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BerynureansHble ciaoBa

Kpusnie BrOporo mopsigka, WiIn KOHUKH, Tpa-
JIUIIMOHHO CUMNTAIOTCA OOBEKTOM aHaJuTHde-
CKOIi TeOMEeTPHUH U M3YyYaloTCA Ha IEePBBLIX Kyp-
cax TeXHNYeCKUX BY30B. IIpu sToM M3 X reo-
MEeTPUYECKNX CBOMCTB YIOMHHAIOTCA, B JIyd-
IeM cjydae, TOJbKO olTuuecKkue. Mexxay Tem,
9TH KpPHUBLIE 00/IaZal0OT PALOM APYTHUX BecbMa
KpPacuBBIX CBOMCTB, OOJIBIIAsA YaCTh KOTOPBIX
MOJKeT OBITh JOoKasaHa MeTOHaMM dJieMeHTap-
HOM TeoMeTpHU, BIIOJHE MJOCTYIHBIMH CTap-
IMeKJacCHUKaM. KpoMe TOro, KOHUKHU MOTYT
IPUMEHATHCS IJIsI PEeIIeHUs TeOMeTPUYECKUX
3ajad, Ha IEPBBIHA B3IJIAL HUKAK C HUMHU He
CBA3aHHBIX. B mTaHHOI padoTe MPUBOAATCA HAM-
0osiee MHTEpecHbIe (hpaKThl, CBA3AHHLIE C KPU-
BBIMY BTOPOT'O IIOPAIKA, B TOM UHCJIE JOKa3aH-
HBIE B IIOCJIeHee BpeMd.

T'ymaBa 1 KHUI'M IOCBSAIEHA 3JeMEHTAPHELIM
cBOMcTBAM KOHHUK. BoJiblllasd YacTh H3JIOMKEH-
HBIX B Hel (PAKTOB IIHMPOKO WH3BECTHA, HO U
OCTaJIbHBIE JOCTATOYHO IIPOCTBI, TaK UTO 9Ta
rjaaBa He TpeOyeT OT YHMTaTeJs IIOATOTOBKH,
BBIXOJAINEHN 3a PAMKU IIKOJBbHOM IMPOTPaMMBI.
Hexoropbie HecioKHBIE, HO Ba)KHbI€ YTBEPIK-
IeHUs MmpejjaraioTcsa B 9TOH IjiaBe B KauecTBe
yupaskHeHuii. MBI peKOMeHIyeM UYHTATEJIM,
IpesKae YeM UHNTATh pPelleHusd YIpasKHeHUi,
IIOIIBITATHCSA BBIIOJHUTE MX CAMOCTOSTEILHO.
ATo 00JIerYnuT MOHUMAaHNe JaJbHeHIINX JacTeil
KHuru. ['taBa 2 HOCHUT BCIIOMOTaTeJbHBIN Xa-
pakTep. B Hell u3iI0KeHBI HEKOTOpbie (ak-
THI U3 KJACCUYECKOUN I'eOMeTPUH, HYKHbIE IJIs
MMOHMMAHUS TMOCJeAYIONINX TJIaB, KOTOpbie B
IIKOJIe He M3Y4YalTcsa B JOCTATOUYHOM O0BeMe.
B riiaBe 3 wuaziararporcsa oblime OJd BCeX KO-



6 Bcemynumenvhule cao8a

HUK IIPOEKTHUBHLIE CBOMCTBA, K UMCJIY KOTOPBIX
OTHOCSITCS ¥ [OOBOJIBHO CJIOXKHBIE, HAIIPUMEP
TeopeMbl O IIy4YKax KoHuUK. Hakowel, riaBa 4
IMOCBAIIEHA METPUUYECKHM CBOMCTBAM, KOTO-
pBle, KaK MOPaBMUO, IPUCYIIU TOJIHBKO KOHU-
KaM OIIpeJeIeHHOI0 BHAA. JTa IJaBa SIBJISETCS
HauboJiee CJIOKHOUN m TpedyeT AJIsd MOHMMaHUA
JOCTATOUYHO TJIYyOOKOrOo O3HAKOMJICEHHS C IIpe-
IBIAYIUME TJIaBaMU KHUTH.

ABTOpHI 6arofapAT 34 IleHHbIE 3aMeUaHus
U. . Borpauosa u E. 0. ByabKkoBy.



TrTABA 1

JdJIeMeHTapPHbIe CBOWCTBA
KPHUBBIX BTOPOrO IMOPAAKA

§ 1.1. Onpenenenus

ITlycTs K03a mpuUBsizaHA BEPEBKOUM K KOJBIIIKY.
slcHO, UTO B 9TOM CJIyuae OHaA CHECT TPaBY BHY-
TPU KPYyra, IeHTPOM KOTOPOTO ABJISAETCA KOJIbI-
ek, a paguyc paBeH IIuHe BepeBKU. [IpuBa-
JKeM Teleph K03y K ABYM KOJIBIIIIKAM C IIOMO-
IIIHI0 BEPEBKU M CKOJIL3SAINEro o Heil KOoJbIia.
B sTom ciyuae o6JsiacThb, BHYTPH KOTOPOM KO3a
CBECT TpaBy, OyIeT BhITJISAAETh KaK Ha puc. 1.1.

I'panuna »sToii (GUrypsl XapaKTepu3yeTcs
TEeM CBOHCTBOM, UTO CyMMa PAaCCTOSHUIN OT JITO-
00if ee TOYKM O KOJBIIIKOB paBHA AJUHE Be-
peBku. Takas KpuBasd Ha3bIBAeTCS IJJAUNCOM,
a TOYKHM, B KOTODPbIe BOTKHYTHI KOJIBIIIIKU, —
porycamu.

IIoHATHO, UTO SJIJIUIC BBITJIATUT KaK «BBI-
TAHyTass OKPY/KHOCTb». ¥ HEro, OYeBHUIHO,
€CTh IBE OCH CHUMMETPUHU. ITO IPAMasa, COemu-
Hsomas POKYChI, M CEPeIUHHBIN IePIeHIuKY-
JIAP K OTPE3Ky ¢ KoHIlaMu B oKycax. ITU IBe
IpsMble HAa3bIBAIOTC 00JbULOLL T MAJLOU OCAMU
aNAUNCA, a AJIWHBI UX YaCTel, JIesKalluxX BHY-
TPU 3JJLINNCA, — JJIUHAMU OOJIBIIION M MAaJou
oceil. PaccToanue Mexxay poKycaMu Ha3bIBAIOT
(POKYCHBIM PAcCCTOAHUEM.

Tak:xe 0UYeBUIHO, UTO IJINHA BEPEBKHU, K KO-
TOpPO¥ HmpUBsS3aHA K034, paBHA AJIHNHE 00JbIION
OCH 3JIINIICA, BHYTPEHHOCTh KOTOPOTO OHA BBI-
efaer.

VHTYUTHUBHO $SCHO, YTO KO3a MOYKET [O-
OpaTbca A0 JIOOOM TOUYKM BHYTPHU BJJJIHUIICA
U TIOKeBaTh TaM TpPaBy, a OO TOUYEK BHE 3TO-
r'o 9JInICa OHA JoopaTbecsa He Moxker. Ho ecou
nepedOpPMyJUPOBATh 9TO YTBEP:KAeHUE HA UU-
CTO MaTeMaTUYeCKOM f3bIKe, OHO yiKe He Tak
OUYeBUIHO.

Puc. 1.1. F; u Fs —
doKycel, a u b — 6oablnas
¥ Majas ocu
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Yupaxuenue 1. Jloxakure, YTO cyMMa
paccTosgHUI OT JI000M TOUYKM BHYTPHU SJJIHUIICA
o GOKyCcOB MeHbIIIe, a OT TOYKHK BHE 3JIJIUIICA
0OJIbIIIEe OIJIUHBI OOJILIIION OCH.

Pewenue. O603HauUM (HQOKYCHI SJIIUIICA Ue-
pes F1 u Fy, a Touky uepesd X. Toukry mepeceue-
Hudg ayda F1X c snumncom o603HAYNM uepes Y.
IIycTs cHauasma Touka X JIEXKUT BHYTPU DJLIUII- Puc. 1.2
ca. ITo mepaBeHcTBy TpeyroabHuKa FoX < XY +
+ YF;, a sHauur, F1X + XFo < F1X + XY + YFo = F1Y + FoY (pumc. 1.2).

Ho F,Y + F,Y paBHO AJimHe BEpeBKHU, K KOTODPOU HOpuBA3aHA KO3a,
T. €. OOJBINOH ocu dJauIca. Paccy:Kaas aHAJOTUUYHO B CIAydae, €CJU TOU-
kKa X JeXuUT BHe dJamuiica, moaydaem FoY < XY + XF5. CiaemosaTesbHO,
FiX+XFo=F1Y+YX+XFys>F Y+ F)Y.

JJIIUICH YacTO BCTpedyaloTcAa B MexaHuKe. Tak, Hampumep, IJaaHeTa,
aBurasch BoKpyr CoJiHITa, OMUCHIBAET dJIHUIC, npuueM CoJHIle HaXOmUT-
cd B OOHOM u3 ero (poKycoB (3axoH Kemepa).

IILIUIC ABIAETCA OTHUM U3 IPUMEPOB KPUBbLX 6MOP020 NOPAOKaA, NI
KoHuk. [IpyruMu mpuMepaMu TaKUX KPHUBBIX SBIASIOTCA napabona u 2u-
nepboaa.

T'unep6osioti Ha3bIBaETCA MHOMKECTBO TOUEK, MOAYJIb PA3SHOCTH PACCTO-
SAHUH OT KOTOPBIX MO0 ABYX (PMKCUPOBAHHBIX TOUEK, HA3bIBAEMbBIX ()OKYCA-
MU, TIOCTOSTHEH.

T'umep6oJsia COCTOUT U3 ABYX AYT, KOTOPbIE CKOJb YTOAHO GJIM3KO IPU-
Osm:KaloTCA K ABYM IPAMBIM, HAa3bIBAEMBIM ACUMNMOMAMU 2UnepooJibL
(puc. 1.3). T'umep6osa ¢ TePHEHANKYJISPHBIMY ACUMIITOTAMUN HA3LIBaeTCS
PABHOCMOPOHHET.

IIpamas, npoxoasAmiasa yepe3d QPOKychbl TUIEPOObI, ABIAECTCA €€ OCHIO
CMMETPUN W Ha3bIBaeTcA delicmaeumenbHol ocvio. IlepuneHIuKyIApHAT
el mpaMas, IPOXOAAIlas Uepes cepeguHy
oTpe3Ka Mexay (QoKycaMu, TaK:Ke SIBJISIET- b
cAd OChI0 CUMMETPUU ¥ HAa3bIBAETCS MHUMOU
0Cbl0 TUTIEPOOJIBI.

Ecau xomera jetur mumo CoJIHIIA U CH-
Jbl mpuTaKkeHna CoTHITa HeIOCTATOYHO, UTO- F F, @
ObI OCTAaBUTHh KOMETY B IIpejejaX COJHEUHOI
CHCTEMBI, TO TPAEKTOpUEel KOMeTHI OyaeT Ay-
ra rumnepbosbl, (POKYyC KOTOPOH HAXOAUTCH
B mtenTpe CosHIa.

IIapaGonoi HasBIBAETCS MHOXKECTBO TO-  Pyc, 1.3. F; u Fy — hoKycCHI,
YeK, PaCCTOAHUA OT KOTOPBIX A0 (DUKCHUDPO- g u b — geificTBUTeNbHASA U
BAHHBIX TOUYKU W IPSIMOM PaBHBLI. OTU TOY- MHUMAA OCH,

Ka U OpaMasd HasblBaloTcad @orxycom u Ou- Il u lp —acuMOTOTHI

A ls




§ 1.1. Onpedenernus 9

pexmpucoii mapaboJsibl cOOTBeTCTBeHHO. [IpsAMas, nepueHIuKyadpHasa Iu-
PeKTpuce W MPOXOAAIIAsS ueped (OKyc, HA3LIBAETCA OCbI NnapaboJibl
(puc. 1.4). OueBUAHO, UTO 9Ta IPAMA ABIIETCA
OCbI0 CUMMETPUHM I1apaboJIbI. 14
Hampumep, KamMeHb, OPOIIEHHBIN O YTJIOM
K TOPUBOHTY, JIETUT 110 mapabo.e.
B KaxoM-TO cMBICJIEe, C TEOMETPUYECKOH TOU-
KU 3peHus, mapaboJia Bcero ogHa (KaK 1M OKPYIK-

HocTh). TouHee ToBOpS, Bce Tapaboibl MOJO0HEI, \
T. €. OHU IIePEBOAATCA APYT B IPYra IOBOPOTHOMN
roMoTeTHeil. Puc. 1.4. F — dorye,

o /—
PaccMOTpPUM CEMeHCTBO SJLIMICOB ¢ (ory- | Ul — AupexTpuca u och
mapabosIbI

COM B (DMKCHPOBAHHON TOUKE U TPOXOAAIIUX
yepes B3aJaHHYI0 TOUYKY. Bropoii e Qoxryc
ycTpeMuM K OECKOHEUYHOCTH BIOJIb KaKOTO-TO
HampaBjeHusa. Torma sTu SJJIUICH OYAYT CTpe-
MUTBhCA K mapaboJiie ¢ TeM ke ()OKYCOM U OChIO,
mapajieJbHON HANPaBJIEHUIO, BIOJbL KOTOPOTO
MBI YBOAUJIW BTOPOH hOKyc. AHATOTUUHEBIHN 9KC-
MIEPUMEHT MOJKHO IOBTOPHUTH U AJISA TUIepPOOJI.
Taxum obpasoM, napaboJia sABJAETCA Ipefesb- Puc. 1.5

HBIM CJIyJaeM KaK 9JIIUIICA, TaK W T'UIepOOoJIbI.

Yupaxuenue 2. ChopMyaupyiiTe M TOKaKUTe IJA IapabOJbl W TH-
mepOoJILl YTBEPIKACHNSA, aHAJIOTMYHbIE YTBEPIKIeHUIO0 U3 YIPaKHeHus 1.

Pewenue. 115 ToueK BHYTpHU mmapaboJibl paccTosHme 10 oKyca MeHb-
II1e, YeM PacCTOsSHUe A0 JUPEeKTPUCHI, a IJd TOUeK BHe mapabosbl HA06o-
por (puc. 1.5).

IIpoermuio Toukm X Ha AUPEKTPHUCY 0003HAUMM Uepe3 Y, a TOUKY
nepeceueHusa XY c¢ mapaboJoii uepes Z. Uepes F obGosmauum (oKycC Ia-
pa6oiawi. ITo ompemenenuto mapabosabl FZ =ZY. Ecau touxa X JeXHUT
BHyTpu mnapabosbl, To XY = XZ + ZY. Ilo HepaBeHCTBY TpeyroJbHUKA
FX<FZ+ZX=ZY+ZX=XY. Ecau tourka X u nmapaboJia jexaT 110 pas-
HBIEe CTOPOHBI OT JUPEKTPHUCHI, TO YTBEp:KIeHNe oueBUAHO. IIycTh TOUuKa
X JexuT BHe mapaboJibl, HO IIO0 Ty K€ CTOPOHY OT AUPEKTPHUCHI, TOTIa
ZY =ZX + XY, u o HepaBeHCTBY TpeyroabHuka FX 4+ XZ >FZ =7Y =
=ZX +XY. A zaauur, FX > XY, uTo u TpebOBaJIOCh JOKAa3aTh.

B cayuae ¢ rumep6oiioil 3TO0 yTBep:KAeHUre (HOPMYJIUPYETCS CJIEIYIO-
UM 00pa3oM: TYCTh MOJYJb PA3HOCTH PACCTOAHUU OT JIOO0H TOUKM Ha
rumepbosie 10 PoxycoB F; u Fy paBen d. OGo3HauuM Ayry ruiepOoJbI,
BHYTPHU KoTopou Jjexut Fy, uepesd I'. Torma naa Touexk X BHe I’ BeIumuuHA
XFy — XF, menbitie d, a BHyTPU — OOJIbIIIE.

IIycte Touka X J€KUT BHYTPHM UYacTH, oTcexkaemoi myrout I'. O6o-
3HAUMM TOUYKY IiepeceueHma Jayda FoX u I' uepes Y. Ilomyuaem, uTo
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FoX =FY + YX. Ilo HepaBeHCTBY TpPeyToJb-
Huka F1 X < F1Y + YX, sHauur, FoX — F1 X >
>EFY+YX) - (FMY+YX)=FY-FY=d.

Ecau ke Touxka X jexur BHe I', TOo, B3AB 3a
TOuKy Y nepeceueHue F1 X u I', monyuum F1 X =
=F,Y + YX. Ilo HepaBeHCTBY TpeyroJbHUKA
FoX <FY +YX. CnemoBarennuo, FoX — F1 X <
<(FY+YX)— (F1Y+YX)=FY -FY=d.

Ormerum (moka 6es3 mOKasaTelIbCTBA), UTO
U 3JILIUIC, U mapaboiia, u rumepbosia o6IagaioT Puc. 1.6
CJAEAYIOIINMI CBOMCTBAMM: JI00AsA HMpAMAas IIe-
pecexkaeT Ka)KAyl0 M3 9TUX KPUBBIX He 0ojiee UeM B ABYX TOYKaxX, WM U3
JIF000M TOUKM ILJIOCKOCTH K KPMBOM MOXKHO IIPOBECTU He 0oJjiee IBYX Kaca-
TeJbHBIX. OTH CBOMCTBA ABJSIOTCSA OUEBUIHBIMU CJIEICTBUIMU Pe3yJbTa-
ToB § 1.5.

Yupaxuenue 3. HailinuTe reoMmeTpryecKkoe MeCTO IIEHTPOB OKPY:KHO-
cTeil, KacawInuxcsa IBYX HaHHBIX.

Pewenue. PaccMoTpuM [OJIsI OIpPeneIEHHOCTU CJIyYal, KOTZa OKPYIK-
HocTHu ¢ neaTpamu O, Oy U paguycamMu ri, 's JeKaT ogHa BHe apyroii. Ec-
JIX OKPYKHOCTB ¢ IleHTpoM O U pagmycoM r KacaeTcsa 00enx OKPYy:KHOCTeHn
BHeITHUM obpasom, To 001 =r+ry, OOy =r+ ry u, 3uauutr, 001 — 00y =
=r—ry, T. e. O JeXXUT Ha OTHON M3 BeTBell ruiepboJibl ¢ (poKycamu
O1, O2. AHAJIOTUYHO ecJI OKPYKHOCTb KacaeTcs 00enX TaHHBIX BHYTPEH-
HUM 00pa3oM, TO ee IIEeHTP JIEXKUT Ha APYTOi BeTBU 9TO# rumnep06osnl. Ecin
JKe OHO 13 KacaHuil BHEITHee, a IPyroe BHyTpeHHee, TO MOAYJIb PA3HOCTH
paccrosauuiit OO1 u OO9 paBeH 11 + s, T. e. O onucLIBaeT APYryo0 TUIEpP-
6oy ¢ Temu ke (poKycaMu. AHAJOTUYHO €CJIM OJHA OKPYIKHOCTH JIEKUT
BHYTpU JApyroit, To uckomoe I'MT coctouT m3 nByx 5aaUNCOB ¢ (hoKycaMu
O1, Oy 1 GOJIBIIIUMU OCAMU, PABHEBIMIU ' + Iy U 1 — e Ciyuaii mepeceka-
IOIIUXCA OKPYIKHOCTel pasbepuTe caMOCTOATEIbHO.

§ 1.2. AmanuTnueckoe omnpeaeaeHne U Kiaccupurammus
KPHMBBIX BTOPOTO MOPSAIKA

B mpexawigyiiem maparpage Mbl yIIOMAHYJIN, UTO 9JIJIUIC, Tapadosa u ru-
nep6oJia SBJIAIOTCA YaCTHLIMHU CIYyUYasgMU KPUBBLIX BTOPOTro mopsaka. Ceii-
Yyac MBI YTOUHUM 9TO YTBEDP)KAEHUE U IIOKaKeM, UTO, B OIpPeAesIeHHOM
CMbICJIE, IPYTUX KPUBBIX BTOPOTO MOPAIKA HE CYIIIeCTBYET.
Onpenenenue. Kpueoii 8mopozo nopadxa HasbIBaeTCA MHOMKECTBO TO-
YeK, KOOPAUHATHI KOTOPHIX B HEKOTOPOU (a 3HAYHUT U B JIO00H) IeKapTo-
BO1 cucTeMe KOOPAMWHAT YIOBJIETBOPAIOT YPABHEHUIO BTOPOT'O IIOPAAKA:

(1) a112%+ 2a19xy + asey® + 2b1x + 2byy +c =0.
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Ecau neBasa yacth ypaBHenusd (1) pasyiaraercs Ha JBa MHOMKUTEJA IePBOM
CTeIleHU, TO KPUBas ABJAETCA 00beJUHEHNEM ABYX HPAMBIX (BO3MOXKHO,
coBIIajaroIux). B aTOM ciaydae oHa Ha3bIBaeTCS 8blpoXdcdeHHOU. BBIpo-
JKAEHHOH cumMTaeTcsd TaKsKe KpuUBas, cojepskaliias POBHO ONHY AelCTBHU-
TeJBHYIO TOUKY (Hampumep, x2 + y2 =0).

B kypce amanuTuueckoil reoMeTpuy HOKa3bIBaeTcA (CM., HaIpuMmep,
[1]), uTo A ar000iT HEBBIPOXKAEHHON KPUBOII CYIIIECTBYET CHCTEMa KOOop-
IVHAT, B KOTOPOI ee ypaBHeHUE UMeeT JOCTATOUHO IIPocToii Bua. Onuiinem
OCHOBHYIO UJIEI0 9TOT'0 YIIPOIIEeHU.

Brauase coBepIIuM IOBOPOT Oceii KOOPAUWHAT HA YyTOJ ¢. ITO 3HAUUT,
yTo B ypaBHeHuu (1) KOOpAMHATHEI X U I HAAO 3aMEHUTH COOTBETCTBEHHO
Ha X COS ¢ —ysin ¢ u xsin ¢ + ycos ¢. Boibupasa sHaueHHne ¢, MOXXHO J0-
OUTHCS TOTO, UTO KO3(h(PUIMEHT IPpU NPOMU3BEAEHNHN XY CTAaHET paBeH HY-
J10. 3aTeM IepeHeceM HAYAJI0 KOOPAMHAT B TOUKY (Xg, Yo), T. €. 3aMEHUM
X Ha X+ X9 U Yy Ha Y+ Yyo. Beibopom 3HaueHU# (Xg,Yo) MOMKHO JOOUTH-
cs TOTO, UTO ypaBHeHUe (1) IpuMeT OAWH U3 CAeAYIOIUX KaHOHUYECKUX
BugoB (1), (II), (III).

HemocpemcTBeHHOE BHIUKUCIEHNE TOKA3LIBAET, UYTO KPUBAS

2 2
) 2—2+Z—2:1, a>b>0,

SABJISIETCA JJAJLUNCOM C IIEHTPOM B HauaJsie KOOPAMHAT, (hoKycaMu B TOUKAX
(£va2 —b2,0) u GoNBbLIOH U MAJOR MOJyOCAMU (T. €. IIOJOBUHAMMU [AJIUH
COOTBETCTBYIOIIIUX OCeI), PABHBIMU COOTBETCTBEHHO a, b. B wacTHOM cCiry-
yae a =b snaunc (I) aBaseTcAa OKPYKHOCTBIO.

Kpusasa
(In x—z—ﬁzl, a>0,b>0,

a2 b2

ABJIAETCS 2unepoooll, mepeceKarolieil CBOI0 AeHCTBUTEIbHYIO OCh B ABYX
TOUKAaX, PACCTOAHNE MEKAY KOTOPHIMU paBHO 2a. BenuunHa a Ha3bIBaeT-
cA AefCTBUTENBHOM, a b — MHUMOM moJiyochio runepbosisl. Ilpameie x/y =
=4a/b ABIAAIOTCA aCHUMIITOTAMU I'UIIepOOJIbl, a Touku (+va2 4 b2, 0) —ee
doxycamu. Ilpu a = b runep6osa (II) 6ymeT paBHOCTOPOHHEI.

B cayuae

I y*=2px, p>0,

KpuBas ABJAETCS mapaboJioil, ocb KOTOPOI COBHIAJaeT C OChI0 abciuce,
doxyc Haxogurca B Touke (p/2,0), a ypaBHeHUEe QUPEKTPUCHL X = —p/2.
KpuBaa

x2 y2
2tp=-1

HAa3bIBAETCA MHUMbBLM IJAUNCOM W HE CONEPIKUT HU ONHOH JeHCTBUTEb-
HOI TOUKH.
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B pasbHeieM, ecau He OTOBOPEHO IIPOTUBHOE, KPUBAsA BTOPOTO IIO-
PAIKa moapasyMeBaeTcsa HEBBIPOMKIEHHON U He MHUMOM.

3amaua 1. [oxaskuTe, uTO ypaBHeHUe y = 1/x 3amaer runepboJy,
1 HaguTe ee (POKYCHI.

§ 1.3. OnTuueckKoe CBOICTBO

Kax msBecTHO, ecsm JIyd cBeTa majaeT Ha 3e€PKAJbHYIO MOBEPXHOCTH, TO
oTpakaeTcs OH OT Hee IOJ TAKUM Ke YIJIOM, IO KOTOPBIM yIaj. ITO CBA-
3aHO C TaK HashbIBAEMBLIM IpUHITMIOM PepMa, IIacAIIIUM, YTO CBET BCeTAa
BBIOMpaeT KpaTuanmiuii nyTh. [laBaliTe JoKaKeM, UTO 9TOT IIyTh AelCTBU-
TeJbHO OyAeT KpaTuanIinmM.

WUrak, mama npamas [ m Touku F; u Fe, jekaiiue 1o OgHY CTOPOHY
ot Hee. TpebyeTca HaWTu Takyo TOUKy P Ha IpsaMOii, YTO CyMMa PaccTo-
auuii or P o F1 u Fy Oymer muHumaJjbHOi. OTpasuB Fs OTHOCHUTEILHO
npamoii [, moxyuum Touky Fy. OueBuzpHo, uto FoX = Fy X pisa no0oit To4-
Ku X Ha npamoi [. IlosaTomy HaM JOCTATOYHO HAWTHU TAKYIO TOUKY P, uTo
cymma paccrosauuii ot P no Fi u Fj Gyner kak Mo:xHO MeHbIte. O4eBUAHO,
MUHHMYM JOCTHTaeTcs, Korga Touka P sexutr Ha orpeske FiF;, mepece-
KamlreM npamyio [. Torga Tpedyemsble yriibl, OUeBUAHO, PaBHEI (puc. 1.7).

Yupaxuenue 1. a) Korga mocruraerca MakcUMyM MOIYJISA Pa3HOCTHU
paccrosgHUM oT Touku P 0o Touek Fy u Fy, jJeKamux 1o pasHble CTOPOHEBI
OT IpAMOii [?

6) ITycTs gansr e npamselie [ u I’ u Touka F,
He Jie)Kkaniasa Ha Hux. Halijure Takyio Tourky P
Ha IPAMOHA [, YTO PAa3HOCTH PACCTOSTHUU OT Hee
o npamoii I u 1o Touku F (B3ATas CO 3HAKOM)
MaKcUMaJbHA.

Pewenue. a) O6osnauum dyepes F, TOUKY,
cuMMeTpuuHyio Fy9 oTHocuTenbHO IpAMoOM [.
OueBuzpHo, uro FoX = FjX nnsa ma1060ff TOUKU
X Ha npamoii . Ham gocTaTouHO HAalTH TaKyIO
TOuKy P, uTO pasHOCTb paccTodHu# ot P no Fy
u F) Oymer kaxk Mo)xHO Goiblne. VI3 HepaBeH-
CTBa TPEYTOJbHUKA ciaenyeT uto |F1P — FyP| <
< FiF). I nocTuraercda 3TOT MAKCAMYM TOT'LA 1
TOJIBKO TOTJa, Korga Touku Fy, F,, P nexar Ha
oxuoi npamoii. IlockonbKy Touku Fy u F) cum-
MEeTPUYHBI, YIJIbl, KOTOPbIEe 00pa3yioT IpPAMbIe
F1P u FyP c npamoiui [, paBHBI (puc. 1.8).

6) O6osHauuM uepes3 F' TOUKY, CUMMeTpPUY-
HyiI0 F orHocuTenapHOo [. BeiOepemM Ty 13 TOUEK
F u F', paccrosuue oT KOTOPO# A0 mpamoi I’

Puc. 1.7
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MHUHHMAaJbHO (paccTosgHHe OepeTcs CO 3HAKOM).
IIycts sT0 TOouka F. Paccroanme or F go I obo-
sHaunM uepesd d. Torma gnsa aro6oi Toukm P Ha
npamMoii [ paccroaraue go I’ He Goabie uem PF +d.
A smauut, TpebyemMas B 3ajjaue Pa3HOCTD BCeTra He
npeBocxoauT d. C Apyroii cTOpoOHBLI, OHA paBHA B
TOUHOCTH d, KOrJa TouKa P JIe;KUT Ha IeplIeHIu- Puc. 1.9
KyJaspe K I/, mpoBefeHHOM u3 Touku F (puc. 1.9).

CTout TakKe OTMETUTH, YTO €CJIH B II. a) npamad Fy F, napannensHa [,
a B 1. 6) mpaMasdA [’ mepueHANKYIAPHA [, TO PAaCCMaTPUBAEMOTO MAKCHUMY-
Ma He cyIecTByeT (OH mZocTuUraeTcsa Ha 6€6CKOHEUHOCTH).

Teneps chopmMyampyeM OHO 13 BaXKHENIIINX CBOMCTB KOHUK — TaK Ha-
3bIBa€MOE OIITHUUYECKOe CBOIMCTRO.

Teopema 1.1 (onnTuueckoe cBOMCTBO 3jnunca). Ilycmov npamas l kaca-
emcs aaaunca 8 mouke P. Toz0a npamas | —amo 8Heuwnas Ouccekmpuca
yeaa F1PFy (puc. 1.10).

Hoxaszamenvcmeo. Ilycts X — mpousBosibHAA TOYKA HA IPSIMOU [, OT-
anuHad or P. Tax Kak X Jie:KUT BHe djiuiica, Mbl umeeMm XFy + XFs >
> PF1 + PFs, T. e. u3 BcexX TOUEK mpsamMoir [ Touka P mMeeT HAMEHBIITYIO
cyMmmy paccroanuit 1o F; u Fo. Ho B cmry BhIIIIeCKa3aHHOTO 3TO O3HAYAET,
YTO YIJIBI, OOpasoBaHHble IpAMbIMU PFy u PFs ¢ [, paBHBI. ]

Yunpaxaenue 2. ChopmynupyiiTe 1 JOKAKUTE ONTUUYECKOE CBOMCTBO
UL TTapaboJi u rumepoo..

Pewenue. JIna mapaboJs OnTHUUYECKOE CBOM-
CcTBO (OPMYJUPYETCSA CJAeAYIOIUM 00pasoMm.
IIycTs npsamas [ kacaercs mapabosbl B ToukKe P.
IIpoekmuio Touku P Ha TUPEKTPUCY 0003HAUUM
uepes P’. Torga | aBisaercs GUCCEKTPUCON yria
FPP' (puc. 1.11).

IIpenmnososxum, uro 6uccexktpuca yriaa FPP’
(o6o3nauum ee uepes l') mepecexaer mapa6o-
Jy eIle B KakKoui-HuOyap Touke. O0o3HaUuM
3Ty TOUKY uepes @, a ee MPOEKIINI0 Ha AUPEK-
Tpucy — uepes Q. Ilo ompenenenuo mapa6o-
gl FQ=QQ'. C 1pyroii CTOPOHLI, TPEYTOJbHUK
FPP' pasHOGenpeHHBIN, U OUCCEKTPHUCA YIJa
P — 510 cepenuHHBLINA IepHeHAUKYIap K FP'.
A zHauuT, gad Jg000 TOUKHM @, JesKalrnei
Ha 9TOU OMCCEKTPICe, BLIMOJHACTCA PABEHCTBO
QP =QF =QQ'. Ho sTOoro He MoKeT OBITh, TaK
KaK @ — eIWHCTBEHHAA TOUYKA HA JUPEKTPUCE
mapaboJbl, B KOTOPOM JOCTUTAETCS MUHUMYM
PacCcTOAHUS 0 TOUKU Q. Puc. 1.11

Puc. 1.10
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Temeps chopMyaIHpPyeM OITHUUECKOE CBOM-
CTBO JJIsI TUIEePOOJILI.

Ecnu npamasa [ kacaeTca rumep0O0Jbl B TOU-
Ke P, Tto | sBasercsa Ouccekrpucoii yria FyPFs,
rae Fy u Fo — @oxrycel rumepboabl (puc. 1.12).

IIpegmososxum, uro GuccexTpmca I yriaa
F,PF, nepecekaetr rumepbo.y erfe B KaKOW-HU-
Oyap Touke @ (JIerkalieil Ha TOH Ke Ayre, UTO
u P). Ias ymobcTBa 6ygeM CUMTATh, UTO TOUKA
P je:xuT Ha nyre, KoTopas Oamxe K Gorycy Fi. Puc. 1.12
OGosuauyum yepes F; TOUKy, cuMMeTpUUHYIO Fy
oraocurensHo . Torga F1Q = QF;, F1P = PF{; kpome Toro, Touku Fy, F|
u P nexart Ha ogHOM mpsamoii. Urak, FoP — PF; = FoQ — F1Q. B cuny BBI-
IIleyKa3aHHBIX PaBeHCTB IoiydaeM FyF| = FoP — PF| = FoQ — QF;. Ho mo
HEPaBEHCTBY TPeyTolbHUKA FoF| > FoQ — QF].

Mo:KHO TaK:Ke IMOJYUYUTH AOKA3aTeJIbCTBA 9TUX YTBEP:KACHUH, aHao-
TUYHBbIE TOKAa3aTeJbCTBY OINTHUUYECKOTO CBOMCTBA IJiA sJauica. IlJisa sToro
JIOCTATOUYHO BOCIIOJIB30BATHCA PE3yJbTaTaMU yIpaskHeHusA 1.

OnTuuecKkoe CBOMCTBO mapabosibl OBIJIO M3BECTHO eIlle APeBHUM I'DeKaM.
CraxxeM, ApxuMe[, pacIIoJOKUB MHOTO MeIHBIX IITUTOB TaK, YTO OHU 00-
pasoBasiu mapabonuYecKoe 3epKaJio, coker ocaskaaBinuii Cupaxyssl (uioT
PUMJISH.

Yupaxuenue 3. PaccmoTpum ceMeiicTBO coOpOKYCHBIX KOHUK (Tak Ha-
3BIBAIOTCA KOHUKH, ¥ KOTOPHIX (DOKYCHI COBIIamaioT). JJoKasKure, 4TO JIIO-
Oble TUIIep0OJIa U SJIIUIC U3 ITOTO CeMeMCTBa MepPeceKaloTCsa IO MPIMBbI-
MU yriamu (YoM MesKAy ABYMsS KPUBBLIMU HA3LIBAETCA YyroJl MeKIY Ka-
caTeJbHBIMU K HUM B JAHHOI TOUKE MX IlepeceueHusi, cM. puc. 1.13).

Pewenue. Ilycth sanuiic u rumepboJa ¢ porycamu F; u Fo mepeceka-
oTcsa B Touke P. Torga KacaTeabHbIe K HIM B 9TOM TOUKe OyAyT OMCCEK-
TpucaMu BHEIITHEro U BHyTpeHHero yrioB FyPFs coorBercTBeHHO. Ciemo-
BaTeJbHO, OHU OYAYT IepIeHANKYJIAPHBEI.

Puc. 1.13
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Teopema 1.2. ITycmv xopda PQ co-
depxcum poryc Fy aaaunca, R — mou-
Ka nepeceueHus KACAMENbHbLX K IJ-
auncy 6 moukax P u Q. Tozda R —
Mo UeHmp BHEBNUCAHHOU OKPYMCHO-
cmu mpeyzoavhuxka FoPQ, a F1 — amo
MmouYKa KACAHUS IMOU OKPYICHOCMU
co cmoporoti PQ (puc. 1.14).

Hoxazamenscmeo. B cuny onrtu-
yecKoro coiictsa PR u QR — sTo Ouc-
CeKTPUCHI BHEITHUX YIJOB TPEYTOJIb-
HuKa FoPQ. A 3HaunT, R — IIeHTP ero BHEBIMCAHHON OKpy:KHOCTH. Tou-
Ka KacaHUsA BHEBIMCAHHON OKDPYKHOCTHU CO CTOPOHOIT (0003HAUMM ee ue-
pe3 F|) BMecTe C IIPOTHBOIIOJOKHON BepIIUHON Fy [enar mepumeTp Tpe-
YTOJIBHUKA IIONOJaM, T. e. F{ P+ PFy = FsQ + QF;. Ho aTum cBoiicTBOM 06-
najaer Fy, u rakad Touka TONIBKO ofHa. 3Hauut, F| u F; coBunagator. [

CanencrBue. Ecau mouKy nepeceienus KAcameabHblX K IJAUNCY 8 KOH-
uax xopodvl, codeprcauieti Goryc, cOeOUHUMb C IMUM POKYCOM, NOAYYUBE-
wascs npamas 6ydem nepnenduKyaapra xopoe.

B cayuae runmep6osibl Teopema 1.2 ToXKe BepHa, HO BMECTO BHEBIIMCAH-
HOM OKPYKHOCTH HAJ0 PacCMATPHBATH BIIMCAHHYIO.

Puc. 1.14

§ 1.4. 30roHaasHOe CBOMCTBO KOHHUK

OmnTuuecKoe CBOMCTBO ITO3BOJIIET 3J€MEHTAPHO A0KAa3aTh COBCEM YINBU-
TeJbHBIE CBOWCTBA.

Teopema 1.3. IIposedem u3 arw0b6oii mouku P, aexcauietl ne anaunca,
0ee KacameavHvle K Hemy. Ilycmv oHu Kacarwmces aaaunca 6 moukax X
uY. Tozda yeavt F1PX u FoPY pasrnuvt (F1 u Fy — porycoL aanrunca).

Hoxasamenvcmeo. Ilycts Fy, F; — TouKku, cuMMeTpuuHble F; u Fy ot-
HocureabHOo PX u PY coorBercTBenuo (puc. 1.15).

Puc. 1.15
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Torna PF| =PF; u PF,=PF,. Kpome Toro, touku Fy, Y u Fj nexar Ha
OJHOM MIPAMOI (B CHJIy OIITMUECKOTO cBoiicTBa). To Ke caMoe BepPHO U IJiA
touek Fy, X u Fi. Ilonyuaem FoF| = F3X + XF, = F;Y + YF; = F,F;. Cue-
nmoBaTesbHO, TpeyronbHuku PFoF| u PFF) paBHBI (II0 TpeM CTOpPOHaM).
A 3Hauwur,

/FoPF, +2/F,PX = ZFgPF{ = ZFlpFé = /F1PFs + 2/F5PY.

Orciona mosnydaeM, uro /FiPX = /F;PY, uTo u Tpe6GoBaIoch ' . O

W3 puc. 1.16 BuaHO, YTO aHAJOTUYHOE CBOMCTBO BBIIIOJHEHO IJIA T'H-

1ep60JIBI 2.

Puc. 1.16

IIycTe Temeph sanuiic (rumepbosa) ¢ poxycamu Fy, Fe BImcam B Tpe-
yroapuuk ABC. W3 moxasaHHOTO yTBep:KIeHHUsA cienyer, uto LBAF; =
= ZCAFZ, ZABFl = ZCBFQ u LACFl = ZBCFQ.

B § 2.3 Oyzmer mokasaHo, UTO AJA JI000# (32 pPeIKUM HCKJIIOUEHHEM)
TOUYKM IIJIOCKOCTH X CYIIECTBYeT eAWHCTBEHHAas Takas TOuKa Y, 4To X
u Y ABIAIOTCSA (POKycaMU KOHHKM, KacaloIelcsa BCeX CTOPOH TPEeyroJb-
HuKa. Takas Touka Y Ha3bIBaeTCA U3020HAJbHO CONPAXCeHHOU mouxke X
OTHOCHUTEJHbHO TPEeYyTroJbHUKA.

W3 KOHCTPYKIMHU, C IIOMOIIbI0 KOTOPOM MBI JOKasajau Teopemy 1.3,
MOXKHO IIOJYYHUTEL eIlle OOWH HHTEPeCHBIN pesyabrar. IIoCKOJIBKY Tpe-
yroabauku PFoF{ u PF,F; paBHbl, paBHbl yriusl PFFy u PF;F;. Ilonyyaem

/PF\X = /PF|F, = /PF\F, = /PFY.

1. M=u1 paccmoTpesiu cayuaii, korga Fy, Fo jeskaT BHYTpHU yria F{PFé, npuueMm F; jexur
BHYTPH yTJa FgPFl’. B apyrux caydasx paccysKIeHUA aHAJOTWMYHBI.

2. Ilpepgnaraem umTaresasM pa3oOpaTh [BA BO3MOMKHBIX CJIAyYas: TOUKM KAaCaHUS HA OJHOMU
BETBU U Ha Pa3HBIX.
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Taxum oOpasom, JoKasaHa cJefylolllas TeopeMa, ABJSIOIIascsa 0000-
mmeHneM TeopeMsI 1.2.

Teopema 1.4. B o6o3navenusx meopemuvt 1.3 npamas F1P aensemcs
ouccexmpucoii yeaa XF1Y (puc. 1.17).

Teopema 1.5. I'eomempuyeckum mecmom mouek, U3 Komopwvlx OAHHbBLU
aaaunc 8uden nod npamovim yzaom (m. e. npogedeHHvle K HeMYy U3 Imou
MOYKU KacameJbHble NepneHOUKYAAPHbL), ABALEMCS OKPYHCHOCMY C YeH-
mpom 8 yenmpe aaaunca (puc. 1.18).

Puc. 1.17 Puc. 1.18

Hokazamenvcmeo. O6o3uaunM (GOKyChI 3TOTO djauiica uepes Fy u Fs.
IlycTh KacaTenbHBIEC K 9JLIUICY B TouKax X u Y IepeceKkaTca B Touke P.
Orpasum F; orHocurensno PX. ITonydeHHYIO TOUKY 0003HAuUM uepes F.
Torga us Teopems! 1.3 caenyet, uro Z/XPY = /F{PFy u F{Fs=F1 X + F5X,
T. €. JIuHa orpeska Fi{F, paBHa 0GosbINoil ocu sJauica (IjIuMHe BePeBKU,
K KOTOPOH IpuBA3aHA Kosa). Yroa F{PF, mpaMmoil Tora M TOJBKO TO-
raa, korga FjP? + FoP?2 = F{F2 (no teopeme Iludaropa). CiegoBaTenbHo,
yros XPY mpamoii Torga 1 TOJIbKO TOTAa, Korga cymma Fy P? + Fo P2 paBHa
KBagpaTy OOJILINIOIH ocu »Jiuiica. Ho, KaK JerkKo mokasaTh, 9TO YCJIOBUE
oIpefieiseT OKPYKHOCTD. [leficTBUTEeIbHO, IyCTh TOUKA F; mMeeTr geKap-
TOBBI KOOpPAUHATEI (X1,Y1), a Fo cooTBeTcTBeHHO (X2, Y2). Torma Koopau-
HATBI UICKOMBIX TOUeK P OyAyT yAOBJIETBOPSATH YCJIOBUIO

(x—x1)2+ W —y1)?+ (x—x2)2+ (y—y2)2=C,

rae C — 9T0 KBagpat 00JabI0i ocu. Ho MOCKOMBKY KOd(MMUITNEHTHI IIPU X
u y? paBHHI (a UMeHHO 2) 1 K03hdHUIIEHT IpHu Xy paBeH 0, MHOMXECTBOM
TOUEK, YAOBJETBOPSIOIINX 9TOMY ypPaBHEHUIO, OyIeT OKPYKHOCTb. Jler-
KO IOHSATh U3 COOOpaKeHUM CUMMETPUM, UTO IIEHTPOM 3TOH OKPYKHOCTU
OyzeT cepenmHa oTpeska FiFs. O

2
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Ons runep6oJibl TaKkas OKPYIKHOCTH CYIIECTBYeT, BOOOIle roBOpA, He
Bcerga. Korma yros MesKIy acHMIITOTaAMM THOEPOOJIBI OCTPHIN, paguyc
OKPYKHOCTH OymeT MHUMBIM. Ecin acMMITOTHI NepHeHIUKYJISPHBI, TO
OKDPY’KHOCTb BBIPOKIAETCA B TOUKY — IIEHTD I'UIIepOOJIbI.

IIpumeuanue. Ilycts mausl Touxku Py, Ps, ..., P, u uucna kq, ks, ..., k,
u C. T'eomerpryecKuM MecTOM TOUeK X, YIOBJIETBOPAMOIINX YPABHEHUIO
lePl2 + ngPz2 +...+E,XP?=C, 6ymer oKpPy>XHOCTb. JTa OKDPYXHOCTb
Ha3bIBaeTCsaA OKpyHcHocmovio Pepma—Anonaonus. IloraTHO, YTO MHOTHAA
oHa GymeT MHMMOTO pamumyca (korma?).

Teopema 1.6. I[Iycmb Ha dARUNC X HAKUHYIU HUMb, KOMOPYI0 HAMS-
HYAU ¢ nomowvio kaparndawa. Toz0a kapandaw npu 8paueHUU B0KpY2
aaaunca onuuwem 0Opyzoii anauUnc, cOPOKYCHbLU ¢ OAHHLIM IALUNCOM !
(puc. 1.19).

Puec. 1.19

Hoxazamenvcmeo. OueBugHO, UTO HOJyumBInascAa (purypa (ob6osHa-
YuM ee uepes 1) OyAeT MMeTh IJIagKyio rpauuily. IIokakeM, 4ToO B KaK-
moit Touke X Ha puUrype a1 KacatejabHas OyIeT COBIALATh C OMCCEKTPUCOM
BHerrHero yria Fy XFs.

IIyecrs XM u XN — racareabuble K «. Torna /ZF1 XN =/F,XM, a 3Ha-
yuT, 0OKcceKTpuca BHemrHero yriia NXM OyneT cOBIIAATh C OMCCEKTPICOMA
BHerrHero yria F; XFy. O6o3uauum ee uepes .

Ilycts Y — npousBosibHaA Touka Ha npamoil [, YL u YR — KacaTeab-
HbIE K ((, IPUYEM OHU IIPOBEJEHBI C TEX K€ CTOPOH, KaK II0KAa3aHO Ha PIHC.
1.19. B ganbHeHIIIuX paccy:KAeHUSIX OyIeT UCI0JIb30BAThCA, UTO TOUKA Y
JIEKUT «cjJeBa» oT X, APYroi cjaydail pacCMaTPpUBAETCS aHAJIOTHYHO.

O6osHauuM uepe3 P TouKy mepeceueHus npAmMbix XM u YL. Jlerxo
MMOHATH, UT0 YN <YR+ VRN, a vLM < LP + PM. Kpome TOT0, IIOCKOJIb-
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Ky [ — BHemrHaa Ouccektpuca yriaa NXP, umeem PX + XN <PY + YN.
A 3Hauwur,

MX+ XN+ VNM<MX+XN+vVNL+ LP+PM =
=PX+XN+VNL+LP<PY+YN+VUNL+LP=LY+YN+VUNL<
<LY+YR+VRN+VUNL=LY+YR+ VRL

(3mech oA AyraMu IOAPAa3yMeBalOTCs OYTH, IO KOTOPBIM uaeT HuUTh). Cie-
IOBaTeJIbHO, TOuKa Y OyneT BHe ¢urypsl «1. To Ke BepHO IJid 10001 TOU-
Ku Y Ha npamoi [. Iloxyuaercsa, 4To oy COAEPIKUT €TUHCTBEHHYIO TOUKY
mpsAMoii [, T. e. KacaeTcsd aTou nmpamMoii. I3 qoKasaHHOro TaKsKe cpasy cJje-
IyeT, UTO IOJIyUeHHAass KpUBas BBIIYKJIA.

Wrak, cymma paccrosuuii 1o ¢GorycoB Fi; u Fy B 11000 MOMEHT Bpe-
MeHU He MeHAeTcsa. VI3 3TOTO MOMKHO CIeaTh BBIBOJ, YTO OHA MOCTOSHHA,
a 3HAUUT, TPAeKTOPHUsA KapaHgallla COBIIAAaeT C JJIIUIICOM.

CTporo sTo MOXKHO JOKasaTh Tak. Ilycts Touka X JekuT BHe sjuiuica. Ilo-
CTaBUM KapaHAaIll B TOYKY X nu HaTAHEM HHUTH BOKPYT HEro u JJIJIHNIICA. HyCTB
f(X) — pnuna Takoit HuTH, a g(X) = F1 X 4+ F2X (TOUKYy MBI IOHMMAaeM Kak Iapy
ee KOOpAUHAT; TAKUM 00pasoM, M (PDYHKIUU [ U & 3aBUCAT OT Iaphbl AefCTBUTEIb-

HBIX ynces). MOKHO IMOKa3aTh, UTO 9TU (PYHKIIUM HENPEPHIBHO AuMGEPeHIInpy-
eMbl, IpuueM BeKTOopsl grad f = (%, Z—;;) u grad g = (Z—i, Z—E’;) OTJIMUHELI OT HYJIS
BO Bcex Toukax. Torga mo TeopeMe o0 HesIBHOI (PYHKIIMM KPUBas, OINHChIBaeMas
KapaHjganioM npu GUKCUPOBAHHOM AIuHe HUTH (T. €. JUHUA YPOBHA QyHKIUHU f),
rnankas (HenpepbiBHO auddepennupyemas). OTcioza ciaenyeT, YTO KPUBYIO MOK-
HO ITapaMeTpu30BaTh nuddepernupyemoint pyurnueir R= R(t) (3To oIATH Ke mapa
KOOPAMHATHBIX MYHKIUN X =x(t), Yy =y(t)), BEKTOpP IPOMUB3BOJHON KOTOPOI OTJIU-

YeH OT HYyJd. Brime GaKTHUYECKN HOKA3aHO, UTO KAaCAaTEeJIbHBIM K KPUBOI BEKTOD
dR (dx dy

dt — \dt’ dt
grad g(R) B Touke R = R(t). Paccmorpum ¢yurnuio g(R(t)). Ee npousBoamas

paBHa

dg(R()) _ 0g dx(t) | dg dy(t)
dt ~ ox dt dy dt

) KacaeTcsA JUHUU YPOBHSA (PYHKIWU g, T. €. OPTOTOHAJIEH BEKTODY

=0

(3TO 3amuCch YIIOMAHYTOH BHIIIE OPTOTOHAJIBHOCTH), T. €. GyHKIUA g(R(f)) — KOH-
craHTa. JTO U O3HAYAET, UTO HAIlla KPUBAasd JIEXKUT Ha JJINIICE C TeMHU Ke (Poryca-
mu. IToCKOJIBKY Ha JIFO60OM JIy4e, UCXOAAIeM U3 Fi, TOJKHA JIesKaThb TOUKA Halllel
KPHUBOI, OHA COBIIALAET C BJIJIMIICOM. a

3amgaua 2. I[IycTs BOKPYT KOHUKHU ¢ QoKycoM F ommcaH 2n-yroJbHUK,
CTOPOHBLI KOTOPOT'0 OKPAIIEeHLI IIOIIEPEMEHHO B UEepPHLIN 1 OeJbIi I[BeTa.
Hoka:KuTe, YTO CyMMa YTJIOB, IO KOTOPLIMU 13 F BUAHLI YepPHEIE CTOPO-
HBI MHOTOYTOJbHUKA, paBHa 180°.

3amaua 3. B BRIOYKJIBIN YeTHLIPEXYTOJBHUK BIIMCAH 3JIJIUIC, (DOKYCHI
KOTOPOTO JIeXKAT Ha AUaroHaJsax (pasHbIX) UeThLIPeXyroJbHUKA. JlokaKu-
Te, UTO IPOU3BEJeHUS MIPOTUBOIIOJOKHBIX CTOPOH PaBHBI.
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§ 1.5. KpuBble BTOPOro MOpPAIKA KaK IMPOCKIMHA OKPYKHOCTH

IIposenem uepes IEHTP OKPYXHOCTU IIEPIEHAUKYJIAP K €e ILJIOCKOCTH U
Bo3bMeM Ha HeM ToukKy S. IIpsambie, coequHSAIOIINE S C TOUKAMU OKPYIK-
HOCTH, 00pas3yioT KOHyc. PaccMoTpuM cHauajia ceuyeHHe KOHYyCAa IIJIOCKO-
CTBIO T, IIepeceKaroleil Bce ero obpasyioline W He IepIeHIUKYJIIPHON
OCH CUMMETPUMH.

Brnuimem B KOHyC ABa IIapa, KacaloIuecs IIIOCKOCTU 7T B TOYKax Fj
u Fs (puc. 1.20).

Puc. 1.20

IIycte X — mpom3BOJIbHAS TOUYKA Ha JUHUU TepeceyeHus KOHyca C
miockocThio . IIpoBenem uepe3 X obpasyromniyo SX u HaiiieM TOYKHU Y7,
Y, ee nepeceuenusa ¢ BuucaHHbIMU miapamu. Torga XFy=XYq, XFo=XY»,
KaK OTPe3KM KacaTeJbHBIX K IIapaM, HPOBeIEHHBLIX W3 OJHON TOUKH.
CraemoBarenbno, XFy + XFs =Y1Y2. Ho Y1Ys — aT0 oTpesok obpaasyioieii,
3aKJIIOUEHHBIN MEKJIYy ABYMS IIJIOCKOCTAMM, HEPIEHAUKYJIAPHBIMU OCH
KOHyCa, M ero AJnHAa He 3aBHUCUT OT BbIOOpa Touku X. SHAUUT, JUHUSA
mmepeceueHns KOHYCa C IJIOCKOCTBIO 7T SBJseTcd sjauiicoM. OTHOIIeHUe
€T0 MOJIyoCel 3aBUCHUT OT HAKJOHA CEKYINEeH MJI0CKOCTH M, OUEeBUIHO, MO-
JKeT IpUHUMATD Jifo0ble 3Hauenusa. CieqoBaTeIbHO, JIO00M 9JIIUIIC MOKET
OBITh IIOJIYUEH KaK IeHTPAJbHAA IMIPOEKIIUSI OKPYKHOCTH.

