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IIpexucaoBue

IDToT ceMmecTpoBen Kypce umtaacs B HMY Becumou 2003 roga u mpen-
HA3HAYAICA BTOPOKYPCHUKAM. YPOBEHDL MOATOTOBKU CAYIIATENeN ObLT pa3-
uHeIM. Pa3 B Hegeno ObLIa IBYX9IaCOBAA JEKIUA, 33 KOTOPOU CJIEIOBAT ABYX-
9acoBOU ceMuHAP (MMEITCs B BUAY akajeMudeckue dacel). Ha mexnuax, c
O/IHOU CTOPOHBI, OOCYXK AATACH OOMIAsA KADTUHA U CBA3U KOMILIEKCHOI'O aHA-
au3a ¢ apyruMu obmactamu maremaruku. C Ipyrou CTOPOHBI, OCHOBHBIE
TeopeMbl pa3buBaINCh HA KOPOTKHUE, MOHATHBIE CAMU 1O cebe yTBepXIe-
HUs, KOTOPBIE OOBACHAMINACH AT 33, 1aroM. Iloce JeKimm 5Ty y TBepK [eHus
BK/IIOYAINCh B CIIMCKY 3a0ad, KOTOPHIE Pa3laBaluCh CAYHIATENAM U 00CY-
x®pamuck Ha ceMmuHapax. Cemunaper Bemm B. A. Kucyubko, U. A. Ilymkaps
u C.II. Yyaxos. OHu OTAEIBHO OOCYXKAAMN C KAXKIBIM CTYIEHTOM KAXKIYIO
PEIIIEHHYO UM 33034y

DK3aMeH COCTOAI U3 TEOPETUIECKOTO 3a9€Ta U MUCHMEHHOUN TOMAIITHEN
KOHTPOJBHOU. 3a4eT IIed B TEUYEHUE BCErO CEMECTPa: CTYAEHTHI CAABAIA
PEIIEHHBIE UMY 33Ja49U HAa KAXKJIOM CEeMUHAPE U B TEUYEHUE HECKOMBKUX I0-
MOJHUTEIBHBIX 3AHATUN B KOHIE KypCa. 3aJa4U [ MUCBMEHHOT'O DK3aMe-
Ha— PaCCIMTAHHON HA OTHY HEIEI0 TOMAIIHE! IUChMEHHON PaboThl— MEI,
B OCHOBHOM, 3aUMCTBOBAJINA U3 MPEABIIYIIAX MUCHMEHHBIX 3K3aMEHOB TIO
KOMILIEKCHOMY aHanmu3y B HMY.

3/1eCb IPUBOAATCA B CIETKA OTPEIAKTUPOBAHHOM BUIE 3aa49U, KOTOPHIE
MBI OOCY XK JAIM B TEUEHUE CEMECTPA U KOTOPBIE COCTABIISIN 3HAYUTEILHY O
gacTh Kypca. [lyukTer 15, 16 u 18 Hanucasel 4y Th 03:Ke U B CEMECTPE He
pa3bupaInch.

O cogepxanmm Kypca. [lepBbie YeTHIpe MYHKTA MOCBAIICHBI TEOPEME
Kommm u Treopeme Croxca. Teopema Ko onupaercsa va Teopemy Crokca,
UMEOLLYI0 U APYTrue MHOCOYUCJIEHHBLIE NPUMEHEHUs B TEOPUU AHATUTUIE-
ckux pyskmun. TpaguuumonHo TeopeMa Komm HOKa3bIBAETCA B AOBOJBHO
crabbIX MPeIoNoKeHnAX, B KOTOPHIX Kiaccuieckas Teopema CTokca He-
npuMenuMa. B mymkrax 1-3 mel Hamommuaem Teopemy CTOkca u HOKa-
3LIBAEM €€ B JOBOJBHO CIaOBIX Mpearnonoxkenusx. Teopema Ko — mps-
MoOe caefcTBue 3Tou 0606menHon TeopeMbl CTOKCA U MPOCTON JIMHEUHOU
aare6psl, onuchBamomen AudQdepeHIuaIbl AHATUTUIECKIX OTOOPAKEHUN
(cm. m. 4).

s mokaszaTenbcTBa MHTErpaabuou (gopmyast Kommu, kpome TeopeMbr

z o
Komm, myxuO ucciaegosats dopmy —, U €€ HEOUpPeJEIeHHbIN MHTErpal.

OTOT MHTErpaJ MHTEPECEH CaM TO cebe: OH TPEACTABIACT COOOU MHOTO-
3HAYHYIO0 (DYHKIWIO 1n 2, a ero 06palieHne ABIAETCA OJHO3HAYHON (DYHKIIN-
er exp z (cM. m. 5).



B myskre 6 06CyXIaOTCA JOKATLHLIE CBOUCTBA AHAJUTUYECKUX
dbyuIIn.

Koudopwmusie orobpaxenns chepol Pumana B cebs ABIAOTC Ipeodpa-
3oBanuem Mébuyca. [Ipeobpasosanus Mébuyca onpeneseHbl He TOJBKO Ha,
IIOCKOCTH, HO u B mpocTpancTtBe R™. Beskoe mpeoGpasopanme MEOmy-
Ca— TMPOU3BEJICHUE UHBEPCUN. DIEMEHTAPHON TeOMETPUN UHBEPCUM TTOCBA-
meH TyHKT 7. B myrkTe 8 5Ta reoMeTpus NpUMEHAETCS A OIPEIeTeHUsT
cdeprr Pumana. TaM ke moxkasniBaeTCs, ITO BCsAKasd MepoMopdHasa (YyHK-
uusa Ha cepe Pumana sprserca pamuonaabHon GyHKIEN.

B myuxTe 9 06CyxgaroTCs BBIYETHI, IPUHIWI APCYyMEHTA U OCHOBHAs
TeopeMa aaredphI.

B nyuxTe 10 maercsa npeacrasiaenue o moxeau [lyankape mpocTpancTsa
JI06aeBCKOr0 M OMUCHLIBAIOTCA I'e0Ne3UTECKIe B DTOU MOAEAN. JTO OMICA-
HUE UCIOJIB3YeT HIeMEHTAPHY MeOMEeTPUI0 uHBepcuu u3 myHkTa 7. O6cy-
Kk paercs cBa3b reomerpun Jlobagesckoro u TPKII, koropas, B vacTHOCTH,
OPUBOAUT K MHBAPUAHTHOU (popMmyaupoBke Hepasencrsa lllBapua (cum. 3a-
npagy 10.6). dTa ¢popmyauposka HepaseHcTBa lIBapia ger1aeT 0YeBUIHBIM
SKCTPEMATBHOE CBOUCTBO KOH(MOPMHOT'O OTOOPAXKEHU, (DUTYyPUPYIOLIETO B
reopeme Pumana (cMm. 3agaay 10.8). B myukTe 11 06cyx)gaerca Kpurepun
KOMITAKTHOCTY CEMEUCTBA, aHAJUTUICCKUX (PYHKIUN, KOTOPLIM HYXKeH I/
3aBepIIeHNs JOKa3aTeabCTBa TeopeMbl Pumana (cm. 3agagy 10.17).

B nyskTe 12 mokaspiBaeTCsa TPOJOMKAEMOCTH OTOOpaxkeHus Pumana
IO TpaHubl 06aacTh. /[[0Ka3aTeaIbCTBO OCHOBAHO HA MPUHIIUIE [JUH U ILI0-
magen u 663 TPyIa MEePEeHOCATCS HA CAydYaul KBa3UKOH(MOPMHEIX 0TOOpa-
JKEHUN.

B mymkre 13 ompexmenstorcs PUMAHOBHEL MOBEPXHOCTU AHATUTUIECKUX
dyukmun. [lokasbBaeTCA, ITO €CIM PUMAHOBA MIOBEPXHOCTD (DYHKIIMU KOM-
MAKTHA, TO PYHKINA anarebpamdecKas.

B nyuxTe 14 mokaswiBaeTcsa mpuHuun cumMerpum Pumana-IllBapia u
Teopema [lukapa.

[ononuenre 1 MOCBSIIEHO TapMOHUYECKUAM (PYHKIUAM M UX CBSI3SIM C
KOMILIEKCHBIM aHAIU3OM. 1eopus rapMOHMYECKUX (DYHKIUU MHOTHUX IIepe-
MEHHBIX HATIOMUHAET TEOpUI0 aHaduTudeckux gyakuun (cm. m. 15). Uc-
o3y 0606mmenHy0 hopmyay CTokca, MOXHO 9yTh OCIAOUTH TpebGoBa-
HUA TIAJKOCTU B ONPEACTICHUM TapMOHUYECKOU (DYHKIUM B TOM XK€ IyXE,
kak ['ypca ocrabun Tpe6oBaHUS MIATKOCTH B ONPEIEJEHAN AHAIUTIIECKOU
dyuxuyu. I'apMmonnveckue QyHKIUE UrPaoT GOABIIYIO POJIL B MATEMATH-
YECKOU (PUBUKE.

Ananuruaeckue GpyHKIVM BaXHBLI 1A TPUWIOKEHUN, B YaCTHOCTHU, TO-
TOMY, 9TO UX TEOPUA CUIBHO CBA3AHA C TEOPUEU MAPMOHUYIECKUX (DYHKIIUN
IByX mepeMeHHbIX. B nyrkTe 16 06Cy K 1aeTCs CBA3b DTUX TEOPUU U IIPUME-
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HEHUA aHATUTUICCKUX (PYHKIUU K TEOPUM TapMOHUIECKUX (DYHKIIUU IBYX
epEeMEHHBIX.

B nynkrTe 17 rapmonunydeckue u cybrapMoHuydeckue (PYHKIUKA IBYX IIe-
PEMEHHBIX MPUMEHAIOTCA K TEOPUU AHAIUTUYECKUX (PYHKIUU. 3AECh I0-
Ka3bIBAETCsI CIEAYIOIAs TeopeMa eIMHCTBEeHHOCTU. Fcau anasumuueckasn
Pynxyus 6 obaacmu G npu cmpemienuy K KaHcAoh mouke nexomopot dy-
2u, Aexcawelt wa epanuye 064aCMU, CMPeMUmcs K 00wot u Mot JHee KoH-
cmanme, mo ama Pynryus nocmosawna (cMm. 3agauu 16.10 u 16.11). ITa
TeopeMa eIUHCTBEHHOCTU — HEHTPAIBLHBIN IIYHKT JOKA3ATEAbCTBA U3 yIeh-
Huka EBrpadosa npogomkaeMocTu KOH(MOPMHOrO oTobOpaxkenus Prumana
o0 rpaHunsl obmactu. B mpomecce moAroTOBKEU JIEKIMM BBISICHUIOCH, ITO
DTO NOKa3aTeabCTBO OmmOOYHO (cM. 3amady 12.13), u mponomkaeMocTsb 10
CPAHUILI IPUILIOCH TOKA3BIBATL mo-aApyroMmy (cum. m. 12). Tem He menee,
TeopeMa eIMHCTBEHHOCTH MHTEepecHa u cama mo cebe. K Tomy ke ee xpo-
KA3aTeIbCTBO MCIOIb3YeT 3aMeuaTeIbHy0 GpopMydy VenceHa 1 cBOMCTBA
PapMOHUYECKUX U CYyOTapMOHMYECKUX (DYHKIUU, TAKKE MPEICTABIAIONIIX
CAMOCTOATEILHBIN UHTEPEC.

B momonueHuy 2 mpUBOAUTCA CTAHIAPTHHIN MATEPUAT O CBEICHUN TJIO-
6anpHOrO BapuanTa Teopembl CTOKCA K €€ JIOKATBbHOMY BAPUAHTY, UCIOIb-
3ys pa3bueHue equHULbl (MI0GAIBHBIN BapuaHT Teopembl CTOKCA UCIOIB-
30BaJICA B Kypce 0e3 JOKa3aTelbCTBa).

Huxe crenyer 60o1ee nonpobHOe BBeneHune K myHkTaM 1-4, 15 u 18, 61a-
FOJIAPHOCTU U MOCBSAIICHUE.

06 0606mennon popmyne Crokca u Treopeme Koum. [[Bymepnas (mrioc-
kas) ¢popmyraa Crokca yTBepKAaeT, 9TO M orpanudenHon oduaactu U Ha
mwiockocty u popMel w = P(z,y) dz + Q(z,y) dy cupaBegiuso paBeHCTBO

[

rae OU — mpoxoaumas «B HaHpaBJIeHI/II/I MPOTUB YaCOBOU CTPEIKU» TPAHU-

oQ
dy | Oz
Croxca HyXKHO TpeOOBATH HEKOTOPYIO MIAAKOCTH (POPMBI W U T'DAHUIIBI
OU. MoxHo, HATpUMep, TpeboBaTh, 9TOOH (pyHKIUu P u () mpuHaIiexa-
JM KJIaCCy C' B 3ampikaruu o6mactu U m 9TOGEL rpaguna OU ObLia Obl
Cl-rmanxon (wm xycouso raagkon). IMeHHO Takwe TPeGOBAHUA TVIaTKO-
CTHU HAKJIAILIBAIOTCA B KaaccuieckoM BapuanTe ¢gopmyasl CTokca.

I'ypca mpugan 3akoHUYeHHYI (GOPMY ONPENEJEHUI0 AHATUTUIECKOU
(pyHKIVY: OH MOKA3aJ, ITO IS AHATUTUIHOCTY KOMILIEKCHO3HAYHBIX (DyHK-
[IIU KOMILIEKCHOT'O TTEPEMEHHOT'0 JOCTATOYHO TPeOOBATH JUIIbL CYIIECTBO-
BaHUS MEPBOU MPOU3BOIHOU B Kaxkaou Touke obmactu. OH MCOOIB30BAT

na obmactu U u dw = (— ) dz dy. s cupaBesauBocTu hOPMyYJIBI



HaUQEeHHY UM (HOpMy TeopeMbl KoM ¢ HeMHOMO MEHBITUMU TPeOGOBaHM-
amu raagkocTu GopMel, deM o6braH0. C Tex mop teopema Komwu Tpaguiu-
OHHO BXOIUT BO BCE KyPChI KOMILIEKCHOT'O QHAJIM3a UMEHHO B 3TOU (OpMe.
[lna mokasarenbcTBa Teopembl Komm B ¢gopme I'ypca kimaccumiaeckoro Ba-
puanta Teopembl CTokca HegocTaToIHO. MBI MOKa3bBaeM, 4TO GOpMy.Ia
Croxca BepHA, ecan

1) pyuxmuu P u () B KaxX 10U TOUKE UMEIT Au(dHEpeHInaIL;

oQ
2) pyHKIIA 99 + 5, HCUPCPBIBHA.

Haime noxasaTenscTBo, Gak TUYIECKN, COBIAIAET ¢ paccyxk aeaueM ['ypca
(43 HEro JWIIb U3MOHAETCA CHENUMUKA KOMILIEKCHOTO aHAIN3A).

DopmyrupoBKa U MOKA3aTEILCTBO MOJOOHOTO OOOOIIEHUS TEOpPEMBI
Crokca aBTOMATHYECKY MEPEHOCATCS Ha Crydau k-(popM Ha n-MEPHBIX MHO-
roobpasuax. Ham nonagoburcs (mpyr pacCMOTPEHAN FaAPMOHUYIECKUX (DYHK-
MU MHOI'MX [IEPEMEHHBIX ) JIUILIb CIeLYOMU MHOIOMEPHLIN BADUAHT STOIO
YTBEPXK TEHUA.

O600mennsn  BapuasT ¢opmyasr Crokca. [Tycmv U — xomnaxm-
nas ob6aacmv ¢ 2a00kot epanuyetd OU 6 npocmpancmee R™, nycmo
w=PdzyA...Adx,, — Podzy Adag AL Adzy +.. .+ (1) P day AL L.
.. ANdzp—1 — (n — 1)-gopma, xosdduyuenmur P; xomopoi umeiom dud-
depenyuanvt 8 amvikarnuu obaacmu U u dywxyua F = on + ... OPn

81‘1 axn
Henpepuiena 8 3amvikanuy amot obaacmu. Tozda cnpasedausa Gopmyaa

Cmoxca
/ w :/ dw, (1)
U U
2de dw=Fdxy A...ANdx,.

B xnaccuieckom BapuanTe dpopmyast Croxca st obracren B R qomoa-
HUTEJIBLHO TPEANOJAraeTcsa, uTo pyukiuu Pj, ..., P, npuHamLIexar Kiac-
cy C' B 3amerkamuu obxactu U.

OO6BIYHOE MOKA3ATEIBCTBO KAACCHIECKOro BapuanTa gpopmyast CTokca
HE MMPOXOANT [JIA NOKA3ATEALCTBA 0O00MEHHOr0 BAPHAHTA DTOU (POPMY.JIHL.
[IpuBeneM XOPOIIO M3BECTHEIN MPUMEP AHAJOTUIHON CATYALIUN.

ITpmmep (Teopema Jlarpamxka). [ns yuxuun f Ha oTpeske [a, b] cymie-
crByeT Touka ¢ Takas, aro f(b) = f(a) + f'(&)(b — a).

[l copaBeqmuBOCTU TEOpEMBI JlarpaHxka HY»)HO TPeOOBaTh HEKOTO-
pywo raagkoctk gynkmmu f. Komedno, MoxHO Tpe6oBaTh, ITOOBI (hyHK-
mus f npurantexana kiaccy C! ma [a,b]. Ho mocraTouso Tpe6oBarhb, 9TO-
Obl pyHKUUA f GBLTA ObI HEIIPEPHIBHA Ha OTPE3Ke [a, b] u umena auddepes-
A B KaxXK [0 BHY TPEHHEN TOYKe 3TOro oTpeska. Ecmm f' menpeprisra, TO,

b
coruacuo opmyie Hetorona—Jlenbuuna, f(b) = f(a) + / f/(¢) dt. Tlo Teo-
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peMe O CpeIHeM CYIIECTBYeT TOUKa & Takasd, 9To /ab f@)de=f'(&)( — a),
OTKyna u BHITeKaeT Teopema Jarpamxka. Ecim xe dymxuus f' me me-
MpEepBIBHA, TO OHA MOXKET OKA3ATHLCA W HEMHTErPUPYEMOU, U DTO PACCy-
XKJEHNE He MPOXOAWT. 3IeCh BHIPYYAET Takoe cooOpaxkenwe. Jlerko Bu-
IeTh, 9TO CyIIECTBYET KacaTeabHasd K rpaduxy yskuuu y = f(r), ma-
paienbHas Xopae, npoxogsamen epes touku (a, f(a)) u (b, f(b)). Torga
f() = f(a) + f'(&)(b — a), rme £ — abcumeca TOUKA KACAHUA.

JoxazareabcTBo 060061meHHOr0 BapuanTa (popmyasl CTOKCa COOTHOCUT-
CA C IOKA3aTEThCTBOM KIACCUYECKOTO BAPUAHTA DTOU (POPMYJLI TaK XKe,
KaK BTODPOE U3 IPUBEIEHHBIX JOKA3ATEILCTB TeOopeMsl Jlarpamxa cOOTHO-
CUTCS C TIEPBBIM [OKA3ATEAbCTBOM.

B xypce mbr 06cyx ganu aumib JoKaabHyo opmyay Crtokca, T.e. Gpop-
myny CTokca 1 CTAaHAAPTHOI'O KBAAPATA HA IIOCKOCTY U [Js CTAHJAPT-
HOT'0 Ky0a B MHOIOMepHOM mpocTpancTee. @opmyna CTOKCA M1 KOMITAKT-
HBIX 00JACTeN C MIAJKOU TPAHUIEN CBOLUTCA K €€ JOKAJILHOMY BapUAHTY
OpU TOMOIIY Pa3OUEHUA eIUHUIEL (CM. NOTOJHEHUE 2).

Baarogapuoctu. Mos xena T. B. Benokpununkas nHabupaja u peqakTu-
poBaJa BCe CIIICKHU 3a1a4 ¥ BCe BapUaHTHI 3Tou Opormopsl. B. A. Kucysbko,
1. A llymwkaps u C.II. UynkoB BeCh CEMECTp BeJIM CEMUHAPCKUE 3AHATHU.
OHU BIOKWIN B 3TOT Kypc MHOTO Tpyaa. CaylaTenn ak TUBHO PEITain 3a-
Ia¥u 1 OOHAPYKUIN MHOTO HETOYHOCTEN U OmevYaTok. BeceM M 1 mpuHOITy
CBOIO 6JIAr0IAPHOCTD.

MMocesmuenne. Broporo uoabpsa 2003 roxa ucnonumnocst 60 mer HOmauio
Cepreesuty NabsmeHKo, ¢ KOTOPBIM MBI IPYKUM 6€3 MAJIOro MOJBEKA. JTa,
6porropa nocssam@aercsa Huauo Cepreesuwdy.

1. Teopema Jlarpamxa aaa GpyHKIUUA MHOXECTB

IIycrs A—HEKOTOPBIN KJIACC IO AMHOXKECTB IpocTpaacTsa R™. Mol Bce-
raa OyIeM CINTaTh, 9TO IJIA BCEX MHOXKECTB U3 Kiacca A ompeneneHo mo-
HaTue oowveMa. Mer 6ygeM o603HadaTh depes V(X) o6bem MHOKecTBA X.

[ magpHenWIero BayKeH caenywooimuu mpumep: A cocrouT umz KyGoB
npocTpancTBa R™, rpaHu KOTOPBLIX HAPALIEALHLI KOOPIMHATHLIM THIEp-
IIOCKOCTSAM M KOTOPBIE JIEXKAT BHYTPU CTAHIAPTHOI'O E€IMHUIHOTO KyOa
0<z;<1,...,0< x, <1 (ocobenno BaxkeH caydau n = 2). Moxuo cuu-
TaTh, 9T0 A — KJIACC MOIMHOKECTB U3 TOrO IPUMEpA.

