaH-
refca, Tak Kak JOKas3aTejbCTBO ee JJf IBYX JPYruX GyHK-
nuit 6yfleT aHAJOCMYHBIM, M MBI pPeKOMEeHJyeM IIPOBECTH
€ro caMOMy YHTATeJIo.

Ilo ompepenenuto nepuojoM GyHKUMM f(2) sfBaAseTCH
HanMeHblllee IOJIOXKHTEJbHOE UYHCJIO @, YIOBJETBOpSIOLIee
paBeHCTBY f(2-+ a)=f(z) npu Bcex 3HAUEHHSAX apryMeH-
Ta 2.

Hns dyHKmuu sinz 310 3anumercs Tak:

sin(z 4+ a) = sinz.

Beime Mbel y6enuiuch, 4TO IPH @ =21 3TO DPaBeHCTBO
cnpaBefuBo. OcTaeTcsl [I0Ka3aTb, YTO HE CYLIECTBYeT IIO-
JIOXKMTEJIbHOTO YHCJIa, MeHbIlero 2w, MPH KOTOPOM 3TO pa-
BEHCTBO BEpHO JJI BceX 3HaueHu# 2.

Y6enuMcs B 3TOM OT NIPOTHBHOIO.

JlonycTuM, YTO HAIJIOCh HOJIOXKHUTEJILHOE YHCJIO @, MEHb-
mee 2w, INpH KOTopoM sin(z-+ a’) =sinz mpu Bcex 3Ha-

T . T ’
yenusx z. Ilosoxum, 2= -, nonyuum: sin (T +a )-—:

2
Ho cuHyc MoxeT HpUHSITL 3HaueHHe, paBHOe 1, TOJBLKO
B Touke B (puc. 16), msobpaxalomeli Ha YHCJIOBOH OKpYXK-

T
HOCTH YHCJIa T+2“k (2 — mesioe uucJ0), CJaEIOBATEJBHO,

% +a = % + 2xk, oTKyAa a’ = 2xk.

Ho no ponmyumienutro 0 < a’ < 2w, caenoBatesnsHo, 0 <
<2tk < 2w, OTKyHa mocJie JeJieHHs1 Ha 2x IoJyyaeM He-

paBeHCTBO:
0<kE< 1.

OzHako storo ObITh He MO¥KeT, Tak Kak Mexay O u 1
HeT LeJbIX YHCeJs, 3HAUHT, CJeJaHHOe BHauaje JONyIIeHHe
HaJo OTOPOCHTb, M TOTJ]a OCTAaeTCs NPHU3HATh, 4YTO NEPUOJ
sinz paBeH 2r. TakiKe MOXKHO II0OKa3aTb, YTO COSZ, S€C2Z H
cosec z HMeIOT Nepuox 2.
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[TepexonuM K n0OKa3aTeJbCTBY TOTO, 4TO Iepuop tg z pa-
BEHT.

Hetpyzano y6eautbess B TOM, 4TO paBeHCTBO tg(z +r) =
= tg z BHIIOJIHSIETCS NIPH BCSKOM JOMYCTHMOM 3HAYEHHH 2.

HeficTBUTEIBHO, YHCJAM 2 H 2 + COOTBETCTBYIOT Ha
YHCJIOBOH OKPYXXHOCTH TOYKH M (2) u M(z+ =), cayxa-
IIHe KOHLIAMH OJHOI'0 M TOro e auamerpa MM’ (puc. 40).
TlponosmxaeM 3TOT AHaMeTp 1O NepPeceuyeHHs] C COOTBETCT-
Bylolllell KacaTesbHOH, mosyuaem Touky 7. Ilo Teopeme o
reomeTpuueckoM usobpaxkenuu taHreHca (§ 10) umeem:

tgz=AT u tg(z+ =) = AT,

CJ1eJI0BaTEJIbHO, ,
tg(z+7) =tga. Y
Ocraercs yGenuTbcsl B TOM, L)
YTO HE CYLLECTBYET MOJIOXKUTE b=
HOTO WYHCJa, MEHbLIEro =, MpH
KOTOPOM BBINIOJIHSIETCSI yCJIOBHE _ 4’ 0 A
NEPHOAHMYHOCTH TaHIeHca. X
IMTokaxeM 3TO MeToAOM OT
TIPOTHBHOTO.
HonycTum, YTO HamLIOCH IIO- Miz+7)

JIOKUTENBHOE YHCJIO @', MEeHbIllee
®, TPH KOTOPOM  DPaBEHCTBO
tg (z+ a’)=tg z cpaBeguBO npH
BCEX 3HAUGHHSIX apryMeHTa 2. Puc. 40.

ITonoxumM, z= 0, noay4um
tg (0+a’) = tg0, wm tga’ =0, tak kak tg0=0.

Ho 3nauenue, paBHoe 0, TaHreHc mNpHHHMaeT TOJBKO B
IBYX TOUKax YuCJOBOH OKpyxHocTH: A u A’, a Tak Kak
B 5THX TOUKaX H300pa)KaloTcs yucsaa BHAA =k (& — ueJsoe),
to @’ ==k. Ilo ponywenunio 0<a' <=, CJeIOBATE]bHO,
0 <mk <, wm, nocne gesenus Ha n, 0 <k < 1.

OnsaTb NMOJNYyYHJH NPOTHBOPEYUBOE HEPABEHCTBO, CJIEJO-
BATEJbHO, CHe/aHHOe HaMH BHayaJjie JONylleHHe OTOpackH-
BaeM. OcraeTcs, TakuM 06pa3oM, NpH3HATb, YTO INEPHOJ,
tg 2 paBeH m.

IlepuosnyHOCTD KPYroBBHIX (YHKUMH HarJsigiHoO o6GHapy-
XKHUBaeTCss Ha HX rpadukax (cM. pucyHKH 32, 34, 35 u 36).

Uepes npoMeXyTKH AJHHOH 2% IPOUCXOAAT INEepPHOLH-
YyeCcKHe MOBTOPEeHHS OJHOH M TOH XKe YacTH CHHYCOHJAB H
kKocuHycounpl. Ha uob6om ortpeske ocu Oz, paBHOM 2w,
yKJaABIBaeTCs IOJIHAS BOJIHA KaXJOH U3 3THX KPHBBIX.
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I'paduku TaHreHca M KOTaHTeHCa COCTOAT M3 GecKOHed-
HOrO MHOXEeCTBa OJMHAKOBBIX BeTBell, IOBTODSIOULHXCS
yepe3 NPOMeXYTKH JnuHOH w. Kaxpass Taxkasi BeTBb rpa-
(HKa COOTBETCTBYeT OJHOMY II€PHOAY, PaBHOMY wl.

IlepHosuuHOCTL KPYroBBIX (PYyHKLHH JaeT BO3MOXKHOCTb
npeo6pa3oBLIBATL MX apryMeHThl TaK, YTOObl OHH He TIIpe-
BOCXOJUJIM 4YHCJIO, paBHOe mepuopy. Ilokaxkem 310 Ha npu-
Mepax.

Ipumep 1. 3amenuts apryment ¢yHknuu sin 123,7 = wumucaom,
He NpPeBOCXOAALIHM MEPHOJ CHHYyca.

Pemenune. Tlepuon cuayca paeeH 2=. Pasgennm umciao 123,7 =
Ha 2n, noayumMm: 123,7= = 2x-61 4 1,7x, caenoBaTesbHO,

sin 123,7x = sin (27-61 4 1,7x) = sin 1, 7x.

Mpumep 2. Tlpusectn cos (—5423°) k KOCHHYCY apryMeHra B Ipo-
mexyTke [0; 360°].

Pemenne., Pasgemum uucno 5423° Ha 360°, mosayuum: 5423° =
= 360°- 15 4 23°. CnenoBarteJbHO, NO CBOMCTBY NEPHOLHYHOCTH KOCHHY-
ca 6yAeM uMeTh: cos (—b423°) = cos [360° (—15) — 23°] = cos (—23°) =
= cos [(—23°) 4~ 360°] = cos 337°.

Mpuwmep 3. IlpeoGpasosate apryment ¢yHkuun tg (— 7,6n) k mo-
JIOXKHTEJILHOMY YHCJy, He IIPEBOCXOASIIEMY T.

Pemenne. YBennuuMm aprymeHT ¢ynkuun tg(—7,6w) Ha uHcs0
8n, KpaTHOe MEPHOAY, NOJY4HM:

tg (— 7,67) = 1g (— 7,67 + 8n) = tg 0, 4x.

Mpumep 4. IpuBecTn apryment ¢yukuun ctg 956° Kk npoMexyTKy
[0; 180°].

Pemenue, Pasgenmum aprymedt 956° Ha uncio 180°, paBHoe ne-
pHOAY KoTaHreHca, mosyunm: 956° = 180°.5 + 56°. CnegoaTteibHo,

ctg 956° = ctg (180°-5 4- 56°) = ctg 56°.

JlaHHbIe NpHMepHl NMOKAa3bIBAIOT, 4YTO NPH HCCJEeJOBaAHHUH
KpPyroBblX (YHKUMH, a TakxkKe IPH COCTABJEHHH HX TabJIHI
MOXKHO OrPaHHYMTbCS NPOMEXKYTKaMH, DPaBHBIMH NepHOLaM
3THX (YHKUMH, TaK Kak K TakuM NPOMeXYTKaM JIerko
IpPUBOJSITCS JI0Oble apryMeHThl KPyroBblX (yHKUHH.

1 CnenyeT OTMETHTb, YTO TIEPHOIHYHOCTb KPYrOBHX (GYHKUHMH Ghiia
yCTaHOBJIEHA TOJbKO co BpeMeH JleoHappa Disepa.

168



§ 17. YeTHole ¥ HeueTHble (PYHKUUH M TPHBOZHMOCTD
apryMeHToB KpPYyroBblXx (YHKUMHA K [OJ0XKUTeJbHOMY
apryMmeHTy

HexoToprie ()yHKLHM IIpH NepeMeHe 3HaKa y HX apry-
MEHTOB H3MEHSIOT TOJbKO cBOH 3Hak. Takum cBoiicTBOM
obJjajaoT, Hanpumep, (GyHKIHH

F)y=x% o(x) =225 4 x; g(x) =7 %x.
JeficTBHTE/IbHO, NOACTABHB B 3TH (YHKUMH — X BMECTO
X, TOJNYYHM:
[(—x)=(—xP=—x*=—F(x);
Q(—x) =2(— x4 (—x) = — 2 —x = —(2x° +x) =
=—9(x)

3 3,—
g(—x)=V4—x) = — Vi =—g(x)
Taxue QyHKUHM HA3bIBAIOT HedYe THHIMH.
Onpenenenne. @Pynxyuro F(x) naseearom Heuwemuol, ec-
AU NPpU USMEHEHUU 3HAKA Y apeymenma Xx 3ma QPYHKYus
u3Mensem Aulb c80U 3HAK, M. e.

F(—x)=—F (x).

BeTpeuatoTest B TakdHe (DyHKUMM, KOTOphle BOOOLlEe He
H3MEHSIIOT CBOMX 3HAYeHHH IIpU H3MeHeHHH 3HaKa ¥y HX
aprymeHToB. Takum cBoiicTBOM 006Jajal0T, HanpuMmep,
(pyHKLHUH:

1
f)=x% @(x)=x*—3x% g(x)=5z—-
JleACTBHTEJIBHO,
Fl— %) = (—x)? = 2* = (x),
(=) =(—x*—3(—x)=x*—3x* = (x),
1 1
g(—x)= (=x—1 =21 g (x).

OyHKUME C TaKOH OCOOEHHOCTbIO Ha3kIBAIOTCH Y€ T-
HBIM H.

Onpenenenne. Dynrxyuro F(x) Hasesarom yemrod, ecau
OHQ HE U3MEHSAem CBOUX 3HAYEHUL Npu USMeHeHUu BHAKA Y
apeymenma, m. e.

F(—x)=F ().

YeTHOCTh MJIHM HeYeTHOCTb (DYHKUMH JIerKO OGHAapyKH-
BaeTCs Ha rpaduke QYHKUHH: ecau epapux GpynKyuu cum-
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Mempuder OMHOCUMEAbHO ocl oplunam, mo (yHKyus wem-
HAR, @ ecAu 2PaApUK CUMMEMPUYCH OMHOCUMENbHO HAYANA
KoopOunam, mo QYHKYUA HewemHAA.

B camom gnene, nycte rpadHkoM OYHRUMH Y= F (x)
ClyXHUT KpHBasg, CHMMETPHYHAsi OTHOCHTebHO ocH Oy
(puc. 41). Torpa nnsa kaxjao# Touku M (x, y) 3TO# KpH-
BOH HaileTcsl CHMMETPHYHas OTHOCHTeJbHO ocH Oy TOukKa
M’ (—x, y) Ha 3TOl e KPHBOH, a [0 CBOHCTBY CHMMeT-
puu abCuHCChl 3THX TOYeK OTJHYAIOTCH TOJHKO 3HAKOM, a

y

0

Puc. 41, Puc. 42.

OpAMHATHl paBHEL. A TaK Kak OpPJHHATHl TOYEK KPHBOH BHI-
paxalnT 3HaueHHs ¢(YHKUHH Y == F (x), TO NPHXOIUM K 3aK-
JIIOYEHHIO, 4TO

F(—x)=F(x).

HonyetuM Tenepb, uto rpadpuxk ¢yHKuuH y = F (x) cum-
MeTpHYeH OTHOCHTeJbHO HayajJa KoOpAuHaT (pHuc. 42)L.
Bo3sbMeM Ha HeM Kakywo-au60 Touky M(x, y). Ilo ycuo-
BHIO JJIs Hee HalJieTCsl Ha TOM e rpadHKe CHMMETDHY-
Hasi OTHOCHTEJbHO Hauaja KOOpAMHAaT Touka M’, u mo
CBOKCTBY cUMMeTpum abcuucca 3ToH ToukH OyJeT paBHa
— X, a OpiuHaTa — Y.

1 TIoHATHO, YTO H30Gpa)KeHHBle HAa PHCYHKax 41 M 42 KpuBHIe mpex-
CTaBJSIOT JIMIIb YacTHBIE CJayyau rpadukoB ¢yHKuuil. Boobuie rpaduku
YeTHbIX H HeueTHBIX (YHKLUHH MOryT ObITb BeCbMa CJOXHBIMH, HalpH-
Mep MOT'yT COCTOSITh M3 HECKOJbKHX MH30JIHpOBaHHBIX TOueK. [lokasa-
TeNbCTBO TEOpeMbl HOCHT OGiuil XapakTep.
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Wrak, BUguM, 4TO 3HaueHHsT GYHKUHH F (x) B TOYUKax
— X H X OTJHMYAIOTCS TOJBKO 3HaKOM, T. e. F(—x) = —y,
a F(x) =y, cnenoBaTeJ/bHO,

F(—x)=—F (x).

CnipaBeJIMBO W OGpaTHOE 3aKJIOUEHHE, T. €. ecal (yrK-
Yus 4emuas, mo ee epapUK CUMMEMPUHER  OMHOCUMEAbHO
ocu opdunam, a ecau — Hewemuas, mo ee 2paux cumrem-
puter OMHOCUMENbHO Hauaia Koopduxam.

B camom gene (puc. 43), nycTb Touka M (x,, Yo) TNpH-
HajJlexXuT rpaduky GyHKuMH y = F (x) H, CcJeL0BaTelbHO,
BBIIIOJIHAETCS PaBeHCTBO:

Yo = F (xo). *) y
Eciu ¢yuruus y = F (x) —uet- Mixo,) Mool
Hasi, TO o —— Y
| |
F(—x0) = F (%), | va
OTKyJa, YYHTBIBas paBeHCTBO (*), % } /' | Yo
NOJTyYHM Ut L x|
1
F (— %) = Yo, I / 0 X
a 3T0 3HauyHT, 4Yro TOuKa M’ - on :
(— Xy, Yo) TaK¥Ke NPHHALJIEKHT /
rpaduky dyHrnuu y = F (x). 4
CormocTaB/sist KOOPAHHATE TOYEK  M"[-x,7y,)

M u M’, y6exgaemcs, 4TO 3TH TOU-
KH CHMMETPHYHBI OTHOCHTEJILHO OCH Puc. 43.
OpAMHAT. A TaK Kak 3TOT BHIBOJ
BepeH /s BceX TOYeK rpaduka 4eTHOH (pYHKUUH, TO 3as
KJl04aeM, YTO TakOH rpapuk CHMMETpHYEH OTHOCHTEJBHO
OCH OpJIHHAT.

Ecnn xe ¢yHruus y= F(x)— HeueTHas1, TO BHINOJ-
HsIeTCS PaBEHCTBO:

F(—x5) = — F(x,).
CpaBHHBast 3TO PaBEHCTBO C COOTHOIIEHHEM (*), MOJyUHM:
F (_ xO) = —Yo,

a 3TO 3HauuT, 4T0 Touka M”(—x,, —y,) TakKe IpHHAJeE-
XKHAT rpaduxky yHKuuH y = F (x).

ComocraBasss KoopauHaThl Touek M u M”, 3akiouaem,
YTO 3TH TOYKH CHMMETPHYHBI OTHOCHTEJBHO Hayaja KOooOp-

JHHAT, CJeJOBaTeJbHO, rpauK HeYeTHOH GYHKIHUH CHM-
MeTpHYeH OTHOCHTE/JbHO Hayaja KOOpJHMHAT.
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llpuMeuanue, Bolo 661 HeBepHO MmosaraTh, 4TO (YHKUHH Gbl-
BAIOT TOJBKO YETHHIE H/IH HeuyeTHwle. JIerko yGeauThCS, HalpHMep, HTO
&yHKUHA Yy = x -+ 1 He sABJsieTCs HH YeTHOH, HH HeueTHOH H ee rpadHk
(puc. 44) He o6JajiaeT yKa3aHHBIMH CBOHCTBaMH.

IToctaBuM Tenmepb BONPOC: HET JIM CpPeJH KPYrOBHIX (yHK-
IM# YeTHBIX HJHM HeYeTHHIX (YHKIHH?

y OrTBeT Ha 3TOT BONPOC JaeT

Y=t TeopeMa: COS2Z HSecz cyms

/ yHKYuL  4emHble, OCMOAbHLLE

Kpyeoesle QyHKyUL HedemHole,

T. e. IIpH BceX 3HAYeHUSAX apry-

0 MeHTa 2 BHINOJHSIOTCS DPaBeH-
/ ¥ CTBa:

cos(—z2)=cosz } 3
Puc. 44. sec(—z) =secz (13)

sin(—z) =—sinz
tg(—2)=—1tgz (14)

ctg (— 2)=— ctgz

cosec (—2) = —cosecz

YKa3aHHble CBOMCTBAa JIETKO YCMOTpPeTb Ha rpadukax
KpyroBbix (yHKuu#. Tak, Hampumep, 3ameyaeM, YTO TOYKH

y
1
Pt ~
R T_
AS N
el \\
“r -z[ /10 =z /g pis AN 2
’ /J/sl 2\ \\
- /
-1
Puc. 45.

KOCHHYCOHJH ¢ abCuHCcCaMHM 2 H —2 DacroJioXeHb CHM-
MEeTpHYHO OTHOCcHTesJbHO ocu OY (puc. 45) H, cjejoBaTelb-
HO, y 3THX TOYeK OPJHUHATHEl PaBHBE,, a MOTOMY COS(—2) =
= cos 2.
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Ha cunycoujge u Tanrescouje TOYKH C abcuuccamu
2 M —2 CHMMETDHYHBl OTHOCHTEJBHO HayaJja KOOpAMHAT
(puc. 45, 35) u, ciieoBAaTENLHO, HX OpJAUHATH OTJHYAIOT-
csl TOJILKO 3HAKOM, a IIOTOMY

sin(—z2)=—sinz u tg(—z)=—1tgz.

CnpaBeguBocth paBeHCTB (13, 14) MOKHO IIPOBEpHTH
HelocpeJCTBEHHO Ha YHCJOBOH OKpY:KHOCTH. B camom ge-
Jie, eCJIH YHCJIO 2z HA YUCJIOBOH OKDYXKHOCTH H300pasHTCs
B Touke M (2) (cM. puc. 12), TO uHcay —z Oyjger cOOT-
BETCTBOBaTh TOYKa M’ (— 2), cummerpuuyHas M OTHOCH-
teqpHo Ox (rnaBa I, § 5). Ho y rtakux Touek abcuucca
x = OP — o6mas, a opguHathl PM =y u PM'=—y ort-
JIHYAlOTCSl TOJBKO 3HAKOM, CJIeJJOBAaTeNbHO, [0 OIpejedie-
HHIO KpyroBuiXx (yHkumil (mpm R = 1) GyneM HMeTb:

cos(— 2z) = x = cos 2;

sin(—z2) = —y = —sing;
tg(—2)="F=—L =—tgz
ctg(—z):iy=——;f— =—ctgz
sec(—z2)= — =secz;
cosec (—2) =_£y—= ———;i = — cosec,z.

®opmyasl (13, 14), Bnepseie passutele JI. DiljepoM, na-
I0T BO3MOXKHOCTb KpaTyafIiuM NyTeM HPUBOJHTb KDPYTOBhLIE
GYHKLHE OTPHIATEJBbHOIO apryMeHTa K TeM XKe (YHKIUUAM
NOJIOXKHUTEJBLHOTO apryMeHTa, NMPOTHBONOJIOXKHOIO JJaHHOMY.
Ipumepsr.

1. cos(—5,08) = cos 5,08;
2. tg(1—2x)=—1tg(2x—1);

Vs,

. kg . T
3. sin (— T) = —sin & = 5

4. cos(a—B) =cos(f —a).
173



Yrpasicrnenus.
sinx
Manw pyskumm:  a) f(x) =—72—; 6) g(x) =x+sinx B) A(x)=
=1+4sinx; r) P(x)=14cosx; 1) Q(x)==x-+cosx; e) S(x)=

=sin x cos x; XK) F (x) = 2sin x 4 tg x. Kakue u3 HHX fBJISIOTCA YeT-
HBIMH U KakKHe HeYeTHBIMHP

§ 18. CeenéHne KpyroBbiX (pyHKUMHA Ji06oro aprymeHTa
K TeM Xe (DyHKUHMAM IMOJOXKHUTENIbHOr0 aprymMeHTa,

He MpeBbilliaomero —

B nepBoii uyacTM Kypca TpPHTOHOMETPHH MBI IOJIb30-
BaJHCh TalJHLAMH KPYTOBBIX (YHKIHH, COCTaBJEHHBIMH
aias yraos B pyr ot 0 po 90°. MoxkeT mokasartbCs, YTO B
OCHOBHOM Kypce, TJle pacCMaTpHBalOTCS (YHKUHMH JHOOBIX
yrJoB, notpeGyeTcs pacUIHPHTh YyKa3aHHble TaOJHIBl Ha
yrasl, 6osbmue 90°. OkasbiBaeTcsl, B 5TOM HeT Heo0Xonu-
MOCTH, IIOTOMY YTO KPyroBble (byHKUMH JI060TO apryMeHTa
C IOMOMIBI0 HEKOTOPHIX (hOPMYJI MOTYT CBOZUTBECA K QY HKIHAM

7
HEOTPHLATE/bHOTO apryMeHTa, He MpEBHINAIOWEro —-. Bel-
BOJOM TakuxX GoOpMyJ Mbl H 3aiiMeMCsi B JaHHOM Iapar-
pade.
H3meHenne aprymeHTa CHHyca M KOCHHyCa Ha moJynepuon,

Ecau apryMeHT z y cuHyca M KOCHHyCa YBEJHUHTb HJH
YMEeHbIIHTh HA %, TO H3MEHMUTCS JIHIMIb 3HAaK STHX OyHK-
LM, T. e.

sin(z £ 1) =—sinz

(15)
cos (2 £ w) = —co0s2

HeficTBUTE/IBHO, uHC/Ia 2 M 2 = H300paxalTcs Ha

YHCJIOBOH OKPY:KHOCTH ToukamMu M(z) u M'(z =% =), cuMMeT-

PUYHBIMH OTHOCHTEJIbHO Hayasla KOOpAMHar (cM. puc. 13,

rge R = 1), caenoBaTeNbHO, OpAMHATHL H aOCHMCCHI 3THX
TOYEK OTJHUAIOTCS MeKJY COOG0H TOJBKO 3HAKOM:

PM =y, Anagoruuno, OP = x,
PM =—y, OP' = —x,
caegoBaTesasHo, PPM = caegoBatesbio, OP'= —OP.
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= —PM. Ho mpuR =1 Ho npu R =1 umeem:
HMEEM: OP" = cos (z & m),
P'M’ =sin(z + =), OP = cosz,
PM=sing, N03TOMY
fosToMy cos (2 = ©) = —cos 2.
sin(z = ®) = —sinz.
Mpumepsr.
1. sin 1,2% =sin (0,27 4 =) = — sin 0,2x%;
2. cos 210° = cos (30° 4~ 180°) = — cos 30° = — V2—§ .
BosbMem BbiBeZeHHbIe Hamu (opmyasl (15):
sin(z + )= —sinz u cos(z 4 w) = —cosz.
Tak kKak 3TH (GOpPMYJBI CIpaBeAJHBBHl NPH JIOOGOM 3HaYEHHH
2, TO MOXHO IIOJIOXXHTb B HHX Takxe z= —2’, Torja no-
Jy4UM HOBBIE (OPMYJIBL:
sin(—2' +w)=—sin(—2’) u cos(—2' 4+ ) =—

—cos (—2'),
HJIM, TPUHSB BO BHHMaHHE HEUETHOCTb CHHYCa H HYETHOCTb
KOCHHYCa,
sin(x —2’) =sinz’
( ,) , (16)
cos(r—2')=-—cosz
dopmyasr (12), (13), (14), (15), (16) narT BO3MOKHOCTDH
CBOJMTb CHHYC H KOCHHYC JI000Oro aprymMeHTa K apryMeH-

T
Ty OTpeska [O, T] .

Ipumeps1,

1. sin (— 7336°) = — sin 7336° = [14]
= - sin (360°.20 4 136°) = — sin 136° = [12]
= ~— sin (180° — 44°) = — sin 44° = — 0,6947; [16]

2. cos 17,4 =cos (2r-8 4 1,4w) =cos 1,4n = [12]
= cos (x4 0,4n) = —co0s 0,4 = =~ —0,9511, [15]

IIpumeuanue. Tawrenc u KOTaHIeHC JIOGOrO apryMmeHTa Jerko
NPHBOZHTCA K apryMeHTy NPOMEXYTKa [0, % Ha OCHOBE TeopeM O
nepHoZe M HeYeTHOCTH STHX (yHKuwuil,
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Mpumeper. tg 18 139° = tg (180°-10 + 139°) = tg 139° = tg (139° —
— 180°) = tg( — 41°) = — tg 4I°.
ctg ( — 13,75m) = cig ( — 13,757 + 14m) = ctg 0,25 =.

YcraHoBJieHHBIE B JaHHOM naparpade cBoficTBa Kpyro-

BHIX (DYHKIMH MOXKHO 3amHCaTh KOPOTKO OJHHM COOTHOLIe-
HueM |F (z = «)|=|F (2)] uau o6mee |F (z 4 kr)| = |F (2)|,
rae F—3nak smobo#i KpyroBo# QyHKuuu, a £— joboe ne-
JIOE YHCJIO.

Ynpasxcnenusn.

1. TIpoBepHTb CNpaBelJIHBOCTb PaBEHCTB:
a) sin (=n 4-2) = (— 1)"sin z; 6) cos (=n + 2)=(— 1)" cos z (n—ueuoe),
2, Tlpeo6pa3oBaTh aprymeHThl (YHKIHH K apryMeHTy IPOMeXyTKa

3]

sin (— 12,7 x); cos23,8wm; tgh; ctg2,3.
3. Pewnth ypaBHeHHe:
4 sin (x — =) — sin (2= — x) = 2 sin (= 4 x).

4. Jloxas3aTb, 4TO CHHYChl CMEXHBIX YIJIOB PaBHEL,
5. loxa3aTh, YTO BO BCSKOM TPEYrOJbHHKE CHHYC J0GOro yrija
paBeH CHHYCY CYMMBI ABYX APYTHX YIJIOB.

§ 19. Csenénne kpyroBbiX (YHKUMiI JIOGOTO aprymMeHTa
K COMMEHHBbIM KPYroBbiM (DYyHKUMSM MOJOXHTENLHOro

ki
aprymMeHnta, He InpeBblllialoWero e

CoctaBneHue TabaHL KpYroBblX OYHKUHE ¢ GOsbLION
CTEIeHbl0 TOYHOCTH (KaK Mbl YBHAHM JaJjblile) Tpebyer or-
pomHoro tpyjna. O6seruyutb TakoH TPYJA MOKHO MakCHMasb-
HEIM CYJKEHHEM IMpOMeXyTKa TeX 3HaueHHH aprymeHTa, AJs
KOTODEIX 3HAaueHHsl (YHKUMI NPHXOJMUTCS BBIYHC/AATL HeIo-
cpexcteeHHo. Kpome Toro, moJib3oBathecst TabJHLIAMH MEHb-
mero o6beMa Jierue u GhicTpee.

B nanHoM mnaparpacde Mbl BeiBeAeM (OpPMYyJHl, Jarolipe
BO3MOXHOCTb KpaTyaHIIUM NyTeM CBOJMTb KpPyroBele (YH-
KUHH JII0ObIX apryMeHTOB K apryMeHTy, HpHHaZJexalieMy

OTpe3Ky [O; -:;—] .
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Teopema o B3auMHOMH cBA3M (PyHKUMI cHHyca M KOCHHyca

Kocunyc 06020 apeymenma pasen Cunycy apeymenma
T
HA —- bobuieco, T. e.

coszzsin(z—}- —;—) (17)

HoxasateabctBo. IlycTs uyucio z uzobpaxaercs
Ha 4MCJIOBOH OKpy:KHOCTH TOYKOoH M (2) (puc. 46), Toraa
ayra AM ==z papuad. [lpubaBum Kk 3TOo#i jJyre JOyry

MM’ = =, nonyunm Touxy M’ (z + %) . Ctpoum opnu-
Hatel PM u P’M’ touek M
u M’. Tlo onpexaeneHuo y
KDYrOBBIX GYHKUMH (1pH 8
R = 1) 6ynem umeth: Miz)
cosz = OP,
sin (z + —'25-) =P'M. Al P 0 A
P X

OcTaeTcsi mokasaTbh, UTO
orpe3skd OP u P’M’ paBHbL Miz+Z)
CHauana yGexjaeMcs, 2 y
YTO 3TH OTPE3KH HMEIT 8
OJMHAKOBEIE 3HAKH IIPH BCEX
3HaueHH X 2. Tak, Ha HalleM
pucyHKe Touka M(z2) pacno-
JoxeHa Bo II uetBepTH, cie-
JoBaTeJbHO, ee abcuucca OP orTpunarespHa; HO TOYKa

Puc. 46.

M (z —[—%) pacrmosioxkeHa B III ueTBepTH, a mOTOMYy ee

opauHata P'M’ Takxke oTpuuateibHa. YOeiuTech caMd B
COBNMAJeHHH 3HAKOB abCuHCChl TOUKH M(2) M OpIHHATHL TOY-

Ku M (z + %) IJIs1 cayuaeB, Korga M(z) NpHHALJIEXKHT

I, Il u IV uerBepram.

UTo6bl 0Ka3aTh paBeHCTBO AJMH oTpe3koB OP u P'M’,
nposejeM paguycsl OM 1 OM’ u paccMOTpHM 06pa3oBas-
wrecss TpeyrojpHuku OMP u OM’P’. DTH TpeyroJbHUKH
PaBHBI, TaK KaK y HHX THIOTEHy3aMH CJyXKaT paJHyChl
YHCJIOBOH OKpYKHOCTH, a yrasl OMP u M’OP’ paBHbI, Kak
OCTpBIE YIVIB, CO B3aUMHO I€PIEHAUKY/SAPHEIMH CTOPOHA-
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Mu. M3 paBeHCTBa TPEyro/IbHHKOB CJef[yeT pPaBeHCTBO CO-
oTBeTcTBYyIOUUX KatetoB OP u P'M’.

CrneyeT 3aMeTHTb, UTO NPOBEJIEHHEIE BHIIIE paCCyKje-
HHST TepSIIOT CMBICJ, €CJH YHCJO 2z H300pakaeTcs B KakoH-
HUOYZb u3 Touek A, B, A’, B/, Tak KaK B TaKuX CJydasix
tpeyronbHUKH OMP u OM'P’ He cymecTtByloT. OpHakKo B
5TOM cJy4Yae B CIIPaBelJIMBOCTH TEOPEMEBI JIErKO YyGeqHThCs
HeIloCpeJCTBEHHO. Tak, HampuMmep, ecJd YHCJIO 2 H306pa-
3UTCA B TOuke B, To cosz=0; HO B TakOM CJy4ae YHCJO

z + —— HempeMeHHO H306pa A" u, caenos
—— Henp pasuTcs B TOUKE , CJeJloBa-

T
TeJbHO, sinlz 4+ 5 6yner Takxe paBeH 0, a moTomMy Hu B
JaHHOM cJyyyae OyjJeM UMeThb COOTHOLIEHHE: €082 =
11
= sin (z -+ "2—') .
BriBezieHHOE TOXJECTBO OOHApYKHBaeT CB3b CHHyCA H
KOCHHYCa; OKa3blBaeTCf, KOCHHYC IIPHHHMaeT Te XXe 3Ha-

T
Y€HHs, 4YTO H CHHYC, HO IIpH apryMeHTe Ha N MeHblle, 4eM y

cunyca. JlaHHOe CBOHCTBO CHHyca M KOCHHYCa HarJIsiJHO
nepejaeTcs Ha ux rpadHKax, U300parKeHHBIX Ha PUCYHKe 45.

HeficTBUTeILHO, BO3bMEM HA KOCHHYCOHZE  TOUKY
C c xakoH-HHOyZAp  abcuMcCOM 2 H IOCTPOUM ee op-
quHaty Cz. B cuny JjoxasaHHoro paseHctBa (17) ra-
KyI0 JKe opAauHaTy OyJeT HMeTb Ha CHHYCOHJE TOYKa

o T
N c a6cruccoit 2+ Taxum obpazoM, Touky C MOXKHO
NOJNYYuTh cMemieHueM Touku N napansensHo ocu Oz BieBO
T
Ha pacCTOsiHHE —5-. A NOCKOJEKY STH PAacCyKJIeHHs BepHEI

A1 BCSAKOro 3Hau€HUsd 2, TO NPUXOJHUM K BEIBOAY, YTO BCs
KOCHHYCOHZa MOXKET 6bITh noJyuyeHa InapaJuJieJbHbIM CMe-

L[eHHEM CHHYCOH B! BLOJIb ocH Oz BIIeBO Ha OTPE3OK ——, YTO Ml
BuauM Ha rpadukax (puc. 45, 34 u 32).

CJefCTBHS M3 TeOpeMbl O B3aHMHOH CBS3H CHHyca H KOCHHyca

[pumenss dopmyasl (15; 17) Haxozum:
cos (z + —g—) = sin [(z + %) + —g—] = sin(z-}r)=-—sinz,
T. €, COS (z + %)E-—sinz. (18)
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[Mosoxkum, B dopmynax (17) u (18) 2= —2/, nmoayuum:
sin (—- 2+ -’2'—) = cos(—=2’) u cos (— 2+ %) =
= —sin(—2),

OTKYyJa, YyUYUTbiBasg UYETHOCTb KOCHHyCa H HEYETHOCTb CH-
Hyca, HaXoAHWM, 4YTO
. T 7 ’
sin (—2' —Z ) = C0S <2
(19)

cos (—- —z') =sinz’
paS}IeJIHM NOYJICHHO II€pBOE€ H3 3THX PABEHCTB HA BTO-
poe, a 3aTeM BTOpOe Ha I€pBOe, MOJYYHM:
. T ’ T ’
sin [ — — z COS | — — 2 .
(2 ) __cos? (2 ) _ sin? "
= H — = ) ( )

- , sinz’ . - , cos 2
cos|— —z sin { — — 2
( 2 ) 2 )
Hpmmmaa BO BHHMAaHHE TOKJECTBA:

tgz=12 oy 25— + =k,

Cos 2

cosz
sinz

ctgz= opu 2=k,

InoxkasaHHble B § 7 (ctp. 131), paBeHcTBa (*) MOXKHO 3amu-
caTb Tak:

(20)

[Tosoxkus B dopmynax (20) 2/ = —2’, 6ygeM HUMeTb:

tg(—g—-l—z)zctg(-—z) u ctg(% + z)ztg(—z) ,

OTKYJa, YYHTHIBAsi HEUETHOCTh TaHTeHca M KOTaHIreHCa,
MOJTyYHM:

tg (—;— —]—z)z—ctgz e

ctg(—;— —l—z)z——tgz
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TTokaxeM Ha IpuUMepax, KaK HCIIONb3YIOTCS BbiBeJeHHbIE
(dopMmyJibl Aas1 NpeoGpa3oBaHUsi apryMeHTOB KPYrOBBEIX (YHK-

IUA K apryMeHTy IIpOMexXyTKa [O; %
1. sin 120° = sin (30° 4 90°) = cos 30°; [17]
2. c0s63° = cos (90° — 27°) = sin 27°; [19]
3. tg(—7,4n)=—1g74r=—1g0,4rn =

=—1tg (%—O,lw):—ctgo,lw. [14,20]

ITonyuenHele B JaHHOH TIJiaBe TOXKJECTBA HA3HIBAIOT
06bIYHO (opMyJIaMH CBEJEHHS WM NpUBEleHHSd, TaK Kak ¢
HX TOMOIIbIO YJAeTCsi CBOAUTH (IIPUBOAHUTHL) KPYroBble DYHK-
IIMK JIOOBIX apryMeHTOB K (DYHKIHMSAM MpOCTeHIIero apry-

MeHTa, NpHHajjexalero oTpesKy | 0; % . Ha mnpakruke
MHOTJa ynoTpeGJsiioT M ApyrHe ¢opmy./bl CBelCHHS, B KO-
TOpPBIX apryMeHT H3MeHSeTCd Ha qncno—g—, paBHOe %
Iepuoja CHHyca M KOCHHyCa, a HMEHHO:

cos (%— + z)Esinz; ’tg(%11 + Z)E—-—Ctg 2;
cos (%11 — z) = —singz; tg (% — z) = ctgz;
(22)
sin (—321‘- + z)—:-—cosz; ctg (3—2”-—[— z) = —tggz
sin (%E—z)s-—-cosz; ctg 3—; —z)ztg 2.

Bce aTH TOXJAECcTBa SABJSIOTCS CJEACTBHSMH M3 IIpelibl-
IYyUHX, H BHIBOJ HMX He IpeJcTaBJsieT GOJBIIKX TPYAHOCTEH.
Tak, nampuwmep,

T

sin (%“— + z)s sin[(w + z) -+- -—2——] == cos (w + 2) =—cos 2.

[17, 15]

3aMeHHUB z HA —z, NOJYYUM JBe Apyrue GOpMyJH JIJs

CHHyCa M KOCHHYyca. (22)

BriBo x. TlpocmaTpuBasi BhIBeJIeHHEIE HAaMH B JaHHOH

raase (opMyJIEl, MOXKHO OGHAapy:KHTb CJeJyiolllee IIPOCTOE
IPaBHJIO AJS HX TOJydYeHHUS.
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a) Ecou aprymeHT KpyroBo# ¢yHKUMM INpeiCTaBleH B
B BHJE w 4+ 2 WM 27 + 2 (uid B obumeM BHJE —723-2/1 =+ 2),

TO 3Ta (QYHKIMS CBOAMTCH K TOH e (GYHKUMM apryMeHTa

2; €CJIM e apryMeHT KpYroBoi (YHKIIMH IIpeJCTaBJIeH B
T 1 T

BUJIe —- 2 M/ —- =& 2 (wiu BoOuwem Buze —(2n—1) + 2),
TO OHA CBOJUTCS K COHMeHHOH GYHKUHMH (K KO(DYHKIIHH)
aprymenTa 2. COumeHHbIMU HA3LIBAIOM mMakKue Kpyeoeole
pynkyuL, Y KOMOpbIXx HA36AHUSL OMAUYAIOMCA MOAbKO HaC-
muyell «Ko», HanpUMep: TaHI'€HC — KOTAHTeHC, KOCHHYC —
CHHYC U T. [I.

Ecnn o6o3nauuth M06yl0 Kpyroeyio (yHKUHIO uepe3 F,
a efl COUMeHHyI yepe3 Fs, TO BBILEYCTAaHOBJEHHBIH BEIBOZ

MO2KHO KpaTKO 3anucatb B BHAE JBYX TOXKAECCTB:

1 |F(;° -Ez‘—'liz)|5’1~“s(z)[;

o {oned| =l of

Abcoaromnoe 3nauenue OaHHOL Kpyeosoll (ywkyuu om
arzebpaudeckol cymmb. Hemmuoeo (HevemHnoeo) 4ucaa

h "
5 u apsymenma z pasro aécomomﬂomy SHAYeHU0 mou e

(coumennotl) ynrxyuu om HA36aHHO20 apeymerma z.
3HayeHHe ke MOJyueHHOH (yHKUMH GepeTcss ¢ TeM 3Ha-
KOM, KOTOpBIH HMeeT HaHHad ¢GYHKUUA. A Tak Kak AJf JiO-
ObIX 3HaueHHH 2 (GOpPMyJibl CBeIEHHS OJHHAKOBEl, TO YKa-
3aHHBIM 3HAK TPOLIE BCEr0 ONPEJENHTh, CUHTasd 2 Ayroi
[epBo#l YeTBepTH.
CoBepuinM, HampuMmep, IO S5TOMy NPaBHJy CBeIEHHS

byHKIHH cos (r—2) H COS %—l—z K QyHKUHUH aprymeH-

Ta 2.

1) Ilo Bupy aprymeHTa npuBoAuMOH (yHKIMH cOS(t—z2)
3aKJiI04aeM, 4TO OHA NMPHUBOJMUTCSA K TOH Ke (GYHKUHH OT 2,
T. €. K KOCHHyCY 2.

Korza z— nyra [ ueTBepTH, TO apryMeHT NpPHBOLMMO#
dyHkuun = — 2z usobpaxkaercss Bo Il yerBeprd H, ciejgoBa-
TeJIbHO, COS (% —2) OTpHIATeNbHbIH, a ROTOMY COSZ Hajo
B3ATb CO 3HAKOM MHHYC.

Hrak, cos(r—z2)=-—cosz.
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2) Bun aprymeHTa nNpHBOAUMOH (YHKUHH COS (%ﬁ-—l— z)

TpeOyeT nepexofa K COHMEHHOH (GYHKUMM OT 2, T. €. K
sin z.

Ecnu z ects nyra I uerBeprty, TO (3% + z) —ayra IV

3= o
YeTBEPTH H, CJAE€N0BATEJBHO, COS (—2— -I— Z) NTOJIOKHTEJbHBIH,
a moToMy sinz GepeM ¢ MOJIOXKHTEJLHHIM 3HAKOM, T. €.

cos (% + z) = sinz.

Te e BBIBOZBI MOXKHO MOJYYUTE H HENOCPEACTBEHHO,
He npuberas K yKasaHHOMY OOGIieMy NpaBHJY, a HMEHHO:

€os (v — 2) = €08 (2 — ®) = — COs 2, [popmyasr 13, 15]
cos (%’5 + z) =Cos [(37“ + z) —27:} = [dopmyna 12]
= COS (z — %) =CO0s (% — z) = sinz. [popmyan 13,19]

Crenyer OoTMETHTb, uTO (OPMYJbl CBEeLEHHS KPYLOBEIX (YHKIMH
XOTsl B BCTpEUaJIICh B HEKOTOPHIX MaTeMaTHuUecKHX paborax no Jleomap-
Ja Dfinepa, HO OGUIM XapaKTep OHH NpPHOGDENH TOJBKO UYepe3 ero

TPYyAbL.

Ynpasxcuenusn.

1, Haiitn 3HaueHne GyHKUMH:
cos [(k + _é_) n4 (—1)% %] (k—uenoe).

2. Hoxasatb, uto A1 yraoB A, B u C TpeyroibHHKa CHpaBeAJH-
BRI COOTHOLIEHHS:

. C

a) sin 5 =Cos5 3
A4-B c

6) tg —';— =ctg 5 .

3. Bruncaute, He npuGerast K TaGaMIaM, NPOH3BEJeHHe
tg 41°.1g 42°.1g 43°...1g 49°.

4. Hafitn cos z, ecau sin (z —_;-) + sin%= sin (z + __;_) .
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§ 20. AsreGpanuyecKass 3aBUCHMOCTb MeXAy KPYTOBBLIMM
(yHKLMAMH OJHOTO aprymMeHTa M BO3MOXKHOCThL CBelNCHHSA
Kaxkjaoi w3 mecTH Kpyroseix dyHkumil K onHolt U3 Hux

HekoTopble 3 ¢opMys1 NMpHBeJEHHS PacKpHIBAIOT CBS3b
MeXKJy Da3JMYHbLIMH KDYrOBbIMH (YHKIUAMH Yepe3 mpeol-
pasoBaHHEe apryMeHTOB 3TMX (yHKuuii. K atum ¢opmysam
OTHOCSITCS, HalpHMep, CJeLyIOLiKe:

cos z = sin (z + —g—) ,

. k]
sin (-—2—- — Z) = C0s 2,

tgz=ctg (% — z)

H HEKOTOpHIE ApYrHe.

CymecTBYIOT M TaKOro poia CBfI3H MeXJy KpPYTOBBIMH
(GYHKUMSIMH, KOTOpBIE pacKphiBaloTcs 06e3 npeoOpa3oBaHus
aprymeHTOB. OHH BBIPaXKalOTCS TOXKJAECTBEHHHIMH DaBeHCT-
BaMH, B KOTOPHIX IPOM3BOASATCA TOJbKO aJarebpauye-
CKHe ONmepamHH Haj KPYrosbIMH (YHKIUSMH O JHOT O
H TOrO Xe aprymMeHra.

K Takum ToxJecTBaM OTHOCATCS YCTaHOBJEHHblE HaMH
panee (§ 7) dopmyarr (9; 9, a; 9, b; 9, ¢):

sin z cos z

tgz= s ctgz=m, secz =

cos 2z

H cosecz = ——,
sine
CrpaBejIUBbIe NIPH BCeX NOMYCTHMBIX 3HAYEHHsIX apryMeH-
Ta 2.

M3 3TUX TOXKIECTB JIErKO IIOJNYYalOTCH CJeAYIOLLHE:

tgz.ctgz=1, (23)
cosz-secz =1, (24)
sinz.cscz=1, (25)

ClipaBeAJIUBbI€ TaKXe€ INPH BCEX JONYCTHMBIX 3HAYEHHAX 2.
JloxaxeM elie OJHO TOXJECTBO, BbIpaxKarloriee anreﬁpa-
HYECKYI0 3aBHCHMOCTb MEKAYy CHHYCOM H KOCHHYCOM:

sin?z 4- cos?z = 1. (26)
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HdoxasarteabcTBO. IlycTh 2z-— NIPOH3BOJILHOE Jei-
cTBUTENbHOE uKcJjo. Ha uucioBofi OKpYXKHOCTH 3TOMY 4H-
CJIy COOTBETCTBYeT HekoTopasi Touka M (2) (puc. 22). Crpo-
UM IPAMOYTOJIbHbIE KOOpAHMHATHl 3TOfi TOuKH: x=OP u
y = PM. Tlo onpezenenuto cuHyca u Kocuuyca (ra. II, §7)
npu R=1 nmeem:

PM =sinz, OP = cosz.
Ho no teopeme Iludaropa B npsMOYroJbHOM TpeyroJbHH-
ke OPM!

IPMP + 0P = [OMP,

OTKyJa, YYHTbiBasi MpejblAyLlHe paBeHCTBA H TO, YTO
OM = 1, maxogum:

lsinz|? 4 |cos 22 = 1.

A Tak Kak HpHM BO3BHILIEHHH B YETHYIO CTelleHb 3HaK
a6CoJIIOTHOH BEJHYHHBI MOXKHO ONYCTHTb, TO OyjeM HMeTb:

sin?z 4 cos?2z = 1.

Bce nate dopmya (9, 23, 24, 25, 26) BbpaxamoT ai-
re6paHyecKue COOTHOLIEHHS MeX]JY KPYTOBEIMH (pyHKIHSIMH
oxHOro aprymeHra. UToObl Jierye sTO yCMOTpeTb, 0GO3Ha-
YUM KaxAylo QyHKUHWIO OfHOH OYKBOH: sinz = y, cosz=x,
tgz =1, ctgz=u, secz=v, csecz =w, NOJYUYUM CHCTe-
My H3 NATH YpaBHEHHH C LIECTbIO HEU3BECTHBIMH:

v,
x’

~N ™

.

(I

W)

.

AW
[SEESIR

YpaBHeHHS1 9TOH CHCTEMbl HE3aBUCHMBI MeXAy coG6oii,
T. €. HH OJHO M3 HHX He MOXKeT ObITb IIOJIyYEHO KaK cJjej-
CTBHE M3 OCTaJbHBIX YeThipex. UTOOB yGefUTLCS B 3TOM,
BbIpa3sHM BCE€ HEH3BECTHbIE, BXOJifllHE B ypaBHEHHS, Yepes

1 Ecau yucso 2 H306pasutcss B kako#-nuGo m3 Touek A, B, A’ u
B’, 10 TpeyrospHnka OPM He mNONYYHTCSI, OAHAKO B TOM CJyuae
CTpaBelINBOCTh TOXKAECTBA (26) mpoBepsieTCs HEMOCPEACTBEHHO,
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OJIHO, HampuMep uepe3 X, MOJYYHM CHCTEMY YypaBHEHHH,
9KBHBaJIeHTHYI0 cHcTeMe (I):

=+ VI=x
{ = +V1i—x
X
U = X
T Yo (In
0 =—1
X
1
0 = —
+ V1=

Ecan or6pocuth Kakoe-au60 U3 ypaBHeHHH 3TOH cucTe-
MBI, TO OTGPOCHTCS OLHO M3 HEH3BECTHBIX H €ro HeoTKyAa
6yner naxonutb. CuepnoBatenpHo, cuctema (II), a suaumr,
U cucrema (I) cocTaB/ieHBl H3 HE3aBHCHMEIX ajre6panyecKux
ypaBHEHHH.

CymecTByloT U Jpyrue aJjreGpanueckHe COOTHOMIEHUS
MeX/Jy KPYrOBEIMH (QYHKUMSMH C OJHHM apryMeHTOM, HO
OHH SIBJISIOTCS CJEJCTBHSAMH H3 NSTH PacCMOTPEHHBIX BhI-
e COOTHOLIEHHH.

Tak, HanpuMep, HCKJ/IOUMB HEH3BECTHOE ! H3 IepPBBIX
IBYyX ypaBHeHuit cuctemnl (I):

t=-4L
X
1

X
NOJIYy4YHUM COOTHOLIEHHE U = 7 HJIH

ctgz = S22 rpe zskrk. (27)

sinz
Ecnu us cucremsl (I) B3gTh ypaBHeHHS:

p=l,



H pasfleJiuTh NOCJeJHee M3 HHX Ha x%, TO IOJIyYyHTCS CH-
cTeMa ypaBHeHHH:

=41
X
1
V= —
X
y V1
¢ (7) tl=x=
U3 Kotopo# umeeM: {2 1= 0v® uiu
tg?2+1=sec’, rue z— + k. (28)

AnanoruyHo M3 ypaBHeHHH
X
u= -, yo=1 n y2+x2=1
cucreMel (I) mosyynM cHcTeMy ypaBHEHMH:

u =

W =

u:|--m|:-<

x \? 1
l L+ (2] = 5
oTkyAa 1+ u?=w? uam
1 + ctg?z = csc?z, rzge z = wk. (29)

OpHako BO3HHKAaeT BONPOC, He CYLIEeCTBYeT JH elle Ka-
KOe-HHOYIb COOTHOLIEHHe MeXAy KPyrOBHIMH (DYHKLHSAMHE C
OJHHUM apryMeHTOM, He3aBHCHMOE OT TeX ISTH, KOTO-
pble BbIpaxeHbl (opmysaamu (23—27) uau cucremon (I)?

OkasbiBaeTcsl, TAKOTO COOTHOIUEHHS HE MOMKeT ObITh,
YTO JOKashBaeTCs OT INPOTHBHOIO.

B camom pesie, IOmycTHM, YTO CyLIecTBYeT TaKOe Liec-
Toe ajrebpauueckoe COOTHOIIEHHE MEXAY KPYrOBBIMH (YHK-
uuamu: f (y, x, £, u, v, 0) =0.

MMeem cucreMy IuecTH ypaBHeHHH: t=—i— , ut=1,
w=1 g0 =10+ x*=1 [y xtu0o )
WM S5KBUBAJNEHTHyIO eH cuctemy: Y = =) 1—x?

t__j:l/l—xz u x

7 A

1
=—— f(y, x, t, u, v, ©) =0.
=V T—2 R )

I
>

1
U= —,
X
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Hcka0uMB H3 1IECTH YpPaBHEHWH NsiTh HEU3BECTHHIX: Y,
{, u, v ¥ o, IOJYYHUM ypaBHEHHE C OJHUM HEH3BECTHBHIM:

— +YT—x x 1
+ Y 1—x% x; — ) T
f( V X :t]/l__x2 X
1
———| =0.
+VYT1= x‘i)

OcBoGOJKB 3TO ypaBHEeHHE OT paJUKaJOB H 3HaMeHaTe-
Jsi, TIPUAEM K IEJOMY palHOHAJbHOMY aJreGpanyeckomy

y

/\ y=sinx

_ﬁzlﬂ -7 0 U” x
| | : |
| | y i I
N L I\ T
| | | )

g 7 0 W e "

|

| ]
| | y i ‘
! ! |y =c0s?x
NN S |

I
| 'y =sme, |
| I' y ly Sinéx :
: : Dy : 1

-?Iﬂ -7 0 D P o X
! ! Y D, yzs'm‘x +cosx =1
; : o ;

-2 - 0 0 ™ o

Puc. 47.
ypaBHeHHI0 F(x) = 0 HekoTOpo#i n-ii creneHd. PemuB 3TO
ypaBHeHHe, HaHAeM n KOpHeH: X =ay, 0y, ., &,
Ho x =cosz, cnepoBaresbHO, COSZ = ay, 0y, ..., &, T. €.

COSz MMeeT JHIIb KO HE@ Y HOe MHOXKECTBO pasJUYHBbIX
3HaueHH# (He OoJblie n). A 3TO HeBepHO, TakK Kak IpH
M3MeHeHHH 2z OT 0 O ® KOCHHYC NpHHHMaeT GeCKOHEeYHoe
MHOKeCTBO 3HaueHHH.

ITonyyeHHOE IpPOTHBOpEYHE IOKa3blBaeT, YTO JOIyile-
HHE O CYIIECTBOBAHMH LIECTOrO HE3aBHCHMOIO COOTHOILe-
HHA MeXJy LIeCTbIO KPYIOBBIMH (DYHKIHAMH C OJHHM ap-
TYMEHTOM HEBO3MOXKHO.
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[ate ToxzaecTB (23, 24, 25, 26, 9) BbIpaxKalOT Tak Ha-
3blBaeMble OCHOBHbIE aJjre6panueckie 3aBHCHMOCTH MeXIy
KPYrOBbIMH (DYHKUHSIMH C OJHHM H TeM K€ apryMeHTOM.
Cofiep:XaHue 3THX TOXKAECTB MOXKHO HCTOJKOBaTb M TIpa-
(pugeckH.