AHaJOrMYHO [OKAa3bIBAETCS, YTO €CJU CeKyIas IIJOCKOCTL IapaJ-
JieJbHa IBYM 00pasyoIuM KOHYCa, TO B CEUEeHUHU IOJIydaeTcs ruiepbosa
(puc. 1.21).
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O6os3HaunM yepes [ IMHUIO IIepeceueHns IJIoCKocTel T 1 0. BossmeM npo-
M3BOJIbHYIO TOUKY X ceueHUs KOHYyCa IJIOCKOCTBIO T U HAWIEeM TOUKY Y
nepeceueHud obpasyromieid SX ¢ IIJOCKOCTBI0O 0 U HPOEKIUIo Z TOUKU X
Ha npamyio l. Torga XF = XY xak xacareybHbIe K cpepe. C gpyroi cropo-
HbI, TOUKU Y U Z JIeKaT B ILIOCKOCTU O, YIOJI MeXKay XY U ¢ paBeH yIiIy
MeXKIy 00pasyrolneil KoHyca U ILJIOCKOCTBIO, TePHeHINKYISIPHOI ero ocH,
a yroa Mexay XZ um o — yriy MeKIy ILIOCKOCTAMU T U O. B cHJIy BBI-
6opa IJIOCKOCTH 7T STHU YIJbI paBHBI. 3HauuT, XY = XZ KaK HaKJIOHHLIE,
o0pasymliie paBHbIe YIJILI C ILJIOCKOCThIO o. CiaemoBarenbuHo, XF = XZ,
u Touka X JeKuT Ha mapabose ¢ poxkycom F u gupeKTpucoii [.

Taxkum o6pasoM, BCAKAsA HEBBIPOKIEeHHAs KPHUBAs BTOPOrO IOPSAAKA
MOXKeT OBITH ITOJIyUeHa KaK ceueHue KoHyca. [losToMy Takue KpuUBbIe Ha-
3BIBAIOT TAKIKe KOHUYECKUMU CeYeHUSAMU UIU TIPOCTO KOHUKAMU.

Hapo ckasaTh, YTO ecJi BMECTO KOHYca OyeT MUINHAP, TO a6COTI0THO
TaKUMU K€ PACCYKIEHUAMU MOKHO MOKas3aTh, YTO €ro ceueHumeM OyaeT
aanutic. COOTBETCTBEHHO, 9JIJIUIIC MOMKET OBLITH IMOJYUYeH KaK IIapajieib-
HadA IPOEKINUA OKPY KHOCTH.

Yunpaxaenue 1. Haligure reomeTpruecKoe MeCTO CEPEIHUH XOPI DJ-
JINTICA, apaJlJIeJbHBIX JAaHHOMY HaIPaBJIeHUIO.

Peuwenue. PaccMOTPUM 3JIINIIC KaK MAPAJJIeIbHYIO IIPOEKITNI0 OKPYIK-
Hoctu. Torma mapasieabHBIM XOpJAaM 9JIJIUICA U UX CePeIUHaM COOTBET-
CTBYIOT TIapaJjijieJbHbIe XOPAbl OKPY:KHOCTH U MX CePeAUHbI, JeKalue Ha
quaMeTrpe oKpyskHOcTU. CieoBaTesIbHO, TeOMETPUYECKUM MECTOM cepe-
IVH TapajjIeJIbHBIX XOPH 9JLINIICA TaKiKe OyIeT HeKOTOPbI ero JuaMeTp
(xopma, IpoxoadAIasa uepes MeHTp).

Yupaxuenue 2. C mOMOINbI0 MUPKYJIS U JUHEHKU HaWguTe QPOKYCHI
JaHHOTO 9JIINIICA.

Pewenue. IlocTpouM nBe mapaJjijiebHbIe XOpAbl dJutuiica. Ilo nmpeasr-
OYIleMy VYIpasKHeHWIO0 MIpsaMas, COeIUHSAIONIas WX CepPeIUHbI, SBJISIeT-
cA AmaMeTpoM aJiiuiica. IlocTpoMB TaKuM 00pasoM ABa AuUaMeTpa, MBI
HabigeM meHTp sJuauica O. B cuny cuMMeTpUHM SJIUICA OKPYKHOCTH C
meHTpoM O mepeceKaeT JIUIIC B UEThIPEX TOUKAX, 00pasyoIux IpAMO-
YTOJBLHUK CO CTOPOHAMU, ITapaJlIeJbHBIMU OCAM 3Jinimca. Temneps GOKYyCHI
JJIIUIICA MOYKHO HAWTM KaK TOUKM IepeceueHus OOJIBIION OCU U OKPYIK-
HOCTH C IIEHTPOM B KOHIIe MaJOH OCH U PATUYCOM, PABHBIM OOJBIIOH
TMOJIYOCH.

Cdepsl, BuucaHHBIE B KOHYC U Kacaloluecs CeKyIell IJIOCKOCTH, Ha-
3bIBAIOTCA chepamu JlandeneHa.

§ 1.6. IKCIIeHTPUCHUTET U ellle OJHO ONpeaesieHne KOHUK

Onucanuas B IpempiayIieM mnaparpade KoHCTPyKIus [laHmeneHa maer
eIlle OJHO BasKHOE CBOMCTBO KOHUK.
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IIycTh mIOCKOCTE 7T IepeceKaeT Bce 00pasymlire KPYyroBoro KOHyca C
BepiuHOUN S. Buumiem B KoHyc chepy, KacamIiiyocsa © B Touke Fi. Kak
U B cily4uae ¢ mapaboJioii, IpoBefieM ILJIOCKOCTh O Uepe3 TOUKHU KacaHU!sd.
IIpamyto, mo KoTOpO# mmepecekawTeda T U o, obozHauum yepes [. IIycts X
MIPUHAAJIEKUT KOHUKeE, 00pasyoIleiicsa Ipu mepecedyeHn KOHyca U IJI0C-
Koctu n. O0o3HaumM yepes Y TOUKY IepeceueHusa nmpamoin SX ¢ ILJIOCKO-
CTBIO O, a uepe3 Z npoeknuio X Ha npamyio [. Ilokaskem, 4TO OTHOIIIEHNE
XY x XZ nocTosAHHO, T. €. He 3aBUCUT OT BbIOOpa TOUKU X.

Puc. 1.23

O6osrauuM uepe3 T mpoermnuio X Ha ma0cKocTb o. OruHornenue XT
K XY mHe OymeT 3aBuCeTh OT BbIOOpa TouKM X u OyAeT PaBHATHCSI KOCHU-
HyCYy yIJia MeXJIy 00pasyIolieil KOHyca 1 ero ocbio (0003HAUNM STOT yI'OJI
yepes «). Oruomtenue XT K XZ To:Ke He 3aBUCUT OT BbIOOpa Touku X u
PaBHO KOCHHYCY yIJja MeKIY IIJIOCKOCTBIO T M OChbI0 KoHyca (0603HAUNM
aTOT yrox uepes ). CiemoBaTesbHO,
XY XY XT cosf
XZ XT XZ cosa
ITockonsky X F; u XY paBHEBI (TaK KaK 9TO IPOCTO-HAIIPOCTO KacaTeJIbHbIE
K cdepe, mpoBeneHHBIe 13 TOUKU X ), oTHOoIeHne X F; K XZ mOCTOAHHO.
TakuMm obOpaszoM, AJA J000I KOHMKHU CYIIeCTBYeT Takasd mnpamas [,
YyTO OJA JII000M TOUKHM Ha KOHMKE OTHOIIEeHINEe PAaCCTOSHHuII Ao (poKyca u
9TOM IPAMOM IMOCTOSHHO. OTO OTHOIIEHWE HA3BIBAETCS IKCUECHMpPUcume-
moMm KOHUUYECKOUN KPUBOH, a mpAMble Jupekmpucamu. JupekTpuc y aJ-
JUIca U Tunep6oJibl ABe (II0 OSHOU AJIA Kaskaoro oxyca).
JIerko moHsThH, UTO C HOMOIIBIO 3TOTO CBOMCTBA MOMKHO C(PpOPMYJIHUPO-
BATh ellle OJHO OomIpelesieHre KPUBBIX BTOPOTO IIOPAIKA.
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Kounueckoit xpuBoii ¢ poxkycom B Touke F, mupexrtpucoii [l (F He ne-
JKUT Ha [) ¥ BKCIIEHTPUCUTETOM € HA3bIBAa€TCA MHOYKECTBO TOUEK, YV KOTO-
DPBIX OTHOIIIEHUE pacCTOsAHUY 10 F u no [ paBHO €.

Ecnu ¢ > 1, To xpuBaa — runepboja, ecau € < 1, To 3JIIKIIC, a B caydae
¢ =1 — mapa6oJia.

3agaua 4. [[oKka:KuTe, 4TO aCUMIITOTHI BCeX PABHOCTOPOHHUX TUIIEPOO.I
¢ orycom B F, mpoxomdamux uepes TOUKY P, KacaioTcd HEKOTOPBIX JBYX
OKPYJKHOCTeH (0JHO ceMeliCTBO aCHMMIITOT OJHOU OKPYsKHOCTH, APYyroe —

APYroii).

§ 1.7. 3ameuaTelbHBbIE CBOMCTBA MAPa0OJIbI

B sTom maparpadge uepes F mMbI 6ygeM o603HaAUATHL (DOKYC mmapaboJibl, Gu-
r'ypUpYIOIIel B pacCyKAeHUAX.
Cuepsa chopmympyeM JieMMYy, KOTOpas elre He pa3 HaM IPUTOLUTCS.
Jemma 1.1. Ecau ¢poryc napabosv. ompa-
3UmMb OMHOCUMENbHO KacameabHol, mo ezo 00-
pas nonadem Ha dupexmpucy. Iloryuuswascs
mouxa 6ydem npoeKyuel MoOYKU, 6 KOMOPOu
KacamenvHas Kacaemca napaboast (puc. 1.24).
Hoxazamenvcmeo. Ilycts npsamasna [ kacaer-
csa mapaboJsbl B Touke P. IIpoexkmuio P ma au-
pekTpucy oGosHaumm uepes P’. Tak kak Tpe-
yronbuuk FPP' paBHOoGe peHHLIH 1 [ — OUCCeK-
Tpuca yriaa P, | aBisgerca OCbI0 CHUMMETPUU
TpeyroJbHUKa. SHAUUT, TOUKA F mpu cuMmer-
PUU OTHOCUTEIBHO [ IepexoauT B TOUKy P’, se-
JKallyio Ha OIUPEKTPUCE. U
CaencrBue. Ilpoexyuu ¢orxyca napabosvi
Ha ez0 KacameJbHble Jexam HA NPAMol, Ka-
caiouwelica napabdoavt 6 ee sepuiune (puc. 1.25).
Jlemma 1.2. Ilycmbv KacamenvHble K napa-
b6ose 6 moukax X u Y nepecexaromcsa 6 moy- Puc. 1.25
ke P. Tozda P ssensemcs UeHmMpPOM ONUCAH-
HOUl oxpyrscHocmu mpeyzoavhuka FX'Y', z0e X'
uY' — npoerxuyuu movex X u'Y nHa dupexmpucy
napaboavt, a F — ¢horxyc amoii napabosot.
Hoxazamenvcmeo. B cuny gemmbsr 1.1
9T ABe KacaTeJbHbIe SBJIAIOTCA CepPeJUHHBI-
MM IepIeHIuKyIapamMu K orpeskam FX' u FY'.
CiemoBaTesibHO, TOUYKA UX IlepeceueHusa u O0y-
JeT IIeHTPOM ONMCAHHON OKPY:KHOCTU Tpe-
yroapuuka FX'Y' (puc. 1.26). O Puc. 1.26

Puc. 1.24
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CaencrBue. Ecau PX u PY — kacamenvHbLe
K napabone, mo npoekyus mouku P na dupek-
mpucy 6ydem cepedunoii ompe3xa ¢ KOHUAMU
6 npoexyusax movex X u Y (puc. 1.27).

Cuenyromiass TeopeMa aHAJIOTMYHA Teope-
mam 1.2 u 1.5, HO TONBKO AJA mapaboJbl. Kak
BBITVIAIUT MHOKECTBO TOYEK, M3 KOTOPBIX IIa-
pabosa BuaHAa mop mpAMbIM yriaom? OxasnIiBa-
eTcs, BepeH caeqyiomuii GpakrT.

Teopema 1.7. MHoxecmeo maxkux mouex
P, us womopwvix napaboaa eudHa nod nps-
MbLM Y2J0M, ecmb Jupekmpuca 3mou napabo-
avt. Kpome moezo, ecru PX u PY — kacameav-
Hble K amoll napabose, mo XY codepium F u
PF — gbicoma mpeyzoavnurka PXY (puc. 1.28).

JMoxasamensvcmeo. Ilycts Touka P jnesxuT Puc. 1.28
Ha auperTpuce, a X' m Y’ — IPOEKIINU TOUEK
X u Y Ha pupekrpucy mnapaGoabsl. Torma tpeyronbuukum PXF u PXX'
paBHBI (OHU IIPOCTO CUMMETPUUYHEI oTHOcuTeabHO PX). 3uauut, /PFX =
=/PX'X=90°. Ananoruuno /PFY =/PY'Y =90°. Kpome Toro, /XPY =

= %(4FPX’+4FPY’) =90°. To, uTO APYIUX TOYEK, OOJAJAIOIIUX 3TUM

CBOIICTBOM, HET, OUEBUIHO. O

ITocKogBbKY aHAJOTrMUYHBIE (DAKTHI BEPHBI U IJI OCTAJIbHBIX KOHUK, 9Ta
TeopeMa JOCTATOYHO ecTecTBeHHA. OZHAKO mepBas YacThb 9TOH TEOPeMBI
MMeeT JOCTATOUHO HEOXKUAAHHOe 0000IleHre, BepHOe TOJIBKO IJIs Iapa-
60s1. OHO HaMm eme mpurogutcad B § 3.2 mjsA mOKasaTeJIbCTBAa TEOPEMBI
Dpexbe.

Teopema 1.8. MHoxecmeo mouek, u3 Komopvix napabosa 6udHa nod
yznom ¢ unu 180° — ¢, ecmv 2unepbonra ¢ porxycom 6 moure F u dupek-
mpucoti I (puc. 1.29).

Hoxaszamenvcmeo. [lelficTBUTENBHHO,
mycTh KacareabHble PX m PY, mpose-
IeHHbIe K mapaboJje us3 Touku P, o0pasy-
10T yroa ¢. Paccmorpum ciyuait, Korga
@ >90°.

IIpoernuu Touek X m Y Ha AUpeEK-
Tpucy mapabosbl o6osHaumMm uyepes X'
n Y'. Ilorarso, uro /X'FY'=180° — ¢.
B cuny gemmur 1.2 Touxka P saBiaseTcs
IIEHTPOM OIIMCAHHOM OKPYKHOCTH Tpe-
yroapuuka FX'Y'. A saauur, /X'PY' =

=360° — 2¢. Puc. 1.29
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ITosTomy paccroanue ot P 1o nupekTpucsl paBHo PF |cos(180° — ¢) |=
=PF |cos ¢ | u P nexur Ha runepboie, (GOKyC U JUPEKTPUCA KOTOPOIL COB-
majgamoT ¢ GOKYyCOM M AUPEKTPHUCOI mapaboJibl, a SKCIIEHTPUCUTET PaBeH
|cos ¢ | (T. e. Yyroa MexxXay acUMITOTaMM PaBeH 2¢).

To xe cpaBeJIuBO, €CJIH YyIoJl MeXKIy KacaTeJIlbHbIMHU paBeH 180° — ¢.
IIpu sTom ecau mapaboJia JIEKUT BHYTPU OCTPOTO yIjia MEKAY KacaTesb-
HBIMU, TO P HaxoguTcsa Ha «JajbHell» oT F BeTBU THIIEPOOJBI, a ecJu
BHYTPHU TYIOTO, TO Ha «OJMKHEI». O

Ons mapabos TaxksKe MOKHO c)OPMYJIMPOBATH YTBEPIKIEHUE, aHAJO-
rugyHoe Teopemam 1.3, 1.4.

Teopema 1.9. ITycmv PX u PY — kacamenvHble K napaboJae, npoge-
Oennvle us mouku P, a | — npamasa, npoxodawas vepes P napannenvro
ocu napaooast. Tozda yzon mexncdy npamvimu PY u l pasen /XPF, a mpe-
yeonvhuku XFP u PFY nodo6uust (Kak caencreue, FP — OuccekTpuca yria
XFY, cm. puc. 1.30).

Puc. 1.30

Hoxrazamenvemeo. Ilycts X' u'Y' — npoexnuu Touexk X n Y Ha JUpeK-
tpucy. Torga B cuay Teopemsl 1.2 Toukn F, X' n Y’ nexxar Ha OKPYsKHO-

cTu ¢ meHTpoM B Touke P. Ilosromy /X'Y'F = %ZX’ PF=/XPF. C gpyroii

CTOPOHBI, yroa Me:xkay PY u [ pasen yray mexay Y'F u X'Y’', tak Kak
npavas | neprnesgurynaapaa X'Y' (gupexTpuce mapaboisl), a Y'F mep-
neuauKyJasapHo PY (0osee Toro, PY — 9TO cepeSUHHLINA IMePIeHIUKYJIIP
K Y'F). IlepBasa yacTh TeopeMbl JOKa3aHa.

IMokaskeM BTOPYIO YacTb. IIOCKOJBLKY npamasa [ mapasiaeabHa YY',
yron mexnay PY um | paBer yray PYY’', KOTOPEIZ B CHJIYy OITHYECKOTO
cBoiicTBa paseH yray FYP. Takum obpasom, L/FYP = /XPF. AHajJoOTUYHO
/FXP=/YPF. CnenoBaresnbHo, Tpeyroabuuku XFP u PFY nogo6ubr. [

Crenytomiasa TeopeMa SBJISETCI HA CaAMOM Jejie CJIeJCTBUEM TeOpPEeMbI
1.9. Ho MBI ee JOKasKkeM, BOCIIOJIL30BABIINCEH IpsamMoii CuMcoHa, KoTopas
IIOMOJKeT HaM BBINTH Ha elrle 00Jiee MHTePEeCHbIe CBOMCTBA IIapadoJIkI.

Teopema 1.10. ITycmbv 6oxpyz napabonv. onucan mpeyzoavHuk ABC
(. e. mapaboJia Kacaercsa npameix AB, BC, CA). Toz0a ¢oxyc amoii napa-
00J1bL Jledcum HA OnUcCaHHoU oKpyxicHocmu mpeyzonvhuka ABC.
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Hoxazamenvcmeo. CornacHo ciaencTBuio us jgeMmbl 1.1 mpoexknuu ¢o-
Kyca Ha CTOPOHEI JIEXKAT Ha OAHOI MpAMOM (3Ta mpAMad mapajjielbHa u-
PEeKTpHCce U JEeXKUT B JBa pasa Oamke K GoKycy, ueM aupexTpuca). Ocra-
JIOCH BOCIIOJIb30BaThCs JieMMoii CrMcoHa.

Jemma 1.3 (Cumcon). IIpoekyuu mouxku P Ha cmopoHb. mpeyzonbHU-
Ka ABC nexcam Ha 00HOU npamoli mozda u moJjvko mozda, Koz0a movka
P nexcum Ha OnucCanHOU OKPYICHOCMU MPeYzoNLbHUKA.

Hoxaszamenvcmeo. llycts P,, P, u P, — npoeknuu Touku P Ha cTOpO-
ubl BC, CA u AB cooTrBeTcTBeHHO. MBI pacCMOTPUM CJIOyYail, n300parkeH-
HBIA Ha puc. 1.31, ocTaJbHBIE CayUYad PacCMATPUBAIOTCA aHAJOTHUYHO.

Yereipexyroabauk PCP, P, BiiCAaHHBIN, IO~
aromy LPP,P,=/PCP,. Auanoruuao LPP,P, =
= /PAP.. Touxku P,, P, u P, je:XaT Ha OJHOMI
MIPAMOMU TOTA M TOJBbKO TOoraa, Korga L/PP,P,. =
= /PP,P,, uau, 4To TO Ke camoe, /PAP. =
=/PCP,. Ho sT0 1 03Hauaer, 4To Touka P Je-
JKUT Ha OMMCAHHOM OKPYsKHOCTH TPEYroJbHU-
ka ABC. OcrajbHBbIe CIyYau PacCMaTPUBAIOTC
AHAJIOTUYHO.

ObOpaTHOe yTBep:KIeHHe NoKa3biBaeTcs ab-
COJIIOTHO Tak ke. Eciin Touka P JIeXKUT Ha OIU-
CaHHOI OKpY:KHOCTH TpeyroabHuka ABC, To
/PAB=/PCP,= /PP,P, (mociefHee B CIIY TO- Puc. 1.31
ro, uro touku P, C, P, u P, nexar Ha OKPYK-
Hoctu). Anajgorununo L/PAB=/PP,P.. Cienosa-
TeJbHO, TOuKu P,, P, u P, je:XaT Ha OOHON IIPs-
MOW. O

Tem cambiM Teopema 1.10 moxasaHa. O

ITonyuaroiasica TakuM o0pasoM IIpAMas
HasbIBaeTcA npamoii Cumcona tTouku P.

Takum oOpasom, TOoUKaM Ha OINCAHHON
OKPYsKHOCTU TpeyroabHuka ABC MbI MOKeM
OJHO3HAYHO COMIOCTABUTL IIapaboJry, KacaroIy-
JOCSI CTOPOH 9TOr0 TPEYyrojbHUKa. A MMEHHO,
BO3bMEM IIPOM3BOJIBHYIO TOUKY P Ha ommcau-
HOII OKpy:KHOCTU Tpeyroabuuka ABC u orpa-
3UM ee OTHOCUTEJIbHO CTOPOH TPeyroJbHUKA.
ITonryuum Touku P4, Pg u Pe, nexaiue Ha Of-
Holi mpamoii. ITapa6osa ¢ ¢poKycom B Touke P Puc. 1.32
U nupeKTpucoit P, Pc 6ymeT KacaTbCA BCEX CTO-

POH TpeyroiabHUKAa (Hampumep, cTtopoHbl BC oHa OyaeT KacaThbCs B TOUKE
nepeceueHus BC ¢ nepueHIuKyasapom K Py Pc, cm. puc. 1.32).
IIpsambie CuMcoHa 00Ja7ai0T PAJOM MHTEPECHBIX CBOMCTB.
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Jlemma 1.4. Ilycmv mouka P nexum Ha onucanHolU OKPYMHOCMU
mpeyzonvnuka ABC. ITycmv mouka B’ Ha OnuUcCAHHOU OKPYMCHOCMU Bbl-
opana mak, umo npamas PB' nepnendury-
aapua AC. Tozda npamas BB' napaanenvra
npamoti Cumcona mouxku P (puc. 1.33).

Hoxazamenscmeo. Paccmorpum ciy-
yaii, u3o0paskeHHbI Ha puc. 1.33, ocraib-
HBIE CJIyUYay PacCMaTPUBAIOTCS aHAJIOTHUYHO.
IIpoekniuu Touku P Ha ctopoHsl AB u AC
ob6osHauuMm uepe3d P, m P, COOTBETCTBEHHO.
Torna LABB' — /APB' Kak yribl, onmparo-
muecs Ha ayry AB’. TIoCKOJIbKY YeThIpex-
yroabuuk AP.P,P Buumcamublii (AP — nua-
METP ero OMUCAHHOI OKPYKHOCTH), a CyMMa
MIPOTUBOIMOJIOKHBIX YIJIOB BIIMCAHHOTO Ye-
THIPpEeXyTroabHuKa paBuHa 180°, MBI uMeeM
/APB' = /APP,=180° — /AP.P, = /BP.P,.
CraemoBaresibHO, pAMasa PP, mapajiaeiabHa
BB'. O

Cnencreue 1. IIpu spawenuu mouku P
no okpyxcrocmu npamas Cumcona spauia-
emcs 8 NPomMuBONnOLONHYI0 CMOPOHY, NPU-
yem CKOpOCMb ee 8paulenus 6 08a pa3a MeHbv-
we, yem ckopocmbv udmenenus oyzu PA.

CaencrBue 2. Ilpamas Cumcona mouku
P omunocumeavno mpeyzoavnuxa ABC Oe-
aum ompe3ok PH (20e H — opmoyenmp mpe-
yeonvruka ABC) nononam (puc. 1.34).

Hoxaszamenvcmeo. Jlerko IOHATH, YTO
/AHC =180° — ABC, a 3HauuT, Touka H’,
cuMMeTpuuHasa Touke H orHocuTeabHO AC, JICXKUT HA OMMUCAHHOUN OKPYIK-
HocTHu TpeyroabHuKa ABC. IlockonbKy npsameie PB’ u BH' neprneHguKy-
aapubsl AC, yerTsipexyroabauk PB'BH' Gyger Tpamenueii, mpuyeM paBHO-
00KOi1, IIOCKOJBLKY OH BIOMCAH. A 3HAUuUT, NpsaMmas, cumMerpuunas PH'
otHOCcuTeNbHO AC (T. €. IPAMOM, MapajeJbHON OCH CUMMETPUU Tpate-
numn), Oymer nmapaienbua BB’'. Ciemosarenbuo, npamasa P’ H mapaiens-
Ha BB’, a snauur, u npamoii Cumcona touku P (3geck P’ — o6pas Toukn
P npu cummerpuu otHOcuTeabHO AC). IlockoabKy P, (IPOeKIIUS TOUKHU
P na cropomy BC) saBiaserca cepenuHoii orpeska PP/, mpamasa CumcoHa
OyzmeT cpenueil unueil Tpeyronbuuka HPP', a suauuTt, 6yaer geauTts HP
TIOTI0JaM. |

CraencrBue 2 Bryme ¢ Teopemoit 1.10 BiieueT 3a co0Oil CJIeIYIOIMI
OuYeHb KPacCUBHIN (akKT.
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Teopema 1.11. Opmoyenmp mpeyzorvHUKA, ONUCAHHO20 0KO0JL0 napa-
bosbL, nexcum Ha ee dupexmpuce (puc. 1.35).

Puc. 1.35

3amaua 5. Ilycts Touka X ABUKeTcA IO mapaboje, HOpMaJIb K mmapabo-
Jge B Touke X (IIepIeHIUKYJIAP K KacaTeJbHOI) IepeceKaeT ee OCh B TOUKE
Y, a Z — npoeknua Touku X Ha och. [okakmuTe, UyTO AJmHA OTpesKa ZY
He MeHsIeTCs.

3amaua 6. ITo gByM mIpsAMBIM AOpPOraM C IOCTOSHHBIMU CKOPOCTAMU
UAYT OBa Imelrexona. JlokaKuTe, YTO COeOUHSIONIAA X MPAMAas BCe BpeMs
KacaeTcs HeKOTOPO# mapaboiibl (4OpOru He MapajliebHbl, 1 Yepe3 TOUKY
mmepecevueHuns JOPOT IIeIIeX0Abl IPOXOAAT He OJHOBPEMEHHO).

3amaua 7. ITapa6osia Buucana B yron PAQ. HaiiguTe reomerpuueckoe
MECTO CepPeNH OTPE3KOB, BbICEKAEMBIX CTOPOHAMM YIJia Ha KacaTeJIbHBIX
K mapaboue.






TTABA 2

HexoTopsie pakThI
KJIACCUYEeCKOl TeoMeTpUuH

§ 2.1. UuBepcusa u treopema MDeiiepb6axa

Hneepcueii OTHOCUTEIBHO OKPYKHOCTU C I€H-
TpoM B Touke O ¥ paguycoM I Ha3bIBAeTCH
npeo0pasoBaHue IJIOCKOCTH, KOTOPOE KaiKIyIO
TOUKY A IIepeBOSUT B TOUKY A’, Jexalnyo Ha

2
ayde OA u Takyio, uto OA' = (:—A. Camy Toury O

9TO IIpeobpas3oBaHMe IIEPEBOIUT B OECKOHEUHO
yIaJIeHHYIO TOUKY.

OueBUAHO, UTO IPU STOM IIPEOOPa3OBAHUU
IpAMBIe, TPOXOoAsAIIrMe uYepe3d Touky O, Kak
MHOKeCTBa OCTAIOTCS Ha MecTe.

WHBepcus Xopollla TeM, UTO IIePEBOAUT
OKPYIKHOCTH, HE IPOXOIAIINE Yepes3 [eHTP WH-
BEPCUU, B OKPY/KHOCTH, a OKPYKHOCTHU, TPO-
XOJAIIMe uepe3 IIeHTp, — B mpamble. [okasa-
TeJILCTBO 9TUX YTBEP)KAEHUN MOMKHO HAWTHU B
kHurax [2]-[4].

XoTh UHBEPCUA U IEPEBOAUT OKPYIKHOCTH B
OKPYJKHOCTH, OHA 00J1aZjaeT OTHUM CYIIIeCTBEH-
HBIM HEJOCTATKOM IIpU paboTe ¢ KOHUKAMMU: KO-
HUKY B KOHUKM OHa, KOHEUHO, He TIePEeBOIUT.
Hanpumep, paBHOCTOpPOHHAA ruiepbdosa Ipu
MHBEPCUY OTHOCUTEJIbHO OKPYIKHOCTH C TEM Ke
IEeHTPOM, UTO M Y 3TOM TrumepOOJbI, IIEepexo-
mut B aemHuckamy Bepryaau (puc. 2.1). Ho
Ha OCHOBEe MHBEPCUUM MBI UyTh IO3:K€ IIOCTPO-
UM NOJAPHOEe Npeobpa3osarHue, KOTOPOe ITUM
cBoiicTBOM ObGJiasaeT (IepeBOIUT KOHUKU B KO-
HUKMH).

C moMOIIbI0 MHBEPCUU MBI JOKAKEM Teope-
My Peiiepbaxa 1 T€M CAMBIM IPOJEMOHCTPUPY-
€M MOIITHOCTh 9TOro mHcTpyMeHTa. C TeopeMoit
deiiepbaxa MbI erfe BcTperuMcsa B § 4.1.

CHavaJia BCTIOMHUM OIIpefieJieHre OKPYKHO-
CTU JEeBATHU TOYEK, MJIN OKPYIKHOCTH Iiijepa.

Puc. 2.1
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Oxpyaxcrnocmyvio Iijepa WUIN OKPYICHO-
cmvlo degamu moyex Ha3bBIBAETCA OKPYK-
HOCTb, IIPOXOAAINAA Uepe3 CepeJuHBI CTO-
pou Tpeyroabauka ABC. OxkasbiBaeTcs, OHa
TIOBTOPHO IIepeceKaeT CTOPOHBI B OCHOBAaHU-
ax BeicoT. Kpome Toro, eciu uepes H 060-
3HAYUTH OPTOIEHTD TPEYTrOJbLHUKA, TO cepe-
IuHbI oTpeskoB AH, BH u CH Toxe JexxaT
Ha 9TON OKPYKHOCTH.

HaBarite mokaskem 3rto. Ilyere M,, M,
u M, — cepenunsl cropoH. Yepes H,, Hy u Puc. 2.2
H, o603HauMM OCHOBaHUS BbICOT (puc. 2.2).

ITokaskem, uro yrael MyM,M, n MyH,M, paBubl. I3 sTOr0 OyI€T cjemo-
BaTh, UTO TOUKa H, JIeKUT Ha OKPYKHOCTHU Jiijiepa.

Tpeyronpauk ACH, npAMOYTOJbHBIH, a 3HaUUT, MpH, = M A. Anaio-
ruuao M .H,=M_.A. Ilockonsxy MyA=M, M. u M.A=M,M,, TpeyroJb-
HUuKu MyM,M, n MyH,M, paBHbI. A 3HAaUUT, PAaBHHI COOTBETCTBYIOII[HE
yrabl. AHAJOTUYHO IIOKA3bIBAETCSA, UTO Ha OKPYKHOCTH Jiijaepa JerkarT
Touku H, u H..

3aMeTuM, UTO OCHOBAHUS BbICOT TpeyroabHukoB ABC u ABH coBna-
JaloT, a 3HAYUT, COBIAJAIOT U UX OKpY:KHOocTH Oiiaepa. CiegoBaTesbHO,
Ha OKPY’KHOCTHU Jiijepa JexkaT TaKKke cepequHbl oTpe3koB AH u BH. To,
YTO Ha HeHl TaKKe JEeKUT cepeamHa orpesdka HC, mokaswiBaeTca aHAJO-
TUYHO.

Hy a Temeps morakem Teopemy Peiiepbaxa.

Teopema 2.1 (Deitepbax). OxpyxiHOcmb O0e8amu mMOuUeK Kacaemcs
6NUCAHHOI U BHEBNUCAHHBLX OKPYNHHOCM el mpeyzonivHuKa (8 cayuae, ec-
JU mpeyzoibHUK PABHOCMOPOHHUL, OHA cosnadaem ¢ NUCAHHOU OKPYXC-
Hocmuwo) (puc. 2.3).
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Hoxazamenvcmeo. Ilycts G,, Gy m G, — 9TO TOYKU KacaHUS BIMCAH-
HO¥ OKPYKHOCTH CO cTopoHamMu. Uepes A; 0003HAUMM OCHOBaHUE OMCCEK-
Tpucel yria A, depe3 C' 0603HAYNM TOUKY, CUMMETPUUHYI0 C OTHOCHUTEJIL-
HO AA;. Ilycts P — 5T0 TOuKa nepecedyenus AA; u CC'.

3amerum, uro P — cepenuna CC’, a 3HauuT, P 1eKUT HA CpegHeN JIu-
auu M,M,. CTour TakKe OTMETUTb, UTO

M,P=|M,My~PM,|= ;| AB~AC|= 1| BG, ~ CGy | = ;| BG, — CGy | =
=M,G,.
W3 nomobusa nap TpeyroasEukos MyM,C u ABC, ABA; u PM,A, cie-
nyeT, 4To

M.P  BC' M.Q
M,M, BA  M,P’

rae @ — sto Toura mepecedenus A,C’ u M,M,. CiegoBarenbro, M,G2 =
=M,P?=M,Q - M,M,. A 3HaUUT, IpX WHBEPCHUU C IIEHTPOM B M, u pa-
munycom M,G, Touxka M, mepexoIuT B TOUKY, Je:Kallyio Ha nmpamoi C'Aq,
cumMeTrpuuHoii BC oTHocuTelbHO OumccexTpuchl yriia A. To ke camoe
MOJKHO CKasaTh u Ipo TouKy M,.. Takum obpasom, Ipu MHBEPCUH C I[€H-
TpoM B M, u paguycom M,G, OKPYXHOCTDH Jijiepa IepexoauT B IPIMYIO,
KACAIOIIYyICs BIIMCAHHON OKPYsKHOCTH, a 3HAUNT, U caMa OKPYKHOCTb
IIeBATU TOUEK KAacaeTCsa 9TOM OKPYsKHOCTH.

151 BHeBIMCAHHBIX OKPYsKHOCTell Teopema Peitepbaxa NOKa3bIBAETCS
aHAJIOTUYHO. ]

TouKy KacaHMs BIIMCAHHOM OKPYsKHOCTH M OKPYKHOCTM Jiijepa Ha-
3bIBAIOT moukol Peliepbaxa (o6o3uauatoT F). Toukamu Peiiepbaxa TaKKe
MHOTA Ha3bIBAIOT TOUKM KACAHUSA BHEBIMCAHHBIX OKPYKHOCTEH C OKPYIK-
HOCTBIO Jiinepa (obosuauaror F,, F, u F,).

§ 2.2. OcHOBHbIE CBEEHUA O MMPOEKTUBHBIX MPEOOPA30BaAHUAX

ITox mpoeKTUBHBIMU IIPeO0OPaA30BAHUAMMU IIOAPa3yMeBaloTCA IIpeodpasoBa-
HUSA ILJIOCKOCTH, COXPaHAOINe IpAMble. [Ipu sToM mapajielbHOCTh IPA-
MBIX MOXKET Hapyliatbcsa. IlpaBra, eciu peub uaeT 00 OOBIYHOM ILJIOC-
KOCTH, TO COXPaHeHNle MapajlieJbHOCTH ABJISETCS OUeBUAHLIM CJIEICTBU-
eM B3aMMHOII OJHO3HAYHOCTH HpeobpasoBaHUs. [losToMy IIpuM mM3ydyeHUU
MIPOEKTUBHLIX MHpeoOpasoBaHUM K IIJIOCKOCTH M00ABJIseTCS TaK HasbIBa-
eMasa 0eCKOHeuYHO yodajeHHas npAaMas. TouKM dTOH MPSAMOUM, TaKk:Ke Ha-
3bIBaeMble 0ECKOHEUHO YIAJeHHBLIMI, CUMTAIOTCA TOUKAMH IIepeCceueHmsd
MapajjieJbHBIX IPAMBIX, MPUUEM KaxkJasd 0eCKOHEUHO yaajJeHHas Tod-
Ka CUMTaeTCs NpUHAIJIeKAaIllell BceM MPAMBIM ONpeNeIeHHOT0 HalpaBJie-
Husd. [TomosHenHasa TaKUM 00pa3oM ILJIOCKOCTH HA3BIBAETCA NPOCKMUBHOU
NnJAOCKOCMbIO.
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Onpepenenue. I[IpeobpasoBaHue MPOEKTUBHON ILJIOCKOCTU, HEPEBOMSI-
mmee KasKayio IpaMyro (0OBIYHYIO NN 0€CKOHEUHO YAAJIeHHYIO) B IPIMYIO,
Ha3bIBAETCA NPOCKMUBHBLM.

W3 ompenesieHus clegyeT, UTO IPOEKTHUBHEIE IIPeodpasoBauusa oopasy-
0T Tpynny (MHaue TOBOPA, KOMOO3UIIUSA ABYX MPOEKTHUBHBIX IIPeodpaso-
BaHUI — 9TO IMIPOEKTUBHOE IpeobpasoBaume). OTMEeTUM, UTO MOATPYIITIaMU
STOM I'PYIIILI ABJIAIOTCA TPYIIILI AP@UHHBLYX TIPE00PA30BAHUIN, COXPAHSIIO-
IUX TapajelbHOCTh MPAMBIX (UX MOKHO TaKyKe ONpeaeJUTh KaK coxpa-
HsIOIMe 0eCKOHEYHO YIaJeHHYI0 MIPAMYIO), a TaKsKe XOPOIIIO0 M3BEeCTHHIEe
rPyOObl IOAO0MI M OTBUIKEHUMA.

IIpoexTuBHOE IIPeOOpPa30BaAHNe MOMKHO HAIVIALHO IIPEACTABUTL CJIELY-
oM obpasoM. IlycTh HEKOTODBIN UepTesK, HAPUCOBAHHBLIN HAa CTEKJIe,
IIPoeIUPyeTCs U3 TOUEUHOI'0 MCTOUYHUKA CBeTa Ha cTeHy. Torma ueprek
MOJKET IIOJBepPraThCcs BeCbMa CYIIeCTBEHHBIM HCKAXKEHUSAM, OSHAKO MpPA-
MBIM Ha CTEKJIe COOTBETCTBYIOT HpAMBbIe Ha cTeHe. IIpm aTom ecam mpo-
BECTU UYepe3 MCTOUHUK CBeTa IJIOCKOCTh, MapajeJbHYyI0 CTeHe, TO OHa
mmepeceveT CTeKJO 0 HeKOTOpoil mpAMoi. ToukaM 5TOM mpsMoOil He COOT-
BETCTBYIOT HUKAaKMe O0ObIUYHBIE TOUKHY CTEHBI, II09TOMY ee 00pa3oM ciaeayeTr
CUUTATh OECKOHEUHO yAAJeHHYIO IPAMYIO CTeHBI. AHAJOTUYHO, €CJIU HIPO-
BECTU Yepe3 MCTOUYHUK CBeTa IIJIOCKOCTD, MapajliebHYI0 CTEeKJIY, TO OHAa
ImepecevyeT CTEHY MO IPAMOM, KOTOPYIO CIeAyeT CUNTATh 00pa3oM OecKo-
HEUYHO yITaJIeHHOM IPSIMOIM.

Mo:KHO TOKasaTh, YTO MPUBEAEHHLIN IIPUMEP SABJIAETCA YHUBEPCAJIb-
HBIM, T. €. JII000e IPOEeKTUBHOE MpeodpasoBaHre MOXKHO IPEeNCTABUTh KaK
KOMIIO3HUITMIO ITEHTPAJbHON MPOEKIINY U JBUMKEHUA IPOCTPAHCTBA, COB-
MeITaoIlero MmJIOCKOCTh MPoeKIuu ¢ mcxomuoii. CiemoBaTebHO, B CHUIY
pesyabTaToB, AOKasaHHBIX B § 1.5, MpoeKTUBHBIE ITPeo0pPa30BaAHUA IIepe-
BOAAT KOHUKM B KOHUKH. [[eficTBUTENbHO, JIT000€ TPOEKTUBHOE TIpeodpa-
30BaHMEM MOKHO IIPEJCTAaBUTL B BUIEe KOMIIO3UIINU IBYX, IepBoe U3 KO-
TOPBIX MEePEBOAUT KOHUKY B OKPYKHOCTE. Ilocjie BTOPOTO 9Ta OKPYKHOCTD
MOJXKET IIepeifiTh TOJbKO B KOHUKY. OTCIofa BUAHO, UTO IIPOEKTHUBHBIE IIpe-
00pa30oBaHUA ABJIAIOTCA MOIITHENIITUM UHCTPYMEHTOM IJIA PabOThI C KOHU-
KaMu.

3amMeTuM, 4TO ruiepbosia mepeceKaerT 6eCKOHEUHO YIAJEeHHYIO IIPIMYIO
B ABYX TOYKaxX. ITHM TOUYKHU 3aJal0T HANpPaBJIEHU:d, MapajjieJbHble acuM-
mroraM 3Toii rumepboanl. Ilapabosa Kacaercsi 0ECKOHEUHO YAAJIEHHOM
MIpAMOII B TOUKe, KOTOpas 3aJaeT HalpaBjeHUe, MapajljieIbHOe OCH 9TOH
napa6ossl. Hy a sjauiic BooOIlle He IIepecekaeT 0eCKOHEUHO YIAJeHHYIO
MIPAMYIO.

Huxe MBI chopMyaupyeM HECKOJIbKO OCHOBHBIX CBOICTB ITPOEKTHUB-
HBIX IIpeoOpasoBanuii. MHOrma BMECTO HOKas3aTeJ bCTBA MBI OyAeM JaBaTh
JIUIITH HosicHeHus. [logpo0HbIe JOKa3aTeIbCTBA BhI MOMKeTe HAWTH B KHU-
rax [2] u [3].
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1. Bce ueThIpexXyroJbHUKK IIPOEKTHBHO SKBUBAJEHTHBLI. TouHee, mas
JIOOBIX ABYX UYeTBEPOK TOUeK olifero moaoskenus A, B, C, D u A', B,
C’, D' cymiecTByeT eQUHCTBEHHOE IIPOEKTUBHOE IIpeo0pas3oBaHue, mepeBo-
namee ABA', BeB,CsC' uDsD.

Hasa mokasaTesbCTBA MOCTATOUHO ITPOBEPUTH, UTO JIIOOYIO YETBEPKY
MIPOEKTUBHLIM IIPeo0pa3oBaHMeM MOKHO IIEPEeBeCTH B KBaApaT U TaKoe
mpeobpa3oBaHUe eJUHCTBEHHO.

ITepeBemem TouKM TepeceueHua map npambix AB um CD, a tak:xe AD
u BC B 6eckoneunocTh. Torga Hala ueTBepKa TOUeK IepeiieT B BePITUHbBI
napajieaorpamMma. Jlagee ahppuHELIM Ipeobpa3oBaHMEM STOT HMapaJlaeso-
rpaMm JIETKO IIPEeBPaTUTh B KBaAparT.

Coenuuum npambiMu Touku A, B, C, D. Yepes mapsl TOUeK mepecede-
HUS 9TUX IPSIMBIX ITPOBEJIeM HOBbIE IPAMbIE M OTMETHM TOUYKHU UX IIepece-
YeHU C YiKe IPOBeIeHHBIMHU MPAMBIMEU U T. 1. OOpasbl BceX OTMEeUeHHBIX
TOUYEK ONPEeeAITCA OAHO3HAUYHO U UMY MOYKHO IPUOJIN3UTE JIIOOYI0 TOU-
Ky miaockoctu. CiaemoBaTesibHO, ICKOMOE IIpeo0dpasoBanme eIUuHCTBEHHO.

Temepb MOKaXKeM, UTO IATH TOUEK OOIIEro I0JI0MKeHnA OTHO3HAYHO 3a-
maroT KoHuKY. [lepeBemeM ueThIpe M3 HUX B KBaJparT, BEPIIUHBI KOTOPOTO
uMeroT KoopauHaTel +1. Torma jierko IpPoOBEPUTDH, UTO YPaBHEHUA KOHUK,
ITPOXOAAIIMX Uepe3 ero BepIIMHBI, OyayT umeTsh BuA ax’ + (1 —a)y?=1.
Ho, oueBuaHO, uepes J00YI0 TOUKY HA ILJIOCKOCTH (OTJIMYHYIO OT BEPIIINH
KBaJapaTa) IPOXOIUT TOJBKO ONHA KPUBafd, MMeIoNias ypaBHeHHE TaKOTO
THIIA.

Huke MBI IOKa)XeM, UTO CYIIIECTBYeT eIMHCTBeHHAS KOHHKA, Kacaio-
masacsA MATU 3aJaHHBIX TPAMBIX OOIIEr0 IMOJIOMKEeHUA.

2. TIpoeKTuBHBIE TPEOOPAa30BaHUSI COXPAHSIOT 0B0lUHbLE OMHOULCHUS
TOYEeK Ha MpAMOI. JTO 3HAYMUT, UTO ecau Toukm A, B, C, D, jnexxariue
Ha OJHOM mpamoii, nepexoxar B touku A', B/, C', D', To

AC-BD

(AB;CD) = AD.BC

= (A'B’;C'D)).
OTMeTHM, UTO AJUHBLI OTPE3KOB OEPYyTCA CO 3Ha-
KaMu.

Hokaskem aTo. Kak ObLIO mOKas3aHO BHIIIE,
JI000e IIPOEeKTHBHOE IIpeodpas3oBaHUe MOKHO
CUHTATh IEHTPAJbHOU IIPOEKIINENl OTHOCUTEIhb-
HO KaKOU-TO TOUKHU. IIyCcTh IIEHTPOM 3TOH IIPO-
exnuu Oyger Touka P (puc. 2.4). Torga

AC-BD _ Spacp-Saspp
AD-BC ~ Spapp-Sascp’

Puc. 2.4

MIOCKOJIbKY ILJIOMIAAb KarKIOT'0 M3 STHUX TPEYrOJbLHUKOB PaBHA IOJOBUHE
IPOM3BEIEHNA AJUH PACCMAaTPUBAEMbBIX OTPE3KOB HA PACCTOSHME OT TOU-
Ku P mo mpaMoil, Ha KOTOPO# Bce aTu TOYKM JexkaT. C Ipyroil CTOPOHBI,
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ILJIOINA b KaKI0T0 TPEeYTroJbHUKA PaBHA IOJOBUHE IIPOU3BEAEHUA CTOPOH
Ha CHHYC yIJia MeXIy HuMHu (OJad ymobcTBa 0003HAUMM yroJ Mexkiay PA
u PB uepes a, mesxxay PB u PC uepes 3, a mexny PC u PD — gepes y).
ITosTomy

Saacp - SABDP _ (AP-CP-sin(a+ ) - (BP-DP-sin(B+ v)) _ sin(a+B) -sin(B + v)
Saapp-Sagce  (AP-DP-sin(a+fB+ 1)) -(BP-CP-sinf)  sin(a+B+7y)-sinf

ITocKOJIBKY 3TO OTHOIIIEHME He 3aBUCUT OT TOT0, HA KAKOM IIPAMOHU Jie-
JKaT HAIl TOYKHM, MBI IIOJIy4aeM

sin(o + ) -sin(8 + 1)
sin(a+ B+ v)-sinf

(A'B';C'D) = = (AB; CD).

9TO CBOICTBO TO3BOJISET OIPEAENUTHh ABOMHOE OTHOIIEHUE UYeThIpex
MIPAMBIX, IPOXOIAINNX Uepe3 OSHY TOUKY, KaK ABOIHOE OTHOIIEHHE TO-
YeK UX IepeceueHus ¢ IPOU3BOJIbHON npamMoii. OueBHIHO, YTO OHO TaKIKe
COXpAaHseTCs IPU IIPOEKTUBHBIX IIPE00PA30BAHUAX.

IBoiiHOE OTHOIIIEHNE UEeThIpeX IPSAMbLIX d, b, ¢ u d 6ygeM o603HAUATH
uyepes (ab;cd).

W3 coxpaHeHMsA MABOWMHOTO OTHOIIEHUS
cJaenyeT, UTO eCJU U3BEeCTHBI 00pas3bl TPeX TO-
YyeK MPSAMOII, TO 00pasbl OCTAJIbHLIX €€ TO-
YeK OIIpenesdAloTcs OJHO3HAYHO. B uacTHO-
CTU, IPOEKTUBHOE ITpeodpa3oBaHMe, OCTABJIS-
olllee TPU TOYKM IIPAMOIN HEIOIBUXKHBIMU,
OCTaBJISIET HEIIOABUKHOM BCIO MPAMYIO.

3. Teopema Ilanmna

Teopema 2.2. Ecau mouxku Ay, By, Cq 2e-
aeam Ha npamoi li, a mouku Az, Ba, Co Ha
npamoi la, mo mouku nepeceierHus NPAMbLX
Ale u AgBl, 31C2 u Bgcl, ClAz u CgAl Jie-
seam Ha 00HOU npamol (puc. 2.5).

s mokasaTeabCTBa AOCTATOYHO YBECTU
TOYKHM IIepeceueHus Iap OpAMBIX A;By u
AsBq, B1Cs u ByCy Ha 6€CKOHEUHOCTb U BOC-
0JIb30BaThCA TeopeMmoir Pajeca.

4. Teopema JIe3apra

Teopema 2.3. IIpamvie A1Ay, B1Bg, C1Co,
coeduHawUUe coomeemcmayouiue 6epullLHbl
mpeyzoavHukos A1B1C1 u AgByCs, nepece-
Kalomcsa 8 00HOU mouke mozda U MOJLbKO
moeda, Kozda MOuKU nepeceyeHus NPAMbLY
AlBl u Ang, 31C1 u BgCg, ClAl u C2A2 Jie-
seam Ha o0HOU npamoli (puc. 2.6). Puc. 2.6
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3mech HAIO IPOEKTUBHBLIM IIpeobpasoBaHmeM ePeBEeCTH TOUKU Iepece-
yeHUA IMap OpaAMbIiX A1B1 u AsBy, B1C1 u BsCy Ha 66CKOHEUHOCTh U OIISTH
JKe BOCIIOJIb30BaThCA TeopeMoii Paeca.

Kak mpaBujio, MpOeKTUBHBIE IIPe00pPa30BAHUA He COXPAHSIIOT OKPYIK-
HocTu. OTHAKO UMEIOT MECTO CJenyiomniue aKkThl.

5. Ilycts maHa OKpy:KHOCTH U Touka C BHyTpu Hee. Torma cyiiecTByer
IPOEKTUBHOE IIpeobpa3oBaHUe, IPU KOTOPOM JAaHHAA OKPYIKHOCTEL Ilepe-
XOIUT B OKPY:KHOCTD, a Touka C — B ee IIeHTP.

IToT GaKT MBI AOKaKeM UYyTh II03:Ke, BOCIIOJIb30BABIINCEH MMOJAPHBIM
COOTBETCTBUEM.

6. IlycTy maHa OKPYKHOCTH M He mepecekaromiad ee npamaa [. To-
rla CYIIeCTBYeT IPOEKTHWBHOE IIpeoOpasoBaHMe, MePEBOAINee MTaHHYIO
OKPYJKHOCTH B OKPYKHOCTBH, a NPAMYI0 [ — B GECKOHEYHO YJaJIeHHYIO
IPAMYIO.

ITepeBeeM TIPOEKTHMBHBIM IIpeoOpasoBaHMEM HaITy mpamMyio [ B Gec-
KOHEUHO yJaJIeHHYI0 IpaMyio. IIpu TakoMm mpeo6pa3oBaHUU OKPYKHOCTH
MOKeT IepPedTH TOJBKO B 9JIJINIIC, MIOCKOJLKY He MMeeT TOUeK Iiepecede-
HUsA ¢ 0eCKOHEUHO yaajieHHO mpAamoii. [aee caenaem ahduuHOE ITPEosd-
pasoBaHMe, KOTOpOe 9TOT JJLIUIIC IIepeBeleT B HAIly OKPY:KHOCTE (Takoe,
OUYEeBUIHO, HAIETCA).

7. Teopema Ilackans

Teopema 2.4. Touku nepeceieHus npomueo-
NOJLONCHBLX CMOPOH BRUCAHHO20 ULECMUY2Z0AbHUKA
aexcam Ha 00HOU NpAMOU.

Hoxaszamenvcmeo. 1lycTh 1aH BIIMCAHHBIH II1€-
ctuyroabuauk ABCDEF . IlepeBemeM IPOEKTUBHBIM
nmpeobpas3oBanmeM Ha 6€CKOHEYHOCTb TOUKM Ilepe-
ceueHuda nap npameix AB u DE, a tak:xe BC u EF.
Ilonyuum, utro AB | DE, BC | EF; Hano nokasars,
uyro CD || FA. Ho aro coBceM He CI0KHO. B cuiy
napaJieabHoctu yrisl ABC u DEF paBubl. A 3Ha-
uyuT, paBubl Ayru AC u DF. Ho sT0, oueBUIHO, U
O3HayvaeT MapaJiIeIbHOCTb ONpaAMbIX AF u CD. [

8. Teopema Bpuanmona

Teopema 2.5. I'1ashbie duazonail ONUCAHHOZ0
uLecmuyzosbHUKQ nepecexaiomcs 6 00HOU moyke.

Hdoxasamenvcmeo. IlepeBeeM TOUKY Iiepece-
YeHUsd ABYX AuMaroHajed B IeHTp. Ham Hamo mo-
Kas3aTh, UTO ¥ TPEThsS AUATOHAJNL IIPOXOAUT Uepes
IIEHTDP OKPY’KHOCTHU.