Paz6uenuem muoxectsa A € A takoro, uro V(A) # 0, HasbiBaeTCa €ro

m
npeacrasaenue B Buge A = | A;, rae
i=1

DA EAi=1,...,m



) V(A)#0,i=1,...,m;

3) V(AiﬂA]’):O, 1<i<y<m.

CkaxeM, 9TO KIaCC MHOXECTB A SBISAETCA KAGCCOM € PA3OUEHUAMIU,
ecan 1is Kaxgoro Muoxecrsa A € A rakoro, uro V(A) # 0, cymecrsyer
ero pasbuenme A = |JA;, 1A KOTOPOro AuaMeTp KaxKIOro MHOXKeCTBa A;
He GOJIbIIE YeM MOJOBUHA AUAMETPA MHOXKECTBa A.

Kuracc xy6oB B mpoctpancTse R™ (cM. BBIIE) OYEBUIHO ABIACTCA KIAC-
COM MHOXKECTB C pPa30UeHUAMU.

Paccmorpum mekoropywo ¢pyuknuoo F: A — RP, comocTaBismiomyo Ka-
XK IOMY MHOkecTBY X M3 HEKOTOPOro Kiaacca ¢ pazbuenueMm A BekTop F(X)
npocTpancTBa RP.

Ckaxem, uTo pyukuus F' apaserca gywkyuet muna mepol, €CIA 11 Ka-
XKIOr0 MHOXKECTBa A 1 Kaxkaoro ero pazbuenua A = JA;, roe A, A; € A,
cupasegnuso pasencTso F(A) =>"F(A;).

m

3agaga 1.1. ITlycte A = |J A; —pasbuenne muoxkecTsa A, u V(A) # 0.
i=1
IIycre Beinomusercs paseacrso F(A) = > F(A;). Toraa

1) Touka F(A) mpoctpancTsa RP jexXUT BHYTPHU BBHITYKJION 060~

1
V(4)
1
Ja0uku To9eK ———— F'(A;) »TOro mpocrpascTsa;
VI(A;)
2) ecau B mpocTpaHcTBe RP eCTh CKaNsApHOE Mpou3BefeHue (WId HOD-

Ma), TO CPEIU BEKTOPOB F(A;) cymecTByeT X0Ta OBl OIUH BEKTOD,

1
V(A) 1
UMEIOIINY HE MEHBINYIO IJIUHY, 9eM BEKTOD V&) F(A).

3agaua 1.2. [Iycte dyukuma F: A — RP saBasercsa (yHKumen TUIa
meper. Torga mas kaxgoro A € A raxoro, uyro V(A) # 0, cymecrsyer
OCIe [OBATEILHOCTE BJIOXKEHHBIX MHOKECTB A DA D...DA,, D... Ta-

kux, aro 1) A; € 4; 2) V(4;) > 0; 3) gmamerp A, < Zim(;maMeTp A);

) . _F(A)

4) cywecrByer (KOHEUHBIN wiM OECKOHEYHBLIN) mpexea lim VA,
11— 00 3
F(A) ’

’ > HV(A)H' 3nech |la|| obosnavaer AIMHY BEKTOpA G B

5) lim H 5%2;

i—00

npocTpancTse RP.
Ompegererme 1. CkaxkeMm, 9TO MOCAEIOBATEIBHOCTD MHOXKECTB Aj, . ..
oy Ap,y ... czodumes k mouxe a (obosHadenwe: lim A; = a), ecim s
71— 00

aoboro € > 0 cymecrByer HOMep N TakoW, 9TO BCe MHOXKeCTBa A; mpu
1 > N JexaT B e-OKPECTHOCTHU TOYKH .

Onpegenernme 2. [lycts F': A — RP — pyuxnua tuna mepsl. Ckaxem,
aro F umeem npouzsoduyio F'j(a) € RP mo A B TOUke a, ecanm Ais Jio-
60U TAKOU ITOCAEIOBATEILHOCTY MHOXKEeCTB Ay D ... DA, D... u3 A, 9ro



V(A;)#0u lim A; =a, cnpaBeqIuBo PABEHCTBO

i—00

Jlim 8 = F a).

3agaga 1.3. [Iycte A — wmacc muO)ecTB obmactu U mpocrpas-
crBa R", mia KOTOPHIX ompeneneHo moHaTue obobema. Ilycrs f — me-
npepbiBHasg GyHknua Ha A co smavenuamu B mpocTpaHcTBe RP. Pac-
cmoTpuMm pyukimio F Ha A, comocraBasmomyio kaxgomy A € A BekTop
F(A) = [ f(@)de; ...dz,. Torza

1) F apasercsa GyHKIWEN TUNA MEPHI;

2) B kaxon Touke a € U cymecrsyer F' (a), mpuaem F'y(a) = f(a).

3agaga 1.4. 1) («Teopema Jlarpamxkar.) Hycrs dyuxmma F: A — RP
ABJAAETCA (PYHKIMEN TUIa MEpPHl M MMeeT IPOM3BOAHYIO mo A B Kaxmon
rouke a, npuieMm F'(a) = 0. Torga mas kaxnoro A € A cnpaBermuso pa-
BeHcTBo F(A) =0.

2) Mycts Gpyukumn tuna mepel F: A — RP u G: A — RP umeroT mpo-
u3BOJHEIE 0 A B Kax 10U Touke a, mpudeM F'(a) = G',(a). Torga dpyHk-
uuu F' u G coBnagaror, T.e. mia KaxIoro MHOXecTBa A € A cupaserimBo
paeercreo F(A) = G(A).

3) («Popwmyaa Heiorona—/lenbrunar.) Ecain F’y — nenpepobiBHas QyHK-
s, TO

F(A):/AF;,dxlA...Adxn.

3agaga 1.5. [IycTh A — K71acC OTPE3KOB HA TIPAMOU, JEXKAIIAX BHY-
Tpu PUKCHPOBAHHOI'O OTpe3Ka [a, b], u mycTs f: [a,b] — RP — mpousBoas-
Has ¢yskuusa. Onpegeaum ¢ysxnuio F: A — R dopmyaon F([c,d]) =
= f(d) — f(c). llokasars, uro

1) dyuxumsa F' spasercs GyHKIUEN TUIA MEPHL;

2) cymecrsoBanue npousBonuon F'y(a) skBuUBaTeHTHO nuddepeHnupy-
emocTu pyHKIMK f B TOUKe a, mpuieM F(a) = f'(a);

3) ecan dpyHkuua f guddepeHnupyeMa B KajKIOM TOYKe OTpesKa [a, b],
npuaeM f' =0, To f(a) = f(b) (em. 3agaay 1.4, m. 1);

4) ecan Qpyukumsa f nuddepeHuupyeMa B KaxI0U TOYKe oTpe3ka u f’

b
HempepsIlBHA Ha oTpeske, To f(b) — f(a) = / f/(&) d¢ (cm. 3agaay 1.4, . 3).

2. ®opmyaa Crokca pjisa JUHEHMHBEIX (POPM B €JUHMIHOM KyOe

Hauuem ¢ asymepuoro ciay4as. O6o3nadum vepe3 A cTaHIAPTHHEIN KBa-
apat 0 <z <1, 0 <y <1 Ha nIoCcKOCTH.



Sagaga 2.1. [Iycts dpyukmusa @Q: A — RP o61agaeT CaeqyromamMu CBOU-
crBaMu. Bo-mepBrIX, GyHKIMU Qo 1 ()1 OT MEPEMEHHOU Y, OMPEICTCHHBIE
npu 0 < y < 1 coornomenusvu Qo(y) = Q(0,y), @1(y) = Q(1,y), asraor-
¢ MHTerpupyeMbiMu QyHKIUAMU. BO-BTOPBIX, BBIIOJHAETCA TOXKIECTBO
Q1 — Qo =C, rae C — nocrosuubin BekTOp. Toraa /BA Qdy = C. Ana-
JoruyHo, ecau pyukmuu Py u P;, onpegenennsre npu 0 < x < 1 cooTHomIIE-
uusamu Py(z) = P(x,0) u P (z) = P(z, 1), naterpupyemst u P, — Py = C,
TO / Pdz=-C.

oA

Sagada 2.2. [[1a 100BIX TOCTOAHHBIX BeKTOPOB A1, Ay, A3, By, Bs, Bs
npocTpancTBa RP cmpaBeqIuBo paBeHCTBO

/ (Al +A2$+A3y) dr + (B1 +BQZU+B3y) dy: (BQ —A3).
A

Sagaga 2.3. [lycte P u () — HempepbiBHBIE (DYHKIUA B 00JaCTH A Ha
IJIOCKOCTH €O 3HadeHuaMu B RP, npuueM ||P|| < M u ||Q| < M. Torga mms
BCSKOI'O KOHTYPA 7Y HA IIOCKOCTH, AJINHA KOTOPOr'o paBHA L, cupaBemiunBa
OIIEHKA ‘

IMepengem x MuOrOoMepHou curyaruu. O6o3uauuM depe3 A crasgapT-
e ky0 0 <y < 1,...,0 <z, <1 B opocrpaucree R™.
3agaua 2.4. [Iyctb w=Pydas A.. . Adx, — Podxy Adzg AL Ade, + ...
.+ (=1)"*"tP,dxs A ... Adz,, rae P;— nuHeitHBIE HEO THOPOIHbIE (hyHK-
man, T.e. Py =A; + Ajix1 + ...+ Ajpxy, rae A; u A; j — mocTosHHBIE

/P(w,y) dz + Q(z,y) dyH <2ML.
.

BeKTOPHI B TpocTpancTse RP. Toraa /8A w= /A dw, T.e. /BA w=A11+...
ot Ap .

Crenyromue aBe 3312490 B TaJbHEUIIIEM HE TTOHATOOATC.

3agaga 2.5. [Iycte P, — dymkmua kmacca C! ma A. Torga g1 xy6a A
u ¢popmbl w = P dzs A ... Adz, cupaBenauBa ¢popmymna CTokca, T.e.

Pld:ng/\.../\dmn:/ %dml/\.../\dmn.

A A Oy

1 .
Yxa3zanue. llponaTerpupoBaTh (PYyHKINIO —— IO IEPEMEHHOU T1 U BOC-

81‘1
moab30BaThCA hopmyaon HuoTona—JlenGuua.

3ameuanme. [Ipu nokaszarenscrse 06061menHON HopMyasl CTOKCA MBI HE
ucnonb3yem dpopmyasl Heiorona—Jlenbuuna, HO TOKA3bLIBAEM €€ MHOIOMEp-
Hoe 06o0menve (cp. 3agaay 1.4, m. 3).

Sagaga 2.6. [JokazaTs popmyay CTokca B kKybe A mias GpOPMBL W € KO-
sppummenTamm xracca Cl. Tlogemy 2TO TOKa3aTETLCTBO HE TPOXOIUT A
IOKazaTelbcTBa 0600mennon gopmyast Ctokca B kybe A7
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3. O6o6mennas popmynaa Crokca B eTMHUTHOM Ky6e

3agada 3.1. [Iycte A — kimacc KBagpaTOB Ha ILIOCKOCTH, JEXKAIINX
BHYTPHU CTAHAAPTHOI'O €IUHUYHOTO KBAaApaTa A, CTOPOHBI KOTOPBIX Ma-
PALIETBHBI KOOPAUHATHEIM OCSAM. Ilycts P u () — HempepbIBHBIE (QyHK-
muu Ha kBagpare A co sHavenuamu B RP. Paccmorpum dymkumo Ha A,
COMOCTABJAIIIYI KaxaoMy kBaapary Ag € A sextop F(Ap), paBHBII

/8A0 Pdz + Q dy. Torza

1) pyuxumsa F': A — RP sBisercs QyHKIueN TUNA MEDH;

2) ecan ¢pyuxnuu P u @ umetor guddepeHnyual B TOUYKE a, TO QPyHK-

P
mus F nuddepennupyema o A B Touke a, npuieMm Fy (a)=— 9 (a )+6_Q( ).
Ay Ox
Yxazanue. Cm. 3amauu 2.2 u 2.3.
3agaga 3.2 (o600wenHas ¢opmyna Crokca mra kBagpara). [lycrs
1) ¢oyuxuuu P u @, npunuMaiomue 3HaveHus B RP, HeIpepHIBHBEL B KBa-

gpare A, 2) B KaxJION TOUKe KBaapara A Kaxnias U3 DTUX (QyHK-

mun umeer guddepenuyai, 3) QyHKIuL —%—1; + % HempepbiBHA B A.
_ oQ
Toraa / Pdz + Qdy = /A (_8_y + 8_> da A dy. B uactaOCTH, eciu
oP  0Q
~ay tae =0 TO/ Pdz + Qdy=0.

Yxazanue. Cum. 3amaay 3.1 u . 3 B 3agaque 1.4.
3agaga 3.3 (o6o6mennas dopmyaa Crokca mia xy6a). lycts w =
=P drs A...ANdxy, — Pydzy Adzz Ao Adey, + ..o+ (=1)" P, doy AL
.ANdx,_1, rae P;—muenpepuiBubie pyHkunu B Kybe A npocTpancTsa R™.

Mycre pyuxkuum Py, ..., P, umeior quddepernuaibl B KaxX 101 TOYKE Ky-
P; P,

6a A, mpuaem dyuxmua F = — + ... + =—2 menpepoisaa B A. Torza
81'1 axn

Aw:/AFdCUl/\.../\dCEn.

Huxe Mbr ucoassyem 06061mesnyio popmyry CTokca He TOABKO I Ky-
60B, HO U s KOMIIAKTHBLIX O0JACTEer mpocTpancTBa R™, MMenommx riaj-
KyI0 TpaHully (B OCHOBHOM, HaM BaxkeH caydau n = 2). Ilepexox or ky6Ga
K OOJIACTY C MIAJKOU TPAHUIEN COBEPIIEHHO CTAHIAPTEH U NeJACTCA MPU
moMoIy pas3bueHus efrHUNOBL. [/ MOJHOTHI KAPTUHBEL MBI IPUBOLUAM DTO
paccyxkaenue B nyHkTe 18 (gomonnenue 2).

Hamomuum dopmyay Crokca misn 1-popM Ha MIaIKuX KPUBHIX.

3agaga 3.4. [lycte w =Py dxy + ...+ P, dz,, roe P, ..., P, —Henpe-
peiBHBIE GyHKIUYN B o0m1actu U mpoctpancTBa R™ co 3HaveHUAMU B IpO-
crpauctee RP. [omycTum, 4T0 Isi 1000I0 3aMKHYTOrO IyTH Y B O0Ja-

cru U cupaBeqiuBo PaBeHCTBO / w = 0. Puxcupyem ToUKy o € U. Onpe-

genum pyskumio F' B obnactu U cregyrommm pasenctsoM: F'(a / w, rge
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v —awobas kpuBad B ob1actu U, HAUMHAIOMAACA B TOUKE T( U 3aKAHIUBA-
foIaaca B ToUke a. /loka3aTk, 9TO
1) dyuxuusa F omnpenenena KOPPEKTHO, T. €. HE 3aBUCUT OT BBIOODA 7;
2) @pyukuus F' B kax gon rouke umeer guddepennuan dF v BLIIOIHEHO
PaBEHCTBO

3agadga 3.5. llycte F'— dyukuusa B obnactu U cO 3HAYEHUAMEU B HIPO-
crpaucTee RP, nMeromas HeIPepLIBHLIE YACTHLIE MPOU3BOAHLIE Py, ..., Py,

HdF:Pldxl+...+Pnd:rn.Torga/Pld:rl+...+Pnda:n:F(b)—F(a),
v

rae b 1 a— KoHeIl u HavaI0 Kpusou v € U.

4. JIumeynaa aare6pa u Teopema Komm

B 5TOM TIyHKTE MBI OyIeM OTOXIECTBIATH ILNIOCKOCTH R? ¢ KOMILTEKC-
HOU TIOCKOCTBIO (CHHOHUM: (KOMILICKCHAA TPAMAA»), COMOCTABIAA TOUKE
(%,y) KOMILIEKCHOE 9UCI0 2 = & + 1y. PaccMOTpUM BELIECTBEHHO JUHEMHOE
orobpaxenre A: R? — R? u3 BemecTBEHHON ILIOCKOCTH B ce6s.

3agaga 4.1. Oro6paxenue A(z,y) = Pix + Py, voe Py, Py, € C, equn-
CTBEHHBIM 00pa3oM 3anuceiBaercsa B Buge A(x,y) = Q12 + Q2Z. IIpu srom

1 . 1 .
Q= E(Pl —iP), Q2 = E(Pl + iPy). Onpegenmurens MaTpuibl OTOOpaXKe-
Husa A mosoxureneH, ecan |Q1] > |Q2|, orpunarenen, ecaun |Q1] < |Q2|, n

paBeH HyJio0, ecau |Q1| = |Q2|. Ecau |Q1] = |Q2| # 0, To orobpaxkenue A
MEPEBOIUT B HYJb IPAMYIO 2 = Azg, r'ie A € R, a zg = —%_
2

O6osnavenns. [Iycts U — o6macTs Ha mwiockoctu u f: U — R% — nud-
dbepernupyemoe oTobpaxenue (T. e. y oToOpaxkenusa f B Kaxk 10U TOUKE Cy-
of
Jy

Cdf= L(of _0f 1oof -ﬁ)— l(ﬂ_-a_f)
Nmeem: df = 2((% zay)dz—k 2((% +28y dz. Yucmo AEH Z@y
of 1 (af .Of of

0003HaYaEeTCA =—, & YUCI0 — [ =— + z—) obosuavaerca ——. Ilo ompenere-
0z’ 2\ 0z oy 0z bed

_9f 9 1z
HUIO df_(?z dZ—l—(92 dz.

mectByer auddepenunan), u df = % dr + dy —ero mudpdepennna.

IIpouzeoodnot f'(a) xommiekcunosnauuou ¢pyukuuu f B Touke a € C Ha-

fla+2)— f(a)

3BLIBACTCA YUCIO lim

z—0 z
3agaga 4.2. 1) Ecmm oto6paxenue f: U — R? umeer nuddepennuan
0
B TOYKE a U %(a) =0, TO, BO-IepBLIX, AU PEPEHINAT ABIACTCA IIOBOPO-

TOM (Ha HEKOTODPHIN YyIOJ (v) C pacTsKeHueM (B A pas, rjge A— HEKOTOpoe
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HEOTPULATENBHOE YUCI0), BO-BTOPHIX, ¥ KOMILIEKCHO3HAYHOU (yHKIUU f

of

cymecteyer npoussoguaa f'(a). Hpm stom f'(a) = i(a), arg f'(a) = a,
|f'(a)| = A
2) OO6paTHO, ecaM TPOUW3BOJHAA CYIIECTBYEeT, TO OTOOpaxkeHwe f

0
umeer auddepeHiuual B Touke a. [Ipum 3TOM, BO-IEPBBIX, —f(a) =0mu

0z
a(a) = f'(a) u, Bo-BTOPEBIX, AUddEPEHIIAT HTOr0 OTOGPAKEHUA — MOBO-
por (#a yrox arg f/(a)) ¢ pactsxennem (B |f'(a)| pas).

3agada 4.2 TOKA3BIBAET DKBUBATEHTHOCTDH CICAYIOUIMX IBYX OMpene-
JICHUH.

Ompepenerwe 1 (anamurudeckas gyukuusa no [ypca). Oyuxnua f Ha-
3BIBAECTCA aAHasumuueckot 8 ooaacmu U, ecau B Kax gou Touke obaactu U
y GyHKIuU f CyIIeCTBYeT KOMILIEKCHAS TIPOU3BOIHAS.

Onpegenenwe 2. Dyuxnus f HA3BIBAECTCA anasumuveckol 6 ooaacmu U,
eciu B kKaxkgou Touke obaactu U orobpaxenue f: U — C nuddepenim-

pyeMo, mpudeMm ?_9]; =0 (7.e. guddepernual 0TOOPAKEHUI — IOBOPOT C
paCTsKEHUEM).

3agava 4.3. Pyuxuun f amaauruyana B obnactu U, eciu u TOIBKO eciu
y dopmbl w = f(z)dz = f(z) dz + if (z) dy xo>pPuLMEHTH UMEIOT TEpBLIe
muddepennmansr u dw = 0.

Sagava 4.4. Oyuxnus f=u+iv ananuruyasa B o6mactu U, ecau u TOIBKO

ecau PYHKIUA U, U UMEIOT epBele quddepernuaibl B Kax 101 ToYKe 00J1a-
Ou _ Ov Ou Ov

55 =0y’ oy = o
Omnpepenenme 3. Oyukiusa [ HA3BIBACTCA GHAAUMUYECKOT 6NA0Mb 00
epanuybt obractu U, ecan pyHKumsa f ompeneseHa U AHAIUTUYIHA B HEKO-
Topou OosbIen obaacTu V', conepxkaren 3aMeikanue obaactu U.
3agaqa 4.5 (Teopema Kommn). s Beakon GpyHKuuyu f, aHATUTAIECKON
BILIOTH [0 I'paHulbl orpanudeHHoun obmactu U ¢ rmagkoun rpaununen OU,
CIIPABENIUBO TOXK JECTBO

CTHU U BBINOJHAIOTCA coomuowenus Kowu—Pumana

fdz=0.
U

Yxazanue. BocmonbszoBaThea 3amaden 4.3 u 0000MEHHON (HOPMYJION
Crokca nma obracTen ¢ TIaaKOW TPAHUIEH.
3agaga 4.6. [Iycrs f(z) — amamuTudeckas QyHKIUA B OFHOCBSI3HOU
z
obmactu U. IIpoBeputs, uto Gyuxmusa F(z) = / f(z) dz ompenenena kop-
z 20
PEKTHO M AHAJUTUYHA. SAECH / f(2)dz —»oT0 unrerpan pyukuuu f mo
20
060U Jexamnen B o6aactu U rIagkoll KpUBOU, HAYMHAOMIENCS B TOYKE 2o
1 3aKaHYMBAKIIENCA B TOUKe 2. [lokazars, uto F'(z) = f(2).
Yxazanue. BocnonszoBarsesa Teopemon Komu u 3anaden 3.4.
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5. dopma % ¥ uHTerpaabHaia ¢popmyra Komm

3agaga 5.1. 1) Iycts f: U — C, g: U — C—un100bie riagkue KOMILIEKC-

HO3HAUHBIE (pyHKIUK Ha obaactu U C R”. Torza df9) = 47 + dg

fg o9
2) Ilpumennts 1) x dyHkuaMm f = |z| u g = cos¢ + i sin @ u g0Ka3aThb
d d .
COOTHOIIICHUE ?Z = % +idy, rae p = arg z.