Tax, Ha pucyHke 47 HarJsHO IlepefaHa IIOCJeJOBa-
TeJBbHOCTb Ollepaluil Haj rpaduxaMu QyHKUuH sinx ¥ cos x,
IPUBOJSAILAS K TOXAECTBY

sin?x + cos?x = 1.

.y Sinx
y=tyx=g5e5
DD,
DD _
D, DD, DD,
D,
D:
AN
D X

Puc. 48.

Ha pucynke 48 masocTpupoBaH Inepexoj OT rpaduKoB
sinx ¥ cosx K rpaguky tg x, cooTBeTCTBYIOLIHH TOMKAECT-

L Sinx 4o
BY: <osx gx.

C nomompio BhiBeJleHHBIX popMyn (23—26 u 9) MOKHO
BbIpa)KaTh BCe KpPyroBble (DYHKUMH 4epe3 OJHY M3 HHX.

Tak, u3 cdopmyJrl (26) BelpaxkaeM sinz gepes Cosz:

sinz= +V1—cos?z ,

3aTeM, MNOJACTABHB MOJyUeHHOe 3HaueHHe cuHyca B ¢dopmy-
Jael (9) u (27), HaxXoAHUM:

+ V' T —cos’z cosz

tgz= Hetge=—"—"—"7+---—.
g cos 2 g + V 1—cos?z
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Kak BuauMm, HaHHOMY 3HaueHHIO KOCHHyca (B ofuiem
c/yyae) COOTBETCTBYIOT JBa 3HAUEHHA KaXKJOH M3 OCTaJlb-
HBIX KDYroBbIX (yHKIME, OTJaHuYawomuecss 3HakoM. Ho ko-
CHHYC B 5TOM OTHOIIEHHH He sBJSeTCA HCKJIOYeHHEM;
JIBOHUCTBEHHOCTb 3HAKOB B (DOpMYyJiax, BhIpa)KamwiluX Kpy-
roBble ()YHKUMH 4yepe3 OJHY M3 HHMX, MMEET MeCTO AJs BCeX
¢byHkuuit. Pasymeercs, ecqd Ha apryMeHT Z 3alaHHOM QyHK-
IHY HaJOXHUTb JONOJHHUTEJbHbIE OrpaHHYEHHs, HamnpuMep
yKasaTh, B KaKOil YeTBepTH UYHMCJIOBOH OKPYKHOCTH H3006pa-
JaeTcsi apryMeHT 2, TO M3 ABYX 3HAUeHMH Kax[OH U3 HC-
KOMBIX QYHKIMH, NMOJMyYaeMblX MO TakuM (opMmyJsiaM, Clefry-
eT BHIGpaTb TOJBKO TO, KOTOPOE YJIOBJIETBODPSIET JOMNOJIHH-
TeJIbHbBIM OrpaHuyeHusiM. Ilo-

SICHUM 3TO Ha KOHKDPETHBIX y
npuMepax.

Ilyctb cosz = —-—g— . Ilo
¢opmysnaM moJydaeM 3Haye-

HHSl JPYrHX (GYyHKUHEH: A
. 4 X
sinz = + &, tgz=
4 3
=+3 clgz==7.

OTMeTHM Ha YHCJIOBOH OKpYXK-
HOCTH JaHHOE 3HayeHHe KO-

cuiyca OP = — —z— = C0S2 Puc. 49.

(puc. 49) u 6yzeM HCKaTb TOY-
Ky, B KOTOpo#l uzobpaxaercs z. Ecsiu 06 apryMeHnTe 2 HH-
Yyero HeM3BeCTHO (KpOMe TOro, 4To €ro KOCHHYC paBeH

3
——-5—), TO MOXKHO C paBHBIM IIpaBOM II0JiaraTb, 4YTO OH

HaxoAuTcs B JI000OH M3 TeX ueTBepTed, IZe KOCHHYC IIpH-
HUMaeT OTpHIATeNbHbIe 3HaueHus, T. e. aubo Bo II, Jsu6o
B IIl uerBepTH, a noromy sinz, a Takxe tgz u ctgz mo-
ryT OBbITb Kak I[OJIOXKHTENbHBLIMH, TaK H OTpPHLATE/k-
HBIMH.

Ecau xe B ycjoBuH OyzeT JOMOJHHUTENBHO CKasaHo,
uTO 2 H3o6paxKaercs, Hanpumep, Bo II yeTBepTH OKpyKHOC-
TH, TOTJa SCHO, YTO Sinz IOJIOXKMTe/bHBIH, a tgz u ctgz
OTpHUlaTesIbHble, M NO3TOMY, NpPHMeHsis B JaHHOM cJyuae
T€ Xe (OpMYJbl, OCTaBJSAIOT B HHX TOJBKO MO OJHOMY
3HaKy, COOTBETCTBYIOLLEMY ZJOIOJHHTENLHOMY YCJOBHIO.
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Mpumep. [Hano: tgz=— % , —725— <z < = Haxozum
ocTajibHble KPYroBble (pYHKIHH 2
Lo 12
tgz 5 °
U3 dopmyan (28 u 9, b) Haxomum:

1

Vgl
Ho no ycaosuio uncso z usobpaxaercss Bo II uerBepry,

rfe KOCHHYC NpHHHMAaeT TOJIBKO OTpHLATEeJbHbIE 3HAueHHH,
N03TOMY M3 JBYX 3HaueHHI GepeM OTpHUIlaTesbHOE:

sz — 1 _ 12
COosz2 = =—T13

3ameTuB, uto tgz.cosz= sinz, noJyuaem:

ctgz=

Cosz2 =

‘o 5 12Y 5 R S
Snz=\—1/ - \—713)= 13 2= sz =— 13>
1 13

sinz = 5 °

IIpumeuanue. Bo3aMOXKHOCTL BhIpaxkaTb BCe KpYroBele (YHK-
UHH Yepe3 OfHy aare6paHyeCKHMH ONepaLsIMH MOKA3bIBA€T, YTO MOXKHO
6b110 GBI BoOGLLE ONMpefe/uTb H H3y4yaTh TOJbKO OJHY KaKylo-HHOYZAb H3
KpPYroBhIX (GYHKLHA, HanpHMep CHHYC, H C €€ NOMOLIbIO BhIpaXkaTb 3a-
KOHBl Pas3jHYHBIX MepHOAHUYecKHX mnporeccoB., OJHAKO MpPaKTHYECKH OKa-
3aj10ch GoJiee YAOOGHBIM H 1eJecO06PasHBIM (B CMEICJE 3KOHOMHH BpeMe-
HH M CHJI) OnpefefATb H H3yuaTb BCe IIECTb KPYroBhIX GYHKLHA H AJs
KaxJI0H M3 HHX MMeTb OTAEJBbHYIO TabJully; NnpaBjia, B MOCTeJHEe Bpe-
Ms BCe peXXe M pexke ymoTpebasioT TabJuly secz M €SC 2, TaK KakK Co-
BpEMEHHbIE€ BLIUHCJMTENbHEIE CPEICTBA AAOT BO3MOXKHOCTH OLICTPO Bbhl-

CSCz2 =

YUCIIATE Ses2 H CSC 2 1o cpopmy.naM sec 2 =m‘ H CSC2 = sinz

Ynpaocnenus,
1. Hafitn Bce kpyroBble (yHKUHH aprymMeHTa z, €CJH H3BECTHO,
4TO tgz=—2—, asinz<O0,

2, Hajitu kpyrosule GyHKUMH yria A, IpHHaAJIeXKallero TPeyroNbHIKY ,
€CJId H3BeCTHO, 4TO cos A = — 0,45,
3. CyuiecTByeT JIH TakOe YMCJIO 2, AJR KOTOPOro:
1

1
a) sinz = 3,a cosz-T

sinz = |/ acosz——l/_?
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§ 21. ToxnecTBa M TOXHecTBeHHble MpeoGPa30OBaAHUS
KPYroBblX (yHKUHi

Hee pyuryuu om 00HuX U mex e apeymenmos Ha3bi-
8aK0M MOJNCOECMBEHHO PABHOIMU, €CAL OHU UMelom O00HY U
my oxe obaacme onpedeseHus U NPUHUMAIOM DPABHbIE 3HA-
4eHUus npu 6cex JONYCMUMbLY 3HAYEHUAX QP2YMEeRmo8.

Ilpumepsl TOXKJECTBEHHO PaBHbIX (YHKIHHA: X2 — y? H

(x+y)(x—y), cosz u sin (z + %) , lglox u 1+4+1gx

npu x > 0.
Eciu 1Be TOXAECTBEHHO paBHBIE (YHKIUH COEIHHHTH
3HAKOM =, TO IIOJy4aeTCs PaBeHCTBO, CIPaBeNJIHBOE IIPH

BCEX JIONMYCTHMBIX 3HAUEHHSAX apryMeHTOB. Takoe paBeHCTBO
Ha3bIBAlOT TOXAE€CTBOM.
ITpumepsl TOXJECTB:

22—y = (x+y) (x—Y),
cosz = sin (z + —’2'—) ,

lgl0x=14Igx (x>0),
sin?z 4+ cos?z = 1.

Ecan B coctaB ToxjgecTBa BXOJAT TOJNBKO KpPYrOBHIE
(GYHKLHH, TO €ro Ha3blBAlOT TPHTFOHOMETpPHUYECKHM
TOoX AecTBOM K mpocTefmum TpHroHOMETPHYECKHM TOXK-
JecTBaM MOXKHO OTHeCTH (OpMyJbl CBEJEHHUS M paBEHCTBA,
BhIpaKaolye ajre6paHyecKkyio 3aBHCHMOCTb MeXAY Kpyro-
BBIMH (DYHKIHSAMH.

IlepexoJ OT JaHHOH (QYHKUME K TOXJAECTBEHHO PaBHOH
el (YHKIHH HashlBalOT TOXJJEeCTBEHHHM Inpeo6pa-
30BaHHEM.

Ilpu pokasaTesbCTBe HEKOTOPHIX TeOpeM M HcCJeJoBa-
HUH QYHKIMH, a Takxe B Ipoliecce pelleHHs 3aJay H ypaB-
HEeHHH NPHXOIUTCS YacTO IIPOM3BOJHTH TOXK/JECTBEHHbIE IIpe-
00pa30BaHHsI OJHHX TPHIOHOMETPHYECKHX BhIpaXKeHHH B Jpy-
rue. Ilpu Takux npeoGpa3oBaHHSX IIHPOKO HCHOJB3YIOTCS He
TOJIbKO OINpefeJieHHs] KPYroBblX (PYHKLHH, HO H 3aBHCHMOC-
TH MeXIY HHMH.

Iloxaxem sTO Ha npuMepax.
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sinz—tg 2z

Mpumep 1. oxasate, yto yHKuUA f(2) = Soso—clg 2

™ o
(z + 5 k) He MOXKeT NMPHHHMAaTh OTPHIATEJNbHEIX 3HAUeHHH.

HokasarteanbcTBo. HMcnomesys dopmyasl (9.27),
NoJiBepraeM JaHHYI0 (DYHKIHIO TOXJECTBEHHHIM IpeoGpaso-
BaHHSAM:

. sin z
_ SMZ—0osz _ sin?z (cosz— 1) tg2
f(z) = cosz  costz(sinz—1) g2
~ sinz

1 —cosz
1—sinz

cosz

8 Ho tg’2 >0, l—cosz>0ul—sinz>
>0, caepoBatesbHO, f(2) > 0.

5 Ilpumep 2. Omnpenenuts nJoULafb
NpPSIMOYT'OJILHOTO TPEeYrOJIbHHKA, eCJIH

H3BeCTHa THIIOTEHY3a ¢ H CyMMa CH-

HYCOB OCTpBIX YTIJIOB:

sina -4 sinf = gq.

Pemenune. Ilycts ABC — pan-

c A Hbfi NPAMOYTOMILHBIN  TPEyrOJbHHK

Puc 50, (puc. 50). Ero nuomags S Bblpasutcst
TaK:

1 . .
=TBCoAC=—é—csma-ccosa = %czsmacosa.

Jas onpeleneHuss NpoH3BeleHHsl Sina-COSa HCIOJB3Y-
eM JlaHHOe paBeHCTBO: sina 4 sinf = ¢, a HMEHHO, YYHTHI-
Bas, 4yt0 §=90° — a H, cJelnoBaTesbHO, sinf = sin(90°—
— @) = CcOSa, IepeNnHullieM 3TO PaBeHCTBO TaK:

sina 4 cosa = g,
BO3BeZleM 00e YacTH B KBajpaT, NOJYYHM:
sin? a 4+ 2 sina cos a 4 cos?a = g2,

OTKYyJa, NpHHHMas BO BHHMaHHe TOXKJecTBO sina -4 cosa=]1,
HaXOJ(uM:
¢ —1
5 -
1
CnepoBatenbHo, S = - ¢ (¢*—1). Kak Bugum, 3aga-
Yya HMeeT pelleHHe, ecaH ¢ > 1.
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cosz

Mpumep 3. Haiitu 3Hauenue apobu D = YTy

a tgz =2,7.
Pewenue. TlpefBapuTeNbHO pasliesuM YHCJIHTENb H

3HaMeHaTe/lb 3TOH ApPOoOH Ha cosz, moayuum: D = T—_ltg_z— )
1 10

cJjenoBaTeNibHO, D = T =T

Mpumep 4. Tlpn kakoM 3HaueHWHM napameTpa p BhIpaxKe-
HHe y = sin®x 4 cos®x + p (sin‘x 4 cos‘x) He 3aBHCHT OT x?

Pemenune. Bossesem B kBajpar, a 3ateM B Ky0 TOX-
JectBO: sin’x 4+ cos?x=1, GyieM HMeTh:

sint x + 2 sin2x cos?x -+ cos*x = 1;
sin®x 4+ 3 sin‘x cos?x -+ 3 sin2x costx -+ cosbx = 1.
Vi3 nepBoro paBeHCTBa HaXOJHM:
sintx 4 costx = 1 — 2sin®x cos2x.
V3 Broporo paBeHCTBa HaXOMHM:
sin®x 4 cos®x = 1 — 3 sin®x cos? x (sin® x 4 cos® x) =
= 1—3sin?® xcos®x.

Takum o6pasoM, JaHHOe BEHIpAaXKEHHEe MOXKHO 3alHCaTh
TakK:

y = 1 — 3sin2x cos’x + p (1—2sin2x cos?x) = 1 +p—(3+

, €c-

+ 2p) sin%x cos2x.
3
3ameuaem, uyto mpu 3+2p =0, T. e. p=— < 6ynem
UMeTh: y=14p= 1—-;— = -—--;—=const CJIeZIoBaTeJbHO,
3
LaHHOE BblpaXXeHHE He 3aBHCHT OT X NPH p = ——-.
Npumep 5. JloxazaTb TOXKAECTBO:
sina __ l4cosa
I—cosa  sina (o = mk).

Peuwenue. Ilpeo6pasyeM JeBylo 4acTb TakK:

sina___ sina(l4-cosa) __ sina (1+4-cos a)
l—cosa ~ (l—cosa) (I-4+cosa) 1—cos?a

sina (14+cosa) _ 1-4cosa
sin?a — sina
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Mpumep 6. YnpocTHTH BEIpaKeHHE:

—sin x w
tgx_l—‘/ 14 sinx (x=/=7+ﬂk)'
sin x + V(l——smx)(l-l—smx)

Pemenune u=

cos x (1+sin x)®
sin x + V l—sin®x  __ sinx 4 YV costx __
cos x (I4sinx)? — cosx |1 4 sin x|

__sinx + |cos x|
T cosx l14sinx °

Tak Kak | +sinx > 0.

Hanee cnenyer paccMOTpeTb OTJHeNbHBIE CJydYaH, KOTJa
cosx >0 u cosx <0.

Ecau cosx >0, 10 |cos x| =cosx H, c/lefOBaTeNLHO,

sin x + cosx _ sinx4sinfx+cosfx
cos x l4sinx — cos x (1 4 sin x)
sin x 4 1 _ 1
T cosx(l+4sinx) ~ cosx °
Ecnu cosx < 0, 10 |cos x| = —cos x; TOTJa
sinx cosx __ sin x4sin?x—cos?x
cos x I4sinx —  cosx(l+4sinx) °
Ynpasichenus.

{, BHIYHC/THTH 3HAyeHHE BBIpAXKEHHS

sin x cos x
sin? x—cos2x
2. OnpefenuTs BeJIHYMHY MPOH3BefleHHs P = sinx cosx, ecan
sinx+cosx=a.
3. KakoBa nomxkHa GBITb 3aBHCHMOCTb MEXAY YHCJIaMH @ H b, uTO-
6Ll paBeHCTBa

3
, €CJTH tgx=17.

tga+sina=a n tga—sina="5
GBI COBMECTHHIP
msina+ncosa

4. HaliTn snauenme BhIpaXeHHR — -

€C/H H3BeCTHO, uTO tga = ciga.
5. IlokasaTb TOXKJZeCTBa:
a) sin®x 4 3 sin?x cos?x + cosbx = 1;
6) sin (? — x) cos (5_:.4- x) ctg( + x)—|—tg(u+x) tg(_— ) =
=sin? _l) .
=sin (x 3
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6. Hauo: f(x) = tg?x, g (x)=sin?x. JlokasaTb, uTO
() —g(x) =7 (x)gx).
7. TIpu KakuMX 3HauYeHHsX aprymeHTa x OyHRuuH f(x) = cos’x u
g (x) = 2 (sin x 4 1) NMpHHUMAIOT paBHble 3H3UEHHS?

8. HafiTu KOODAMHATHl TOueK, B KOTOPHIX rpadpuxk GYHKUMH Y =
= 7 (1—cos x) — 2 sin%x nmepecekaer ocb a6cLucc.

9. Halitn 3HaueHHe aprymenTta 2z, npu Kotopom oyHKuus f(2) =
= 2sin z tg z 4 cos z npuHHMaeT 3HayeHHe, paBHOe 1

10, Mcnosbays TOXAECTBA, CSC X =
sin x .
cos x Y YyXe mocTpoeHHbie rpapuku ¢yHKUMHE sinx ¥ cosx, mo-
cTpouth rpaduku GyHKUHH: csc x, sec x H tgx.

sinx * S*¢*=Cosx tgx =



TJIABA 'V
OBOBLIEHHBbIE KPYI'OBbIE ®YHKLHWH

§ 22. Tapmonnueckne KoJieGaTe/bHble JBHKEHHUS
U HeoO0XO0AUMOCTh 00OGLIeHHs1 MOHATHH KPyroBeix (yHKuui

B §6 BTOpO#l rJyaBbl paccMaTpHBaJCs MeXaHH3M Mpeol-
pasoBaHHs KPYrOBOro JBHXKEHHS B NpsMOJIHMHEHHOe KoJjeba-
TeJIbHOE, Ha3bIBAEMOE MPOCTHIM TaPMOHHYECKHM JBHXKEHHEM

(cM. puc. 14). B § 7 65110 no-
JIYUeHO aHaJHTHYeCKOe BbI-
paxeHue 3aKOHa TaKOro JABH-
JKeHHsT B BHAE (YHKIHH
Yy = Rsinwf. OqHaKO JaHHas
(GyHKUHS He BbIpaKaer o6-
IIHA 3aKOH BCE€X NMPOCTHIX rap-
%~ MoHHMueckux mnpoueccos. [Ilo-
JYUHTh TakoH OOLIHH 3aKOH
MO3JKHO C TIOMOIIBIO [eOMeTpH-
YecKOH MOJEJIH TOrO Xe Mexa-

B’ HHM3Ma B BHJE OKDYXKHOCTH C
[EHTPOM B HauaJjle KOOpPAMHAT
Puc. 5. W paguycoM R, mo KOTopo#

COBepIIaeT paBHOMEpPHOE JBH-

JKeHHe TOuKa M CO CKOpPOCThIO

w paguaH B ceKyHAY (puc. 51). Iasi 3TOro, Kak H INpex-

Je, LOCTAaTOUHO PacCMOTPETh IBUXKEHHE MPOEKUHH TOUKH M

Ha och Oy, HO B NpPENIOJIOKEHHH, UTO B Hayase NBUXKEHHS
TOyka M 3aHMMaeT IOJIOXKEHHe, OTJHYHOe OT A.

B camoM jene, nycTbh Ay— HCXOZHOE IOJIOXKEHHE TOUKH

M. 3a t cekyHn oHa onumwer ayry A,M= of pajguah.

OGo3HauuB NpOEKLHH TOYKH M Ha OCH KOOpAHHAT uepe3d Q
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u P, a nyry AM uepe3 ¢, GyieM HMeTh (MO OIpeJiesIeHHIO
CHHYCa H KOCHHyCa AYTH @):

sincp=—P]§—4— =—?2i, coscp=£RP—,

oTkyzpa 0OQ = R sin ¢, OP = Rcos ¢.
Ecau nyra AA, = @, paguaH, 10 ¢ =\ AM = A4+

+ VAM = @+ of U npelpAyIiHe paBeHCTBA MEPENMHUILYT-

cs Tak:

0Q = R sin (ot +q,) } .

OP = R cos (of+4@,). )

OTUMH (GYHKUHSAMH BbIPAXKalTCS BEJHYUHBI OTKJIOHEHHS
npoekuu#i P u Q oT ux cpenHero nosoxeHuss O B J106oH
MOMEHT IBHXKEHHS TOYKH M.

KaxJjass 43 BeqMYWH, BXOASIIMX B JaHHBE (YHKIHH,
HIMeeT CBOH (DU3HYECKHI CMBIC H B COOTBETCTBHHM C 3THM
omnpeJie/leHHOe Ha3BaHHe.

Bennuuny ¢ = of + @,, ONpefeJsIONIYI0 IOJOKEHHE
IBHXKYIIeHcs TOUKH M, HasblBalOT IepeMeHHOH da3of Ko-
Jne6aHusA, a NMOCTOSIHHYIO BeJHYHHY @, — HayaJbHOH dasoi
KoJebanusi. [locnenHee HasBaHHe OOBSICHSIETCH TEM, UTO B
HauaJsle JBHIKeHHS, T. e. npH [ =0 dasza ¢ = @,.

BesquunHy R Ha3bIBAalOT pa3MaxOM HJHM aMIJIHUTYJ0H KO-
JeGaHus; OHA BbIpa)KaeT HAaHOOJbILIHE OTKJIOHEHHS TpOeK-
uuit Q u P oT ux cpepHero noJsoxenus O. JleHcTBHTe/b-
HO, C U3MEHEHHeM ¢ CHHYC M KOCHHYC M3MeHsStOTcs ot —I
no -+ 1, cJaegoBatensHo, BequunHbl 0Q = Rsin¢g u OP =
= Rcos ¢ usMeHsiorcss or —R jpo + R.

2n
Bennunny T = ——— CeK. Ha3bIBAIOT MEPHOAOM KoJeba-

HHSI; OHAa paBHA TOMY NPOMEXKYTKY BpPEMEHH, B TeUeHHE KO-
TOpPOro Touka M ONHCHIBa€T MOJIHYID OKDYXKHOCTh, a ee
npoeknuH P u @ coBepuIalOT CBOU MOJIHBIE KoJeOaHHs,
T. €. KaxJas M3 HHX NPOXOJHT H3 CBOEr0 MCXOJHOTO MO-
JoxeHus (mepBas u3 P,, a BTOpas M3 Q,) ZO KOHIA JHa-
MeTpa, a 3aTeM B OOpaTHOM HampaBJeHHH JO JpYroro KOH-
Ila JuameTpa H, HakOHel, BO3BpaillaeTCs CHOBa B CBOE HC-
XOJHOE MNOJIOXKEeHHE.

Jlerko ybGenutbcst B TOM, 4TO mnepuoj koseGauus T siB-
Jasgercs nepHoioM ¢yHKuuH Rsin (of 4+ @) u R cos (wf-4g,).
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He#ictBuTensHo, oT = 2%, Nn0o3TOMYy
Rsin[o(t+T) + ¢,] = Rsin[of + 27 + ¢,] =
= Rsin[of + ¢o) + 27] = Rsin (¢ + 2=) =
= Rsin ¢ = Rsin (of+qy),
T. €. OT npHOaBJeHHS K aprymMeHTy OyHKuuu uucaa T =
= 2—: BeJHYHHA (QYHKLUHH He H3MEeHHJ/acCh.

Ocraercsi noKasaTh, YTO HHKAKOe IOJIOXKHTEJbHOE YHC-
Jo, MeHbllee T, HE MOXKET CJYIKHTb NEPHOJOM 3TOH (YHK-
nud. s sToro 3aMeTHM (KaK 3TO MBI JieJlajIi IpPH OTBIC-
KaHHUU NepHoja cHHyca, cTp. 166), uto B Touke B paHHas
¢GyHKIHS OpHHHMaeT cBoe HauboJiblilee 3HauyeHHe + R; 1Jis
NOBTOPEHHS] 3TOTO 3HaueHHA (QYHKUMH TOYKa M J[OJIXKHa
onucaTh He MeHee OJHOro 06OpoTa, a CJeNOBaTEeNbHO, H
BpeMeHH N0 NOBTOPEHHs HAAHHOIO 3HAa4YeHHS (PYHKIHUH NpOH-

2%
netr He MeHee T = —— CeK.

AHaJIOrHUHBIMH pacCyK AeHHsAMH ybexjpaemcs, uto T =
= _21:_ — eCTb HauMeHblilee MOJIOXKHTENbHOE YHCJIO, MPH KO-
TOpOM Rcos[o (t+T) + o] = R cos (of+@,) AN NPOH3BOJIb-
HOTO 3HaueHHs aprymeHTa f.

Hakonen, otmeruMm, uto ¢yHkuuu (*) sBiasioress 06006-
LeHHSIMH DacCMOTPEHHbIX HAaMM paHee KPYTOBBIX (hYHKUHMH.
HefictButesbHo, ecin R =1 u touka A, coemagaer c A,
T0 @y ='\VAA =0, ¢ =of, OQ = Rsinwot u OP = Rcos wt.
B uacTHOCTH, KOrZa CKOPOCTh ABHIKEHHsS TOukM M Gyner
o =1 pag/cek u R =1, 6ynem umeth: OQ = sin £, OP=cost.

Hano sametuth, u4TO C 0600lleHHOH CHHYCOHIOH Yy =
= Asinx B Buie wabloHa JAJiS BHIKPOHKH NPHXOAHTCSH
HMeTb JeJIO KeCTSHUIMKY, NMOPTHOMY H JPYrHM NpaKTHKaM.

B camom pgejie, BO3bMeM NpSAMOH KpyroBOH IHIHHID
(HanpuMep, 1/ HarJSIAHOCTH KPYIJIBIHl CTaKaH, Y KOTOPOro
GoKOBasi NIOBEPXHOCTb MOKPBHITA JIHCTOM GyMmMaru) H mepece-
yeM ero GOKOBYIO NOBEPXHOCTb HAaKJOHHOH IJIOCKOCTHIO OT-
HOCHTEJIbHO O6pa3ylolHX LHJIHHApA (KaK [OKa3aHO Ha pH-
cyHke 52, a). PasBepHeM GOKOByI0 TOBEDXHOCTb Ha ILJIOC-
KOCTb, TOra OKPY3KHOCTb ceueHHss APBK pasBepHeTcsl IO
npsamoit ADBK A, (puc. 52, 6), a kpuBas ceuenuss AMNBN A
pasBepHeTcst B kpuByio AMBA,. Tlokaxem, uTo KpHBas
AMBA, npenctaBisieT OAHY BOJIHY OGOGIIEHHOH CHHYCOH-

IBl.
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Ha pucynke 52, a) umeem: MD

PE = tga = k—const, rue

NP  H | y . .
k= 0P — R’ Kopoue, DE — & OTKyzma Y —gEDE,
TaKXKe HMeeM: %— = sinw AD =sinx, xopoue =z =

=sinx, otkygna DE = Rsin x.

Puc. 52.

[MoacraBnas HafinenHoe 3Hauenne DE u mpemecTByro-
. H .
mee COOTHOLIEHHe, INoJydyaeM: y = RRsinx = 7 Rsinx =

= Hsinx, T. e. y= Hsinx, rone H= NP.

Wrak, pasBepTKa HAKJIOHHOTO CeYeHHS NPSMOTO KPyro-
BOTO LHMJIMHJpA MMeeT MPaHHUIly CHHYCOHAAJbHYIO HJIH TOYHee
siBJisieTcss OOOOMIEHHOH CHHYCOHJOH.

HonycTuM, 4TOo MacTepy
HaJo cJesaTh LHIHHIPHIECKY IO
Tpy6y C KOJIEHOM, KaK [OKa-
3aHO Ha pucyHKe 53, a). Hasa
5TOro oH GepeT MPSIMOYIOJib-
Hblfi JIMCT KECTH IUHPUHOMN
| =2= R, rpe R — paguyc nep-
NeHMKYJ/ISPHOIO CeYeHHS TPy-
Obl, H Ha ero OCHOBaHMH CTPO-
HT CcHHycOMRy y=H sin x
(puc. 53, 6); eciu ofe wacTu 6)
KOJIeHa OJHOro pajuyca, TO Puc. 53.

y=sinx
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0=145° a moromy H=R =1 u y=sinx, T. e. noayyaer-
csl OGLIKHOBEHHAsI CHHYCOHJA; ecJH e o==45° Hanmpumep
a=060° T10 y=R1tg60°sinx =~ 1,735sin x u mab6/0OHbE HMe-
10T BHJ, [TOKa3aHHBIH Ha PHUCYyHKe 54.

AHaJIOTHYHO CO3JlaeTCsl BLIKpOHKa [/ NOPTHOTO, KOTO-
pOMy HaJ0 CIIHBaTh BEpPXHIOID YacTh pPyKaBa C BhIDE3OM B
IlJlede AJ19 pyKasa.

Ynpascuenus.
1. HanucaTh ypaBHeHHe rapMOHHYECKOTO Koneﬁax—mﬁ, €CJIH aMIJHTY-

na pasHa J 2 cm, mepuox 0,1 cek. u HauanbHas (asa 75- .

2. Haiitn nmeprox, amMmJuTty-
Ay, HayaJbHy!0 ()asy M 4acToTy
KoJleGaHHsI, 3aflaHHOTO Y paBHe-
y =173sinx HHEM: .
y=0,5sin (314¢ 4 2,1).

Y xasanune. Yacroroli Ha-
3bIBAIOT UYHCJIO MOJHEIX KoJeGa-
y=173sinx Hu#, coBepuiaeMbix B 1 cek.

3. Bo ckosibko BpeMeHH Te-
JI0, coBepllaiolee rapMOHHYECKOe
KoJsieGaHHe o 3aKOHY s=A sin of,
IPOXOAHT:

Puc. 54. a) Becb MyTh OT CpeLHEro
CBOEro MOJIOXEHHsT A0 KpaiHero?

6) mepByi0 IOJIOBHHY eror

B) BeCb NIyTb OT OJHOrO CBOEro KpaHHero HOJIOXKeHus JO APYroro?
) H3MEHATCH JIM OTBETHI, eC/JH B35Thb ypaBHeHHe y = A sin (i ¢)?

Ykaszanue K Bonpocy 6). Ilepsas moJsoBrHa myTH paBHa & 4;

c)l B

1 1
M3 DaBeHCTBA & A = A sin of noayuaem sin of = 5 OTKyAa ot =

7 1 2%
Hi= ?1- =17 T, mak kak nepnox koneSauuss T = ——-

§ 23. I'padmku byuxkunit ksin(az + b) u kcos(az + b)
H poJib mapameTpoB @, b, k

dyukuusa k sin (@2 + b)

Brimie MBI OOBSICHUNH (H3HYECKHH CMBICJ I1apaMeTpoB
k=R, a=o u b=¢, oyHkuuu ksin (az 4+ b), BeIpaxaio-
el 3aKOH rapMOHMYECKOro KosieGaHus TOUKH BAoJb ocH Oy.
Teneps ocraHoBuMcs Gosiee MOAPOGHO Ha BHISCHEHHH BJIHS-
HHsI Ka)KJOro W3 3THX NapaMeTpOB Ha rpadMK IaHHOH GyHK-
IIMH.
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MNpeoGpa3oBanne nepuona

B npenpinymem naparpade ObJIO MOKa3aHO, YTO MeEPHO
noM ¢yHKuuH R sin(of 4 @,) aBaserca uuciao T = -2(—:— Kak

BHIMM, 3TO 4yucjao T He 3aBHCHT OT IapaMeTpoB R H @,
HO HaxoJHTCs B 0oOpaTHOH NPONOPLHOHAJBHOH 3aBHCHMOCTH
OT BeJIMYHHHE KoabduuueHTa o npu aprymente f. C Bospac-
TaHHeM 3TOro Ko3dduuueHTa nepuo] GyHKUHH yObIBaeT, 4To
XOpOLIO INIpoCJeJUTh B ciaefyiomel Tabuie:

® R sin (wf + 90) r=2
1 R sin (¢ + v) 2%
2 R sin (2¢ + o) =
2
3 R sin (3t 4 @) 3
© R sin (=t + ) 2
2n R sin (2=t 4 ) 1
1 ) 1
5 R sin (Tt —[—(po) 4n
1 1
3 R sin (T t+ <po) 67
1 1
o R sin (% t+ %) 472

Hanum napamerpaM R ¥ @, B GyHEuuHH R sin (of + @)
KOHKpeTHble 3HaueHHd: R=1 u @,=0, a nmaa Koapduiu-

eHTa ® BO3bMEM TPH Caydas: o, =1, 0, =2 0 wg=—,
MOJIyYHM COOTBETCTBEHHO TPH (YHKUHH: y; =Sinf, y, =
=sin2f # y;=sin —-f, BEIPaXalollke 3aKOHb TPeX pas-

JIMYHBIX TAPMOHHYECKUX KoseGanuii ¢ nepuonamu T =2x cek.,
T, == cek. U Ty=4n cek. Taxue xose6aHHS COBeplIAIOT

npoekiun (Ha OCb OpPAMHAT) Tpex Touek: M;, M, u Mj,,
IBUXKYIUIHXCS MO UHCJIOBOH OKDYXHOCTH C IIOCTOSIHHBIMH

CKOpOCTSIMH ;=1 paj/cex, w,=2 pajn/cex u m3=—;- pan/cek

npd yCJOBHHM, YTO 3TH TOUKH HayajH CBOe ABHXKEHHE O]-
HOBPEMEHHO H3 OJHOTO M TOro e moJsoxeHus A (puc. 55).
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LelicTBUTeNbHO, 3a £ CeK., MPOTEKIIMX OT Hauajaa [BH-
*eHHs, TO4KH M;, M, u M, OnHuUWIyT COOTBETCTBEHHO NyrH

AM, =t panuaH, AM, =2¢ paguan u AM, = %t paznuas.
Ilo onpezenenuio cuHyca nyr 6ylieM HMeThb:

sinw AM, = P‘g" , T. e.sint=y;, R=1, P\M, =y,);
sinw AM, = Pzglg’ T. €. sin2f =y, (P,M, = ys);
sinw AM; = Psgls , T. €. sin ;—t =y; (P3M; =y;).

INocTpouM rpaduxku naHHEIX (YHKOUH (Ha OLHOM YepTe-
xke) B npoMexyTke 0<Cf<2r H3BECTHBIM HaM TeOMeTpH-
YEeCKHM CrocoGoM.

y
8 M.
2
0= L=<
M/ \
07 /Ii .,/;I /\\
Jr 7 \
c o A RRATT 1m\ 37
/3 EERANE //
| \\_L/
> |
Puc. 55.

I'paduxom ¢yHKUMM y; =sini sBJsfeTcS OOGLIKHOBEHHas
CHHYCOHZA, C KOTOPOH MBI XOpOLIO 3HAaKOMBI, Ha OTpe3Ke
ocu Af, paBHOM yka3aHHOMy npoMexyTKy 0<f<2w, yJo-
JKUTCSA [10JHAs BOJIHA CHHYCOHJBL, TaK KaK 3a BpeMs f=2w CceK.
TOYKa M, ONHUIIET MOJIHYIO OKPYXHOCTb H IIPHIET B CBOe
HCXOJHOE NOoJI0KeHHe A, a ee MPOEKLHs @, COBEPIIMT MOJHOE
KoJie6aHue.

3a To ke BpeMs {=2w ceK. Touka M, ycmeeT IBax[Ibl
ONHCaTh YHCJOBYIO OKDYMKHOCTb, TaK KaK €e CKOpOCTb ABH-
JKEeHHs1 B JBa pasa OoJbllle CKOPOCTH TOUKH M,;, mosToMy
Ha TOM e oTpe3ke ocH Af ot 0 1o 2% yJOXKHTCS JBE IOJ-
HBle BOJIHbI rpaduka GYHKLUHH y, = sin2f.

CKopoCTb [IBHIKEHHS TpeTbell TOUKH M, MeHblue, ueM y
Touk# M,, B ]IBa pa3a, IIO9TOMy OHa 3a Te Xe 2m Cek.
yCIIEeT OIHCATh TOJBKO BEPXHIOIO MOJOBHHY YHCJOBOH OK-
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pyKHOCTH, H, CJeJjoBaTesbHO, Ha oTpeske oc Af ot 0 1o
2% yJa0XHTCA JHIIb II0JOBHHA BOJIHBI rpaduka (yHKIUH

.1 o
Ys = sin Tt‘ INonHas BosHa rpaduka 3ToH GYHKUHH 3aHS-

Jaa Ob1 oTpe3ok 0 < f<4w, COOTBETCTBYIOLIHI ee NepHOLY,
T. e. BPeMeHH, 3a KOTOpoe Touka M, ONHCHIBaeT BCIO OK-
PYIKHOCTb, a ee IIPOeKUHs (), coBeplIaeT NOJIHOe KoJebaHue.

Ha6monass MbicjieHHO 3a JBHXKeHHeM Touek M,, M, u
M, n ux npoexkuuit Ha ocb Oy, a TaKKe COINOCTaBJjsdAs NO-
CTpoeHHble HaMH rpaduku QyHKUHH y, =sinf, y, =sin2f u

y3=sin7t, IIPUXOJUM K BBIBOLY:

1. TapmoHnueckue KoJjieGaHUsI, BHIpaXKeHHBIe (DYHKUHIMH
. . .1
sint, sin2f u sin Tt’ HMEIOT OJHY H Ty ¥Xe aMIJUTYLY

(pasmax) R =1 u ojHy H Ty Xe HavaJbHyw ¢asy ¢, =0,
HO pasnuyHble mepuoipl: T, =2%, To== u T4=4m, obyc-
JIOBJIEHHbIE€ Pa3JIMYHBIMH CKODOCTSIMH JBHXKEHHS Touek M,,
M, u Ms,.
. . .1
2. ®yHkuuH sint¢, sin2f u sin —-f NpH CBOeM H3MeHe-

HUH TPOXOJAT Yepe3 OJHH M Te K€ 3HAYEHHA NPOMeXKYyTKa
[—1; 1], HO oxMHaKOBble 3HaueHHs NPHHUMAIOT IIPH pas-
JUYHBIX 3HaUeHHSX apryMmeHTa f.

3. I'padukn dyHkuuit sin2¢ u sin —;t NpeJCTaBJSAOT CO-

6ot necdopMHpPOBaHHbIE CHHYCOHJbl, a HMEHHO: MepBbIH M3
HUX ecTb CHHYCOMJa, CxKaTasi BIOJb OCH abCuLHcC B JBa pa-
3a (yMeHbIIeHHe IlepHOJA BJBOE IIOBJEKJO 3a CO60MH yMeHb-
lIeHWe JJMHBEI BOJIHBI TrpagHKka Takxe B JBa pasa); BTOPOH
rpaduk ecTb CHHYCOHZA, pacTSAHyTas BJOJb OCH abcluce
BIBoe (yBeJHYeHHe MepHoJa B ABa pa3a BLI3BAJIO YBeJHUe-
HHe JJIMHBl BOJIHBI rpaduka TakxkKe B JBa pasa).

Bce ckazanHoe 06 u3MeHeHUH neproja ¢yHKuM R sin(of+
+ @y) H BJHSHHH TaKOro H3MeHeHHs Ha rpaduk ocTaercs
B CHJe U IIpU JPYTHX KOHKPETHBIX 3HaueHHSX KO3(p(DHUH-
eHTa ®, a HMeHHO: rpaduk OYHKIHM Sinwf MoJayyaeTcs
cxkartveM (mpy o > 1) uam pactsaxenueM (mpy 0< o < 1)
OOGLIKHOBEHHOH CHHYCOMJIBl BJIOJb OCH abCLHCC B OTHOLIE-
HUH o : 1.

Ynpaocnenue.
1
[MocTpouts rpaduku dynkuuii: y; = sinz, y, = sin 3z, y3=sin§ z.
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IIpeo6pazoranue aMnaHTyAbI

CpaBHuM 1Be (QyHKRUHH y = sinof u y,; = R sin of, Bbpa-
JKalollde 3aKOHbl TapMOHMYEeCKHX KoJeOaHHH C paBHBIMH
NepHOJaMH, HO pA3JHMYHBIMH aMIIUTYyJaMH. 3aMeTHB, 4TO
IpH BCAKOM 3HaueHHH apryMeHTa f{ HMeeT MeCTO COOTHOIIe-
HHe Yy, = Ry, MPUXOAUM K 3aKJIOUYEHHIO, UTO rpapuk ¢yHK-
muu Y, = R sinof MOXKHO NOJNYYHTb M3MEHEHHEM B OTHOILIe-
HUM R :1 opiuHAT Bcex ToueK rpaduxa QyHKIHMH y=sin of,
T. e. AedopMaryeil 3Toro rpadguka B oTHoumeHHH R : 1 BROMDb
OCH OpAMHAT, mpuyeM InpH R > 1 «pacTsaKeHHeM», a IIpH
0 <R <1 «cxaTueM»!.

$lcHo, uTO mpu TakoM npeoGpa3oBaHHM rpaduka y=sin ot
JJIMHA ero BOJIH COXPAaHHTCS, a BBICOTA H3MEHHTCH, a HMEH-

8, y
8 %
M
= N/ ~ 24
By 1= ~ 2 2m
Fid Jid TN — _
0}42]4 705_ z -~ |- z

Puc. 56.

HO: Jo mpeo6pa3oBaHMsl OHa paBHsAJach | (HauGoJsbliemy
3HaYeHHI0 (PYHKUMH), Noc/ae Ipeo6pasoBaHHS OHA CTaHET

paBHO# R.
Ha pucyske 56 mocTpoeHs! rpaguky Tpex QyHKUHH: y =
=singz, y, =2sinz u Y, = - sinz, WUMEIUmUX OJHH M TOT

e IepHoj 2w, HO pa3/uuHble aMIIUTYAB!: 1, 2 H % IT1H-

MH QYHKIMSAMH BBIPaXKalOTCs 3aKOHEI TapMOHHYECKHX KoJe-
GaHuii, coBepiIaeMbIX MPOEKIHSIMH Ha OCb OpAHHAT Tpex
pasiMuHBIX Touek M, M; U M, NOIBHKHONO pajHyca OK-
PYKHOCTH, BpaLIaIOLIerocss BOKPYT ee LEeHTPa C IMOCTOSIHHOM
CKOpOCThbI0 ® = | paj/cek, NpUUYeM yKa3aHHble TOUYKH B3SITHI

1 Ecan kosbdHUHeHT R OTpHuUaTeNbHBIH, TO, KDOME YKa3aHHOH
OmepauHM «pacTsKeHHsl» rpaduka, OyJAeT HMeTb MeCTO ellle OTpaxe-
HHe rpadHKa OTHOCHTEJbHO OCH abcuuce.
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Tak, uto OM =1, OM; =2 u OM2=L. Ha rpadpuxax

JaHHBIX (YHKUME BecbMa HAarJIJHO IOATBEPIKJAETCS CHe-
JaHHBI{l BbIlIe HAaMH BHIBOJL O pOJH HapameTpa R, T. e.
aMIJITY Ibl KoJsieGaHus.

Ynpaoxnenue.

IMocTpouth Ha onHOM uepTexe rpadukd (yHKIHI:

. . | . .
sinz, 8singz, —3~ sinz, —sing, —3sinz.

Cmemenue (asn

UTo6bl BHISICHHTh BJHSHHE HayajbHOH (as3bl KoJseGaHHS
¢, Ha rpaduk QyHkiuu R sin(of 4 @y), momoxum R=1 u
of =z, moayuuM GYHKUHIO Yy, = sin (2 + ¢,). OueBHAHO, 3Ta

y
8 ’ '
/M ——N. re~.
/ calll ~
VA et A \Q\ L) §
c 24\ N T ? 5 2
0 A [ al o SANO N R
3| 7 6 .
i \\s _4’/

Puc. 57.

GYHKIMS B MpOLECcCe CBOEr0 H3MeHEHHs IIPOXOJHT Te Ke
3HaueHHs, 4TO H GYHKLHSA y =Sinz, HO «OIepeskaeT» ee Ha
pasHocTb (a3, a uMeHHO: sin(z; + @o) =sinz, ecan z; =
=z2— @y WK 2—2; = Q.

ATo 0o6CTOSTENBCTBO JaeT BO3MOMKHOCTb MOJYYHTh Tpa-
GUK QYHKIUH Yy, = sin (2 + @,) HmapajjensHbBIM CMelleHueM
KpUBOH y = sinz BROJBb OCH abCLHCC «BJIEBO» Ha OTPE30K @,
ecan @y > 0.

B camom gene, nycte N (2, y) — Npou3BOJIbHAS TOYKA
rpa¢rka ¢yHKUMH y=sinz (puc. 57). CaBUHEM 3Ty TOUKY
napaJjiesibHo ocu Az BJIeBO Ha OTPe30K g, IIOJYYHM HOBYIO
Touky N’ (z— ¢g; y), KoTopass OyZeT IpHHaJJIeXaTb KpH-
BOH y; =sin(z 4+ ¢y), TaKk Kak 3aMeHa z Ha z — @, JaeT:

Y1=:sin(2— Qg+ Qo) =sinz = y.
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C TakuMm mnpeoGpa3oBaHHeM TIpauKOB Ml yXKe BCTpedya-
JIHCh TIPH MOCTPOEHHH KOCHHYCOHJBL, TO ecTh I'paduka QyHK-

. 07
LUHH Y = CO0S 2= sin (Z + -2——) . Kax BuauMm, B JaHHOM

clyyae @,= —, [O3TOMY KOCHHYCOHJa moJyuanach ma-
pasjielbHBIM cMelleHueM rpaduka QyHKUMH y = Sinz BAOJb
ocu afcmycc BJEBO HAa OTPe3oK q>0=—72—‘-.

Ha pucynke 57 noctpoeHel rpaduku ABYX GYHKIMA:
y=sinz u y,=sin (z + %) DTUMH (QYHKUHAMH BbIpaxa-

I0TCS 3aKOHBI TapMOHHYECKHX KoJieOaHHH, COBEpIIaeMBIX Mpo-
eKIUSMH Ha OCb OpAMHAT ABYX Touek M um M’, ABHXyIIHXCH
IO YMCJOBOH OKPYIKHOCTH C IOCTOSTHHOH CKOPOCTBIO © =
=1 pap/cex, mnpuueM Touka M’ onepexkaer M Ha Ayry

Qo = %, TaK Kak B HayaJje JBHXKeHHS npd z=0 Touka M
HaxojguJach B noJioxeHuu A, a Touka M’ 3aHuMaja moJio-
xkeHne A’ raxk, uto ayra AA’ = cpo=('i—“. ITocKOJIBKY TOUKH

M u M’ #BHXKYyTCcS paBHOMEPHO C OJHOH M TOH e CKOpO-
cTbio, To ayra MM’ mnpu mo6GoM 3HaueHHH 2 GyjeT paBHa

% pajuaH, H, cJefoBaTe JbHO, (QYHKIMA y; = sin (z -+ —;—)
6yzeT Bcerja omepexarTb B CBOEM H3MeHEHHH (YHKIHIO
Yy =sinz Ha ONHY H Ty Ke BeJHYHHY apryMeHra %.

Bce ckasaHHOe HarJIsJHO WJJIIOCTPUPYeTCS Ha rpaduxax.

OGuiHit BBIBOJ,

[TpoBeseHHbIe HaMH HCCJAEeZOBaHHS MO3BOJISIOT CHENaTh
cllefyIom il BBIBOJA.

Oynruuell Buaa ksin(az 4 b) BripaxaeTcss 3aKOH TaKHX
NIepUOJUYECKHX INPOIECCOB, KOTOpPHE HA3BIBAOT MPOCTEHIMH
rapMOHHYECKHMH KOJleGaHUSIMH, H3MeHeHHWe napaMeTpa £ y
9TOH (YHKUMH BbI3BIBaET M3MEHEHHE aMIIUTYAB KoJeGaHus
(Ha rpaduke — BBICOTBI BOJIHBI); H3MEHEHHe IapaMeTpa a

27
BbI3bIBA€T H3MEHEHHE TIIepHoha KOJ1363HHH, paBHOTO -a—(Ha

rpaduke — u3MeHeHHe JJMHLI BOJIHBI); H3MEHEHHE IapameTpa
b BbI3BIBaeT «CMelleHHe KoJe0aTeJbHOrO Ipolecca BO Bpe-
MeHH» (Ha rpaduke — cMellleHHe BOJIHBI BJOJIb OCH abciucc).
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[paduk dyHKuuH y = ksin (az 4 b) MoxxeT OLITb NOJyUYeH
H3 OObIKHOBEHHOH CHHYCOMAB Y = sinz myTeMm:
1) Cxatust (MM pacTsIKeHHs) ee BAOJb OCH aGCIHCC B

oTHOweHuH a: 1 (mpu a > 0).
2) Cxkatus (MAM pacTSXKeHHs) B HalpPaBJIEHHH OCH Op-
JUHAT B OoTHoweHud £:1 (mpu &> 0).
1

3) Tlepenoca Bpoab ocu acuuce Ha OTPE3OK —-.

Ha pucynke 58 noxasaHo, Kak nosyyaercs rpaduk GyHKIuH
y = 1,5sin(2z + 1) u3 OGLIKHOBEHHOH CHHYCOHJHl MOCJEZO-
BaTE€JbHEIM BBHIIIOJHEHHEM YKa3aHHBIX TpeX Onepaiuil.

y

I-sinz, ll-sin2z, W =-sin(2z+1), IV-15sin{2z+])
Puc. 58.

dyukuus kcos(az + b)

Her neo6xomumMocTH B 0COGOM HCCJIELOBAaHHH (YHKIIHH
y = kcos(az + b), Tak Kak OHa NpeicTaBisieT co0OH yacT-
HBIH cayuall yKe H3yueHHOH HaMH (DYyHKIIHH.

B camom jese, BHeceM oGo3HaueHHe az + b = 2’, noay-
yuM y = kcosz2’.

’ . T
Ho cosz’ =sin (z’ + 7), cJe0BaTebHO,

! T'papuk y = ksin(az+ b) MOXKHO MOJNYYHTb, BHIIOJHAS B HHOM
nopsifke yKa3aHHble Npeo6Gpa3oBaHHA CHHYCOMAB Y =sinz, HO ecau
nepeHoc CHHYCOHMIL BHINOJIHSETCS JHO ee «CKAaTHSI» BJOJb OCH abCLHCC,

b

TO OH NPOH3BOAMTCS HA OTPE30K b, a He Ha _a‘, KaK 3TO yKa3aHO BbI-
uie.
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y = ksin (z’—l—%) = ksin (az—l— b+ %) = ksin (az + &),
rre b =b-+ —%

Takum o6pasom, dyHKUHS kcos(az + b)= ksin(az + &),
H, CJIe[IOBATEeJIbHO, OTJHMYAaeTcss OT GYHKUMH Ksin(az 4 b)

TOJILKO HauaJbHOH has3oil: ee ¢aza b’ =b 4 %

3T0 JaeT BO3MOXHOCTb NOJNYUYHTb Trpaduk YHKIUU
k cos (az-+b) napanyesbHBIM CMeLeHHEM KPUBOH & sin (az-+b)

BJIOJIb OCH a6CLHCC «BJIEBO» Ha OTPE30K %

Ho moxxHo, pazymeeTcs, KpuBYIO & COs(az -+ b) moJayuuTsb
H HENOCPeACTBEHHO H3 KOCHHYCOHJBI COSZ2, NMOJBEPTHYB ee
YKa3aHHBIM BEHIILE ONEpaLysIM:

1) Cxatuio (MM pacTsiKeHHIO) BAOJL OCH a6euuce B OT-
HoweHuHu a: 1 (ecau a >0).

2) CxkaTuio (MM DacCTSIKEHHIO) B HampaBJEHHH OCH Op-
IMHAT B OTHOIIeHHH k2:1 (ecau k2 > 0).

3) apannenbHOoMy mepeHOCY BHOJIb OCH alCUMCC Ha OT-

b
pesok —-.

Msl paccmoTpenn dyHKUHH ksin(az + b) u kcos (az+b),
npejcTaB/siomye 0000LIeHHe paHee H3YUeHHBIX (YHKUHUH
sinz u cosz. AHaJOrHYHBIM 00pa3oM MOXKHO OGOOLIHTL H
Ipyrue KpyroBble QyHKuMH, T. e. tgz u ctgz, u npumiith K
¢yHkUMAM BuAa ktg(az -+ b) u kctg(az +b). Xora dusu-
UeCKHH CMBICJI NapaMeTpoB a H b 3Jech GyIeT HECKOJIbKO
HHBIM, HO HX BJIMsIHHe Ha rpadHK, a Takxe crnoco6 IOCTpoO-
eHHsI TpaQHKOB OCTAIOTCS IMpPEXKHHMH. A HMeHHO, KpHBas
ktg (az 4 b) moxer OBITh HoJyyeHa H3 OOBIKHOBEHHOH TaH-
TeHCOUJbl IYyTeM:

1) ee cxatus (MM pacTsikKeHHs) BIOJb OCH abcuuce B
oTHouIeHUH a: 1 (ecau a >0),

2) cxkatusl (MM pacTsKeHHA) B HanpaBJeHHH OCH Op-
JIMHAT B OTHOLIeHHH k:1 (ecau & >0),

3) mapaJesbHOrO [epeHoca BROJb OCH alcluce Ha OT-

b
€30K —.
pesok —
3ameuanue. Ha ocHOBaHHM cle/NaHHBIX BBIBOZOB O poJsu mnapa-

METpPOB B OGOOILIEHHBIX (DYHKIHMSX MOXHO JaTh IPOCTOE reoMeTpHYecKoe
TOJIKOBaHHE HEKOTODEHIM (OpMyJiaM IIpHBEJEHHS.

k17
BoseMeM, Hanpumep, dopmyay sin {2 -+ 7)Ecos 2. OHa mnoka-
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T
3bIBaeT, 4To QYHKIHH sin (z-l— 7) H COS 2 TOXJECTBeHHHI, CJIelOBaTelb-
HO, MX rpaduku cosnagaoT. Ho mo nokasaHHomy Bhime rpadguk ¢yHK-

07
UM sin (z—l— -2—) ToJyuaeTcs NapaJie/bHEIM CMellleHHeM «HOPMaJbHOH»

™
CHHYCOHABI BIOJIb OCH abCLUCC «BJEBO» Ha OTpe30K -2", CJIeOBaTe/NbHO,

TaKHM e CMeLIeHHeM CHHYCOMJBI moJayyaeTcs H rpaduk GyHKUHH COs 2,
T. e. KOCHHyCOHJa.