WUrak, nycres mecrtuyroabuuk ABCDEF omnu-
CaH OKOJIO OKPY:KHOCTH C IIeHTpoM B Touke O u
nuaroHanu AD u BE mpoxogar uepes O. O6osHa- Puc. 2.7
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YMM TOUYKM KacaHMA OKPYsKHOCTH co cropoHamu AB, BC, ..., FA uepes

A4, By, ..., F1 coorBercTBeHHO. JIerKo moHATH, uTto LE10C; = ZF;0B; =

=2/A0B, a rakxe uto /E{OF = /FOF; u /B;0C=/COC;. A 3uauur,
360°

/FOF, + /F,0OB; + /B,0C=/E{OF + /E10C; + Z/COCq = = 180°.
CaemoBaresnbHO, Touku F, O u C jeKaT Ha OTHOU IIPAMOM. O

Ormerum, uTo TeopeMbl Ilackansa u BpuamiioHa ocraioTca BepHBIMU,
€CJIV ITeCTUYTOJbHUK BBIPOKAAETCS B IMATHU- WUJINU YETHIPEXYTOJbHUK. JTO
coobpasKkeHe He pas3 HaM eIlje IIPUTOAUTCS.

IIpu moxasaTesbcTBe TeopeMbl IlacKais MbI MOJB30BAJIUChH TEM, UTO
COOTBETCTBYIOIASA NpAMas He mepeceKaeT HaIlly OKPY)KHOCTb, a MPU J0-
KasaTeJIbCTBe TeopeMbl BpuaHIIoOHa — YTO TOUKAa IepeceueHus AMaroHa-
Jieli JIeXKUT BHYTPHU OKPpy:KHOCcTU. Ha caMom fgeje 9TH [Be TeOopeMbl BEPHBI
B JIIOOOM cjaydae, T. €. TOUYKM U MPSAMBbIe B 3TUX TeopeMaX MOTYT HUITU
B KaKOM YT'OIHO TOPAIKE.

Ba'KHO TaKiKe CKasaTh, YTO 9TO UMCTO HPOEKTUBHBIE TeopeMbI. I1oaTO-
MY OHU BEPHBI U AJA KOHUK. B rj1. 3 MBI chopMyIHupyeM M JOKaXKeM 3TU
TeopeMBbI B 00IIleM BUe.

9. Ilycts maubel Touku A, B, C, D, ne:xalue Ha oKpysKHOCcTH. I3 Teope-
MBI O BOMCAHHOM YIJIe CJIeYeT, YTO IJA Ji000i TouKku X Ha 9TOI OKPYIK-
HOCTHU JBOiHOe oTHOIeHne npaMbix XA, XB, XC, XD 6yaetr oOfHUM U TeM
xe. HazoBeM ero JBOMHBIM oTHoIIeHUeM Touek A, B, C, D. OueBunHo,
YTO eCJIM MPOEKTUBHOE IIpeodpasoBaHue IIePEeBOAUT OKPYKHOCTb B OKPYIK-
HOCTBH, TO JBOMHOE OTHOIIIeHWE TOUEK cOoXpaHseTcd. BepHo m obpaTHOe:
ecyim 3aJaHo mpeoOpasoBaHMWE OKPYKHOCTU, COXPAHSAIOIIee TBOMHBIE OT-
HOIIIEHUS, TO €r0 MOKHO IIPOJOJIKUTE A0 MPOEKTUBHOTO IIpeobpa3oBaHUsd
BCeU IIJIOCKOCTH.

C mpoeKTHUBHBIMHU IIPeo0pa3oBaHUAMU TECHO CBSI3aHO oToOpaskeHwme,
CTaBdAIllee B COOTBETCTBUE TOYKAM IIPSIMbBIE M HA0OOPOT.

Onpepenenue. IlonspHoe coomeemcmeue OTHOCUTEIbHO OKPY:KHOCTHU
c meaTtpoM O M PagmMyCcOM I CTABUT B COOTBETCTBHE KaKIOII TOUKE IIJIOC-
KocTu A, otanuHO# oT O, IPAMYIO a, IepueHAuKyaapHyo OA u mepeceka-
forryio ayd OA B TOUKe, MHBEPCHOII TOUKe A OTHOCHUTEJIBHO 3TOM OKPYIK-
Hoctu. IIpssmas a Ha3bIBaeTCs noaApol TOUKU A, a TOuKa A — noawcom
npamoii a. ITonxspoii Touku O cuuraeTcss 6ECKOHEUHO yaajeHHasa mpaMas,
a mojsapoil GeCKOHEeUHO YAAJeHHOM TOYKU — JUaMeTp, MePIeHAUKYJIAP-
HBIN TPOXOAAINM UYepes Hee MapajieIbHBIM MPAMBIM.

OTMeTuM BasKHBIE CBOMCTBA IMOJAPHOTO COOTBETCTBUA.

1. Ecau Touka B Je:XUT Ha IIOJSIpPe @ TOUKU A, TO ee moJsapa b mpoxo-
IUT uepes3 A.

Moxaszamenvcmeo. Ilycts Touku A’ u B’ muBepcHBI ToukKam A u B
OTHOCUTEJLHO Haleil okpy:kuoctu. Torga tpeyroasauk OA’B, oueBUIHO,
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nonoben TpeyroabHuxKy OB’A, a 3HauuT, yroJ
AB’O npsawoii, T. e. A nexut Ha b (puc. 2.8). O

OTcroia BBITEKAET, UTO IOJIIOC JII000H IpAMOii
SABJISIETCSA TepeceyeHreM IOoJIIp BCeX ee TOUeK, U
Hao0O0pOT, MOJIAPA TOUKU ABJIAETCA TeOMeTpuye-
CKUM MECTOM IIOJIIOCOB BCEX ITPOXOIAINUX Uepes
3Ty TOYKY IPAMBIX.

2. IToxapoit Touku A, Jexkaleii BHe OKPYIK-
HOCTH, OyZeT mpAMas, COeTUHAIONAaA TOUKY Ka-
CaHUA OKPYKHOCTH C KacaTeJbHBIMHU, IIPOBEIEH-
HBIMU K Hell 13 A (TOUKM KacaHusa ABJIAIOTCA IMOJIOCAMU KacaTeJbHBIX).
Orcioga ciexyer, 4T0, HECMOTPS Ha METPUYECKOE OIIpeliesieHNe, IOISIPHOe
COOTBETCTBUE ABJISAETCA MPOEKTUBHBLIM IIOHATUEM, T. €. €CJIU IPOEKTUBHOE
mpeobpas3oBamme COXPaHsIEeT JAHHYIO OKPY/KHOCTH M IIEPEBOAUT TOUKY A
B A’, TO moJspa a TOUYKK A MepexXOoquT B mOasapy a’ Touku A’. ITo m03Bo-
JaseT chopMYyIUPOBATE CAEAYIONINI pPesyIbTar.

IIpusnun geoiicTBeHHOCTU. [Iycmbv 00KA3AHO HeKomopoe NnpoeKmue-
Hoe ymeepicdenue. Toz0a eeprHvim makice 6ydem ymeepicdeHue, NoLYy-
YeHHOoe U3 00KA3aHH020 83AUMHOU 3aMeHOol caedyrouux mepmunos: (Tod-
Ka) <« (mpamad), (Jie;kaTh Ha OPAMOIT) < (IIPOXOAUTH Uepe3 TOUKY), (Je-
JKaTh Ha OKPYMKHOCTH) « (KacaTbCs OKpYsKHOCTH). IIpumepamu ymeep-
JHedeHull, noayyarnuwuxca opyz u3 dpyza no npunyuny 06oiicmeéenHoCmuU,
aeaawmes meopemvt Ilackansa u Bpuanuiona, npamoe u o6pamnoe ymeep-
selenus meopemvt Jlezapea u Op.

TaksKe ¢ IOMOIIIBIO ABOMCTBEHHOTO MPeo0pasoBaHUSI MOYKHO JTOKAa3aTh
cBoiicTBO 5. JlocTaTOYHO, BOCIIOJIB30BABINICH CBOMCTBOM 6, meperHars Io-
asapy touku C Ha OecKoHeuHocThb. Torga, oueBuaHO, Touka C mepengeT
B IIEHTP OKPY:KHOCTH.

3. Ilpsamas, coegWHAMIONIIAS TOUYKU MIepecedueHUs IIPOTHUBOIIOJIOMKHBIX
CTOPOH BIMCAHHOTO (OIMMCAHHOTO) YETHIPEXYTOJbHUKA, SBJIAETCS IOJIA-
poOii TOUKY IepeceveHus ero AuaroHaJei.

ITo yTBep:KIeHUE caenyeT u3 cBoiicTBa 1 m Teopembl HbioToHa: mua-
TOHAJIN ONKUCAHHOTO YeTHLIPEXYTOJbLHIKA IIPOXOAT Uepe3 TOUKY Iepeceye-
HUA OPAMBIX, COEIUHAONINX TOUKY KACAHUS IPOTUBOIOJJOKHBIX CTOPOH
CO BIIMCAHHOUW OKPY/KHOCTBHIO. JTa TeopeMa SBJIAETCS YACTHBIM CJIydaeM
TeopeMbl BpuaHIoHa.

4. JIBoiiHOe OTHOIIIEHNE YeThIpeX TOUEeK HPAMOH paBHO ABOMHOMY OT-
HOIIIEHUIO UX TIOJIAP.

Hoxazamenvcmeo. Ilycts s3T0 Touku A, B, C u D. Torma nBoitHOe
OTHOIIIEHNE 9TOH YeTBEPKU TOUEeK PABHO ABOMHOMY OTHONIEHUIO IPAMBIX
OA, OB, OC u OD, kotopoe B CBOIO OUepelb PABHO JBOMHOMY OTHOIIIEHUIO
npamerx OA’, OB’, OC' u OD’, rpe A’, B', C', D' — npoerknuu Touku O Ha
moJsiapbl Touek A, B, C, D coorBercTBeHHO. IlycTh P — 9TO IOJIOC IIPA-

Puc. 2.8
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Mot AB. Torga Touku A’, B', C', D', O u P nexaT Ha OJHON OKPY KHOCTHA
(c zmamerpom OP). A smauunr, (PA/, PB’'; PC', PD')=(0OA’,OB’; OC',OD’) =
=(A,B;C,D). Ho PA’, PB', PC' u PD’ u ecrtb mousapsl Touexk A, B, C
u D. O

3amaua 8. Ha croponax Tpeyrombuuxka ABC BbIOpaHbI TOuKu A;p, Bj
u Cq1, Taxk utro AA;, BB; u CC; nmepecekarT-

ca B omHOii Touke. ObosHaumm ee uepes P.
IIycte C' — 3TO0 TOUKA HepecedeHUs NPSAMOI x Y
A1Bq co croponoit AB. Touxu A’ u B’ ompe- ) Q
JeJSIOTCA aHAJOTHUUHO. JloKasKuTe, YTO TOU-
ku A’, B’ u C’' nexar Ha OZHOI IIPAMO.

ITonyuatorasgca TakuM o0pasoM TpAMasd

Ha3bIBaeTCA MPULUHEUHOU NOAAPOU TOUKU P
OTHOCHUTEeJbHO TpeyroiabHuKa ABC, a ToukKa Puc. 2.9
P — mpunuHneitinblm noawcom IpaMO.

3amaua 9. IIpamas mepecekaeT ruiepbo-
Jy B TouKax P u @, a ee aCUMIITOTHI B TOUKAaX
X un Y. [lokaxure, 4To AJUHBI OTPe3K0B PX
u QY pasuEI (puc. 2.9).
3agaua 10. [IBe mapajienbHble IPSIMBIE
d

mepecekarT mapaboay B Toukax A, B u C,
D coorBercTBeHHO. [loKaxkuTte, 4TO IpaMad,
COeqUHAIOIAA CepeuHbl 9TUX OTPE3KOB, IIa- Puc. 2.10
paniaenbHa ocu mapaboJibl (puc. 2.10).

3amaua 11. ITycTs mama okpyskHOCTb U TouKa C BHyTpU (BHE) ee. Uepes
Touky C mpoBeneHbl 4 Xopabl (cexkyiue) A;B;, i=1, ..., 4. IIycts D — ToU-
Ka mepeceueHUus NpAMBIX A1 Ag u Ag3A4, E — TOUKa mepeceuyeHUs MPAMBIX
B1By u B3B,4. Horaxxure, uro Touku C, D, E jexxar Ha OZHON TPAMOI
(puc. 2.11).

.

Puc. 2.11
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3agaua 12. OKpPY’KHOCTH, KacaroIlluecsa Iia-
PBI COIPAKEHHBIX AMAMETPOB' 3JIIHMIICA, IIeH-
TPHI KOTOPBIX JIEXKAT Ha 9TOM JJIJIUIICE, UMEIOT
OOUHaAKOBBIN paguyc.
3amaua 13. Ilo aBYyM mepeceKaloIMMCS
B TOUKe A TPAMBIM CKOJBL3AT KOHIIBI OTPE3Ka
BC, Tax 4TO ero AJWHA HPU STOM He MeHSET-
cda. [Joraxkure, uTo ecau Ha BC 3ad@uKCcUpPOBATh
TOouKy P, To ee TpaeKTopus OyIeT 3JIJIUIICOM
(puc. 2.12).
3agaua 14. Ilycts Ha cTopoHax TpeyrojbHuUKa ABC JjiesKaT IIeCTh TO-
yek: A;, Az Ha cropoue BC, By, Bz Ha cropoue AC u Cy, Cy Ha AB. [lo-
Ka)KHUTe, YTO STU IIECTh TOYEK JieyKaT Ha OJHON KOHUKEe TOr[Ja W TOJbKO
TOTZa, KOraa
BA;-BA; CB;-CBy AC;-AC;
CA,-CA, AB,-ABs BC,-BCs

Puc. 2.12

1.

IIpegnomaraercd, 4To 9TO OTHOIIIEHUE OepeTca co 3HaKamMu. Ilosoxku-
TeJbHBIM HallpaBJIEHHWEM AJIA Ka'KJOI'0 BhIpa'KeHUA IIojlaraeTcs HalpaB-
JieHre OT (pUTypUPYIONIe B BHIPAKEHUU BEPIITNHLI B CTOPOHY APYTOH Bep-
IMUHBL (Urypupyoiieii CTOpOHEI.

§ 2.3. Hekotopsie paKkThl 13 TeOMETPUU TPEYTOJIbHUKA

Jror naparpad MoCBAIIEH HEKOTOPHIM II0JIE3HBIM, HO He 00Ien3BeCTHBIM
CBOICTBaAM TpPeEyroJbHMKAa. B OCHOBHOM peub MOMJET O CBOMCTBaX M30T0-
HAJIBHOTO M M30TOMHUYECKOTO CONPSKEHUI, HO OyAeT YHOMAHYT U PALI
IPYTUX KpPacuBbIX (aKTOB, He MUMEIOIUX
IIPAMOT'0 OTHOIIIEHUA K TeMe KHUTU.
Onpenenenue. I1edanvHvim (N00EPHbLM)
mpeyzonabHUKOM TOYKM P OTHOCHTEJIbHO
TpeyroabHUKa ABC Ha3bIBaeTCAa TPEYyTroJb-
HUK, BEPIITHAMHU KOTOPOTO SBJIAIOTCA IIPO-
eKIIUU TOUKU P Ha CTOPOHBI TPEYTOJbHUKA
ABC. OnucaHHas OKPY:KHOCTh IIeJaJIbHOTO
TPeyroJbHUKAa Ha3bIBaeTcs nedanvHol (no-
OdepHoil) okpyxcHOCMbIO TOUKU P oTHOCH-
TeJabHO Tpeyroabuuka ABC (puc. 2.13). Puc. 2.13
Teopema 2.6. IledaavHblli mpeyzonv-
HUK 6blpoxcdaemcs (npoexkyuu Jexcam HA 00HOU npamoi) < mouka P
JleXCum Ha ONUCAHHOU okpyicHocmu mpeyzoaviuka ABC.

1. [Ipa quameTpa BJIJIUICA COMPSKEHBI, €CHM KasKIblil 13 HUX NapajieieH KacaTeJIbHbIM
K 9JUINIICY B KOHIIAX APYTOro.
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(910 mpocTo nmepedopMyaupoBKa JeMMbl CruMCcOHA.)

Omnpenenenne. YeguaHHbLM MPEY20AbHUKOM TOUYKU P OTHOCHUTEJIBHO
TpeyroabHuKa ABC Ha3bIBaeTCsA TPEYTOJbHUK, BEPIIUHBI KOTOPOTO — TOY-
Ku mnepeceueHusa npambix AP u BC, BP u AC, CP u AB. Onucannasa
OKPY’KHOCTH YEBUAHHOTO TPEYTOJbHUKA HA3LIBAETCA YEBUAHHOU OKPYHC-
Hocmbvlo TOUKKU P oTHOCUTEeNbHO Tpeyroabuuka ABC (puc. 2.14).

O cBoiicTBax YeBMAHHBIX TPEYTOJBHUKOB OyJeM TOBOPHUTH IIO3Ke.
A ceiftuac maguMm elile onpenesieHNE OKPYHIHOCMHO-Le6UAHH020 MPey2zob-
HUKGQ.

/
Puc. 2.14 Puc. 2.15

Onpenenenue. OKPYHHOCMHO-YCBUAHHbLM MPeEY2OolbHUKOM TOUKU P
OTHOCHUTEJbHO TpeyroabhHuka ABC Ha3bIBaeTCS TPEYTOJbHUK, BEePIITUHBI
KOTOPOTO — 9TO TOYKM TOBTOPHOIO IiepeceueHus npAmMbix AP, BP, CP
C OIMCAHHOI OKPY/KHOCTBIO Tpeyroabuuxka ABC (puc. 2.15).

Jemma 2.1. Ile0anvHblll U OKPYHHOCMHO-LEBUAHHBLE MPEY20LbHUKU
mouxku P omnocumenvrno mpeyzonvnuka ABC nodo6HbL u 00uHAK080 OPU-
eHmupo8aHbul.

Hoxazamenvcmeo. PaccmoTpum caydait, n3o0paskeHHBIN Ha puc. 2.16.
OcranbHbIEe caydyan pasbuparTcs aHAJIOTHUYUHO.

Touku P,, Py, P, — 9T0 BepIINHLI IIeJaJIbHOTO TPEeYyroJbHUKA, a TOUKH
A’, B', C' — BepIINHEI OKPYKHOCTHO-YeBUAHHOI'O TPEYTOJbHUKA. MbI nMe-
em LAA'C' = /ACC' = /P,P,P. TlocnenHee paBeHCTBO BEPHO, IOCKOJLKY
yeTbIpexyroabHuKk PP,CP, BuucaHHbIN. AHAJIOTUYHO JOKAa3bIBAE€TCs, UTO
/AA'B' = /P.P,P. A zuauunr, /C'A'B' = /P,P,P,.. Ananoruusno /A'B'C’' =
=/P,P,P. u /A'C'B'= /P,P,P,. Ho 3T0 1 03HauaeT, 4TO TPEYIrOJLHUKHI
A'B'C' u P,PyP, 110100HEL. O

Teopema 2.7. OKpYymsHOCMHO-4Le6UAHHbIE MPEYZOLbHUKU MOUEK, UH-
6EPCHBbLX OMHOCUMENLbHO ONUCAHHOU OKPYICHOCMU MPeyzonibHUKA, N0000-
HbL U NO-PA3HOMY OPUEHMUPOBAHDYL.



§ 2.3. Hexomopule parmoL U3 2e0Mempul mpeyzoibHUKA 43

Puc. 2.16

CrHauaja JOKa'KeM CJIeNYIOIIYIO JIEMMY.

Jemma 2.2. ITycmv mouku P u @ uH8epcHbL OMHOCUMENbHO OKPYHC-
Hocmu @ ¢ yeumpom O. ITycmov ompesox PQ nepecexaem «w 6 mouke R.
Tozda Ons a0l mourku A, nexcawell Ha &, RA — amo buccekmpuca yzaa
PAQ.

Hoxazamenvcmeo. IlockonbKy Touku P u
@ uHBepcHBI, TpeyroabHUKU OAP u OQA mo-
moboHbl (puc. 2.17), ciaemoBatenbHo, ZOQA =
=/0AP. TlockonbKy O — IIeHTP OKPYKHOCTH W,
TpeyroiabHUK AOR paBHOOeIPEHHLIH, a 3HAYUUT,
Z0OAR = /Z0ORA. Takum obpasom,

/PAR = /0AR — ZOAP =
=/0ORA - ZOQA=/RAQ, Puc. 2.17

4TO U TpeGoBaJOCh JOKAa3aTh. O

W3 moxasaHHOU JIEMMBbI CJIEAYET, UYTO OKPYKHOCTh () SABJISIETCS IeOMeT-
pHUYECKUM MECTOM TOUEK, OTHOIIEeHWEe PACCTOAHUH OT KOTOPHIX A0 P u @
MOCTOAHHO (U oTIn4yHO OT 1). OHA HA3BIBAETCS OKPYHCHOCMbIO ANOJLOHUS
orpeska PQ. O Hell OymeT mogpobHee HAIMCAHO HUMKE.

Hoxaszamenvcmeo meopemut. Ilycts Touku P n @ MHBEPCHBI OTHOCH-
TeJbHO OMMCAHHON OKPYKHOCTU TpeyroiabHuKa ABC (0003HAUMM ee ue-
pes3 w). IlycTh oTpedok PR mepecekaeT w B Touke R. O003HAUMM HOBTOP-
HYIO TOUKY IepecedyeHus npamoii AP ¢ w uepes A’, a npamoii AQ — ue-
pes A”. Beuny memmbl 2.2 npamas AR — 6uccekrpuca yria PAQ, cueno-
BaTeabHO, R menutr ayry A’A” momosam, T. e. Touku A’ u A” cummerpuy-
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HBI oTHOcuTeabHO OP. To sxe BepHo 1ia nap Touex B’ u B”, C' u C”, Bep-
IITUH OKPY*KHOCTHO-YeBUAHHBIX TPEYTOJbHUKOB TOUeK P 1 ¢ OTHOCHUTE b-
HO Tpeyroabuuka ABC. Takum o6pas3oM, IIPU CUMMETPUU OTHOCUTEIHLHO
PQ TpeyroibHUKY MEPeXoAAT APYT B APYTa, a 3HAUUT, OHU ITOJO00HBI 1 II0-
Pa3HOMY OPUEHTHUPOBAHEI. |

CanencrBue. IledanbHble MPeYzoibHUKU UHBEPCHBLX MOYeK Nno0oOHbL
U NO-pa3HOMY OPUEHMUPOBAHDL.

MoxHO moKasaTh, UTO AJA JIOO0ro TpeyroJbHuKa XYZ CyIecTByeT
eIUWHCTBEHHAA TaKasd TOYKAa, UTO HeJAaJbHBIN TPEYTrOJbHUK JTOU TOUYKH
OTHOCHUTEJBHO MTaHHOTO Tpeyrogbuuka ABC momobeH TpeyroJabHUKY XY Z
npu GUKCUPOBAHHOM HOPSIIKE BEPIIUH.

B moxasaTenbcTBe HpeabIayIlielli TeopeMbl MbI IIOJYYMJINA ABA HOI00-
HBIX TPEYTOJbHUKA U TOUKY P BHYTpU HUX, TaK UTO YIJIbI, 0Opa3oBaHHBIE
CTOpPOHAMMY WM UeBMAHAMM, CBSI3AHHLIMU C TOUYKOM P, paBHBI, HO KaK ObI
MeHsAoTcAa Mectamu (pruc. 2.16).

Takum 00pa3oM, MBI IPUXOAUM K TaK HA3LIBAEMOMY U3020HAJAbHOMY
CONPANCeHU OTHOCUTEIHLHO TPEYTOJbLHUKA.

IIycTs man mpousBoJbHBIN TpeyroabHuK ABC u Touka P, oTamuHasa OT

BEPINUH TpeyroabHuKa. OTpasuM IpsaMble, COeINHAIOINNEe BePITUHBI Tpe-
YTOJBLHUKA C TOUKON P, OTHOCUTEJNHEHO OMCCEKTPUC COOTBETCTBYIOIUX YT~
JIOB TpeyroabHuKa. OKasbIBaeTCd, 9TU TPU MPIMbIe BCera IepeceKarTes
B OJHOM TOouKe (MIM Ke TapajelbHbI,
T. €. IepeceKaloTcA B OTHOM TOYKe Ha IIPO-
eKTHUBHOH IIJIOCKOCTH), KOTOPYI0O MBI 000- \
smauuMm P’ (puc. 2.18). Tourky P’ HaswI- i
BAIOT U3020HAJLbHO CONPANCEHHOU TouKe P
OTHOCHUTEeJbHO TpeyrogbHuka ABC, a mpe-
o0pasoBaHmue, MePeBOAsAINEe KaKIYI0 TOU-
Ky IIPOEKTUBHOM IJIOCKOCTH B M30TOHAJb-
HO COIPAKEHHYIO, — U3020HAAbHbLM CONPS-
JHeeHueM.

Ha camom mesne KOPPEKTHOCTH 3TOTO Puc. 2.18
ompefeseHnsA MBI IMOYTH JOKA3aJu B JIEM-
me 2.1. [eilictBuTenbHO, Bo3bMeM TpeyroabHuK ABC u Toury P. Ilyctb
A’'B'C’ — OKPY»KHOCTHO-YEBUAHHLIM TPEYTOJbHUK TOUKU P OTHOCHTEILHO
tpeyronbHuKa ABC. Torma tpeyroabHuk ABC OyaeT OKPY:KHOCTHO-Ue-
BUAHHELIM TPEYTrOJLHUKOM TOUKHM P oTHocuTenbHO TpeyroabHuka A'B'C/,
a 3HAUYUT, MOoA00eH MeJaJbHOMY TPEYTOJbHUKY TOUKU P OTHOCUTEIHLHO
A'B'C’'. CnepmoBareibHO, IPU IOAOOKMHU, IIEPEBOAAINEM IeJalbHBIN Tpe-
YroJabHUK TOuKu P B Tpeyroanuuk ABC, Touxa P mepelizeT B TOuKy P/,
KoTopas KaK pas u O6yJeT M30TOHAJIbHO COIPAIKEHHO.

OTMeTMM HECKOJbKO 3JIEMEHTAPHBIX CBOMCTB WM30TOHAJILHOTO COIIPS-
JKeHUA.
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1. Ecau Touka P He JIeXKUT HaA IPSAMBIX, COAEPIKAIIUX CTOPOHBI Tpe-
YrOJIbHUKA, TO TOUKA P’ ompegesnserca 0OQHO3HAYHO M N30TOHAJIBHO COIPSI-
JKeHHOU TouKoi K P’ Oyzer Touka P. Takue gBe TOuKu OygeM Ha3bIBAThb
U3020HANBHO CONPANCECHHBIMU.

2. VIzoroHAIbHO COUPAKEHHOW TOYKON K TOYKe, JIeKallleid Ha IIps-
MOM, cozepsKallieii CTOPOHY TPEyroJbHNKa, OyAeT BepIInHa TPeyroJbHHU-
Ka, IIPOTUBOIIOJIOKHASA 3TOH CTOPOHE.

3. MsoroHambHOE COUpAKEHWE OCTABJIAET HA MECTe POBHO 4 TOUKU
IIJIOCKOCTH, & UMEHHO, IIeHTPHI BIMCAHHON U TPeX BHEBIUCAHHBIX OKPYIK-
HOCTe# TpeyroJbHHUKA.

4. Eciu Touxka P JIeKUT Ha OMMCAHHON OKPYKHOCTH TPEYroJbHUKA
ABC, To 130TOHAJIbHO COIPSIKEHHOM TouKe P OymeT Touka Ha 0€CKOHEUHO
yAAaJIeHHOW HPSMOI, KOTopas 3aJaeT HallpaBJIeHWe, MMepPIeHAUKYJIIpPHOe
npamoit CuMcoHa TOUuKu P OTHOCHUTEJIBbHO TpeyrojbHuka ABC (mpamoii,
IIPOXOAIIEel uepes IPoeKInyu TOUKu P Ha cTopoHBI Tpeyroabuuka ABC).

IlepBrie Tpu cBoiicTBa O4eBUAHBI. JlOKasKeM
yerBepToe. PaccMoTpum ciayuaii, m3o0pakeH-
HBI Ha puc. 2.19, ocrambHble caydau pasou-
patorcs amamorudHo. IIycTh Touka P JeXuUT Ha
OonMCcaHHON OKpPY:KHOCTH, a P, u P, — mpoeKnuu
Touku P Ha cropoHbl AC u AB COOTBETCTBEHHO.
Toury mepeceuenusa npsamoii CuMcoHa Touku P
Cc OpaAMOl a, cuMMeTpuuYHOU AP OTHOCUTEJb-
HO OuccekTpuchl LA, obozHauuMm ueped X. Ye-
THIPeXyroabHuk APP,P, BIUCAHHBIN, a 3HAYUT,
/AP,P.,=180°— APP.,=180° — (90° — ZPAP,) =
=90° 4+ LPAP, = 90° + XAP,. Ho, IIOCKOJIBKY
BHEIITHUI YTroJI PaBeH CyMMe ABYX OCTaBIIMXCS
BHYTPEHHUX YTJIOB TPeyroJdbHUKa, ZAXP, =90°. AHaJIOruYHO JOKAa3hIBa-
ercs, 4To IpsaMmble, cuMMeTpudHbie PB 1 PC OTHOCUTEJILHO OMCCEKTPUC
COOTBETCTBYIOIIIUX YIJIOB, NMEPIEeHINKYJIAPHBI Py P,.

W3 mpuBemeHHOTO MOKAa3aTeNbCTBA CYIIECTBOBAHUA WM30TOHAJIBHO CO-
IPAKEHHON TOUYKHU CJO0YKHO HOJYUYUTh KaKue-HHUOYyIb ero cBoiicTBa. MbI
ceiiuac ImpuBeleM ellle OAUH CIIOCO0 ITOCTPOEHUSI M30TOHAJIBHO COIPAMKEH-
HOW TOYKM, KOTOPHIH Ccpasdy sKe BBIBEJET HAC HA HECKOJbKO KPACUBBIX
CBOIICTB 9TOT'0 IIPeoOpa3oBaHUA.

IIyctb Touka P sexxkut BHyTpU TpeyroabHuka ABC, Touka P, cuMmMeT-
puYHa el oTHOCUTEeJbHO cTOpoHbl BC, Touku P, u P, ompenesieHbl aHa-
sgornuso (puc. 2.20). ITycts P/ — 3T0 [MEHTp OMMCAHHONW OKPYKHOCTH Tpe-
yroavuuka P,P,P.. Touka C paBHoyzajseHa or P, u P,, ciemoBaTejbHO,
npamasa CP’ aBisercsa cepefUHHBIM IIEPICHIUKYIAPOM K OoTpe3ry P,P.

Puc. 2.19

A smauur, /P,CP’ = %ZPaCPb =/C. Ho Torga /BCP' = /P,CP' — /BCP, =
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Puc. 2.20

=/C - /BCP=/ACP. AHajornuHo mokaswiBaercs, uto LABP' = /CBP
n /BAP' = /CAP. A 510 1 o3HauaeT, 4TO Touka P’ maoromainHO comps-
'keua P orHocurennruo ABC.

Eciu Touka P je:XUT BHE TPEYroJbHUKA, TO PACCYKACHUA aOCOIIOTHO
aHAJOTUYHBI, HO, KOTJA TOUKAa P JeKUT Ha OIMNCAHHONM OKPYKHOCTU Tpe-
yroapuuka ABC, Ttpeyroasuuk P,P,P. Boipoxkges. Torga meHTp OIIMCaH-
HOM OKPYsKHOCTU TpeyroabHuka P,P,P. He ompenejeH (XOTA eCTECTBEH-
HO OIIMCAHHOM OKPY:KHOCTBIO CUNTATh IIpamyio P,P,, a ee IeHTPOM — TOU-
Ky Ha 0ECKOHEUHO yAAJeHHOM MPAMOIi, COOTBETCTBYIOIIYIO HAIIPABJIEHHIIO,
neprueHAnKyaapaomy P, Py).

W3 BTOPOTO IIOCTPOEHUA H30TOHAJIBHO COMPAMKEHHBIX TOUEK TaKiKe
cJenyeT, UTO IEeHTP MeJaJlbHOM OKPYsKHOCTH TOUKU P — 9TO cepeamHa OT-
peska PP/, a paguyc B ABa pasa MeHbIIle JJIUHLI oTpe3Ka P'P,, IOCKOJLKY
nmegaabHasag OKPYKHOCTh TOUKU P — 9TO OKPYsKHOCTh, IOJyYaoInasaca 13
ONMCAHHON OKPYKHOCTH TpeyroiabHuka P,P,P. roMoTeTueil C II€EHTPOM

1
B Touke P u KoaddunmreaTom 3

OTcroza TakiKe cleLyeT Takas TeopeMa.

Teopema 2.8. IledanvHble OKpYHHOCMU 08YX Mmouek coenadarwm mo-
20a u moavko mozda, K020a OHU U3020HAJLLHO CONPANCEHDL.

Joxazamenvcmeo. JleiCTBUTENBHO, €CIU TOUYKN P u P’ M30roHaJIbLHO

COIPSAMKEHBI, TO UX HeJaJbHAA OKPYKHOCTb — 9TO OKPYKHOCTD C IIEHTPOM
P'P, PP,
) 2 2

cummerpuuHbie P u P’ orHOCUTENbHO cTopoHbl BC Tpeyronbauka ABC.

Hoxraskem obparuoe. Eciau memanbHBbIe OKPYKHOCTH ToueK P u @ coB-
mmajgaoT, TO IO JOKAa3aHHOMY BBIIIE OHU COBIIAJAIOT C HEJAJLHON OKPYIK-
HOCTBLIO TOYKM P’, M30TroHaNbHO CONpPsKeHHOU Touke P. Ilo mpunnumy
Jupuxje y megaarbHOTO TPEeYyToJbHUKA TOUKM @ IBe M3 TPeX BepIIuH 06-
e ¢ IefaJbHLIM TPEeYTroJbHUKOM Jubo Touku P, nu6o Trouku P’. Ciaeno-

, Toe P, u P, —3T0 TOUKH,

B cepefuHe orpeska PP’ u paguycom
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BATEJIbHO, TOUKA @ COBHALAET C OJHON M3 dTUX TOUEK, [IOTOMY UTO IIPOEK-
MY TOYKU Ha JBe HPsSIMBbIe IIOJHOCThIO 3aJal0T IIOJIOMKEHEe TON TOUKMU.
HemocpeacTBeHHO M3 9TOH TeOpeMbl CJIEAYeT, YTO opTolieHTp H Tpe-
yroapHuka ABC M30TOHAJBLHO COIPSKEH IEHTPY OMMCAHHON OKPYIKHO-
ctu O. [leficTBUTENbHO, TeAadbHBIE OKPYsKHOCTH ToueK H u O coBmagaioT
C OKPYJKHOCTBIO [EeBSTH TOUeK Jiijaepa.
Komeuno, 9To MOXHO A0Ka3aTh HeIOCpPe.-
CTBEHHO IIOAICUeTOM YyIJioB. PaccMoTpum
cayuaii, m3o0OpakeHHbINI Ha puc. 2.21,
OCTAJIbHBIE CJIyduau pasdbuparoTcs aHaJio-
ruyHo. Mnbl umeem /BAH = 90° — /B,
HO LAOC = 2/B, cinegosarenbHo, L/OAC =

= %(180o —2/B) =90° — ZB. Orcioza cie-

nyer, uro /BAH = Z/0OAC, a 3T0 1 o3Haua-
eT, utro AH TIpy CHUMMETPUN OTHOCUTEJh-
HO OMCCEKTPHUCHI yIyia A TepexXoquT B IpPs-
My AO. [lns gpyrux AByX yTJIOB ZOoKasa- Puc. 2.21
TEJILCTBO AHAJOTUYHO. O

IIycts K,, K, u K, — 210 TOuKu mepeceueHusa npsameix BC u P'P,,
AC u P'P,, AB u P'P, coorsercrBenno. Ilonarno, uro /PK,B=/P'K,C.
CiemoBaTenbHO, KOHNKA ¢ porkycaMu B P u P’ u cyMMO#i paccTOSHUI 10
(porycoB (Mau MOAyJIeM Pa3HOCTH B ciaydae ruiep6oibl), pasuoii P'P,,
Kacaercsa mpamoi BC. AHaJOTMYHO TTOKA3bIBAETCHA, UTO 3TA JKe KOHUKA
KacaeTcs IBYX OPYTUX CTOPOH TPEYTOJbHHKA, HOCKOJILKY PaCCTOSHUS
P'P, = P'P,=P'P. paBHBLI YABOEHHOMY PaAUyCy IeJaJbHON OKPYXKHOCTH
Touku P. Ha puc. 2.22 samTpuxoBaHbl 30HBI, T/le COOTBETCTBYIOIITNE TOU-
KaM KOHMKM OyayT rumepbojiaMii, 1 He 3alITPUXOBAHBI 00JIaCTH, I'Jle 3TU
KOHUKUN OynyT sjauicaMu. TouKaM OIIMCAHHON OKPYsKHOCTH COOTBET-
CTBYIOT HapaboJIbl.

4

Puc. 2.22
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Ecau touku P 1 @ M30TOHAJIBHO CONPSKEHbI B MHOTOYTOJIbHUKE (T. €.
IJIs1 J1I000% BepITMHBI X 3TOTO MHOTOYToJdbHUKA mpamMbie XP u X@ cum-
MEeTPUUYHBI OTHOCUTEJIHHO OmcceKTpuchl yria X), TO HaiifeTcsa KOHHUKA,
Kacarlascsa BCeX CTOPOH MHOIOYIOJIbHUKA, ¢ (POKycaMM B 9THUX TOUKAX.
O6paTHOe TOXKe BEepPHO, T. €. eCJii KOHMKA BIOMCAaHa B MHOTOYTOJbHUK, TO
ee ()OKYCHI MB30TOHAJIBHO COMPSAMKEHBI OTHOCUTENHLHO HTOTO MHOTOYTOJIb-
HUKa. AHAJOTMYHO MOXKHO IIOKA3aTh, UYTO TOTAA IeAJbHbBIE OKPYIKHOCTU
ToueK P 1 @ coBIazaT (IOMHMO TOT'O UTO OHU CYIIIECTBYIOT!).

B cienyromem naparpade OymeT IoKasaHo, YTO AJIs JIOOBIX IIATH IIPs-
MBIX CYII[eCTBYeT eIMHCTBeHHAas Kacarolnascsad WX KoHuKa. [TosTomy mias
MATUYTOJbHUKA CYIIECTBYeT TOJHKO OJHA Mapa M30TOHAJLHO COIPSMKEH-
HBIX TOUYeK. [[JId 4eTHIpeXyroJbHUKA, KaK JIerkKo IOHATH, TaKue TOUKU
00pas3yioT HEKOTOPYIO KPUBYIO (Ha caMOM JeJie OHA OyneT KyOUKOi — Kpu-
BOII TPEThEero MmOpAAKa), a IJd IMeCTUYrOJbHUKOB (M MHOTOYIOJbLHUKOB
¢ OOJIBINIUM YMCJIOM CTOPOH) TAKMX TOYEK, KaK MPaBUJIO, HE CYIIIeCTBYET.

C TIOMOIIbI0 M30TOHAJIBLHOTO COMPAMKEHUI MOYKHO JOBOJBHO IIPOCTO JI0-
KasaTh Teopemy Ilackais, mpudueM B 00IIleM BUIeE.

Teopema 2.9 (Ilackaas). ITycmov mouku A, B, C, D, E u F nexcam Ha
KoHnuke. Toz0a mouku nepecevenus npamvtx AB u DE, BC u EF, CD u FA
Jaexcam Ha 00HOU NPpAMOU.

Hoxazamenvcmeo. Mbl pacCMOTPUM TOJHKO OAWH CJIyYail pacioJioxKe-
HUSA TOUEK Ha OKPY:KHOoCTH (KoHUKe). OcTajibHbBIEe paccMaTpPUBAIOTCA aHa-
JIOTUYHO.

IlepeBeseM MPOEKTUBHBLIM HpeoOpasoBaHU-
eM KOHUKY B OKPYKHOCTb. Ilogyuum cienmyto-
Y10 KOHCTpyKIuio (puc. 2.23).

Touku A, B, C, D, E u F jexar Ha oJI-
HOIT OKpy:kHOCTU. IIycTh mpsamvbie AB u DE
nmepecexaiTrcs B Touke X, npambie BC u EF —
B Touke Y, a AF u CD — B Touke Z. Hano mo-
KazaThb, 4TO TouKu X, Y u Z Je)kaT Ha OLHOI
IPAMOIA.

VYrusl BAF u BCF paBHBI, IIOCKOJIbKY OIIH-
paioTcsi Ha OLHY Ayry. AHAJOTMYHO pPaBHBI
yrael CDE u CFE. Kpome TOro, TPeyTrOIbHUKHT
AZD u CZF nopobunl. Paccmorpum 1mmpeobpa- Puc. 2.23
30BaHU’e I10JI00Ms, IEPEBOASIIIee TPEYTOJIbHUIK
AZD B Tpeyroabuuk CZF. Ilpu sTom mpeoOpasoBaHuMu TouKa X Iepeii-
meT B Touky X', M30TOHAJIBLHO CONPSAMKEHHYIO TOUKe Y OTHOCHUTEJIBHO Tpe-
yroabuuka CZF (B cuyy BBIIIIeyKa3aHHBIX paBeHCTB yIiioB). CiemoBaTesb-
HO, LAZX =/CZX'=/FZY, a 970 U 03HauaeT, 4To Touku X, Z u Y Jjie:Kar
Ha OZHOI IIPAMOIM. O

IIpusenem ellle HECKOJBKO IIap M30TOHAJIBHO COMPSAKEHHBIX TOUEK.
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1. IlenTp TaKecTH — TOUuKa Jlemyana

IIpamble, cMMMeTPUYHBbIE MeUaHAM OTHOCUTENIbHO OMCCEKTPUC COOT-
BETCTBYIOIIIUX VIJIOB, Ha3bIBAlOTCSA cumeduanamu. Toduka ImepeceyeHUs
cuMeauaH, OYeBUIHO, M30TOHAJLHO COIPSAMKeHa TOUYKe IepeceueHus Me-
IuaH. OTY TOUKY Ha3bIBAIOT moukol Jlemyana.

OTMeTHM HECKOJLKO OCHOBHBLIX CBOMCTB TOuKH JlemMyaHa, KOTOpbIe
B UeM-TO IMOXOJKM Ha CBOMCTBA IIeHTpa TIKECTH.

la. ITycmv KacamenvHble K ONUCAHHOU OKPYICHOCMU MPeyzosbHUKA
ABC, nposedennsle 8 moukax B u C, nepecexaromcsa 6 mouxke Ay. Tozda
AA; — cumeduana mpeyzoavHuka ABC (puc. 2.24).

Puc. 2.24 Puc. 2.25

HeficTBUTENILHO, IIyCcTh TOUuKa M, — cepenuHa cropoHsl BC, Torma ona
MHBEPCHA TOUKEe A; OTHOCHUTEJIBHO OIMNCAHHON OKPYXHOCTH TPEYTOJbHUKA
ABC. 3uauur, ocHOBaHMe OrcceKTpucsl yriaa M,AA; coBOagaeT ¢ cepenu-
HoO# nyru BC, T. e. 9Ta OHMCCEKTpPIHCa COBIIaAAaeT ¢ 0uccekTpucoii yriaa BAC.
Hy a Torga nmpamas AA; cummerpuuHa Meguane AM, oTHOCUTEJILHO Ou1C-
CeKTpUCHI yriaa A.

Jpyroe masIHOe AOKa3aTeJIbCTBO 3TOr0 (paKTa OCHOBAHO MCKJIIOUU-
TeJILHO Ha CYIIeCTBOBAHUU M30TOHAJIHLHOT'O CONPSAKeHUs. MBI IPOCTO yKa-
JKe€M TOUKY, M30TOHAJBbHO COIPSMKEHHYI0 Ai. OTO TOUKA, CHMMETPUYHASI
TOuKe A OoTHOCUTEJbHO M,; OHa, OUEeBUIHO, JeKUT Ha mMeguane AM, (o6o-
sHauuM ee uepesd A’; cm. puc. 2.25). Kax HeTpyAHO IIPOBEPUTH, IPAMBIE
BA’ u CA’ npu oTpaskeHUU OTHOCUTEJLHO OMCCEKTPUC COOTBETCTBYIOIIAX
YTJIOB TIEPEeXOIAT B KacaTeJbHble K ONMMCAHHON OKpy:KHOocTu. Hy a sHa-
uur, A’ mepexonur B A;.

W3 570l TeOpeMBbl CaenyeT, UTO CUMeANaHy MOKHO IIOCTPOUTDL C IIOMO-
IIbI0 JUHENKM, ecJU JaHa OMMCAaHHAasd OKPYKHOCTbL TpeyrojbHuKa. Ilpu
MIPOEKTUBHLIX ITPEe00pPa30BaHUAX, OCTABISIONINX OMUCAHHYIO OKPYKHOCTD
TpeyroabHuKa ABC Ha MecTe, cUMeAUAHbI IIEPEXOIAT B CUMeAUaHbl 1 TOU-
Ka JlemyaHna — B Touxky JlemyaHa. 9To CBOHCTBO B HEKOTOPOM CMbICJIE aHa-
JIOTUYHO TOMY, UTO Ipu aGUHHBIX IIPeodpasoBaHus [eHTP TAKECTH Tpe-
YTOJbHUKA MIEPEXOAUT B IEHTP TAKECTH.
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Kak cieacTBue, CTOUT TaKiKe OTMETHUTH, UTO TouKa Jlemyama 6Gymer
moukol HepzonHa (cMm. HUKe) TpeyroabuuKka A1B1Cq, rae Touku By u Cy
CTPOATCS aHAJOTUYHO TOUKe Aj.

16. Cumeduana Oesum cmopoHy 6 OMHOULEHUU, PABHOM OMHOULEHUID
K8adpamoa npuezarnuilx CnmopoH.

O06o3HaAUMM TOUKY IIepeceueHus cuMequaHbl yriaa A co croponoit BC
yepes L,, a cepenuny orpeska BC uepes M,.

ITockoabky miommagu Tpeyroabuukos ABM, u ACM, paBHBI, OTHOIIIE-
HUe paccTosauuii ot Touku M, mo cropor AB u AC o0paTHO IIPOIOPILKO-
HaJIbHO OTHOIIEHUIO 3TUX CTOpOH. Ho mockonabKy mpamaa AL, cuMMmer-
puuHa npamoii AM, OTHOCUTEJIbHO OMCCEKTPUCHI yria A, Ipou3BeJeHUe
oTHOIleHu paccroauuii or M, u L, 1o AB u AC pasuo 1. CiemoBaTeabHO,
OTHOINIeHUEe paccToAHUMN oT L, 1o AB nm AC paBHO OTHOIIIEHUIO AJIMH 9TUX
CTOPOH, a 3BHAYUT, IIoINaau TpeyroabaukoB ABL, u ACL, oTHOcATCA KaK
KBagpaTel AauH ctopod AB u AC. Ho, ¢ apyroii CTOPOHELI, 3TO OTHOIIIEHHE
pasuo otHomienuo BL, n CL,, IOCKOJIBKY y 3THX TPEYTrOJbHIKOB 00IIasd
BBICOTA.

1B. Cymma readpamos paccmosanHuili om mouku P 0o sepwun mpe-
Y2oabHUKaA Oocmuzaem c80ez0 MUHUMYMA, Kozda mouka P — amo mouka
nepeceuenus meduarn. B mo e epemsa cymma xeadpamos paccmoanuii 0o
cmopoH docmuzaem c80ezo MUHUMYMA 8 mouke Jlemyana.

ITOT (paKT HETPYIHO BHLIBECTH U3 MIPEABIIYIIETO.

2. Touxku Bpokapa

OxasbIBaeTcsi, B JIIOOOM TPEYTrOJbHUKE
ABC cymiecTByeT Takas ToOukKa Bry, 4To
/BABry = Z/CBBr; = ZACBr;. Eciu B34Tb
M30TOHAJBHO CONPSIKEHHYI0 K Bry TOUKY
Brs, T0, oueBugHo, LABBro = /BCBry; =
= /CABry (puc. 2.26).

9T 1OBe TOYKM HA3LIBAIOT COOTBET-
CTBEHHO nepa8oll m emopoi mourkamu Bpo-
Kapa, a 3JJINIC, KacalolUuiCca CTOPOH Tpe-
YroJbHUKa, ¢ (GoKycaMM B STHUX TOUKAX
Ha3bIBAIOT aJaauncom Bpokxapa. B mpa- Puc. 2.26
BUJBLHOM TPEYTOJbHUKE 3TH IBE TOUYKU
COBIAJAIOT C IIEHTPOM TPEYTOJbHUKA, a JJJIUIC — C BIMCAHHON OKPYIK-
HOCTBIO.

Hokakem cyriecTBoBaHme Touku Bri;. Ha cTopoHax TpeyrojbHUKA II0-
cTpouM mog00HBIE eMy TpeyroabHuUKU BCA;, BiCA, BC1A Tak, KaK IOKa-
3aHO Ha puc. 2.27.

Torga omucamHble OKPYIKHOCTU 9TUX TPEYTOJbLHUKOB (0003HAUMM UX
yepes Wy, Wp U W) IepeceKarTcsa B OAHOM TouKe. [[eficTBUTENIbHO, ITYCTh
Br; — aT0 TOUKa IlepeceueHus OKPYIKHOCTEH w, WM Wy, oTanuHasa oT C.
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Puc. 2.27

Torga

LABrB=360° — (LABrC+ «/BBr,C) =
=360° — (180° — LAB;C) — (180° — ZBA;C) =
=/BA,C+ /ZAB,C=/C+ £A=180° - /B=180° — LAC;B.

A 3Hauur, Touka Br; JeXUT Ha W.. MBI TakKe LMeeM

Z/CBBr; =180° — «BBrC — Z/BCBr; = ZBA;C — Z/BCBr; =
=/BCA — ABCBrl = ZACBI‘;[.

Amnanoruuno L/CBBri = Z/BABr;.

To, uTO Takas TOYKA eJUHCTBEHHAs, JeTKO IIOHATL U3 €e MOCTPOeHUS.
IIpenmonmo:kuM, UTO CyIleCTBYeT ele ogHa Takas Touka X. Torma, xak
HeTPYJAHO IOKAa3aTh aHAJOTMUYHLIMI paccykaenusamvu, /BXA=180° — /B,
a 3HAUUT, X JIEKUT Ha OKPYKHOCTU .. AHAJOTMYHO OHA MOJIKHA JIEXKATh
HA OKPYKHOCTAX W, U Wy, 4 BHAUUT COBHALATEL ¢ Bry.

Yron BABr; HadbiBaerca yzaom Bpoxapa Tpeyroabuuka ABC.

OTMeTuM Tak:ke, UYTO TOUKU A, Bry, A Je:KaT Ha ogHOI mpamoii. [leti-
CTBUTEJBLHO,

LABriA=/ABrC+ ZCBriA; =180° — ZAB1C+ ZCBA; =
=180°—-/ZA+ /A =180°.
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Touku Bpokapa 06/1a7al0T HECKOJbKNMU NHTEPECHBIMU CBOMCTBAMM.

2a. Iledanbuble U OKPYHCHOCMHO-4EBUAHHbIE MPEY2ZOLbHUKU MOYeK
Bporxapa nodobrnvr mpeyzonvHury ABC.

0O6o3HaYMM IPOeKIuU TOuKu Br; Ha cropoubl uepes A, B’ u C’
(puc. 2.28). Yernipexyroabauk B'AC'Br; BOHWCAHHBIN, CJIeIOBATEIBHO,
/C'B'Bry = Z/C'ABr; = ZACBr; (nocjienHee paBeHCTBO BEPHO B CHJIY TOTO,
uro Br; — touka Bpokapa). Amanornuno ZA'B'Bri = /A'CBr;. 3Hauur,
/A'B'C'=/A'B'Br; + /C'B'Br; = Z/A'CBr; + ZACBr; = ZC. To4HO Tak xXe
nokaseiBaercs, uto /B'A'C'=/B u /A'C'B' = /A. TIOCKOJBKY IIefaJib-
HBI TPEYroJbHUK IMOAOOEH OKPYXXHOCTHO-UEBHAHHOMY TPEYTOJbHUKY,
OKPYKHOCTHO-UeBHAHHLIN TPEYToJbHUK TouKu Br; momobeu ABC.

B/l
Puc. 2.28 Puc. 2.29

26. ITycmv O — yenmp onucaHHol okpyxrcHocmu mpeyzoavHuka ABC.
Tozda OBry =0Bry u /BriOBry pagen ydgoennomy yzay Bpoxapa.

IIyctes A”B”C"” — 3T0 OKPYXHOCTHO-YEBUAHHLIA TPEYTOJLHUK TOUKN
Bri orHOCcuTeabHO Tpeyroabauka ABC (puc. 2.29).

3aMeTuM, UTO TOUKa A IIpW MOBOPOTEe BOKPYTr Touku O Ha yroj, pas-
HBII yABOeHHOMY yriy Bpokapa, mepeiiger B Touky C”. To sxe BepHO I
ToueKk B u C. A 3Hauur, mpu moBopoTe BOKpyr Touku O TpeyroabHuK ABC
nepexoaut B Tpeyroabuuk C” A"’ B”. Touka Bry OyzeT BTOpoil Toukoi Bpo-
rapa Tpeyroasanka A”B"C" (LC"A"Bri=/C"A"A= /C"CA = /BriCA).

CriemoBaTesbHO, IIPU IIOBOPOTE HA YABOEHHBIN yros Bpokapa BOKpyT
Touku O Touxka Bre mepexoaut B Bry.

2B. Touka Jlemyana sexcum HA ONUCAHHOU OKPYHCHOCIU MPEY20abHU-
Ka ABriBre u aeasemcsa duamempanbHo npomugononoxcHoi mouke O.