3agaga 5.2. 1) [IycTs o6macTb U Ha MIOCKOCTY HE OXBATHIBAET TOUKY ()
u conepxKuT To4UKy 1, n mycthb arg: U — R—oxHo3HaYHAsS BETBb aPIyMEHTA
ua obmactu U (s xoropon argl =0). Torga

z
/ %zln|z|+iargz (mpu z € U).
1

dz
2) Nurerpan / ~ 10 KOHTYDPY 7Y, OOUH pa3 0OXOLAIIEMY TOYKY HY.JIb
v

(manpumep, no rpanuue 7y = QU Boimykiaon obaactu U, cogepkaiien TOIKy
HYyJb), DABEH 27i. . d
Meur BepHEMCS K UHTErDATY /1 ?Z B 3agadax 5.12-5.14. A cenuac me-

pengeMm kK uaTerpaabuon dpopmyae Kormrm.

3agaga 5.3 (uarerpanbuas popmyaa Kommn). [Iycrs f— pynkuus, ana-
JUTAYIECKAA BIVIOTH IO MPAHUILI OrpaHmIeHHon obnactu U, mMeromen riaai-
Kyto rparumy OU. Torga cnpaseqmnBa CIeIyIOMas MHTErPATbLHAA (POPMY.Ia
Kormmu:

1 z
Gy (2) dz = f(20)-
T Jau Z — 20
Yxazanue. IIpencraBurs ob6macte U B Buge 0ObEIMHEHUS MAJOTO 3a-
MKHYTOI'O Kpyra B ¢ menTpom B Touke 2o u obmactu V =U \ B. Torza

fz)as _ / f)as [ fE)dz
au # — ~0 ov (2 = 20) op %0
IlepBLIN U3 >TUX UHTErPATOB BBIMUCIAETCA MPU MOMOIIN TeopeMbl Komm.

o zp) dz "
Bropoit narerpan mano oTIwTaeTCA OT WATErpata | &, KOTODBIN
z— 20
BBIYUCTICH B 3aJa4€ 5.2.
3agaua 5.4. [Iycte A —xommiexcroe gucao, npuaeM |A| < |z — zg|. Tor-

& CIPABEIINBO PABEHCTBO

;—(14_ A + + An + ) 1 —iAin
z—z20— A z—z9 7 (z—z)" " )z—z O(z—zo)"+1’

n=

mpuYeM A, CTOAIIAU B MPABOU YACTU PABEHCTBA, CXOIUTCA PABHOMEPHO
B Kax 10U obaacru |z — zo| > |A| 4+ ¢ npu € > 0.
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3agaga 5.5. B ycaoBusax sagadu 5.3 10oka3aTh PaBEHCTBO

n n! z)dz
) =35 | e

Yxazanue. Cm. 3agaay 5.3.
3agada 5.6. IlycTs, B ycaoBusax 3agaqu 5.3, R — paccTosiHue OT TOYKH Zg
1o rpanunsl obmactu. [Jokasars, 9To npu |A| < R copaBeiInBo paBEeHCTBO

Flzo+ A) = f(z0) + /(z)A+ o+ o fO () A"+

IMokazaTh, 9TO psAg cXomWTCA paBHOMEPHO B obmactu |A| < R — €, rae
€ — J1000€ MOJOKUTEIHEHOE THUCIIO.

Yxazanue. Cum. 3amauu 5.3 u 5.4.

Sagaga 5.7. [lokaszaTh, YTO NPOU3BONHAA AHATUTUIECKOUN (DHYHKIUA
SABAAETCA AHATUTUIECKON (DYHKIMEN.

Yxazanue. Cm. 3agaay 5.5.

3agaga 5.8 (Teopema Mopepa). Ilycte f(z) — HenpepsiBHAsS KOMILIEKC-
HO3Ha4HAs1 QyHKuusa B obmactu U, npudem marerpan Gopmel f(z)dz mo
JM0O0MY 3AMKHYTOMY KOHTYPY, Jexamemy B obmactu U, pasen mymawo. To-
raa Gysknua f aHaauTudHa B o6aactu U.

Yxazanue. CMm. 3amaau 3.4 u 5.7.

3aga4a 5.9. [Iycrs f — paBHOMEpPHBIN Npene] AHAIUTUICCKUX (PYHKIIAN
B obmactu U. Torga f— anamurudeckas pyukuus B obaactu U.

Yxazanue. BocmoaszosaThea Teopemoun Mopepa.

3agaga 5.10 (oneHku IpoOM3BOAHLIX ¢ mOoTepen obuactu). llycrs QyHK-
uua [ amamurwasa B obmactu U, L — mamsa rpanunsl obmactu U,

u M — maxcumym moayis qyukuuu f B U. Torga cupaBemimBa OLeHKa
£ (2)] < %, rge r(z) — paccTosHue OT TOYKU Z [JO TDAHUILLL
obaacTu.

Yrazanue. Cm. 3a1a41y 5.5.

3agaua 5.11 (Teopema Jluyswwuis). PyHKunsa, aHAIATHYIECKAA Ha
BCcéM C, MOIY/Ib KOTOPOU OT'PAHUYEH, ABIAETCA KOHCTAHTOU.

Yxazanue. CMm. 3amaay 5.10 gaa k = 1. .

Z dz

Sagaua 5.12. MHOro3HauHasA aHaauTHIecKasd GyHknua lnz = /1 =
z

=ln|z| + iargz (pyHKumMa argz ompenenreHa ¢ TOYHOCTBIO 4O CJIACAEMOIO
2k7) uMeeT OZHO3HAYHYIO OOPATHYIO (yHKIMIO: ecau lnz = u = uy + iug,
TO z = €¥1(cos uz + i Sin uz). ITa PYHKIUA HABEIBACTCA IKCIOKEHTNOT.
3agada 5.13. U3 zagauum 6.1 Oyger creqoBaTh, YTO (PYHKIUA Y = €XP 2
aHATUTUIHA (BO BCEU KOMILIEKCHOU IIOCKOCTH). IIpoBeputs, uTo 4§’ =y 1
aro y(™ =y gua Bcex n. Pag Teitopa expz CXOZUTCA K eXpz BO BCell
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KoMIuiekcHou obaactu (cM. 3agady 5.6). [losTomy

2 n
z z

3agaga 5.14. IIycre ~y: [0,1] — (C \ 0) — xpuBasg Ha KOMILIEKCHON

IIOCKOCTH, HE MOPOXONAMIASA 9EPe3 HyJIb. PacCMOTPUM HOBYIO KDPUBYIO
d d

v:[0,1] = C, rge v1 = a7y, a € C, a # 0. [okasars, 4T0 £ :/ ?Z

Y 71

z

3agaua 5.15. IIycts v1: [0,1] — (C\ 0) m 72: [0,1] — (C\ 0) —nyTu Ha
IIPOKOJIOTON KOMILIEKCHOU IIPAMON, HAYMHAIOIINECA B TOYKe 1 1 KOHYIAIOIIu-
ecs B TOYKax a u b coorBercTBeHHO, 0Y; = a — 1, 092 = b — 1. Paccmorpum
KPUBYIO 7y, ABJSIOUIYIOCSI OOBEIUHEHNEM KPUBLIX Y1 U a7y2. KpuBas 7y cBs3-

Ha. Oua Haumnaercsa B Touke | u 3akamuuBaercsa B Touke ab. [Iposeputs,

dz dz dz "
qT0 | — = — + —, T.e. 9TO IJsA HEKOTOPHLIX BeTBer (PpyHKIuH In 2
vz Y1 2 Y2 2

cupasegiusbl paBercTsa In(ab) = lna + Inb. BeiBecTu orcioga paBeHcTBO
exp(a + b) = expa expb.

6. JlokaibHBIE CBOMCTBA AHAMATUIECKUX OTOOpPaXKEHUN

3agaga 6.1 (Teopema 06 obpartHOU pynkuuu). llycrs f— anamurude-
ckaA GYHKIMA B OKpecTHOCTU TOUKH a, npudeM f'(a) # 0. Torga f B3auM-
HO OJHO3HAYHO 0TOOPAKAET OKPECTHOCTH TOYKHU ¢ Ha OKPECTHOCTH TOUKH
f(a), npuaem o6paTHOE 0TOOPAKEHNE ABIACTCS AHAIUTIUIECKON (DY HKIWEH.

Yxazanue. BocnonbsoBarscs TeopemMon 06 06paTHON (DyHKIIUH I/ OTO-
OpaxeHus f, pacCMaTPUBAEMOrO KaK TMIATKOE OTOOPAKEHUE MIOCKOCTU B
IUIOCKOCTh.

3aga4a 6.2. Muorosuaunas gyukmua f(z) = z'/™ (onpenerennas paBen-
ctBoM (f(2))™ = z) yZOBIETBODPAET CJICAYIOMIUM COOTHOLICHUSM:

1) z'/n = |z|1/"(cos% +isin %), rie ¢ = arg z + 2km;

2) Z1/m = exp(% In z)

3agaua 6.3. 1) Iycts f/'(2) =...= f* D (2) =0, 50 f*)(29) #0. Ecommn
A nocrarouno Mano, To f(zo + A) = f(z0) + A¥p(20 + A), rae ¢ — ana-
aurudeckan GyHkms, npuaem p(zg) # 0.

2) CymecTByeT aHamTuIecKkas QyHKImA g Takad, 910 f(zo) + (g(2))
= f(2), mpuuaem g'(29) # 0 (obumacTb onpegeneHus GYHKIUN g MOXKET OLITH
MEHBIIE, IeM 0OIACTDL onpeaeneHnsa GyHknun f).

3) MoxaszaTh, 9YTO €CAM B YCJAOBUAX M. 1) aHaauTwdeckas GyHkuus f
HEIIOCTOSIHHA, TO B OKPECTHOCTH TOYKH Zg CYMIECTBYET TaKas [oJ0MOpd-
Has 3aMeHa mepeMeHHON u = u(z), z = z(u), 9TO BBIIOIHAETCS PABEHCTBO
f(z(u)) =u* + f(20). (Bompoc m. 3— nepedopmymmposka Bompoca m. 2.)

k:
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3agada 6.4. [Iycte U — cBasuas obaacTs HA miockoctu, n f: U — C—
HEMOCTOAHHAA aHATUTUYIeCKas (pyHKImMa. Torma

1) f coxpamsier obaactu (T.e. 0bpas f(U;) KaxkIA0r0 OTKPHITOI'O MHO-
xkectBa Uy C U ABAAETCA OTKPHITHIM MHOXKECTBOM );

2) mpoobpas f~1(a) KaxA0T0 3HAEHWA @ COCTOUT U3 W3OJUPOBAHHEIX
TOYEK.

3agaga 6.5. Ecin HEMOCTOAHHAS AHATUTUIECKAA B CBA3HON OTPAHWYICH-
HOUM obmactu U QyHKIUA f HEMpEepBIBHA BILIOTH A0 rpanuisl AU, TO GpyHK-
nus | f| zocruraer makcumywma Ha rpanune OU obmactu U. Ecau f He o6pa-
IAeTCA B HyJAb HU B KaKOU Touke 2o € U, To dyuxuusa |f| gocruraer mu-
HUMyMa Ha TPAHUIE OOJACTH.

Yxazanue. Cm. 3axa1y 6.4.

3agada 6.6. Ucnonesys 3agady 6.5, 10Ka3aTh OCHOBHYIO TEOPEMY aJre-
OpBI: BCAKHAN IIOJUHOM IOJOKUTEIBHON CTEIEHN UMEET KOPEHb.

7. UuBepcus

HUnsepcueti B mpocTtpancTee R” orHOCUTETLHO cdephl paguyca R ¢ nen-
TpoM B TO4YKe A Ha3LIBAETCA MPEoOpPA30OBAHUE, MEPEBOMAAIICE TOYKY & B
TOYKY Y TaKYH, ITO

1) 1y4 w3 Touku A, OPOXOAAMMA Yepe3 TOUKY T, COLEPKUT TOUKY Y;

2) npoussenenue p(A, x) - p(A,y), rae p(-, ) — paccTosHue MEXIy ABY-
MA TOUKaMu, paBHO R2.

IIpeo6pasoBanue NHBEPCUM ONPENEICHO B 000U Touke T € R™, oTamd-
uom ot A.

Sagaga 7.1.1) [las BCAKOU WMHBEDCUM T CIPABELJIMBO DABEHCTBO
T o7 =id, rae id — Tox 1ecTBeHHOE TPEoOPA3OBAHMKE.

2) Ilycre 71 u 79 — uHBEpCHU OTHOCUTEILHO cep paguycoB Ry u Rs ¢
IIEHTPOM B TOUKe HyJ b. /loka3aTh, uTo 7o ="' o 7y, rge I' —romoreTus c
koaddurmentom (Ry/Ry)?.

3) MuBepcusa OTHOCUTEIBLHO ChEPLI OCTABIAET DTy CHEPy Ha MECTe.
B xaxmgon touke a chepol audpepeHnnan MHBEpCUI — OTPaXKeHne OTHO-
CUTEJbHO TUNEPILIOCKOCTH, KACATEILHON K C(depe B TOUKe a.

4) MupdepeHnnan UHBEPCUX B MPOU3BOJILHOU TOYKE — KOMITO3UIIUA
OTPaXKEeHUsI OTHOCUTEIBHO T'MIEPILIOCKOCTH (KAKOUu?) M pacTsakeHus (BO
CKOMBKO pa3?). B wacTHOCTH, UHBEPCUA COXPAHAECT YIVIBI MEXKIY JIOOBLIMEA
KPUBBIMU.

3agaqa 7.2 («kBaIPATHBIA TPEXWIEH» B EBKIIAOBOM IIpocTpancTee R™).
Paccmorpum eBkannoBo mpocTpancTBo R u ypaBHeHuHe

(I<IL‘,1L‘> + <b7w> +c¢=0, (1)
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rae a,c— JaHHbLIE 9UCTa, b— TaHHLIT BeKTOP B R™, & — HEeM3BECTHLIN BEK-
Top B R" u (, ) — cKaIapHOE IPOU3BEIeHNe.

1) Eciu a = 0, Ho b # 0, T0 ypaBuenue (1) onpeaenser runepuiOCKOCTD.

2) Ecau ¢ =0, TO MHOXKECTBO PEILIEHUI COAEPKUT HYJIEBOU BEKTOP.

3) IIycte a # 0. Ecaun «guckpumunanty D = (b, b) — 4ac orpuuarenes,
to ypasaenue (1) mecobmectro. Ecau D > 0, To pemenuem & ypasuenus (1)

D
ABAAETCA TI00asd TouKa € € R", HAXOAAIAACT HA PACCTOSTHUN 5, OT TOUKH
a

-b
xy = — . B gacTHOCTH, 06UIee pemenue ypaBuerusa (1) —osTo cdepa.
3agada 7.3. PaccmoTpum mHBEpCHIO OTHOCUTENBHO cdhepsl paguyca 1 ¢
HEHTPOM B HyJIE.

1) Dra uusepcus 3agaercsa popmyaon u(x) = x/(x,x). ObparHOe Hpe-
o6paszosanue 3agaercsa dpopmyraon & (u) = u/{u,u). Ha kommiekcuon mioc-
KOCTU B KOMILTIEKCHBIX OOO3HAYEHUAX DTU MPEOOpPA3OBAHUA ONMUCHLIBAIOTCSA
dbopmynamu v =1/Z, z = 1/a.

2) DrTa WHBEPCHA HEPEBOAUT pemeHwe ypasHeHusa a(x,x) + (b,x) +
+ ¢ =0 B pewenue ypasaenus c{u,u) + (b,u) + a=0.

3) IIpu srou unBepcuu: chepsl, He NPOXOLAILINE YePe3 Hyllb, IIEPEXOLAT
B c(eprl, He TPOXOIAIINE Uepe3 HyJb; chepbl, TPOXOAAIINE Uepe3 HYJIb,
MEePEeXOIAT B TUINEPILIOCKOCTHU, HE MIPOXOIAIINE Yepe3 HYIb, U Ha00OPOT.

4) Tlpamere 1 OKpy)HOCTE B R® mepexogaT B MpAMEIE U OKPYKHOCTH.
(Korga oxpyKHOCTb EPEXOIUT B IPAMYIO?)

3agaga 7.4 (3azaga Kokcrepa). lycrs cheper Si, S2, S3 u S4 B Tpex-
MEPHOM MPOCTPAHCTBE JEXKAT BHE APYr APYTra M KACAIOTCA APYr APYTa.
IMocTpoum chepy S;, kacatouryrocs chep S1, Sz, S u Sy. 3aTem mocTpoum
chepy Sg, kacaromyrcsa chep Si, Sa, S3 u S; Takywo, uTro Sg # S4. 3a-
TeMm mocTpouM chepy Sz, Kacamomywocs chep Sy, Ss, S3 u S¢ Takyio, 9TO
S7 # S5, u T. 1. [lokasars, uro Bcerga Sig = Sy.

3agaga 7.5. Crepeorpadudeckas mpoekuus cepbl HA ILIOCKOCTh —
orpanmieHne Ha chepy HEKOTOPOW MHBepcuu TpocTpaHcTsa R? (kaxon?).
IMoaToMy cTepeorpadudeckas MPOEKIUA TEPEBOIUT OKPYKHOCTY Ha chepe
B OKPY¥KHOCTHY U TIPAMBIE HA TNIOCKOCTHU U COXPAHAET YIVIBI MEXK [y KPUBLIMU.

3agaqa 7.6. Duxcupyem ma chepe S B R? opmenTammio, IpoTHBOIO-
JIOXKHYIO OOBITHOM, T.€. TAKYI0, YTO BEKTOD BHYTPEHHEN HOPMAINM U Mapa
MPABUIBLHO OPUEHTUPOBAHHLIX HA CHEPE KACATENbHLIX BEKTOPOB B TOYKE
a € S 06pa3yI0T TPOUKY IMOTOKUTEIHLHO OPIHEHTUPOBAHHELIX BEKTOPOB B R>.

1) Crepeorpaduieckas IpOEKIUA 13 «CEBEPHOTO MOMIOCA Ha chepe Ha
FOPU3OHTAIBHYIO INIOCKOCTD ([IPEIIoIaraeTcs, 9To cdepa JeKUT Ha FOPU-
3O0HTAIBHOU IWIOCKOCTU W 9TO FOPU3OHTAIBHAA INIOCKOCTH OPUEHTUPOBAHA
CTaHIAPTHBIM CIOCOOOM) COXPAHAET OPUEHTALMIO.

2) Crepeorpaduieckas MPOEKIUA U3 «HOKHOIO MOMOCA HA cdepe Ha
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COPU3OHTAIBHYIO TNIOCKOCTD (MIPEATIONAraeTCA, YTO TOPU3OHTATBHAA TLIOC-
KOCTB C(ephl JeKUT Ha chepe U 9TO MOPU3OHTAMbHASA MIIOCKOCTH OPUEHTH-
POBaHA CTAHJAPTHBLIM CHOCOOOM) MEHSET OPUEHTALMIO.

3) OToX1eCTBUM BEPXHIOIO U HUXKHIOIO KAaCATEJIbHEBIE ILIOCKOCTH K Cdhe-
pe Py IOMOIIM NMAPAJIEJLHOIO MEPEHOCA Ha BePTUKAIBHBIA BEKTOD (IO
IJVHE DABHBIA AuaMeTpy cdepsl). JoxkasaTb, 9TO MOCIE 3TOr0 OTOXKIe-
CTBJEHUA CTepeorpahuIecKas Npoekuusa £(a) TOYKA a, ONUCAHHAA B M. 1),
u crepeorpaduieckas mpoekima y(a) TOU XKe TOYKA ¢, ONUCAHHAA B M. 2),
CBA3aHBI MEXKIY cOO0U npeobpaszoBanueM uHBepcuu. O THOCUTEIBHO KAKOU
OKPYXKHOCTU?

4) B xoMmIuIekcHBIX 0003HadeHUuAX ToIKu z(a) u y(a) u3 m. 3) CBA3AHBL
coorrommenuneM y(a) = 1/Z(a). (Ipu ycrosum, uro amamerp cdepbl paBeH
eqVHUIIE. )

Ilpeobpazosanue Mébuyca — >T0 0TOOPAKEHNE ILIOCKOCTH, MOIOJHEH-
HOU OECKOHEYHO Y IAJEHHON TOYKON, B Ce0s, IIEPEeBOIAIIee IPAMBIE U OKPY K-
HOCTH B [IPSAMBIE U OKPYXKHOCTH ¥ COXPAHSAIOMIEE YIVIBL MEXK 1y KPUBLIMU (HO
He 003aTeNbHO COXPAHAIONIEE OPUEHTAIINIO).

Amanoruuno onpenenserca mpeobpasosarue Mé6uyca cdeprr 8 R3 B ce6s.