TIpoBops aHasorvuHble pacCyxieHHs AJsf GopmyJsl sin (= 4 2) =
= —sinz, 3ak/moyaeM, 4YTO rpaduKk QYHKUHH y = — sinz MoxKeT GHITb
[oJlyyeH ABYMS NMyTAMH: JHOO OTpaXKeHHeM CHHYCOMJBI OTHOCHTEJBHO OCH
aGcuuce, Jau60 MmapasieibHBIM CMelleHHeM ee BJOJb 3TOH OCH «BJIEBO» Ha
OTpe3oK =.

®opmysa tg (2 4= =) = tgz nNOKa3LIBaeT, YTO TAHTEHCOHJA CaMOCOB-
MellaeTcsl MPH Mapasivie/ibHOM NepeHoce ee BHOJb OCH aGCLHCC BJIEBO HJH
BIIPaBO Ha OTPe30K =.

Ynpasxcnenus.

1. Kakum mnpeo6pa3oBaHHAM Haf0 MOABEPrHyTb «HOPMaJsbHYIO» CH-
HYCOMZY, T. €. rpaduk GyHKUMH Sinz, 4YTOOB MOMYYHTb T paduxu
cIefylomuX QYHKIMA:

a) 3sing —3—sinz; —sinz; —2sinz?

X T X LAY
6) sin (z+ -37); sin (z— ?)

1
B) sin3z; sin 75 sin 2rz?

2n 1 [z
r) 351n(4z+7); 7 sin (-5-—1)?

1 3‘
2. Tloctpoutb rpaduk QyHKUHH Yy = 5~ cos (Sz— T‘C) .

3. Kakum npeo6pa3oBaHHSAM HalO I[OJBEPrHYTb «HOPMAJbHYIO» CH-
Hycouzy, T. e. rpabuk OyHKUHH sinx, uToOH HOJNYuHTb TpadHKH
clefyoWuX QYHKIHA:

a) 1 +sinx, l—sinx, |[sinx]?

6) 1 +cosx, l—cosx, |[cosx|?

4. Kakum npeo6pa3oBaHHSIM HaJ0 NOABEPrHYTb «HOPMaJbH)Y I0» TaH-
FeHCOMAY, T. €. rpaduk OGyHKUMH y = tgz, uTOGH NOIyuHTb Trpadu-
KH ClelyloWuX (YHKIHH:

1
a) 2tgs S ign —tgz 1+tgz |tg2]?

w w
6) tg(z+T); tg (Z_T)?
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1
B) tg2z tg 72?

1 =
r) y=—51g (22-|— —3—)?
5) Haiitu nepuonsl ¢y HKuHK:

. x x
sin mx; tg mx; cos o ctg ra

§ 24. IpumeHenne 0GOGIEHHBIX KPYroBbIX (hYHKLMI
NpH paccMOTPEHHH NPOCTHIX FapMOHHUYECKHX
KoJeGaTe bHbIX JBHKEHHH

K nousituio KpyroselXx GYHKUMH ¥ HX OGOOIIEHHSM MBI
IpUILIM B CBSI3H C M3y4YeHHeM HEKOTOPOro BHJAA JBHXKEHUH,
BCTpeuamouluxcsi B MexaHuKe. IIpuBesieM ellle HeCKOJIbKO IPH-

MepOB JBHXKEHHH Takoro poja,
y 3aKOHBl KOTODBEIX BBHIpa)karwTcsl C
M MIOMOIIBI0 KPYTOBBIX (QYHKUHH.

Mpumep 1. MaxoBoe KoJjeco
napoBo# MallHHbl HMeeT B JHaMeT-
o/ lp \a pe 240 cm u penaer 60 o6oporos
x+ B MHHYTY, Bpallasficb BOKDYT OCH,

pacnoJioxeHHOH Ha BbicoTe B 150 cm
OT MNJOCKOCTH I10J1a MAIIHHHOI'O OT-

— JIeJIeHHS.
L P Bripasutbh (yHKuHeH 3aKOH, IO
3’%337/77’2//’1’:/"’"7 7777777 KOTOPOMY H3MEHSIeTCsl PacCTOSHHE
Puc. 50, JMo60i Toukd M, B3sATOH Ha o6Goje

MaxOBHKa, OT IIJIOCKOCTH IOJIa Ma-
IIMHHOrO OTZAeseHHs. [locTpouTh
rpaduk 3TOH (yHKIHH.
Pemenue. HM3o6pasuM cxemMaTHYeCKH B BHIE OKpYHK-
HOCTH CeYeHHe MaxOBHKAa MJIOCKOCTbIO, IIePHeHIHKYJIsPHOM
OCH BpallleHUs] H Npoxojsilell uepe3 Touky M Ha ero oGoje
(puc. 59). B mJOCKOCTH ceyeHHs OCb BpalleHHs MaxOBHKa
u306pas3uTcs Toukol O — LEeHTPOM OKPYKHOCTH, a IJIOCKOCTb
nona — npamoit LL’. Tlpumem Ttouky O 3a Hayajo KOOp-
nuHaT, a npsamyio OA, napanjenbuyio LL’, 3a ocb aGcuucc.
Otcuer BpeMeHH ! HayHeM C TOTO MOMEHTa, KOrja Touka M
3aHMMaeT Ha OKpyxHOCTH nosoxenue A. Tak kak yriosas
CKOpOCTb BpailleHHs MaxOBHKa o = 2r paj/cek, TO 3a f CeK.
tTouka M onuwer ayry AM = 2rf papuaH.
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Onyctum u3 Toukn M Ha npsMyio LL' mnepneHAHKyJasap
MP’, BelMuMHA KOTOPOTO H BHIPa)KaeT HCKOMYIO (YHKIIHIO.

[To ompegneneHuo cHHyca Ayru umeem: sinw AM = ot

HIH  sin2nf = f—/g, otkyga PM =1,2sin2nf. BesnnuuHa

orpeska P’M = P'P + PM = 1,5+ 1,2sin2rt.

Wraxk, pacctosiHie TOYKH M OT MJIOCKOCTH IOJla H3Me-
HSIETCSl 110 3aKOHY NPOCTHIX TapMOHHYECKHX KoJeGaHHH H
Bhlpaxkaercs ¢yHkuumed s= 1,54 1,2sin2xf. Tlepuon aTo#

2%
¢yuxkupn T = — =1 cek.,, TO ecTb BpeMeHH, B TeueHHe

KOTOPOTO MAaXOBHK cOBeplIaeT MOJHEI o6Gopor. Tak Kak
sin2n¢ uaMeHserca or — 1 g0 + 1, TOo HauboJblllee 3Haue-
HHe 3TOH (DYHKUHH

Saax=10+12=27 (n)
nosyuaercs npu sin2«f = 1(I), a HauMeHbilee
Spin=15—1,2=0,3 (n)
npu sin2nf =—1 (II).
Pemass 5TH ypaBHeHHS] OTHOCHTEJBHO £, HaXOLHM:
L. 2t = 4 +2nn, oTkyma = % +n (n—uenoe);

[ 1
[1. 2=t = —5 + 2rn, oTKyda = -7 + n.
Takum o6pasom, HauGoJibllee pacCTOSHHE OT IIJIOCKOCTH
noJia JOCTHraeTcsi TOUKOH M B MOMEHTH JBHXKEHHSA [=

1 L 2L, ...; MHHHMaJIbHOEe pacCcTOsiHHe mpH f = %, 1
2

b

ENEES R

1“4

3

T, e ee o
Ha pucynke 60 noctpoeH rpaduk JaHHO!H GYHKUHH Ha OT-

peske 0 <#<2, paBHoM gByM nepuogam. Cnoco6 moctpo-

€HHsl rpaduKa YuTaTeNI0 3HaKOM.

INpumep 2. [lajen xpuBoliMNa MapoBOH MAaIIHHEL COBEp-
[1aeT PaBHOMePHOe KpyroBoe nBHiKeHHe, Aesas 90 o6/MuH.
BripasuTe (GYHKUHAMH 3aKOHBl [BHMEHHS OTHAEJIbHBIX dac-
Tell KPUBOLIMIIHOrO MexaHH3Ma, H300pa)KeHHOro cXeMaTH-
yecKH Ha pucyHke 61.

PemeHnue.

Ilycts kpuBomun OM = r, matys MN =[, 2 NOM = q,
2 MNO=§ wu oTcueT BpeMeHH IBHKeHHs najbla M mpo-
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H3BOJHUTCS C MOMEHTa, KOrJa OH HpOXOAMT uepe3 och Ox B
Touke A.

1) YpaBHeHue aBuxenus nmaania M. ITosoxe-
Hue majbua M B J1060H MOMEHT JBHMKEHHS BIIOJIHE OIpe-
IeJssileTcst NPSIMOYTrOJbHBIME KoopiuHatamu x = OP u y=PM

S
27 15+12sutn2mt
L5
b T~
VRN /7N
/ \ / \
03 VA A\ z \
’ 1 4 \ |
N A NN
\\ / 12stn2nt /N /
N_~ N/
Puc. 60.

Toukn M (x; y). M3 ycaoBus cnaenyer, uTto yrJoBas
CKOpOCTh JBH:KeHHst kpuBomuna OM 6ypeT o = 3r pajn/cexk,
HO3TOMY 3a { ceKyHA Touka M onuumer ayry AM=a=3n¢
paguaH. [To onpeneneHHIo CHHyca M KOCHHyCa AYTH HMEEM:

. PM
y sina = —— ncosa=
Blm op
7
7/ N —_
y : \ N ——, OTKyJa
4 A\ V4 NNV .
\ of P J JRES— - PM =rsina u
N OP =rcoso
8 WM y =rsin 3nf u
Puc. 61. X = r cos 3rt.
Bossenem 3TH

ypaBHEHHSI B KBaJpaT M CJOXKHM IOYJEHHO, IOJyYHM:
y? + x? = r2(sin? 3¢ + cos? 3nf) = r2.

CootHouieHne x2 + y?=r? sBAsieTCH ypaBHEHHEM OK-
pyxHoctd O(r), T. e. TPaeKTOPHH JABHXXEHHs IaJbla.

2) YpaBHeHHe ABHXeHHS nonasyHa N. [loasyx
N mo ycnoBuio CcKOJMB3UT BAOJb ocH Ox, MOSTOMY ero Io-
JIO}KeHHe BIOJIHe ompefensiercsi otpeskoM ON = OP + PN.
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Ho OP =rcosa, PN =) MN*—PM? =} 2>—r?sin,

cjenoBatesnsHo, ON =rcosa <+  [2—r?sin?a , uau
ON = rcos 3wt + V12 — r2sin? 3=t.

Ilpu ¢ =0 umeem: o =0, cosa =1, sina==0, 1 mon3yn
3aHHMaeT CBOe KpaiHee mpaBoe noJioxeHue N, rae ON,=
=r-+ L

1 .

Ilpu ¢t = 5 CeK. MMeeM: a=m, COS&=— 1, sina=0,

H TOJISYH 3aHHMaeT CBOe KpaliHee JieBoe MoJjioxKeHHe N':

ON' =r(—1)+VE2—r-0=1—r.

3) IBuxeHue maryHa MN.

Hlatys MN coBepuaer 6oJiee CJOKHOe JABHKEHHE, OJ-
HaKO B Ka)KJbli MOMEHT BpeMeHH { [0 BbIBeJ€HHBIM BEHILIE
ypaBHeHHSIM MLl yMeeM OIl- L
pelensiTh MOJIOXKeHHe KOH- Y ,

nos matyna M u N. Tak, M
2/(1 7
HampuMep, Npu f = +|\ 4 + sﬂé/ |
! 3(: g 5 th.' AN -
+ k) CeK. yrom a=- + \\/

+ 2rk (k£ — HaTypaJbHOe),
KoHell M wmaTyHa coBnaza- L
eT ¢ TOoukof B M maryH

MN penaer MakcHMaJbHOeE Puc. 62.
OTKJIOHEHHEe BBepX; Apyro#

KOHelnl 1maTyHa N B 3TH MOMEHTHl 3aHMMaeT MOJIOKEHHe,
ompejeJisieMoe DaBeHCTBOM:

ON = rcos (%+2wk) +)) p—rrsind (T 4onk) = VR

Mpumep 3.

MartepuanpHeiii mapuk M, pacnoJOXeHHBIH MexJay Huc-
TOYHHKOM cBeTa S M 3KpaHoM LL’ (puc. 62), cosepiaer
paBHOMepHOe JBHKeHHe Mo OKpy:KHocTH O (R) cO CKOPOCTBIO
o pap/cek. BoipasuTh (QyHKUHeH 3aKOH ABHUXKeHHsS TeHH M’,
oT6GpackiBaeMoOll IapUKOM Ha 3KpaH, ecJu npsMas SO mep-
NeHAMKYJAPHA K B5KpaHy H JEXHT B IJIOCKOCTH OKpYXK-
HOCTH.

Pemenne. BHecem cHCTeMy KOOpDAHHAT, NPHHAB Npsi-
myto SO 3a och abcunce, a Toyky O 3a HauyaJO KOOpAHHAT.
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IlycTe paccTOsiHHE MCTOYHMKAa cBeTa S OT LEHTpa OK-
pyxHoctH O paBHO a, a OT 3KpaHa paBHO b. IlockoJbKy
ayy SM coBepuiaet KoJjieGaTesbHOE [BHXKEHHE B IJIOCKOCTH
OKDYKHOCTH, TO TeHb M’ OT 1wapuka GyjgeT cOBepilaTh KO-
JgebGaTesibHble JBHXKeHHS 1O npsmod LL’ (7. e. 1O JIMHHH
HepeceyeHHsl NJOCKOCTH OKPYIKHOCTH C 3KPaHOM).

3a t cexyHn wmapuk M onumer ayry AM = ¢ = of pa-
JMaH, a TeHb M’ OTKJOHHTCS OT CBOEro CpejHero mnoJoxe-
Huss N Ha paccrosinne NM'.

13 nonobust tpeyrosbHukOB SNM’ u SPM Haxopuwm:

NM’ _ SN ,_ SN-PM
i = sp OTKYAa NM = —p

Ho SN=b, PM =Rsin¢, SP =S0+ OP=a+ Rcos ¢.

CuaiefoBaTesibHO, HCKOMasi GYyHKIHS
;_ Rbsing _ Rbsinot
NM “a+4+Rcos¢  a+ Rcoswt *

B uacTHOCTH, €C/H HCTOYUHHK CBeTa PACIOJIOXKHTb B
neHTpe OKpyxHOCTH, TO SO=a =0 1 QYHKUUSA DPUHHMAET
BUJ:

NM = Rbsinot i o,

R cos ot

OZHAKO (H3HYECKUH CMBIC] 3TOTO COOTHOIIEHHs] GyJeT UMETh
MECTO TOJIBKO NpPH

— 5+ 2mk< o< —;’——l-Qﬁk (k —uenoe umco0),
T. €, IpH —%—l—?nk <wt<;—"—|—2ﬁk,

I %(—% +2mk) < t< = (£ +2k).

Ha pucynke 63 noctpoen rpaduk ¢dysxunn NVM'=btgn:
npu b=1,5 u o =2 B npomexkytke 0<C¢<4,5=. Kax Bu-
nuM, rpaduxk (QyHKUHH He HMeeT TOYeK B IPOMEXYTKax

= 3n

7<(P<7 o 2,5r < ¢ < 3,57,
TaK Kak IPH YKas3aHHBIX 3HauyeHusXx @ Jayy SM He mnepece-
KaeT skpaHa LL’.

Bellle MBI pacCcMOTpeJIH HEKOTOphble HpoLecchl H3 obJac-
TH MeXaHHKH, COBeplIaloliHecs 10 3aKOHaM TapMOHHUECKHX
Kose6anuit. Oco6eHHO 60JbIIYIO POJib HIPaeT TEOpHS Kpy-
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roBelXx (GYHKUHE NPH H3YYEHHH 3JE€KTPOMAarHHTHBIX SBJIEHHH
H, B YaCTHOCTH, B 3JIEKTPOTEXHHKE [E€PEMEHHBIX TOKOB, HMe-
IOUHX CaMoe LIHPOKOe NMPHMEHEHHEe KaK B MPOMBILIIIEHHOCTH
H 3eMJIeJileIud, Tak U B ObITOBOH KHM3HH ueJioBeka. [locra-
TOYHO CKa3aTb, YTO 3a HeOOJbIIMM HCKJIIOYEHHEM BCE MOIL-
Hble COBpeMEeHHble TeHepaToOphbl 3JEeKTPHUYeCTBa JaIOT Mepe-
MEeHHBIE TOKH, BEJIHUHHA KOTOPbIX H HalpaBJieHHEe HeNpephlBHO
H3MEHSIIOTCSl 10 3aKOHaM TapMOHHYECKHX KoJsieGaHui#. Brlsc-
HEHHe NPHHIKIA BOSHUKHOBEHHUS NEPEMEHHOTO 3JIE€KTPHUYECKO-
ro TOKa M xapakTepa ero H3MeHeHHs HauHeM, eCTEeCTBEHHO,
C pacCMOTpPEHHS NMPOCTEHUIMX 3JEKTPOMATHHTHBIX SIBJIEHHH.

y

S y:wf
0 o057 7 157 251 2,57 3m 357 am 45p

Puc. 63.

[lyteM ONBITOB YCTAHOBJIEHO, YTO B 3aMKHYTOM IIPOBOJ-
UHKe, JBHXYIIEMCS B MarHHTHOM I0Jie, BO3HHKAeT 3JjieK-
TPUYECKHH TOK, 3JEKTPOJBHKYIlas CHJIa KOTOPOTO MHPSIMO
POMOPIHOHA/bHA YHCJYy CHJIOBHIX JIHHHH MOJS, Iepecekae-
MBIX NPOBOJZHHKOM B €JHHHLY BpEMeHH.

JlonycTuM, YTO B HEKOTODOM MPOBOJHHKE, NBHKYUIEMCS
paBHOMEDHO CO CKOPOCTBbIO U CM/cek B OJHOPOJHOM MarHHT-
HOM [OJIe NEepPIeHAHKYJSPHO CHJIOBBIM JIHHHSIM, BO3HHK TOK,
2JIEKTPOABHKYILAsT CHJa Koroporo, Hampumep, E=0,1 a.
EcTecTBeHHO BCTaeT BONPOC, KaK H3MEHHTCS 3JeKTPOIBH-
XKylas CHIa 3TOTO TOKa, ecC/JH IPOBOLHHK, He H3MeHss
CKOpDOCTH, CTaHET IepeceKaTh IOJIe IOJ YIJIOM ¢ K CHJIO-
BbIM JIMHHSIM?

ITycte B 1 cek. B mepBOM cJydyae INPOBOJHHK MPOLIEJ
nyts AA;, a Bo BropoMm AA, (puc. 64). OueBugHO, Ha MyTH
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AA, oH mnepeceyeT CTOJBKO CHJIOBBIX JIHHHH, CKOJIBKO HX
nepecekaert otpe3ok AB, paBHulfi mpoekuun AA, Ha npaMyio
AA,;, TepHeHAHKYJSPHYIO CHJIOBHIM JHHHsM. CiefoBartels-
1 (7}
HO, YHCJIO NlepeceyeHHHIX 3a | CeK. CHJIOBBIX JIMHHH BO BTO-
poMm cayuyae OyjfeT MeHblle, YeM B IIepBOM, B TOM K€ OT-
HOIIIEHHH, B KaKoM HaxoauTcss AB K AA;; oTciona 3ak/ouaeM,
UTO HOBasi 3JEKTPOABHKYLLAsl CHJIA e GyAeT MeHbllle NpexK-
Hell £ B TOM 3Ke OTHOLIEHHH, B KakoM Haxoautcsi AB K
e AB
AA_l, T. €. 'E——A——'Al .
AB AB . .
Ho ——= 57 =sing, caepoBarénvHo, e= Esin ¢; B
A4, AA,

yacTHOM cJayuae umeeM e = 0,1 sin g.

AU,
: ,
|
| P
| V/\‘
W

\J 1/

/42 \‘~~__M

Puc. 64. Puc. 65.

Taxum o6pa3oM, ¢ H3MEHEHHEM YIJa @ 3JEeKTPOIBHIKY-
mwas cuaa 6yneT H3MEHSIThCS IO 3aKOHY cuHyca. [Ipu ¢=0
e=0,1-sin0=0; B 3TOM cJyuae IPOBOJHHK CKOJb3UT
BJIOJIb CHJIOBBIX JIMHHH H HX He IepeceKkaer, a IIOTOMY 3JeK-
TPUUECKHH TOK B HeM He BO3HHMKaeT. Ecaum ¢ =90° ToO
e=0,1-sin90°=0,l 6, kKak BuUIHM, B 3TOM cJydYae Ipo-
BOJIHHK [BHXKETCS IIEpIEeHIHUKYJSIPHO CHJIOBHIM JIMHUAM H
3JIEKTPOABHKYILAsl CHJIA BO3HHUKIIEr0 B HEM TOKa AOCTHTaeT
CBOEro MakCHMyMa.

TeHepaTOpHl INepeMEHHOTO TOKa YCTPaMBAaIOTCS OGBIYHO
TaK, 4TO B HHX NPOBOJHHMK COBepIIaeT KPYTOBblE JBHMKEHHS
B OJHOPOJHOM MarHuUTHOM moJge. Ha pucyHke 65 gama cxe-
Ma NpoCTeHIero H3 TaKHX reHepaTopoB. Mex1y moJsiocamu
N u S snextpoMarHuta Bpamiaercss UHJIHHAD, Ha KOTOPOM
YKpeInJieH NIPOBOJIHHK B BUJE BHUTKa MeJHOro npoBoza (oOblu-
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HO JieJiae€TCd HE€ OJHH, a HEeCKOJIbKO BHTKOB). Kouuer BUTKA
NIPpUCOEIHHEHBl K KOHTAKTHBIM KOJIbIlaM, H30JIUDOBAHHBIM OT
BaJjsia muJHHJApA. K xosbnam TNPUAKUMAIOTCA HENOJABUIKHLBIE

meTKH L], KoTophle COeAUHSIOTCS
IIPOBOJIAMH C HMPHEMHHKOM 3Hep-
run R. Tlpu BpauieHuu uMJHHApA
IIPOBOJHHUK IepeceKaeT CHJIOBbIE
JITHUH MarHUTHOTO NOJISl U B IPO-
BOJHHKE BO3HHKAET MepeMeHHBIH
3JIEKTPUUECKHH TOK.

B HauajbHOM 1OJIOXKEHHH [
(cM. puc. 66) NpOBOLHMK ABH-
XKeTcs BAOJb MarHUTHBIX JIMHHH
U He IepeceKkaeT HX, NOSTOMY B
3TOT MOMEHT 3JIEKTPOJBHKYILAs
cuJa paBHa HyJO. 3aTeM IIpo-
BOJHHK HauHHAaeT IepeceKkarhb
MarHuTHBlE JIMHUH H BO3HHKalo-
mas B HeM 3JIeKTPOABHKYILAs
cHJla yBeJHYUBaeTcs, AOCTHras
HauboJblllero 3HaUeHUsT B I0JIO-
JKeHHU 4, Korja NMpOBOJHHK JBH-
XKeTcs NepHeHJUKYJIsSPHO Hanpas-
JIEHUI0O MarHuTHoro nouss. ITocse
9TOr0 3JIEKTPOJABHKYILAS CHJA
yObIBaeT, yMeHbllasgch JO HYJs B
MoJIOXKEeHUH 7. B mosoxeHusx 8,
9, 10, 11 TPOBOJHHK JBHXKETCH
noj ApPyruM noJiocoM. B coor-
BEeTCTBHH C 5THM MeHseTCA Ha-
npaBjeHHe  3JeKTPOJBHXKYIIEH
CHJIBI, KOTOpas, Kak H B IIEPBYIO
MOJIOBHHY 000pOTa, JOCTHraeT
CBOEro HauboJbIIero 3HaUEHHS B
nosnoxeHud 10 W yMeHbIuaeTcs
3aTeM JO HYJS.

Ilocne ozxHoro ob6opora mpo-
IIeCC IOBTOpPSIETCS.

Hetpynso Ha#iTu obyHKIHIO,
BbIPAXKAIONLYI0 H3MEHEHHE 3JIeK-

S

I

S\

~

)4
L

g
oy

=

1
N

Puc. 66.

Puc. 67.

TpOI[BH)KyHLEﬁ CHJIBI TOKa, BO3HHKAlOULEro B IIDOBOJHHKE.
HyCTb MaKCHMAaJIbHOE€ 3HaueHHe SJIeKTpo,Z[BH}KyIHEf/’I CHJIBL
PaBHO E 6. Dtoro 3HaueHus AOCTHUTAeT 3JIEKTPOABHKYIIas
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cHjla B MOMEHT, KOTJa CKOPOCTb U ABHXKYILIEroCs IPOBOLHH-
Ka HampaeJieHa NepneHjHKYJAsPHO MarHUTHBIM JIUHUSIM, T. €.
B mosioxeHusx B u B’ (puc. 67). Korga npoBoIHHK Haxo-
JUTCS B MOJOXKEeHMH M, a/eKTpoiBHKymias cuna O6yleT
HaXOJHUThCS B TOM e OTHOLIeHUH K CBOel MakCHMaJbHOH BeJH-
e v
4UHe, B KaKOM HaxoJuTCA v, K 0%, T. e. - = —5’— rie v; —
COCTaBJAAOLIAST BEKTOpPa CKOPOCTH U, IeplIeHAuKyaspHas
MarHHTHBIM CHJIOBBIM JIHHHSM.

Ho U—;- = sin @, rie ¢ — BesnunHa yraa AOM (= AOM =

= 2 DCM). CnegosarensHo, e = Esin ¢.
Ecan yrioBass CKOpoCTh BpalleHHsl LMIMHIDE, HA KOTO-
poM 3aKpemJieH NPOBOAHHMK, paBHa  paj/cek, a BpeMs !

e
2--
N\
g
€ t
of ¢ 0,01 0,02 0,03 0,04
-8 \
-2t 1
Ir
=2 T

Puc. 68.

OTCYHTHIBAETCS C MOMEHTA, KOTJa IPOBOJHHK HAXOJHJICS B
nonoxenuu A, 1o pyra AM = @ = of pag/cek u, cJejoBa-
TeJbHO, e = E sin wf.

Takum o6pasom, Mbl y6exjaeMcs, UTO M3MEHEHHE 3JieK-
TPOABHKYILEH CHJ/IBl NEePeMEHHOr0 TOKa NPOHCXOIMT IO 3a-
KOHy rapMOHHYECKHX KoJieGaHUH.

Ha pucynke 68 wusobpaxeH rpaduk sJeKTpOABHKYILEH
CHJIbl [IepeMeHHOro Toka e= Esinwf a8 caydas, korja
E =26 u o= 100% pan/cex, T.e. e=2sin100=Z¢. Ilepuox

o 2n 1
AanHOH QyHRumH T =~ = g CeK. ecTh BpEMs, B TedeHHe

KOTOpOr'O COBepIaeTCs OAMH LHKJ H3MEHEHHS 3J/IeKTPOJBH-
KymeH cujbl nepeMeHHoro Toka. Ha rpaduke 510 Bhlpasu-
Joch B TOM, 4TO Ha oTpeske T = 0,02 yJoxunace noJuas
BOJIHA KpPHBOH.

1 CM. ofwsAcHeHMe B NpeabiAyliefl 3afiaue ¢ ABHXKEHHEM NPOBOAHHKA
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Beicota BoJiHB E = 2 ¢ BhIpakaeT aMIUIUTYAY KoJeba-
HHMSI 3JIEKTPOJBHXKYLIeH CHJbI TOKa, T. €. HauGoJiblllee ee
3HaueHue. Ha mpoTsxeHHU NepBOf 4YeTBEPTH MepHOZAa 3JeK-
TpPOABMKYILas cujia Bo3pacraeT oT 0 xo 2, 3aTeM oHa YOHI-
BaeT M K KOHIY IOJIYIIepHoja JOXOJHUT 10 HyJis. Bo BTopo#
MIOJIOBHHE IEPHOZA 3. A. C. BO3HHKaeT CHOBA, HO IPOTHBOIIO-
JIOXXHOTO HampaBJjieHust U uaMeHsiercs oT 0 no—2, a 3areMm
«y6eiBaeT» oT—2 g0 0. Tlostomy mosioBHHa BOJIHBEI, COOT-
BETCTBYIOLLAsl NAaHHOMY IIDOMEXKYTKY BPEeMEHH, pacloJjoxKe-
Ha HuXKe ocu aGcmucc. [ajbine Bech Iporecc H3MEHEHHS
MOBTOPSIETCSI B TOM K€ NOPSIJKe.

YHcJIo TOJHBIX MEPHOJIOB MM KoJieGaHHH, COBepIlaeMblX
3JIEKTPOABHK yilleH CHJIOH ToKa B | ceK., Ha3bIBAIOT B 3JIEKTPO-
TeXHHKe yacToToH Toka. Hamu aseKkTpocTaHUUH farOT 0ObIY-
HO TOKH 4acToTOH B 50 NIEpHOZOB B CEKYHIY.

Eciin HCTOUHHK IepeMeHHOH 3JEeKTPOABHXKYIIEH CHJIbI
e= Esinwf muTaeT HEKOTOPYIO 3JeKTpHYecKylo Lens (Ha-
HOpUMep, K HCTOYHHUKY IOJAKJIOUeHbl IIPOBOJA OCBETHTEJbHOH
CETH), TO B 3TOH LENMH NOJyyaeTcss TaxkxKe NepeMeHHBIH TOK,
CHJIa KOTOPOr'O IPONOpLHOHAJNbHA 3JEeKTPOABHXKYLIEeH cuie,
CJieIoBaTeIbHO, H3MEHSIeTCsl 0 3aKOHY: i = [sinwf, rje
I — MaxcuMaJibHast cHJia TOKa, a [ — CHJIa TOKA B JaHHBIH
MOMEHT BpeMeHH f. DJIEKTPOABHKYLIYIO CHIY H CHJIYy TOKa
H3MepsIIOT CHelHaNbHBIMH NPHOOpPaMU U BBIPAXKAIOT B OCOOBIX
eJIMHUIIaX—BOJbTax H amIepax.

Ynpaocnenus.

1. HaiiTh mepHox, aMIJIHTYLY M HavaJjbHyio (asy cjepymolHX rap-
MOHHMYECKHX IBHXeHHIi:

a) s=2sin3; 6) s=1,6sin (m‘-[—%);

4
B) s=5sin(1001ct-—--§ﬂ-); ?’ 8 E

. 250t 417 i
r) y=sin —%

A

2) Belpa3uTh aHaJHTHYECKH 33aKOH H3Me-
HeHHsl 3. A. C. TeHepaTopa TOKa, €CJH H3BecT-
HO, 4TO Epax = 1206 u uactora = 50 ey (uuc-
JIO MONMHBIX KoJebaHHil B 1 cex.) B’

(Omeem. e = 120 sin 100 =t g.)

3. Ha umauuppe, Bpaualouniemcss B Mar-
HHTHOM MOJIE CO CKOPOCTbIO » paj/ceK, Haxo-
OATCA JBa OJJMHAKOBLIX MPOBOJHHKA @ H 4y, Puc. 69.

. aQ,
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PAaCrOJIOKEHHEIE TaK, 4YTO Iyra a,a; = ¢ paiuaH (puc. 69). Bripasutsb
3aKOH M3MEeHEeHUs BO3HMKIIHMX B HHX TOKOB, €CJIM C MOMOLIbIO aMrepMmerpa
YCTaHOBJIEHO, YTO MaKCHMaJbHas CHJa TOKa B KaXJOM H3 HHX paBHa /a.

Y kasanne. IlpoBogHuk a, onuuet Ayry Aa; = of paji. 3a Bpems
¢{, mpoTekllee C TOTO MOMEHTa, KOrja OH 3aHMMaJs HeHTpaJibHOe MoJioxKe-
uue A (puc. 69), U B HeM BO3HHKHET TOK cu/od [y = /sinof. B stoT
MOMEHT BTOPOH NPOBOLHMK @, GyIeT 3aHMMAaTb IOJIOXKEHHe, OmpeleJse-

i
a3 — T T i
V4 ?
N

\ 4m—K e t—
a, / 7 | 3 N3 4

K / m A2

/ / i /|2 \ |4
a? ~— 1 1 2
Puc. 70.

Moe ycnoBueM: ‘wAa, = \Aa— ¢ =of— ¢, CAeJOBaTeNbHO, CHJA
TOKa, BO3HHKILIETO B HeM, GyJeT

io = I sinvAa, = I sin (vt — 9).
Takum o6pa3oM, TOK [, OTCTaeT OT NMePBOrO TOKa iy Mo ¢ase, umes

o 2
OJIMHAKOBBIH C HHM nepuoa kojebanus T = T .B 3JIEKTPOTEXHHKE IIpH-
HATO TOBOPHTH B TAKUX CJAyuYasX, YTO [eHepaTop AaeT ABYX(asHbI TOK.

8, y

. _\,M’ N / \\
M/ /
ﬁ 7N
A /‘71\ /

Puc. 71.

TToctpofiTe rpaduk «zByxdasHoro Toka», mnosoxus [ =0,1, o=
T
= 10%, = 5 -

4, Ecan Ha UMIHHApe, BpallalouieMcs B OJHOPOXHOM MarHHTHOM
CHJIOBOM MOJIe, 3aKPeNmHTb OnpeleseHHHIM 06pasoM TPH OJHHAKOBHIX (He
CBSI3aHHBIX MeXXNy co0Oi) NMpOBOJAHHKA @y, Qy, @3 TaK, UTO \JdoQ; = @)
H \va4a; = ¢y, TO B HAX BOBHHKHYT TDH NepPeMeHHHIX Toka: iy = [/ sin of,
iy = I'sin (of — ¢;) 4 {3 =1 sin (wf — @,), HIH, KaK FOBODAT B JEKTPO-
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TexHHKe, Tpexdasuuifi Tok. B reHepatopax TpexcasHOro TOKa yKasaHHEIE
T1POBOJHHKH pacloJiaraloTcs Ha LHJIHHAPe TaK, 4To @ = 120° u ¢, = 240°,

TOrJa cHJa ToKa BhipasuTcs QopmyJamu: iy = /[sinot, i, =1 sin( of —

2%

47
— T) H i3 =1[sin (mt — 3 ITocTpouts rpaduKH 3THX TOKOB Ha OA-

HOM uepTexke, NMoJOXKHB [ = la, w = 2x paa/cex (puc. 70).

5. Pajuyc okpy:KHOCTH BpailaeTcs BOKPYT ee LEHTPa C MOCTOSHHOM
YrJ0BO# CKOPOCTBIO ® pau/cex Ortpe3ok MM; 3Toro papuyca HpOeKTH-
pyercsa Ha AHaMeTp JAaHHOH OKpy:KHocTH. HaHTH 3aKoH, 1O KOTOpoMy
H3MeHsIeTCsl BeJHUYHHA YKa3aHHOH NpOEKilHH.

Y xkasaHue. IIpeBpaTHM JaHHYIO OKDYKHOCTb B YHCJOBYIO, KaK
9TO NOKAa3aHO Ha pHCYHKe 71.

npy MM; = QQ; = 0Q; —0Q= OMj sin ot — OM sin ot =
= (OM; — OM) sin ot = MM, sin ot.

Ecsn nocrpouts rpaduku oyHkuui y; = OM; sin of 1 y = OM sin ot,
KaK 9TO CJenaHO Ha puCyHKe, To npy MM; = y; —y = NNy; xapaktep

y
M— M
222\ /X, /
f/," N, = -2 ‘? %
7 AV Y
e i
0 Y
\ 7 |
- 7 A
P ﬂ x
Puc. 72. Puc. 73.

usMeHeHHss oTpe3ka NN; 3Jech BLICTYNaeT C HCKJIOYHTENbHONM Har.sif-
HOCTBIO.

6. B 0JZHOPOJHOM MarHHTHOM CHJIOBOM MOJIe BpallaeTcsi KBajpaT BO-
Kpyr cBoell ctopoubl, paBHOH 10 cm (puc. 72). B mnoJjoxeHuu, Koria
IJIOCKOCTh KBaApara MepNEeHAHKYJ/SPHA CHJOBLIM JHHHSAM, Ha KaxZAbiil
KBal.lpaTHbIPl CaHTHMETP €ro MOBEPXHOCTH IIPHXOAMTCS 1000 cun0BbIX JH-
nuit. Hafiti dyHKIMIO, BEIPAKAIOMYIO YHCIO CHIOBbIX JHHHH, mepecexaro-
HIMX KBajpaT B KaXJbl MOMEHT BPEMEHH ero BPAlieHHsI, €CJH CKOPOCTh
BpalleHHs] paBHa 5 o6/cek. (OtBer. n; = 108|cos 10xt|.)

7. Ha nuockoctu aBuxKercs Touka M (x; y) (puc. 73) Tak, uTo ee
MpPSAMOYTroJbHbIe KOOPAHHATHI X H Yy H3MEHSIOTCS IO 3aKOHY:

x=acos®’t u y=asin?t,

rge (—BpeMsl ABHXEHHT B CeKyHAax.

Onpese/HTh TPAaeKTOPHIO H XapakTep ABHXKeHHS TOUKH M, a Takxe
NYTb, NPONLEHHHEIH TOUKOH 3a BpeMs ! = 2w CeKyHAaM.

Ykaszanue [ onpelieneHuss TPaeKTOPHH JIBHXKEHHS TOYKH
Hajl0 HCKJIOYHTh H3 ypaBHeHHIl mapaMeTp ! CJIOXeHHeM 3THX ypaBHEHHII.



r'’TABA VI

KPYTrOBBIE ®YHKLUHU OT AJITEBPAUYECKOH
CYMMbl APT'YMEHTOB

§ 25. IlpakTHueckas HeoGXOAUMOCTb 3HAHHSI TOXAECTB,
BbIpaXaIOWHUX KpyroBble (PYHKLUMH OT CYMMbl apryMeHTOB
yepe3 KpyroBbie (QyHKLMH OT Craraembix

B nATH npejllecTBYIOUIHX TIJaBaX H3JOXKEHO MHOIO
CBOHCTB U OCOOeHHOCTeH KpYroBbIX (hDYHKIHH, H BCE Ke 3TUX

3HaHHH HeJOCTAaTOYHO IJis pacKphbITHSI HEKOTOPbIX 3aKOHO-
MepHOCTeﬁ B TrapMOHHYECKHX KoJiebaTesbHbIX JBHXKECHHAX.

{=i+i,

i
SKINK 1 7 3 <7
Y 2 E N 2 /F t
ol ¢ ) 7 T \\wg
(5 N

Puc. 74.

—~

B camom feJje, pacCMOTPHM HECKOJILKO NPHMEpPOB.

1. B npexmecTByIollledl raBe Mbl OCTAHOBHJIHCL Ha pac-
CMOTpPeHHH JABYX(asHbIX M TPeX()asHbIX NepPeMeHHBIX TOKOB.
V3BecTHO, 4TO Ha NpaKTHKE MNPHUXOJUTCA 4HacTo ABYXdas-
HblH WM TpexdasHBY TOK HaNpaBJsTh B ONHH IPOBOJHHK,
TMpH 3TOM BO3HHKAET, KaK IOKA3bIBAET OMBIT, «CYMMHPOBaH-
HBIH» TepeMeHHBIH TOK, MCHOBEHHAas CHJla KOTOPOrO paBHA
CyMMe MTHOBEHHBIX CHJI cjaraeMbelx TokoB. Ha pucynke 74
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BBIIOJIHEHO T€OMETPHYECKOE CJIOXKEHHE PpaCI)I/IKOB }1Byx¢33'
HOro TOKa

| =sin2st u iy =sin (27:1‘—!— %)
U NoJyueH rpaduk «pe3yJbTHPYIOLIEro» TOKa

=i, i—-sm2..t+sm(2z‘+ )

~.

PaccmarpuBas noJiyyeHHYIO KDHBYIO, MOXKHO BBICKa3aTh J0-
rajKy, 4To OHa NpejcTaBJsgeT Ae(OPMHPOBAHHYIO CHHYCOHAY
C aMNJuTyJno#, paBHOH oTpe3Ky CD, AJHHOH BOJIHBI, paBHOH
otpesky EF, u dasoii cMmemenus (F2). Ograko ctporo xo-
Ka3aTh, YTO JOrajka Hama BepHa, H HaHTH TOYHYIO BEJIH-
YUHY aMIUIMTYAbl «CYMMapHOrO» TOKa, ero 4acToTy Y ¢asy
CMeLIeHHsl MBI He CMOXKeM, He pacCMOTPEB NpeJBapHTEJbHO
HOBBEIX CBOHCTB KPYTOBHIX (DYHKLUHH, CBfI3aHHBIX CO CJOXKe-
HHeM apryMeHTOB.

Eute Gosiee cJOXKHLIM siBleHHeM GyLeT CJOMKeHHe Tpex-
tasnbix TokoB. Ha pucynke 70 BBIIOJNIHEHO TeOMeTpHYECKOE
cJioXKeHHe rpaUKOB, XapaKTepH3YIOUIHX TpexdasHeIH TOK:

i, =sin2st, i,—sin (2 nt — —23—) H iy = sin (w-“TT).

KakoB xe rpapux (OyHKIHH

i=i1+i2+i3=sin2nt+sin(2 -QT*)+

+sin <2m‘ ——“Bl) ?

OnbiTOM pellleHHe 3aTPYAHUTENbHO.

Heo6xoaumMo [ONMOJHHTL TEOPHI0 KDYTOBBIX (hYHKIHA.

2. W3 ¢u3uky H3BeCTHO, 4YTO NPH IIepexoje CBETOBOrO
Jydya U3 OJHOH Cpefipl B APYTYIO NPOHCXOIHT €ro «IpeJsoM-
JIeHHE», T. €. OTKJIOHEHHE OT [IePBOHAYa/IbHOr0 HanpaBJ/eHus,
sin sinay,
sin a,
rae a;—YyroJ najeHus Jyua Ha TIDaHHIY CPej, a ay—YyroJ
oTkJoHeHHus. [Ipu KOHCTpyHpOBaHHMH ONTHUYECKHX NPHOOPOB
NPUXOAMTCS pellaTh 3ajauH, NMOJOGHbIE CJielyIome:

«Kak HaJo HanpaBuTh Jy4Y Ha I'PAaHUIy ABYX Cpel, 4YTO-
6bl yroJ nafieHus Jiyua OpeBbIIIA] YroJ IpeJoMJIeHHs Ha
JaHHYIO BeJHUHHY?»

npuueM Kos((pHUUHEHT IpeJIOMJIEeHHs PaBeH OTHOLIEHHIO ———
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Ecin xosddunuenT mnpejomseHust paBeH 7, a yroJa na-
IeHus OoJbllle yrja npeJoMJeHHs Ha o, TO OTbICKaHHE
HCKOMOTO yrIJla NaJeHHs X CBOJUTCS K DElIeHHI0 ypaBHEHHS:

sin x
sin (x — @)
KOTOPO€ HeBO3MOKHO paspellnTbh Ge3 3HaHHS TaK HasbiBae-
MOH TeopeMBl CJIOMKEHHs], BbIpaxKamollell HOBLle, HEH3BECTHLIE
elle HaM CBOHCTBAa KPYroBBIX (PyHKLHH.

3. Ecom 6bl yjajoch HaHTH aHAJHTHYECKOe BHIpaXKEHHE
JJis sin (o & ) yepe3 Kpyroeble (hYHKIMH CJaraeMmbix o H £,
TO cTajJo Obl BO3MOXKHO COCTaBJIeHHe TaGJHIBl KPYTOBBIX

122

byHkuuii. B camom gese, 3Has uTo sin4b° = 5 H
sin 30° = %, Ham Obl sin (45° + 30°) =sin75° u Takxke
sin (45° — 30°) = sin 15° Takxe Hamum Obl sin22°30’, BbI-
paxas sin4b® = 1? = sin (22°30” + 22°30’) uepes sin 22°30’,
a janee sin(22°30" — 15) =sin7°30" uepes sin22°30" u
sin 15°,

YacTHbIe c/IyyaH CHHyca CYMMEI ABYX apryMEHTOB paccMaTpHBAaJIHCh
yXe B IVaBe O NPHBeJeHHH KPYroBHX (YHKUMH K mpocTeifiieMy apry-

=n,

T
MEHTY; HalpuMep, NOJOXHB B GyHKIHK sin (a 4 B) yncso B=—§-, noJy-

. w 3 . 3
yaeMm sm(a+7)=cosa; npnB=Tﬂ umeem sin a+71\: =
=-—cC0sa H T. 4.

Bce 370 mpuBOAMT K HeOGXOAMMOCTH H3YUEHHS BEHIpaKe-
Hug sin(a + B), rie o u B mobble yueaa, K 4eMy U nepeiijem
B cJelymwoueM naparpade.

§ 26. CuHyc u KocuHyc OT ajareGpaMyeckoi CymMMmbl
ABYX apryMeHTOB H COOTBETCTBYIOIHE TPHrOHOMeTpHUECKHe
TOMXJEeCTBA

Kak waiitu, uemy paBeH sin (a -+ 8) uin cos (¢ 4 B), ecau
M3BeCTHbI, HampuMep, sina u sinf uam cosa u cosB. Her
JIM Tako# (opMyJibl, KOTOpasi BblpaKaeT CHHYC HJIH KOCHHYC
CyMMBl JIIOOBIX IBYX 4YHCeJ 4epe3 KpYroBble (QYHKUHH 3THX
ggces?

[Ipex e Bcero ybGenumes, uto sin(e -4 8)==sina +sinB,
I/l 4ero JOCTAaTOYHO OJHOro mpumepa. [los0:KuM, Hanpumep,
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a=30° u B=060°, Torma sin(a -+ B)=sin(30°+ 60°) =
=sin90° = 1, a sina + sinf = sin 30° 4 sin60° = —;——i—

% > 1, crenoBaTtesbHO,
sin (30° + 60°) == sin 30° + sin 60°.

[To-Bunumomy, sin(a -+ 8) Bhipaxkaercs OoJjee CJIOXKHO
yepe3 sina u sinP. Kak ke BHIABHTb 3Ty 3aBHCHMOCTB?

Hcnonb3ysi 4HC/IOBYIO OKPYIKHOCTb € AMHHYHOrO pajuyca
(puc. 75 a, 6) u ompejejieHHe KpYroBhiXx (yHKUHHA, HalifeMm

;7 y ‘
8 M , 8 *
o YoM c
c \
F -
N
o F N -
4 s lla 4 ML \a
o\ P € D] «x P 0 D X
8 8’
a) )
Puc. 75.

3Ty 3aBHCHMOCTb CHauaja AJs cJydas, Korjga o H B—Jef-
k1
CTBHTEJbHBIE UYHCJA IIPOMEXYTKa (0; 7)

[as 3Toro OTJOXKHM Ha YHCJOBOH OKPYXHOCTH AYTY
AC =« pasuaH 4 u3 Toukd C omyctum nepneHAukyasp CD
Ha ock Ox. [lo ompefleneHuio cuHyca H KOcHHyca OyzneM
HMeTh:

DC=sina u OD=cosa.

3areM npoBeleM HOBBe ocH KoopiauHat x' Oy’ Tak, 4To-
6bl moJIOXKHTENBHEIH Jay4 ocH abciucc Ox’ mpomesn uepes
Touky C. MoxHO cKasaTbh, YTO HOBHIE OCH NOJYyYaloTCs
[IOBOPOTOM IpeXHHUX ocedl BOKPYr Toukd O Ha yroda a.

OrnoxuM Ha okpyxHoctd oT Touku C ayry CM =98
pajuaH ¥ mpoeefleM M3 TOYKH M nepneHAuxydasper: MN Ha
Ox’ u MP Ha Ox. OtHocurenbHO oceff koopAuHaT x’ Oy’
TOYKa M BHIZEJHUT Ha HYHCJOBOH OKPYXHOCTH YHCJO 8, TaK
Kak ayra CM = pajuan, mosToMy OpAHHAaTa 3TOH TOYKH
NM = sin B, abcuucca ON = cosf.
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OTHOCHTENIbHO NpexHHX ocefi koopauHaT xOy Touka M
BBIAGJHT Ha OKPYXKHOCTH YHCJIO a + B, Tak Kak AM =
=UAC + CM =a + B, mosTOMy oppHHATa 3TOH TOYKH
PM = sin(a + B), a6cuncca OP = cos (o + §).

OnyctuB u3 Toukn N neprnenpukyJspsl NE Ha ock Ox
u NF Ha PM, Gynem umerh:

sin(« 4-8) = PM = PF + FM = EN + FM

cos (a4 B)=OP =0OE — PE=0E —FN *)
Ws nogobust tpeyrojibHukoB ONE n OCD umeeM:
FN _ OE _ ON 1 EN _ OE _ cosB
DC=0D0 —0Cc ™" Tna T wse T

OTKyZa
EN = sinacos§;

OE = cosacosB.

Hanee, tpeyroabuukd FMN u DOC mnojo6ubl, Tak Kak
UX CTOPOHHl B3aUMHO NEpPNEHAUKYJSPHE!, MO3TOMY:

FM _ FN _ NM = FM _ FN__ sing
00 ~— DC ~ 0oC cosa  sna 1 °
OTKyZa
FM = cosa sin;
FN =sina sinf.

3ameHss1 B paBeHCTBax (*) OTpe3KH HX BHIPAXKEHHSIMH,
[OJIy4aeM HCKOMEIe (hOpMYJIBI:

sin(a 4 B) = sina cosf 4 cosa sin§; (30)
cos (& + B) = cosa cosP—sinasinp. (31)
DTH GOpPMYJIEl Ha3BIBAIOT B TPHIOHOMETPHH T OpeMaMHu

caoXeHuda Aaa ¢yHKuu# sinz ¥ cosz. Mul BhIBeJH HX
B NpPeAIOJIOXEHHH, YTO

0<a< 5,

0<B<+,

H, cjegoBatesbHo, 0 < a4 B <=, npuueM Ha pUCYHKe 75,a
nepefaH cJayyafi, korga 0 <a-+4 3 < % a Ha pucyHke 75,6
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Korja ;—°< o+ 8 < ='. CnpasensnuBocts dopmyn (30 u 31)

npu o4 8= —2— o6HapyKHBaeTCs HENOCPeJCTBEHHO C IIO-
MolbI0 (OpMYJ1 IpPUBEJEHHS.
o T
eficTBUTEIBHO, €CIH o 4 § == — H, CJIeJlOBaTeIIbHO, o =

= — —8, To steBast gacTh dopmyJsi (30) aaer: sin (@ -+ B) =

. T . . . .
=sin—o = 1; npaBast yacth jaer: sinacosB + cosasinP =

=sin(—;——B)cosB+cos<—§-—§)sin@=cosz(3+sin2{3=
= 1, ciefoBaTe/ibHO, B AaHHOM cayuae dopmyaa (30) chpa-
BeJJiMBa. AHaJIOrHYHO IIPOBEpsieTCs] CIpaBelJHBOCTb Gop-
myJas (31).

Tenepr mocTaBuM BoOmpoc, He GyAYyT JIM BepHB! (OpMYJIbl
(30 u 31) pnsa BCAKUX AeHCTBUTEJBHBIX uuces ¢ u B?

OTBeT HajO HCKaTb HCCJEAOBaHHEM, KOTOPOE MEI IpOBe-
JIeM B HECKOJIbKO IIaros:

1. HenocpejacTBeHHOH NOACTaHOBKOH y6expaemMcs B clpa-
BegJiuBocTH ¢opmys (30 m 31) B Tex cayuasix, Korja xors
6bl ofHO u3 uucea a 4 § pasHO 0, %, T HJH %

3r
Tax, HanmpuMep, eci a = —5—, TO JleBasi 4acTb (opmy-

aul (30) maet:
i (@ 4 B) = sin (—32"—+p) = —cosB;

. 1
npaBas yacTb jaeT: sina cosP 4 cosa sinf = sin =~ cosf +

3r .
+ cos —— sin3 = —cos§, caegoBartesnbHO, (opMyJsa BepHa.

! Yyratenp, BJafelolull CJOKEHHEM HanpapBjeHHEIX OTPE3KOB Ha
OCsIX KOODAMHAT (M Ha MapaJJieslbHbIX MM OCSIX), MOr GHl He JeJaTh yKa-
33aHHBIX OTrpaHHMyYeHull Ha apryMeHThl a« ¥ 3, TaK Kak BCe IPOBEJEHHbIE
HaMH pacCyXJIeHHs COXDaHSIOT CHJIy NPH JIOGHIX AeHCTBHTENBHBIX a H 3,

T
He KpaTHHIX —5~ (T. €. MpPH JoGON DAaCMOJIOKEHHH Ha YHCIOBOH OKPYyH-

HoCTH ToueK C(2) H M (a+8), 3a HCKIIOUEHHEM CJayuasi, KOIAa OHH
OKaXyTcd Ha ocAX KoopAuHaT. IIOHATHO, YTO B 3TOM C/yuae HHKaKHX
obo6utennti dopuya (30) u (31) wWe moTpefyeTcsi, Kpome MDOBEPKH HX

™
CIIpaBeAJIMBOCTH IJA 4HCea a H ;3, KpaTHHIX 7 .
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Takxe neBas wacte Qopmyast (31) mpu a = -3513- Jlaet:
cos (& + B) =cos(%ﬂ—+ B) = sin;
npasasl yacTb Jaet: cosa cosP—sina sinf = cos —%ﬂ— cosf —

3n . .
—sin—-sinf = sin 8, cJaegoBaTespHO, H 3Ta ¢QopMy.aa
BepHa.
™
AnanoruyHo mnposepsioTcst popmydas anas 0, - H T
2. Tenepp mokaxem, uto ¢opmyasl (30 u 31) ocraroTcs
™
BEPHBEIMH, €CJIi B HMX OJHO W3 YHCeJ o U f YBEJHUYHTb HA —.

k17
B camoM feJsie, YBeJHYUM Ha —-, HANpPHUMEp, o U BHECEM

T T
o60o3HaueHne: o -+ — = 0y H, CJIE[0BATENBHO, o = a; — —-,

MOy 4HM: 2
sin (o + B) =sin[(a—|——;—) +p] =sin[(a-|—(3)-|——;—] -

= cos (& + B) = cosa cosB — sina sinf = cos (al — %) cospB —

—sin (“1 ——;—) sinf =sina; cosB 4 cosa; sinf;
Kopoue: sin(a; + B) =sina; cos -+ cosa,; sinf,
T. e. ¢opmyaa (30) coxpaHusIack.

AHaJIOTHYHO NOJyYaeM:
cos (¢ +) = cos (o + 5 ) +8 | = cos [+ B + 5| =
= —sin(a 4+ B) = —[sina cosP + cosa sinf] =
= —[sin(al_—g—)cosﬁ + cos(a.l——;—)sin 3] =
= coso, cos@—sina, sinf;

Kopoue: cos (a; + B) = cosa, cosf —sina;sinf,

T. e. dopmyaa (31) Takxke coxpaHseTcCsd.
3. Tlycte Temepp o u ( Jro6ble yucjla B IPOMEXKYTKE

I T
[~2—, 27»']. PaspenuB kKaxjoe H3 HHX Ha - TOMNyYHM:

™

2

17
*n+oay, rie 0 <o, < 4 N ONHO U3 YHCEN:

g =
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1,2, 3 B=——-m+Bl,rgeO B; < 5~ M m onHO H3 YHCeJ:

1, 2, 3. Bugum, uto yucsa a, u 3, n Hﬂanﬂemar TIPOMEKYTK
1 1
(1 —2"— , CJeJOBaTeNbHO, AJISl HHX BHIIOJHSAIOTCH (OPMYJIEL

(30 u 31):
sin (ay + B;) = sina, cos@, + cosa, sinfy;
cos (@, + 8,) = cosa; cosP; —sina, sinf,.