PaccMmoTpuM mIpoeKTHBHOE IpeodpasoBaHue, IepeBosiiee TOUKy Bry B
IEeHTP OKPYKHOCTU ), ONMMCAHHON OKo0JIo TpeyroabHuKa ABC. Tpeyromab-
auku ABC u A”B”C", oueBuauno, mepeiigyT B TPEYroJbHUKY, CHMMETPUY-
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HBIe OTHOCHTEJBbHO IIEHTPA OKPYKHOCTHU (), 4 3HAUUT, UX Touku Jlemyana
To:Ke OymyT cumMmerTpuuHbl. C APYroil CTOPOHBI, 9T TOYKU OyAyT obpa-
3amu Touek Jlemyana Tpeyroabankos ABC u A”B”C", ciegosarennuo, L,
Bry, L" nesxar Ha ogHOI npaMoii, rae L' — roura JlemyaHa TpeyrojabHUKA
A"B"C". TIpu stom, mockoabKy Tpeyroabaunku ABC u A” B”C"” monxyuaior-
cs APYr U3 Apyra IIOBOPOTOM Ha ABOMHON yroja Bpokapa BoKpyr Touxku O,
L u L” paBHOyZaIeHEI OT KOHIIOB IIPOXOAAINel uepes HuX Xopabl. Orciona
M U3 COXPaHEHUsS ABOMHBIX OTHOIIEHUWN IPU MPOEKTUBHLIX IIpeobpas3oBa-
HUAX ciaexnyer, uro Br; — cepeguna orpeska LL” u yron OBriL npsamoii.
CiemoBaresibHO, TOUKM Br; u Bry gexar Ha oKpysKHOCTU ¢ guamerpoMm OL
Y CUMMETPUYHLI OTHOCUTEJIbHO IIpaMoi OL.

2r. daaunc Bpokapa kacaemcs cmopoH mpeyzoibHUKA 8 OCHOBAHUSX
cumeduaH.

Ilycts Tpeyrombuuxu BCA; u C9AB momoOHBI TpeyroabHuUry ABC
¥ PACIOJIOMKEHBI TaK, KaK mokas3aHno Ha puc. 2.30. O603HaunM UX OIMCAH-
Hble OKPY’KHOCTHU 4epe3 w. U w2. ITockoabKky Touku Bry u Bry jekar Ha
wl m w? coorBercTBeHHO M yruBI, onmpatomuecsa Ha ayru CBry u ABry,
pPaBHBI, TO OTHOIIEeHNEe AJUH OTpe3KoB CBr; u ABry paBHO OTHOIIIEHUIO
PafnyCcoOB OKPY:KHOCTEHl wk u w?2. C Apyroil CTOPOHBI, OTHOIIEHHUE PALH-
YCOB 3THUX OKPYsKHOCTell paBHO KO3(hPUIIMEHTY 000U TPEYTrOoJbHUKOB
BCA{ u C3AB, a 3HAYHUT, PaBHO

BC BC AB (BC>2_ CLy

ACs  AB ACy \AB/) = ALy’
CBr1 _ CLb
ABl"g B AL[,

. A mockonbKky /BriCA = /BrsAC (yrael Bpoxapa),

Puc. 2.30
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TpeyroabHuKu CLyBr; u ALyBre momo6uni. CiemoBatenbHo, /BriL,C =
= /BroLyA. 3Hauut, >JaUIC ¢ (POKycaMu B TOUKax Bpokapa m cyMMOit
paccrosHui 10 GorycoB BriL, 4+ BroL, xacaerca npamoit AC B Touke Ly.
Ho Takoii sinuiic eTMHCTBEHHBINH, U 9TO 9JIIUNC Bpokapa.

To, uto sanuic Bpoxapa kKacaerca AB u BC B Toukax L. u L,, ToKa-
3bIBAETCS aHAJOTUYHO.

3. dnaunc IIteiiHepa M KOPHU MPOU3BOTHOM

ComocTaBuM KasKA0¥M TOUKe IIJIOCKOCTHM, UMEIOIeH JeKapTOBLI KOOPIM-
HaTH (@, b), KOMILJIEKCHOE YMCJIO a + ib.

Teopema 2.10. I[Tycmv p u ¢ — KOpHU NPOU3B0OHOU MHOz0ULeHa P(z) =
=(z—24)(z—2p)(z—2.). Toz0a mouku Ha KOMNJIEKCHOU NJAOCKOCMU, CO-
omeemcmeyruiue YUCAAM P U ¢, U3020HALbHO CONPANCCHbL OMHOCUMELb-
Ho mpeyzoavrurka ABC, eepuliibl KOMOP0O20o COOMBEMCmMaEYIMm YUCLAM 2q,
Zbhs Ze-

Hoxazamenvcmeo. [lokaxxem, uro /BAP=/CAQ, riae Touku P u @ co-
OTBETCTBYIOT YMCJIaM p U ¢. Be3 orpaHnueHNA OOIITHOCTH MOYKHO CUUTATD,
uyT0o 2, =0, TOCKOJNBLKY €CJIi OT TOUEK 2Z,, 2p U 2, OTHATh Z,, TO U KOP-
HU TIPOM3BOAHOI MHOTOWJeHa P(2) m3MeHATCS HA —2,. B IJIOCKOCTU 39TO
0yZeT COOTBETCTBOBATH CABUTY HA BEKTOP —Z2,.

Muorounern P(z) mpu stoMm OyzaeT paBeH 2° — (2, + 2.)2% + 2252, a ero
npousBogHaa 322 — 2(2p + 2.)2 + 2p2.. Ilo Teopeme Buera mpousBezeHue
KOpHel MHOrouwieHa P’(z) paBHO %zbzc. A 5TO o3Hauaer, UYTO MpPOU3Be-
IeHUe KOpDHeN 2, M 2z, MMeeT TOT Ke apryMeHT, UTO W TPOU3BeJeHUe
p u q, a 3Hauut, /BAx + /CAx = /PAx + /QAx. CienoBaTeabHO, YIJIbI
/BAP n /CAQ® paBHBI. AHAJIOTUYHO HOKasbiBaeTcsd, uto LABP = /CBQ u
/ACP = /BCQ. O

dunnunc ¢ poKycaMu B 3TUX TOUKAaX, Kaca- Zb
oIuiicss cTopoH TpeyroiabHuka ABC, Ha3bI-

BaeTcs 8nuUCaAHHbIM daauncom Il meiinepa.

HokaskemM, UTO ero IIEHTP COBHaJaeT C

q o
IIEHTPOM TSAMKECTU TpeyrojbHuka. Ilearp Ta- op M
JKECTH TPEYroJbHUKA COOTBETCTBYET TOUKeE
1 Hh Hh
g(za +2p+ 2.), a IMEHTP TAKECTH TOUeK P U 2. Ze
1
Q —rouxe ;(p+q). Me1 mmeem P'(2) =322 — Puc. 2.31

— 224+ 2p+2:)2+ 242p2., a4 3HAUUT, O TEO-
o o 2
peme Bumera cymMMa KOpHeil IPOM3BOSHOM pPaBHA §(2a +2p+2¢), T. €. UX

1
IEHTP TSAMKECTH PaBeH - (24 +2p+ 2.), 4TO U TpeGOBAIOCH JOKA3ATh.

3ameuanuna. 1. Boo0Oirie 5ToT haKT BepeH AJA MHOTOUJIEHOB J1000# cTe-
TIeHU, OOJIBIIel eMUHUIILI: YEeHMP MANeCmU KOPHell MH0z0UleHa U UeHmp
maxcecmu KopHell ez0 npou3eodrnoii coenadawm. Ilpoiie Bcero sTo mokra-
3aTh, mepeBea meHTp TaKecTtu B 0. Torga BTOpOil KOO UIIMEHT MHOTO-
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YjeHa, a 3HAYUT, M ero IPOU3BOIHON 00pPATUTCS B HYJIb, CJIEeL0BATEILHO,
cyMMa KOpHell IpOM3BOMHOM (a 3HAUUT, W IEHTpPa TAMKecTru) OyIeT paBHa
HYJIIO, T. €. COBIIAJET C IIeHTPOM TSAKECTH KOpHeii caMOoro MHOTOUJIeHA.

2. Paccmorpum adduuHOe IIpeobpasoBaHUe, IIepeBOIsAINee MPABUIb-
HBIN TPeyroabHUK B TpeyroabHUK ABC. Torga BmucanHas OKPYKHOCTH
9TOT0 TPEeYTOJbHUKA MepeieT B 9JIUIC, IPUUYEeM IIeHTPOM 3TOTO JJIIUICA
OyzeT 1eHTp TaxKecTu Tpeyroabuuka ABC. Kak Oymer mokasaHo B TJ. 4,
CYIIIECTBYEeT eIUHCTBEHHAA KOHMKA, Kacamlnasacda JaHHBIX TPeX MPAMBIX,
C IIEHTPOM B JAHHOM TouKe. A 3HAUuUT, 9T0 1 OymeT sjauic IllreiiHepa.

ITocKoMBbKY B IPaBUJIBHOM TPEYTOJbHUKE TOUKN KACAHUSA BINCAHHOI
OKPY’KHOCTH CO CTOPOHAMM — 9TO UX cepeauHsbl, saauic Illreiimepa Toxe
OyzeT KacaTbCs CTOPOH Tpeyroabuuka ABC B X cepeanHax.

ITo aHajorum co BOMCAHHBIM CYIIECTBYET OnUCAHHbLI saaunc IlImeii-
Hepa — 3TO BJLIUIIC C IEHTPOM B TOUKEe IlepeceueHnsa MeIuaH, IPOXOAIIII
yepes BEpPITUHBI TpeyroabHuKka. OH 6ymeT 00pa3soM OMMCAHHOM OKPYIKHO-
CTH IIPAaBUJILHOI'O TPEYroJbHUKA Ipu apPUHHOM IIpeodpa3oBaHNM, IIepe-
BOIAIIEM ero B TpeyroiabHuK ABC.

4. Touxku Anmoanonusa u Toppuuennan

Ecau mam tpeyroabuuk ABC, TO reomMeTpuuyecKHM MeCTOM TOouex P,

PA AC

JUISL KOTOPBIX - = —o, OymeT OKPYsKHOCTH AtmosuoHusa Touek A u B,
IVaMeTPaJIbHO MMPOTUBOHOJIOKHBIMY TOUKAMY KOTOPOH SBISIOTCA OCHOBA-
HUSA BHyTpPeHHel 1 BHelnHel 6uccexkTpuc yraa C. aa touex Py, Py mepe-
CeueHMns 9TOM OKPYIKHOCTHU C aHAJOTMYHON OKPYKHOCTBIO, IIOCTPOEHHOMN
0 PYTO# mape BePIIUH, BHITOJHAIOTCA paBeHcTBa P;A-BC=P,B-AC=
=P,C-AB, ciegoBaTeJibHO, TOUKH P; jIeKaT 1 HA TpeTheil TaKO OKPYIKHO-
cTH. ITU TOUYKMU HAa3BIBAIOTCA moukamu AnoanonHus tpeyroabHuka ABC.
Hanee MbI OyeM 9TH TOUKM 0003HaUaTh uepes Ap; (OOBLIUHO mepBOI TOU-
KO ATIOJILIOHUSA CUNTAIOT TOUKY, JIMKAIYI0 BHYTPU OINCAHHOI OKPYIKHO-
ctu) u Apy. IIpocToil moAcueT yryioB IOKAa3bIBAET, YTO OKPYIKHOCTH A0~
JIOHUSI OPTOTOHAJBLHLI OMMCAHHON OKPYsKHOCTU TpeyroabHuka ABC. 3Ha-
YUT, TIPA UHBEPCUU OTHOCUTENHHO 9TOM OKPYKHOCTH OHU TEPEXOAAT B
cebs, a Touku AmnoJjioHusa apyr B apyra. OTcioga, B 4aCTHOCTH, CJIEIYET,
yTO mpaMaa ApjAps npoxoauT depes meHTp O ONMCAaHHON OKPY KHOCTH.
Hanee, MMeHTPOM OKDPY:KHOCTH ATIOJIJIOHUSA, TPOXOAAIel yepe3 TouKy C,
ABJISETCS TOYKA IepeceueHus mpamoin AB ¢ KacaTeJbHOH K OMMCAHHON
OKpy:KHOCTH B TouKe C. IIpu IOJSPHOM COOTBETCTBUM OTHOCUTEJIBHO OIIN-
CaHHO! OKPYsKHOCTH 3THM HIPAMBIM COOTBETCTBYIOT TOUKAa IIepeceueHUs
KacaTeJbHBIX K Heill B Toukax A u B u Touka C. CiaenoBaTebHO, MOJIIpAa-
MU IIEHTPOB OKPYKHOCTEN ATIOJJIOHUS ABIAIOTCS CUMEIUAHEI, a II0JI0COM
MIPAMO¥, Ha KOTOPOU 3THU IIEHTPHI JIeXKaT, — TouKa Jlemyaua L. Takum 006-
pasom, TouKa L TakiKe JIe;KUT Ha mMpaMoii ApiAps M MHBEPCHA cepeauHe
oTpeska Apj; Aps OTHOCUTEJBHO ONMCAHHON OKPYKHOCTHU.
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OTMeTHM BasKHOE CBOMCTBO TOUEK ATMOJJIOHUA, KOTOPOE MOJKET OBITh
IIPUHATO 38 UX OIpeHeJieHue.

ITedanvHble mpeyzonbHUKU MOYeK ANOAJLOHUSL NPABUTbHbBLE.

Hoxazamenvemeo. Ilycrs A’', B' — npoexknuu Touku Ap; Ha BC u CA.
Tak kKak uyeTbipexyroabHuk CA’Ap; B’ BOncaH B OKPYXXHOCTH C JUAMETPOM
Ap;,C, 10 A’'B'=Ap;,CsinC=Ap;C-AB/2R. Orciona cpa3y CIeIyeT, UTO BCe
CTOPOHBI MENAJBLHOTO TPEYTOJbHUKA PABHEIL. O

Temeps JI€TKO MOHATH, KAKKWE TOUKYM M30TOHAJIBHO COIPAMKEHBI TOUKAM
Anonnonus. JleficTBUTEIHLHO, €CJIN OIYCTUTh M3 BepInuH A, B meprieHau-
KYJApbl Ha COOTBETCTBYIOIIME CTOPOHBI NEeNaJbHOTO TPEyroJbHUKa Ap;,
TO OHU IIePeCeKyTCs B M30TOHAJIBHO cOmpssKkeHHoi Touke T;. Tak Kak me-
TaJIbHBIA TPEYyTOJbHUK TPaBUIbHBIN, yroa AT;B pasen 60° uau 120°. Ta-
KUM 00pasom, u3 Touek T; Bce CTOPOHBI TPEYTOJbHNKA BUAHBI IO YIJIaMu
60° mam 120°. TouKu, yAOBJIETBOPAIOIINE 3TOMY YCJIOBHIO, HA3LIBAIOTCA
mouxamu Toppuueanru tpeyroansaura ABC. ITocTpouTs UX MOMKHO CIELY-
omuM obpasom: mycrs A’, B/, C' — BepIINHBI IPaBUILHLIX TPEYTOJbHU-
KOB, IIOCTPOEHHBLIX Ha CTOPOHaX TpeyroabHuKa ABC BO BHEIIHIOKO (BHY-
TpeHH010) cropony. Torga npameie AA’, BB', CC’' mepeceKaioTcsa B nepsoil
(8mopoii) mourke Toppuueanu (puc. 2.32).

C/

Al

Puc. 2.32

Eciu Bce yriawl TpeyroabHuKa MeHbIle 120°, To mepBas Touka Top-
pUUesIN JIEKUT BHYTPU TPEYTOJbHHKA M CYMMa PACCTOSHUU OT Hee OO
ero BepIIUH MeHbIIe, UeM OT JII000I Apyro# Touku X IIJIOCKOCTH. B aTom
HeTPyIHO yOoenuThcs, moBepHYB TpeyroabHuKu AXC u AT;C ma 60° Bo-
Kpyr Touku A (puc. 2.33).
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IIpuBenem Ge3 moKasaTeJbCTBA ellle TPU CBOIicTBa ToueK Toppuuesiu
1 ATOJITOHUA:

1) npamovite Ap1 Ty u Ap2Ts napannenvhvl nps-
moti Jtnepa OH;

2) npamas T'Te npoxodum uepe3z mouky Jle-
myana, omkyda, kaxk 6ydem nokaszaHo 6 § 3.3,
caedyem, umo npamvie Ap1To u Aps Ty nepecexa-
omcesa 8 yenmpe maxcecmu mpeyzonvruka ABC;

3) ZApBrL =60° (moMepa He MMeIOT 3HaUe-
HUfA, TOCKOJBKY Api, Aps m L jexaT Ha of-
HOM IPSAMOM, OTHOCUTEJILHO KoTopoil Bry u Bry
CUMMETPUYHBI); IMo, 6 YACMHOCMU, 03HAUAem,
umo mpeyzoavHuk OBriBroy umeem me e mou- Puc. 2.33
KU AnoanoHus, 4mo u ucxo0HbwLii.

5. Touku sKepromna m Harejaa u ImeHTPHI TOMOTETHUM OIMMMCAHHOW M
BIMCAHHON OKPYKHOCTEH

Onpenenenue. ITycTh BoucaHHAas OKPYKHOCTL TpeyroiabHUKa ABC Ka-
caercs ero cTopoH B Toukax Gy, Gy, G.. Torga npameie AG,, BGy u CG, 1ie-
pecexaroTcs B ofHOUM Touke G (OKa3aTh 9TO MOKHO C IIOMOIIIBIO TEOPEeMBI
YeBhl WM MPUMEHUB IIPOEKTUBHOE ITpeodpasoBaHme, COXPaHAIOlee BIU-
CaHHYIO OKPYKHOCTDb U II€PEeBOAINee TOUKY IIepeceueHnsa NpaMbeix AG, u
BG} B 11eHTp), KOTOpas Ha3bIBaeTCsa moykol sHepzonna.

IIpoBenem npsamblie, cummerpuulbie AG, u BG, OTHOCUTEJILHO OMCCEK-
Tpuc Al u BI, u HaiizeM TouKu A;, B; uX ImepeceueHUs C BIMCAHHOU
OKPY’KHOCTBIO, fajmbHUEe OoT A 1 B (puc. 2.34). Umeem

/G JA; = /G TGy + /G, IA; =180° — /B+2 (43 + %A - 900) —
—/A+/B=/GIB;.

CrnepmoBarensHo, A1 By | AB. Ananoruuno npsamasd, cummerpuutaas CG, ot-
HocuteabHO CI, mepeceueT BOIMCAHHYIO OKPYKHOCTbL B Takoi Touke Ci,
yro C14; | CA, C1B; || CB. Takum obpa-
3oM, Tpeyroabuuku ABC u A1B:C; ro-
MOTETHUYHBI OTHOCUTEJIbHO TOUKMU, M30TO-
HAJBbHO COMPsKeHHON TouKke G. IIpu aToi
TOMOTETHM OIMCAHHAS OKPYKHOCTH Tpe-
yroabuauka ABC mnepexoauT B BIIMCAaH-
HYIO, CJIELOBATEJIbHO, MBI OKA3aJIN TAKOe
yTBEp:KIeHUE.

Touka /epzoHHA U3020HANLLHO CONPS-
JHceHa BHYMPEHHeMY YyeHmpy z0Momemuu
ONUCAHHOU U 6NUCAHHOU OKPYICHOCMEl
mpeyzonbHUKQ. Puc. 2.34
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AHaJOrM4YHO, eCJIi COeIUHUTL BEPIIWHBI TPEyroJbHUKA M TOUKH Ka-
CaHus IIPOTUBOIIOJOKHBIX CTOPOH C BHEBIMCAHHLIMU OKPYKHOCTAMU, TO
9TH TIPAMBIE IIEpPeceKyTcA B OJHOU TOUKEe, KOTOpadA Hal3bIBAETCA MOYKOU
Haczens. IloBTopsisa npuBeeHHBIE BEIIIIE PACCYKIACHUA, IOJIyUaeM:

Touxa Hazens u3020HAJLbHO CONPANCCHA BHEULHEMY UEHMPY zomome-
Mmuu ONUCAHHOU U 8NUCAHHOU OKPYHHOCMEU Mpey2o0sbHUKA.

IToMmrMO M30TrOHAJBHOTO CONPSMKEHUSI, OTHOCUTEJILHO TaHHOTO Tpe-
YTOJIBbHUKA ONPEAeJeHO U TaK Ha3bIBAEMOE M30TOMUUECKOe, KOTOPOE CTPO-
UTCSA CJIEIYIOIIUM 00pa3oM.

Onpenenenue. Ilycts npsaveie AP, BP, CP
ImepeceKaroT IIPOTUBOIIOJIOMKHBIE CTOPOHBI Tpe-
yroabpuuka ABC B Touxkax Aq, By, C1, 1 IycThb
Asg, By, Cog — TOUKU, cUMMeTpUuUHbIe A1, By, C;
OTHOCHUTEJBbHO CepPeIUH COOTBETCTBYIOIIUX CTO-
pou. Torma npsmeie AAy, BBy, CCy miepeceKa-
IOTCA B ONHOI ToukKe P/, KoTropas HasblBaeTcs
U30MOoOMULECKU COnpaxcennoll Touke P oTHOCHU-
TeJabHO Tpeyroabuuxka ABC (puc. 2.35).

Kak um B cayuae M30TOHAJILHOTO COIpsiKe- Puc. 2.35
HUS, BEPIIWHA TPEyroJbHUKA M30TOMUUYECKU
COIpsiKeHa Jio00il TOUKe HMPOTHBOMIOJIOMKHOII CTOPOHBI. BOo Bcex ocTajb-
HBIX CJIIy4asX M30TOMHUECKOEe CONPAKEeHNe B3AUMHO OJHO3HAYHO.

HenogBm:KHBIMH TOYKAMM M30TOMHUYECKOTO CONPAKEHUS SABJIIAIOTCA
IEHTP TAKECTU TPEyroJbHUKA U TOUYKH, CUMMETPUYHLIE ero BepIIMHAM
OTHOCHUTEJBbHO CEePeIVH IIPOTUBOIOJOMKHBIX CTOPOH. CiemyerT Tak:Ke OT-
MEeTUThb, UTO WN30TOMHYECKAS COMPSIKEHHOCTb TOUEK COXpaHseTcd IIPU
adppuHHBIX TPeoOpPa30OBaAHUAX.

W3 gpyrux CBOWCTB M30TOMUYECKOT'O COIPAKEHUA 3aCIy:KUBaET YIIO-
MUHAHUA TO, uTO TouKa JKepromna m3oToMuuyecKu COmpsikeHa Touke Ha-
reJjisd.

§ 2.4. PagukaJgbHble OCH M IMIyYKU OKPY/KHOCTEH

Onpenenenue. ITycTs maHBI OKPYIKHOCTE € IleHTPOM O U PaguycoM I 1 TOU-
ka P. Beruunna OP? — r? HasbIBaeTCA cmenenvio moyku P oTHOCUTEIHHO
OKPYKHOCTH.

W3 onpeneseHus cpady cjJaenyeT, YTO CTelleHb BHEIIHUX TOUYEK II0JIO-
JKHUTeJIbHA, a BHYTPEHHUX OTPpHUIlaATE/JIbHA.

Yupaxuenue 1. Hailimure reomeTpuueckoe MeCTO TaKUX TOUEK, UTO
WX CTeIleHb OTHOCUTEJIhHO JAHHON OKPY:KHOCTH PaBHA HEKOTOPOI IIOCTO-
AHHOI BeJUYMNHE.

Omeem. Touku, CTEIIEHN KOTOPBIX OTHOCUTEILHO OKPYKHOCTH () PaB-
HBI, 00Pa3yIOT OKPYKHOCTH, KOHIIEHTPUUYECKYIO C (.
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Jemma 2.3. ITycmv npamas, npoxodauiasn yepe3 mouky P, nepecera-
em oxpyxcHocmsv 8 moukax X u Y. Tozd0a npousgedenue PX -PY He 3a-
sucum om npamoi u pasHo MoOyJaw cmeneHu mouku P omuocumenvbHO
2motl OKpYHCHOCTU.

Hoxaszamenvcmeo. Ilycty uepes Touky P HpoBeleHBI ABe HTpPAMEIE,
ImepBasi U3 KOTOPHIX IepeceKaeT OKPYKHOCTh B TOUKax A u B, a Bropas —
B Toukax C m D. okaxkem, utro PA-PB = PC:PD. Jlerko mOHATbH, YTO
TpeyroabHuKu PAC u PDB 110100HBI, a 3HAYUT,

PA PD

PC-PB = PA-PB=PC-PD.
Ocrasoch AOKasaTh, UTO 9Ta BeJWUMHA PaBHA MOMAYJIO CTEIEHUW TOUYKU P
OTHOCHUTEJBHO OKPY:KHOCTH. [IpoBeemM MpAMYI0 Uepes IeHTP 3TOH OKPYK-
Hoctu. Torga mpoussefenne PacCTOAHUM OT TOUKKU P 10 ToOuek Iepeceue-
HUusa O0ymeT, oueBUgHO, paBuo (OP +r) - (OP —r) (rme uepe3 O MbI 0003HA-
YUJIU IIeHTP OKPY:KHOCTHU, a uepes r — ee paauyc). Hy a aTo mpousseme-
HUe, OueBUHO, paBHO OP2 — 12, O

Yupaxaenue 2. Ilycts orpesku AB u CD mepeceKaloTcs B Touke P,
npuueMm PA-PB=PC-PD. [loka:kure, 4TO TOTa YeTLIPeXyroabHuK ABCD
BIIMCAHHBIMN.

Pewenue. Ilockonbky PA-PB=PC-PD, tpeyroanvuuku PBD u PCA
momo0ubl, a 3uauut, /PBD = /PCA. Ho sT0 1 0o3HauaeT, UTO UYeThIpEX-
yroabHUK ABCD BOuCaHHBINI.

Jlemma 2.3, B UaCTHOCTH, HYXHAa [IJs JOKA3aTeJbCTBA CJIEAYIOIIell
BasKHOM TeOpeMHBI.

Teopema 2.11. MHoxecmao moyex, cmeneHu KOmopvLx OMHOCUMENLb-
HO 08Yyx OAHHbIX HEKOHUEHMPUYECKUX OKPYMCHOCMEel PABHbL, ecmb NPs-
MaAS. IMa NPAMAS HA3bl6AeMCs PATUKATIBHON OChIO OKPYMHCHOCMell.

Hoxazamenvcmeo. Ilpenmnono:xuM, YTO 9TH ABE OKPYKHOCTHU IIepece-
KaroTcs. [IpoBemeM IpaAMYyIo Uepes TOUKM UX Iepeceuenud. Torga sta mps-
Mas OyzaeT pagukagbHOI ocbhio. Ilokaskem aTo. IlycTh 9TU 1Be OKPYIKHO-
CTU TIepeceKarTca B Toukax A um B. BosbMeM mpomsBoJibHYIO TOUKY P Ha
npamoit AB. Torma Momgyab CTelleHHM TOUYKM P OTHOCUTEJIHHO 3TUX ABYX
OKpysKHOCTel paBeH PA-PB, a 3HaK1, O4YeBUIHO, COBIIAAAIOT.

Hpyrux Touek, 00JaJal0IMM 3TUM CBOMCTBOM, HeT. IIpoBemem uepes
IPOM3BOJILHYIO TOUKY X, He JIe:KaIlllylo Ha mpaMoil AB, mpamyio, Ipo-
XOomAIIyio uepe3d Touky A. Torma, Kak JIeTKO BUIETH, JU0OO PACCTOSIHUS
oT TouKu X [0 TMIOBTOPHBIX TOUEK IEePEeCeUeHUA C 3TUMHU OKPYKHOCTAMU
pasauuHbl (2 3BHAYUT, ¥ MOIYJIU CTeleHell TOUueK He PaBHBI), JuU00 3HAKU
cTeleHell TOUueK OTJIUYAIOTCS.

Temephb JOKa)KeM TEOpeMYy B CIydyae, eCI OKPYIKHOCTH He MMeIOT 00-
mux TodyeK. Il 3TOro mMpmMMEHWM HEKOTOPBLIN TPIOK, KOTOPBIA TaKiKe
MIPUTOAUTCS B AajbHelIem. PaccMoTpuMm aBe cepnl, KOTOPbIE IIepeceKa-
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IOT HAIIIy IIJIOCKOCTD II0 9THUM ABYM OKPYKHOCTSAM W MMEIOT OO0II[1ie TOUKMU.
JIerko moHATH, 4TO Takue cepsl CyecTByIoT. [lelicTBUTEIHbHO, PACCMOT-
PUM IPOM3BOJIBHYIO TOUKY, He JeKalllyio B HaIllel IIJIOCKOCTHU, U cephl,
IIPOXOAAIINE Uepes STy TOUKY UM 9TH ABe OKpykHocTu. s cdep aHa-
JIOTUYHO MOMHO OIIPEAEeJINTh CTeIIeHb TOUKHW, N OJId Hee, OUeBUJHO, Bep-
Ha jJeMma 2.3. AHAJOTMYHO IMOKAa3bIBAETCs, UTO MHOXKECTBO TOUYEK, CTe-
MMeHW KOTOPBLIX OTHOCUTEJIBbHO 3THUX ABYX c(ep paBHBI, €CTh MJIOCKOCTD,
MIPOXOAAIIASA Yepes OKPYIKHOCTD IIepeceueHnA 9TUX MIBYX cdep. ITa miIoc-
KOCTB IIepeceKaeT HaIlly IJOCKOCTD II0 KaKou-To npamoii. Iloxyuaromascsa
TaKUM 00pa3oM IpsAMasi, OUYeBUAHO, U OyAeT painKabHOM OChI0 HAIIIUX
IBYX OKPYsKHOCTEI. O

Puc. 2.36

IlycTth Temeps maHbl TPU OKPYKHOCTU. Eciii X 1eHTPHI He JeKaT Ha
OIHOM HPAMOI, TO PAAUKAJIbHLIE OCH KaKUX-TO ABYX Hap IIepeceKaroTcs.
CreleHy TOYKM UX IIepeceYeHUs OTHOCUTEJIBHO BCEX TPeX OKPYKHOCTeH
PaBHBI, 3HAYUT, U TPEThbA PaAuKaJbHAs OChb IIPOXOIUT Uepe3d 3Ty TOUKY,
KOTOpasa Ha3bIBAETCSI paduKaJJbHbLM UEeHMPOM TPeX OKpy:KHocTel. Ecau
JKe IeHTPHI OKPYKHOCTEH JIesKaT Ha OJHOM IIPAMOM, TO paanKajabHble OCH
mapaJijieJibHbI MJIW COBIAZAIOT. B mociemHeM ciiydyae OKPY:KHOCTH Ha3bI-
BAIOTCSA COOCHbLMU.

MHo:KecTBO BceX OKPY:KHOCTeIi, COOCHBIX C IBYMS MTAaHHBIMU, Ha3bIBa-
ercda nyurkom. Ecam 3ajaroliye Iy4Y0K OKPYKHOCTU IIePEeCEKAIOTCA B IBYX
TOYKaX, TO IyYOK COCTOUT U3 BCEX OKPYIKHOCTEH, IPOXOAAIINX Yepes3 9TU
TOuKu. Takoil My4YOK HasbIBaeTcsa zunepboauyeckum. Eciu n1Be OKPYK-
HOCTH KAacaloTcs, TO Jr0asd OKPYsKHOCTh IIYUKa KacaeTcsa mX oOIeil Ka-
caTeJIbHOUM B TOH Ke TouKe. TaKoll ITyYOK Ha3bIBaeTCA NApaboaUYeCKUM.
Haxowner, 1Be HemmepeceKaroIuecs OKPY*KHOCTH 3a4aI0T IIyYOK TAKOr'0 TH-
mma, Kak msobpaskeHo Ha puc. 2.37. Taxkoil IyuoK HasbIBaeTCA AAAUNMUYLE-
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CKUM. OTMETI/IM, 4TO ABE U3 OprHQHOCTefI QJUINIITUYECKOI'O ITy4YKa BbIPO-
HKOAIOTCA B TOUYKH, KOTOPBI€ HA3BIBAIOTCHA npeaeﬂbnbtmu mouyxkamu IIry4dkKa.

C N
) N

Puc. 2.37

Ecau B3ATh HA paJUKAJLHOM OCH IIyUYKa JIIOOYIO TOUKY, JIEKAIyI0O BHE
OKPYJKHOCTEIl, TO KacaTe/JbHble, IIPOBEIEHHbIe U3 Hee KO BCeM OKPYIKHO-
CTSIM IIyYKa, paBHBI. I103TOMY OKPYsKHOCTH C II€HTPOM B STOM TOUYKE U
paguycoM, paBHBIM JJNHE KACATEJIbHOM, IEePIeHAUKYIAPHA BCEM OKPYIK-
HOCTAM IIyuKa. Bce Takue OKPYsKHOCTH caMy 00pasyloT HEKOTOPBIM IIy-
oK (puc. 2.38), u mo JIOOLIM IBYM M3 HUX HUCXOMHBIH ITYYOK CTPOUTCS
omHosHauno. OTcloza cienqyer, 4TO HPU MHBEPCUU OTHOCHUTEJIBHO IIPOM3-
BOJIBHOM OKPYKHOCTH IIYUKM IIEPEXOLAT B IIyUYKHU, IIPHAYEM JIIOOO0M IIyUYOK,
COePIKaIluii OKPYKHOCTh MHBEPCHUM, IIepexXoauT B cebs. B uacTHOCTH,
IIpefejbHbIe TOUKU 3JIJIUIITHUYECKOro IIyYKa IePeXomAT APYr B Apyra Ipu
MHBEPCUU OTHOCUTEIBHO JI000M OKPYKHOCTH 3TOTO nyuka. OTMeTHM TaK-
JKe, UTO MHBEPCUS C IEHTPOM B IIPEIeJbHON TOUKE IIEePEeBOAUT OKPYIiK-
HOCTH IEePIEeHINKYISIPHOr0 NyuKka B npamble. CaenoBaTeIbHO, MCXOTHBIN
IIy4YOK IepeiileT B MIyYOK KOHIEHTPUUYECKNX OKPYKHOCTE.

Puc. 2.38
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Yupaxuenue 3. Jloxakute s3TOT (paKT C IIOMOIIbIO «BBIXOIa» B TPeEX-
MePHOe IIPOCTPAHCTBO.

Pewenue. PaccMoTpuM mepeceKalorieecs ceMeiicTBo cdep, mepeceKra-
IOIUX HAIIY ILJIOCKOCTH II0 OKPYXKHOCTSAM M3 DTOT0 Iy4YKa. ITU c(epbl
TakKe 00pasyroT mydok. IIpy mHBepcuHM 3TH C(hephbl TaKKe IepPeXOmdT
B cdepnl, IpuUeM IepeceKaroluecsa 0 HEKOTOpoi oxpyskHocTu. Ciemo-
BATeJbHO, OHU OYAYyT IepeceKaTh HAIy IJIOCKOCTb OMATH JKe II0 IMIyUYKY.

IIyuox oxkpyskHOCTe# obiafaeT eie OJHUM OUeHb BasKHBIM CBOMCTBOM.

Teopema 2.12. IITycmbv Oarnvt 06e OKpyxcHOCMU W1 U W2. I'eomempu-
YeCKUM MeCmoM MAKUX mouek, umo OMmHOUleHUe UX cmeneHeli 0MmHOCU-
menbHO Imux 08YXxX OKPYMCHOCMEl NOCMOAHHO, ABJACMCA OKPYHCHOCMD,
npunadaexau,as ny4Ky, o6pa308aAHHOMY OKPYICHOCMAMU W1 U W3.

Joxazamenvcmeo. IlpenmosoKum, UTO
OKPYKHOCTH W1 U (W9 IEPECeKaioTCsi B TOU-
Kax A u B (puc. 2.39). O603HaUNM II€HTPHI
3TUX OKPYsKHOCTeil uepe3 O; u Os, a UX pa-
INYCHI — Uepes Iy U I's COOTBeTCTBeHHOo. Tou-
K1, CHMMETPHUYHBbIE TOYKE A OTHOCUTEJIBHO
O; u Oy, obo3umauum uepe3 A; u As. Iloka-
JKeM, YTO MHOXKECTBO TaKMX ToueK X, UTO
OTHOIIIEHNE HX CTeleHeill OTHOCUTEJbHO (1
M 2 PaBHO k, — 3TO OKpPYyXHOCTH. IIpoBe-
mem npamyo XA. Ilycts oHa mepeceuer wi
1 ws B Toukax X7 u Xs coorBercTBeHHO. To-

XX,
raa k OymeT paBHO Xx. (B3ITOMY C HYXHBIM
2

sHakom). IlockonbKky AA; u AAs — nuamer-
PBI COOTBETCTBYIOIIUX OKPY:KHOCTEMH, YTJIBI
AX{A; u AX3A, upamele, a 3HA4UT, X1 Puc. 2.39
U X9 — 9TO MIPOEKIIUU TOUeK A1 u Ay Ha IIpsA-

o PA
myio AX. Bosbmem Ha npamoii A1 As Takyio ToOuKy P, uto f =k (Tarux
2

TOYEK, YTO 9TO OTHOIIEHUe PaBHO | k|, Oyger ABe, HALO BHIOPAThH Ty, ¥ KO-
TOPOU «3HaK» cooTBeTcTBYIoIuii). Torma mo Treopeme Paseca Touka X 0y-
IeT mpoekmnuei Touku P Ha npamyo AX, a 3HaUUT, OHA OyIeT JeKaTh Ha
OKpYsKHOCTHU ¢ guamMmeTpoM AP. O0paTHLIMHU PacCCYXKACHUAMU JeTKO IOKa-
3aTh, UTO AJIA JIFOOOII TOUKHK HA 3TOH OKPYKHOCTH OTHOIIIEHNE CTelleHel
TOYEK OTHOCUTEJNBHO W1 U (g PABHO k.

s Toro uTOoOBI MOKAa3aTh 9TO YTBEP:KAEHUE AJA HeIepeceKaronx-
Ccsd OKPYIKHOCTEH, OIATh IPUMEHUM HAEI0 «BBIXOJa» B TPEXMEPHOE IIPO-
cTpaHcTBO. IlycTh HaHLI ABe IMepeceKaloliuecs cepnl, mepeceKaonue Ha-
Iy IIJIOCKOCTD IO 9THUM ABYM OKPYsKHOCTAM. IIpoBOasA amaJlornuHbIe pac-
CYy:KIEeHUs, TOKa3bIBAE€M, UTO T€OMETPUUYECKUM MECTOM TaKuX TOUEK, UTO
OTHOIIIEHNE WX CTelleHell OTHOCUTEJbHO 3TUX ABYX cdep paBHO k, ecThb
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chepa u3 9TOrO My4Ka, T. €. chepa, colepsKaIiasd OKPYKHOCTDL Iepeceue-
HUsA 3TuXx ABYX cep. Ilepeceuenue aToii cheprl ¢ HaAIIE MIOCKOCTHIO €CTh
OKPYJKHOCTH U3 IIyYKa, 00pa30BAHHOTO OKPYKHOCTAMHU W1 U Wg, & 9TO U
TpeboBaIOCh TOKA3aTh. O

C moMOIIbIO ATO# TEOPEMbI MOMKHO JOCTATOYHO IIPOCTO JOKA3ATh TEOpe-
my IloHcese (I mIyuYKa OKPY:KHOCTEMH), He mpuberasa K ajarebpamiyecKuM
coobpasxkenusam. Teopemy IloHcese B obiieM Buie MbI HoKaskeMm B § 3.3.

Teopema 2.13 (Iloncemae). Ilycmv 0aHbl OKPYICHOCMMU ©;, NPUHADLe-
Jeawgue 00HOMY NYUKY, U MouKa Ag, Lexiaulas Ha OKpyicHocmu wy. Ka-
camenvHas K OKPYIHOCMU w1, NpogedenHHas u3 mouku Ay, NO8MOPHO
nepecexaem woy 6 mouke Aj, KAcaAmenbHaAA K OKPYMHOCMU W3, Npose-
dennas u3 mouku Ay, n0BMOPHO nepecexaem wgy 6 mouke Az u m.o. Ka-
camenbHas K OKPYIHOCMU &1, NPO6eJeHHAs U3 MOYKU A;, NOBMOPHO
nepecexaem g 8 mouke A; 1. [Iycmdv 015 HeKOmMoOpPozo n 0KA3AN0CH, MO
mouka A, cognana ¢ moukoi Agy. Toz0a dnrsa nwboti mouku By, nexrcaweii
Ha w1, NOCMPOCHHAS AHALOZUYHbIM 00pasom mouka B, cosnadem c By
(puc. 2.40).

Az

Puc. 2.40

Hago sameTuTsh, UTO He BCeTZa MOKHO IIOCTPOUTH TAKyl0 TOUKY B,.
Hanpumep, eciu Touka By JIXKUT BHYTPHU W1, 9TOTO CAEJIATH HEIb3sdA. MBbI
IIpeAIloJiaraeM, 4To Takasa TOUKa B, Bce-TaKU MOJyUYMJIACH.

Horxaszamenvcmeo. Iy mOKasaTeqbCTBa AOCTATOYHO IOKA3aTh, UTO
A;B; KacaeTcs HeKOTOPOU (PpUKCHUPOBAHHON OKPY:KHOCTU M3 HAIIEro IIy4-
ka. Torma ecaum Ay coBmajgaer ¢ A,, TO KacaTejbHas, IPOBeleHHAS U3
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TOUKU Ay, JTOJIKHA COBIIAAATDL C KacaTeJlbHOU, IPOBEJeHHO U3 TOUKU A,
K 9TOIi OKPY’KHOCTH (IpeaIojaraercs, UTO MBI BCErJa IPOBOAUM Kaca-
TeJbHbIE B HYKHYIO CTOPOHY). A 3HAUNT, U TOUKHU UX IIePECeUEeHUs C Wy
IOJIXKHBI COBIIAJAThL, a 9TO TOUKU By u B,,.

Ilycte mpambie AgA; m BoBi KacaioTcsi OKPYKHOCTH ()1 B TOUKax
X m Y coorBercTBeHHO (puc. 2.41). Touky mepeceueHUs ITUX IPAMBIX
obosHauuM ueped Z. Tpeyrombumk XZY paBHOOegpeHHBIH (Tak Kak X
1 Y — 9TO IPOCTO KacaTeJbHbIE, IPOBEJEHHBIE N3 TOUKU Z K OKPYIKHO-
cTu w1). CaemoBaTenbHO, yIibl X U Y B 3TOM TPeyroJbHUKE paBHBI. Kpo-
Me TOro, paBHbI yIiibl B1A1Ag 1 B1BgAg. Takum 06pas3oM, TpPeyroabHUKK
XQA{1 u YPB(y nono0ubl, rie P u @ — 3TO TOUKHU IIepeceueHusd HPIMOI
XY c orpeskamu AgBg u A1B;. CiegoBatenabHo, yribl PQA; u QPB, pas-
HBI, a 3HAUNUT, CYIIECTBYET OKPYKHOCTEL ', KacamoIlaacsa oTpe3KoB AgBg
n A1B1 B Toukax P u @ COOTBETCTBEHHO.

Puc. 2.41

Temeph AOKaKeM, UYTO OHA NMPUHAAJIEKUT HAIIeMy Iy4YKy. IlJisa saToro
JIOCTATOYHO AOKAa3aTh, UTO OKPYKHOCTD ¢ IPUHAMIEKUT YUKy, 00paso-
BAHHOMY OKPYKHOCTSIMHA W1 U ',

IToxasxkeM, UTO OTHOIIIEHUS CTeIeHel Touek Agy, A1, Bo u B; oTHOCHU-
TEJIbHO W1 U ' paBHBI. JIETKO IIOHATH, YTO 3TH OTHOIIEHNWS PABHBI COOT-
AgX? A;X2%2 B,Y? - B,Y?

AoP2’ A1Q2° ByP?2 = B;Q?°
ApX
B cuny momobusi TpeyrosbHUKOB A¢gXP u B1Y® oTHOLIeHUS AOPZ
0
B;Y?
Z1°_ paBHBI. AHAJIOIHMYHO B CHJIY IOLOOMS TPEYroIbHUKOB BoYQ u A1 XQ

B1Q
4BHBI OTHOIIICHUS A1 X u BoY?
p AQ2 © BoP?'

BETCTBEHHO
2
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AoX ByY
OcraJjiocs AO0Ka3aTb, 4YTO —— — ——. Ho 1o TeopeMe CMHYCOB
AgP ~ ByP

ApX _ sin ZAgPX _ sin ZByPY _ BogY

AoP ~ sin LAgXP ~ sin ZBoYP  ByP’

AHaJI0TMYHO IOKa3bIBaeTcd, UTO OTpe3ku A;B; u A;11B;1 O6yayT Ka-
caThbCA ONHOM M TOH Ke OKPY:KHOCTU HAIlero mydyka. JIeTKO IIOHATHL, UTO
oTpe3Kku A;B; MOTYT KacaThCA TOJHLKO ONHON TaKoW OKpysKHOcTu. IloaTo-
MYy 5Ta OKPYXHOCTBL OJHA U Ta e JJd BCeX OTPe3koB A;B;, u sto w’'. [

Teopema IloHcese o3HauaeT, B YaCTHOCTU, YTO €CJU MHOTOYTOJLHUK
BIIMICAH B OJHY OKPYKHOCTH U OIKMCAH OKOJIO APYTroi, TO ero MOXKHO «Bpa-
IATh» MEXKAY STUMU OKPYKHOCTAMU. IIpu 9TOM Kaskaas IuaroHajlb MHO-

TOyroJbHIKA KacaeTcs OKPYsKHOCTH, COOCHOU C ONMCAHHOW 1 BIIMCAHHOM
(puc. 2.42).

Puc. 2.42

ITomumo Teopembl IloHCcese, cBOMicTBA PAOUKAJIbLHBIX OCEH ITO3BOJIAIOT
IOKas3aTh TaKiKe TeopeMy BpuaHIloHa, Ha 3TOT pa3 B obimiem Buze. Ho
cHayajga chopMyJIUpPYyeEM ee.

Teopema 2.14 (Bpuanimon). IIycmv npamvete l;,i=1, ..., 6, kacaromces
00HOU KOHUKU, A;j — mouku nepecevenus npamvlx l; u lj. Tozda npamvie
Aq2Ay45, AszAse u A34Ag1 nepecerxailomces 6 00HOU mouke.
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Hoxazamenvcmeo. IIpoeKTUBHBIM IIpeoOpasoBaHMeM IlepeBeeM KO-
HUKY B OKPYKHOCTb. ByZleM cuuTaTh, YTO MBI IMEEM JeJIO C IIeCTHYT0JIb-
HUKOM, OIMCAHHBIM BOKPYT OKPYKHOCTH, WM HYKHBIEe HAM IIPSIMBIE — 9TO
ero riaBHble auaroHanu. Clenyrolye PacCyKIeHUs JIETKO IepPeHOCATCS
Ha ciydaii, ecju IpAMbIe KacaloTcsAd OKPYKHOCTH B IPYroM IIOPsSIKe.

WUrax, mycTh AaH OMUCAHHLIN IecTuyroabHuk ABCDEF (puc. 2.43).
Hano moxasars, utro AD, BE u CF mepeceKalTCs B OJTHOI TOYKe.

Puc. 2.43

PaccMoTpUM OKPY:KHOCTH (W1, W9 U W3, Kacamluecsd map IpamMbix AB
u DE, BC u DE, CD u FA cooTBeTCTBEHHO, IIPUUYEM TaK, UTO TOUKH Ka-
caHus HaXOLATCS Ha PACCTOAHUU d OT COOTBETCTBYIOIINX TOUEK KacaHusd
CTOPOH IMTECTUYTOJLHUKA C OKPY:KHOCTHIO (0O03HaumM ux uepes A, Bi,
..., F1). Torga cremeHb TOUKU A OTHOCHUTEJIBHO OKPYIKHOCTEN w1 U W3
paBHA —(AA; + a)?. BHaunT, OHA JIEIKUT HA PAAUKAIBHOI OCH 9TUX ABYX
okpyskHOcTeit. To ke camoe Bepuo u 1 Touku D. Takum obpasom, AD —
9TO PAAUKAJIbHAS OCh OKPYsKHOCTEl w1 1 wW3. AHAJOTUYHO JOKAa3bIBAaeTCsd,
yto BE — paguKkaJjJbHas 0Ch OKPYKHOCTEN W1 U Wg, a CF — OKpy’KHOCTEN
we U ws3. Cremoarenbuo, AD, BE u CF mepecexaroTcs B OJHOH TOUKe,
a IMEHHO B PAaJUKAJbHOM II€HTPe OKPYKHOCTEH W1, Wo U W3. O



TrTABA 3

IIpoekTUBHBIE CBOMCTBA KOHUK

§ 3.1. /IBoiiHOe OTHOIIEHNE YETHIPEX TOUEK
kpuBoii. [Tapamerpusamus.
Ooparubie Teopemsl ITackanaa u Bpuannona

IIpoekTBHAS SKBUBAJEHTHOCTh KOHHUK O3HA-
YaeT, YTO BCE CBOMCTBA OKPYsKHOCTH, O KOTO-
PBIX TOBOPUJIOCH BO BBEIEHUU, OCTAIOTCSA BEp-
HBIMH ¥ JJI KOHHK. B uacTHOCTH, IJIf UeThI-
pex Ttouexk KoHuku A, B, C, D mBoiiHOE OTHO-
menne npameix XA, XB, XC, XD He 3aBUCHUT
oT BbIOOpa ToukKum X Ha KOHHKe. JTO OTHOIIe-
HUe Ha3bIBaeTCs ABOMHBIM OTHOIIEHUEM TOUYEK
A, B, C, D. OueBUHO, YTO IIPU IPOEKTUBHBIX
mpeobpa3oBaHUAX ABOMHBIE OTHOIIIEHUS COXpa-
HSIOTCH.

3adukcupyeM HEKOTOPYI TOUYKY P KOHU-
KM ¥ He IIPOXOJAIIYI0 uepe3 Hee MpaAMYy o .
Kaxxkmoii Touke X KOHUKHU IIOCTaBUM B COOTBET-
crBre TouKy X' mepeceuenus mpamoin PX c [
(Touke P COOTBETCTBYET TOUKA IepeceueHUs [
C KacaTeJbHOU K KoHHKe). OueBMIHO, 3TO CO-
OTBETCTBUE B3aMMHO OJHO3HAUYHO M COXPAHSET
IBOWHBIE OTHOINeHUsA. Eciu Temephb CTaHIAPT-
HBEIM 00pa30M YCTaHOBUTH COOTBETCTBUE MEKIY
TOUKAMU NPAMOIN [ M AefCTBUTEIbHLIMU UKC-
JIaMH, TO TOJYYUM MIapaMeTpus3aluio KOHUKU.
Herpynuo y6eauThcs, 4YTO HpH TaKoii Iapa-
MeTPpU3aIuU KOOPAUHATBEI TOUKU X SBJISAIOTCS
panuoHAIbLHLIME QYHKIIUIMHU IIapaMeTpa.

Teopema 3.1 (o6paTtHaa Teopema Ilackans).
ITycmv danvt makue moyku X;, i=1,...,6,
umo mouku nepeceveHus npamvix X1Xo U
X4X5, X2X3 u X5X6, X3X4 u X6X1 Jexcam
Ha 00HoU npamou. Tozda cyuecmaeyem KOHU-
Ka, npoxodaw,as wepe3 ece mourku X;.

Hoxazamensvcmeo. Bocnonb3yemcsa TeMm (a-
KTOM, UTO Uepes JI0ble AT TOUeK OOIIero Io-



68 TI'zasa 3. IIpoexmushble ce0licmea KOHUK

JIOXKEHUS MPOXOAUT €INHCTBEHHAA KOHMKA. IIOCTpOMM TaKyI0 KOHUKY o
oasa touexk X;, i=1,...,5. IIycts A, B, C — TOUKH IepeceueHns IPIMBIX
X1Xo um X4 X5, XoX3g um X5Xg, X3X4 u XgX1, Y — TOUKa IIEpPECEUEHUST &
u BX5, ornnunaa or X5. Ilo Teopeme Ilackansa Touka mepecedyeHUs IPHA-
MbIxXx X3 X4 u XY nexur ua AB, T.e. coBuagaer ¢ C. 3HauuT, Y COBIamaeT

C Xs. O
Teopema 3.2 (oopaTHas Teopema Bpuanmona). Ilycmoe danbl npamoie
li, i=1,...,6, Ajj — moura nepeceuenus npamvix l; u lj. Ecau npamvre

Aq2Ay45, Az Ase u AsgAg1 nepecexalomes 8 00HOU mouke, mo cyujecmeayem
KOHUKQ, Kacanuw,ascsa 6cex npamovlx l;.

JlokasbpIBaeTcA 9Ta TeopeMa aHaJOTHMYHO Ipeabiayiiei. OgHaKo HaIo
cHavaJia MOKas3aTh, YTO CYIIECTBYET eAUHCTBEHHAA KOHUKA, Kacamlnasacs
IATH 3aJlaHHBIX OPAMBIX. MBI MOXKeM € IIOMOIIbIO TeopeMbl BpmaHIoHa
IIOCTPOUTHh TOYKM KACaHUA dTUX IPAMBIX C KOHU-
koii. Hy a uepe3 mATh TOUEK IIPOXOAUT TOJIHKO OJI-
Ha KoHuKa. [locTpoeHWe TOUKM KacaHUS IOKasa-
HO Ha puc. 3.1.

C momoIibio TeopeMbl BpuaHIioHa MOMKHO TIO-
JYYUTHL HOBOE [J0Kas3aTejbcTBO Teopembl 1.11.
HeticTBuTEILHO, ITyCTh ITapabojia BIIMCaHA B Tpe-
yroabuuk ABC. IIpoBemem uepes oproiieHTp H
TPeyroJbHUKA MPAMYI0 [1, KacarIllyioca napado-
JIbI, U MePHeHAUKYJAPHYIO el npamyio ly. Ecin
IoKasaThb, uTo npameie AB, BC, CA, [, ls u 6ec-
KOHEUHO yHajieHHad IpaMasa KacaloTcsd OJHOM KOHHKM, TO, IOCKOJBKY
CYIIIeCTBYeT eINHCTBEHHAA KOHMKA, Kacaiollasacsa IATH OPAMBIX, OHA 0y-
IeT cOBHAaaTh ¢ JaHHOU mapaboJioii. A 3HAUUT, KacaTeJdbHbIe K ITapaboJe,
IIPOBEIeHHbBIE 13 OPTOIEHTPA, MEPIEHANKYIAPHBI, CJIeJOBATeIbHO, OH Jie-
JKUT Ha TUPEKTpUce.