3agaua 7.7. 1) Ha mockoctn R? BeAKMil TOBOPOT M BCAKMI TTApaLIeh-
HBII TIEPEHOC MOXKHO IPEACTABUTL B BUJE IIPOU3BEACHUA ABYX CUMMETPUN
OTHOCUTEJIBHO NPAMBIX. Kakux?

2) B npocTpancTee R” roMOTETHIO € TIOMOKUATEIBHBIM KO3(MDUIMEHTOM
MOXKHO MPEICTABATEL B BUIE MPOU3BENeHUA NBYX uuBepcuu. Kakux?

3agaga 7.8. Bygem roBOpuUTh, 9TO IBE TOYKA CUMMETPUIHBI OTHOCH-
TENBbHO OKPYKHOCTH, €CJIU OHU IEPECTABISIIOTCA IPYU MHBEPCUYA O THOCUTENb-
HO OKpyX)HOCTHU. [I0Ka3aTh, YTO TOYKYU & U Y CUMMETPUYHLI OTHOCUTEIHHO
OKPYXKHOCTH S, €CJIU U TOJBKO €CIU BCAKASA OKPYKHOCTD L, IPOXOAAIMIAS Te-
pes ¢ u y, mepecekaeT S MO TPAMBIM yIJIOM. BeIBECTH OTCIOA, ITO CUMME-
TPUA TOUYEK OTHOCUTEIBHO OKPYKHOCTY COXPAHAETCA MPU MPE0OPa3OBAHM-
ax Méb6uyca (r. e. eciu F—upeobpasosanue Mébuyca u ,y CUMMETPUIHEL
oraocuTeabHo S, To F(z), F(y) cummerpudner oTHOcuTensHo F(S)).

3agadga 7.9. [Tapy okpyxuocren S; u Sy MOXKHO mepeBecTu mpeobpPaso-
BaHueM Meébuyca

1) B mapy OpAMBIX, IPOXOIALIMX Y€pe3 TOUKY HyJb, eciu S; u Sy mepe-
CEKaIOTC;

2) B mapy HapaJUIeIbHBIX IPAMBIX, ecau S1 U So KacaloTCs;

3) B mapy KOHLIEHTPUYECKUX OKPYKHOCTEH, ecar S; u Sp He mepeceka-
FOTCA.

Yxazanue x n. 3. llocTpouTh mpAMYIO U OKPYKHOCTH, OPTOMOHATHLHO
nepecekawpmue S; u Sy. DTy NPAMYI0 U OKPYXKHOCTH MEPEBECTH B MAPY
MPAMBIX, TPOXOAAIIUX YePe3 TOUKY HyJIb.
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8. Cpepa Pumana

3agadga 8.1 (Teopema 06 ycrpanumon ocobennoctn). 1) ycts f anamu-
TUYHA U OCPAHUYEHA B MPOKOJIOTOU OKPECTHOCTH TOUKH a. Torga f anamu-
TUYIECKU IPONOIKACTCA B TOUKY Q.

2) Ecau B ycnoBusx 1. 1) BMecTO orpaHn<deHHOCTH f UMeeM HEPABEHCTBO
|f(2)| < Clz — a|~N mna mexoropoit koucTanTe C' 1 HEKOTOPOro 1E10r0 N,
To f(2)(z — a)V aBaserca anamuTuaeckon dyrkumei. Taxas byuxmas f(z)
B OKPECTHOCTH TOYKU ¢ MPEACTABAMA B BUIE PIAIA

[e.e]
flz)= Z em(z —a)™.
m>—N

Ecan npu sTom ¢c_ny #0 u —N < 0, TO roBoOpAT, 9T0 QyHKIUA f uMeeT
noatoc nopsagka N B TOUKE a.

3agava 8.2. PaccmorpuMm Takoe riagkoe orobpaxenue f obaactu U C
C R? B R?, uro:

1) nuddepennunan f obpamaeTca B HyJb JUILIIL HA, UCKPETHOM MHOMKE-
CTBE TOYEK;

2) BO BCEX OCTAIBLHBIX TOYKAX TU(M(EPEHINAT COXPAHACT OPUECHTAIIIO
U YIVIBL MEXKY JIOOBIMU IBYMS KPUBBIMU, MPOXOMALIMMEA YePe3 3Ty TOUKY.

Torma f— amamuTudeckas dyaxmas (Mbr oTox recteagem R? ¢ C).

Yxazanue. BocmonbzoBaThea Teopemon Kommum u Treopemon 06 ycTpaHu-
MOU OCOOEHHOCTL.

Omnpepenerme. Dukcupyem Ha chepe S B R? HEKOTOPYIO OpHEHTAIHIO.
Orobpaxenve f obmactu U C S Ha OpueHTUPOBAHHOU chepe B KOMILIEKC-
HYIO IUIOCKOCTb HA3BIBACTCA aKasumuueckum, ecaun df obpamaercs B HyIb
JIIIIb B IUCKPETHOM MHOXKECTBE TOYeK U B OCTAlIbHBIX Toukax df coxpa-
HsET OPUEHTAINIO U YIVIBI MEXK Y JIOOBIMU IBYMS KPUBLIMUA.

Sagaga 8.3. Puxcupyem Ha chepe qumamerpa 1, Jexkainen Ha TOPU3OH-
TAJIBHOU IWIOCKOCTY, OPUEHTAINIO, TPOTUBOIOIOKHYO CTAH AP THOU.

1) Crepeorpaduieckas IpOEKLUUs 7] U3 «CEBEPHOIO MOIIOCay CHEPHL Ha
COPU3OHTAIBHY IO IIOCKOCTD, KACAIOILYIOCA C(EPHI B (I0XKHOM IOTIOCEe» cde-
PBI, ABIAETCA aHAIMTHUECKUM OTOOpaxenuem. Ecin obmacts U C S? me
COMEPXKUT BepXHEn TOYKU chepbl, TO orobpaxkenue f: U — C asnserca
AHATUTUYECKUM, €CJIU U TOJBKO €CJAU (PYHKIUSI KOMILIEKCHOT'O ITEPEMEHHO-
ro f(r; ' (2)) B obmactu 7 (U) sBIACTCS AHATITHIECKOL.

2) Crepeorpaduieckas IPOEKIMA Ty U3 «HOKHOIO MOTIOCA» Cephl Ha
COPU30HTANBHYO MIOCKOCTh, KACAIOIIYIOCA Chepbl B «CEBEPHOM IMOIIOCE)
cdepsl, ABISETCS AHTUAHAIUTUYECKAM OTOOpaXKeHHeM, T.e. OToOpake-
HUE To ABIACTCA QHAIUTUYECKUM (MBI OTOXKIECTBIAEM BEPXHIOK U HUK-
HIOIO KACATEIbHBIE INIOCKOCTU OPU MOMOIIYM MaPALIEIHLHONO IEPEHOCa Ha
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€IMHIYHBIA BEP TUKAIBHLIN BEKTOP 1 OTOXK JECTBILIEM 00€ IIOCKOCTHU C KOM-
miekcHoun npaMon). Ecau o6racte U He COIEPKUT HUKHEN TOIKU CHEPHL,
To orobpaxkernue f: U — C aBrseTcs aHATMTUIECKAM, €CIH U TOILKO ECJIH
yraxmas f(m, (W) KOMILIEKCHOrO TIepeMerHoro u B obmactu w2 (U) aps-
eTCS AaHATUTUIECKOU.

3) «Kowmmrekcurre kKoopauHaTeh z(a) = w1 (a) u u(a) = m2(a) TOUKHU a HA
cdepe CBA3AHBI COOTHOmEHUAME U = 1/z, z = 1/u.

Tak zHazeiBaeMyto cdepy Pumana MOXKHO BOCIPUHIMATL KAK KOMILIEKC-
HYI0 IUIOCKOCTb, MOMOJHEHHYIO ONHOU TOYKOU, obGozHadaemonu oo. Okomo
STOU TOYKY eCTb KoopauHaTa u = 1/z, mpuiem u(oco) = 0.

Togopsar, uyTo QpyHKIUA f MEPEMEHHON Z AHAIUTHYIHA B OKPECTHOCTH
6ECKOHEYHOCTH, €CIM U TOIBKO ecan (PYHKIUA 1) MEePEeMeHHOU u, OIpeje-
nerHas dpopmyaon ¢(u) = f(1/z), anaauTuaaa B okpecTHOCTH Hy1s1. Ecin
dysKIUA ) EMeeT nomoc nopsagka N B Hyse, TO FOBOPAT, 9TO GyHKIMAA [
UMeeT Moaioc mopsaaka N B GECKOHEIHOCTH.

Onpegenerme. Dyuxuus f mepomopdra B obaactu U uHa chepe Pumana,
eCJI BCE ee 0COObIE TOYKU B DTOU OOJACTH ABJSAIOTCA MOJIOCAME.

3agagda 8.4. /[loxasars, ITO

1) pyuxuua f, mepomopdnas Ha chepe Pumana, npencrasuma B BuIe

=P+ Y Y i

1<i<k 1<<ml(é)

ITosTomy Besakas pyukiusa, mepoMopdHuas Ha chepe Pumana, panronanbHa.

2) BesAKas pAUMOHAIBHAA (DYHKLIUA DPACKIAJIBIBAETCA HA IIPOCTEUINne
Apoou;

3agaga 8.5. 1) Beaxkoe aHATUTHYIECKOE B3AUMHO OTHO3HAYHOE TIPE0Opa-
30BaHue cpepsl Pumana B ce0s— 3TO ApOOHO-IMHENHOE MpeoOpa3oBaHue

%, rae ad — be # 0.
2) Bceakoe IpOoGHO-THHENHOE MPEOOPA30BaHUE, IIA KOTOPOro ¢ # 0,
+ B.
z— 20

3) Beakoe 1poGHO-TUHENHOE PEOOPA30BAHUE TIPEACTABIMO B BUIE PO~
U3BEICHUA HE OOJee YeM IeTHIPEX UHBEPCUM.

4) Ipo6GHO-TUHENHOE MPeoOpPa3OBaHUe UMEET JU00 IBE HENOIBUKHBIX
TOYKH, 1ub0 OAHY (KPATHYIO) HEHNOABIAKHYIO TOUKY, JUOO TOXK IECTBEHHO.

5) Js q00BIX TPEX PA3IUIHBIX TOYEK a, b, ¢ U 1s 00X TPEX Pa3JIMd-
ubix ToYeK A, B, C' cymecTByeT eqUHCTBEHHOE IPOOHO-TNHENHOE MTPeobpa-
soBanve z — F(z) rakoe, uro F(a) = A, F(b)=B u F(c) =C.

6) Beakasa KOMIO3BUIMA Y€THOTO YUCIa UWHBEPCUU ABJIACTCA APOOHO-IU-
HEIHLIM IPeoOpa3OBAHIEM.

[IPeiCTAaBUMO B BUJE 2 =
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3agaga 8.6. 1) Coxpausiomee opueHtanuio npeobpasosanue MéEGuy-
Cca—3TO IPOOHO-IMHENHOE IPeoOpa3oBaHue.

2) Memnstomee opuentanuio npeobpaszosanue MéEGuyca umeeT BUL
F(z)= Z;j__s, rae ad — be # 0.

3) JIio6oe npeobpazosanue Mébuyca— npousBeseHre UHBEPCUN.

3agaga 8.7. Beaxoe B3aMMHO 0JHO3HAMHOE Ipeobpasosanue cdepsl B R?
B ce0s, COXpaHAIOIIEEe yIJbl MEXIYy JOBIMU IBYMA KPUBBIMU, ABIAETCA
npeobpasoBanuem Mébuyca. OHO Bcerga npeacTaBuMoO B BUE KOMITO3UIUY

MHBEPCUM OTHOCUTEILHO C(ep, OPTOrOHAILHEIX JaHHOU cdepe.

9. BrrueTnr

Paccmorpum dopmy f(z)dz, roe f(z) — amamurudeckas QyHKuusa B
IPOKOIOTON OKpecTHOCTU U TOYKH a.
3agava 9.1. Uarerpan / f(2) dz mo a06oMy KOHTYDY 7, JexkaumeMmy B
v

obaactu U u «oberatomemMy OfrH Pa3 BOKPYD TOYKU G B HAIIPABIEHUU IPO-
THUB 9aCOBOU CTPEJIKU», HE 3ABUCUT OT BBIOOPA KOHTYDPA 7.

1
Ompepgenenwe. 1) Yuco I / f(2)dz, roe v —xouryp u3s 3agauu 9.1,
v
HABLIBAETCA 6biuemom GopMel w = f(2) dz B Touke a u o603HavaeTca Resw;
a

2) ecm a = 00, TO BEIYET GopMEl f(z) dz TO OmpeseaeHUI0 PABEH BEIYETY
dopmsr f(1/2)d(1/z) B Touxke 0.
3agaua 9.2. 1) [IycTs B OKPECTHOCTY TOUKY @ 7# o0 GyHKuuA f(z) mpes-

cteuMa cxogammuycs pagom f(z) = Y. Ck(z — a)*. Beramcauts Resw,
—oo<k<oo @
roe w = f(z)dz.
2) IlycTe mpu gocTaTOYHO GONBIIMX Z DX > CrzF cxommres.
Hanru Resw, rae w = f(z) dz. —o0<k<o0
oo

3agaga 9.3 (Teopema o cymme BuraeToB). [lycts U — o6aacts Ha chepe
Pumana ¢ xycouno rmagkon rpamunen v = OU. Ilycre f(z) — pynkuus,
AHAIMTUIECKASA BILIOTH 00 rpaHmisl obmactu U BCOLy, 338 UCKIIOYEHUEM
KOHEJIHOI'O IMCIa BHYTPEHHUX TOYIeK. Torma

/ f(z)dz =2mi Z Res f(z) dz.
v aclU ¢

B wactaoctu, eciu U — cpepa Pumana, To
Z Res f(z)dz =0.
a

3agaua 9.4. [Iycts dyukuns f(z) MepoMopdHa B OKDECTHOCTH TOYKH a,
T.e. mpeactasuma B Buge f(2) = Y.  Ck(z — a)¥, u koapdumment C,, me
m<k<oo
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d
paBeH Hyao. Torga BT (HOPMBI W = Tf B TOYKE @ PABEH m, T.e€. 3TOT

BBIUET OTPUIIATENEH B IMOIIOCE, TMOJOKUTEIEH B HYJIE U MO MOIYJIK PABEH
KPATHOCTY COOTBETCTBYIOLIETO TTOMIOCA WM HYJIS.

3agaga 9.5 (mpunnun aprymenta). 1) Ilycrs dyuxuus f mepomopdna
B obmactu U, P—yucio noaiocoB dyukuuu f B obaactu U, TOCIUTAHHBIX
¢ yaerom kparHoctu, N — uucio uyaeu ¢yukuuu f B obnactu U, mocuau-
TAHHBLIX C y9eTOM KpaTHocTu. Torma

1
= df _ P — N.
) y 27 Jorr f
2) Yucmo o /i;U 7 PaBHO NMPUPOCTY apryMeHTa HYHKIMKU f Opu HOT-

HOM 00x0me rpanuisr ooractu U.

Sagaga 9.6. [lna panuoHatbHOU (MYHKIME HA chepe ducio Hysaen (mo-
CUUTAHHBIX C YI€TOM KPATHOCTHU) PABHO UUCILY €€ IIOJI0COB (MOCUUTAHHBIX
C y4eroM KpaTHOCTH). B ¥YacTHOCTH, YMCIO HyJed NOJAMHOMA CTEHNEeHU n
paBHO N.

Yxazanue. Cm. 3amaum 9.4 u 9.5.

10. T'eomeTpus Jlo6auesckoro u TPKII

3agata 10.1. Paccmorpum B R"™ Bepxnee momympocrparcTso R, ompe-

IeIeHHOe HEPABEHCTBOM X, > 0, rie z, — MOCAeIHsIs KOOPIUHATA TOYKA
— n
r=(x1,...,7,). 3agagum pumaHoBy mMerpuky Ilyankape B R’

(dz1)? + ...+ (dzp)? ‘

3y

(ds)” =

[loxasaTh, 9TO Ta METPUKA WHBAPUAHTHA OTHOCUTEIHLHO WHBEPCUU, IICH-
TPBI KOTOPHIX JEXKAT B TUMEPILIOCKOCTH L, = 0, & pagnyChl TPOU3BOJILHEI.
Yxazanue. CMm. . 4 3agaan 7.1.
3agada 10.2. Ilycts y Touex 1 u 2 B R} Bce kK0OpAMHATEI, KpOME IIO-
clefHen, paBHBL. TOraa cpein BCEX KPUBHIX, COSIUHAIOMINX L1 U Lo, CAMASA
KOPOTKAaaA KPUBAA B CMBICTE MeTpuku IlyaHkape — BepTUKATBLHBIN OTPE30K.
Yxazanue. Anasoruausin pakT BEPEH A JHOOOU METPUKA

(ds)* = f(wn)((dz1)® + ... + (dz0)?),

rae f—mobas HeoTpuIATeIbHAS (DYHKIINA, 3aBUCSIIAL JUIIb OT OJHOU IIe-
PEMEHHOU Ty,.

dagaga 10.3. Ilycts x; u 2 — e Touxku B R’ . Torga camas xopoT-
Kas B cMmbIicae MeTpuku [lyankape KpuBas, COeIUHAOMAA £1 U Ta,— AYTa
OKPYKHOCTHU, OPTONOHATHLHOU MUIEPILIOCKOCTHA Ly = 0.

Yxazanue. CMm. 3amaum 10.2 u 10.1.
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Homympocrpancteo R’ ¢ merpuxon Ilyamkape HasbBaeTCA MOAETHIO
ITIyaunkape npoctpauctsa JlobateBckoro L.

3agaga 10.4 (mepasenctso IlIsapua). lIycrs B — OTKPBITHIN equHAY-
HBIU KPYT' HA KOMILIEKCHOU ILIOCKOCTH (T.e. B ompegeneHo HepaBeHCTBOM
|z] < 1), m mycrs f: By — Bj — Takoe aHAIUTUIECKOE OTOODAKEHUE, ITO
f(0) =0. Torga

1) cupaBeguBO HEPABEHCTBO

I < 2l;

2) eciu X0Ts1 OB B OHOU TOUKE Zg € By, 29 # 0, ocTuraercs paBeHCTBO
|f(20)| = |#0], TO f(2) = ¢ 2, PIe ¢c— KOMILIEKCHOE IMCIO, |c| = 1.

Yxazanue. s Besakoro saMkHyTOro kpyra |z| < (1 — €) Bocmoasso-
f(2)

z
3agata 10.5. IlepeBenem OTKPBITEIM KPYT B] B BEPXHIOIO MOIYILIOCKOCTD

R3 mo6ev peoGpasosanmeM Mébuyca (T.e. IpOM3BejeHNEM NHBEPCHM) 1
“HAynIuUpyeM B B; pumaHoBy MeTpuky u3 mMeTpuku Ilyanmkape B Ri. To-
ria WHIYOUPOBAHHASA METPUKA HE 3aBUCAT OT BHEIOOpa NPeOoOpa3OBaHUA
Mébuyca (mouemy?) u Toxe HazbBaeTcsa Merpukon [lyankape. OTKPBITHIT
kpyr By Bmecre ¢ merpukon Ilyankape HasbiBaeTcsa mMoneabio Ilyamkape
wiockocTu JIo6aIeBCKOro B eUHUYIHOM Kpyre. eMy paBHA 3Ta PUMAHO-
Ba MeTpuka? Kax BLINIAIAT KpaTIaNIIas B CMBICIE DTOU METPUKU JUHUS,
COEIUHSAIONIAA IBe TOYKN B B1?

3agatua 10.6. IIycTes TOUKA @ JEXKUT B OTKPHEITOM EIMHUIHOM Kpyre Bj.

zZ—a
——. Iloka-
z—1

Paccmorpum dyukuuio h, onpenenennyio dopmymaon h(z) = =
3aTh, 9TO

1) h 3agaeT B3auMHO OQHO3HAUHOE OTOOpaxkeHue By B ce6s, COXpaHAET
Merpuky Ilyankape B Kpyre u mepeBOAUT TOYKY @ B TOYKY HYJIb;

2) Beskas apyras QyHKOUs ¢, 00Jaaromas STUMU CBOUCTBAME, MMe-
er Bug g = ch, rje ¢ — KOMILIEKCHOE YUCJO, IO MOJIYJIIO PABHOE EIVHUIE
(byuxumsa h BbLgeaseTcsa cpegu GYHKIUU, 0OMALAOIIAX DTUMEU CBOMCTBA-
MU, TEM, 9TO OHA MEPEBOAUT HPAMYIO, COSIUHAINUIYI0 TOYKU HYJIb U @, B
cebs).

3agada 10.7. [Iycte f: By — B; — aHAIUTU9IeCKOE OTOOpaKEHUE OT-
KDPBITOI'O §IUHUYIHOIO KPyra B ceOs (He 0043aTeIbHO OCTABIIONIEE TOUKY
Hyab Ha Mecre). Torga mis mMoObIX OBYX TOYEK 21,2y € By cnpasemiuso
HEPABEHCTBO

BATHCA IPUHIAIIOM MAKCUMyMa, IiA GyHKIuu ¢(z) =

p(f(z1), f(22)) < plz1,22),

rae p — paccrosHue B MeTpuke Ilyamkape. Eciu nma HeKOTOpOuU maph
Touex z),29 € B, rae 2V # 29, sumonnaerca paserctso p(f(2Y), f(29)) =

= p(29,29), To nn MOGOU mapEL TOUEK 21, 22 € B p(f(21), f(22)) = p(z1, 22).
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Yxazanue. Paccmorpers oTrobpaxkenue F = hs o f o hy, rae hy u ho —
dyukuru u3 3agadu 10.6, mepeBogAmMre, COOTBETCTBEHHO, TOUKY HYJb B
TOUKy 21 4 TOYKy f(z1) B Touky Hyab. [Jus orobpaxenus F Bocmoabso-
BaThCA HepaBeHcTBOoM IlIBapiia.