Ho B npepwiaymem wmare GblJIO AOKa3aHO, 4TO STH ¢op-
MyJIBl He HapymaroTcn €CJIH B HHX NpPHGABJISATH K OLHOMY

M3 apryMeHTOB IO —-. ByjgeM B Kaxjo#l ¢opmyse npubae-

T
JSATh K apryMEHTy &; YHCJO —- MOCJE/OBATENbHO fi pas,
MONYYUM B pe3yJbTare:

sin [(“1 o+ n) + [31] = sin (al + n) cos B; + cos (acl +
+ = 2 )sm By

[( - n) + [31] =cos (al + = n) cos B; — sin (az1 +
s
e.

T.

)sm By

sin (a4 §,) =sina cosP; + cosa sinfy;
cos(a + B,) = cosa cosf; —sina sinB,.

T
[puGaBumM —- mocsie0BaTebHO /M pa3 K apryMeHty B,
ocraB/sig 6e3 H3MEHEHHS &, IOJNYYHM:
sin(a 4 B) = sina cosP + cosa sinf;
cos (¢ 4+ B) = cosa cosfB —sina sinp.
Kak BuzuMm, ¢opMyJibl COXPaHHUJIHKCE.
4. Temepp MBI MOXKeM y6eluTbCA B CHpPaBeJJIHBOCTH
¢dopmya (30 u 31) nnas moO6bIX HeHCTBHTEJbHBIX YHCE] o H P.
B camom 1eJe, pasfieJiMB KaxKloe H3 3THX uuces] Ha 2w,
MOy YHM:

* {a=21t-k—|—ao, rie 0 < ay< 27 u k— nesoe 4ucJo;
B=2x -k + By rie 0 < By < 2n u b;— 1esoe unciIO.
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HOans uncen oy U By, NpuUHaAJexauux npoMmMexyTtky |0,
2=], dopmyasl (30 u 31) yxke JHOKazaHbl B NpPeAbIAYLUIHX
[arax, CJieJOBaTeJbHO,

sin (ag 4 By) = sina, cos B, + cosa, sin Bo;

cos (g + Bg) = cos g, cos By — sina, sinB,.
TloctasuM B 9Tu GOpPMYJIbl 3HAUEHHS g U By H3 paBeHCTB (¥),
T.e ay=0a—2rk u B =p— 2rnk,,
HOJYYHM:

sin[(z + B) — 2= (& + k,)] = sin (« — 2=k) cos (3 — 2=k,) +

-+ cos (@ — 2wk sin (8 — 2w &,);
cos [(a + B) — 2= (& + &,)] = cos (a — 2% k) cos (B — 2rk;) —
— sin (a — 2wk) sin (f — 2xk,).

OTKyAa Ha OCHOBE INepHOJHYHOCTH KpYroBblX (YHKIUH
HMeeM:

sin (e 4+ B) = sina cosB + cosa sin@;
cos (¢ + B) = cosa cosP + sina sinB.

Urak, Teopema cJOKeHHS JAJs1 CHHyca M KOCHHyca IO-
KaszaHa HaMH IOJHOCTBLIO JAJs JI0OLIX NeHCTBHTEJNbHLIX 3Ha-
yeHHH# aprymMeHToB o U .

Teopema cJioeHHst /19 CHHYca Gblia ycTaHoBJeHa BrnepBbie B [ pe-
unu B popme «Teopemsr [Trosnenes» (II B. H. 2., Anexcannpus). B Buze,
GJIM3KOM K COBPEMEHHOMY, 3Ta TeopeMa MOfBHJach B paGoTax ¢paHIya-
ckoro MateMatHka ®pancya Buera (1540—1603), HO Ge3 HeOGXOXHMBIX
oGo6utennii. CHCTeMaTH3HPYET TEODHIO CJOXKEHHS KPYroBhIX OYHKUHI
nerep6yprckuil akageMuk Ppugpux Matiep (ITetepGypr, 1697—1729),
cjesIaBIIHK MO 3TOMY MOBOAY CleLHaJbHOE COOGLIEHHe Ha OIHOM H3 3a-
cepanufl AkageMun Hayk (1727). OHaKo ¥ B 3T0 BpeMs elile OTCYTCTBOBAJIO
Heo6xofiuMoe O0GOGIeHHe TEOPeMHl CJIOMEHHs. 10JbKO B KPHTHUYECKHH
XIX Bek, Korpga ecrecTBo3HaHHe (u3uKka, acCTPOHOMHS, MeXaHHKa) IIO-
Tpe6oBaso Gouibliedl CTPOrocTH OT MaTeMaTHKH, Obll 3aMOJHEH 3TOT I po-
Gen ¢panuysckuM MateMaTukom JI. Kapro (1753—1823), xkotopmifi Aoka-
3a/1 OGLUIHOCTb AAHHOH Teopemel; 3TOMY OOGOOLIEHHIO MPHIABaMH GOJbLIOE
3HaueHHe (ppaHuy3ckne MaTematHku A. Jlexanap (1752—1833) u O. Komn
(1789—1857).

TToxkaeM NpHMEHeHHE TeOpeMbl CJIOXKEHHS Ha pelIeHHH
3ajzay, MMOCTaBJEHHLIX HaMH B mpejbliylieM naparpade.

1. 3agaua Ha cJoXeHHe ABYX(asHbIX H TpexdasHbIX
TOKOB OyjgeT paccMOTpeHa JaJjiee Ha OCHOBE HEeKOTOPbIX
CJIEACTBHH H3 TeOpeMBl CJIOXKeHHs (CM. cTp. 258).
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2. 3ajaya 0 HaXOXJIEHHH yIja NafeHHS CBETOBOTO /Y-
ya Ha TpaHHLY ABYX cpef Oblla CBeleHa K ypaBHEHHUIO

sin x
~nG—a =™
[To teopeme cnoxenusi (30) umeem:
sin (x — o) = sin[x -+ (—a)] = sinx cos(—a) +
+cosx sin(—a)=cosa sinx—sina cosx,
C/IefOBAaTENbHO, AaHHOE ypaBHEHHe MepelyileTcs Tak:

sinx = n(cos2 sinx —sina cosx)

HJIH
sinx (1 —n cosa) =—n sina cosx,
OTKVIa siny =~ —mnsinz
VAR osx = T—n cosa
nsin
HIH tg X = —
ncosa—1

Ecuan, HanpuMep, nojoxHTh a = 10° U B3Th KO3(D(DHIHEHT
npeJjoMyeHHs BoAbl 7 = 1,33, To OyjnemM HMeTh;

1,33 - sin 10° 1,33-0,1736
tex = T s =T ~ T35 0088 =T ~ 0745

x == 36°40'

3. Tlocnennsss us 3agay, MOCTaBJEHHBIX B NpelbAylieM
naparpacge, peluaeTcs HeNOCPeACTBEHHO No ¢opMyaam (30)
u (31).
sin 75° = sin (45° + 30°) = sin 45° cos 30° + cos 45° sin 30° =

- 122 YL VE L L (VB +1/7) = 0,9659;
sin 15° = sin [45° 4 (— 30°)] = sin 45°cos (— 30°) +
+ cos 45° sin (— 30°%) = —KQZ . _l/g__}__l/;_(___;_) =

=1 (V8—V72) =~ 0,2588.

4, TlpuBefieM eme OAHH nNpHMep Ha npuvedenue dopmya 30 u 31,
[ycts faHel sinz =0,6 1 sin3=0,8, nmpxyem H3BECTHO, 4YTO a H

=
§ uHCJ2 MPOMEXKYTKA (T ; TC); Hafith sin (2 + 3) # cos (a 4 3).
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Pemenue.
cosa=—)1—0,3=—0,8

cosf=—)1—0,64=—0,6
sin («a 4+ 8)=0,6.(—0,6) 4 (—0,8) - 0,8=—0,36—0,64 =—I;
cos (¢ + ) = (—0,8) - (—0,6) — 0,6 - 0,8 =0. Takoii cayuaii Bo3mo-

3
JXKeH NpH a-|-{3=—§—.

§ 27. CuHyc M KOCHHYC CYMMbI ABYX apryMeHTOB B HOBOM
H3JI0KeHUH

CyuiecTBYIOT CIoco6bl J0Ka3aTe/bcTBa TEOPEMBI CJIOXKe-
HHS, OTJIMUHBIE OT IMPHBEAEHHOr0 HaMu. [Iasi H3J0XKeHHH
HEKOTOpPBIX H3 3THX CHOCOGOB HEOGXOLMMO pacCMOTPETh PSAA
BCIIOMOTaTeJIbHEIX MOHSITHH H TEOopeM.

a) HanpaBieHHbie OTpe3KM HJM BEKTOPbi H OCb

1. ¥V Bcaroro otpeaka AB umeercs jgBa KoHma: A u B.
Ecnu nmouemy-au60 OfHH M3 KOHIIOB, HampuMep B, cuutaer-
ca HauasoM oTpeska AB, a ;Ipyroi—ero KOHIOM, TO rOBO-

pAT, YTO 3TOT OTPE30K Ha I p aB-

y ¢ g JI€HHBIH, HHA3bIBAIOT €0 BeEK-
pP_—— rtopoM. OG603HAaYalOT BEKTOP

TeMH xe 6ykBamu A u B, HO Gyk-

By B, COOTBETCTBYIOILYIO Hauaay

\ N OTpesKa, NHWIYT BIEPeiH U Haj

-=—"7 6ykBaMu ctaBaT uepty BA. B

COOTBETCTBMH C TaKHM corJaule-

nuem BA u AB — fBa pasnuuHbIX

BEKTOpa: y IePBOrO0 HayaJjioM
CJYXKHT TOUka B, a y Broporo— Touka A.

Ha pucyHke BeKTOop HHoOrza o0003HauyalT CTPEJIOUKOf,
uyTo6Gbl BHAHO OBLJIO, IJe HauaJo BeKTopa M A€ €ro KOHell,

Taxk uso6paxkensl Ha pucynke 76 sextopsi B4, CD u MN, a

BekTOpsl AB u PQ n306paxenbl 6e3 CTpEJIOK.
TepMuH BeXTOp HNPOMCXOAHUT OT JATHHCKOI'O CJIOBA
vehere—TaumuTh, TAHYTb TIPy3 OTPE3KOM OHUEBHI.

OtvetnM, uTo 3anuch |AB| uuTaercss «MOZy/b BeKTOpa
AB» u o3HauaeT AJMHY 3TOro BeKTopa, [ToHsATHO, 4TO Bek-

Topet AB u BA umeioT ogny u Ty xe jauny: |AB|=|BA|.
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Ha pucynxe 76 Bextopsl AB u CD Take HMeIOT OJHHa-
KOBYIO NJHHY, Tak Kak ¢urypa ABDC saBnseTcs mapaJie-
JIOFpaMMOM.

2. B pmanpHefimeM oco6bfi HHTepec AJs Hac Gyjper mpel-
CTaBJSAThL Cjaydyal, KOrZa BeKTOpbl pACNOJIOXKEHB Ha OCH.

Ocblo, KaK H3BEeCTHO, Ha3blBalOT MpPSIMYI0, Ha KOTOpPOH
yCTaHOBJIEHO MOJIOXKHTeJbHOe HanpaBjeHHe H yKasaHa eJH-
HHIIA AJIHHBL.

Puc. 77.

Ha pucynke 77 nso6paxkeHa oCb @ C eJUHHYHLIM OTpe3-
KOM [ M TpOM3BOJBHBIM oOTpeskoM MAN. MokHO cKasarTh,
4TO Ha OocH jaHwl jABa Bekropa MN u NM, uMeouine oqHy
H Ty Xe LJHHY, HanpuMmep d eiuHMI (Ha puc. d = 5l), HO
IIPOTHBOIOJIOXKHOE HanpaBJ/eHHe; y BekTopa MN Hampasie-
HHAe COBIIajlaeT C HamnpaBJeHHEM OCH a, a y Bekropa NM
OHO TPOTHBOIOJIOXKHO HaIlpaBJeHHIO OCH a.

UTo6Bl XapaKTepH30BaTh YHCJIOM d He TOJNBKO IJIHHY
BEKTOpa, PacloJIOXEHHOro Ha OCH, 'HO H ero HampasJeHHe,
YCJIOBHJIMCh TPHIHCHIBATL 3TOMY YHCJIY 3HAK -+ HJIH — B
3aBHCHMOCTH OT TOTO, COBNajaeT HJH He COBHajaeT Ha-
npaBJIeHHe BeKTopa C HampaBseHHeM ocH. [losnyuyeHHoe Ta-
KHM 06pa3oM [eHCTBHTEJNbHOEe YHCJO Ha3bIBAIOT BeJ U4 H-
HOli BekTOpa. Tak, Ha pucyHKe 77 uMeeM: giuHa MN =
=d u niuHa NM = d, Ho BenuuuHa MN = +d, a Beauun-
Ha NM = —d.

Panu kpaTKoCTH B JasibHefileM BeJHYHHy BekTopa AB
6yneM o603HauaTh uepesd AB (omycKaeTcst 4epTOUKa CBEPXY).
Takum obpasoM, MN = + d, a NM = — d u, caefoBaTesLHO,

MN + NM = 0;
T. €. CyMMa BeJIHYHH JBYX BeKTOpoB MN PL_]_V—/VI— paBHa Hy.JIO.

OTmeTHM, YTO O BeJHYHHe BekTopa AB MOXKHO TroBO-
DHTb TOJBKO B TOM cJyyae, KOrga OH INPHHaNJIEKHT He-
KOTOpOH OCH, TaK Kak B POTHBHOM cJyyae MPHHATOE HaMH
onpejlesleHHe BeJHUYHHB BEKTOpa K HeMy He MOJOHIeT.

3. Ecnu Ha ocu pacrmosoxeHnl BekTOphl A;A, A,A,,
AsAy, ..., A,y A, TaKk, 4YTO KOHel KaxKJoro H3 HHX COBIa-
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JaeT C¢ HadaJioOM cJaeaymuiero, TO CYMMOI';I 9THX BEKTODOB

HaswiBalOT Bektop A,A,, HayaJoM KOTOpOro sIBJseTCH Ha-
YaJio MEepBOro BEKTOpa, a KOHIOM—KOHeI MOCJ/IeJHEro.

JaHHOe ompejeJieHHe, OYEBHLHO, TepsieT CMBICJ, €CJH
Touka A, coBmagaer ¢ A,, TaK KaK B 3TOM CJyyae BEKTOp
A;A, me cymectByeT. UToOH H36eXaTb TaKOe HCKJIOYEHHE,
yCJIOBHMCS TOBOPHTb O CYUIECTBOBaHHH H TAaKOT'O «BEKTOPay,
y KOTOpOT'O HayaJlo M KOHell COBNajalT. ECTeCTBEHHO Ha-
3LIBAaTb TAKOH «BEKTOpP» HYJ eBH M, a ero BEeJHUHHY CUH-
TaTb paBHOH HYy.JIO.

Y3 npuHsiTOrO HaMH OmIpefie/IeHHsl BHITEKaeT cJejylollee

Ba)KHOeCJie 1 C TBHe€; BeJHUHHA Bektopa A, A, paBHa cyMMe
BEJIHYHH BeKTOpoB A4,

A A A
I :l ,Z ,3 - A2A81 A8A4, CRCERY ’An-—l An,T-e.
I A, 45 4, AA, = A A+ LA+
' + A A+ .+ AL A,
o JZ Ar “?3 [oxazaTeqbcTBO IpoOBe-
IeM MeTOJOM MaTeMaTH-
A, As Ay YecKOH HHIYKIHH.
; g ’ 1. Cravana yGenumcs B
4 4 4 CIpPaBeNJHBOCTH TEOPeMbl
3 1 2 -
v ; ; ' npu n = 3. Yncjo nepecra-
HOBOK M3 TpeX 3JEMEHOB
A3 Ay A PAaBHO IIECTH, [O3TOMY Ha-
v ' ' ; * 0 pacCMOTpeTh LIeCTb BO3-
Puc. 78. MOJKHBIX  DacIllOJIOXKeHHH
touek A;,, A, u A; Ha ocu

(puc. 78).
O603HayuM [JHHBEl BEKTOPOB TaK:

|44 =a,  |AA]=8 |AA&|=1

PaccmoTpum, Hanmpumep, II u V pacnojioxeHnus Touex.
Bo II umeem:

a=71+8, ortkysa a+(—B) =1,
A A, + A Ay = Ads.

1 [IoHATHO uTO YHCJIOBble 3HAYEHH @, B H Y B pa3juuHBHIX pac-
nosoxenusx Touek A;, Ay, Az GyAyT DassHUHBIMH.
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BV umeem: y+a=8, orkyna o+ (—p)=—7y, T. &
A Ay + AAg = AA,.

AHaJNOrHYHO NPOBEPSIOTCS OCTaJbHBIE CJIYYaH.

2. JlomycTHM Temnepb, 4YTO TeopeMa BepHa AJs 7, T. €.
AAy+ A A3+ ...+ A A, = A, A, npu mobom pacmoJo-
XeHHH n Touek A, Ay ..., A, A, Ha ocH.

3. HMcnonpsya ato monymieHue u pe3yabTaT l-ro imara,
JloOKa3biBaeM CIpaBefIMBOCTL TeopeMbl ans n -+ 1:

AAg+ A+ .. .+ A, A +A,A,=
= (A Ay + AAg+. .+ A LAY+ AA,, = (couetaTtesbHoe

CBOHCTBO CYMMBI)

= AlAn + An An+1 = (ronymenue 2)
= A, A, (o nokasamHOMy B
1-M ware)

OTKyJa IO TPaH3HTHBHOCTH
Ady+ Ahs+ .+ AL A+ A A=A A
Hrak, Teopema BepHa.

6) NMpoekuus ToukH H BEeKTOpa Ha OChb!

4. TlycTh Ha MJIOCKOCTH JaHbl: Touka M, BekTop AB m
ock a (puc. 79).
Ilpoekuuesi Touku M Ha
OCb @ Ha3blBAIOT OCHOBaHHE
neprneHIHKY15pa MM,,
ONyILIEeHHOr0 H3 TOuYKH M
Ha OChb 4.
CnoBo HNpOEKLHSHA B
TPHLLJIO U3 IATHHCKOTO 5A3bI- !
Ka: projector B mepeBoze Puc. 79.
Bol6pachBaloll i H(110a-
pasymMeBaeTcs BhlOpaceiBanue M, us M).
Ipoekunelt Bextopa AB Ha ock a (pHc. 79) Gynem Ha-

3bIBaTh BEJNHYHHY BeKTOpa A,B,;, Jexallero Ha OCH a H

COeJIMHSIIOLIEro NMPOEKUHH Hayasa M KoHua BeKTopa AB Ha
3Ty OCh.

3anuchiBaloT 570 Tak: 1np, AB = A,B,.

’

— — —

Y S

n - —

1 Pagu KPaTKOCTH 34eCb H JaJjiee CJIOBOM N POEKIHS O3HadaeTca
OproronaJnsbHasd NpoeKUHH
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V3 panHBIX ompejesieHHil cleiyeT, YTO KaxKAblH BEKTOD
HMeeT eIHHCTBEHHYIO NIDOEKLHIO Ha JaHHyl0 och. B wuacTt-
HOCTH, €eCJIH BeKTOp AB nepneHJuKyJspeH OCH d, TO €ro
TPOeKUHs Ha 5Ty OCb paBHA HYJIO, TaK Kak B 5TOM cJyuae
Hauaslo BekTOopa A M KoHell B NpPOEKTHPYWOTCH B OLHY TOH-
Ky: A, coemajaer c B,.

5. Teopenma. [Ipu napaniressrom neperoce 8eKmopa e2o
npoeKyus Ha OaHHYI OCb He UBMEHSemCA.

HoxasareanbcTBo. [lycTh npn HekoTopom mapaJ-
JeJHOM TiepeHOCe BeKTopa AB MOJYYHIICS  BEKTOP AR
(puc. 80). Teopema yTBepxnAaer, 4TO mp, "AB=np,A'B’,
T. e. A\B,=A B,

Oansa KoxasartesnncTBa s1oro nposexeM AC u A’C’ napan-
JIeJIbHO OCH 4, MOJIYYHM NPSIMOYroJibHble TpeyroJsHukH ABC
: u A'B'C’, y KoTophIX
- paBHbI rHnOTeRY3H AB
5 _——" u A’B’ u octprle yr-
v c' 4 JIbl MEXJy COOTBETCT-
- BEHHO NapaJlJieJ1bHEIMH
cropoHaMH. Y3 paBen-
CTBa 3THX TpeyroJb-
0 i HHKOB HMeem: AC =

g A 8, A = A'C’ u, caeloBa-

Puc. 80. teabHo, | A,B,|
=|4]B}|. A Tax kax
sexTopsl A;B; n A B, HMeIOT TakiKe H OXMHAKOBOE HaIpaB-

JIleHHe Ha OCH @, TO HX BeJHYMHHI DaBHHI, T. €. AB, = A B,.
CripaBefJIEBOCTL TEOPEMH OUEBHAHA H B TeX CJydasx,

Korja Bekrop AB mapasseneH JHGO NeprneHAHKYJASpeH OCH
HpoeKuHH.

6. Teopema. [Ipoexyus eexmopa Ha oco pasHa ez2o0
Oaure, YMHONMEHHOU HA KOCUHYC yaia, 00pas’ceaHHo20 um
¢ ocot0 npoexyull;

Kopoue:

A
np, AB = | AB| - cos (¢. 4B)... . *

HoxasaTeabcTBO. BosbMeM Ha OCH @ NpPOM3BOJb-
Hylo Touky O u nocrpouM BekTop OM, napansiesibHBIN LaH-
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HOMY BeKTOpYy AB M HMEIOWHH C HHM OZHHAKOBYIO NJHHY
(puc. 81). 3arteM omuuIeM OKPY:KHOCTb ¢ paguycoM OM u
npuMeM ee HeHTp O 3a HayaNO MNPSMOYrOJILHOH CHCTEMEI
KoopauHat ¢ ockio abcnuce Oa.

ITo npenpinyieit Teo-

peMe HMeeM: 8 Y

np, AB = np,0M = OM,. }\ M
Tlo onpejenenuio Ko- E I" |

CHHYCA MOXKEM 3amucaTb: | | F X o,
-l%%l\_ = COs AOE)\M, B4 e

OTKyZa

OM, = |OM]| -cos AO/O\M. Puc.  8l.
Ho wus mnoctpoenns caenyer, uto |OM |=[AB| u

2 AOM = = (a, OM), nostoMy H3 NpeAblIYLUIHX PaBEHCTB

— N__
nosysaem: OM; = | AB|-cos (a, OM), u4to H TpeGoBasoch 10-
KasaTs.
Canencrsue. Ecau mpoekTupyembifi BekTOp AB jexut

Ha HEKOTOpOH ocH b, TO mpoekuusi BeKTopa AB Ha ocb a
paBHa €ro BeJIMYHHE

8 8 "
AB, yMHOXeHHOH Ha
8 A KOCHHYyC yrJja, olpa-
2) 3y€MOro OChIO b € OCbIO
7 4 8 NPOEeKUHUH; Kopoue:
np, AB=

=AB-cos ({z\, b)... (**)

Puc. 82. B camom pee, pac-

CMOTpPHM J[Ba BO3MOX-

HEIX HampaBJeHHs BeKTopa AB, pacmoJIOXKEeHHOro Ha OCH b
(puc. 82):

1) Korja HampaBJleHHe BekTopa AB coBmajaer c Hampa-

BJICHHEM ocH b, Torja ero BeaduHHa AB = + [A—B\ H
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< (a, AB) = (a, b), mosTOMy paBeHCTBO (*) Aaer:

— AN
np, AB = AB-cos (a, b);

2) Korja Hanpab/eHHe BeKTOpa AB  NPOTHBOIOJIONKHO
HANpaBJeHHIO OCH b, TOrjJa ero BeJHYMHa @: —|AB]|, a
2 (a, AB) = = (a, b) + =; B 3ToM cayuae |AB|=— AB,

N__ A\ A
cos (a, AB) = cos [(a, b) + =] = — cos(a, b)

H paBeHCTBO (*) onsiTh Haer:
— AN AN
np, AB = (— AB)[— cos (a, b)] = AB-cos (a, b).

B) JlomMaHas JHHHMS M ee NPOEKUHS HA OCb

7. TlycTh Ha NJIOCKOCTH HaHa OCb @ U NPOM3BOJIbHAS JIO-
manasi aunus C, C, C4...Cp—y C, , y koTOpoOii C;— Ha-

yanpHas Touka W C,— koneyHas (puc. 83). Bexropm C,C,,

C,
C3
CI Cn-,
\\
Cﬂ
a
A4, A, A, 45 Any

Puc. 83.

C.Cs, ..., Cp—y C, Ha3bIBAIOT COCTABJSIOLINMH 3Ty JOMa-
Hylo, a Bektop C,C,— 3ambikalomum ee. CrpasensiuBa cie-
Lyiolllasi TeopeMa: NpoeKyus 8eKmopa, 3aMbIKaWez0 Ao-
MARYI0, PABHA CyMMe NPOeKUUll 8eKmopos, COCHIQBASIOUUX
A0MaRyt0 (NMPH YCJOBHH, YTO BCE BEKTOPHl IPOEKTHUPYIOTCS
Ha OJHY H Ty e 0Cb).

JleHAcTBUTENBHO, CIIPOEKTHPYEM Ha OCb @ COCTAaBJISIOLIHE
Bektope! C,C,, C.Csy, ..., Cp—y C,, MONyYUM Ha OCH BEKTO-
pol AjAg, AgAs, . .., An—i A, pacnosOXeHHBIE TaK, YTO KO-
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Hel IepBOro CJyXKHT HauaJloM BTOPOro, KOHel BTOPOro — Ha-
YyaJioM TpEeThero u T. [A. Ho mno JIOKa3aHHOH BhIllIe Teopeme
n.3, CymMMa BEJHYHH TakKHX BEKTOPOB paBHaA BeJHUHHE
BEKTOpa AlAm COEJNHSIONIEro HavYaJ/lo IepBOro BeKTOpa C
KOHLOM IiocJieaHero, T. €.

A1A2 + A2A3 + o0 + An—] A” = AlAn'

A tak kak no onpezesenuio n.4 A;A,— npoekuus Bex-
topa C,C, (3ambikaromero Jomanyo), a AjA,, A4, ...,

«+uy An_y A, — npoeknun BektopoB C,C,, C.,Cs,...,C,—C,
COCTaBJSAIONIMX JOMaHYIO, TO TeOpeMa JoKasaHa.

B panbHeltieM Mbl 6yZeM uyaiie MOJb30BAThCS YaCTHHIM
cayuaeM 3TOH TeOpeMbl, KOrja JoMaHas COCTOHT H3 JIBYX
3BEHbEB.

CnencrtBue. Ecau nomanas C,C,Cq ...C,—; C, 3am-
KHyTas,, TO CyMMa NpPOEKUHH BEKTOPOB, COCTABJISIONIUX 3Ty
JIOMaHy, paBHa HY.IO.

IlelicTBHTEIBHO, B 5TOM CJiyyae Hayaso joMaHo# C; H
konen C, coBmajamoT u samblkawomuit Bektop C,C, obpaia-
eTcsl B TOYKY (HyJeBoH BekTopl), MOSTOMYy ero HpOEKIHA
Ha OCb paBHAa HYJIO.

[NepefineM Temepb K [OKAa3aTeJbCTBY TEOpPeM CJIOXKEHHSA
AJsT KPYroBuIX (YHKUIHH.

r) BripaxeHue sin (« - B) u cos (a;- 8) uepes CHHYC K KOCHHYC
oT & U

[TycTs @ ¥ B — npousBo/ibHEIE AeACTBUTENbHBIE YHCJA.
BosbMeM 4MCJIOBYIO OKPYMKHOCTb C CHCTEMOH NpPSMOYTOJib-
Helx KoopauHaT xOy (pHc. 84) u OT/I0KHM Ha Hell v AB =a
pajuaH. 3aTeM NoBepHeM ocH KoopauHat xOy BOKDPYT TOYKH
O Ha yroJ a pajguaH, NOJYYHM
HoBylo cuctemy oceli XOY,
B KoTopoH ock abcuucc OX
npoiizetT wepes Touky B. Ot
9TOH TOUKHM OTJIOXKHM Ha OK-
PYKHOCTH \w BM = 3 pajuaH,
U3 TOYKH M OmyCTHM Ha oOcH
O0X u OY nepneHAHKYJSIpbl
MM; n MM, n npoBezrem panu-
y¢ OM. KarteTsl TpsSMOyroJib-
HOro  TpeyroJgbHuka OM;M
obpasyor Jomanylo OMM, Puc 84,
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COCTaBJIEHHYIO H3 IBYX BekTopoB OM,; u MM, a rumnore-

Hy3a GyzneT BekTopoM OM, 3aMEIKaIOULHM 3Ty JoMaHyo. Ecin
CIPOEKTHPOBATh COCTABJSIONLNE BEKTODH 3TOH JIOMAHOH H
3aMblKaloILHil BeKTOp Ha ocb Ox, TO mo TeopeMe 7 MOJYYHM:

np,OM = np, OM, + np, M; M. *)

3amerus, uto v AM=wAB+ UBM=a+B u Hc-
noJb3ysi ONpeliesieHHe KPYroBblX (DYHKUME M TeOpPeMbl O Mpo-
eKI[HH BEKTOpa, HaXOAHM:

1) np, OM = OMj = cos (& + B),
— A
2) np,OM, = OM, cos (Ox, 0X) =

= 0{1/1_1 cosa, [cnen. us Teop. 6]

3) np, MiM =np, OM, = [Teop. 5]
N

= OM,-cos (Ox. 0Y) = [reop. 6]

= OM, cos (e + 90°) = — OM, sina [Tak xax

2 x0Y = 2 x0X 4+ 2 X0Y = a +90°].
Taxum ofpaszoM, paBeHCTBO (*) naert:

cos (a + B) = OM,-cosa— OM,- sina.
Hcnospays onpefenieHne CHHyca H KOCHHYCa Ha WYHCJIO-
Bo# OKpyXHocTH ¢ ocsimu XOY, nosyuaem:

OM; = cosf, OM, =sin,
CJIeJOBaTeNbHO,
cos (a + B) = cos B cosa — sinP sina.

Tak Kak 3TO TOXKJECTBO CIPABEJJIMBO IJs JOGHX 3Ha-
ueHHl ¢ ¥ B, TO MOXKEM 3aMEHHTb B HeM [ Ha (3-]—%,
MOJYYHM:

cos [a + (p + %)J = cos(p + —;-)COSa—
. T .
—sin + (B + T)sm d,
OTKyZa 1Mo (opMyJiaM CBEeJEHHS CleLyeT:
—sin(a + B) = —sinfcos a —cosfsina,

sin (& 4 B) = sina cos f + cos a sin .
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n) IlpuBesem eme oauH BhIBOZ GopMmys Anas sin (a + B)
u cos (o + ), ocHOBaHHBII Ha cJefyouefi TeopeMe:

Ecau umeemcsa cucmema npamoyeosvrolx kKoopdunam x0y
u mouka M (x, y) u ecau ocu 3moill cucmemvl nogepHymd
goxpye ux Havasa O Ha yeoa ¢, MO NOAYLUMCA HO8AA CU-
cmema npamoyeoastolx koopdunam XOY, 6 komopotl mou-
ka M 6ydem umemo Hosvie koopdunamer (X, Y), cessanneie
C npesmHumMu ee Koopouramamu (x, Y) COOMHOUEHUAMU:

x = Xcosa—Ysina,
y=Ycosa -+ Xsina.

B camom pene:
1) Manum reoMeTpHuecKoe MOCTPOeHHE JaHHHIX (pHC. 85):

oM, =x, OM, =y,
OM; =X, OM,=Y. v y

2) PaccmoTpum soma-
Hyio OM,M, y koTopoii
COCTaBJISIIOIHE BEKTODHI
OM, u M,M, 3aMmbiKaio-
muii  Bektrop OM. Ilo
TeopeMe (7) mpOEKIHH
9THX BEKTOPOB Ha OCb
Ox cBsi3aHBl COOTHOIIe-

HHEI:’I_:__ .
np,OM = mp, OM, +

+ np, M,M.
Ho np,OM = OM, =,

A A
np, OM, = OM,-cos (Ox, 0X) = X -cos q, [cren. Teop. 6]
np, M,M = np, OM, = [Teop. 5]
A
= OMy,-cos (Ox, OY) = [cnen. Teop. 6]
=VY-.cos(a +90°) = —Y-sina
[Tak Kak = (Ox, OY) = = (Ox, 0X) + = (0X, OY) = a + 90°],
cJiefloBaTe/bHO,
x=Xcosa—Y sina.
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3) Ecan cnpoekTHpoBaTh BEKTOpPHl TOH K€ JIOMaHOH
OM,M Ha ocy Oy, To moJydHM:
np, OM = 1ip, OM, + p, M, M.
Tenepe np,OM = OM; = y,

_ A
npyOMz = OM,-cos (Oy, 0X) = [cnen. Teop. 6]
= X cos (@ —90°) = X sina
[rak kak = (Oy, 0X)= a — 90°],

np, MoM = l'lpyO_M4 = |Teop. 5]
A
= OM,-cos (Oy, OY) = [cnen. Teop. 6]
=Y cosa,
y X CJe0BATEJBLHO,

y = Xsina + Y cosa.

4 M
N 8 Teopema goxkasaHa.
ERNR Hcnonesys sty Teopemy,
M JIErKO BBIpasuth Sin (a + B)
! ? 2 ¥ cos (e +B) wuepes cu-
M = X HyC H KOCHHyC OT a H f.

Hns storo Ha wucJjo-
BOH OKDYKHOCTH C CHCTe-
Mo#i koopaunat xOy oOTJIO-
KuM w AB= a paguan

Puc 86 (puc. 86). 3atem moBepHeM

OCH KOOpIHMHAT BOKDYI HX

Havyasa O Ha yroa a H

oT/oXKHM v BM =8 pajgman. (O603HauHB KOOPJHHATHI

Touku M B cucteMe xOy uepe3 x M y, a B cucreMe XOY

yepes X U Y ¥ HCnoJb3ys ONpejeseHHe KPYTFOBHIX (yHK-
uuii, 6yzem umeTb (cM. puc. 86):

x = O0M, = cos (a + B), X = 0OM, = cos §,
y=MM=sin(a+8), | ¥Y=MM=sinB
Ho mo npenmipyuief - TeopeMe
y=VYcosa + Xsing, x=Xcosa —VYsing;

TMOLCTABUB B 3TH COOTHOUIEHHS1 3HAYE€HHA X, [, X u Y, no-
Jiydaem:

sin(a + B) = sinf cosa + cos 2 sina,
cos (a + B) = cos B cosa —sin B sina.
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Ynpascuennsn.

1. Tlosb3ysiCb MOHATHEM BeKTOpa H €ro NMpoeKLud Ha ocb, AaTh HO-
BOe OnpefeJieHHe KPYroBeiX (YHKuUHH Sinz M €OS 2, 3KBHBaJEeHTHOE AaH-
HOMY HaMmM paHee (cM. cTp. 124) onpeaeJieHHIO.

Y xasaHue, Kaxnpomy
NeHCTBHTEJNbHOMY HYHCJY 2 COOT-
BETCTBYET Ha YHCJOBOH OKDYiK-
HocTH (pHc. 87) Touka M (2),
onpegessiomas  eLUHCTBEHHbI
BeKTOp OM C HavaioM B LEHTpe
OKPYHOCTH;

v
cos 2 = OM, = np, OM,
sin z = OM; = npy OM

2. Ha pucynke 88 usoGpa-
’KeHa oCb / H OC/IeI0BaTe/bHOCTD

BeKTOpPOB  AyA., AqA, cees
A,_; Ap, o6pasyiolux npaBHIb-
Helii n-yroabHuk. Halith cymmy
npoeKun#i STHX BEKTOPOB HA OCh
I, ecin Bektop A;A; HakJoHeH
K ocH [ moj YIVIOM a.

YV kaszaunue. Bce BexTOph
HMEIOT OJMHAKOBYIO IJIHHY (0603-
HauuM ee Yepe3 a), H KaXAni

BEKTOp 06pa3yeT yroa ———  co
n

CJAeAYIOIUM BEKTOPOM, IMO3TOMY
HCKOMas CymMMa

3=acosa+acos(a+2_:)+

y
M?»-- lM/Z)
I
Y
X
o] M,
Puc. 87.
'4‘1
A3
//
7
A A,
7]
e S -
7~
Puc. 88.

+ acos (a+_2nl- )+...+ acos [a+_2nl(n—1) ]

Ilo caencTsHIO H3 TEOpEMBL 7 aTa CyMMa paBHa HYJIO, TaK Kak Jo-

manas A;A.4s ...

A,_, A, saMKHyTas.

3. JloxasaTk, 4YTO BO BCAKOM TpeyrobHuKe ABC BHINOHSETCS CO-

OTHOLUEHHE:

a=bcosC -+ ccos B.

A

Puc. 89.

Ykaszanue. CropoHs
IaHHOIO TPeyroJbHHKa (pHC.
89) MOXHO CcyMTaThb Hampas-
JIEHHBIMH OTpe3KaMH, pacnoJo-
XKEHHRIMH TaK, 4YTO BEeKTOphI
CA n AB cocTaBisiloT JoMa-
Hyio CAB, a Bexktop CB
3aMBIKaeT 3Ty  JIOMaHylo.

Io Teopeme (7) np, CB=
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=np, CA+np,AB, T. e. —a=bcos (180°— C) -+ c ¢os (B + 180,
oTKyAa a = b cos C 4 ccos B.

4. Pa3noxutb cuny P, NpHIOXKEHHYIO K HEKOTOPOH MaTepHalbHOH
Touke O, Ha JABE COCTAaB/SIOLUIHE CHJbl TaK, uyTOGEH OHH 06pasoBay C
RaHHOH cuJIof YIB! a u B.

Yrasanue. [laguM reoverpuyeckoe H306paKeHHe JaHHOH CH-
Jel P, HCKOMHX cum Py u P, W ocelt KoopauHat xOy, KaK 3T0 CHeJaHO

v Ha pucyHke 90.
A BexTop OB 3aMbiKaeT JOMaHYIO
A OAB, cOCTaB/JEHHYIO H3 BEKTODOB

\ OA u AB, mostomy mno TeopeMe 7:
L8 X npbf:np—oj-l-npﬁ
s [puuuMas 3a ocb IpoeKUHH oCh
- 0X, a sateM ock QY, moayuum co-
OTBETCTBEHHO:

1. P = P;cosa - Pycos (— B),
Puc. 90. 2. 0= Pycos [—(90°—a)] +
—+ Pjcos [— (90° +B8)], T.e.

0= Pysina— P,sinf.

Pemns cucTeMy 3TX ypaBHeHHii OTHOCHTeNbHO Py u P,, Hafinem:

Py = Psin 8 — _ PsinB

' TsinacosBF cosasinp sin(e 4+8)
P, = Psina — _ Psina

2 sina cos B 4 cos a sin f sin (a -+ B)

5. Ha martepuaibuyio TOuKy AelicTByioT Tpu cuirt Py, P, u Pg, 06-
pasyiomue Mexay co6oif momapHo yraet B 120°. Haiitu paBHOzeiicTBYyIO-
mpe atHx cHa. Paccmotpers cayuail, korga Py == Py = P,

§ 28. dopmyasl A8 HaXOXKJeHHS CHHyca M KOCHHycCa
pa3HoCTH aprymeHrta

B npeppiaymux 3ajavax HaM IPHIIOCH yKe HCIIOJb30-
BaTb TEOPEMY CJIOKEHHS [IJIs1 OTHICKAHHS CHHyca pas3HOCTH
IBYX aprymMeHToB. B pmasbHefimeM HaM INpHIeTCS BecbMa
4acTO HAaXOAMTb CHHYC M KOCHHYC DPasHOCTH JIBYX apryMeH-
TOB, NO3TOMY BhIBEAEM 3JeCh COOTBETCTBYIOLIHE (OPMYJIbI
H NOCTapaeMcsl UX BalOMHHTb:

sin (¢ — ) = sin [a 4 (— B)] = sina cos (— ) +

+ cosa sin (— @) = sina cos p — cos a sin B;

cos(a — B)=cos [a +(— B)]=cos & cos(— B) — sina sin (—B)=
= cosacosP + sinasinf.
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Hrak, sin(a—B)=sinacosf — cosasinf; (80, a)
cos (¢ — B) = cosa cos B -+ sina sin . (31, a)

Mpumep. [lpeacraBus 15° kak pasxocts 45° u 30°, Jerko HaliTH ¢
nomoubio dopmyast (31, a) KocuHyc yrsa B 15°, a uMeHHO:

cos 15° = cos (45° — 30°) = cos 45° cos 30° + sin 45° sin 30° =
1 —
= (V& 4+V2)=0,9659,

y
C’}/Nsm(x-o %7) /
0 \/ X
Y,= Yty = SIX + COS X
y 2)/: g/sinxwasx}

6)[ y,=.smx 4

-%T 0 X
y=cosx

]
Dy

Puc. 91.

B 3akJ/iioueHHe OCTAHOBMMCS Ha TOCTPOEHHU Trpaduka
dyHKUHH:
y =sin(x + ¢) =sinxcosc -+ cos ¥ sinc.

11
ITonoxum, Hanpumep, ¢ = —~, GyAeM HMeTb:

y = sin (x 4 -) = sinx cos 4 + cos xsin7- = Z2—2-(sinx+
+ cosx).

I'paduk sTO# (YHKUMH MOIKHO MOCTPOHTh IO JieBOH ua-
CTH, T. & y=sin(x+ %—)z 510 OYyJeT cMelleHHasi CHHY-
couga (puc. 91, a). CioxHee mocTpoeHHe 3sTOro rpaduka
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V2

10 npaBoOfi YyacTH, T. e. Y = 3 (sin x-cos x) (puc. 91,6),
OHO OCYILeCTBJIfIETCH TakK:

1) npoBoxuTCs rpaduueckoe cJOXKeHHe TrpadUKOB y, =

=sinx u y, = cosx;

2) 3aTem «ymHOXeHue rpaduka» y,=sinx 4 cosx Ha
3
]2 . B pesysbTate nosyyaloTcs TOXAECTBEHHble TrpadH-

KH, TOJIbKO K HHMM IpHILJIM PA3JHYHBIMH IIpHEMaMH MOCTpO-
eHus.

A xak xe nocTpouTb rpadux ¢yHKUMH 2 = sin(x + y),

TAe BTOpOe cJlaraeMoe Takixe IepeMeHHOe?

Puc. 92.

D710 GoJiee CJI0XKHOe NMOCTPOEHHE BLITIOJHAETCA B MpoO-
CTPaHCTBEHHOH cHCTeMe KOODAHMHAT uyepe3 cBejéHHE K TIpa-
¢uky ¢yHKUHH z = sin(x + ¢), The ¢ H3MeHsieTcs B HHTepBa-
Jge (— oo, 4+ o). TakuM nyTeM nNoJyyuTcs OGeCKOHeUHoe
MHOXKECTBO KPUBHIX (CMEILLEHHBIX CHHYCOMJ), KOTOpble 00-
pasyoT NMOBEPXHOCTb, U300paKeHHYl0 Ha pHCYHKe 92.

Ynpaocnenus.

1. Haiith xocunyc yraa B 75°.
2. TNokasath, uto a4+ b =90°, ecan sina= % usin b=

cn‘l-h

npHyeM a H b — OCTpLIE YIJIBL
3. HokasaTb TOXZECTBO:

sin (@ — b) sinc¢ 4 sin (b—c¢) sina+sin(c—a) sinb = 0
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4. Iokasate, uto sin (e 4+ 8) < sina 4-sin3, ecaum « u 8 — uncaa
uHTepBana (0; %.).
5. IlpH KaKoM YCJIOBUH BHIMOJIHSETCS HEPaBEHCTBO:

cos a cos § > sin a sin §?

6. IlokasaTb CnpaBelJIMBOCTh HepaBEHCTBa:

| sin 3x cos 5x 4 cos 3x sin5x| < 1.

§ 29. TaHreHc W KOTaHreHC OT aareGpauuecko#f CyMMbi
IBYX apryMeHTOB H COOTBETCTBYIOIIME TpPHTOHOMETpHUECKHE
TOXAeCTBa

Hcnonbaysa ToxkzectBa (9) M TeopeMy CJOMKEHHS apry-
MEHTOB J1JIs1 CHHYCa H KOCHHYycCa, HOJydaeM:
_ sin(e+J) _ sinacos+cosasind
tg(a+B)= cos(e4B) = cosacosp—sinasinB '

sin(«—f) _  sinaecos3—cosasin
tgla—f) = cos(¢—B)  cosacospgfsinesing

Econ a== % + 2=k u B —;—- +2rk, TO JeaHM UHCIH-

Telb M 3HaMeHaTe/Mb NpaBblX YacTeH STHX pABEHCTB Ha
cos a cos 8, Haxomum

te(a +B) = 1A (32)

tga—tg3
tg(x—B) = T (32, a)

3t# dopMyJEl BCTpeualoTCs BHEepBHe B padoTax meTep6yprcKoro
akanemuka Slkoea ['epMana (1678—1733).
ILTIFI KOTaHreHca CYMMBI B pPasHOCTH aprymMeHToOB

nosyyaeM cjaefylomue GopMy.JIbL:

_ 1 _ l—tgatgd,
ctg(a +B) = te@+p  lge+tg3 °

_ 1 - l+tgatgd
ctg(a—B) = ig@—3 ~ tga—1tgs °

I puMeuyaHHe Kotanrenc CyMMbl # DPa3HOCTH apryMeHTOB MOX-
HO BBIP@3UThb H HENOCPEACTBEHHO 4Yepe3 KOTdHMeHCHl 3THX apryMeHTOB,
HO TaKue BhIPaAXKEHHs ynorpednmo'rcsx pPeAKo.
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Ynpaxcnenus.

1. MNoxasatb, uTt0 a- b =45°- 180°-n, rme n—uncio wuesoe,
ecsH tga:T H tgb=_3_.
2. Tokasate, uT0 @ + b 4 ¢ = 45° 4 180°.n, rme n — uHcO Lesoe,

tga=_—, =__utge=—.
ecau tga 3 tgb 5 utge 3
3. [HokasaTe TOXKIECTBa:

tg(x+y)—tgx—tgy=tg(x+y)-tgx-tgy.
1

4. TaHreHchl TpeX OCTpBIX YIJIOB COOTBETCTBEHHO PaBHEL: _;_, ==
1
8

5. Yron B 45° paszenuTh Ha 1Be 9aCTH TaK, YTO6bl TaHreHC OXHOM
H3 HHX GBI BABOe GoJibllle TaHreHca NpYro#.

" . IlokasaTh, 4TO TepBHIH yros paBeH CYMMe IBYX APYrHX

§ 30 CnencrBus M3 TeopeM O KPYToBhiX (hyHKLMSAX
OT aJjreGpauyeckoii CyMMbl LBYX apryMeHTOB

1.-KpyroBbie byHKUMH CyMMBl HECKOJILKHX apryMeHTOB

Hcnonpayst TeopeMbl CJI0XKeHHsS IJs ABYX apryMeHTOB,
JIErKO MOJIYYHTh CHHYC, KOCHHYC H TaHI'€HC CYyMMEI HECKOJIb-
KHX aprymeHToB. IlycTb, Hampumep, a, B M |— Tpu neii-
CTBHUTEJBHBIX YHCJIa, TOrIa

sin(a + 8 + 1) = sin[(« + B) + 7] = sin (« +- B)cos 1 +
+ cos(a 4 B) siny;
cos(a + B + 1) = cos [(« -+ B) + 7] = cos(a + B)cos y —
— sin(a + B) sin;
tg(z+ B+ =tgla+p) +1=FCF2LlL
3amenuB sin (@ + 8), cos(a + B) u tg(a 4 B) monyuennsmMu
BBILIE BhIpaXKEHHSIMH, HaXOLHM:
sin(a + B + ) = sina cos B cos y 4 sinf cosa cos 7 +
+ sin y cosacos B — sinasinBsiny;
cos(a + B + 1) = cos a-cos  cos y — cosasin Bsin 1 —
— cos B sinasiny — cos ysina sin B;

tgaf-tgf+tgy—tgatgfigy
l—tgatgh—tgatgy—tgfhtgy

tg(a+B+1)=
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Otu dopMyan Bnepsee faeT B 1722 roay wseilnapckuii MaTeMaTHK
Horann Bepryann (1667—1748), sBasBuwniics noueTHuIM uieHoMm IleTep-
6yprckoit AKajeMHH HayK.

AHaNOrHYHEIM NyTeM MOXKHO NepeHTH OT CHHyca, KOCHHyca H TaH-
reHca CyMMhl TPeX apryMeHTOB K KDYroBmM (YHKUHSM 4eThlpeX H GoJjee
apryMeHTOB.

2. Kpyrosble yHKI MM KpaTHOro apryMeHta

[Tonoxus B =a B dopmynax (30), (31), (32), nonyuaem
CHHYC, KOCHHYC H TaHreHC yJBOEHHOrO apryMeHTa:

sin2a = 2 sina cos a; (33)
cos 2a = cos?a — sin?a; (34)
2tga
tg 22 = — 85— {35)
y y =sin2a Y, =)y, = sina-cosa
y=2y,=2sinacosa -
- 22 . Y=cosa_
» ~ = sina \ .~
Z AN e
a) N / 2m
0 Z N a
2 AN
N o<
y y,=cosa  y asinta

y=c0s2u

Puc. 93.

Ha pucynkax 93, a m 6 paHo rpaduyeckoe HCTOJIKOBA-
HHe ToxkzecTB (33) u (34).

Hcnonesya sTH  ToxAecTBa M TEOpeMBl  CJIOMKEHHS,
JIerKO MOJIyYHTb KPYroBble (DYHKIMH YTPOEHHOI'O apryMeHTa,
y4YeTBEpPeHHOro aprymMeHTa H T. X.
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Hanpuwmep: sin 3a = sin (2o 4+ o) = sin2a cosa +
-+ cos2a sina = 2sina cos?e + (cos?a —-sin?a)sina =
= 3sina(l —sin*e) —sin®a = 3sina — 4sin®z, T. e.
sin3a = 3sina —4sin®a;
cos 4o = cos 2 (2a) = c0s?20 — sin 220 = (cos?« —sin%a)? —
— 4 sin?a cos?a = cos?a — 6 cos?asin?a -+ sinto.

Kpyrosbie QyHKUMH OT KPaTHOrO aprymeHta OblH BbIBEAEHH Y
®pancya Buera, Hauaso- e nosioxkeHo eiwe [TromemeeM.

3. KpyroBbie GyHKIHHH OT «NONOBKHHOrO» aprymenTa

[lpn pelleHHH pas3/MYHEIX 8ajay, a TaKkKe IIPH COCTaB-
JIEHHH TabMuL KPyroBblXx (GyHKuu#t mpuMeHsitoTCS (HOpMY.IHI,
BbIPaXKkaiollye KPyrosble (QYHKUHH «IOJOBHHHOI'O» apryMeH-

Ta —g— yepe3 KpyroBble (pyHKUHH aprymeHra o. Yrobbl Haii-
TH TakHe (OpMyJibi, 3aMeHHM B TOXjecTBaX (33) u (34)
aprymMeHT o Ha —af W [epecTaBHM IIPaBbleé H JeBble YacTH
3THX TOXKJECTB, NOJYYHM:

2sin - cos - =sina; *)
cos? 5 — sin? & =cosa (*"
Z 2 :

Kpome TOTO, BO3bMEM e€ll€ TOXKIECTBO

a . a =

cos? 5~ + sin® = 1. (***)
CknameiBasi NMOYJIEHHO TOXJeCTBa (**) u (***), mosyuaem:
2c0s? 5 =1+ cosa, (36)
OTKYZa cos 3“— =+ V-__T__I'*‘““ ) (36,a)

Briuutas nounenHo (**) w3 (***), Haxogum

. a
2sin? o =1—cosa, (37)
. a T—cosz

sin4-= % /l_;&si ) (37,2)

Ha pucynkax 94 u 95 gaHo rpaduueckoe TOJIKOBaHHE
ToxaecTB (36) u (37).
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y= 7+)/1 = /+cosa

Puc. 94.
- - 2 a
4 y=2y;=2sn
7 = =s5ng
-~ AN %
/ \\
Z N x
0 AN
2Z \ sl
Y, = 8N 5 \\ //
\\~_,/ X:sma
y y:yz-)llzl—ct?é‘a
~
~
N
N
AN
N
<
4 \\ 7
AN /
~ -
\\__//
Puc. Y5
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Haxkonen, pasaenuB mousenHo (37,a) Ha (36,a) noayuaem:

L l—cosa
== Tan (38)

Ons tg—;- MOXKHO NOJIYYHTb M Jpyrue BhIpameHHs, 6o-

Jiee yJIOOHLIE TeM, YTO B HHX OTCYTCTBYeT pajHKaJ H ecTb
NOJIHAs ONpeleJIeHHOCTh B 3Hakax. [l 3TOro pasjenuM
HOYJIEHHO TOXJecTBO (*) Ha (36), moayumm:

tg o = TST‘:CT . (38,a)
Tenepy paspenum (37) Ha (*), monyuum:
tg o = o5 (38,6)

3Hak nepex pagukanamu B ¢opmyaax (36,a), (37,a) u
(38) Gepercsi TaxkoH, KakOH HMMeeT AaHHas (DYHKIHA B COOT-
BETCTBYIOIIEH YeTBEPTH YHCJIOBOH OKPYKHOCTH, T. €. TaM,

a
rae usobpameH apryMmeHT —-. Tak, Hanpumep, ecan us-

a
BECTHO, 4TO YHCJIO - H300pajKkaeTcs Ha YHCJOBOH OKPYX-

HOCTH B TpeTbell 4eTBepTH, TO pajMKaJbl B popMmyaax (36,a)
u (37, a) cjaefyeT B3ATb CO 3HAaKOM MHHYC, a B (opMmyJe
(38) — co 3HaKOM mJIOC, TaK Kak B 3TOH UETBEPTH CHHYC H
KOCHHYC TPHHHMAIOT OTpHUATeJ/IbHble 3HAYEHHS, a4 TAH[eHC—
II0JIOXKHTE/bHbIE 3HAYeHHS.

Ecay e HaM JIaHO TOJIBKO 3HaueHHe cosa, HO 06 ap-
TryMEHTe o« HHUEro HEH3BEeCTHO, TO B (opMysaax cJaexyer
COXpaHsiTh 06a 3HaKa, TaK KaK KaxXJOMYy 3HAuyeHHIO COSa
COOTBETCTBYET [Ba 3HaueHHs /000 KpyroBo# (YHKIHH OT

aprymenTa —;—, oTJHyaomuecs Mexay cobo#i sHakom. Ilpo-

.
BEPHUM 3TO, HaANpHUMep, [AJdd sm—2- .

[Tycts cosa =c¢. JlaHHOMY 3HaueHHIO KOCHHYCa COOTBET-
cTByeT GECKOHEUHOE MHOMKECTBO 3HAaUeHHH apryMeHTa a, 4To
BUAHO no rpaduxky (ctp. 152, puc. 34)

o= xa,+ 2=k, rae k=0, =1, +2,...

a a . a
u 0 <, <= CrenosaresbHo, - == —2"— + =k usin 5=

=sin (—.L— —;"— + T»k), rie k— nNpou3BOJILHOE [[eJi0e YHCJIO.