IIycte P — Touka mepeceuernuss AB c l;, a X © Y — TOUKH GECKOHEUHO
yAaJIeHHOU HmPsAMOIi, 3aalolle HallpaBJeHusd, napaJjieabHbie o u AC co-
orBeTcTBeHHO. Paccmorpum «imectuyroiabHuk» BPHXYC. Ero riaBHbIe
muaronanu BX, PY u HC, oueBUAHO, ABJSAIOTCA BBICOTAMU TPEYTOJBHU-
Ka BPH, a 3HauuT, IIepeceKalTcs B ONHOI ToukKe. 3 oOpaTHOI Teope-
mbl Bpuaniiona ciaenyer, uTo mectuyroabHUK BPHXYC onucauubiii. Hy
a KaK JIeTKO BUIeTh, €T0 CTOPOHLI — 9TO HYKHbI€ HAM HPAMBIE.

BocnoabsoBaBmiuch Teopemoii ITackasusa, MOKHO ¢ IOMOIIBIO OTHOM JIH-
HEWKM ITOCTPOUTH IPOM3BOJBHOE KOJUYECTBO TOUEK KOHUKU, ITPOXOIA-
el 4yepes AaHHBIE IATH ToueK Xi, Xg, X3, X4, X5. HelicTBuTeanHO,
mycTh A — TouKa mepeceueHus: npaMbix X1Xge u X4 X5, | — mpousBosabHAA
IpoxoaAIiad uepe3 TouKy A npamas, B, C — touku nepeceuenusd [ ¢ X9 X3
u X3X,4. Torma Touxka mepeceuenusda npambix BXs; m CX; 1mo o0paTHOM
Teopeme Ilackaisa Jie;KUT HA KOHHKE. AHAJOTUYHO C IIOMOIIBIO T€OPEMBI

Puc. 3.1
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BpuaHIlloHa MOYXHO IIOCTPOUTE IIPOU3BOJIb-
HOe KOJIMYEeCTBO KAacaTeJbHBIX K KOHUKe,
Kacaromeca 5 3aJaHHbIX MPAMBIX.

3agaua 15. [[oka)kuTe, YTO AUATOHAJIU
YeTBIPEXyTOJbHUKOB, OOpPa3oBAHHEBIX TOY-
KaMu IIepeceueHns ABYX SJIJINIICOB U UX 00-
UMY KacaTeJIbHLIMU, IIepeceKaioTcs B Of-
HOI TouKe (puc. 3.2).

3amaya 16. B xoHUMKY BOHCAH IIIECTH-
yroasHuk ABCDEF. [Jokaxure, 4TO IIECTh Puc. 3.2
npameix AC, CE, EA, BD, DF u FB kaca-
I0TCA HEKOTOPOlI KOHUKU. BriBenuTre orcioga Teopemy Ilomcerne mis Tpe-
YTOJBbHUKA.

3amaua 17. IlycTs KacaTeabHasd K Tuiepodoe, IpoBedeHHasa B TOUKe A,
ImepeceKaeT ee aCUMITOTEI B TOUKax A1, As, a KacaTejbHas, IIPOBedeHHAA
B Touke B, — B Toukax Bi, By. [loka:xkure, uTo npsambie A1Bs, AsB1 u AB
rmepeceKkarTcs B OAHON TOUKeE.

3amaua 18. Tpeyroasauku ABC u A’B'C’ neHTpaIbHO CUMMETPUYHEL.
Yepes Trouku A’, B, C' mpoBefeHEl TPU HapaljiebHble IPAMBIe. JTOKaMKI-
Te, 4TO TOUKM ux mepeceueHusi ¢ BC, CA u AB coOTBeTCTBEHHO JieKaT Ha
OIHOU HMPAMOIL.

3agaua 19. [lokaxkuTe, YTO KOHUKA, OMU-
camHad 0K0Jo TpeyroabHuka ABC, asBiasercsa
PaBHOCTOPOHHE# rumep00JIoli TOTAa U TOJBKO
TOTIa, KOTJa OHA IIPOXOAUT Yepes OPTOIEHTP
TPeyroJbHUKA.

3agaua 20. (Teopema o IIeCTHYTOJIbHU-
Ke.) IIycTs KOHUKA IIepeceKaeT CTOPOHBI AB,
BC u AC tpeyroabauka ABC B Toukax C;
u Cy, A1 u Ay, B; u By coorBercTBenHO. Ye-
pe3 Az, B3 u C3 0603HauMM TOUYKH Iepeceye-
HUSA Iap KacaTeJbHBIX, MIPOBEJEHHLIX B TOU-
Kax Ay m Ag, By u By, C; u Cy (puc. 3.3).
Hoxaxkure, uro npamble AAs, BBs u CC3 me-
peceKamTcsa B OOHOI TOUKeE.

§ 3.2. IToxapuoe coorBercTBue. IIpUHIUII ABOCTBEHHOCTH

ITycts mamel HeKOTOpas KOHMKA U TOuKa A. PaccMOTpMM IIPOM3BOJIBHOE
IPOEKTUBHOE IIpeoOpa3oBaHMe, IepPeBoAdAllee JAaHHYI0O KOHUKY B OKPYIK-
HOCTB. IlycTs A’ — 06pa3 TOuKu A IIpU 5TOM Ipeobpa3oBaHuu, @’ — IMoJdapa
TOUKN A OTHOCUTEJIBHO OKPYKHOCTH, @ — 06pas IpAMoi a’ mpu 06paTHOM
npeobpasopauuu. Torma mpsamas a MOKeT OBITH IIOCTPOEHa CJIEHYIOIINM
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obpasom. IIpoBemem uepes ToOuKy A mBe
IpsAMBIE, TIepeceKamIlnue TaHHYI0 KOHUKY B
Toukax X1, Xs u Yy, Yo. Ilyecte X — TOU-
Ka IepeceyeHMWs KacaTeJbHBIX K KOHUKE B
Toukax X1, X2, Y — TOUKa IIepeceuyeHnA Ka-
caTeJbHBIX B TOUKax Y, Yo. Torma mpamas
XY cosmagaer c a (puc. 3.4).

HelicTBUTENIbHO, IPU NTPUMEHEHUU OMIU-
CAHHOTO IIOCTPOEHHUA K TOuKe A’ m OKpysxK-
HOCTH IIOJIydyaeM HPSAMYI0o a’, a MPOeKTUBHOe
mpeo0pa3oBaHME COXPAaHSET TOUKM Ilepece-
YeHUd U KacaHUs MPAMBIX 1 KOHUK. Ciemo-
BaTeJbHO, IPAMasd @ He 3aBUCUT OT BHIODAH-
HOT'O IIPOEKTHBHOTO IIpeobpasoBanmsa. Mox-
HO TIOCTPOUTH @ ¥ TO-APYTOMY: Kak mOpH-
MYI0, COeIWHAMIOIIYI0 TOUKM IIepeceueHu’s
X1Y1 (¢ X2Y2 n X1Y2 C X2Y1 (pI/IC. 35)
B uacTHOCTH, eciiu A — IEHTpP JLIUIICA WU
TUTIepPOO0JIBI, TOJNYyUYUM OECKOHEUHO yIaJieH-
HyI0 Ipamyio. OTMeTnuM, 4TO IIOCJIefHEE 10~
CTpOeHNE NMPUMEHUMO UM K BBIPOMKIAEHHBIM
KPHUBBIM BTOPOTO HMOPAAKA, IPUYEM ITOCTPO-
eHHad mpsaMas OyJeT MPOXOAUThH uepe3 00-
myio Touky O mpambix l1, lp, cocTaBisio-
IMUX KPUBYIO, M MTBOMHOE OTHOIIIEHWE MHpA-
MbIX (l1l3; OAa) paBHO 1 (puc. 3.6).

OmpenesieHHOE TaKUM 00pPasoM COOTBET-
CTBUE MEXXKIY TOUKAMHU W MPAMBIMH Ha3bI-
BaeTCA NOJAPHBbLM COOMEEmcmauem OTHOCHU-
TeJbHO NaHHOU KOHUKU. IIpu sToM mpamasa
a Ha3bIBAETCA NOJLApolU TOuKu A, a A — no- Puc. 3.6
awcom npamon a. OueBUIHO, UTO BCce cPop-

MYyJINDOBaHHBIE BBIIIIE CBOMCTBA IIOJIAPHOTO COOTBETCTBUS COXPaHAIOTCH.

OrMeTuM, YTO eCcau IpAMadA p ABJIAETCA IOJApoi Touku P, a mpous-
BOJIbHAA TIPOXOAAIIAA uepe3 P mpsaMas ImepeceKaeT p B TOUKe @ U KO-
HUKY B Toukax A, B, To (PQ; AB) =1. [Ina mokasaTeabCcTBa JOCTATOUHO
paccMOTpeTh ciiydyai, Korja KOHUKa fABJSAETCA OKPYKHOCTHIO, a OJHA U3
ToueKk P, @ 6ecKoHeuHO yaaJjenHad (puc. 3.7).

B uactHOCTH, eciiM KOHUKA ABJIAETCA SJIIUIICOM WJINU THUIEepPOOJIOi, TO
CepeVHBI BCEX XOPH, NapajlaeJdbHbIX (DMKCUPOBAHHON IIPAMOIL, JerKaT Ha
MIPAMOM, MPOXOAAIIEl Uepes IeHTP KOHMKU (HampaBJIeHUs, 3aJJaBaeMble
9TOM NMPAMON W MPAMOM, MapaJIEIbHOU XOPAaM, HA3bIBAIOTCS CONPANCEH-
HbLMU OTHOCUTEJIbHO KOHUKH), a eCJIi KOHUKA — mapaboJia, To Ha IPAMOii,
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napaJuiesbHOU ee ocH (cMm. 3amauy 10). BepHo u gBOiCTBEHHOE YTBEpIKIe-
HIe: ecJIU Yepe3 HEKOTOPYI0 TOUKY IIPOBeAeHbl KacaTeJlbHbIe K KOHUKE a
1 b U IBe MPOU3BOJILHBIE IPAMBIE P U ¢, TO IOJIOC IPSAMOM p JIEKUT Ha ¢
TOTZAa U TOJBKO TOrha, Korjpa (ab;pq) =1.

IIpuHIIUTI IBOMCTBEHHOCTH TaKsKe ocTaeTcsA BepHbIM. [loaToMy, HATIpU-
Mep, obpaTHada TeopeMa BpuaHITIOHA SBJISETCA CIEeICTBUEM OOPATHOM Te-
opembl ITackans. MosKHO Takike 3aKJIIOUNThH, YTO JJIS JIFOOBIX IATH IIPs-
MBIX OOII[eTO MOJIOMKEHUSA CYIIeCTBYeT eJUHCTBEeHHAs Kacalollascsa UX Ko-
HUKA.

Omnpenenenue. /[goticmeenHblm 00PA30M TIAAL- /\/\
KO KPUBOU Ha3LIBAETCS MHOXKECTBO IBOMCTBEH-

HBIX 00pas3oB BCeX KacaTeJbHBIX, IIPOBEIEHHBIX
K 3TOU KPUBOI.

IIpumep KpuBOIi U ee ABOMCTBEHHOT'O 0oOpasa
n3o0paskeH Ha puc. 3.8. ©

BasKHBIM CBOHCTBOM ABOWCTBEHHOI'O Ipeodpa- Puc. 3.8
30BaHUSA ABJIAETCSA CJIEAYIONIAsI TeopeMa.

Teopema 3.3. IIycmv R(y) ecmb dsoiicmeennulii 06pas kpusol y. To-
20a R(R(y))=7.

Hoxaszamenvcmeo. Ilycts Touka X ABUIKETCA IO KPUBOH Y K TOUKe A.

Torma, oueBUAHO, IlepeceyeHre KacaTeJbLHBIX, IPOBEJeHHBIX B TOUKax X
u A (0003HAUMM UX Uepe3 X U 4 COOTBETCTBEHHO),

crpemutca K A. Ilepeceuenne x u a 0603HaUUM Ue- Y
pes Y. IlocmoTpuM, YUTO IIPOMCXOAUT C obOpasaMu
IpAMBIX X 1 a Ha KpuBoi R(y). OueBugno, R(x) X
crpemutrca K R(a), a 3Hauur, orpe3oxk R(a)R(x)

X

cTpeMuTCA K KacaTeJbHOU K R(y), mpoBegeHHOI
B Touke R(a). Ho R(a)R(x) —9TO He UTO HHOE,

A a
kak R(Y), ciemoBateabHo, R(Y) cTpeMuTCcsa K Ka-
carenbHOM K R(Yy), mposemenHoii B Touke R(a). To- R(a)
rga K obpasy KacaTeJbHOI, IPOBEJEHHON B TOUKE T )R(Y)
R(a), crpemurcsa oopas R(Y). Ho aTo u ecTh Touka *

Y, xoropas mpu 5TOM ABMIKEHUM CTPEeMHUTCA K A.
ITosnyuaeTcs, uTo o6pas3 KacaTeabHOI, IPOBeIeHHOI Puc. 3.9
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B Touke R(a), —9T0 cama Touka A. A 3To u 03HAUAET, YTO ABONCTBEHHBIN
o0pas KacateabHBIX K R(y) ecTh cama KpuBad y. O

ITonsapHOe COOTBETCTBHE HaeT elle OAWH CI0COo0 IOJyYeHUsS KOHUK.
PaccMoTpUM OKPYIKHOCTE & € IIEHTPOM A U paguycoM I U IPYTYI0 OKPYK-
HOCTB @ ¢ 1eHTpoM O. [lonapsl Bcex TOUEK OKPYSKHOCTH & OTHOCUTEJIHLHO
& ormbaioT HEKOTOPYIO KPUBYIO, KOTOpPas Has3bIBaeTCA NOJLAPHbLM 00pa-
30M OKpPY:KHOCTH «. IloJsApHBIN 00pa3 MOMKHO IMOJYYUTH W IIO-APYTOMY:
KaK MHOMKECTBO IOJIOCOB BCEX KaCaTeJbHBIX K (.

Teopema 3.4. IlonapHbsiii 00pa3 00HOU OKPYMCHOCMU OMHOCUMESLbHO
Opyeoll asasemcsa KOHUKOU.

Hoxaszamensvcmeo. IlycTh gaHbl OKPYIKHOCTD (W C IIEHTPOM B Touke O
1 OKPYKHOCTh (1 C IeHTPoM B Touke Op (aad ymoocTBa OymeM CUUTATh,
yro O JIXKUT BHYTPU W1; cM. puc. 3.10). IIycts w1 Ipu mHBEpCUU OTHO-
CHUTEJIbHO () MepPeieT B OKPYKHOCTDL (W2 C IEHTPOM B TouKe Os.

Puc. 3.10

00603HAYUM IPAMYIO, IPOXOAAIIYIO Yeped TOUKY X U IMepPIeHAUKYJIAp-
"y OX, yepes p(X). Oua 6ymeT MOJAPHLIM 00pa3oM TOUKMU, MHBEPCHOM
TouKke X OTHOCHUTEJIBbHO . Tak, mpu ABMMKEHUU TOUKU X IO Wg COOTBET-
CTByIOIIAA eil mpsaMas IPOOEeKUT MHOMKECTBO IIOJIAD BCEX TOUEK, JierKa-
IUX Ha 1. Takum o0pasom, HaM HAJIO0 NOKAa3aTh, YTO MHOYKECTBO BCEX Ta-
KUX MPAMBIX KacaeTcs HEKOTOPOM KoHuKu. Pacecmorpum Touky O, cum-
MeTpuuHyI0 Touke O orHOCUTEAbHO O, 1 TOUKy O, CHMMETPUUHYIO TOU-
ke O orHocuTenbHOo X. JIerKo MOHATHL, uTO AjauHa oTpeska O'0O” pasma
OuaMeTpy OKPYIKHOCTU w3. Ilyers O'O” mepecekaet p(X) B Touke Y. To-
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raa, B cuury Toro uto p(X) — cepefuMHHBIN IMepuneHIuKyasap k¥ 00", mau-
HEI oTpe3koB YO u YO” pasubl. Kpome TOro, yribl, KOTOpble 00pa3yioT
npameie YO u YO' ¢ p(X), paBubl. A sHauut, p(X) B Touke Y Kacaercsa
suunca ¢ oxycamu B O u O’ u 60JBIIOI HOJIYyOChI0, PABHON AMAMETPY
OKPY’KHOCTH 3. KpoMe TOro, JIeTKO MOHATH, UTO HIPU ABUKEHUU TOUKU
X 110 wg TouKa Y MPOOEeKUT BeCh STOT JJLIHUIIC.

TakuM 00pasoM, MBI IIPOCTO YKa3aIu KOHUKY, KOTOpas ABJIAETCA II0-
JIAPHBIM 00pasoM HaIllleil OKPYsKHOCTH.

Ecau Touka O JeKUT BHE (W1, aOCOJTIOTHO aHAJOTUUHLIMU PACCY K ISHI-
AMHU MOXKHO IIOKa3aTh, UTO MOJSPHBIM 00pas3oM GyaeT ruiepbosa, a B Cay-
yae, ecau O JeXUT Ha w1, — IapadoJia. O

B cuny mpoeKTWBHON 5KBUBAJIEHTHOCTH KOHUWK JJOKAa3aHHYIO TeopeMy
MOKHO 000OIITUTE.

Teopema 3.5. IlonapHbill 06pa3 00HOU KOHUKU OMHOCUMELbHO OpY2oll
A85emcs. KOHUKOLL.

EpumcTBenHOE, YTO, KOHEUHO, HEIOHATHO, — 3TO IIOUYeMYy JIIoOble IBe
KOHUKU IPOEKTUBHELIM IIPe00pa3oBaHreM MOYKHO IIEPEeBECTH B IBE OKPYIK-
HOCTH. ITO, BOOOII[e TOBOPA, HEBEPHO (XOTs BEPHO B KOMILIEKCHOM CMBIC-
sae). Ho 5To BO3MOKHO, €cli KOHUKU IepeceKkaloTcs He 0oJjiee UeM B IBYX
TOYKAX. OTOr0 JEeTKO JOCTHUYDL, VBeJIUUYUB (MU YMEHBIINB) KOHUKY, OTHO-
CHUTEJIbHO KOTOPOU JejaeM IIOJsIPHOEe IIpeo0pasoBaHie, B HECKOJLKO pas
(c IleHTPOM B IIEHTPe 3TOH KOHHKeE), TaK, UTOObI OHAa IlepeceKasia HYK-
HYI0O HAM KOHHUKY He 0ojiee ueM B ABYX TouKaX. [[BolicTBeHHBII 06pas mpu
aToM coxxkmercsa. Hy a yro6ble [Be KOHUKH, IIepeceKarolecsa He 0ojiee uem
B IBYX TOYKaX, IPOEKTHUBHBIM ITPeo0pa30oBaHMEM IIEPEBECTU B IBE OKPYIK-
HOCTHU MOJKHO.

Ha camomMm meje sTy TeopeMy MOKHO IIPOCTO JAOKAa3aTh, BOCIIOJIb30BAB-
IUCh TOJAbKO Teopemamu Ilackana u Bpuaniona. 3adgukcupyeM mATH TO-
YyeK Ha KOHMKe, 00pa3 KoTopoil Mbl paccmarpuBaeM. O003HaUNM UX Uepes
X1, X9, X3, X4 u X5, a KOHUKRY uepe3 «. Torga moaspbl 9TUX IISATH TO-
yeK OyAyT KacaTheCs ellle HEKOTOPOl (PpMKCHUPOBAHHON KOHUKH, KOTOPYIO
MbI 0003HauUUM uepe3 «. IIycTs Touxka X aBuikerca mo «. Torma ajasd To-
yeK X1, ..., X5 1 X BBIIOJHEHO cJiefcTBUe TeopeMbl Ilackansa. 3HAUUT,
IJIsI TIOJISIP 9TUX TOUYEK BBIMOJIHEHO ciiefcTBue TeopeMbl Bpuaniona. Ho
u3 obpaTHOU TeopeMbl BpuaHIioHa cjJeayeT, UTO BCE ITHU INECTb MPAMBIX
KacaloTCA OSHOM KOHUKMU. ITOH KOHUKOM MOKEeT OLIThL TOJIBLKO KOHUKA (1,
MMOCKOJIBKY HATH IPAMBIX (IIOJAP K ToukKaMm X;, i=1, ..., ) MOTyT KacaTb-
cA TOJBKO OAHOM KOHWKU. Takmm o0pasoM, IOJISAPHI BCeX TOUYEK, JierKa-
X Ha o, KacamoTca 1. OOpaTHBIMU PACCYKICHUIMI JIETKO IIOKa3aTh,
YTO KOHHKA (/1 3aMeTaeTcs IIOJHOCTBIO.

Haxomelr, ykakeM elrje OOVH BO3MOMKHBIN IIOAXO0M K OIIPeIeIeHII0 KO-
HUK U MOJSPHBIX COOTBETCTBUM. IIycTh MeXKAy TOUKAMU U IPAMBIMU IIPO-
eKTUBHOI IIJIOCKOCTH YCTAHOBJIEHO B3aMMHO OJHO3HAYHOE COOTBETCTBUE,
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o0Jiamaiolinee CBOMCTBOM ABOMCTBEHHOCTH, T. €. €CJU TOUKa A IpUHAIJIe-
JKHUT 00pasy Touku B, To Touka B mpuHagiaexuT obpasy Toukum A. To-
rla MHOXKECTBO TOUeK, IPUHAIIEKAIINX CBOUM 00pasaM, sIBJIseTCSI KOHU-
KOIi (BOBMOKHO, MHUMOI1), IIPUUYEM II0JIIPHOE COOTBETCTBHE OTHOCUTEIHLHO
9TOM KOHMKU COBIIAJAET C 3aJlaHHBIM.

Temepb MOKakeM, 4T0O (POKYC ¥ COOTBETCTBYIOIIAS €My TUPEKTPHUca Ko-
HUKH IIOJSPHBI. OTO YVKe II0 CyTH ObLIO AOKasaHOo IJd mapaboibl. [[oka-
JKeM BTO JIJIsT OCTABINMUXCA KOHUK.

Teopema 3.6. @oxyc u coomeemcmayou,as emy OUPeKmpuca KOHUKU
noaapuut (puc. 3.11).

Hoxazamenvcmeo. Paccmorpum do-
Kyc F1 u ero moaapy l. [loka:keM, 4TO A
JI00BIX ABYX Touek X m Y Ha KOHUKE OT-
HOIIIeHUA paccToAHUN mo F; um | paBHBEI.
ITycte S — 9TO TOUKa IepeceueHUs MPs-
Mbix XY m [. IlepeceueHne KacaTesbHBIX
K KOHUKe, ITPOBEJIeHHBIX B Toukax X n Y,
obosHauuM uepes Z. B cuay cBoiicTB mo-
JIIPHOTO IIpeodpasoBanud F1Z — 9TO MOJIA- Puc. 3.11
pa toukm S. B cmuy cieacTtBusA u3 Teo-
pembl 1.2 yron SF1Z upamoii. Kpome Toro, ms Teopemsbl 1.4 cienmyer,
uyro F1Z — 6uccekrpuca yriaa XF1Y. CiaemoBarenbHo, F;.S — ObuccexTpuca

BHermrHero yriaa XF;Y. Bocmosib30BaBIINCh CBOMCTBOM OMCCEKTPUCHI, II0-
Jy4aeM, 4TO % = % Hy a mockoabpky SX orHocurca K SY Tax ixe,
KaK OTHOCATCS PacCcTOAHUA OT Touek X 1 Y [0 JI000i IpsaMoii, comepsKa-
mreir S (KoHeuHO, oTauYHOI oT XY), IMojJydyaeM F;X = F;l, rae d, u dy, —
paccrosHUA OT ToueK X u Y 1o [. ) Y O

ATo yTBep)KIeHNe MOKHO TaK)Ke NOKasaTh, BOCIIOJb30BABIINCH KOH-
crpykiueii [laHgeneHa, ¢ MOMOIIbI0 KOTOPOM MBI JOKA3aJMU, YTO KOHU-
Ka — 9TO IPOeKIuA OKpysKHocTu (puc. 3.12). B TpexmepHoM (u BooOIIIe
n-MepHOM) IIPOCTPAHCTBE TOXKE MOJKHO JeJIaTh ABOMCTBEHHBIE IIpeobpaso-
Bauua. OHU cTpoATCS abCOJIOTHO TaK 2Ke, KaKk B AByMepHOM. IIpu sTom
TOYKHU IEPEXOAAT B ILJIOCKOCTH X HAOOOPOT, a IMpsMbIe IIEPEeXOAT B APY-
rue IpsaMble.

IToApHOU IJIOCKOCTBIO TOUKM S OTHOCUTEJILHO c(epsl {2 Oymer mioc-
KOCTb O, a IOJSPHOHN IJIOCKOCThIO Touku F Oymer m. IToromy moaspoit
npamoit SF 6ymer npamas [. SIcHO YTO mpu 3TOM MHOJIIOCOM IIPAMOI [ OT-
HOCHUTEJLHO OKPYKHOCTH, 00pa30BaHHOI TOUKAMU nepeceueHns chepsl {2
U IIJIOCKOCTU O, OyAeT TOUKa IepeceueHus MpAMoil SF u MIOCKOCTH O.
A smauwur, F OymeT IOJIOCOM IPAMOM [ OTHOCHUTEJILHO 3JIJIMUIICA, 00pa3o-
BAHHOTO IIepeceueHreM Halllero KOHyca U ILJIOCKOCTHU 7T (9T0o OyaeT mpocTo
MIPOEKINA U3 TOUKHU S IIJIOCKOCTHA O HA IIJIOCKOCTH T).
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_________ e

Puc. 3.12

WHTepecHBIN IpUMep YTBEPKAEHUH, MEePeXoAAlIUX IPYT B Apyra mpu
HEeKOTOPOM MOJIAPHOM IIpeo0pasoBaHUU, HPeAcTaBJA0T Teopema 1.11 u
yTBep:KIeHMe 13 3amauu 19.

HeficTtBuTeIbHO, TycTh H — opromenTp Tpeyroabuuka ABC. Ilpu mo-
JIAPHOM NIPeo0pasoBaHUU OTHOCUTENHLHO OKPYIKHOCTH () C IeHTpoM B H
TpeyronbHUK ABC mepeiieT B TOMOTETUUHBIN €My OTHOCUTEIHBHO TOUKH
H rpeyronpaurk A’B'C’. Ecau napaboja KacaeTca CTOPOH TPEyroJbHUKA
ABC, To KOHUKa, JBOMCTBEHHASA €l OTHOCUTEJIbHO (W, OyAeT IPOXOIUTH
uepes Touku A’, B’ u C’/, a Tak:xe uepe3 TouKy H, Tak Kak 5TO IIOJIOC
0eCKOHEUHO yAaJieHHOH npsamoii. B cuny sagaum 19 sTa KOHMKA OyaeT AB-
JATbCS PABHOCTOPOHHeIT rumepbosioii. TouKM IlepeceueHUs STON THUIIEP-
60JIbI ¢ OECKOHEUHO yAAaJeHHOM MPAMOM 3aJaioT MepHeHIUKYISIPHbIe Ha-
MIPaBJIEeHUA, & 3HAYUT, UX IMOJAPHI OYAYyT HmepmeHAUKYAApHBI. C npyroi
CTOPOHBI, MOJSIPAMU TOUEK IepecedeHUs HTOM IuiepboJibl ¢ 6eCKOHEYHO
yIaJIeHHOI MpsaMoii OyoyT KacaTeabHbIe, IPOBeJeHHbIe U3 TouKu H K Ha-
mreii mapaboie (puc. 3.13).

AHaJIOTUYHBIMU PACCYKICHUSIMHU MOYKHO, HA000POT, BHEIBECTH YyTBEp-
Kaenue 3amaum 19 mus teopembr 1.11. CiemoBaTesbHO, 3TU TeOPEeMBI AB-
JAIOTCA TBOMCTBEHHBIMU.

Ho6aBuM ellle HECKOJBKO TeopeM, CBA3AHHBLIX C UYEeBUAHHBIMU Tpe-
YTrOJbHUKAMU BIMCAHHBIX B KOHUKY TPEYTOJbLHUKOB.

Teopema 3.7. Tpeyzoavnurx ABC asmonoasapen (m. e. e2o cmopoHbl
ABAAIOMCS NOJLAPHLIMU 00pPA3AMU COOMEEMCMEYIOWUX BEPULLH) OMHOCU-
meabHO KOHUKU m0z0a u moJjbko mozda, K020a OH A8/AeMmcsa Ye8UAHHbLM
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mpeyzonbHUKOM HEKOMOpOoU MOuKU, JeXauLell Ha Mol KOHUKe, OMHOCU-
MmeabHO MPeyzonbHUKA, BNUCAHHO20 8 9MY KOHUKY.

Hoxazamenvcmeo. IlepeBemem BepIu-
HBI B u C TpeyroibHuKa B 0ECKOHEUHO yaa- B
JIEHHBIE TOYKH, 3aJal0Iie MePIeHIUKYIIp-
Hble HampaBieHusa. Torma Halla KOHHUKA,
OUEeBUAHO, MEepPeHaeT B KOHUKY C IIeHTPOM
B A (IOCKOJIBKY IIEHTD KOHUKHU SABJIAETCSA
IIOJIFOCOM OEeCKOHEYHO YAAJIEHHOM IIPSAMOIi).
PaccmoTpuM TpAMOYTONBLHUK, BIUCAHHBIN
B KOHHUKY, CO CTOPOHAMU, IIapaijiebHBIMHI
HaIpaBJIeHUSIM, KOTOPHIe 3aJaloT TOUYKU B
u C (Taxkoii IPAMOYTOJbHUK CYIIeCTBYET B Puc. 3.14
CHJIy aBTOHOJIIPHOCTH TpeyroabHuka ABC).
Ero BepmuHBI MOKHO paccMaTPUBATh KaK TPEYrOJbHUK M TOYKY Ha KO-
HUKe, IJA KOTopoi TpeyroabHuK ABC aBromossapeH (puc. 3.14). O

Teopema 3.8. IIycmv danvt mpeyzoavnux ABC u mouka Z. [[na npo-
U380JIbHOLL Npoxodsaueli uepes mouky Z npamot Haiidem mouku A’, B' ee
nepeceuenus ¢ BC u AC. Toz0a zeomempuiecKum mMecmom mouiex nepece-
yenua npamvix AA’ u BB asasemcs KOHUKQ, npoxodau,as yepes moiku
A, B, C u kacawwasaca npamwvtx AZ u BZ.

Hoxasamenvcmeo. IlpoBeneM IpoeKTUBHOE MpeoOdpa3oBaHue, IEPEBO-
nsamiee TpeyroidbHUK ABC B paBHOOEAPEHHBIN NPAMOYTOJbHBINA TPEYT0JIb-
HuK (AC = BC), a TouKy Z — B 0€CKOHEUHO yIAaJIeHHYIO0 TOUKY, HallpaB-
JIeHNe Ha KOTOpYIo ImepueHAuKyaapHo AB. Torga tpeyroabuuku AA'P
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u B'BP, rge P — toura nepeceuenus AB u A’B’, paBHBI 1, 3HAUUT, IIPd-
mbie AA’ u BB’ nepneHguKyJIAPHBI, T. €. TOUKA UX [IEPECeUCHU JICHKUAT
Ha OMMCAaHHOUN OKpYy:KHOocTH Tpeyroabuuka ABC. Ilpu sTom npsambie BZ,
AZ KacaoTcsa 3Toi OKPY:KHOCTH B Toukax A, B. ]

Ilycth Teneps Y — Touka nepeceueHnA KacaTeJbHBIX K KOHUKE, IIPOBE-
neHHBIX B Toukax A u C. Bygem pacecmarpusats Touku A’ u C' mepeceue-
HUSA IPAMBIX, Ipoxoaainux ueped Y, ¢ BC u AB. Torma Touka mepeceue-
Hua npambelx AA' u CC’ nexuT Ha KOHUKe. 9TO 03HAUYAET, YTO CYI[eCTBYeT
ceMeicTBO TpeyroabHuKoB A'B'C’, BepIINHEL KOTOPBIX JIEKAT HA COOTBET-
CTBYIOIIIUX CTOPOHAaxX Tpeyroiabuuka ABC, co ciaeIylOIIMMU CBOMCTBAMH.

1. [Ina Kaskgoro TpeyrojJbHUKA cemeiicTBa npameie AA’', BB', CC' me-
pecekamTcsa B OAHOM TouKe. MHOYKECTBO 3TUX TOUEK ABJAETCA KOHUKOM,
mpoxopAmnien uepes A, B, C.

2. Bee npambie A’B’ mpoxozaT depes moJioc IpsaMoii AB oTHOCHTE Ib-
HO ONMCAHHON KOHMKHU. AHajiormuHo Bce mpamble A’'C’ mpoxomgar depes
moJroc apsamoii AC, a Bce nmpsamile B'C’ — uepes momtoc nmpamoit BC.

IIpoeKTHUBHEIE CBOMCTBA KOHUK MOTYT OKAa3aTbCs IIOJE3HBIMHU AJS JO-
KasaTeJbCTBA YTBEDP:KACHUM, HA TMEPBBLIA B3TJIAA ¢ KOHUKAMU He CBA3aH-
HBIX. [IpuBemeM ImIpuUMep TaKOr0 YTBEP:KICHUA.

Teopema 3.9. Ilycmv danvt mpeyzoavnuk ABC u mourku P, @, u
nycmbv npamvie AP, BP, CP nepecexaiom coomeemcmaeyioujue cmopoHbl
mpeyzoavHuKa 8 moukax Ai, By, C1, a npamsie AQ, BQ, CQ — 8 moukax
Az, By, Cao. ITycmv C3, C4y — mouku nepecevenus npamwvix CCy u AsBo,
CCy u A1B; coomeemcmeenno; mouku As, A4, Bs, By onpedeasiomcs
aHanozuyHo. Tozda npamvie A1 Ay, AsAs, B1By, BaBs, C1Cy, C2C3 nepece-
Katomcesa 8 00HoU mouke (puc. 3.15).

Puc. 3.15
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Hoxazamenvcmeo. Touku A, B, C, P, @ ompenendaroT KOHUKY. be3
orpaHUYEeHUs OOITHOCTY MOMKHO CUMTATh, UTO 9Ta KOHUKA — OKPY*KHOCTD,
a P@Q — ee guamerp. Tark Kax Ay, By, C;{ — TOUKHU IIepeceueHUs IIPOTUBO-
IMOJIOKHBIX CTOPOH M AUATOHAJElH BIIMCAHHOrO YeThIpexyroabauka ABCP,
A1B; —noaapa touku Cq. Tak kaxk PQ — guaMeTp, OCHOBAaHUS BLICOT Tpe-
yroapuunka PQC;, mpoBejeHHbIX 13 P u @, jieKaT Ha OKpysKHOCTH. Pac-
CMOTPEB UYeTLIPEXYTOJbHUK, 00pPA30BAHHBIN STUMU OCHOBAHUAMU U TOU-
Kamu P, @, mojyuyaeM, 4YTO OPTOIEHTP TpeyroabHuka PQC; JeKuT Ha I0-
aspe Cq, T.e. Ha A1B;. Tak Kak oH JeXKUT 1 Ha npamoii QC, oH coBIagaeT
¢ toukoit C4. Takum obpasom, npamasa C;C,4 mepneHIUKYJIAPHA AUAMET-
py PQ, T. e. IPOXOAUT UEpe3 €ro IOJIOC. AHAJIOTMYHO OCTAJbHBIE IATH
MIPAMBIX TaKKe IIPOXOLAT Uepes IIoJioc npamoii PQ, a ciaemoBaTebHO, OH
ABJISETCS TOUYKOI, O KOTOPOI I'OBOPUTCA B TeopeMe. O

C mOMOIIBIO0 IBOMCTBEHHOI'O IIPE00Pa30BAHUA MOMKHO JOKA3aTh CJIELY-
IOTIYI0 KPACUBYIO TEOPEMY.

Teopema 3.10 (®Ppexne). [Iycmbv Oanvt KOHUKA U mouka P nHa Heil.
Toz0a 6ce xopdvi, 8udHble U3 Mmouku P nod npamvim yzaom, npoxodsm
yepe3 00ny moukxy (puc. 3.16).

Hoxazamenscmeo. IlpumeHMM TOJIAPHOE p
COOTBETCTBHE OTHOCUTEJIBbHO OKPYKHOCTU C
meaTpom P. Tak Kak JaHHAs KOHHKA IIPOXO-

IUT uepe3 TOUKy P, ee oOpasom Oyzaer mapabo-

jaa. IIpoxogsiiye uepes TOUKY P IepreHauKy-

JISIPHLIE MpPSAMBIE IIepeiiiyT B ABe GECKOHEUHO

yAajieHHbIe TOUKH, COOTBETCTBYIOI[HE IePIeH- Puc. 3.16.
IUKYJAPHBIM HaIpPaBJIeHUSAM, a HNX BTOpPbIE
TOYKHU IIepeceveHns ¢ KOHUKON — B MePIeH n-
KyJApHBbIe KacaTeJdbHbIe K mapabose. Tak Kak
TOYKA TIePEeceUeHnsI 9TUX KACATEIbHBIX JeKUT
HA OUPEKTpHCce, COOTBETCTBYIOIIAs el Xxopaa
IIPOXOJUT Yepes ee moiaroc P’. O

OueBupHO, uTO TOUuKa P’ ABIserca mepece-
YeHMeM AUaMeTpa, CHMMETPUYHOT'0 IPOXOmIs-
memMy yepes P, 1 HOpMaIu K KOHMKE B TOUKeE
P (puc. 3.17).

Herpynuo y6emurnbesa, uro P genut nua-
MEeTP B OTHOIIEHWYW, PABHOM OTHOIIIEHUIO
KBaApaToOB oOcell KOHWKMU, W, 3HAUUT, KOTna
Touka P mpoGeraer KOHUKY, P’ onucwiBaer Ko-
HUKY, TOMOTETUUHYIO MCXOJHON OTHOCUTEIh-
HO ee IleHTpa (ecy MCXOAHAS KOHUKA — IIapa-
00J1a, TO HOBAafA MOJIYUYAETCS U3 Hee Mapajiesb-
HBIM IIepeHocoMm) (puc. 3.18). Puc. 3.18

Puc. 3.17.
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AHAJTOTUYHBIMU PACCYIKACHUAMHI JIO- P
KasbIlBaeTcs cJeayiomiee 0000IIleHne Teo-
pembl PpeKbe.

XopOvl KOHUKU, 6UOHbLe U3 (QUKCUPO-
6annol mouyku P na Hell nod yeaom ¢
unru 180° — ¢, Kacaromea 00HOU KOHUKU
(puc. 3.19).

ITocse mBOMCTBEHHOTO ITPEOOpPaA30BAHUA
OTHOCUTEJBHO OKPY/KHOCTH C IleHTpoM P
MCKOMAas ormbarolas Iepeifer B KOHUKY (rumepbosy), U3 KOTOpPOil ma-
pabosna BuAHA mox yriaom ¢ mam 180° — ¢.

3amaua 21. IIycts C — 1IeHTP KOHUKU, ABJAIONIENCA TOJIPHBIM 00pa-
30M OKPYKHOCTH ! OTHOCUTEJBHO OKPYKHOCTH . J[oOKaKuTe, UTO IOJIS-
pa Touku C OTHOCHUTEJIBbHO () COBIIAJAEeT C IOJAPOI IEHTPa OKPYKHOCTHU
() OTHOCHUTEJIBHO .

3amaua 22. 1. [JoxaskmuTe, UTO HANIPaBJIEHUS, COIPSIKEHHBIE OTHO-
CUTEJILHO PaBHOCTOPOHHEHN Trumepb0Jbl, CUMMETPUYHLI OTHOCHUTEJIHHO €e
ACUMIITOT.

2. [lokasKkuTe, YTO YyroJl MeXKIy KOHIIEHTPUUECKNMU PABHOCTOPOHHUMU
runepboiaMu paBeH YABOEHHOMY YIVIY MEKIY UX aCUMIITOTaMU.

3amaua 23. Kakyio KpuBYIO OormbaioT CTOPOHBI POMOOB, BIIMCAHHBIX
B (DMKCUPOBAHHBIN JIUIIC?

Puc. 3.19

§ 3.3. Ilyuku kpusbix. Teopema Iloucemne

Onpenenenue. IIycTh JaHBI [Be KOHUKY C YPaBHeHUAMHU BUIA

1) f(x,y)=0 u g(x,y)=0.

Torma nyukom KOHUK Ha3bIBAETCA MHOKECTBO KPUBBIX C YPABHEHUAMU

(2) af(x,y) +bg(x,y) =0,

rJe a, b — Ipon3BOJILHEIE UHMCIIA.

OueBUAHO, UTO IIYYOK MOJKET ObITH 3aJaH JIIOOBIMHU IBYMS IPUHAMAJIE-
JKamuMu eMy Koaukamu. IIpu aTom ecsiu 1Be KOHUKY, 3aJal0lye IIyYoK,
IIepeceKarTCA B HEKOTOPOM TOYKe, TO M BCe KOHUKU IIYUYKA IPOXONAT Ue-
pes oty Touky. Ecau ke IBe KOHMKHM KacaloTcs APYyT Apyra, TO U Bce KO-
HUKU IIyYKa KACalOTCsA IPYT APYyra B 9TOU TOUKE.

YacTHBIMHU CAYUYAAMU IIYYKOB ABJIAIOTCA ompeaeaeHHbie B § 2.4 TyuKu
OKpYysKHOCTeI. [leficTBUTENbHO, €CJAU HPUHATH JUHUIO IEHTPOB OKPYIK-
HOCTe# 3a och abCIuce, a paguKaJbHYI0 OCh 3a OCh OPAUHAT, TO JIETKO
BUETDH, UTO YPABHEHUSI OKPYKHOCTEH IPUMYT BUJ

2 +y’+ax+c=0,
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re ¢ — CTelleHb Havajla KOOPAMHAT OTHOCHUTEJIbHO OKPYKHOCTell MyuKa,
a a — IpousBoJbHOE umcyo. OUeBUIHO, YTO 9TO YACTHBIN caydail ypaBHe-
HUA (2).

W3 ocHOBHOI TeopeMbl ajirebpnl cjleayeT, YTO JIIOOble JBe KPUBLIE II0-
PAIKOB m U n HepeceKaloTcs Mo mn ToOYKaM (KOTOpbIe MOTYT OBITH KOM-
IIJIEKCHBIMY WJIY COBIIaMAIOIUMU). B YacTHOCTHM, IpU M =n = 2 MOJy4aeM,
4yTO JITOOBIEe Be KOHUKHU IepeceKaiorca B 4 Toukax. Torga jmobas KOHUKA
COOTBETCTBYIOIIETO MYyYKa TaK:Ke MPOXOAUT Uepes 9TH TOUKMH.

Mo:KkHO qJOKas3aTh 1 00paTHOE yTBep:KAeHUe: AJIA JI000i KOHUKH, IIPO-
X0 el yepes 4 TOUKHU IepeceueHUA KOHUK ¢ ypaBHeHuaAMH f(x,y) =0
u g(x,y) =0, HaligyTca Takue uyucia a, b, 4To ypaBHeHUEe KOHUKU MOKHO
mpuBecTu K Buny af(x,y) +bg(x,y) =0. 910 yTBep:KIeHUEe HA3HIBAETCA
meopemotl 0 nyukKe KOHUK.

HetpyaHo mokasaTh, uTO Tumepbojia sIBJAETCS PaBHOCTOPOHHEH To-
ra ¥ TOJBKO TOTZA, KOrma B ee ypaBHeHuu (cMm. ypaBHeHue (1) B § 1.2)
a1 + asg = 0. IIpu sToM ymoOHO CUHMTATh PABHOCTOPOHHEH TI'HUIIep00JIoi
U BBIPOYKAEHHYIO KPUBYIO, COCTOSIIYIO M3 ABYX IEePIEHIUKYIAPHBIX IIPI-
MbIX. Torga m3 TeopeMbl 0 TyYKe KOHUK CJIeAYyeT, UTO €CJIU JBe PABHOCTO-
poHHUe TUIIEePOOoJIbl MepPeceKaloTcsa B YeThIpeX TOUKAaX, TO Ji00ad KOHUKA
oIpefiesisieMOr0 9TUMHM TOUKaMM HIyYKa TaK/Ke OyJeT pPaBHOCTOPOHHEI
runep6osioii. TakuM 00pa3oM, MBI IOJyUYaeM eIfe OJHO AOKa3aTeJIbCTBO
TOTO, YTO OMMCAHHAA OKOJIO TPEYrOJbHUKA KOHUKA ABJIAETCA PABHOCTO-
pOHHell TuIepOoJIOi TOrga M TOJBKO TOTJAa, KOTJa OHA IPOXOIUT uUepes
OPTOILIEHTP.

Teopema 0 myuKe KOHUK IIO3BOJIAET OMPEAENUTh MyYOK KaK MHOKe-
CTBO KOHUK, IPOXOIAINTNX Uepes JaHHbIe 4 TOUKM OOIIero moJoKeHnud A,
B, C, D. Ilpu stom mida aio6oii Touku X, oTiuunoii ot A, B, C, D, cyie-
CTBYeT POBHO OJJHA KOHMKA IMyYKa, MPOXoAAIiasa yepes X.

Cpenu Touek, 3aJaioIuX IIYYOK, HEKOTOPbIe MOT'YT OBITH MHUMBIMU.
Hanpuwmep, ni06asa oKpyKHOCTH IIepeceKaeT 0ECKOHEUHO YAaJIeHHYIO Ips-
MYIO B IBYX (DMKCUPOBAHHBIX KOMILIEKCHBIX TOUKAaX, TAK UTO TUIIePOOJIN-
YeCKHUI IIYYOK OKPYKHOCTell 3aJaeTcsa STUMHU TOUYKAMU U ABYMS OOIIMMU
TOUKaMU OKPY:KHOCTEHM, a SJIIUITUYECKUII — YeTHIPhMA KOMILJIEKCHBIMU
TOUKaMU, JBe U3 KOTOPHIX KOHEUHbIEe U JBe OEeCKOHEUHO yaajieHHble. Bos-
MOXKHO TaKKe COBIAJieHWe HEeKOTOPHIX 00Pas3yIoIIUX IMYyYOK ToueK. Ilpm
9TOM €CJIM COBIIAJAIOT IBE TOUKI, TO BCE KOHHKHU IydYKa B JIBOMHOM TOU-
Ke KacaloTcs APYr Apyra, KaKk B ImapaboJandyecKOM IyUYKe OKPYIKHOCTeIl,
ecJiu TPpHU, TO KacaHMWe B 3TOU TOUKE MMeeT BTOPOU IMOPAJOK, €CJAW YeThI-
pe, To Tpetuii. Hampumep, MHOKECTBO KOHIIEHTPUUECKUX OKPYKHOCTEH —
3TO MyYOK, 00pa30BaHHBIN ABYMsA IIapaMMU COBIANAIONIUX TOUEK.

Ecau Bce TOUKHM, 3amarolliue NYYOK, PA3JIUUYHBLI, TO CPEAN BXOIAIIUX
B HEro KPUBBIX €CTh TPU BEIpOKIeHHBIX: ABUCD, ACUBD, ADUBC.

OnuiieM mogpoOHee pa3JIUYHBIE THUIBI ITyYKOB.
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1. Ilyuku, mpoxoadAIiue yepes YeThIpe pasjndHble Touku (puc. 3.20).

ATOMY THUIIy IPHUHAIJIEKAT TAKIKe SJIIUITHUYECKUN UM T'UIepOoIMUecKUi
OYYKU OKPY KHOCTEH.

S

1

Y

®.

-

Puc. 3.20
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2. Ilyuku, mpoxondAiiue yepes YeThbIpe TOUKM, ABE M3 KOTOPBIX COB-
majgaioT, T. €. KacamwIuecsa TAaHHON HpPAMON B ()MKCHUPOBAHHOM TOUKE
(puc. 3.21). IlapabosnuecKuii MyYOoK OKPY:KHOCTEH MPUHAMJIEKUT S3TOMY
TUIY.

Puc. 3.21
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3. Ilyuok, y KoTOporo JBe Iaphbl TOUeK cKJemBawoTcA. OH OyzeT co-
CTOATh M3 KOHUK, KaCaIOIUXCS ABYX MAHHBIX HNPAMBIX B ABYX JaHHBIX
Toukax (puc. 3.22). K aromy Tumy Takike IPUHAIICKUT IIYYOK KOHIIEH-
TPUYECKUX OKPYKHOCTell mau mapaboji, ypaBHeHUE KOTOPBIX MUMEET BU[
y=ax>.

Puc. 3.22
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4. IIyyoK, y KOTOPOTO TPHM TOYKU camBarTcA B oxHy (puc. 3.23). Ko-
HUKU 9TOT0 IYUYKA COIPUKACAIOTCA C HEKOTOPOH OKPYIKHOCTHIO.

~/

i

Puc. 3.23

5. CBepxcompuKacaiouiica Iy4oK, Yy KOTOPOro YeThIpe TOUKM, OIIpe-
IeJAIoIe IyUYoK, coBmagaoT (puc. 3.24). ITpuMep Takoro myuyka — mapa-
60JIBI, ypaBHEHNE KOTOPHIX MMeeT BUJ Y = X2 + a.
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Puc. 3.24

IloMuMO MYyYKOB, 3aJaHHBIX YETHIPbMS TOYKAMM, MOMKHO paccMaTpu-
BaThb 080lUCMEEHHble NYUKU, T. €. MHOXKECTBA KOHUK, KACAIOIIMXCI Ue-
TBHIPEX MaHHBIX IPAMBIX (puc. 3.25—3.27). IIBolicTBeHHbIE IIyUYKU TaKIKe
KJACCUPUIIUPYIOTCA B 3aBUCUMOCTUA OT TOTO, €CTh JIU CPEeAU OIPemesIsaio-
IMUX MTYYO0K OPAMBIX coBIajaInue. Eciu coBmamaior JBe mpsaMble, TO BCe
KOHUKH! IyYKa KacaloTcsA WX, a 3HAUUT, WM APYT APYyra, B OTHOM TOUYKE;
€CJIU TPU, TO KOHMKU IIyUKa COIPUKACAIOTCA; €CJIU BCe YEThIPE, TO CBEPX-
compukacapTcsa. OTMeTHM, UTO IBAaKIBI KACAIOIUUICS UM CBEPXCOIPUKA-
CAIOIUICA MYyYKU SABJAIOTCS CAMOJBONCTBEHHBIMU, T. €. IIEPEXOAAT Ca-
M1 B cebsl IPU MOJISIPHOM COOTBETCTBUM OTHOCUTEJIBLHO JII000H BXOAAIIEH
B IYYOK KOHUKHU. I10Ib3ysiCh MPUHITUIIOM JBONCTBEHHOCTH, MOKHO I
Ka'KJIOTO YTBEP:KAeHUA 00 OOBIUHBIX ITyYKax cHOpMYyJIMpPOBATH COOTBET-
CTBYIOIIlee YTBEePsKAeHNEe O IBOMCTBEHHBIX UM HAa0OOPOT.
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Puc. 3.27



§ 3.3. ITyuku wpusvix. Teopema IToncene 89

C IIOMOIIBIO TEOpPeMbl O MYyUYKe KOHUK MOXKHO JOKA3aTh CJEMYIOIUIl
KpacuBbIl (PaKT.

Teopema 3.11 (0 yeThIpex KoOHMKax). Ilycmb 0aHb. mpu KOHUKU A1,
a9, a3, u nycmov P1, Q1, P, @] — mouKu nepeceuenus KOHUK dz u ag; Po,
Q2, P}, Q) — mouku nepecevernus KoHuk a1 u o3; P3, Qs, P3, Q5 — mouku
nepeceyeHus KOHUK dg u 1. Tozda ecau mouku Py, Q1, Py, @2, P3, Q3
Jaexcam Ha 00HOU KOHUKe, mo npamvie PiQ), PyQ%, PiQ%5 nepecexaiomcesa
8 o0notl mouke (puc. 3.28).

Puc. 3.28 Puc. 3.29

Jokazamenvcmeo. [[okaskeM cHauaja cjeAyiolllee BCIOMOTATeIbHOE
yTBEPIKICHIE.

Teopema 3.12 (o Tpex KoHuUKax). [lycmb mpu KoOHUKU umelom dge 00-
wue mouxku. Tozda ux oduwue xopdvt, npoxodauiue yepes 0CmaJlbHvle moy-
KU nepeceueHus kax0ol napvt, nepecerxaiomcs 6 00Hoi mouke (puc. 3.29).

s poxkasaTelbCTBa [TOCTATOUHO WEPEBEeCTH OOINMe TOUYKU KOHUK
B TOUKHU IlepeceueHrs O0eCKOHEUHO yHAAJeHHOM NPAMOIN C OKPYIKHOCTS-
mu. Torma Bce TPUM KOHUKK MHePeNIyT B OKPYKHOCTH UM YTBEPIKIEHIE
TeopeMbI Oy[eT CJIeJOBATh U3 CYIIeCTBOBAHMNSA PAAUKAIBLHOTO I[EHTpPA.