3agaga 10.8. 1) IIycts f: By — Bj — B3auMHO OJHO3HAYHOE AHAIU-
Tuaeckoe orobpaxenme. Torga orobpaxenue f coxpauser merpuky Ily-
aHkape u sBIsgeTcsa mpeobpasoBanumeM MéEbGuyca, COXPaHAIIMM OpHEH-
TAIHIO.

2) Besikoe B3auMHO 0fHO3HAUHOE oTOOpakeHue miockocru JlobadeBcko-
ro B cebs, COXPAHSIIOIIEe YIVIBL MeX Iy JOOBIMU IBYMS KPUBBIMU, SIBJSETCS
IOBIKEHUEM ILIOCKOCTH JlobadeBcKoro.

Yxazanue. Cm. 3agaay 10.7.

Sagaga 10.9. [[na 1000U Maphl PA3IAIHBIX TOYEK 2| U 23 B €IUHUTHOM
kpyre By = {z € C:|z| < 1} u gra moboro Beibopa Kopuen by = ,/z] u
by = \/Z2 cmpaBeIMBO HepaBeHCTBO p(21,22) < p(b1,b2), rae p— paccros-
ure B Mmerpuke Ilyankape.

Yrazanue. Cm. 3agaay 10.7.

3agaga 10.10. Ilycts f: D — By — ogHomucTHOE OTOOpaxkenue (T. e. ec-
au f(z1) = f(22), TO 21 = 2z9) omgHOCBA3HOU O6sacTu D B eIUHUIHBLIN
kpyr B;. Ilycts Touka a € By He npuHamiexxuT o6pasy orobpaxenus f.
Iycte ¢: By — By B3auMHO OJHO3HAYHOE AHAIUTUIECKOE OTOOPAKEHIE
kpyra B; B cebs, nepeBopsiiee Touky a B Touky 0. O6o3nauum depes g
OIHY W3 OQHO3HAYHBEIX BeTBen dyukuuu g = +/p(f) Ha obmactu D (move-
My Takad BeTBb cymecTsyer?). Torga mus JooObIX ABYX PA3IUYHBIX TOYEK
a,b € D cupaBeiauBO HEPABEHCTBO

p(g(a),g(b)) > p(f(a), f(b))

(3mecy p — merpuka Ilyanxape), mpudeMm gyskuusa g: D — By ogHOmMCT-
HaB D.

Yxazanue. Cm. 3agaay 10.9.

3agada 10.11. Pukcupyem aBe pasaudHbLle TOYKA @,b B OJHOCBA3HOU
orpanuvennou obmactu D. llycts f: D — By — ogHOMUCTHOE OTOOpaKe-
ure, mas xoroporo p(f(a), f(b)) mpuHEMaeT caMoe GONBIIOE BO3MOMKHOE
suadenue. Torpa f— B3auMHO OQHO3HAYHOE OTOODAKEHUE.

Yxazanue. Cm. 3agaay 10.10.

Teopema Pumana yTBepxkIaer, 9TO A BCAKOU OIPAHUYEHHOU OJTHO-
cBA3HON ob6macTu D CymecTByeT B3AaMMHO OJHO3HAYHOE AHAIUTUIECKOE
0TOOpaXKEHNe B €MUHUIHLIL KPYT.

[l 3aBepIIeHns JOKA3ATEABLCTBA TeopeMbl Pumana HAM HyKeH Kpure-
pUI KOMIIAKTHOCTH CEMEUCTBa aHAIUTUICCKAX (PyHKIUN.
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11. KoMmakTHOCTH ()yHKIIMOHAIHLHBIX MHOXECTB
u Teopema Pumana

MeTpuieckue npocTpaHCTBa ¥ KOMIIAKTHOCTh. B 3azagax 11.1-11.3 mbr
HAMOMHUM Teopemy Aprend. MeTpudeckoe mpoCTPAHCTBO HA3BIBACTCS N0~
HbLM, €CITH B HEM KaxKaasa (pyHJaMEeHTAIbHAs [IOCTeI0BATEeILHOCTD CXOMUT-
cs1. Tomosmoruueckoe NpoOCTPAHCTBO HA3BLIBACTCSA KOMNAKIMOM, €CIA U3 JO-
60ro ero MOKPHITUA OTKPBITHIMUA MHOXKECTBAMU MOXKHO BEIOPATH KOHEIHOE
noanokpeiTre. MuoxectBo X B METPUYECKOM IPOCTPAHCTBE HA3BLIBACTCSA
BNOAKE 02PAHUUEHHBIM, ECOU 1 JIOO0ro € > 0 B HEM CYIIECTBYET KOHEU-
HAA E-CEMBb, T.€. TAKOE KOHEYIHOE TIOIMHOXKECTBO A, 9TO Ijis 1I000U TOUKA
x € X CymecTByeT TOUKA a € A, paccTrosHre KOTOPOU 10 TOYKA X MEHbLIIEe
WA PABHO E.

3agatua 11.1. Merputieckoe mIpOCTPAHCTBO ABIAETCA KOMIIAKTOM, €CJIU
U TOJBKO €CJU OHO MOJHO U BIIOJHE OrPAHUIEHO.

3agaua 11.2. HempepruiBHOE 0TOOpaKeHWE METPUIECKOrO KOMIIAKTA B
METPHUIECKOe MPOCTPAHCTBO PABHOMEDHO HEIIPEPHIBHO.

3agaga 11.3 (teopema Apnend). Paccmorpum npoctpancrso C(X, R™)
HETPEPHIBHLIX OTOOPAKEHUN METPUIECKOrO KOMIAKTa X B €BKIUIOBO TPO-
crparcTBo R™. 9TO NpOCTPAHCTBO HATEJIEHO paBHOMEpHOU MeTpukon. [loa-
muOkecTBo A C C(X,R™) nmeer xomnakTHOe 3ambikanue B C(X, R"™), ecan
7 TOJBKO eCJau

1) pyukuuu u3 A paBHOMEPHO OI'PAHUYEHEL, T. €. CYIECTBYET KOHCTAH-
ra C Taxas, aro ecmu f € A, 1o || f|| < C (|| f|| —»>T0 MakcumanbHas giuHa
BekTopa f(x), x € X);

2) QyHkumu u3 A DPABHOCTENEHHO HENPEPBIBHBI, T.€. MJA JII0060r0
€ > 0 cymecrByer 0 > 0, Takoe, uro ecaiu p(xi,x2) <0 u f € A, To
p(f(z1), f(22)) <e.

KoMnakTHbIe cemedcTBa aHamATHIecKux pynkmud. [Iycte D — moban
obaacTh 1 K — KoMIakT, cogepxKamuncs B D.

3aga4da 11.4. Ecau maoxectBo A anamurudeckux Gpyukuun B obractu D
PABHOMEDPHO OI'DAHUYEHO, TO OrpaHudeHus >tux ¢yukuun Ha K C D pas-
HOCTEIEHHO HENPEPHIBHHI.

Yrazanue. [IpousBoguas QpyHKIUM OUEHUBAETCSI B MEHBIIEH OOJACTH
OpU MOMOIIY UHTErpatbaon dopmyasr Komm (cm. 3agaay 5.10).

3agaga 11.5 (KOMOAKTHOCTL OIPAHUYEHHOI'O CEMEUCTBA AHAIUTHUYE-
ckux Gyukuun). Eciu muO)ecTBo A anamurTuydeckux ¢yHkumu B obia-
ctr D paBHOMEDPHO OT'PAHUYEHO, TO U3 BCAKOU MOCAEIOBATEILHOCTH (hyHK-
mu u3 A MOXHO BBEIOPATH MOAMNOCTECIOBATEILHOCTL, OTPAHUYIEHAE KOTO-
pou Ha KaxIuin KoMnakT K C D cXOOuTCsa PaBHOMEPHO HA DTOM KOM-
MAKTe.
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Yxasanue. Bocmoab3oBarhesa 3agaden 11.4 g TakoW CIETHON MOCIELO0-
BaTenbHOCTH KOMIakToB Ky C Ky C ..., uro | J K; = D, u «IuaroHaIsHbIM
nporeccom KauTopan.

3agada 11.6. [Iycre kaxnas us Qpyskuuu fi,..., fn,... aHAINTUIHA B
obmactu D u ogmomucTHa B Heu. Ilycrs dyukmusa f ects npegen QyHK-
uah fi,..., fn, ..., IpUYEM LIA Kax 1070 komnakTa K C D orpanudenus f;
ua K pasuOMepHO cxogaTcs k orpanudennto f wa K. Torma f mu6o mocro-
SIHHA, 100 OTHOMUCTHA B D.

3agaga 11.7 (reopema Pumana). Ilycte D — ogHOCBA3HAS OrpaHUYeH-
Hasg obnacte. Torga cymecTByeT B3amMHO OJHO3HAYHOE AHAJATUIECKOE
orobpaxenue f: D — By obaactu D B eIUHAYHLIN KPYT .

Yxazanue. BocmonpzoBarbea 3agadamu 10.11, 11.5 u 11.6.

12. IIpogoaxaemMOCTh A0 I'DAHUIILI

3agaga 12.1. [lycte X C R™ — orpanuvennoe muoxectso, u f: X —
— R™ — menpeprsiBHOe oTOoOpaxkenue. OTobpaxkenue f HEMPEPBIBHO MIPO-
TOMKAETCA HA 3aMBIKAHME X MHOXKECTBA X, €CIM ¥ TOIBKO eCIM 0TOGpa-
XKeHre f paBHOMEDHO HEMPEPHLIBHO.

3agadga 12.2. [Tycte X CR™ u Y C R™ — orpanuveHHsie MHOXECTBA, U
f: X =Y —romeomoppusm. [lokazars, ¥ro romeomopdusm f mpogoaKa-
eTcs 0 TOMeOMOP(MU3Ma 3aMBIKAHUE X 1 Y, eI U TOIBKO eCIH 0TOOpa-
xemusa f: X =Y u f~!: Y — X paBHOMEpPHO HEHNpPEpPLIBHEL.

3agada 12.3. /[oka3aTh, YTO HENPEPLIBHAA BELIECTBEHHO3HAYHAS (PyHK-
s HA CBA3HOM MHOXKECTBE IPUHUMAET BCE MPOMEXYTOYHLIE 3HAYCHUA.

3agada 12.4. CkaxxeMm, 9T0 MHOXKECTBO X C R" 410Ka4bH0 C8A3HO 6 C60-
em 3ambiKanuy X, eCIi y KaxKIOH TOUKE @ € X CyMECTBYeT CKOIb YIOJHO
Masas okpecTHocTh U C R” takas, uro U N X memycto m cBa3uo. [loka-
3aTh, 9T0 ecau X JOKATBLHO CBA3HO B X, TO KaxkIad chepa TOCTATOTHO
MAJIOr0 Paguyca ¢ IeHTPOM B TOYKE a4 HePEeceKaeT MHOXKECTBO X .

3agasa 12.5. Ilycts f: X — Y —romeomopdusm, a; € X, lima; =a € X
u lim f(a;) =b €Y. Ecu Y noxamsso cBa3nO B Y, TO mis mo6oro € > 0
Hangerca taxkoe 6 > 0, uTo Ha BeAkou cdepe paguyca dg, 0 < dg < I, ¢
[IEHTPOM B TOYKE @ CYIIECTBYET TOYKA ¢ € X, 1A KOTOPOU PACCTOSHUE OT
f(¢) mo b menbine €.

3agatua 12.6. [Iycte X u Y — orpanuvenusie 00gacTu Ha IOCKOCTH, U
f: X =Y — mupdpeomopdpuam. [JomycTum, 4T0

1) X u Y 10KaIbHO CBA3HBI B CBOMX 3aMBIKAHUAX;

2) 1S Kax IOM TOUKM a € X Tepecedenue cymecTByeT Takoe Ry(a) > 0,
aTo mia ao60ro R < Rg(a) mepecedenue okpyxkuoctu Sg paguyca R c
meHTpoM a 1 obaactu X CBA3HO;
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3) m1a Kax o Toukm b € Y mepecedenue cymecTsyeT Taxoe Ro(b) > 0,
aro masa aboro R < Ro(b) mepecedenue okpyxkHOCTH paaumyca R ¢ ueH-
TpoMm b u obnactu Y CBA3HO.

Toraa ecau orobpaxenne f: X — Y He paBHOMEPHO HEIPEPHIBHO, TO
cymecTByeT Touka a € X u wmciao 3 > 0 Takue, 9TO Kax1as kpusaa f(Vg),
rae yr = Sp N X, 0< R < Ry, umeer miuny Goubie 3.

Ipusmpm grmmer u wiomagw. [Iycrs G C C! — 061acTh Ha KOMILIEKCHOH
mrockocTy, 1 f: G — C! — amamuTudeckas (pyHKINA, OTHOTICTHAA B 00.1a-
crr G. Pukcupyem cuCTEMy MOJAAPHEIX KOOPIUHAT p, §. Bemem crexyromme
0003HAYEHUA:

v(p) —xpusas |z| = p, 2 € G,

I(p) — mmmma xpusou 7(p),

L(p) — nmuna obpasa f(y(p)) xpuson y(p) npu orobpazkenun f,

S(f(G)) — mromazns obaacru f(G).

3agava 12.7. O6bacHUTE POPMYJILL:

D L) = [, .o f(2)]ds, rae ds = pas.

2 SU@) =7 [ | EEpdd .

3agagda 12.8. /[okazaTh HEPABEHCTBO

! 2 da/L(p)2‘
/M:p’ GRS

Ucnoaws3ysa 3agaay 12.7, nokasars, ITO

(mocenHee HEPABEHCTBO HA3BIBACTCS IPUHIWIIOM JIAHBL U [LIOMIALY).

3agada 12.9. Vcnonap3ys OPUHOWAN QJUAHBI U TUIOMIA AN, [MOKA3ATh, ITO
koH(pOpMHOE oToOpaxenue f: X — Y orpaHudeHHbIX 06IaCTEeN HA TLIOCKO-
cTH, y,qOBJIeTBopmomQMx ycroBuaM 3aaau 12.6, paBHOMEPHO HEMPEPHIBHO.

Yxazanue. /RO B dp =

0 2mp

3agaua 12.10. Ucmonbsys npesbigyimme 3a1a49d, TOKA3aThb, ITO KOH-
dopmuoe orobpakenue f: X — Y OrpaHUYeHHBIX 00JACTEN HA, TIOCKOCTH,
Y IOBIETBOPAIOMINX YCAOBUAM 3aga4u 12.6, IpOIOMIKAETCA 10 UX T'DAHUII.

KBasukoudopmusie orobpaxemus. [luddeomopdusm f obractu HA
IUIOCKOCTU B APYLYIO OOJACTH HA3BIBAGTCA K6aA3UKOHPOPpMHbIM C KODDDU-
UUEHTOM KBa3uKOHpOpMHOCTH k, eciu sxobuan df orobpaxkenus f ympo-
BJIETBOPSET CAEIYIOIMIEMY YCIOBUIO:

max [df (@)] < k min 4f(z)]|

[lefl=1 lz]=1
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Bymem umcnonb3oBaTh 0003HAYMEHUs, BBEIEHHBIE mepen 3agaden 12.7, mis
KBA3UKOH(POPMHOI0 0TOOpakeHus f.

3agada 12.11. IIycrs f — kBasukordpopMHOE oToOpaxkeHue ¢ Kodpdu-
nreHToM KBasukoHpopMmHOCTH k. BBemem ciaemyiomume 0603HAMEHNU:

o(z) = min [[df(z)ll, C(z) = max [[df(z);

C(z) < ke(z). O6bacCHATD CieyOmue COOTHOIICHI:
> = ;
1) L(p) > /HzH:p,zEG c(z)ds, rae ds = pd#;

2 SUE)= [ [, cq IO 0 dp;

oo T2

3) S(FG) >k | Ll(—ff;) dp.

3agaga 12.12. [JokasaTh OPOMOMKAEMOCTb KBA3UKOH(MOPMHOTO IU(d-
dpeomopduaMa 10 TPAHUIILI OOJIACTH.

Yxazanue. Cum. 3agaum 12.9 m 12.11.

Oum6ka B yge6uuxe Esrpadosa.! Ckaxenm, 9T0 riIagkoe 0TOOpazKeHIe
f:U—V obnagaer ceoticmeom eduncmesennocmis, eCIu BEITOJHEHO CIEy-
IOIIee YCJAOBUE: HE CyHMIeCTBYyeT cBa3uou ayru [' Ha rpauune OU obractu U
s koropou lim f(z) cymecrsyer npu Bcex x € I', mpudem Bce >Tu mpejae-
JBI DABHBL

B yuebuuke M. A. Esrpadosa «Ananurueckue pyuxuum (M.: Hayka,
1968) moxkazaHa IpPOAOIKAEMOCTH KOH(POPMHOI'O OTOOPAKEHUSI UCXOA U3
TOr0, 4TO aHAIHTHIeCKHe GYHKUNZA f 1 f ' 06JALAIOT CBOMCTBOM €IMH-
CTBEHHOCTH.

3agaga 12.13. 1) llpusectu npumep guddeomoppusma f: U — V Tako-
ro, uro f u f~! 061a1a10T CBOMCTBOM eIMHCTBEHHOCTH, HO OTOOpaKeHue f
HE MPOJOMKAETCA M0 IPAHULLI OOIACTH.

2) Yka3aTb KOHKDETHYIO OIKMOKY Ha C. 378 5TOro y4ueOHUKA.

13. PuMaHOBEI IOBEPXHOCTH AHATUTUICCKUX (DYHKIMMA

Pocrok f, ananurudeckon pyukuunm B Touke a cepsl Pumana C—osTo
o0

pan Teiwtopa f, = . cx(z — ap)* ¢ memTpom B TOUKe a, cxomAIIMECA
k=1
B HEKOTOPOM OTKDBITOM KDyre C LEHTPOM B TOYKe a (eciu a = 00, TO

(o]

. 1

fa=> cpu®, roe u= ~» ¥ PAA CXOMUTCA TIPH lu| < R).
k=0

IKnura Esrpadosa, mo-MoeMy, — OIUH U3 CAMBIX JTYHIIIX yIeGHUKOB IO KOMILIEKC-
HoMy aHamm3y. Ommbka, 0 KOTOpOM mouzer pedb B 3anade 12.13, — nejo KuTenuckoe;
COGCTBEHHO I'OBODPs, s HATKHYJCA Ha Hee IMOTOMY, YTO MCIOIb30Bal KHUr'Y EBrpadosa
[IpY IOATCOTOBKE KypPCa JEKIM.
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Mycrs I =[0,1], v: I — C — menpepbIBHAs KpuBas Ha cdepe Pumana c
HAYAJIOM B TOYKE a, T.e. ¥(0) = a. Anasumuueckum npodosxceruem pocT-
Ka f, BIOJb KPUBOU Y HA3LIBAETCS OTOOPAKEHNE, COMOCTABIAIONIEE KAXK TOU
Touke tg € [0, 1] ananurugeckun pocrox fp B Touke b = y(tp) Takum oGpa-
3oM, 4o mas Beakoro t € [0, 1] cymecrBytor Takue okpecrHocts U C C
rouku 7(t), okpecrHocts V C [0,1] Touku ¢t n aHammTHueckas GyHKIUI
f: U — C Bobaactu U, 9T0 111 BCAKON TOYKYU b € V aHATUTUIECKUU POC-
TOK f,(p) —2TO pocToK B TouKe (b) € U dynkuun f.

3agaga 13.1. [as kpusonu v: [ — C, v(0) = a, u poctka f, cymecrByeT
He 60Jee OJHOrO AHAIUTUIECKOrO PO O KEH.

3agada 13.2. [Iycte pocTrok f, aHAIMTUIECKM IPOMOKAETCA BIOIb
kpupoit v: I — C, 4(0) =a, v(1) =b, u f, — POCTOK, MNOLyICHHBI
Opud BTOM MpOJoMkKeHur. TOorga CymecTBYeT KOHEYHASA LEMOYKa TOUIEK
0=ty <t <...<tp,=1, 1A KOTOPOU PAL f.(4,) cXOmMUTCA B TOUKE Y(tiy1),
npudaeM pan fo ;) — 210 pan Ternopa B Touke 7(;) MOXyICHHON aHATATH-
9eCKOU (PYHKIINAM.

3agaga 13.3 (Teopema o MoHOAPOMUH). PACCMOTPUM HENPEPHIBHOE OTO-
6paxenue F egueEmaHOrO KBagpaTa 12 ¢ koopauHatamu u,v, 0 <u < 1,
0 <wv <1, C raxoe, uro xaxjaa kpusaa F,: I — C, rae F,(u) —F(u,v),
HAYMHAETCA B TOUKE ¢ U KOHIAETCA B TOUKE b, T. e. F(U, 0)=auF(v,1)=h.
Iycre mas kaxngon xkpueou F, pocToK f, aHAIUTUYIECKH MIPOLOIKAETCA
BIOJb 3TOU KpuBou. TOrga pesyabTaT aHAIUTUYECKOT'O MPONOMKEHUI 10
Touku u = 1 He 3aBUCUT OT BHIGOpPaA KpuBou F,, rme 0 < v < 1.

Yrazanue. Ecau HEMHOTO U3MEHUTH KPUBYIO B MAJIOU OKPECTHOCTH JIKO-
60 U3 ee TOYEK, TO PE3YJIbTAT AHAIUTHIECKOTO MPOJOIKEHUA HE M3Me-
HUTCA.