B cJiyuae ueTHOro £ umeeM: k2 =2n u, cJeJOBaTeJbLHO,

%

sini=sin(i —g°—-+n-2n)=sin<-_&- ﬂ-) = = sin —

2 2

Tlpu weuetHoM £ uMeeM: 2 = 2n -1 H, cllefoBaTeLHO,

sin%:sin[i%—l—n(?n-{—l)]=sin(i -;0—-—]-1':)::

— i I in—o_
= Sll’l(:l: 2) =FSll’12 .

%o

2

. a
Hrak, Bo Bcex cayuasx sin —- = + sin , TIe

O<ﬂ’— <—2— Tagum o6pa3om, OJHOMY 3HAUEHHIO COSa

COOTBETCTBYET JBa IPOTHBOIIOJIOXKHBIX IO 3HAKY 3HAUCHHUS
. a .
(yHKUME sin—-; 3TH 3HaYeHHs H JaeT Qopmy.a (37,a).
Haxoxnenne xpyrosblX (YHKIMH [OJNIOBHHHOrO apryMeHTa HMeJo
OrpoMHOe 3HaueHHe NPH COCTABJEHHH TaG/HIl XOph H TaGJHIl CHHYCOB.
Bor mouemy yxe B paGore IITosiemess uUMEIOTCS 3apOAEIIM KPYTOBBEIX
(YHKUMA OT IOJIOBHHHEIX apryMeHTOB, XOTH M B Apyrok dopme. Mupuit-

ckuff matematuk Bapaxa-Mupa (550 r. H. 3.) ZaeT ¢opMy.Jy IJfl CHHYCa
TOJIOBHHE! yrya, GJH3KYI0 K Hained dopmyse.

Pemnm cnepyiomuit npumep: AaH cosa = 0,7550; HafiTu
. a a a
sin —-, oS - H tg-§-

Pewmenue. Ilo dopmyne (37,a) umeem:

sin 2 = i]/l—gosa -+ )/ 12000 _ Yo

= +0,3500.
cos—;— -+ ]/_1_"‘0_'75_50_—- + V0,8778 ~ = 0,9368;
1—0,7550 0,3500
tg = = ~ & e 40,3736,
g = V 1+0,7550 0,0368  ~ 0,373

4. O BO3MOXHOCTH COCTaBJeHHS TaGJaHI KPYroBbIX (yHKUUI

TeopeMbl c/OKeHHS W HMX CJAGACTBHS, PaCCMOTpPEHHbIE
HaMH B JaHHOH r/aBe, JHalOT BO3MOXKHOCTb COCTaBJIEHHS
TabJiul, KPYrOBBIX (DYHKLHH BBIYUC/IHTE/BHBIM METOJOM.
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B camom pneJne, 3Has, uyto cos 30° = —]/21 = 0,8660 ...,
Mbl MOXKeM Ha#iTH no c¢opmyaam (36,a), (37,a):

cos 15° = V l+;os30° - V 1+(2),8660 ~ 0,9659 ;

sin15° =/ 1= L )/ 120880 g 958,

yTo ObIJIO paHee HaHAeHO MO APYrUM ¢opMmynam.

[pumeHnsis xanee 3TH ¢GOpMyJbl, MbI HalIeM KOCHHYC H
cunyc yryoB 7°30°; 3°45’; 1°52730”; 0°56’15” u 1. n. 3atem,
noJib3ysick (opMyJiaMH KpaTHBIX apryMmeHToB (33; 34) u dop-
MyJamu cymmbl aprymedToB (30; 31), Mbl MoXeM HaHTH
3HaueHHs KPYroBblX (yHKUUI BCeX YrJoOB, KDaTHHIX, HANpH-
mep, 0°56'15” u mosnyuuTh TeM caMblM TaGJHLy C ILAroM
B 0°56’15".

Pasymeercsi, 3HaueHHs! KPYroBbIX (QYHKUHH MOXKHO BbI-
UHCJATH C JIOGOH CTENeHbI0 TOYHOCTH.

Mzl He GyzeM 3mech OoJiee MOZPOGHO paccMaTpHBATHL
TEXHHKY COCTaBJeHHs TaOMHUBl, TaK KaK JAaJblle 3TOMY
BOINIPOCY NoOCBslLaeTcsl ocobas ryaa.a.

Ynpasicnenus.

1. B paBHOGeApeHHOM TpeyrojbHHKe KOCHHYC YrJa MpH BeplIHHe
PaBeH — —; OMPE/SIHTL CHHYC H KOCHHYC YT.Ia NPH OCHOBAHHH.
2, [lpoBeputh paBeHCTBa:

a) ctg 15° 4 tg 15° = 4;

6) cos..;_. cos%cos$.=%_;

L V3 _y.
sin 10°  cos 10°
8. [okasaTe HepaBeHCTBO: |sinzcosz| < -—;-

4. ana ¢yukuns f (x) = sinx cos x. Hafita:
a) mepHoX (YHKLHH,
6) 3HaueHHe apryMeHTa, NPH KOTOPOM OYHKIHS paBHa HYIO;
B) 3HaueHHe X, NPH KOTOPOM (YHKUHS NMPHHHMAaeT HaHMeHbliee
3HayeHHe.
Y kasanue. [IpeoGpazoBath pyHKuHIO K GOJiee MPOCTOMY BHAY.
5. IlokasaTtb, 470 sin2z < 2sinz, ecad 0 < z < =.

6. Hoxasatb, uto t€2z > 2tgez, ecimi 0 <z < _z_ .
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§ 31. MpeoGpasoBanye npoH3BefeHHst KPyroBuix (yHKuuA
B CyMMY 4 oGpaTHoe npeoGpa3oBaHHe CyMMbl KPYroBbIX
dyHKkuuii B npousBejeHHe

1. Mpeo6Gpa3oBanne MPOH3BELEHHS B CyMMy

[TouneHHBIM C/IOXKEHHEM H BBIYHT2HHEM TOXKAECTB:
sin (o + B) = sina cosf 4 cosasin §;
sin (a — ) = sina cos § — cos a sin 8.
[Monyyaem:
sin (& + B) + sin («a — )= 2sin a cos 3; (a)
sin (& + B8) — sin (2 — B) = 2 cos a sinf. 6)
Taxkum ke MyTeM H3 TOMXKAECTB:
cos (a + 8) = cosa cos B —sinasin B;
cos (@ — B)=cosacos B + sinasin§.

Haxopum:
cos (« 4 B) 4 cos (2 —B) =2 cosacos§; ()

cos (& + B) — cos (e — B)= — 2sina sin 2. (r)
W3 cdopmya (a), (6) u (r) Haxomum:

sina cos 8 = —é— [sin(a +B) +sin(@a—@)); (39,a)
cosacos 3= —;— [cos (o + B) + cos (@« —B)]; (39,6)

sinasinf = —;—- [cos (a — B) — cos (a 4 B)] . (39,B)

Bce atu ¢opmynnl Obiu HaftneHel Ppancya Buerta. [Tpu-
BeJIEM NpHMepH NPHMEHEHHS 9THX (bOngJI.

1. Haiitu x = sinacosB, ecau 8 = 13°30°, o« = 16°30".

Pemennue.

Mpuem 11 x=— [sin(a+8)+sin(a—B) =
= - [sin 30° 4 sin 3°] =~ - [0,5 + 0,0623] = 0,2761 .

[Mpuem 2: x=sinacos? = sin 16°30"-cos 13°30" =
=~ 0,2840-0,9724 = 0,2761.

[ToHsATHO, 4TO mepBBIH NpHEM 3HAYHTEJLHO MPOLIE BTO-
poro.
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2. Hailtu Takne 3HaueHUsi He3aBHCHMOH IIepPeMEHHOH X,
IpH KOTOPHIX (YHKUUS Y = COS ( + Bx) cos (W — 3x)

NpUHUMaeT HaHMeHblllee 3HaueHHe,
Pemenue. Ilo dopmyne (39,6) umeem:

= ()t 3+
+ cos (%+6x>] .

flcHo, uTO HauMeHbllee 3HAueHHe (yHKUHs y IPHMET TOTJA,
Korga cos (—2’-‘0— + ﬁx) =—1, T. e. npu —2%—}- 6x =n+2xk,

19
0 OTKYZa HAaXOMUM X = —5o- +
A + %Je, rjae k& — uneJoe,

3. Han yron AOB=oa u
TOuKa M BHYTpH Hero (puc. 96).

K L ITpoBecTH uyepes 3Ty TOUKY

4 AN NpsMylo Tak, 4TOCHl IIpOHM3Be-

) M ! JIeHHE ee OTPe3KOB OT TOYKH

p / 8 M po ctopoH yraa ObLIO Ha-
HMeHblIlee,

Puc. 96. Pemenune. [losoxenue

TOYKH M HaMm H3BECTHO, CiJie-
Jl0BaTe/IbHO, H3BECTHBl W NepneHAMKynaapbl MK u ML, omy-
IleHHble M3 3TOH TOYKH Ha CTOPOHB! yIJa; O6GO3HAYUM HX
JJTMHBL COOTBETCTBEHHO yepe3 a H b. IlosoxxeHne ucKoMO#H
npsmoit A,B, BIOJIHE OIpele/sieTCsl YrJoM, KOTOpHIE OHa
ofpasyeT ¢ OJHOH M3 CTOPOH JaHHOTO YIJa, HalmpHMep CcO
cTopoHoit OB; 0603Ha4uM 3TOT yroJ yepes x, Torga Oynem
HMeTb:

b
——
sinx ’

MB, = MA, = 2

a
Sin[180° — (xFa)] _ sin(xFa) ’
ab
sin(x +a)sinx*

Tenepr scHo, uro mnpousBesenue (MA,-MB,) Gyner
HMeThb HaHMeHblllee 3HayeHHe TOTr'[a, KOI'Aa CTOsLilee B 3HAMe-
HaTeJle BhlpaxeHHe sin(x+a) sin x 6yjer umeTb HauGosblIee
3HaueHue.
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Ho no ¢opmyne (39,B) umeem:
sin(x--a) sin x =% [cos & — cos (2 x + )],
a noJyueHHas pasHocTh OyjeT HauboJbilel npy cos (2x-+-a)=
= — | u, crejoBateybHO, Npu 2x + a = 180° orcooga Ha-
xo1uM x = 90° — —;— .
Hrak, npamyio A,B; creiyer NpOBeCTH Tak, YTOGHI

< A,B,0 6un pasen 90° —-;—, T. e. TpeyroaerHuKk OA,B,;

6yJeT B TOM cJayyae paBHOGeAPEHHbIM.

2. MNpeoGpa3oBanue CyMM B NPOH3BEJECHHSA

ITpu BBIYMCJEHHAX C NOMOLIbIO Ta6muy JorapudMor Gbl-
BaeT I[10JIe3HO Npeo0pa3oBaHHe CYMMbl K BHALY, YAOGHOMY
A4 norapudMupoBanus. s noayuerHus ¢dopmys, ob.merua-
IOIHX Takue Npeo0pa3oBaHUs, HCIONb3yeM TOXKJeCTBa (a,
6, B, I') 1 0603HAUEHHS:

atf=x a—f=y. )
CknajeiBasi ¥ BHIUHTAsl [OYJIEHHO paBeHcTBa (*), Haxomum
2e=x+y u 23=x—y,
+y
2

" B= X—Q‘!/ (**)

Hcnoae3ys obo3nauenus (*) u paBeHctBa (**), ToXaecT-
Ba (a, 6, B, I,) MOXHO 3anucaTb B CJeAyIOIleM BHJE:

OTKyZa o=

sin x+siny=_—:-25inx——§|'—ycos x—;—y—; (40)

sin x —siny = 2 cos x"gy sin x;y; (41)
cosx—l—cosychosHQ_ycosx;y; (42)

_ s Xty . X—y o Xty . [y—x

cos x — c0s y =—2sin—-= sin —5= =2sin——75* 311'1(—2—)
(43)

CrioBeCHO 3TH TOXKIECTBA YMTAIOT TaK:

Cymma cunycog awobbix apeyMeRmos pasHa YIBOeHHOMY
npou3ssedenulo CURYCA NOAYCYMMbL HQ KOCUHYC NOAYPASHOCMU
amux apeymenmos.

Pasnocme cunyoos a100stx apeyMermos pasra YyOB0eHHOMY
NpOU3Ee0eHII0 KOCURYCA NOAYCYMMbL HA CUHYC NOAYPASHOCTY
smux apeymenmos.
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Cymma Kocurycos a06bLx Apeymermos pasHa yoBoeHHOMY
npoussedeniio KOCUHYCa NOAYCYMMbL HQ KOCUHYC NOAYPASHO-
CMu 3Mux apeymenmnos.

Pasnocmo Kocumycos ai00bLx ApeyMenmos pasHa MUHYC
Y0B0EHHOMY NPOU3BEOEHUID CUHYCA NOAYCYMMbL HQ CHHYC NO-
AYPASHOCMILL IMUX APSYMEHMO8.

IlpeoGpasyem Tenepb K BHAY, YHOGHOMY Aas Jorapud-
MHDOBAaHHS, CYMMY H pa3HOCTb TAHTEHCOB:

__ sinx siny __ sinxcosy - cosxsiny
tgx+tgy= COos x + cos y = COs x COs y
Ho uucantess npaBofi gacTu paBeH sin (x--y), HO3TOMY
p Y
_ Sin(x +y)

tgx+tgy=cosxcosy' (44)

AHaJIOTHYHEIM NyTEeM IIOJyYaeM:

__ sin(x—y)

tgx—tgy= cosx cosy (45)

BriBefieHHEIE (DOPMYJIBI NMO3BOJIAIOT OOBSACHUTH MOJYYEH-
HBle HaMH rpa(uyecKHM NyTeM pe3yJ/ibTaThl CJOXKEHHS JBYX-
dasHbIX M TpexdasHBIX TOKOB (cM. § 25, ctp. 222). Cpe-
JiaeM 3TO.

a) i, = sin2nt; i, = sin(2nt 4 _%);

1 =i, + i, = sin2=t 4 sin(2nt + %-) =

2nt 4 (Qm:t + %) 2rt — (2111‘ + %)
= 2sin 3 cos 5 =

= 2sin (27rt—l— _}) cos _;‘._ = Vﬁ_sin(%t +%) .
[mo dopm. (40)]

DTOT pesysbTaT MOKa3blBaeT, YTO KpPHBaAs i, NOJyYeHHAs
HaMH{ paHblie CJIOXKeHHeM rpacHKoB i; u i, (puc. 74), a8

Asiercst AeOPMHPOBAHHON CHHYCOHZOH, H YTO aMIJHTY.Aa
e 2
cymmapHoro Toka K = CD =}/ 2, ero nepuon T =2—1 =1

=, “

2x 8

u (asa cmelleHHS @, =
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6) i, == sin2=t; i, = sin <2ut—— 2—;), iy = sin (Qﬂt—-%-) }
i =1, +i,+ iy =sin2xt 4 sin (2 t——§—> | sm(2’rt——3-)

[IpuMeHHB K CyMMe MEpBOTO W IOCJEIHEro CJaraeMblX
tdopmyay (40), nosyuum:

ot + (ont — A7 ont — (2nt — _":>
. . 3 3
i = 2sin 5 cos 5 -+

. i . 2
+sin <2nt~——§—> = 2sin (2 .\t—-g—) cos ~ tsin ( ~t— —3—) =

- (2—::——> [ cos2—3"-|-1].

]

= 1
Ho cos 5 = cos( ) —C0S— =-——5-, CJI€JIOBaTe/Nb-

[ )

3 2
HO, 2cos-§'— 4+ 1=0, a notomy i = 0.

Takum oO6pasoM, MBI MpHILIH K TEM IKe pe3yJbTaram,
KOTOpHle OblIH MOJy4eHhl B Hayaje ryaBbl MeOMeTPHYECKHM
cJoxeHueM rpadukoB ¢yHKRumh iy, i, u iy (puc. 70).

[Ipyu pellleHHH HEKOTOpHIX 3ajay H, B YACTHOCTH, IIPH HC-
C/IeJOBaHHH T'apMOHHYECKHX IMPOLECCOB NPHXOJUTCS HMETh
Jeso ¢ mnpeo6pa3oBaHHEM B TpPOH3BeJeHHE CYMMBbI BHJa:
a sina 4+ b cosa. 3To npeobpasoBaHHe NPOU3BOJLUTCS BBeJe-
HHeM JBYX BCIOMOTaTe/NbHBIX BEJMYHH ¢ H ¥ TaK, 4YTOOBI
BBIMOJIHSJIACh PaBEHCTBA!

a=rcos¢ u b=r sing. *)

JelcTBUTENIBHO, €CJM HaMm yJacTcs nogobpaTh TakKHe YHCJa
@ W r, TO, MOACTABUB IOJyYeHHBIE BHIPAXKEHHS a U b B JaH-
Hyl0 CymMMmy, OyZeM HUMeTb:

a sina 4 b cosa = r(cos® sina 4 sing cosa) =
=r sin(a + ). (*%)
Jns onpefieneHHs] 4Hce] ¢ H ¢ BO3BeLeM o6Ge 4yacTH pa-

BeHCTB (*) B KBaJZpaT, a 3aTeM [OU/JIEHHO HX CJOXKHM, [O-

JIYYHM:
a? 4+ b% = r*(cos’a + sin%a),

T. €. %+ b =r?,
OTKYyJa r=1 a*+ b
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3uas r, HaliieM U3 paBeHCTB (*)
_a _ a . b b
COS(P—T'-—- 752__{:._——!72— PISlI'l(p—-—r— = —-;Z—i——bz—',
a cJlefloBaTe/bHO, W apryMeHT ¢.
Ipumep 1. TlpuBenem yxkazaHHbIM crnocoGoM K BHAY, YA06-
HOMY ;N5 JorapupMUpOBaHHs, BhIpaXKeHHe §= 3sina —

—~V'7 cosa:
r=V e (VT =Y TFT =4
COs @ = -—Z’— = 0,7500, sinp = — V—%.

Iosb3ysice Tabuuliell H YUHTHIBAs 3HAK CHHYCA, HAXOJHUM,
9710 p ~—41°24’, crejoBaTesbHO, o dopMyJae (**)

s =3sina —)/7 cosa = 4 sin(a 4 ¢) =4 sin(e—41°24’).

Mpumep 2. Hekortopas matepuasnbHast Toyka moj JeHcT-
BHEM CHJBl F; MOMeT COBepllaTh B JAHHOM HalpaBJ/IeHHH
(manmpumep, Biosb ocu Oy) rapMOHHYecKOe KoseGaHHE Y, =

=2sin (=t 4+ % ; oz neficteueM jpyrofi cusn Fy oHa Mo-

JKeT COBepLaTh BLOJb TOH e OCH KoJeGaHue y, = 3sin«f
Kakoe npuxenue 6yner coBepliaTh 3ra TOYKa B pe3yJbTaTe
OJHOBPEMEHHOT0 JeHCTBHSl Ha Hee COEHX CHJI?

Pewenue. [lo 3akonaMm wMexaHHku Touka O6yzer co-
BepllaTh JBHMKEHHe, Omnpeje/fionieecd Tak:

Y=y, + y, = 2sin (wt + —;—) + 3sinnt = 2sinnt-cos -;— +
+ 2 cosnt-sin —%— + 3sinnt= (2 cos—g— + 3) sinmt +

+ (2 sin—g—) cosnt = 4sinwt 4+ V'3 cosxt.

IpeoGpasyem 3Ty CyMMy BBEJEHHEM BCIIOMOTATEJLHOIO
aprymeHTa o:

r ~—]/42 ‘2 = 1/19, c/leJ0BaTeNILHO, COS ¢ =

ZE_
Vi’

4

Vie

H

sing =

[To Ta6juue Haxomum: V—T:g-—_ =~ 0,9176, 1. e. cosp =

= (,8176, otkyza ¢ =~ 23°22’ ~ 0,4078 panuaH.
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Urak, y = 4sinxt + 1/ 3 cosat ~ V19 sin (=t + 0,4078),
T. e. Touka GyJeT cOBepmaTh TapMOHHYECKOE ABUIKEHHE C

aMIIHTY fOH V19, navamsholl dasofi ¢ =~ 0,4078 u c mpex-
Hefl 4acTOTOH.

Ynpaorcnenus.

L. Tlpusectu X BHAY, ynOGHOMY AMS JOrapH)MHPOBAHHS, BHIpa-
KeHHe:
sinA +sinB+4sinC, ecim A 4 B4 C = 180°

A+B A—B
Pemenmne. sinA+sinB=25in~—-2,-—cos CERE [40]

A+B 180°— C C
HO sin -|2- = Siu( 5 i =sin <90°— —2~) =cos 5} [18]

. . C
cneposatensHo, sin A 4-sin B = 2 cos 3 cos 5

C
no ¢opmyae (33) umeem: sinC =2 sin—- cos -g— .

Takum o6pasom,

C —
51nA+smB+smC—2c052 cos —5— +2sm—'g- 0S %-=
A—

=2 cos-—?—( cos —5— 4 sin g )

180°— (A + B A+ B A
Hosin—CQ:—=sin—£2—+—)'=sin(90°—— -g>=cos -2|—B’

A—B Cc A—B A B
1103TOMY cos —5 -+ sin 5 = C0s 5 4 cos +

A
= 2 cos "2— cos T MOJACTABHUB 3TOT pe3yJ bTaT B IMpeAblyliee COOTHO-
LIeHHe, MOJMyUYHuM:

- - A B C
sin A4 sinB+sinC =4cosT €os —5=Cos 5.

2. INpu KakoM COOTHOLIEHHH MEXIy aprymeHTamu «, 8, { crnpaBeg-
JIHBO PaBEHCTBRO:
tga+ 1g3+tgy=1tgatgldtgy?
Pewenne [lepenumen paBeHCTBO Tak:
tga+ tg3 +1g 1 — tga tg3d tgy=0;
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Oo6BeflHHHM [Ba MOCHEIHHX CJaraeMbix B OZHY IpPynny H BhIHECEM 3a
CKOGKy ofuiuii MHOMUTENb tg Y, MOayuHM:

(tga+tgB) +tgy(l—tga tgd) =0,
sin(z 4 B)

siny
sinacosB[44] tgy=—"i 1 —tgatgh=

Ho tgatigf= st

cosacosf—sinasinB  cos(a 4 3)
- cos a cos ~ cosacos3

INoacTaBuB 3TH BbIpaXXeHHsT B INpelbiayuiee paBeHCTBO H BhLINOJHHB
CJIOXKEeHHe, IMOJYUHUM:

sin (e +B)cosy+cos(a+B)siny

cos a cos f cos y

sin(z 43 + 1)

= HO TOJIbKO NpH .
Cos a cos B €0s 7 0, 4TO BO3MOXHO TOJLKO NPH YCJIOBHH

sin(@+8+7v) =0,

OTKyJa a+3—|—7 =k, rje k— qw060e LeJ0e YHCIO.

3. B 1Byx mpoBOAHHKaxX MPOTEKalOT 3JIEKTPOTOKH:
1, =40 sin 314f u [, =30 sin (314t—- %) Ecu nBa npoBORHHKA CO-
€[MHHTh B OAHH, TO 10 3aKoHy Kupxroda B 0GbeAHHEHHOM NPOBOJLHHKE
6yzet Tok [ =1I, + [,. Halitn ¢dyHKumio, BEIpaXamoulyl0 STOT CyMMap-
HHIH TOK.

Pewenue OGosHauuv pagu kparkoctH 314f uepes z, Toraa

1 =40 sin z ++ 30sin (z— %) = 40 sin z+30[ sin z cos %_—

— cos zsin -_;_] = (40 + 15V 3) sinz— 15cos 2.

I[a.nee nocrynaeM Tak e, KaKk B NepBOM YIIpaKHEHHH, a HMEHHO:
r=V (40+ 15-1 3) + 15266,

404153 _ ino=—W__ .
— =~ 0,975, sine 0 0,25, caepoBaTenb

cos ¢ =
HO, ¢ = —14°30’; B pammanax ¢~ — 0,253
I = rsin (z+ ¢) ~ 66 sin (314 — 0,253).
4. IlpeoGpa3oBaTh NMPOM3BEfleHHs] KDY OBbIX QYHKUHH B CyMMBL
a) cos —g—- cos —g- }
6) sin (x4 1) sin x.
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5. KpaTuallmuM nmyTeM C IOMOLIBIO HAaTypaibHBIX Ta6JHIL, KPYrosbX
GyHKIui HafiTH TPOU3BeJeHHs:

a) 2 sin 35°.cos 50°%

6) sin 12°.cos 8°-cos 10°,

Y kasaunue. IlpelBapHTeNbHO IPEACTAaBHTL KamAoe IIPOM3BEJIEHHE
B BHJE CYMMHI,

6. IlokasaTe, 4TO

sin 87° — sin 59° — (sin 93° — sin 61°) =sin 1°,

7. Tlpeo6pasoraTh K BHAY, YAOGHOMY AJA JorapupMHPOBaHHS, CJe-
LyloliHe BBbIPaXKeHHS:

a) V I +cosa—V [—cosa (0 <a<2m);

6) 35,4 sina — 28,6 cosa.

8. IlpoBeputs paBeHCTBa, He MOJB3YACh TaGJHUAMH}
a) tg 20° +4sin20°=¥"3;

3
6) sin 20°.sin 40°-sin 60°-sin 80°=—1§ H

8
B) tg 30° 4 tg 40° 4- tg 50° 4 tg 60° = —17.:_3 cos 20°,
9, JlokasaTb TOXKZECTBA:
a)y l+sinz—)V 1—sinz= 2sin% (0<z<% );

6) sina -+ sin(a 4 A) + sin (@ 4+ 2h) =

= 4sin (a + h) cos (—g— +% )cos (—g—_—g—) ;

sin a + sin(a 4 k) 4 sin (@ + 2h)- _ .
B) cos a + cos(a & 1) - cos(a - 2h) = €@+ h);

r) ig3x—1tg2¢«—tgx = tg3x-tg2x-tg x;

0 coste+ ot (F +x) oot (F 1) = 3
e) cosa+tcosb+cosc+cos (@a+b+c)=

a+b b+c c+a
5 COsT g Cos T5 .

= 4 cos

10. IlokasaThb, 4TO BEIpaXKeHHS

a) cos? x 4 cos?(x — a) —2cos x cos a cos (x—a) H

6) sin? (x 4+ a) + sin? (x + 8) — 2 cos (¢ — 8) sin (x + @) sin (x 4 B)
HEe 3aBHCAT OT X.

11. IToxasaTh crnpaBefJHBOCTb CJAeAYIOUHX paBeHcTs npH A 4 B4
.-I- C=r=

a) tgA+tgB+tgC=tgA-tgB-1gC;

A B A C B C
6 g5 te 5 +ttegte s +tegte g =1
B) cos? A + cos®? B 4 cos® C 4 2 cos Acos Beos C = 1,
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12. Haiitu sHauenns x B npomexyTtke [0; =], npH KOIOpbIX HHXKe-
crenyiouye byHKIHH HMEIOT HauboJIblliee 3HaueHHe, a TaKXKe HaHTH TakHe
3HaueHHs QyHKUHH:

a) f(x) =sin x4 cos x;

6) g(x) = 3sin xcos x;

B) h(x) = sin x sin (x-]- T)
13, [lokasaTb CIIpaBeAJMBOCTb COOTHOIIEHHH:
a) |sinx 4cosx|< Ve,

6) |sinzsin (%—-—-z )sin(%—-l—z )! < %.

14, TokasaTe, uto ecad A, B u C— yrJbl TPeyroNbHHKa, [pHYEM
ORHWH H3 HHX TYLOH, TO

1) tgA+tgB+1gC <0

2) tgAtgB+tgBtgC+ tgCtgA<l.

15. IlokasaTh, uto ecin A, B H C— yrael Tpeyro/ieHHKa, TO BhHI-
NOJIHsIeTCS HePaBeHCTBO:

3
l<cosA+cosB+cosC<—2—.

16. Ilycte A, B u C— yrJel TpeyroJabHHKa, J0KasaTh, 4TO STOT
TPeyrONbHHK

1) npsiMoyroubHbli, ecan sin? A 4 sin? B 4-sin® C = 2;

2) octpoyro/ibHuil, ecau sin? A 4 sin? B+ sin®C > 2;

3) tynoyrosbHbf, ecan sin? A 4 sin® B+ sin?C < 2.



ri4BA vl

TABJIMLbI KPYTOBbIX ®YHKUHUNA U UX
JIOTAPU®MOB C COOTBETCTBYIOUIEA
TOYHOCTBIO

Jo cux mop Mbl MOJb30BAJIHCh TOTOBHIMH TabJHIaAMH
KpPYyroBelX (PyHKUHH, HO He OOBACHSA/H, KaKMM NyTeM OBLIH
COCTaBJIEHbl 3TH TalJHLBbI.

BriuucsieHne 3HayeHHH KpyroBblX (yHKuUHH c Jmo6o# cre-
MeHbI0 TOYHOCTH OCHOBAHO Ha TeopeMe CJOXKEHHS H ee CJel-
CTBHSIX, @ TaKXKe Ha 3HAHHH OCHOBHBIX TPHTOHOMETPHYECKHX
HepaBeHCTB!, K KOTOpEIM H nepefijeM B CJeLylOlleM Hapar-

pace.
§ 32. OcHoBHble TPUroHOMETPHYECKHE HepaBEHCTBA

BosbmeMm aBe QyHKuHM: y = (x + 1) u y = x2 4 2x.
HetpyzaHo BHZeTh, uTO npH Jq060M 3HAYeHHH apryMeHTa
x passocTh (x + 1)2— (x? 4+ 2x) =1, caenoBaTesbHO,

(x+ 1) > %%+ 2x. (*)

D710 06CTOATEJBLCTBO BecbMa Har/sfiAHO NepefaeTcsi Ha rpa-
¢ukax naHHBIX GYHKUMH (puc. 97).

Wrak, ecau IBe QYHKUHH y = f(x) 0 y = @(x) IpH OOH-
HAaKOBHIX 3HAYEHHSX apryMeHTa X HMeT HepaBHbIe 3Haue-
HHS, TO BO3HHKaeT COOTHOUIEHHE BHJA

f(x) > o(x) wmm fx) < o(x),

1 CyuectByer H apyrofi Gojiee NMpOCTOH MpHEM BHIUHC/IEHHA 3Haue-
HHll KpYyroBhix ¢yHKuui, Haigenssifi B XVII Beke H HblHe paccMmaTpH-
BaeMblil B Kypce MaTeMaTHUeCKOro aHa/H3a, OJHAKO TaGJHUE KpYroBHIX
(GYHKUHMA COCTaBJIEHE 3HAYUTENBHO paHee 3JEMEHTapHHIM METOHOM, aHa-
JIOPHUHBIM PAaccMaTpHBAEMOMY B STOH IJIaBe.
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HasbiBaeMOe HepaBeHCT-
BO M. MHOKeCTBO 3HaueHHH
apryMeHTa X, IpH KOTOpbIX
HEepaBeHCTBO BHINOJIHSIETCH,
Ha3bIBAIOT €ro pelIeHHEM.
Tak, B npexblAaylieM NpH-
Mepe HepaBeHCTBO (*) BEHI-
NOJIHseTCs NpH Jao6om Hefi-
CTBUTEJILHOM 3HauyeHHH X,
CJieloBaTeNbHO, €ro pelle-
i HHeM 6y ZIeT MHOXKEeCTBO BCeX
JeHCTBUTENbHEIX quceJ,
T. €. HHTepBaJ (—oo;+ o),
Hepapenctsy x> |x]
YAOBJIETBOPSAIOT 3HAUEHHS
y y=x! X, OOJibllle eJHHHIbI, YTO
JIETKO yCMAaTpHBAaeTCs Ha
rpadukax QyHKuEE y = x°
u y=|x| (puc. 98), caeno-
BaTeJbHO, €ro pelleHHeM
6yzeT MHOXECTBO 4YHCeJ,
06pa3syouux HHTepBas
x (I; + o).
. OnpeznenuB MOHATHE O
7 HepaBeHCTBe JIBYX Gy HKIHH,
nepefileM K HepaBeHCTBaM
7 MeXJy KpYyroBbIMH (yHK-
IHSIMH.
Teopena 1.

Prc. 9. Ecau 0 < x <—,
mo sinx < x <tgx. (a)

Y=

y:/x/

PN SR

ONoxasateabcTBO. BosbMeM Ha YHCJIOBOH CKpyX-
HocTH Ayry AM = x panuas, npoeesieM xopay AM u omy-
ctuM Ha ock Ox nepmenpukynsp MP u3 touku M (puc. 99).
3ateM B TOuKe A mpoBeleM KacaTeJbHYI K OKPYXKHOCTH H
Ha He#l oTMetuM TOuky 7, B KOTOpPOH OHa BCTpedYaercs C
nponosKeHnueM paguyca OM.

CpaBHuBas naowmanu tpex duryp: tpeyroashuxka OAM,
kpyrosoro cektopa OAM u tpeyrombuuka OAT, 3ameuaewm,
4TO

na. AOAM< na. cext. OAM < nn. AOAT.
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1 1

Ho na. AOAM = —%—OA—PM =—5-lsinx= —2-—sinx;
mi1, cekt. OAM = %uAM-OA = —é-x ol = %x,

1. AOAT=—§-OA-AT = —;— letgx = —é— tgx, mostomy
npejpiyllee HepaBeHCTBO 3aITHILETCH
Tak: Y
%sinx<%x< -;—tgx, win sinx< 8] T
< x< tgx, yto U TpebyeTcs JOKa3aTh.

Ha rpadukax gauueix ¢yHKuui

coJep:KaHne [JOKa3aHHOIoO HEPaBEHCT-
Ba BbIpAXKAaE€TCsA B TOM, UYTO B HHTEp-

BaJie ( 0; —2—) BCe TOYKH CHHYCOHIb O P | =
PACIOJIOKEHEl HHIKE GHCCEKTPHCHI KO-

ODJAMHATHOrO Yria, a TOUKH TaHTeH- Pre. 9.
COHJbl PAcCMOJIOKEHB! Bhlllle 3TOH OHe-
cekTpucel (puc. 100).
y y=1Igx
Lz
- fy=x
[ 77
L
7T S\y=sinx
LN ol | X
‘\ T 77\ /r
\\_'///7 7 \\—/ X
s i
e
s i
7 | i
{ l

Puc. 100.

Tak, B3siB, Hanpumep, x = 15°18’, umeeM npaso no 3Toi
TEOpeMe 3amucaTb, 4TO

sin 16°18" < arc 15°18" < tg 15°18

W JeHCTBUTENBHO U3 COOTBETCTBYIOIIUX TabJul KHUTH Bpa-
Auca «MaTtemMaTHUYECKHE YeThIpEX3HaUHbIE TabJIHIBEI» HAXO-
AHM 3TH 3HaAUYeHHA:

0,2639 < 0,2670 < 0,2736.
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ITouaTHo, 4YTO, ecgu —ﬂ—< x< =, 7t0 tgx<sinx, Ho
|tg x| > sinx, 4TO BHAHO H Ha rpacpm(e (pHc 101).
Teopema 2. Ecau 0< x < = mo x——— < sin x < x.

g
(®)

JdokxasateabcTBO. B mnpepmiayumesi Teopeve yixe
JoKasaHo, uto sinx < x, mostoMy ocTaeTcs YOeIUThCS B
cnpaBeMuBocm HEPaBeHCTRa:

x—- < sinx.
ITo Teopeme 1 umeem:
y X X
-5 < th .
YMHOXHB 06Ge uacTH Ha
2 cosz-;—’ MOy YHM:

xcos2 < 2 sin —5-0057 HITH
( 1 — sin? ) < sinx,

OTKyja x —sinx <x-sin2—';— )

Ho no npezmijymell Teopeme
. X X
sin —- <-§— H, cJieJ0BaTeJbHO,

2
sin”—;- < (-’-;—) , HIO3TOMY HepaBeHCTBO(*)eille 6oJiee YCHIHTCH,

ec/lH B IIpaBOfl €ro 4acTH BMeCTO sinz—g— B34Tb (%)2,
. X 2
T. € x—smx<x-(—-2——),
x3
HJIH x—sinx < 7, (mn

3
OTKyZa x—-xT <sinx, yro u 1pefoBajoCh JOKas3aThb.
Cmmen HepaBeHcTBa (P) Ha rpaguxe (puc. 102) BHI-
T
pasuncs B 10M, 4TO B mponvexyTke |0; =) TOUKH npsmoft

y = X JlexkaT BHILe CHHYCOMAH y =8§inx, a TOuKM KyGu-
3

o X
YeCKOH uapaéo.nbl Y = X—T JieXKaT HHXKe CHHYCOHIH.
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HepaBeHcTBO () mokasblBaeT, UTO Sin x OT/HYAETCS OT
x3
CBOErO apryMeHTa X MeHbllle, YeM Ha —-; Ha STOM OCHOBa-

HHH MOXHO CYHTaThb, YTO
. x3
Sinx = X C TOYHOCTBIO J0 -
Jnsa snauenuil x, O/JM3KMX K HyJ0, AaHHas MNpHOJIH-

JKeHHas ¢Gopvyaa TM03BOJAET HAaXOIHTb CHHYC ¢ GoJibinedt
tTouHocTelo. Tak, Hanpumep, ecau x = 0,01 pagnana, To Ho-

J
\ =X
\ b4
\
\
\\
N \ 0 77
\\ \\ / /‘\ X
N\ .
\\\:’.—//// y=sinx
/
// 3
X
7/ y=x=3
Puc. 102

. 0,018
nyuaem sin 0,01 ~0,01 c mnorpemuocTsio MeHee —— ==

= 0,00000023, r. e. sin 0,01 moxer otanyateca ot 0,01
TOJILKO B C€JbMOM AeCSITHYHOM 3HaKe.

§ 33. CocraBsenne Tabuauu KPyroBbix (yHKuuH

Honyctum, TpeGyeTes cocTaBuTh TalbJuuy KpPYTOBBHIX
¢yHKuui ¢ maroMm B 1 (Mpl GepeM PpajycHOe H3MepeHHe
Iyr, Tak Kak Ha [pakTHKe OHO GoJiee yIHOTPeGHTEJHHO).

Bripaxaem ayru x, =1’ B pajuaHax, B3fiB JOCTaTO4-
HOe 3HaueHHe w, HanpuMep, ¢ 13 3Hauamumu Hudpamy: © =
= 3,141 592 653 590, noJsyuaem:

X = T = 0,0002908882085.

Ilo Teopeme mpegwigyuiero naparpada HMeem:
sin 1’ =sin %, = x; = 0,0002908882085 ¢ mnorpemHOCTLHIO

x13

MEHLILE YEM w

T
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8amerus, uto x, < 0,0003, naxonum:

< Q009 0,000000000007.
OKpyIJIHB TOJIyYyeHHOEe 3HAueHHe cHHyca no ll-ro 3Ha-
Ka, Haijem
sin1’ ~ 0,00029088821

c 1l-Mu BepHBIMH JeCATHYHBIMH 3HAKaMH.

Ecoz mo ycnoBuio cocTaB/eHHs Tabauipbl TpeGyeTcs elle
GosiblIast TOYHOCTb, TO CJeJyeT HayHHATb C BbIYHCJIEHHS
pajuaHHOH Mepsl MeHbllefi Ayrd, Hanpumep, B 1’ u Haxo-
2uTh sin 1”7, Boo6ie, ymMeHbIuas HavdaJbHYIO AYTY Xy, MOXK-
HO NOJIYYHTh 3HaueHHe sinx; ¥ BCIO TaOJHLY KpPYrOBBIX
(YHKUHH C KaKo# yroiHO TOYHOCTbIO.

Urak, nosnyune sHayenue sin 1’, Haxomum cos 1,

cos I’ =11 —sin?l” ~ 0,99999999882.
TlpuMeHsst Temepb TEOpPeMy CJIOMKEHHS
sin(a + 6) = sinacos b + cos asin b;
cos(a + b) = cosa cos b —sina sinb.
HaxoxuM mnocJiefoBaTesbHOL:
sin 2’ =sin(l’ 4 1’) =sin 1’cos 1’ +cos 1’ sin 1’;
cos2’ =cos(l’ 4+ 1"y =cos 1’ cos 1’ —sin 1’ sin 1’;
sateM: sin 3’ =sin(2 + 1’) =sin2 cos 1’ + cos 2’sin 1;
cos 3’ =cos (2 4+ 1’) =cos2’ cos 1’ —sin2’ sin 17}
jJanee sin4’ = sin(3' + 1) =sin3’ cos 1’ 4 cos 3’ sin 1’;
cos4’ =cos(3' + 1) =cos 3 cos I’ —sind’ sinl’ u 1. A

TakuM nmyTteM MOXKHO cocTaBHTb Tabmuny ¢yHKIMH sinz
H cOs z ¢ maroM B 1’ ]/ BceX OCTpPBIX YIJIOB, HO YUHTHI-
Bast, 410 (bOpMYJibl NpPHBeJEHHS AAIOT BOBMOXKHOCTb CBOJHTH
¢yHKUHH JM0ObIX yraoB K yriam oT 0 1o 45°, ecTecTBeHHO,
yKasaHHble BbIYHCJEHHS HYIKHO JOBECTH TOJBKO Jio 45°2,

? [lns apryMeHTOB BHAA 2X BEIUHC/JEHHS BHIOJAHEE [POH3BOAHTD IO
dopmyJsiaM yABOenHs aprymeHTa (33 u 34).

% Tak cocTaBasyHCh TaGauubl cHHycoB Koransom Mionnepom (1436—
1476) pogom us nepeBHH Regiomont Bo ®paHKOHHH, HoOYeMy ero M Ha-
3nizaloT Pernovowrasou
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MNpumeuanue. YKasaHHbIe BHIYHC/IEHHS MOXKHO JHaxe JIOBeCTH
To/bKO o 30°, 3aMeTHB, UTO CHHYChl H KOCHHychl yrsioB ot 30 go 45°
YHAOGHO BBIYHC/IATL IIOCPEACTBOM CJAEAYIOUIHX IBYX TOXKIECTB, KOTOpHIE
JIETKO IIPOBEPHTH.

sin (30°-+a) = cos & — sin(30° — «);
cos (30°+a) = cos (30°—a)—sin a.
IaBast yriy @ 3HayeHusi, Bo3pacTtaiouipe Ha 1’7, HayuHag ¢ 17 go
16°, Haxomum u3 mepBo¥ GopMy.IEl
sin 30°1” = cos 17 — sin 29°59’;
sin 30°2” = cos 2’ — sin 29°58” u T. &.
YT06b! MpOBEPHTH TOYHOCTH COCTAaBJEHHON TaKHM IyTeM TaGaulH,

HaxoAsAT 3HAYEHHSA KPYroOBHIX (byHKI.lHl’l HEKOTOPBIX YIJOB HHBIM MNOYyTeM
H CpaBHHBAOT HX C TaGJIHYHEIME  3HaueHHAMH. OGBIYHO COCTaBUTENH

1
TaGJHL UCNOJB3YIOT B 3THX UeJAX YrJbl BHIA 45°-7 H 30°-7;. s
KOTOPBIX KDYyroshle (YHKIHH JerkO BBIYHCAUTH Mo dopmyaam (36, a) u
(37, a
2
Tak, sin 45° = c0s®45° = }/—2—,

Vivs 21 V3

2 2 ’

sin 22°30" = , €0s22°30" =

H o ’ l — (] r
sin 11°15" = -]/ o_Vogy o coslllE'=

.._1_ 1
= 21/2+V2+V2 HT b
1 1
3Hasg, uTO sin30°=TH cos30°=—2-|/ s ,

HaXoAsAT Mo TeM ke QopmyaaM sin 15° u cos 13°, sarem sin 7°30°
cos 7°30" u T. A

Hcnonssys GopMyJIs:
sinz.
cos 2’

COCTaBJISIIOT TaGJHUL H JJIS 3THX KPYTFOBHIX (DyHKIHH.

4 l
tgz= ctgz=1tg —;——z): secz =T——JHCSCZ=

cos 2 sin 2’

§ 34. Ta6auupl norapudmMoB Kpyroeeix (yHKuuft
M MX MOCTpOeHHe

Ecau B rnponecce pelleHHsa 3alady TMOJYYHJIH BbIpame-

nb?sina ,
HHE X= oS (a k157 3HauyeHHe KOTOPOrO HaJ0 Ha#TH Ipu

b= 25,34 u o =32°12, TO MOXHO NPHMEHHUTb JBa MpHEMA
BBIYHCJICHHS:

| —c nmomouipto Tabaun Kpyrosblx GyHKIHD;

[I— ¢ nomouieio Tabsuil JOrapupMoB KpyrosulX (PyHKUIHH.
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I. 1) b = 642,1 (ta6n. kBazp.);
2) w=b? =~ 2017 (rabn. yMHOX.),
3) sina = 0,5329 (tabJa. cuHyCOB),
4) =h*sina =~ 1075 (raba. yMHOXK.);
5) cos(a 4 15°) =~ 0,6794 (Taba. KOCHHYCOB);
6) cos¥(a -+ 15°) = 0,4615 (taba. xkBazp.);
b2 si
)m% =~ 2328 (Tabi. yMHOXK.)
II. 1) 1g = =0,4971 (Jqor. unc.)
2) lgb =1, 4038
3) 2lgb = 9 ,8076 (stor. umca.)
4) lgsina=1,7266 (mor. cun.)
5) 1g cos(a+-15°) =~ 1,8322 _
6) —21gcos(a+15°) = —1,6644 (uor. koc.)
7) lgx = 3,3670 (cymMMa nNpelIECTBYIOUIHX JIOrapH(MOB
8) x =~ 2328 (anrtuaorapudm).

BuauyM, uto npuem Il okasanca OGoJiee panHOHANbHBIM,
cJeoBaTeNbHO, LeJecoo6pa3HO MOCTPOHTh TabauLy Jora-
pudMOB KpPYroBhIX (YHKIHMH, UTO OCYLIECTB/ASETCS BechMa
IpOCTO:

1) Hago npezBapuTe/bHO MNOCTPOHTH TaGJHIY KPYyTrOBHIX
tyHxkuui, yTo BeIMOJHEeHO B § 30.

2) Hago mnocrtpouts Tabauiy JorapupmMoB uHCes, 4YTO
H3jlaraeTcs B yueGHOM NpelnMeTe 3J1eMEHTAapHOH aJsreGpbil.

Tlycts Hago Haifitu: 1) lgsin 18°18';

2) lgcos 43°6’;
3) lgtg 83°12’, moctynaem ciaepyromumM 06pasoM:
1) Haxozum: a) mo Taba. curycos sin18°18" = 0,3140;
6) no TtabJa. Jorap. 4YHCeJ lg 0,3140 =~ 1,4969.

CnezoBaTtesbHo, lgsin 18°18" ~ 1,4969, uto H MOATEEp-
)k jaerTcs TabaHIaMu Jorapu(MOB CHHYCOB, JaHHBIMH B KHHre

Bpaauca.
2) Haxozum: a) mo Ta6s. KOCHHYcOB cos 43°6" = 0,7302;
6) mo Ttaba. Jjorap. 4HceJ 1g 0,7302 ~ 1,8634.

CaenoBarensho, lgcos 43°6" =~ 1,8634, uto BHAHO B Tab-
JIUIAX JIOr apH(MOB KOCHHYCOB.

! 3HayHTe/IbHEIE H3MEHEHHs MPOM3OULIH B TPHIOHOMETPHM OT IIpH-
MEHeHHA JIorapu(pMOB, BBENEHHbIX LIOTJIAHACKHM MaTeMaTHKoM J[lxoHOM
Henepom (1550—1617) u omyG.aukoBauHblX B 1614 roxy mox HasBaHueMm
«Ouncanne yIUBHTENbHEIX TaG/AHL MOrapHYMOBY.
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3) Haxogum: a) nmo Tta6n. TaHrencos tg83°12" ~ 8,386;

6) no Tabs. sorap. uuces lg 8,386 =~ 0,9235.

CnenoBatenbHo, lgtg83°12’ =0,9235; no Tabauuam
JorapudmMOB TaHTreHCOB uMeeM: lgtg 83°12" =~ 0,9236.

[TonyueHHOe pacxoxkjgeHHe Ha 1 B UeTBEPTOM JeCSTHYHOM
3HaKe JAJs HeThlpex3HauyHbIX TabJHIl JONMYCTHMO; €cJH Hajo
co3gaBaTb Ta6JHIBl JorapudMOB KPYroBbIX (DYHKIHH YeThi-
pex3HauHble, TO MpaBHJbHee OblJO Obl OpaTh NSATH3HAYHbLIE
Ta6aKIbl KPYTOBHIX OYHKIME U JOrapu(MOB UHCEJ.

Yrto6el He coBeplLIaTh NPH BBIYHCJAEHHSIX YKa3aHHBIX MpO-
MeXYTOUYHBIX ONepamyH, cOCTaBHJIH TabJHMIy, COAepIKallyio
qgorapudMel 3HaueHHH KpyroBelX ¢yHKuUui anas yraos ot 0
o 90°.

1 )' | ! | !
- 0 ' I n an 5r
a) Ir x
i ¢ i o,
7 a7 7 :
NV
//// i 7))

Puc. 103.

B xuure Bpaguca «Marematuueckue TaGauipl» TaKas
tabyHna JaHa C 4YeThIpbMs 3HaYallHMM LH(PaMH C LIAaroM B
6’ u roroeeiMH momnpaBkamuH Ha 1’, 2° u 3’. IlpaBusia noJp-
30BaHUsi 3TOH Tabsuuell TakHe xKe, Kak H 14 TabJui
KpYroBBIX (YHKUHI.

TToctpouMm rpaduxu JorapuMoB KpyrosblX (yHKIMH.

I. Tpaduk dynkumu y = Ig sin x. Ilpeasapuresnvso mo-
CTpPOMM CHHYcOHLY y, = sinx (puc. 103, a).

Hanee ormMeTnM, uyTo B HHTepBasnax (—m; 0); (w; 2m);
(3=; 4=) M T. 1. CHHyC HMeeT OTDHILATEJbHblEe 3HAUEHHS, a
HNOTOMY JIOrapu(MOB ero (JefiCTBUTEJbHBIX) HE CYILeCTBYET.

3awtTpuxyeM mnoJockl, rjae Her rpaduka lg sinx (puc.
103, 6).

B ocraBmuxcs (He3awTpuxoBaHHLIX) HHTepBasax (0; w);
(2=, 3=) u T. I. sinx NpHHHMAaeT IIOJIOXHTeJbHEIE 3Haye-
HHs, He Gosbume 1, mostomy lgsin x< 0 u, ciaegoBarelib-
Ho. rpaduk lgsin x He 6yJeT NOXZHHMAaThCs Bbille ocH abc-
HHcc.
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[Mpu wu3smeHeHHu aprymeHnta xotT 0 1o

craetr ot 0 5o 1,

sinx BO3pa-

2

nostoMy lgsinx Tak:ke Bo3pacTaer, mpo-

XOJs OTpHLATENbHble 3HAaYeHHs OT — oo 10 0, M, CcJeloBa-

4 |
3
a) T 0 77 i 3 2 S *
- 4 =T =TT x
i S -
Loy [y : :, .
2 7
6) -

Pac.

TeJIbHO,

104.

rpaduk lg sinx B 3TOM npomMexXyTKe MOJHHMAaETCS

u3 — oo Jo ocd Ox, KaK IOKa3aHo Ha pucyuke 103, 6.

Jlanee x u3MeHseTCH OT

Yy
a)
l270 ]37 n %"x
oy %
B
/ 7
Puc. 105.
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—2'—;[0 w, sinx y6eiBaer oOT 1

no 0, a lgsinx y6uBaer or
0 1o — 0, mnosromy rpacux
lg sin x B 3TOM mpomexyTKe
OMmycKaeTcsi OT ocu abcuuce
BHH3, YXOAfl CHOBAa B — oo.

B cuay nepuoJHYHOCTH CH-
Hyca ero H3MeHeHHe B JApy-
rux uHTepBasax GyJeT mpoTe-
KaTb B TOH e 3aKOHOMEpHO-
CTH, Mo3TOMy OYyJeT MOBTO-
pATbCA H3MeHeHHe g sin x u
ero rpadux. Taxkum o6pasom,
NOJIHBIH rpaduK PYHKIMH y =
=lgsinx cocrour u3 Gecko-
HEYHOr0 MHOXecTBa BeTBel,
pasfesneHHBIX MexIy coOoi
«3aUITPUXOBAHHBIMHY  TOJIO-
CcaMH.

Il. Tlectpoenue rpaduka
¢yHKUMA y=1g cos x ocyuiecT-
BJISIETCS1 aHAJIOTHYHBLIM ITYTEM
(cM. puc. 104, a, 6).



1l TMoc¢rpoenne rpaduka dynkuun y = Ig tg x.
CHauasia mocTpouM rpaduk y,=tgx (puc. 105, a).

OTMeTHM, UTO JIorapuMbl TaHreHca B HHTepBa.HaX(-— —2—, O),

(‘Z‘i 7‘) M T. [. He CyLeCTBYIOT (Tak KakK sfech tgx <0),

a MO3TOMY 3alUTPHXyeM 3TH noJochl (puc. 105, 6).
[Toka aprymeHT x usMeHsieTcss oT 0 go —2—, TaHreHC BO3-

pacraer or 0 go 1, mostomy lgtg x Gyxer Bo3spactath OT
— o 100, a KpuBasi y = lg tgx6yner nogHUMATbCSH U3 — oo
no ocu abeuuce (cm. puc. 105, 6).

T 1
Ila.nee X U3MEHseTCsd OT T,ZI,O—Q- , TaHreHc BO3pacTaer

or | Ko o, a lgtgx TakXke BO3pacTaeT, MPOXOAs Bce IO-
JIOXKHTe/bHEle 3HaueHHS OoT 0 1O oo, MO3TOMY KpuBasg y =
= lgtg x noaHHMaeTcs Bhille OCH abCcuucC ¥ YXOJHUT B oo,
[ToHATHO, YTO B CH/IY MNEpHOXHYHOCTH TaHreHCa Takas
e BeTBb rpadmka y = Ilgtgx Gyser B KaxaoHl HesawrTpu-
XOBaHHOH moJioce.
Ha rpaduxe BuAaHO, uro ¢ npubiuKeHHeM apryMeHTa x

T
K 0 ux -5 ¢byHkuus g tg x u3aMeHsieTcss oueHb OHICTPO;

5TUM u oObscHsdeTcs Halurofaemoe (B Tabmuuax DBpajuca)
pasbeJUHEHHe CTPOK B Hauaje H B KOHLE TaOJHLBl JiOra-
pudMOB TaHTeHca, a JJs YIJoB, MeHbUHX 9° U GoJbLIKMX
81°, mpuuuioch JaKe cOCTaBJIATH Ocofble TabJHUBI C MeHb-
IIHM I11arOM.

IV. MNocrpoenne rpatuka dyHkuun y = Igotgx pexomen-
IyeTcs NPOBECTH YHTATENIO CaMOCTOSITE/BHO.

B 3ak/oueHHe pacCMOTPHM HEKOTOphle (QYHKIMH, CBsl-
3aHHBIE C KDYTFOBEIMH, a HMEHHO:

1) y=sin|x| 3) y=|sinx]|
2) y=lgsin|x]| 4) y =lglsinx|

3aKoH HBMeHEHHsSI STHX (YHKUMA XOpOLIL bHASH HA HX
rpadukax (puc. 106—109).