IIycTh Temeps g — KOHUKA, IPOXOAIaA uepes Touku P;, @;, Fi(x,y)=
=0 — ypaBHeHUe KOHUKHU &;. Tak Kak BBEIPOKAEHHAA KOHUKA, COCTOSIIAA
U3 IPAMBIX PoP3 1 Q2Q3, IPUHALICKUT OJHOMY IIYUKY C Xg, X1, MOYKHO
CUUTATh, UTO €e ypaBHeHUe uMeeT Buj Fo=F;. AHAJIOTMYHO YyPAaBHEHUIMU
KOHUK, COCTOAINUX M3 IPAMBIX P1®1, P3s@3 1 P1Q1, PsQ2, OyAyT cOOTBET-
cTBeHHO ypaBHeHus Fo=Fy u Fy= F3. CnemoBaTejibHO, Ha BCEH IIPAMOU
P3@3 BbImOJIHSETCA paBeHCTBO Fi = Fs. Tak Kak OHO BBIMMOJHEHO W IJIs
ToueK P3, @5, OHO ABJIAETCA YPaBHEHNEM BBIPOKAEHHOH KOHUKM, COCTOS-
mieit us npaMbix P3Qs u P;Q5. CoOOTBETCTBEHHO, YpaBHEHUEM KOHHUKH, CO-
cTodAIe us IpaAMbIX Pa@Qy u PyQ,, Oyner ypaBHeHue Fy = F3, a U3 IPAMBIX
P1Q, u P{Q} — ypaBuerue Fy = F5. Takum 06pasoM, sTH TPU KOHUKU IPU-
HaAJexaT ofHOMY Oyuky. Tpu TOUKHU, 3aJat0IKe STOT MYUYOK, HAXOAATCSA
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13 TEOPEMBI O TPeX KOHMKAX, IPUMEHEeHHON K TPOMKAM (g, X1, Ao} 0o, 01,
o3; Ao, X2, A3t ITO TOUKM IIepeceueHns TPoeK IpAMBIX P1Q1, PaQs, P5Q5;
PiQ1, P3Qs, PyQ5; P2Q2, P3Q3, P{Q). 3HAUuUT, 4eTBepTasd TOUKA IIPUHAL-
JIEJKUAT BCEM MPAMBIM P/Q). AHAJIOrMYHBIMU PACCYKACHUSIMU TOKA3bIBA-
eTcs 00paTHOe YTBEPIKICHHE: eC/JIM KaXKJas M3 UYeThIPeX TPOeK MPAMBIX
P1Q1, P2Q2 u P3Q5; P1Q1, P3Qs u PyQy; PaQ2, P3Qs u PiQ); PiQ), PyQ,
u P;Q; mepecekaerca B OZHOI TOYKe, TO Touku Pi, Q1, P2, Q2, P3, Q3
(a Takxe Py, Q1, P, @4, P}, Q5 u Be aHATOTUYHEIE IIIECTEPKH) JIEXKAT Ha
OJHOII KOHHUKE. O

Bocmob30BaBIINCE IPUHIIUIIOM ABOMCTBEHHOCTH, IOJIyYaeM CJIeLyIO-
III1e YTBEP:KAEHUA.

Teopema 3.13 (mBoiicTBeHHas K TeopeMe O Tpex KOoHMKax). Ilycmuv
mpu KOHUKU Kacalomcs 08yx 3adannvlx npamovix. Tozda mouxku nepecete-
HUS 00WUX KACAMENbHbLX, OMAULHbLX OM 3A0AHHbLX NPAMBLY, K KaH OO
nape u3 Hux Jexcam Ha 00HoU npamoi (puc. 3.30).

Puc. 3.30

Teopema 3.14 (aBOliCTBeHHAsI K TeopeMe O UeThbIpexX KOHHMKaAX). Ecau
06e U3 o0wux KacameabHblX K Kax 00l nape u3 0aAHHbLX mpex KOHUK
Kacalomces 00HOU U MOt e KOHUKU, MO0 MOYKU nepeceienus 08yx opyzux
KacamenvbHulX K Kax 00l nape aexcam Ha 00HoU npamoti (puc. 3.31).

IIpuBemeM HEKOTOpPBIE BaKHBIE CBOMICTBA IIYUYKOB.

Teopema 3.15. Ilycmv A, B, C, D — uemvipe pasiuyiHvle mouiku, X,
Y, Z — mouku nepecevenusa npamvix AB u CD, AC u BD, AD u BC, P —
mouka, omauunas om X, Y, Z. Toz0a nonapv. mouku P omHocumenvbHo
6cex KOHUK nyyka, 3a0annozo moukamu A, B, C, D, npoxodam uepe3 00HY
MmouKy.

OrMeTM MHTEpPECHBIN vacTHBIN caydai. Ecaum Touku A, B, C, D 06-
Pa3yIOT OPTOIEHTPUUECKYIO UeTBEPKY (T. €. KaKAasd TOUKA SBJIAETCS OP-
TOIIEHTPOM TPEYTOJbHUKA, 00pa3s0BaHHOTO OCTAJIbHBIMU), TO MOJYUEeHHAS
TOUKa M30TOHAJLHO CONPs)KeHa TOYKe P OTHOCUTEJIbHO TPEYyroJbHUKA
XYZ.

JleficTBUTENILHO, TOJSAPA TOYKM P OTHOCUTEJIHHO BBIPOKIEHHOU KPU-
BOIi, ABJIAIONIelica o60beauueneM NpAMbIX AB u CD, — 3710 IpsaMasi, CUM-
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Puc. 3.31

metpuuHad X P orHocuteabHo AB. Tak kak AB u CD — GMCCeKTPHUCHI yrJa
YXZ, sra mpsaMas IpoXoauT yepes3 M30TOHAJIBLHO CONPAKEHHYIO Touke P
TouKy P’. AHajoruuno uyepes P’ IpoXoauT HoJdgpa TOUKU P OTHOCUTEILHO
IPYToii BEIPOKIEHHON KPUBOIi, a 3HAUUT, M OTHOCUTEJILHO JI000M KPUBOM
My4Ka.

TouHo Tak ke MOKHO IOKas3aTb, UTO ecJu ogHa u3 Touek A, B, C,
D aBasieTcs IMEeHTPOM TAMKECTHU TPEYTOJbHUKA, 00Pa30BAHHOTO OCTAJIBHBI-
MU, TO OIMCAHHOe ImpeobpasoBaHUe OyIeT M30TOMUUECKUM COMPSKEHUEeM
oTHOcHUTEeNbHO XY Z.

W3 Bcero BHIIIIECKA3aHHOTO CJIEYET, UTO U30MOMULECKOe U U3020HALb-
HOe CONpANCeHUSL NPOCKMUBHO IKBUBAJIEHMHDL.

BwmecTo Teopemsbl 3.15 MBI fOKaXKeM IBOMCTBEHHOE eil yTBep:KIeHUe.

Teopema 3.16. IIycmov danvl yemuipe npamvie l;, i=1, ..., 4, u nycmo
Xij — mouka nepecevenus npamvix l; u l;. Toz0a zeomempuueckum mecmom
noJacos a0t npamoil, omauurot om Xq19Xg4, X13X24, X14X23, omuocu-
meabHO KOHUK NYuKa, 3a0aHH020 npambvimu l;, 6ydem npamas (puc. 3.32).

Hoxazamenvcmeo. IlpumMeHUM TPOEKTUBHOE IIpeoOpasoBaHUe, Iepe-
BOJSIee UCXOAHYIO IPAMYIO B 6eCKOHEUHO yaajdeHHYyI0. VI3 ycioBus cie-
IyeT, 4YTO B dTOM cJydae IIpAMbIe [; 00pas3yioT yeTbipexyroiabHUK ABCD,
OTJIMYHBIA OT ImapajiejgorpamMma. J[oKaskeM, UTO II€HTPhl BIHCAHHBIX
B Hero KOHUK JIe)KaT Ha TaK Ha3bIiBaeMoU npamoi I'aycca, nmpoxopsineit
yepes cepefnHbl JuaroHajeil Y4eTbIpeXyroJbHUKA.
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Puc. 3.32

Ormerum, uTo mpsaMasa I'aycca sSIBISETCA MeOMETPHUUYECKHM MECTOM TO-
uek P, nis RoTopbIX Spap + Spep =Sppc + Sppa (WI0omaau cunrarTea mo-
JIOXKUTENbHBIMY NN OTPUILATEIbHBIMU B 3aBUCUMOCTH OT OPUEHTAIINH CO-
OTBETCTBYIOII[ETO TPEYroJdbHUKA). [lefiCTBUTEIbHO, ILIOMAAb KAaMKIOI0 U3
YeThIPEeX TPEYTroJbHUKOB €CTh JHHeHHasd (PYHKIIUSI OT KOOPAMHAT TOUKU
P, ciaemoBaTebHO, MHOXKECTBOM TOUYEK, YVIOBJIETBOPSAIOIINX YKA3aHHOMY
COOTHOIIIEHNIO, ABJsAETCS npamMasi. OueBUAHO, UTO CepeArHbl JUaroHaein
OPUHALIEKAT 3TON IPAMOM.

IIycTh Temeps B ueTbipexyroabHuK ABCD BOucaHa KOHUKA ¢ poKyca-
mu Fy, Fo. Tak Kak ee eHTPOM ABJSIETCA cepefuHa orpeska FiFy, yrBep-
sKJleHHe TeOpeMbl PaBHOCUJIBHO TOMY, YTO Sr a8 + Srcp + Srmar + Srcep =
=SrBc +Skpa + SrBc + SF,DA-

ITycts F; — TOuKa, cuMMeTpu4YHad Touke F; oTHocuTenbHo AB. Torna

Srap+ Sk, =Sk arB= %AF{ - AF, sin /F| AF, + BF} - BF, sin /F|BF;.

Puc. 3.33
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Ho Ttouku Fi, Fs 130TrOHAJBbHO COIPsKEeHbI oTHOocUuTeabHO ABCD, cieno-
BaTeabHO, /F{AFy=/F1AB+ /FyAB= /A, /F{BFy=/B u

Sriars =5 (AFy - AFysin ZA + BFy - BFy sin /B).

W3 sToro u aHaIOruYHBIX PaBEeHCTB CJIeoyeT, YTO KaK JieBad, TaK U IIpaBasd
JacTu MCKOMOI'O COOTHOIIIEHNA PaBHBI

% (AF; - AFy sin /A + BF, - BF; sin /B + CF; - CFy sin /C +
+ DF, - DFy sin /D).

YacTubIM ciaydaeM TeopeMbl 3.16 aBasercs meopema Mouxa, yrBep-
JKAaroInasg, UTO €CJAM B YETHIPEXYTOJbLHUK MOYKHO BIIMCATH OKPYKHOCTD,
TO ee IEHTP JIEIKUT Ha mpamoi ['aycca.

HamomHuM, uTO (POKYCHI TAKMX KOHHK H30TOHAJBHO COIPAMKEHBI
B MHOTOyroJbHUKe. I[lefaabHbIe OKPYIKHOCTH 3TUX (POKYCOB OTHOCHUTEIH-
HO MHOTOYTOJIbHMKA CYIIECTBYIOT M COBIaJaioT. VX IIeHTPHI — 9TO cepe-
IUHBI OTPE3Ka, COoemuHAIero (Goxkycel. IIosToMy IEHTPHI BCEX TAKHUX
OKPYIKHOCTEH Jie:kaT Ha npsamoir I'aycca.

Teopema 3.15 umeeT Takoe KpacuBoOe CJIEACTBUE.

CaencrBue. Ilycmv dan mpeyzonvnux ABC u 0ge napvl u3020HALbHO
(usomomuuecku) conpsaxennvix mouexk X, X' u'Y, Y'. Tozda mouku ne-
pecevenus XY ¢ X'Y' u XY' ¢ X'Y moixe usozonanvro (U30mMomMuiecku)
conpsaxcernwvl (puc. 3.34).

Puc. 3.34



94 T'nasa 3. IIpoexmushble ce0licmea KOHUK

Hoxazamenvcmeo. PaccMOTpUM IIYUYOK KOHUK, ITOPOMKAAIOIINN HYMK-
Hoe conpssKeHne. BoibepemM m3 Hero KOHUKY, OTHOCUTEJIHHO KOTOPOM MO-
asapa touku X cosnagaer ¢ npamoin X'Y’. Torga mossapa Touku Y’ mpoxo-
nut yepes X, T. e. coBnazgaer ¢ XY, a noJiocom npamoit XY’ asisaercsa Tod-
Ka nepeceuenns npambeix XY u X'Y’. CiemnoBaTebHO, TOUKA, COIPAMKEH-
Has K 9TOU TOUuKe, JeKuT Ha XY'. AHAJIOTMYHO OHA JeXuT Ha X'Y. O

Teopema 3.17. Ilonrcsl GuKCUPOBAHHOU NPAMOL OMHOCUMENbHO 8CEX
KOHUK nyyka, 3ad0aHHozo moukamu A, B, C, D, o6pa3yom KOHUKY.

Hoxazamenvcmeo. IlepeBeneM NaHHYI0O OPAMYI0 B OECKOHEUHO yaa-
gennyo. Torga ee moamocamMu OyAyT IEHTPHI KOHUK Iydka. M3 o6paTHOM
Teopembl Ilackans ciaenyer, uro cepeauusl K, L, M, N cTOpOH YeThIpex-
yroapuuka ABCD mpuHaIIe:xaT MHOMKECTBY IeHTPoB. IlosTomy mocra-
TOYHO JIOKa3aTh, UTO IJs IeHTpa O 0007 KOHUKY IIyYKa JBOMHOE OTHO-
mrenue npameix OK, OL, OM, ON O6yzer ogHUM U TeM Ke. ITO IBOIHOE
OTHOIIIEHE PABHO OTHOIIIEHUIO MOJIIOCOB 9TUX IPSAMEBIX, KOTOPLIE ABJISIIOT-
cAd TOYKaMHU mHepecedeHus 0€CKOHEUHOIN MPSMOI CO CTOPOHAMM UYeThIpeX-
yroapuuka ABCD u, 3HaUUT, He 3aBUCAT OT BhIOOPA KOHUKH. O

3aMeTuM, UTO IIeHTPOM BLIPOKIEHHON KPUBOM BTOPOrO IMOPALKA SIBJIA-
eTcs TOUKa ImepeceueHnsa o0pasyomninx ee IpaMbIx. CiaenoBaTebHO, KOHUI-
Ka, 0 KOTOpPO#l roBopuTcsa B Teopeme 3.17, Bcerga mpoXoauT Yepe3 TOUKU
nepeceueHud npambeix AB u CD, AC u BD, AD u BC.

Amnaymoruuno Teopeme 3.15 Teopema 3.17 nMeeT BarKHBIN YACTHBINA CIIY-
yam.

CaencrBue. Ilycmv dan mpeyzoavnuk ABC u He npoxodaw,as uepes
ez0 eepuwiunbl npamas l. Toz0a obpasom npamoii I npu uzozornanrvrom (u30-
MOMULEeCKOM) COnpaxceHuu 6ydem KoHUuKa, npoxodauas yepe3 A, B, C.

JTo ciencTBUE IIO3BOJISAET MOJYUYUTh €Ille OJHO A0Ka3aTeJIbCTBO YTBEP-
KaeHusa 3agauu 19. KoHuku, mpoxoisaIinie yepes BEePIINHBI TPEYTOJIbHU-
Ka, IPY M30TOHAJBHOM COIIPSKEHHUHN IIePexXOoAT B IpsAMble. BecKoHeUHO
yIajJeHHbIe TOUKM 9TUX KOHUK IIEPEeXOAT B TOUKHU HA OMMCAHHOMN OKPYK-
HOCTH, a TOUKM, 3aJalolue IMeplIeHINKYJIsIpHOe HallpaBJeHue, — B Jua-
MeTPaJbHO MPOTHUBOMIOJIOMKHEIE (9TO JIETKO IIPOBEPUTh). SHAUUT, 3T IPA-
Mble OYIYT IPOXOAUTHL Uepes3 IIEHTP OMMCAHHOM OKPYKHOCTU TPEYToJb-
HUKA, KOTOPBIM IPU M30TOHAJIHLHOM CONPSMKEHNN MePEeXOAUT B OPTOIEHTP
TPEeyrOJbHUKA, T. €. KOHUKA MOJIKHA COJePsKaTh OPTOIEHTDP TPEYTOJIbHU-
Ka. OOpaTHOe yTBEpPIKAEeHNE NOKA3bIBAETCA aHAJIOTUYHO.

Teopema 3.15 umeer elre 0JHO KpacuBOe JOKAa3aTeJbCTBO B IIPEAIIOJIO-
JKeHHH, YTO PACCMATPUBAEMBIN HAMU IIYUOK COCTOUT U3 OKPYKHOCTEI.

3aMeTuM, YTO PAAUKAJbHBIE OCH TOUKMN P M OKPYKHOCTEH M3 IydKa
VV mepeceKaioTcs B OJJHOM TOUKe, KOTOPYIO MBI Ha30BeM . ITO 0UeBUIHO,
IIOCKOJIBKY Ha PaJuKaJbHOM OCH Hy4YKa )V CcTeleHU TOUeK OTHOCUTEJb-
HO BCEX OKPY/KHOCTeil paBHBI. A 3HAUUT, MCKOMOM TOUKO# P OymeT Tou-
Ka Ha paJuKalbHOM OCHU, CTEIIeHb KOTOPOM OTHOCUTEJIbHO KAaKOI-HUOYIb
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OKPYKHOCTH M3 HAIIlero IIy4YKa paBHA KBaJ-
pary paccrosaHuda no P. Ilonsapa touxku P ort-
HOCUTEJIbHO JIIO00H OKPY:KHOCTH IIapaelb-
Ha paguKaJbHON OoCcu TOUKU P 1 53TOM OKPYK-
HOCTM ¥ TIPOXOJUWT B JBa pasa gajbIlie OT
P (puc. 3.35). Takum obpasoM, Bce IOJSPHI
TOYKHU P OTHOCUTEJIBbHO OKPYKHOCTEHN U3 myu-
Ka YV mpoxomAT uepes3 TOYKY, CUMMETPUY-
HYI0 TOUKe P OTHOCUTEJIHHO Q.

3agaua 24. [Ioka)KuTe, YTO PABHOCTOPOH-
Hss runepbojia aBTOMOJAPHA OTHOCUTEILHO
OKPY’KHOCTH, KacaloIeicsa ee B BepIINHAX.

3agaua 25. BHyTpU BBIOYKJIOTO YeTHIpPEX- Puc. 3.35
YTroJbHUKA B3sTa TOuKa T, paBHOyAAJIeHHAS
OT ero IPOTUBOIIOJIOMKHBIX CTOPOH. [loKaskuTe, YTO TOUKa 1 JIEKUT HA
OPSIMOM, COEIUHAIONIEN cepeInHLl JUaroHajeil 4eTeIPeXyTroJIbHUKA, ToTaa
¥ TOJHKO TOT[a, KOTAA UEeThLIPEXYTOJbHUK SABJIAEeTCA JU00 BIMCAHHBIM,
a0 OMMCAHHBIM, JU00 Tpamenue.

3amaua 26. Buyrpu yria ¢ Bepuinaoir O paciosoKeHbl Touku A u B.
Bunbapaubiil map MoKeT IoimacTh u3 A B B, oTpasuBIINCH JU0O0 OT Of-
HOM CTOPOHLI yrJia B Touke X, Jaubo oT apyroii B Touke Y. Touku C, Z —
cepeauHubl oTpe3koB AB u XY.

1. Hoxaxxure, uro ecam yroa O mpamoit, To Touku C, Z, O jgexxar Ha
OIHOU HPAMOI.

2. Hoxkasxxure, uto ecau yroa O He mpamoii, To npamada CZ mpoxXoauT
yepe3 O Torga m TOJILKO TOrga, Korga jiomanbie AXB u AY B UMeioT ofu-
HAKOBYIO IJIUHY.

3amaua 27. Uepes ABe TOUKM HEKOTOPOU KOHUKY IPOXOIAT ABE OKPYIK-
HOCTH, OfHa M3 KOTOPBIX IepeceKaeT KOHUKY TaK:kKe B Toukax Xi, Yi,
BTOpas — B Toukax X, Ya. [lokamure, uro mpambie X1Y, U XoYo IapaJ-
JIEJIbHBI.

3agmaua 28. [[okasKuTe, UTO IJiA JIIOOOTO UETHIPEXYTOJbHUKA CEpeau-
HBI €T0 CTOPOH U AUAaroHajeil, a TaK:Ke TOUKM IlepeceueHus AuaroHasei
¥ IPOTHBOMIOJIOMKHBLIX CTOPOH JIEXKAT Ha OGHON KOoHUKe. Kakoil Oymer sTa
KOHUKA, €CJU BEePIINHBI UEeTHLIPEXYTOJbHUKA 00pa3yioT OPTOIeHTpuUe-
CKYIO UeTBEpPKY?

3agaua 29. [lokaKuTe, YTO IEHTPLI OMUCAHHBIX OKOJIO YeThIPEeXYTOJIb-
HuKa ABCD KOHUK 00pa3yioT PaBHOCTOPOHHIO IMIIep0oJIy TOTrAa U TOJIb-
KO TOTZa, Korjga dyeTbipexyroabHuk ABCD BOUCAHHBIM.

3agaua 30. [JaHBI TPU OKPYKHOCTH, KaKIas 13 KOTOPBLIX JIEKUT BHE
IByX Opyrux. IloxkasKuTe, 4TO OOII[Me BHYTPEHHHNE KacaTeJbHblie K Kai-
IOii mape OKPYKHOCTell 00pasyioT IIeCTUYIOJbHUK, IJIaBHbIe AUaroHaJIN
KOTOPOTO TIepeceKaioTcsi B OSHOI TOUKe.
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Teopema Iloncee

PaccmoTpum Temeph mydok, 3amaHHBIN Toukamu A, B, C, D, u npsa-
MyIo [, He TPOXOAAIIYIO Uepes3 3T TOUKHU. Eciiu HeKoTopas KOHMKA ITydYKa
mepecekaeT IpAMYyIo [ B TouKe P, TO OHa mepeceKaeT ee M B JPYrod TOU-
ke P’ (Bo3aMo:KHO, coBmagalomieii ¢ P). BygeM HasniBaTh mpeobpasoBanue
P — P’ uneonmwuyueii, nopoxgaemoil myuxom Ha [. IIlpuMensasa K iecTu-
yronsHuKy ABCDPP’ teopemy Ilackaus, moaydaem cCIoco0 IIOCTPOEHUS
Touku P’, moKasaHHEIN Ha puc. 3.36.

B

Puc. 3.36

IIoCKOJIBKY BTO IOCTPOEHME MOXKET ObITh MIPEACTABICHO KaK KOMIIO3H-
U IMEeHTPAJbHBIX MPOEKIINI, WHBOJIONNA COXPAHIET ABOWHBIE OTHOIIIE-
HudA. Orciona, B 4aCTHOCTH, CJIEIYeT, YTO mpaMas [ KacaeTca He 6ojiee ueM
IBYX KOHUK Hy4YKa. KpoMe TOro, MHBOJIOIUA OAHO3HAUYHO OIMPEAe/IaeTCs
IBYMSA ITapaM¥u COOTBETCTBYIOIIUX TOUEK.

OTMeTuM Tak:ke, UTO €CJIM He BCe UeThIpe TOUKU, OIpenessioniue my-
YOK, JeNCTBUTEJLHBIE, TO CBOMCTBO MHBOJIIOIIUY MOJYKHO MOKasaTh U He
mpuberas K KOMILJIEKCHOM IIJIOCKOCTHM, a MMEHHO TepeBesa MyYOK ITPOeK-
TUBHBLIM IIpeobpas3oBaHMEM B OKPY:KHOCTH. IIycTh TOorga P — 3TO TOUKA TIe-
peceueHnsa 3TOU IMPAMOM M PagUKaJIbHON ocHu mydKa. Torma MHBOJIOIMEHN
Ha IPAMOIi OyZeT MPOCTO MHBEPCUA C IMEHTPOM B Touke P.

C IOMOII[bI0 MHBOJIIOIIMY MbI JOKa)keM TeopeMy IloHcese B 00ImeM CJIy-
Yyae, AJA IyYKa KOHUK.

Teopema 3.18 (Iloncene). IIycmv KoHUKU Qo, X1, ..., Ay NPUHAODJIe-
aam nyuky F. M3 npoussoavHoli mouku Ag Ha &y nposedem kKacameib-
HYI K X1 U Halldem émopyro mouky A; ee nepeceveHus ¢ do. U3 mouxu
Ay npogedem KacameavHyYw K A2 U Halidem emopyio mouky Ag ee nepece-
yeHus ¢ dg u m. 0. Ecau das Hexkomopoii mouku Ay mouka A, cognadaem
¢ Ag, mo amo 6ydem BvLNOAHAMbCA U 0N 110000 OpYyzoli MOUKU KOHU-
KU .

Hoxazamenvcmeo. IlokaspiBaTh TeopemMy OyaeM WHAYKIIMEH IO 7.
IIpe:xme Bcero moKasKeM CJenyIolllee YTBep:KIeHNre, IPeACcTaBIAIoINee ca-
MOCTOATEJILHBIN MHTEpeC.
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Jemma 3.1. 1. ITycmv mouxku A, B, C nexcam nHa KOHUKe Ay, NPAMAS
AB kacaemcsa KoHuku o1 6 mouke K, a npamas AC kacaemces KOHUKU Qg
6 mouke L. Tozda cywecmsyem makas mouka D Ha oy, umo oy Kacaemces
npamoti CD, a oy — npamoti BD 6 moukax ux nepecevenus ¢ KL. Kpome
moeo, cyuyecmeyem KOHUKA u3 nyika F, kacawnuwaaca npawvtx AD u BC
8 moukax ux nepeceuernus ¢ KL.

2. IIycmv mouku A, B, C, D nexam Ha KOHUKe Oy, @ KOHUKA ] Ka-
caemcsa AB 6 mouke K u CD 6 mouke M. Toz0a cyuwecmeyem KoOHUKQ
u3 nyuka F, kacaowasacsa npamvix AC u BD 8 moukax ux nepeceieHus
¢ KM (puc. 3.37).

Hoxazamenvcmeo. 1. Ilycts M — BTOpada Touka nepeceuenud oy ¢ KL,
§ — IIyYOK, COAEep:KAIlUii oy M BBIPOKIEHHYI0 KPHUBYIO, COCTOSAINYIO U3
npameix CM u AB. Ha npawmoiit AC nyuku F u G mOPOKIAIOT OAHY U TY
"Ke MHBOJIIOIMIO, 3aJjaBaeMyio mapoii Touek A, C 1 TOUKaMHu IepeceueHns
AC ¢ oy (ume obsazarenbHO AelicTBuTeNbHBbIMEI). CilaemoBaTenlbHO, TOUKa L
ABJISETCSA OBOWMHOM TOUKOM MHBOJIIOINMN, MOPOKAEHHON TyuKoM G, T.e. §
COIEPIKUT ABOIHYIO MpAMY0 K L. 9T0O 3HAYUT, UYTO BCe KOHUKYU 13 §, B TOM
yucje oy, kacaiorcas CM B Touke M. O6o3HaumB uepe3 D BTOPYIO TOUKY
nepeceuerHuss CM ¢ oy ¥ IPUMEHHUB IIPUBEIEHHOe pacCy:;KAeHre K TOUKaM
B, C, D, monyuuM, 4TO (g KacaeTcs npsaMoii BD B ToUKe ee IlepeceuyeHus
¢ KL. [lanee HalimeM TOUYKY mepeceueHus mpaMbiXx AD u KL u BO3bMeEM
MIPOXOAAIIYIO ueped Hee KOHUKY u3 J. To :Ke camoe paccy:kIeHne IIOKa-
3BIBAET, UTO 9Ta KOHMKA Kacaercs mpsamoit AD.

To, uTo oHa Kacaetrca Tak:ke u BC, u yrBep:kaeHue 2 JOKa3LIBAIOTCA
aHaAJIOTUYHO. O

CanencrBue. Ilycmv npamas AB kacaemcs koHuku oy 8 mouke X,
a npamas AC kacaemcsa KOHUKU g 8 mouke Y. Toz0a cyuiecmayrom pos-
Ho 0eée KoHUKU u3 nyuka F, kacarnwuecs BC 6 mouxkax Zy, Z2, npuuem
mouxku X, Y, Z1 nexcam Ha 00HOU npamoi, a npamvie AZy, BY, CX nepe-
cexarwmes 8 00HOU mouke.

Hoxrasxkem Temepb Teopemy Iloncene nisa n = 3. Ilycts nmpambie AgA;,
A1As, AsAp KacaloTeda KOHUK o7, X9, &3 B Toukax X1, Xs, X3, He Jexa-
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IUX Ha OJHOU MpAMOil, a mpaMmas ByoBi KacaeTcad KOHUKKU &1 B TOUKe Y.
ITIo nemme 3.1 cymmecTByIOoT KOHMKA o u3 F, Kacamwlnaacsa NpamMbix AgBy
u A1B; B Toukax Zy, Z1 ux nepeceueHusa ¢ XYy, U Takasa Touka Bs Ha
®g, UTO s Kacaercsa B1Bjy, a a' — BsAs B Toukax Ys, Zs UX IepecedyeHus
¢ Z1X 5. Kpome Toro, CyIecTByeT KOHUKA o', KacaoIllasacsa IpAMBIX Ay Ag
u BBy B Toukax K, Y3 ux nepeceueHus ¢ ZoZy. llpumensasa Teopemy [es-
apra K TpeyroabHUKamM AgA1As u ZgZ1Zy, yoexxaaeMcs, 4To TOUKH X1,
X5, K He mexar Ha ogHOil npamoii. Ciegosarensno, K =Xz u o’ = as.
PaccmoTpum Temeph ciyuaii mpoumsBoJibHOrO n. Ilo Toukam Ay, Aj,
Ay TIoCTpOMM KOHUKY @', Kacarolnyiocsa IpAMBIX AgAs u BgBs. Tak Kak
CTOPOHBI MHOI'OYTOJLHUKA Agds... A, 1 KacaloTcsa KOHUK &', A3, ..., 0p,
MOJKHO OCYIIIEeCTBUTL MHAYKTUBHBIN IIepexoln oT n— 1 K n. |

Kouuku ¢ o6mum GoxKycomM u TupeKTpucoi

PaccmoTpum ceMeiicTBO KOHUK ¢ (hDMKCUPOBAHHBIM (hoKycoM F m cOOT-
BETCTBYIOIIIeH eMy gupexTpucoii [. O6o3Hauum ero uepes 9.

B cuny Teopembl 3.15 mosisipHbIe MPeoOpa30BaHUA OTHOCUTEIBLHO 9TUX
KOHUK OJMHAKOBO AEMCTBYIOT Ha HpPAMbIe, IpoxoadArniue uepes F. A nMmeH-
HO, TIPsAMas 4 IEePEeXOJUT B TOUKY IepeceueHUs NEePHeHIUKYIsapa K a
B Touke F ¢ mpawmoii [.

CroesaeM IpOeKTHUBHOE IIpeo0pasoBaHMe, IIePeBoaAllee KaKyo-HIOYIb
13 HAIIINX KOHUK B OKPY’KHOCTb, IIPUUEM TaK, UTO TOUKa F mepeiiier B ee
meHTp (0603HAUMM IOJIYUYHBIIYyIOCS TOUKy depes F’'). Torga mupexrtpuca
mepeHeT B MOJAPY IEHTPA, T. €. B 0ECKOHEUHO yIaJIeHHYI0 mpaMmyio. Kyaa
mepedayT ocTalbHbIe KOHUKY IIPY TaKOM IIpeodpasoBaHum?

Onu mepeiayT B IyUYOK OKPYKHOCTEH C IeHTPOM B Touke F’!

HeilicTBUTEIBPHO, OHU TEPEUAYT B KOHUKM, ¥ KOTOPBHIX MHOJIApa 0ecKo-
HEUHO yAAJeHHON MpaMoil — 3To Touka F'. Ho mia 11060 KOHUKHU IIOJIOC
0eCKOHEUYHO yAAaJeHHON IIPAMOM — TO ee IeHTp, a 3HauuT, meHTp F’' Oy-
IeT IeHTPOM BCeX TaKMX KOHUK. Kpome Toro, mojmocom Jiro0O# IIPAMOI,
npoxoadAiieil depes F/, moaskHa OBITH TOUKA HA OECKOHEUHO YIAJIEHHON
IPsAMOIi, 3amaollas HalpaBJIeHNe, IePIeHIUKYIAPHOe 3TOH IpAMOi (Tak
KaK [IJId OKPYsKHOCTH 9TO MMEHHO TaK, a ABOMCTBeHHOe IIpeodpa3oBaHme
Ha MPAMBIX, IPOXOJAIMUX uepe3d F', I1sa BceX KOHUK oamHarKoBoe). Ho
9TO, OUEBUIHO, BO3MOJKHO, TOJBKO €CJIM BCe KOHUKU — OKPYsKHOCTH.

3amMeTUM, YTO KOHIEHTPUYECKUNE OKPYsKHOCTH IIOCJIe JBOMCTBEHHOI'O
MMOJIIPHOTO TTpeo0pasoBaHUS OTHOCUTEJIHLHO OJHOM M3 9TUX OKPYKHOCTEH
MePexonAT APYT B APyra. OTO CBONCTBO AOJMKHO COXPAHUTHCA U IIOCJIE
IBOIiCTBEHHOrO mpeobpasoBaHmua! TakuMm o6pasoM, MBI JOKasalu CJEdy-
IOIIYIO TeopeMy.

Teopema 3.19. Ilocse nonapHozo npeobpa3o8aHUsL OMHOCUMELbHO 00-
HOU KOHUKU u3 cemeiicmaea Q (cemelicmeo ¢ QUKCUPOBAHHBIM (OKYCOM
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u dupexmpucotl) cemeiicmao Q ocmaemcs Ha mecme, m. e. KOHUKU U3 9MO-
20 cemelicmea nepexodsm 6 KOHUKU MOce U3 3mozo cemelicmaa.

3Has, YTO STOT MYYOK IMPOEKTUBHO SKBUBAJEHTEH NMYyYKY KOHIIEHTPHU-
YeCKUX OKPYKHOCTEH, MOKHO CKa3aTh, KaK 3TO IIpeodpas3oBanme JeicTBY-
eT Ha caMU KOHUKH.

Teopema 3.20. IIycmbv R — 3mo noasapHoe npeobpa3o8aHue OMHOCU-
meabHo Kakol-Hubydv konurku us Q. Ilycmv mouka X, nexau,as HA KO-
Huke o (u3 Q), npu amom npeobpaszosanuu nepetidem 6 npamyn R(X),
rKacaowywca R(a) 6 mouke Y. Toz0a mouku X, Y u F aexcam Ha 00HOU
npamoii (puc. 3.38).

R(a)

R(X)

Puc. 3.38

HWHTEepecHO, UTO TPU TAaKOM IPEOOPA30BAHUM IKCIIEHTPUCUTET BEIET
cebsd ciaeayonuM oo6pasoMm.

Teopema 3.21. ITycmb KOHUKU 01 U Xy 0B80UCMEEHHbL OMHOCUMENL-
HOo KonuKku a (6ce onu us nyuxa Q). Tozda c1e5 =€2, 20e €, €1 u €9 —
aKCueHmpucumemylL KOHUK O, 01 U Ay COOMBEMCMEEHHO.

Jokazamenvcmeo. Obosuaunm uepes F; mpoexiuio Touku F Ha mps-
myto [. Touku, B KOoTOpbix oTpe3ok FF; mepecekaeT KOHUKU &, X1 U (g,
obosuauuMm uepe3d X, Y u Z coorBeTcTBeHHO. Ham Hajgo JOoKa3aTh, UTO

FY FZ _FX?
FY RZ FX%
Ilogenus mpaByio YacTb HA JIEBYIO U MEePErpyHIupPOBAB UJIEHBI, HOJY-
UMM, YTO HAJO A0KAa3aTh CJIEeLYIOIee PABEHCTBO:
FY-FX FZ-FX _
FX-FY FX-FZ
3ameruM, uTO JieBad dacTh paBHa (XY; FiF) - (XZ; F;F), mosTroMy oHa
HE MEHSAETCS IIPU IPOCKTUBHBIX IPEO0Pa30BAHNAX.
Ocrajioch IOKAa3aTh, YTO 9TO PABEHCTBO BBIMOJHEHO, KOTJAa KOHUKU
CYTh KOHIIEHTPUUYECKHE OKPYKHOCTH.
Hrak, cmeraeM NPOEKTHBHOE Ipeo0pas3oBaHUe, IEPEBOAAINEe o, o1
U Qz B TPU KOHIIEHTPpUUYECKHe OKPYKHOCTH o', o)} M oy ¢ meHTpom F’
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(mpoekTuBHLIT 00pas3 Touku F). Touku X, Y, Z u F;, nepeiiiyT B TOUKHU
X', Y, Z' u F/, nexxamue Ha OZHON IPAMOI (Ha KOTOPOIl, KpOME TOTrO,
nexur F'), npuuem F] nepeiifer B 66CKOHEUHO YAAIEHHYIO TOUKY.
Ilo ompeneneHUIO MOJSIPHOrO IPeo6pPa30BaHUA OTHOCUTEIHHO OKPYIK-
Hoctu F'Y'-F'Z' = F'X'?. Tloaromy
F’Y’-FZ’X’ . F’Z’-FI'X' _ F'Y' oo . F'Z' - _ F'Y’ . F'Zz -1 0
F/X/ ‘F}/Y/ F/X/ .FVI/ZI F/Xl .00 F/X/ - 00 FIXI FIXI *

OTMeTHM TaKsKe, YTO KOHUKHU, GUTyPUPYIOIe B 0000IIIeHHOH Teope-
Me Pperkbe, moaydaioTcsa us Q MBOMCTBEHHBIM IpeoOpasoBaHueM. A 3HA-
YUT, OHU 00Pas3yIioT IMIyYOK TPEeThero THIMa, ¥ IPOeKTUBHLIM HpeodpaszoBa-
HIEM UX MOYKHO IIePeBeCTU B KOHIIEHTPUUECKUE OKPYKHOCTH.

3amaua 31. [JorkaskuTe, 4TO OTIUYHBIE OT F (POKyCHl ABYX KOHUK U3
myuka Q, TBOMCTBEHHBLIX OTHOCUTEJIbHO Mapabojbl, CAMMETPUUYHELI OTHO-
CUTEJBHO [.



TTABA 4

EBKINIOBBI CBOMCTBA KPUBBIX
BTOPOTrO MOPAIKA

§ 4.1. OcoObIe cBOiiCTBA PABHOCTOPOHHEIH
TUIepo0oJIbI

HamomuwmM, uTo rumep6ojia Ha3bIBaeTCsa paB-
HOCTOPOHHEM, ecJu €ee AaCHUMIITOTHI IIePIIeH-
IUKYJIAPHBI. B mpolniaoil riaaBe MbI IPUBEIN
HECKOJIbKO J[OKas3aTeJbCTB TOoTo (dakrTa, dYTO
ONMMCAaHHAsA OKOJI0O TPEeyroJbHUKA KOHUKA SAB-
JsieTcs PaBHOCTOPOHHEMN TruiepO00Joi Torma u
TOJBKO TOTZIa, KOT/Ia OHA ITPOXOIUT Uepes OPTO-
IIeHTp TpeyroJbHUKa. B aToM maparpade 6ymeT
MOKAas3aH PAM IPYTUX MWHTEPECHBIX CBOMCTB.

Teopema 4.1. IJenmpuL 6cex pagHOCMOPOH-
HUX 2unepbos, npoxodauiux uepe3 6epULLHbL
mpeyzoavnuka ABC, nexam Ha OKpYyIcHOCMU
Jilaepa amozo mpeyzoibHUKQ.

Hoxazamenscmeo. Ilycts D — uerBepTas
(orauunas or A, B u C) Touka mepecedyeHUsd
ruepboJIibl ¥ ONMCAHHON OKPYYKHOCTH Tpe-
yroasauxka ABC, a A', B’, C', D' — opromeH-
Tpel TpeyroiabHuUKoB BCD, CDA, DAB, ABC
cooTBeTcTBeHHO (puc. 4.1).

Puc. 4.1
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Tax kak CD'=2R|cos /BCA|=2R|cos /BDA|=DC’, CDC'D’ — napai-
sesorpamm, 1. e. C'D'||CD u C'D'=CD.

CiemoBaTenbHO, deThipexyroabHuku ABCD u A'B'C’'D’' menTtpaibHO
cuMMeTpUYHEI. VX IIeHTP CUMMETPUU ABJISIETCS IIEHTPOM I'MIIepOOoJIbl, Ha
KOTOPOM B CHJIy OCHOBHOI'O CBOMCTBA PABHOCTOPOHHEN I'MIIePOOJIBI JIeKaT
Bce 8 Touek. IIpu 5TOM OH coBIIazaeT ¢ cepeauHoi orpeska DD’ u, 3Hauur,
JIEXKUT Ha OKPYJKHOCTU Jijiepa TpeyroabHuKa ABC (a TaKKe TPeyroJb-
HuKoB BCD, CDA u DAB). O

OrMmeTuMm, uTo 13 TeopeMbl 4.1 BeIiTeKaeT ciaenyoinuil paxkT. Eciau mps-
Mble a U b BpallfaloTCsa BOKPYT ToueK A M B COOTBETCTBEHHO C PABHBLIMU
10 MOJYJI}0, HO Pa3HBIMU M0 HAIIPABJIEHUIO CKOPOCTSIMU, TO TOUKA UX IIe-
peceueHUsA PHUCYET PABHOCTOPOHHIOI TUIIEPO0SYy, mpuueM TOUKu A m B
OyAyT CUMMETPUYHLIMH OTHOCUTEJIBHO IIeH-
Tpa runepo6oJibl. JleficTBUTEIBHO, €CJAN TOUKHU
A u B cuMMeTPUYHBI OTHOCUTENHLHO IIEeHTPA, a
X, Y — npousBoJbHBIE TOUKH I'MIIEPOOJIBI, TO
ee IEHTP JEKUT Ha OKPYIKHOCTU Jiiaepa Tpe-
yroapHuKa AXY. Ilycts M — cepeguHa oTpes-
ka XY. Torna ZA=/M = /0= /B (puc. 4.2).
ITocnenmee BepHO B CHJIy TOTO, UTO OKPYK-
HOCTBH Jiyepa Tpeyroabuuka AXY mpu romo-
TeTUU C IIeHTpoM A u Koa(pduiuneHnTom 2 me-
PEXOAUT B OMMMCAHHYIO OKPYKHOCTD TPEYTOJIb-
HuKa BXY.

Hamee paccmorpum TpeyroabHuk ABC u Puc. 4.2

TouKy P. OKPY:KHOCTH, CUMMETPUUHLIE OIIH-
CaHHBIM OKPYJKHOCTAM TpeyroidbHuUKoB ABP, BCP, CAP oTHOCUTEJIBLHO
AB, BC, CA, nepecerkaroTca B OFHOI TouKe. ITo OyaeT Touka P’, cummert-
puuHasa Touke P OTHOCUTEJIBbHO IleHTpa rumepboabl ABCP. JlelficTBUTED-
HO, U3 IPEeIbIAYIIero YTBeP:KAeHU CaeIyeT, UTO ONUCAHHEIE OKPYIKHOCTH
TpeyroJsbHuKoB ABP u ABP’' umeloT paBHEIE PafUyChl, T. €. CUMMETPHY-
HBI OTHOCUTEJIbHO AB.

Teopema 4.2. IIycmv dan mpeyzoavnuxk ABC u moyka P, omauunas
om ezo opmoyenmpa. Toz0a ueHmpbL BNUCAHHOL U BHEBNUCAHHBLYX OKDPYHC-
Hocmell 4e8UAHH020 MPeyzoabHUKA Moiku P omunocumenvHo mpeyzoiv-
Huka ABC nexcam HA pagHOCMOPOHHel zunepbosie, npoxodsuell uepes A,
B, C, P.

Jokxazamenvcmeo. ITo CBOWCTBO ABJIAETCA YACTHBIM CIyYaeM CJIEIy-
fomgero paxra.

Jemma 4.1. ITycmv danwvt 08a mpeyzonvhuka A1B1C1 u A3ByCsy, u
nycmov A’, B', C' — mouxu nepecewernus B1Cy u ByCs, C1A; u CyAy, A1 By
u AsBo coomsemcmeenno. Ecau mpeyzoavnux A'’B'C' nepcnexkmusen Kak
mpeyzoavHuky A1 B1C1, mak u mpeyzonvnurky AsBsCo (¢ yenmpamu nep-
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cnekmusbt D1 u Dy), mo mouxku Ay, B, C1, D1, As, Bs, Cy, Dy nescam Ha
o0noll konuke (puc. 4.3).

Puc. 4.3

Jokazamenvcmeo. PaccMoTpuM IIPOEKTHUBHOE IIpeobpas3oBaHue, mepe-
BOJsAIEe YeThIpeXyroabHuk A1B1C1 D1 B kBaapar. Tax kKak Touxu A', C’
IIPYU STOM IIPe00Pa30BAHUY IepeiilyT B 06CKOHEUHO yAaJeHHbIe TOUKHU, CO-
OTBETCTBYIOIIMUE TEPIEHANKYIAPHBIM HAIPABJIECHUIM, YeTHIPEXYTOJIbHUK
AsByCoDy miepeiiieT B MPAMOYTOJBHUK CO CTOPOHAMM, ITapaJljieIbHBIMU
cTopoHaM KBajgpaTta. Kpome Toro, meHTpoM KakK KBagpaTa, TaK U IPSIMO-
yroiapunkKa OymeT o6pas Touku B'. OueBHUIHO, UTO KOHMKA, IPOXOISIIIAL
yepes BEPIMHBI KBaApaTa WM OOHY BEPIIUHY IPAMOYTOJbHUKA, MPOXOIUT
U Yepes3 TPU OCTAJIbHBIX BEPIIUHEI. O

IIycts Teneps A’B'C’ — yeBuaHHBIA TPEYrOJLHUK TOYKU P, I’ — meHTp
BIIMCAHHOH B HEro OKPYXXHOCTH, I, I, I, — IleHTpbI BHEBIIMCAHHBIX
okpyxHocreit. Torga tpeyroabuuku ABC u I,I,I. yIOBIETBOPAIT yCJIO-
BusaM jemMMmbl. CiemoBarensHo, Touku A, B, C, P, I, I}, I., I' nexar
Ha ofHOI KoHuKe. IlockoabKy I — oproueHTp TpeyroabHura I, I} I, sTa
KOHHUKAa SBJISETCSI PABHOCTOPOHHEI rumepboIoii. ]

Teopema 4.3. IIycmv mouku A, B, C, D aexcam Ha pa8HOCMOPOHHEL
zunepboge. Tozda wesuanHAsL OKPYHHOCMb MOYKU D omHocumeavHo mpe-
yeoavHuka ABC npoxodum uepes3 yenmp zunepbonvt (puc. 4.4).

Hoxaszamenvcmeo. 1lo Treopeme 4.2 1eHTPHI BHEBONCAHHBIX OKPYIKHO-
cTeil yeBMaHHOTO TpeyroibHuka I, I;, I; ne:xar Ha runepbose. Taxk Kax
yeBMAHHASA OKPYIKHOCTD SBJISETCS OKPYKHOCTBIO IEBATU TOUEK TPEYTroJb-
Huka I, I, oHA IPOXOAUT Uepes IEHTP rUIepOOIIbL. O

Teopema 4.4. ITycmv mouku A, B, C, D aexcam Ha pa8HOCMOPOHHEL
ezunepoone. Toz0a nedanvras okpyxcHocmv moyku D omHocumenbHo mpe-
yeoavHuka ABC npoxodum uepe3 yenmp zunep6o.ibl.
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Puc. 4.4

Hoxazamenvemeo. Ilycte A’B'C’ — nefaibHBIA TPEYTrOJIbLHUK TOUYKHU
D, a By u Cq; — cepenuusl oTpe3koB BD u CD (puc. 4.5).

Yro6bl JOKa3aTh, UTO OKPYKHOCTD, OIMCAHHASA BOKPYT TPEYTOJbHUKA
A’'B'C’, Toxe IPOXOIUT uepes IeHTP I'UIIepOoabl €, JOCTATOUHO YOe uTh-
ca B paBeHcTBe yrioB A'C'B' u A'QB'.

Samerum, uro /DC'A’ = /ZDBA’, mockonbKy ueTbipexyroabauk C'BA'D
BrnucaHHbIN. OTpesok B1Ci — cpegHsasa JuHusa Tpeyroabuuka DBC, a 3Ha-
unt, /DB1C1=/DBA’. IlockonbKy Toukn D u A’ cuMMeTPpUYHEI OTHOCHU-
TenbHO B1C1, yrasl DB{Cy u A’B{C; paBubl. Teneps BOCIOJIb3yeMCS TEM,
YTO TOUKA @, KaK IIEHTP PABHOCTOPOHHEH I'MIIepOOJIbI, JIEKUT HA OKPYIK-
HocTu ditnepa Tpeyronbuuka BCD. Cremosatenbuo, LA'B1C1 = /A'QC,.
Taxum obpasom,

/DC'A'=/DBA'=/DBCy=/A'B1C, = ZA'QC;.

Puc. 4.5
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Amnanoruuno /DC'B' = B'QC;. CiaenosareinHO,
LA'C'B'=/A'C'D+ /DC'B'=/A'QC, + /C1QB' = /A'QB'. O

Teopema 4.5 (EmeapanoBsr). [Iycmv A;, By, C1 — ocHo8aHUs 6uccek-
mpuc mpeyzonvnuka ABC, Ay, By, Co — ocHosearnus ezo evicom, C*, B¥,
A* — moyuku nepecevenus npamvix A1B1 u AgsBg, C1A; u CoAs, B1Cy1 u
ByC, (8 OaavHeliuem makxue mouku O6ydem Hasvieamsy moJiocamm), A',
B’ — mouku nepecevenus npou3eoabHOl Npamoil, npoxodsuietl wepes C*,
¢ BC u AC coomsemcmeenno. Cnpagedausvt caedyrwuiue ymeepicO0eHus.

1. IIpamvie A’B*, B'A* u AB nepecexarwmcs 6 000t mouke (Ha308em
ee C).

2. IIpamvie AA’, BB’ u CC' nepecexawomcsa 6 0010l mouke.

3. OxpyrcHocmb, onucannas oxono mpeyzoaviuka A’B'C’', npoxodum
yepes mouky Peiiepbaxa mpeyzoavnurka ABC (puc. 4.6).

Puc. 4.6

Hoxaszamenvcmeo. IlyakTtsr 1, 2 caenyior us Teopemsl 3.8. [flokamkem
n. 3. Tak Kak MHOKECTBO I[€HTPOB II€PCIEKTUBLI TPEYTOJIbHUKOB U3 Ce-
MeticTBa Peiiepbaxa JIEKUT HA PABHOCTOPOHHEH rumepbosie (0OHA Has3bIBa-
eTcda zunepbonoll Deliepbaxa), NX UeBUAHHBIE OKPYKHOCTHU IIPOXOJAT Ye-
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pes 1eHTp runepboJisl. Yepes 5TOT IEHTP MPOXOAAT TAKIKe UX IeJaIbHbIe
okpy:kHOCTH. HO meganbHBIE OKPYsKHOCTU TOUEK | m H MMelT e JUHCTBEH-
HYIO 00IIyI0 TOUKRy — Touky Peitepbaxa. CiemoBaTeIbHO, OHA U ABJISIETCSA
IEHTPOM TI'MIIePOOJIEI. O

Mo:xHO chopMyIuPOBATH CaeAYIOIIee 0000IeHIe TEeOPEMbI.

Eciu cemeiicTBO UeBUAHHBIX TPEYrOJbHUKOB, YAOBJIETBOPAIOINee . 1
u 2 TeopeMbl 3.9, COIEPIKUT OPTOTPEYTOJbHUK, TO UX YeBHAHHBIE OKPYIK-
HOCTU MMEIOT OOIIYIO TOUKY.

Tak xak uepes IEHTP TUIEPOOJLI IPOXOAAT HE TOJHLKO UYeBHAHHLIE,
HO U IeJajibHbIe OKPYKHOCTU €e TOUEeK, a MeJaJibHble OKPYIKHOCTH COB-
MajaroT IJid JIOOBIX ABYX M30TOHAJIBHO COIPSIMKEHHBIX TOUYEK, IIelajb-
HbIe OKPY’KHOCTHY TOUEK, N30TOHAJIBHO COMPAKEHHBIX TOUKAM TUIIeP0O0JIbI
deitepbaxa, TpoxoAaT ueped TOuKy Peiiepbaxa. Ho M30roHAIbHBIM 00-
pasoM KOHUKU, IPOXOAAINe uepes BepIINHLI TPEYroJbHUKA, OyAeT mps-
Mas. B gaHHOM ciydae 9Ta mpAMas MPOXOAUT ueped IeHTP O ommcamHOMR
OKPYsKHOCTH TpeyroabHuKa ABC, M30TOHAJIBHO COMPAMKEHHBIN OPTOIEeH-
TPy, U COIPSKeHHYI0 camoii cebe Touky I. Takum obGpasom, JOKA3aHO
caenyioliee yTBEPKIeHNE.

Ecau mouka nexcum na npamoi OI, mo ee nedanvHas OKPYHHOCMD
npoxodum uepesz moury Peiiepbaxa.

9To yTBEpIKAeHNE TaK:Ke MOKHO 0000IIUTE.

IIycrs [ — mpoxopsamniasa ueped ToukKy O mpamas. Torma memanbHBIE
OKPY’KHOCTH BCEeX TOUEK IPAMOIT [ MMeIoT OOIYI0 TOUKY.

BHOBB paccMoTpuM mpoxonAlnyio uepe3 Touky O mpamyio [. Kaxxmgoit
ee TouKe P mocTaBuUM B COOTBETCTBHE APYIYIO TOUKY P/, 001aa0IIyI0 TeM
CBOMICTBOM, UTO TOUKY, N30TOHAJILHO CONPAKEHHbIe P 1 P/, CHMMEeTPpUYHEI
OTHOCHUTEJIbHO IIEHTPA MPOXOAAINel uepesd HUX U BEPIIUHBLI TPEYTOJbHU-
Ka PaBHOCTOPOHHe# rumepbosibli. M3 qokasauHbIX B § 3.3 CBOMCTB M30T0-
HaJILHOT'O COIPSKEHNs BBITEKAaeT, uTo nmpeobpasosaune P — P’ coxpanser
IBOMHEIe OTHOINIeHUs. IIOCKOJIBLKY 5TO IpeoOpasoBaHue OCTABJISAET HEIo-
IBUKHBIMM TOUYKM IIepeceueHus IIPSAMOM [ ¢ OMMCAHHON OKPYXHOCTBIO,
a O u 0eCKOHEUHO yJaJIeHHYI0 TOUKY MeHAeT MeCcTaMH’, OHO COBIIaJaeT C
mmpeo6pa3oBaHMEM, KOTOPOe IIOPOKIaeT Ha [ MHBEPCUA OTHOCUTEIBHO OU-
CaHHOI OKpy:xHOCcTH. TeM caMbIM JOKasaHa CJeAYIOI[as TeopeMa.