Ompenenenne. [[Ba aHAIUTUIECKUX POCTKA f, U Gp, 3aTAHHLIE B TOY-
Kax a u b chepsl Pumana, HA3BIBAIOTCA 9K6UBAAEHIMHbIMU, €CIU CYIIECTBY-
er Takas kpusasg v: I — C, v(0) = a, (1) = b, 4T0 pOCTOK g — pe3y.IbTAT
MPOJOMKEHUS POCTKA f, BIOJb KPUBOH 7.

3agada 13.4. OnucaHHLIe BLIIIIE COOTHOLIEHNE TeACTBUTEALHO ABIAIOTCS
COOTHOIIEHUEM >KBUBAJIEHTHOCTH, T. €.

1) fa ~ fa;

2) ecmn fo ~ gy, TO gp ~ fa;

3) ecmn fo ~ gy W gy ~ P, TO fo ~ @e.

Ompegenerme. Kak MHOXECTBO TOYEK PUMAHOBG NOBEPTHOCML POCT-
%0 fo, —DTO COBOKYIHOCTBL BCEX POCTKOB (p, SKBUBAJCHTHLIX POCTKY fq.

Ha pumanoson mosepxuoctu R paga f OnpeneaeHsl [Ba €CTECTBEHHBIX
0TOOPAKEHUS:

1) npoexyus 7: R — C, COMOCTABIAMIAL KaXKIOMY POCTKY TOUKY, B
OKPECTHOCTU KOTOPOU 3TOT POCTOK OMPENENEH;
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2) gynryus f: R — C, comocraBrgomasn Kax JOMY POCTKY €ro 3HAUEHUE
B TOYKE, B OKPECTHOCTU KOTOPOU OH OIpE/IeJeH.

Tonoaozus Ha R onpegenseTcs KaKk HAUMEHee TOHKAs TOMOJOIUS, B KO-
ropoit npoexnusa 7 : R — C menpepoisHa.

3agaga 13.5. Orobpaxenune 7: R — C ABIACTCA JTOKATHHBIM OMEOMOD-
dusmoM, T.e. y KaxkIOU TOUYKA p € R CylecTByeT Takas OKpeCTHOCTb U,
9TO orpaHudeHre 7 Ha U — romeoMopdusM Ha CBOU 06pa3.

3agada 13.6. Kaxgas Touka a € C umMeer He 60Iee UM CUIETHOE HHCIO
npoobpazoB npu orobpaxenuu m: R — C.

Omnpegenerme. Pyuxuusa g: R — C maswiBaeTcsa anaiumuueckot, ecan
s kax aou obmactu U C R, mias koropou npoekuus w: U — C sBasercs
romeomopduamoM, Gyuakuus ¢ B obmactu V = 7(U), ompenereHHas paBeH-
CTBOM ¢ = g o T~ !, ABIAETCA AHATMTHIECKON.

Ananoruuno onpegensercsa mepomopduas GyHkuus Ha R.

Amre6pougnsie pocTku. CkazkeM, YTO POCTOK f, AHAINTUIECKON DyHK-
unuu B cBsa3HOU okpectHoctr U Touku a, p € U \ a, aszebpouden, ecau

1) pocrox f, AHATUTHYECKN MOPOLOIKAETCA BIOIL JMIO0ON KDPHBOU
v: I —=U\a, y(0) =p;

2) CymecTBYeT JMIIbL KOHEYTHOE UUCIO K POCTKOB ¢gp B TOUKE P, HOLY-
JaIOIIUXCS AHAIMTUIECKUIM MPOLOMKEHNEM POCTKA f, BIOIb 3aMKHYTOH
kpusott v: I — U\ a, 7(0) = p, v(1) = p;

3) CyWIECTBYIOT TaKUe HATYPAIbHOE Inca0 N U BelleCTBeHHAA KOHCTaH-
Ta C, 9TO AT BCAKOT'O POCTKA §g, MOIYIEHHOTO U3 f, IPU IPOJOTKEHAN
BAoab HekoTopou kpueon v: I — U \ a, y(0) = p, v(1) = ¢, cupasenmuBo
OJIHO U3 HEPABEHCTB

l94(@)] < Clg — a|_N, ecan a # oo,

<
l9,(0)] < Clq|™, ecin a = 0o.

3agaga 13.7. Pocrok f, dyukmuu nepemenHon z airedpounes B U \ a
eCaIu ¥ TOJBKO ecau f, = gp(u), rae g — MepoMopdHas GYHKINI IepeMeH-
HOM u B okpecTHOCTH 0 U 2 — a = u® mpm a # oo wm 1/z = u* npu a = co
(mepemeHHAs U OHPEIEIEHA STUMU PABEHCTBAMU OJHO3HAYHO C TOYHOCTDHIO
IO yMHOXEHUs Ha Jio6ou u3 Kopuen k-u cremenu u3 1). Tax xax mepo-

MopdHas pyHKuus g packaagsiaercs B pag Jlopana g(u) = Y, cpu™,
m>—M
anrebpouguaa GyHKIua f packaaasiBaeTca B pad Ilousé:

flz)= Z cm(z —a)™*, ecama# 0o, mm

m>—M

f(z)= Z CmZm/k, ecan @ = o0.

m<M

31



lokaxuTe chopMmyaupoBanuble yTBep:k neHud. Ecau B pagax [liousé, nanu-
CAHHBIX BHIIIE, KAXK BN U3 KOPMUIUEHTOB C;, 3AMEHUTH Ha, KO PUIAEHT
Cm = €™, rae £ — PUKCUPOBAHHLIA KOPEHL k-U CTENeHM U3 eIVMHUILI,
TO HOJIYYAI0TCA HOBBIE PaAAbl [[Ion3€, KOTOPBIE CINTAIOTCA IK6UBAACHMHbI-
My ucxoqubiM. Kak cBA3aHBI MKy COO0M MHOTO3HAYHLIE AHAJUTUIECKUE
dyukunu B U \ a, onpegenseMble S5KBUBATeHTHBIME psgaMu [Trounsé?

Ompepgenenue. [loanas pumarosa noseprrocmy pocmka f, (Kak MHO-
XKECTBO TOYEK) — DTO COBOKYMHOCTH BCeX paAnoB Temtopa u panos [ousé,
KOTOPBIE TOIYYIAI0TCA AHATATAIECKAM PO TOKEHUEM U3 UCXOTHOIO POCT-
ka f, (upu sTOM camTaercs, 9To skBuBaneHTHLIE piaabl [lron3é 3agaor oa-
Hy ¥ Ty € TOYKY IIOJHOU PUMAHOBOU IOBEPXHOCTH PocTKa f,). Ha monmon
AHAINTIYECKON TOBEPXHOCTH R OmpeereHs! aBa oTo6paxkenus: 7: R — C
u f: R— C (oHu ompememsioTcsa Tak e, KaK 3TO NeIaJ0Ch [IJIA PUMAHO-
BOU MOBEPXHOCTH POCTKA f,. Tonosoeus B R onpenenseTcsa KaK HAMMEHEE
TOHKAas TOHOJMOTUs (T.€. TOMNOJNOIUs, COAEePKAIIAT HAUMEHBIINN KIACC OT-
KDBITBIX MHOXECTB), B KOTOPOU IPOEKLUs T HENPEPHIBHA. AHAAUMUuueckas
PynKyus B OKPECTHOCTH TOUKHU, COOTBETCTBYyIomen psany I[liomsé, —sTo
aHamuTrIeckas GYyHKIUA OT mapamerpa u (cM. sagady 13.7).

CkaKeM, 9TO aHATUTHYECKAN POCTOK f, B TOUke a cepsl Pumana C
ABISIETCS POCIKOM aazebpauueckot Pynkyuy (WK ai2e0pauseckum pocm-
KOM), eCIn

1) cymecTByeT KOHEUHOE MOAMHOXKECTBO A C C, a ¢ A Taxoe, 9TO po-
CTOK f, AaHAINTHYIECKN MPOLOMIKAETCA BAOIb 0601 Kpusoit v: [ — C \ A,
~(0) = a, He mepecekaIen MHOKECTBA A;

2) CymecTByeT JUllb KOHEIHOE MHOXKECTBO POCTKOB fq,, ..., fa,, KOTO-
pBIe MOT'YT OBITH HOLYY€HBI AHAJUTUYIECKUM PO JOIKEHUEM B[OJIb 3aMKHY-
roix kpusbix y: I — C\ A, y(0) =~(1) = a;

3) mas Kaxkaou TOUKu b € A CymecTBYIOT TaKue OKpEeCTHOCTh Uy, HATY-
paabHOe duciao N 1 BemecTBeHHAsS KOHCTaHTa C, YTO KaxK BN POCTOK (g,
q € Up, DKBUBAJIEHTHBIN POCTKY f,, YIOBIETBOPAET OTHOMY U3 HEPABEHCTB

l94(q)] < Clg — b=V, ecmm b#oco, wm
|gq(Q)| <C|Q|N, ecam b= 0.

3agada 13.8. [lokasars, 9TO BCAKUE alredpamdecKuid POCTOK f, yIo-
BJETBOPAET HEKOTOPOMY AIreOpanIecKoMy yPABHEHUIO

f,f +R1(Z)f§71 +...+Rk(2) =0,

B K0TOpOM R;(z) — panmoHaabHbe BDYHKIWA.
Yxazanue. PaccMoTpeTh cuMMeTpudeckue PyHKIUA 071, . . . , Of OT POCT-
KOB fa,,--+, fa,, DKBUBAQJIEHTHBIX DOCTKY f, B Touke a (01 = Y. fa,,
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02 =Y fa;fa; ® T.1.). [IpoBepUTH, 9TO PYHKIMK 01, ..., 0} DPAILOHATH-
i>j
HEL, I/ICH]OJII:BYﬂ s3agaqy 8.4.

3agatua 13.9. [Tornas puManHOoBa MOBEPXHOCTDL AIreOPAUIECKOrO POCT-
Ka f, KOMIaKTHA.

Yxazanue. ITobBI U3 TOCTEIOBATEIHLHOCTU TOYEK by,...,bp,... HA R
BBEIOPATH CXOASANIYIOCA M0 AIOCIEI0BATENHHOCTD, HYKHO BEIOPATH CXOIAILY-
[0CA [OANOCIeN0BATEIbHOCTE 13 Touek 7(b;) € C 1 Bocmoab3oBaThea TeM,
9T0 Kaxk1ad TouKa a € C MMeeT 04HO I TO Ke KOHETHOE TiCI0 IPOOOPA3OB
npu oro6paxkenun m: R — C (ecam yauTHBATE KDATHOCTIH).

Onpegenenwme. 1-popma, ompenereHHas B OOJACTY HA PUMAHOBOU IMO-
BEePXHOCTU R, HA3BLIBAGTCA GHAAUMUUECKOU, €CIA OKOMO KaxKIOUM TOUKH
o6macTu OHa JOKAIBHO npeacrasuMa B Buge f(z)dz, rge z — JOKAIbHBIN
napamerp Ha R u f(z) —anamurudeckas QyHKuus.

3agadga 13.10. [Iyctes U —komnakTHas o61acTh HAa R ¢ Tia kou rpaHu-

et OU u w — anamurudeckas ¢popma B obnactu U. Torga /BU w=0.

Onpegenennme. [Iycte QopMma w aHaIUTUYHA B MaJjOU IIPOKOJOTOU
OKDPECTHOCTU TOYKU @ Ha PUMAHOBOU moBepxHOocTH R u QU — rpauuia
MaJON OTHOCBA3HOUW obaacTu U, comepikamien TOUKy a. duciao % /a oY
HA3BIBAETCA 8bIUEMOM (POPMBI W B TOUKE .

3agada 13.11. Beruet onpenenes KOpPEKTHO, T. €. HE 3aBUCUT OT BEIOOPA,
OKPECTHOCTU TOYKHU .

3agaga 13.12. IIycTte w — mepomopdHas ¢popma (T. €. JOKATILHO TPE-
craBumas B Bujge f(z)dz, rge f — mepomopduas Gyukuus). Torga cymma
BBIYETOB (DOPMEI W IIO BCEM ee OCOOBIM TO4YKaM paBHA 0.

3agaga 13.13. 1) [Jua Bcaxou mepomopduon ¢yukuumu f: R — C nHa
KOMIAKTHOW PUMAHOBOU TOBEPXHOCTY €€ YUCIO MOMIOCOB P, TOCInTaHHBEIX
C y9eTOM KPATHOCTH, PaBHO uucay N ee HyJed, MOCUUTAHHLIX C yIETOM
kpatHocTu, T.e. P =N.

2) Ilycre N (@) —nocauTadHoe € yIeTOM KPATHOCTYH KOJAMIECTBO TOYEK,
B KOTOPBIX MepoMopdHas GpyHkuusa pasHa a. Torga N(a) = P u He 3aBucur
OT BBIOOpA TOYKH Q.

Yrazanue. Cm. 3ama1y 9.5.

3agaga 13.14. [lycte 7: R — C— MepoMOpdHOEe O0TOOpaXKeH!Ee KOM-
MAKTHOU PUMAHOBOU moBepxHOCTH B chepy Pumana. Torga muHO)KecTBO
rouek a € C, cpeam mpooGpasoB KOTOPHIX €CTh KPATHBIE, SBIACTCH
KOHETHLIM.

3agaga 13.15. [lycTs moaHas pUMAHOBA, MOBEPXHOCTDL T: R — T QyHK-
nuu f komnakTHa. Torga dyukmus f aarebpaudsa.

Yxazanue. CMm. 3amadu 3.8 u 3.14.
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14. IIpvammn cumverpru Pumana—IlIBapma. Teopema Ilukapa

3agaga 14.1 (Teopema 06 yCTPAHUMOCTH OCOGEHHOCTEU BIOJb JIUHWM).
IMycts U — o6macTs Ha mwiockocTu, u | C U — ruaakas KpuBas B 3TOU 00aa-
cTH, KoTopas pasbuBaeT ee Ha aBe obOnactu U; u Us, rpaHumyariue Apyr C
apyrom o kpusou [. [Iycrs f: U — C— menpepoiBHas pyHxuusa B 06Ja-
cru U, orpanuvenus koropou Ha nmogobaactu U; u Us aHATUTUIHEL B 3TUX
obractax. Torga f amanuruusa B U.

Yxazanue. BocmoaszosaThesa uaTerpanbuon gpopmymon Komm mgis obma-
creu Uy u Us. [lokazaTs, 9T0 CyMMa IBYX MOLYYEHHBLIX MHTEI'DAJIOB 33 03T
uHTerpajibHoe npeicrasienune Gyukuun f B obaactu U \ [. Y6eaurnces, 94T0
STO UHTErpaAIbHOE MPEICTABICHUE IPOLOIKACTCA Ha BClo obracts U u co-
Bragaer ¢ unrerpaibuon dpopmyaon Komu gis yuxuun f B obractu U.

3agaga 14.2 (mpuanun cummerpun Pumana-Isapua). Hycts U u G—
obmacTu Ha mwiockocTu. Ilycts rpamuma obmactu U comepxut ayry [y
okpyxHOCTHU S1, a rparuna obmactu G conepkuT ayry lo OKpyKHOCTH Ss.
O603HaMMM Yepe3 T| U To OTOOPAKEHUA UHBEPCUKM OTHOCUTEIBHO OKPY K HO-
cren S; u Sy. lycrs 06pas 71 (U) obaactu U npu veBepcun 71 HE IepeceKka-
ercsa ¢ obmacteio U. [lomycTuM, 9TO CYMIECTBYET aHAIUTUYECKOE 0TOOpa-
xkeune f: U — (G, KOTOpOE HEMPEPBIBHO MPOIOIKACTCA HA AYTY [1, IpUIeM
f(l1) Cla. Torga amamuTuaeckoe orobpaxenue f: U — G aHammTUIecku
npogomxaercs 1o orobpaxkenus F: U — G, rae U=U U (U)Ul u G =
=G U (G) Uly, onpegenernoro ua obaactu 71(U) caenyromen popMyIon:

F(z)=m0 for(z).

Yxazanue. Bocmoab3oBaThCsA NpegbIAyIIEN 3a1a49el U KOHPOPMHOCTHIO
UHBEPCUM.

3ameganue. Ecau obmactu U u 7 (U) mepecekarorca, 1o GyHkus f
ananuTuidecku npogokaerca B 71 (U), Ho dyukuua F Ha obaactu U oymer,
BOOOIIIE MOBOPSA, MHOI'O3HAMHOM.

3agava 14.3. [Iycte G— MHOrOyrOMbHUK HA TWIOCKOCTH, CTOPOHBL KOTO-
poro— nyru okpyxHocreu. Torga mo Teopeme Pumana cymecrByer B3a-
UMHO OIHO3HAYHOE aHaIuTuIeckoe orobpaxkenue f: II — G, roe II—Bepx-
HAA TOJYIIOCKOCTE Im 2z > 0. Ilo TeopemMe 0 mpogOIKaEeMOCTH 1O TPAHUIIBL
oTobpaxkenue f HEIPEPBIBHO MPOIOMKAETCA HA OCh BEIECTBEHHBIX YUCE,
MOMOJHEHHY 0 TOYKOU 00, IPUIEM HOLY YeHHOE OTOOPAKEHUE BEIIECTBEHHON
MPOEKTUBHOU NIPAMOU Ha rpanuily 0G MHOrOyroibHUKA G ABIAETCS FOMEO-
mopdusmoM. O603HaMM 1Uepes Aj, ..., Al TpooGpaskl mocaeI0BaTEIBHBIX
BeprmH Ay, ..., A, MHOrOyrombuuka G.

1) MokazaTb, 9T0 0TOOpaKeHWE [ HENPEPLIBHO MPOIONKACTCA B HUXK-
HIOKO IOJTYILIOCKOCTD BIOMb M000ro marepsana A}, A, | BemecTBeHHOI ocu
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(0@UH U3 >TUX UHTEPBAIOB COAEPKUT 00). ITO O3HAUAET, UTO CYIIECTBYET
pyskumsa F: U — C, rge U —>5T0 006beanHeHne BepXHEl moaymiockocTn 11,
mmxaelt noaynaockocru I (z € I, ecom Im 2 < 0) u unrepsara A}, A ;.

2) Yo coboit mpeacTaBIseT 06pa3 HUKHEH MOTyIIIOCKOCTH 11 mpu 0To-
opaxenun F'7

3) Hoxasars, 4T0 pocToK f, orobpaxenus f B Touke a € Il ananuru-
9EeCKU TPOIOIKAETCA BAOIL aobou kpuson v: I — C, v(0) = a, e npoxo-
gsamen depes Touxku Aj, ..., Al

3agava 14.4. [lycTs B ycaoBusax npeasiayinen 3agadu (G — TpeyroabHUK
C HyJEBLIME YIVIAMY, BIWCAHHBIA B €IMHUIHYI0 OKPYKHOCTH M MMEOIIUN
BepmwmHbl Aj, Ay, Az. Crenas, eciu HYX)HO, BEIIECTBEHHOE APOOHO-JIUHEN-

az+b
HOe IpeoOpa3oBaHUe U = T TRe a,b,c,d,€ R, MOXHO cuMTaTH, ITO
Ccz
1 =0, A, =1, A} = co. PaccMOTprM MHOTO3HAMHYIO AHATATHIECKYIO

dyaxmmio x: C\ {0,1} — C, noryveHnyio aHATATHIECKUM IPOIOJIKEHU-
em gyakman f: I — G. JokasaTs, 9T0 GYHKIUA X © OIpeJeIeHa U CoJIo-
MOp(QHA B OTKPHITOM €IVHUYHOM Kpyre (M, CTaI0 OBITh, YTO BCE 3HAYCHUA
MHOT'O3HAIHOU (DYHKIUK Y [0 MOLYJIK HE MPEBOCXOAAT €IUHUIIHL).

Vrazanue. Ilycte G’ — TpeyrobHUK, MOIYICHHLIM WHBEPCHEH Tpe-
yrompamka G OTHOCHTENBLHO OgHOUW m3 ero cTopoH. Torma G Toxe Brnwm-
CaH B €IMHUYHYIO OKPYXKHOCTE. Tpeyroabank G’ CHOBA MOXKHO MHBEDCHOH-
HO OTPAa3UTh B ONHOU W3 €ro CTOpoH. IlomyunTca Tpeyroasauk G| Toxe
BIMCAHHLIN B €QUHUYHYI OKPYXHOCTH. [[OBTOPAA 2Ty MpOIELypPY, MOXK-
HO TOJYYATH «TaPKET», 3aMOIIAIOIIAN BHY TPEHHOCTD €IUHUIHOrO KPyTa U
COCTOAIMMYA U3 TPEYTONbHUKOB, IIONYIeHHLIX 13 (G TOCIeI0BATEILHBIMA WH-
BEPCHUAMU.

Sagaga 14.5. AnamuTuyueckas (QyHKIUA, ONpEIeIeHHAA HA BCEU KOM-
IIEKCHOU TUIOCKOCTH, HA3BIBACTCA 4eaoti pyuxuumen. [lokazaTh, ITO BCA-
kasa neras pyukmua g: C — C, e npuHUMAaOmas 3HAUECHUE @, UMEET BUI
g=el +a, rae f—uenas pyHkIMA.

Yrazanue. Paccmorpers oxHo3Ha4UHY0 BeTBb QyHKuuy 1n(g(z) — a) na
koMIwekcHou mwiockocru. (ITouemy Takas ogHO3HAYMHASL BETBb CYIIECTBYET?)

3agaga 14.6 (Teopema Iuxapa). Beakas neaas dyuxmus g: C — C, me
TMPUHUMAOIMIAA IBYX 3HAYEHUN q U b, ABIACTCA KOHCTAHTON.