) T'paduk pynkumn y = sinlx| (puc. 106) cummerpuueH
OTHOCHTEJILHO OCH OpAMHAT, TaK Kak 3Ta (QyHKUHMS dYeTHas.
[paBas uacTh rpaguka (cnpasa ot ocu Oy) coBnagaet ¢ 0ObIK-
HOBEHHOH CHHycOHZOH, Tak Kak nIpH x>0 umeem: |x] = x
u sin|x] = sinx. JleBas wacTh rpaguka (caeBa oT ocu Oy)
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noJyuaeTcsl 3epKa/bHbIM OTPayKeHHeM HpaBoH YacTH OTHOCH-
TeabHO ocu Oy.

2) I'padux dyHruun y = Igsin |x| (puc. 107) mocTpoeH no
TOMY 2Ke IPHHIHITY, YTO H IPeJIbI1YILHi; OH CHMMETPHUEH OTHO-
CHTEJIbHO OCH OpJMHAT, «ITpaBasi» ero yacTb COBMAZAET C rpadu-
KoM ¢yHKUHH y = lgsin x|, a «JeBasi» moayuyaeTcs 3epxa.ib-
HEIM OTpakeHHeM NparOH YacTH OTHOCHTE/BHO OCH OpJAHMHAT.

| J y =Ssin/x]
warl, " TN 7 o
N~Z /7 T T
l\/’] S M x
Puc. 106.
I 7 r,y ﬂgs'mlxl
f////ﬁ 2 2 7 ﬂ
97 X

%ﬂﬂ

HeTpyAHO NMOHATb, YTO MO TaKOMY NPHHIHIY CTPOHTCS
rpaduk Jo6oH cpym\ru/m sifia y = f(x)).

3) B Tex muTeppanax, rae sinx >0, umeem [sin Xl =
=sinx; Tam ke, rge sinx <0, Gyner lsn X'=—sinx.
OTczo,na siceH cnoco6 nosiyueHus rpaduka y=|sinx| (puc. 108)

V\l/\?/\%

Puc  108.

13 OOLEIKHOBEHHOI CHHYCOHJBI: OCTaB/JIAEM Ha MeCTe Ty 4acTh
CHHYCOHJIbl, KOTOpasd pacnoJioXena Haj OCblo ac’)cuncc, a Ty
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4acTb CHHYCOHJbI, KOTOpAs PACIOJIOXKEHA HHXKe OCH abcuuce,
OTpaxKaeM OTHOCHTE/BHO 3TOH OCH.

Ilo Takomy e NpPHHUMNY IOJydYaeTcss rpadHK BCAKOH
¢yukuud BHAA y=|f(x)|, ecan yxKe mocTpoeH rpadHk
dynkuuE y = f(x).

)’ =g /S/nx/

R84S

4) IToctpoenue rpaduxa GpyHKnuu y = Ig|sin x| (puc. 109)
He BBI30BET 3aTPYJHEHHS, €CJIH HCIOJb30BaTh yiKEe MOCTpPO-
eHHble rpaduxy QyHKUHH y = [sinx] (puc. 108) n y = Igsinx
(puc. 103).

Ynpaorenusn,

1. TNoctpouts rpaduku ¢ysxumi: cos|x|; |cos x|; g cos|x|;
lglcos x|, tglxl; |tgxl; lg tg|xl; lgtg xl;
sin (sin x); cos (cos x); sin (cos x); cos (sin x).
2. Brumesute: 1) ¢ nomompio Tabuui JorapadMoB H
2) Ge3 Ta6uHL JiorapudMOB, HCMOAbL3YS APyrue TabJniIs,
@y —1ga

o , npu a=0,02044 n a = 62°34’;

a) x==
6) S = 3 h? sin®a cos - 2 (V"3 +2cosa), npu h=14,08 1 a=50°36;

B) x=na? ]/ 3 4cos?a , mpn a = 2,704 1 a = 27°40’.
Ykxasaunue B mnpumepax 6) ¥ B) BHIpaXeHHs npeo6pasosaTh K
BHAY, yAOGHOMY A/ JIOrapH(pMHPOBaHHS,



rJABA VIl
OBPATHBIE KPYIOBbIE ®YHKLIUH

§ 35. Ionstne 06 oGpatHOil dyHKUUH
K JaHHOH (YyHKUUH

Tnomazne kxpyra B 3aBHCHMOCTH OT €ro pajuyca Bhipa-
xKaerca dyHkumuell S ==r? wm y = nx? =~ 3,14 2
Ha rpaduke stoii ¢oyskuun (puc. 110) BupuM, yTO mpH
paBHOMEPHOM yBeJIHYEHHH pajHyca IJIOLIafb Kpyra Bo3pac-
TaeT HepPaBHOMEDHO, a YCKOPEHHO.
CnM U3 JAaHHOH (YHKIMH BHIPasHTh

Y s paguyc B 3aBHCHMOCTH OT IJOMLaIH
. y=mx KPyra, TO IHOJYyYMM HOBYIO (DYHKIHIO —
N X
or =V Wy'“-]/?z
i ~10,318 x =0,564 ) «,
4L rpapuk KOTOpO# H306paxkeH Ha pH-
cyHke 111.
3F
Y
2 y=VF
1k 1
o] ¢+ 2 x o 1 2 3 4 5 6 7 «x
Puc. 110. Puc. 111

BI/IILHM, YTO IIpM pPaBHOMEDHOM YBEJHYEHHUH IJIOLLagH
Kpyra paguyc BO3pacTaeT HEDABHOMEPHO, a 3aMelJIeHHO.

B o
Qynkuus r = |/ — HaspiBaeTcA 0OpaTHOH K (yHk-
uuy s = wre.
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B npakTHKe NpUXOAUTCS HMETb HeJO C JABYMS B3aHMHO
06paTHBIMH 3aJayaMHu:

1) mo naHHBIM 3HAa4YeHHSIM apryMeHTa HaXOXHTb COOTBET-
CTBYIOILNE 3HAaYeHHS (DYHKIHH,

2) Mo ZaHHBIM 3HaYeHHSIM (YHKLHH HaXOLHTh COOTBETCT-
ByIOIlHe 3HaYeHHs] apryMeHTa; MepBYI0 3ajauyy HasHBaioT
npsiMOH, a BTopy}o—oﬁpaTHoﬁ.

Tak, past QyHKUHH S——~ npsiMasi 3ajaua COCTOHT B

OTHICKAHHH OTPE3KOB NYTH S, IPOXOAHMBIX CBOGOJHO Iajaro-
IIMM TeJOM B JaHHble NPOMEXYTKH BpeMeHH f; B o6paTHOM
3ajiaue HaXOJAT IPOMEXYTKH BpEMEHH f, 3a KOTOpOe TeJo
MOXKET NpOHTH NaHHEIE OTPE3KH NyTH S.

[ToHsITHO, YTO NpH pelileHHH 00pPaTHOH 3aauy MPUXOLHUTCS
NepeMeHHYIO ¢ BHIPaXKaTh Uepe3 NMepeMeHHYI0 S B SBHOM BHJE:

2s .
= V—é—; IOJIyueHHOe BBIpa)KEHHE HasbIBAIOT 06paTHOMH
. . gt
$yHKUHeH K NaHHOH QYHKUHH § =", . CwmelcJ 5TOrO HasBa-
HHSl SICEH; HepeMeHHble S U { MEHSIOTCS POJISIMH.
B mpsiMoii 3azaue nepemeHHass S BBIpaXKaeTCs yepes f,
T. e. sfBAsieTcss (yHKIMed BpeMeHH #; B obpaTHOH 3ajnaue
nepeMeHHasi { onpezesisieTcs B 3aBHCHUMOCTH OT S, T. €. fB-
asietcsl QpyHKUuueH myTH S.
Heo6xopumocTh oﬁpameam (YHKUHU BHI3EIBaeTCS NOTPeG-
HOCT SIMH IIPAaKTHYECKOH JesiTeqbHOCTH qofell. Tak, JHanpumep,
gt

byHKUUS [ = ]/——, obpaTHas ¢(yHKuHH S = , HCIIOJIb-

3yeTcsl BecbMa 4acTo B (M3HKe, B MEXaHHKe, B apTHJIJIepPIH
IpPH H3YYEHHH 3aKOHOB CBOGOJHOrO MaJeHHS Teul.
Has oyaruuu b = hy (1 + at), rre hy, 1 a — const, o6pat-

—h .
Hasi QYHKIHUS BBIPA3UTCS DABEHCTBOM f = 7 a° . B nepBoii u3
0

HHX IepeJaHa 3aBUCHMOCTb BEICOTHl A CTOJIOHKA DTYTH
B TepMOMETpe OT TeMIlepaTyphl PTYTH {; 3Ta 3aBHCHMOCTb
HCITOJIb3YEeTCSl NPH H3TOTOBJEHHH WIKaJbl TepMoMeTpa. B o6-
paTHOH QYHKUMH Bblpa)ieHa 3aBHCHMOCTb TeMIepaTyphl !
OT BEICOTHI CTOJIGHKa PTYTH A; HMEHHO TakKasl 3aBHCHMOCTb
uMeeTcsl B BHJIY, KOrjJa CyIsIT O TeMIlepaType ! IO BBICOTE
CToJI6HKa PTYTH B TEDMOMETpe. 3ajiaya HaX0X AeHHs] 06pPaTHBIX
GYHKUMH [/ HEKOTOPBIX JaHHbIX QYHKLHH SBJsSETCS BechbMa
npoctoii. Tak, HanpuMmep, Anaa GyHKuHH y = x® obpaTHoit

¢dyukuned Oyner x = i} y . OnaHako B OOJILIIHHCTBE CJy-
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yaep omnepauuss obpamieHus GYHKIHHA BecbMa CJOXKHE, a
HHOTAA M BOOOILIE HE MOXKET OHITh IepefaHa KOHEYHLIM YHC-
JoM ajre6panuyeckHx AeficTBHI.

C Takoli TPYIHOCTbIO TNPHXOIHJIOCH BCTPEUAThCH B Kypce
aqareOpbl TpH OOpallleHHH TNOKasaTeJbHOH GyHKuuH y = 10%;
3aBHCHMOCTh X OT y B 3ToM cJayuae [lxon Hemep (1550—
1617) BeIHY2Ka€H OBl epeaTh YCAOBHBEIM 3HaYKoM: X = Ig y.
Takoro poza TPYAHOCTH HaM TNpPHAETCS IPEOJOJETb H IPH
obpallleHHd KPYTOBHIX (YHKUHH.

§ 36. CBa3p Mexay rpaduxamu npsaMod H oGpaTHOH
thyHKUHH

B MmaTteMaTuke mpuHSTO 0603HAyaTh apryMeHT NPsIMOH H
o6paTHO# (GYHKLHH OfHOH U TO¥ Ke 6yKBOH, 06bIUHO 6YKBOH
x, a (YHKUHIO, Kak NpsiMylo, TaK H o6paTHylo, OyKBOH y.
DTo OKaswIBaeTCs BecbMa yAOOHBIM NPH NOCTPOSHHH IpadHKOB
GYHKUHE H HCHOJL30BAHHHM rpadHKOB NPH H3YYEHHH Xapak-
Tepa U3MeHeHHs (PYHKIHH.

Tpouecc o6pauienus ZaHHOH GYHKUHH y=f(x) COCTOHT H3 Clexylo-
LWIHX IBYX IUATOB.

Npuem I Mpuem 2:

- mar, DBrpaxaior ap- 1-fi mar., MeHslOoT B JaHHOM
CYMEHT X B SIBHOM BHJe uepes COOTHOLUEHHH X Ha Y, a Yy Ha X
Yy, mnoayuaiorT HOBOe COOTHOLIe- H MOJIyYaloT COOTHOLICHHE X =
HHe x = F (y). =f(y), B KOTOpOM Y SBJAETCH

2-i mar. MensoT B 3TOM uckoMoli o6patHolf dyHKuHeli,
COOTHOIIEHHH X Ha Yy, a Y 3aJlaHHOH HESIBHO OT X.

Ha X W moJydaloT o6GpaTHYIO 2-# m ar. BerpaziatoT o6par-
¢yHKUHIO K JaHHOH B BHJE Hyl0 GYHKUHIO Yy SBHO yepes x
y = F(x), H TMOJY4aloT COOTHOLIEHHE Y=
=F (x)
Par~moTpum obpaiieHde paHHbIX QYHKUHI NEPBLIM H BTOPBHIM
npuemMamu
ITosryueHHe o6paTHO! QYHKUHE K HaHHOMH:
T TePBHIM TIPHEMOM BTOPBIM MpHE MOM
dyukuun 1-#i war: BbIpa-|2-#i war:saMeHall-# war: 3aMeHa|2-# war: BeIpa-
XeHHe x YHA YWy YHayny wenne
yepes y Ha X Ha x yepe3 x
y—1 x—1 x—1
1) y=2x+1 r= "3 y="5 x=2y+1| y= )
2) y=2x x=xVy| y=xV x| x=¢" y==xV'x
3) y=10* x=1gy y=1Ilgx = 10¥ y=lgx
4 y={(» x = F(y) y = F(x) x = f(y) y = F(x)
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3ameyaeM, 4yTo B OGpaTHHIX (PYHKUMSX COBepIIAIOTCA ome-
panun, o6paTHble TeM ONepalisiM, KOTOPhE OCYIIECTBJSAIHCE
Haf apryMeHTOM B INpSAMEBEIX (QYHKUHAX.

[pu uayuenun QyHKuHH, 0OOPaTHBIX K ZaHHBIM (QYHKIHAM,
GOJIbIIYIO [0/Ib3y OKa3blBaeT CJEAYILlas TeopeM a.

T'pagpuru dannoti pynryuu y = f(x) u obpamrnoil eil pynk-
yuu x = f(y) um y= F(x) cummempuurel OmMHOCUMEALHO
buccexmpucer 1 u 1l xKoopOunamueix yeaos.

JlokasaTtenascTBO.

[Tycts Touka M (x,, yo) NMPHHALJEKHT rpaduKy OYHKIHH
y = [(x) (puc. 112), a notoMy uMeeM y; = f (x) (*)

[TocTpoun Toury M,(xy,41),
CUMMeTpPHUHYI0 Touke M oOT-
HOCHTEJIbHO GHCCEKTPHCH KO-
opAuHatHoro yraa xOy. Us
paBeHCTBA TPeyroJIbHHKOB
MOC u M,0C nmeem:

OM=0M, n S 1=232.

Ho 24=45°—231u23=
= 45° — 2 2, cliefloBaTeNbHO,
< 4=23, a NOTOMY TpeyroJb-
Huku MOP n M,0P, paBHsI (110

CHIIOTEHY3e H OCTPOMY YIJIy).
V3 paBeHCTBa 3THX TPeyroJbHHKOB ITOJydaeM:

OP=0P, u PM=PM, unu xo=y; H Yo = Xy.

TloxcraBnss HaliieHHble 3HAUeHHA X, H Y, B PaBEHCTBO
(*), monyuaem x, = f(4,).

A 3TO 3HayuT, 4TO TOYKAa M, (X4, ¥;) JIeXHUT Ha rpaduxe
byHkuun x = f(y), obpaTHOH pAaHHOH OYHKUHH y = f(x).

Tak kaxk Touka M (x,, y,) OBl1a B35iTa IPOHU3BOJILHO, TO
BHIBeJIeHHAasl HaMH CBsi3b CIpaBe]J/IHBa AJd BCeX TOYEK rpa-
¢uKoB mpsaMoil u el o6paTHON (YHKIHUH.

JlokazanHas TeopeMa JaeT BO3MOXHOCTb IIOJIyYaTh Ipa-
¢uK obpaTHOH (YHKIMH 3epKaJbHBIM OTpa)KeHHeM rpadruka
npsaMoll (yHKIHH OTHOCHTeNbHO GHccekTpHcel [—III xoop-
IOUHATHBIX yryioB. TakWM 3epKaJbHEIM OTpaKeHHeM MOoJyye-
Hbl Ha pHcyHKe 113 rpaduxu npsAMBIX H 06paTHHIX UM (DYHK-
LA, pacCMOTPeHHBIX B HayaJ/e 3TOro naparpada.
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a)

y y=2X+7
7/
/s
/
e

/ =1y 1
7// 22
1 X

8)

y=10*

*lgx

//

BricTpoe pa3BHTHE eCTECTBO3HAaHHS
TpeGoBa/lo JaJjibHeillero pa3BHTHS Ma-
TeMaTHYeCKOro amnmapaTa, B YacCTHOCTH
TeopuH 06paTHHIX KPYroBhIX (YHKLHH.
lsefinapckuil Matematuk [auuua Bep_
nyJsu (1700—1782), spassuuiics akaje.
mukoM [letep6yprckoli AkajeMuu Hayk,
B 1729 ropy paccMaTpuBan o6paTHYIO
(YHKIMIO OTHOCHTENBHO y ==sin x, a
HeMHOro mnoszHee, B 1736 romy, Jleo.
HapA Ofilep paccMaTpHBaeT OGPaTHYIO
¢byHKUHIO OTHOCHTeNBHO y=1gz;, a
Jlaspllle CTasH H3yyaThCS H OCTaJ/IbHEIE
of6paTHEle Kpyroeule QyHKUHH,

§ 87. Apkcunyc — pyHKuus,
o0paTHasi CHHYyCYy

1. ®yuknus, ofpaTHas y = sin 2

W3 onpeneneHuss cuHyca Ha-
BECTHO, 4TO ¢yHKuYell y = sinz
BBIpajKaeTcs OpAHHAaTa Yy TOH
TOYKH YHCJIOBOH OKPYKHOCTH, KO-
TOpasi COOTBETCTBYeT JaHHOMY
ypcny 2. VlHaue roBopsi, 3HakoM
sinz KOPOTKO NnepefiaeTcst COBOKYII-
HOCTb [BYyX CJIEAYIOLIKX Onepa-
1§08

1) oTeicKaHHE Ha YHCJIOROMH
OKPYKHOCTH TOYKH M, COOTBETCT-
BylOlleH AaHHOMY uHCJy 2 (HJH
noctpoeHue ayru AM=z panuan)
(puc. 114);

2) ompeliesieHHE  OpJIHMHATEH
sTOi ToukH PM = y.

Hafitn ¢yHkumio, obpaTHylo y = Sinz, 3TO 3HAYUT BHI-
pasuTh 2z B 3aBHCHMOCTH OT y; TOYHee: yKasaTb Te ONepalliH,
KOTOphle HAaj0 NpPOU3BOJHTH HAJ, JAHHBIMH 3HAUeHHSIMH Be-
JIMYHHB! ¥, 4TOOHI TONyYaTh COOTBETCTBYIOLLHE UM 3HAYCHHS 2.
HeTpyAHo noHgTh, YTO TaKHX ONepauuil Takxe jABe, a HMEHHO;
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1) moctpoenne Ha ocu Oy otpe3ka 0Q =y (puc. 115)
U TIpOBeJeHUe uepe3 TOUKY ( mpsiMoH, mapaJuiensHOH ocH Ox,
JI0 mepeceuyeHHs] C OKPYIKHOCTbIO B Toukax M u M’;

2) onpejesieHne YHCEJ Z, COOTBETCTBYIOIIHX Ha YHCJOBOH
OKpYXKHOCTH ToukaM M u M’ (T. e. HaxOKIeHHe pajHaHHOHN
mepsl ayr AM u AM').

OkasbiBaercs, COBOKYII-
HOCTb 9THX JBYX oOmepanuf
(Tak :Ke, Kak M IepBBIX JBYX,
OIpeJeJsIIOMIUX CHHYC) HEBO3-
MOXKHO IepeiaTh C IOMOLIbIO
anrebpanueckux JeHcTBUl Haj
YHCJIOM Y, TO3TOMY ee 0603Ha-
4ypJau 0co6bLIM 3HAaKoOM «Arc
sin y», nocje yero (¢yHKIHIO,
obpaTHy10 y = sin 2, cTaJH 3a-
IUCHIBATH PABEHCTBOM 2 =
Arcsin y, KoTopoe uHTaeTCs Puc. 114,
TaK: z paBeH apKCHHYCY .

OneparuBHEIf 3Hak Arcsin y
npu uucsae y ofpasoBaH U3
IByx udactHu Arc u sin, KoTo- M Q M
pble SIBJISIOTCS COKpALLeHHSIMH
JaTHHCKHX CJI0B: Arcus (ap- | }
Kyc) — ayra (w AM; v AM’) Pl P4

1
[
|

U sinus — o6o3Hayamumee rmo- 0 "
ayxopny (MP =% MK). Ta- |
KM 06pasoM, 3aruch e

z2=Arcsiny

O3HayaeT, 4YTO 2 eCTb Ayra, Puc. 115,
CHHyC KOTOpO#l paBeH y. IT0
BIIOJIHE COOTBETCTBYET OMNpejiesieHH0 QYHKIHH ¥ = sin 2, ecn
ee apryMeHTOM CYHTaTb AYyry 2. EcJH XKe apryMeHTOM CHHYyca
IBJISIETCS] OTBJIEYEHHOE YHCJIO 2, TO 3amuch 2z = Arcsiny o3-
HayaeT, YTO Z €CTb TaKOe YHCJO, CHHYC KOTOPOrO paBeH
YHCaAY Y.

(O6o3HauuN apryMeHTHl CHHyca M apKcHHyca OyKBOH X,
a camu ¢yHxkuuH OykBO#l y, O6yLeM HMeTh:

y =sinx (nmpamas $yHKUUS);
y = Arcsin x (o6patHast QyHKuHs).
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Hrak, y = Arcsin x ectb QyHKUMs, O6paTHAsI CHHYCY; 3Ta
¢GyHKIUSA NPHHHMaeT TakHe 3HAUeHHs], CHHYC KOTODBIX paBeH
X, T. e. siny = x uau sin (Arcsinx) = x.

Kopoue: aprcunycom Oeticmeumersrozo uucia x, npu-
nadaescaweeo npomescymry [—1; 411, Haseiearom makoe
qucao (uau dyey), curyc Komopoeo (Komopow) paser X.

B sTOM onpezeseHHH yKa3bIBaeTCS, UTO apryMeHTY X B
GYHKUMH y = Arc sin ¥ MOXHO JaBaTh TOJIbKO TaKHe 3HAUEHHS,

y )/f'@
/ /
NI

i
b
m
2]
0

N

a2

Puc. 116.

KOTOpHIe IPHHHMAET CHHYC, T. . —1 < x << 4 |; npm mpyrux
3HayeHHSAX ¥ 5Ta (QYHKIMA He HMeeT CMbIicja B 006JacTH
IeHCTBUTEJbHBIX YHCEJI.

2. Tpaduk Arcsinx u sbigeseHHe rJaBHOrO 3HauYeHHs Arc sin x

Ha ocHoBaHuu TeopeMbl 0 rpapHkax mpsmMoil H oGpaTHOI
¢yHRIMH (cM. § 36) rpaduk GyHKUMH y = Arcsinx MOMKHO
HOJYYUTh 3€pPKAaJbHBIM OTPaXKEHHEM CHHYCOHAL Y = sin x
OTHOCHUTENLHO OHCCEKTPUCH KoopauHaTHuIX yraoB | u III,
KaK 3TO cJielaHO Ha pucyHke 116.
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Ha rpadmuke Jerko ycMaTpHBalOTCSI HEKOTOPHIE CBOHCTBa
GyuKIHH y = Arc sin x ¥ npexkje BCEro To, 4TO 3Ta QYHKIHA
MHOro3HauHas (4 faxe HMeeT GeCKOHEYHOe MHOXKECTBO 3Ha-
YeHHI).

B camoMm gene, Bo3bMeM Ha ocH alcuucC Kakyio-HHOYIb
TOYKY X = C W IPOBELEM 4Yepe3 Hee NPAMYIO, NapajJiebHYI0
ocu Oy. Econ |c/ <1, To 3ta npsiMas mnepeceueT rpadHk
apkcHHyca B 6eCKOHeUHOM MHoxKecTBe Touek My, My, M,, .. .,
a OpAMHATHl 3THX TOYEK Yy, Yy, Y, + .+ OYAYT 3HAUEHHSIMH
byHkuuy y = Arcsinx npy x=¢, T. e.

Arcsine =Yy, Yy, Yy Yzo e

B MHOro3HauHOCTH (GYHKUMH, 0OpaTHOH CHHYCY, MOXHO
yOeUThCS M HemocpejCTBEHHO Ha YHCJOBOH OKPYMKHOCTH.
C 37oif mesipl0 NpUMEM TIpeXHHe 0603HaYeHHs! AJS CHHyca

y y
RN
]
(n
L L la P o Pla
L pr 0 P X \Tl‘ %X
: c
a) 6)

Puc. 117.

M ero aprymeHra: y =singz, rorja obpaTHas (QYHKIMS 3a-
nuuieTcss paBeHcTBOM: z = Arcsiny. Ilosoxum, y=c, rae
[c| <1, 1 BLIMOJIHEM HA YHMCJOBOH OKPYXHOCTH (puc. 117) Te
omepaiuy, Korophle o003HaueHH 3HaKoM <«Arcsing» (cM.
nyHkT | JaHHOro maparpada), a HMEHHO:

1) Ha ocu Oy otkaaneiBaeM otpe3ok 0Q =y =c (ua
pucytake 117,a ¢ >0, 117,6 ¢ < 0) u npoBofHM yepe3 TOUKY
Q mpsmyio, napajsienbHyio ocH Ox; 3Ta npsMast Hepeceyer
OKpY¥KHOCTb B Toukax M u M’, Tak Kak ee pacCTOsSIHHE OT
LEHTPa OKPYKHOCTH He GoJblre pajuyca (R =1).

2) OnpegensieM 4YHCJa 2, COOTBETCTBYIOUHE  TOYKAaM
MuM.

[Mycts AM =2z, pagmaH — KpaTyalwas W3 Bcex AyT,
OKaHYMBaIOIKXC B Touke M, Torpa ayra AM' = (x—z,)
pazuaH. IlpubaBissg K yHcsaaM 2, H ® — 2, 10 2wk, roe b—
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IPOHM3BOJILHOE LIeJI0e, NOJYYHM BCE UHCJ/A, COOTBETCTBYIOILHE
ToukaM M u M’, a uMeHHO:

Touke M COOTBETCTBYIOT uHcJa 2o+ 2k,

Touke M’ » » — 2o+ 2k 4+ 1w

BCe 3TH 4YHCJa MOXHO 3amHChIBaTb OXHOH (opMy.T0H:

2= (—1"zy+=n, roge n=0, +1, +2, +£3,...
HelicTBUTeILHO, eca 1 = 2k — YeTHOe, TO
2= (—1)¥2y+ = 2k =2, 27k,
ecau ke n = 2k 4+ 1 — HeueTHoe, TO
2= (—1)*z0+ 2+ N)r=—2zy+ (2 + )=

Hrak, Mbl HalllJIH GeCKOHEUHOE MHOYKECTBO YHCEJ 2, CHHYCHI
KOTOPHIX paBHbI ¢. IleHCTBHTENLHO, €C/i KaKoe-JH6O H3 YH-
ces z usaobpaxaercsi B Touke M, 1o sinz = PM =¢, a ecqu
BTouke M’, To sinz = P'M’ = ¢; KaK BuJUM, B 0GOHX CJyyasx
sinz = ¢, C/1e10BATENLHO, 110 ONPEEJIEHHIO aPKCHHYCA UMeeM:

2 = Arcsine, T. e
Arcsine = (—1)*z,+=n, tne n=0, =1, £2, *£3,... (46)

[aBas nmapamerpy n 3HaueHus 0, x1, +=2,..., MBH HO-
JIyYUM BCEBO3MOXKHble 3HAUeHHsI apKCHHYyca:

. _ 20y zo"_'Qﬂ, Zo:."_475, ZoiGﬂ-‘,. )
Arcsine = {—zoin, —2y3n, —2z,+5w, ...
Tousbko OIOHO M3 3THX 3HauyeHH# 2, N HHaJIE2KHUT IIpoMe-
0

- -
XYTKY [— 3 H —;—]. €ro Has3plBalOT TJaBHB M 3HAYEHHEM

Arcsinc u o6GosHaualoT uepe3 arc sinc¢ (MpexXHHH 3HAK, HO ¢
MaJioi 6yKBOH «a»); uepe3 HEro BBIPAXKalOTCs BCe OCTaJbHble
3HaueHHs apkKcuHyca dopmyJoli (46). Tlonoxus B aTo#i dop-
MyJie 2, == arcsine¢, mnoJay4uM:

Arcsine = (—1)*arcsinc + =n, (46a)

T

. T
rze n— NPOH3BOJLHOE LeJoe YHCIO H — & <arcsine<y .
Mpumep. Haligem snauenus ¢ysxuuu Arcsinx npu x =

5 -
[To dopmyse (46 a) umeem:
Arcsin (— —;—) = (—1)*arcsin (—-— %) -+ wn,
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. 1
rpe arcsin (— -—2—) = 2o — €CTb TaKO€ YHCJIO U3 NMPOMEKYTKa

T b 1
[——2—; —é—]’ CHHYC KOTOpPOro paBeH —7. Takum umc-

JIOM, OUeBHAHO, 6yger — —Z—, [I05TOMY TOJYYHM:
Arcsm(— -—) (—1)" (—— —Z—)—I—T:n = (—1)»1
rae n=0, =1, £2,...

:l
S

T T

3. ®¢ynkuus y = arcsinx

MBI yCcTaHOBHJIM, YTO MPH BCSIKOM JONYCTHMOM 3HaueHHH
aprymeHTa x ¢yHKuus Arssinx npuHHMaeT OecKOHeYHOe
MHOXKECTBO 3HAYeHHH, M3 KOTOPbIX OJHO MPHHAMJEKHT IPO-

MEXYTKY [——%; —2—] M Ha3biBaeTCs CJIABHBIM 3Haye-

HUeM apKCHHyca.
Ecnu npu Jmo6oM 3HaueHHH aprymMeHTa x OpaTbh TOJBKO
rJjaBHOe 3HaueHue Arssinx, T. e. TO, KOTOpoe MPHHAAJ/EKHUT
T I
IPOMEXYTKY {— - 7] TO Mbl NOJYYHM OJHO3HAaUY-
HYy0 OYHKIHIO, KOTOpylo 0003HayalT yepe3 arcsinx H Ha-
3BIBAIOT TFJaBHBIM 3HaueHHeM (QyHKuUUH Arcsinx.
Hrak, arcsin x, e0e x— awboe uuca0 Ha ompeske
[—1; +11, ecme maxoe uucso (usu Oyea) 8 npomescymre

0 T o
[——é—;—[— ?], cunyc Komopozo (Komopod) pasex X.

T . ™
ouge: — - <<ascsinx < -
Kop g Sasesin << (47)
sin (arssin x)=x
. V'3 ™ . T 3
Hamnpuwmep, arcsmV—2— = —-, TaK Kak sm-3—=l/2—?l ,

[ T
TIpHYEM YHCJIO -E- JIEXXUT B IIPOMEXYTKeE [——é—; —g-].

4. OcHoBHBIe CcBOMicTBa (pyHKUHH y = arc 8in x

T . ™
[To ompepeneHuro — - <arcsinx < —~» CJ/efloBaTe/b:

Ho, B3sB Ha ocu Oy (puc. 116) oTpesox [——g‘—; —;— , MH
BBHIJIEJHM HA Tpadmuke pyHxund y = Arcsinx ty ayry B,0B,

KoTopass H OyjzeT rpagukoM QyHKUHH y = arcsinx.
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PaccmatpuBasgs 3ToT rpadHK (Ha pHCYHKE OH BBIAEJEH
KHPHOH JMHMel), MOXKHO OOHapy:KHTb BayKHeHIIHe CBOMCTBA
arc sin x:

1) Buime yeraHoBjeHO (cM. m. 2), uTo uyepe3 arcsinx
BEIDAXAIOTCS Bce 3HaueHHs OYHKUMH Arcsinx ¢opMyJoi:

Arcsin x = (—1)*arcsin x + =n, (46a)
rge n=0, £1, £2, £3...

Taxk Ha pucynke 116 pas 3Hauenus x = OC = 0,68 umeem:

CMy = (—1)arcsinx + «-0 = 0,68
CM; =(—1)arcsinx+=-1 =—0,68 +

Arcsin x = +3,14=2,46
TCSIN X =1 CM, = —1-'arcsinx + = (—1) = — 0,68 —

—3,14=—3,82

CMg = (—1)%arcsinx +«-2 =~ 0,68 +6,28=

=696 u T I

2) Beskas npsamas, napasjenbHas ocH Oy H oTcTOsAILAd
OT Hee Ha paccTOAHHH |¢] <1, mepecekaeT kpuByw B,08
TOJILKO B OXHOH TOYKe; 3TO INOATBEpkJaeT HAarjigIHO OJHO-
3HAYHOCTb (YHKUMH y = arcsin x.

3) Ha rpaduke Bugum, uTo arcsin x — QyHKUHA MOHO-
TOHHO BO3paCTalollas; C H3MEHEeHHeM apryMeHTa x oT — |

JZo -1 arcsinx BospacTaer ot —-—'21— bils) —;—

4) CummMeTpHs kpuBoii B,0B oTHOCHTe/JbHO Hauaja Ko-
OpAMHAT CBHJIETENbCTBYEeT O HEYETHOCTH (YHKLMH arcsinx,
T. €.

arc sin (— x) = — arcsin x. (48)

B cnpaselymBOCTH 3TOro MOXHO yGeIHTBCS TaKKe U Ha
OCHOBAHHH ONpeJiesleHHA (DYHKIIHH.

B camom jgese, mosoxkum arcsin (— x) =y, Torja no on-
pedenienuio (47) uMeeM:

siny = —x.

YMHOXHB Ha —| Kaxjoe M3 3THX COOTHOIIEHHH, IOJy-

qyaem:

5> —y>—— B —sinyg=x

uan sin(— y) = x, cnefoBaTeNbHO, — y = arcsinx, oTKyna
y = —arcsinx.

IToactaBuB 3TO 3HauyeHHe y B HCXOJQHOE PaBEHCTBO, MO-
JyuaeM COOTHoOWeHHe (48).

288



. 2 . 2 ™
Npumep. arc sm(— V‘, ) = — arcsin V22 =—0.
PaccMoTpeHHEle Hamu CBOHCTBAa arcsinx MOMKHO ycTa-
HOBHTb U Ha YHCJOBOH OKpY:KHOCTH (puc. 118,a), HO mnpH
3TOM ygnoGHee apkcHHYC 0603HauuTb OYKBOH 2z, a ero apry-
MeHT — OyKBO# y, T. €. nucath: z = arcsiny. [lo ompene-

JieHHIo (47) 3Ta 3anuch SKBHBAJNEHTHA CJeAyoLleli: y = sinz,
ki

T
rme —5 <z<-—4g-
[pocsienum, Hanpumep, KaK H3MeHsieTCsl pajHaHHAs Mepa
z pyru AM npu H3MeHEHHH Yy — OpPJMHATHL TOUKH M.

ZA
y glZ=arcsiny
m 2
817
g P\A x 0 +1
y y| Jz=arcsiny y
q ™
-z
8 3 -
a) 0) 2
Puc. 118.

[Mycte Q — npoeknus Toukd M Ha ock Oy H, cJjeloBa-
TesapHo, 0Q = PM = y.

[Toka Q nmoxmHuMaeTcss no ock y oTr B’ no B, touka M
OnMCHIBaeT NONyoKpyXHocTh B'AB, a nyra AM usmensiercs

T ki
OT — 5 A0 + 5. A 3TO 3HAUUT, YTO C H3MEHEHHEM
y=0Q or —1 po + 1 ¢pyHkuus z=arcsiny Bo3pacraer
oT — % no + —’2‘— HerpyzHo 3aMeTHTb, YTO paBHOMEPHO-

My JBHXXEHHIO TOYKH @ Ha OCH y COOTBETCTBYeT Ha OKDYX-
HOCTH HEDABHOMEpHOE IBIHXKeHHe TOukH M (2) mo 3aKoHy:
z=arcsiny. JTto nokasaHo u Ha pucyHke 118,6, rie y us-
MeHsieTCsi paBHOMepHO oT — 1 no + 1, a z npu 3ToM H3-
MEHSieTCS HepaBHOMEPHO.

Eute mpoiie Ha YHC/I0BOH OKDYXKHOCTH HOKasaTb Heyer-
HOCTb QYHKIHH z = arcsiny.

PexoMeHiyeM ulTaTeIsIM ClesaaTb 3TO CaMHM.
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5. CpaBHeHHEe NPOLECCOB, BBbIpaXKaeMblX (PyHKUHAMH
s=sint n s=arcsint

B § 6 u 22 MBI paccMaTpHBasH MeXaHH3M, Ha KOTOPOM IIpO-
HCXOJMJIO Tpeo6pa3oBaHHe BPALLaTebHOTO IBHKEHH S B IPSIMO-
JHHeHHOe, YTO CXeMaTHUECKH NepellaBajoch Ha pPHCYHKe 14.

HmeHnHo: Koseco BMecTe c mnajelieM M BpamaJgock, a
pamMKa, yBJeKaeMas naJblleM M, ABHrasace npsiMOJIHHEHHO
BBEDX W BHH3, a BMeCTe€ C HeH NpSIMOJIMHEHHO JIBHrascs
mtok BE. PaccMOTpHM JBe 3aKOHOMEPHOCTH HabJoJaeMoro

IBHXKEHHS:
[

[Tyetb KoOMeco Bpauiaetcs
pPaBHOMEpPHO C YrJoBo#i

aiHaH
CKOPOCTbIO —%—— ,

Torja wrox (mwobast ero Tou-
Ka) OyjaeT ABHraThCsl HPSIMO-
JHHEHHO HepaBHOMEpPHO
N0 3aKOHy
S =0Q = MP =y = sin{,
4TO NepelaHo HarJsgHO Ha
rpaduke (puc. 119);
a) BpallleHHe KoJieca paBHO-
MEpHOe;
6) IITOK ABHXKETCS MPAMOJIH-
HEHHO HepaBHOMEPHO — CHa-
yaja 3aMefJIeHHO, Korga |
usMensierca ot 0 no —';—, a
[IOTOM YCKOpEHHO, Korja !

T
HU3MEHAETCA OT 5 J0 w.

(1)=1

o
(NS
S

Puc. 119.
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Ilycrs wToK  aBHXKETCS
IpPSMOJIHHEAHO paBHOMED-

_1 R
HO CO cKopocTbio y=1 ——,

Torga o6onx KoJeca O6yner
BpallaTLCsl HEPaBHOMEPHO MO
3aKOHY

S = MA =z = arcsin{,
4TO Ha rpaduke BhIparkaeTcs
HarasgHo (puc. 120):
a) IBHKEHHe LITOKa pAaBHO-
MepHOe NpSMOJIHHERHOe;
6) BpauieHHe ofojaa Hepae-
HOMEpPHOEe — ClepBa 3aMe]-
JIEHHOE, Korja { H3MeHsieTCsl
or —I1 no 0, a moToM ycko-
peHHO, Korja ! H3MeHsleTcs
ot 0 mo 1.

S

~oly

Puc. 120.



§ 38. ApkxocuHyc — diyHKuusl, 00paTHasAg KOCHHYCY

1. dynkuusa, o6paTtHas Yy = cos X

VI3 paBeHCTBa y = cOSX HeJb3s BHIPA3UTh II€PEMEHHYIO
X B SIBHOM BHJE Yepe3 y C INOMOUIbIO ajre6paHyecKHXx Ore-
panui, MOSTOMY HPUXOJHUTCS TaK XKe, KaK M NpH o6GpalieHHH
CHHYCa, Y AOBJIETBOPSITLCS YCIOBHOH 3alIHChIO TAKOrO BhIpaXe-
HHUS

x = Arccosy,

KOTOPYIO YHTAIOT TaK: X paseH QPKKOCURYCY Y, HJH, NOJI-
po6Hee: x ecmb 4uCA0, KOCUHYC KOMOPO20 PABEH Y.

[TomensB MecTaMu OYKBEI X H y, NOJYYalOT 3aIMUCh (PYHK-
nud, o6paTHGH KOCHHYCY:

y = Arccos x.

[Ipu Takoi#i 3anucu 6YKBOH Y BBIPaXKaeTCs YHCJO, KOCHHYC
KOTOpOr'O paBeH X, T. €.

cosy = x, uau cos (Arccos x)==x.

Hrak, apkrxocunycom Oeticmsumenssnozo uucia x, npu-
Hadarexncaujeco npomescymky |[—I1; +1], nasesarom makoe
yucao (uauw dyey), Kocuryc komopozo (Komopoil) paser Xx.

[ToHsiTHO, 4TO PYHKUMSA Y = Arccos x ompejesieHa TOJ b-
K0 B npomexyrke — 1 <Cx <+ | noromy, 4To Bce 3Hauye-
HHSl KOCHHYCa NPHHAJJIEXKAaT 3TOMY IPOMEKYTKY.

2. Tpaguk Arc cOS X M Bbife/ieHHe TJaBHOro 3HayeHHs Arc cos x

B cootBercTBHM C TeopeMOH O rpadukax npsamoi u o6-
patHoit dyHkuu# (§ 36) rpadux ¢dyHxkumH y = Arccos x mo-
JyuaeTCsl 3epKaJbHbIM OTPax<€HHeM KOCHHYCOMIBI Y = COS X
oTHocHTenbHO OuccekTpuchl | u III KoopauHATHBIX YIJIOB,
KakK 3TO MoKaszaHo Ha pucyHke 121. Ha rpadwuke serxo
yCMaTpPHBAIOTCS HEKOTOPHIe CBOHCTBA (PyHKIUH y = Arc cos x
M TpexJe BCEero TO, YTO 3Ta (PYHKUHS MHOTO3HayHas.

B camoM ziesie, BO3bMeM Ha OCH abCIHCC KaKYI0-JIHO0 TOUKY
£=c (| < 1) 1 npoBeneM uyepes Hee MPAMYI Mapa/e/bHO
ocu Oy. Dra npsmas nepeceuer rpadHx apKkkocHHyca B Gec-
KOHEYHOM MHOXKecTBe Touek M, M, M,,..., OpIHHATH:
KOTOPHIX Yo, Y1, Yz... OYAYT 3HAUECHHAMH (YHKIHH y =
= Arccosx npu x=¢, T. e.

ATCCOSG= yo, yl’ !/2- ce w
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B MHOrosHauHoOCTH DyHKIAH, OOpaTHOH KOCHHYCY, MOXKHO
y6eqUThCS M HEMOCPeJCTBEHHO Ha YHCJOBOH OKpPYKHOCTH
(puc. 122). C sTofl mesnblo BepHeMCSl K NpeXHHM 0003Haue-
HUSIM KOCHHYCa H ero apryMeHTa:

X =cosz, ToOrga obpaTHas (YHKIHUSA 3amHlleTCs paBeH-
crBoM: z'= Arccosx. Otsoxum Ha ocH Ox (puc. 122) oTpe-
30k OP = x =c(|c| < 1) ¥ npoBeleM uepe3 TOUKy P nmpsaMyo,
nepneHIUKyaspuyto ocu Ox, JO BCTPDEUH €€ C OKPYKHOCTBIO
B Toukax M u M’ [Ha puc. 122,a) ¢ >0, Ha puc. 122,6)
¢<0]; ecau le| =1, To Touku M u M’ cousblorcsi. Haiinem
ugcJa 2, COOTBETCTBywIMe ToukaM M u M’.

Tlyete AM =z, pajguaH — KpaTuafiuiasgs H3 BCeX AT,
OKaHuyMBawoWuxcs B Touke M, torpa ayra AM' = —z, pa-
quan. [lpuGaBuM K umcaaM 2z, ¥ — 2, mo 2wk, rje k— npo-
H3BOJILHOE L€JI0€, MOJYyYHM BCE YHCJA, COOTBETCTBYIOLLHE
Toukam M u M’, a EMeHHO:

TOuKe M COOTBETCTBYIOT YHCJa 2, -+ 27k,

Touke M’ » » — 2o -+ 27k;

BCE 3TH YMCJA MOMKHO 3amnucaTb U OJHOH (opMyJsoi:

2= *2,+2nk, roe k=0, =1, £2...

Hrtak, Mpl HamM 6eCKOHEYHOE MHOMKECTBO UHCENa 2, KO-
CHHYCHl KOTOpHIX paBHBI ¢. [IefiCTBHTE/LHO, MO ONpeJe/eHHIO
KOCHHYCa [JIf BCSIKOTO YHCJAa 2, H306par<aloulerocsi B TOUKe
M umu M’, umeem: cosz = OP = ¢, cJenoBaTesbHO, [0 Ol
pelleJISHHIO apKKOCHHYCAa MOXHO 3alHCaTh:

z= Arccose, T. e.
Arccosc= + 2, 2wk, rme k=0, =1, £2... (49)
[aBas napamerpy k 3nauenus 0, 1, £2,..., mu Hai-
JleM BCEBO3MOIKHBbIE 3HaueHHsl apKKOCHHYyca:

— 29, 30’1‘2“, 20+47r""
Arccosc—-{__zo, — 2+ 27, —2zy+ 4w, ...

OnHO U TOJNBKO OJHO M3 3THX 3HaueHHH 2z, NpHHALJe-
XKHT NpoMexyTky [0; =], ero Ha3HIBAlOT FJTaBHLIM 3 Ha-
yeHHeM Arccosc u 0603HAYalOT 4epe3 arc cosc (MpexxHU
3HaK, HO ¢ MaJiofi 6yKBO#i «a»), uepe3 HEro BBIPAKAIOTCH BCE
ocTa/ibHble 3HadeHHs apKKocuHyca dopmyJaoir (49). [loso-
®KHB B 3TOl (opMmyne z, = arccosc, OyIeM HMEeTb:

Arccosec = + arccosc + 2n&, (49 a)
rae k— npousBosibHOE Imesoe uucio u 0 <Carccosc <.
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Mpumep. Halinem 3naueHuss ¢yuxkumu Arccosx npu x =
V 2

2
[To dopmyse (49 a) umeem:
Arc cos (— —]—/—22—) = = arc cos (— —1/2—_2_—) + 2wk,
V 2

rje arccos (— —2—) = 29— €CTb 4YHCJIO B [MPOMEXYTKeE

2
[0; =], KocuHyc KoTOporo pasen — ——— . Takum uuciIOM,

3 3
O4eBHAHO, OyleT -7, TaK KAK—— T JIEXKHT B [IPOMENKYTKe
3 V2
[0; =] u cos—m = — ——5—; CleL0BaTeJbHO,

A V2 ’
recos|—-——5— | ==+ —4—fc+2nk, rae k=0, =1, x£2,...

3. dynkuua y = arc cos x

MEbl ycTaHOBMJM, 4TO NpPH BCSIKOM JONYCTHMOM 3Hauye-
HuM x QyHKuMsa Arccos x NpHHHMaeT GeCKOHEYHOEe MHOKe-
CTBO 3HaueHHH, H3 KOTOPHIX OJHO NpHHAJJEKHT IIpoMe-
KyTKy [0; =], 1 HasbiBaeTC rJaBHBIM 3HaueHHEM.

Ecnu npu /mo6oM 3HaueHHH aprymeHTa x O6paTbh TOJBKO
rnaBHoe 3HaueHHe QYHKUHH Arc cosx, MpHHaAJexallee npo-
MexyTky [0; =], TO nOpHAeM K OJHO3HAYHOH (YHKIIHH,
KOTOpYI0 0603HAyaloT uYepe3 arc Cosx M HA3blBAaIOT TJIaBHEIM
sHaueHueM Arc cos x.

Urak naeM onpejefneHHeE:
arccos x, 20e x aroboe uucio Ha ompeske |—1; +1], ecmo
makoe qucao (uau Oyea) us npomexcymra [0; =), Kocuwnyc
Komopoeo (Komopoii) pasex X,

HHaye:

O<arccosx<u} (50)
Cos (arc cos x) =x

4, OcHopHble cBOHCTBA (PYHKUHMH Y = arc cos X

1) Bce 3Hauenusi ¢yHKUHH Arc cos x CBsi3aHbl C I'NVIaBHBIM
ee 3HAUeHHEM DaBEHCTBOM:

Arccos x = £ aiccos x + 2=k (B —uenoe). (496)
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Tak, Ha pucynke 121 gans sHauenmus x = OC = —0,63
HMeeM:

CM,= arccosx =225
CM, = —arccos x = — 2,25
Arc cos £ — CM, = —arccosx+2-1-7 = —2,25-!—6—5_:248;
CMy;= arccosx +2(—I1)n=~2,256—6,28=
| =—4,03 ¥ T. 1.

2) Tlo onpegnenenuro ¢yHKuHH y = arccosx uHMeeM 0 <
<L ¥y < =, noatoMy, B3siB Ha ocd Oy oTpesok [0; =], MBI BbI-
nenuMm Ha rpaduke Arccosx Ty ayry AA’, xoropas u 6y-
et rpajpukoM ¢hyHKUMH Yy = arccosx. PaccmatpuBas 3TOT
rpapuk (Ha pPHCYHKe OH BblJeJieH XHDHOH JIMHHel), 3ame-
yaeM, YTO (YHKLHS arccosx HOpPHHHMaeT TOJbKO HeOTpHIa-
TesbHblE 3HayeHHs, a HMEHHO, C H3MEHeHHeM apryMeHTa x
or —1 o 41 arccosx MOHOTOHHO y6biBaer oT = xo 0.

3) I'paduk GyHKUMH Y = arccos X He CHMMETPHUEH HH
oTHOCHTeJILHO ocH Oy, HH OTHOCHTEJIbHO Hauajia KOOpAHHAT,
a motoMy 3Ta QYHKUHS He NPHHALJIEMHT K KJacCy YeTHbIX
U HeueTHhIX QyHKuui. UTO Ke KacaeTcsl CHMMETDHM rpa-

(MKa arccosx OTHOCHTENbHO TOUKH —2— Ha ocu Oy, T0 oHa

NOJCKa3biBaeT HaM CJjieflyloilee HHTEPEeCHOe CBOHCTBO 3TOH
G yHKUHH:
arc cos (— x) + arccos x =,

Hin arc cos (— Xx) = ®— arc cos x. (51)

B camom feJie, Kak Jerko BuIAeTb Ha rpaduke (CM. puc.
121, a) gto y TOuek M u M’ c abcumccamMu x U — X OPAHHATHI
arccos x u arc cos (— x) JaloT B CyMMe .

B cnpaBefJIHBOCTH 3TOr0 CBOHCTBA arc cos X MOXKHO yOe-
JIUThCSl U ApYruM nyrteM. [lelicTBHTeNbHO, NpHMeM 0603Ha-
yeHHe arc cos(— X) =y, TOrja Mo ONpeleJIeHHIO HMEEM:

—x=cosy U 0K<Y<Kr,
oTKyJa ¥ =—cosy=cos(n—y) 1 0rn—y<m.
OG6paiasi COOTHOIIEHHE X = COS (T — Y), MOJyYHM:
7 — Y = arc cos x,

OTKyJZa ™ = Y + arc cos x = arc cos (— x) + arc cos x.
ITO cBOMCTBO O6JieryaeT HaxOXKJAEHHe 3HAaYeHHST apKKO-
CHHyCa [Jis OTPHLATEJNbHOrO apryMeHTa.
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2
Pemenue. Ilo dopmyne (49 6) umeem:

fpumep. Hafitn Arccos (——-L)

Arccos (—- -;—) = = arccos (—— —é—) -+ 2rk.

Ho no dopmyse (51) arccos (—— L) =n— arccos—é =n—

2
T 2 1 2
—-3 = —3~T, CJIeJ0BaTeJ/bHO, Arccos (—- —2—) = =+ 5 7 4+
+ 2nk (k— nenoe uucso).
z
T
M 2 =arecos x

Z=qarccosx
X p/d

e
-
N
a)

6)

Puc. 123

MMpumeyanue PaccmoTpeHHble HamMH CBOMCTBA arc cos ¥ MOMKHO
o6GHapyXKHUTb H Ha yHCIOBOH oKpyxHocTH (puc. 123, a). Ilpocaepum,
HanmpuMep, KaKk H3MeHSieTCs 2— pajuaHHas Mepa Ayrd AM — npu us-
MeHeHHH abcuucchl TOukKH M, T e. orpeska OP = x = cosz

[Tycts Touka P pBuxetcs mo ocu Ox ot A" g A, Torna
Toyka M Oygner ABHraThCsl MO BepPXHEH NOJYOKPYKHOCTH
A’BA ot A’ x A. DT0 nokasbiBaer, YTO C BO3PAaCTaHHEM X
or — 1 jgo + 1 ¢QyHKws z = arccosx y6uiBaer oT n 1o 0.
[TonsiTHO, uTO npH paBHOMEpPHOM J[ABHXXEHHH TOUKH P no
oct Ox Toyka M Gygzer coBepiuiaTh HepaBHOMEPHOE JBHIKe-
HHe No NoayokpyxHoctd A’BA no 3akoHy w AM=2z=
= arccos ¥, YTO BHIHO M Ha rpaduxe (puc. 123, 6).
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§ 39. ApkraHrexc — yHKIHsl, oGpaTHaa TaHreHcy

1. dynknus, obGparHas y =tg x

[pu obpamenun GyHKUHH y = tgx NpPUXOZUTCH TaKKe
YAOBJIETBOPHTHCS YCJIOBHOH 3alHChHIO

x = Arctgy,

TaK Kak C I[IOMOMbl0 aJjre6paHyecKUx oOnepanuii HeBO3-
MOXKHO BhIDa3HTh X uepe3 y. ITa 3aluCh O3HauaeT, YTO X
ecTb 4yHCJO (Ayra), TaHreHc KoOToporo (KOTOpoi) paBeH y,
a yHTaeTcs TaK: X paBeH apKTaHreHCY Y.

ITomensiem MecTamu GYKBBI X M y, NOJYYHM CJeLYIOLLYIO
3anuch (YHKUHH, OOpDaTHOH TaHreHCy:

y = Arctg x.
[Ipa Taxofi 3anucu 6yxkBOH y BhIpa)kaeTcs 4YHCJO, TaHreHC
KOTOpOro paBeH X, T. €.

tgy = x nam tg (Arctgx) = x.

WUrtak, apxmaneencom aobozo Oelicmeumebrozo 4ucia x
Hasblearom qucao (uau 0yay), maueenc Komopoz2o (Komopoi)
pager Xx.

Pynkuus y = Arctg x onpegnesieHa npu Jio60M JaeHCTBH-
TeJIbHOM 3HAaYeHHH X, TaK KaK TAaHreHC NPHHHMAeT BCEBO3-
MOXKHble JeHCTBUTE/bHbIE 3HAYEHHS.

2. 'paduk Arctg x W shigejeHHe raasHoro sHaveuns Arctgx

Ipaduk dyukumn y=Arctgx mnonyuaercs 3epxajbHbHIM
OTpa)KeHHeM TaHreHCOHAnl y = tg x (puc. 124) oTHOCHTE/b-
Ho 6uccektpucnl | u 111 koopiuHaTHEIX yrjoB (cM. Teope-
My § 36). Tak e, Kak U TaHreHcoHjAa, rpadpux y = Arctg x
COCTOMT M3 6eCKOHEUHOTrO MHOXKECTBA OTJEJbHbIX BETBEl.
Jlio6as npsMas, mnepneHAukyaspHas ocu Ox, nepecekaer
KaxAylo H3 BeTBeH rpadmka, cJjefoBaTenbHO, (GYHKUHS
y = Arctg x MHOrosHauHasi; npH Jo6OM 3HaYeHHH X OHa IIpH-
HUMaeT GeCKOHeYHOe MHOXKEeCTBO 3HAaYeHHH: Yo, Yy, Ygv - -+ -

B MHOrosHayHOCTH apKTaHTeHCa MOXKHO yOGeIuThCS H
HENOCPEeJCTBEHHO Ha YHCJIOBOH OKpyXHOCTH (pHc. 125),
TOJBKO NMpH 3TOM yJhoOHee MOJL30BAThCS MPexHUMH 06O3-
HaueHHSIMH TaHreHca u ero apryMmenra: y=tgz Toraa
z=Arctgy.