Teopema 4.6. /[8e mouku UHBEPCHbL OMHOCUMELbHO ONUCAHHOU OKPY-
JHocmu O0aHHO020 MPeyzonbHUKA mozda u moJabko mozda, Koz0a u3020-
HAJbHO CONPANCEHHbLE UM MOYKU CUMMEMPULHbL OMHOCUMELbHO UCHMPA
coomeemcmeynuieli pagHOCMOPOHHel zunepboJibl.

B zakirouenue npuBeneM elre ABa HHTepecHBIX dakTa. OueBuIAHO, UTO
Ha npamoit O mexar OBa IeHTPa IOMOTETUM OIIMCAHHOW W BIIMCAHHON
OKPY KHOCTEH TpPeyroJbHuKA. V30roHAJIbHO COMPMKEHHbIe K HUM TOUKU
HKeprouna n Harens gexat ma rumepbosie @eiiepbaxa, T. €. BEPHO CIEAY-
[0Illee YTBEPIKIeHHE.
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ITycmv AA;, BBy, CC; — ouccekmpucv. mpeyzorvhuka ABC, AAs,,
BBy, CCy — ezo gvicomst, Az, Bg, C3 — mouku kacarnus cmopon BC, CA,
AB c enucaHHOU okpyxHcHOCMYIO, Ay, By, C4 — mouku ux xacanusa ¢ coom-
semcmayowuMU 6HEBNUCAHHBIMU OKPpYHcHOocmamu. Toz0a npamvie A1Bq,
AsBg, A3B3, AyB4 nepecexarwmcs 8 00HOU mouke.

Temeph pacCMOTPUM OPAMYIO, IPOXOIAINYI0 uepes3 TOUKy O U TOUKY
Jlemyana L. Ha sToit mpsaMoii JiekaT JBe TOUKMW AIOJJIOHUS, IIeJaJbHbIe
TPEeYyTOJbHUKU KOTOPBIX IIPaBUJIbHBIE. MI30TOHATLHBIM 00pPa3oM 9TOM TpPs-
Moii OymeT zunepbosa Kunepa, mpoxondAimiasa uepes IeHTP Ts:KkecTu M u
Touku Toppuuennu Ty, Ts. Ilpu stom Touku Ty, Ts, oueBUAHO, oOJama-
IOT CJIEAYIOIMM CBOMCTBOM: OKPYXKHOCTH, CUMMETPUYHEIE OKPYIKHOCTIM
ABT,, BCT;,, CAT;, npoxomgar uepe3 Ty. CiemoBaTejbHO, cepearHa OT-
peska T Ty aBasercs meHTpoM rumnepbosbl Kumepa u, 3HAYUT, JEKUT HA
OKPYKHOCTH 9 TOUeK.

Kpome Toro, Tak kax npamsie T1T] u TeTy mapanneabHbl IpAMOH Oii-
nepa, a npamad T1Ts, kaxk u T, Ty, IpoxonuT uepesd L, MBI 3aKJI0UaeM,
uyt0 upamsie 11Ty u T; Ty npoxoaar depes M U IeHTPHI ABYX IPABUJIbHBIX
neJaJbHBIX TPEYTOJbHUKOB JieXKaT Ha mpamont LM.

3agaua 32. J[lan ueTbipexyroiabHuk ABCD. Haiigure reomeTpuieckoe
MeCTO TaKMX TOoueK P, UTO paamychbl OKPYKHOCTEH, OIMMCAHHBIX OKOJO
TpeyroabHUKOoB ABP, BCP, CDP u DAP, paBHBI.

3amaua 33. Ha paBHOCTOpOHHEH rumepboJie B3sATa MPOU3BOJIbLHAA TOU-
Ka P. O6o3HauuM uyepesd @ TOUKY, CAMMETPUUYHYIO TOUKe P OTHOCUTEJIBHO
IeHTpa aToM rumepo6osbl. OKPYKHOCTh ¢ meHTpoM P u pagzmycom PQ 1e-
pecexaeT rumepbosy eie B Tpex Toukax A, B u C. [[okasKkuTe, 4TO Tpe-
yroabHUK ABC npaBUILHBIH.

3agaua 34. ITycts P — 3TO IIeHTP PABHOCTOPOHHEH ruiep0oJbl, IPOXo0-
IAIIel uepes3 BePITUHLI BITUCAHHOTO YeThIpexyroabHuka ABCD. Jlokamu-
Te, uTo P JIe:KUT Ha OPSIMOI, COeIUHAIONIEH ITeHTP OIIMCAHHOM OKPYIKHO-
CTH W IEHTP TAMKecTHu ueTbipexyroabHuka ABCD.

3amauya 35. [lokaxkuTe, uro Touku A, B, C, A’, B/, C' nexar Ha ogHOM
KOHUKEe TOTJa U TOJBbKO TOT/A, KOT/a CYIIeCTBYeT KOHNKA, OTHOCUTEJIHLHO
KOTOpoii 06a Tpeyroasuuka ABC u A’B'C’ aBTONOJAPHEI.

3agaua 36. Tpeyronmbauk ABC aBTOHOJIAPDEH OTHOCUTEJNHFHO KOHUKU C
meraTpoMm O. JloKaKuTe, UTO 9Ta KOHMKA TOMOTETHYHA KOHUKE, ITPOXO0/A-
el uepes cepeaunnl orpe3xkos AB, BC, CA, OA, OB, OC.

§ 4.2. BnucaHHbBIe KOHUKH

PaccMoTpuM KOHUKY, BOMCaHHYI0 B Tpeyroiabuuk ABC. Ilycrs A/, B,
C' — Touku ee KacaHus co croponamu BC, CA, AB. IlpoBes IpOEKTHUB-
Hoe IpeoOpaszoBaHme, MEPEeBOAsAINee KOHUKY B OKPY:KHOCTHL, yOesKmzaeM-
cs, uro npameie AA’, BB, CC’ nepecekaiorca B OJHOI TOUKe. ITa TOUKA
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Ha3bIBAeTCA Nepcnekmopom KoHuKu. Tak Kak CyIecTBYeT eIUHCTBEHHOe
MPOEKTUBHOE IIpeo0pas3oBaHe, OCTABIAOIEE BEPIIUHBI TPEYTOJIbHUKA Ha
MecCTe U IepeBoAsdAllee NaHHYIO TOUKYy P B Touky sKepronua (mmepcueKkTop
BIIMCAHHOM OKPY’KHOCTH), CYIIIECTBYEeT eIUHCTBeHHAA KOHUKA C IepPCIIeK-
Topom P.

Cienyroliiee yTBep:KAeHNE OMUCHLIBAET CBSA3H MEKAY MEPCIEKTOPOM U
IIEHTPOM KOHUKHU.

Teopema 4.7. ITycmv P — nepcnexkmop KOHUKU, @ — ee yenmp, M —
uenmp maxcecmu mpeyzoavrnurxa. Tozda M nexcum na ompeske P'Q, 2de
P’ — moura, usomomuuecku conpaxcennas moike P, u P’PM =2MQ.

Hoxaszamenvcmeo. Ilpexkae Bcero oTMETHM, UTO e€CJUd KOHMKAa BIIHCA-
Ha B TpeyroabHuUK ABC, T0o moJioc meguaubl CM, JeKUT Ha IPAMOM Cy,
npoxonsAmieii uepes C u mapasnenbHoit AB. [leficTBUTENIbHO, JBOMHOE OT-
HOIIleHUe MPAMBIX C,,, CM., CA, CB paBuo 1.

IIycTh Temeph KOHMKA C IIEHTPOM @ KacaeTcA CTOPOH TPEYroJbHUKA B
tourkax A’, B, C'; C; — Touka nepeceuennd npameix C'Q u A'B’. Tak kKak
@ — LIeHTp KOHUKHU, mojiocoM npamoil C'Q 6ymerT GeCKOHEUYHO yAaJeHHasd
TouKa npamoii AB, a moiaiocom npamoii A'B’ asuasierca touxa C. Taxum
obpasom, moJisgpoil Touku C; Oyzer mpAmasa ¢, U, 3HaUuT, Touka C; Je-
KUT Ha mexguane CM.,.

ITo Teopeme 3.9 Touka mepeceuenus npameix CC' u M.Q nexuT Ha
cpenuent auauu M, M, T. e. TOUKa @ M30TOMUUYECKH COIPAKEHA OTHOCH-
TeJbHO TpeyroabHuka M,M,M, o6pa3y mepcuexTopa P mIpu TOMOTETUU C
meHTpoM M 1 KoshPUIeHTOM 5 Orcroa cpasy cileqyeT YTBepKIeHIe
TEeOPEeMBEI. O

W3 teopemsbl 4.7 ciaemyer, 4TO IJs JIIOOOH TOUKM CYIIECTBYET €IWH-
CTBEHHAs BIIMCAHHASA KOHHKA C IIEHTPOM B 9TOH TOuKe. B uwacTHOCTH, ec-
JIA IIeHTP KOHUKHU coBIlagaeT ¢ M, TO IepCHeKTOPOM TOxKe OyIeT TouKa



§ 4.2. Bnucanmbie KOHUKU 109

M un xKoHuKa Oymer BmucaHHBIM aJumuiicoMm IllTeiinepa, T. e. mpoodOpasom
BIIMCAHHOM OKPYKHOCTU TIPU adpdUHHOM ITpeodpasoBaHUU, IEPEBOAAIIEM
TPEeYroJbHUK B IpaBubHBINA. OTmMerum, uto asjuuic Illteitmepa mmeer
HauOOJIBIYIO ILJIOMIAAb M3 BCeX BIMCAHHBIX B JAHHBINA TPEYTOJbHUK 3JI-
JIUTICOB. ATO CJeAyeT U3 TOTO, UTO CPedu BCEX TPEYroJbHUKOB, OMMCAH-
HBIX OKOJIO JAHHOM OKPYsKHOCTH, TPABUILHBIN NMeeT MUHUMAJIbHYIO IIJI0-
manb, a aGuHHBIE IPeobpa3oBaHUsI COXPAHAIOT OTHOIIIEHU IJIOIIALe.

Teopema 4.8. I[enmp 8nuUCAHHOU KOHUKU ¢ nepcnexmopom P ecmuv
noawc npamoti PM omHocumenbHo KOHUKU, npoxodauiell yepe3 mouku A,
B, C, M, P (puc. 4.8).

B

Puc. 4.8

Hoxazamenvcmeo. [locTaTouHO BOCIIOJIB30BATHCA IMIPEABIAYINEH Teope-
MoOii u Teopemoit 3.9. ]

B zakioueHMre pacCMOTPUM IIYYOK KOHUK, KACAIOIIUXCSA YeThIpeX JaH-
HBIX IpaAMbIX. IIyets U, U' nuV, V' — QOKyCHI ABYX KOHUK M3 DTOTO IIyYKA.
Torga TOYKM B KasKIOU mmape (DOKYCOB M30TOHAJIBHO COIPSIMKEHBI OTHOCH-
TEJILHO TPEYTroJbHUKA, 00Pa30BAHHOTO JIIOOBIMU TPEMS U3 AAHHBIX IIPS-
MmbIx. Kak ObL70 mokasaHo B § 3.3, oTcioza ciaenyeT, UTO TOUKHU Ilepecede-
aua UV ¢ U'V' u U'V ¢ UV’ Toxe U30TOHATIBHO CONPIKEHLI OTHOCUTEIh-
HO BCeX STUX UETHIPEX TPEYroJbHUKOB M, 3HAUUT, ABIAIOTCA (poKycamMu
HEKOTOPOl KOHMKHM IyuKa. V3 Toro, uro mpoekiuu (PoKyca Ha MaHHBIE
psIMbIe JIeJKaT Ha OJHON OKPYKHOCTH, HETPYIHO BBIBECTH, UTO I'€OMET-
puuyeckuM MecToM (POKYCOB OyaeT KpuUBas TPEeThero mopAaKa — KyOuKa.
ComocTaBuB APYT APYry (POKYCHI KasKAON KOHUKM IIyYKa, MBI 3aJaJUM
Ha 9TOM KyOmKe MHBOJIIOIMNIO. MbI yOeAUINCh, UTO AJIA JIOOBIX ABYX IIap
COOTBETCTBYIOIIUX ToueK Kyouku U, U' u V, V'’ Touka nepecedueHus nps-
MeIx UV u U'V’ Taksxke ne:xut Ha KyOuke. Kak nmpezeabHBIN caydail 9Toro
YTBEPIKICHUS IIOJIYyUaeM, UTO KacaTeJlbHbIe K KYOHUKe B COOTBETCTBYIOIUX
Toukax U, U’ mepecexarorca Ha KyOHMKe, a TOUKA UX IIE€PECEUEHUS COOT-
BETCTBYeT TPeThell TOuKe IepeceyeHusa Kyouxu ¢ npamoit UU’ (puc. 4.9).
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IIycTs B TpeyroJbHUK BIHcaHa mapaboJia. Torma, mMpuMeHUB TEOPeEMY
4.7, mosyyaeM, 4TO TOUKA, M30TOMUYECKU CONPAKEHHAA IIePCIEKTOPY Ia-
pabosibl, ABIAAETCS OECKOHEUHO yaasieHHOM. Eciiu TpeyroJlbHuK MpaBUIb-
HBIH, TO M30TOMHUYECKOEe COMPAKEHe COBIIAJaeT ¢ M30TOHAJIbLHBIM U 00pa-
30M OECKOHEUHO yaaJIeHHOI IpAMOIl OymeT omucaHHAs OKPYIKHOCTH Tpe-
yroJabHUKAa. B 00111eM ciryyae moJsiyyaeM Ipoo0pas 3TOH OKPYsKHOCTH TIPU
adppurHOM IIPEeodpa3oBaHUN, IIEPEBOLAIIEM TPEYIroJbHUK B IPaBUIbHBIM,
T. €. OnUCAHHbLU danunc Illmeiinepa, KacaTeJbHbIE K KOTOPOMY B BEepIIIU-
HaX TPEeyroJbHUKA MMapajjieJbHbl €ro IPOTHUBOIOJOMKHBIM cTopoHam. OT-
METHM, YTO 3TOT SJIJIMIIC IMeeT HANMMEHBIIYIO IIJIOIIaab Cpear BCeX OIIM-
CaHHBIX OKOJIO JaHHOTO TPeyroJbHuUKa. VTak, JoKasaHa TaKasd TeopeMa.
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Teopema 4.9. 'eomempuueckKum mecmom NepcneKmopos 8RUCAHHBLX
8 0aHHULI MpeYzoivbHUK NApabos A8JAemcs ONUCAHHbuL aaaunc I met-
Hepa.

3amaua 37. Ilapa6oyia KacaeTca CTOPOH TPEYroJbHHUKA B ToukKax A’,
B’ u C'. [ToxkaskuTe, UTO TOUKA IEPECEUEHMs MIPAMOM, IPOXOAAIIEH Ue-
pes Toury C' u mapajienbHO ocu mapaboibl, ¢ upaMoii A’B’ nexur Ha
menuaue CM.,.

3agaua 38. [lokaKkuTe, YTO ONUCAHHBIN U BIUCAHHBIN ayunckl [1lTeti-
Hepa romoreTnuHbI. Haligure meHTP U KO2(hPUIIMEeHT rOMOTETUN.

3agaua 39. [[oKkakuTe, YTO MHOYKECTBOM II€HTPOB KOHUK, IPOXOMIs-
IIX Yepes3 BePIINHLI TPeYTOJbHUKA 1 ero IeHTP TAMECTU, SIBJISEeTC BIU-
cauHbIi saauic IlreiiHepa.

3amaua 40. ITycts Touku P, P/ M30rOHANBLHO CONPSMKEHBl OTHOCUTE/IL-
HO TpeyroabHuka ABC, A’, B', C' — Touku mepecedyeHns CTOPOH TPEyToJib-
HUKA U OIPAMBIX, COeIUHAIOIINX TOUYKY P ¢ COOTBETCTBYIOITIUMHU IEeHTPAMU
BHEBIIMCAHHLIX OKpYsKHOCcTel. [okaxkure, uro npamieie AA', BB/, CC' n
PP’ nepecekaloTcsi B OAHOI TOUKeE.

3amaua 41. JlaH TpeyroabHUK W IIEHTP BOUCAHHON B HETO KOHUKMU.
OmpepenuTe, ABIAETCS JU KOHUKA 9JIIUIICOM WU TUIIEPOOJIONM.

ITapa6oaa, KacamIaacsa YeThbipex MPAMBIX

ITockoOMBKY AJA JIOOBIX MATH MPAMBIX (OOIEero IIOJIOMKEeHHUSA) CyIIe-
CTBYeT eIMHCTBEHHAS KAaCaoIasicad UX KOHUKA, AJISA JIO0bIX YeThIpex IIps-
MBIX OOIIEro IOJIOMKEeHUA (9Ta KOHCTPYKIIUA HA3LIBAETCS NOJHbLM Yembl-
PexcmopoHHUKOM), HUKaKue OBe M3 KOTOPHIX He IapajlieJbHBI, CYyIIle-
CTBYeT eJUHCTBEeHHAs Kacalolascsa nx mnapabosa. B kauecTBe mATOM mps-
MO B JAHHOM CJIy4Yae BBICTYIIaeT 0€CKOHEUHO yaaJieHHas ImpsaMasd.

Hy a Temeps, BocmoJsib3oBaBiiuck Teopemamu 1.10 u 1.11, giaa ueTsI-
pex TPeyroJbHUKOB, 00pas3yeMbIX STUMU HPAMBIMH’, IIOJydYaeM CJIedyIio-
II[¥ie JBe TeOPEeMEI.

Teopema 4.10 (Muxeas). Ilycmeo
dan noawuwlli uwemowipexcmoporHukr. To-
20a onucaHHbvle OKPYIHOCMU Uembvlpex
mpeyzoabHUK08, KOmopvle 00pa3yrm ezo
npsamvle, nepecexarwmcs 8 00HOl mouke.

ITonyuaromiasica TakuM oO0pPasoM TOU-
Ka HasbIBaeTcA Moukoli Mukesns TOJHO-
ro ueTbIpexcTopoHHUKA (puc. 4.10).

Hoxazamenvcmeo. Paccmorpum 1ma-
pabosy, KacarIylocsi CTOPOH HAIIIero
YeTBIPEXCTOPOHHUKA. Torga mo Teopeme
1.10 ommcaHHBIE OKPY’KHOCTH COOTBET- Puc. 4.10
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CTBYIOIIUX TPEYrOJHHUKOB OYIYT IPOXOAUTH uepesd (POKyC mapaboJIbl.
A 3mauwut, poxyc mapaboJibl 1 OyAeT 3TOM caMOM TOUKOM. O

Teopema 4.11. ITycmv dan noanwili uwemusipexcmoponruk. Tozda op-
MOUEeHMPbL Lembipex MpeyzoabHUK08, KOmMopbvie 00pa3yiom ezo npsamovle,
Jexcam Ha 00HOU npamoi. Ima npamas nepnenduxyaapra npamoi I'ayc-
€a 3Mozo LembulpexcmopoHHUKA.

9ra npsaMasa HasbIlBaeTcs npamoi O0epa MOIHOTO YETHIPEXCTOPOHHUKA
(puc. 4.11).

Puc. 4.11

Jlokxazamenvbcmeo. AHaJIOTMYHO TOKAa3aTeNILCTBY MIPEALIAYINEN Teope-
MBI PAcCMOTPUM Iapaboiiy, Kacalollyiocd CTOPOH YeTHIPeXCTOPOHHUKA.
ITo Teopeme 1.11 opTOIEHTPLI COOTBETCTBYIOIIUX TPEYrOJbHUKOB JIEMKaT
Ha TUPEKTpHCe 3TOU ITapadoJIkI.

JokakeM Telepb BTOPYIO YacTh Te€OpeMbI. BOCIIOJIL30BABIINCH CJIE-
cTtBueM mu3 jeMMbl 1.2 u pesyabraToM 3amaum 10, JIeTKO MOKasaTb, UTO
MIPOEKIINA CePeIUHLI JUATOHAIN YeTHIPEXCTOPOHHUKA Ha JUPEKTPUCY II0-
IajaeT B IEHTP TAMKECTH IPOEKIINHA TOUeK KacaHUs YeThLIPEXCTOPOHHUKA C
mapaboJioii, T. €. 9TU TPU TOUKU IIPU HIPOEKIINU Ha JUPEKTPHUCY HOMAJaIoT
B OJHY U Ty K€ TOUKY. SHAUUT, OHU JIeXKAT HA OJHOU IPAMOI (TeM caMbIM
MBI ellle pas JoKasaji cylllecTBoBaHmue mpsamoi 'aycca), KoTopas K TOMY
JKe IMepHeHIUKYJIaApHa JupeKTpuce (mapaJjiejbHa OCH IapadoJIbl). O

9Ty OBe TeopeMbl JIETKO HOKasaTh M He mpuberasd K PacCMOTPEHUIO
mapaboJi. IlepBas HECJTOKHO JOKA3LIBAETCSA MPAMBIM IOACUETOM YTJIOB, a
BTOpPAas — C UCIIOJb30BAHNEM PaIluKaJIbHBIX oceii. OMHAKO I0Ka3aTh CIemy-
IOIIIYI0 TEOPeMY AOCTATOYHO KOPOTKO M IIPOCTO, He Mpuberas K BIMCAHHOMN
mapaboJie, He IOJydaeTcs.
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Teopema 4.12 (EmeassanoB). OxpyixcHocmbs Jilaepa mpeyzonrvHUKa, 00-
Ppa3o06anH020 0UAZOHANLAMU NOJHO20 LeMbLPEXCMOPOHHUKA, NPOX0o0um ye-
pe3 mouky Mukxens amozo wemuvipexcmopornnuika (puc. 4.12).

Puc. 4.12

s mokasaTesbcTBa HYKHO OyZeT BOCIIOJIb30BATHCS JIEMMOIi, TBOM-
CTBEHHOU K jJemMe 4.1.

Jlemma 4.2 (nBoiictBeHHaA K jemMme 4.1). Ecau y 06yx noanvlx wembt-
PexcmoporHHUK08 cognadarwm OuazoHaLU, MO cyuiecmsyem KOHUKA, Ka-
Canwaacs cex CMOPOH IMUX YemblpeXCcmopoOHHUK08 (04e8udHO, maKas
KOHUKQ eOUHCMBEHHA).

Hoxaszamenvcmeo meopemuvr 4.12. PaccmoTpuM cpenHUe JUHUU TDPeE-
YTOJIbHUKA, 00Pa30BAHHOTO NUATOHAJIAMU YeThIPeXCTOPOHHUKA, U 0eCKO-
HEUHYIO IPAMYI0. OTH UYeThIpe IPSAMbie 00pas3yloT UYeTHLIPEXCTOPOHHUK,
OINarOHAJIN KOTOPOTO IIPEACTABJISIOT COOOHM He UTO HMHOE, KAK CTOPOHBI
9TOr0 TPEYTroJbHUKA. A 3HAUUT, B CUJIY JIeMMbI 4.2 cylllecTByeT KOHUKA,
KOTOopas KAacaeTcs CTOPOH YeTHIPEXCTOPOHHWNKA, 0ECKOHEUHO yAAaJeHHOMH
MIPAMON M CPeJHUX JUHHUI HaIllero TpeyrojbHuKa. IIoCKOJIBKY OHA Ka-
caeTcsa 0€CKOHEUHO yIaJeHHOI IIPAMOi, 9To mapabosa, u Touka Mukeisa
HAIIler0 YeThIPEeXCTOPOHHUKA — (POKYC 2TOM mapabosbl. OKPYsKHOCTD -
Jiepa — 3TO OIMCAHHAS OKPYKHOCTb CPEIUHHOTO TPEYTOJbHUKA, CTOPOHBI
KOTOPOTO, KaK MBI TOKa3aJau, KacaloTcsa Halllei mapabosbl, a 3HAUUT, OHA
MIPOXOAUT uepes (POKyC mapabojibl, T. €. Ueped TOUKY Mwukeis HaIero
YeTHLIPEXCTOPOHHUKA.

AHaJIOTUYHO MOKAa3bIBAETCS, UTO UEHMP ONUCAHHOU OKPYHICHOCIMU mpe-
Y20AbHUKA, 00PA308AHH020 OUAZOHAAAMU NOJHO20 LemblPeXCMOPOHHUKA,
aexcum nHa npamoi Obepa.



114 Tnasa 4. Eéxaudosvl ceolicmea Kpusblx 6mopozo nopadka

Puc. 4.13

JeficTBUTEILHO, IIEHTP OIMMCAHHONU OKPYKHOCTH — 3TO OPTOIEHTP Cpe-
IUHHOTO TPEeyroJbHUKA, CTOPOHBEI KOTOPOTrO, KaK OBLIO IIOKasaHo, Kaca-
IOTCA TOH Ke mapaboJibl, UTO U CTOPOHBI YeTHIPEXCTOPOHHUKA. A 3HAUUT,
€T0 OPTOIEHTP JIEKUT Ha JUPEKTPUce mapaboJbl, KoTopas, KaK ObLIO II0-
Kas3aHo, coBIazaer ¢ mpamoii Obepa HAIIETO YeTHIPEXCTOPOHHUKA. O

3aMeTuM, 4YTO C KayKJAOU TOUKOM P Ha OKpYy:KHOCTH Jiijiepa TPeyroJb-
HuKa ABC MOKHO CBA3aTh mapadosy ¢ ()OKyCOM B STOM TOUKEe M AUPEK-
TPUCOU — MIPAMOM, IIPOXOAAIIEN Uepe3 TOUKM, CHMMETPHUYHBLIE TOUYKe P
OTHOCHUTEJBbHO CPeIHUX JUHUHN Tpeyroabuuka ABC. PaccmoTpuMm J1100yio
MIPAMYI0, Kacalollyoocsa 9Toi mapabosbl. IIycTh oHa mepeceKaeT CTOPOHBI
AB u AC tpeyronbauka B Toukax C; um Bp. Ilycth mpamsie CC; u BB,
nepecekaiorca B Touke Q. Ilyctb AQ mepecekaer BC B Touke A;. Torga,
BOCIIOJIb30BABIINCEH JJeMMOIi 4.2, JIeTKO MOKa3aTh, uTo A1B1, A1Cq1 u Tpu-
JUHelHasd MoJApa TOUKM @ KacalTcsa 3TOH mapabojibl, a 3HAUNT, TOUKA
P — 910 Touka MuKes UeTHIPEXCTOPOHHUKA, 00PA30BAHHOTO CTOPOHAMU
YeBUAHHOI'0 TPEYTOJbHUKA TOUKHU @ U ee TPUIMHEHHOH IOoJAPOi OTHOCHU-
TeJabHO TpeyroabHuka ABC. ITosToMmy ommcaHHasA OKPYXHOCTh TPEYTOJb-
HuKa A1B1C; mpoxogur uepes P.
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Tak, paccMOTpeB MHOKECTBO BCeX KacaTeJbHBIX K Haleil mapaboJe,
MBI TIOJIYUYUM MHOYKECTBO BCeX TaKUX ToueK @, uto P Oymer Toukoit Mu-
KeJI CTOPOH UYeBHAHHOT'O TPEYToJbHUKA TOUKU @ M ee TPUIUHEHHOH Io-
JAPBI. ITO MHOXKECTBO (Ha caMOM jfeJjie 9T0 OyaeT KpuUBasi UeTBEPTOTO IIO-
panka, uzodbpakenuad Ha puc. 4.13) B o0beguHEeHNN C PABHOCTOPOHHEHN
runep00JIoii, ONMMMCAHHON BOKPYT Tpeyroabuuka ABC m uMerolnei IeHTp
B TouKe P, macT Bce MHOYKECTBO TaKUX TOUYEK, UTO MX UeBUAHHASI OKPYIK-
HOCTBH IIPOXOAUT Uepes3 TOUKy P.

OnaTh Ke ¢ IIOMOIIBI0 3TOH KOHCTPYKIIMM MOXKHO TPOCTO OOKAas3aTh
elre OOHY MOCTATOUHO CJIOKHYIO TEOpeMy.

Teopema 4.13 ([ pos-®Papuu). Ilycmv npamas ly, npoxodsawas wepes
mouky H, asaswwyrocs opmoyenmpom mpeyzoavHuka ABC, nepecexaem
ezo cmopoHsL 8 moukax Ai, By u Cy. [pyeas npamas lg, nepnenOuKyiap-
Has 11 u mojce npoxodauias wepes mouky H, nepecekaem cmopoHbvL mpe-
yzonvHUKA 8 moukax Ag, Bo u Ca. Tozda cepedunsv. ompeskos A1 Az, B1By
u C1Cy nexcam Ha o0HOU NpAMOU.

Hoxaszamenvcmeo. PaccmorpuMm nmapabosy, KacaloIlyiocsa CTOPOH Tpe-
yroabHUKa 1 npAMoi [;. B cuny Teopem 1.11 u 1.7 KacarenbHas K 9TOM
mapaboJie, IpoBeJeHHAsA 13 TOUKW H 1 oTauuHasd oT [y, MepIeHIuKYIap-
Ha [, a 3HAUUT, OHA coBmagaeT c ls. B cumy Teopembr 1.10 onmcanHbIe
OKPYKHOCTU TPeyroJabHUKOB A1AsH, B1BoH u C1CoH mpoxXxomAT uepes
doKyc aToil mapabosbl F, a 3HAUUT, IEHTPHI B3TUX OKPYIKHOCTEHM JerKaT
Ha CEepeIUHHOM IEePHeHAUKYJIIpe K
FH. ITockoJIbKY BCE 3TH TPEYTOJbHU-
KU MPAMOYTOJIbHBIE, IIEHTPHI UX OMU-
CaHHBIX OKDPY:KHOCTeIl — 3TO cepenu-
HBI THUIIOTEHY3, T. €. OTPe3KoB AjAq,
Ble n 0102 (pI/IC. 414)1 |

Eciu mouka P nBumiKeTCA IO OIIM-
CaHHOM OKDPY/KHOCTH TPEYroJLHUKA,
TO CepefuWHHbIE IEePIeHAUKYIAPH K
PH 6ynyr KacaTbCcsd KOHUKU, BIIMCAH-
HOM B TPEYroJbHUK, ¢ (GoKycamMu B
Toukax H u O (9TO ciemyeT U3 KOH- Puc. 4.14
CTPYKIIMU, ONNCAHHOI B TeopeMe 3.4).

Taxum 00pas3om, MbI IIOIIYTHO AOKA3aJi, YTO BCE dTU IPAMbBIe OYAYT Or'H-
0aTh BIMCAHHYIO B TPEYTOJbHUK KOHUKY ¢ hoKycamu B Toukax O u H.

CTouT OTMETUTDH, UTO 9Ta TeopeMa JIerKOo IoJydaeTca mu3 3agauu 18.
B kauecTBe IeHTPaJbHO CUMMETPHUUHOTO TPEYTroJbHUKA CTOUT BBIOPATH
TPEYTrOJbHUK, BEPIIUHBI KOTOPOTO CHMMETPUYHBLI IEHTPY OIMCAHHOMH
OKPYKHOCTH OTHOCHUTEJIbHO CTOPOH TpeyroabHuKa. C KayKIoH IoJyda-

1. HOCJIe,ELHHH YacCThb JOKa3aTeJIbCTBa ABJIAETCA YaCTHBIM CJy4daeM 3aJavu 7.
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forfelica B 9TOM 3amadue MPSMOM MOXKHO CBS3aTh IBe IIPOXOIAINNE uepes
OPTOIEHTP MEPIEeHANKYJIAPHbIE MPAMBIE, KOTOPbI€ IOPOKIAIOT IPAMYIO
u3 teopembl [pos3-Papuu. CyllecTBOBaHME TaKUX OBYX NPAMBIX JIETKO
JOKa3aTh MPSIMBIM IIOJCUYETOM YIJIOB.

§ 4.3. Hopmamnu k koHuke. OkpyskHocth Hoaxumcerans

Onpenenenue. [lycts gaHbl KOHUKA 1 ToukKa P Ha Heli. Hopmasavio K KO-
HUKe B TOUKe P HasbIBaeTcsA mpsaMas, IPOXoAsaIinas uepes Touky P u mep-
NeHANKYJIApHAA KacaTeJbHOM K KOHUKE B TOUKe P.

Yepes mMpous3BOJLHYIO He JIEKAIYI0 Ha KOHUKE TOUYKY MOYKHO IIPOBe-
CcTU YeThipe (BO3SMOKHO, KOMILIEKCHBIE) HOpMaiu K KoHuKe. OKa3bIBaeT-
cd, IJIs OCHOBAHUH STUX HOpMaJiell BepeH CJIeAYIoMUi (akKT.

Teopema 4.14. ITycmv Py, Py, P3, Py — yemuipe mouKu KOHUKU & C UEH-
mpom O, HOpMaAU 6 KOmOpuvLx npoxodam uepe3 mouky Q. Tozda mouru
Py, Py, P3, Py, O, Q nexxcam HA pagHOCMOPOHHEU zunepboae, aCUMNmMonol
KOMmMOopoU napanenbibl 0CAM KOHUKU.

Hoxazamenvcmeo. BosbMeM TPOM3BOJBHYIO OKPYKHOCTH W C I€H-
TPOM @ W PacCMOTPUM TeOMETPUUYECKOe MEeCTO IEeHTPOB KOHHUK NyYKa,
IIOPOKIEHHOTO 3TOM OKPYKHOCTBI0O M KOHUKOU <. ITo Teopeme 3.17 aTo
OyZmeT KOHHKA, a MOCKOJBKY 3TOT IYYOK COJAEPIKUT OKPYKHOCTb, 3TO
OyzmeT paBHOCTOPOHHAA runepborna (cm. 3amauy 29). Obo3HauuM ee 3a Yy
(puc. 4.15). BeckoHeUYHO yIaJIeHHBIMU TOUKAMM I'MIepOoJbl ¥ OYAYyT HEIo-
IBUJKHBIE TOUKM WHBOJIIOIWU, ITOPOMKAEHHOM pPacCMaTPUBAEMBIM HYYKOM
Ha 0ECKOHEUHO yIaJIeHHOW HPAMOIi, T. €. TOUKHU, IPUHALICIKAIINE OCIM
KOHUKHU «. JI1o6ad Touka X, jekalmiasa Ha ¥, ABJIAETCA IIEHTPOM KOHUKUI
M3 JTOTO IyUKa, ee IOJAPOH OTHOCHUTEJHLHO 3TOM KOHUKU OymerT OecKo-
HEUHO yAajJleHHas mpAMasi, a 3HauuT, mo Teopeme 3.15 moaapsl Touku X

Puc. 4.15
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OTHOCHUTEJIbHO BCE€X KOHUK IIyYKa OYAYyT HmapaJiieilbHbl. IIOCKOIBKY IIpPs-
Mada QX TMepreHAWKYJIAPHA MOoJdpe TOUKKU X OTHOCUTEJIbHO OKPYIKHOCTU
w, OHa OyJeT TaK:Ke MePIEeHIUKYJAPHA IIOoJsSpe TOUKU X OTHOCUTEIbHO
KOHUKHU «. [TosTomMy ecim TouKa P mpUHAIIEKUT MEePECeUeHnI0 o U Y, TO
KacaTeJbHas B Hel K KOHMKe o OyAeT MeprIeHAUKyJApHa @P, a sHauur,
QP OymeT HOPMAJIBIO K .

Kpome TOTO, JIETKO BOCCTAaHOBUTHL KacaTeJbHYIO K Y B Touke O. Ha-
IIpaBJIeHNE, COMPAMKEHHOe OTHOCUTEJIHHO (o HAIIPABJIEHUIO KacaTeJbHOM,
TOJIKHO OBITH IepuneHAWKYIapHO QO. CiremoBaTesbHO, ruiepboJsia y He
3aBHUCUT OT paguyca OKPYKHOCTH (), TAK KaK ee MOKHO OIPeIeJUTh KaK
KOHHUKY, IIPOXOIAIIYIO Uepe3 TOUKY @, ABe TOUKU OECKOHEUHO yAAaJIeHHOM
MIPAMOT, Yepe3 KOTOPhle MPOXOAAT OCU KOHUKHU &, M TOUKY O U KacaroIry-
oca B Touke O cooTBeTcTByMOINel npamoii. OTciona ciemyeT, 4TO APYTHUX
ToueK P, o6agafoninx TeM CBOMCTBOM, uT0 PQ — HOpMaJb K «, HeT. IToTo-
MYy Jifo0as TaKkas TOYKA IOJIyYaeTCA BBINMIEONNCAHHBIMU PACCYKIECHUAMHU,
€cJIX 3a ( MPHUHATH OKPYKHOCTh C I[eHTPOM @ u pagmycom QP. O

ITocTpoenHas runep6osia Ha3bIBAETCS 2Unep60soll AnoaloHUSL KOHUKYU
a oTHOcuUTeJbHO Touku @. CepequHBI CTOPOH UETHIPEXYTrOJILHUKA, BEp-
ITUHBI KOTOPOT'O — TOYKY II€PEeceueHmsa W W o, JeXKaT Ha Y U o0pasyioT
ImapaJijieiorpaMM, IeHTP KOTOPOTO COBIAZAET C IeHTPOM T'HUIIepPOOJIbI Y
¥ IEHTPOM TSAMKECTH STOT0 UEeThIPeXYyroJbHUKA. SHAUUT, IEHTP TAMKECTU
IepeceveHus SABJISETCSA IEHTPOM THIIEPOOJIBI ¥ M He 3aBUCUT OT pajamyca
OKPY*KHOCTH.

Teopema 4.15. Touxku Py, Py, P3 u mouka, cummempuynas Py omnocu-
MenbHO UeHmpa KOHUKU, Jledam Ha 00HOU OKPYHHOCMU.

Hoxazamenscmeo. Paccmorpum caydaii, Korja JaHHAsA KOHUKA SAB-
Jaserca siaauicoMm. Ilyers P’ — rouka, cMMMeTpUYHAs TOouke P, oTHOCHU-
TeabHOo O (puc. 4.16). YTBep:KIeHNEe TeOPEMbl PABHOCUJILHO TOMY, UTO
KOHUKOH IIeHTPOB Iy4YKa, oIpeendaeMoro roukamu Py, Py, P3, P, Oyzer
PaBHOCTOPOHHAS runepbosa. PaccMOTpuUM cikaTue K MAaJOM OCH dJLIHUIICA,
IepeBOAsIIee ero B OKPYKHOCTh. TaK Kak
adpdurHOE mpeobpaszoBaHMe IEHTPHI KO-
HUK IIepeBeJleT B IIeHTPLI, paccMaTpuBae-
MO€e TeOMeTPUUYEeCKOe MeCTO ImepeieT Toxe
B KOHUKY, IIPUUYEM B PABHOCTOPOHHIOIO T'H-
1mep00Jy, MOCKOJbKY HOBBIA IYUOK OymeT
COMIePsKaTh OKPYKHOCTH (00pas MCXOIHOTO
aJIuIca). JTa rumepodoJsia comep:KuT odpa- Puc. 4.16
3bI ToukH O (T. e. camy TouKy O) u cepequH
orpeskos P'P;, P'Py, P'P;3, KoTOpLIe IPA TOMOTETUN OTHOCUTEILHO 00pa-
3a Touku P’ ¢ Kospduiumentom 2 mepeiigyT B o6passl Touek Py, P, Po u
P3;. Ho TOCKOJBKY CYIIIeCTBYET TOJBbKO OJHA PAaBHOCTOPOHHAS rumepboJia,
IIpoxonaAIias uyepes obpassl Touek Py, P, P; u P3, aTo Gymer o6pas coOT-
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BETCTBYIOIIell Tuep60Jibl ATIOJIOHUS (KOTOpAas IPU 9TOM CXKATHUU Iepeii-

JIeT B PABHOCTOPOHHIOIO TUIIEP00JY, TaK KaK ee aCUMIITOTHI COHATIPABJIEHBI

C OCSAMMU DJIJINIICA), T. €. KOHUKA IIEHTPOB IIyUYKa, OIIPEeeIsIeMOro TOUKaMu

Py, Py, P3, P/, GymeT roMmoTeTAuHAa ruiepbose AIOIIOHUS, IPOXOLAITei

yepesd Touku P;, Py, P3, Py, a 3HauuT, OyZeT PAaBHOCTOPOHHEUN rumep06o-

JIOHA. O
9Ta OKPYKHOCTb Ha3BIBAETCA OKpYHcHOCMbI0 Hoaxumemans.

Eciu BOCImOJB30BATHCA KOMILJIEKCHBIM
adppurHBIM IpeodbpasoBaHueM, Teopemy 4.15
MOKHO JOKasaTh U AJa runepbos. B cayuae,
KOorJla KOHHUKA SBJAeTCs IapaboJoii, OaHO
13 YeThIpeX OCHOBAHUIN HOpMAaJiei, ITPOXO0-
IAINX Yepe3 JaHHYI0 TOUKY, yXOOuUT B Oec-
KoHeuHOCTb. CooTBeTcTBEeHHO Teopema 4.15
mpuobpeTaeT ciaenyiomuii Bux. Tpu ocHosa-
HUs HopmaJel K napaboJe, npo6edeHHbLX U3
0aHHOU MOYKU, U ee BepUWUHA Jexam HA
o0HnoU okpyxcrnocmu (puc. 4.17). Puc. 4.17

§ 4.4. Teopema Ilonceae naa cohOKYCHBIX 3JLIUIICOB

Ecin B3ATH OKPY:KHOCTH C IIEHTPOM B OJHOM 13 (POKYCOB CO(POKYCHBIX

KOHUK U IPUMEHUTH cHAaYaJja IMOJSIPHOe COOTBETCTBUE, a 3aTeM MHBEPCUIO

OTHOCHUTEJbHO Hee, TO COPOKYCHBIe KOHUKHU IIePeiayT B KOHIIEHTPUYeCKue

OKPY’KHOCTH. SHAUUT, U MOJAPHBIE OKPY:KHOCTH OOpPa3OBBIBAJIM IYUYOK.

CiengoBaTesibHO, COPOKYCHEIE KOHMKN 00Pa3yIOT JBONCTBEHHBIN IIYUYOK.
Mg 6yzeM paccMaTpUBATh ABa TAKUX

cohOKYCHBIX 3JIIIUIICA, UTO CYIIIECTBYET

MHOTIOYT'OJIbHIK, BIIMCAHHBINA B O0JIBIITHI

13 HUX U ONUCAHHBIN BOKPYI MEHBIIIE-

ro (puc. 4.18). ITo Teopeme Iloncese Ta-

KMX MHOTOYTOJIbHUKOB CYII[eCTByeT Oec-

KOHEUHO MHOTO (€CJU CYIIECTBYET XOTs

O0b1 oauH). OKasbIBaeTCs, OHU 00JaJaroT

PAIOM MHTEPECHBIX CBOMCTB.

B § 1.4 MBI mokasaiu Takoii (akrT.

IIycTs HUTHL HaKMHYIU Ha sJaunc «. To- Puc. 4.18

rna KapaHpalll, IPUBA3aHHBIA K HUTU,

IIPU BpallleHuu OyAeT BBIPUCOBBIBATH JIJIUIIC, COPOKYCHEBIN C (.
Ba'KHBIM cjencTBUEM 3TOTO (paKTa SBJIAETCS CAefyIoIlas TeopeMa.
Teopema 4.16. Cpedu 6cex 6binYK.IbLX N-Y20AbHUKOE, 6NUCAHHLLX 8

0aHHbLI INAUNC A, HAUOOLBWUL nepumemp umeem n-yzoibHUK, ONUCAH-

HbLU BOKPY2 HEeKOMmOop0oz0 COQOKYCHOZ0 C A INLUNCA Oy,.
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Hoxazamenvcmeo. Ilycts M1 My ... M,, — MHOTOYTOJIbHUK C MAaKCH-
MaJbHBIM mepuMeTpoMm. Ilokaskem, uto ajA Kamkmoro i=1, 2, ..., n O6uc-
cexTpuca BHemHero yriaa M; 1 M;M; 1 JoJ:KHA ABAATHCA KacaTeJIbHOH K
a B Touke M;.

IIycte aT0 He Tak. OOo3HAUMM Uepes
o/ snnunc ¢ dorycamu B M;_; u M4,
nmpoxonAmuii uepes Touky M; (puc. 4.19).
Torma KacarenbHas K o, oHa e OHCCeK-
Tpuca BHelHero yrua M; 1M;M;,, nepe-
ceKaeT « ele B Kakoii-to Touke M,. Ho
cymma M;_ 1M, + M; 1M, Oyner Gonblie, Puc. 4.19
ueMm M;_1M;+ M;1M;, nockoabky M, Je-
skUT BHe syunca o . Takum o6pasoM, MBI IOJYUYUM BBITYKJLIA 71-YIOJIhb-
HuK MiMy...M; 1M, M;.;...M,, iepuMeTp KOTOPOro GOJbIIle IIePUMET-
pa muHoroyroabHuUKa MMy ... M,. Ho 9T0 IpoTHBOPEUUT BBEIOOPY HAIIIETO
MHOTOYT'OJIbHIKA.

ITorkasxem Temeps, uTO B n-yroabHUK MM,y ... M, MOKHO BIHCATD 3J-
JIUIIC.

Ilycrs F1 u Fo — orychl asmumica «. Pacemorpum assnunc K, ¢ pory-
caMHu B 3TUX TOUKaX, Kacamwlimuiica npsamou M, M,. Bropas xacarenbHasd
K o, IpoBemeHHasda u3 Touku My, moJ:KHa o0pasoBbIBaTh ¢ MoF; yrou,
paBHBIN LF1MoM;. Ho Takoit mpaMoii aBiseTca npamas MsMs, ITOCKOJIb-
Ky y yraoB MsMyoMy u F1MoFs coBnagaioT BHENIHUE OMCCEKTPUCHI (Kaca-
TeJbHasI K o B Touke My). AHaJIOrn4HO, paccMaTpuBas Bepminuay Mg, MBI
moJiyyaeM, UTO &, Kacaerca MgM,, u T. 1.

IIo Teopeme Ilomcene mHOTOYrOMbHUK MM,y ... M, MOXHO BpaIlaTh
MEXIY o U o,. IIoKakeM, UTO IIPU STOM IIepUMETP MHOTOYTOJbHUKA He
MEeHSETCH.

HelicTBUTEIBHO, 9TOT IIEPUMETP JErko MmoAcuuTaTh. IIycTh @; — aTO
TOUKM KacaHusa o, co cropoHamu M;M;,;. IIo Teopeme 1.6 nia mpous-
BoJIibHOU Toukum M Ha o BeamumHa MX + MY + XY, rpe MX u MY —
9TO KacaTeJbHbIe K o,, He 3aBucut or M. ITostromy C =Q;_1M; + M;Q; +
+ U®;Q;_1 He 3aBucut ot M;. ITocunTtaB CyMMapHYIO IJIUHY TAKUX II€TEIb
IaA Kaxkmgor Touxku M;, mbl moayuuM Cn. Tak MBI mocumTaeM KaKIYIO
CTOPOHY MHOTOYTOJbLHHKA IO OZJHOMY pasdy, a AyrW dJjauica n — 1 pas
(MeHbIIAA M3 AYyT @;Q;11 TPUHAIEIKUT BCEM IIETJISIM, KPOMe IIETJU CO-
orBercTByOIeil Touku M;,1). Takum oOpasom, ImepumMerp n-yroibHUKA
MiMs;...M, paBeu pasHocTu Me:xkay Cn U mepuMeTPOM 3JLIUIICA (,, B3s-
TeIM 11 — 1 pas3. A 3HaUUT, OH HEe MEHSETCS IPU BPaIl[eHNN. O

Brinykaberii n-yronbHuK Ilomcesie, BIMCAHHBIN B OAMH SJIJIUIC W OIIM-
CaHHBIN OKOJIO APYroro, co(poKyCcHOro, obJiafaeT erfe OJHUM SKCTPeMalb-
HBIM CBOIICTBOM, B HEKOTOPOM CMBLICJIE «IBOHCTBEHHBIM» HOKA3aHHOMY B
Teopeme 4.16.
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Teopema 4.17. Buinykavlil n-yzoavbHUK, ONUCAHHBLI 0KO0J10 0AHHO020 3J1-
Jaunca o, umeem HAUMEHbULULU nepumemp cpedu 8cex MaAKuXx Nn-yzoabHU-
K08 mozda u moabvko mozoa, K020a 6ce ez0 6ePULUHbBL JeHAM HA INAUNCE,
COPOKYCHOM C .

Hoxaszamenvcmeo. 3aburcupyem Touku Kacanuda M; i1, M;. 1 cro-
POH MHOTOYTOJIBHUKA C aJyimuiicoM. Ilyets T — TouKa mepecedyeHUsA Kaca-
TeJbHBIX B 3TuxX Toukax (puc. 4.20). IlycTh aya ompeaeseHHOCTH ayra
M;_1M; 1 MeHbIIIe IOJOBUHEI aJiaulica. Byxgem uckars Touky M; Ha Hell,
JUIg KOoTopoM asmHa jJoMaHoit M; 1XYM;,,, rae X, Y — TouKu Iiepece-
YeHUs KacaTeJbHOMH, IPOBEeIeHHOI B TOY-
ke M;, ¢ TM; 1 n TM;;;, MUHUMAJIbL-
Ha. IIyere X', Y' — Toukm KacaHusa
OKPY’KHOCTH, BIIMCAHHOMN B TPEYTOJbHUK
TXY, ¢ ero cropomamu TY, TX. To-
roa M; 1 XYM, 4 =M; 1Y’ +X/Mi+1, T. €.
MUHUMYM JOCTUTAETCs, KOTJa BIIMCAHHAsA
OKPY’KHOCTb MMeeT MAaKCHUMAaJbHO BO3-
MOMKHBIA pagmyc. ITO 3HAYUUT, UTO BIIU-
CaHHAS OKPYKHOCTb U JJIJIUIIC KacaioTCs
npamoint XY ¢ pasHBIX CTOPOH B OJHOU
u ToM ke Touke. CiemoBaTesbHO, IO Te-
opeme 3.16 1enTp saaumnca O JexuUT Ha
npamoit IT', rae I — IeHTP OKPYKHOCTH,
BIIMCAHHON B TpeyroasHuk TXY, T' — ce- Puc. 4.20
penuHa orpeska XY.

Ilycrs Fi, Fo — POKyChI JAHHOTO dJiauiica. Tak Kak JJJINIIC BIIMCAH B
TpeyroabHUK TXY, npambeie F1 X u Fo X 00pa3yioT paBHBIE YIJILI C IIPAMOMN
IX, a npameie F1Y u FoY —c IY. Kpome Toro, mpamasi, cOeIUHSIOIIA
cepenuHbI 0TPe3koB F1Fo u XY, mpoxoaut uepes3 Touky I. Bocmoabsyemcs
pesyiabraToM 3agaum 26. Ilockonbky yroa XIY Tymo#, AJUHBI JIOMAHBIX
F1XFy u F1YF; paBHBI, T. e. Touku X 1 Y JeKaT Ha 9JIJIUICE, COPOKYCHOM
¢ K. Orcioma, oueBUIHO, CIeqyeT YTBEPKICHNE TEOPEMHEI.

Cayuaii, korga gyra M; 1M;q cocraBuseT OOJbIle IOJOBUHBI JIINAI-
ca, pasbupaeTcs aHAJOTMYHO, C 3aMEHOH BIMCAHHON OKPYXKHOCTH Tpe-
yronbHuUKa TXY Ha BHeBnucaHuyio. Hakonen, ecam Touku M;_1, M
IraMeTpPaJIbHO IIPOTUBOIIOJIOMKHBI, TO MICKOMOE YTBep ;KAeHNe MOKeT ObITh
MMOJYyUYeHO IIPeAebHBIM IIepexXoJoM HJIM BBIBeIeHO M3 TOro (akra, UTO
cyMMa JIIMH CTOPOH OMMMCAHHOTO OKOJIO 3JIJIUIICA TTapajjieorpaMMa He MO-
JKeT OBITH MEHbIIle CYMMBI JJWH ero oceii. IToT ¢paKT, B CBOIO OUepeb,
MOXKHO JOKAa3aTh IPOCTHIM BLIUMCIEHUEM. O

3amaua 42. JINIC U OKPYKHOCTb KacalioTcA APYr APYyra BHEIITHUM
obpasoM, a ux o0IMe KacaTeJdbHbIe IIapajielbHbl. JJokasKkuTe, UTO pac-
CTOSHUE MeXIy UX IIeHTPaM’ PaBHO CyMMe IIOJIyoceil aJIuIIca.




Pemienug 3amau

1. 910 ypaBHeHHe 3aJaeT KPHUBYIO BTOPOTO
MOPALKA, IOCKOJbKY OHO SKBUBAJEHTHO ypaB-
HeHmuio xy = 1. Tax Kak

xy=1((x+y)* - (x—p)?),

B KoopauHaTax ¢ =x+y, { =x —y oTa runep-
0osa OyzeT MMeTh ypaBHEHUeE

£y

4 4

ITonpob6yem HaviTu ee porychl. IlycTh ToOuKa
X CKOJB3UT mO Tumepbose, MOCTEHEeHHO YXO-
I B OecxkomeunocTh. Torma mpambie F1X u
FyX crpemsaTcsa K mapaJyuieJbHbIM (rme F; u
Fy — @orycsl rumepboJibl), a 3HAUUT, BeJIUUUHA
|F1X — F»X | paBHa AJMHE NPOEKLIUU OTPE3Ka
F1Fy ma ocs Ox. C gpyroii CTOpOHBI, OHa paB-
Ha JeflCTBUTEIbHOM ocu runep6oubl, T. e. 2v/2.
ITockonbky yroa Mmexxay mpamoit FiFs um Ox
paseH 45°, BenruuuHa F1 Fy paBHaA 2v2.v/2=4.
CaegosarenbHo, OF; = OF; = 2, a 3HaUUT, TOU-
Ka Fi uMeeT KOOpPIWHATEHI (\/§, \/§), a Fy —
xoopamHATH (—v2, —v/2).

2. CoeIVHUM TOUKHN KaCaHUS U BePIINHBI
MHOTOYrOJbHUKA ¢ Toukoil F. Ilokpacum 1mo-
JIYUYUBIIINECSA YTJIbI, COMEPKAIe OTPE3KH Uep-
HBIX CTOPOH, B KPACHBIN IIBET, a CoAep:Kaliiue
orpe3ku Oenbix — B cuuuii. Ilo Teopeme 1.4
YTJbI, OTHOCAIIMECA K OJHON BepIITWHE MHO-
TOYTrOJIbHUKA, PaBHBI, a OHU WMEIOT pa3HbIe
1BeTa. 3HAUNT, CyMMa KpPAcCHBIX YIJIOB paBHA
cyMMe CMHUX YTJIOB, T.e. 180°.