Yxazanue. Illycte x — dyuxums u3 3anaau 14.4. Torga MHOrO3HAYHASL
zZ—a o o o
byHKIMA X(b—) IPONOIKAETCA BIOJbL JIOOOU KPUBOW, HE IIPOXO IAIMIEH
—a
yepes a u b, U BCE €€ 3HAYEHMA HE MPEBOCXOMAT MO MOMYJII0 €IWHUIILL.
PaccmoTpeTs OJHO3HAMHYIO BETBb HA KOMILIEKCHOU TLIOCKOCTU (DyHKITW
9(z) —a 2
X\ ) (Tlowemy Takas OZHO3HAYHAA BETBb CyliecTByeT?) Bocmoub-
—a
30BATHLCA TEOPeMOn JImyBuLs.
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OJOIIOJITHEHMUE 1

15. I'apmonm4aeckue (pyHKIIMM MHOTMX IE€PEMEHHBIX

Omneparop Jlammaca A B R” —sT0 quddepeHnmanibHbei onepaTop

9? 9’
A=—+...+—.
ox? o0z
3agawa 15.1. Tna Beaxon gpyuxnun f kracca C? B o6mactu U C R™ copa-
BEIJINBO TOXK IECTBO

Af =divgrad F.

Oupenenum oneparop ycpegaerns Mid(R, a). [Iycrs Sk o u Bg,q — cde-
pa u map paguyca R ¢ uerrpom B Touke a € R™. [[1s BCAKOU HEmpepbIB-
Hou dyHKImu f B obacTu, comepxkaien chepy Sg o, ONPEIEINM [UCIO
Mid(R,a)f xak cpexmee 3HadeHune Gpyukuun f 0o cdhepe Sgq, T.e€.

1

0,
G Js, !

rie ! — dopma (n — 1)-meproro ob6wema Ha chepe Sga, V(Srae) —
(n — 1)-MepHBIT 06beM chEPHL SR q-

3agaqa 15.2. [1a seaxon pymxmun f kracca C? B obmactu U, cogepxa-
men map Bg, , paguyca Ry ¢ meHrTpoM B TOUKe a, npu R < Ry cnpaBeiInBo
TOXK IECTBO

d .. _ 1
FRMld(R,a)f—m/BRaAfdxl/\/\dl’n

Yxazanue. Iycts a = 0. PacTaxennem 8 R~! pa3 unTerparn mo cdepe
SR, CBOAUTCA K MHTErpaly N0 GuKcHpoBaHHOU cdepe Si o

Mid(R,0) f = ﬁ/s f(Rz)Q.

d .. 1 _ _,
IMosTomy @Mld(R,O)f = VS0 /Sl,o (i, grad f(R,x))$), rge T — eguamd-

Hasg HOpMATb K eIMHUYHON cdepe B ToUke . IIpeobpasoBaTh MOCIeTHUN
MHTerpal, ucooab3ysa ¢popmyry Crokca.

3agaqa 15.3. [Iycts f — pymxmua kracca C? B obaactu U. Torga:

1) ecm B o6aactu U Beimonseno HepasencTtso Af > 0, to Mid(R, a) f >
2 f(a);

2) ecau B o6mactu U Buimonneno HepaserncTBo A f < 0, ro Mid(R,a)f <

< f(a);
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3) ecmu B o6mactu U Bemonneno toxaecteo Af =0, ro Mid(R,a)f =
= f(a).

(B sagaue npennonaraercs, 4ro obuacts U cogepxur mwap Bg , pasu-
yca R ¢ uenTpom B TOUKE a.)

Ompepgenenue 1 (kiaccudeckoe ONpeaeneHne MrapMOHUIECKOU (DyHKIUY).
Dynkmua f xmacca C? B obractu U Ha3BIBACTCA 20pMONUYECKOT B DTOM
00IaCTH, €U CIPABEIABO TOXK IECTBO

Af=0.

3agaga 15.4. O603maumm wepes r(z) paccrosmue or Touku € R® g0

rouku 0. [Iposeputs, uro Gyskuus f(r) = @) ABIAETCA DTAPMOHTIECKON
dbyrxmmen B R? \ 0 1 970 rpagmesT »TO# (QYHKIUN MO IJIAHE DABEH %(x)
1 HampaBieH OT TOUkH 0.

3ameuanme. CormacHO 3aKOHY BCEMUPHOI'O TATOTEHUA CAIA CPABATALN-
OHHOT'O TIPUTSKEHUA K MaC(lte, PACIIONOKEHHOUN B TOYKe (), MPOMOPIMOHATE-
@ ¢
cut ot maccel). Ilo 3agage 15.4 moTeHUUAN CHIBI OPUTIKEHUS K MACCUB-
HOU TOYKE, a 3HAYUT, U K JIO00HU CICTEME TOYEK, ABIAECTCA MaPMOHNYIECKON
(dyukmen BHe 06IaCTU, COAEPKALIEN DTU TOYKU. AHAIOCMYIHOE BEPHO U
IUTA CAJT DIEKTPUIECKODO MPUTMKEHUA. DTO OTHA U3 TPUYINH, TI0 KOTOPLIM
rapMoHTYecKre (GpyHKIUU UTPAIOT CTOIb (DYHIAMEHTANILHYIO POIbL B MaTe-
MaTUIeCKOU (PU3UKE.

Omnpepgenenue 2 (MHTErPAIBHOE ONPEIEIEHIE PADMOHIYIECKON (DyHKIUMY).
Henpepesras pyuxmus f B obractu U Ha3EIBAETCA 2apMOKUUECKOT B OOIA-
ctu U, ecin 414 BCAKOM TOUKHM ¢ u mapa B, Takux, ¥to Bp, C U, BH-
MOJHACTCA PABEHCTBO

Ha I'paJueHTy (PyHKIUN KO3(pPUIMEHT NPONOPIUAOHAILHOCTU 3aBU-

Mid(R,a)f = f(a).

[TpuseneM erre oxHO GIM3KOE OIMpPELETEHIIE.

Henpepoisraas dyukiusa f B obractu U Ha3bIBaeTCA cyb2apMOHUUeCKOl
B obuactu U, eciu g1a BCAKOW TOUKH a U mapa By , Takux, ato B, C U,
BBIMIOJHSAETCS HEPABEHCTBO

Mid(R,a)f > f(a).

3agaga 15.5. 1) Ecau k onpegenennio 2 1o6aBuTh TpebOBAHUE [NIALKO-
ctu f, f € C2, To ompefenerna 1 u 2 CTAaHYT SKBUBATCHTHEIMI.

2) dynxmua f wkracca C? aBageTca cyOrapMOHUTIECKOH, €CTH W TOJBKO
€CJIU BBHIMOMHAETCA HepaBeHcTBO A f > 0.

Yxazanue. Cm. 3agaay 15.3.
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[l cnemyrolnen 3a1a9u HaM MOHA 100UTCA 0600merHas ¢popmy.aa CTok-
ca B BekTOpHOU (opme. Paccmorpum B mpocTpancTBe R™ crammapTHOe
CKaJLIPHOE Ipou3BeneHue. B 5ToM ciaydae 0GOOIIEHHBIN BapUAHT (Tak XKe
KaK U Kjaccudeckuyl BapuadT) popmyasl CTOKCa LOMyCKAeT BEKTOPHYIO
TpakToBKy. [IpuBenem ee.

0606mennas ¢popmyna Crokca B BekTopHoM Buge. [lycmv U — xom-
naxmuas o6aacmsb c 2aadkot epanuyeti OU 6 npocmpancmee R™, nycmo

V =(Py,...,P,) — sexmopnoe nose, xosdduuuenmor P; xomopozo ume-
1om Jufdepenyuaant 6 3amvikanuy obaacmu U u dusepzenyus xomopo-
. oP; oPy, .
20 divV = . + ...+ Dp. MEMPEpuISHA 6 saMbikaruu Imotl 06.4aCmU.
1 Tn

- —
Tozda nomox /6)U<V, dS) sexmopnoeo noas uepes eparwuyy obaacmu (3decy
.

dS — sexmop, opmozonasvnbiii epanuye OU obaacmu U, nanpasaennvii
napyxcy u paswvil no daune (n — 1)-mepromy 06Bemy paccmampueaemo-
20 manoeo agaemenma dS epanuyblt 21motli 06aacU) Pasen unMeELPay ee

dueepzenyul /U divVdz, A... Adx,.

O6o6mennas gpopmyaa CTokca B BEKTOPHOM BHUIE HE HYXIAETCI B OT-
IEeTBHOM IOKA3ATENbLCTBE, MOCKOIBKY OHA ABIACTCA MepedOpMyIUpOBKON
0606mennon gopmyast Crokca (cm. pasgen «O6 06obueHHON GOpMyIE
Crokca. . .» IPEIUCIOBU).

Ompepgenenue 3 (onpegeneHue rapMoHraeckon GyHkuuu B gyxe 'ypca).
Dymkmua f kmacca C! B obract U C R HasbBaeTCA 2apmonuueckoti B
obmactu U, ecau

1) dyuxuusa f B Kax 40U TOUKe uMeeT BTOpou guddepeHuuant (apyruMu
crmoBamu, orobpaxkenue grad f: U — R™ B kaxXIOU TOYKE UMEET MEPBLIN
aucpdepentmar);

2) copasemuBo ToxaecTBo Af = 0.

Sagaga 15.6. Beakas pyHKIUA, ABIAIOIIAACA NAPMOHTIECKON B CMBICE
onpejeaeHus 3, ABISETCA TAPMOHUIECKOU B UHTErDATBHOM CMBICJE.

Yxazanue. MoXHO 1encTBOBATH, Kak B 3aga4de 15.5, HO BMECTO KIaCCH-
geckon dpopmyasl CTOKCA HYKHO UCIOAB30BATHL e 0OOOIIEHHBIN BAPUAHT.

lapvonmdeckas QyHKINUA B CMBICTE KIACCHYIECKOT'O OIPENeNeHUs, Pa-
3yMeeTCs, ABIAETCA TapMOHUYECKON B CMBICHE ompepeneHus 3. B zamxa-
gax 15.7, 15.8 MbI mpoBepuM, ITO (PYHKIUA, Y IOBICTBOPAIOMIAI NHTEPATb-
HOMY OIIPENENEHUI0 TaPMOHUYECKOU (DYHKIUM, ABTOMATUYECKU SBIAETCS
riagkou. [losromy onpexenenus 1, 2 u 3 SKBUBAJEHTHHI.

3agadga 15.7. [Iycts ¢: R® — R — Takas HenpepouIBHASA QDYHKIUA, ITO

1) ¢ 3aBUCAT JUUIL OT PACCTOAHUA TOYKU 10 Hyd, T.e. p(z) = g(||z||);

2) ¢ ofbpamaerca B HyJb BO BCEX AOCTATOYHO YIAJEHHLIX OT HYyJA
TOYKAX;
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3) /]Rn p(z)dzy A ... ANdx, = 1.

IMposeputh, uTO eciu qia GyHKIUA [ BBHIIOJIHEHO TOXKIECTBO
Mid(R,a)f = f(a), To /Rn f@)p(x — a)dz = f(a). (3mecy mpegmomsara-
erca, 4To obaactb U cogepxur mapsl Br,, O KOTOPEIX HIeT pedb B
[EePBOM TOXIECTBE, U HocuTean QPyHKIul p(T — a), 0 KOTOPLIX UIEeT Peb
BO BTOPOM TOXKIECTBE.)

3agaga 15.8. Eciu qia pyukuun f copasenauso Toxaectso Mid(R, a) =
= f(a), To pyukuua f rragkas.

Yxazanue. BocnoapzoBarbesa ToxX 1eCTBOM U3 3aga4u 15.7 mia riagkon
byuxnuu (z — a).

3agaga 15.9. 1) [lan rapMoHUYECKUX (DYHKOUN CIPABELJIUB IIPUHIINAL
MaKCUMyMa: eCJIU MaPpMOHUYIECKAA (DYHKIA TOCTUTAET MaKCUMyMa, BO BHY-
TPEHHeN TOYKe CBA3HOU obmacTu U, To 5Ta PYHKIUA TOCTOIHHA.

Yxazanue. Bocmonb30BaTHCA MHTETPATBLHBIM OMpEIeIeHIEM IapMOHUIe-
CKOU (PYHKITUN.

2) [Mas cybrapMoHUYeCKUX (DYHKIUU TAKXKe CIPABELJINB IPUHINI MaK-
cUMyMa;: ecau cyorapMoHudeckas GpyHKIUA JOCTUTAET MAKCUMYMa BO BHY-
TPEHHeN TOYKe CBA3HOU obmacTu U, To »Ta PYHKIUA TOCTOIHHA.

3agadga 15.10. Ilyctes dyukmum fi, ..., fp,... B obaactu U paBHOMEPHO
cxomarcs K gpyuxkuuu f. Torga

1) ecau ¢pyuxuuu f; rapMonumdeckue, TO QGYHKIUA f TOXKE MapMOHUYIE-
ckasa B U;

2) ecau QyHKIME f; cybrapMoHUYecKue, TO GyHKIUA f TOxXe cybrap-
MoHm4deckas B U.

Yxazanue. Bocnoib30BaThCA HHTEIPATBHBIM ONIPEIEIEHUEM MapMOHUIe-
CKOU (PYHKITUN.

IIycte na rpanune QU orpanuvennoun obmactu U 3a1aHa BelleCTBEHHAS
uenpepbiBHasg pyukiua h: OU — R. 3adauwa Jupusie COCTOUT B HAXOXK 1€~
HUU HEMPEPLIBHON B 3aMbikauuu U u rapmonudeckon B U pyukiuu f Takon,
aro f coBmagaet ¢ h ua OU.

3agada 15.11. 3agaga [upuxiae umeer He 60/€€ OQHOIO PEIICHNUS.

Ormerum, uTo 3ana4a [upuxie pa3pemmma I MPOKOro Ki1acca o0aa-
crenn (He 065132 TEIBHO ONHOCBABHBIX).

16. 'apmoHMIeckue (PyHKIIMM HA IUIOCKOCTH M
AaHAIMTUIECKUE (PYyHKITAN
BeIlIeCTBeHHaﬂ 1N MHUMasg YaCTu aHaJII/ITI/I‘IeCKOI‘/JI beHKIII/II/I SABJIAIOTCS

CapMOHUYIECKUMEU DYHKIUAMEA. (DTO HECAOXKHO MPOBEPUTH, UCIOMB3YA KAK
KJACCUIeCKoe, TaK U MHTEerPAJbHOE OIpefej]eHre IapMOHUYECKUX (PyHK-
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mui.) ATOT GakT OOBACHAET POIb AHAIUTUIECKUX (DYHKIUY B MATEMATHAIE-
CKOU (pU3UKe — BO MHOTUX (PUBUIECKUX 3a1a9aX TapMOHUIECKUE (PYHKIIUN
3aBUCAT JUIIb OT ABYX MEPEMEHHBLIX, U T€OPUS TAKUX (PYHKIUU CBOIUTCA
k TDKII.

3agada 16.1. BemecrBennas 1 MENMAas 9aCTU aHAIUTUIECKON (PYHKINN
B obmactu U apamiorca C?-raafkumu pyHKIUAME ¥ yIOBIETBOPSIOT YPAaB-
umenuto Jlamraca Af = 0.

Yxazanue. Bocmoms30BaThCA MIAIKOCTBIO AHATUTUYIECCKUX (DYHKIUUA U
ypaBaeHuaMu Komm—Pumana.

3agaua 16.2. BemecTBenHas m MHUMAA JacTU AHAIUTUIECKON B 00Ja-
cru U QpyHKINY yAOBIETBOPSIOT TOXIECTBY

Mid(R,a)f = f(a).

Yxazanue. BocnonbzoBarbesa unrerpaasuon ¢popmyaon Kommn.

3agadva 16.3. Ecau u—rapMonnyeckas B OgHOCBA3HOU o6aactu U (pyHK-
[UsA, TO CYMIECTBYET Takasd PYHKIMA v (OMpeneIeHHas ¢ TOTHOCTBIO [0 IPO-
U3BOJBHOU MOCTOAHHON ), ITO PYHKIUA [ = U + (U ABJIACTCA AHATUTUICCKON
B obuactu U.

Yxazanue. U3 ypaBuenun Komm—Pumana MOXHO BBIYUCIUTL YACTHBIE

ov
[IPOU3BOIHEIE n oo QYHKIMM v, UCHOIL3YsA YaCTHBIE IIPOU3BOIHLIE
Y

(Y
oz
Ov ov .
dyukmun u. Cucrema 9 =P oy ¢ paspemmMa B OJHOCBA3HOU 00Ja-
dop 0Oq "
cru U, eciiu ¥ TOJIBKO ecIn oy = or’ [IpoBepuThb, 9TO B HAIIEW CATYAIUN
YCJIOBUE PA3PEIIMOCTU SKBUBATEHTHO TOX 1ecTBY Au = 0.

3agada 16.4. [lycte g —rapmonnyeckas gyukiusa B obnactu V C C, u
nycte f: U — V — ananurundeckan ¢pyuxuus. Torga dyukuusa g(f) sasus-
ercsa rapMoHudeckon B obmactu U.

Yxazanue. CMm. 3agauu 16.1-16.3

3agada 16.5. [loxasaTs, 9TO mJIA BCAKOTO TPUTOHOMETPUIECKOT'O MHO-

n
rourena h(a) =co+ > (agsinka + by, cos ka) 3agaga Jupuxie paspemmma.
k=0

Yxazanue. Ecma |z| =1, a = arg z, To Re zF = cos ka, Im 2% = sin ka.

3agada 16.6. Vcrmonb3ys mIOTHOCTH TPUTOHOMETPUIECKUX MHOTOUIE-
HOB B MHOXECTBE HEMPEPHIBHBLIX (DYHKINU HA OKPYXKHOCTH, NOKA3aTh Pa3-
pemuMocTh 3agadu Jupuxie nus Kpyra.

Yxazanue. Bocmonb30BaTHCA TEM, ITO MPEIe] PABHOMEPHO CXOIAIINXCS
FapMOHUYIECKUX (PYHKIUN ABJIACTCA MApMOHUYECKOU (DyHKIMEn (CM. 3a1a-
gy 15.10) 1 OpUHIUTIOM MAKCUMYMa.

3Has ampuopu, 4To 3aada [upuxie 1sa Kpyra paspennMa, HeCI0XKHO
HAIKCATD €€ PelleHre B SBHOM Buje. I[ycTb MBI UIIEM 3HAYEHUE B TOY-
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ke a, |a| < 1, pemrennsa 3agasm Jupuxae Au =0, ul|.|=; = h B xpyre |z < 1.
IlepeBenem Touky a B Touky 0 mpeoGpasoBanueM @, (z) = ;zial' Dyuk-
mnsa v(z) = u(p, '(z)) rapmonnyna B kpyre |z| < 1, u ee 3HadYeHUE B HY.JIE

COBHAJAET C UCKOMBIM dnciIoM u(a). meem

ul@) =v(0) =5 [ h(e;" () dz] = 5 /51 h(©)| gea()] 181

2w |2|=1 T

3agaga 16.7 (popmyaa [yaccona). 1) flsuo Beraucaurs sapo Ilyaccona

|55 a ()] I,

3aBUCALIEE OT TOYKM { HA €UHUYHON OKPYKHOCTH |£| = 1 U TOUKHU a BHYTpU
IUHUIHOrO KPYTa.

2) TIposeputs, aTo A1p0 [lyaccoHa ABIAETCA BELIECTBEHHO-AHATUTUAIC
ckou pyuxumen (T.e. psax Temnopa 5Ton QHYHKUUN SABIAETCA CXOMALIIMCH)
ot xoopaunar z(a),y(a) B TOUKe a.

3) U3 BemecTBennou anamuruaHocTu sapa [lyaccona kak GyHKImu oT a
BBITEKAET BEIIECTBEHHAA AHATATUIHOCTH TAPMOHUIECKON (DYHKIUU IABYX
NepeMeHHBIX (He 00A3aTENBHO B KPyre, a B JIOO0U 00JACTH MIIOCKOCTH).
IMouemy?

Ormerum, 9To 3aga4da [Jupuxie B MHOMOMEPHOM IIAPE TAK JKe ABHO pe-
LIAETCs IPU [IOMOIIX SIBHO BBIMUCHIBAEMOro sigpa [lupuxie, sBIIAOIErocs
BEIIECTBEHHO-AHAIUTUIeCKON (pyHKImer. OTCI01a BEITEKAET, ITO FaPMOHN-
Jeckue (pyHKIUN MHOI'UX [I€PEMEHHBIX SB/SIOTCS BEIIeCTBeHHO-aHATATIIe-
CKUMHU DYHKIAAMA.

3agaua 16.8. 11 Bcakon ogHocBa3HON obmactu U C C?, mia koTOpo
BBIMIOJHEHBI yCJIOBUSA HENPEPBIBHOU IIPONOIKAEMOCTH A0 IPAHUIBI 0TOOPA-
wenusa Pumana (cM. n. 12), sagaga Jupuxie paspemmma. Boaee Toro, ecan
SABHO HAMMCAHO OTOOpaxkeHue Pumana obmactu U B €IUHUYHBIA KPYT, TO
s Bestkon 3aaa4u [lupuxie B o6mactu U MOXKHO HAINCATD ABHOE PEIeHNe.
Mouemy? 9

3agadva 16.9. Ha xommiekcuon mwiockoctu oneparop Jlamiaca A = % +
2
+ a7 mpencTaBuM B Buge A = 4& a5 TACZ =T + iy, a omepaTopel 5 53

ompefeneHs! B 1. 4.