OrJyoxuM Ha KacaTesbHO#H oTpe3ok AT =y =c [Ha puc.
125, @) ¢ >0, na puc. 125, 6) ¢ <0] u mpoBexeM mnpsaAMyo
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OT po BcTpeuu ¢ OKPY:KHOCThIO B Toukax M u M’. Haligeu
ygcJsa 2, COOTBeTCTBYyWilHe Toukam M u M’.

IMycte AM = 2, panuaH — Kpartyaiimasi u3 Ayr, OKaHYH-
Baouuxcsa B Toyke M, torpa ayra AM’ =z,+ n pajguaH.
Ilpu6aBuM K uHCIaM 2z, H 2, + ® N0 2nk (k — NpoM3BOJIbHOE
11eJI0€), MOJIyYHM BCe YHCJa, COOTBETCTBYIOUHEe Toukam MM,
a UMEeHHO:

TOUKe M COOTBETCTBYIOT UMCJA 2, | 2wk

TOuKe M’ COOTBETCTBYIOT UHC/A 2, + = -+ 2nk =

=2z,+ (2 + 1) =.

QOueBHIHO, BCE STH UHCJA MOMKHO 3amHcaTb OJIHOH
dopmy.oii:

z2=2y+=wn, rpge n=0=x1, =2,....

Hrak, Mbl Halig 6eCKOHEUHOE MHOXKECTBO 4YHCeJ 2, TaH-
FeHChl KOTOpBIX paBHBI ¢. IlefCTBHTENbHO, 1O OIpeJeseHHIO
TaHreHca AJjs Jioboro u3 uuces z, H306paKeHHBIX B TOUKe
M unu M’, umeeM: tgz= AT = ¢, ciegoBaTe/NsHO, IIO OI-
peleJIeHHIO apKTaHreHca MOKHO 3amHcaTh:

z=Arctge, 1. e.
Arctge=12,+mn, rge n=0, =1, £2,.... (52)

HaBas napamerpy n 3Hauenusa 0, 1, =2,..., 6ygeM
[0JIy4aTh BCEBO3MOXKHLIE 3HAYE€HHS apKTaHreHca:

Arctge=12, 2o+ % 2—x, 2 +2%x, 2z —2=,...,

HO TOJIBKO OJHO H3 STHX 3HaAueHHH 2o HaxoguTcs B IIpoMmer

T
XKXYTKe (—-’5, E-), €ro HasblBalOT rJiaBHBIM 3HAaueHH-

eM Arctgc uo6osHauaioT uepes arctgc (npexHu#l B3HaK,
HO C MaJjleHbKOH OyKBOH «a»); yepe3 Hero BBIPAXKAalOTCS II0
¢dopmyne (52) Bce 3HaueHus apkranresca. ITosoxus B aToif
¢dopmyne z, = arctge, OyleM HMeTb:

Arctgc = arctgc + =n, (52 a)
rjie n— NpoM3BOJLHOE 1eJIo€ YHCJIO0 H — % <Larctge<L —;—

Haitnem, Hanpumep, 3Hauenue oyHkuuH Arctgx, npu
x=)/3. Tlo dopmyne (52 a) umeem

Arctg V'3 = arctg )3 + =n;
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HO arctg V'3 = =, TaK Kax tg—';:- =V3 u unucio % npH-
™

T
HaJJIeXXHT [POMEXYTKY (-—-7; 7); cJ1e10BaTeNbHO,

a T
Arctg V3 = 5 -+ ®n, TAe n — NPOH3BOJILHOE IEJI0€ YHCJIO.

Ha pucynke 124 snauenns Arctgx npu x=V'3 nepe-
JaHbl OpiuHaTamMu Toyek M, M,, M,, ..., B KOTODPBIX rpa-
(UK apKTaHreHca nepecekaeTcs MepneHukyasapom K ocu Ox,
nposefieHHBIM yepe3 Touky C ¢ abeuuccoii x =13, a
HMEHHO:

CM0=arcth§=%, CM1=§ 7c=%7r;

+
T 2 T 7
CM2='§—'IT=——'§T[, CM3=-+2'K='§-TC,

CM,= %—2ﬂ=—%—ﬂ H T. I.

3. dynkuua y = arctg x u ee cpoiicTBa

Mol ycTaHOBUAH Bblle, YTO INPH BCAKOM 3Ha4yeHHH X
¢yHsxnua Arctg x npuHHMaeT GeCKOHEYHOe MHOXKECTBO 3Ha-
YeHHH, H3 KOTOpbIX OJHO TPHHAJLJEXHUT [POMEKYTKY

T T
(—- o ‘3) H Ha3bplBaeTCs TrJaBHBIM 3HAQUCHHEM.

Ecau npu moGoM 3HaueHHH apryMeHTa x 6Gpatb TOJBbKO
ri1aBHOe 3HayeHue Arctg x, To MbIIpHJeM K OZHO3HAYHOH Dy HK-
MM, KOTOpPYIO 0003HaualioT uepe3 arctg x u HaswiBalOT riias-
HbIM 3HauyeHHeM (yHKuuH y = Arctg x.

Wrak, jaem ompeZneneHue:
arctg x ecmv maxoe 4ucao (uau Oyea) e npomesxcymse
(—— - —g—), mareenc Komopozo (Komopoil) pasex Xx;

HHaue: ——%< arctgx < %
(53)
tg (arctgx) = x

YcraHoBneHHas Bbllle ¢opMysaa (52 a) moxaselBaeT, uTo
¢yHkuus arctgx ceszana c¢ Arctg x cooTHoleHnem:

Arctg x = arctg x + =n, (52 a’)
rpe n=0, &£1, =2,...
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I'paduxkom dyHknun y = arctg x GyHeT cAyXKUTh Ta BeTBb
rpadpuka Arctgx (puc. 124), xoTopasi sakiOuUeHA MEXKIY
OpSIMEIMH, TapaJjijie/bHeIME OocH Ox M OTCEKalomuMH Ha OCH

T 11
OpJAMHAT OTpPEe30K [——'—2-, —5] (Ha puCyHKe 3Ta BETBb Bbl-

JleJieHa XKHDHOH JIHHHeRH).
Ha rpaduke MoxHO 06HapyXHTb BaxHble CBOHCTBA (QYHK-
nud y = arctgx, a umMeHHo: |) OJHO3HAYyHOCTh, 2) MOHO-

TOHHOCTb BO3PACTaHHSl OT — 5 A0 - H 3) HEYETHOCTb.

2
JefcTBUTENBHO:
1) mobGasi npsMas, nepneHAuKyJsipHas ocu abcuuce, Ie-
peceKaeT KpHBYIO y = arctg x TOJILKO B OJHOH TOUKe;
2) TIpH H3MEHEHHH X OT — oo J0 - co KpHBAsl Y =
= arctg ¥ NJIaBHO TOJHHMa2eTCH BBEPX TaK, YTO OpJWHATa

o T 3
Y TeKylled TOUKH H3MEHseTCs OT — o [0 + -, He TmpH-

HUMasl 3THX KpalHHX 3HaueHHuH;

3) HeueTHOCTL (PYHKUHH y = arctg x cjefyer H3 CHMMET-
pHH ee rpaduKa OTHOCHTE/JbHO HayaJa KOODAHHAT.

B HeweTHOCTH arctgx MOKHO y6eAuTbCs M APYTHM NyTeM.
B camom pene, mosoxuM arctg(— x) =y, TOrja mo ompe-
JleJIEHHIO HMeeM:

——% <y< % u—x=1tgy.

YMHOXKHM Ha — 1 3TH COOTHOLIEHHS, TOJYYHM:

T

T>—y>—guxr=—tigy

HJH ——g <-—y<§ u x=tg(—y);

oTclofla 1o omnpe/ieJIeHHI0O TJIaBHOIO 3HAYE€HHA apKTaHreHca
HMEeeM:

—y =arctgx, uan y = — arctg x.
Hrak,
arctg (— x) = — arctg x, (54)
T. e. arctgx ecTh HeueTHass (YHKIHS.
Mpumep. arc tg (— 1) = —arctgl = — .

B kauecTBe ynpaxKHeHHS PEKOMEHJyeM YHTaTejsM JO-
Kas3aTb yCTAaHOBJIEHHEIE BHILIe CBCHCTBa arctg x Hemocpei-
CTBEHHO Ha YHCJOBOH OKDYXHOCTH aHAJOTHYHO TOMY, Kak
5TO MBI fesiaju JJ1s arcsinx H arccos x.
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§ 40. ApkkoTtaHreHc — yHKUHs, o0paTHas KOTAaHIeHCY

1, dyukuusa, obparhas y = ctg x

Paccyxzass Tak e, Kak H npu obpalleHHH APYTHX Kpy-
roBeIX (DYHKIHMH, MPUXOAUM K paBeHCTBYy Yy = Arcctgx, BEI-
paxarouieMy oOpaTHYIO (QyHKIHIO /s KOTaHTeHCa.

y
m

\<

nl  x

’
S
iy
N
nNjco

Puc. 126.

Onpepenenue. y = Arcctg x —ecmov ynxyua, obpamnas
KOmaHeency, ama (YHKYUs npuHuUMaem maKue 3HA4EHUS,
Komaneenc Komopeix  pageH x, m. e. ctgy=x wm
ctg (Arcctg x) = x.

OmnpefiesieHa 3Ta (YHKUHS INIpH BCeX SHAUEHHSX X, TaK
KaK KOTaHI'€HC NPUHHMAeT BCEBO3MOXHbIe JeHCTBHTENbHbIE
3HaueHHS.

2. Tpaduk Arcctg x M BbijesenHe raasHoro sHauenus Arcctg x

I'paduk Arcctg x (kax u Apyrux apk@yHKuuil) nosyyaem
OTpa)K€HHeM KOTAHTeHCOHAHl y = ctg X OTHOCHTeJbHO OHC-
cektpuchl 1 u 11l koopzuuaTHbIX yraos (puc. 126). Bes-
Kas npsmas, napaJjjieibHas ocu Oy, nepecekaeT 3TOT rpa-
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¢uk B OeCKOHeUHOM MHOXKecTBe Touek M, M;, M,,. ..,
OpAMHATH KOTOPHIX Yo, Y1, Ys, - .. SIBJISIOTCS 3HAUEHHSIMH
apKKOTaHreHca. TakuM o6pa3oM, apKKOTaHTeHC, Kak H ApyrHe
apkYHKIUH, ecTb (GYHKIUS GeCKOHeyHO3HayHas.

Y6enutbCs B MHOIO3HAYHOCTH AapKKOTAHTeHCA MOYKHO H
Ha YHCJOBOH OKpyxXHOCTH (puc. 127), TonbKO yjnoGHee MpH
3TOM MOJIb30BaTbCS NMpEXHHMH O0O003HAaUYeHHSIMH KOTaHTeHCa
H ero apryMmeHra: x =ctgz, torza z= Arcctg x.

Ots0xuM Ha KacaTesbHOH oTpe3ok BK = x = c[( Ha puc.
127, a) ¢ >0, Ha puc. 127 6) ¢ <0)] u npoBeneMm mps-
myio OK 10 BCTpeud C OKpYMHOCTbIO B Toukax M u M.
Haiinem uncna z, cootBercTByiomine toukam M u M.

y B ¢ K K ¢ / B
. M
0 A 0 A4
X X
MI MI
a) b)
Puc. 127.

[Mycte AM =2z, pazmaH— kpartyafimass u3 Ayr, OKaH-
yuBaloWKUXcs B Touke M, Torja ayra AM’ = (z, + =) pazuaH.
[TpuGaBum K umcnam z, H 2y + = no 2wk (k — MpPOM3BOJILHOE
IeJsioe), MOJIYYHM BCe YMCJA, COOTBETCTBYIOULHE TOuKaM M
u M’, a UMeHHO:

Touke M COOTBETCTBYIOT HHCJA 2, + 2rk,
Touke M’ » » (20 +®)+ 2k =2, +
+ 2k + .
Bce aTH uyucia MOXHO 3anucaTh OAHOH dopmyJiof:
z=2y+mn, rpe n=0 =x1, =*£2,...

I/Irax, Mbl Haumu GeCKOHeYHOe MHOXKECTBO YHCEeJ 2, KO-
TAHTE€HCbl KOTOPBLIX paBHBI C. HeﬁCTBI/ITeJIbHO, no omnpene-
JIEHHIO KOTaHreHca JJs J/o00oro U3 4Hced 2, H306pa}l{EHHI:IX

303



B Toukax M u M’, umeem: ctgz = BK = ¢, cJ/lefoBaTeJIbHO,
N0 OIpeJie/ieHHI0 apKKOTaHreHCa MOXKHO 3alHCaTh:

z = Arcctge,
T. €.
Arcctgec =z, + =n, (55)
rie n=0, £1, £2,...
HaBasi mapamerpy n 3nauenue 0, =1, +2,..., 6yaeM

oJiy4aTb BCE€BO3MOXKHbI€ 3HayeHHUS apKKOTaHreHca:
Arcctge =2y, 2+ =, 2g—=, 2o+ 2%, ...

OZHO H TOJMIBKO OJHO M3 3THX 3HaueHHH 2z, HAXOZHTCS B
npoMexkytke (0; w); ero HasbIBAIOT rJIaBHBIM 3HauYeHH-
eM Arcctgc u o6osHauaror uepes arcctge (mpexHHH 3HaK,
HO c MaJjo#i 6ykBoit «a»). [TonoxuB B dopmyne (5b) z, =
= arcctg ¢, MONyYHM COOTHOILUEHHE

Arcctg ¢ = arcctgc + =n, (55 a)

rie n— npousBoJsibHoe nesoe H 0 < arcctge <=.

DTO COOTHONIEHHE MOKas3biBaeT, YTO BCE 3HAUEHHS apKKO-

TaHreHca BBIPAXKAIOTC Yepe3 IJaBHOE ero 3HayeHHe.
Hafimem, Hanpumep, 3Hauenue Arcctgx npu x= —1.
fTo dopmyse (55 a) umeem:

Arcctg (— 1) = arcctg (— 1) 4 =n,

Ho arcctg (— 1) = %ﬂ.‘, TaK Kak ctg(—i’— w):—l H YHCJIO

3
— ™ TpHHAJNeRHT npoMexyTKy (0; =), criefoBaTelbHO,

Arcctg(—l)=-§—n+nn, rie n=0 1 +2...

3. dynkuuna y = arcctg x u ee cpoiicTea

Mbl ycranoBusmn, uto ¢(yHKuHa Arcctg x GecKoHeuHo-
3HayHasg, HO ecJH [OpPH BCSIKOM 3HAauYeHUH X GpaTh TOJBKO
rjaBHOe 3HaueHHe Arcctgx, TO MBI NpHAEM K OJHO3HAYHOMH
¢dyuguuy, KoTopyio o603HayawT yepes arcctgx M HasbIBAIOT
rMaBHBIM 3HaueHHeM GpyHKuUUHU Arcctgx.

Wrak, arcctgx ecme makoe uucio uiu Oyea 8 npome-
scymre (0; =), Komaneenc Komopoz20 {Komopod) pagen X;

HHaye:
0 <arcctgx <= }

ctg (arcctgx)=x (56)
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SlcHO, 4TO BCce 3HaueHusl Arcctgx BbIpaxaloTcs uepes rJiaB-
HOe 3HaueHHe (OPMYJIOH:

Arcctg x = arcctg x +=n (n—uenoe)... . (56 6)

'padukom yHKuHE y = arcctg X clyXHUT Ta BeTBb rpa-
¢uka y = Arcctg x (puc. 126), koTopasi pacnoJioxeHa MexK-
Iy ochio abcuucc M mnapaJjulesibio K 3TOH OCH, OTcekaromiel
Ha OCH OpJAMHAT OTpe3oK =. PaccmMaTpuBas rpaduk (Ha
puc. 126 oH BBIJEJNEH KHUDHOH JHHHEH), 3aMeyaeM, YTO
¢byHKIMA y = arcctg ¥ NPHHUMAeT TOJBKO MNOJOXKHUTENbHbIE
3HaYeHHS, a HMEHHO, IIOKa apryMeHT X mnpo6eraer 3Haue-
HHA OT — o J0 - oo arctg X MOHOTOHHO yGEHIBaeT OT T
jgo 0, me mpuHHMas 3THX KpalHUX 3HaAYEHHI.

Ipadux arcctg ¥ He CHMMeTpPHUEH HH OTHOCHTEJBHO OCH
OpIMHAT, HU OTHOCHTE/JbHO HayajJa KOOpAHHAT, CJeJoBa-
TeJbHO, 3Ta (QYHKUUS HE INPHHAJJIEXKHT K KJAacCy HYeTHHIX
1 HeueTHBHIX OyHKuMH. UYUTO Ke Kacaercs CHMMETPHH rpa-
(uka arcctgx OTHOCHTEJILHO TOUKH % Ha ocu Oy, TO OHa
II0JiCKa3blBaeT HaM CJejlyioliee BayKHOe CBOHCTBO 3TOH

OyHKIHH:
arcctg (— x) + arcctgr ==
UK arcctg (— x) = n — arcctg x. (57)

Ons  Jokas3aTe/bCTBa  STOrO  CBOHCTBA  IOJIOXKHM
arcctg(—x) =y, TOria MmO OnNpejeJieHHIO apKKOTaHreHca
6yneM HMeThb:

—x=ctgy v 0<y<m,

oTkyJa x =—ctgy=cig(r—y) 1 0<m—y <m.
W3 paBenctBa x = ctg (v — y) nmosyuaem:

n—y = arcctgx, T. e. ® = arcctg(— x) -+ arcctg x.

Mpumep. arcctg(—1)=mn—arccigl == — —;— = % .
PexkomenpyeM umratemo y0eQuTbCsl B CIPaBelJHBOCTH

paccMOTpEeHHbIX CBOHCTB arc ctg x Ha YHCJIOBOH OKPYIKHOCTH.

[Ipumevanue, Pagu KpaTkocTH Bce oGpaTHble KPYyroBhle (yHK-
LIHH HASHIBAIOT OGHIYHO aPKGP YHKILH g MH.
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Ynpascuenus.

1. Belpasuth Bce 3HaueHHMsl 2z C MOMOLIBI0 OGPaTHHIX KPYroOBHIX
GyHKIUA B ClefyOUUX DPaBEHCTBAX:

a) sinz=0,27; 6) cosz=——3—; B) tg3z2=2;

wl—

r) ctg (z+ —;—) =—0,73 1) sin(@—1)=
2. YkasaTh o6JacTb onpefeneHus QyHKIui:

a) Arcsinb5x; 6) Arc cos—;i-; B) Arctg 10x;

1
r) arcsin (x— 1); np) arc cos x-;— ;e) Y arcsinx .

3. Hafitu: 1) Ge3 Tabumu:

a) arc sin ( — _]/;23_) ; 6) arccos (— 1); B) arctg0;

r) Arc sin(— V23 ); 1) Arccos{—1); e) Arctg0;

2) no tabJaHuam:
a) arcsin 0,5340; 6) arc cos 0,2348;

8) arc tg (—1,025); r) arc tg% X
4. V306pa3uth Ha YHCJIOBOH OKPYXHOCTH M Ha rpadukax:
1 2
a) arc sin ( —T); 6) arc cos(— —:-3- ; B) arc tg 2; r) arc ctg (—1,5).
5. [lpeacraBuTb z KaK (YHKUHIO OT y:

a) y=arcsin3z 6) y=2 arccos—;-; B) y =3 arctg(z— 1),

r) y=1+arcctgy z .

6. Haiitn HanMenbwee H HauGoJsblice 3HaYeHHs GYHKUHH:

a)y=5arcsin—;-; B) y=1+43 arc tg x;
6) y = 2= —arccos (x+ 1); ) y=-§-+2 arc ctg 3x.
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7, IlpoBepuTh paBeHCTBa:

a) arcsin 1 = 3arc {g _1/_33_ H

1 3 1 P
6) - arc sin V23 +Tarcc050=arctg]/ 3;

B) arcsin(—@-)—-arccos <_L2_2;)=_'—°’

8. UsBectHo, uTto sinw =0; MOXKHO JI1 Ha 5TOM OCHOBAHHH YTBEp-
JKAaTh, 4TO = = arc sin 0?

9. I/I3BECTHO, 4To COS('— —) = —; MOXHO JIM Ha 3TOM OCHOBa-

T

g
HHH 3anucaTtb, 4YTO — "3— =4arc COS"2— ?

10. Tloctpouts rpaduxu chaefyoOmHX QYHKUMIL:
a) y == sin (Arcsin x); 6) y = tg (Arc tg x); B) y = arcsin (— x);
r) y=arccos (—x); A) y=I|arcsinx|; e) y=|arctgx|;
XK) y = 2arc sin x; 3) y = arc sin 2x.

§ 41. TpuroHomerpHueckue onepauuu Hal apxyHKUHSIMH

Tak kaxk 3HaueHusMH apkQyHKUHH SBJASIOTCS IeHCTBH-
TeJibHble YHCJa, TO C apKPYHKUHSMH MOXKHO MPOH3BOIHTH
Te e OIepauuy, 4TO H C AeACTBHTENLHBIMH UHCJIaMH, T. €.
cJIOXKeHHe, BblUHTAaHHe, YMHOXKEHHe, JeJileHHe, BO3BHIIIEHHE
B CTeIleHb, H3BJeUeHHe KOpHS, JOorapuMHpOBaHHE H B3STHE
KpyroBelx GyHKUHH. UToOB H36exaThb TPYAHOCTH, BO3HHKA-
IOLIlHe NPH BBINOJIHEHHH Ollepallil HaJl MHOrO3HauHBIMH (DY HK-
musMH, Mbl OylleM B JaJjibHelillleM paccMaTpHBaTh TOJBKO
rJaBHble 3HaueHUS apKQyHKUMH, COXpaHAs paj# KPaTHOCTH
H JJs HUX ofllee HasBaHHe apKG yHKILH .

B sToMm maparpade Mbl OCTaHOBHMCSI Ha ONepaLHsiX, CBS-
3aHHBIX C B3fITHEM KDPYroBHIX (DYHKUHH OT apK(yHKUUH.

[Tpocrefiye cayyan Takux onepauuii JaHbl B CaMHX OIl-
pelesieHHAX apKOYHKIHMH, a HMEHHO:

sin (arcsinx) =x u cos(arccos x)=x
B npomexyTke — 1 Cx <+ 1, a Takxke

tg(arctgx)=x u ctg (arcctgx)=x
IpH BCeX 3HAUEHHAX X.

C noMOIILBI0 3THX TOXKJECTB M H3BECTHBIX HaM (opmy.
TPUTOHOMETPHH KPYroBhle (PYHKUHH OT JiOOHIX apKdyHKUHIT
JIETKO NPHBOJSATCS K ajreOpaHyecKHM BblpakeHHsM. [loka-
JKeM 5TO Ha HeCKOJIbKHX NpHMepax.
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1. Hcnonbays dopmyay sina = + ) 1 —cos?a unpe-
IBIAYIIHE paBEeHCTBa, HAaXOMLHM:

sin(arccosx) = J'1 —cos?(arccosx) =} 1 —x2.

Tax kak arccosx H3MeHsieTcss B npoMexyTke ot 0 Jo =, TO
sin (arc cos x) — 9UCJIO HeOTpHLATeNbHOE, a NMOTOMY KOpEHb
KBaJpaTHBI HaJo 6path TOJBKO C OJHHM 3HAaKOM --.

2. AHaJIOrMYHO HaXOJHM:

cos (arcsinx) =) 1 —sin?(arcsinx) =} 1—x2 .

. [
Taxk xak arcsinx usmeHsieTcss B NPOMEXKYTKE OT — g p1(¢]

K .
—~» TO COs (arc sin x) ecTh YACJIO HEOTPHIATENBHOE, a I0TOMY

Hajao 6paTb KBa,I[paTHI:Iﬁ KOp€Hb TOJIBKO C IOJIO2KHTEJIbHBIM
3HAKOM:

sin (arc sin x) x '
cos (arc sin x) Vi—2 (I [ 1)

1 1
dgaecn  x x#0).
ctg(arc ctg x) x (x#0)

tg (arcsinx) =
tg (arcctg x) =

3. Hcnoap3ysa Teopemy cloMmeHHS
cos (& + B) = cosacosB—sinasinp
HOJTYYHM:
cos (arc sin x - arcsin y) = cos (arc sin x) cos(arc sin y) —
—sin(arcsinx)sin(arcsing) =V 1—x2 V' 1 —y®* —uxy.
4. AHaJIOTHYHO HaXoJuM:

sin (2arc sin x) = 2sin (arc sin x) cos (arcsin x) = 2x )/ 1—x?;

_ 2Mg(arctgx) _ 2x .
tg(arctgs) = ZEILEI = Fo (M £ 1)

1 J-cos(arccosx) _ l-4x
2 2

cos? —;— (arccos x) =

5. Ucnosb3ayem opMy bl NpHBeLeHHS H APYTHe, HAXOLUM:

1+ sin (2arccosa — 1,5 ) = 1 -|-sin(2arccosa—|— —;_)_—_-_

= 1 4 cos (2arc cos @) = 2cos? (arc cos a) = 2a2.
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Mpumeuyanune. He cregyer yauBnsaTecsi TOMy, 4TO NpPH BHINOJ-
HEHHH HaJ UYMCJOM a ABYX B3aHMHO OCDaTHbIX TPHIOHOMETPHUECKHX
onepauuii (HanmpuMep, B3siTHE apKCHHyca, 3aTeM CHHYCa) Mbl NOJYYaJH
ONSTH YHCJO @; 3TO OGCTOSITENLCTBO HMEET MeCTO JJIsi JiioGhIX B3aHMHO
06paTHBIX onepau,uﬁ.

Tak, umeem:

) (a+b)—b=aqa; (a—b)+b=g
2) (a-b):b=a; (a:b)-b=a, rae b+0;
3) 'Va" =a ('{/ a ) =a, rae a>0 u Kopenb HMeeT apup-
MeTHYeCcKoe 3HaueHUe;
4) 6% =g lgyb=a, raea>0, b>0ub+l;
’E

5) sin (arcsina) = a npu |a| < 1; ascsin (sin a) = a mpu |a}< Ty H

6) cos (arccosa) = a npu |aj < 1; arccos (cosa) = a npu O<a<T;
7) tg (arc tga) = a npu Ju060M a arc tg(tga) =a

g <as g

§ 42. MNpocreiimme 3aBUCHMCGCTH MeXAY apK(yHKUUAMH
1. 3aBHCHMOCTH MeXAy apKOYHKUHSMH OLHOrO M TOrO e aprymMeHTa
arcsin x + arc cesxz%; (k1<) (58)
arc tgx + arcctgx= —;— . (59)
Isi 0Ka3aTe/bCTBA MEPBOrO H3 3THX COOTHOILUEHHH MO-

JIOXXHM arcsinx =2z, Torja Imo onpejesieHHI0O apKCHHYyCa
nMeeMm:

1

g

. T
smz=xu——-5-<z< .

N

HJIH

T

2

cos(-—Q———-z)=x H —;—}-——z>—

[Tpu6aBuM K KaKIOH yacTH HepaBeHCTBa no%, noJsy-
UHM: n}%——-z}O, T. €. YHCJIO %—z NpPHHALJIEKHT
npoMexXyTky [0; =], a NOoTOMy COOTHOLIEHHUE COS (—;— ——z) ==
= X MOXKHO 3alHCaTh TaK: —’2‘——2 = arccosx, OTKyJla
k13

T .
—- =2 -} arccosx, HIM —- = arcsinx + arccos x.



CnpaBeJIHBOCTh COOTHOILIeHHs (58) ycmaTpHBaeTcsi H Ha
rpaduke (puc. 128), a HMeHHO:
1) npu x = OA umeem:

arccos x = AB } otpe3kn AB u AB, — Ha-
*+ arcsinx = AB, npaBJieHHble

arccos x + arcsinx = AB+ AB, = AB—B,A=
=AB——CB=AC=—;—;

2) npu x = 0 umeem:
4 arccos x = oD
arcsin x = 0;

arcsin x -+ arccos x = 0D—|—0=0D=% :

3) npu x = OE umeem:

arccos x = EF
arcsinx = EF

arccosx+arcsinx=EF+EF=EF—|—FG=EG=%.

y AHasnoruyHo JIOKa3bIBaeTCs
y=arccosx | CHpaBeAJHBOCTb COOTHoUeHus (59).
N PexomeHnyeM NpoBecTH JOKa3aTeb-
CTBO CaMOCTOSITENLHO.

8
\ 2. Bhipaxenue ojHOH apkpyHKUUH
c g G yepe3 Jpyryw ¢ M3MEHEHHbLIM apryMeHToM
1
! Hcnonbay s u3BecTHule ajre6pau-
- yeCKHe 3aBHCHMOCTH MeXJy Kpyro-
BBIMH (GYHKLIHSMH, MOXKHO J0GYI0
apkGYHKLUHIO BBIPAa3HTb 4Yepe3 Bce
ocTaJibHble.
ITokaxeM 3TO Ha KOHKPETHBIX
npuMepax.
1. ITycte TpeGyeTcsl BRIPA3HTh
arcsinx yepe3 apKTaHTeHC.
—————————— Haxonum tg (arc sin x) =

y:arcsfnx x
P X 1).
Puc. 128. Y1—a? (1)
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3ameuaem, YTO JaHHOE paBEHCTBO AOMYyCKaeT oépam.elme,

. T
TaK KaK arc sin x npuHajjexuT NpoMexXYyTKY (—— - —2—) a

noroMy, obpaiiasi ero, HaxoJHM:

arcsinx = arc tg ——— (lx| £ 1).

x
Y1— 2

2. AHanoruyHo paccyxzasi, NPHXOJHM K paBeHCTBaM:

X
arc ctg x = arc cos ——;

V1i—i2 ’

arc tg x = arcsin
1— x?

3. Heckosbko ci0XKHee mepexof OT apK)yHKIMH K JpYy-
rofi apkpyHKIHH, ecjd 00/1aCTH HX 3Hau4eHHH He COBNAJAIOT.

Ilycts, Hampumep, Hano BLIPa3uTh arcsinx uyepe3 apk-
KOCHHYC.

Haxonum

cos(arcsinx) =) 1 —x2 *)
Ho o6nactn 3nauenmfi apkcuHyca H apKKOCHHyca He
. T T
COBMAJAOT: arc sin x H3MeHAeTCA OT — —- JI0 ——, aPKKOCH-

Hyc usmeHsiercst or 0 10 w, MO3TOMYy oOGpaileHHe paBeHCT-
Ba (*) mpH BCSIKOM X HEJOMYCTHMO.

Ognnako npu x > 0 umeem: 0 <Carcsinx < -%-, u 0

T

<arccosx < -, CJeL0BaTe/IbHO, B STOM CJIy4ae PaBeHCTBO
(*) maert:
arcsinx =arccos) 1 —x2 (x> 0). (**)
Ecau xe x <0, To — x >0; nomb3ysick CBOHCTBOM He-
YEeTHOCTH apKCHHyCa, MOoJyuaem;
arcsin x = — arc sin (— x).

Tenepp ¢yHkuus arcsin(— x) HMeeT MOJIOXKHTEJbHBIH apry-
MeHT (— X), a IOTOMY K HeH NIpUMEHHMa NpejLIeCTBYIOLLAN

Gopmyna (**):
arcsin (— x) = arccos )/ 1 — (—x)? = arccos ) 1 — 2.
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Hrak, OKOHYATeJbHO HMeeM:

arccos YV 1 — x2 npr 0 < x <1,
—arccos YV 1—x*  mpu —1 < x <0.

. 1 1\2
Mpumep. arcsin (——2—) = — arc cos l/l -—-(— ;) =

Vs __ T~

2 6
4. Tlyctp TpebyeTcsl BbIpa3uTb arc cosx 4yepe3 apKCHHYC.
Haxomum: sin(arccosx)=} 1— x% .

arcsinx = {

= — arc cos

[Tpu x > 0 arc cos x NpHHAJJIEKHUT TPOMEXYTKY [O; %]’
a notoMmy, ofpaiiasi JaHHOE COOTHOIIEHHE, MOJyYaeM;
arccosx = arcsin} 1 —x% (x> 0). (***)
Ecau x <0, to —x> 0. Hcnomp3ys cBo#icTBO apkKo-
cunyca (51), umeem:
arc cos (— x) = m — arc cos x,
OTKyJa arc cos x = ® — arc cos (— x).

Y ¢ymxnun arccos(— x) aprymeHtT (— x) >0, a motomy,
HpHUMEHUB K Hell dopmyny (***), nosyuunm:

arccos(—x) = arcsin})/ 1 —(—x)? = arcsin ) 1 — x%.
Hrak, umeem:

arcsin 1 —x2 apu x > 0;
arccos x = V 5 P -
m —arcsin) 1—x? opu x <0.

5. YcTaHoBHTE CaMOCTOATENLHO CMpaBeaJHBOCTL (l)OpMy.HZ

arcth—l'——xZ, apu 0< x << 1
X
arccos x = —
m 4 arc tg ﬂ:—-—ﬁ, npp — 1 <x <0
X
H
arcctg 17 ecan x >0;

arctgx =

arc ctg —l;- —n, ecaun x <O0.

312



3. BbipaxeHHe CyMMBI MJH Pa3HOCTH apkpyHKUHH uyepe3 OQHY
apKOyHKLHIO

Muorpa npu uccaefoBaHMM (YHKIHH M pelIeHHH Yypap-
HeHuil OblBaeT IeJjecoo6pasHO 3aMeHHTb CYyMMy HWJH pas-
HOCTb JABYX apK(QYHKIMH ONHOH KakoH-nu00 apkdyHKuMel.
[Tokaxem Ha mpuMmepax, Kaxk 3TO JeJaeTcs.

1. Ilyctb Tpebyertcss cymmy

y = arcsin x 4 arcsin y

BHIPasHTb uyepe3 OLHY apK(YHKIHIO, HalpuMep uepe3 apk-
KOCHHYC.

PaccMOTpuM cJlydaH, Korja x H y OJHOrO 3HaKa,

) x>0uy>0.

Haxonum xocuHyc cyMMbl:

cos y=cos (arcsin x + arcsin y)=cos (arcsin x) cos (arcsiny)—

— sin (arcsin x)sin (arcsiny) = V1 — 2V 1 — y? — xy.

Urak, cosy=V1—x2 V1—y?—xy *)

Ilo ycaoBuio x >0 u y >0, a notomy

0<<arcsinxy

MI:—J

_|..
0 << arcsiny < —

2
0=

Kax BumnM, paBeHCTBO (*) BO3MOXKHO OGpaTHTh, T. €.

y=arccos (V' T—x V1i—yr—uxy). (**)
2) Ecom x <0 u y<0, To —x>0u —y >0.

arcsin x = — arcsin (— x)
.|_
arcsin y= — arcsin(— y),
0TKyjaa Y = — |arcsin (— x) + arcsin (— y)].
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IpumenuB dopmyay (**) xk cymme apkbyHKUHH
arcsin (— x) + arcsin (— y), mosyunm:

1= —arccos [V T—(—x? VI—(—¢f —(—x)(—y)] =
= —arccos (V1—x2 VI—y2F—xy).

Hrak, umeem:
arccos (Y T—V I—ygP—xy ),
ecit x>0, y>0,

—arccos(V TI—22 YV 1—y% — xy),
ecn x << 0, y <O0.

v =arcsinx + arcsiny =

2. Ilycte TpeGyercst 3aMeHHTb PasHOCTb JBYX apK(yHK-
4]
y = arctg x —arctgy

onHO# apkdyHKuHeH, HanmpuMep apKTaHTEHCOM.
Bepem TaHrenc 3Tofi pasHOCTH:

tg v = tg (arctg x — arctg y) = f—_i:_—% .
Honycram, uto x>0 u y >0, Torza
0<Larctgx < -322—.
O<arctgy <+

HIH
0<Larctgx < —’—;—;

—_ % <—arctg y K0,
CJIOXHB MOYIEHHO JiBa INOCJ/EJHHX COOTHOIIEHHS, IOJYYUM
™ T
—y <1<7:
D710 noKasblBaeT, YTO PaBeHCTBO tgy = -f—_:;”—y
JonyckaeT ofpalieHue:
r=arctg L.
1+4xy
Hrak, npu x>0 n y>0
arctgx —arctgy = arctg T—L
I4+xy*
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1
Ipumep. arctg % — arctg —;— =arctg 2 i
14+ -

] = o] =

= arctg % .

Ynpaxcrnenus.

1. [octpouts rpadpuku o¢yukuul y=x ¥ y =sin(arcsinx) u Ha

rpadHKax nokasatbh pa3jiHuHe 3THX QYHKLHH.
2. To xe g y = x? u y = cos (arccos x?).

3. IlokasaTh Ha YHCJOBOH OKPYXHOCTH CIIPaBEAJIHBOCTb TO2KJAECTB:

T
a) arcsin x -} arccos x = T(le < 1);

6) sin (arccos x)= ¥V 1— £2(|x| < 1).

4, Hafitu: 5
a) cos (arcsin0,8), 6) tg [arcsin (— —5—)] .

5. BHIYHC/INTB, He NOJB3YSCh TaGJIHUAMH:

5 2
a) cos [arcsin ( — —13) -+ arcsin 79—] H

3
6) tg (2 arcsin —4-);
. (1 . 1 .
B) sin (—2- arcsin 0,3)-cos(—2—arcsm 0,3);
. 5
r) 1—cos| 2 arcsin —7—);
1 1
I) cos( 3 arcsin g~ — g arccos T)
6. IIpoBepHTh CnpaBeJJ IHBOCTb COOTHOLUEHHH:
a) tg (arcsin x) cos (arcsin x) = x (]x] < 1);

6) sin2(arcsinx) = 2x Y 1— 22 (1x < 1);

, ecan x>0,

arcsin
14-x2

B)arc ctgx=

1 — x2

arc ctg X

r) arc sin x=

1
n—arcsin ———, ecan x<0;
V i+4x <

,eem 0<x <1

1 — x2
~V—-——- — =, ecan —1<x<O0.
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7. Bupasutb: 1) arcctg x uepe3 apKKOCHHYC,
2) arc tg x uepe3 apKCHHYC.

8. CymMy apkyHKIMH BbIPa3HTb 4epe3 OAHY Kakyio-1HOO apk-
yHKIHIO:
arctgxtarctgy (x>0, y>0).

9. IlpoBeputh paBeHcTBa:

1 1 3
a) arc tg —3——-—2‘arcctg7 =g ™

6) arcsin x + arcctg —* =% . npu x| <1,

1 - -
B) %‘ + arcsin x =arcsin 5~ (VIi—=x+xV3),

V3

e —lgx< 5 -
10. Tlokasate, uTo a -+ b+ ¢ =abc, ecan

1 1 1
arcctg - -+ arccig 5 -+ arcctg - ="

11. Haiirtu:
a) arcsin ( sin —g-) , r) arccos (cos 3x);
3n
6) arcsin [sin ( — T)] 5 1) arccos (sin 15°);
2%
B) arccos (cos —3—) : e) arctg (cigl).
12, Pewmnth ypaBHeHuS:
a) Jarcsinx —n =0, r) (arcsin x)2 — 5 arcsinx 4-2=0;
6) 2arccos x + 1 =0, n) 4arctg x — 6 arcctg x =m;
B) 4darctgV'x +n=0; e) arcsin x = arccos x;

®) (arcsin x)® 42,5 arccos x=1,26n— 1,
13. Pcuintb HepaBeHCTBa:
a) 4 arcsin 3x —=wn < 0;
6) arccos (2x—I1)<arccos 0,4,

B) (arcig x)? <-l% arcctg x.




r1ABA IX

YPABHEHUSl U CUCTEMbI YPABHEHMH,
PACCMATPUBAEMBIE B TPUT'OHOMETPUH

§ 43. TpuroHoMeTpHyecKne ypaBHEHHSI U HX pPeLIeHHs

YpaBHeHNe Ha3blBalOT TPUFOHOMETPHYECKHM, ec-
Ju B HeM: 1) Heu3BeCTHBIE COJZep:KaTcs TOJBKO NMOJ 3HAKa-
MH Kpyrosblx (yHKHuH; 2) apryMeHTaMH KpYTrOBbIX (QYHK-
OUH ABJSIOTCS JHHeHHble! (QYHKIHUH OT HEH3BECTHBIX H
3) HaJ KPyroBbIMH (DYHKIMSIMH BbIOJHSIOTCS TOJIBKO aJi-
re6panyeckue OMEpPAIHH.
[lpuBeeM npumepbl TpPHrOHOMETPHUECKHX YPaBHEHHEH C
OJJHHM H HeCKOJbKHMH HeH3BECTHBIMH:
cos?x — 3sin2x 4+ 1,75 =0;
sin(2x — 1) = cos (3 + 7x);
tg (ax + b)-ctg(cx +d)= 1.
tg(ax + by + c2) = d,
sin(x+y) _ 3
cos(x—y) 4 °
[ToHATHO, 4TO (IpH JNAHHOM BBILIE ONpPENEeseHHH) ypas-
HeHu4d
sin(1 —3x 4 x2) = 1; cos (Vx—ﬁ) == sin x;
. = 1
sin (= cos x) = b; tg (2x + 1)-cosT=7;

k17 .
arctg (x 4+ 1)=T; lg (sinx) =a:
HeJb3s CUHTATH TPUTOHOMETDHUYECKHMHU.

! JlnneliHbiME GYHKUHAMA Ha3HIBAIOT HeJble aqre6paHyecKne (YHK
UMM [epBOi CTeNeHH, a HMeHHO: ax-b; ax-+4by-c¢ ax+ by +
+cz+4+dur. A, rie x, y, z— apryMesTs, a, b, ¢, d— uHC/IOBbIE
HJIH TIapaMeTpHyecKHe KO3(GhHIHEHTEH.
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Kak usBecTHO, BCSKOe HeTOXJIeCTBeHHOe aJrebpanuecs
Koe ypaBHeHHe JHOO cOBceM He HMeeT pelleHHH, JHGO
HMeeT HX KOHEYHOe MHOXKECTBO.

Cpenu TpHrOHOMETPHYECKHX YDaBHEHHH Takxe BCTpe-
4aloTCSl TaKHe, y KOTOPBbIX HET pelleHHi, Hampumep, sinx=3.
Ho ecnu TpuroHomeTpuueckoe ypaBHEHHE HMEET peLIEHHS,
TO HX HelpeMeHHO GeCKOHEYHOe MHOMKECTBO.

PaccmoTpuM, Hampumep, ypaBHeHHe

. 1
sm2x=—2-.

[lonoxus 2x = 2z, 6yeM HMeTb:
oo
sinz = —-,
oTkyzna (cm. § 37, n. 2).
2z = Arcsin —;— = (— l)? arcsin % +an=(—1)" % +rn,

rie n=0,+1, +2,...
BosBpaiasicb K HEH3BECTHOMY X, MOJIyyaeM:

2x = (— 1)* —g- + =,

HJTH x=(-——1)"—lz°2—+—;— n, e n=0 =1, £2,....

Wrtak, naHHOe ypaBHeHHe HMeeT GeCKOHEUHOe MHOXKECTBO
peLueHHH.

®opmyny (— 1)" 45 + =1, colepxamylp Bce petie-
HUS JaHHOTO ypaBHEHHS, HA3bIBAIOT OGLI UM pelleHHE M.
Ecnu B o6LieM pelleHHH jAaBaTb NapaMeTpy 7 KOHKDEeTHbIE
lesible 3HayeHHus, TO GYAYT NMOJydYaThCsl OTIe/bHbIE PELUEHHS]
5TOTO ypPaBHEHHs, KOTOpble NPHHATO HasbiBaTh 4YacC T HBEI-
MH pelleHHSMH.

Taxk, Hanpumep, mo/ioxkuB n =0, MNOJYYHM HaUMeHbILIee
0JIOXKHTE/bHOE YacTHOe pelleHHe:

= (=10 4+ T 0=",
fn=(=1) 12 T3 12
OpH n = —6 NMOJYYHM JAPYroe 4acTHOE peLleHHe:
d [ 35
= (= l —ﬁi .:-. —-6 = e —T,
X, = ( ) 2 + 2 ( ) T
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K TpuroHoMeTpHYeCKHM YpaBHEHHSIM MDHMEHHM TaKXe
u rpaduuyeckHii npHeM pellleHHsl YpaBHeHHH, MO3BOJISIOMINH
HaXOJAUTb NpPHOJMKEHHble 3HaYeHHs KOpHeH ¢ HeGOoJbIIOH
TOYHOCTBIO. [IOSICHHM 3TOT NmpHeM Ha pacCMOTPEHHOM YXKe
HaMH ypaBHEHHH:

1) OTmeuaeMm, 4TO ypaBHeHHE

sin2x = L
2
npejcTaB/sieT BO3MOX HOE paBeHCTBO (YyHKUMI:
. 1
Yy=sin2x u y=?.

2) Crpoum rpacduku sTux ¢GyHKuM# (puc. 129).

Y
i\ 0
1 7
—’—2]7 —1377
Puc. 129.

3) Haxoxgum aGcumcchl TOUeK mepeceyeHHs] padHKOB
y=sin2x u Y= —1—, noJsyyaeMm ugcaa — 2,9, — 1,8; 0,26;

1,3; 3,4, npeicraBhsiioiide NpUONUKEHHble 3HAUEHHUS HCKO-
MBIX KOpHeH ypaBHeHHS.
Ha pucynke ykasaHbl TOYHble 3HAUEHHs! TeX Ke KOpHei,

HalileHHble BbIIIE aHAJHTHYECKHM NYyTeM, a HMEHHO:
11 T
peitenus | kjacca npu n=—2; 0 u 2: Hn=—T Ty

13
12
7 5
pewenns II knacca mpy n=—1; 1 1 3: x=—5m, T H
4
12
ocTasibHble pellleHHs Ha rpacduxe He MOKasaHbl.

T

U
HecoGcTeeHHbIe KOPHH YPaBHEHHS
Pewas ypaBHeHHe
F(x)=¢(x) )]
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MBI HaXoAMM €ro KOpHHM, T. €. TaKHe 3HaueHHs apryMeHTa X, TNpH KO-
TOpeiX (GYHKUHH [ (X) M ¢ (¥) NpuHHMAlOT paBHble 3HavyeHus. Ho npu
Hcc/ieloBaHHH HEKOTOPEIX BONPOCOB NPEACTABJIOT HHTepeC H TakHe 3Ha-
YeHHS aprymMeHTa x, NPH KOTOpbIX GyHkUHH f(X) H ¢ (x) (WaH ozna
H3 HHX) TepAIOT CMBICJ, T. €. He ONpefesieHbl, HO Npejelbl 3THX YHK-
LHH CYIeCTBYIOT H paBHEl Mexay codoil. Eciu npu x = a TepsietT cMbICH
XoTs 6bl OfHAa M3 GYHKIHII, NPEACTABJAAIOMHX JEeBY H NpaBylO0 YacTH
ypaBHenus (1), Ho

lim f (x) = lim ¢ (x),
x=>a x-a
TO YHCJO @ HA3HBAOT NpejeJbHHM HIH HECOGCTBEHHHM

KopHeM ypaBHenus (1).
BEISICHHM CMEICT 3TOrO ONpEAe/NeHHsl Ha peLieHHH CJefYIOIero

YpaBHeHHs:
Vife—t_ 1
X 2
1
Hepeﬂecn "_2‘ B JIEBYIO YacTb H BBINOJNIHHB BbIYHTaHHE, HOJTleHM:
2V 1+x—2—x _,
2x ’

HpupaBHuBaeM YHUC/IHTEJNb HYJIIO:

2V T F%x —2—x=0
HJIH

2YT+r=2+4x
BO3BOAHMM O6e uaCTH B KBajpar:
4(14-x) =4+ 4x + £
orkyua x =0
IMoxcraBnga uucio 0 B jaHHOe ypaBHeHHe, NMOJyuaeM B nea?ﬁ 4acTH

0
BbIpaxeHue T . He uMerwniee CMbiCjla, a B npanoﬁ 4yacTH '2— , CJje-

noBaTesnibHo, O He ecTb KOpeHb NaHHOrO ypaBHeHHs. OpHako HeTPyAHO
y6emutbcsi, uto npH x - 0 dyHKuHs, NpeACTaB/AOUAA JEBYIO 4acCTb
1

ypaBHEHHS, CTPEMUTC K —5—

[elicTBHTENBLHO
I —1 T+x)—12 1 1
=Ly, T ) = lim —— = —.
x (V' TFx+1) Vi+x+1 2
x=0 x =0 x>0
Tpenen mpasoil 4acTH ypasHeHMs paBeH rakKe —5~  C/leOBaTENb-

o

HO, uucao 0 ecTb mpepedbHblii (HeCOGCTBEHHbIl) KOPEHb JAaHHOrO
ypaBHEeHHS.
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HekoTtoprle BHABI TPHrOHOMETPHYECKHX YPaBHEHHH TaKXKe HMEIOT
npeje/bHble (HECOGCTBEHHbIE) peLIeHHS.

sin 2x
Tak, ypaBHeHHe Tgx_=2 HMeeT OeCKOHEYHOe MHOMKECTBO He-
COGCTBEHHLIX KOpHEH BHAAa X = —— 4+ =n, rae n=0, 41, £2...

2

o g
ﬂeHCTBHTe.ﬂbHO, npH NOACTAaHOBKE J1060r0 H3 yHceJ T +nn B

YpaBHeHHe JieBas ero yacTb OGpallaeTCsi B BblpakeHWe —5~ , He HMeH-
Iee cMbicja, a NpaBas paBHa 2.

Ho npu
—
x> |— 4+ =n
2
sin 2x 2sin x cos x
H = lim ————————— = lim %sin% x = 2
lim clgx lim cos % lim 2sin® x 5
sin x
T. e
sin

X =
= lim 2, npu x-»(—2—-|-1:n>.

§ 44. Knaccudukaunua TPUrOHOMETPHYECKUX YpaBHEHHIt
C OJHHM HEH3BECTHbLIM

Heo6xonumocTs B KjaccHpHKalMH ypaBHEHHH BhI3LIBa-
€TCA HeBO3MOXHOCTbIO HaHTH OOIHMH METOZL HX pelleHHH.

HsBecTHO, uTO 1eJsble anre6panueckHe YpaBHEHHS IO
KpaiiHell Mepe co BpeMeH [ekapta (1596—1650) knaccudu-
LHMPYIOTCS MO CTENeHH ypaBHEeHHs; UeM Bblllle CTeNeHb TaKHX
ypaBHEHHH, TeM CJIO)KHee B3aHMHAas CBsSI3b HEH3BECTHOIO
¢ Ko3(¢hHUHEeHTaMH ypaBHEHUSI H TeM TpYyZHee HaHTH 3TO
HeH3BeCTHOe B 3aBUCHMOCTH OT KoadpduuueHtoB. Ho yxe
IpoOGHbIE M HppaunHOHaJbHble a/irebpandyeckue ypaBHEHHS
He KJacCHOHUUUDPYIOTCS IO CTeNeHH; TeM Oosiee He KJacCH-
GbHuUEpYIOTCS 1O CTeneHH TPaHCLUEHAEHTHble YpDaBHEHHs H,
B YaCTHOCTH, TPHUrOHOMeTpHuecKHe. [Jlajee Mmbl yGepumcs,
HalpuMep, B TOM, YTO ypaBHeHHe 2-H CTeleHH

acos?x +bsinx+¢=0
pelaetcs 6oJiee MpPOCTO, YeM ypaBHeHHe l-H cTemenu:
acosx +bsinx+c=0.

B TpuroHoMeTpuu npHXoJUTCH CO3JaBaTb CBOIO CIEIH-
¢uueckyo KaaccuHUKalLUIO ypaBHEHHH.
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K nepBomMy OCHOBHOMY THNY OTHeCEeM TpUIO-
HOMETpHYECKHE YypaBHEHHA BHJIA:

Z(S:g; Egiig:g uin B obuem Bume: aTl (bx+c)=d,
atg (bx-+c)=d[ FA® SHaK T — xapakTepHCTHKa J11000#

actg(bx+c)=d KpyroBo# ¢yHKUHH.

Ko BTOpoMy OCHOBHOMY THNYy OTHeceM ypas-
HeHHs!

sin (ax + b) = sin (¢x + d);
cos (ax + b) = cos (cx + 4);
tg (ax +b)=tg (cx+4d):
ctg (ax 4 b) = ctg (cx + d),

und B obueM Buge: T (ax + b) =T (cx + d),
rie T —3Hak Js060H M3 KPYroBbIX (yHKIUMH.

OTtH JBa THNa YypaBHeHHH Mbl Ha3Bajd OCHOBHEBIMH
MOTOMY, YTO K HHM OyJLyT CBOAMTBCS B Ipolecce pelleHHs
BCSIKHe TPHrOHOMeTDHYECKHEe yDaBHEHHs, pellaeMbie 3Je-
MEHTapHBIMH MeTOJaMH.

Kak 6yneT nanee mokasaHo, HauGoJiee NpOCTO CBOAATCA
KO BTOPOMY OCHOBHOMY THNY YypaBHeHHs BHAA

sin (ax 4 b) = cos (cx + d);
tg (ax 4+ b) = ctg (cx 4 d);
sec (ax + b) = csc (cx + d),

kopoue: T (ax + b) =T, (cx +d), rpe T,— 3HaK Kpyroeo#
GbYyHKUHMH, cCOUMeHHOH ¢ ¢dyHKuuel T, TakHe ypaBHEHHSI Mb
OTHOCHM K TpeTbeMy (yXe He OCHOBHOMY) THNY.

YUeTBepTH i THN 00pasyloT ypaBHeHHs, B KOTOPHIX
COBepILAlOTCA HeKoTOphle agarefpavueckHe JOeHCTBHS Hax
KaKoH-HHGYAbp O A HOU KpyroBoH ¢yHKuueilt oAHOTr O ap-
rymeHTa., Takue ypaBHeHHS CBOASITCSl K ypaBHeHHsM | Tuna.
B KpaTKOi 3amucH OHH HUMEIOT BHA:

FIT (ax + b)] = 0.
rie 3HaK f-— XapakTepHCTHKAa aJjre6paHyeckux JeiCTBHI
Haj onHO# H Tol xe KpyroBoi ¢ynkuued T (ax + b) c apry-
MeHTOM ax —+ b.
Hanpuwmep:
5sin® (3x 4 1) + 14sin?(3x + 1) — 10sin (3x 4+ 1) = 0.
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[IaTel@i THn, cBoguMBIE K uyeTBepTOMYy, 00pasyioT
ypaBHEHHS, JieBas 4acTb KOTOPHIX €CTb NpOU3BeAeHHe (PYHK-
nMf BUJA JeBOH uyacTH ypaBHeHu# IV Tuna, T. e.

FilTy(aix + b1 - fo Ty (apx + 65)1 + +« [ [Ty (apx + b,)] = 0.
Hanpuwmep,

( sin22x + -Z— sin2x + —:3—-)( cos® 3x —
-——i-cosBx)[Sth—l)—l— 17)=0.