3. U3 ycioBuA ciaenyeT, UTO IPSIMbIe, CHUM-
MeTpuuHbIe guaroHaau AC OTHOCHUTEJIBHO Ouc-
cekTpuc yrioB A u C, mmepecexKamwTCs B TOU-
Ke P gmaromanu BD. IlpumeHUB TeopeMy cu-
HycoB K Tpeyrombuukam ABP, ADP, ABL n
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ADL, roe L — TouKa IIlepeceueHUs AUaroHaJel, IIoJaydyaeM BLBP _ AB®
» TR P A ’ y DLDP  AD?’
Anajgoruuso BLBP _ CB? A zmauur AB _CB
DLDP c¢D?’ > AD ¢D’

OTKyJa IoJiyuaeM TpedyeMoe yTBep:KAeHUe.

4. OKCIEHTPUCUTET BCE€X PABHOCTOPOHHUX
rumepGo, OYEBHMAHO, paBeH /2 (IpoBepbTe
aro!). [losToMy AUPEKTPUCHI paccMaTPUBAEMBIX
rumnepboJ HaxoAsdATcA Ha paccroguuu FP/ V2
or Touku P. CiemoBaTelbHO, OHHU KacaioT-
cA OKPYKHOCTH W C IIeHTpoM P u pagmycoMm
FP/\/Q. Jlerko moHATH, YTO OHU OTruOAIOT BCIO
OKPYJKHOCTH (TaK KaK ¢ KaxKIoli KacaTeJIbHOI
K 9TOM OKPY/KHOCTM MOYKHO CBA3aTh PaBHOCTO-
poHHIOI runep6oay ¢ ¢okycom B Touke F u Ka-
caTeJbHOU KaK AupeKTpucoii). C Apyroi cTropo-
HBI, TUPEKTPUCHI NIEPEXOIAT B ACUMIITOTHI IIPU
TIOBOPOTHON TOMOTETHH C IIEHTPOM B TouKe F
(moBopoT Ha +45°, a Ko3(pPUIIMEHT TOMOTETHUN
V2). IlosToMy BCe ACHMIITOTHI TAKUX PABHO-
CTOPOHHUX THUIIEP00J OYAYT KacaTbcd OTHOM U3
IBYX OKPYKHOCTEeI, IOJYUaloOIINXCA U3 ) IPU
BBIIIIEOIIMCAHHOM romoTeTuu (puc. 5.1).

5. O6o3HAUMM MOPOEKIINI0 TOUKM X Ha IUu-
peKTpucy mnapaboJibl yepes X'. 3amMeTum, 4TO
FY || XX', a XY || X'F (0obe nmpsaMBble IepIeHIU-
KYJAPHBLI KacaTeJbHOH K mapaboJe B Touke X).
Taxum obpasom, XYFX' — mapasienorpamMmm, a
3HAUUT, AJIUHA oTpeska YZ pasua X'F/, roe F/ —
npoeriua Touku F ma XX'. Ho giuHa orpeska
X'F’ mocToAHHA U paBHA PACCTOAHUIO OT (hOKY- Puc. 5.2
ca o IupeKTpuchl napaboJsl (puc. 5.2).

6. O6ozHauuM meriexomoB uepe3 X u Y, a TOUKY IepecedeHuss JOpPOT
yepe3 A. Touka mepeceueHUs CepeIVWHHBIX IEPIEHAMKYJIAPOB K AX m
AY nBuiKeTCs IO HEKOTOPOII IMpAMOU (IIOCKOJbKY ee MPOeKInU Ha JOpOo-
TH JBUXKYTCSA C IIOCTOSHHOUN CKOPOCTHIO). O003HAUMM 3Ty IPIMYIO uepes
[. OnncaHHAasA OKPYKHOCTh TpeyroabHnka AXY Bce BpeMs IPOXOAUT Ue-
pe3 TOUKY, CHMMETPUYHYIO TOUKe A oTHOcUTeabHO [. O603HAUNM 3Ty TOU-
Ky uepes A’. Paccmorpum mapaboiry, Kacarol[ylocsa CTOPOH TPeyTroJbHUKA
AXY, c porycom B A’. Ee qrupexTpuca — 3T0 OIpaAMas, IPOXOAAINAd dyepes
TOUKHM, CUMMeTpuuYHEIe Touke A’ orHocurenpuo AX u AY. Ho stu Toukn
He MEHSAIOT CBOe IIOJIOJKeHNe ¢ TeueHueM BpeMeHU. [[0sTOMYy AUPEKTPU-
ca u (porxyc mapabobl He MEHSIOTCA C TeueHueM BPeMeHM, a 3HAYUT, U
mapaboJjia ocTaeTcs Ha MecTe U Bce BpeMs Kacaerca XY .
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7. Ilycts mpamas, Kacamwiladca mapabosbl, mepecekaer AP u AQ B
Toukax X u Y, M — cepenuna orpe3ka XY. Torga mo Teopeme 1.10 omm-
caHHasd OKPYKHOCTH TpeyroabHuUKa AXY mpoxoauT uepes TOUKy F — do-
Kyc Halei mapa0oJjbl. 3aMeTuM, YTO YIJIbI TpeyroJbHuka XFY He 3aBu-
CAT OT MOJIOMKeHUA KacaTrenbHoli. CiegoBaTesbHO, Beanunua yriaa XMF

FX
W OTHOIIEHUE .. TOXe IOCTOSHHEL. Taxum oOpasom, Touxa X Iepexo-
IUT B TOUKY M IIpu MOBOPOTHOM rOMOTETHUM C IIEHTPOM B Touke F, yriaom
FX
nmoBopora XMF u Ko3(hPuiimeHTOM M 3HauuT, Touka M IBUIKETCS IO

IPAMO, B KOTOPYIO mepexoauT AP mpu 3TOW rOMOTETHMN.

8. Cmesnaem mpoekTHMBHOe mpeoOpasoBaHMe, IepeBOAAIee TOUKY P B
IeHTp TaxkecTu Tpeyroabauka ABC. Torga Touku A’, B’ u C' nepeiigyT B
0eCKOHEUHO yAaJeHHBIe, T. €. JieKalllie Ha OJHOM IMPAMOIi.

AHaJOrMYHO MOYKHO IMOKAas3aTbh, UTO AJIA JI00M HmpsaMoii (He IPOXOmds-
el yepes BEPITUHBI TPEYTOJbHUKA) CYIIECTBYET €IMHCTBEHHBIN TPUIU-
HeHHBIN OJII0C, T. €. TOUKA, AJII KOTOPOU aTa npAMasd OyaeT TPUINHeHHOM’
MIOJISAPOH.

9. Coenaem adgduuHoe mpeodbpasoBaHUe, TAK UTOOBI 9Ta mpsIMAas CTa-
Jia mapaJiiesibHOIl OfHOI u3 oceil rumep6oJbl. Torga sTo paBeHCTBO OyHeT
clegoBaTh U3 cuMMeTpun. Ho MOCKOJIBKY paccMaTpuBaeMble OTPE3KU Jie-
JKaT Ha OJHOH IPAMOI, UX PABEHCTBO COXPaHUTCA U mocie adduHHOTO
mpeoOpas3oBaHUS.

10. Cpenaem addunHOe HmpeobpasoBaHUE, IEPEBOAAIINEE 3TU IPAMEIE
B OpsAMbIe, IapaJliiejibHbIe JUpeKTpuce mapabossl. Torma mpamas, coenu-
HSAIOIAs cepeauHbl oTpe3koB AB u CD, nepeiiger, oueBUAHO, B OCh IIapa-
6osb1. Ho mpu adduuEOM mpeodpasoBaHUYM MHOMKECTBO MPSIMBIX, IMapaj-
JIEJIBHBIX OCH TapaboJjibl, coxXpaHsdeTcs (KaK MHOYKECTBO). ITO IpPAMEIe,
MIPOXOAAIINE Uepe3 TOUKY KacaHusA 9TOU mapabosbl ¢ 6eCKOHEYHO yIaJIeH-
HOU IIPSAMOM.

11. Ecau Toukra C JeXUT BHYTPU OKPY’KHOCTHU, IPOEKTUBHLIM IPE0s-
pasoBaHueM IIepeBelieM ee B IeHTP. JIerKo MoHATh, UTO TOTAa 00passl TO-
yeK D u E OyayT CUMMETPUYHBI OTHOCUTEJNBHO ITeHTpPa, T. €. Touku C, a
3HAYUT, OHU JIEXKAT Ha OJHOU IIPAMOI.

Ecau C jeXUT BHE OKPYKHOCTH, TO 3aJaUy PelllaeT IPOeKTUBHOE IIpe-
o0pasoBaHue, mepeBoAIlee ee B 06CKOHEUHO YAAJIEHHYIO TOUKY.

12. Cgenaem adpprHHOE IIpeodOpasoBaHMe, MePeBOAsIINee HAIl 3JIJINIIC B
OKPY’KHOCTE. Torzia Bce OKPYsKHOCTH U3 YCJIOBUS 3aJaduM IePeuayT B 2JI-
JIUTICBI. OTH SJIIUIICEI OYAYyT IMOAOOHEI (T. €. OTHOIIIEHNE MaJIOH 1 0OJIbIITON
TMoJyoceil OyAeT ofMHAaKOBBIM) M OAMHAKOBO PACIIOJIOMKEHBI (COOTBETCTBY-
IoI[Me OCH mapajuienbHBI). Hamo mokasaTh, YTO OHHM OYIYT OJUHAKOBOTO
«pasmepa». CompsKeHHbIe UAaMETPhI SJLINIICA IePeHdayT B IepPHeHIuKY-
JSpHBIe fUaMeTPhl Halell oKpy:xkHOocTH. Hy a Temeph 0CTAIOCh BOCIOJE-
3oBaTheA pedyabraTaMu § 1.4. Eciu OBI 9TH 9JJINUIICH OBIIN PA3HOT'O «Pas-
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Mepa», TO PaAUyChl OKPYKHOCTeil, M3 TOUEeK KOTOPBHIX OHU BUIHBI IIOJ
MIPAMBIM YTJIOM, TOXKe ObLam Obl pasHbIMH. HO Bce 9THM paguychl paBHBI
pazuycy Hailiei 60JbIIToN OKpysKHOCTH (puc. 5.3).

Puc. 5.3 Puc. 5.4

13. IIycts O — 11eHTp ONMMCAHHON OKpYskHOCTU Tpeyroabuuxka ABC. To-
rIa II0 TeopeMe CHHYCOB paxumyc 3Toii okpy:kHOocTu OA m yroa BOC me
usMmeHsaioTcsa. CiegoBaTebHO, He MeHsdeTcsa u aAjauua orpesxka OP. Kpome
TOTO, HaIpaBJeHWe OMCCEKTPUCHl BHelrHero yraa AOP To:ke He MeHsAET-
cd, TaK Kak 6uccexkTpuca yriaa AOB Bcerga nepueHaukyaapHa AB, a yroa
BOP ne menserca. Ilycts P/ — 5To TOUuKa, CUMMeTpHAYHAS TOUKe P OTHO-
CUTEeNBHO 3TOM OuccexTpuchl. Torma Touxa P’ jmesxkur Ha npamoii OA u
JuuHA oTpe3ka AP’ mocroAHHA. 3HAUUT, NPOEKIIUM OTpe3koB AP u AP’
Ha TPAMYI0, IapajliebHYI0 BHeIllHel Ouccektpuce yriaa AOP, paBHBI,
a mpoeKnua orpeska AP Ha mpAMY0, MapajjeJbHYI0 BHYTpPeHHeH Ouc-

cexrpuce yriaa AOP, pasHa mpoexinuu orpeska AP’ Ha aTy e mpamyro,
AO - OP
AO+O0P°
Cy, MOJIyYaIOIeMyCsA IPHU CIKATUU OKPYKHOCTHU C IIEHTPOM A U paguycoMm
Ap g A0-OP

AO+OP
AOP.

14. IIpegmoso:XuM cHavaJsa, UYTO KOHUKA, IIEePEeceKaroInas CTOPOHBI
TPeyroJbHUKa B 3TUX TOYKAaX, — OKPYy:KHOCTb. Torma, Hampumep, BA; x
x BAg = BCq - BCs. IloaTomy aTO cooTHolenme paBHo 1. Orcioma cpasy
cJaenyeT, UTO ecJii KOHMKAa — 9JLIUIIC, TO 3TA BeJIUUYNHA TOXKE COXPAHUTCS,
MMOCKOJBbKY mpu ahGUHHOM IIPeoOpa3oBaHNM, IEePEeBOIAINEM 3TOT JLIUIIC
B OKPYKHOCTBH, JaHHOE COOTHOIIEeHUWE He M3MeHUTCA («Mbl YMHOKAeM H
IeJUM Ha OBa KOJIMHEapHBIX OTpeska»). Ho mas rumepOoJbl 3TO pac-
cy:KJIeHUe He IPOXOAHUT, MOCKOJILKY He cylmecTByeT ahGUHHOTO Hpeod-
pasoBaHUs, MEPEBOISAIIET0 OKPYKHOCTh B T'HIIepO0Jy. 3aTO CYIIeCTBYET
MIPOEKTUBHOE IIpeobpas3oBaHue.

ITokakeM, UTO IpU IIPOEKTUBHOM IIpeoOpasOoBaHUU 9Ta BeJIUUMHA He
M3MEHUTCS.

YMHOKEHHOU Ha CiiemoBaTeabHO, TOUKA P ABHXKETCA IIO DJIJINII-

pas K IpsaMoii, mapaJiie/ibHON BHeIlIHell OMCCeKTpIce yria
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Kasxzoe IpoeKTHBHOE IIPeodpasoBaHmne ABIAETCA EeHTPATLHOM IPOeK-
mueii. O603HaUuM LEHTP 9Tol mpoeknuu uepes P. Torga

BA1-BAs _ Sappa, Snappa, _ (PB-PAj-sin ZBPA;) - (PB-PAy-sin ZBPAy)

CA1-CAy  Snapca, -Sapca,  (PC-PAj-sin ZCPAy) - (PC-PAy-sin ZCPAy)
__ PB? sin /BPA, -sin /BPA,
T PC? " sin ZCPA; -sin Z/CPA,

BrinucaB amajormuHbIe PaBEHCTBA IJIA IPYTHUX OBYX CTOPOH U Iepe-
MHOKUB UX, MBI IOJIYUYUM CJIeAYIOIllee PABEHCTBO:

BA;-BA; CB;-CBy AC;-AC; _ (PB? sin /BPA, -sin /BPA;
CA,-CA, AB, -ABs BC,-BCy (P—c2 " sin ZCPA, -sin ZCPAy )
PC? sin Z/CPB; -sin ZCPBy PA?  sin ZAPCq -sin ZAPCs
(W " sin ZAPB, -sin ZAPB, ) ' (W " sin ZBPC; -sin ZBPCj )
__ (sin ZBPA; -sin ZBPAy sin Z/CPB -sin ZCPBy sin ZAPC; -sin ZAPC»
- ( sin ZCPA, -sin Z/CPA, ) ' (sin ZAPB, -sin ZAPB; ) | ( sin /BPC, -sin ZBPCs ) ’

Hy a sTa BeimunHa, KaK HeTPYAHO BUAETH, He 3aBUCUT OT ILJIOCKOCTH,
Ha KOTOPYIO MBI JejiaeM HPOoeKIinio. s rumep6oJibl paBeHCTBO TOXKEe BBI-
IIOJTHAETCH.

Ocrajyioch IIOKas3aTb, YTO €CJAU TOUYKHU YIOBJIETBODPAIOT 3TOMY OTHOIIIE-
HUIO, TO OHU JIeKaT Ha OAHON KoHUKe. IIpoBeieM KOHUKY Uepes HAThb TO-
YeK M3 HAIIIUX IITeCTH, CKakeM, uepes Bce, Kpome Cg. ITa KOHMKA TOJKHA
mepecexkatb AB elle B KaKoii-To Touke Kpome Ci. O603HAUUM 9Ty TOUKY
gyepes Cj. Jlya BEIOPAaHHBIX HAMU IATH TOUYeK U TouKu C) BBIIOJHEHO Tpe-
Oyemoe coorHomeHre. Ho, Kak jerko moHATh, Touka C), U3 HEro BoccTa-
HaBJINBAETCA OLHO3HAYHO, CJIENOBATEJIbLHO, OHA HOJKHA coBIamaTh ¢ Cy.

15. IlepeBemeM TPOEKTHUBHBIM IIPEOOPA30BAHMEM TOUKU IIepecedueHms
9JLIUIICOB B BepIIMHBI KBajgpara. Torma meutp O xBaapara OyaeT o0IIUM
IEeHTPOM JJIJIUIICOB U, SHAUUT, UX OOIMe KacaTelbHble TOKe OyIyT IO-
MMapHO IMEeHTPAJIbHO CUMMETPUYHBI OTHOCUTEIHHO O.

16. O6oznauuM TOUKM IepeceueHus auaronangeitr AC u FB uepes A;.
AmnajoruuHo ompeneauM Touku By, ..., F1 (puc. 5.5).
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ITo Teopeme Ilackans Touka mepeceueHusa NpAMbIX AD u FC nexur
Ha npamoii F1Cy. O0o3HAUUM 39Ty TOUKY uepe3 P, a TOUKY IlepeceueHusd
npAMbIX ADq u B1F uepe3 @. Torma mo Teopeme Ilanna touku Ci, P u @
JIesKaT Ha omHoU mpamoi. OnaTh »Ke BOCIIOJIb30BaBIINCL Teopemoi Ilar-
ma gasa Touek A, Ay, By u F, Eq, D{, Mbl moJilydaeM, YTO Ha JTOM iKe
IPAMON JIEKUT TOUKA IepeceueHus npaAmMbix Ai;D; u B1E{. Takum 006-
pasom, mpambie A1Dy, B1E1 u C1F; nepecekalTcsa B OJHON TOYKe, HO
1o obpaTHOU TeopeMe BpuaHIioHa 13 9TOTO CIEAYET, UTO IIIeCTUYTOJbHUK
A1B1C1D1EF, ontcaH BOKPYr KOHUKHK. CTOUT TaKsKe 3aMEeTHUThb, YTO MBI
B JOKa3aTeJIbCTBe HUT/e He UCIIO0JIb30BAN, UTO TOUKU UAYT UMEHHO B Ta-
KOM IOpsSAIKE.

BriBemem u3 sToro teopemy lloHceise niasa TpeyroabHuUKa. IlycTh Tpe-
yroabuuk ABC BOmcaH B KOHUKY (1 M OOMCAH BOKPYT KOHUKHU 0. BO3b-
MeM IPOM3BOJILHYIO TOUKY D Ha o7, KOTOpasd JIEXKUT BHE (g, U IPOBEIEM
KacaTeJabHbIE K Xg. IlyCcTh OHUM ITOBTOPHO IlepeceKaroT «1 B TouKax E u F.
Hawm manmo mokasath, uTo EF Kacaercsa ay. Kak MBI ToKasasu, CYIeCTBY-
eT KOHUKa, Kacatiascsa npameix AB, BC, CA, DE, EF u FD. C apyroi
CTOPOHBI, CYITIECTBYET eTMHCTBEHHAA KOHNKA, KAacalollaacsa AT IPAMbBIX
AB, BC, CA, DE, DF, u sto KOHuUKa ®y. CiemosareabHo, u EF racaercs
Q9, UTO X TPeOOBaJIOCH IOKAa3aTh.

17. Vxasanue. YeTsipexyroabHUK, 00Pa30BAHHBIA AAHHBIMU IPAMBI-
MU ¥ aCUMIITOTaMH, OIIMCAH BOKPYT T'UIIEePOOJILI.

18. 1o obpaTHOIt Teopeme BpuaHIlioHa cyIlecTByeT KOHUKA, Kacaiomia-
SICSI CTOPOH 000MX TPEYroJbHUKOB. IlycTh MpOM3BOJIbHAS MIpPAMAas, Kaca-
foIasacAa 9ToM KOHuUKHU, mepecekaeT AC B Touke P u BC B Touke Q. s
pellleHusa 3aJauM AOCTATOYHO IOKAa3aTh, 4yTo npsamble PB' u QA’ napau-
JeJbHBI. A 2TO cieayeT M3 TeopeMbl BpuMaHINioHa, IPUMEHEHHON K OIIu-
CaHHOMY BOKPYI TOM ’Ke KOHMKHU ImecTuyroinbHury A'B'XQPY, rae X,
Y — 6eckoneunble Touku npAMbix BC u AC.

19. IIycte X, Y — aBe TOUuKM GECKOHEUHO yIaJIeHHOI IIpsaMoil, Hampas-
JIEHWSI HAa KOTOpbIe MHepIeHAUKYJIApHBI. IIpoBemem uepes Touku A u B
IpsAMbBIe, MapajijieJbHble HampaBiaeHuio Ha X, a uepesd C u H — npAMbIe,
napaJuiesbHble HampaBaenuio Ha Y. Ilycrs UV — puaronanb oOpasoBaH-
HOTI'O 3TMMM NPAMBIMA IPAMOYIOJbLHAKA, a B’ — oCHOBaHue BBLICOTEHI Tpe-
YToJbHUKA, ONYIIeHHON u3 Touku B (puc. 5.6).

Tax kKak uerbIipexyroiabHuku BB'CV u AUB'H BOHWCAHBI B OKPYIK-
HocTu ¢ guamerpamu BC u AH, /AB'U=/AHU, /VB'C= /VBC. Ho
/AHU = /VBC Kak yrJabl ¢ TMEepHeHANKYJIAPHBIMU CTOPOHAMM, SHAUUT,
rourku U, B', V jmexar Ha 0gHOI IpaMoli, 1 1o o6paTHOol TeopeMe Ilacka-
asa mectuyroabHUK AXBHYC Bnucad B KOHUKY, T. €. PaBHOCTOPOHHSSA
runep6osa ABCXY mpoxoauT uepes TOUuky H.

O6paTHO, IyCTh KOHHKA IIPOXOAUT uepe3 Touku A, B, C, H. Tak Kak
A, B, C, H He ABJIAIOTCA BePIINHAMY BLIITYKJIOTO YeTHLIPEXYTOJbHUKA, KO-
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Puc. 5.6

HUKa MOKeT OBIThb TOJILKO rumepbosoii. Ecau X — ogHa 13 TOUeK ee mepe-
ceueHUsA ¢ OECKOHEUHO yIaJIeHHON HmpAMOii, a Y — 0eCKOHEUHO yaaJeHHasd
TOYKAa, COOTBETCTBYIOIAA MEePIEeHIUKYJIAPHOMY HAITPABJIEHNIO, TO Y TOXKe
MIPUHAAJIEKUT KoHuKe. ClemoBaTebHO, KOHMKA SBJSETCA PABHOCTOPOH-
Hell ruepboJI0ii.

20. Vrazanue. Mo:xHO BOoCTIONIb30BaTheA meopemoti Conda, yrBep:xaa-
IOITIeH, YTO eCJU ABA TPEeyroJbHUKA MePCIeKTUBHEI (T. €. IpAMbIe, COequ-
HSAIOI[Me UX COOTBETCTBYIOII[ME BEPIINHEI, IePEeCeKaloTCs B OJHOM TOUKe)
¥ OPTOJIOTUYHEI (T. €. MEePHeHIUKYISIPEI, ONYINEeHHbIE U3 BePIIUH KaMKI0-
'O TPEeyroJbHUKA Ha CTOPOHBI APYTrOro, epeceKarnTcsa B OJHON TOYKe), TO
IIEHTPHI NIEePCIEKTUBBI M OPTOJOTUUHOCTH JeKAT Ha ogHOoM mpsamoii. Kak
CJIEJICTBUE STOUN TeopeMbl HETPYAHO IOJYUYUTh, YTO OPTOJOTUYHBIE Tpe-
YTrOJLHUKY C COBIAAAIOIIUMY [[EHTPAMU OPTOJOTNYHOCTH IePCIeKTUBHEIL.
VYTBepikIeHNe 3a4aUl ABJIAETCA YaCTHBIM CJaydaeM IIocaemuero. OTMeTuM
TaKyKe, UTO eCJI KOHMKA SABJIAETCA OKPYIKHOCTBIO 1 €€ BHYTPEHHNE TOUKU
paccMaTpuBalOTCa KaK TOUKM moaenu Kieiina reomerpuu JlobaueBcKoro,
TO yTBepP:KIEHUE 3aJauMl CTAHOBUTCS aHAJOTOM TEOPEeMbBI O IepecedueHun
BBICOT TPEYTOJbHUKA B OJHOM TOUKE.

YTBep:KIeHUe 5TOl 3amauyy MOYKHO c(hOopMyIMpPOBaTh IIO-IPYIroMy: OBa
TPEYroJbHAKA MEePCIEKTUBHEL TOI'A U TOJHKO TOra, KOTAA OHU IOJIAPHEI
(T. e. CyIleCTBYyeT KOHUKA, IPU HOJAPHOM COOTBETCTBUM OTHOCUTEIHLHO
KOTOPO# BePIIUHBI OJHOTO TPEYrOJbHUKA IIEPeXOAAT B CTOPOHLI IPYIO-
ro U HaoOOPOT; 9Ta KOHUKA MOKEeT OLITb MHuUMOIT). [Id moKasaTelbcTBa
9TOT'0 KPUTEPUS JOCTATOUHO IIEPEBECTU OCh IIEePCHEeKTUBLI TPEYTOJIbHUKOB
B 0ECKOHEUHYIO HPAMYIO, TAK UTO OHM CTAHYT 'OMOTETHYHLIMU, a 3aT€M
apPuHHBIM IpeobdpasoBaHreM (BO3MOYKHO, MHMMBIM) II€PEBECTHU [EHTP I'0-
MOTETUU B OOIIIMII OPTOIIEHTP.
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21. IleHTp KOHUKU HABJIAETCA IOJIPON OTHOCUTENLHO 9TOH KOHUKU
0EeCKOHEUHO yJaJIeHHON MPAMOM. 3HAUMUT, UX IIPOOOPA3bl OTHOCUTEIHHO
& SIBJSAIOTCSA IIOJISPOI M IMOJIOCOM OTHOCUTeabHO . Ho mpoobGpas Gecko-
HEUYHO YJAaJIEHHON IIPAMOI — 3TO IEHTP KOHUKU .

22. 1. PaccMoTpuM OpAMYIO, IIepeceKarIyo Irumepooy B TOUKax A,
B, a ee acuMnTOTHI B TouKax X, Y. Taxk kak AX =BY, cepeIuHbI OTPE3KOB
AB u XY coBmamaioT, U IpsaMasi, COeINHAIONIad cepeanty oTpeska AB c
IeHTPOM rurep6ossl O, ABIAETCA MEIUAHON IMPSAMOYTOJbHOTO TPEYTOJIb-
Huka OXY. 3HAauuT, OHA 00pas3yeT ¢ aCUMIOTOTAMHU TUIEPOOJILI TaKUe Ke
YTJIBI, UTO U Onpamasa AB.

2. Ilyctp P — TouKa IepeceveHUsI ABYX PABHOCTOPOHHUX THIepPOOJI C
meuTpoM O. Tak xax KacaTeilbHbIe K ruiiepboJiaM, IPOBeJeHHbIE B 3TOH
TOYKe, CUMMEeTPUYHBI OP OTHOCUTENHHO IPAMbBIX, MAapaJlIeJbHBIX acHuM-
IITOTaM, YIroJ MeXAYy HHMU BABOE OOJIbIIIE YIJIa MEXXIY aCUMITOTAMU.

23. CremaeM moJisspHOE Ipeobpa3oBaHMe OTHOCUTEIbHO OKPYIKHOCTHU C
meaTpoM B Touke O, rae O — meuTp sjaunca. Torga cropoHbl pomba Iie-
peiayT B TOUKM, U3 KOTOPBIX 00pas sJIniica (a 9TO OUATH OyAeT SJLIUIIC)
BUAEH MO OpAMBIM yriaoMm. Ilo Teopeme 1.5 310 GymeT OKPYKHOCTD, IIPU-
yeM C IeHTpoM Toxke B Touke O. Hy a 3mauur, ee obpasom, T. e. orubaro-
e Bcex 3TUX POMOOB, OyIeT OKPYKHOCTh ¢ meHTpoM O.

24. OKpyKHOCTb U TuIep00sa 00pas3yioT ABaKIbl KacaIoIUiCA IYUYOK.
IIpu moJsIPHOM COOTBETCTBUHM OTHOCHUTEIBHO OKPYIKHOCTH Trumepbosa Ie-
PEXOOUT B KOHUKY M3 STOT0 IIyYKa. BEeCKOHEUYHO yIAaJeHHLIMU TOUKAMU
9TOHM KOHHKM OyAyT 00pashl ACUMIITOT I'MIIEPOOJIbI, KOTOPbIE, OUEBUIHO,
COBIIAJAIOT C 0ECKOHEUHO YAAJIeHHBIMU TOUKaMM caMoii rumep6osnl. Cie-
JoBaTeJbHO, rumep0boJia mepeiigeTr B ceds.

ITokaxkeM, UTO M OKPY’KHOCTHL ABTOIIOJSIPHA OTHOCHUTEJNLHO TUIIep0o-
Jgbl. BosbMeM B IIPOCTPAHCTBE [Be IIePIEHINKYJIAPHBLIE IIPSIMble W pac-
CMOTPHUM [IBa KOHYyCa, 00pasymoIuecsd IPU BPAIEHHU 3TUX HPAMBIX BO-
KPyT OMCCEeKTPUC YIJIOB Me:KAYy HuUMU. JlaHHBIe MpsAMBbIe OYAYT OOGIITUMN
00pasymouuMy 060X KOHYCOB, 0 KOTOPBEIM KOHYCHI KacalTCs APYT APY-
ra. Eciiu mpoBecTH MJIOCKOCTh, MEPHEHAUKYISPHYIO OCH OJHOTO U3 KO-
HYCOB, TO CeUeHHEeM JTOro KOoHyca OyAeT OKpPYKHOCTb, a APYroro — pas-
HOCTOPOHHSAA rumepb0Jia, KacamwIlasicsa OKPYKHOCTH B CBOMX BepIIMHAX
(puc. 5.7). CiremoBaTelbHO, CYIEeCTBYeT HPOEKTHBHOE IpeoOpasoBaHue,
MeHAIIlee TaKWe OKPYsKHOCTh M rumepbony mecramu. IIpum sToM aBTO-
MMOJAPHOCTL COXPaHSIEeTCs.

OTMeTHM TaKKe, UTO €CJIM IIPOBECTU CEKYIIYIO IIJIOCKOCTb IIePIIeHIu-
KYJISIPHO 00IIeli o0pas3yroleil KOHYCOB, TO CEUEHUAMU OYIyT ABE PaBHLIE
mapaboJibl, KacarwIuecsa APYr Apyra B BeplimHax. SHAYUT, TaKue mapa-
00JIbI TaKJKe aBTOIIOJISIPHLI OTHOCUTEJLHO APYT APyra.

25. Tax xax Touka T Jjexut Ha npsamoii I'aycca, oHa ABJIsSETCA I€H-
TPOM BIIMCAHHOM B UeTHIPEXYTOJbHUK KOHUKHU. IIyCTh YeTHIPEXYTOJbHUK
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He ONMCAaHHBIN, TOTIa 3Ta KOHUKA He OKPYKHOCTh, T. €. PACCTOSHIE OT ee
IIeHTpa [0 KacaTeJlbHOH IpUHUMAaeT Jio0oe 3HaueHNe He 0ojee UeThIpex
pas. IIpOTHUBOIOIOKHBIE CTOPOHBI UeTHIPEXYIOJbHIAKA 110 YCJIOBUIO HAXO-
IATCSA HAa PABHOM PACCTOSHUU OT IeHTpa. 3HAUUT, JIM0O XOTsA ObI B OZHOMI
13 Hap IPOTUBOIOJIOMKHBIE CTOPOHBI MapajeibHbl U UeThIPEeXYTOJbHUK
SABJISIETCSA Tpalelnue, Jrubo B KA /I0M Iape CTOPOHLI CUMMETPUYHBI OTHO-
CUTEJIbHO OJHOM 13 OCel KOHUKU. ITU OCH He COBIIAAAIOT, TaK KaKk MHaUe B
YeTHLIPEXyTOJbHUK MOYKHO BIIMCATh OKPY:KHOCTD, CJIeJOBaTeJIbHO, OMCCeK-
TPUCHI YIJIOB MEKAY MIPOTUBOIOJIOKHBIMI CTOPOHAMHU YeThIPEeXyTOJIbHIKA
MEePIEeHANKYJIAPHBI, YTO PABHOCUJIBHO ero Bnucanuoctu. O0paTHOE yTBEP-
JKIeHUWe IJIS BIIMCAHHOTO YeThIPeXyroJbHNKA JOKa3hbIBAETCS aHAJOTUYHO,
a IJS OHNMCAHHOTO UYeTHLIPEeXYTOoJbHUKA U Tpalleluy OHO OUeBUIHO.

26. PakTryecKu 5TO mepeOPMyJIUPOBKA IpeabIAyIeil 3amaun. [leii-
CTBUTEJHHO, TOuKa O paBHOyIaJeHA OT IPOTUBOIOJJOKHBIX CTOPOH UETHI-
pexyrojabHUKa, obpasoBanHoro npsambiMu AX, AY, BX, BY (umMeHHO B
TaKOM IIOpsaaKe). ¥YciaoBue, uro Touku C, Z u O jekaT Ha OJHOU IIPAMOI,
PaBHOCUJIBHO TOMY, uTO Touka O Je;KuUT Ha ero mpamoi 'aycca. dror ge-
THIPEXYTOJbHUK He Tpalernus, cieqoBaTeabHO, OH 160 BIIUCAHHBIN, U TO-
raa yroa O npsmoii, 1ub0 OnMCaHHbI, W TOTAa AJUHLI JOMAaHBIX PaBHBI.
IIpoBepka oOpaTHBIX YTBEP;KACHUU He IPEACTABISAET CI0KHOCTEH.

27. ITocKONMBKY AJIsA JIOOBIX ABYX OKPYKHOCTEIl 1Be 13 YeThIPEX TOUEK
rnepeceueHns OECKOHEUHO yaaJieHHble (M MHUMEBIE), YTBeP:KIeHNEe 3aTaun
cpasy cleyeT M3 TeOpPeMbl O TPeX KOHUKAX.

28. Yka3anue. [JlanHble TOUKY OPUHAIIEKAT MHOMKECTBY IIEHTPOB KO-
HUK OYyYKa, MOPOKIEHHOTO BEePIINHAMU YeThIPeXyTroJbHUKA.
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29. Yka3anue. Ocu onmmMCaHHBIX OKOJIO UETHIPEXYTOJbHUKA IapaboJ
MEPIEeHANKYJIAPHBI TOTJa U TOJBKO TOTa, KOT/la YeThIPeXYTOJbHUK BIU-
CaHHBIN.

30. Vkasanue. BocmosbsyiiTech ABOMCTBEHHON TEOPEMOI O UETHIPEX
KOHUKAaX.

31. B cuay Teopemsbl 3.21 oauH 13 dKCIEHTPUCUTETOB OyaeT 6oJibiie 1,
U COOTBETCTBYIOIaA KOHUKA OYyAeT SJIJIUIICOM, a APYroi MeHbIe, 1, 3Ha-
YuT, KOHUKA OymeT rumepbosoii. [lamee MbI OyieM X HA3BIBATH JJIJIUIICOM
u runep6omaoii. Ilyers F' — sro npoexknus touku F Ha [, a S — cepenuna
orpeska FF'. Touku mepeceuenus npsamoii FF' ¢ saauimcoMm 0603HAYMM
yepe3 E1 u E9, a TOUKU IIepeceueHus ¢ runepodosoit — uepes Hy u Hs. Ilo-
CKOJIbKY 9KCIIEHTPUCUTETHI y JJIJIUICA U TUIMEPOOJIBI BBAUMHO OOpPATHHI,
Touku Ei1 u E9 OygyT cumMmerpuuHbl ToukaM H;, u Hy oTHOcuTeabHO S.
CiegoBaTesIbHO, OTHOCUTEIBHO TOUKM S CUMMETPHUYHBI IIEHTPHI SJLIUIICA
¥ TUIIep00JIbl, KOTOPLIE IBIAIOTCA cepefuHaMu OTpe3KoB E1Ey u HiHs co-
OTBETCTBEHHO. A 3HAUUT, €CJU TOUKY F OTPasuTh OTHOCUTENLHO CepeanH
otrpe3koB E1E9 u H1Hj (T. e. TOUEK, CHMMETPUYHBLIX OTHOCUTEJIHHO S), TO
IOJIy4YaTCA TOUKM, CUMMETPUYHBIe oTHOcuTeabHo F'. Ho aT; ABe TOuKwH,
0UeBUAHO, OYAYT BTOPBIMU (POKYCAMHU HAIIUX KOHUK.

32. JomycTuM, MCKOMOe MHOXKecTBO Hemycto. Torma /BAP = /BCP,
/DAP = /DCP wu, suauur, /A= /C. Auanoruuto /B=,/D, t.e. ABCD —
napaJuiegorpamm. C apyroii ctopousl, ecaiu ABCD — mapajiesorpaMM 1
paguychl OMMCAHHBIX OKPYsKHOCTel TpeyroabHUKOB ABP m BCP paBHBI,
TOo u3 paBeuctBa /BAP = /BCP ciaenyeT, 4TO TOuKa P JIeXKUT Ha pPaBHO-
CTOpPOHHEN rumepboJie ¢ IMEHTPOM B cepeauHe orpe3ka AC, mpoxonsinei
yepe3 Touku A, B, C. Tark KaK Touxa D JIeXKUT Ha 9TOH sKe rumepoboJe,
TouKa P yIOBJIETBOPAET YCJIOBUIO.

33. I[TocKOIBbKY TOUKA @ JEeKUT HA OMUCAHHON OKPYKHOCTU TPEYTOJIb-
Huka ABC, TOuKa, CUMMETPUUYHAsS €l OTHOCHUTEJLHO IeHTPa PaBHOCTO-
poHHEN TuIep0b0Jbl, OINCAHHON OKOJIO YeThIpexyrojbuuka QABC, mona-
JaeT B OPTOILIEHTP 3TOT0 TpeyroabHuKa. CiegoBaTelbHO, TOUKa P ABJIAET-
csa oproreHTpoM TpeyroabHuka ABC. Ho mo moCcTpoeHUIo OHA Ke SIBJIA-
eTCs IIEHTPOM ONMCAHHON OKPYKHOCTU, a OPTOIEHTD U IIEHTP ONMCAHHOMH
OKPYKHOCTH MOTYT COBIIAJATh TOJHKO B IPABUJIHLHOM TPEyTroJbHUKE.

34. Ilycts K, L, M u N — cepenuabl orpeskoB AB, BC, CD u AD
cooTBeTcTBeHHO. Uepesd O 0003HAaUMM ITEHTDP ONMCAHHOIN OKPY:KHOCTHU, a
yepes H,; — oproueHTp TpeyroabHuka ABC. W3 mokasaTeabCTBa Teope-
MbI 4.1 ciaenyet, utro P — 3T0 cepenuna orpeska DH;. JIerKo IOHATh, UTO
npavasa OK mapajienabHa npsamoii AH,, KoTopas B CBOIO ouepelb IIapaJi-
nenbHa PM. Anajsoruuno npamasa OL napaJsienabHa PN. A sTto o3Haudaer,
yT0 TOUKU P 1 O cMMMeTpPUYHBI OTHOCUTEJILHO IeHTPa IapaJjijiejiorpaMmMma
KLMN. Ho 11eHTp 9TOT0 MapajljieiorpaMMa U €CTh I[eHTP TIKEeCTH YeThI-
pexyroabauka ABCD.
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35. IlycTh ToukM JiekaT HA KoHuUKe. CleaeM MPoeKTUBHOE TPeodpaso-
BaHUe, IepeBojsiee NpaMyio A’B’ B 0eCKOHEUHO yIAJeHHYIO IPAMYIO, a
3aTeM aQPUHHLIM IIpeobpazoBaHueM AoOLeMcs, 4ToObl Touka C’' GnLia op-
ToneHTpoM TpeyroabHuKka ABC. Torga KoOHHKAa, IPOXOAAIasa yepes JaH-
HBIEe TOUYKHU, OyAeT PaBHOCTOPOHHeI rumepboJioii, T. €. HampaBJeHUS Ha
A’ u B’ 6yayT nepuneHAuKyasapHBL. Tak Kak C' — OpTOIEHTD TPEyTroJILHI-
Ka ABC, cymiecTByeT OKPY:KHOCTH (BO3MOIKHO, MHUMAasA), OTHOCUTEJIBHO
KoTopo# TpeyroabHuUK ABC aBTOmONSApPeH. B cuny mepneHIUKYJIAPHOCTHA
npameix A'C'’ u B'C’ tpeyronsauk A'B'C’ Takske GymeT aBTOIOJSIPEH OT-
HOCUTEJIBHO 9TON OKPYKHOCTH.

O6paTHO, nycTh Tpeyroabuuku ABC u A'B'C’ aBTONOJIAPHBI OTHOCH-
TeJIbHO HEKOTOPOM KOHUKHU. [lepeBesieM 9Ty KOHUKY B OKPYXKHOCTE, a C' —
B ee meHTp. Torga Touxa C’' Gymger opToreHTpoM Tpeyroabuauka ABC, a A',
B’ — 6ecKOHEUYHO yJaJleHHLIMM TOUYKAMM, HAIIPABJICHUS HA KOTOPEIE IIep-
MeHIUuKyaapHbl. ClegoBaTelbHO, PABHOCTOPOHHAA TUIEpOoJia, TPOX0aa-
masa depes A, B, C, C’, ¢ acumnroraMu, IapajjeJbHEIMU 3TAM HaIIpas-
JEeHUAM, OyAeT NCKOMOII KOHUKOI.

36. IlycTh HeKoTOpas KOHUKA, IIpoxXondalnasa ueped Touku A, B, C, O,
mmepeceKaeT 0ECKOHEUHO YAaJeHHYIO IPAMYIO B Toukax P, Q. AHaJIOrn4HO
MIpeabIAyIlell 3afaue JOKA3bIBAETCA, UTO TPEYroJbHuK PO aBTOIIOISIPEH
OTHOCHUTEJBbHO TOH K€ KOHUKH &, UTO U TpeyroabHUK ABC. 3HauuT, HEmo-
IBVKHBIMM TOUKAMM WHBOJIIOIINY, TOPOKAAaeMOi Ha OeCKOHEUHO yaaaeH-
HoIT mpamoit myukom ABCO, OyayT TOUKHU IlepeceueHus ¢ «. Ho sTo u
03HAYAaEeT, UTO IIPOXOIAIIAS Uepe3 3T TOUKHU CepeIrMHHAs KOHHKA I'OMO-
TeTUYHA .

37. Yrazanue. I3 Teopembl BpuaHIiioHa cjaenyer, UTO SUATOHAJIN OIIM-
CAaHHOTO OKOJI0O KOHMKHU UYeThIPeXyTroJbHUKA U TMPAMBIE, COeTUHSIOIINe
TOYKM KaCaHWsA KOHUKHU C €ro IMPOTHBOIOJOMKHBIMU CTOPOHAMH, IIepece-
KamTCcsa B OOHOU TouKe. IIpMeHUB 9TO cjiefICTBUE K UETHLIPEXYTOJBHUKY,
o0pazoBaHHOMY CTOpOHaMu TpeyrojabHuka ABC u 0eCKOHEUYHO yaaJIeHHOMN
IIPSAMOI, MOJYUYNM YTBEPIKIAEHNE 3a0aUMn.

38. Omeem. IleHTPOM TOMOTETUHU ABJIAETCA IEHTP TAKECTU TPEYTOJIb-
HUKAa, a ee KO3(PUIIMEeHT paBeH 2.

39. U3z mpenpbiayIieil 3agaun cJeIyeT, UTO CePeIUHBI OTPE3KOB, COequ-
HAMIUX IEHTP TAMXKECTHU ¢ BepInimHaMH, JexXaT Ha sjurunce IllTeiiHepa.
CremoBaTesnbHO, STOT JJJIUIIC UMEeT ¢ KOHUKOM IeHTPOB (TO, UTO 3TO KO-
HUKa, cJaeAyeT u3 TeopeMbl 3.17) mIecThb 00IIUX TOUEK — CePeIUHbI CTOPOH
¥ YKasaHHBIX OTPE3KOB.

40. Ilycts I,, I}, I, — 1IeHTPHI BHEBIUCAHHBIX OKPYKHOCTEH TPEYIroJib-
Huka ABC. Tax kak ABC — opToTpeyroJabHUK TpeyroabHuka I,Ipl., mo-
JISIPBI TOUKK P OTHOCHUTEJIBHO PABHOCTOPOHHUX T'UIIEPOO0JI, MPOXOMSAINNIX
uepes Touku I,, I, I., npoxoxar uepes P’. I1lo Teopeme 3.9 mpsameie AA’,
BB’, CC’ nepecekaioTcs B TOUKe, ABJIAIOIeCa MmoaiocoM mpamoit PI, rae
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I — 1IeHTp OKPY’KHOCTH, BIIMCAHHON B TpeyroabHuk ABC, OTHOCHUTEJILHO
Kouuku I, I,I.IP. Ho sTa KOHMKA ABJIAETCA PABHOCTOPOHHEM ruiepboJioii,
TaK 4TO IIOJy4eHHas TOuKa JeXuT Ha PP’.

41. Jlo0asg ToUKa IIJIOCKOCTH MOXKET OBLITh HepPCIeKTOPOM BIMCAH-
HOU B JAaHHBIA TPEYTOJbHUK KOHUKU, IIPUYEM COOTBETCTBYIOIAsA KOHUKA
equHCTBeHHA. fIcHO, UTO IpPM HepeMeIeHMU MepCIeKTopa KOHHKAa Me-
HseTcAa HemnpepbiBHO. CiemoBaTeNbHO, IIEPCIEKTOPhI JJIIUICOB JIeXKaT
BHYTpHU omucanHoro sJjuiica IllTeiiHepa, a MepCHeKTOPHI T'HUIepOOoJ —
BHe. IIpumenum Temeps Teopemy 4.7. IIpu M30TOMUUYECKOM COIPSIMKEHUN
BHYTPEHHOCTh TPEYroJIbHUKA IepeiifierT B cebsd, a TOUKU cerMeHTa, orpa-
HUYEHHOI'0, HAIIPUMEP, CTOPOHOH AB TpeyroibHMKA M CTATUBAEMOIl e
IyTOM 9JIIUWIICa, He coAepikallieill TpeTbell BepinuHbl C, — B TOUKHU yIJa,
BepTUKAJIbHOTO K yray C. COOTBETCTBEHHO MHOKECTBOM II€HTPOB BIMCAaH-
HBIX BJIIUICOB OyAeT BHYTPEHHOCTb CEPEIUHHOTO TPEeyroJbHUKA U TPU
yrjia, BEPTUKAJbHBIX K ero yrJjaM.

42. Tlyers X, Y — TOUKM KacaHMWA JJIJIHWICA C IMapajlieJbHLIMH Ka-
caTeJbHBIMU, T — TOUKA KacaHUs 9JJINIICA U OKPYsKHOCcTH, U, V — TOouU-
KU IIepeceueHMs KacaTeJbHOU K 9JIIUIICY B TOuKe T ¢ IIapajjielbHbBIMU
KacaTenbHEIMU, U', V/ — TOUKu IIepecedyeHUs IapajlIeIbHBEIX KacaTeb-
HBIX C KaKOW-TO IPYyroil KacaTeJbHOW K ajamncy. Torma, paccyskaas
Tak ’Ke, KaKk IpPHU AOKa3aTeJbCTBE MOCJeJHell TeopeMbl, MOJy4YaeM, UTO
XU+UVHVY <XU +UV'+V'Y, r.e. touku U, V nesxar Ha sJIKIICE, CO-
dorycuoMm ¢ gaHHBIM. [Ipu arom OU u OV, rae O — IIeHTP OKPYKHOCTU,—
KacaTeJbHBIE K dTOMY aJnuiicy, a ZUOV = 90°. CiaemoBaTesbHo, Touka O
JIeXKUT HA OKPYKHOCTH C IIEHTPOM B I[€HTPE 3JLINIICA, PaguyC KOTOPOIi,
OUEBHUIHO, PABEH CYMMe ero II0JIYOCeli.



IIpenmeTHBIN YKa3aTeJab

ACHMIITOTEI TUIIEPOOTIBI 8

runepbosia 8
Anomnoununa 117
Kumepa 107
pasHocTOopoHHaAa 8, 101
deiiepbaxa 105

IBOIIHOe OTHOIIleHHue 35, 36
gupexTpuca 23

M30TOHAJIbHOE compsskeHue 16, 44, 90
M30TOMHUUYECKOe compsikernne 58, 91
uHBepcua 31

uHBOJIIOIUA 96

KoHUKa 8, 22
KoHHMUYecKoe ceueHnne 22
KpuBasd BTOpOro mopsaaka 8, 10

agemMma Cumcouna 27
HOpMaJb 116

OKPYsKHOCTb AmoJsutonus 43
IeBATH Touek 31
HNoaxumcrana 118
nemaibHaa 41
Pepma—Anonnonua 18
yepnamHasa 42
dirnepa 31

oCh rurepO0o0Jbl gelicTBUTEIbHAA 8

MHUMasg 8
mapabosier 9
pagukaabHad 59
aynuica oosbimas 7

mangaa 7

mapabosia 8, 24



134 IIpedmemmuviii yrazamens

nepcaextop 108
TMOJHBIN YeThIpexcTopoHHUK 111
moJiroc 38

TpunuHeinsiii 40
mosispa 38

Tpunuueiinaa 40
IIOJIAPHOE COOTBETCTBUE 38
MMOJAPHBIN 00pa3d 72
MPUHIIAI ABOMCTBEHHOCTH 39
npamada 'aycca 91, 112

OGepa 112
Cumcona 27
Oy4uoK 79

OKpysKHOCTelr 60
runepboanyeckuii 60
nmapaboauueckuii 60
sanunTuYecKkuin 61

pPaguKaJbHBLIA IIeHTp 60

cumenuana 49

COOCHBIE OKpysKHOCTH 60
CTeleHb TOUKU 58
cepsl Hangenena 22

TeopeMa O Iyuke KOHUK 80
0 Tpex KoHHKax 89
nBoiicrBeHHass 90
0 ueThIpeX KoHHKax 89
aBoiictBenHaa 90
Hposz-Papau 115

Teopema EmenbsnoBeix 105
Mom:xa 93
Hsiorona 39
IToucene 63, 69, 118, 126
Congma 127
deiiepbaxa 31
®pexxkpe 78, 100
Touka Amosionua 55
Bpoxapa 50
HKeprouna 57
M30TOHAJBHO compsKeHHada 44
Jlemyana 49
Mukena 111
Harena 58
mpefesbHAsA My4YKa OKPYsKHOC-
Teii 61
Toppuuennu 56
®Peitepbaxa 33
TPEeyTOJbHUK aBTOIOJAPHLIN 75
OKPYsKHOCTHO-UeBUAHHBLI 42
nemaiabHbBIT 41
moaepHbId 41
yeBUAHHBIN 42

yros Bpokapa 51

9KCIleHTpUcCuTeT 23
ajnunc 7
Bpoxapa 50
Ilreiinepa Boucanubpiii 54
onucaubsii 55, 110



Cucok JurepaTypsl

[1] Anexcaugpos II. C.
Jexyuu no aHaiumuiLecKol zeomempuu.
M.: Hayka, 1968.

[2] Arsmom U. M.
T'eomempuueckue npeobpasosanus, T. 1, 2.
M.: T'ocrexusgar, 1955-1956.

[3] SacmaBckmit A. A.
T'eomempuueckue npeobpa3osanus.
M.: MITHMO, 2003.

[4] Koxcerep I'. C. M., I'petiTuiep C. JI.
Hoevle scmpeuu ¢ zeomempueli.
M.: Hayka, 1978.

[5] Bepixe M.
T'eomempus, T. 1, 2.
M.: Mup, 1984.

[6] Koxcrep X. C. M.
HeiicmeumenvHas npoeKmMu8Has NaOCKOCMb.
M.: dusmarrus, 1959.

[7] Tuns6epr 1., Kou-Poccen C.
Haznaduas zeomempus.
M.: Hayka, 1981.

[8] Emensanos JI. A., Emenbpsuosa T. JI.
Cemeiicmeo Peiiepbaxa.
// MaTemaTuuecKoe IIpOCBeIleHue.
Tperba cepusa. Beim. 6. 2002. C. 78-92.

[9] Lemaire J.
L’hyperbole équilateére.
Paris: Vuibert, 1927.

[10] Ehrmann J.-P., van Lamoen, F.
A projective generalization
of the Droz-Farny line theorem.
// Forum Geom. 2004. Ne¢ 4. P. 225-227.



B kuure wmcnosb3oBaHbl IPUGTHI TaPHUTYPHI
IIxonruaa pupmer ParaType.

9CcKu3bl WJLIIOCTpanuii BbimosiHeHbl A. B. Axo-
OSHOM B CBOOOJZHO PacCIpPOCTPAHAEMOI IIporpamMme
Kig (KDE Interactive Geometry). IIpu moaroros-
Ke M3NAHUA OHU OBLIU IIepePHCOBAHBLI B IIpOrpaMMe
MetaPost.

A. B.Axonan
A.A. Bacnasckuii

TEOMETPUYECKHNE CBOVCTBA
KPUBLIX BTOPOTO ITIOPAOKA

Texuuueckuit pegaktop B. FO. Paduonos
Penaxrop E. IO. Bynvkosa
KoppexTop O. A. Bacuavesa

NznpaTenscTBo MOCKOBCKOrO IIeHTPA
HEeIIPEePLIBHOTO MAaTEMAaTUYECKOT0 00pasoBaHUSA
119002, MockBa, BoJabinoii BiackeBekuit mep., 11
Ten. (495) 241-74-83

OrmevyaTaso ¢ roTOBBIX AUAIIO3UTUBOB
B IIIIII «Tunorpadusa ,,Hayka“»
121099, MockBa, Illyounckuit nep., 6