17. Cy6rapmonmdieckue (pyHKIMM M TeOpeMa eIUHCTBEHHOCTH

3agaua 17.1 (popmyra Mencena). Iycts dyskmua f romomopdHa B 3a-
MBIKaHUU KpyTa paguyca R ¢ memrpom B Touke 0. [JokasaTb Ciemyromryo
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bopmyry:

1

R
o In|f[ds=In|f(0)] + Z In

)
o
|2I=F F(z:)=0, |z]<R =l

rae Hyaun GyHKIUN f BXOLAT B MOCJIEIHIOI CyMMY C yIeTOM KPATHOCTH.

Yxa3anue. [lpoBecTu 0Ka3aTEIHLCTBO B TPU DTAIA:

1) moxasars, 4TO ecau Gpopmyaa Vencena Bepra 111 pyHKUWI f 1 g, TO
OHA BEpHA U [ Mpou3BeaeHus fg;

2) mokasarb (popMmyry Mencena m1a QyHKIMH, He MMEIOIIMX HylIel B
pPacCMaTPUBAEMOM KPYTE;

3) oA KaxkIOU TOYKA ¢ KPYr'a MOCTPOUTHL ABHO TAKYH (QYHKIUIO f
(rOIOMOP(MHYI0 B 3aMBIKAHUN TAHHOT'O KPYTa), 9TO f 0OpaliaeTca B HYyIb
TOJBKO B TOUKE G, & MOLYJIb f TOX IECTBEHHO PABEH 1 HA MPAHUYTHOU OKPY K-
moctu. [IpoBepurh GOpMyIy mis TaKuX (PYHKINML.

O6bequuss Bce TPU MYHKTA, HOKA3ATH YTBEPXK IEHUE 3 A U.

Ham momamoOuTcs HEMHOrO PACIIMPUTH ONpeneIeHne CyOrapMOHUYIE-
CKOU (DYHKIIUU Ha TUIOCKOCTHU, pas3penusB (yHKIUA TPAHUMATEL 3HATE-
Hue —oo. Humxe mopn croBamu «cyOrapMOHUYECKas (PyHKIWI» MBI IMEEM B
BUIY CJeayloliee IyTh Oosee o0Iee MOHATHE.

Omnpegenernwme. [Iycte U — 061acTh B KOMILIEKCHOU ILIOCKOCTH, U
A C U — nuckpeTHOe TOIMHOXKECTBO. PacCMOTPUM BEIIECTBEHHO3ZHAMHY IO
dyuxmuio f Ha U \ A, xoTopas B ToUkax MHOXKeCTBa A «paBHa —oo». Takas
(byHKIIA camTaeTca HempepuBHOH, ecan ¢yukuua ef : U — R, poompexe-
JeHHas B TOYKax MHOxecTBa A wucaom 0, menpepoiBHa. DYHKIUA TAKOTO
BU 1A HA3BIBAETCA CYOaPMOHUUECKOT, €CIU I BCAKOrO Kpyra |z — a| < R,
[EINKOM JeKaIero B obaactu U, BEIIOJHEHO HEPABEHCTBO

1

R f(z)ds = f(a).

|z—a|=R
Ecau oxpyxHOCTb |2 — a| = R cogepxuT Touku MHOXKeCTBa A, TO mpeamo-
JIATAETCS, ITO UHTErPAJL, CTOSIIAY B JIEBOU YaCTU HEPABEHCTBA, CYIIECTBYET
KaK HECOOCTBEHHBIN WHTErPAJ.

3agada 17.2. O606muTs popmyry Mencena Ha caydan, KOrga OKpYK-
HOCTB |z| = R cogmepxur Hymn ¢yukuun f(z). Jokasars, 49TO (YHK-
nus ln|f(z)| cybrapmonuuana B obractu U, B xoropon dyHkuus f aHa-
JUTUYHA.

Sagaga 17.3. O600muTs hopmy.Iy Mencena na CIydan MepOMOP(HBIX
dyuxIUn.

3agaga 17.4 (mpuHOIAOD MaKCHUMyMa [ CyOTapMOHUYECKAX (DYHKIINN).
Paccemorpum dyukuuio f, cybrapmonnyeckyio B cBasuou obmactu G. [Ipexn-
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MOJIOXKUM, ITO CYIIECTBYET TaKas TOYKA ¢ € (G, 9TO mis 1060on TOUKH 2z € (G
BBINIOJIHEHO HepaBeHCTBO f(a) > f(z). JokaszaTs, 94T0 f —KOHCTaHTA.
Sagaun 17.5-17.7 npencraBiasior cOO0M BAPUAHTHI MPUHIUANA MAKCH-
MyMa.
3agaua 17.5. PaccMoTpuM OrpaHUYIEHHYIO CBEpPXYy CyOrapMOHUYIECKYIO
dyuxumo u B obmactu G. O6o3uauum vyepes [' rpauuny obmactu G. s
KAXKJIOU TOYKU @ TPAHUILI TTOTOKIM
u(a) = lim  wu(z).
( ) z—a, 2z€G ( )
[lokazaTk, 9TO 1A NPOU3BOILHOU TOUYKKM & O0JacTu (G BHINOJIHEHO HEPa-

BeHcTBO u(z) < sup u(a).
acl
Sagada 17.6. B ycioBusax mpeniaymen 3aiadu [IPENIOoNOXKUM, UTO

obmacte G orpanuvena u ee guamerp pasen D. Ha rpauuune I' obnactu G
OTMETHM MPOU3BOTBHEIC TOUKHA 1, . . ., ak. Hycts T =T\ {ai,...,ax}. do-
Ka3aTb, 9TO A JI0O0U TOYKA & 00aacTu (G BBHINOJHEHO HEPABEHCTBO
u(z) < sup a(a).
a€l
Yxazanue. Bocmons30BaThCA MPUHINIOM MAKCUMyMa, T (HyHKIAA

uE:u+SZIH@.

B kavecTBe € 31eCh HYKHO PACCMATPUBATH IPOU3BOIBLHOE MOJOKUTEIBHOE
YUCIIO.

Sagadua 17.7. TleperecTu yTBepK JeHAE TIPEILIAYINCH 34 0aMU HA HEOTPa-
HUYEHHYI0 00macTb (7, MomonHeHre KOTopou 10 cdepbl Pumana nmeet xoTsa
OBL OHY BHYTPEHHIOI TOYKY.

3agata 17.8. Ecau or6pocuts TpeboBaHUA OMPAHUIEHHOCTH CBEPXY CyO-
PapMOHUYECKOU (DYHKIM, TO Y TBEPK JeHUE 3a1a4u 17.6 cTaHeT HEBEPHBIM.
IIpuBecTn mpuMep HEHYJIEBOW TapMOHUYECKOUW B BEPXHEU MOJYILIOCKOCTH
(GyHKIIMM, KOTOpas HEMPEPHIBHO MPOJOIKACTCA HA BEIIECTBEHHYH OCh U
TOXK IECTBEHHO PABHA HYJIO HA DTOU OCH.

3agada 17.9. PaccmoTpum 3aMKHY TEII KPYT B HA KOMILIEKCHOU [IPSMOU.

1) OrMeruM Ha CPAHUYHOU OKPYXKHOCTHU Da3iudHble TOYKH A; u As.
IIpensABUTE TAKyl OrPAHUYEHHYH) TapPMOHUYECKYI) BO BHYTPEHHOCTH
kpyra B QyHKIUIO, 9TO OHA HEMPEPLIBHA BILIOTH 10 T'PAHUIHOU OKPYK-
HOCTHU 3a uckaodenuem touek A u B, pasua 1 ua gyre AB u pasua 0 Ha
TOMOJHUTENBHOU ayre. [lokasaTs, 9T0 GyHKIUS, YIOBIETBOPIIOMIAA YCIO-
BUSAM 3aJa4d, eIUHCTBeHHA. HapucoBaTh KapTUHY €€ JUHUN yPOBHS.

1 o
Yxazanue. PyHkus 3, AIg Z TAPMOHUIHA U OPPAHICHA B BEPXHEU IO~
™

aymaockocTu. Ha BelecTBeHHON TpAMOU OHA, PABHA HYJIIO JJIA MOJOKUTE -
HBIX 2 ¥ €UHUIE 11 OTPUIATEJbHBIX 2.
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2) IpexmonoxuM Temepb, YTO IPAHUYHAA OKPYXKHOCTH Dpa3buTa Ha
n ayr ly, ..., l,. ChopMyImpoBaTh 1 pemuTs 3a1a9y, aHAJOTWUIHYIO 1. 1).

3agada 17.10. IIycte B — 3aMKHYTBEIA KPYT' HA KOMILIEKCHOU IIPSMOU.
OTMeruM HA DPAHUYHOU OKPYXKHOCTU AYT'y MEXKAY PA3IUYHBIMU TOIKA-
Mu A1 n As. [laa Kaxknoro geMCTBUTENILHONO Yucaa A paccMoTpuM Takyro
OTPAHUYEHHYIO MAPMOHUYECKYIO BO BHYTPEHHOCTHU Kpyra B dyukuio f4,
9TO f4 TOXIECTBEHHO paBHa A Ha nyre A; Ay U TOXIECTBEHHO paBHA HE-
koTopon koucraute C (pUKCUPOBAHHOU I BCEX (DYHKIUU) HA JOMOMHU-
TeapHon ayre. JokasaThb, 9TO mJIA JIOOOW BHYTPEHHEN TOYKU Kpyra B BhI-
[IOJHEHO PABEHCTBO

AEIPOO fA(iU) -

Omnpegenernwe. Touky a, nprHaTEKAIILYO CpaHuie obaactu (G, Ha30BEM
npocmoti 2panuuHol TOIKON STON O0MACTH, eCIN KaXKIas JOCTATOYHO Ma-
JIasl OKPYKHOCTD C IIEHTPOM B TOUKE @ COAEPKUT AYTY, HEJUKOM JEXKAIILYO
B gonosHenun K G.

3agaga 17.11 (rpanuvnas teopema eguncrsennoctu). lycrs f: G —
— C — orpanvvennas aHaauTuYeckas ¢yHKua B obmactu G, u
OyCTh @ — OPOCTas TPAHUYHAA TOYKA DTOU obaactu. Ecam m1sa HEKOTO-
poro & > () BBLITOJHEHO PABEHCTBO lirr}) f(2) =0 nna Becakon Touku b € G

o

Takou, 4ro |a — b| < ¢, To f(z) =0.

Yxazanue. Ha mocraTouno maaoMm kpyre B c IIeHTpOM B TOYKE a pac-
CMOTPETb TapMOHUYECKYIO (DYHKIUIO U4, PABHYIO —A Ha HEKOTOPOU Iy-
re ['y okpyxuoctu OB, nexamen Bue obaactu (G, u paeuymo ln |c| Ha g0-
MOJHUTEIBHOU IyTe OKpyxKHOCTH 0B. 31ecs A — Goabioe OTPpULIATEIBHOE

qucao u ¢ = sup | f(z)]. Jokasars, aro npu z € B NG cuopaBeiauBo Hepa-
zeG
BeHCTBO uA4(z) > In|f(z)|. Bocmonbszosasumcs 3agaden 17.9, mokasars, 94To

f(z)=0.

3agaga 17.12. O606muUTh TPAHUYHYIO TEOPEMY €IUHCTBEHHOCTHU HA JIEO-
Oyio (He 00s3aTEIbHO HNPOCTYI0) PAHUYHYIO TOYKY @, [IPEAIoJaras, 9To
ob6aacts G OTHOCBA3HA.

Yrazanue. Bocmoas3oBarsca (OKaIbHO) oTOOpakeHueM v/z — a. Ilpo-
BEPUTH, UTO 00pa3 TOYKU ¢ OYAET IPOCTON MPAHUIHON TOYKOU LI 06Pasa
obmacru G.

JOIIOJIHEHUE 2

18. ®opmyaa Crokca misa o6racTed ¢ IVIaAKOM TPaHUIICH

IMocme Toro kxax kmaccuyueckas wium 0600menHas dpopmyaa Crokca mo-
Ka3zaHa i KyOOB, ee JerKO Aokas3aTb aiasa obusacren B R"™ (u mas opu-
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EHTUPOBAHHBLIX TVIAAKAX MHOT'000pa3Wi) ¢ MIagkou rpadunen. [as 3Toro
IOCTATOYHO BOCIOJB30BATHCA PA30MEHNeM eIuHUIBL. HamoMHUM, KaK 3TO
[eraeTcs.

Onpegenenne. [Iycte X C R” — xommakt, u U, — a11060€ mOKpHITHE
STOr0 KOMOAKTA OTKPBITHIMEA MHOXKecTBamu. Pazbuenuem edunuybl, cO-
TVIACOBAHHBIM C HMOKPHITHEM Uy, HA3BIBAETCA KOHEYHOE MHOXKECTBO IVIA -
kux pyHKIUMN @;, @ = 1,..., N, onpeeJeHHbIX B HEKOTOPOU OKPECTHOCTHU
KOMIAKTa X, TAKUX, 9TO

1) orpanudyeHne QyHKUUU Q1 + ...+ @n Ha X TOXKIECTBEHHO DABHO
€IVHIIIIE;

2) pia KaxkAOU (PYHKUUMHU ; CYLIECTBYET OTKPLITOE MHOXKECTBO Uy, u3
MOKPBITUS TAKOE, ITO (PYHKIUA p; TOXKIECTBEHHO PABHA HYJIO HA TOMOJ-
HeHNN K MHOXKeCTBY Uy,

3agaua 18.1. laa Bcakoro kommakTa X C R™ m BCAKOrO €ro mOKpBI-
tus U, CylecTByeT COIVIACOBAHHOE C DTUM HOKPHITHEM PAa30OUeHUe €TIHI-
OBL 01, ..., PN, B KOTOPOM (p; — OECKOHEYIHO Iiagkue (PpyHKIUN.

Yrazanue. 1) CyumecTByeT HEOTpULIATEIbHAA OECKOHEYHO INIALKAA
dyukuua B R"™, paBHas eguHuie B Kpyre paguyca Ry um paBHasg HYJIIO
BHE Kpyra pazxuyca R; ¢ TeMm ke neHTpoMm, rie Ry > Ry;

2) ucnoub3ys GyHKOMO U3 1) U KOMIAKTHOCTB X , IOCTPOUTH KOHEIHEIN
HAOOp (PYHKIMU 1, ..., N, KAXKIAA U3 KOTOPBIX PABHA HYJIO BHE HEKOTO-
poro mEOX)ecTBa U,,, HO cymma F'=g; +. . .4 gn cTporo 6onbe Hy.11 Ha X ;

3) dyukuuu @; = g;/F zaoT UCKOMOe pa3bueHne eINHUIILL.

Jloxaavnot xKapmot okoao Touku a € R™ HasbiBaeTcsa okpecTHOCTL U,
Touku @ BMecTe ¢ guddeomopdusmom x: U, — V ma obaacte V B R”
rakuM, 910 (a) = 0. Komnonents x1, . . ., T, BEKTOP-QYHKIUN & HA3BIBA-
0TCA A0KAAbHLIMY KoOpIunamamy B KapTe Ul,.

Onpegenernme. ['panumna QU ob6aactu U B R"™ maswiBaeTca 2aadkot B
OKpeCTHOCTHU TOUKM a € OU, eciu CymecTByeT JOKATbHASA KAPTa B OKPECT-
HOCTH DTOU TOYKHU TAKASA, 9TO B JOKAJBHBIX KOOPAMHATAX T, . . . , Ly 3AMBI-
KaHue 06JaCTy 3aJaeTCsI HEPABEHCTBOM X, = 0.

3agada 18.2. [IycTe 3ambikanue obmactu U B R™ 3a1aH0 HEpABEHCTBOM
f =0, roe f— ruagkas dyukiua, guddepennuan df koTopou He 0Opa-
I[AETCA B HyJb HU B OgHOU TouKe moBepxumoctu f = 0. [JokazaTb, ITO
obaacts U nMeeT rIagKylo CDAHUILY.

IIycts U — orpaunvennas obiaacts B R” ¢ raagkou rpanunen. Ouxcu-
pyeM JIOKAIBHBIE KOOP IUHATHL U, OKOIO Ka¥X 0N TOYKU ¢ 3aMBbIKAHUA 001a-
cru U. [lna rpanu<sbix Touek a € QU MBI mpeamosaraeM, 9To JOKATbHAA
CHCTEMA KOOPIMHAT OKOJO TOYKU ¢ YIOBIETBOPSET YCIOBUAM MPEIBITYIIE-
ro ompenenenus. PaccMoTpuM crangapTHbE KyOn A€ n A B IIPOCTPAaH-
crBe R", onpeneseHHble HEPABEHCTBAMU —E€ K T K &,...,— €K Tp < € 1
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—e<x1 <&,...,— €< Tp_1 <0< x, < 2. [Hodzodawum xkydbom AS ms
TOYKU @ B JoKambHOU Kapre U, ¢ koopauHatamu &: U, — R™ Gymem Ha-
abiBaTh MHOKecTBa T (AS), ecim a— BHyTpeHHAA Touka obaactu U,, u
m’l(Ag), ecau a —rpanuddas To4uka obmactu U,. [Ipu sToM npegmonara-
ercs, aro obpas x(U,) kaprol U, LeIUKOM COZEPKUT COOTBETCTBYIOLIAN
ky6 AS mrm AZ.

3agada 18.3. Ilycte U — orpanudennas obaacts B R, a € U — T0o4-
ka B pron obmactm m A’ — mogxogAmmu KyO6 Okono Touku a. Ilycrs
w— (n — 1)-popma B R™, papHas Hymo BHe Kyba AS M yIOBIETBO-
psitomasn ycaoBusaM obo6mennon dopmyast Crokca (T.e. KO3DpUIMeHTH
dopmbl w umeror guddepennmansl, a dopma dw mHempepoisaa). Torga

. dw = / w=0.

3agava 18.4. [lycre U — orpanudennas obaacts B R™, a € QU — Touka
CPaHUIL TOU OOJACTU U AZ — nogxofammi Ky6 okono touku a. lycTs
w—(n — 1)-¢popma B R", paBHas Hymo BHe Ky6a AS u yIOBIETBOPSIIOMIAL
ycaoBusaM 0606mensHon popmyast Crokca. Torga /B g W= /U dw.

3agada 18.5. IlycTs w—dopma, yI0BIE TBOPSIIOMIAA yCAOBUAM 000 0IIEH-
HoU (popmyabl CTOKCA B BAMBLIKAHUU OrpaHudeHHOU obmactu U ¢ raagkon
rpaauneun OU, u mycTb 1, . .., P N — HEKOTOpOEe pa3bueHue eIVHULLI HA
Goabimom mape B, cogepxameM 3aMblKagze 061acTi U B CBOEH BHYTPEH-
HOCTH, TAKOE, 9TO A KAaXKIOU (POPMBI w; = (p;w cropaseqiusa GhOpMy.Ia
Crokca / wi; = / dw;. Torga / w= [ dw.

U U U U

3agada 18.6. [loxazaTs 0600menHy0 hopmyay CTOKCA M TPOU3BOIEL-
HOU KOMMAKTHOU OOJACTY C TV JKOU TPAHUIIEH.

Yxazanue. [ocraTodno momobparh pas3bueHMe eTuHUILI Ha OOJBIIOM
mape B, musi koTOpOro BBINOJHAIOTCA yciaoBus 3agadu 18.5. [las storo
MOCTATOYHO B3fATh Pa3bUeHNe eIUHUIILI, COTVIACOBAHHOE C TMOKPBITUEM IIIa-
pa B cregyomuMu OTKPHITEIME MHOXKecTBaMu V). [l Besakou Touku p € B
ompefenuM V), cregyommM o6pa3om:

1) ecim p He nexuT B 3aMBIKaHuu obsactu U, TO B KadecTse V,, MOXHO
B3ATH JI000€ OTKPLITOE MHOXKECTBO, 4 KoToporo p € Vp, V, N U=0;

2) eciu P NPUHAMICKUT 3AMBIKAHEIO oOacT U, CHadama (GpUKCHPyeM
JOKATBHYIO KAPTY Z1, - - - , Tpp, OKOJNO TOUKH P U MOAXOAAIIIY Ky0 Af A1 TOY-
K1 p u 3101 KapThl. [locae aToro B kadecTse V), JOCTATOYHO B3ATH JH0O0€
OTKPBEITOE MHOXKECTBO, 111 koToporo: 1) pe V,,2)V, C B,3)V, NU C Af.

IIpoBepuThb, YTO BBIMOJHUMOCTDL YCJIOBUU 3agadu 18.5 mis pazbueHums
eIUHUIBI, COIVIACOBAHHOIO C IOKPHITHEM Vp, BEITeKaeT u3 3a4a4 18.3 u 18.4.
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O HESABNCMMOM MOCKOBCKOM
YHUBEPCUTETE

HMY — Briciiee HerocyapCTBEHHOE yueOHOE 3aBeIeHne M IOAIOTOBKA
IPO(PECCUOHAIBLHEIX MAaTEMaTUKOB.

Sauatua 8 HMY nposogarca B Bedepuee Bpemsa (06erauo ¢ 17.30). Do
CBSI32HO C T€M, YTO MHOI'ME HAIIU CTYAEeHTHl coBMemaioT oOydenne B HMY
C 3aHATUAMEA B IPYTOM By3e (Kak IPaBWIO — HO HE MCKIIOYUTEIbHO! — Ha
mexmare MI'Y). Hauwm 3anaTus no pusuke u MaTeMaTUKe MOXKET IOCEIIATh
ar0001 Xenapmun (He 0643aTenIbHO CTyqeHT win acnupanT HMY).

Oo6yuenne B8 HMY 6Gecnraraoe. CTygeHTaM BBILIAYMABAETCS CTUMEH U,

Hair agpec:

119002, Mocksa, b. Baacwesckun mep., a. 11.
Tenedpon:

(095) 241-4086.

daxkc:

(095) 291-6501.

E-mail:

ium@mccme.ru

IMogpo6buocTU cM. Ha caure http://ium.mccme.ru/