[Mlectolt THn ypaBHeHHH, CBOJHMBIX K OJHOMY H3
npeJlIecTBYIOMUX, 00pas3yloT YypaBHeHHsS, B KOTOPHIX CO-
BepILAIOTCS KaKue-MHOO anre6panueckHe AeHCTBHS Haj He-
CKOJbKHMH KDYroBbIMH (QYHKUHSIME C OLHHM H TeM
XK e apryMmeHToM. Takofl THN ypaBHeHHS MOXHO 3alHcaTb
B BHJE!

[lsin (ax 4 b); cos(ax + b); tg(ax+0b); ctg(ax+ b),
sec (ax + b); csc(ax + b)]=0.

rae 3HaK [— XapaKTepUCTHKa BHITIOJHSIEMBEIX aJnreGpanye-
CKHX AeHCTBHH HAaA yKa3aHHBIMH (YHKIHSMH.
Hanpumep, sin2x — cos2x = 1,
sinx + cos?x = tgx.

CenbMOH THN YypaBHEHHH CBOIHMBIX K OJHOMY H3
npejllIecTBYIOIINX, 00pasyloT ypaBHeHHs, B KOTOPHIX CO-
BepllalTCcs Kakue-nubo ajrebpapueckue JeHCTBHS Haj
O HOH ¢dyHKuueH, B3ITOH OT pa3HB X apryMeHTOB, 4TO
nepefajlM KOpoue B BHJE:

[T (ayx + b1); T (apx + b,); T (agx + bg)] =0.
Hanpumep, cos2x + cos®x = 0;
sin3x 4+ sin2x —sinx = 0.
BoceMmo#i THD ypaBHeHHH, CBOIHMBIX K OJIHOMY H3
npeAllecTBYOMHKX, 00pasyloT ypaBHEHHs, B KOTOPHIX CO-
BeplLIaloTCs Kakue-nu6o ajrebpandecKHe NeHCTBHS Hal He-

CKOJbKHMH KPYroBoIMH (DyHKUHSAMH, B3SATHIMH OT pasJiHy-
HBIX apryMeHTOB, YTO KOpOYe 3alHIlieM B BHJE:

FIT (ayx + by); Ty(agx + b,); Ty(asx + b5)] =0.

Hanpuwmep, cos2x — 3sin x = 0;
sin3x —cos2x +sinx = 1.
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Ciieryer OTMeTHTb, YTO € (OpMaJILHOH CTOPOHBI JaHHas
KJaccHHKaNUs HMeeT HeJOCTATOK, 3aKJ/IOYaloMHUACT B TOM,
YTO BCSIKOE ypaBHEHHE BTODOTLO OCHOBHOIO THNA MOJAXOAHUT
TakKxKe M NOJ onpegesneHHe ypaBHeHus VII tuna, a ypaBHe-
Hue [II Tuma mMoxHO oTHectH K ypaBHeHHsM VIII tuna. Ho
€CJIH MMeTb B BHJAY Hally [JIaBHYIO 3ajauy — NMOAbICKaHHe
COOTBETCTBYIOIIUX METOMOB peLIeHHS TPU[OHOMETPHYECKHX
yDaBHeHHH, — TO JaHHas KJaccuuKauus sB/SETCS BeCbMa
yHOOHO# U LeJsiecoo6pasHOll, B ueM Mhbl yOenuMmMcsi B XaJb-
HefimeM.

§ 45. TpuroHomerpuyeckue ypaBHeHus | ocHoBHoOro tuna:
AT (ax +b)=c

YpaBHeHHS NAHHOTO THNA PeIIaloTCs HeNocpelCTBEHHO
Ha OCHOBe CJeAyMoWUX ¢(opMyJ, YCTAaHOBJEHHBIX HaMH B
npepblAylell riaBe:

1) ecaim sinz=c u || < 1,

10 z = (—I1)arcsine + n ={ arcsinc--m-2k (46,2)

—arcsin c4-w(2k+1);
2) ecam cosz=c u [c| <1,
- xn — | arccosc -+ 2mn
TO 2= = arccosc¢ + 2z=n {—arc cosc + 2mn; (49,a)
3) ecan tgz=c, TO z=arctgc+ nn, (52,a)
4) ecau ctgz=c¢, To z=arcctge + wn; (55,a)

npudeM napaMmeTphl n U & Be3lle IPHHUMAIOT BCEBO3MOXKHEBIE
nesasle 3Hauenus: 0, =1, *=2,...

ITonesno 3amMeTuTh, YTO A/ ypaBHeHHH BHJA sinz =c,
npu c=14 ¢=—1 popmysa peuerus (46,a) MoxKeT GrITh
samucaHa B 6ojiee KpaTKOM BHZE, a HMEHHO:

npr c=1, z=%—|—2nk

= (46,06)
npu ¢=—1, z=—7——l—2wk

HefictButenbHo, npu ¢= 1 ¢opmyna (46,a) paer:

g2=(—1)"arcsinl + nn = (_1)n_;__|_ nn,
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oTCiOfa TpH ueTHOM n =2k, z=-—-+w-2k W TpH He-

yeTHOM n =2k 41, z=—-72i-+n(2k+l)= —;——1—11:—2/3.

Ecnn xe ¢ = —1, To no gopmyJe (46,a) umeem:
z=(— l)yarcsin(—1) +mn = (—1)" (— %) + =,
OTCIOZAa INPH HYeTHOM n=2R, 2= — —;— + = -2k, npu He-

weTHom n=2k—1, z=—4 +®(2k—1) = — +n .2k

Takoft xe pesysbTaT MOXKHO NOJYYHTh HENOCPEICTBEH-
HO @O ONpefesieHHI0 CHHYCa Ha YHCJOBOH OKpPYXKHOCTH
(cTp. 123, puc. 16), 3ameTus, 4to sinz = | TOJbKO B TOuKe B,

T .
rie usobpaxaloTcs yHcaa 2 = - + 2rk, a sinz=—1
7 T
TOJILKO B Touke B’, rjpe u3o6paxarwTcs 4ucjia 2 = — -2——|—
+ 2nk.

AHaJIOTHUHBIMH pacCyXJeHHsIMH yOexpaemcs uepes dop-
MyJay (49,a) u HemocpeICTBEHHO Ha YHCJIOBOH OKPYXKHOCTH,
4TO pellleHHe ypaBHEHHS COSz = | MOXHO 3amucaTb B BHJE
2 =2wk, a pelleHHe ypaBHeHH cosz=—]1 B BHIe z=
=n(2k 4+ 1).

TexHUKY pelleHHS! BbISICHHM Ha YacTHLIX [pUMEpax H B
obuieM Buje.

[

[Mycte umeercss  QyHKuus

[Tycte nmaHo ypaBHeHHe B
I =10-sin (50¢+1), rae I —

obieM BHJE:

cuJja nepemMeHHoro Toka. On-
peleIuTh TaKHe MOMEHTHI
BpeMeHH {, KOrJa CHJla TOKa
I paBHa 2,0 amnepam?

Pemenune. YcioBue 3aza-
UH 3aIHCHIBAEM YypaBHEHHEM:

10sin (50t 4 1) = 2,0, HJIH
sin (50¢ + 1) = 0,20, oTkyna,
no ¢opmyae (46,a), 50f+1=
=(—I1)?arcsin0,20+=n umau

asin(bx 4+ c¢)=d.
[TocnenoBaresibHO  pelaeM
ero:

1) sin(bx—l—c)=%.
2) Ecan \il> 1, To ypas-
a
HEHHe He HMeeT peLIeHHuH;
d
ecsn ke |—|<1, 10 MmO
a

¢opmyJsie (46,a) mnonyuaem:
bx +c¢=(—1)*arcsin %4—

+ ®n, OTKyla HaxomuMm o0-
lee pelueHue:
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50t, +1 = —0,204+(2 &+ 1),
tak kak arcsin0,20 = 0,20

(o rabauue),

OKOHUYAaTeJILHO HMeeM;
t; = —0,016 + 0,04 &,
t, = — 0,024 40,02 (224 )=,
rie k — awboe 1esoe yucJo.
Ha pucynke 130 KopHu 3TO-
ro ypaBHeHHs ABJANTCA ab-
CIIUCCAMH TOYEK NepeceyeHHs
rpadgukoB OyHKUHHA:
I =10sin (50t + 1) u /=2,0.

Il

Cuabl  MepeMeHHBIX  TOKOB,
MpoTeKaluXx B JBYX MpoO-
BOJHHKAaX, BbIpaxKawoTcs co-
OTBETCTBEHHO (hyHKIUSMH

I, =10sin50¢ u

I, =20sin 50 (¢ + 0,0314).
OnpeliequTb MOMEHTH Bpe-
MeHH f{, B KOTOpbIE CHJIbI TO-
KOB B OOOHX mNpPOBOAHHKAX
NPUHUMAIOT paBHblE 3Hade-
HHSA.

PemeHue. 3anuceiBaem
yCJIOBHE 3aJlaul ypaBHEHHEM:
10 sin 50t =
= 20 s8in 50 (¢ 4+ 0,0314), uan

sin 50¢ =2 sin(50t—|—%).
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— L[(—1yarcsin-&
x—b[( 1) arc sin — +

+ wmn—c]; ero MOXHO pas-
6uTh Ha JBa KJacca pelie-
HUH:

X, =L (—1)* arcsin % +
-+ 2k —c},
X, = -l; (—l)zk*'arcsin% -+
_I' (2k+ 1)75—"0],
UJIH
X, = £ [arc sin—q— +
b a
+ 2kn — ],
X, = LI arc sin i-{—

b a

+ (2 + ym—c].
Ha pucynke 129 nepenan
rpajuyeckui mnpuem peLie-
HHS JAaHHOT'O ypaBHEHWs IpH
a=2 b6=2,c=0und=1.

[Tycte naHo ypaBHeHHe B 06-
eM BHJE:

atg(bx+c) =d.
[MocnenoBatespHO  peraeM
ero:

1) tg(bx+c)=—2— .
2) o popmyne (52,a) umeem:
bx +c= arctg—Z- -+ nn,

OTKyZa HaxonuMm ofiee pe-
IIeHWe JaHHOrO YpaBHEHUS

1 d

s [arc tg - +

+ mn—cl,
cocTofllee M3 OJHOIO KJjac-
ca pelleHHH.
Ha pucynke 131 nepegan



[To ¢opmyse cBenéHus mno- | rpadudeckuil npueM peiieHus
ayyuMm  sinb50f =~ 2 cos 50¢, | paHHOro ypaBHeHHs IpH YC-
umn tg50¢ = 2, oTkysna, no | noBuu, Korga a=1; b=2;
dopmysne  (52,a), 50t~ |6=0und=1,rT e

=~arctg2+rnn = 1,11 + =n. tg2x = 1.
CaenoBartensHo, ¢ =~ 0,022 + | KopHamu ypaBHeHHs CayKaT
+ 0,02%n, rae n— uednoe. abcuuccsl OOUX TOYEK rpa-

¢ukoB: y=1tg2xu y=1.

N}

T =10stn(50t+1)

E_s.h
h

i
(e}
0,039 |
0,177
0,16 =
~
%_
o
oolg - A

S

Colw
Bl

y=1g92x

Puc  130. Puc. 131.

[IpeacTaBnsiem caMoMy uMTaTeJl0 PellHTh YpaBHEHHE:
actg (bx 4c¢) =d.
B pesysbrate oTMeTHM, 4TO ypaBHEHHS
atg(bx+c)=d u actgbx+¢e)=d
Bcerja HMel0T MO OJNHOMY KJacCy peileHHH, a ypaBHeHHA
asin(bx +¢)=d wu acos(bx—+c)=d
paspeliuMbl MpPH YCJOBHH, €CJIH |—g—l< 1, npuuem gaioT no
JiBa KJacca peLleHHH.

Ynpascnenus.

1, Pemutb ciepyromue ypasHenust:

a) 5cos(% —l) +3=0

6 V3 ctg(S ——g—) +3=0
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9 .
2. B kakux Toukax rpaduk ¢ynkuun y=1- 2cos [T T (x— l)J

nepecexaeT ocb Ox?
T

3. ana dynkuus f (x) =sin x -+ cos (x— T) . Hafiru:

a) mepHoA 5Toi GyHKUNH;

6) 3HaueHHs apryMeHTa, ofpamampmue QyHKIHIO B HYJIb;

B) 3HAYyeHHs] apryMeHTa, NPH KOTOPbLIX (YHKIMS NDHHHMAeT Ha-
HOoOJbIIEE 3HAUEHHE.

Yxasanue. IlpensaputenpHo npeoGpa3oBaTb CyMMy B MpPOH3Be-
nenue (§ 31).

4. [lana o¢yukuusa f(x) =sin x sin (x 4+ ¢). [okasaTe, uTO 3Ta
GyHKIMS NepHoAHYecKas, HaHTH ee MepHOA H ONpPefeJNHTb Te 3HaueHHs
apryMeHTa X, NpH KOTODHIX (QYHKIHS NpPHHMMaeT HaHGoJbllee H HAHMEHb-
iee 3HayeHHe,

Y xasanue. IlpenBaputesbHo npeo6pa3oBaTbh NPOH3BENEHHE CHHY-
coB B cymmy (§ 31).

5. Ilo npoBonHUMKY HAeT mepeMenHbifi TOK cuiolt [/ = 0,3 sin (50¢ + 1)
amnep. OnpeaesnTb MOMEHTH BpeMeHH !, Korja:

a) CHia TOKa JOCTHraeT MakCHMyMaP
6) cuaa ToKa paBHa 0,1?

6. Illap ckaTeiBaeTcsi MO HAKJOHHOM MJOCKOCTH B 125 m pauHOl M
npHoGpeTaeT B KOHUe IBHXKeHHs1 ckopocTb 42 m/cex. Kak Benmk yron
HAKJIOHA TJIOCKOCTHP

7. Iee Touku A H B ynajeHsl APYr OT Apyra Ha 15cm; nepen HUMH
HaXOIMTCA MJOCKOe 3epKaJo Ha paccTosHud 5 cm or A u 7 cm ot B.
Kak Benmk yros najeHust Jyua, HAyuwero or A M OTGDOIEHHOrO 3epKa-
JIOM B HanpaBJieHHH K B?

§ 46. Tpuronomerpuueckue ypaBHenus ll ocHoBHoro Tuna
T (ax + b) = T(a,x + b,), rhe JeBble U NpaBbie YACTH CYTh
OJlHOUMeHHble KPyrosble yHKLHH

Pemenne ypaBHeHHEl XaHHOTO THIIA OCHOBAaHO Ha CJle-
IYIOIIHX TeopeMax:

1. JIas esinosnenus pasencmea sinu = sinuv Heob6xodumo
1 0oCmamo4ro, 4mobbt 8b1N0AHANOCE X0mMm s 6bL 00H0 U3 YCA08UL:

u=v+4+n:2n 1 u=—vt+=n2n+1).

1. I[s5 6oinosnenus pagencmea cosu = oSV Heobx00umo
u docmamouro, 4mobel BbLNOAHANOCE XO0M S Dbl 00HO U3 YCA08UL:

u=v+2rn u u=—v+2nn.
III. [lan soeinosnenus aw0b6020 U3 paseHcme:
tgu=tguv
n ctgu=ctgo
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Heobxo0umo u 00CmMAmo4HO, 4mobsl y =v-+-wn u 4mobe.
qucaa U U v Oblau QONYCMUMbIMU BHAYEHUAMU QP2YMEHMO08
mex Qyukyul, Komopsie 8x00am 6 0AHHOE pa8eHCmEo.
[TapameTp n BO Bcex cjyuasix SIBASIETCS NPOM3BOJILHEIM
eJIbIM YHCJIOM,
HJokasartesbcTBO I
a) Heo6xopgumMocTh YyCNOBHSL
[ycts sinu =sinvo,

TOrZa sinyu —sino =20
. u-—v u v
HJH 2sin —5— cos '5 =0, [popmyna (41)]
a 3TO BO3MOXKHO B TOM CJlyuae, €CJIH
s U—TD v
sin =0 um cosAiZ—o.
2 2
[TepBoe M3 3THX paBEHCTB JAeT:
u—v —9 .
g— =T, B u—v=2mn, OTKyAa u=v-4m-2n

BTOpOE JaeT:

u;—v =%(2n-|—l), H u+v=m(2n+41),

OTKyla u = —v-+4w(2n-1).

6) JlocTaTOYHOCTHL YyCJAOBHS.
Mycts u =v+=-2n,
rorja sinu =sin(v+ « - 2n) = sinwv.

Ilyets 4 = —v+ n(2n 4+ 1), Torga
siny =sin[—ov+ w(2n 4+ 1)] =sin(— v+ n) =sinwo.

B o6oux cayuasix moJayyaem: sinu = sino.
HokasarteabctBo Il
a) Heo6xonumoctes ycamoBusa. Ilycte cosu=
= COsv, TOorja cosuy —coso =20,
u v . uUu—vu
9 §in =0,

nan — 2sin 5 57— =

[mo dopmyne (43)]

a 3TO BO3MOXKHO B TOM CJy4yae, Korja

sin#:O Aau  sin ”—2'” =0.
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[lepBoe K3 5TUX PaBEHCTB JaeT:

v
“‘g =mn W u-tv=2mn, OTKyla u=—u0-+ 2an;
BTOpO€ paBeHCTBO JaeT!
Uu—u
g— =T H U—V= 2wn, OTKyla u =0+ 2=n.

6) JoctatouHocTh ycaoBug. Ilyets u= + v+
+2xn, torpa cosu = cos(+ v+ 2nn) = cos(+ v) = CcOsY,

T. €. COSu == COS V.
HokasaTteabctBo Il
a) Heo6xoxumMocTh yCJAOBHSA.
[ycts tgu =tguy,

Torza
A tgu—tgu=0,
- Sinu—v) _
cosu cos v

Ho 3t0 BO3MOXHO B TOM cayuae, ecau sin(u—0v)=0
H, CJIeJOBaTeNbHO, U — U = Tn, OTKYLa U =0 + ©n.

6) JocrtatoynocTh ycaoBuda. Ilyetb u u v—
JNONYCTHMEIE 3HAYeHWs [/ apryMeHTa TaHreHca, NpPUYEM
u=v-+ =wn, torza

tgu =tg(v+ mn)=tgwo.
T. €, tgu =tgo.

Bropyio yacTe 3TOH TeopeMnl (ZAJ/51 KOTaHreHCOB) peKo-
MeHJyeTCsl J0Ka3aThb CaMOMY YHTaTeJIo.

ITpumeHHM JaHHbIE TeOpeMbl Ha pelIeHHH YpaBHEHHH
THNA:

T (ax + b) =T (a;x + b,).

1. Pemaem ypaBHenue: sin(ax -+ b) = sin(a,x + by).

[To Teopeme I umeem:

ax+b=(a;x+ b)) +w-2n,
uax+b=—(ax+ b))+ (2n+1),

21'Eﬂ+b1—b

OTKYRa X = ——— -

, eciu a—a, 50;

2 1)— (b b
Xy = “(""'ai{_a]( 15 eenn a+ g, 0.
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2. PemaeM ypaBHenue: cos(ax + b) = cos(a,x + &,).
[To Teopeme II mmeem:

ax + b= =+ (a;x + b,) + 2=mn,

OTKyAQ: X, = %——b, ecan a—a, =0,
_ 2nn—(bi+b)
W= —ata ecyu a + a, +0.

3. YpaBHeHHs! tg (ax + b) =tg (a;x + b,)
u ctg(ax + b) =ctg(a,x + b,)

PEKOMEHJyeM DELIHTb YHTATENI0 CaMOCTOSTEJNbHO.
4. PemnMm caenylodlyto 3ajauy.
Ose cuawl P u Q npu- B c
JIOXKEeHbl K MaTrepHaJbHOH
tTouke. HafiTn yros mexny R
STHMH CHJIaMH, €CJIH H3BeCT- q
HO, YTO AJIMHA HX pPaBHO-
JeHCTBYIOILEH He HU3MEeHHT- X
Csl, €CJIM 3TOT yroJ yBeau- 4 > > £
yuTh B JBa pasa. Puc. 132
[anuM reomerpHuecKoe S
n3obpaxeHue cua P i Q u ux
paBHofefcTByloweilt R (puc. 132). Mckombiii yroa (P, Q)
o6GosHauum uepe3 x, Torga = EDC =x, tak kak CD || AB.
W3 npsmoyrosbHOro tpeyrosohuka ACE umeeM:

AC? = AE? + EC2.
Ho AC=R, EC=DC -sinx=Q -sinx,
AE = AD+ DE =P + DC - cosx =P + Qcosx,
cJ1eJ0BaTeNbHO,
R? = (P + Qcosx)? + Q?%sin?x

HIH R? = P? + Q% 4+ 2PQ cos . (*

[To ycaosuio pnuHa paBHOjeficTBylowe# cua P u Q He
M3MEHHTCS, €CJH YroJ MeX1y HHMH YBEeJHUYHUTb B JBa pasa,
cJieJOBaTe b HO,

R? = P2 4 Q2 4+ 2PQ cos 2x. **)
K3 cootHowenu#i (*) u (**) nosyuaem ypaBHEHHE:
P? 4+ Q? 4 2PQ cosx = P% + Q%+ 2PQ cos 2x,
HJH COSX = COS 2x.
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[To teopeme II umeem:

2x = + x + 2mun,
OTKYyZa

2
= —— TA.

x; = 2=n; X 3

2
B wactroctn, npu =0 u I, monyyaem x; =0 u x, = &,

T.e. x;,=0° 1 x, = 120°.
Ynpascuenus.,
1. Pewnth caexyiomue ypapHeHHS:
1) cos 5x = cos (5 4 x);
2) tg(—3x+2)=tg(x—1)
3) ctg mx -+ ct -—~=
2. CymecTByoT Ju ofliHe TOUKH y rpabukos ynxuuit y = tg2x
u y=1g 3x?

§ 47. Tpuronomerpuueckue ypasHenus IIl Thna
T (ax + b) = T;(a,x + b,), B KOTOpbIX JieBbie M MpaBbie
YacTH CYTb COMMeHHble KpyroBbie (hyHKLUM

YpaBHEHHS JAHHOTO THNA CBOASITCS HEMOCPEACTBEHHO
ko Il ocHoBHOMY TuHny mno ¢opmynam npusBefenus (§19).

[TokaxeM 3TO Ha KOHKPETHBIX NpHMEpax.

1. TlycTh Tpe6GyeTcsi pewIMTb ypaBHEHHE:

sin (ax + b) = cos(ax + b,).

Bripasum cuHyC yepe3 KOCHHYC IO (opMyJie NpPHBENEHHS
(19), noayyaem:

cos [% — (ax + b)] = cos (a;x + by).
ITo Teopeme II mpenpimyiiero maparpaga umeem:
& —(ax + b) = * (a;x + by) + 2nn,

b+ by + 2nn —
—(@a+ay)
(i
b— by + 270 — -

OTKyJa X, =

, ecan a+a,=0;

Xy = , ecan a; —a==0.

a;—a
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2. B ypaBuenun tg(ax + b)=-ctg (a,x + b;) BEIpasum,
HanpuMep, KOTaHIeHC yepe3 TaHTeHC mo (opMyJe NpUBee-
Hus (20):

te (ax +b) = te[ 5 — (ar +6);
OTKYZa ax+b= —;— — (ayx + b)) +=n,

T
m—(b+b1) + 5

X = it a , ecan a + a,==0.

Tak kKak B ypaBHeHHe BXONSAT (YHKIUH TaHI€HC H KO-
TaHTeHC, KOTOpble He OmpeJelieHbl INPH HEKOTOphIX 3Haye-
HHSIX HX apryMEHTOB, TO CJeAYeT HCKJIOUHTb H3 MHOXKECTBa
NOJIYYeHHEIX 3HAUeHMH Xx TakHe 3HAUYeHHsl, NpPH KOTOPHIX
TepsieT CMBICJ XOTs Obl OJHAa M3 yacTell ypaBHeHHs, a HMEH-
HO 3HAYeHHUS X, YIOBJIETBOPSIOIIUE YCJOBHIO

ax—}—b:—%‘——l—wm, i ax+ b =mm,

rie m—IpOU3BOJIbHOE LieJIOe YHCJIO.

3. ¥YpaBHeHue tg(ax 4+ b) - tg(cx + d) =1 cBopurcs Tak-
e K JaHHOMY THIy, a HMEHHO, 3aMeTHB, UYTO B JaHHOM
cjlyyae HH OIMH M3 MHOXHTeJeH JeBOH 4YacTH He MOXKeT
O6bITH HyJIEM, pasjes]uM ypaBHeHHe Ha OJHH U3 HHUX, NOJY4YHM

1
tg(ax +b) = T tg (ax + b) = ctg (cx + d).
Ynpaonenus.

1. Pewntb ciefyioniye ypaBHeHHUS:
1) sin2x —cos (24 x) =0;

2) tg(x+ 1) +ctg(2x—1)=0;
X
3) tg5 tgx=1

2. He BHIMOJHAS NOCTpoeHHe rpadHKOB, HAHTH KOODAMHATE OGLIHMX
TOUeK KPHBBIX:

y=3cos(2x+1) u y=3sin(3x—1).
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§ 48. Tpuronomerpuyeckue ypasHenus IV Ttuna
SfIT (ax 4+ b)] =0, B KOTOPHIX coBepLIAOTCA ajaredpaHyecKkue
onepauyH TOJbKO Haj OLHOI Kpyrosoi ¢yHkuuei
C OJIHHM H TeM Xe apryMeHTOM

[peaBapuTe/IbHO pacCMOTPHM 3TOT THN YpaBHEHHH Ha

YacTHBIX NpUMepax.

[TocTaBum c/Jeayroulue BONPOCHL:

MoryT au¥ npuHHMaThb paB-
Hble 3HaueHHd (yHKIHH:

- 3 .
y-=sin*x ¥ y=-sinx —
— 15

8

CocraBnsieM  TpPHrOHOMET-
pHYecKoe ypaBHEHHE:

. 3 . I

2 = e— ——— —

sin®x = —-sinx T
Buecem o6o3HaueHHe sinx=
=2, MOJy4YuM aJrebpanye-
CKOE ypaBHeHUe:

zz——z-z—l——é-=0,

OTKyJa

1 1
2 =—2—, 22=-4—.

O6patHasi 3amMeHa  jaer
ypaBHeHus | OCHOBHOro
THNa:

. 1 . 1
Slnx1=7 H Slnx2=—4—;

OTKyZAa mo dopmyJe (46, a)
nosyyaem:

X = (— 1)"%4‘7:’1,

X, = (— l)*arcsin % -+
+ =n = (— 1)7.0,253 + =n.
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MoryTt nu npuHHMaTh pas-
Hble 3HaYeHHUs (QyHKIHH:
y=asin?(kx + 1)+
+ bsin(kx+ 1)+ ¢
H y=a,sin®(kx 4+ )+
+ b,sin(kx 4+ ) + ¢;?
CocTaBasieM TPHrOHOMETpPH-
4eckOe YypaBHEHHE:
asin? (kx + [) + bsin (kx +
+ )+ c=a,sin?(kx + )+
+ by sin(kx + 1) + ¢y,
uiag, nocje mpeobpasoBa-
HuS,
(@ —ay)sin? (kx + )+
+ (b—b,)sin (kx + 1) +
+(c—c¢))=0.
Ecmu a —a, =0,
TO 3aMeHol sin(kx 4 /) =
= z JJaHHOE ypaBHEHHE CBO-

AHTCA K KBafipaTHOMY anre6-
paHuecKoMy ypaBHEHHIO:

(a—a))22+ (b—b))z+

+ (c - cl) = 0’
OTKYyAa
2 = M
L2 2 (a—uy)

V (b1—b)*—4(a—ay)(c—cy)
2(a—ay)

+



HWTak, ™Mbl HawJau Takue
3HAaYyeHHs apryMmeHTa x, NpH
KOTOpbIX JaHHble (YHKIUHH
NPUHHMAIOT paBHbE 3Haye-
HHS.

I'paduuecku (puc. 133) 310

BHIDA3HJIOCh B TOM, 4TO

KpuBble y =sin’x u y=
3 . 1

= - sinx — & umeioT 06-

mue TOYyku ¢ abcuuccamu
X, U X

O603HauuM KOpHH KOpoue:

2, =P, 2,=Ppy OOparHas

3amMeHa JaeT YypaBHeHHE |

OCHOBHOIO THIA:

sin(kx +0)=p, u

sin (kx 4 ) = p,.

Ecan p; ¥ p,—neficTBUTENb-

Hble YMCJa, HEe NPEeBOCXOAS-

e no abcoJIIOTHOMY 3Ha-

yenuto 1, To mo dopmye

(46, a) umeem:

kx, + = (— 1)*arcsinp; 4
+ =n,

kx, + | = (— 1)*arcsin p, 4
+ ©n,

OTKYZa

X, = —}2— |(— 1)*aresin p; +-

+ nn—1],
Xp = —,’; [(— 1)* arcsin py, 4

+ wn —1].
[Tpn aTHX 3HaYeHHAX apry-
MeHTa JaHHble (QYHKIHH

NpUHUMAIOT paBHBIE 3Haye-
Hud.

Y
——— y=sinx
- ~
e N
0 [ !
oo 5o N\ ]
N F FEUPCEN X
N
3 \\
=deiny— L
y=gsinx—{
Puc. 133.
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PaccMoTpeHHas 3ajaua mpuBesa Hac K TPHFOHOMeTpHYe-
ckuM ypaBHeHHsM IV Tuma, KoTopele COOTBETCTBYIOIIEH 3a-
MEHOH CBEJINCb K KBaZPAaTHBIM ajirefpaHyecKuM ypaBHEHHSM,
a 3aTeM K ypaBHeHHsIM | OCHOBHOro THIma.

Bo3sbmeM Tenepe Gosee ciOXKHEIE (DYHKIHH:
y=actg"(kx+ ) +artg" 1 (kx+ 0+ ... tap1tg(kx+
+ 0 +an
2) y=bytg™ (kx+ 1)+ by tg™ (kx4 1)+ ...+ bp-1t8 (kx+
+ 0+ bm,
rge n > m,
M NOCTABHM MpEXHHH BONPOC: MPH KaKHX SHAUEHHSAX X STH (QYHKIHH

NPHHHMAIOT PAaBHbIE 3HAUEHHS?
Jlns oTBeTa Ha BOMPOC COCTABJISIEM yDaBHEHHE:

atg" (kx+ D4 atg"t(kx+ D)+ ... +apatg (ks +1) +ap=
=botg" (kx+ D)+ by tg™ (kx+ 1)+ ...+ om-1 tg (kX + 1) + bpm.

Iocse mepeHoca Bcex UJIEHOB B JIEBYIO 4YacTb M NPHBEJEHHs MOA0G-
HEIX YJIEHOB MOJy4yaeM CHOBa ypaBHeHue 1V Tuna:

cotg" (kx40 ey tgt 2 (kx+0D+...fcpptg(kx+1) +¢,=0,

HO Gosiee CJIOXXHOE, YeM pacCMOTpeHHble paHee. 3ameHoH tg (kx + ) =z
9TO ypaBHEHHe CBORHTCS K ajreGpaHuyecKOMy YpPaBHEHHIO n-H CTeNeHH:

g2ttt 24 .. . +cp124+¢,=0.

IonycTuM, YTO MBI DELUH/IH STO YPaBHEHHE H M3 BCEX €ro KOpHeH
oT06pan# AEHCTBHTENbHBIE KOPHH 21, 23, ...Zp, TOTAA 06paTHas 3ame-
Ha MpHBENET HaC K ypaBHeHHsM | Tuna:

tgthx+D)=21 tg(kx++1l)=2, ..., tg(kx41)=2, (p<n).

Pemas ux, nojsyyaeM HCKOMBIE€ 3HA4Y€HHS HEH3BECTHBIX:

1

kxy + | =arctg2; +wn, otkyma x; = % [arctg 2, + nn —I];
1

kxo+ | =arctgz, + wn, oTkyma x,= % [arctg 2, 4+ 7n — 1];
1

kx, 4l =arctgz, = mn, oTKyHa x,= & [arctg z; 4+ 7n — ]

Anajoruyso pemarmoTcs W JIpyrue ypaBHeHus [V Ttuma.
[ToHsITHO, YTO pa3peliMMOCTb TAKHX YPABHEHHH 3aBUCHT TOJIb-
KO OT TOro, CyMeeM JIU Mbl HJU HeT pelHTb Te aJjire6pau-
yecKHe YpaBHEHHs, K KOTOPHIM OHH cBOAsATcA. MMes B BuLy
ypTaTessl, BJaJelollero JHIb 3JE€MEHTapHOH aJgreOpoi,
JlaeM B 3TOM Kypce TOJILKO INpoOCTefllllie ypaBHeHHs [aH-
HOro THIA.
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Ynpasxcnenus.

1. PemmnuThb cjefylomue ypaBHEHHS:

1
1) c052x-|——4cosT=2; AVigx+1—YVitge—1=1.

2. Haiitu yron maksona ofpasyomell KoHyca (IpsMOro Kpyrosoro)
K MJIOCKOCTH OCHOBaHMS, €C/JH H3BeCTHO, 4TO OGbeM KOHyca B m pas
Gosblle o6beMa BIHCAHHONO B HEro wapa.

Y kazanue. 3agaua CBOAHTCH K ypaBHEHHIO

X
2m tgt % —2m tg? - +1=0, rae x— HCKOMBIH YTOJI.

§ 49. Tpuronomerpuueckue ypaBHeHuss V THna

JilTi(ayx + 0)1- o[ To(@x 4 Bo)1 . - - [ [T, (@px +b,)]=0,

TIe JeBasi 4acTb eCThb NpousBeleHHe (GyHKUMA BHa
JeBoit yactu ypaBHenuit IV Tuna

YpaBHeHue THNA

FilTy(ax + b)) fo Ty (apx 4 bo)l . . . [Ty (apx + b,)] =0

CBOLHUTCS HENOCPeJCTBEHHO K ypaBHeHusiM IV Ttuma.

B camom jese, mpousBeleHHe paBHSIETCS HYJIO B TOM H
TOJILKO B TOM cJiy4ae, KOrja no KpadHed Mepe OJMH H3
COMHOXHTeJIel paBeH HYJ/I0, a JApyrue COMHOXKHTEJNH He
TepsIOT INPH 3TOM cMbicja. [IpupaBHUBas HYJMI0 KaAbIH
COMHOXHTEJIb JIEBOH YacTH, NMOJYy4uM %k ypaBHeHu# IV tuma:

FilT(ax +6)1=0, folTa(ax+0,)1=0,...,[,[Ts(apx +
+ b,] = 0. Brecs 3ameny: T, (ax + b,) =2, Ty(ax + by) =
=25 ..., Ty(apx+b,) =2, nonyunm k ajreGpanyeckux
ypaBHeHUH:

[1(21) =0, f2(22) =0,...,fr(2,) =0.

[Npennonaras, uro ajare6pa faeT CPeACTBA AJS peIIEHHS
STHX YpaBHeHHH, HaxoJuM HX KOpHH. IlycTb neHcTBHTe/b-
HbIMH KOPHSIMH OKa3aJIiCh CJeAYIOLHe 3HaYeHHs1 apryMEeHTOB:

2y =0y, Og, ... an;

22=Bl |B2""pm;

Zk = )\1, )\2, e )\p.
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CoBepiuuB 06paTHYIO 3aMEHY:
Ty(ax +by) =0y, 05,. . .0y
TZ (a?.x + b2) = |81) pz, LR Bm;
Tk (akx + bk) = )\1, )\2, “ e )\p;
nosayuaeM n -+ m- ...+ p ypaBHeHHs | Tuma, paccMmoTpeH-
HBIX HaMH B § 45.
OcTaHoBUMCS Ha HEKOTODHIX BONpOCAaxX, MNPUBOAALLHX K
pelleHHl0 ypaBHeHuii V Tuna.
1. Hafitu Toukn, B KOTOpHIX rpaduk ¢yHKUHH
y=(4+ 7cos’x) (2 —3sin?2x)[6 —sin(x + 1) —
—sin?(x 4 1)]

nepecekaer ocb abCLHCC.
BriuepunBanue rpaduka OTHAJ0 Obl MHOTO BpeMeHH,
uesecoobpasHee HCKaThb OTBET aHAJHTHUECKHM METOJOM.
HsBecTHO, 4TO y KaXJAOH TOYKH rpacduka, Jexaued Ha
ocH abeuucce, opAuHaTa y paBHa 0, moaTOMy 3ajaya CBOAUTCS
K OTBICKAaHHIO TeX 3HaueHHH X, NpPH KOTOPHIX (yHKIUS
y=0, T.e. K pelleHHI0 ypaBHEHHS:

(447 cos®x) (2 —3sin?2x) |6 —sin(x 4+ 1) —sin2(x + 1)] =
=0. *
310 ypaBHeHHe V THIIA; periaeM ero, Kak yKasaHo Bblll(le:)
1) 44 7cos®x =0;
2) 2—3sin?2x =0; ypaBHeHus [V tuna.
3) 6 —sin(x+1)—sin?2(x+1)=0
[TpousBogum 3ameHy cosx =2, sin2x=2, u sin(x+
+ 1) = 25, npuxoauM K anre6panyecKHM ypaBHEHHSM:
1) 44+722=0, 2)2—322=0 u 3) 6—z5—22=0.
Pemaem xaxkuoe M3 3TUX ypaBHEHHH:
3

4 4
l) z]8=_T; zl= —Tz—0,830;
92 2
2 zt=2; z,=x )/ =~ + 08165
3) 28 +2,—6=0; z3=:_1—:£l2/ﬂ;
’ — 145 ” —1-=5
=TS g o =izt



[lpousBoskm o6GpaTHyIO 3aMeHy, [OJy4aeM YypaBHEHHS
I Tuna u pewaeM HX:
1) cosx = —0,830, otkyna x; = =+ 2,65 4 2=nn;
2) sin2x =~ + 0,8165, otkyna 2x, =~ 0,9553 (— 1) + =n,
1

x, =~ 0,4776 (— 1)* 4 - ™

3) sin2x = —0,8165, otkyzma 2x3 =~ — 0,9553 (— 1)* + =n;
1
Xg = — 0,4776 (—' l)n -+ 5 T,
4) sin(x + 1) = 2 He uMeeT pelIeHHH;
5) sin(x + 1) = — 3 He uMeeT pelueHHH.

Bce HalifieHHble HAMH 3HA4Y€HHS X SBJSIOTCS KOPHSAMA
ypaBHeHHs (*), Tak Kak Ka)XJoe H3 3THX 3HaueHHH o6pa-
[iaeT B HYJb OJHH M3 COMHOXHTEJe#l JeBOH uYacTH 3TOro
ypaBHEHHs, a Ipyrue COMHOXHTeJNH MPH 3TOM 3HAUEHHH X
He Teps0T CMBIC/A; [OC/AeJHee Mbl He NpOBepsieM IOTOMY,
u4TO B JAHHOM YypDaBHEHHH BC€ COMHOXKHTEJH HMEIOT CMBICJ

(ompegeJieHbl) NMpH BCSIKOM 3HAYeHHH X.
Wrak, Mbl Hamjau aGCHHCCHl HCKOMBIX TOYEK:

X, = =+ 2,55 + 2xn,
1
Xyq = £ 04776 (— 1)"+ 5 wn, rae n=0, =1, x2,..,,
CJIe[OBaTeIbHO, MOXKHO NOCTPOHTb H CaMH TOYKH; HX GyJHeT
6eCKOHEYHOe MHOXKEeCTBO.
2) Moxer Ju ¢yHKUHS y=tg % (I + cosx) npuHuMaThL

HyJieBble 3HaueHHs?
YTo6H OTBETHTh Ha 3TOT BOIPOC, HAJO PAIUHTh YpaBHEHHE:

tg - (I + cos x) =0. *)

D10 ypaBHeHue V THNA; OHO pachajaeTcsi Ha JBa ypas-
HEeHHS:

[) tg5=0; 2) 1+cosx=0. (**)

P
Vi3 mepsoro ypaBHeHHs MOJY4aeM — =%, WIH X, = 2%n.

M3 Broporo: cosx = —1, oTKyAa X, == + 2nn.
MoxHO niu ObITb yBEpEHHBIM, YTO BCE PEIUEHHs ypaBHe-
uui (**) 6ynyT peuleHHsMH JaHHOro ypaBHenus (*)? Her,
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TaK KaK OJUH M3 COMHOXHTEJIeH JeBOH 4acTH ypaBHEHHS
X
ecTe QyHKUHA tg -, ONMpelesieHHas He NPH BCeX 3Haue-

HUAX x. [/ mpoBepku cleiyeT NOACTaBUTh HalJeHHbIe
3HaUYeHHSI X B 3TOT COMHOXKHTEJb.
X o
1) tg 2 =tgmn =0, a Apyroii COMHOXKHTE/]b ONpeJe/eH
IpH BCHKOM 3HAuYeHHH X, CJAEJOBaTeJbHO, X; = 2mn — pelle-
HHe JaHHOro ypaBHeHHd (*);
Xy T
2) tg -5 = tg <~ -+ ™) He cyumlecTByeT, cJeloBaTelb-

HO, X, == 4 2nn He sABJsIeTCS pelleHHeM ypaBHeHHs (*).
[TocmoTpuM, He GyneT JiM 3TO npejenbHOe (HeCOGCTBEH-
Hoe) pelleHHe?

X
sin 5—

lxmtg (1 4 cosx) =lim 2cosz~;—=limsinx=
X=X X=X X=X
2 * cos 5~ 2

=sinx,=sin(r+ 2rnn) =0 u npexen mnpaBoit uactu O,
CJIeIOBaTeNbHO, X, = T - 271 ecTb HeCOGCTBEHHOE pelleHHe
JNaHHoro ypaBHeHHs. HMrtak, nanHas QyHKUUsS NDpHHHMAaeT
HyJeBble 3HA4YeHHs NPH X = 2mn (n — NPOH3BOJIbHOE IIeJioe
YHCJO0); 4 €CJH X CTPEMHTCH K T+ 2mn, TO OHa TakKe

ctpemurcsl K 0, Tak kak limtg —;— (1 4+cosx)=
x = (% + 2z=n)

Ynpaoscnenus.
Pemuts caenyromue ypasHeHHS:
. 1—cos x
1) tgx ctg2x sin3x=0; 2) W:O;

3) 2sin (1 — x) cos (1 — x) = cos (1 — x).

§ 50. TpuroHomerpuueckne ypaBHenus VI tuma
flsin(ax + b), cos(ax—+ b), tg(ax-+b), ctg(ax -+ b)
sec(ax + b), csc(ax+ b)] =0, rue BbIMOJHAIOTCS
ajreGpanyeckue JelicTBUS HaJ HECKOJbKHMH KPYroBbIMH
(YHKUHMSMH OJHOTO aprymeHTa

a) PemmnM ciepyromyio 3azauy:

IIpoduns nopoxkHO# Hacknu uMeeT GOpPMY paBHOGOUHOMH
Tpamnelud, Yy KOTOPOH GOKOBbIE CTOPOHBI DPaBHBEI MeHbLIEMY
OCHOBAaHHIO, a BLICOTA BJiBO€ MeHbllle GO0JIbIIEr0 OCHOBAHHS.

Onpegenuts yrael 3T0oro npodus.
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1. CocTaBjeHHe ypaBHEHHS

1. JonycTuM, 3afadya pelleHa—BO3bMeM IPOH3BOJIbHBIH
pHCYHOK paBHOGouHOM Tpaneuun ABCD (puc. 134).

2. O6o3nauuM yepes x yroJ npoduis npu OoJblieM OC-
HOBaHHH, a uepe3 y — OOKOBYIO CTODOHY TpAamenHH.

3. Bripaxkaem uepes x

U y BeICOTy Tpaneuun BB’ 8 c
H ee OoJblllee OCHOBAaHHE
AD:
BB’ = ysinx; y
AD = AB’' + B'C' 4 C’' D=
=2AB" + BC=2ycosx + 4L& =7 . S
c

+y=y(2cosx+1).
4. Ilo ycaoBuio 3anauu
umeem: 2BB’ = AD, T. e.

2ysinx = y(2cos x + 1),

4
5 -

Puc. 134.

OTKyJa sinx —cosx =

[Tonyunnu ypaBHenne VI THna ¢ JABYyMS KpYTOBBIMH
GYHKIUAME OT OXHOTO H TOTO XKe apryMeHTa.

2, PeuleHue ypaBHeHHs uepe3 cBejéHHE K OQHOH (GyHKUHMH OQHOrO
aprymesTa

1. Brlpaxkaem cuHyC uepe3 KocuHyc Ino Qopmyde (26):

i—Vl—cos%c—cosx:%.

2. YepunsieM pajukaJ M BO3BOJHM B KBafpaT:

1
1 — cos?x = cos2x + cos x + T

unn 8cos?x + 4cosx—3 =0 (ypaBrenue [V tuma).
3. BHocuM 3aMeHy: cOS x = 2, NOJIyYaeM aJreGpanyeckoe
ypaBHeHHe
822 +42—3=0,

_ —2+V4+24 = —2452I5
- 8 = 8 ’
z; =0,4114; 2z, =—0,9114.

OTKYy A2 z

1,2
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4. O6paTtHasi 3aMeHa JaeT ypaBHeHHs | Tuna:
cosx; = 0,4114 u cosx, = —0,9114,
OTKYy 12 X, = & 65°40" + 360°#,
X, = + 114°20" + 360°n.

5. [enaem npoBepKy, Tak Kak IDH peIleHHH YpaB-
HeHHe BO3BBIIIAJH B KBajpar.

1) sinx; —cos x; = sin (4 65°40) — cos (& 65°40) =
1

7

— 1,322 -

0,500 =
~ + 0,911 —0,411 =

CnenoBarensHo, uucnaa (— 65°40° 4 360°n) He ympoBier-
BOPSIOT ypaBHEHHIO.

2) sin x, — cos xs = sin (£ 114°20") — cos (£ 114°20") =~
1,322

~ +0911+0,411 = |
— 05 .

CnenoBaTesNbHO, YypaBHEHHIO YIOBJETBOPSIOT TOJbKO
upcsa (65°40” + 360°-n).

6. o cMblcaly 3ajaun yroJi x oCTpblf, NO3TOMY H3 BceX
KOpHell ypaBHEHHs] Hajlo B3ATb TOJIbKO x = 66° — yacTHOe
pellleHHe ypaBHEHHS.

[Tonyuennoe B 3ajaue ypaBHeHue VI Tuma Mbl cBeJiH K
ypaBHeruto IV tunma c nomouibio (opMyJi, BhIpaXKarolux
3aBHCHMOCTb MeXJAYy KpPYroBbIMH (yHKuHsAMH. Takoe cBege-
HHe BO3MOXKHO JJs1 Bcskoro ypaBHeHus VI Tuna.

B camoMm pene, nycth HaHO ypaBHeHHe VI THna B 06-
uieM BHIE:

flsin (ax + b), cos(ax +b), tg(ax + b), ctg(ax + b),
sec (ax + b), csc(ax 4 b)] =0.

Paju kpaTkocTH 3anucu BHeceM o603HaueHue: ax + b = z,
MOJIYYHM:

f(sinz, cosz tgz, ctgz, secz cscz)=0.
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Bripaxaem Bce QyHKUMH uepe3 OXHY, Hampumep, sinz,
HMeeM:

. e — sinz + )V 1l —sin%z
f(51nz,i]/l—-51n2z, Vv

—e ? : ’
+V T—sin?z sinz

1 1 )=0
£V T—sintz S0z ’
F(sin2) =0,

rae F Ttakke XxapakTepuCTHKAa aJjre6panyeckux JIeHCTBHIH,
coBepllaeMbIX B ypaBHEHHH HaJ sinz, HO oHa, BooOmwe ro-
BOps, BbIpaxkaeT 0oJjiee CJIOXKHbIE ONepaldd YeM NpexKHsAd
xapakTtepuctuka f. Tak, HanpuMep, B ypaBHeHHH

KOpoue:

. 1
smx—cosx—-—§——=0

XapakTepHCTHKAa [ BbIpaXKaeT TOJILKO MOCJef0oBaTe/bHOE

BLIMIOJIHEHHE JBYX OMNepauuii BbIYHTAHHS, TOTJa Kak HOBas

XxapakTepucTuka F B npeo6pa3oBaHHOM YpaBHEHHH
il/l—coszz—cosx—%=0,

KpOMe MNpexKHHX JeHCTBHH, BblpakaeT BbIYHTAHHE IOJ KOp-

HEM C MOCJIeyIOUMM H3BJeYyeHHeM KOPHS, KOTOphll Gepercs

K TOMYy e C JByMsl 3HaKaMmH.

[Tonyuennoe ypaBHeHue F(sinz)=0 npuHafJeXHT K
IV Tuny, a moToMy crnocof ero perieHHs yiKe H3JIOXEH B
§ 48.

Heob6xo0aumMo OTMeTHTb, YTO XOTS YyKasaHHbIH crnocob
cBeaénus ypaBHeHu#i VI tuna x IV Tuny npEMeHHM Bcerja,
N0JIb30BaTbCS MM B OOJIbIIMHCTBE CJy4aeB HEBBIFOJHO, Tak
KaK MoJiyyaioleecss NPH 3TOM ypaBHEHHE OKasblBaeTcsl, Kak
NpPaBUJIO, OYeHb FPOMO3JKHM H MHOIO HppauHOHaMbHEIM. [lo-
STOMY Ha NpAaKTHKe B TeX CJyyasX, KOrja 3TO BO3MOXKHO,
HCIIOJIb3YIOT APYrue NpHEMbl pellleHHs TaKHX ypaBHEHHH.

Taxk, HampuMep, pacCMOTPEHHOe HaMH Bbllle ypaBHeHHE

. 1
SIN X —COS X = —~

2

MOYHO PEIUHTh CJEIYIOUIHM 06pas3oMm:
i . T ¥) = I,
sin x — sin 5 =
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2c0s — sin (x — — =1,
4 4] 2

sin (x— —4—) = eY% — (ypaBHeHue | tuna),

T . 1
oTKyjga x— —— = (— 1)®arcsin —+7mn HT. L.
y =1 % +

B mouckax TakMX YacCTHbLIX NPHEMOB II0JIE3HO BLIAEJIEHHE
u3 VI Tuna ypaBHeHHH HEKOTOphHIX MO THII OB, KOTOpLIE
panu xpatkocTH Gynem oGosnauate uepe3 VI, VI, VIg u
T. I.

6) K noxgruny VI, oTHeceM ypaBHeHHS BHJA:

R(sinz, cosz, tgz ctgz secz cscz)=0,

rie z=ax—+b, a R—xapakTepucTHKa TOJbKO paluo-
HaJ/bHBEIX a/nrebpanyeckux OnepauMi HajJ YKasaHHBIMH Kpy-
rOBHIMH ()YHKUHSIMH OJHOTO apryMeHTa.

Takne ypaBHeHHSI CBOJZSITC K pPalLHOHAaJMABbHB M
anre6panyecKUM YpaBHEHHSM C [IOMOLIBIO ITOACTAHOBKH:

z
tg5=y

B camoM pesie, HCIOJB3ys COOTBETCTBYIOLLHE (OPMY.JIHL,
6yneM HMETb:

sin2<%) 25in—%~c0527 2tg%-
sinz = 1 = 2 7 z
coszT—l-sinzT l+tg2—2-
2y .
=Tt
cos 2 (—;——) cos? —22—- — sin? % 1 —tg? —2—
cosz = 1 = z z z
cos® 5~ + sin® <~ 14 tg? -5
=9 .
R E
z 2tg—;' 2
i — Yy .
tgz—tg2(2) —— =iy
l—tg'—i'
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1=y __ U _ T+
ctgz= tgz = 2y ° S€CZ= o5z = 1—y2’
_ 14y
sinz ~ 2y
Takum o6pa3oM, Kaxjgas H3 IIECTH KPYTOBHIX (yHKIHH
BblpasuJjiacb pallHOHaJbHbIMH OIlepalHusAMH uyepe3 y.:

CsCz =

2y =9 _ 2%
sinz = T2 SOSZ=T13 tgz—l_ 3
2 2 [ (60)
=128 sece= +y2, cscz =12
2y Y 2y

OcyimecTBHB 3aMeHy B JaHHOM YpaBHEHHH, MNOJyyYaeM
ypaBHeHHe

R( 2y 1—y* 2 l—y® 144 1+y2)=0,

T+y® 14927 1=y 2y ° 1T—y* 2
rae Hajx apryMmMeHToOM Y COBEpIIAIOTCA TOJBKO panHoHaJib-
Hbl€ ollepalluHd, a IMMOTOMY €ro MOXHO 3alHucCaThb KOpoue Tak:

R (9)=0,

rjie yepes R, o603HayeHa XapaKTeDHCTHKA BCEX palMOHAJb-
HBIX OIlepaiui, NMPOM3BOJUMBIX B YpaBHEHHH Hal Y.

Hcnoab3ys cooTBeTCTBYIOLUIHE MeTOAbl anare6pel, Haxo-
IMM JeHCTBHTeNbHble KOPHH 3TOTO ypaBHEHHS:

Y=Dp1Pe .- "pm'
OG6paTHo#i 3aMeHOH noJyyaem ypaBHeHus | Tuma:

b b b
tg%:pl’ tg%t_=p2’__.’tga—x;—_=pm.

Mpumeuwanune Ecan JgaHHOe ypaBHEHHE HMEET KODHH 2z =

== (2k+ 1), To, pemas ypaBHeHHEe C TNOMOLLbIO MOACTAHOBKH tg-;— =y,

2
Mbl HX MOTepsieM, TaK Kak ig 5~ Tepser cMbica NpH z = = (2k + 1). Uro-

66l n36exxaTh NMOTePH KOpHeH, HajJo [0 pelueHHs YPABHEHHs HJH B KOHLE
NpoBepHThb, He GYAYT JM €ro KOPHSAMH yHcaa z = w (2k 4 1).

Mpumep. IIpuMeHHB NOACTAHOBKY tg% =y K ypaBHeHHIO S§inz—
—cosz=1, noJayuaem: —22— L—o OTKyAa y =1, caeno-
T+ T ’
BaTeJILHO, tg2-—l 2—4+1m 2= 2-{-27m
ITposepsieM, He GYAyT /i KODHAMH ypaBHeHHs uucaa: z == (2k + 1),
sinm (2k 4 1) — cos = (2k 4 1) = 1, caenoBatesbHo, zy, = w (2k + 1).
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Pemnm TakuMm crnoco6oM ciepyiollee ypaBHEHHe:
sinx 4 cosx — tgx — ctgx — secx — cscx = 0.
B cooTBercTBHH C NOACTAaHOBKOH tg %— =y 3aMeHsEeM
cjaraemble no dopmynam (60), mosayuaem:

2y I —y 2y I—g?  14+¢* 144
Te T TFs Top & T—p 2 O
[Tocsie npeo6pazoBaHuil HMeeM:

3yt + 4y +1=0.

3P+ 1+ (+ D(y—y+1)=0;

(y+1H@¥+4*—y+1)=0.

Orkyna: 1) y+1=0 u, crepoBarenbHo y, = —1I;
2) 3 +yP—y+1=0.
YMHOXaeM Ha 9:
21 + 99— 9y +9 =0,
(39)* + (3y)* — 3(3y) + 9 =0.
Brocum sameny 3y = u, umeem:
w4 u2—3u+9=0. *)

Haxonum pesntenn cBoGopHoro unena (9): +1; +3; +9.

[TopcTtaHOBKOH AesnuTesell B ypaBHEHHE NpPOBEpsieM, HET
JH cpeln HUX KopHsi. OkasblBaercs, u;